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DEBRECEN, 2003
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Ezen értekezést a Debreceni Egyetem TTK Matematika és Számı́tástudo-
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4.3. Egy általános konvergenciasebesség-tétel . . . . . . . . . . . . . . . . . . . . . . 50
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1. Az értekezés eredményeinek illeszkedése a szak-
irodalmi előzményekhez


1.1. A nagy számok törvényei


A nagy számok törvényeinek történeti fejlődése


Jacob Bernoulli (1654—1705) svájci matematikus Ars coniectandi (A
találgatás művészete) ćımű könyvében a kockajátékokkal kapcsolatos pél-
dákban feltételezi, hogy a kocka szimmetriája miatt a különböző dobások
valósźınűsége azonos. A feladatok megoldása azt mutatja, hogy Bernoulli
a valósźınűséget úgy értelmezte, mint a ,,kedvező” és a ,,lehetséges” ese-
tek számának hányadosát. Azt, hogy a kocka minden oldalára egyforma
valósźınűséggel eshet, Bernoulli ḱısérlettel is ellenőrizte. A kockadobást na-
gyon sokszor elvégezte, s közben azt figyelte, hogy például a hatos számnak
mennyi a relat́ıv gyakorisága, mely azt mutatja, hogy az addig elvégzett
dobások számához képest mennyi a hatos dobások aránya. Tapasztalata
szerint ez az érték a dobások számának növelésével egyre közelebb kerül
az 1/6-hoz. Ezt általánośıtva bizonýıtotta, hogy egy esemény relat́ıv gya-
korisága, az esemény nagyszámú bekövetkezése esetén igen közel kerül a
valósźınűséghez. Ezt a törvényt Gottfried Wilhelm Leibniz (1646—1716)
német matematikussal folytatott levelezésében ,,nagy számok törvényének”
nevezte el. Bernoulli tehát észrevette azt a lehetőséget, hogy a valósźınűség-
számı́tást statisztikai adatokra is alkalmazhatja.


Pofnutyij Lvovics Csebisev (1821—1894), aki négy tanulmányával meg-
teremtette a pétervári iskolát, 1866-ban bizonýıtja a Bernoulli-féle nagy szá-
mok törvényének egy általánosabb alakját, mely az ő megfogalmazásában a
következő.


Legyen A egy ḱısérlet egy lehetséges eredménye. Az A relat́ıv gyakori-
ságát jelöljük %n-nel, ahol n a ḱısérlet ismétléseinek számát jelenti. Ekkor
minden ε, δ > 0-hoz létezikN , hogy n > N esetén P(|%n−P(A)| < ε) ≥ 1−δ.
(Másképpen fogalmazva, a relat́ıv gyakoriság sztochasztikusan konvergál a
valósźınűséghez.)


Ezt a Csebisev-egyenlőtlenséggel lehet bizonýıtani, mely szerint, ha az
X valósźınűségi változónak létezik véges várható értéke és szórása, akkor
P(|X − EX| > λDX) < 1/λ2 minden λ > 1 esetén. Ebből az egyenlőtlen-
ségből könnyen bizonýıtható a Bernoulli-féle nagy számok törvényének egy
egyszerű általánośıtása, az úgynevezett nagy számok gyenge törvénye.
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Legyenek X1, X2, . . . páronként független, azonos eloszlású, véges vár-
ható értékű és szórású valósźınűségi változók. Ekkor Sn = X1 + · · · + Xn


jelöléssel Sn/n sztochasztikusan konvergál EX1-hez.


Ezt a tételt Markov tovább általánośıtotta, melyben az azonos eloszlás
helyett azt feltételezte, hogy (EX1 + · · · + EXn)/n → m(∈ R) és (D2X1 +
· · ·+ D2Xn)/n2 → 0. Ekkor Sn/n sztochasztikusan konvergál m-hez.


A tétel további általánośıtása Bernstein nevéhez kapcsolódik, amely
már a függő esetre vonatkozik.


Legyenek X1, X2, . . . véges várható értékű és szórású valósźınűségi vál-
tozók. Tegyük fel, hogy (EX1 + · · · + EXn)/n → m(∈ R), (D2X1 + · · · +
D2Xn)/n < K(∈ R), továbbá corr(Xi, Xj) ≤ R(|i− j|), ahol R olyan nem-
negat́ıv valós értékű függvény, melyre R(0) = 1 és (R(1)+· · ·+R(n))/n→ 0
teljesül. Ekkor Sn/n sztochasztikusan konvergál m-hez.


Hincsin bizonýıtotta, hogy a független, azonos eloszlású valósźınűségi
változókra vonatkozó nagy számok gyenge törvényében nem kell a szórás
létezése. A bizonýıtás lényege, hogy az


X∗
k =


{
Xk, ha |Xk| ≤ k
0, ha |Xk| > k


valósźınűségi változókra alkalmazható az eredeti nagy számok gyenge tör-
vénye.


Ezen törvények általánośıtásában az első komolyabb előrelépés nem a
feltételek gyenǵıtése, hanem az álĺıtás erőśıtése volt, mely Kolmogorov nevé-
hez fűződik. Ez az úgynevezett Kolmogorov-féle nagy számok erős törvénye.


Legyenek X1, X2, . . . független, azonos eloszlású valósźınűségi változók.
Ekkor E|X1| < ∞ pontosan akkor teljesül, ha Sn/n 1 valósźınűséggel kon-
vergál EX1-hez.


Tehát itt már a sztochasztikusnál erősebb, 1 valósźınűséggel történő
(más szóval majdnem biztos) konvergenciát álĺıtunk. A fenti álĺıtások rész-
letes bizonýıtása magyar nyelven Rényi A. [59] közismert tankönyvében el-
érhető. Ezen tankönyv 1954-ben kiadott változatában számos történeti adat
is fellelhető a témakörről.
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A nagy számok törvényének néhány változata


A nagy számok törvényeit számos irányban kiterjesztették. Egyik lehe-
tőség az erős törvényben a (teljes) függetlenség helyett a páronkénti függet-
lenség feltételezése.


Etemadi (1981) [17] és Petrov (1987) [57] eredményei alapján kiderült,
hogy a Kolmogorov-féle nagy számok erős törvénye érvényben marad páron-
ként független esetben is. (Etemadi a konvergencia elégséges feltételét, mı́g
Petrov a szükséges feltételét mutatta meg. Etemadi tételének bizonýıtása
magyar nyelven megtalálható például Fazekas [22] jegyzetében.)


Számosan vizsgálták a nagy számok erős törvényeit nem független va-
lósźınűségi változók esetén. Például Csörgő, Tandori és Totik (1983) [13] a
következőt bizonýıtották.


Legyenek X1, X2, . . . páronként független valósźınűségi változók. Ha∑∞
m=1 D2Xm/m


2 <∞ és n−1
∑n


m=1 E|Xm −EXm| korlátos sorozat, akkor
n−1(Sn − ESn) → 0 majdnem biztosan.


Marcinkiewicz és Zygmund (1937) [48] tételében az álĺıtás már nem-
csak Sn/n, hanem általánosabban Sn/n


1/r (0 < r < 2) majdnem biztos
konvergenciájára ad elégséges feltételt.


Legyenek X1, X2, . . . független, azonos eloszlású valósźınűségi változók.
Legyen 0 < r < 2. Továbbá tegyük fel, hogy EX1 = 0, ha E|X| < ∞. Ha
E|X1|r <∞, akkor Sn/n


1/r majdnem biztosan konvergál 0-hoz.


Az álĺıtás megford́ıtása is érvényes. (r = 2 esetén már más jellegű álĺıtás, a
központi határeloszlás-tétel teljesül.)


A vizsgálatokat kiterjesztették azokra az esetekre is, amikor a valósźı-
nűségi változók sorozata többindexes. Lásd például Gut (1978) [31], Klesov
(1982) [42], illetve (1995) [43] és Fazekas (1985) [19]. A többindexes eset
az erős törvény esetén érdekes, hiszen a gyenge törvényben szereplő sztoc-
hasztikus konvergencia metrizálható, ı́gy az egyindexes részsorozatok sztoc-
hasztikus konvergenciájából következik a többindexes sorozat sztochasztikus
konvergenciája is.


Viszont a majdnem biztos konvergencia nem metrizálható, ı́gy a fenti
gondolatmenet nem alkalmazható. Smythe (1973) [69] megadta a Kolmo-
gorov-féle erős törvény szükséges és elégséges feltételét d-indexes esetben:
E(|X1|(log+ |X1|)d−1) < ∞. Ugyanez Gut (1978) [31] szerint a Marcinki-
ewicz—Zygmund-féle erős törvényre: E(|X1|r(log+ |X1|)d−1) <∞.


Az azonos eloszlás feltétel is gyenǵıthető. Például az eloszlások domi-
náltságát használják Hu, Móricz és Taylor (1989) [37], Gut (1992) [33] és
Fazekas (1992) [21].
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A Banach-térbeli értékű valósźınűségi változók esetén kiderült, hogy
vagy a tér geometriájára, vagy pedig magára az Sn sorozatra kell feltételeket
tenni a nagy számok törvényének teljesüléséhez. Kimutatták például, hogy
r-t́ıpusú Banach-térben teljesül a Marcinkiewicz-féle törvény (Azlarov és
Volodin (1981) [4], de Acosta (1981) [1]).


Az értekezés eredményei a nagy számok törvényeiről


Kruglov (1994) [44] Theorem 1-ben a következőt álĺıtja.


LegyenekX1, X2, . . . nemnegat́ıv valósźınűségi változók, b1, b2, . . . pedig
nemnegat́ıv valós számok egy korlátos sorozata. Ha


∞∑
n=1


1
n


P(|Sn −Bn| > εn) <∞


bármely ε > 0 esetén, ahol Bn = b1 + · · ·+ bn, akkor


1
n


(Sn −Bn) → 0


majdnem biztosan.


A 2. fejezetben, mely Fazekas és Tómács (1998) [29] cikkén alapul,
a 2.3.1. tétel Kruglov fenti tételének kiterjesztése többindexes valósźınűségi
változók sorozatára. (Itt az indexek szorzata tart végtelenbe.) Ez a tétel
annyiban is általánosabb Kruglov tételénél, hogy itt az álĺıtás nem Kolmo-
gorov t́ıpusú, hanem Marcinkiewicz—Zygmund t́ıpusú, ahol 0 < r ≤ 1.


Ebben a fejezetben a 2.3.1. tétel seǵıtségével további két tételt fo-
gunk bizonýıtani. Az egyik, a 2.4.1. tétel, melynek a második álĺıtása a
Kolmogorov-féle nagy számok törvénye, többindexes, páronként független,
átlagban gyengén dominált (lásd 2.1.1. defińıció) valósźınűségi változók ese-
tén. Ez a tétel egyébként Kruglov (1994) [44] Theorem 2 kiterjesztése több-
indexes esetre.


Ismert, hogy a Marcinkiewicz-féle nagy számok erős törvénye érvényben
marad azonos eloszlású, tetszőleges függőségi struktúrával rendelkező való-
sźınűségi változók esetén is, ha 0 < r < 1. (Lásd például Petrov (1987) [57],
4. fejezet, 16. tétel.) Ezt a tételt a 2.5.1. tétel második álĺıtása terjeszti ki
többindexes esetekre. Ebből a tételből az is kiderül, hogy az azonos eloszlás
feltétele is gyenǵıthető az átlagban való gyengén domináltsággal.


Megjegyezzük, hogy a 2. fejezetben található tételek néhány része bi-
zonýıtott Etemadi (1981) [17] cikkében, illetve a 2.5.1. tétel eredményét
implicite tartalmazza Fazekas (1992) [21] Theorem 4.1 bizonýıtása.
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A 3. fejezet, mely Noszály és Tómács (2000) [55] cikkén alapul, szintén
a többindexes valósźınűségi változók sorozatára vonatkozó nagy számok erős
törvényeivel foglalkozik. (A 2. fejezettől eltérően itt azt feltételezzük, hogy
minden index tart végtelenbe.) Ennek a témakörnek óriási az irodalma. Lásd
például Peligrad és Gut (1999) [56], Móricz (1983) [53], Klesov (1980) [41],
Fazekas (1983) [18]. Az ebben a fejezetben található eljárás, a többindexes
esetre való kiterjesztése Fazekas és Klesov (2000) [23] cikkében található
módszernek.


A fejezet fő eredménye a 3.2.3. tétel, mely Fazekas és Klesov (2000) [23]
Theorem 2.1 kiterjesztése. Ez a tétel (és a kiinduló Fazekas-Klesov cikkbeli
tétel is) egy Hájek—Rényi t́ıpusú maximális egyenlőtlenségből vezeti le a
nagy számok erős törvényét. Maximális egyenlőtlenségek bizonýıtásával nem
foglalkozunk, csupán a már ismertekből vezetünk le nagy számok törvényét.
Az eljárásunk a normáló konstansok megválasztásában nyújt seǵıtséget. A
fejezet további eredményei a 3.2.3. tételnek az alkalmazásai.
— Móri (1993) [54] Theorem 1-ben bizonýıtja, hogy


(log+ n)−1
n∑


k=1


Xk/k → 0


majdnem biztosan, bizonyos általános feltételek esetén. Fazekas és Kle-
sov (2000) [23] cikkben az általános módszerükkel Theorem 9.1-ben
bizonýıtották Móri tételének egy speciális esetét. A 3.3.2. tétel ennek a
kiterjesztése többindexes esetre.


— A 3.4.2. tétel egy Marcinkiewicz—Zygmund t́ıpusú nagy számok erős
törvénye, szuperaddit́ıv momentum struktúrájú, többindexes valósźı-
nűségi változókra (lásd 3.2.4. defińıciót). Ez az eredmény Fazekas és
Klesov (2000) [23] Theorem 8.1 kiterjesztése.


— A 3.5.3. és a 3.5.4. tételek Brunk—Prohorov t́ıpusú álĺıtások.


1.2. A konvergencia sebessége


A Kolmogorov-féle, illetve a Marcinkiewicz—Zygmund-féle nagy szá-
mok törvényében a konvergencia sebességére vonatkozó klasszikus eredmé-
nyek Hsu, Robbins, Erdős, Baum és Katz nevéhez fűződnek.


Az Sn/n
1/r sorozat sztochasztikusan konvergál 0-hoz, ha


P(|Sn| > εn1/r) → 0
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minden ε > 0 esetén. Ez nyilván teljesül, ha


∞∑
n=1


P(|Sn| > εn1/r) <∞


minden ε > 0 esetén. Ekkor azt mondjuk, hogy Sn/n
1/r teljesen konvergál 0-


hoz. (Az elnevezés — angolul ,,converge completely to 0” — Hsu és Robbins
(1947) [36] cikkéből származik.) A Borel—Cantelli lemma seǵıtségével ebben
az esetben bizonýıtható, hogy Sn/n


1/r majdnem biztosan konvergál 0-hoz.
Hsu és Robbins (1947) [36] elégséges feltételt adtak a teljes konvergenciához
(r = 1 esetén), mı́g Erdős (1949) [15] és (1950) [16] cikkekben belátta Hsu
és Robbins tételének megford́ıtását is. Így a következő eredmény született.


Legyenek X1, X2, . . . független, azonos eloszlású valósźınűségi változók.
Ekkor EXk = 0 és EX2


k < ∞ pontosan akkor teljesül, ha Sn/n teljesen
konvergál 0-hoz.


Spitzer (1956) [70] bizonýıtotta a következő tételt.


Legyenek X1, X2, . . . független, azonos eloszlású valósźınűségi változók.
Ekkor E|X1| <∞ pontosan akkor teljesül, ha


∞∑
n=1


1
n


P(|Sn − nm| > εn) <∞


minden ε > 0 esetén. (Ekkor m = EX1.)


Az előző két tétel egy jól ismert általánośıtása, Baum és Katz tétele
(1965 [5]).


Legyenek X1, X2, . . . független, azonos eloszlású valósźınűségi változók,
melyekre EXk = 0 teljesül, ha E|Xk| < ∞. Legyen r > 0, t ≥ 1 és 2t > r.
Ekkor E|Xk|r <∞ pontosan akkor teljesül, ha


∞∑
n=1


nt−2P(|Sn| > εnt/r) <∞


minden ε > 0 esetén.


A klasszikus Baum—Katz-féle eredményt számos irányba kiterjesztet-
ték.


Gut (1978) [31] teljesen független valósźınűségi változók többindexes
sorozataira bizonýıtott Baum—Katz-t́ıpusú eredményt.
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Egy másik sokat vizsgált irány a Banach-térbeli értékű eset. Jain (1975)
[40] és Woyczyński (1980) [74] Banach-térbeli értékű teljesen független va-
lósźınűségi változókra kapott Baum—Katz-t́ıpusú eredményeket.


Fazekas (1985) [19] ezt a két irányt összekapcsolva, Banach-térbeli ér-
tékű valósźınűségi változók többindexes sorozataira bizonýıtotta a Baum—
Katz-tételt.


További vizsgálati irány a változók (teljes) függetlenségétől való el-
tekintés.


Spitzer tételét Kruglov (1994) [44] Theorem 2-ben általánośıtotta arra
az esetre, amikor a valósźınűségi változók páronként függetlenek és átlagban
gyengén domináltak. Jelen értekezés 2.4.1. tételének első fele azt mutatja,
hogy ez az eredmény kiterjeszthető többindexes valósźınűségi változók so-
rozatára is. Másrészt a 2.5.1. tétel első felében be fogjuk bizonýıtani, hogy
a Baum—Katz-tétel t = 1 és 0 < r < 1 esetén érvényben marad átlagban
gyengén dominált többindexes valósźınűségi változók esetén is, tetszőleges
függőségi struktúrával.


Sorozatok helyett lehet vizsgálni (a központi határeloszlás-tételek tár-
gyalásánál általánosan használt) szériasorozatokat is. Hu, Móricz és Tay-
lor (1989) [37] gyengén dominált szériasorozatokat, mı́g Gut (1992) [33]
átlagban gyengén dominált szériasorozatokat tekintett.


Ezen az úton tovább haladva lehet Banach-térbeli értékű szériasoroza-
tokra is kiterjeszteni a Baum—Katz-féle eredményt, lásd például Fazekas
(1992) [21], Hu, Rosalsky, Szynal és Volodin (1999) [38].


A 4. fejezetben, mely Tómács (2003) [72] cikkén alapul, egy általános
konvergenciasebesség-tételt mondunk ki (4.3.1. tétel) Banach-térbeli értékű,
soronként független, átlagban gyengén dominált valósźınűségi változók szé-
riasorozatára. Ez a tétel általánośıtása Jain (1975) [40] Theorem 3.3-nak.
Bár a tétel feltételrendszere bonyolultnak tűnik, mégis alkalmas súlyfügg-
vények választásával ismert tételeket kapunk belőle. A 4.3.2. és a 4.3.3.
következmények Fazekas (1992) [21] Theorem 6.2 és Hu, Rosalsky, Szynal és
Volodin (1999) [38] Corollary 4.1 változatai. A 4.4. paragrafusban bizonyos
geometriai tulajdonságú Banach-terekre specializáljuk a 4.3.1. tételt, mellyel
új bizonýıtásait kapjuk Fazekas (1992) [21], illetve Hu, Rosalsky, Szynal és
Volodin (1999) [38] eredményeinek.


1.3. Majdnem biztos központi határeloszlás-tételek


A nagy számok erős törvénye trajektóriánként teljesül, azaz majdnem
minden ω esetén Sn(ω)/n konvergens. A központi határeloszlás-tétel esetén
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viszont Sn/
√
n csupán eloszlásban konvergál a normális eloszláshoz. Lehet-


e egyetlen Sn(ω)/
√
n realizációból a normális eloszláshoz eljutni? Erre ad


feleletet a majdnem biztos központi határeloszlás-tétel.


Jelölje B az R Borel-mérhető részhalmazainak σ-algebráját. δx jelölje az
x ∈ R pontra koncentrált egységnyi tömeget, azaz δx:B → R, δx(B) = 1, ha
x ∈ B és δx(B) = 0, ha x 6∈ B. Jelöljük ⇒ módon a gyenge konvergenciát,
azaz µn és µ eloszlások esetén µn ⇒ µ teljesül, ha


lim
n→∞


∫
fdµn =


∫
fdµ


minden korlátos és folytonos f : R → R függvényre.
Legyen {ζn, n ∈ N} valósźınűségi változók egy sorozata az (Ω,F ,P)


valósźınűségi mezőben. A majdnem biztos központi határeloszlás-tételek a
következőt álĺıtják:


1
Dn


n∑
k=1


dkδζk(ω) ⇒ µ majdnem minden ω ∈ Ω esetén.


A majdnem biztos központi határeloszlás-tételek legegyszerűbb alakjá-
ban ζn =


∑n
k=1Xk/


√
n, ahol Xk (k ∈ N) független azonos eloszlású 0 várha-


tó értékű és 1 szórású valósźınűségi változók, továbbá dk = 1/k, Dn = log n,
végül µ a standard normális eloszlás. (Lásd például Brosamler (1988) [8],
Schatte (1988) [65], Lacey és Philipp (1990) [45], Berkes (1998) [6], Major
(2000) [47].)


Eleinte ettől általánosabb dk és Dn súlyokkal csak kevesen foglalkoztak,
például Rodzik és Rychlik (1994) [62]. Manapság ezeknek a tételeknek már
az általános alakjait vizsgálják. Lásd például Ibragimov és Lifshits (1999)
[39], Berkes és Csáki (2001) [7], Chuprunov és Fazekas (2002) [12]. Ez utóbbi
két cikk alaperedményeit általánośıtja Fazekas és Rychlik (2002) [27] Theo-
rem 1.1.


Legyen (B, %) teljes metrikus tér és ζ1, ζ2, . . . B-értékű véletlen elemek.
µζk


jelölje a ζk eloszlását. Legyenek C > 0, ε > 0, cn monoton növekvő
sorozat, cn → ∞, cn+1/cn korlátos. Tegyük fel, hogy ζkl (k, l ∈ N, k < l)
olyan B-értékű véletlen elemek, melyekre ζk és ζkl függetlenek, továbbá


Emin{%(ζkl, ζl), 1} ≤ C{log+ log+(cl/ck)}−1−ε


minden k < l esetén. Legyen dk olyan sorozat, melyre teljesül, hogy 0 ≤
dk ≤ log(ck+1/ck) és


∑∞
k=1 dk = ∞. Legyen Dn =


∑n
k=1 dk. Ekkor minden


µ eloszlás esetén a következő két álĺıtás ekvivalens:
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1
Dn


n∑
k=1


dkδζk(ω) ⇒ µ majdnem minden ω ∈ Ω esetén;


1
Dn


n∑
k=1


dkµζk
⇒ µ.


A majdnem biztos központi határeloszlás-tételek tipikus bizonýıtása
súlyozott átlagokra vonatkozó nagy számok erős törvényeire épül. Sőt maga
is egy nagy számok erős törvénye, csak éppen mértékekre vonatkozik. Tehát
az egyindexes eredményből itt sem következik a többindexes.


Az előbbiekben részletezett tételt Fazekas és Rychlik (2001) [28] Theo-
rem 1.1 kiterjesztette többindexes sorozatokra. (Itt a határátmenetben min-
den index tart végtelenbe.)


Az 5. fejezetben, mely Tómács (2002) [71] cikkén alapul, ennek a té-
telnek az alkalmazásaként, az úgynevezett m-függő többindexes valósźınű-
ségi változókra vonatkozó majdnem biztos központi határeloszlás-tételeket
tárgyaljuk (5.3.1. és 5.3.2. tételek).


Klasszikus központi határeloszlás-tételeket sokan vizsgáltak m-függő
esetben, lásd például Rosén (1969) [63], illetve Zototukhina és Chugueva
(1973) [75]. Ezekben a konvergencia sebességének a becslésével foglalkoz-
tak például Maejima (1978) [46], Shergin (1976) [66], továbbá Prakasa Rao
(1981) [58]. Ez utóbbi cikk eredményeit is felhasználtuk a fent emĺıtett té-
telek bizonýıtásában.


1.4. Rosenthal-egyenlőtlenség


Az úgynevezett Rosenthal-egyenlőtlenség fontos szerepet játszik a gyen-
gén függő valósźınűségi változókból álló sorozatok aszimptotikus tulajdon-
ságainak becslésében (lásd például Fazekas és Kukush (1997) [25]). Az első
ilyen t́ıpusú álĺıtást Rosenthal (1970) [64] fogalmazta meg független valósźı-
nűségi változóra.


Keverő sorozatokra a Rosenthal-egyenlőtlenséggel Utev (1984) [73] fog-
lalkozott, mı́g keverő mezőkkel, azaz a többindexes sorozatokkal Doukhan
(1994) [14]. Doukhan ebben a könyvben megjegyzi, hogy Utevnek az előbbi
cikkében, az úgynevezett interpolációs lemmának a bizonýıtásában van egy
hibás lépés. Nevezetesen a (4.5) képletet megelőző egyenlőtlenség bizonýı-
tása helytelen. Így Utev Rosenthal-egyenlőtlenségének a kiterjesztése pozit́ıv
páros egész kitevőkről tetszőleges pozit́ıv valós számokra nyitott kérdés.


Másrészt Doukhan bizonýıtja a Rosenthal-egyenlőtlenséget α- és ϕ-
keverő mezőkre. Bár a Fazekas, Kukush és Tómács (2000) [26] cikkben —
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mely a 6. fejezet alapját képezi — a szerzők véleménye szerint Doukhan
fenti könyvében a Theorem 1 bizonýıtása hiányos.


A 6. fejezetben α-keverő esetre bizonýıtjuk a Rosenthal-egyenlőtlen-
séget, kissé erősebb feltételekkel, mint Doukhannál. Az eredmények és a
bizonýıtások csak csekély mértékben térnek el Doukhanétól és Utevétől. A
cél annyi volt, hogy összegezzük, mi világos a fenti bizonýıtásokban, és az
ugrásokat saját meggondolásokkal áthidaljuk.
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2. Páronként független, többindexes valósźınűségi
változókra vonatkozó nagy számok erős törvé-
nyei


Ebben a részben Kruglov (1994) [44] eredményeit terjesztjük ki a több-
indexes esetre. Az eredmények Fazekas és Tómács (1998) [29] cikkben lettek
publikálva.


2.1. Jelölések, defińıciók


Legyen N a pozit́ıv egész számok halmaza és d ∈ N rögźıtett. Az
m,n, . . . ∈ Nd rácspontok koordinátáit jelöljük ugyanazon indexelt betűkkel,
azaz például n = (n1, . . . , nd). Bevezetjük a következő jelöléseket: (n,m] :=
(n1,m1] × · · · × (nd,md], |n| := n1 · · ·nd, továbbá az n ≤ m relációt
értelmezzük koordinátánként, azaz ekkor ni ≤ mi minden i ∈ {1, . . . , d}
esetén.


∑
n :=


∑
n∈Nd , 1 := (1, . . . , 1) ∈ Nd, továbbá I(A) jelentse az A hal-


maz indikátorfüggvényét, card(A) pedig a számosságát. Legyen log+ x :=
max{1, log x}, ha x > 0 és log+ x := 1, ha x ≤ 0.


Tegyük fel, hogy az {Xn,n ∈ Nd} valósźınűségi változók ugyanab-
ban az (Ω,F ,P) valósźınűségi mezőben vannak értelmezve. Legyen Sn :=∑


k≤nXk, X+
n := max{0, Xn} és X−


n := max{0,−Xn}. Használni fogjuk
még a következő operátorokat:


X(λ) := |X| I(|X| > λ),
X∗(λ) := |X| I(|X| ≤ λ) + λI(|X| > λ),


ahol X valósźınűségi változó és λ > 0.


2.1.1. defińıció. (Gut (1992) [33].) Azt mondjuk, hogy az {Xn,n ∈
Nd} valósźınűségi változók sorozata az X valósźınűségi változóval átlagban
gyengén dominált, ha létezik c > 0 úgy, hogy


1
|n|
∑
k≤n


P(|Xk| > x) ≤ cP(|X| > x) (2.1.1)


teljesül minden n ∈ Nd és x ≥ 0 esetén.
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2.2. Lemmák


A következő két lemma bizonýıtását lásd például a következő cikkek-
ben: Gut (1978) [31], Fazekas (1985) [19].


2.2.1. lemma. Legyen X egy valósźınűségi változó és r > 0. Ekkor a
következő két álĺıtás ekvivalens:


1) E
(
|X|r (log+ |X|)d−1


)
<∞,


2)
∑
n
|n|αr−1 P(|X| ≥ |n|α ε) <∞, minden α > 0 és ε > 0 esetén.


Bizonýıtás. Csak az 1)⇒2) irányt bizonýıtjuk be, azt is csak akkor,
ha α = 1/r és ε = 1, ugyanis a későbbiek során erre lesz szükségünk. Legyen
d(k) := card


{
n ∈ Nd : |n| = k


}
és M(x) :=


∑
k≤x d(k), ahol k ∈ N és x > 0.


Ismert, hogy M(x) ∼ konst.x
(
log+ x


)d−1
. Így


∑
n


P(|X| ≥ |n|) =
∑
n


∞∑
i=|n|


P(i ≤ |X| < i+ 1) =


=
∞∑


i=1


M(i)P(i ≤ |X| < i+ 1) ≤


≤ c
∞∑


i=1


i(log+ i)d−1P(i ≤ |X| < i+ 1) ≤


≤ cE
(
|X|


(
log+ |X|


)d−1
)
.


2.2.2. lemma. Legyen {Xn,n ∈ Nd} azonos eloszlású valósźınűségi
változók egy sorozata, 0 < r < p ≤ 2 és ε > 0. Ha


E
(
|X1|r(log+ |X1|)d−1


)
<∞,


akkor ∑
n


E
∣∣∣|n|−1/rXn I


(
|Xn| ≤ ε|n|1/r


)∣∣∣p <∞.


A következő lemma Gut (1992) [33] Lemma 2.1-nek egy változata.
(Lásd még Fazekas (1992) [21] Lemma 2.7.)
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2.2.3. lemma. (Fazekas és Tómács (1998) [29] Lemma 2.4.) Legyen
{Xn,n ∈ Nd} az X valósźınűségi változóval átlagban gyengén dominált va-
lósźınűségi változók egy sorozata. Ekkor létezik c > 0, hogy


1
|n|
∑
k≤n


E(X∗
k(λ))p ≤ cE(X∗(λ))p, (2.2.1)


és
1
|n|
∑
k≤n


E(Xk(λ))p ≤ cE(X(λ))p (2.2.2)


teljesül minden p > 0 és λ > 0 esetén.


Bizonýıtás. Ismert, hogy nemnegat́ıv Y valósźınűségi változó esetén
EY p = p


∫∞
0
yp−1P(Y >y)dy. Ezt felhasználva, (2.1.1) alapján kapjuk, hogy


1
|n|
∑
k≤n


E(X∗
k(λ))p =


1
|n|
∑
k≤n


p


∞∫
0


yp−1P(X∗
k(λ) > y)dy =


= p


λ∫
0


yp−1 1
|n|
∑
k≤n


P(|Xk| > y)dy ≤ p


λ∫
0


yp−1cP(|X| > y)dy =


= cE(X∗(λ))p.


Másrészt


1
|n|
∑
k≤n


E(Xk(λ))p = p


∞∫
0


yp−1 1
|n|
∑
k≤n


P(Xk(λ) > y)dy =


= p


λ∫
0


yp−1 1
|n|
∑
k≤n


P(|Xk| > λ)dy + p


∞∫
λ


yp−1 1
|n|
∑
k≤n


P(|Xk| > y)dy ≤


≤ p


∞∫
0


yp−1cP(X(λ) > y)dy = cE(X(λ))p.


2.2.4. lemma. (Fazekas és Tómács (1998) [29] Lemma 2.5.) Legyen
{Xn,n ∈ Nd} páronként független valósźınűségi változók egy sorozata és
{an,n ∈ Nd} pozit́ıv számok egy sorozata. Ha{


an−v


an
: n ∈ Nd,v ∈ V


}
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korlátos halmaz, ahol V = {v = (v1, . . . , vd) : vi ∈ {0, 1}}, továbbá


Sn


an
→ 0 (|n|→∞) majdnem biztosan,


akkor ∑
n


P(|Xn| ≥ an) <∞.


Bizonýıtás. d = 1 esetén lásd Petrov (1987) [57] 222. oldal. Általános
esetben vegyük észre, hogy


Xn


an
=
∑
v∈V


(−1)v1+···+vd
Sn−v


an−v
· an−v


an
,


melyből következik, hogy Xn/an → 0 (|n|→∞) majdnem biztosan. Így


P
(
{|Xn| ≥ an} végtelen sok n-re


)
= 0.


Innen a lemma következik a páronként független valósźınűségi változókra
vonatkozó Borel—Cantelli lemmából. (Lásd például Petrov (1987) [57] 214.
oldal.)


2.2.5. lemma. (Kronecker) Legyenek xn és bn nemnegat́ıv számok
minden n ∈ Nd esetén. Tegyük fel, hogy bm ≤ bn, ha m ≤ n, bn → ∞
(|n| → ∞) és


∑
n xn <∞. Ekkor


1
bn


∑
k≤n


bkxk → 0 (|n| → ∞).


Bizonýıtás. Hasonlóan bizonýıtható, mint a d = 1 esetben. (A d = 1
esetet lásd például Shiryayev (1984) [67] 365. oldal.)


2.3. Egy általános konvergenciatétel


A következő tétel Kruglov (1994) [44] Theorem 1 általánośıtása, mely
tulajdonképpen egy Kolmogorov- illetve Marcinkiewicz-t́ıpusú törvényt ve-
zet le egy Spitzer-t́ıpusú feltételből.
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2.3.1. tétel. (Fazekas és Tómács (1998) [29] Theorem 3.1.) Legyen
{Xn,n ∈ Nd} nemnegat́ıv valósźınűségi változók egy sorozata, {bn,n ∈ Nd}
nemnegat́ıv számoknak egy korlátos sorozata, továbbá Bn :=


∑
k≤n bk. Ha


∑
n


1
|n|


P
(
|Sn −Bn| > ε|n|1/r


)
<∞ (2.3.1)


minden ε > 0 esetén, ahol 0 < r ≤ 1, akkor


1
|n|1/r


(Sn −Bn) → 0 (|n|→∞) majdnem biztosan. (2.3.2)


Bizonýıtás. Legyenek α > 1, ε > 0 rögźıtettek. Jelöljük αni egész
részét kni-vel (i = 1, . . . , d), továbbá legyen kn := (kn1 , . . . , knd


). Ekkor∑
n


|kn+1 − kn|
|kn+1|


min
k∈(kn,kn+1]


P
(
|Sk −Bk| > ε|k|1/r


)
≤


≤
∑
n


∑
k∈(kn,kn+1]


1
|k|


P
(
|Sk −Bk| > ε|k|1/r


)
≤


≤
∑
n


1
|n|


P
(
|Sn −Bn| > ε|n|1/r


)
.


Ebből és (2.3.1) miatt léteznek olyan αni < mni
≤ αni+1 számok, hogy


mn := (mn1 , . . . ,mnd
) jelöléssel∑


n


P
(
|Smn −Bmn | > ε|mn|1/r


)
<∞. (2.3.3)


A Borel—Cantelli lemma miatt, (2.3.3) alapján következik, hogy


1
|mn|1/r


|Smn −Bmn | ≤ ε (2.3.4)


teljesül majdnem biztosan, véges sok mn-től eltekintve. Tetszőleges t ∈ Nd


esetén n ∈ Nd legyen olyan, hogy t ∈ (mn,mn+1]. Ilyen jelöléssel Xk


nemnegativitása miatt


1
|t|1/r


(Bmn −Bt) +
1


|t|1/r
(Smn −Bmn) ≤ 1


|t|1/r
(St −Bt) ≤


≤ 1
|t|1/r


(Smn+1 −Bmn+1) +
1


|t|1/r
(Bmn+1 −Bt). (2.3.5)
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Vegyük észre, hogy b := sup{bn,n ∈ Nd} jelöléssel


1
|t|1/r


(Bt −Bmn) ≤ (α2d − 1)bα(1−1/r)(n1+···+nd) ≤ (α2d − 1)b,


1
|t|1/r


(Bmn+1 −Bt) ≤ (α2d − 1)b,


továbbá |t|−1/r ≤ α2d/r|mn+1|−1/r. Ezeket figyelembe véve kapjuk (2.3.4)
és (2.3.5) miatt, hogy


1
|t|1/r


|St −Bt| ≤ εα2d/r + (α2d − 1)b


majdnem biztosan, véges sok t-től eltekintve. Mivel bármely δ > 0 esetén
létezik ε > 0 és α > 1 úgy, hogy εα2d/r + (α2d − 1)b < δ, ezért (2.3.2)
bizonýıtott.


2.4. Kolmogorov-féle nagy számok erős törvénye


A következő tétel Kruglov (1994) [44] Theorem 2 általánośıtása többin-
dexes esetre. A tétel a Kolmogorov-féle és a Spitzer-féle álĺıtásokat foglalja
magába a többindexes páronként független, átlagban gyengén dominált eset-
ben.


2.4.1. tétel. (Fazekas és Tómács (1998) [29] Theorem 4.1.) Legyen az
{Xn,n ∈ Nd} páronként független valósźınűségi változók sorozata X-szel
átlagban gyengén dominált. Tegyük fel, hogy E


(
|X|(log+ |X|)d−1


)
< ∞.


Ekkor ∑
n


1
|n|


P
(
|Sn − ESn| > ε|n|


)
<∞ (2.4.1)


minden ε > 0 esetén, továbbá, ha még supn∈Nd E|Xn| <∞ is teljesül, akkor


1
|n|


(Sn − ESn) → 0 (|n|→∞) majdnem biztosan. (2.4.2)


Bizonýıtás. Legyen Yk := XkI(|Xk| ≤ |n|), ahol k ≤ n, továbbá
Tn :=


∑
k≤n Yk. Nyilván ekkor az Yk valósźınűségi változók is páronként


függetlenek. Ekkor (2.2.1) miatt a 2.2.3. lemmában λ = |n| és p = 2 válasz-
tással


1
|n|
∑
k≤n


EY 2
k ≤ c|n|2P(|X| > |n|) + cE


(
X2I(|X| ≤ |n|)


)
,
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melyből ∑
n


1
|n|3


D2Tn =
∑
n


1
|n|3


∑
k≤n


D2Yk ≤
∑
n


1
|n|3


∑
k≤n


EY 2
k ≤


≤ c
∑
n


P(|X| > |n|) + c
∑
n


1
|n|2


E
(
X2I(|X| ≤ |n|)


)
.


Könnyen látható még, hogy


P(|Sn − ETn| > ε|n|) ≤ P(|Tn − ETn| > ε|n|) + P


(⋃
k≤n


{|Xk| > |n|}


)
.


Az utóbbi két egyenlőtlenségből, a Csebisev-egyenlőtlenségből, a 2.2.1. és a
2.2.2. lemmákból kapjuk, hogy∑


n


1
|n|


P(|Sn − ETn| > ε|n|) ≤


≤ 1
ε2


∑
n


1
|n|3


D2Tn +
∑
n


1
|n|
∑
k≤n


P(|Xk| > |n|) ≤


≤ c


(
1 +


1
ε2


)∑
n


P(|X| > |n|) +
c


ε2


∑
n


1
|n|2


E
(
X2I(|X| ≤ |n|)


)
<∞.


Ezzel (2.4.1) bizonýıtott, ugyanis (2.2.2) miatt a 2.2.3. lemmában (λ = |n|
és p = 1 választással)


1
|n|
|ESn − ETn| ≤


1
|n|
∑
k≤n


E
(
|Xk|I(|Xk| > |n|)


)
≤


≤ cE
(
|X|I(|X| > |n|)


)
→ 0 (|n|→∞).


Most rátérünk (2.4.2) bizonýıtására. Mivel |Xn| = X+
n +X−


n , ezért a gyengén
domináltság miatt


1
|n|
∑
k≤n


P(X±
n > x) ≤ cP(|X| > x)


teljesül minden n ∈ Nd és x > 0 esetén. Így (2.4.1) teljesül akkor is, ha
abban Xk helyére X+


k vagy X−
k kerül. Mivel E|Xn| korlátos sorozat, ı́gy


alkalmazhatjuk a 2.3.1. tételt. Kapjuk, hogy


1
|n|
∑
k≤n


(
X±


k − EX±
k


)
→ 0 (|n|→∞) majdnem biztosan.
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Ebből már következik (2.4.2).


Tételünkből azonnal adódik a Kolmogorov-féle nagy számok erős tör-
vénye a páronként független, (nem átlagban!) dominált esetben. Ha pá-
ronként független, azonos eloszlású esetre koncentrálunk, akkor az alábbi
következményt kapjuk (az egyindexes esetben ez éppen Kruglov (1994) [44]
Corollary 1).


2.4.2. következmény. (Fazekas és Tómács (1998) [29] Corollary 4.2.)
Legyen {Xn,n ∈ Nd} páronként független azonos eloszlású valósźınűségi
változók sorozata. A következő álĺıtások ekvivalensek:


1) E|X1|(log+ |X1|)d−1 <∞,


2) |n|−1Sn → c ∈ R (|n|→∞) majdnem biztosan,


3) létezik b ≥ 0, hogy bármely ε > 0 esetén


∑
n


1
|n|


P


∣∣∣∣∣∑
k≤n


(
|Xk| − b


)∣∣∣∣∣ > ε|n|


 <∞.


Bizonýıtás. A 2.4.1. tételből c = E|X1| választással következik 1)⇒2),
b = E|X1| választással pedig 1)⇒3). A 2)⇒1) implikáció következménye a
2.2.4. és a 2.2.1. lemmáknak. Végül 3)⇒1)-et bizonýıtjuk. A 2.3.1. tétel
miatt


1
|n|
∑
k≤n


|Xk| → b (|n|→∞) majdnem biztosan.


Így 3)⇒1) következik a 2)⇒1) implikációból.


2.5. Marcinkiewicz-féle nagy számok erős törvénye


Az alábbi álĺıtás szerint a Marcinkiewicz-féle normálásnál, ha 0 < r < 1
(azaz az ,,egyszerű” esetben) érvényes mind a nagy számok törvénye, mind
a Spitzer-féle álĺıtás a függetlenség feltételezése nélkül is.


2.5.1. tétel. (Fazekas és Tómács (1998) [29] Theorem 5.1.) Legyen
{Xn,n ∈ Nd} valósźınűségi változók X-szel átlagban gyengén dominált so-
rozata. Tegyük fel, hogy E(|X|r(log+ |X|)d−1) <∞, ahol 0 < r < 1. Ekkor∑


n


1
|n|


P
(
|Sn| > ε|n|1/r


)
<∞
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bármely ε > 0 esetén, továbbá


Sn


|n|1/r
→ 0 (|n|→∞) majdnem biztosan.


Bizonýıtás. Legyen Yk := XkI(|Xk| ≤ |n|1/r), ahol k ≤ n. Ekkor


∑
n


1
|n|


P
(
|Sn| > ε|n|1/r


)
≤
∑
n


1
|n|


P
(


max
k≤n


|Xk| > |n|1/r


)
+


+
∑
n


1
|n|


P


∣∣∣∣∣∑
k≤n


Yk


∣∣∣∣∣ > ε|n|1/r


 .


A gyenge domináltság és a 2.2.1. lemma miatt


∑
n


1
|n|


P
(


max
k≤n


|Xk| > |n|1/r


)
≤
∑
n


1
|n|
∑
k≤n


P
(
|Xk| > |n|1/r


)
≤


≤ c
∑
n


P
(
|X| > |n|1/r


)
<∞.


Legyen 0 < δ < 1 − r. Ekkor a Markov-egyenlőtlenség, a cp-egyenlőtlenség
és a 2.2.3. lemma felhasználásával kapjuk, hogy


∑
n


1
|n|


P


∣∣∣∣∣∑
k≤n


Yk


∣∣∣∣∣ > ε|n|1/r


 ≤
∑
n


1
|n|


1
|n|(r+δ)/r


1
εr+δ


E


∣∣∣∣∣∑
k≤n


Yk


∣∣∣∣∣
r+δ


≤


≤
∑
n


1
|n|


1
|n|(r+δ)/r


1
εr+δ


∑
k≤n


E |Yk|r+δ ≤ c
∑
n


|n|−(r+δ)/rE |X ′|r+δ
,


ahol X ′ = XI(|X| ≤ |n|1/r) + |n|1/rI(|X| > |n|1/r). Könnyen látható, hogy


E|X ′|r+δ =


|n|(r+δ)/r∫
0


P
(
|X|r+δ > x


)
dx =


=


1∫
0


|n|(r+δ)/rsδ/r r + δ


r
P
(
|X| > |n|1/rs1/r


)
ds.
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Most legyen 0 < % < δ/r és %0 = %/(d− 1), ha d > 1. Ekkor az előző egyen-
lőtlenség és a 2.2.1. lemma bizonýıtásában szereplő egyenlőtlenség alapján


∑
n


1
|n|


P


∣∣∣∣∣∑
k≤n


Yk


∣∣∣∣∣ > ε|n|1/r


 ≤ c


1∫
0


sδ/r
∑
n


P
(
|X| > |n|1/rs1/r


)
ds ≤


≤ c


1∫
0


sδ/rE
(
|X|rs−1


(
log+(|X|rs−1)


)d−1
)


ds ≤


≤ c


1∫
0


sδ/rE
(
|X|rs−1


(
log+ |X|r + s−%0


)d−1
)


ds ≤


≤ c


1∫
0


sδ/r−1−%E
(
|X|r


(
log+ |X|


)d−1
)


ds <∞.


Az itt kapott végeredmény érvényes d = 1-re is. Így a tétel első álĺıtását
bizonýıtottuk. A második álĺıtás ebből következik a 2.3.1. tétel alapján.
Megjegyezzük, hogy itt (ellentétben a 2.4.1. tétellel) a 2.3.1. tételben bn ≡ 0,
azaz a korlátossága automatikusan teljesül.


Az alábbi következmény Kruglov (1994) [44] Theorem 3 kiterjesztése.


2.5.2. következmény. (Fazekas és Tómács (1998) [29] Corollary 5.2.)
Legyen {Xn,n ∈ Nd} páronként független, azonos eloszlású valósźınűségi
változók sorozata és 0 < r < 1. A következő álĺıtások ekvivalensek:


1) E|X1|r
(
log+ |X1|


)d−1
<∞,


2)
∑


n |Xn|/|n|1/r <∞ majdnem biztosan,


3) |n|−1/rSn → 0 (|n|→∞) majdnem biztosan,


4) bármely ε > 0 esetén


∑
n


1
|n|


P


(∑
k≤n


|Xk| > ε|n|1/r


)
<∞.


Bizonýıtás. Tegyük fel, hogy 3) teljesül. Ekkor a 2.2.4. lemma miatt∑
n


P
(
|X1| ≥ |n|1/r


)
<∞.
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Így 1) teljesül a 2.2.1. lemma alapján.
1)⇒4) a 2.5.1. tételből adódik. A 4)⇒3) implikáció a 2.3.1. tétel követ-


kezménye.
Most teljesüljön 1). Legyen Yn := XnI(|Xn| ≤ |n|1/r). Ekkor a 2.2.2.


lemmából kapjuk, hogy
∑


n E
∣∣|n|−1/rYn


∣∣ < ∞. Azaz
∑


n |n|−1/r|Yn| in-
tegrálható, vagyis majdnem biztosan véges.


∑
n P(Xn 6= Yn) < ∞ a 2.2.1.


lemma alapján. Ezekből a Borel—Cantelli lemma alapján következik 2).
Végül 2)⇒3) következik a 2.2.5. lemmából.


2.5.3. megjegyzés. A 2.5.2. következményben 1)⇒2)⇒3) továbbá
1)⇒4)⇒3) teljesül páronkénti függetlenség nélkül is, de 3)⇒1) nem.
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3. A többindexes valósźınűségi változókra vonatko-
zó nagy számok erős törvényeinek egy általános
megközeĺıtése


Ebben a részben Fazekas és Klesov (2000) [23] tételeit terjesztjük ki a
többindexes esetre. Az eredmények Noszály és Tómács (2000) [55], illetve
részben Fazekas, Klesov, Noszály és Tómács (1999) [24] cikkekben lettek
publikálva.


Ezen rész központja a 3.2.3. tétel, amely egy maximális egyenlőtlen-
ségből vezeti le a nagy számok erős törvényét. Maximális egyenlőtlenségek
igazolásával nem foglalkozunk, hanem csupán a már ismertekből vezetünk
le nagy számok törvényeit.


3.1. Jelölések


Legyen Z az egész számok halmaza, N a pozit́ıv egész számok halmaza,
N0 := N∪{0} és d ∈ N rögźıtett. 1 := (1, . . . , 1) ∈ Nd, 0 := (0, . . . , 0) ∈ Nd


0. A
k,n, . . . ∈ Nd


0 rácspontok koordinátáit jelöljük ugyanazon indexelt betűkkel,
azaz például n = (n1, . . . , nd). A ≤, max, min, → legyenek értelmezve koor-
dinátánként. Például n →∞ azt jelenti, hogy ni →∞minden i ∈ {1, . . . , d}
esetén. Legyen


∑
n :=


∑
n∈Nd


0
, |n| := n1 · · ·nd és | log n| :=


∏d
i=1 log+ ni,


ahol log+ x = log x, ha x ≥ e és log+ x = 1, ha x < e.
∆an jelölje az {an ∈ R,n ∈ Nd


0} sorozat differenciasorozatát, azaz∑
k≤n ∆ak = an. Azt mondjuk, hogy {an ∈ R,n ∈ Nd


0} szorzat t́ıpusú


sorozat, ha léteznek olyan a
(i)
n , n ∈ N0, i ∈ {1, . . . , d} számok, melyekre


an =
∏d


i=1 a
(i)
ni teljesül minden n ∈ Nd


0-re. Ebben az esetben azt mondjuk,
hogy {an ∈ R,n ∈ Nd


0} nemcsökkenő, illetve nem korlátos, ha a(i)
n , n ∈ N0


nemcsökkenő, illetve nem korlátos sorozatok minden i ∈ {1, . . . , d} esetén.
Az {Xn,n ∈ Nd


0} valósźınűségi változók többindexes sorozata esetén
legyen Sn :=


∑
k≤nXk, n ∈ Nd


0. Amennyiben az összegzés vagy maxi-
mum képzés üres halmazon történik, akkor ezalatt nullát értünk. (Azaz∑


n∈∅Xn = maxn∈∅Xn = 0.)


3.2. Fő eredmény


Fő eredményünk, a 3.2.3. tétel bizonýıtásához szükségünk lesz az alábbi
tételre és lemmára. A következő tétel Fazekas és Klesov (2000) [23] Theorem
1.1 általánośıtása.
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3.2.1. tétel. (Fazekas, Klesov, Noszály és Tómács (1999) [24] Theo-
rem 3.1 illetve Noszály és Tómács (2000) [55] Proposition 1.) Legyen n ∈ Nd


és r > 0 rögźıtettek. Legyen {am,m ∈ Nd
0} nemnegat́ıv valós értékű több-


indexes sorozat, továbbá {bm,m ∈ Nd
0} pozit́ıv valós értékű szorzat t́ıpusú


nemcsökkenő sorozat. Ha


E
(


max
l≤m


|Sl|r
)
≤
∑
l≤m


al


teljesül minden m ≤ n esetén, akkor


E
(


max
m≤n


∣∣∣∣Sm


bm


∣∣∣∣r) ≤ 4d
∑
m≤n


am
brm


.


Bizonýıtás. Feltehető, hogy b1 = 1. Legyen c > 1 tetszőleges. Defini-
áljuk a következő halmazokat:


Ai :=
{
j ∈ Nd : j ≤ n és cik ≤ b


(k)
jk


< cik+1, k = 1, . . . , d
}
, i ∈ Nd


0.


Legyen Di :=
∑


j∈Ai
aj, k := max{i : Ai 6= ∅}. Legyen m i := max{j : j ∈


Ai}, ha Ai 6= ∅, különben m i := 0. Mivel {m ∈ Nd : m ≤ n} ⊆
⋃


i≤kAi,
ezért


E
(


max
m≤n


∣∣∣∣Sm


bm


∣∣∣∣r) ≤∑
j≤k


E
(


max
i∈Aj


∣∣∣∣Si


bi


∣∣∣∣r) .
Az Ai, m i és Di defińıciója miatt


∑
j≤k


E
(


max
i∈Aj


∣∣∣∣Si


bi


∣∣∣∣r) ≤∑
j≤k


(
d∏


m=1


c−rjm


)
E
(


max
i∈Aj


|Si|r
)
≤


≤
∑
j≤k


(
d∏


m=1


c−rjm


)
E
(


max
i≤mj


|Si|r
)
≤
∑
j≤k


(
d∏


m=1


c−rjm


) ∑
i≤mj


ai ≤


≤
∑
j≤k


(
d∏


m=1


c−rjm


)∑
i≤j


Di ≤
∑
i≤k


Di


∑
i≤j≤k


(
d∏


m=1


c−rjm


)
≤


≤
∑
i≤k


Di


d∏
m=1


 km∑
j=im


c−rj


 ≤
∑
i≤k


Di


d∏
m=1


c−rim


1− c−r
≤
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≤
(


cr


1− c−r


)d∑
i≤k


Di


d∏
m=1


c−r(im+1) ≤


≤
(


cr


1− c−r


)d∑
i≤k


∑
j∈Ai


aj


 d∏
m=1


c−r(im+1) ≤


≤
(


cr


1− c−r


)d∑
i≤k


∑
j∈Ai


aj
brj
.


Viszont infc>1


(
cr


1−c−r


)
= (21/r)r


1−(21/r)−r = 4, ı́gy készen vagyunk.


A következő lemma Fazekas és Klesov (2000) [23] Lemma 2.2 többin-
dexes változata.


3.2.2. lemma. (Fazekas, Klesov, Noszály és Tómács (1999) [24] Lem-
ma 3.1 illetve Noszály és Tómács (2000) [55] Lemma 2.) Legyen r > 0 rög-
źıtett, {an,n ∈ Nd


0} nemnegat́ıv valós értékű többindexes sorozat, továbbá
{bn,n ∈ Nd


0} pozit́ıv valós értékű szorzat t́ıpusú nemcsökkenő és nem kor-
látos sorozat. Tegyük fel, hogy


∑
n an/b


r
n <∞. Ekkor létezik {βn,n ∈ Nd


0}
pozit́ıv valós értékű szorzat t́ıpusú nemcsökkenő és nem korlátos sorozat
úgy, hogy


βn


bn
→ 0 (n →∞) és


∑
n


an
βr
n


<∞.


Bizonýıtás. Elég csak az r = 1 esetet vizsgálni. Ha d = 1, akkor
a bizonýıtást lásd Fazekas és Klesov (2000) [23] Lemma 2.2. Most legyen
d ≥ 2. Legyen


T (1)
n1


:=
∞∑


n2=0


· · ·
∞∑


nd=0


an∏d
m=2 b


(m)
nm


.


Ekkor
∞∑


n1=0


1


b
(1)
n1


T (1)
n1


=
∑
n


an
bn


<∞.


Alkalmazva az előbb emĺıtett lemmát, létezik egy pozit́ıv valós értékű nem-
csökkenő és nem korlátos {β(1)


n , n ∈ N0} sorozat úgy, hogy


lim
n→∞


β
(1)
n


b
(1)
n


= 0 és
∞∑


n1=0


1


β
(1)
n1


T (1)
n1


<∞.
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Legyen k < d és tegyük fel, hogy fenti eljárással a β
(m)
n sorozatok már


meghatározottak minden m = 1, . . . , k esetén. A β
(k+1)
n meghatározása úgy


történik, hogy a fenti eljárásba az 1 és (1) indexek helyére k + 1-et illetve
(k + 1)-et ı́runk, továbbá bn helyére


∏k
m=1 β


(m)
nm


∏d
m=k+1 b


(m)
nm kerül. Ekkor


βn :=
∏d


m=1 β
(m)
nm választással kapjuk a lemmát.


A következő tétel Fazekas és Klesov (2000) [23] Theorem 2.1 általáno-
śıtása.


3.2.3. tétel. (Fazekas, Klesov, Noszály és Tómács (1999) [24] Theo-
rem 3.2 illetve Noszály és Tómács (2000) [55] Theorem 3.) Legyen r >
0 rögźıtett, {an,n ∈ Nd


0} nemnegat́ıv valós értékű többindexes sorozat,
továbbá {bn,n ∈ Nd


0} pozit́ıv valós értékű szorzat t́ıpusú nemcsökkenő és
nem korlátos sorozat. Tegyük fel, hogy


∑
n an/b


r
n <∞ és


E
(


max
m≤n


|Sm|r
)
≤
∑
m≤n


am


minden n ∈ Nd esetén. Ekkor


Sn


bn
→ 0 (n →∞) majdnem biztosan.


Bizonýıtás. Legyen βn olyan, amely a 3.2.2. lemmában szerepel. Alkal-
mazva a 3.2.1. tételt,


E
(


max
m≤n


∣∣∣∣Sm


βm


∣∣∣∣r) ≤ 4d
∑
m≤n


am
βr
m


minden n ∈ Nd esetén. Így


E
(


sup
n


∣∣∣∣Sn


βn


∣∣∣∣r) ≤ 4d
∑
n


an
βr
n


<∞,


melyből következik, hogy supn |Sn/βn|r <∞ majdnem biztosan. Mivel∣∣∣∣Sn


bn


∣∣∣∣ = βn


bn


∣∣∣∣Sn


βn


∣∣∣∣ ≤ βn


bn
sup
k


∣∣∣∣Sk


βk


∣∣∣∣ ,
ezért βn/bn → 0 (n →∞) miatt igaz az álĺıtás.
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3.2.4. defińıció. A g: Nd × Nd → R függvényt szuperaddit́ıvnak nevez-
zük, ha


g
(
i, (j1, . . . , jm−1, k, jm+1, . . . , jd)


)
+


+ g
(
(i1, . . . , im−1, k + 1, im+1, . . . , id), j


)
≤ g(i, j)


bármely i, j ∈ Nd, i ≤ j, m = 1, . . . , d és im ≤ k < jm esetén.
Azt mondjuk, hogy az {Xn,n ∈ Nd} valósźınűségi változók többin-


dexes sorozata szuperaddit́ıv r-edik momentum struktúrával rendelkezik, ha
minden i ≤ j (i, j ∈ Nd) esetén


E


∣∣∣∣∣∣
∑


i≤k≤j


Xk


∣∣∣∣∣∣
r


≤ gα(i, j), (3.2.1)


ahol g: Nd × Nd → R szuperaddit́ıv függvény, α > 1 és r > 0.


Az alábbi tétel bizonýıtását lásd Móricz (1983) [53] Corollary 1 vagy
(1977) [52] Theorem 7.


3.2.5. tétel. Az {Xn,n ∈ Nd} valósźınűségi változók többindexes
sorozatának legyen szuperaddit́ıv r-edik momentum struktúrája, ahol r > 0
és α > 1. Ekkor létezik Ar,α,d konstans, hogy minden n ∈ Nd esetén


E
(


max
k≤n


|Sk|r
)
≤ Ar,α,dg


α(1,n).


3.2.6. megjegyzés. Móricz az előző tételt r ≥ 1 esetén látta be, és
csak utal rá, hogy a 0 < r < 1 eset könnyű. Valóban, ugyanis ebben az
esetben |.|r norma, ı́gy


E


∣∣∣∣∣∣
∑


i≤k≤j


Xk


∣∣∣∣∣∣
r


≤ E


 ∑
i≤k≤j


|Xk|r
 =


∑
i≤k≤j


E|Xk|r ≤


∑
i≤k≤j


gα(k,k) ≤


 ∑
i≤k≤j


g(k,k)


α


≤ gα(i, j).


Ezt felhasználva pedig kapjuk, hogy


E
(


max
k≤j


|Sk|r
)
≤ E


max
k≤j


∑
l≤k


|Xl|r
 ≤ E


∑
l≤j


|Xl|r
 ≤ gα(1, j).
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3.3. Logaritmikus súlyozású összegek


A logaritmikus súlyozású összegekre vonatkozó nagy számok erős tör-
vényét például a központi határeloszlás-tétel majdnem biztos alakjainak bi-
zonýıtására használják (lásd Móri (1993) [54], Chuprunov és Fazekas (1999)
[11].) Az alábbi többindexes változatot (3.3.2. tétel) azonban nem sikerült
ilyen célra használni. A többindexes majdnem biztos határeloszlás-tétel bi-
zonýıtásához Fazekas és Rychlik (2001) [28] cikkben egy másik nagy számok
erős törvényét használ.


A következő lemma Fazekas és Klesov (2000) [23] Lemma 9.1 kiter-
jesztése többindexes esetre. (A következőkben [x] az x szám egész részét
jelenti.)


3.3.1. lemma. (Fazekas, Klesov, Noszály és Tómács (1999) [24] Lem-
ma 4.2 illetve Noszály és Tómács (2000) [55] Lemma 6.)
(a) Legyen n ∈ N és 0 < β < 1. Ekkor létezik Cd,β konstans, hogy


n∑
m1=1


[
n


m1


]∑
m2=1


· · ·


[
n


m1m2···md−1


]
∑


md=1


1
|m|1−β


≤ Cd,β n
β(log+ n)d−1.


(b) Legyen 0 < β < 1, 1 < γ < 2, i,m, j ∈ Nd, i ≤ m ≤ j. Ekkor létezik
Cd,β konstans, hogy


∑
i≤m≤j


∑
i≤k≤j
|k|≤|m|


1
|m|1+β(log+ |m|)d−1|k|1−β


≤ Cd,β


 ∑
i≤m≤j


1
|m|


γ


.


Bizonýıtás. (a) A bizonýıtást d-re vonatkozó teljes indukcióval végez-
zük. Mivel


∑n
m=1m


β−1 ≤
∫ n


0
xβ−1dx = nβ/β, ezért az álĺıtás d = 1-re


teljesül. Most tegyük fel, hogy d = f -re igaz az álĺıtás. Legyen n ∈ N és
0 < β < 1. Ekkor


n∑
m1=1


[
n


m1


]∑
m2=1


· · ·


[
n


m1m2···mf


]
∑


mf+1=1


1
|m|1−β


=


=
n∑


m1=1


1


m1−β
1


[
n


m1


]∑
m2=1


· · ·


[
n


m1m2···mf


]
∑


mf+1=1


1


(m2 · · ·mf )1−β
≤







36 3. A többindexes nagy számok törvényének általános megközeĺıtése


≤ Cf,β


n∑
m1=1


1


m1−β
1


[
n


m1


]β (
log+


[
n


m1


])f−1


≤


≤ Cf,β n
β(log+ n)f−1


n∑
m1=1


1
m1


≤ Cf,β n
β(log+ n)f−1C log+ n.


Itt felhasználtuk, hogy
[
1
c


[
a
b


]]
=
[


a
bc


]
, ha a, b, c ∈ N.


(b) Ha
∑


i≤m≤j
1
|m| ≤ 1, akkor


∑
i≤m≤j


∑
i≤k≤j
|k|≤|m|


1
|m|1+β(log+ |m|)d−1|k|1−β


≤
∑


i≤m≤j


∑
i≤k≤j
|k|≤|m|


1
|m|1+β |k|1−β


≤


≤
∑


i≤m≤j


∑
i≤k≤j
|k|≤|m|


1
|m||k|


≤


 ∑
i≤m≤j


1
|m|


2


≤


 ∑
i≤m≤j


1
|m|


γ


.


∑
i≤m≤j


1
|m| > 1 esetben felhasználva az (a) részt és azt, hogy


n∑
m1=1


[
n


m1


]∑
m2=1


· · ·


[
n


m1m2···md−1


]
∑


md=1


1
|m|1−β


=
∑


m∈Nd


|m|≤n


1
|m|1−β


,


kapjuk, hogy∑
i≤m≤j


1
|m|1+β(log+ |m|)d−1


∑
i≤k≤j
|k|≤|m|


1
|k|1−β


≤


≤ Cd,β


∑
i≤m≤j


1
|m|1+β(log+ |m|)d−1


|m|β(log+ |m|)d−1 =


= Cd,β


∑
i≤m≤j


1
|m|


≤ Cd,β


 ∑
i≤m≤j


1
|m|


γ


.


Az alábbi tétel Fazekas és Klesov (2000) [23] Theorem 9.1 kiterjesztése
többindexes esetre.


3.3.2. tétel. (Fazekas, Klesov, Noszály és Tómács (1999) [24] Theo-
rem 4.2 illetve Noszály és Tómács (2000) [55] Theorem 7.) Tegyük fel, hogy







3.3. Logaritmikus súlyozású összegek 37


az {Xn,n ∈ Nd} valósźınűségi változók többindexes sorozatára valamely
C > 0 és β > 0 esetén


|E(XkXl)| ≤ C


(
|k|
|l|


)β 1
(log+ |l|)d−1


minden k ≤ l (k, l ∈ Nd) esetén. Ekkor


1
| log n|


∑
k≤n


Xk


|k|
→ 0 (n →∞) majdnem biztosan.


Bizonýıtás. A bizonýıtást elég elvégezni 0 < β < 1 esetben. Legyen
i, j ∈ Nd, i ≤ j. A feltételt használva kapjuk, hogy


E


∣∣∣∣∣∣
∑


i≤k≤j


Xk


|k|


∣∣∣∣∣∣
2


≤ 2
∑
i≤l≤j


∑
i≤k≤j
|k|≤|l|


1
|k||l|


|E(XkXl)| ≤


≤ 2C
∑
i≤l≤j


∑
i≤k≤j
|k|≤|l|


1
|k|1−β |l|1+β(log+ |l|)d−1


.


Legyen 1 < γ < 2. A 3.3.1. (b) lemmából következik, hogy


E


∣∣∣∣∣∣
∑


i≤k≤j


Xk


|k|


∣∣∣∣∣∣
2


≤ Dd,β


∑
i≤l≤j


1
|l|


γ


,


ahol Dd,β > 0. Így a 3.2.5. tétel alapján


E


max
i≤j


∣∣∣∣∣∣
∑
k≤i


Xk


|k|


∣∣∣∣∣∣
2
 ≤ Cd,β,γ


∑
k≤j


1
|k|


γ


minden j ∈ Nd esetén, ahol Cd,β,γ > 0. A Hölder-egyenlőtlenség seǵıtségével
kapjuk, hogy


E


max
i≤j


∣∣∣∣∣∣
∑
k≤i


Xk


|k|


∣∣∣∣∣∣
2/γ
 ≤ (Cd,β,γ)1/γ


∑
k≤j


1
|k|
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minden j ∈ Nd esetén. Mivel


∑
n∈Nd


1
|n|| log n|2/γ


<∞,


ı́gy alkalmazhatjuk a 3.2.3. tételt, melyből kapjuk az álĺıtást.


Megjegyezzük, hogy Fazekas és Rychlik (2001) [28] cikkben a fenti 3.3.2.
tételhez hasonló álĺıtás található. Ott a feltétel részben erősebb, hisz egyen-
letesen korlátos Xk-kra vonatkozik, részben gyengébb, hisz az 1


(log+ |l|)d−1


tényező nem szerepel. Az a tétel már alkalmas a majdnem biztos központi
határeloszlás-tétel bizonýıtásának céljára. Az ottani bizonýıtás közvetlen.


3.4. Szuperaddit́ıv momentum struktúrával rendelkező
sorozatok


Szükségünk lesz a következő technikai jellegű lemmára.


3.4.1. lemma. (Fazekas, Klesov, Noszály és Tómács (1999) [24] Lemma
4.1 illetve Noszály és Tómács (2000) [55] Lemma 10.) Legyen {an,n ∈ Nd


0}
nemnegat́ıv sorozat, Λn :=


∑
m≤n am és α > 0. Legyen bn := 1/|n|α, n ∈ Nd


0


ha |n| 6= 0, különben pedig legyen bn := 0. Ekkor∑
n


(−1)dΛn∆bn+1 <∞,


esetén ∑
n


anbn <∞.


Bizonýıtás. Legyen Knm :=
∑d


k=1(nk −mk), ahol n,m ∈ Nd
0. Legyen


En :=
{
m ∈ Nd


0 : 0 ≤ nk −mk ≤ 1, k = 1, . . . , d és Knm páros
}
,


On :=
{
m ∈ Nd


0 : 0 ≤ nk −mk ≤ 1, k = 1, . . . , d és Knm páratlan
}
,


ahol n ∈ Nd
0. Ekkor


∆bn =
∑


m∈En


bm + (−1)d
∑


m∈On


bm.
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Ebből következik, hogy (−1)d∆bn+1 =
∏d


k=1


(
1


nα
k
− 1


(nk+1)α


)
. Mivel 1


nα −
1


(n+1)α ≥ konst./nα+1, ı́gy ∑
n


Λn


|n|α+1
<∞.


Elemi számolással kapjuk, hogy∑
k≤2n


Λk


|k|α+1
≥
∑
k≤n


ak
∑


k≤l≤2k


1
|l|α+1


≥
∑
k≤n


ak
|k|


|2k|α+1
=


1
2d(α+1)


∑
k≤n


ak
|k|α


.


Ebből már következik az álĺıtás.


A következő tétel Fazekas és Klesov (2000) [23] Theorem 8.1 általáno-
śıtása, mely egy Marcinkiewicz—Zygmund t́ıpusú nagy számok erős törvé-
nye szuperaddit́ıv momentum struktúrájú, többindexes valósźınűségi válto-
zókra.


3.4.2. tétel. (Fazekas, Klesov, Noszály és Tómács (1999) [24] The-
orem 4.1 illetve Noszály és Tómács (2000) [55] Proposition 11.) Legyen
r > 0, α > 1 és tegyük fel, hogy {Xn,n ∈ Nd} valósźınűségi változók több-
indexes sorozata szuperaddit́ıv r-edik momentum struktúrával rendelkezik.
Ha ∆gα(1,n) ≥ 0 minden n ∈ Nd-re, és valamely q > 0 esetén∑


n


gα(1,n)
|n|1+r/q


<∞ (3.4.1)


teljesül, akkor


Sn


|n|1/q
→ 0 (n →∞) majdnem biztosan.


Bizonýıtás. A 3.2.5. tétel alapján, minden n ∈ Nd esetén


E
(


max
m≤n


|Sm|r
)
≤ Ar,α,d g


α(1,n).


Legyen bn := 1/|n|r/q. Mivel (−1)d∆bn+1 =
∏d


m=1


(
1


n
r/q
m


− 1
(nm+1)r/q


)
≤


konst./|n|1+r/q, ı́gy (3.4.1) miatt∑
n


(−1)dgα(1,n)∆bn+1 <∞.


Végül alkalmazva a 3.4.1. lemmát és a 3.2.3. tételt kapjuk az álĺıtást. A
∆gα(1,n), ahol a differencia képzés g második argomentuma szerint törté-
nik, a gα(1,n) =


∑
i≤n ai, ai ≥ 0 előálĺıtást garantálja.
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3.5. Brunk—Prohorov t́ıpusú tételek


3.5.1. defińıció. Legyen (Ω,F ,P) egy valósźınűségi mező, {Xn,n ∈
Nd} valósźınűségi változók többindexes sorozata és Fn ⊆ F minden n ∈ Nd


esetén σ-algebra. Tegyük fel, hogy m ≤ n esetén Fm ⊆ Fn. Ha Xn Fn-
mérhető minden n ∈ Nd-re, EX1 = 0, továbbá minden m ≤ n, m 6= n esetén
E(Xn | Fm) = 0, akkor azt mondjuk, hogy (Xn,Fn) martingáldifferencia.


A következő feltételt — mely széles körben használt a többindexes mar-
tingálok elméletében, lásd például Fazekas (1983) [18] — többször meg fog-
juk követelni.


E
(
E(Xl | Fm)


∣∣∣ Fn


)
= E


(
Xl | Fmin(m,n)


)
(3.5.1)


minden l,m,n ∈ Nd esetén.


Használni fogjuk a Doob- és Burkholder-egyenlőtlenségek d-indexes vál-
tozatait.


3.5.2. lemma. (Noszály és Tómács (2000) [55] Lemma 12.)
(a) (Doob-féle Lp-egyenlőtlenség) Legyen p > 1 és tegyük fel, hogy


(Xn,Fn) martingál (3.5.1) tulajdonságú. Ekkor minden n ∈ Nd esetén


E
(


max
m≤n


|Xm|p
)
≤
(


p


p− 1


)pd


E|Xn|p.


(b) (Hincsin-egyenlőtlenség) Legyen p ≥ 2. Ekkor létezik olyan Cp,d


konstans, hogy tetszőleges {an,n ∈ Nd} többindexes valós számsorozatra∫ 1


0


· · ·
∫ 1


0


∣∣∣∣ n1∑
m1=1


· · ·
nd∑


md=1


rm1(t1) · · · rmd
(td)a(m1,...,md)


∣∣∣∣pdt1 · · · dtd ≤
≤ Cp,d


( n1∑
m1=1


· · ·
nd∑


md=1


a2
(m1,...,md)


)p/2


teljesül minden n ∈ Nd esetén, ahol rn a Rademacher-rendszer [0, 1]-en.


(c) (Burkholder-egyenlőtlenség) Legyen p > 1. Ekkor létezik Dp,d > 0
konstans úgy, hogy bármely (3.5.1) tulajdonságú (Xn,Fn) martingáldiffe-
rencia esetén


E|Sn|2p ≤ Dp,dE


∑
m≤n


X2
m


p
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teljesül minden n ∈ Nd-re.


Bizonýıtás. (a) d-re vonatkozó indukcióval bizonýıtunk. d = 1 eset-
ben az álĺıtás az eredeti Doob-egyenlőtlenségből következik. Most tegyük
fel, hogy d = f esetén igaz az álĺıtás. Legyen n = (n1, . . . , nf+1) ∈ Nf+1


rögźıtett. Bevezetjük a következő jelöléseket.


n∗ := (n2, . . . , nf+1) ∈ Nf , Yn := max
m≤n∗


|X(n,m)| és Bn = F(n,n∗),


ahol n = 1, 2, . . . , n1. Ekkor Yn Bn-mérhető. Megmutatjuk, hogy (Yn,Bn)
(n ≤ n1) szubmartingál. Legyen m ≤ n ≤ n1. A feltételes várható érték
tulajdonságai és (3.5.1) miatt


E
(


max
m≤n∗


|X(n,m)|
∣∣ F(m,m)


)
≥ max


m≤n∗
E
(
|X(n,m)|


∣∣ F(m,m)


)
≥


≥ max
m≤n∗


∣∣E(X(n,m)


∣∣ F(m,n∗)


)∣∣= max
m≤n∗


∣∣∣E(E(X(n,m)


∣∣ F(n,m)


) ∣∣∣ F(m,n∗)


)∣∣∣=
= max


m≤n∗


∣∣E(X(n,m)


∣∣ F(m,m)


)∣∣ = max
m≤n∗


|X(m,m)|.


Legyen m ∈ Nf , m ≤ n∗ esetén Zm := X(n1,m) és Cm := F(n1,m). Ekkor
(Zm, Cm), m ≤ n∗, (3.5.1) tulajdonságú martingál. Az Yn nemnegat́ıv szub-
martingálra alkalmazva az indukciós feltevést és a Doob-egyenlőtlenséget
kapjuk, hogy


E
(
max
m≤n


|Xm|p
)


= E
(


max
m≤n1


Y p
m


)
≤ p


p− 1
EY p


n1
=


p


p− 1
E
(


max
m≤n∗


|Zm|p
)
≤


≤ p


p− 1


(
p


p− 1


)pf


E|Zn∗ |p =
(


p


p− 1


)p(f+1)


E|Xn|p.


(b) Megjegyezzük, hogy a következőkben többször is fogjuk használni
Fubini tételét anélkül, hogy ezt külön megemĺıtenénk. Tegyük fel, hogy
d = f esetén igaz az álĺıtás. Ekkor Hincsin eredeti egyenlőtlenségéből (lásd
például Chow és Teicher [10]) kapjuk, hogy van olyan Cp > 0 konstans,
melyre


1∫
0


∣∣∣∣ n1∑
m1=1


rm1(t1)
( n2∑


m2=1


· · ·
nf+1∑


mf+1=1


rm2(t2) · · · rmf+1(tf+1)a(m1,...,mf+1)


)∣∣∣∣pdt1≤
≤ Cp


 n1∑
m1=1


( n2∑
m2=1


· · ·
nf+1∑


mf+1=1


rm2(t2) · · · rmf+1(tf+1)a(m1,...,mf+1)


)2
p/2


=


= Cp


(
n1∑


m1=1


(
I(t2, . . . , tf+1)


)2
)p/2


,
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ahol


I(t2, . . . , tf+1) =
n2∑


m2=1


· · ·
nf+1∑


mf+1=1


rm2(t2) . . . rmf+1(tf+1)a(m1,...,mf+1).


Az L p
2
-térbeli háromszög-egyenlőtlenségből


Cp


∫ 1


0


· · ·
∫ 1


0


( n1∑
m1=1


(
I(t2, . . . , tf+1)


)2
) p


2


dt2 · · · dtf+1 ≤


≤ Cp


( n1∑
m1=1


(∫ 1


0


· · ·
∫ 1


0


|I(t2, . . . , tf+1)|pdt2 · · · dtf+1


)2/p)p/2


.


A fenti kifejezést tudjuk majorálni indukció seǵıtségével az alábbival.


CpCp,f


( n1∑
m1=1


n2∑
m2=1


· · ·
n2∑


m2=1


a2
(m1,...,mf+1)


) p
2


.


(c) A következőkben Mètraux (1978) [50] Theorem 1 bizonýıtásának
módszerét alkalmazzuk. Legyen u(i) : N → {−1, 1} (i = 1, . . . , d). Legyen
n ∈ Nd rögźıtett, Tn :=


∑
m≤n u


(1)
m1 · · ·u


(d)
mdXm, továbbá


Ym :=
n2∑


m2=1


· · ·
nd∑


md=1


u(2)
m2
· · ·u(d)


md
X(m,m2,...,md) (m = 1, . . . , n1).


Ekkor Tn =
∑n1


m1=1 u
(1)
m1Ym1 . A következőkben belátjuk, hogy valamely


Mp,d > 0 konstans esetén E|Tn|p ≤ Mp,dE|Sn|p. Megint d-re vonatkozó
indukcióval bizonýıtunk. Az álĺıtás d = 1 esetén megtalálható Burkholder
(1966) [9] Theorem 9 bizonýıtásában. AzXn (3.5.1) tulajdonságából könnyű
ellenőrizni, hogy Ym martingáldifferencia. Így


E|Tn|p ≤Mp,1E
(∣∣∣∣ n1∑


m1=1


Ym1


∣∣∣∣p) =


= Mp,1E
(∣∣∣∣ n2∑


m2=1


. . .


nd∑
md=1


u(2)
m2


. . . u(d)
md


( n1∑
m1=1


X(m1,...,md)


)∣∣∣∣p).
Ismét használva a (3.5.1) tulajdonságot kapjuk, hogy


Z(m2,...,md) :=
n1∑


m1=1


X(m1,...,md)
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martingáldifferencia. Így az indukciós feltevést használva


E|Tn|p ≤Mp,1Mp,d−1E|Sn|p = Mp,dE|Sn|p.


Ebből, Fubini tételéből és a 3.5.2. lemma (b) pontjából kapjuk, hogy E|Sn|2p


majorálható a következő kifejezéssel.


M2p,d


1∫
0


· · ·
1∫


0


E
(∣∣∣∣ n1∑


m1=1


· · ·
nd∑


md=1


rm1(t1) · · · rmd
(td)X(m1,...,md)


∣∣∣∣2p)
dt1 · · · dtd =


=M2p,dE
( 1∫


0


· · ·
1∫


0


∣∣∣∣ n1∑
m1=1


· · ·
nd∑


md=1


rm1(t1) · · · rmd
(td)X(m1,...,md)


∣∣∣∣2p


dt1 · · · dtd
)
≤


≤M2p,dC2p,dE
(( n1∑


m1=1


· · ·
nd∑


md=1


X2
(m1,...,md)


)p
)
.


Ezzel befejeztük a bizonýıtást.


3.5.3. tétel. (Noszály és Tómács (2000) [55] Proposition 13.) Legyen
(Xn,Fn) (3.5.1) tulajdonságú martingáldifferencia, p ≥ 1, C > 0 és r <
p+1. Tegyük fel, hogy


∑
m≤n E|Xm|2p ≤ C|n|r. Ekkor Sn/|n| → 0 (n →∞)


majdnem biztosan.


Bizonýıtás. A Burkholder-egyenlőtlenség (3.5.2. lemma (c)) és a Höl-
der-egyenlőtlenség alapján


E|Sn|2p ≤ Dp,dE


∑
m≤n


X2
m


p


≤ Dp,d|n|p−1
∑
m≤n


E|Xm|2p≤ Dp,d|n|p+r−1.


Így a Doob-féle Lp-egyenlőtlenség (3.5.2. lemma (a)) miatt,


E
(


max
m≤n


|Sm|2p


)
≤ Fp,d


∑
m≤n


∆|m|p+r−1


valamely Fp,d > 0 konstans esetén. Mivel ∆|m|p+r−1 ≤ C|m|p+r−2, ı́gy a
3.2.3. tétel miatt igaz az álĺıtás.


3.5.4. tétel. (Noszály és Tómács (2000) [55] Proposition 14.) Legyen
(Xn,Fn) (3.5.1) tulajdonságú martingáldifferencia és p ≥ 1. Amikor p > 1,
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tegyük fel, hogy E|Xn|2p szorzat t́ıpusú sorozat. Legyen bn pozit́ıv valós
értékű, nemcsökkenő és nem korlátos szorzat t́ıpusú sorozat, továbbá tegyük
még fel azt is, hogy p > 1 esetén van olyan δ > (p − 1)/2p, hogy |n|δ/bn
nemnövekvő. Ekkor ∑


n


E|Xn|2p


b2p
n


|n|p−1 <∞


esetén Sn/bn → 0 (n →∞) majdnem biztosan.


Bizonýıtás. Alkalmazva a Burkholder-, Hölder- és Doob-egyenlőtlen-
ségeket:


E
(


max
m≤n


|Sm|2p


)
≤ Cp,d|n|p−1


∑
m≤n


E|Xm|2p


valamely Cp,d > 0 esetén. p = 1 esetén ez az egyenlőtlenség és a 3.2.3. tétel
implikálja az álĺıtást.


Most legyen p > 1. Vezessük be a következő jelöléseket.


cn := |n|p−1
∑
m≤n


E|Xm|2p és
d∏


i=1


a(i)
ni


= E|Xn|2p.


Ekkor


∆cn =
d∏


l=1


(
np−1


l


nl∑
k=1


a
(l)
k − (nl − 1)p−1


nl−1∑
k=1


a
(l)
k


)
=


=
d∏


l=1


(
np−1


l a(l)
nl


+
(
np−1


l − (nl − 1)p−1
) nl−1∑


k=1


a
(l)
k


)
≤


≤
d∏


l=1


(
np−1


l a(l)
nl


+ Cnp−2
l


nl−1∑
k=1


a
(l)
k


)
valamely C > 0 esetén. Másrészt legyen r > 1 olyan, hogy δ = (p+r−2)/2p
a tételben. Ekkor


n∑
m=1


mp−2


b
(l)2p
m


m−1∑
k=1


a
(l)
k =


n−1∑
k=1


a
(l)
k


n∑
m=k+1


mp−2


b
(l)2p
m


≤


≤
n∑


k=1


a
(l)
k


∞∑
m=k


mp−2


b
(l)2p
m


=
n∑


k=1


a
(l)
k


∞∑
m=k


1
mr


mp+r−2


b
(l)2p
m


≤


≤
n∑


k=1


a
(l)
k


kp+r−2


b
(l)2p
k


∞∑
m=k


1
mr


≤
n∑


k=1


a
(l)
k


kp+r−2


b
(l)2p
k


Crk
1−r = Cr


n∑
k=1


a
(l)
k kp−1


b
(l)2p
k


valamely Cr > 0 és minden 1 ≤ l ≤ d esetén. Eszerint
∑


n ∆cn/b2p
n < ∞,


ı́gy a 3.2.3. tételből következik az álĺıtás.
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4. Konvergenciasebesség a nagy számok törvényei-
ben, Banach-térbeli értékű valósźınűségi válto-
zókból álló szériasorozatok esetén


Ebben a fejezetben a Baum—Katz-féle tétel bizonyos kiterjesztéseivel
foglalkozunk. Az itteni vizsgálatok közvetlen előzménye Fazekas (1992) [21]
cikke. Eredményeinket Tómács (2003) [72] cikkben publikáltuk. A fejezet
legfontosabb tétele a 4.3.1. tétel. Ebből következményként számos ismert
álĺıtást (illetve ismert álĺıtások variációit) levezetünk.


4.1. Jelölések, defińıciók


Legyen N a pozit́ıv egész számok halmaza, R a valós számok halmaza,
a ∨ b := max{a, b} és a ∧ b := min{a, b}, ahol a, b ∈ R. Jelölje Rf az f
függvény értékkészletét és f ◦ g az f és g összetett függvényét. Φ0 legyen a
nemcsökkenő f : [0,∞) → [0,∞) függvények halmaza. Egy f ∈ Φ0 függvényt
Orlicz-függvénynek nevezzük, ha f folytonos, konvex, nem korlátos, f(0) = 0
és f(t) > 0 minden t > 0 esetén.


Az f ∈ Φ0 függvényről azt mondjuk, hogy teljeśıti a ∆2-feltételt (f ∼
∆2), ha létezik egy c > 0 konstans, hogy


f(2t) ≤ cf(t) (4.1.1)


minden t > 0 esetén. Nyilván f ∼ ∆2 pontosan akkor, ha minden rögźıtett
k > 1 esetén létezik c > 1, melyre


f(kt) ≤ cf(t) minden t > 0 esetén. (4.1.2)


Az f ∈ Φ0 függvényről azt mondjuk, hogy teljeśıti a ∆0
2-feltételt (f ∼


∆0
2), ha létezik c > 0 és t0 > 0, hogy (4.1.1) teljesül minden 0 < t ≤ t0


esetén.
Ebben a fejezetben legyen {kn, n ∈ N} pozit́ıv egész számok egy szi-


gorúan monoton növekvő sorozata. A következő jelölések tekintetében Gut
(1985) [32] cikket követjük.


ψ(t) := card{n ∈ N : kn ≤ t}, t ≥ 0,


Mr(t) :=
[t]∑


i=1


kr−1
i , ha t ≥ 1 és Mr(t) := kr−1


1 , ha 0 ≤ t < 1,
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ahol r ∈ R, cardA az A halmaz számossága (card∅ := 0) és [.] az egészrész-
függvényt jelenti. Legyen M := M2.


Legyen B egy valós, szeparábilis Banach-tér ‖.‖ normával és 0 zérus
elemmel. Legyen (Ω,F ,P) egy rögźıtett valósźınűségi mező. X: Ω → B
függvényt B-értékű valósźınűségi változónak nevezzük, ha {ω ∈ Ω : X(ω) ∈
A} ∈ F minden A ∈ B(B) esetén, ahol B(B) a B Borel-féle σ-algebrája. Ha
X B-értékű valósźınűségi változó és E ‖X‖ < ∞, akkor EX jelentse az X
Bochner-féle integrálját.


A B-értékű X valósźınűségi változó szimmetrikus, ha X és −X azonos
eloszlású. Tetszőleges B-értékű X valósźınűségi változó esetén az X szim-
metrizáltja X∗ = X −X ′, ahol X ′ és X függetlenek és azonos eloszlásúak.
(Nyilván X∗ szimmetrikus.) Tetszőleges X-re


P(‖X ′‖ < t)P(‖X‖ > 2t) ≤ P(‖X∗‖ > t) ≤ 2P(‖X − b‖ > t/2) (4.1.3)


minden t ≥ 0 és b ∈ B esetén.
Legyen {Xnk, n ∈ N, k = 1, . . . , kn} B-értékű valósźınűségi változók


szériasorozata. Ezt soronként függetlennek nevezzük, ha Xn1, . . . , Xnkn
füg-


getlenek minden rögźıtett n ∈ N esetén. Legyen Skn
:=
∑kn


k=1Xnk. Abban
a speciális esetben, amikor kn ≡ n, azaz az n-edik sorban éppen n darab
valósźınűségi változó van, a sorösszeget Sn = Xn1 + · · ·Xnn jelöli.


4.1.1. defińıció. (Gut (1992) [33].) Azt mondjuk, hogy {Xnk, n ∈
N, k = 1, . . . , kn} átlagban gyengén dominált az X valósźınűségi változóval,
ha létezik γ > 0, hogy


1
kn


kn∑
k=1


P(‖Xnk‖ > t) ≤ γP(|X| > t) minden t ≥ 0, n ∈ N esetén. (4.1.4)


4.1.2. megjegyzés. Legyen ξ egy valós értékű valósźınűségi változó és
t > 0 rögźıtett. Mivel


⋂∞
m=1{ξ > t − 1/m} = {ξ ≥ t}, ı́gy a valósźınűség


folytonossága miatt, ha {Xnk, n ∈ N, k = 1, . . . , kn} átlagban gyengén
dominált az X valósźınűségi változóval, akkor


1
kn


kn∑
k=1


P(‖Xnk‖ ≥ t) ≤ γP(|X| ≥ t) minden t > 0, n ∈ N esetén. (4.1.5)
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4.2. Lemmák


A következő lemma Jain (1975) [40] Lemma 2.2 egy verziója.


4.2.1. lemma. (Tómács (2003) [72] Lemma 4.1.) Legyen X egy valós
értékű valósźınűségi változó, ϕ, α ∈ Φ0, β(n) := ϕ(α(n + 1)) − ϕ(α(n)),
n = 0, 1, 2, . . .. Ha Eϕ(|X|) <∞, akkor


∞∑
n=1


β(n− 1)P
(
|X| ≥ α(n)


)
<∞.


Bizonýıtás. Θn := ϕ(α(n)) jelöléssel


Eϕ(|X|) ≥
∞∑


i=1


ΘiP
(
Θi ≤ ϕ(|X|) < Θi+1


)
≥


≥
∞∑


i=1


i∑
n=1


β(n− 1)P
(
Θi ≤ ϕ(|X|) < Θi+1


)
≥


=
∞∑


n=1


β(n− 1)
∞∑


i=n


P
(
Θi ≤ ϕ(|X|) < Θi+1


)
≥


≥
∞∑


n=1


β(n− 1)P
(
|X| ≥ α(n)


)
.


Az alábbi lemma bizonýıtását lásd például Hoffmann-Jørgensen (1974)
[35], illetve Jain (1975) [40].


4.2.2. lemma. Legyenek X1, . . . , Xn B-értékű, független, szimmetri-
kus valósźınűségi változók és j ∈ N. Ekkor léteznek Aj , Bj ≥ 0 konstansok
úgy, hogy


P


(∥∥∥∥∥
n∑


k=1


Xk


∥∥∥∥∥ > 3jt


)
≤ AjP


(
max


1≤k≤n
‖Xk‖ > t


)
+BjP2j


(∥∥∥∥∥
n∑


k=1


Xk


∥∥∥∥∥ > t


)


minden t ≥ 0 esetén, ahol Aj és Bj csak j-től függ. (A1 = 1, B1 = 4.)


A következő lemma Jain (1975) [40] Theorem 3.1, illetve Fazekas (1992)
[21] Lemma 2.6 általánośıtása.
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4.2.3. lemma. (Tómács (2003) [72] Lemma 4.3.) Legyen {Xnk, n ∈
N, k = 1, . . . , kn} soronként független, B-értékű szimmetrikus valósźınűségi
változók szériasorozata, és {γn, n ∈ N} pozit́ıv valós számok egy sorozata.
Ha {‖Skn


‖ /γkn
, n ∈ N} valósźınűségben korlátos, ϑ ∈ Φ0 és ϑ ∼ ∆2, akkor


léteznek a, b > 0 konstansok úgy, hogy


Eϑ(‖Skn
‖) ≤ aEϑ


(
max


1≤k≤kn


‖Xnk‖
)


+ bϑ(γkn
) minden n ∈ N esetén.


Bizonýıtás. Legyen Nkn := max
1≤k≤kn


‖Xnk‖. ϑ ∈ Φ0 és a 4.2.2. lemma


miatt minden x ≥ 0 és n ∈ N esetén


P(ϑ(‖Skn
‖ /3) > ϑ(x)) ≤ P (‖Skn


‖ /3 > x)
≤ P (Nkn


> x) + 4P2(‖Skn
‖ > x)


≤ P(ϑ(Nkn
) ≥ ϑ(x)) + 4P2(ϑ(‖Skn


‖) ≥ ϑ(x)).


Így


P(ϑ(‖Skn‖ /3) > t) ≤ P(ϑ(Nkn) ≥ t) + 4P2(ϑ(‖Skn‖) ≥ t) (4.2.1)


minden t ∈ Rϑ és n ∈ N esetén. Tegyük fel, hogy t ∈ (ϑ(0), supRϑ) ∩ Rϑ.
Ekkor létezik a ≥ 0, hogy limx→a−0 ϑ(x) < t < limx→a+0 ϑ(x). (Legyen
limx→0−0 ϑ(x) = ϑ(0).) Ha ϑ(a) < t, akkor


⋃∞
m=1{y : ϑ(y) > ϑ(a+1/m)} =


{y : ϑ(y) > t} és
⋃∞


m=1{y : ϑ(y) ≥ ϑ(a+ 1/m)} = {y : ϑ(y) ≥ t}. Másrészt,
ha ϑ(a) > t, akkor


⋂∞
m=1{y : ϑ(y) > ϑ(a − 1/m)} = {y : ϑ(y) > t}


és
⋂∞


m=1{y : ϑ(y) ≥ ϑ(a − 1/m)} = {y : ϑ(y) ≥ t}. Így felhasználva a
valósźınűség folytonosságát és a (4.2.1) egyenlőtlenséget kapjuk, hogy (4.2.1)
igaz ebben az esetben is. Ha 0 ≤ t ≤ ϑ(0) vagy t ≥ supRϑ, akkor (4.2.1)
nyilvánvaló. Most alkalmazva ϑ ∼ ∆2, létezik c > 1, hogy


P (ϑ(‖Skn
‖) > ct) ≤ P (ϑ(Nkn


) ≥ t) + 4P2(ϑ(‖Skn
‖) ≥ t) (4.2.2)


minden t ≥ 0 esetén. Integrálva mindkét oldalt t szerint


1
c
Eϑ(‖Skn


‖) ≤ Eϑ(Nkn
) + 4


∞∫
0


P2(ϑ(‖Skn
‖) > t) dt. (4.2.3)


Mivel {‖Skn‖ /γkn , n ∈ N} valósźınűségben korlátos és ϑ ∼ ∆2, léteznek
A1, A > 0 konstansok úgy, hogy


P (‖Skn
‖ ≥ A1γkn


) <
1
8c


és ϑ(A1γkn
) ≤ Aϑ(γkn


)
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minden n ∈ N esetén. Ebből következően


P
(
ϑ(‖Skn


‖) > Aϑ(γkn
)
)
<


1
8c
.


Emiatt
∞∫
0


P2(ϑ(‖Skn
‖) > t) dt ≤


Aϑ(γkn )∫
0


1dt+


∞∫
Aϑ(γkn )


1
8c


P
(
ϑ(‖Skn


‖) > t
)
dt ≤


≤ Aϑ(γkn) +
1
8c


Eϑ(‖Skn
‖). (4.2.4)


Ezért (4.2.3) és (4.2.4) miatt igaz az álĺıtás.


A következő lemma Gut (1992) [33] Lemma 2.1, illetve Fazekas (1992)
[21] Lemma 2.7 (b) általánośıtása.


4.2.4. lemma. (Tómács (2003) [72] Lemma 4.4.) Legyen {Xnk, n ∈
N, k = 1, . . . , kn} B-értékű valósźınűségi változók szériasorozata, mely át-
lagban gyengén dominált az X valósźınűségi változóval. Ha ϑ ∈ Φ0, akkor


1
kn


kn∑
k=1


Eϑ(‖Xnk‖) ≤ (1 ∨ γ)Eϑ(|X|).


Bizonýıtás. ϑ ∈ Φ0 és (4.1.4) miatt minden x ≥ 0 esetén


1
kn


kn∑
k=1


P
(
ϑ(‖Xnk‖) > ϑ(x)


)
≤ 1
kn


kn∑
k=1


P(‖Xnk‖ > x) ≤


≤ γP(|X| > x) ≤ γP
(
ϑ(|X|) ≥ ϑ(x)


)
,


ı́gy
1
kn


kn∑
k=1


P
(
ϑ(‖Xnk‖) > t


)
≤ (1 ∨ γ)P


(
ϑ(|X|) ≥ t


)
(4.2.5)


minden t ∈ Rϑ-re. Tegyük fel, hogy t ∈ (ϑ(0), supRϑ) ∩ Rϑ. Ekkor létezik
a ≥ 0, hogy limx→a−0 ϑ(x) < t < limx→a+0 ϑ(x). (Legyen limx→0−0 ϑ(x) =
ϑ(0).) Ha ϑ(a) > t, akkor {ϑ(‖Xnk‖) > t} = {‖Xnk‖ ≥ a}. Ezért (4.1.5)
miatt


1
kn


kn∑
k=1


P
(
ϑ(‖Xnk‖) > t


)
=


1
kn


kn∑
k=1


P(‖Xnk‖ ≥ a) ≤


≤ γP(|X| ≥ a) ≤ γP
(
ϑ(|X|) ≥ ϑ(a)


)
≤ γP


(
ϑ(|X|) ≥ t


)
.
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Emiatt (4.2.5) igaz ebben az esetben is. Ha ϑ(a) < t, akkor {ϑ(‖Xnk‖) >
t} = {‖Xnk‖ > a}. Így (4.1.4) miatt


1
kn


kn∑
k=1


P
(
ϑ(‖Xnk‖) > t


)
=


1
kn


kn∑
k=1


P(‖Xnk‖ > a) ≤


≤ γP(|X| > a) ≤ γP
(
ϑ(|X|) ≥ t


)
.


Így (4.2.5) igaz ebben az esetben is. Végül, (4.2.5) nyilvánvalóan teljesül, ha
0 ≤ t ≤ ϑ(0) vagy t ≥ supRϑ. Összefoglalva, (4.2.5) teljesül minden t ≥ 0
esetén, melyből következik az álĺıtás.


4.3. Egy általános konvergenciasebesség-tétel


A következő tétel Fazekas (1992) [21] Theorem 3.5 kiterjesztése. A tétel
speciálisan kn ≡ n esetre vonatkozik, azonban tetszőleges kn sorozat esetére
is nyerhetünk belőle következményeket.


4.3.1. tétel. (Tómács (2003) [72] Theorem 3.1.) Legyen {Xnk, n ∈
N, k = 1, . . . , n} soronként független, B-értékű valósźınűségi változók széria-
sorozata, mely átlagban gyengén dominált az X valósźınűségi változóval.
Tegyük fel, hogy létezik egy pozit́ıv valós számokból álló {γn, n ∈ N} sorozat,
hogy {‖Sn‖ /γn, n ∈ N} valósźınűségben korlátos. Legyen α, ϑ, ϕ ∈ Φ0, α
nem korlátos, ϑ, ϕ ∼ ∆2, ϑ 6≡ 0 és


β(n) := ϕ(α(n+ 1))− ϕ(α(n)), n = 0, 1, 2, . . . .


Tegyük fel, hogy


Eϕ(|X|) <∞, Eϑ(|X|) <∞ és lim
n→∞


α(n)
γn


= ∞.


Legyen
µ(n) := β(n− 1) minden n ∈ N esetén,


vagy
µ(n) := β(n) minden n ∈ N esetén.


µ(n) = β(n) esetben tegyük fel, hogy létezik c > 0, hogy elég nagy n ∈ N-ek
esetén


cβ(n) ≤ β(n− 1). (4.3.1)
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Legyen n0 ∈ N olyan, hogy ϑ(α(n)) > 0 minden n ≥ n0 esetén. Ha létezik
j ∈ N és r > 0 úgy, hogy


∞∑
n=n0


µ(n)
n


(
rn+ ϑ(γn)
ϑ(α(n))


)2j


<∞, (4.3.2)


akkor


∞∑
n=1


µ(n)
n


P
(
‖Sn‖ > εα(n)


)
<∞ minden ε > 0 esetén. (4.3.3)


Bizonýıtás. Először tegyük fel, hogy az Xnk valósźınűségi változók
szimmetrikusak. Legyen ε > 0. A 4.2.2. lemma és (4.1.4) alapján


P
(
‖Sn‖ > ε3jα(n)


)
≤


≤ AjγnP
(
|X| > εα(n)


)
+BjP2j(


‖Sn‖ > εα(n)
)
. (4.3.4)


A (4.3.4) második tagjának becsléséhez vegyük figyelembe, hogy ϑ ∈ Φ0,
ϑ ∼ ∆2, továbbá alkalmazzuk a Markov-egyenlőtlenséget, a 4.2.3. és a 4.2.4.
lemmákat. Ekkor léteznek ε′, γ′, a, b > 0 konstansok úgy, hogy minden n ≥
n0 esetén


P
(


1
ε
‖Sn‖ > α(n)


)
≤ P


(
ε′ϑ(‖Sn‖) ≥ ϑ(α(n))


)
≤


≤ ε′
Eϑ(‖Sn‖)
ϑ(α(n))


≤ ε′


ϑ(α(n))


(
aγ′nEϑ(|X|) + bϑ(γn)


)
. (4.3.5)


A (4.3.5) egyenlőtlenségben b választható úgy, hogy


b >
a


r
γ′Eϑ(|X|). (4.3.6)


Ekkor (4.3.4), (4.3.5) és (4.3.6) miatt


∞∑
n=1


µ(n)
n


P
(
‖Sn‖ > ε3jα(n)


)
≤ Ajγ


∞∑
n=1


µ(n)P
(
|X| > εα(n)


)
+ konst.+


+ konst.
∞∑


n=n0+1


µ(n)
n


(
rn+ ϑ(γn)
ϑ(α(n))


)2j


. (4.3.7)
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Mivel ϕ ∼ ∆2, ı́gy létezik k > 0, hogy Eϕ (|X| /ε) ≤ kEϕ(|X|) <∞. Ezért
a 4.2.1. lemma és (4.3.1) miatt létezik n1 ∈ N, hogy


∞ >
∞∑


n=1


β(n− 1)P
(
|X|
ε


> α(n)
)
≥


≥ konst.
∞∑


n=n1


µ(n)P
(
|X| > εα(n)


)
. (4.3.8)


Ekkor (4.3.7), (4.3.8) és (4.3.2) alapján (4.3.3) teljesül.
Általános esetben szimmetrizálással dolgozunk. Legyen X ′


nk független
kópiája Xnk-nak minden n ∈ N és k = 1, . . . , n esetén. Legyen X∗


nk :=
Xnk − X ′


nk, S′n :=
∑n


k=1X
′
nk és S∗n :=


∑n
k=1X


∗
nk = Sn − S′n. Be fogjuk


bizonýıtani, hogy X∗
nk-ra teljesülnek a 4.3.1. tétel feltételei.


A (4.1.3) és (4.1.4) egyenlőtlenségek alapján kapjuk, hogy


1
n


n∑
k=1


P (‖X∗
nk‖ > t) ≤ 2


n


n∑
k=1


P
(
‖Xnk‖ >


t


2


)
≤ 2γP(|2X| > t)


minden t ≥ 0 esetén, ı́gy {X∗
nk : n ∈ N, k = 1, . . . , n} átlagban gyengén


dominált 2X-szel. Másrészt ϕ, ϑ ∼ ∆2 miatt Eϕ(|2X|)<∞ és Eϑ(|2X|)<∞.
Mivel {‖Sn‖ /γn, n ∈ N} valósźınűségben korlátos, felhasználva a (4.1.3)
egyenlőtlenséget, minden h > 0 esetén létezik q > 0, hogy minden n ∈ N
esetén


2h > 2P(‖Sn‖ > qγn) ≥ P(‖S∗n‖ > 2qγn).


Így {‖S∗n‖ /γn, n ∈ N} is korlátos valósźınűségben. Emiatt a szimmetrikus
eset szerint


∞∑
n=1


µ(n)
n


P
(
‖S∗n‖ > εα(n)


)
<∞ minden ε > 0 esetén. (4.3.9)


{‖S′n‖ /γn, n ∈ N} valósźınűségben korlátos, ezért létezik q′ > 0, hogy


P(‖S′n‖ < q′γn) >
1
2
. (4.3.10)


Végül, (4.1.3), α(n)/γn → ∞ és (4.3.10) alapján kapjuk, hogy elég nagy
n ∈ N-ek esetén


P
(
‖S∗n‖ > εα(n)


)
≥ P


(
‖S′n‖ < εα(n)


)
P
(
‖Sn‖ > 2εα(n)


)
≥


≥ P
(
‖S′n‖ < q′γn


)
P
(
‖Sn‖ > 2εα(n)


)
≥ 1


2
P
(
‖Sn‖ > 2εα(n)


)
.







4.3. Egy általános konvergenciasebesség-tétel 53


Emiatt és (4.3.9) miatt igaz az álĺıtás.


Az alábbi következmény Fazekas (1992) [21] Theorem 6.2 általánośıtása.


4.3.2. következmény. (Tómács (2003) [72] Corollary 3.2.) Legyen
M ◦ ψ ∼ ∆2, r, s, t > 0, rs > t. Ha r > 2, akkor tegyük fel, hogy
{M(n)/M(n − 1), n ∈ N} korlátos. Legyen {Xnk, n ∈ N, k = 1, . . . , kn}
soronként független, B-értékű valósźınűségi változók szériasorozata, mely
átlagban gyengén dominált az X valósźınűségi változóval. Tegyük fel, hogy


{‖Skn‖ /k
1/s
n , n ∈ N} valósźınűségben korlátos. Ha


EMr/2


(
ψ
(
|X|t/r


))
<∞ és E |X|s <∞,


akkor
∞∑


n=1


(
M(n)


)r/2−1P
(
‖Skn‖ > εkr/t


n


)
<∞ minden ε > 0 esetén.


Megjegyezzük, hogy {M(n)/M(n − 1), n ∈ N} korlátossága és (4.4.5)
ekvivalensek.


Bizonýıtás. A 4.3.1. tételben legyen α(x) := xr/t, ϑ(x) := xs, γn :=
n1/s és ϕ(x) := Mr/2(ψ(xt/r)). Ekkor


β(kn − 1) = ϕ(α(kn))− ϕ(α(kn − 1)) = Mr/2(n)−Mr/2(n− 1) (4.3.11)


és β(m − 1) = 0, ha kn < m < kn+1 minden n ∈ N-re. Felhasználva, hogy
Mv(n) −Mv(n − 1) =


∫M(n)


M(n−1)
vtv−1dt, könnyű bizonýıtani, hogy minden


n ∈ N-re


vknM
v−1(n− 1) ≤Mv(n)−Mv(n− 1) ≤ vk2v−1


n , ha v ≥ 1, (4.3.12)


és


vknM
v−1(n) ≤Mv(n)−Mv(n− 1) ≤ vkn, ha 0 < v ≤ 1. (4.3.13)


Legyen j ∈ N olyan nagy, hogy 2j > t((r − 1) ∨ 1)/(rs− t). Ekkor (4.3.11),
(4.3.12) és (4.3.13) szerint


∞∑
n=1


β(kn − 1)
kn


(
rkn + ϑ(γkn


)
ϑ(α(kn))


)2j


≤


≤



konst.


∞∑
n=1


nr−2−(sr/t−1)2j


<∞, ha r > 2,


konst.
∞∑


n=1
n−(sr/t−1)2j


<∞, ha 0 < r ≤ 2.
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Könnyen ellenőrizhető, hogy a 4.3.1. tétel többi feltétele is teljesül. Így
∞∑


n=1


β(kn − 1)
kn


P
(
‖Skn


‖ > εkr/t
n


)
<∞ minden ε > 0 esetén.


Tudjuk még, hogy (4.3.11), (4.3.12) és (4.3.13) miatt


β(kn − 1)
kn


≥ konst.(M(n))r/2−1,


melyből következik az álĺıtás.


Az alábbi következmény Hu, Rosalsky, Szynal és Volodin (1999) [38]
Corollary 4.1 egy verziója.


4.3.3. következmény. (Tómács (2003) [72] Corollary 3.3.) Legyen
r ∈ R, 0 < t < s és Mr ◦ ψ ∼ ∆2. Legyen {Xnk, n ∈ N, k = 1, . . . , kn}
soronként független, B-értékű valósźınűségi változók szériasorozata, mely
átlagban gyengén dominált az X valósźınűségi változóval. Tegyük fel, hogy


{‖Skn
‖ /k1/s


n , n ∈ N} valósźınűségben korlátos. Ha


EMr


(
ψ
(
|X|t


))
<∞ és E |X|s <∞,


akkor
∞∑


n=1


kr−2
n P


(
‖Skn‖ > εk1/t


n


)
<∞ minden ε > 0 esetén.


Bizonýıtás. A 4.3.1. tételben legyen α(x) := x1/t, ϕ(x) := Mr(ψ(xt)),
ϑ(x) := xs és γn := n1/s. Ekkor


β(kn−1) = ϕ(α(kn))−ϕ(α(kn−1)) = Mr(n)−Mr(n−1) = kr−1
n (4.3.14)


és β(m − 1) = 0, ha kn < m < kn+1 minden n ∈ N-re. Legyen j ∈ N olyan
nagy, hogy 2j > t(r − 1)/(s− t). Ekkor (4.3.14) miatt


∞∑
n=1


β(kn − 1)
kn


(
rkn + ϑ(γkn


)
ϑ(α(kn))


)2j


≤ konst.
∞∑


n=1


nr−2−(s/t−1)2j


<∞.


Könnyen ellenőrizhető, hogy a 4.3.1. tétel többi feltétele is teljesül. Így
∞∑


n=1


β(kn − 1)
kn


P
(
‖Skn


‖ > εk1/t
n


)
<∞ minden ε > 0 esetén.


Végül (4.3.14) miatt β(kn − 1)/kn = kr−2
n , melyből következik az álĺıtás.
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4.4. A fő tétel speciális esetei


Amennyiben B megfelelő geometriai tulajdonsággal rendelkezik, akkor
egy momentum feltétellel helyetteśıthető {‖Skn


‖ /γkn
, n ∈ N} valósźınűség-


beli korlátossága.


Legyen ϕ egy Orlicz-függvény. Az lϕ(B)-vel jelölt úgynevezett Orlicz-
tér azon B-értékű {un, n ∈ N} sorozatokból áll, melyekre


∞∑
n=1


ϕ


(
‖un‖
a


)
<∞ valamely a > 0 esetén.


4.4.1. defińıció. (Lásd Fazekas (1987) [20].) Legyen ε1, ε2, . . . olyan
független valósźınűségi változók, melyekre P(εn = 1) = P(εn = −1) = 1/2
minden n ∈ N-re. Azt mondjuk, hogy B ϕ-t́ıpusú, ha


∑∞
n=1 εnun valósźınű-


ségben konvergens minden {un, n ∈ N} ∈ lϕ(B) esetén.


Speciálisan, ha ϕ(x) = xp, akkor a jól ismert p-t́ıpus esetét kapjuk.


4.4.2. defińıció. Azt mondjuk, hogy B p-t́ıpusú (0 < p ≤ 2), ha∑∞
n=1 εnun majdnem biztosan konvergens minden olyan {un, n ∈ N} ⊆ B


sorozatra, melyre
∑∞


n=1 ‖un‖p
<∞ teljesül.


4.4.3. megjegyzés. Legyen ϕ ∼ ∆0
2 egy Orlicz-függvény. B pontosan


akkor ϕ-t́ıpusú, ha létezik c > 0, hogy


E


∥∥∥∥∥
n∑


k=1


Xk


∥∥∥∥∥ ≤ cE inf
y>0


{
1
y


(
1 +


n∑
k=1


ϕ(y ‖Xk‖)


)}
(4.4.1)


minden n ∈ N-re, továbbá minden B-értékű független X1, . . . , Xn 0 várható
értékű valósźınűségi változókra. (A bizonýıtást lásd Fazekas (1987) [20].)


Felsoroljuk a p-t́ıpusú terek néhány ismert tulajdonságát.


4.4.4. megjegyzés. Nem létezik p > 2 t́ıpusú Banach-tér. Minden
Banach-tér p-t́ıpusú, ha 0 < p ≤ 1. Ha B p-t́ıpusú, akkor p′-t́ıpusú is, ahol
0 < p′ ≤ p. Ismert, hogy B pontosan akkor p-t́ıpusú, ha létezik c > 0, hogy


E


∥∥∥∥∥
n∑


i=1


Xi


∥∥∥∥∥
p


≤ c
n∑


i=1


E ‖Xi‖p (4.4.2)
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minden olyan B-értékű független X1, . . . , Xn valósźınűségi változókra, me-
lyekre E ‖Xi‖p


<∞ (és EXi = 0, ha p ≥ 1), i = 1, . . . , n teljesül.


A következő megjegyzések azt mutatják, hogy a 4.3.1. tételben, ha B
ϕ- vagy p-t́ıpusú, akkor {‖Skn‖ /γkn , n ∈ N} valósźınűségbeli korlátossága
helyetteśıthető momentum feltételekkel.


4.4.5. megjegyzés. (Fazekas (1992) [21], illetve Tómács (2003) [72]
Remark 5.5.) Legyen ϕ szubmultiplikat́ıv Orlicz-függvény és B ϕ-t́ıpusú
Banach-tér. Legyen {Xnk, n ∈ N, k = 1, . . . , kn} soronként független, B-
értékű valósźınűségi változók szériasorozata, mely átlagban gyengén domi-
nált X-szel. Tegyük fel, hogy EXnk = 0, k = 1, . . . , kn és Eϕ(|X|) <∞. Ha
pozit́ıv valós számok valamely {γn, n ∈ N} sorozata esetén {knϕ(1/γkn


), n ∈
N} korlátos, akkor {‖Skn


‖ /γkn
, n ∈ N} valósźınűségben korlátos.


Bizonýıtás. Az álĺıtás (4.4.1) és a 4.2.4. lemma következménye:


E
‖Skn


‖
γkn


≤ c


γkn


E inf
y>0


{
1
y


(
1 +


kn∑
k=1


ϕ(y ‖Xnk‖)


)}
≤


≤ cE


(
1 +


kn∑
k=1


ϕ


(
‖Xnk‖
γkn


))
≤ c


(
1 + ϕ


(
1
γkn


)
(1 ∨ γ)knEϕ(|X|)


)
.


4.4.6. megjegyzés. (Tómács (2003) [72] Remark 5.6.) Legyen B p-
t́ıpusú Banach-tér, ahol 0 < p ≤ 2, továbbá {Xnk, n ∈ N, k = 1, . . . , kn}
soronként független, B-értékű valósźınűségi változók szériasorozata, mely
átlagban gyengén domináltX-szel. Tegyük fel, hogy EXnk=0 (k=1, . . . , kn),
ha p ≥ 1. Ekkor E |X|p < ∞ esetén {‖Skn


‖ /k1/p
n , n ∈ N} valósźınűségben


korlátos.


Bizonýıtás. (4.4.2) és a 4.2.4. lemma alapján kapjuk, hogy


E ‖Skn
‖p ≤ c


kn∑
k=1


E ‖Xnk‖p ≤ c(1 ∨ γ)knE |X|p .


Így {‖Skn
‖p
/kn, n ∈ N} valósźınűségben korlátos.


Az alábbi következmény Hu, Rosalsky, Szynal és Volodin (1999) [38]
Corollary 4.2 egy változata.


4.4.7. következmény. (Tómács (2003) [72] Corollary 5.7.) Legyen
r ∈ R, 0 < p ≤ 2, 0 < t < p, Mr ◦ ψ ∼ ∆2 és B p-t́ıpusú. Legyen {Xnk, n ∈
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N, k = 1, . . . , kn} soronként független, B-értékű valósźınűségi változók szé-
riasorozata, mely átlagban gyengén dominált X-szel. Ha EXnk = 0 minden
n ∈ N és k = 1, . . . , kn esetén, továbbá


EMr


(
ψ
(
|X|t


))
<∞ és E |X|p <∞,


akkor


∞∑
n=1


kr−2
n P


(
‖Skn


‖ > εk1/t
n


)
<∞ minden ε > 0 esetén.


Bizonýıtás. A 4.4.6. megjegyzés szerint {‖Skn
‖ /k1/p


n , n ∈ N} valósźı-
nűségben korlátos, ı́gy a 4.3.3. következmény feltételei teljesülnek.


A következő három tétel Fazekastól származik (1992 [21]). Be fogjuk
bizonýıtani, hogy ezek a 4.3.1. tétel speciális esetei.


4.4.8. tétel. (Fazekas (1992) [21] Theorem 3.1.) Legyen 0 < p ≤ 2,
s ≥ p, rp > s és B p-t́ıpusú. Legyen {Xnk, n ∈ N, k = 1, . . . , n} soron-
ként független, B-értékű valósźınűségi változók szériasorozata, mely átlag-
ban gyengén dominált X-szel. Tegyük fel, hogy p ≥ 1 esetén EXnk = 0
(k = 1, . . . , n). Ha E |X|s <∞, akkor


∞∑
n=1


nr−2P
(
‖Sn‖ > εnr/s


)
<∞ minden ε > 0 esetén.


Bizonýıtás. A 4.3.1. tételben legyen α(x) := xr/s, ϕ(x) = ϑ(x) := xs


és γn := n1/p. Ekkor


β(n) = ϕ(α(n+ 1))− ϕ(α(n)) = (n+ 1)r − nr.


Legyen j ∈ N olyan nagy, hogy 2j > rp/(rp− s). Ekkor


∞∑
n=1


β(n)
n


(
rn+ ϑ(γn)
ϑ(α(n))


)2j


≤ konst.
∞∑


n=1


nr−1−(r−s/p)2j


<∞,


ı́gy (4.3.2) teljesül. Mivel β(n−1)/β(n) → 1, ı́gy (4.3.1) is teljesül. E |X|s <
∞ miatt E |X|p < ∞. Így a 4.4.6. megjegyzés szerint {‖Sn‖ /n1/p, n ∈
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N} valósźınűségben korlátos. Könnyen ellenőrizhetjük, hogy a 4.3.1. tétel
további feltételei is fennállnak. Így


∞∑
n=1


(n+ 1)r − nr


n
P
(
‖Sn‖ > εnr/s


)
<∞ minden ε > 0 esetén.


Ebből következik az álĺıtás, mert ((n + 1)r − nr)/n ≥ konst.nr−2 minden
n ∈ N esetén.


4.4.9. tétel. (Fazekas (1992) [21] Theorem 3.5 és Jain (1975) [40]
Theorem 3.3.) Legyen {Xnk, n ∈ N, k = 1, . . . , n} soronként független,
B-értékű valósźınűségi változók szériasorozata, mely átlagban gyengén do-
minált X-szel. Legyen α, ϕ ∈ Φ0, melyek szigorúan monoton növekvőek,
Rα = Rϕ = [0,∞) és ϕ ∼ ∆2. Legyen β(n) = ϕ(α(n+ 1))− ϕ(α(n)) olyan,
hogy valamely c1, c2 > 0 esetén


c1 ≤ c2β(n+ 1) ≤ β(n) minden n ∈ N-re.


Legyen Eϕ(|X|) <∞. Tegyük fel, hogy létezik pozit́ıv valós számok {γn, n ∈
N} sorozata, hogy {‖Sn‖ /γn, n ∈ N} valósźınűségben korlátos, továbbá
létezik δ > 0, hogy


n ∨ ϕ(γn)
ϕ(α(n))


= O
(
(log n)−δ ∧ (β(n))−δ


)
. (4.4.3)


Ekkor


∞∑
n=1


β(n)
n


P
(
‖Sn‖ > εα(n)


)
<∞ minden ε > 0 esetén. (4.4.4)


Bizonýıtás. A 4.3.1. tételben legyen ϑ := ϕ és j ∈ N legyen olyan
nagy, hogy 2j > 2/δ. Ekkor (4.4.3) és 1/β(n) ≤ 1/c1 miatt kapjuk, hogy
valamely m0 ∈ N esetén


∞∑
n=1


β(n)
n


(
rn+ ϑ(γn)
ϑ(α(n))


)2j


≤


≤ konst. + konst.
∞∑


n=m0


β(n)
n


(
r + 1


(β(n) log n)δ/2


)2j


≤


≤ konst. + konst.
∞∑


n=m0


n−1(log n)−δ2j−1
<∞.
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(4.4.3) miatt konst.(log n)δ ≤ ϕ(α(n))/ϕ(γn) elég nagy n ∈ N-ekre, ı́gy
ϕ(α(n))/ϕ(γn) →∞. Emiatt és ϕ ∼ ∆2 miatt α(n)/γn →∞. Ezért a 4.3.1.
tételből következik (4.4.4).


4.4.10. tétel. (Fazekas (1992) [21] Theorem 6.2.) Legyen {Xnk, n ∈
N, k = 1, . . . , kn} soronként független, B-értékű valósźınűségi változók szé-
riasorozata, mely átlagban gyengén dominált X-szel. Legyen 0 < p ≤ 2,
r ≥ 1, t > 0 és s ≥ p. Tegyük fel, hogy r > t/p, ha s > 1, mı́g r > t/s, ha
s ≤ 1. r > 2 esetben feltesszük még, hogy


lim sup
n→∞


kn


M(n− 1)
<∞. (4.4.5)


Legyen M ◦ψ ∼ ∆2 és B p-t́ıpusú. Feltesszük, hogy p ≥ 1 esetben EXnk = 0
(k = 1, . . . , kn). Ha


EMr/2
(
ψ
(
|X|t/r))


<∞ és E |X|s <∞,


akkor


∞∑
n=1


(
M(n)


)r/2−1P
(
‖Skn


‖ > εkr/t
n


)
<∞ minden ε > 0 esetén.


Bizonýıtás. Legyen q = p ha s > 1, mı́g q = s ha s ≤ 1. Ekkor
rq > t, B q-t́ıpusú és E |X|q < ∞. Így felhasználva a 4.4.6. megjegy-
zést kapjuk, hogy {‖Skn‖ /k


1/q
n , n ∈ N} valósźınűségben korlátos. Másrészt


lim supn→∞ kn/M(n−1) <∞ miatt {M(n)/M(n−1), n ∈ N} korlátos. Így
a 4.3.2. következmény minden feltétele teljesül.
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5. Majdnem biztos központi határeloszlás-tételek
m-függő, többindexes valósźınűségi változókra


5.1. Jelölések, defińıciók


Legyen N a pozit́ıv egész számok halmaza és d ∈ N rögźıtett. Jelölje R a
valós számok halmazát, továbbá B az R Borel-halmazainak σ-algebráját. A
k,n, . . . ∈ Nd rácspontok koordinátáit jelöljük ugyanazon indexelt betűkkel,
azaz például n = (n1, . . . , nd). A ≤, 6≤, min, → stb. legyenek értelmezve
koordinátánként. Például n → ∞ azt jelenti, hogy ni → ∞ minden i ∈
{1, . . . , d} esetén. Legyen |n| = n1 · · ·nd és | log n| =


∏d
i=1 log+ ni, ahol


log+ x = log x, ha x ≥ e és log+ x = 1, ha x < e.
Jelölje δx az x ∈ R pontra koncentrált egységnyi tömeget, azaz δx:B→R,


δx(B) = 1, ha x ∈ B és δx(B) = 0, ha x 6∈ B. Jelöljük ⇒ módon a gyenge
konvergenciát, azaz µn (n ∈ Nd) és µ eloszlások esetén µn ⇒ µ (n→∞)
teljesül, ha


lim
n→∞


∫
fdµn =


∫
fdµ


minden korlátos és folytonos f : R → R függvényre.
Legyen {ζn,n ∈ Nd} valósźınűségi változók többindexes sorozata az


(Ω,F ,P) valósźınűségi mezőben. A majdnem biztos központi határeloszlás-
tételek többindexes esetben a következőt álĺıtják:


1
Dn


∑
k≤n


dkδζk(ω) ⇒ µ (n→∞), majdnem minden ω ∈ Ω esetén.


Megjegyezzük, hogy ezen t́ıpusú álĺıtások nem közvetlen következmé-
nyei az egydimenziós eseteknek.


A legegyszerűbb többdimenziós majdnem biztos központi határeloszlás-
tételben ζn =


∑
k≤nXk/


√
|n|, aholXk (k ∈ Nd) független, azonos eloszlású,


0 várható értékű és 1 szórású valósźınűségi változók, továbbá dk = 1/|k|,
Dn = | log n|, végül µ a N (0, 1) standard normális eloszlás. (Lásd Fazekas
és Rychlik (2001) [28] többindexes esetben, mı́g például Berkes (1998) [6] és
Fazekas és Rychlik (2002) [27] egydimenziós esetben.)


Egy hasonló álĺıtást fogunk bizonýıtani, de úgynevezett m-függő eset-
ben. Legyen {Xn,n ∈ Nd} 0 várható értékű és véges szórású valósźınű-
ségi változók többindexes sorozata. Legyen ||n|| := max{n1, . . . , nd} és
d(V1, V2) := inf{||n − m|| : n ∈ V1,m ∈ V2}, ahol V1, V2 ⊂ Nd. Legyen
σ(V ) (ahol V ⊂ Nd) a legszűkebb olyan σ-algebra, melyre nézve Xn mérhető
minden n ∈ V esetén.
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5.1.1. defińıció. Legyen m ∈ N rögźıtett. Az {Xn,n ∈ Nd} valósźınű-
ségi változók sorozatátm-függőnek nevezzük, ha a σ(V1) és σ(V2) σ-algebrák
minden olyan V1, V2 ⊂ Nd esetén függetlenek, melyekre d(V1, V2) > m.


Használni fogjuk még a következő jelöléseket: Sn :=
∑


k≤nXk, Bn :=
D2Sn, ζn := Sn/


√
Bn és µζn jelölje a ζn valósźınűségi változó eloszlását.


5.2. Előzetes tételek és lemmák


A következő tétel Fazekas és Rychlik (2001) [28] Theorem 2.1 és Re-
mark 2.2 speciális esete (B = R, %(x, y) = |x − y|, c(i)n = n és β = 1
választással).


5.2.1. tétel. Tegyük fel, hogy bármely h, l ∈ Nd, h ≤ l esetén létezik
ζh,l valósźınűségi változó a következő tulajdonságokkal:


a) ζh,l = 0 ha h = l;
b) ζk és ζh,l, ζl és ζh,k illetve ζh,k és ζh,l valósźınűségi változók függet-


lenek, ahol h = min{k, l};
c) létezik c > 0 és n 0 ∈ Nd úgy, hogy E(ζl − ζh,l)2 ≤ c|h|/|l| minden


n0 ≤ h ≤ l esetén.
Legyen 0 ≤ d


(i)
k ≤ c log k+1


k , tegyük fel, hogy
∑∞


k=1 d
(i)
k = ∞ minden


i ∈ {1, . . . , d}-re. Legyen dk :=
∏d


i=1 d
(i)
ki


és Dn :=
∑


k≤n dk. Ekkor bármely
µ eloszlás esetén a következő két álĺıtás ekvivalens egymással:


1)
1
Dn


∑
k≤n


dkδζk(ω) ⇒ µ (n→∞) majdnem minden ω ∈ Ω esetén;


2)
1
Dn


∑
k≤n


dkµζk ⇒ µ (n→∞).


A következő lemmát lásd Prakasa Rao (1981) [58] Lemma 5.


5.2.2. lemma. Legyen {Xn,n ∈ Nd} m-függő 0 várható értékű való-
sźınűségi változók sorozata. Tegyük fel, hogy


létezik M, δ ≥ 0, hogy E|Xn|2+δ ≤M <∞ minden n ∈ Nd esetén. (5.2.1)


Ekkor létezik Cδ > 0 konstans úgy, hogy


E|Sn|2+δ ≤ Cδ|n|
2+δ
2


teljesül minden n ∈ Nd esetén.
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5.2.3. lemma. (Tómács (2002) [71] Lemma 1.4.) Legyen µ, µn, n ∈ Nd


olyan eloszlások, melyekre µn ⇒ µ (n→∞) teljesül. Legyen {dk ≥ 0,k ∈
Nd} olyan nem azonosan 0 sorozat, melyre teljesül, hogy minden rögźıtett
n 0 ∈ Nd esetén,


1∑
k≤n dk


∑
k∈An0


dk → 0 (n→∞),


ahol An0 = {k ∈ Nd : k ≤ n és k 6≥ n 0}. Ekkor


1∑
k≤n dk


∑
k≤n


dkµk ⇒ µ (n→∞).


Bizonýıtás. Legyen f : R → R korlátos folytonos függvény. Ekkor
tetszőleges ε > 0 esetén létezik m 0 ∈ Nd úgy, hogy minden n ≥ m 0 esetén∣∣∣∣∫ fdµn −


∫
fdµ


∣∣∣∣ < ε


2
és


1∑
k≤n dk


∑
k∈Am0


dk <
ε


2K
,


ahol
∣∣∫ fdµn −


∫
fdµ


∣∣ ≤ K < ∞. Legyen γn :=
∑


k≤n dkµk


/∑
k≤n dk.


Ekkor∣∣∣∣∫ fdγn −
∫
fdµ


∣∣∣∣ ≤ 1∑
k≤n dk


∑
k∈Am0


dk


∣∣∣∣∫ fdµk −
∫
fdµ


∣∣∣∣+
+


1∑
k≤n dk


∑
m0≤k≤n


dk


∣∣∣∣∫ fdµk −
∫
fdµ


∣∣∣∣ < ε,


melyből következik az álĺıtás.


Könnyen ellenőrizhető, hogy dk = 1/|k| választással teljesülnek az 5.2.3.
lemma feltételei.


A következő álĺıtás egy m-függő valósźınűségi változókra vonatkozó
központi határeloszlás-tétel, mely Prakasa Rao (1981) [58] Theorem 1 követ-
kezménye.


5.2.4. tétel. Legyen {Xn,n ∈ Nd}m-függő 0 várható értékű valósźınű-
ségi változók sorozata. Tegyük fel, hogy az (5.2.1) feltétel teljesül, továbbá


létezik σ > 0 és nσ ∈ Nd úgy, hogy
Bn


|n|
≥ σ minden n ≥ nσ esetén. (5.2.2)


Ekkor
µζn ⇒ N (0, 1) (n→∞).
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5.3. Eredmények


5.3.1. tétel. (Tómács (2002) [71] Theorem 2.1.) Legyen {Xn,n ∈ Nd}
m-függő 0 várható értékű valósźınűségi változók sorozata. Tegyük fel, hogy


az (5.2.1) és az (5.2.2) feltételek teljesülnek. Legyen 0 ≤ d
(i)
k ≤ c log k+1


k


olyan, hogy
∑∞


k=1 d
(i)
k = ∞minden i ∈ {1, . . . , d}-re. Legyen dk :=


∏d
i=1 d


(i)
ki


és Dn :=
∑


k≤n dk. Ekkor minden µ eloszlás esetén a következő két álĺıtás
ekvivalens:


1)
1
Dn


∑
k≤n


dkδζk(ω) ⇒ µ (n→∞) majdnem minden ω ∈ Ω esetén,


2)
1
Dn


∑
k≤n


dkµζk ⇒ µ (n→∞).


Bizonýıtás. Legyen h, l ∈ Nd, h ≤ l, m := (m, . . . ,m) ∈ Nd, Vl := {t ∈
Nd : t ≤ l}, Vh,l := {t ∈ Nd : t ≤ l és t 6≤ h+m}, ζh,l := 1√


Bl


∑
t∈Vh,l


Xt. Be
fogjuk bizonýıtani, hogy ebben az esetben teljesülnek az 5.2.1. tétel feltételei.


(I) ζl,l = 0, mert Vl,l = ∅.
(II) Legyen k, l ∈ Nd és h := min{k, l}. Ekkor


ζk σ(Vk)-mérhető,
ζl σ(Vl)-mérhető,


ζh,l σ(Vh,l)-mérhető, ha Vh,l 6= ∅, különben ζh,l = 0,
ζh,k σ(Vh,k)-mérhető, ha Vh,k 6= ∅, különben ζh,k = 0,


d(Vk, Vh,l) > m, ha Vh,l 6= ∅,
d(Vl, Vh,k) > m, ha Vh,k 6= ∅,


d(Vh,k, Vh,l) > m, ha Vh,k 6= ∅ és Vh,l 6= ∅.


Így a következő párok függetlenek: ζk és ζh,l; ζl és ζh,k; ζh,k és ζh,l.
(III) A Ljapunov-egyenlőtlenség szerint (lásd például Shiryayev (1984)


[67] 191. oldal) (E|ξ|s)1/s ≤ (E|ξ|t)1/t, ha 0 < s ≤ t. Így


ES2
h+m ≤ (E|Sh+m|2+δ)


2
2+δ .


Az 5.2.2. lemma miatt


ES2
h+m ≤


(
c1|h + m|


2+δ
2


) 2
2+δ


= c2|h + m|. (5.3.1)
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Legyen h, l ∈ Nd olyan, hogy max{m,nσ} ≤ h ≤ l. Ekkor m ≤ h és (5.3.1)
miatt


E(ζl − ζh,l)2 = E
(


1√
Bl


Sh+m


)2


=
1
Bl


ES2
h+m ≤ c2


Bl
|h + m|. (5.3.2)


Mivel l ≥ nσ, ı́gy az (5.2.2) feltétel miatt 1/Bl ≤ 1/σ|l| teljesül. Ezért
(5.3.2) alapján


E(ζl − ζh,l)2 ≤
c2
σ


|h + m|
|l|


= c3


d∏
i=1


(hi +m)


|l|
≤ 2dc3


|h|
|l|


= c4
|h|
|l|
.


Emiatt a ζl és ζh,l valósźınűségi változók teljeśıtik az 5.2.1. tétel feltételeit,
melyből következik az álĺıtás.


5.3.2. tétel. (Tómács (2002) [71] Theorem 2.2.) Legyen {Xn,n ∈ Nd}
m-függő, 0 várható értékű valósźınűségi változók sorozata. Tegyük fel, hogy
az (5.2.1) és az (5.2.2) feltételek teljesülnek valamely δ > 0 esetén. Ekkor


1
| log n|


∑
k≤n


1
|k|
δζk(ω) ⇒ N (0, 1) (n→∞) majdnem minden ω ∈ Ω esetén.


Bizonýıtás. Legyen d
(i)
k := 1/k, k ∈ N, i ∈ {1, . . . , d}. Az 5.3.1. tétel


feltételei ekkor teljesülnek, mert 2 ≤
(
1 + 1


k


)k, ı́gy 1
k ≤


1
log 2 log k+1


k , továbbá∑∞
k=1


1
k = ∞. Ekkor dk = 1/|k| és


Dn =
∑
k≤n


d∏
i=1


1
ki


=
d∏


i=1


ni∑
ki=1


1
ki
∼


d∏
i=1


log ni ∼ | log n| (5.3.3)


(ahol an ∼ bn, ha limn→∞ an/bn = 1). Az 5.2.4. tétel miatt µζn ⇒ N (0, 1)
(n→∞). Ezért az 5.2.3. lemmából következik, hogy


1
Dn


∑
k≤n


dkµζk =
1∑


k≤n
1
|k|


∑
k≤n


1
|k|
µζk ⇒ N (0, 1).


Most felhasználva az 5.3.1. tételt kapjuk, hogy


1∑
k≤n


1
|k|


∑
k≤n


1
|k|
δζk(ω) ⇒ N (0, 1) (n→∞) majdnem minden ω ∈ Ω esetén.


Emiatt és (5.3.3) miatt kapjuk az álĺıtást.
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6. A Rosenthal-egyenlőtlenség keverő mezőkre


Az aszimptotikus tételek bizonýıtásának hasznos eszköze a Rosenthal-
egyenlőtlenség. Független, centralizált X1, . . . , Xn valósźınűségi változókra
az alakja:


1
2


max


{( n∑
i=1


E|Xi|p
)1/p


,
( n∑


i=1


E|Xi|2
)1/2


}
≤
(
E
∣∣∣ n∑
i=1


Xi


∣∣∣p)1/p


≤


≤ Kp max


{( n∑
i=1


E|Xi|p
)1/p


,
( n∑


i=1


E|Xi|2
)1/2


}
.


(Itt feltesszük, hogy p > 2 és E|Xi|p < ∞. A Kp > 0 konstans csak p-től
függ.)


Utev (1984) [73] keverő sorozatokra, mı́g Doukhan (1994) [14] keverő
mezőkre közöl Rosenthal-t́ıpusú egyenlőtlenségeket. A bizonýıtás fő lépé-
sei: az egyenlőtlenség igazolása páros pozit́ıv kitevőkre, azután az interpo-
lációs lemma seǵıtségével a többi kitevőre. Azonban Doukhan (1994) [14]
27. oldalon megjegyzi, hogy Utev (1984) [73] interpolációs lemmájának bi-
zonýıtása nem világos. (Számunkra nem volt például világos Utev (1984)
[73], Lemma 4.1 bizonýıtásában a (4.5) képlet előtti sor.) Doukhan (1994)
[14] Theorem 1 ezért a Rosenthal-egyenlőtlenségben csak az ε > 0 esetet
tárgyalja. Mi is ugyanezt tesszük a 6.3.1. tételben. (Megjegyezzük, hogy a
Shklyar (2000) [68] cikkről szóló ismertetés szerint az interpolációs lemma
ε = 0-ra is igaz, de ez a cikk számunkra nem volt elérhető.)


A fejezet fő eredménye az α-keverő mezőkre vonatkozóRosenthal-egyen-
lőtlenség (6.3.1. tétel) részletes bizonýıtása. A bizonýıtás fő lépései: a páros
egész kitevőkre vonatkozó Rosenthal-egyenlőtlenség (ez lényegében a 6.3.4.
lemmában van), valamint az interpolációs lemma (6.2.3. lemma).


A 6.3.1. tétel mind alakjában, mind bizonýıtásában Doukhan (1994)
[14] 26. oldal, Theorem 1-nek egy változata.


Célunk ezzel az volt, hogy Doukhan fenti tételének vázlatos bizonýıtá-
sában a számunkra nem világos lépéseket áthidaljuk, és részletes bizonýıtást
adjunk a tételre és a hozzá vezető lemmákra. Valójában Doukhan bizonýı-
tásában a h számú pont lehetséges elhelyezkedéseinek kezelése nem érthető.
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6.1. Jelölések, defińıciók


Legyen (Ω,F ,P) egy valósźınűségi mező. Ebben a fejezetben definiált
valósźınűségi változók legyenek ebben a valósźınűségi mezőben értelmezet-
tek. Legyenek F1,F2 ⊆ F σ-algebrák. Az α-keverési együtthatót a következő
módon definiáljuk:


α(F1,F2) := sup{|P(A)P(B)− P(AB)| : A ∈ F1, B ∈ F2}.


A kovariancia-egyenlőtlenség α-keverő esetben a következő (lásd például,
Doukhan (1994) [14] 9. oldal.):


|cov(X,Y )| ≤ 8α1/r
(
σ(X), σ(Y )


)
‖X‖p‖Y ‖q,


ahol r, p, q ≥ 1, 1
r + 1


p + 1
q = 1.


Legyen Z az egész számok halmaza, d ∈ N rögźıtett pozit́ıv egész szám,
továbbá I ⊆ Zd nem üres halmaz. Tekintsük Zd-ben a ‖.‖ maximum normát
és az általa generált % távolságot, azaz ‖n‖ := max{|n1|, . . . , |nd|}, ahol
n = (n1, . . . , nd) ∈ Zd, továbbá %(n,m) := ‖n − m‖. Legyen A,B ⊂ Zd


esetén %(A,B) := inf{%(a,b) : a ∈ A,b ∈ B}. Legyen Y := {Yt : t ∈ I}
valósźınűségi változók többindexes sorozata. Az Y α-keverési együtthatója
alatt a következőt értjük:


αY (r, u, v) := sup{α(FI1 ,FI2) : %(I1, I2) ≥ r, card(I1) ≤ u, card(I2) ≤ v},


ahol I1 és I2 nem üres véges részhalmazai I-nek, FIi
= σ{Yt : t ∈ Ii},


i = 1, 2.
Legyen T véges részhalmaza I-nek. Bevezetjük a következő jelöléseket:


L(µ, ε, T ) :=
∑
t∈T


(
E|Yt|µ+ε


)µ/(µ+ε) =
∑
t∈T


‖Yt‖µ
µ+ε.


D(h, ε, T ) :=


L(h, 0, T ), ha 0 < h ≤ 1,
L(h, ε, T ), ha 1 < h ≤ 2,
max{L(h, ε, T ), Lh/2(2, ε, T )}, ha 2 < h.


Legyen sr := card({t ∈ Zd : ‖t‖ = r} ∩ I) és br := card({t ∈ Zd : ‖t‖ ≤
r} ∩ I), továbbá


c
(α)
u,h−u := 8u!(h− u− 1)!(h− 1)!


∞∑
r=1


(
αY (r, u, h− u)


)ε/(h+ε)
srb


h−2
r .
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6.2. Segéd eredmények és egy interpolációs lemma


6.2.1. lemma. (Fazekas, Kukush és Tómács (2000) [26] Lemma 1.)
Legyen (M,ρ) metrikus tér, L ⊆M véges halmaz és r := max{ρ(J, J) : J ⊂
L, J 6= ∅, J 6= L}. Ekkor létezik A ⊂ L (A 6= ∅, A 6= L) úgy, hogy ρ(A,A) =
r, továbbá van egy olyan összefüggő gráf, melynek élei nem hosszabbak r-nél
és csúcspontjai pontosan az A pontjai, másrészt ugyanez igaz A-re is.


Bizonýıtás. Legyen s, t ∈ U ⊆ L. Azt mondjuk, hogy s r-összefüggő
t-vel U -ban, ha létezik egy olyan összefüggő gráf U -ban, melynek s és t
is csúcspontja, továbbá élei nem hosszabbak r-nél. Legyen S1 ⊂ L (S1 6=
∅, S1 6= L) olyan, hogy, ρ(S1, S1) = r. Legyen S2 := S1, továbbá t1 ∈ S1,
t2 ∈ S2 olyanok, hogy ρ(t1, t2) = r. S


(1)
i legyen a ti-vel Si-ben r-összefüggő


pontok halmaza (i = 1, 2). Ekkor ρ({S(1)
1 ∪S(1)


2 }, {(S1\S(1)
1 )∪(S2\S(1)


2 )}) ≥
r. Az r defińıciója miatt ı́gy vagy a második részhalmaz üres halmaz, vagy
az előbbi távolság r-rel egyenlő. Az első esetben kész a bizonýıtás.


A második esetben legyen S̃
(1)
1 azon S1 \ S(1)


1 -beli pontok halmaza,
melyek S


(1)
2 -gyel r-összefüggőek (S1 \ S(1)


1 ) ∪ S(1)
2 -ben. Az S̃(1)


2 defińıciója
hasonló. Nyilván S̃


(1)
1 ∪ S̃(1)


2 6= ∅. Vizsgáljuk az (S1 \ S̃(1)
1 ) ∪ S̃(1)


2 és (S2 \
S̃


(1)
2 )∪ S̃(1)


1 halmazokat. Ezek távolsága r. Másrészt ezekben a halmazokban
a t1-gyel r-összefüggő pontok száma (S1 \ S̃(1)


1 ) ∪ S̃(1)
2 -ben, vagy a t2-vel


r-összefüggő pontok száma (S2 \ S̃(1)
2 ) ∪ S̃(1)


1 -ben nagyobb, mint a kiinduló
esetben volt. Véges számú lépés után a fenti eljárás megszakad, ı́gy kapjuk
a lemmát.


A következő lemma Doukhan (1994) [14] Lemma 2 egy verziója. Ott
(a+ b) ≥ 2 páros egész szám.


6.2.2. lemma. (Fazekas, Kukush és Tómács (2000) [26] Lemma 2.) Ha
δ ≥ 0, a ≥ 2 és b ≥ 2 valós számok, akkor


D(a, δ, T )D(b, δ, T ) ≤ D(a+ b, δ, T ).


A bizonýıtás alapja a Hölder-egyenlőtlenség:
Legyen X és Y valós értékű valósźınűségi változók. Ha p > 1 és q =


p/(p− 1), akkor
E|XY | ≤ ‖X‖p‖Y ‖q. (6.2.1)







68 6. A Rosenthal-egyenlőtlenség keverő mezőkre


Ha ai, bi ∈ R (i = 1, . . . , n), p > 1 és q = p/(p− 1), akkor


n∑
i=1


|aibi| ≤


(
n∑


i=1


|ai|p
)1/p( n∑


i=1


|bi|q
)1/q


. (6.2.2)


A 6.2.2. lemma bizonýıtása. Bevezetjük a következő jelöléseket:


Lν = L(ν, δ, T ),
Dν = D(ν, δ, T ),


Xt = YtL
−1/2
2 , t ∈ T,


L∗ν =
∑
t∈T


‖Xt‖ν
ν+δ,


D∗
ν = L∗ν ∨ (L∗2)


ν/2, ha ν ≥ 2,
c = a+ b.


Ekkor


L∗ν =
∑
t∈T


(
E
∣∣∣YtL


−1/2
2


∣∣∣ν+δ
)ν/(ν+δ)


= L
−ν/2
2 Lν ,


ı́gy azt kapjuk, hogy


D∗
ν = L


−ν/2
2 Lν ∨ L−ν/2


2 L
ν/2
2 = L


−ν/2
2 Dν , ha ν ≥ 2, (6.2.3)


és
L∗2 = 1. (6.2.4)


(6.2.4) miatt


D∗
ν = L∗ν ∨ (L∗2)


ν/2 = L∗ν ∨ 1, ha ν ≥ 2. (6.2.5)


Ezt felhasználva kapjuk, hogy bármely a ≥ 2 és b ≥ 2 esetén


D∗
aD


∗
b = L∗aL


∗
b ∨ L∗a ∨ L∗b ∨ 1. (6.2.6)


(a) Először tegyük fel, hogy a > 2. Legyen


u :=
(c+ δ)(a− 2)


c− 2
és v :=


(2 + δ)(c− a)
c− 2


.
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Ekkor u + v = a + δ, ı́gy (6.2.1) miatt p = (c + δ)/u és q = (2 + δ)/v
választással


E|Xt|a+δ = E|Xt|u+v ≤
∥∥|Xt|u


∥∥
(c+δ)/u


∥∥|Xt|v
∥∥


(2+δ)/v
.


Ebből következik, hogy


L∗a ≤
∑
t∈T


‖Xt‖rc
c+δ‖Xt‖2s


2+δ, (6.2.7)


ahol r = ua/c(a + δ) és s = av/2(a + δ). Mivel 0 < r < a/c < 1, (6.2.2)
alkalmazható p = 1/r és q = 1/(1 − r) választással (6.2.7) jobb oldalára,
amiből adódik, hogy L∗a ≤ (L∗c)


rA1−r, ahol A =
∑


t∈T ‖Xt‖2s/(1−r)
2+δ . Mivel


s/(1−r) ≥ 1, ezért (6.2.4) miatt A ≤ 1, ı́gy L∗a ≤ (L∗c)
r. Emiatt, ha L∗a ≥ 1,


akkor L∗c ≥ 1. Ebből következően 0 < r < a/c < 1 miatt


L∗a ≤ (L∗c)
r ≤ (L∗c)


a/c ≤ L∗c , ha L∗a ≥ 1. (6.2.8)


(a’) Most tegyük fel, hogy a > 2 és b > 2. Ekkor (6.2.8) érvényes marad
b-re is:


L∗b ≤ (L∗c)
b/c ≤ L∗c , ha L∗b ≥ 1. (6.2.9)


Ezen két egyenlőtlenség alapján L∗aL
∗
b ≤ L∗c∨1. Ezért felhasználva a (6.2.6),


(6.2.8), (6.2.9) és (6.2.5) egyenlőségeket és egyenlőtlenségeket kapjuk, hogy


D∗
aD


∗
b ≤ (L∗c ∨ 1) ∨ L∗a ∨ L∗b = L∗c ∨ 1 = D∗


c .


Így (6.2.3) miatt kapjuk az álĺıtást.
(b) Most tegyük fel, hogy a = b = 2. Felhasználva a (6.2.6), (6.2.4) és


(6.2.5) összefüggéseket az adódik, hogy


D∗
2D


∗
2 = 1 ≤ 1 ∨ L∗4 = D∗


4 .


Így (6.2.3) miatt kapjuk az álĺıtást.
(c) Ha a > 2 és b = 2 akkor (6.2.4), (6.2.5) és (6.2.8) miatt


D∗
aD


∗
2 = D∗


a ≤ D∗
c .


Így (6.2.3) miatt kapjuk az álĺıtást.
(d) Végül b > 2 és a = 2 esetén a bizonýıtás ugyanaz, mint a (c)


esetben. Ezzel teljes a 6.2.2. lemma bizonýıtása.
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A következő interpolációs lemma Doukhan (1994) [14] Lemma 1 és Utev
(1984) [73] Lemma 4.4 egy verziója.


Legyen B egy szeparábilis Banach-tér ‖.‖ normával, Fi ⊆ F (i =
1, . . . , n) σ-algebrák és F := {F1, . . . ,Fn}. Legyen η := {η1, . . . , ηn} B-
értékű 0 várható értékű valósźınűségi változók egy halmaza. Ekkor azt
mondjuk, hogy η centralizált. (Itt 0 a B zérus elemét, mı́g a várható ér-
ték a Bochner-integrált jelenti.) Azt mondjuk, hogy η (F,B)-adaptált, ha
ηi Fi-mérhető minden i = 1, . . . , n esetén. Használni fogjuk a következő
jelöléseket:


M(ν, δ, η) =
n∑


i=1


(
E‖ηi‖ν+δ


)ν/(ν+δ)
=


n∑
i=1


‖ηi‖ν
ν+δ,


Q(ν, δ, η) =
{
M(ν, δ, η), ha 1 ≤ ν ≤ 2,
M(ν, δ, η) ∨Mν/2(2, δ, η), ha ν > 2.


6.2.3. lemma. (Fazekas, Kukush és Tómács (2000) [26] Lemma 3.)
Legyen ν ≥ 1, δ > 0 és c ≥ 1. Tegyük fel, hogy tetszőleges centralizált és
(F,B)-adaptált η = {η1, . . . , ηn} esetén


E


∥∥∥∥∥
n∑


i=1


ηi


∥∥∥∥∥
ν


≤ cQ(ν, δ, η). (6.2.10)


Legyen t0 = 1∨(ν/2)∨(ν−δ). Ekkor bármely centralizált és (F,B)-adaptált
ϕ = {ϕ1, . . . , ϕn} és bármely olyan t esetén, melyre t0 ≤ t ≤ ν, fennáll a
következő egyenlőtlenség:


E


∥∥∥∥∥
n∑


i=1


ϕi


∥∥∥∥∥
t


≤ c24ν−1Q(t, δ, ϕ).


(Megjegyezzük, hogy c ≥ 1 következik a többi feltételből.) A bizonýı-
táshoz szükségünk lesz a következő jól ismert egyenlőtlenségekre:


1. (Cp-egyenlőtlenség) Ha x, y ∈ B és p ≥ 1, akkor


‖x+ y‖p ≤ 2p−1 (‖x‖p + ‖y‖p) , (6.2.11)


ha 0 < p ≤ 1, akkor
‖x+ y‖p ≤ ‖x‖p + ‖y‖p. (6.2.12)
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2. Legyen X B-értékű valósźınűségi változó. Ha p ≥ 1, akkor


(E‖X‖)p ≤ E‖X‖p (6.2.13)


és
E‖X − EX‖p ≤ 2pE‖X‖p. (6.2.14)


Ha 0 < p ≤ 1, akkor
(E‖X‖)p ≥ E‖X‖p (6.2.15)


és
E‖X − EX‖p ≤ 2 (E‖X‖)p


. (6.2.16)


3. Ha X B-értékű valósźınűségi változó és 0 < q ≤ p, akkor


‖X‖q ≤ ‖X‖p. (6.2.17)


4. Ha ai ∈ R (i = 1, . . . , n) és p ≥ 1, akkor


n∑
i=1


|ai|p ≤


(
n∑


i=1


|ai|


)p


. (6.2.18)


A 6.2.3. lemma bizonýıtása. Legyen ϕ = {ϕ1, . . . , ϕn} (F,B)-
adaptált és t0 ≤ t ≤ ν rögźıtett. Bevezetjük a következő jelöléseket:


Q = Q(t, δ, ϕ),
y = Q1/t,


Ti = ϕiI{‖ϕi‖ ≤ y}, i = 1, . . . , n,
Yi = ϕiI{‖ϕi‖ > y}, i = 1, . . . , n,
ηi = Yi − EYi, i = 1, . . . , n,
η = {η1, . . . , ηn},
ψi = Ti − ETi, i = 1, . . . , n,
ψ = {ψ1, . . . , ψn},


ξi = z
(
‖ηi‖t/ν − E‖ηi‖t/ν


)
, ahol z ∈ B, ‖z‖ = 1, i = 1, . . . , n,


ξ = {ξ1, . . . , ξn}.


Ekkor ηi + ψi = ϕi és t ≥ 1, ı́gy (6.2.11) miatt


E


∥∥∥∥∥
n∑


i=1


ϕi


∥∥∥∥∥
t


≤ 2t−1


E


∥∥∥∥∥
n∑


i=1


ηi


∥∥∥∥∥
t


+ E


∥∥∥∥∥
n∑


i=1


ψi


∥∥∥∥∥
t
 . (6.2.19)
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t/ν ≤ 1 és ν ≥ 1, ı́gy (6.2.12) és (6.2.11) alapján


E


∥∥∥∥∥
n∑


i=1


ηi


∥∥∥∥∥
t


= E


∥∥∥∥∥
n∑


i=1


ηi


∥∥∥∥∥
t/ν
ν


≤ E


(
n∑


i=1


‖ηi‖t/ν


)ν


=


= E


(
n∑


i=1


(
‖ηi‖t/ν − E‖ηi‖t/ν


)
+


n∑
i=1


E‖ηi‖t/ν


)ν


≤


≤ 2ν−1


(
E


∥∥∥∥∥
n∑


i=1


ξi


∥∥∥∥∥
ν


+


(
n∑


i=1


E‖ηi‖t/ν


)ν)
.


ξ centralizált és (F,B)-adaptált, ı́gy az előbbi egyenlőtlenség és (6.2.10)
miatt


E


∥∥∥∥∥
n∑


i=1


ηi


∥∥∥∥∥
t


≤ 2ν−1(V +W ), (6.2.20)


ahol V = cQ(ν, δ, ξ) és W =
(∑n


i=1 E‖ηi‖t/ν
)ν


. Mivel ψ is centralizált,
(F,B)-adaptált, továbbá ν/t ≥ 1, ı́gy használva a (6.2.13) és (6.2.10) egyen-
lőtlenségeket azt kapjuk, hogy


E


∥∥∥∥∥
n∑


i=1


ψi


∥∥∥∥∥
t


≤


(
E


∥∥∥∥∥
n∑


i=1


ψi


∥∥∥∥∥
ν)t/ν


≤ U, (6.2.21)


ahol U = (cQ(ν, δ, ψ))t/ν . Ekkor (6.2.19), (6.2.20) és (6.2.21) alapján


E


∥∥∥∥∥
n∑


i=1


ϕi


∥∥∥∥∥
t


≤ 2t−1U + 2t+ν−2V + 2t+ν−2W. (6.2.22)


A következőkben U , V és W becslésével foglalkozunk.


(U) Legyen u := ν(t + δ)/(tν + tδ). Ekkor u ≥ 1, továbbá ν + δ ≥ 1,
ezért (6.2.14) és (6.2.13) miatt


E‖ψi‖ν+δ ≤ 2ν+δE‖Ti‖ν+δ ≤ 2ν+δ
(
E‖Ti‖u(ν+δ)


)1/u


.


Ebből


M(ν, δ, ψ) ≤
n∑


i=1


(
2ν+δ


(
E‖Ti‖u(ν+δ)


)1/u
)ν/(ν+δ)


=


= 2ν
n∑


i=1


(
E‖Ti‖u(ν+δ)


)ν/u(ν+δ)


. (6.2.23)
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I{‖ϕi‖ ≤ y}‖ϕi‖u(ν+δ)−(t+δ) ≤ yu(ν+δ)−(t+δ), mert u(ν + δ) − (t + δ) ≥ 0.
Ezért — felhasználva y defińıcióját —


E‖Ti‖u(ν+δ) = E
(
‖ϕi‖t+δI{‖ϕi‖ ≤ y}‖ϕi‖u(ν+δ)−(t+δ)


)
≤


≤ Q
t+δ


t ( ν
t −1)E‖ϕi‖t+δ.


(Itt kihasználtuk, hogy 0 ≤ ν
t − 1 ≤ 1.) Ez alapján és (6.2.23) miatt


M(ν, δ, ψ) ≤ 2νQν/t−1M(t, δ, ϕ) ≤ 2νQν/t. (6.2.24)


(a) Tegyük fel, hogy ν ≤ 2. Ekkor (6.2.24) szerint


Q(ν, δ, ψ) = M(ν, δ, ψ) ≤ 2νQν/t.


(b) Ha t ≤ 2 ≤ ν, akkor (6.2.24) szerint


Mν/2(2, δ, ψ) ≤
(
22Q2/t


)ν/2


= 2νQν/t,


és M(ν, δ, ψ) ≤ 2νQν/t. Tehát Q(ν, δ, ψ) ≤ 2νQν/t.
(c) Tegyük fel, hogy 2 ≤ t. Ekkor (6.2.14) és ‖Ti‖ ≤ ‖ϕi‖ miatt


M(2, δ, ψ) =
n∑


i=1


(
E‖Ti − ETi‖2+δ


)2/(2+δ) ≤


≤ 4
n∑


i=1


(
E‖Ti‖2+δ


)2/(2+δ) ≤ 4M(2, δ, ϕ) ≤ 4Q2/t.


Ez az egyenlőtlenség és (6.2.24) implikálja, hogy Q(ν, δ, ψ) ≤ 2νQν/t.
Az (a), (b) és (c) esetekből tehát Q(ν, δ, ψ) ≤ 2νQν/t minden t0 ≤ t ≤ ν


esetén, ı́gy


U ≤
(
c2νQν/t


)t/ν


= ct/ν2tQ. (6.2.25)


(V) (6.2.14) szerint


E‖ξi‖ν+δ = E
∣∣∣‖ηi‖t/ν − E‖ηi‖t/ν


∣∣∣ν+δ


≤ 2ν+δE‖ηi‖t(ν+δ)/ν . (6.2.26)


(6.2.26), (6.2.17), (6.2.14) és ‖Yi‖ ≤ ‖ϕi‖ implikálja a következő egyenlőt-
lenséget:


M(ν, δ, ξ) ≤ 2ν
n∑


i=1


‖ηi‖t
t(ν+δ)/ν ≤ 2ν


n∑
i=1


‖ηi‖t
t+δ ≤


≤ 2ν+t
n∑


i=1


(
E‖Yi‖t+δ


)t/(t+δ) ≤ 2ν+tM(t, δ, ϕ) ≤ 2ν+tQ. (6.2.27)
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(a) Tegyük fel, hogy ν ≤ 2. Ekkor (6.2.27) miatt


Q(ν, δ, ξ) = M(ν, δ, ξ) ≤ 2ν+tQ.


(b) Ha t ≤ 2 ≤ ν, akkor (6.2.26) és (6.2.14) felhasználásával


M(2, δ, ξ) ≤ 4
n∑


i=1


(
E‖ηi‖t(2+δ)/ν


)2/(2+δ)


≤


≤ 41+t/ν
n∑


i=1


(
E‖Yi‖t(2+δ)/ν


)2/(2+δ)


. (6.2.28)


(Felhasználtuk még, hogy t ≥ ν/2.) Mivel t(2 + δ)/ν − (t+ δ) ≤ 0, ezért


I{‖ϕi‖ > y}‖ϕi‖t(2+δ)/ν−(t+δ) ≤ yt(2+δ)/ν−(t+δ).


Így (6.2.28) alapján


M(2, δ, ξ) ≤


≤ 41+t/νQ2((2+δ)/ν−(t+δ)/t)/(2+δ)
n∑


i=1


((
E‖ϕi‖t+δ


)t/(t+δ)
)2(t+δ)/t(2+δ)


.


Így (6.2.18) felhasználásával kapjuk, hogy


M(2, δ, ξ) ≤ 41+t/νQ2((2+δ)/ν−(t+δ)/t)/(2+δ)(M(t, δ, ϕ))2(t+δ)/t(2+δ) ≤
≤ 41+t/νQ2/ν .


Ezen egyenlőtlenség és (6.2.27) miatt Q(ν, δ, ξ) ≤ 2ν+tQ.
(c) Legyen 2 ≤ t. Mivel (6.2.28) ekkor is érvényes, ezért


M(2, δ, ξ) ≤ 41+t/νQ2/ν−2/tM(2, δ, ϕ) ≤ 41+t/νQ2/ν−2/tQ2/t = 41+t/νQ2/ν .


Itt felhasználtuk egyrészt Q defińıcióját, másrészt hogy


I{‖ϕi‖>y}‖ϕi‖t(2+δ)/ν−(2+δ) ≤ yt(2+δ)/ν−(2+δ).


Ebből és (6.2.27)-ből Q(ν, δ, ξ) ≤ 2ν+tQ.
Az (a), (b) és (c) pontok miatt tehát Q(ν, δ, ξ) ≤ 2ν+tQ minden t0 ≤


t ≤ ν esetén, ı́gy
V ≤ c2ν+tQ. (6.2.29)
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(W) (6.2.15) és (6.2.16) miatt


n∑
i=1


E‖ηi‖t/ν ≤
n∑


i=1


(E‖Yi − EYi‖)t/ν ≤ 2
n∑


i=1


(E‖Yi‖)t/ν
.


Másrészt I{‖ϕi‖ > y}‖ϕi‖1−ν ≤ y1−ν , ı́gy


n∑
i=1


E‖ηi‖t/ν ≤ 2Q1/ν−1
n∑


i=1


‖ϕi‖t
ν .


Mivel t+ δ ≥ ν, ezért (6.2.17) alkalmazásával


n∑
i=1


E‖ηi‖t/ν ≤ 2Q1/ν−1M(t, δ, ϕ) ≤ 2Q1/ν .


Ebből
W ≤ 2νQ. (6.2.30)


Végül (6.2.22), (6.2.25), (6.2.29) és (6.2.30) alapján következik, hogy


E


∥∥∥∥∥
n∑


i=1


ϕi


∥∥∥∥∥
t


≤ 2t−1(ct/ν2tQ+ 2ν−1c2ν+tQ+ 2ν−12νQ) ≤ c24ν−1Q.


Ezzel befejeztük a 6.2.3. lemma bizonýıtását.


6.2.4. következmény. (Fazekas, Kukush és Tómács (2000) [26] Co-
rollary 1.) Legyen ν ≥ 1, δ > 0 és c ≥ 1. Tegyük fel, hogy (6.2.10) teljesül
minden η = {η1, . . . , ηn} centralizált, (F,B)-adaptált családra. Ekkor min-
den centralizált és (F,B)-adaptált ϕ = {ϕ1, . . . , ϕn}, továbbá 1 ≤ t ≤ ν
esetén


E


∥∥∥∥∥
n∑


i=1


ϕi


∥∥∥∥∥
t


≤ CQ(t, δ, ϕ),


ahol C = c2(ν−t+δ)(2ν+2t−1)/δ, ha t ≥ 2δ.


Bizonýıtás. A 6.2.3. lemma alapján a ν kitevőt csökkenthetjük egészen
t0 = 1 ∨ (ν/2) ∨ (ν − δ)-ig. Ha most t ≥ 1, t ≥ 2δ, akkor ez a t ,,elérhető”
t+ δ-ról, . . . Azaz ilyenkor minden lépésben δ csökkentéssel számolhatunk.
Legfeljebb k =


[
ν−t


δ + 1
]


lépéssel eljutunk ν-től t-ig. Azaz C ≤ c24ν−1 ·
24(ν−δ)−1 · · · 24(ν−kδ)−1. Ebből adódik C értéke.
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6.3. A Rosenthal-t́ıpusú egyenlőtlenség


A következő tétel Doukhan (1994) [14] Theorem 1 egy verziója. Megje-
gyezzük, hogy itt a feltételek kissé erősebbek mint Doukhannál.


Legyen D(l, ε, T ) és c(α)
u,h−u a 6.1. részben definiált.


6.3.1. tétel. (Fazekas, Kukush és Tómács (2000) [26] Theorem.) Le-
gyen T az I-nek véges részhalmaza. Legyen l > 1, ε > 0, {Yt, t ∈ T} való-
sźınűségi változók többindexes sorozata, EYt = 0 és E|Yt|l+ε < ∞ minden
t ∈ T esetén. Legyen h a legkisebb páros egész szám, melyre h ≥ l teljesül.


Tegyük fel, hogy c
(α)
u,h−u < ∞, u = 1, . . . , h − 1. Ekkor létezik egy K(α)


konstans, hogy


E


∣∣∣∣∣∑
t∈T


Yt


∣∣∣∣∣
l


≤ K(α)D(l, ε, T ). (6.3.1)


6.3.2. megjegyzés. (Fazekas, Kukush és Tómács (2000) [26] Re-
mark 1.) K(α) nem függ T -től, csak a keverési együtthatótól és l-től. Ha
0 < ε < l/2, akkor az explicit alakja: K(α) = H


(α)
h Cl, ahol


H
(α)
h = 1 +


h−1∑
u=1


c
(α)
u,h−u +


h−2∑
u=2


(
h


u


)
H(α)


u H
(α)
h−u,


Cl = 2(h−l+ε)(2h+2l−1)/ε.


Amennyiben l páros egész szám, akkor Cl jav́ıtható Cl = 1-re.


6.3.3. megjegyzés. (Fazekas, Kukush és Tómács (2000) [26] Re-
mark 2.) A (6.3.1) egyenlőtlenség 0 < l ≤ 1 esetén teljesül a c(α)


u,h−u < ∞
feltétel nélkül is. Ekkor K(α) = 1.


A fenti tétel bizonýıtása páros l esetén az alábbi lemmából fog követ-
kezni, mı́g a többi l-re az interpolációs lemmát használjuk.


6.3.4. lemma. (Fazekas, Kukush és Tómács (2000) [26] Lemma 4.)
Legyen T ⊆ I véges nem üres halmaz, h ∈ N és ε > 0 rögźıtettek. Legyen
Y = {Yt, t ∈ T} valósźınűségi változók többindexes sorozata, EYt = 0 és
E|Yt|h+ε <∞, t ∈ T . Legyen


Ah(T ) :=
∑


τ∈T h


|E(Yt1 · · ·Yth
)|,







6.3. A Rosenthal-t́ıpusú egyenlőtlenség 77


ahol τ = (t1, . . . , th) ∈ Th. Ekkor


Ah(T ) ≤ H
(α)
h D(h, ε, T ). (6.3.2)


Bizonýıtás. A bizonýıtás során nem tesszük ki az (α) felső indexeket.
Be fogjuk látni, hogy bármely h ∈ N esetén


Ah(T ) ≤


(
1 +


h−1∑
u=1


cu,h−u


)
L(h, ε, T ) +


h−2∑
u=2


(
h


u


)
Au(T )Ah−u(T ). (6.3.3)


Itt
∑h−1


u=1(.) = 0, ha h = 1, és
∑h−2


u=2(.) = 0, ha h = 1, 2, 3. EYt = 0, ı́gy
A1(T ) = 0. Be fogjuk látni, hogy


A2(T ) ≤ (1 + c1,1)L(2, ε, T ). (6.3.4)


Tudjuk, hogy


Ah(T ) ≤
∑
t∈T


|EY h
t |+


h−1∑
u=1


∞∑
r=1


∑
ξ


∑
η


|EYξYη|, (6.3.5)


ahol ξ = (t1, . . . , tu) ∈ Tu, η = (tu+1, . . . , th) ∈ Th−u, Yξ = Yt1 · · ·Ytu ,
Yη = Ytu+1 · · ·Yth


, továbbá
∑


ξ


∑
η szummázás kiterjed minden olyan ξ =


(t1, . . . , tu) ∈ Tu-re és η = (tu+1, . . . , th) ∈ Th−u-ra, melyek távolsága r,
ahol r a {t1, . . . , th} nem üres részhalmazainak komplementerpárjai közötti
távolságok maximuma. Azaz minden szorzatot az indexhalmazok közötti
maximális távolságok alapján bontunk két részre. Jegyezzük meg, hogy
a ti indexek sorrendje is számı́t. Használva a kovariancia-egyenlőtlenséget
kapjuk, hogy


|EYξYη| ≤ |EYξ||EYη|+ 8(αY (r, u, h− u))γ‖Yξ‖ν‖Yη‖µ, (6.3.6)


ahol γ = ε/(h + ε), ν = (h + ε)/u, µ = (h + ε)/(h − u). A Hölder-
egyenlőtlenséget alkalmazva kapjuk, hogy


‖Yξ‖ν =
(
E|Yt1 · · ·Ytu


|(h+ε)/u
)u/(h+ε)


≤


≤


( u∏
i=1


E|Yti
|h+ε


)1/u
u/(h+ε)


=
u∏


i=1


‖Yti
‖h+ε. (6.3.7)
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Hányféleképpen tudjuk kiválasztani a ξ-hez és az η-hoz tartozó ponto-
kat? Azaz adott u és r esetén hány olyan u és h− u elemű halmazpár van,
amelyek távolsága r, és a párok között nem tudunk úgy elemeket átcsopor-
tośıtani, hogy az r távolság növekedjen?


Legyen s ∈ T rögźıtett. Válasszunk s2, . . . , su ∈ T pontokat úgy, hogy
létezzen olyan s, s2, . . . , su csúcspontokból álló összefüggő gráf, melynek
élei nem hosszabbak r-nél. Ezt maximum (u− 1)!bu−1


r -féleképpen tehetjük
meg. Ezen csúcspontokból válasszunk ki egyet. (Jelöljük ezt s∗-gal.) Ez u-
féleképpen lehetséges. Válasszunk su+1 ∈ T pontot úgy, hogy %(s∗, su+1) =
r legyen. Ezt maximum sr-féleképpen tehetjük meg.


Végül válasszunk su+2, . . . , sh ∈ T pontokat úgy, hogy létezzen össze-
függő gráf, melynek élei nem hosszabbak r-nél és csúcsai az su+1, . . . , sh


pontok. Ezt maximum (h− u− 1)!bh−u−1
r -féleképpen tehetjük meg.


A kiválasztások úgy történjenek, hogy az {s, s2, . . . , sh} nem üres rész-
halmazainak a komplementerpárjai közötti távolságok maximuma r legyen,
továbbá %({s, s2, . . . , su}, {su+1, . . . , sh}) = r. Ha ξ = (t1, . . . , tu), η =
(tu+1, . . . , th) szerepel az előbb definiált


∑
ξ


∑
η indexei között, akkor a


6.2.1. lemma miatt s = t1 választással van ilyen kiválasztás. Ugyanis ekkor
van olyan (i2, . . . , ih) permutációja a (2, . . . , h)-nak, hogy az (s2, . . . , sh) :=
(ti2 , . . . , tih


) választás az előző feltételeknek eleget tesz. Mindezeket figye-
lembe véve, továbbá felhasználva a (6.3.7) egyenlőtlenséget, a számtani és
mértani közép közötti egyenlőtlenséget∑


ξ


∑
η


‖Yξ‖ν‖Yη‖µ ≤


≤
∑


ξ


∑
η


u∏
i=1


(
‖Yti


‖h
h+ε


)1/h
h∏


i=u+1


(
‖Yti


‖h
h+ε


)1/h ≤


≤ 1
h


∑
ξ


∑
η


(
u∑


i=1


‖Yti
‖h


h+ε +
h∑


i=u+1


‖Yti
‖h


h+ε


)
≤


≤
∑
s∈T


srb
h−2
r u!(h− u− 1)!(h− 1)!‖Ys‖h


h+ε. (6.3.8)


Másrészt rögźıtett u esetén


∞∑
r=1


∑
ξ


∑
η


|EYξ||EYη| ≤
(
h


u


)
Au(T )Ah−u(T ). (6.3.9)


(Itt
(
h
u


)
az u darab és h − u darab elem egymás közötti sorrendjei miatt
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szerepel.) Figyelembe véve a (6.3.5), (6.3.6), (6.3.9) és a (6.3.8) egyenlőtlen-
ségeket


Ah(T ) ≤
∑
t∈T


|EY h
t |+


h−1∑
u=1


(
h


u


)
Au(T )Ah−u(T ) +


h−1∑
u=1


∑
s∈T


cu,h−u‖Ys‖h
h+ε ≤


≤
h−1∑
u=1


(
h


u


)
Au(T )Ah−u(T ) +


(
1 +


h−1∑
u=1


cu,h−u


)
L(h, ε, T ),


melyből következik (6.3.3). (A fenti tagok közül A1(T ) ≡ 0.) A fenti gondo-
latmenet h = 2 esetén implikálja a (6.3.4) egyenlőtlenséget. Így felhasználva
a 6.2.2. lemmát, (6.3.3) alapján következik (6.3.2).


A 6.3.1. tétel bizonýıtása. Ha h páros pozit́ıv egész szám, akkor


E


(∑
t∈T


Yt


)h


≤ Ah(T ).


Ez és a 6.3.4. lemma alapján következik (6.3.1) minden páros l esetén. Tet-
szőleges l esetén a 6.2.4. következményt használhatjuk.
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7. Összefoglalás


Az értekezés 2. fejezetében a Kolmogorov és Marcinkiewicz—Zygmund
t́ıpusú nagy számok erős törvényeit vizsgáljuk többindexes sorozatokra. A
Kolmogorov-féle nagy számok erős törvényét páronként független, átlagban
gyengén dominált, többindexes valósźınűségi változók sorozatára bizonýı-
tottuk. Petrov 1987-ben megmutatta, hogy a Marcinkiewicz-féle nagy szá-
mok erős törvénye érvényben marad azonos eloszlású, tetszőleges függőségi
struktúrával rendelkező valósźınűségi változók sorozatára is, ha 0 < r < 1.
Ebben a fejezetben a Marcinkiewicz-féle nagy számok erős törvényét nem
független, átlagban gyengén dominált többindexes valósźınűségi változók
sorozatára láttuk be (0 < r < 1). Ezeken ḱıvül ugyanezen feltételekkel
Spitzer tételére adtunk bizonýıtást.


A nagy számok erős törvényeinek egyik bizonýıtási eljárásában közvet-
lenül a normált összegekre vonatkozó maximális egyenlőtlenségeket haszná-
lunk. Ezek az úgynevezett Hájek—Rényi t́ıpusú maximális egyenlőtlensé-
gek. Ezeket nem könnyű belátni, de ennek birtokában a nagy számok erős
törvényeinek bizonýıtása már kézenfekvővé válik. Fazekas és Klesov 2000-
ben bizonýıtották, hogy az együttes összegre vonatkozó bizonyos maximá-
lis egyenlőtlenségből már következik egy Hájek—Rényi t́ıpusú maximális
egyenlőtlenség, amiből pedig a nagy számok erős törvénye. Fontos, hogy
ezekben az eredményekben a függőségi szerkezetre vonatkozólag nincs meg-
kötés. Fazekas és Klesov ezeket az álĺıtásokat egyindexes sorozatokra mond-
ták ki. A 3. fejezet célja, hogy ezeket kiterjesszük többindexes esetre. A
fejezet további részeiben megvizsgáltunk néhány alkalmazási lehetőséget is:
— Logaritmikus súlyozású összegekre vonatkozó nagy számok erős tör-


vénye. (Megjegyezzük, hogy ezen t́ıpusú álĺıtások a majdnem biztos
központi határeloszlás-tételek bizonýıtásában játszanak szerepet.)


— Szuperaddit́ıv momentumú többindexes valósźınűségi változók soroza-
tára vonatkozó Marcinkiewicz—Zygmund t́ıpusú nagy számok erős tör-
vénye.


— Brunk—Prohorov t́ıpusú tételek.


A 4. fejezetben konvergenciasebességgel foglakoztunk a nagy számok
törvényeiben, Banach-térbeli értékű valósźınűségi változók általános széria-
sorozatára. Eredményeink közül néhány még valós esetben is új álĺıtást je-
lent. A fő eredményünk általánośıtása Jain egy tételének, melyet 1975-ben
közölt. Ennek bizonýıtásában az új ötlet az volt, hogy amikor felhasznál-
tuk az úgynevezett Hoffmann—Jørgensen-egyenlőtlenséget, akkor az ebben
szereplő két tag felső becslésére két különböző függvényt alkalmaztunk. A
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kapott tétel feltételrendszere bonyolultnak tűnik, de alkalmas súlyfüggvé-
nyek választásával néhány ismert tételt kaphatunk belőle. Az eredményt
specializáltuk bizonyos geometriai tulajdonságú Banach-terekre is, mellyel
új bizonýıtásait kaptuk néhány Fazekas által 1992-ben, illetve Hu, Rosalsky,
Szynal és Volodin által 1999-ben közölt tételnek.


Az 5. fejezetben majdnem biztos központi határeloszlás-tételekkel fog-
lalkoztunk többindexes valósźınűségi változók esetén. Ebben a témakörben
Fazekas és Rychlik bizonýıtottak be egy általános tételt 2002-ben. Ebben
a fejezetben ezt a tételt alkalmazva, egy ilyen jellegű álĺıtást láttunk be,
az úgynevezett m-függő esetben. Ennek bizonýıtásához még szükségünk
volt egy m-függő többindexes valósźınűségi változókra vonatkozó központi
határeloszlás-tételre is, melyet Prakasa Rao publikált 1981-ben.


A 6. fejezetben az úgynevezett Rosenthal-egyenlőtlenséget bizonýıtot-
tuk be α-keverő mezőkre. A Rosenthal-egyenlőtlenség fontos eszköz abban,
hogy kimutassuk gyengén függő sztochasztikus folyamatok és mezők bi-
zonyos becsléseinek konzisztenciáját. Ilyen t́ıpusú egyenlőtlenséget először
Rosenthal bizonýıtott 1970-ben, független valósźınűségi változókra. Utev
1984-ben keverő sorozatokra, mı́g Doukhan 1994-ben keverő mezőkre mon-
dott ki hasonló tételt. Doukhan észrevette, hogy Utevnél az úgynevezett in-
terpolációs lemma bizonýıtásában hiba van. Így a Rosenthal-egyenlőtlenség
kiterjesztése pozit́ıv páros egész kitevőről tetszőleges pozit́ıv kitevőre nyitott
kérdés maradt. Másrészt Doukhan bizonýıtotta az α- és ϕ-keverő eseteteket.
Azonban Doukhan bizonýıtása is hiányos. Ebben a fejezetben összegeztük,
hogy mi az, ami teljesen pontos az előbb emĺıtett bizonýıtásokban, az ,,ugrá-
sokat” pedig saját meggondolásainkkal hidaltuk át. Részletes bizonýıtást ad-
tunk az α-keverő esetre. Az eredmények és bizonýıtások csekély mértékben
térnek csak el Utevétől és Doukhanétól, bár itt a feltételek kissé erősebbek,
mint náluk.
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8. Summary


In Chapter 2 of the dissertation we study Kolmogorov and Marcin-
kiewicz—Zygmund type strong laws of large numbers (SLLN’s). Here Kol-
mogorov’s SLLN is proved for pairwise independent weakly mean dominated
random variables with multidimensional indices. Petrov showed in 1987 that
the Marcinkiewicz SLLN holds for identically distributed random variables
with arbitrary dependence structure, if 0 < r < 1. We prove it for non-
independent, weakly mean dominated random fields (0 < r < 1). Moreover
we give a proof of Spitzer’s theorem with similar assumptions.


There is an approach to prove the SLLN which uses directly a maxi-
mal inequality for normed sums. Inequalities of this kind are said to be of
Hájek—Rényi type. They are not easy to obtain, but after the proof of the
SLLN becomes an obvious problem. Fazekas and Klesov showed in 2000 that
a Hájek—Rényi type inequality is a consequence of an appropriate maximal
inequality for cumulative sums and the latter automatically implies the
SLLN for sequences of random variables. In these results it is important that
there are no restrictions on the dependence structure of random variables. In
Chapter 3 we generalize these theorems for random fields. Several examples
of applications are given in this chapter as well:
— An SLLN for logarithmically weighted sums. (We remark that such kind


of SLLN’s can be useful to prove almost sure central limit theorems.)
— A Marcinkiewicz—Zygmund type SLLN for random fields with super-


additive moment structure.
— Brunk—Prohorov type theorems.


In Chapter 4 we study convergence rates in the laws of large numbers
for general arrays of Banach space valued random elements. Some of our
results are new for real variables, too. The main result is a generalization
of a theorem of Jain, wich was published in 1975. The idea of the proof of
the main theorem is the following. When we apply Hoffmann—Jørgensen’s
inequality, we use two different functions to obtain upper bounds for the
two terms in the inequality. This theorem seems to be difficult, but when we
choose appropriate weight functions we can obtain several known theorems
for general arrays. We specialize our result for Banach spaces with some
geometric property. Then we obtain new proofs for some results of Fazekas
(1992) and Hu, Rosalsky, Szynal and Volodin (1999).


In Chapter 5 we study almost sure central limit theorems for random
fields. In this topic Fazekas and Rychlik proved a general theorem in 2002. In
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this chapter applying this result we prove an almost sure central limit the-
orem in so-called m-dependent case. For this reason we need a central limit
theorem for m-dependent random fields, which was published by Prakasa
Rao in 1981.


In Chapter 6 we give a version of Rosenthal’s inequality for α-mixing
fields. Rosenthal’s inequalities are important tools to prove consistency of
some estimators for weakly dependent random processes and fields. The
first version of such inequalities was proved by Rosenthal in 1970 for in-
dependent random variables. Rosenthal’s inequalities for mixing sequences
were presented by Utev in 1984 and for mixing fields by Doukhan in 1994.
However, Doukhan remarked that the proof of the interpolation lemma of
Utev is “not clear”. So the extension of Rosenthal’s inequality from posi-
tive even integer exponents to arbitrary positive real exponents is an open
problem. On the other hand, Doukhan presented Rosenthal’s inequalities
for α-mixing and for ϕ-mixing fields. Unfortunately, there is a gap in the
proof of Doukhan. We want to summarize what is clear in the above men-
tioned proofs. Detailed proofs are given in the α-mixing case. The results
and proofs of this chapter are slight modifications of the ones in Doukhan
and Utev, however assumptions here are stronger than those in Doukhan’s
theorem.
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[14] P. Doukhan, Mixing. Properties and examples, New York: Springer,
(1994).
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[71] T. Tómács, Almost sure central limit theorems for m-dependent ran-
dom fields, Acta Acad. Paed. Agr., Sectio Mathematicae, 29 (2002)
91–96.
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1. Tómács T., A rekurźıv sorozatok egy alkalmazásáról, Acta Acad. Paed.
Agriensis, Sectio Mathematicae, 21 (1993) 5–13.
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1. Nagy számok erős törvényei páronként független többin-
dexes valósźınűségi változók esetén


Legyen N a pozit́ıv egész számok halmaza és d ∈ N rögźıtett. Bevezetjük
a következő jelöléseket: |n| := n1 · · ·nd, ahol n = (n1, . . . , nd) ∈ Nd,


∑
n :=∑


n∈Nd , log+ x := max{1, log x}, ha x > 0 és log+ x := 1, ha x ≤ 0. Az n ≤ m
(n,m ∈ Nd) relációt értelmezzük koordinátánként.


Tegyük fel, hogy az {Xn,n ∈ Nd} valósźınűségi változók ugyanabban az
(Ω,F ,P) valósźınűségi mezőben vannak értelmezve. Legyen Sn :=


∑
k≤n Xk.


1.1. defińıció. (Gut (1992) [8].) Azt mondjuk, hogy az {Xn,n ∈ Nd} va-
lósźınűségi változók sorozata az X valósźınűségi változóval átlagban gyengén
dominált, ha létezik c > 0 úgy, hogy


1
|n|


∑
k≤n


P(|Xk| > x) ≤ cP(|X| > x)


teljesül minden n ∈ Nd és x ≥ 0 esetén.


Az alábbi többindexes konvergenciatételek Kruglov (1994) [11] egyin-
dexes tételeinek kiterjesztései.


1.1. Egy általános konvergenciatétel


Fazekas és Tómács (1998) [7] Theorem 3.1.


1.1.1. tétel. Legyen {Xn,n ∈ Nd} nemnegat́ıv valósźınűségi változók egy
sorozata, {bn,n ∈ Nd} nemnegat́ıv számoknak egy korlátos sorozata, továbbá
Bn :=


∑
k≤n bk. Ha


∑
n


1
|n|


P
(
|Sn −Bn| > ε|n|1/r


)
< ∞


minden ε > 0 esetén, ahol 0 < r ≤ 1, akkor


1
|n|1/r


(Sn −Bn) → 0 (|n|→∞) majdnem biztosan.


1.2. Kolmogorov-féle nagy számok erős törvénye


Fazekas és Tómács (1998) [7] Theorem 4.1.
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1.2.1. tétel. Legyen {Xn : n ∈ Nd} páronként független valósźınűségi
változók sorozata X-szel átlagban gyengén dominált. Tegyük fel, hogy


E
(
|X|(log+ |X|)d−1


)
< ∞.


Ekkor ∑
n


1
|n|


P
(
|Sn − ESn| > ε|n|


)
< ∞


minden ε > 0 esetén, továbbá, ha még sup{E|Xn|,n ∈ Nd} < ∞ is teljesül,
akkor


1
|n|


(Sn − ESn) → 0 (|n|→∞) majdnem biztosan.


1.3. Marcinkiewicz-féle nagy számok erős törvénye


Fazekas és Tómács (1998) [7] Theorem 5.1.


1.3.1. tétel. Legyen {Xn,n ∈ Nd} valósźınűségi változók X-szel átlag-
ban gyengén dominált sorozata. Tegyük fel, hogy E(|X|r(log+ |X|)d−1) < ∞,
ahol 0 < r < 1. Ekkor ∑


n


1
|n|


P
(
|Sn| > ε|n|1/r


)
< ∞


bármely ε > 0 esetén, továbbá


Sn


|n|1/r
→ 0 (|n|→∞) majdnem biztosan.


2. A többindexes valósźınűségi változókra vonatkozó nagy
számok erős törvényeinek egy általános megközeĺıtése


Az előző fejezet jelöléseit használjuk itt is. Legyen N0 := N ∪ {0}, R a
valós számok halmaza, 0 := (0, . . . , 0) ∈ Nd


0 és 1 := (1, . . . , 1) ∈ Nd. Jelöljük
az m,n, . . . ∈ Nd rácspontok koordinátáit ugyanazon indexelt betűkkel, azaz
például n = (n1, . . . , nd). Jelentse n → ∞ azt, hogy ni → ∞ minden i ∈
{1, . . . , d} esetén. Legyen | log n| :=


∏d
i=1 log+ ni. ∆an jelölje az {an ∈ R,n ∈


Nd
0} sorozat differenciasorozatát, azaz


∑
k≤n ∆ak = an. Azt mondjuk, hogy


{an ∈ R,n ∈ Nd
0} szorzat t́ıpusú sorozat, ha léteznek olyan a


(i)
n , n ∈ N0,


i ∈ {1, . . . , d} számok, melyekre an =
∏d


i=1 a
(i)
ni teljesül minden n ∈ Nd


0-re.
Ebben az esetben azt mondjuk, hogy {an ∈ R,n ∈ Nd


0} nemcsökkenő, illetve
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nem korlátos, ha a
(i)
n , n ∈ N0 nemcsökkenő illetve nem korlátos sorozatok


minden i ∈ {1, . . . , d} esetén.


2.1. defińıció. A g: Nd × Nd → R függvényt szuperaddit́ıvnak nevezzük,
ha


g
(
i, (j1, . . . , jm−1, k, jm+1, . . . , jd)


)
+


+ g
(
(i1, . . . , im−1, k + 1, im+1, . . . , id), j


)
≤ g(i, j)


bármely i, j ∈ Nd, i ≤ j, m = 1, . . . , d és im ≤ k ≤ jm esetén. Azt mondjuk,
hogy az {Xn,n ∈ Nd} valósźınűségi változók többindexes sorozata szuperad-
dit́ıv r-edik momentum struktúrával rendelkezik, ha minden i ≤ j (i, j ∈ Nd)
esetén


E


∣∣∣∣∣∣
∑


i≤k≤j


Xk


∣∣∣∣∣∣
r


≤ gα(i, j),


ahol g: Nd × Nd → R szuperaddit́ıv függvény, α > 1 és r > 0.


2.2. defińıció. Legyen (Ω,F ,P) egy valósźınűségi mező, {Xn,n ∈ Nd}
valósźınűségi változók többindexes sorozata és Fn ⊆ F σ-algebra minden
n ∈ Nd esetén. Tegyük fel, hogy m ≤ n esetén Fm ⊆ Fn. Ha Xn Fn-mérhető
minden n ∈ Nd-re, EX1 = 0, továbbá E(Xn | Fm) = 0 minden m ≤ n, m 6= n
esetén, akkor azt mondjuk, hogy (Xn,Fn) martingáldifferencia.


Az alábbi többindexes konvergenciatételek Fazekas és Klesov (2000) [3]
egyindexes eredményeinek megfelelői.


2.1. Fő eredmény


Noszály és Tómács (2000) [12] Proposition 1, illetve Fazekas, Klesov,
Noszály és Tómács (1999) [4] Theorem 3.1.


2.1.1. tétel. Legyen n ∈ Nd és r > 0 rögźıtettek. Legyen {am,m ∈ Nd
0}


nemnegat́ıv valós értékű többindexes sorozat, továbbá {bm,m ∈ Nd
0} pozit́ıv


valós értékű szorzat t́ıpusú nemcsökkenő sorozat. Ha


E
(


max
l≤m


|Sl|r
)
≤


∑
l≤m


al


teljesül minden m ≤ n esetén, akkor


E
(


max
m≤n


∣∣∣∣Sm


bm


∣∣∣∣r) ≤ 4d
∑
m≤n


am


br
m


.
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Noszály és Tómács (2000) [12] Theorem 3, illetve Fazekas, Klesov, No-
szály és Tómács (1999) [4] Theorem 3.2.


2.1.2. tétel. Legyen r > 0 rögźıtett, {an,n ∈ Nd
0} nemnegat́ıv valós


értékű többindexes sorozat, továbbá {bn,n ∈ Nd
0} pozit́ıv valós értékű szorzat


t́ıpusú nemcsökkenő és nem korlátos sorozat. Tegyük fel, hogy
∑


n an/br
n < ∞


és E (maxm≤n |Sm|r) ≤
∑


m≤n am minden n ∈ Nd esetén. Ekkor


Sn


bn
→ 0 (n →∞) majdnem biztosan.


2.2. Alkalmazások


Logaritmikus súlyozású összegek. Noszály és Tómács (2000) [12] Theo-
rem 7, illetve Fazekas, Klesov, Noszály és Tómács (1999) [4] Theorem 4.2.


2.2.1. tétel. Tegyük fel, hogy az {Xn,n ∈ Nd} valósźınűségi változók
többindexes sorozatára valamely C > 0 és β > 0 esetén


|E(XkXl)| ≤ C


(
|k|
|l|


)β 1
(log+ |l|)d−1


minden k ≤ l (k, l ∈ Nd) esetén. Ekkor


1
| log n|


∑
k≤n


Xk


|k|
→ 0 (n →∞) majdnem biztosan.


Szuperaddit́ıv momentum struktúrával rendelkező sorozatok. Noszály és
Tómács (2000) [12] Proposition 11, illetve Fazekas, Klesov, Noszály és Tómács
(1999) [4] Theorem 4.1.


2.2.2. tétel. Legyen r > 0, α > 1 és tegyük fel, hogy {Xn,n ∈ Nd}
valósźınűségi változók többindexes sorozata szuperaddit́ıv r-edik momentum
struktúrával rendelkezik. Ha ∆gα(1,n) ≥ 0 minden n ∈ Nd-re, és valamely
q > 0 esetén ∑


n


gα(1,n)
|n|1+r/q


< ∞


teljesül, akkor


Sn


|n|1/q
→ 0 (n →∞) majdnem biztosan.







6


Brunk—Prohorov t́ıpusú tételek. Noszály és Tómács (2000) [12] Proposi-
tion 13.


2.2.3. tétel. Legyen (Xn,Fn) martingáldifferencia, teljesüljön


E
(
E(Xl | Fm)


∣∣∣ Fn


)
= E


(
Xl | Fmin(m,n)


)
(2.2.1)


minden l,m,n ∈ Nd esetén, p ≥ 1, C > 0 és r < p + 1. Tegyük fel, hogy∑
m≤n E|Xm|2p ≤ C|n|r. Ekkor Sn/|n| → 0 (n →∞) majdnem biztosan.


Noszály és Tómács (2000) [12] Proposition 14.


2.2.4. tétel. Legyen (Xn,Fn) (2.2.1) tulajdonságú martingáldifferencia
és p ≥ 1. Amikor p > 1, tegyük fel, hogy E|Xn|2p szorzat t́ıpusú sorozat.
Legyen bn pozit́ıv valós értékű, nemcsökkenő és nem korlátos szorzat t́ıpusú
sorozat, továbbá tegyük még fel azt is, hogy p > 1 esetén van olyan δ >
(p− 1)/2p, hogy |n|δ/bn nemnövekvő. Ekkor


∑
n


E|Xn|2p


b2p
n


|n|p−1 < ∞


esetén Sn/bn → 0 (n →∞) majdnem biztosan.


3. A konvergencia sebessége a nagy számok törvényeiben,
Banach-térbeli értékű véletlen elemekből álló szériasoro-
zatok esetén


Φ0 legyen a nemcsökkenő f : [0,∞) → [0,∞) függvények halmaza. Az
f ∈ Φ0 függvényről azt mondjuk, hogy teljeśıti a ∆2-feltételt (f ∼ ∆2), ha
létezik egy c > 0 konstans, hogy f(2t) ≤ cf(t) minden t > 0 esetén.


Legyen B egy valós, szeparábilis Banach-tér ‖.‖ normával, és {Xnk, n ∈
N, k = 1, . . . , n} B-értékű valósźınűségi változók szériasorozata. Ezt soronként
függetlennek nevezzük, ha Xn1, . . . , Xnn függetlenek minden n ∈ N esetén.
Legyen Sn :=


∑n
k=1 Xnk.


3.1. defińıció. (Gut (1992) [8].) {Xnk, n ∈ N, k = 1, . . . , n} átlagban
gyengén dominált az X valósźınűségi változóval, ha létezik γ > 0, hogy


1
n


n∑
k=1


P(‖Xnk‖ > t) ≤ γP(|X| > t) minden t ≥ 0, n ∈ N esetén.


Tómács (2003) [14] Theorem 3.1.
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3.2. tétel. Legyen {Xnk, n ∈ N, k = 1, . . . , n} soronként független, B-
értékű valósźınűségi változók szériasorozata, mely átlagban gyengén dominált
az X valósźınűségi változóval. Tegyük fel, hogy létezik egy pozit́ıv valós szá-
mokból álló {γn, n ∈ N} sorozat, hogy {‖Sn‖ /γn, n ∈ N} valósźınűségben
korlátos. Legyen α, ϑ, ϕ ∈ Φ0, α nem korlátos, ϑ, ϕ ∼ ∆2, ϑ 6≡ 0 és


β(n) := ϕ(α(n + 1))− ϕ(α(n)), n = 0, 1, 2, . . . .


Tegyük fel, hogy


Eϕ(|X|) < ∞, Eϑ(|X|) < ∞ és lim
n→∞


α(n)
γn


= ∞.


Legyen
µ(n) := β(n− 1) minden n ∈ N esetén,


vagy
µ(n) := β(n) minden n ∈ N esetén.


µ(n) = β(n) esetben tegyük fel, hogy létezik c > 0, hogy elég nagy n ∈ N-ek
esetén


cβ(n) ≤ β(n− 1).


Legyen n0 ∈ N olyan, hogy ϑ(α(n)) > 0 minden n ≥ n0 esetén. Ha létezik
j ∈ N és r > 0 úgy, hogy


∞∑
n=n0


µ(n)
n


(
rn + ϑ(γn)


ϑ(α(n))


)2j


< ∞,


akkor
∞∑


n=1


µ(n)
n


P
(
‖Sn‖ > εα(n)


)
< ∞ minden ε > 0 esetén.


3.3. megjegyzés. A fenti tétellel könnyen bizonýıthatóak például a kö-
vetkező Baum—Katz t́ıpusú eredmények.


– Fazekas (1992) [2] Theorem 3.1, Theorem 3.5, Theorem 6.2,
– Hu, Rosalsky, Szynal és Volodin (1999) [9] Corollary 4.1 és 4.2 verziói,
– Jain (1975) [10] Theorem 3.3.


Ezek közül Fazekas (1992) [2] Theorem 3.1 az alábbi.


3.4. tétel. Legyen 0 < p ≤ 2, s ≥ p, rp > s és B p-t́ıpusú. Legyen
{Xnk, n ∈ N, k = 1, . . . , n} soronként független, B-értékű valósźınűségi válto-
zók szériasorozata, mely átlagban gyengén dominált X-szel. Tegyük fel, hogy
p ≥ 1 esetén EXnk = 0 (k = 1, . . . , n). Ha E |X|s < ∞, akkor


∞∑
n=1


nr−2P
(
‖Sn‖ > εnr/s


)
< ∞ minden ε > 0 esetén.
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4. Majdnem biztos központi határeloszlás-tételek m-függő,
többindexes valósźınűségi változókra


Legyen B az R Borel-halmazainak σ-algebrája. δx jelölje az x ∈ R pontra
koncentrált egységnyi tömeget, azaz δx:B → R, δx(B) = 1 ha x ∈ B és δx(B) =
0 ha x 6∈ B. Jelöljük ⇒ módon a gyenge konvergenciát. Legyen {Xn,n ∈ Nd}
0 várható értékű és véges szórású valósźınűségi változók többindexes sorozata,
ahol d ∈ N rögźıtett. Legyen ||n|| := max{n1, . . . , nd} és d(V1, V2) := inf{||n−
m|| : n ∈ V1,m ∈ V2}, ahol V1, V2 ⊂ Nd. Legyen σ(V ) (ahol V ⊂ Nd) a
legszűkebb olyan σ-algebra, melyre nézve Xn mérhető minden n ∈ V esetén.


Emlékeztetünk a jól ismert m-függő sorozat defińıciójára.


4.1. defińıció. Legyen m ∈ N rögźıtett. Az {Xn,n ∈ Nd} valósźınűsé-
gi változók sorozatát m-függőnek nevezzük, ha a σ(V1) és σ(V2) σ-algebrák
minden olyan V1, V2 ⊂ Nd esetén függetlenek, melyekre d(V1, V2) > m.


Használni fogjuk még a következő jelöléseket: Sn :=
∑


k≤n Xk, Bn :=
D2Sn, ζn := Sn/


√
Bn és µζn jelölje a ζn valósźınűségi változó eloszlását.


A következő két tétel lényegében Fazekas és Rychlik (2001) [6] független
Xn-ekre vonatkozó eredményeinek a kiterjesztése.


Tómács (2002) [13] Theorem 2.1.


4.2. tétel. Legyen {Xn,n ∈ Nd} m-függő, 0 várható értékű valósźınűségi
változók sorozata. Tegyük fel, hogy


létezik M, δ ≥ 0, hogy E|Xn|2+δ ≤ M < ∞ minden n ∈ Nd esetén (4.1)


és


létezik σ > 0 és nσ ∈ Nd úgy, hogy
Bn


|n|
≥ σ minden n ≥ nσ esetén. (4.2)


Legyen 0 ≤ d
(i)
k ≤ c log k+1


k olyan, hogy
∑∞


k=1 d
(i)
k = ∞ minden i ∈ {1, . . . , d}-


re. Legyen dk :=
∏d


i=1 d
(i)
ki


és Dn :=
∑


k≤n dk. Ekkor minden µ eloszlás esetén
a következő két álĺıtás ekvivalens:


1
Dn


∑
k≤n


dkδζk(ω) ⇒ µ (n→∞) majdnem minden ω ∈ Ω esetén,


1
Dn


∑
k≤n


dkµζk ⇒ µ (n→∞).
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Tómács (2002) [13] Theorem 2.2.


Theorem 4.3. Legyen {Xn,n ∈ Nd} m-függő, 0 várható értékű va-
lósźınűségi változók sorozata. Tegyük fel, hogy a (4.1) és a (4.2) feltételek
teljesülnek valamely δ > 0 esetén. Ekkor


1
| log n|


∑
k≤n


1
|k|


δζk(ω) ⇒ N (0, 1) (n→∞) majdnem minden ω ∈ Ω esetén.


5. A Rosenthal-egyenlőtlenség keverő mezőkre


Legyen (Ω,F ,P) egy valósźınűségi mező és F1,F2 ⊆ F σ-algebrák. Az
α-keverési együtthatót a következő módon definiáljuk:


α(F1,F2) := sup{|P(A)P(B)− P(AB)| : A ∈ F1, B ∈ F2}.


Legyen d ∈ N rögźıtett pozit́ıv egész szám, továbbá I ⊆ Zd nem üres halmaz.
Tekintsük Zd-ben a ‖.‖ maximum normát és az általa generált % távolságot,
azaz legyen ‖n‖ := max{|n1|, . . . , |nd|}, ahol n = (n1, . . . , nd) ∈ Zd, továbbá
%(n,m) := ‖n − m‖. Legyen Y := {Yt : t ∈ I} valósźınűségi változók
többindexes sorozata. Az Y α-keverési együtthatója alatt a következőt értjük:


αY (r, u, v) := sup{α(FI1 ,FI2) : %(I1, I2) ≥ r, card(I1) ≤ u, card(I2) ≤ v},


ahol I1 és I2 nem üres véges részhalmazai I-nek, FIi = σ{Yt : t ∈ Ii}, i = 1, 2.
Legyen T véges részhalmaza I-nek. Bevezetjük a következő jelöléseket:


L(µ, ε, T ) :=
∑
t∈T


(
E|Yt|µ+ε


)µ/(µ+ε) =
∑
t∈T


‖Yt‖µ
µ+ε.


D(h, ε, T ) :=


 L(h, 0, T ), ha 0 < h ≤ 1,
L(h, ε, T ), ha 1 < h ≤ 2,
max{L(h, ε, T ), Lh/2(2, ε, T )}, ha 2 < h.


Legyen sr := card({t ∈ Zd : ‖t‖ = r}∩I) és br := card({t ∈ Zd : ‖t‖ ≤ r}∩I),
továbbá


c
(α)
u,h−u := 8u!(h− u− 1)!(h− 1)!


∞∑
r=1


(
αY (r, u, h− u)


)ε/(h+ε)
srb


h−2
r .


Doukhan (1994) [1] Theorem 1 egy Rosenthal-egyenlőtlenség mezőkre. A
tétel vázlatos bizonýıtásában azonban egy általunk át nem hidalható ugrást
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találtunk. Ezért megadjuk a Rosenthal-egyenlőtlenség egy változatát, amelyet
részletesen bizonýıtani tudunk.


Fazekas, Kukush és Tómács [5] Theorem.


5.1. tétel. Legyen l > 1, ε > 0, {Yt, t ∈ I} valósźınűségi változók
többindexes sorozata, EYt = 0 és E|Yt|l+ε < ∞ minden t ∈ I esetén. Legyen h


a legkisebb páros egész szám, melyre h ≥ l teljesül. Tegyük fel, hogy c
(α)
u,h−u <


∞, u = 1, . . . , h− 1. Ekkor létezik egy K(α) konstans, hogy


E


∣∣∣∣∣∑
t∈T


Yt


∣∣∣∣∣
l


≤ K(α)D(l, ε, T ) (5.1)


I-nek minden véges T részhalmaza esetén.


5.2. megjegyzés. K(α) nem függ T -től, csak a keverési együtthatótól és
l-től. Ha 0 < ε < l/2, akkor az explicit alakja: K(α) = H


(α)
h Cl, ahol


H
(α)
h = 1 +


h−1∑
u=1


c
(α)
u,h−u +


h−2∑
u=2


(
h


u


)
H(α)


u H
(α)
h−u,


Cl = 2(h−l+ε)(2h+2l−1)/ε.


Amennyiben l páros egész szám, akkor Cl jav́ıtható Cl = 1-re. Az (5.1) 0 <


l ≤ 1 esetén teljesül a c
(α)
u,h−u < ∞ feltétel nélkül is. Ekkor K(α) = 1.
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1. Strong laws of large numbers for pairwise independent
random variables with multidimensional indices


Let Nd be the positive integer d-dimensional lattice points, where d is a
positive integer. The following notation will be used: |n| = n1 · · ·nd, where
n = (n1, . . . , nd) ∈ Nd,


∑
n =


∑
n∈Nd , log+ x = max{1, log x}, if x > 0 and


log+ x = 1, if x ≤ 0. For n,m ∈ Nd, n ≤ m is defined coordinatewise.
We shall assume that random variables (r.v.’s) {Xn,n ∈ Nd} are defined


on the same probability space. Let Sn =
∑


k≤n Xk.


Definition 1.1. (Gut (1992) [8].) It is said that the sequence {Xn,n ∈
Nd} is weakly mean dominated by the r.v. X, if for some c > 0,


1
|n|


∑
k≤n


P(|Xk| > x) ≤ cP(|X| > x)


for all n ∈ Nd and x ≥ 0.


The following multiindex convergence theorems are extensions of the sin-
gle index theorems in Kruglov (1994) [11].


1.1. A general almost surely convergence theorem


Fazekas and Tómács (1998) [7] Theorem 3.1.


Theorem 1.1.1. Let {Xn,n ∈ Nd} be a sequence of nonnegative r.v.’s,
and let {bn,n ∈ Nd} be a bounded sequence of nonnegative numbers, and
Bn =


∑
k≤n bk. If ∑


n


1
|n|


P
(
|Sn −Bn| > ε|n|1/r


)
< ∞


for every ε > 0, where 0 < r ≤ 1, then


1
|n|1/r


(Sn −Bn) → 0 (|n|→∞) almost surely (a.s.).


1.2. Kolmogorov’s SLLN


Fazekas and Tómács (1998) [7] Theorem 4.1.


Theorem 1.2.1. Let {Xn,n ∈ Nd} be a sequence of pairwise indepen-
dent r.v.’s, which is weakly mean dominated by X. Assume that


E
(
|X|(log+ |X|)d−1


)
< ∞.
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Then ∑
n


1
|n|


P
(
|Sn − ESn| > ε|n|


)
< ∞


for any ε > 0, moreover if sup{E|Xn| : n ∈ Nd} < ∞, then


1
|n|


(Sn − ESn) → 0 (|n|→∞) a.s.


1.3. The Marcinkiewicz SLLN without assuming independence


Fazekas and Tómács (1998) [7] Theorem 5.1.


1.3.1. tétel. Let {Xn,n ∈ Nd} be weakly mean dominated by X such
that E(|X|r(log+ |X|)d−1) < ∞, where 0 < r < 1. Then∑


n


1
|n|


P
(
|Sn| > ε|n|1/r


)
< ∞


for any ε > 0, and
Sn


|n|1/r
→ 0 (|n|→∞) a.s.


2. A general approach to strong laws of large numbers for
fields of random variables


We shall use notation of the previous chapter. Let N0 = N ∪ {0}, 0 :=
(0, . . . , 0) ∈ Nd


0 and 1 = (1, . . . , 1) ∈ Nd. Denote R the set of real numbers.
Coordinates of m,n, . . . ∈ Nd are denoted by same letters with indices, i.e.
n always means the vector (n1, . . . , nd). n → ∞ is interpreted as ni → ∞
for all i ∈ {1, . . . , d}. Let | log n| :=


∏d
i=1 log+ ni. The difference sequence of


sequence {an ∈ R,n ∈ Nd
0} will be denoted by ∆an, i.e.


∑
k≤n ∆ak = an. We


shall say that a sequence {an ∈ R,n ∈ Nd
0} is of product type, if there exist


a
(i)
n ∈ R, n ∈ N0, i ∈ {1, . . . , d}, such that an =


∏d
i=1 a


(i)
ni for each n ∈ Nd


0.
In this case the sequence {an ∈ R,n ∈ Nd


0} is said to be nondecreasing,
(resp. unbounded), if a


(i)
n , n ∈ N0 is nondecreasing, (resp. unbounded) for all


i ∈ {1, . . . , d}.


Definition 2.1. A function g: Nd × Nd → R is said to be superadditive,
if


g
(
i, (j1, . . . , jm−1, k, jm+1, . . . , jd)


)
+


+ g
(
(i1, . . . , im−1, k + 1, im+1, . . . , id), j


)
≤ g(i, j)







14


for any i, j ∈ Nd, i ≤ j, m = 1, . . . , d, im ≤ k ≤ jm. A sequence of r.v.’s
{Xn,n ∈ Nd} is said to have r-th moment function of superadditive structure,
if for all i ≤ j (i, j ∈ Nd)


E


∣∣∣∣∣∣
∑


i≤k≤j


Xk


∣∣∣∣∣∣
r


≤ gα(i, j),


where g: Nd × Nd → R is superadditive, α > 1 and r > 0.


Definition 2.2. Let (Ω,F ,P) be a probability space. Let {Xn,n ∈ Nd}
and {Fn,n ∈ Nd} be a sequence of r.v.’s and be a sequence of σ-subalgebras
of F , respectively. We assume that Fm ⊆ Fn if m ≤ n. If Xn is measurable
with respect to Fn for all n ∈ Nd, EX1 = 0 and E(Xn | Fm) = 0 if m ≤ n,
m 6= n, then we say that (Xn,Fn) is a martingale difference.


The following convergence theorems are multiindex versions of the single
index results in Fazekas and Klesov (2000) [3].


2.1. The basic SLLN


Noszály and Tómács (2000) [12] Proposition 1 and Fazekas, Klesov, No-
szály and Tómács (1999) [4] Theorem 3.1.


Theorem 2.1.1. Let n ∈ Nd be fixed. Let r be a positive real number,
{am,m ∈ Nd


0} be a nonnegative sequence. Suppose that {bm,m ∈ Nd
0} is a


positive, nondecreasing sequence of product type. If


E
(


max
l≤m


|Sl|r
)
≤


∑
l≤m


al


for all m ≤ n, then


E
(


max
m≤n


∣∣∣∣Sm


bm


∣∣∣∣r) ≤ 4d
∑
m≤n


am


br
m


.


Noszály and Tómács (2000) [12] Theorem 3 and Fazekas, Klesov, Noszály
and Tómács (1999) [4] Theorem 3.2.


Theorem 2.1.2. Let {an,n ∈ Nd
0}, {bn,n ∈ Nd


0} be nonnegative sequen-
ces and let r > 0. Suppose that {bn,n ∈ Nd


0} is a positive, nondecreasing, un-
bounded sequence of product type. If


∑
n an/br


n < ∞ and E (maxm≤n |Sm|r)≤∑
m≤n am for all n ∈ Nd, then


Sn


bn
→ 0 (n →∞) a.s.
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2.2. Applications


Logarithmically weighted sums. Noszály and Tómács (2000) [12] Theo-
rem 7 and Fazekas, Klesov, Noszály and Tómács (1999) [4] Theorem 4.2.


Theorem 2.2.1. Let {Xn,n ∈ Nd} be a sequence of random variables
and suppose that for some C > 0, β > 0


|E(XkXl)| ≤ C


(
|k|
|l|


)β 1
(log+ |l|)d−1


for all k ≤ l (k, l ∈ Nd). Then


1
| log n|


∑
k≤n


Xk


|k|
→ 0 (n →∞) a.s.


Sequences with superadditive moment structures. Noszály and Tómács
(2000) [12] Proposition 11 and Fazekas, Klesov, Noszály and Tómács (1999)
[4] Theorem 4.1.


Theorem 2.2.2. Let r > 0, α > 1 and suppose that {Xn,n ∈ Nd} has r-
th moment function of superadditive structure and ∆gα(1,n) is nonnegative
for any n ∈ Nd. Then for arbitrary q > 0


∑
n


gα(1,n)
|n|1+r/q


< ∞


implies
Sn


|n|1/q
→ 0 (n →∞) a.s.


Brunk—Prohorov type theorems. Noszály and Tómács (2000) [12] Propo-
sition 13.


Theorem 2.2.3. Let (Xn,Fn) be a martingale difference,


E
(
E(Xl | Fm)


∣∣∣ Fn


)
= E


(
Xl | Fmin(m,n)


)
(2.2.1)


for all l,m,n ∈ Nd. Let p ≥ 1, C > 0 and r < p + 1. Suppose that∑
m≤n E|Xm|2p ≤ C|n|r. Then Sn/|n| → 0 (n →∞) a.s.
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Noszály and Tómács (2000) [12] Proposition 14.


Theorem 2.2.4. Let (Xn,Fn) be a martingale difference having property
(2.2.1) and let p ≥ 1. When p > 1, suppose that E|Xn|2p is sequence of product
type. Then ∑


n


E|Xn|2p


b2p
n


|n|p−1 < ∞


implies Sn/bn → 0 (n → ∞) a.s., provided that bn is a nondecreasing, pos-
itive, unbounded sequence of product type and either p = 1 or |n|δ/bn is
nonincreasing for some δ > (p− 1)/2p.


3. Convergence rates in the law of large numbers for arrays
of Banach space valued random elements


Let Φ0 denote the set of functions f : [0,∞) → [0,∞), that are nonde-
creasing. A function f ∈ Φ0 is said to satisfy the ∆2-condition (f ∼ ∆2) if
there exists a constant c > 0, such that f(2t) ≤ cf(t) for all t > 0.


Let B be a real separable Banach space with norm ‖.‖, and let {Xnk, n ∈
N, k = 1, . . . , n} be an array of B-valued r.v.’s. It is rowwise independent, if
Xn1, . . . , Xnn are independent r.v.’s for all n ∈ N. Let Sn =


∑n
k=1 Xnk.


Definition 3.1. (Gut (1992) [8].) We say that the array {Xnk, n ∈ N, k =
1, . . . , n} is weakly mean dominated by the r.v. X, if for some γ > 0,


1
kn


kn∑
k=1


P(‖Xnk‖ > t) ≤ γP(|X| > t) for all t ≥ 0 and n ∈ N.


Tómács (2003) [14] Theorem 3.1.


Theorem 3.2. Let {Xnk, n ∈ N, k = 1, . . . , n} be an array of row-
wise independent B-valued r.v.’s which is w.m.d. by the r.v. X. We assume
that there exists a sequence {γn, n ∈ N} of positive real numbers such that
{‖Sn‖ /γn, n ∈ N} is bounded in probability. Let α, ϑ, ϕ ∈ Φ0, α be not
bounded, ϑ, ϕ ∼ ∆2, ϑ 6≡ 0 and


β(n) = ϕ(α(n + 1))− ϕ(α(n)), n = 0, 1, 2, . . . .


We assume that


Eϕ(|X|) < ∞, Eϑ(|X|) < ∞ and lim
n→∞


α(n)
γn


= ∞.
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Let
µ(n) = β(n− 1) for all n ∈ N


or
µ(n) = β(n) for all n ∈ N.


In case µ(n) = β(n) assume that there exists a constant c > 0 such that


cβ(n) ≤ β(n− 1)


for n ∈ N large enough. Let n0 ∈ N be such that ϑ(α(n)) > 0 for all n ≥ n0.
If there exist j ∈ N and r > 0 such that


∞∑
n=n0


µ(n)
n


(
rn + ϑ(γn)


ϑ(α(n))


)2j


< ∞


then
∞∑


n=1


µ(n)
n


P
(
‖Sn‖ > εα(n)


)
< ∞ for all ε > 0.


Remark 3.3. The following known Baum—Katz type results are corol-
laries of the previous theorem.


– Theorem 3.1, Theorem 3.5 and Theorem 6.2 of Fazekas (1992) [2],
– a version of Corollary 4.1 and 4.2 of Hu, Rosalsky, Szynal and Volodin


(1999) [9],
– Theorem 3.3 of Jain (1975) [10].


E.g. Theorem 3.1 of Fazekas (1992) [2] is the following.


Theorem 3.4. Let 0 < p ≤ 2, s ≥ p, rp > s and let B be of type p.
Let {Xnk, n ∈ N, k = 1, . . . , n} be an array of rowwise independent B-valued
r.v.’s which is weakly mean dominated by the r.v. X. Assume that EXnk = 0
(k = 1, . . . , n) in case p ≥ 1. If E |X|s < ∞, then


∞∑
n=1


nr−2P
(
‖Sn‖ > εnr/s


)
< ∞ for all ε > 0.


4. Almost sure central limit theorems for m-dependent ran-
dom fields


Denote B the σ-algebra of Borel-sets of R. Let δx be the unit mass at point
x ∈ R, that is δx:B → R, δx(B) = 1 if x ∈ B and δx(B) = 0 if x 6∈ B. ⇒ µ
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denotes weak convergence to the probability measure µ. Let {Xn,n ∈ Nd} be
a multiindex sequence of r.v.’s, where d is a fixed positive integer. Suppose
that EXn = 0 and D2Xn < ∞ for all n ∈ Nd. Let ||n|| = max{n1, . . . , nd}
and d(V1, V2) = inf{||n−m|| : n ∈ V1,m ∈ V2}, where V1, V2 ⊂ Nd. Let σ(V )
(where V ⊂ Nd) be the smallest σ-algebra with respect to which {Xn,n ∈ V }
are measurable.


Recall the well-known concept of m-depence.


Definition 4.1. Let m ∈ N be fixed. The random field {Xn,n ∈ Nd} is
said to be m-dependent, if the σ-algebras σ(V1) and σ(V2) are independent
whenever d(V1, V2) > m, V1, V2 ⊂ Nd.


In the following let Sn =
∑


k≤n Xk, Bn = D2Sn, ζn = Sn/
√


Bn and let
µζn denote the distribution of the r.v. ζn.


The following two theorems are extensions of the results on independent
Xn’s in Fazekas and Rychlik (2001) [6].


Tómács (2002) [13] Theorem 2.1.


Theorem 4.2. Let {Xn,n ∈ Nd} be an m-dependent random field,
EXn = 0, n ∈ Nd. Suppose that


there exist M, δ ≥ 0, such that E|Xn|2+δ ≤ M < ∞ for all n ∈ Nd (4.1)


and


there exist σ > 0 and nσ ∈ Nd such that
Bn


|n|
≥ σ for all n ≥ nσ. (4.2)


Let 0 ≤ d
(i)
k ≤ c log k+1


k , assume that
∑∞


k=1 d
(i)
k = ∞ for all i ∈ {1, . . . , d}.


Let dk =
∏d


i=1 d
(i)
ki


and Dn =
∑


k≤n dk. Then for any probability distribution
µ the following two statements are equivalent:


1
Dn


∑
k≤n


dkδζk(ω) ⇒ µ (n→∞) for almost every ω ∈ Ω,


1
Dn


∑
k≤n


dkµζk ⇒ µ (n→∞).


Tómács (2002) [13] Theorem 2.2.


Theorem 4.3. Let {Xn,n ∈ Nd} be an m-dependent random field,
EXn = 0, n ∈ Nd. Assume that (4.1) and (4.2) hold for some δ > 0. Then


1
| log n|


∑
k≤n


1
|k|


δζk(ω) ⇒ N (0, 1) (n→∞) for almost every ω ∈ Ω.
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5. On the Rosenthal inequality for mixing fields


Let (Ω,F ,P) be a probability space. Let F1 and F2 be two σ-algebras in
F . The α-mixing coefficient is defined as follows.


α(F1,F2) := sup{|P(A)P(B)− P(AB)| : A ∈ F1, B ∈ F2}.


Let d ∈ N be a fixed positive integer, I ⊆ Zd, ‖n‖ = max{|n1|, . . . , |nd|},
where n = (n1, . . . , nd) ∈ Zd, and %(n,m) = ‖n −m‖. Let Y = {Yt : t ∈ I}
be a multiindex sequence of r.v.’s. The α-mixing coefficient of Y is


αY (r, u, v) := sup{α(FI1 ,FI2) : %(I1, I2) ≥ r, card(I1) ≤ u, card(I2) ≤ v},


where I1 and I2 are finite subsets in I, FIi
= σ{Yt : t ∈ Ii}, i = 1, 2.


Let T be a finite set in I. Introduce the following notation.


L(µ, ε, T ) =
∑
t∈T


(
E|Yt|µ+ε


)µ/(µ+ε) =
∑
t∈T


‖Yt‖µ
µ+ε.


D(h, ε, T ) =


 L(h, 0, T ), if 0 < h ≤ 1,
L(h, ε, T ), if 1 < h ≤ 2,
max{L(h, ε, T ), Lh/2(2, ε, T )}, if 2 < h.


Let sr = card({t ∈ Zd : ‖t‖ = r} ∩ I), br = card({t ∈ Zd : ‖t‖ ≤ r} ∩ I) and


c
(α)
u,h−u := 8u!(h− u− 1)!(h− 1)!


∞∑
r=1


(
αY (r, u, h− u)


)ε/(h+ε)
srb


h−2
r .


The following theorem is a version of Theorem 1 of Doukhan (1994) [1].
In the proof of that theorem we have found a gap. For our version we gave
detailed proof.


Fazekas, Kukush and Tómács [5] Theorem.


Theorem 5.1. Let l > 1 and ε > 0. Let {Yt, t ∈ I} be centered random
variables with E|Yt|l+ε < ∞, t ∈ I. Let h be the smallest even integer with


h ≥ l. Assume that c
(α)
u,h−u < ∞ for u = 1, . . . , h− 1. Then there is a constant


K(α) such that


E


∣∣∣∣∣∑
t∈T


Yt


∣∣∣∣∣
l


≤ K(α)D(l, ε, T ) (5.1)


for any finite subset T of I.
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Remark 5.2. K(α) does not depend on T but it depends on the mixing
coefficients and l. If 0 < ε < l/2, then K(α) = H


(α)
h Cl, where


H
(α)
h = 1 +


h−1∑
u=1


c
(α)
u,h−u +


h−2∑
u=2


(
h


u


)
H(α)


u H
(α)
h−u,


Cl = 2(h−l+ε)(2h+2l−1)/ε.


If l is an even integer, then one can put Cl = 1. Inequality (5.1) is always
satisfied for 0 < l ≤ 1, if we replace K(α) with 1.
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[5] I. Fazekas, A. G. Kukush, T. Tómács, On the Rosenthal inequality for
mixing fields, Ukrainian Math. Journal, 52 No3 (2000) 266–276.


[6] I. Fazekas, Z. Rychlik, Almost sure central limit theorems for random
fields, Technical Report No. 2001/12, University of Debrecen, Hungary
(submitted to Math. Nachr.).
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A REKURZfv SOROZATOK EGY ALKAIMAZAsAROL


ABSfRACf: (On an application of second order linear
recurrences) Let ar + bx - c = 0 be an equation such that
a, b,c are positive integers and successive terms of an
arithmetic sequence in any order. Let these numbers be of
the form n, n +', n +2" where n and , positive integers. M.
K Mahanthappa [2} investigated the rational roots of the
equation, provided that , = 1 and n positive integer. In the
paper we generalize this problem for the case, > 1.


Legyen az ar +bx":' c = 0 masodfoku egyenletben a, b es
c valamilyen sorrendben egy pozitlv egeszekbol an6
szamtani sorozat egymast koveto tagjai. Tekintsiik ezeket
n, n +', n +2" alakban, ahol n es , pozitlvegeszek.


M. K Mahanthappa [2} azt a problemat vetette fel, hogy
r = 1eseren, mely pozitiv egesz n-ekre lesznek racionalis gyo-
kei az egyenletnek. Ez egesz egyiitthat6k eseren akkor es
csak akkor teljesiil, ha az egyenlet diszkriminansa negyzet-
szam. Rogzitett n es , eseren a harom egyiitthat6
sorrendjetOl fiiggoen hat kiilonbozo egyenletet kapunk, de







csak hcirom kiilOnbozo diszkrimiminst Ezert eleg a kovet-
kezOegyenleteket vizsgcilni:


(1)
(2)


(3)


nx2 +(n+2r)x-(n+r) = 0 ,
(n+r)x2+nx-(n'+2rJ= 0,


nx2 +(n+r)x-(n+2r) = 0 .


Mahanthappa [2] r:;:; 1eseten megadta az osszes olyan n po-
zitiv egeszet, melyekre racionalisak a gyokok. Ezek az (1)
egyenlet eseren n = F;mF;m+3' a (2) egyenlet eseren
n = F;mF;m+l -1, es a (3) egyenlet eseren n = F;m+1 -1, ahol
m ~.1 egesz, es F;. a Fibonacci sorozat k -adik tagja.


Most tekintsiik az r > 1 esetet Ekkor egyszerii kovetkez-
menykent kapjuk, hogy az (1) egyenletbe n = rF;.mF;m+3' a (2)
egyenletbe n = rF;.mF;m+1 - r, es a (3) egyenletbe n = rF;.m+1 - r
helyettesitve, ahol m ~ 1 egesz, racionalisak lesznek a gyokok.
Nevezziik ezeket trivialis vaIasztcisoknak.


A dolgozat celja, hogy talaIjunk nem trivialis pozitiv egesz
n-eket,melyekre szinren racionalisak a gyokok.


A kovetkezOreteleket bizonyitjuk:


1. Tetel: Legyen az. r > 1 egesz r = u2
- uv - v2 alaku, ahol u


es v pozitivval6s szamOk.Legyen {RIc} (k = 0, 1,2, ... ) egy
masodrendu . lineans rekurziv sorozat, melyet az
Ro = v,R1 = 11 kezdoelemek es az Rlc = RIc-1 + RIc_2 rekurzi6
definial, ahol k > 1 egesz. Legyen tovabba Nm = R-zmR-zm+3'
ahol m ~ 0 egesz.







Ha Nm egesz es r nem oszroja Nm-nek, akkor n = Nm ese-
ten (1) egyenletnek raciomilisak a gyokei, es n nem trivicilis
v3.lasztas.


2. Tetel: Az elozo tetelben defini3.ltr es Rk eseten legyen
1'", = ~m~m+l,ahol m~ 1egesz.


Ha 1'", egesz es r nem oszroja 1'", -nek, akkor n = n = 1'", - r
eseten (2) egyenletnek racioniilisak a gyokei, es n nem
triviiilisvalasztas.


3. Tetel: Legyen az r >1 egesz es r2 = u2 - uv - v2, ahol u es
v pozitiv egeszek. Legyen {Rt}(k = 0,1,2, ... ) egy
masodrendii lineans rekurziv sorozat, melyet az
Ro = v,R1 = u kezdoelemek es az Rk = Rt_1 +Rk-2 rekurzi6
defini3.l, ahol k > 1 egesz.


Ha r nem osztOja ~m+I-nek, ahol m~ 0 egesz, akkor
n = ~m+l- r eseren (3) egyenletnek racionalisak a gyokei, es
n nem trivialis v3.laszt3.s.


A tetelek bizonyfuiscihoz sziiksegiink lesz a kovetkezo
lemmakra:


1. Lemma· Legyen {R",}(m = 0,1,2, ... ) egy masodrendii
lineans rekurziv sorozat, melyet az Ro, ~ nem mindkettO
zeros va16s kezdoelemek, A, B konstans egeszek es az
R",= ARm_1 +BRm--2 rekurzi6 definial, ahol m> 1 egesz.
Legyenek a sorozat x2


- Ax - B karakterisztikus polinomja..
nakagyokei







Legyen tovcibbcia = R1 - RJ3 es b = R1 - Rea.
Tegyiik fel, hogy a karakterisztikus polinom D = A2 +4B


diszktiminansa nem nulla. Definiciljuk az {R",} sorozat {G",}
asszocicilt sorozatit a


G", =aa'" +bfJ"
formulcival, ahol m ~ 1 egesz. Ekkor


(6) G; - DR:" = 4( -B)'" (R; - ARoRI - BR;) (m ~ 1)
teljesiil.


Megjegpks: A = B = 1, Re = 0 es ~ = 1 eseren az {R,,J so-
rozat az ismert Fibonacci sorozatot szolgaItatja. Az {F",} Fibo-
nacci sorozat asszociaIt sorozatit Lucas sorozatnak nevezztik
es {L",}-el jeloljiik.


2. lanma' Legyen az n pozitiv egesz olyan tulajdonsagU,
hogy az (1), (2) , vagy (3) egyenlet gyokei racionaIisak.
Ekkor az n akkor es csak akkor triviaIis, ha r osztoja n-nek.







1. Lemma bironyfuisa: A (4) egyenloseg j6l ismert, de
teljes indukci6val is egyszeriien bizonyfthatjuk. (Lcisdpeldciul
D. Jarden [1].)


Az (5) egyenloseg az


...m+ 1 b IJ"I+I a....m-1 _ b nn-1
'" bam au - P a,a u paa + p = ----,- p----


a-p a-p


es a B = -ap azonossagokb6l, tovcibbcia (4) egyenlOsegbol
kovetkezik.


A (6) egyenloseget a-p= JD, a+p= A es ap= -B azo-
nosscigok segitsegevel, tovcibbcia (4) egyenloseggel bizonyft-
hatjuk, hiszen


G;' - DR;"= (aa'"+bP"Y _ D(aa
m


-bP")2 = 4ab{ap)'"=a-p


2. Lemma bironyfuisa: Legyen az (1) egyenletnek
racionansak a gyokei. Ha r trivians vcilasztas, akkor
n = r~mF;"'+3 (m~ 1), fgy r oszt6ja n-nek. Ha n = tr, ahol t ~ 1
egesz, akkor


w +(tr +2r)x-(tr+r) = 0
tx2 +(t +2)x- (t + 1) == 0


aminek a feltetel miatt racioncilisak a gyokei, fgy Ma-
hanthappa emlitett eredmenyei alapjan


t = F;",F;"'+3 (m ~ 1)







n= rF;.",F;.m+3 (m ~ 1) ,
ami trivUilisvcilasztas.Hasonl6an bizonyfthaljuk az allitist a
(2) es (3) egyenletekre is.


1.Tetel bizonyftlsa: Az (1) egyenlet diszkriminansa
D1 = (n+2rY +4n(n+r) = n2 +(2(n+r)Y


Racionalis gyokok eseten, es csak akkor D1 negyzetszam,
D1 = (2 , ahol t egy pozitiv egesz. Ekkor [n, 2(n +r ), (] pitago-
raszi szamhcinnas.
Reprezentlljuk [g2 _ h2 , 2gh, g2 + h2] alakban.
Ekkor n = g2 - h2 es 2(n +r) = 2gh miatt


(7) g2 - gh-(h2 -r) = 0


kovetkezik, ami g-re masodfoku egyenlet Legyen a
diszkriminansa S2.


Ekkor


illetve
(8) ~ -5h2 = -4r .


A tetelben szereplo {Rt} sorozat eseren A = B = 1 es
D = A2 +4B = 5, ezert (6) miatt


G; -5R; =(-ly 4r
minden k ~ 1 egesz eseren. S = G2m+1 es h = Ru,,+l vcilasztassal,
ahol m ~ Oegesz, (8) teljesiil es (7) alapjan, (5) felhaszna-
Iasaval







= h+s = Rzm+!+Rzm+2 +Rzm = J)
g 2 .. 2 ·~m~


mert g> O. Ekkor azonban
n = g2 _h2 = (Rzm+2Y -(Rzm+!t = (Rzm+2- Rzm+!)(Rzm+2+ Rzm+J =


" = RzmRzntt3 = Nm (m ~ 0) .
Ha N m egesz es r nem osztja Nm-et, akkor a 2. lemma miatt
n nem triviaIisvaIasztis, es ezzel a tetelt igazoltuk.


2. Tetel bizonyftisa: A (2) egyenlet diszkrimiminsa
D2 = n2 +4(n+r)(n+2r) = (2(n+r»)2 +(n+2rY .


Raciomilis gyokok eseten, es esak akkor D2 negyzetszcim,
D2 = t2, ahol t egy pozitlv egesz. Ezert [2(n+r),n+2r,t] pita-
goraszi szfunharmas. ReprezentaIjuk [2gh, g2 _ h2 , g2 +h2]


alakban. Ebb51hason16an az el5z5hoz, azt kapjuk, hogy
n = RzmRzm+!-r = 1'". -r (m ~ 1)


eseten ha 1'". egesz es r nem osztOja 1'". -nek, akkor a (2)
egyenletnek racionaIisak a gyokei es n nem trivicilisvaIasz-
tas.


Megjegpks: Ha az 1. tetel bizonyftasciban
[2gh,g2 _h2 ,g2 +h2], illetve a 2. tetel bizonyitasciban
[g2 _ h2 , 2gh, g2 +h2


] reprezentaciot tekintjiik, nem kapunk
ujabb n-eket


3. Tetel bizonyftisa: A (3) egyenlet diszkriminansa
D3=(n+rY+4n(n+2r)=5(n+rY-4r2.


RacionaIis gyokok eseten, es esak akkor D3 negyzetszcim,
D3 = t2


, ahol t egy pozitivegesz es







(9) (2lS(n+rY = ..,..4r2 •
A tetel feltetelei es (6) miatt


(G2m+J2 - S(Rzm+lY = -4r2< (111 ~ 0) . <


Ezert n = Rzm+I"-r eseten, ha r nem oszt6ja 'Rzm+)-nek,(3)
gyokei racioniilisak es n nem biviiilis vcilasztas.


Megjegpks: A 3. retel felretelei nem minden r > 1 egesz
eseren teljesitherok. Peldaul r=·2 eseten (9)miatt·


(2 -S(n+2Y = -16.
Ez csak pciros n eseten cillhat fenn, fgy racioniilisgyokok
eseren n csak biviiilis valasztas.lehet Ennek kovetkezmenye,
hogy


x2 _5y2 = -16 .


osszes egesz megoldasa
(x,y) = (±2L2m+) ,±2F;m+))'


x2 _Sy2 = 16


osszes egesz megoldasa
(x,y) = (±2Lzm,±F;J


ahol ~, illetve Lk a k-adik Fibonacci, illetve Lucas szam es
m~ 0 egesz.


Masreszt ha r = 11, akkor Ro = 3 es R) = 13, vagy' Ro =7, es
R) = 17 eseten teljesiilnek a tetel feltetelei.


Megjegpks: A cikk leadasa utan (Fifth International
Conference on Fibonacci Numbers and Their Applications,
St .Andrews, 1992. julius 22-24, konferencian elhangzott
elOadas nyoman) tudomasunkra jutott, hogy C. Long, G. L.







Cohen, T. Langtry es A G. Shannon a jelen cikkben
lefrtakkal hasonl6 eredmenyekre jutottak.


[1] D. Jarden, Recurring sequences, Riveon I..ematematika,
Jerusalem (Israel), 1958.


[2] M. K Mahanthappa. Arithmetic sequences and Fibonacci
quadratics. Fibonacci Quarterly 29 (1991), 343-346.
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Egy rekurźıv sorozat tagjainak átlagáról


TÓMÁCS TIBOR


Abstract. (Avarage order of the terms of a recursive sequence) For a fixed positive


integer k ≥ 2 let the sequence Gk(n) of natural numbers be defined by Gk(0) = 0 and


Gk(n) = n−Gk


(


Gk


(


. . .
(


Gk(n− 1)
)


. . .
))


, (n ≥ 1) with k iterations of Gk on


the right-hand side. Denote by α1 = α,α2, α3, . . . , αk the roots of the characteristic


polynomial f(x) = xk − xk−1 − 1 of the generalized Fibonacci sequence bn. It is


known that these roots are distinct and that there is a positive root among them with


the greatest modulus, thus we can suppose that α > |α2| ≥ |α3| ≥ · · · ≥ |αk| > 0
(see e. g. [1]). In [2] P. Kiss proved that for any positive integer n, large enough, and


k ≥ 2 we have 1
N


∑N


i=1 Gk(i) = v1N + v2α
n
2 + v3α


n
3 + o(αn


2 ) + O(1), where


N = bn+1 and v1, v2, v3 are constants depending only on k. In this paper we generalize


this result.


Legyen k ≥ 2 rögźıtett egész szám. Definiáljuk a természetes számok
egy Gk(n), n = 0, 1, 2, . . . sorozatát a Gk(0) = 0 kezdő elemmel és a


Gk(n) = n − Gk


(


Gk


(


. . .
(


Gk(n − 1)
)


. . .
))


rekurźıv formulával n > 0 esetre, ahol a jobb oldalon Gk-nak k-szoros
iterációja van. Belátható, hogy a sorozat minden tagja jól definiált termé-
szetes szám (lásd Zay B. [4]).


Legyen


bn =


{


n, ha n = 1, 2, . . . , k,


bn−1 + bn−k, ha n > k


a Fibonacci sorozat k-adrendű általánośıtott sorozata. Egy m pozit́ıv egész
esetén tekintsük azt a legnagyobb i1 egész számot, melyre bi1 ≤ m teljesül.
Legyen m1 = m − bi1 . Ha m1 6= 0, válasszuk a legnagyobb i2 egész számot,
melyre bi2 ≤ m1. Legyen m2 = m1 − bi2 . Ha m2 6= 0, folytassuk az eljárást.
Ez az algoritmus véges sok lépésben befejeződik. Így minden pozit́ıv egész
szám egyértelműen feĺırható bn sorozatbeli elemek összegeként


(1) m =


j
∑


i=1


aibi
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alakban, ahol ai = 1 vagy 0. Jelöljük ezt röviden


m = ajaj−1 . . . a1


módon. Definiáljuk a Tk(m) sorozatot Tk(0) = Tk(1) = 0 kezdő értékkel és
a


(2) Tk(m) = ajaj−1 . . . a2 =


j
∑


i=2


aibi−1 (m > 1)


formulával, ahol az ai számok m-nek (1)-ben difiniált előálĺıtásában szereplő
együtthatói.


A Gk(n) és Tk(n) sorozatok szoros kapcsolatban vannak egymással,
D. S. Meek és G. H. J. Van Rees [3]-ban bizonýıtották, hogy


(3) Gk(n) = Tk(n − 1) + 1 (n ≥ 1).


Jelöljük α1 = α,α2, α3, . . . , αk-val a bn sorozat karakterisztikus poli-
nomjának — az xk − xk−1 − 1 polinomnak — a gyökeit. Ismert, hogy van
a gyökök között egy legnagyobb abszolút értékű pozit́ıv valós gyök, ezért
feltehetjük, hogy


(4) α > |α2| ≥ |α3| ≥ · · · ≥ |αk| > 0,


ahol α > 1 valós szám (lásd K. Dilcher [1]).
Kiss Péter [2]-ben a Gk(n) sorozat tagjainak átlagát vizsgálta, és bi-


zonýıtotta, hogy elég nagy n egészek esetén


(5)
1


N


N
∑


i=1


Gk(i) = v1N + v2α
n
2 + v3α


n
3 + o(αn


2 ) + O(1),


ahol N = bn+1 és a v1, v2, v3 csak k-tól függő valós konstansok.
Ezen dolgozat célja megmutatni, hogy nemcsak N = bn+1 alakú egészek


esetén igaz az (5) formula.


A következő tételeket bizonýıtjuk:


1. Tétel. Legyenek k ≥ 2 és t rögźıtett pozit́ıv egészek. Ekkor elég
nagy pozit́ıv n egészek esetén


1


N


N
∑


i=1


Gk(i) =
(


v1N + v2α
n
2 + v3α


n
3 + O(1) + o(αn


2 )
) 1


1 + o(1)
,
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ahol N = bn+1 + t és a v1, v2, v3 csak k-tól függő konstansok.


2. Tétel. Legyenek k ≥ 2 és t ≥ k rögźıtett egészek. Ekkor elég nagy
pozit́ıv n egészek esetén


1


N


N
∑


i=1


Gk(i) =
(


v′1N + v′2α
n
2 + v′3α


n
3 + O(1) + o(αn


2 )
) 1


1 + o(1)
,


ahol N = bn+1 + bn−t+1, és a v′1, v
′


2, v
′


3 csak k-tól és t-től függő konstansok.


Megjegyzés. Az 1. tételben a v1, v2, v3 konstansok megegyeznek az
(5)-ben található konstansokkal.


1. TÉTEL BIZONYÍTÁSA. Vizsgáljuk a
N
∑


i=1


Gk(i) összeget. Bontsuk fel


két tagra az alábbi módon.


(6)


N
∑


i=1


Gk(i) =


bn+1
∑


i=1


Gk(i) +


N
∑


i=bn+1+1


Gk(i)


Az első összeg [2] szerint


(7)


bn+1
∑


i=1


Gk(i) = r1α
2n + r2α


nαn
3 + r3α


nαn
3 + r4α


2n
2 +


+ r5α
2n
3 + r6α


n
2 αn


3 + O(αn) + O(αnαn
4 )


alakban ı́rható fel, ahol ri (i = 1, 2, 3, 4, 5, 6) k-tól függő konstansok. (3)-
ból


N
∑


i=bn+1+1


Gk(i) = Tk(bn+1) + 1 + Tk(bn+1 + 1) + 1 + · · · + Tk(N − 1) + 1 =


= N − bn+1 +
N−1
∑


i=bn+1


Tk(i) = t +


bn+1+t−1
∑


i=bn+1


Tk(i)


következik. Elég nagy n esetén teljesül, hogy t < bn−k+2, ezért N < bn+2.
Így Tk(i) definiciója miatt minden bn+1 ≤ i ≤ bn+1 + t − 1 egész esetén
Tk(i) = bn + Tk(i − bn+1). Ebből következik, hogy


N
∑


i=bn+1+1


Gk(i) = t + tbn +


t−1
∑


i=0


Tk(i).
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Ebben az összegben az n-től független tagok összegét jelöljük fk,t-vel. Tehát


fk,t := t +


t−1
∑


i=0


Tk(i).


Ismert, hogy a bn sorozat tagjai feĺırhatók


(8) bn = c1α
n + c2α


n
2 + · · · + ckαn


k


alakban, ahol ci (i = 1, 2, . . . , k) csak k-tól függő komplex konstansok (K.
Dilcher [1]).


Ezért


N
∑


i=bn+1+1


Gk(i) = fk,t + t(c1α
n + c2α


n
2 + · · · + ckαn


k ).


Az α > 1 valós szám, másrészt (4) miatt


fk,t + t(c1α
n + c2α


n
2 + · · · + ckαn


k ) ≤ fk,tα
n + tc1α


n + tc2α
n
2 + · · · + tckαn


k ≤


≤ (fk,t + tc1 + tc2 + · · · + tck)αn.


Ebből következik, hogy


(9)


N
∑


i=bn+1+1


Gk(i) = O(αn).


(6), (7) és (9)-ből adódik, hogy


(10)


N
∑


i=1


Gk(i) = r1α
2n + r2α


nαn
2 + r3α


nαn
3 + r4α


2n
2 +


+ r5α
2n
3 + r6α


n
2 αn


3 + O(αn) + O(αnαn
4 ),


továbbá (8)-ból


(11) N = bn+1 + t = s1α
n + s2α


n
2 + · · · + skαn


k + t = s1α
n + O(αn


2 ) + t,


ahol si = ciαi (i = 1, 2, . . . , k). Felhasználva (11)-et


1


N


N
∑


i=1


Gk(i) =


N
∑


i=1


Gk(i)


s1αn + O(αn
2 ) + t


=


N
∑


i=1


Gk(i)


s1αn


(


1 +
O(αn


2
)+t


s1αn


) +


N
∑


i=1


Gk(i)


s1αn (1 + o(1))







Egy rekurźıv sorozat tagjainak átlagáról 35


adódik, amiből (10) alapján kapjuk az


1


N


N
∑


i=1


Gk(i) =


(


p1α
n + p2α


n
2 + p3α


n
3 + p4


(α2


α


)n


αn
2 + p5


(α3


α


)n


αn
3 +


(12)


+ p6


(α2α3


α


)n


+ O (αn
4 ) + O(1)


)


1


1 + o(1)


becslést, ahol pi = ri


s1
(i = 1, 2, . . . , k). De


p1α
n = (s1α


n + s2α
n
2 + · · · + skαn


k + t)
p1


s1
−


p1


s1
s2α


n
2−


−
p1


s1
s3α


n
3 − · · · −


p1


s1
skαn


k −
p1


s1
t.


Mivel s1α
n + s2α


n
2 + · · · + skαn


k + t = N , továbbá (4) miatt


−
p1


s1
s4α


n
4 −


p1


s1
s5α


n
5 − · · · −


p1


s1
skαn


k = O(αn
4 ),


és


−
p1


s1
t = O(1),


ı́gy v1 := p1


s1
, d2 := − p1


s1
s2, d3 := − p1


s1
s3 jelöléssel


(13) p1α
n = v1N + d2α


n
2 + d3α


n
3 + O(αn


4 ) + O(1)


adódik.Tudjuk még, hogy


(14) p4


(α2


α


)n


αn
2 + p5


(α3


α


)n


αn
3 + p6


(α2α3


α


)n


+ O (αn
4 ) = o (αn


2 ) .


Ezért (12), (13) és (14) alapján


1


N


N
∑


i=1


Gk(i) =
(


v1N + v2α
n
2 + v3α


n
3 + O(1) + o(αn


2 )
) 1


1 + o(1)
,


ami a tételünket bizonýıtja. A bizonýıtás során a konstansok értékét nem
befolyásolta t, ı́gy valóban igaz a megjegyzés álĺıtása is.







36 Tómács Tibor


2. TÉTEL BIZONYÍTÁSA. (1), (2), (3) és (7) alapján


N
∑


i=1


Gk(i) =


bn+1−1
∑


i=1


Tk(i) + N + bn−t+1bn +


bn−t+1−1
∑


i=1


Tk(i) =


= x1α
2n + x2α


nαn
2 + x3α


nαn
3 + x4α


2n
2 + x5α


2n
3 +


+ x6α
n
2 αn


3 + O(αn) + O(αnαn
4 ) + N + bnbn−t+1,


ahol


xi = ri


(


1 +
1


αtαt
i


)


(i = 1, 2, 3), x4 = r4


(


1 +
1


α2t
2


)


,


x5 = r5


(


1 +
1


α2t
3


)


és x6 = r6


(


1 +
1


αt
2α


t
3


)


.


A továbbiakban


bnbn−t+1 = (c1α
n + c2α


n
2 + · · · + ckαn


k )


(


s1


αt
αn +


s2


αt
2


αn
2 + · · · +


sk


αt
k


αn
k


)


=


= z1α
2n + z2α


nαn
2 + z3α


nαn
3 + z4α


2n
2 + z5α


2n
3 + z6α


n
2 αn


3 + O (αnαn
4 )


felhasználásával, ahol


z1 =
s2
1


αt+1
, z2 =


s1s2


ααt
2


+
s1s2


αtα2
, z3 =


s1s3


ααt
3


+
s1s3


αtα3
,


z4 =
s2
2


αt+1
2


, z5 =
s2
3


αt+1
3


, z6 =
s2s3


α2α
t
3


+
s2s3


αt
2α3


,


a tétel hasonlóan bizonýıtható, mint az előző.


Megjegyzés. Kiszámolva v1 és v′1 konstansokat


v′1 =
r1


(


1 + 1
α2t


)


+
s2
1


αt+1


s2
1


(


1 + 1
αt


)2 ,


továbbá


v1 =
c1α


1−4k


α − 1
+ α−4k


(


k
∑


q=2


cqα
2
q


α2 − αq


)


+ α−4k α2k − 1


α2 − 1
+


1


2α2


adódik. Belátható behelyetteśıtéssel, hogy k = 2 és k = 3 esetén v1 = v′1. A
sejtés az, hogy ez minden k ≥ 2 esetén teljesül, vagyis a 2. tételben definiált
N -re is igaz az (5) formula.
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Az 1. tétel bizonýıtásából látható, hogy v1 = r1


c2
1
α2 . Ezért v1 = v′1 akkor


és csak akkor teljesül, ha c2
1α = 2r1. Visszáırva r1-et v1-be kapjuk, hogy a


sejtés ekvivalens a v1 = 1
2α


álĺıtással.
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A valoszinusegszamitas szemleletes
oktatasarol


jli zen cikket mindazon gyakorlo matema-
'1 tikatanaroknak es tanarjelolteknek


ajanljuk, akik az altalanos, ilIetve ko-
zepiskolai oraikon a torzsanyagon .kiwi a
valoszimlsegszamitas torvenyszerusegeirol is
szeretnenek szolni.


Az altalanos tapasztalat szerint a valosziml-
segszamitas iskolai oktatasa megmarad azon
feladatok es tetelek koreben, melyek kombina-
torikai eszkozokkel kezelhetok. A melyebb tor-
venyek bemutatasara viszonylag keves figye-
!em jut. Ha belegondolunk, akkor ez termesze-
tes is, hiszen ezen teteleknek mar a pontos
kimondasa is mely matematikai fogaimakat
igenyel. Nem beszelve ezek bizonyitasarol,
melyek gyakran meg foiskolakon, sot egyete-
meken sem keriilnek bemutatasra, eppen a
megfelelo matematikai apparatus bonyolultsa-
ga miatt.


Jelen cikkiinkben arra vallalkozunk, hogy
nehany peldan keresztiil bemutassuk, rnind-
ezek ellenere van mOd a valoszimlsegszamitas
legfontosabb torvenyeinek megertetesere szin-
te barmilyen elokepzettsegu diak szamara, ter-
meszetesen bizonyitas nelkiil, pusztan a
$lemleletre hagyatkozva.


Veletlen kiserleteket fogunk elvegezni, s
ezek kimeneteleit vizsgaljuk. A valoszinuseg-
szamitas torvenyei nagyszamu ismetles esetere
vonatkoznak, igy a sziikseges kiserleteknek
esak egy toredeket tudjuk tenylegesen vegre-
hajtani, hosszU kiserletsorozatokat szamitoge-
pen szimulalunk.


Az alabbiakban a nagy szamok torvenye-
nek, a bolyongasnak es a eentralis hatarelosz-
las tetelnek a szamitogepes demonstraciojarol
lesz szo. Nem eelunk a preeiz matematikai
hatter bemutatasa, valamint annak elemzese
hogy a genera-It veletlen szamok mennyibe~
teljesitik a fiiggetlenseg es az azonos eloszlas
feltetelet.


1. A nagy szamok torvenye


1\ nagy szamok Bemoulli-fele torvenye -
~ miszerint a relativ gyakorisag sztochasz-
tikusan konvergal a valoszinuseghez - egyben
arra is alkalmas, hogy a diakok kepet alkossa-
nak a veletlen jelensegek termeszeterol, iIletve
hogy osszevessek a veletlen benniik elo intuitiv
fogalmat a valosaggal.


Igen fontos, hogy legeloszor arra kerjiik
meg a diakokat, hogy vegezzenek el egy ki-
serletsorozatot gondolatban. Az elvegzend6 ki-
serlet lenyege, hogy egy penzermet dobunk fel
tobbszor, es azt figyeljiik,hogy egy-egy dobas
utan a fej vagy az iras oldal van-e feliil. A dia-
kok irjak Ie egy koriilbelol 100 dobasbol allo
kiserletsorozat eredmenyeit ugy, ahogyan ok
elkepzelik a kimeneteleket.


Ezek utan vegezziik el tenylegesen is (nem
szamitogeppel) az erme feldobasait, es az
eredmenyt hasonlitsuk ossze a gondolati ki-
serlet eredmenyevel. Tapasztalni fogjuk, hogy
a tenyleges kiserletben tobb olyan viszonylag
hosszU szakaszt is talalunk, melyek esupa
fejbol, vagy esupa irasbol allnak. Ezzel ellen-
tetben i1yenszaka$lok a gondolati kiserletek-
ben esak elvetve szoktak elofordulni. Vagyis a
veletlen kiserletben nines torekves a
kiegyenlitooesre, ellentetben azzal, ahogyan
azt az atlagember gondolna (4).


A relativ gyakorisag alakulasa tekinteteben
azonban a jozan esz mar ugyanazt sugallja,
amit a tapasztalat mutat. Nevezetesen azt,
hogy szabalyos ermevel dobva a fej dobasok
es az osszes dobasok aranya nagy ismetles-
$lam eseten az 1/2 koriil ingadozik. Javasol-
juk, hogy az elobb tenylegesen elvegzett kb.
100 dobas eseten szarnitsuk ki es abrazoljuk a
relativ gyakorisagokat.


Ha mar kialakub:a valoszinuseg valamilyen
"termeszetes" fogalma a diakokban, akkor ter-
hetiink ra a szamit6geppel szimulalt "mester-







seges" kiserletek bemutatasara. Annyi feltehe-
toen elfogadtathato, hogy a szamit6gep "ke-
pes utanozni" egy (szabalyos vagy szabalyta-
Ian) erme egymas utani feldobasait.


Egy adott p valoszimlsegu esemeny elofor-
dulasi szama a kiserlet n ismetlesebol legyen
k(n). A k(n)/n hanyadost nevezzGk az ese-
meny relativ gyakorisaganak. Koordinatarend-
szerben abrazoljuk az (n, k(n)/n) pontokat, es
kossOk ossze az egymas utani pontokat szaka-
szokkal. Egy i1yen torottvonalat (un. trajekto-
riat) mutat az 1. abra. Errol leolvashato, hogy
mar n = 100 ismetles eseten a relativ gyakori-
sag a megadott p valoszinuseg korOl ingado-
zik.


Ez a tendencia n novelesevel egyre inkabb
jellemzo. A 2. abran a trajektoria n = 5000 es
n = 5100 kozotti szakasza lathato. Ez a sza-
kasz teljes egeszeben a p korOli 0,08 szelesse-
gu savban fut. Erdemes hosszU trajektoriakat
tobbszor generalni, hogy megismerjOk azok
"tipikus viselkedeset".


p + 0,04


p -------_._~
5000 5100
~-~


2. dbra


Az oktatonak termeszetesen tudnia kell,
hogy a valoszinusegszamitas matematikai mo-
delljenek kialakitasahoz a relativ gyakorisag
tapasztalati tulajdonsagaibol kiindulva fektetjOk
Ie a valoszinuseg axiomait, majd az ezekbol ki-
fejtett matematikai elmeletben mar tetelkent
jelenik meg a relativ gyakorisag es a valoszinu-
seg kapcsolatat leiro nagy szamok torvenye.
A tapasztalati tenyek es az elmeleti tetelek vi-
szonyanak elemzesebe azonban ezen a szinten
nem celszeru belemenni.


2. A bolyongas
1\ bolyongast legegyszen1bben egy szeren-


~ csejatekkal iIIusztralhatjuk. Dobjunk fel
egy penzermet, 5 ha a fej lesz felOI, akkor nye-
rOnk egy forintot, ellenkezo esetben veszitOnk
egy forintot. Jatsszuk el ezt n-szer! A kerdes,
hogy mennyi lesz a jatek vegen a nyereme-
nyOnk. JeloljOnk 11n-nel a nyeremenyt. (Ha
vesztesegrol van szo, akkor termeszetesen 11n
erteke negativ.) Ha - a nem szabalyos erme
lehetosegere valo tekintettel - egy dobasnal p
val6szinuseggel nyerOnk es q = 1 - p val6szi-
nuseggel veszitOnk, akkor annak vaI6szint1se-
ge, hogy az n fordul6s jatekban Pn = k-szor
nyerOnk es ebbol kovetkez6en (n - k)-szor ve-
szitOnk


(1) P(Pn = k) = (~)pkqn-k, k = 0, 1, ... , n.


Ez egyben annak a val6szinusege is, hogy
k - (n - k) = 2k - n a nyeremenyOnk erteke.
Nyilvan


11n= 2Pn - n
teljesol. (1) a jol ismert binomialis eloszlas.


3. dbra


A bolyongast a fenti jatekbOl ugy kaphat-
juk, hogy kiindulunk az orig6b61, es + l-et le-
pOnk minden fej es -1-et minden iras dobas
eseten. A bolyongas trajekt6riaja (ut-ido-dia-
gramja) a (k, 11k), k = 0, 1, ... , n, pontokat
osszekoto torottvonal. A bolyongas trajekt6ria-
javal egyOtt a bolyongas es a binomialis elosz-
las kapcsolata is szemleltetheto a szamit6ge-
pen. A 3. abra egy szimmetrikus (azaz
p = 1/2) bolyongast szemleltet. (Az n-et korOl-
belol 5 es 30 kozott erdemes valasztani.)







Az n dobasb61 all6 jatekot ismeteltilk meg
200-szor, s kozben szamoltuk, hogy az x = n-
ben huzott fUggoleges egyenes sz6ba joheto
pontjain hanyszor "csap6dott" be a trajekt6ria.
A becsap6dasok alakitottak ki a hisztogramot.
A jatek minden egyes inditasakor a trajekt6riat
letoroltilk, az abran igy a 200. trajekt6ria lat-
hat6.


Ha a hisztogram teglalapjainak magassagat
osztjuk a kiserletsorozatok szamaval Qelen
esetben 200-zal), akkor a kUlonbozo nyere-
menyek relativ gyakorisagait kapjuk, melyek a
nagy szamok tarvenye alapjan a val6szinuse-
gek korilli ertekeket adjak. Ennek a m6dositott
hisztogramnak a kepe lathat6 a 4. abran, a
hatterben a smrke oszlopok pedig az (I) altai
meghatarozott elmeleti eloszlas hisztogramja.


3. A centralis hatareloszlas tetel


~ centralis hatareloszlas tetelek a normalis
~ eloszlas szerepet mutatjak. A centra lis
hatareloszlas tetel alapjan az 1Jn' bolyongas
standardizaltja eloszlasban konvergal a stan-
dard normalis eloszlashoz.
Kepletben


lim p( 1Jn - n{p- q) < x) = <1>(x) ,
n->~ l ~4npq


ahol


<1>{x) = -b JXe-t2/2dt, -00 < x < 00,


..;2n _~
a standard norma lis eloszlasfUggveny. igy ha
x-nek egy Ax sugaru kornyezetet vizsgaljuk,
akkor


lim p(x - Ax :S 1Jn - n{p- q) < x + Ax) =
n->~ ~4npq


x+Ax
= J q>{t) dt ,


x-Ax


(t) - 1 -t2/2 tq> - r;;- e , -00 < < 00,
",2n


a standard normalis sUrUsegfUggveny,aminek
a grafjat szokas haranggorbenek nevezni.


\
\ !
\/


Szamit6geppel a (2) kepletet szemleltetjUk.
(A programban n-t kOrillbelUI80 es 100 ko-
zott erdemes megvalasztani.) A standardizalt
bolyongas (azaz 1Jn - nIp - q) / ..J 4npq ) trajek-
t6riait abrazoljuk. Hasonl6an a bolyongashoz,
itt is vizsgaljuk, hogy egy trajekt6ria hol
"csap6dik be". A "becsap6dasi falat" osszuk
fel 2Ax hosszusagu intervallumokra! Szamoljuk
meg, hogy a trajekt6riak becsap6dasi pontjai
hanyszor esnek az egyes reszintervallumokba,
s az eredmenyt abrazoljuk egy hisztogramon!
Az 5. abra a szimmetrikus bolyongas eseten
200 trajekt6riab61 kialakult hisztogramot mu-
tatja.


Ha a hisztogramot ugy normaljuk, hogy az
oszlopok osszterillete eppen 1 legyen, akkor a
sUrUseghisztogramot kapjuk. Ekkor az egyes
oszlopok terillete eppen az illeto intervallumba
eses relativ gyakorisaga. A (2) keplet alapjan
(nagy n es nagy ismetlesszam eseten) az egyes
oszlopok terillete kozelitoleg a q> haranggorbe
alatti terillettel egyenlo. Ezt ugy tudjuk szemlel-
tetni, ha a sUrUseghisztogramotosszehasonlit-
juk az elmeleti haranggorbevel. (Lasd 6. abra!)







Megjegyezztik, hogy mind a harom targyalt
esetben a bolyongas trajekt6riait vizsgaltuk.
Amikor ezt normalas nelktil tetttik, akkor n
novelesevel a trajekt6riak "szettertiltek" (3. es
4. abra). Amikor a nagy szamok torvenyenek
megfelel6en normaltunk (azaz n-nel osztot-
tunk), akkor a trajekt6ria egy ponthoz (a var-
hat6 ertekhez) tartott (1. es 2. abra). Amikor
pedig a centralis hatareloszlas tetelnek megfe-
lel6en normaltunk (azaz .In -nel osztottunk),
akkor a trajekt6riak n novelesevel a harang-
gorbenek megfelel6 suruseggel haladtak. Igen
fontos arra is ramutatni, hogy amig a nagy
szamok torvenye egyetlen trajekt6riaval is
szemleltethet6 (hiszen az' er6s torveny majd-
nem biztos konvergenciat allit), addig a centra-
lis hatareloszlas tetelbeli torvenyszeruseg nagy
szamu "hosszu" trajekt6ria altai alakul csak ki
(hisz ott eloszlasban val6 konvergenciar61 van
sz6).


3. Tovabbi temakorok


1\ z erdekl6d6 kollegaknak javasoljuk az
~ alabbi tetelek szamit6gepes szemleltete-
senek kialakitasilt is.
Az iteralt logaritmus tetel (5):


p[ lim 1Jn - n(p - q) = 1J = 1
n~~ ~4pq~2nlog!ogn


p( lim 1Jn - n(p - q) = -1) - 1
~ ~4pq~2nloglogn -.


A MA TEMA TIKA TANITAsA


Ez a tetel durvan azt jelenti, hogy a fenti m6-
don normalt trajekt6ria a (-1, 1) silvot "jarja
be".


Az arkusz szinusz torvenyek a szimmetrikus
bolyongasra (I. [31. (4)).Az utols6 visszateresre
vonatkoz6 arkusz szinusz torveny szerint: egy
szimmetrikus bolyongast vegz6 reszecsket 2n
id6pontig vizsgalva, annak val6szinusege, hogy
a reszecske utoljara a 2k-adik id6pillanatban


(2k )(2n - 2k)
ter vissza az orig6ba k 2n- k (k = 0 12 n ' ,


... , n). A hosszU vezetesre vonatkoz6 arkusz
szinusz torveny szerint: egy szimmetrikus bo-
Iyongast vegz6 reszecsket 2n id6pontig vizs-
galva, annak val6szinusege, hogy a reszecske2k egysegnyit a pozitiv, 2n - 2k egysegnyit a


(~k)(2~=~k)
negativ oldalon tolt ~--'--'~--"-, ahol


22n


k = 0, 1, ..., n. Ezen tetelek alapjan azt is
mondhatjuk, hogy ket, egyforman er6s jatekos
eseten az, hogy az utols6 egyenlites a jatek
kozepe kortil kovetkezzek be, illetveaz, hogy a
jiltek folyaman mindket jiltekos nagyjab61egy-
forma ideig vezessen, viszonylag kicsi.


A homogen szeriak hossza. Erd6s es Renyi
egy tetele szerint egy szabalyos ermevel n-szer
dobva, a leghosszabb "tiszta fej"-blokk hossza
aszimptotikusan log2n ([11. (6)).


A szerz6k szivesen fogadjak a kollegak esz-
reveteleit, ill. szemelyes tapasztalatait.
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Pure powers in recurrence sequences


KÁLMÁN LIPTAI⋆ and TIBOR TÓMÁCS


Abstract. Let G be a linear recursive sequence of order k satisfying the recursion


Gn=A1Gn−1+···+AkGn−k. In the case k=2 it is known that there are only finitely many


perfect powers in such a sequence.


Ribenboim and McDaniel proved for sequences with k=2, G0=0 and G1=1 that in


general for a term Gn there are only finitely many terms Gm such that GnGm is a perfect


square. P. Kiss proved that for any n there exists a number q0, depending on G and


n, such that the equation GnGx=wq in positive integers x,w,q has no solution with x>n


and q>q0. We show that for any n there are only finitely many x1,x2,...,xk,x,w,q positive


integers such that GnGx1
···Gxk


Gx=wq and some conditions hold.


Let R = R(A,B,R0, R1) be a second order linear recursive sequence
defined by


Rn = ARn−1 + BRn−2 (n > 1),


where A, B, R0 and R1 are fixed rational integers. In the sequel we assume
that the sequence is not a degenerate one, i.e. α/β is not a root of unity,
where α and β denote the roots of the polynomial x2 − Ax − B.


The special cases R(1, 1, 0, 1) and R(2, 1, 0, 1) of the sequence R is called
Fibonacci and Pell sequence, respectively.


Many results are known about relationship of the sequences R and
perfect powers. For the Fibonacci sequence Cohn [2] and Wylie [23] showed
that a Fibonacci number Fn is a square only when n = 0, 1, 2 or 12. Pethő
[12], furthermore London and Finkelstein [9,10] proved that Fn is full cube
only if n = 0, 1, 2 or 6. From a result of Ljunggren [8] it follows that
a Pell number is a square only if n = 0, 1 or 7 and Pethő [12] showed
that these are the only perfect powers in the Pell sequence. Similar, but
more general results was showed by McDaniel and Ribenboim [11], Robbins
[19,20] Cohn [3,4,5] and Pethő [15]. Shorey and Stewart [21] showed, that
any non degenerate binary recurrence sequence contains only finitely many
perfect powers which can be effictively determined. This results follows also
from a result of Pethő [14].


⋆
Research supported by the Hungarian National Research Science Foundation, Operating


Grant Number OTKA T 16975 and 020295.
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Another type of problems was studied by Ribenboim and McDaniel.
For a sequence R we say that the terms Rm, Rn are in the same square-
class if there exist non zero integers x, y such that


Rmx2 = Rny2,


or equivalently


RmRn = t2,


where t is a positive rational integer.


A square-class is called trivial if it contains only one element. Riben-
boim [16] proved that in the Fibonacci sequence the square-class of a Fi-
bonacci number Fm is trivial, if m 6= 1, 2, 3, 6 or 12 and for the Lucas
sequence L(1, 1, 2, 1) the square-class of a Lucas number Lm is trivial if
m 6= 0, 1, 3 or 6. For more general sequences R(A,B, 0, 1), with (A,B) = 1,
Ribenboim and McDaniel [17] obtained that each square class is finite and
its elements can be effectively computed (see also Ribenboim [18]).


Further on we shall study more general recursive sequences.


Let G = G(A1, . . . , Ak, G0, . . . , Gk−1) be a kth order linear recursive
sequence of rational integers defined by


Gn = A1Gn−1 + A2Gn−2 + · · · + AkGn−k (n > k − 1),


where A1, . . . , Ak and G0, . . . , Gk−1 are not all zero integers. Denote by
α = α1, α2, . . . , αs the distinct zeros of the polynomial xk − A1x


k−1 −
A2x


k−2−· · ·−Ak. Assume that α,α2, . . . , αs has multiplicity 1,m2, . . . ,ms


respectively and |α| > |αi| for i = 2, . . . , s. In this case, as it is known, the
terms of the sequence can be written in the form


(1) Gn = aαn + r2(n)αn
2 + · · · + rs(n)αn


s (n ≥ 0) ,


where ri(i = 2, . . . , s) are polynomials of degree mi − 1 and the coeffi-
cients of the polynomials and a are elements of the algebraic number field
Q(α,α2, . . . , αs). Shorey and Stewart [21] prowed that the sequence G does
not contain qth powers if q is large enough. This result follows also from [7]
and [22], where more general theorems where showed.


Kiss [6] generalized the square-class notion of Ribenboim and McDaniel.
For a sequence G we say that the terms Gm and Gn are in the same qth-
power class if GmGn = wq, where w, q rational integers and q ≥ 2.


In the above mentioned paper Kiss proved that for any term Gn of the
sequence G there is no terms Gm such that m > n and Gn, Gm are elements
of the same qth-power class if q sufficiently large.







Pure powers in recurrence sequences 37


The purpose of this paper to generalize this result. We show that the
under certain conditions the number of the solutions of equation


GnGx1
Gx2


· · ·Gxk
Gx = wq


where n is fixed, are finite.
We use a well known result of Baker [1].


Lemma. Let γ1, . . . , γv be non-zero algebraic numbers. Let M1, . . . ,Mv


be upper bounds for the heights of γ1, . . . , γv , respectively. We assume that


Mv is at least 4. Further let b1, . . . , bv−1 be rational integers with absolute


values at most B and let bv be a non-zero rational integer with absolute


value at most B′. We assume that B′ is at least three. Let L defined by


L = b1 log γ1 + · · · + bv log γv,


where the logarithms are assumed to have their principal values. If L 6= 0,
then


|L| > exp(−C(log B′ log Mv + B/B′)),


where C is an effectively computable positive number depending on only


the numbers M1, . . . ,Mv−1, γ1, . . . , γv and v (see Theorem 1 of [1] with
δ = 1/B′).


Theorem. Let G be a kth order linear recursive sequence satisfying


the above conditions. Assume that a 6= 0 and Gi 6= aαi for i > n0. Then


for any positive integer n, k and K there exists a number q0, depending on


n,G,K and k, such that the equation


(2) GnGx1
Gx2


· · ·Gxk
Gx = wq (n ≤ x1 ≤ · · · ≤ xk < x)


in positive integer x1, x2, . . . , xk, x, w, q has no solution with xk < Kn and


q > q0.


Proof of the theorem. We can assume, without loss of generality,
that the terms of the sequence G are positive. We can also suppose that
n > n0 and n sufficiently large since otherwise our result follows from [20]
and [7].


Let x1, x2, . . . , xk, x, w, q positive integers satisfying (2) with the above
conditions. Let εm be defined by


εm :=
1


a
r2(m)


(α2


α


)m


+
1


a
r3(m)


(α3


α


)m


+ · · ·+
1


a
rs(m)


(αs


α


)m


(m ≥ 0).
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By (1) we have


(1 + εn) (1 + εx)


k
∏


i=1


(1 + εxi
) ak+2αn+x+x1+···+xk = wq


from which


(3)


q log w = (k + 2) log a +


(


n + x +


k
∑


i=1


xi


)


log α + log (1 + εn)


+ log (1 + εx) +
k
∑


i=1


log (1 + εxi
)


follows. It is obvious that x < n + x +
k
∑


i=1


xi < (k + 2)x. Using that


log |1 + εm| is bounded and lim
m→∞


1
a
ri(m)


(


αi


α


)m
= 0 (i = 2, . . . , s), we


have


(4) c1


x


q
< log w < c2


x


q


where c1 and c2 are constants.
Let L be defined by


L :=


∣


∣


∣


∣


log
wq


GnGx1
Gx2


· · ·Gxk
aαx


∣


∣


∣


∣


= |log (1 + εx)| .


By the definition of εx and the properties of logarithm function there exists
a constant c3 that


(5) L < e−c3x.


On the other hand, by the Lemma with v = k + 4,Mk+4 = w,B′ = q and
B = x we obtain the estimation


(6) L=


∣


∣


∣


∣


q log w−log Gn−


k
∑


i=1


log Gxi
−log a−x log α


∣


∣


∣


∣


>e−C(log q log w+x/q)


where C depends on heights. By xk < Kn heights depend on Gn, . . . , GKn,
i.e. on n,K, k and on the parameters of the recurrence. By (4), (5) and (6)
we have c3x < C(log q log w + x/q) < c4 log q log w, i.e.


(7) x < c5 log q log w
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with some c3, c4, c5. Using (4) and (7) we get c6q log w < x < c5 log q log w,
i.e. q < c7 log q, where c6 and c7 are constants. But this inequality does not
hold if q > q0 = q0(G,n,K, k), which proves the theorem.
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Strong laws of large numbers for pairwise independent
random variables with multidimensional indices


By ISTVÁN FAZEKAS (Debrecen) and TIBOR TÓMÁCS (Eger)


Abstract. Pairwise independent random variables with multidimensional indices
are studied. The Kolmogorov and the Marcinkiewicz strong laws of large numbers and
Spitzer’s theorem are proved in the case of exponent r ≤ 1.


1. Introduction


Several papers are devoted to the study of the strong law of large
numbers for non independent random variables (see e.g. Révész [14] and
Csörgő, Tandori and Totik [1]). Etemadi [2] proved that the Kol-
mogorov strong law of large numbers holds for identically distributed and
pairwise independent random variables. Kruglov [11] extended that
result and obtained the Marcinkiewicz strong law of large numbers and
Spitzer’s theorem in the pairwise independent case if r < 1.


On the other hand, the strong law of large numbers has been extended
to the case where the index set is the positive integer d-dimensional lattice
points (see e.g. Gut [6], Klesov [9] and [10], Fazekas [3]). Moreover, the
assumption of identical distribution can also be weakened. Among others
Hu, Móricz and Taylor [8], Gut [7] and Fazekas [4] used domination
of distributions instead of identical distribution.


Mathematics Subject Classification: 60F15.
Key words and phrases: strong law of large numbers, pairwise independent random


variables, multidimensional indices.
This research was supported by Hungarian Foundation for Scientific Researches under
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In this paper the Kolmogorov and the Marcinkiewicz strong laws (if
0 < r < 1) are proved for pairwise independent identically distributed
random variables with multidimensional indices. Spitzer’s theorem is ob-
tained for pairwise independent dominated random variables with multi-
dimensional indices. Our theorems in sections 3 and 4 are extensions of
Theorems 1 and 2 of Kruglov [11]. Some parts of our theorems have
been proved in Etemadi [2]. In section 5 we prove Spitzer’s theorem (for
r < 1) for weakly mean dominated random variables without assuming
any independence.


We remark that there is a huge literature of laws of large numbers for
mixing sequences (see e.g. Rio [15]) and for Banach space valued random
variables (see e.g. Fazekas [3], Nguyen Van Giang [12] for the multiin-
dex case). However, in this paper we concentrate on real-valued pairwise
independent random variables.


2. Notation and preliminary lemmas


Let Nd be the positive integer d-dimensional lattice points, where d


is a positive integer. For n, m ∈ Nd, n ≤ m is defined coordinatewise,
(n, m] =


∏d
i=1(ni,mi] is a d-dimensional rectangle and |n| =


∏d
i=1 ni,


where n = (n1, . . . , nd), m = (m1, . . . , md).
∑
n will denote the summa-


tion for all n ∈ Nd. 1 = (1, . . . , 1) ∈ Nd. I(A) denotes the indicator func-
tion of the set A. We shall assume that random variables (r.v.’s) {Xn, n ∈
Nd} are defined on the same probability space (Ω,A,P ). E stands for
the expectation. The following notation will be used: Sn =


∑
k≤nXk,


X+
n = max{0, Xn}, X−


n = max{0,−Xn}. Obviously, Xn = X+
n − X−


n ,
|Xn| = X+


n +X−
n . Different constants will be denoted by the same letter c.


The following two lemmas are proved e.g. in Gut [6] and in Faze-


kas [3].


Lemma 2.1. Let X be a r.v. For r > 0 the following statements are


equivalent:


1) E
(
|X|r (


log+ |X|)d−1
)


< ∞,


2)
∑
n
|n|αr−1P (|X| ≥ |n|αε) < ∞, for any α > 0, ε > 0.


Proof. We show 1) ⇒ 2) in a particular case because later we shall
use the inequality obtained. Let d(k) = Card


{
n : n ∈ Nd, |n| = k


}
and
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M(x) =
∑


k≤x d(k) (here k is a positive integer and x is a positive real


number). It is known that M(x) ∼ const.x
(
log+ x


)d−1
, where log+ de-


notes the positive part of function log. We have


∑
n


P (|X| ≥ |n|) =
∑
n


∑


i≥|n|
P (i ≤ |X| < i + 1)


=
∑


i


M(i)P (i ≤ |X| < i + 1)


≤ c
∑


i


i
(
log+ i


)d−1
P (i ≤ |X| < i + 1) ≤ cE


(
|X| (log+ |X|)d−1


)
.


Lemma 2.2. Let {Xn,n ∈ Nd} be a sequence of identically dis-


tributed (i.d.) r.v.’s, 0 < r < p ≤ 2, ε > 0 and define


Yn = XnI
{|Xn| ≤ ε|n|1/r


}
. If


E
(
|X1|r


(
log+ |X1|


)d−1
)


< ∞,


then
∑
n


E
∣∣∣|n|−1/rYn


∣∣∣
p


< ∞.


Several classical theorems for identically distributed random variables
remain valid for non identically distributed case if an appropriate domina-
tion condition is assumed. We shall use the so called weak mean domina-
tion (see e.g. Gut [7]).


Definition 2.3. It is said that the sequence {Xn, n ∈ Nd} is weakly
mean dominated by the r.v. X if, for some 0 < c < ∞,


(WMD)
1
|n|


∑


k≤n
P (|Xk| > x) ≤ cP (|X| > x)


for all n ∈ Nd and x > 0.
Besides truncation, we shall use the following operations on r.v.’s. Let


Z be a r.v., λ > 0, then define


(2.1) Z(λ) = |Z|I {|Z| > λ}
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and


(2.2) Z∗(λ) = |Z|I {|Z| ≤ λ}+ λI {|Z| > λ} .


The following lemma is a variant of Lemma 2.1 of Gut [7]. (See also
Lemma 2.7 of Fazekas [4]).


Lemma 2.4. Let {Xn, n ∈ Nd} be weakly mean dominated by X.


Let p > 0, λ > 0, and let Xn(λ) and X∗
n(λ) be defined according to (2.1)


and (2.2), respectively. Then


1
|n|


∑


k≤n
E (X∗


k(λ))p ≤ cE (X∗(λ))p
,(2.3)


and
1
|n|


∑


k≤n
E (Xk(λ))p ≤ cE (X(λ))p


.(2.4)


Proof. For a non-negative r.v. Y we have EY p=p
∞∫
0


yp−1P (Y >y)dy.


By this equality and condition (WMD) it follows that


1
|n|


∑


k≤n
E (X∗


k(λ))p =
1
|n|


∑


k≤n
p


∫ ∞


0


yp−1P (X∗
k(λ) > y) dy


= p


∫ λ


0


yp−1 1
|n|


∑


k≤n
P (|Xk| > y) dy


≤ p


∫ λ


0


yp−1cP (|X| > y)dy = cE (X∗(λ))p
.


Therefore (2.3) is proved. Similarly, (2.4) follows, since


1
|n|


∑


k≤n
E (Xk(λ))p = p


∫ ∞


0


yp−1 1
|n|


∑


k≤n
P (Xk(λ) > y) dy


= p


∫ λ


0


yp−1 1
|n|


∑


k≤n
P (|Xk| > λ) dy


+ p


∫ ∞


λ


yp−1 1
|n|


∑


k≤n
P (|Xk| > y) dy
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≤ p


∫ ∞


0


yp−1cP (X(λ) > y)dy = cE(X(λ))p.


This completes the proof of Lemma 2.4.


Lemma. 2.5. Let {Xn, n ∈ Nd} be a sequence of pairwise inde-
pendent r.v.’s, and let {an, n ∈ Nd} be a sequence of positive numbers.
If {


an−v
an


: n ∈ Nd, v ∈ V


}


is a bounded set, where V = {v = (v1, . . . , vd) : vi ∈ {0, 1}} and


Sn
an


→ 0 almost surely (a.s.) as |n| → ∞,


then
∑
n


P (|Xn| ≥ an) < ∞.


The lemma follows from the Borel–Cantelli lemma for pairwise in-
dependent events (see e.g. Petrov [13] p. 214) by taking d-dimensional
differences.


Lemma 2.6 (Kronecker). Let xn and bn be non-negative numbers
(n ∈ Nd). Suppose that bm ≤ bn if m ≤ n and bn → ∞ if |n| → ∞. If∑
n xn is finite then


1
bn


∑


k≤n
bkxk → 0 as |n| → ∞.


The proof is the same as in the case d = 1.


3. A general a.s. convergence theorem


The following result is a generalization of Theorem 1 of Kruglov [11].


Theorem 3.1. Let {Xn, n ∈ Nd} be a sequence of non-negative r.v.’s,
and let {bn, n ∈ Nd} be a bounded sequence of non-negative numbers, and
Bn =


∑
k≤n


bk. If


(3.1)
∑
n


1
|n|P


(
|Sn −Bn| > ε|n|1/r


)
< ∞
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for every ε > 0, where 0 < r ≤ 1, then


(3.2)
1


|n|1/r
(Sn −Bn) → 0 a.s. as |n| → ∞.


Proof. Fix α > 1, ε > 0, denote the integer part of αni by kni


(i = 1, . . . , d) and let kn = (kn1 , . . . , knd
). It follows from the inequalities


∑
n


|kn+1 − kn|
|kn+1| min


k∈(kn,kn+1]
P


(
|Sk −Bk| > ε|k|1/r


)


≤
∑
n


∑


k∈(kn,kn+1]


1
|k|P


(
|Sk −Bk| > ε|k|1/r


)


≤
∑
n


1
|n|P


(
|Sn −Bn| > ε|n|1/r


)


and condition (3.1) that there exists a sequence mn = (mn1 , . . . , mnd
),


αni < mni ≤ αni+1 (i = 1, . . . , d) such that the series


(3.3)
∑
n


P
(
|Smn −Bmn | > ε|mn|1/r


)


converges. By the Borel–Cantelli lemma, convergence of the series (3.3)
implies


(3.4)
1


|mn|1/r
|Smn −Bmn | ≤ ε


except for finitely many values of mn a.s. For any t ∈ Nd there exists an
index n ∈ Nd such that t ∈ (mn,mn+1]. By non-negativity of Xk we
have


(3.5)


1
|t|1/r


(Bmn −Bt) +
1


|t|1/r
(Smn −Bmn) ≤ 1


|t|1/r
(St −Bt)


≤ 1
|t|1/r


(
Smn+1 −Bmn+1


)
+


1
|t|1/r


(
Bmn+1 −Bt


)
.


Put b = sup
n


bn and observe that


1
|t|1/r


(Bt −Bmn) ≤ (
α2d − 1


)
bα(1−1/r)


Pd
i=1 ni ≤ (


α2d − 1
)
b
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and


1
|t|1/r


(
Bmn+1 −Bt


) ≤ (
α2d − 1


)
b,


as 0 < r ≤ 1. In view of the inequality |t|−1/r ≤ α2d/r|mn+1|−1/r, (3.4)
and (3.5) give


1
|t|1/r


|St −Bt| ≤ εα2d/r +
(
α2d − 1


)
b


except for finitely many t a.s. For any δ > 0 we can find an ε > 0 and an
α > 1 such that εα2d/r +


(
α2d − 1


)
b < δ. Therefore (3.2) is proved.


4. Kolmogorov’s SLLN


The following result extends Theorem 2 of Kruglov [11] for multi-
index case.


Theorem 4.1. Let {Xn, n ∈ Nd} be a sequence of pairwise indepen-


dent r.v.’s. Assume that


1) supnE|Xn| < ∞,


2) condition (WMD) is satisfied with a r.v. X such that


E
(
|X| (log+ |X|)d−1


)
< ∞. Then


(4.1)
1
|n| (Sn −ESn) → 0 a.s. as |n| → ∞,


moreover, for any ε > 0


(4.2)
∑
n


1
|n|P


(|Sn −ESn| > ε|n|) < ∞.


Proof. First we prove (4.2). Put Yk = XkI {|Xk| ≤ |n|}, k ≤ n,
Tn =


∑
k≤n Yk. Remark that pairwise independence of Xk implies that


of Yk. Condition 2) and (2.3) in Lemma 2.4 (with λ = |n|, p = 2) imply
the inequality


1
|n|


∑


k≤n
EY 2


k ≤ c|n|2P (|X| > |n|) + cE
(
X2I {|X| ≤ |n|}) .







156 István Fazekas and Tibor Tómács


Further, we have


∑
n


1
|n|3 D2Tn =


∑
n


1
|n|3


∑


k≤n
D2Yk ≤


∑
n


1
|n|3


∑


k≤n
EY 2


k


≤ c
∑
n


P (|X| > |n|) + c
∑
n


1
|n|2 E


(
X2I {|X| ≤ |n|}) .


Obviously


P (|Sn −ETn| > ε|n|)≤P (|Tn −ETn| > ε|n|) + P


( ⋃


k≤n
{|Xk| > |n|}


)
.


Therefore, by the Chebyshev inequality, Lemma 2.1 and Lemma 2.2, we
have


∑
n


1
|n|P (|Sn −ETn| > ε|n|)


≤ 1
ε2


∑
n


1
|n|3 D2Tn +


∑
n


1
|n|


∑


k≤n
P (|Xk| > |n|)


≤ c


(
1 +


1
ε2


) ∑
n


P (|X| > |n|) +
c


ε2


∑
n


1
|n|2 E


(
X2I {|X| ≤ |n|}) < ∞.


Hence (4.2) follows, since


1
|n| |ESn −ETn| ≤ 1


|n|
∑


k≤n
E


(
|Xk|I {|Xk| > |n|}


)


≤ cE
(
|X|I {|X| > |n|}


)
→ 0,


as |n| → ∞, by (2.4) in Lemma 2.4 (with λ = |n|, p = 1). Remark that
assumption 1) is not used to prove (4.2). Now we turn to (4.1). It follows
from the equality |Xn| = X+


n + X−
n and condition 2) that


1
|n|


∑


k≤n
P


(
X±
n > x


) ≤ cP (|X| > x)
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for all n ∈ Nd and x > 0. Therefore (4.2) holds with Xk replaced by X+
k


and X−
k . By Theorem 3.1 it follows that


1
|n|


∑


k≤n


(
X±
k −EX±


k


) → 0 a.s. as |n| → ∞.


Therefore (4.1) is proved.


Now we generalize Corollary 1 of Kruglov [11].


Corollary 4.2. Let {Xn,n ∈ Nd} be a sequence of pairwise indepen-


dent i.d.r.v.’s. The following statements are equivalent:


1) E|X1|
(
log+ |X1|


)d−1
< ∞,


2) |n|−1Sn → c a.s., where c is some constant,


3) for any ε > 0 and some b ≥ 0


∑
n


1
|n|P






∣∣∣∣∣
∑


k≤n


(|Xk| − b
)
∣∣∣∣∣ > ε|n|



 < ∞.


Proof. Theorem 4.1 implies 1) ⇒ 2) and 1) ⇒ 3) with b = E|X1|.
Implication 2) ⇒ 1) is a consequence of Lemma 2.5 and Lemma 2.1. It
remained to prove implication 3) ⇒ 1). By Theorem 3.1 we have


1
|n|


∑


k≤n
|Xk| → b a.s. as |n| → ∞.


So implication 3) ⇒ 1) follows from implication 2) ⇒ 1).


5. The Marcinkiewicz SLLN without assuming independence


It is known, that the Marcinkiewicz strong law of large numbers holds
for identically distributed r.v.’s with arbitrary dependence structure, if
0 < r < 1 (see e.g. Petrov [13], Chapter IV, Theorem 16). Now, we shall
prove Spitzer’s theorem and the Marcinkiewicz SLLN for non-independent
r.v.’s satisfying condition (WMD) if 0 < r < 1. (We remark, that the
following result is implicitly contained in the proof of Theorem 4.1 of
Fazekas [4].)
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Theorem 5.1. Let {Xn, n ∈ Nd} be weakly mean dominated by X


such that


E
(
|X|r (


log+ |X|)d−1
)


< ∞,


where 0 < r < 1. Then


∑
n


1
|n|P


(
|Sn| > ε|n|1/r


)
< ∞


for any ε > 0, and


Sn
|n|1/r


→ 0 a.s. as |n| → ∞.


Proof. Let Yk = XkI{|Xk| ≤ |n|1/r} for k ≤ n. Then


∑
n


1
|n|P


(
|Sn| > ε|n|1/r


)
≤


∑
n


1
|n|P


(
max
k≤n


|Xk| > |n|1/r


)


+
∑
n


1
|n|P


(∣∣∣
∑


k≤n
Yk


∣∣∣ > ε|n|1/r
)
.


By (WMD) and Lemma 2.1


∑
n


1
|n|P


(
max
k≤n


|Xk| > |n|1/r


)
≤


∑
n


1
|n|


∑


k≤n
P


(
|Xk| > |n|1/r


)


≤ c
∑
n


P
(
|X| > |n|1/r


)
< ∞.


Let δ > 0 such that r + δ < 1. Then by Markov’s and cp-inequalities and
Lemma 2.4


∑
n


1
|n|P






∣∣∣∣∣∣
∑


k≤n
Yk


∣∣∣∣∣∣
> ε|n|1/r



 ≤


∑
n


1
|n|


1
|n|(r+δ)/r


1
εr+δ


E


∣∣∣∣∣∣
∑


k≤n
Yk


∣∣∣∣∣∣


r+δ


≤
∑
n


1
|n|


1
|n|(r+δ)/r


1
εr+δ


∑


k≤n
E |Yk|r+δ ≤ c


∑
n


|n|−(r+δ)/rE |X ′|r+δ
,
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where X ′ = XI{|X| ≤ |n|1/r} + |n|1/rI{|X| > |n|1/r}. It is easy to see
that


E|X ′|r+δ =
∫ |n|(r+δ)/r


0


P
(|X|r+δ > x


)
dx


=
∫ 1


0


|n|(r+δ)/rsδ/r r + δ


r
P


(
|X| > |n|1/rs1/r


)
ds.


Now let 0 < % < δ/r and %0 = %/(d − 1) if d > 1. Then by the above
inequalities and the proof of Lemma 2.1 we get:


∑
n


1
|n|P






∣∣∣∣∣∣
∑


k≤n
Yk


∣∣∣∣∣∣
> ε|n|1/r



 ≤ c


∫ 1


0


sδ/r
∑
n


P
(
|X| > |n|1/rs1/r


)
ds


≤ c


∫ 1


0


sδ/rE
(
|X|rs−1


(
log+(|X|rs−1)


)d−1
)


ds


≤ c


∫ 1


0


sδ/rE
(
|X|rs−1


(
log+ |X|r + s−%0


)d−1
)


ds


≤ c


∫ 1


0


sδ/r−1−%E
(
|X|r (


log+ |X|)d−1
)


ds < ∞.


The following corollary is an extension of Theorem 3 of Kruglov [11].


Corollary 5.2. Let {Xn,n ∈ Nd} be a sequence of pairwise indepen-


dent i.d.r.v.’s and 0 < r < 1. The following statements are equivalent:


1) E|X1|r
(
log+ |X1|


)d−1
< ∞,


2)
∑
n |Xn|/|n|1/r is convergent a.s.,


3) |n|−1/rSn → 0 a.s.,


4) for any ε > 0


∑
n


1
|n|P


(∑


k≤n
|Xk| > ε|n|1/r


)
< ∞.
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Proof. First we prove implication 3) ⇒ 1). By Lemma 2.5 we have


∑
n


P
(
|X1| ≥ |n|1/r


)
< ∞.


So 1) is a consequence of Lemma 2.1. Implication 4) ⇒ 3) follows from
Theorem 3.1. Now we prove 1) ⇒ 2). Let Yn = XnI{|Xn| ≤ |n|1/r}.
Then by Lemma 2.2 we have


∑
nE


∣∣|n|−1/rYn
∣∣ < ∞.


That is
∑
n |n|−1/r|Yn| is integrable, so it is finite a.s. By Lemma 2.1∑


n P (Xn 6= Yn) < ∞ therefore Borel–Cantelli lemma implies 2). Impli-
cation 2) ⇒ 3) is a consequence of Lemma 2.6.
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OLEG KLESOV, ISTVAN FAZEKAS, CSABA NOSZALY, A:\D TlBOH. T6~IAcs


STRONG LAWS OF LARGE NUMBERS
FOR SEQUENCES AND FIELDS


A general method to obtain strong laws of large numbers is considered. The method
is extended to random fields. Several applications for dependent summands ar~ given.


O. Introduction
1. The general SLLN
2. Applications
3. The general SLLN for random fields
4. Applications for random fields


O. INTRODUCTION


In this paper, we show that a Hlijek-Renyi type inequality is a t:onscquence of an
appropriate maximal inequality for cumulative sums and that the latter automatically
implies the strong law of large numbers (SLLN). The most important is that we made no
restriction on the dependence structure of random variables. Several examples of appli-
cations are given. "Vedo not consider independent, orthogonal and stationary sequences
because results in these cases are well-known, however these are possible applications of
our general approach. We concentrate on superadditive moment structures, mixingales
and logarithmically weighted sums. Several other examples are given in Fazekas and
Klesov (1998).


The method is extended for random fields. The same type of applications are given as
for sequences. We remark that in the case of sequences our aim is to give unified simple
proofs of SLLN's. For fields, however, we obtain new results in the case of mixingales
and logarithmically weighted sums. A detailed discussion and several other examples are
given in Noszaly and T6macs (1999).


1. THE GENERAL SLLN


We shall use the following notation. X 11 X2, • •• will denote a sequence of random
variables defined on a fixed probability space. The partial sums of the random variables
will be Sn = E~=l Xi for n ~ 1 and So = O. A sequence {bn} will called nondecreasing if
bi ~ bi+l for i ~1. In the followingNo and N denote the set of nonnegative and positive
integers, respectively. Z denotes the set of all integers.


Our first theorem is a Hajek-Renyi type maximal inequality.
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Key words and phrases. Strong law of large numbers, maximal inequality, random field.
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Theorem 1.1. Let 13I, ... ,13n be a nondecreasing sequence of positive numbers. Let
ait ... ,an be non-negative numbers. Let r be a fixed positive number. Assume that for
each m·with 1 :5 m:5 n


E [ max 181/]r :5 tal.
1~I~m 1=1


E ['~nl;:11' $4t:;. (1.2)


Proof. \Ve can suppose that 131= 1. Let c > 1. Consider the following sets


A.i = {k : ci :5 13k < cHI}, i = 0,1,2,. '"


Grouping summands in (1.2) according to Ai'S, elementary considerations give the re-
sult. For details see Theorem 1.1 of Fazekas and Klesov (i998) and Theorem 3.1 of this
~ff. 0 .


OUf general strong law of large numbers is the following.


Theorem 1.2. Let b1, b2, •.• be a nondecreasing unbounded sequence o[ positive num-
bers. Let 0:1,0:2, . " be non-negative numbers. Let r be a fixed positive number. Assume
that for each n ~ 1 .


E [max 181/] r :5 ~'O!I'
1<I<n ,L-
- - 1=1


00
~ Q:I
L- br < 00
1=1 I


I· Sn 01m -b = a.s.
n-oo n


Proof. .Let {13n} be a sequence satisfying properties given in Lemma 1.2 below.
Theorem 1.1 implies that (1.2) is satisfied. Therefor.e


E [sup / ~I t] r :5 4f:~~< 00.
1~1 fJI 1=1 fJI


sup I~II< 00 a.s.
1~1 fJI


a.S. as 1 -t 00. 0


The following remark is often useful to check assumption (1.4) in Theorem 1.2.


Remark 1.1. Let r be a fixed positive number. Let b~ = nlS, n = 1
l
2, ... , where 0 > O.


Let O!} , (l:2, . .. be non-negative numbers, Ak = 0!1 + ... + Q'k for k ~ 1. If


o :5/ Sit = /SI / PI < {sup / 811} 131-t 0,
hi PI bl 1~1 131 bl


00 (1 1)LAI br - If < 00,
I=} I l+l


then (1.4) is fulfilled. 0







Le~ma 1.1. Let {Ak} be a sequence of nonnegative numbers, with E~l ~ < 00.


Then there exists a sequence {"Ik} such that
(i) "Ik::5 "Ik+l, k = 1,2, ... ,


(ii) limk-+oo"Ik = 00,


(iii) E~l ~ < 00,


(iv) limk-+oo~ = O.


Proof. If finitely many Ak'S are positive then the statement is obvious. Suppose that
there are infinitely many positive Ak. Let z = E~1 ~ and for i = 0, 1, ... , let ni be the
smallest integer such that E~ni ~ < ;.. Set Ai = {k : ni ::5 k < nHl} then delete the
emty sets Ai and reenumerate the sequence {Ai} so that the indices in the sequence of
the non-empty sets {Ai} be 0,1,2, .... Let "Ik = 2k-i/2 for k E Ai. Then property (iv)
is obvious. Property (Hi) follows from


ooA 00 00 00L 2. = L L Ak ::5L2i/2 L AZ ::5 Z L2-i/2 < 00.


k=1 "'Ik i=1 kEAi "'Ik i=1 k>ni 2 i=1


Property (i) has to be verified only for k = nHI - 1,i = 1,2, .... In this case "Ik+d"lk =
.;2 so (i) follows. This equality and the definition of "'Ik imply (ii) as well. 0


Lemma 1.2. Let {bk} be a nondecreasing unbounded sequence of positive numbe1·s. Let
{Qk} be a sequence of nonnegative numbers, with E~1 ~ < 00, where r > O. Then
there exists a sequence {,ad of positive numbers such that


(a) ,ak::5 ,ak+ll k = 1,2, ... ,
(b) limk-+oo,ak = 00,
(c) E~l ~ < 00,


(d) limk-+oo~ = O.


Proof. It is enough to prove for r = 1. Define a sequence {mil of positive integers as
follows


mi = max{m: bm :s 2i
}, i = 1,2, ... , mo = 0,


and set Bi = {mi-l + 1, ... , mil, for i= 1,2, .... Let Ai = EkEBi O.k. Since


~Qk=~~Qk>~A~
L- bk ~ L- bk -!-- 2'
k=1 \=lkEB, \=1


we get that E:l~ < 00. According to Lemma 1.1, there exists a sequence {'Yk}
satisfying conditions (i)-(iv) of that lemma. Now we put ,ak = "'Ii, for k E Bi. Properties
(a), (b) and (d) are obvious. Since


00 \ 00
~A' ~~ air.


00 > L- -.!. = L- L- -,
i=1 "'Ii_ i=1 kEBi ,air.


2. ApPLICATIONS


a. Sequences with superadditive moment function
A sequence of random variables {Xn, n ~ I} is said to have the r-th (r> 0) moment


function of superadditive structure if there exists a nonnegative function g(i,j) of two
arguments such that for all b > 0 and 1 ::5 k < k + l


g(b, k) + g(b + k,l) :s g(b, k + l)







E 18b,n Ir < ga(b, n), (2.1)
h 8 "b+n v 0 f 'b1 h-' r (..). (..) "Hi 2were b,n = L..,,1I=b+l .'\-11' ne 0 POSSI e c Olceslor 9 'L,J IS 9 'I.,) = L..,,1I=i+l all'


Under the superadditivity property Moricz (1976) proved that there exists a constant
Ar.a depending only on r and a such that


E [Tt; 18kl] r $ Ar,Qg~,


where gn = g(l, n). As 9n increases so we may- apply Theorem 1.2. For instance, put
0:1 = gf and Qk = 9'k - gk-l ~k > 1. Theorem 1.2 implies for any nondecreasing and
unbounded sequence {bn, n ~ I} that


1· 8n 01m - = a.s.
n-+oo bn


00 a Q


~ gn - gn-l <L--J br 00.
n=l n


\Ve also may give Marcinkiewicz-Zygmund SLLN for sequences with moment function
of superadditive structure.


Theorem 2.1. Assume that a sequence of random variables {Xn, n > I} has r-th mo-
ment function of superadditive structu1'e with r > 0, Q> 1. Let q > O. If


00 Q


'"' 9n~ l+!:<oo
n=1 n q


1· 871 01m -/- = a.s.
71.•.••00 nl q


Proof. By Remark 1.1, condition (2.3) is sufficient for (2.2) when bn = n1/q• 0
b. Mixingales
Introduced by McLeish (1975) mixingales have been investigated by several authors.


For example, Andrews (1988) and Hansen (1991) studied Lr (r > 1) mixinga1es defined
as follows. Let {3'n, n E Z} be a nondecreasing sequence of sub a-fields and {:Xn, n ~ I}
be a sequence of random variables. Put Em Xi = E (Xil3'm). A sequence (Xn,3'n) is an
Lr mbdngale if there exist nonnegative constants {ci,i > O} and {tPm,m ~ O} such that
V.'m 1 0 and for all i > 0 and m ~ 0 we have


(i) II Ei-m Xillr < CitPml
(ii) IIXi - Ei+m Xi IIr < CitPm+b


where lIellr = (E lelr)l/r for any random variable e. If (Xn, 3'n) is an Lr mixingale then
it is an L& mixingale for 1 < s $ r. Hansen (1991) got under condition L:'=l't/Jm -< 00


that for r ~ 2


E['r~ISkr ~0(1)(~q ),,2,
Vsing this inequality, Hansen (1991) obtains the SLLN:


1· 8n 01m - = a.s.
n-oo n


provided L cV k2 < oc and r ~ 2. It is clear that the above SLLN is an obviolls corollary
of inequality (2.4) with r = 2 and Theorem 1.2. On the other hand, Theorem 1.2 allows
one to obtain the following result.







Theorem 2.2. Let {Xn, n 2: 1} be an Lr mixingale, T > 2, and let 0 < q < 2. If2:::=1 tPm < 00 and


00 1 (k 2)r/2L 1+r. Lei < 00,
k=1 k q i=1


1· Sn 01m -/- = a.s.
n-+oo n1 q


Proof. By Theorem 1.2 and Remark 1.1, (2.4) and (2.5) imply the result. 0
c. Logarithmically weighted sums
The theorem below is a special case of a Mori (1993) result. This SLLN is useful for


proving almost sure central limit theorems (see e.g. Chuprunov and Fazekas (1999».


Theorem 2.3. Let for some /3> 0 and 0 > 0


lim _1_~Xk =0
n-+oo log n L- k


k=1


Proof Without loss of generality we may assume that 0 < /3 < 1. Using assumption (2.6)
and Lemma 2.1 below we get


[ .]2 ()'Y, X 40 n 1
E ~a:L kk ~ A2,'Y/f Lk '


k=1 k=1


where A2,'Y is a constant defined in Longnecker and Serfling (1977). Now we use 2::~=1t =
0(1) logn, as n -+ 00, to obtain


E ['1',r.' i;; ~k r :s: O(l)(logn)'.


Set On = (log(n + 1»'Y - (log np and note that limn-+oo (-yn -1 (log np-l / On = 1. There-
fore


00


"'"' OnL, (1 )2 < 00.
n=1 ogn


Therefore, Theorem 1.2 implies (2.7). 0







j


g(i,j) =I:~.
k=i


Then for any °< f3 < 1 and 1 < 'Y < 2
j k


"" ~ 1 1 2 'Y(' ') 0~ L- kl+{j ll-{j ::; {3g t, J .
k=i l=i


3. THE GENERAL SLLN FOR RANDOM FIELDS


Let d be a fixed positiye integer. Throughout the rest of the paper I, J, K, L, M and
.V denote elements of N8. If an element of Ng is denoted by a capital letter, then its
coordinates are denoted by the lower case of the same letter, i.e. N always means the
,"ector (nl,' .. , nd) E Ng. \Vealso use 1 = (1, ... , I) ENd and 0 = (0, ... ,0) E Ng. In Ng
we consider the coordinate-wise partial ordering: M ::;N means mi ::; ni, i = 1, ,d (
J[ < N means 111 ::; Nand N =f 111 ). N -+ 00 is interpreted as ni -+ 00, i = 1, , d,
limNaN is meant in this sense. In N8 the maximum is defined coordinate-wise (actually
we shall use it only for rectangles). If N = (nl, ... , nd) E Ng then (N) = n1=l ni.


A numerical sequence aN, N E N8, is called d-sequence. If aN is a d-sequence then
its difference sequence, i.e. the d-sequence bN for which EM<N bM = aN, N E Ng~ will
be denoted by AaN (i.e. AaN = bN). -


"\!l.'eshall say that a d-sequence aN is of product type if aN = n1=l a~J, where a~J
(ni = 0,1,2, ... ) is a (single) sequence for each i = 1, ... , d. Our consideration will be
confined to normalizing constants of product type: bN will always denote bN = IT:=l b~l,
where b~!, ni = 0,1,2"." is a nondecreasing sequence of positive numbers for each
i = 1, .. " d. In this case we shall say that bN is a positive nondecreasing d-scquence of
product type. Moreover, if for each i = 1, ... ,d the sequence b~l is unbounded, then bN


is called positive, nondecreasing, unbounded d-sequence of product type.
The random field will be denoted by XN, N E Ng. SN is the partial sum: SN =


LM<N XM for N E Ng. As XN is a field with lattice indices we shall say that XN, N E
Ng, i~ a d-sequence of random variables (r.v.'s). Remark that a sum or a maximum over
the empty set will be interpreted as zero ( i.e. ENE'H XN = maxNE'HXN = 0 if 1t = 0
). As usual, log+(x) = max{I,log(x)}, x> O.


The theorem below is a straightforward generalization of Theorem 1.1. Note that
there are several other ways to obtain maximal inequalities of this type: seeror example
I{lesov (1980).


Theorem 3.1. (Hajek-Renyi type maximal inequality.) Let N E Nd be fixed. Let r be
a positive real number, aM be a nonnegative d-sequence. Suppose that bM is a' positive,
nondecreasing d-sequence of product type. Then


lE{r~~ISLlr} ::; L aL 'riAl::; N
- L$M


E{~~ I~,,"!fIr} ::;4d I: ~r!l!lIJ·
- M$N'


Proof. 'Vithout loss of generality we can assume that bi = 1. Fix an N E Nd and for a
moment a real number c> 1. For I = (i) I' •• , id) E Ng let us define the set


Al = {J ENd: J::; Nand Cik::; b;:)'< Cik+l, k = 1, ... ,d}.







Dr = L aJ and K = max{ I Ar:/:- 0 }.
JEAr


AIr = max{ J : J E AI }
otherwise set All = O. Since UI5:.K AI covers the rectangle {AI E Nd !vI ~ N} so


JE{max ISM Ir} < L JE{max ISrlr}.
M5:,N bM - J5:.K IeAJ bI


By the definition of AI, M I and Dr we get


{
r}d d1::' -r L Dr II c-r(i",+l) ~
C I$K m=l


{1~:-rrL{L aJ} fI c-r(i_+1) $
r5:.K JEAr m=l


{ }d {}dcr aJ cr aJ
1- c-r L L 77:5 1-c-r L 77'


15:.K JEAr J J5:.N J


This proves the proposition because infc>l l~;-"= 4. 0
To prove our SLLN (i.e. Theorem 3.2) we shall use Theorem 3.1 and the following


lemma.


Lemma 3.1. Let aN be a nonnegative d-sequence and let bN be a positive, non decreasing,
unbounded d-sequence of product type. Su:ppose that EN·~ < +00 with a fixed real r > O.
Then there exists a positive, non decreasing, unbounded d-sequence PN of product type for
which


Hm {3N = 0 and
N bN


"" aNL....J {3r < +00.
N N


Proof. It is enough to prove for r = 1. If d = 1 then our proposition is Lemma 1.2. Let
d ~ 2. Then
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with Tnl = Ln2, .• ,nd nd a\lm). Applying Lemma 1.2, we get that there exists an un-
'"==2 Rm


bounded, positive, nondecreasing sequence {:J~1)so that


. {:J~1) 1
I~W = 0 and L (i)Tnl < +00.


bn nl {:Jnl


If we have already obtained {:J~m) for m = 1, ... , k, k < d, then replacing in the above
procedure bN by n~=l{:J~:)n1=k+l b~l and coordinate 1 by coordinate k + 1, we get
an appropriate /3,\k+l). Finally, by setting {:IN = ti~=l{:J~:),it obviously satisfies the
requirements. 0


The following theorem is an extension of Theorem 1.2.


Theorem 3.2. Let aN,bN be nonnegative d-sequences and let r > O. Suppose that b
Nis a positive, nondecreasing, unbounded d-sequence of product type. Then


,",aN
L.- br < +00
N N


1· SN 0Im- = a.s.
N bN


Pt"Oof Let {:JN be the sequence obtained in the previous lemma. According to Theo-
rem 3.1:


s'ill~:r < +00 a.s.


I


SNI = {:JNISNI < {:IN suplSKI
bN bN {:IN bN K {:JK


proves the theorem because limN ~ = O. 0


4. ApPLICATIONS FOR RANDOM FIELDS


a. Fields with superadditive moment structures


Definition 4.1. A d-sequence of random variables XN is said to have r-th moment
function of superadditive structure (MFSS) if


JE{ I L XK/


T


} ~ g(I, J)Q VI, J ENd,
I$K$J


where 9 is superadditive on Nd x Nd, r > 0 and Q > 1. A function 9 on Nd x Nd is said
to be superadditive if


g(l; (iI,· .. ,jm-I. k,jm+I. ... ,jd») + g(il, ... , im-l, k + 1, im+I. ... , id), J)







can be majorized by g(l, J) for any m = 1,... ,d and for any im :5 k < jm. 0


Remark that the notion of r-th MFSS was used by Moricz (1976). \Ve shall apply the
following result of Moricz (see Moricz (1983), Corollary 1 or Moricz (1977), Theorem 7).


Remark 4.1. Let r > 1,a > 1 and let 9 be nonnegative, superadditive function on
Nd x Nd. Let XN be a d-sequence of random variables such that (J..,fFSS) is satisfied.
Then there is a constant Ar,o,d for which


lE{iP~ ISKlr } :::; AT,o,d g(l, N)O "IN ENd. 0


One can easily verify that the above proposition is true in the case of 0 < r < 1, too.
We prove a Marcinkiewicz-Zygmund type SLLN for d-sequences with superadditive


moment structure. Theorem 4.1 is a generalization of Theorem 2.1. For the sake of
completness we start with a simple technical lemma on partial summation.


Lemma 4.1. Let aN, bN be nonnegative d-sequences such that bN = rma for some
a> O. Then


L( -l)dAN~bN+l < +00


N


where AN = EM$N aM. 0


Theorem 4.1. Let r > 0, a > 1 and suppose that XN has T-th AIFSS and ~g(l, N)Q
is nonnegative for any N E Nd. Then for arbitrary q > 0


"" g(l, N)O
~ (N)l+i < +00


1· SN 0Im--1 = a.s.
(N)'i


Proof. Using Remark 4.1 we get for all N E Nd that:


lE{kr~ISMlr} < Ar,o,d g(l, N)o.


Let bN = ~. Since n~=l{~ - 1:t}:::; C ~+:tfor some C > 0, so (4.1)
(N) 4 n:' (nm+1) 4 (N) 4


implies
L(-l)dg(l,N)O~bN+l < +00.


N
Finally, we apply Lemma 4.1 and Theorem 3.2 to obtain the result. 0


b. Logarithmically weighted sums
In the lemma below [xl, x ~ 0 denotes the integer part of x, i.e. [xl is the largest


integer for which [xl:::; x.


Lemma 4.2. (a) Let n E Nand 0 < /3 < 1. Then there is a constant Cd,/3 depending
only on d and /3 such that:


1 < C /3(1 + )d-l(M)l-/3 - d,/3 n og n .
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(b) Let 0 < f3 < 1, 1 < 'Y< 2 and I, M, J ENd, I < M < J. Then there is a constant
Cd,p depending only on d and f3 such that:


~ ~ 1 1 1 { 1 }'Y
L.i L.i (lU)l+f3 (log+ (M))d-l (K)l-f3 < Cd,P L (M) .


I<M<J ISKSJ I<M<J- - (KlS(Ml _ _


Proof (a) The case d = 1 is well known from elementary analysis. We prove by induction
on d. Suppose that the statement is true for d = J. Let n E Nand 0 < f3 < 1. Then


-.


n [':1] ("'lm; •••",/]
1 1L -r:::a L ... L ( )1-f3·


ml=l m1 m2=1 m/+l=l m2··· mJ


Now applying the hypothesis for [::1] we get that the above expression is majorized by:


n 1 [n ] f3 { [ n ] }f-1
n 1


Cf,fJ L 1=li ~ log+ ~ < CI,P nf3(log+ n)/-l L m $
ml=l mIll ml=l 1


CI.P nP(log+ n)f-1C log+ n


with certain C > 0 (here we used the fact [~ [!]] = [~] for a, b, c EN).
(b) In the case E1$M$J <1f) $ 1 we get that


L L (Af)I+fJ(log+(~l»d-l(K)1-fJ <I<M<J ISKSJ ~
- - (KlS(Ml


L L (M)!+fJ\KP-fJ $
I<M<J ISKSJ


- - (K)S(M)


1 { 1}2 { 1 }'YLLM $LT$L-·
I<M<J ISKSJ ()(K) I<M<J (~1) I<M<J (M)
- - (KlS(M) - - _ _


In the case El$M$J (1/) > 1 using part (a) and the simple fact







Theorem 4.2. Let XN, N ENd, be a d-sequence of random variables and suppose that
for some C > 0, {3> 0


1· 1 """" XK 01m d + L..J (K) =
N ni=11og ni K'5N


Proof· It is enough to prove for 0 < {3< 1. Let I ~ J. Then


{/ 1
2}IE L XK <2 L


I'5K'5J (K) - I'5L'5J


Let 1 < "t < 2. It follows from Lemma 4.2 (b) that


{ I X /2} { 1 }"YIE L -!S... < Dd~ L-
['5K'5J (K) - . ['5[,,'5.1 (L) ,


where Dd,l3 > 0 depends only on d and {3. Now, from Remark 4.1 we get that


where Cd,~,"y > 0 depends only on d, {3and T' l.From Jensen's inequality we have:


c. Mixingales ,_
Now we define multiindex Lr mixingales and prove an SLLN for a special class of such


mixingales.
Let XN and AN be a d-sequence of random variables and be a d-sequence of (7-


subalgebras, respectively. \Ve shall say that the pair (XN, AN) has property (ex) if


This property is widely used in the theory of multiindex martingales (see e.g. Fazekas
(1983».
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Definition 4.2. Let r ~ 1, (n,A, P) be a probability space, XN be a d-sequence of
random variables with finite r-th moment, AN (NE .zd) be a nondecreasing d-sequence
of a-subalgebras of A. The pair (XN, AM) is called Lr -mixingale if


(a) IllE(XNIAN-M)llr~CNifl_M if mi>O forsome i=I, ... ,d,


(b) IIXN -lE(XNIAN+M)/L < cNiflM if M ~ 0,


where CN (N ENd), iflN (N E Zd) are d-sequerices with iflN -+ 0 as ni -+ -00 for some
i = 1, ... , d, if!N -+ 0 as ni -+ 00 for each i = 1, ... , d, and there is a constant G > 0 for
which


iflM < GiflN
for any M, N E .zd with N - 1 < At[ ~ N.


The following lemma is a straightforward generalization of Lemma 1 and Lemma 2 of
Hansen (1991).


Lemma 4.3. (a) Let r > 2 and (XN,AM) be an Lr mixingale having property (ex).
Then there exists a constant Fr,d > 0 such that


1Il}'~ ISMIIL$ Fr,d L, {M'5;N IIX1:'lll:} t,
Kez _


where X~) = AIE(XMIAM_K) and here the difference is taken according to the subscript
of A while the subscript of X remains fixed.


(b) Let r ~ 2 and (XN, AM) be an Lr mixingale having property (ex) such that
LKEZ" if!K < +00. Then


1


11l}'~ISMIIL$ Cr.d{ MZ;N ct}'
for some Gr,d,


Proof. (a) Let N, K ENd. Then


L XfvM) = L AlE(XN/AN_M),
-K~M~K -K~M~K


which is equal to the difference oflE(XNIAL) (according the subscript L) on the rectangle
[N - K - 1, N + K]. By the definition of the Lr -mixingale, one can see that


JW { L x1Ml- XN } = 0 in Lr .
-K~M~K


Hence, using the triangle inequality in Lr I we get


11.w~ISMlllr = I/.w~ / L L Xi
K


)/lIr ~
- - L'5:M Kez"


IIff~ L /L xiK)/llr ~ L II ff~~I L xiK)llIr = (I).
- Kez" L~M KeZ" - L~M


Let K E Nd be fixed. With the help of property (ex) it is easy to check that the pair
(ZM I :FM) is martingale difference, where


ZM = x1:) and FM = AM-K-l.







Hence by the Doob and the Burkholder inequalities (see e.g. Burkholder (1966), :Metraux
(1978), Noszaly and T6macs (1999)) and by the triangle inequality in the space L}, we
have


(1) ~ Dr.d L II L Xl,K)lIr ~ Fr.d L II{ L !xiK)12}!Ilr =
KeZd LSN KEZd LSN


Fr,d L II{ L IXiK>12}11:~ Fr,d L {L IllxiK>r Ilr}!'
KE~ LSN ~ Ke~ LSN 1


(b) Let us consider xl,K). If km > 0 for some m = 1, ... ,d, then


IIxiK)lIr = II6.lE(XLIAL-K)llr :5 cL2dC'It_K.


Otherwise, if km ~ -1 for each m = I, ... ,d,' then by Definition 4.2,


II6.lE(XLIAL-K)llr ~ L IIXL -lE(XLIAM)IL:5 cL2dCW_K.
L-K-1SMSL-K


Hence, by part (a),


Illr~ ISMlll
r
< Fr,d L {L c122dC21l1:'K}! =


- KeZd LSN


L IlIN < 00 and
NeZd


1 { ., }~L HoC L Cf.[ < 00
NeNd (N) q MSN


1· SN 0Im--1 = a.s.
N (N)q


provided that the d-sequence CN is of product type.


Proof. Easy consequence of Theorem 3.2 and Lemma 4.3 (b). 0
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A MOMENT INEQUALITY


FOR THE MAXIMUM PARTIAL SUMS


WITH A GENERALIZED SUPERADDITIVE STRUCTURE


Tibor Tómács (EKTF, Hungary)


Abstract: F. A. Móricz, R. J. Serfling and W. F. Stout (1982) proved a moment


inequality with superadditive function. The theorem of this paper extends this result to


multidimensional sequence.


1. Notations


In the following Z, N, R and d denotes the set of integers, positive integers,


real numbers and a fixed positive integer. We define 1 = (1, 1, . . . , 1) ∈ N
d and


if k = (k1, k2, . . . , kd) ∈ Z
d, l = (l1, l2, . . . , ld) ∈ Z


d, ki ≤ li for each 1 ≤ i ≤ d


then k ≤ l. The k < l relation is defined similarly. If there exists an i index such


that ki ≥ li then we write k 6< l. Denote |k| =
∏d


i=1
ki and let {Xk : k ∈ N


d}
be a d-multiple sequence of random variables. Sn will denote the sum


∑


k≤n Xk if


n ∈ N
d, otherwise Sn = 0. Finally EX will denote the expectation of the random


variable X .


2. Preliminary results


Let g: N2 → R be a nonnegative function. If g(i, j)+g(j +1, k) ≤ g(i, k) for all
1 ≤ i ≤ j < k then we say that g is superadditive. F. A. Móricz, R. J. Serfling and
W. F. Stout (1982) proved the next theorem: If {Xl : l ∈ N} sequence of random
variables, α > 1, r ≥ 1, g is a superadditive function and


E


∣


∣


∣


∣


∣


j
∑


l=i


Xl


∣


∣


∣


∣


∣


r


≤ gα(i, j)


for all 1 ≤ i ≤ j integers then there exists a constant Aα,r (what depends on α and
r) such that for each n ∈ N


E


(


max
k≤n


∣


∣


∣


∣


∣


k
∑


l=1


Xl


∣


∣


∣


∣


∣


)r


≤ Aα,rg
α(1, n).
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F. A. Móricz (1983) generalized the definition of superadditive function for


d-dimension as follows. Let g: Nd × N
d → R be a nonnegative function. If


g(i, ĵ) + g(̂i, j) ≤ g(i, j), (2.1)


where i, j ∈ N
d, i ≤ j, 1 ≤ l ≤ d, il ≤ kl ≤ jl and


î = (i1, . . . , il−1, kl + 1, il+1, . . . , id),


ĵ = (j1, . . . , jl−1, kl, jl+1, . . . , jd)


then we say that the g is superadditive. F. A. Móricz (1983) proved the next
theorem what is generalization of the previous theorem. If g is a superadditive
function, α > 1, r ≥ 1 and


E


∣


∣


∣


∣


∣


∣


∑


i≤l≤j


Xl


∣


∣


∣


∣


∣


∣


r


≤ gα(i, j) (2.2)


for all i, j ∈ N
d, i ≤ j then there exists a constant Aα,r,d (what depends on α, r


and d) such that


E


(


max
k≤n


|Sk|


)r


≤ Aα,r,dg
α(1, n)


for all n ∈ N
d. This paper discuss another generalization.


2. Main result


Theorem. Let g: Nd × N
d → R be a nonnegative function, α > 1 and r ≥ 1.


Assume that for each 1 ≤ i ≤ j < k


g(i, j) + g(j + 1, k) ≤ g(i, k), (3.1)


and
E|Sj − Si−1|


r ≤ gα(i, j). (3.2)


Then


E


(


max
k≤n


|Sk|


)r


≤ Aα,rg
α(1, n) (3.3)


for all n ∈ N
d where Aα,r =


(


1 − 1


2(α−1)/r


)−r
.


Remark. This theorem is generalization of result of F. A. Móricz, R. J. Serfling and
W. F. Stout (1982). We remark that condition (2.1) implies (3.1) on the other hand
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if Xk (k ∈ N
d) nonnegative random variables then (3.2) implies (2.2) moreover the


constant is not depending on d.


Proof of Theorem. Assume that 1 < N = (N, N, . . . , N) ∈ N
d and n ∈ N


d where
n ≤ N and n 6< N . If |j| = 0 then let g(1, j) = 0. With these notations, since


g(i, j) ≤ g(i, j) + g(j + 1, k) ≤ g(i, k) ∀ 1 ≤ i ≤ j < k, (3.4)


there exists m ≥ 0 integer having the property that


g(1, m − 1) ≤
1


2
g(1, n) ≤ g(1, m), (3.5)


where m = n − m · 1. So if m < n then


1


2
g(1, n) + g(m + 1, n) ≤ g(1, m) + g(m + 1, n) ≤ g(1, n).


Consequently we have


g(m + 1, n) ≤
1


2
g(1, n), if m < n. (3.6)


Let us define sets
B = {k ∈ N


d : k < m}


C = {k ∈ N
d : k ≤ n, k 6< m, m 6< k}


D = {k ∈ N
d : m < k ≤ n}


Let k1 ∈ D such that |Sk
1
| = max


k∈D
|Sk|. If D = ∅ (other words m = n) then let


k1 = m. Let k2 ∈ C such that |Sk
2
| = max


k∈C
|Sk|. With these notations we have


max
k≤n


|Sk| = max{max
k<m


|Sk|, |Sk
1
|, |Sk


2
|} ≤


max{max
k<m


|Sk|, |Sm| + |Sk
1
− Sm|, |Sk


2
|} ≤


|Sk
2
| + max{max


k<m
|Sk|, |Sk


1
− Sm|} ≤


|Sk
2
| +


(


max
k<m


|Sk|
r + |Sk


1
− Sm|r


)1/r


. (3.7)


The Minkowski’s inequality states that


(E|X + Y |r)1/r ≤ (E|X |r)1/r + (E|Y |r)1/r
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where X, Y random variables and r ≥ 1. Therefore with X = |Sk
2
| and Y =


max
k≤n


|Sk| − |Sk
2
| substitutions the Minkowski’s inequality and (3.7) imply


E


(


max
k≤n


|Sk|
r


)1/r


≤
(


E|Sk
2
|r
)1/r


+


(


E


∣


∣


∣


∣


max
k<n


|Sk| − |Sk
2
|


∣


∣


∣


∣


r)1/r


≤


(


E|Sk
2
|r
)1/r


+


(


E(max
k<m


|Sk|
r) + E|Sk


1
− Sm|r


)1/r


. (3.8)


By condition (3.2) and (3.4) we get


(


E|Sk
2
|r
)1/r


≤ gα/r(1, k2) ≤ gα/r(1, n). (3.9)


An elementary computation shows that Aα,r ≥ 1 so (3.2), (3.4) and (3.6) imply


E|Sk
1
− Sm|r ≤gα(m + 1, k1) ≤ gα(m + 1, n) ≤


1


2α
gα(1, n) ≤ Aα,r


1


2α
gα(1, n), (3.10)


if D 6= ∅ (what means m < k1).


After these we prove the theorem by d-dimensional induction.


E(max
k≤1


|Sk|
r) = E|S1|


r ≤ gα(1, 1) ≤ Aα,rg
α(1, 1)


therefore n = 1 satisfies (3.3). Now, assume that (3.3) is true if n < N . Thus (3.5)
implies


E(max
k<m


|Sk|
r) ≤ Aα,rg


α(1, m − 1) ≤ Aα,r
1


2α
gα(1, n). (3.11)


Finally by (3.8), (3.9), (3.10) and (3.11) we obtain


E(max
k≤n


|Sk|
r)1/r ≤ gα/r(1, n) +


(


Aα,r
1


2α−1
gα(1, n)


)1/r


= A1/r
α,rgα/r(1, n)


therefore (3.3) is true for each n with n ≤ N and n 6< N . This completes the proof
of the theorem.
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ON THE ROSENTHAL INEQUALITY FOR MIXING FIELDS
llPO HEPIBHICTh P03EHTAJUI ,llJUI nOJIIB,
mO 3A,llOBOJIhHHIOTh YMOBH nEPEMIIIIYBAHHH
A proof of the Rosenthal inequality for ex-mixing random fields is given. The statements and proofs are
modifications of die ones presented in the papers of Doukhan and Utev.


LlOBell.eHOlIepiBllicTb P03eIlTaJl.llAJI.lIBHna/lKOBHXnOJIiB, UlO33./lOBOJlbll.llIOTbyMOBH ex-nepeMiwy-
naHIl.ll. TBePA)KeIfH.lITa IlOBeJlelfH.lIe MO/lH<piKa1ti.llMHTeopeM Ta 1l0Be/leJlb, JlaBe/lelfHXB po60Tax
LlyKxaHaTa YTeBa.


1. Introduction and results. Rosenthal's inequalities are important tools to prove
consistency of some estimators for weakly dependent random processes and fields (see
e. g. Fazekas and Kukush [1]). The first version of such inequalities was proved in
Rosenthal [2] for independent random variables. Rosenthal's inequalities for mixing
sequences were presented in Utev [3] and for mixing fields in Doukhan [4]. However,
Doukhan remarks that the proof of the interpolation lemma in Utev [3] is "not clear"
(see Doukhan [4, p. 27]). Actually, the first inequality in the expression preceding
(4.4) in Utev [3] seems to be not valid. Therefore, one can not use Lemma 4.1 of Utev,
so the extension of Rosenthal's inequality from positive even integer exponents to
arbitrary positive real exponents is an open problem. On the other hand, Doukhan [4]
presents Rosenthal's inequalities for (X-mixing and for <p-mixing fields. However, by
the opinion of the authors of the present paper there is a gap in the proof of Theorem 1
in Doukhan [4, p. 29] .


The aim of this paper is to give a version of Rosenthal's inequality for (X-mixing
fields. The results and proofs here are slight modifications of the ones in Doukhan [4]
and Utev [3]. The authors want to summarize what is clear in the above mentioned
papers concerning the topic. Similar considerations can be made in the <p-mixing case
(see also Remark 4 in Doukhan [4, p. 32]).


Let (n,:T, IP) be a probability space. Random variables are supposed to be


defined on (12, :T, IP ~ Let .9l and 'B be two cr -algebras in :T. The (X-mixing
coefficient is defined as follows,


The covariance inequality in Ihe (X-mixing case is the following (see, e. g. Doukhan
[4, p. 9])


!+.!.+.! = 1.
r p q
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Let I be the set of integer lattice points in jRd, d ~ I. jRd will be considered with


maximum norm and the distance generated by that norm. Let {Yt: tel} be a set of
random variables. The a -mixing coefficient of Y is


a y(r, Lt, v) = sup {a( .1i(' .1i
2


):


distance(lI,I2) ~ r, card(/I) ~ u, card(/2) ~ v},


where II and 12 are finite subsets in I, .1i. = cr{ Yt: t e Ii}' i = 1,2.,
Let T be a finite set in I. Introduce the following notation


L(J.l, £, 1) = L (1E1Y,1~+E)~/(~+E)= L IIY,II~+E'
teT teT


{


L(h,0, T), if O<h~l, £~O;


b(h,£,1) = L(h,e,T), if l<h~2, E~O;


max{L(h, e, T), [L(2, E,n]h/2}, if 2 < h, £ ~ O.


Let sr and br denote the number of points of I in a sphere with radius rand
center in I and in a ball with radius r and center in I, respectively: sr = card ( {t:
IItll = r}nI), br = card({t: 1It11~ r}nI). Let


-c~~Lu = 8u! (h - u -I)! (h -I)! L [ay (r, u, h - U)]E/(h+E) srb;-2.
r=1


The following theorem is a version of Theorem 1 in Doukhan [4, p. 26].
Assumptions here are stronger than those of Doukhan [4]. Explicit formulae for the
constants are given.


Theorem. Let I > 1 and £ > O. Let Yl' tel, be centered random variables
with lEI Y, I[+E < 00, tel. Let h be the smallest even integer with h ~ ~ 1.


Assume that c~~Lu < 00 for u = 1, ... , h - 1. Then there is a constant K (a)


such that


IE L Y, ~ K(a)D(l, E, 1),
te T


for any finite subset T of I.
Remark 1. Kea) does not depend on T but it depends on the mixing coefficients


and I: K(a) = Hka) C[, where
h-I h-?


H(a) - 1 + "'" c(a) + "",- (h) H(a) H(a)
h - £..J u.h-u £..J u u h-u '


u=1 u=2


where we suppose that 0 < £ < 1/2. If I is an even integer then one can put Cl = 1.
. .


Remark 2. Inequality (1) is always satisfied for 0 < I ~ 1 if we replace K(a)
with I.


Remark 3. The above result is valid in the following slightly more general setting.
If I is a regular pattern in IRd then sr should be replaced by sr = card ( {t: r- 1 <







< II t II ~ r} n I), i. e. sr denotes the number of points of I in a ring with radius r,
thickness 1 and center in I.


Remark 4. For d = 1, i. e. for mixing sequences see Doukhan [4, p. 26] .
2. Auxiliary results and interpolation lemma.
Lemma 1. Let L be a finite subset in a metric space (M, P ). Suppose that the


minimal distance of two non-empty complementary subsets of L is r. Then one
can choose two non-empty complementary subsets A and B in L such that the
distance of A and B is r and there exists a connected graph with edges not
longer than r and with set of vertices A, and the same for B.


Proof. Let s, t E U ~ L. We shall say that s is r -connected with t in U if
there exists a connected graph with edges not longer than r and with vertices in U,
moreover sand t are vertices of this graph. Let SI and S2 be two non-empty
complementary subsets of L such that p (SI ' S2) = r. Let tIE SI' t2 E S2 such that
P(tl,t2) = r. Let Sp> ~S; be the set of points r-connectedwith t; in Sj, i = 1,2.
Now, p({S}l} usil>},{(SI -s}I»U(S2 -sil})}) ~ r. But r is the maximal ~stance
between subsets of L, therefore either the second subset is empty or the distance is r.
In the first case we are ready. In the second case let S/l} ~ SI - sil> be the set of


points r-connected with sil} in (SI - sil}) U sil}. The definition of sjI> is similar.


Obviously S/I) U sjI) :F- 0. Now, consider (Sl - S/I» U sil} and (S2 - sil}) U S/l} .
The distance of these two sets is r. Moreover, in these sets the number of points r-


connected with tl in (SI'- SI(1)}Usil) or the number of points r-connected with t2


in (S2 - sjI» U Sl(l) is greater than at the starting situation. Repeating the above
procedure we obtain the result.


The following lemma is a version of Lemma 2 in Doukhan [4, p. 29]. There the
lemma is stated for even integer (a + b) with (a + b) ~ 2.


Lemma 2. If 0 ~ 0, a ~ 2 and b ~ 2 are real numbers then
D(a, 0, T)D(b, 0, T) ~ D(a + b, 0, T).


The proof will be based on Holder's inequality:


1. Let X and Y be real random variables. If p> 1 and q = pi (p -1) then


JE IX YI ~ IIX lip II Y II q'


Lv = L(v, 0, T),


Dv = D(v, 0, T),


X, = l'; EiI/2 for t E T,


Lv = L IIX, 1I~+5'
leT


D~ = ~ v (L;) v/2 if v ~ 2,


c = a + b.


L-----------------------------------







I:v = L (IEP'; L2112IV+/)r
/
(V+/) = CiV/2 Lv,


te r


D~ = CiV/2 Lv V L:i.V/2 L:i.12 = CiV/2 Dv' when v ~ 2, (4)


D~ = Cv v (r;) v12 = I:v vI, when v ~ 2 .


This equality implies for any a ~ 2 and b ~ 2


D; D; = L: L; v L: v L; v 1.
(a) First we assume that a> 2. Set


(e +B)(a - 2)
u = -----


e-2
and v = (2 + B)(e - a) .


e-2


Then u + v = a + B, hence, using (2) with p = e + Band q = 2 + B we obtain
u v


IEIXtla+~ =. E~Xtlu+v ~~IXtlulI(c+/)/uIIIXtlvlI(2+/)/v'
This inequality implies


ua avr=--- s=---
e(a + B) , 2(a + B) .


As 0 < r < ale < I, we can apply (3) with p = llr, q = 1/(l-r) to get from


(8)that L: ~ (L;YAI-r, where A = Lter IIXtlli~JI-r). As sl(l-r) ~ I, from


(5) we obtain A ~ I, therefore L: ~ (L;Y. Hence, if L: ~ I, then L; ~ 1.
Therefore, as 0 < r < a I e < I,


L: ~ (L;y ~ (L;.)alc ~ L;., if L: ~ I.


(a') Now, we concentrate on the case a> 2, b> 2. Then (9) is valid for b:


L; ~ (L;)hlc ~ L;, if L; ~ 1.


These inequalities imply L; L; ~ L; v 1. Therefore, using (7), (9), (10) and (6)
we have


D*D* < (T* 1) L* L* L* 1 D*a b - '"'cv V aV b = cV = c'


Hence, using (4), we get the statement.


(b) Now, we assume that a = b = 2. Then using (7), (5) and (6), we get


Di n; = 1 ~ 1v L~ = D;.
Hence, using (4), we obtain the statement.







D*D*- *<D*a 2 - Da - c'


Hence, using (4), we have the statement.
(d) Finally, if b> 2 and a = 2 then the proof is the same as in (c).
This completes the proof of Lemma 2.
The following interpolation lemma is a version of Lemma 4.4 of Utev [3] and


Lemma 1 in Doukhan [4, p. 27].
Let B be a separable Banach space with norm II II. Let F = {J), ... , J;,} be a


family of sub a-algebras of the a-algebra J', and 11 = {1l1' ... ,11 n} be a family of
centered random variables. The family 11 is said to be (F, B)-adapted if 11; is B-
valued and .7j-mesurable. We shall use the following notation:


~ ( II Ilv+S)V/(v+S) ~ II IlvM(v, 0, 11) = £.i lE 11; = £.i 11; v+S'
;=1 ;=1


if I ~ v ~ 2;


if v> 2,


where a v b = max {a, b }. I {A} denotes the indicator function of the set A.
Lemma 3. Assume that for some fixed real constants v ~ I, 0 > 0 and c ~ I


any (F, B)-adapted centered family 11 = {1l1' ... , 11n} satisfies


Set to = 1 V (v /2) v (v - 0). Then for any t with to ~ t ~ v and allY (F, B)-
adapted centered family <p = {<p I' ..., <p,') satisfies


E II~'1';II'$ <2'v-l Q{t, 0, '1').


We remark that c ~ I is the consequence of the other assumptions. In order to
prove the lemma we require the following known inequalities.


1. (Cp-inequality.) If x, Y E Band p ~ I then


IIx+yllP ~ IIxW} + lIyllP.
2. Let X be a B -valued random variable. If p ~ 1 then







where JEX is the Bochner integral.


3. If X is a B-valued random variable and 0 < q Sp then


IIXllq S IIXllp


j~ lajlP S (~Iajlr.


Proof of Lemma 3. Let q> = {q> I•... , q>,J be a centered (F, B)-adapted family
of random variables and to S t S v be a fixed constant. Set


Q = Q(t, a, q»,


Ql/tY = ,


Ti = q>i I { IIq>j II S y }, i = 1, , n,


Yj = q> j I {II q> j /I > y } , i = 1, , n,


'l' = {'l'I' ..., 'l'n},


~j = z ( 1111 ;Ilt/V - JE 1111 ;IIt/V ), where z e B, IIz II = 1, i = 1, ... , n,


~ = {~I'···' ~n}·


i S 1 and v ~ 1 so (13) and (12) imply
v


~ E (,t,II~;II"V r = IE (t, (1I~;II'/V- EII~dl"V)+ ~ £1I~dl"J s


S 2v
-
1


( JE IIt ~i IV + (t JElllliW/V)V).l 1=1 1=1







Set V = cQ(v, 0, ~), w = (I;=I lEII,,;Ilt,vf. As ~ is centered and (F, B)-


adapted, so this inequality and (1]) imply


where U = (cQ(v, 0, 'lfnt/v. Then (20), (2]) and (22) imply


E II~'l'ill' ~ 2'-'U + 2'+v-'V + 2"~'W.


We thus have to estimate terms U, V and W.


U) Set u = v(r+ 0)/ t(v + 0). Then u ~], furthermore v + 0 ~ ], hence (15)
and (14) imply


lEII'If;!Iv+o::;; 2v+olEIITdlv+o::;; 2v+O(lEIITdlu(v+O»)I/u.


M(v, 0, 'If)::;; i (zv+O(lEl!T;IIU{v+ol)l/uf/(v+ol =
;=1


= 2v i (lEIIT;IIU(v+olf'U(v+O).
;=1


I {II q>;I1::;;y} II q>;IIU(v+O)-(t+ol::;; yu{v+O)-(t+o~ because u(v + 0) - (t + 0) ~ O.
Hence


::;; Q(t+O)(V,t-ll,tlElI q>;W+o.


Using this inequality and (Z4) we get


M(v,o, 'If) ::;;ZvQvlt-IM(t,O,q»::;; ZvQv/t.


(a) Assume that v::;; Z. Then (25) implies


Q. s:: I:: v Vlt(v, u, 'If) = M(v, u, '1') ::;;z Q .
(b) If t::;; 2 ::;;v, then (25) implies


MV/2(2, 0, 'If) ::;; (22Q2/t)v/2 = ZV QVlt,







(c) Assume that 2::;;t. Then because of (15) and II Tdl ::;; II <pdl


M(2, 0, 'If) = i (1E1I1i - 1E1i1l2+8)21(2+8) ::;;
i= 1


::;; 4 i (1E1I1i1l2+&)21(2+&) ::;; 4 M(2, 0, <p) ::;; 4 Q2/t.
i=1


This inequality and (25) imply


{


M(v,O,'If)::;; 2vQv/t;
Q(v, 0, 'If) = max


MV/2 (2,0, 'If) ::;;(4Q2It) v/2 = 2v Qv/t.


Cases (a), (b) and (c) imply that


Q(v, 0, 'If) ::;; 2v Qv/t


U ::;; (c2vQv/t)t!v = ct/v2tQ. (26)


V) Inequality (15) involves


IEII~dlv+& = 1E11l1ldlt/v _IE/Illdit/vlv+& ::;; 2v+&lEllllill'(v+&)/v. (27)


This inequality, (18), (15) and II Yi II ::;; II <Pi II imply the next inequality


n n
M(v, O,~) ::;; 2v L lI11dl~(v+&)/v ::;; 2v L lI11dl~+& ::;;


i=1 i=1
n


::;; 2v+t L (1E1IY;W+&)t/(t+&) ::;; 2v+t M(t, 0, <p) ::;; 2v+t Q. (28)
i=1


(a) Assume that v::;;2. Then (28) implies


Q(v, O,~) = M(v, O,~) ::;; 2v+tQ.
(b) Assume that t::;; 2::;;v. By (27) and (15), we have


n
M(2, O,~) ::;; 4 L (1EIllldlt(2+&)/V)2!(2+8) ::;;


i=1
n


::;; 41+t/v L (lEli y;W(2+&)/V)2!(2+&) ,
i=1


where we used that t ~ v /2. Now I { II <pdl > y} II <pdlt(2+&)/V-(t+&) ::;;


::;; y'(2+&)/V-(t+&~ because t(2+0)/v - (t+O)::;; O. So (29) implies


M(2, O,~) ::;;
n •


::;; 41+t/v Q2«2+8)/v-(t+8)/t)/(2+&) L (IE/I<PiW+&)t/Ct+&»)2(t+&)/t(2+8).


i=1
Hence, using (19), we have


M(2, O,~) ::;; 41+t/v Q2«2+&)/V-(t+&)/t)/(2+8)(M(t, 0, <p»)2(t+&)/t(2+&) ::;;


::;;41 +t/v Q2/V.







M(2, o,~) :s; 41 +t/V Qz/v-z/t M(2, 0, <p) :s;


:s; 4 I+t/V Qz/v-z/t QUt = 41 +t/V QZ/v.


(Here we used that I{II<pill > y}lI<piW(z+O)/v-(z+O):s; yt(z+O)/v-(z+O) and the


definition of Q.) Using the previous inequality and (28), we get


{
M(v, o,~) :s; 2v+t Q;


Q(v, o,~) = max
Mv/z(2,0,~):s; (41+t/vQz/V)v/z = 2v+tQ.


Cases (a), (b) and (c) imply that


n nL lElIlldlt/v :s; L (lElIY; - JEY;IDt'V
i-I i-I


n
:s; 2t/V L (lElIY;IDt/V.


i-I


Furthermore, I{ II<pill > y}lI<pilll-V:s; yl-V, hence


n nL lElIlliW/v :s; 2t
/
v QI/V-I L lI<pill~.


i-I i-I


nL lElIlliW/V :s; 2t/v QI/V-I M(t, 0, <p) :s; 2'/V QI/V.
i-I


W:s; 2'Q.


Finally, (23), (26), (30) and (31) imply


IElit. 'P,II' S 21-1(c'''' 2' Q + 2v-1 C 2v+, Q + 2v-1 2' Q) S C 24v-.' Q.


This completes the proof of Lemma 3.
Corollary 1. Assume that for some fixed real constants V ~ 1, 0 > 0 and c ~ 1


and for any (F, B)-adapted centered family 11 = {lll"" ,1lJ relation (II) is
satisfied. Then for any t with 1:S; t:S; v any (F, B)-adapted centered family <P =
= {<p I' ... , <Pn} satisfies







h C = 2(V-l+oX2v+2t-1 )/0 if t> 21::were C I _ u.
Proof. According to Lemma 3, in each step we can decrease the exponent by O.
3. Proof of the Theorem.
Lemma 4. Let T be a finite subset in I, let h be a fixed positive integer, E >


>0. Let Yt, te T, be centered random variables with lEIYtlh+£ < 00, te T. Let


Ah(T) = L IlE(Yr
1


•• ·Yr
h
)1.


teTh


hwhere 't = {tl, ... , th} e T. Then


Ah(T) ~ H~a) D(h, E, T) .


Proof. We omit superscript (<X). We shall prove that for any positive integer h


Ah(T) ~ (I + %: CU,h-U) L(h, E, n + %(~)Au(nAh-u(n. (33)


~h-I ~h-2
Here Lu=1 (-) = 0 for h = I and L


U
=2(') = 0 for h = 1,2,3. Random


variables Yt have zero expectation, therefore A I (T) = O. Moreover, we shall prove


h-I _


Ah(T) ~ L IlEYrhl + L L L L IlE~ YTJI.
teT u=1 r=1 ~ TJ


where ~ = {tl' ... , tu} e TU, 11 = {tu+I, ... , th} e Th-u, Y~ = Ytl .. · YIII' YTJ=


= Yt ... Yt ' moreover ~!' ~ means summation for all ~= {tl, ... , tu} e TU,
11+1 h L ..•LTJ


11 = {tu+I, .. ·,th}e Th
-
u so that the distance of sets {tl, ... ,tu} and {tu+1, ... ,tJ


is r which is the maximal distance between complementary pairs of non-empty
hsubsets of {tl,· .. , tlr}' Remark that each {tl, ... , tJ e T should appear on the


right hand side of (35). i.e. we take into account the order of components of 't. Using
covariance inequality, we get


IlEY~Y'l1 ~ IlEY~lllEY'l1 + 8[ay(r,u,h-u)]PIIY~lIvIIYTJIIJl' (36)


hE h + E h + E U· H"'ld" I' b .were p = --, v = --, Il = -- smg 0 er s mequa ny, we 0 tamh+E u h-u


Now, by (37), the inequality of arithmetical and geometrical means, and Lemma I, we
get







u hIt It IIY~lIvIlY11I1~ ~ It It II(IIY,; 1I~+E)llh II (IIY,; 1I~+E)llh ~
~ 11 ~ 11 i=l i=u+l


1 ( u h )~ ht t i~ IIY,; 117,+E + i=~+l (IIY,; 117,+E ~


~ It srb:'-2u!(h-u-1)!(h-1)!II~.II~+E·
leT


To explain the last inequality we remark that for any fixed SET we can choose the
other u - 1 members of ~ at most (u -I)! b~-l ways, the point closest to T\ at most
u ways, a point in distance r from that point at most S r ways, and the other h - u - 1


points in T\ at most (h-u-1)!b~-U-1 ways. Moreover, (h - 1)! = h! stands
h


bec~use of the different orders of h elements. On the other hand,


f It It IIEY~IIIEY111 ~ (:)Au(T)Ah_U(T).
r=1 ~ 11


Now, by (35), (36), (39), and (38), we get


h-I h-I


Ah(T) ~ It IIEY,hl + It (:)Au(T)Ah-U(T) + It It cu.h-uIlYsII::+E ~
reT u=1 u=I.l'eT


~ %: (:)Au(T)Ah_U(T) + (1 + ~~ CU.h_II)L(h,E, T),
which gives (33). The above arguments in the simple case of h = 2 imply (34).
Using Lemma 2 (33) gives (32).


Proof of Theorem. If h is an even positive integer, then
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3. Utev S. A. Inequalities for sums of weakly dependent random variables and rate of convergence in
invariance principle /I Limit Theorems for Sums of Random Variables. - Novosibirsk: Nauka, 1984.
- P. 50- 70 (in Russian).
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O N  T H E  R O S E N T H A L  I N E Q U A L I T Y  F O R  M I X I N G  F I E L D S  


I. Fazekas, 1 A. G. Kukush, 2 and T. T6m~ics 3 UDC 519.21 


A proof of the Rosenthal inequality for tz-mixing random fields is given. The statements and proofs are 
modifications of the corresponding results obtained by Doukhan and Utev. 


1. Introduction and Results 


The Rosenthal inequalities are important tools to prove the consistency of certain estimators for weakly depend- 
ent random processes and fields (see, e.g., [1] ). The first version of such inequalities was proved by Rosenthal [2] 
for independent random variables. The Rosenthal inequalities for mixing sequences were obtained by Utev [3] and 
for mixing fields by Doukhan [4]. However, Doukhan noted that the proof of the interpolation lemma in [3] is "not 
clear" (see [4, p. 27]). Actually, the first inequality in the expression preceding (4.4) in [3] seems to be not valid. 
Therefore, one cannot use Lemma 4.1 from [3], and, thus, the extension of the Rosenthal inequality from positive 
even integer exponents to arbitrary positive real exponents is an open problem. On the other hand, Doukhan [4] 


presented the Rosenthal inequalities for o~-mixing and tp-mixing fields. However, in the opinion of the authors of 


the present paper, there is a gap in the proof of Theorem 1 in [4, p. 29]. 


The aim of the present paper is to give a version of the Rosenthal inequality for cz-mixing fields. The results 


and proofs presented here are slight modifications of the corresponding results presented in [4] and [3]. The authors 
want to summarize what is clear in the abovementioned papers concerning the topic. Similar considerations can be 


made in the tp-mixing case (see also Remark 4 in [4, p. 32]). 


Let (f~, F ,  IP) be a probability space. Random variables are supposed to be defined on (f2, F ,  ? )  Let A 


and B be two t~-algebras in F .  The cz-mixing coefficient is defined as follows: 


cz(A, B) = sup {[~(A)]P(B) - ]P(AB)] : A e A ,  B e  B } .  


The covariance inequality in the cz-mixing case is the following (see, e.g., [4, p. 9] ): 


I cov<X, nl  -< 8 l/'llXllpl I vii 


1 / 1 
r , p , q >  1, • 1 7 7  = 1. 


r p q 


Let I be the set of integer lattice points in R d, d > i .  The space ~ will be considered with the maximum 


norm and the distance generated by this norm. Let { Yt : t e I} be a set of random variables. The cz-mixing coef- 


ficient of Y is 
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2 Kiev University, Kiev. 
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C t r ( r , u , v  ) = s u p { o ~ ( F h , F 1 2 ) :  d is tance(I i , I2)  > r,  card(/1)  < u, card(I2)  < v } ,  


where I 1 and 12 are finite subsets in I and Fti = ~ {  Yt: t ~ I i }, i = 1, 2. 


Let T be  a finite set in I. W e  introduce the following notation: 


L( lx ,~ ,  T) = E (EIY, = E IIr, l lL~ ,  
t 6 T  t E T  


D ( h , e , T )  = [ 


L(h, 0, T) 


L(h, e, T) 


max {L(h, e., T), [L(2, e, T)] h/2} 


if O < h < l ,  e>O,  


if l < h < 2 ,  e_>O, 


if 2 < h ,  e>O.  


Let s r and b r denote the number of  points of  I in a sphere with radius r and center in I and in a ball with 


radius r and center in I, respectively: s r = card ( { t: Ilt[] = r } [') I )  and b r = card ({  t: lit I[ < r } D I ) .  Let 


(a) = 8u!(h-u-1)l(h-1)! ~ [O~y(r,u,h-u)]~/(h+e)Sr bh-2 Cu, h _  u 
r= l  


The following theorem is a version of Theorem 1 in [4, p. 26]. The assumptions here are stronger than those in 


[4]. The explicit formulas for the constants are given. 


Theorem 1. Let l >  1 and ~ > O. Let  Yt, t ~ I, be centered random variables with EIY, I < oo, t ~ i .  


Let h be the smallest even integer with h > l. Assume that ,~(a) < oo f o r  u = 1, h - 1 Then there exists -- ~ 'u ,h -u  "'" " " 


a constant K(a  ) such that 


l 


E ~_~ Yt < K(a )D( I ,  ~, 7") 
t E T  


(1) 


for  anyfini te  subset T o f  I. 


R e m a r k  1. K(a  ) does not depend on T but it depends on the mixing coefficients and l, namely, K(a ) = 


n~a) Ct, where 


h - 1  h - 2  


= x § n(h a) 1 + ~ 'u ,h -u  "*u  " * h - u  " 


u=l  u=2 


C l = 2 ( h - l + e ) (  2 h + 2 1 - 1 ) / E ,  


here, we assume that 0 < ~ < l / 2 .  If  l is an even integer, then one can set C l = 1. 


Remark  2. Inequality (1) is always satisfied for 0 < I < 1 if we replace K(~) by 1. 
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Remark  3. The above result is valid in the following, slightly more general, setting: If I is a regular pattern 


in R d, then s r should be replaced by Sr = card ({ t :  r -  1 < [[tll < r } [') I ) ,  i.e., Sr denotes the number of 


points of I in a ring with radius r ,  thickness 1, and center in I. 


Remark 4. For the case d = 1, i.e., for mixing sequences, see [4, p. 26]. 


2. Auxiliary Results and Interpolation Lemma 


Lemma 1. Let  L be a finite subset in a metric space (M, p ). Suppose that the minimal distance o f  two 


nonempty complementary subsets o f  L is r.  Then one can choose two nonempty complementary subsets A and  


B in L such that the distance between A a n d  B is r and there exists a connected graph with edges not 


longer than r and with the set of  vertices A ; the same is true for B.  


Proof. Let s, t e U c L. We say that s is r-connected with t in U if there exists a connected graph with 


edges not longer than r and with vertices in U and, moreover, s and t are vertices of this graph. Let S1 and S 2 


be two nonempty complementary subsets of L such that p (S l , $2) = r. Consider points t 1 ~ S and t 2 ~ S 2 such 


that p (q ,  t2) = r. Let  S} l) c S i be the set of points r-connected with t i in S i, i = 1, 2. We have 


p( {~ l )  U S~I)}, { (S 1 - S~I)) U ($2 - S(1))}) ~ r .  


But r is the maximal distance between the subsets of L and, therefore, either the second subset is empty or the 


distance is r. In the first case, we are done. In the second case, let S1 d) c_ S I - S~ 1) be the set of points r-con- 


nectedwith S(21) in (S 1 - ~l ) )us20)  . The definition of $2 d) is similar. Obviously, S(1) US2d) # 0 .  We now 


consider (S l - Sl 0)) U $2 d) and (S 2 - $2 d)) U ~(1). The distance between these two sets is r .  Moreover, in these 


sets, the number of points r-connected with t 1 in (S 1 - S10)) O $2 (1) or the number of points r-connected with t 2 


in (S 2 - $20)) [3 ~(1) is greater than at the starting situation. Repeating the above procedure, we obtain the required 
result. 


The following lemma is a version of Lemma 2 in [4, p. 29], where it was stated for even integer (a + b) such 


that ( a + b )  > 2. 


Lemma 2. I f  8_> 0, a > 2, and b > 2 are real numbers, then 


D ( a ,  8, T ) D ( b ,  8, T) <_ D(a  + b, 8, T).  


The proof will be based on the H61der inequality: 


1. Let X and Y be real random variables. If p > 1 and q = p / (p - 1 ), then 


Elxrl---Ilxllpll rllq. (2) 


2. If ai, b i ~ R ( i  = 1 . . . . .  n), p > 1, and q = p / (p - 1 ), then 


i=1 i=1 i=1 
(3) 
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Proof .  We set 


Then 


Thus, we get 


and 


L v = L ( v ,  5, T), 


D v = D ( v , & T ) ,  


Xt = Yt L21/2 for t e T, 


14 = ]~ IIx, IIS+8, 
teT 


D v = ~ V(/_..~) v/2 i f  V > 2 ,  


c = a + b .  


o; = t4 v/2 t~ v t~ -v/2 r~/~ = ~ / 2  o~ 


B y  u s i n g  (5) ,  we obtain 


D v = ~ V (/_.~)v/2 


For any a > 2 and b > 2, this equality yields 


/~=1 .  


t4v/2~. 
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for v 2 2, (4) 


(5) 


L ~ v l  for v > 2 .  (6) 


D a D ;  = L a t , ~ , V L a V L ~ , V 1 .  


and  v = 
( 2 + 8 ) ( c - a )  


c - 2  


(a) First, we assume that a > 2. We set 


c + 8  2 + 5  
- -  and q = , we obtain 


U v 


(c + 8)(a - 2) 


c - 2  


Then u + v = a + 8 and, hence, using (2) with p = 


= E l x t l  u+'' <- Ix, I ~ <c+~/~ Ix, I v ~2+~/~  Elx, I a+~ 


This inequality yields 


(7) 
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where 


Z IIx, llg%llx, ll  a, 
t~T 


r - 


ua av  
S -- 


c(a + 8) ' 2 ( a + 8 ) "  


Since 0 < r < a / c < 1, by using (3) with p = 1 / r and q = 1 / ( 1 - r) we obtain from (8) that 


where 


A = Z y 12s/(1-r) 
"~t 12+6 " 


tET 
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(8) 


L; <_ (L'c) r A  l - r ,  


Since s / (  1 - r) > 1, it follows from (5) that A < 1 and, therefore, L* a < (L*) r. Hence, if  L~ > 1, then 


Therefore, since 0 < r < a / c  < 1, we get 


L* a < (L'c) r < (L'c) a/c < L* c if L~ > 1. 


(a ' )  We now concentrate on the case where a > 2 and b > 2. Then relation (9) is valid for b, namely, 


L* b < (L*~) b/c < L* c if L~_> 1. 


These inequalities yield L~ L~ < L c v 1. Therefore, using (7), (9), (10), and (6), we obtain 


O*O~ < (L*rv1) vL*aVL*b = L ~ V l  = O~. 


Hence, using (4), we get the required statement. 


(b) We now assume that a = b = 2 .  Then, by using (7) ,  (5), and (6),  we get 


0 2 0 2  = 1 _< 1 v L ~  = 04 . 


Hence, using (4), we obtain the required statement. 


(c) If a > 2 and b = 2, then relations (5),  (6), and (9) yield 


O~ D~ = D~ ~_ D;. 


Hence, using (4), we obtain the required statement. 


(d) Finally, if b > 2 and a = 2, then the proof is the same as in case (c). 


This completes the proof of Lemma 2. 


The interpolation lemma presented below is a version of Lemma 4.4 in [3] and Lemma 1 in [4, p. 27]. 


L * _ > I .  


(9) 


(lO) 
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Let B be a separable Banach space with norm [[ [[. Let F = { Y-1 . . . . .  Y-~ be a family of  sub-G-algebras of 


the t~-algebra F and let 11 = { 111 . . . . .  11 ~ be a family of centered random variables. The family 11 is called 


(F,  B)-adapted if rl i is B-valued and Fi-measurable. We shall use the following notation: 


n n 


( ) -- M(v,5,11)  = Z m1111~11 ~+~ ~'<~+~) E I111,11~+~, 
i=1 i=1 


I M(v, 5, 1]) 


Q (v,  5,11 ) = [ M(v, 5, 11) v MY/2(2, 5, 11) 


if l < v < 2 ,  


if v > 2 ,  


where a v b = max { a, b }. I {A } denotes the indicator function of the set A. 


L e m m a  3. Assume that, for  some f ixed real constants v > 1, 5 > O, and  c > 1, any  ( F , B )-adapted cen- 


tered family 11 = { rl 1 . . . . .  11n} satisfies the inequality 


E i=~111 i v (_ cQ(v, & 11). (11) 


Weset  t o = 1 v ( v / 2 ) v  ( v - 5 ) .  Then, fo r  any t with t o < t < v and any (F ,B) -adap tedcen tered fami ly  


(P = { ~ 1  . . . . .  ~n), we have 


E i=~l ~Pi t <_ c 2 4 V - I Q (  t, 5, tp). 


Note that c > 1 is a consequence of  the other assumptions. In order to prove the lemma, we require the follow- 
ing known inequalities: 


1. Cp-inequality. If x, y e B and p > 1, then 


I l x + y l l  p < 2p-1 (llxl[ p + IlyllP); (12) 


if 0 < p < 1, then 


and 


II x + y II ' _< II x II p + II y II p- 


2. Let X be a B-valued random variable. If p _> 1, then 


(E Ilxl l)  p _< ~ . ( l lx l l  p) 


If 0 < p _< l, then 


E I I x -  n x [ r  _< 2PE Ilxll p. 


(13) 


(14) 


(15) 
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(~ I lx l l )"-- -  E I lxl l  p 


and 


where E X is the Bochner integral. 


E IIx- Exlr --- 2 ( E  Ilxl l )",  


3. I f  X is a B-valued random variable and 0 < q <p, then 


IlXllq -< I l x l l .  


where IlXllq = ( E  Ilxllq) lie 


4.  I f  a i E ~ ( i  = 1 . . . . .  n )  and p > 1, then  
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(16) 


(17) 


( 1 8 )  


) lail" <- [ail �9 ( 1 9 )  
i = l  i = l  


P r o o f  o f  L e m m a  3. Let q0 = { (1) 1 . . . . .  q%} be a centered ( F ,  B)-adapted family of  random variables and let 


t o _< t _< v b e  a fixed constant. We set 


Q = Q( t ,  8, q~), 


y = Q1/t, 


L = ~/I{ll~0ill  _< y}, i = 1  . . . . .  n, 


Yi = q ~ i { { l [ ~ / [ [  > y } ,  i = l  . . . .  , n , .  


1~i = Yi - EYi ,  i=  l . . . . .  n, 


q = { q l  . . . . .  q . } ,  


~lli  = T i - E T  i ,  i =  I . . . . .  n ,  


= { ~ 1  . . . . .  ~ . } ,  


~; = z ( l l n / l l  '/v - E [[rlillt/v), where z ~  B, Ilzll = 1, i =  1 . . . . .  n, 


= { ~ ,  . . . . .  ~ . } .  


Then q i  + ~ i  = q~ and t_> 1 and, hence, relation (12)yields 
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E i=~l(~i t < 2 t-1 


Since t < 1 and v >__ 1, relations (13) and (12) yield 
V 


E i=~l lli t 
II'/V) v 


< E ]v 


We set 


(E i~il t + E  
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i=~l II/i t ) .  (20) 


= E (l lnill  " v  - ~ l lni l l  t /v) + EIIn/ll  , /v 
i=1 i=1 


) 


(~ ,,, )v V = cQ(v, 5, 9) and W -- E Tli t/V . 


Since ~ is centered and (F, B)-adapted, the last inequality and (11) yield 


Tli t E ~ < 2v- l (V+ W). (21) 
i=1 


Since ~ is centered and (F, B)-adapted and v / t > 1, by using (14) and (11) we get 


where U = (c Q(v, 5, ~))t/v. Then (20), (21), and (22) yield 


i=~l t~i t E < 2 t - l u  + 2t+V-2v + 2t+V-2w. (23) 


We thus have to estimate the terms U, V, and W. 


(U) We set u = v(t+5)/ t(v+~).  Then u> 1 and, furthermore, v+i5 > 1. Hence, relations (15)and (14) 


yield 


EIIv / I [  ~+~ _< 2 ~ + s E I I r i l l  ~+~ _< 2~+~(EllTil["("+8))l/". 
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Thus, 


We have 


M(v, 8, V) -< 
n 


Z (2"+~(NITill"("+~>)l/u)"/("+~) 
i=1 


n 


2" E (EII77/ll"r "/ur 
i=1 


i{ l l~/ l l  _< y}ll~o/ll.~.+a~-~,+a> _< yU(V+a)-(t+8) 


because u ( v + 8 ) -  ( t + 8 )  > 0. Hence, 


(24) 


EIl ll" V+ > = E(ll~ill'+~i{ll~oill_ y}ll~oill .<"+a~-<'+a)) < a(t+a>(./,-1)/,Ell~illt+~. 


Using this inequality and (24), we get 


M(v ,8 ,  V) < 2V QV/t-l M(t, 8,~p) < 2V Q v/t. (25) 


(a) Assume that v < 2. Then relation (25) yields 


Q(v, 8, ~g) = M(v,  8, tg) < 2 v QV/t. 


(b) If t < 2 _< v, then relation (25) yields 


MV/2(2,8,~1/) _< ( 22 Q2/t) v/2 = 2V Q v/t, 


whence 


l M(v, 8, ~) < 2 v QV/t, 
Q ( v , 8 , ~ )  = max MV/2(2,8,~)  < 2VQ v/t. 


(c) Assume that 2 < t. Then, by virtue of (15) and the inequality II ~ II <- II (pill, we have 


n 2 + 8 \ 2 / ( 2 + 8  ) 
M(2,(5, V) = ~ ,  (~-I1~ - E~I  ) 


i=1 


n 


< 4 ~ (EII~II2+~) 2/<2+~> 
i=1 


< 4M(2 ,  8, 9)  < 4 Q2/t. 


This inequality and (25) yield 


M(v,  8, W) < 2 v QV/,, 
Q(v,8,  V) = max Mv/2(2,8, W)<(4QZ/t) v/2 =2VQ v/t. 


Cases (a), (b), and (c) imply that 


Q(v ,  8, ~ )  _< 2 v QV/t 
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for every 1 < t < v, whence 


U <- (c2VQV/t) tlv = ct/V2tQ. 
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(26) 


(V) Inequality (15) yields 


E i1 ,11 = E INill '/~ - E I N i l l  '/v ~+s <_ 2~+~El lr l / l l  '(~§ (27) 


This inequality, (18), (15), and II ri II -- II'p ll yield 


n n 


M(V, 8, 9) < 2v Z IIn/ll',(~+8)/~ -- 2v Z Ilnill~+~ 
i=1 i=1 


n 


2v+t Z (Ell~ll,+~)t/(,+~) <_ 2V+tM(t, 8,(p) < 2V+tQ. 
i=i 


(28) 


(a) Assume that v _< 2. Then (28) yields 


Q(v,8 ,  ~) = M(v,  8,~) < 2V+tQ. 


(b) Assume that t<  2 < v.  By virtue of (27) and (15), we have 


n n 


M(2, 8, 9) < 4 ~ (EINillt(2+~)/v) 2/(2+~) <_ 4 l+t/v ~ 
i=1 i=1 


(29) 


where we have used the fact that t > v / 2. We now have 


I { II q~ill > y}ll,aill '(2+~)/~-('+~) <- yt(2+~)/v-(t+8) 


because t(2 + 8 ) /v  - (t + 8) < 0. Therefore, relation (29) yields 


M(2, 8, ~) < 4 l+t/v Q2((2+~)/v-(t+8)/t)/(2+B) ~ ((EIl~,ll,+,)t/(,+~))2('+~)/'(2+~). 
i=1 


Hence, by using (19), we get 


M(2, 8, g) < 4 l+t/v Q2((2+8)/v-(t+8)/t)/(2+6) (M(t, 8, ~p))2(t+6)/t(2+~) < 41 +t/v Q21V. 


By using this inequality and (28), we obtain 


Q(v, 8, ~) = max 
M(v, 8,~) < 2V+tQ, 


MV/2(2,8,~) < (41+t/VQ2/V)V/2 = 2V+tQ. 
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(C) Assume that 2 < t. Note that (29) is valid in this case and, hence, 
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M(2,  ~5, ~) < 41+t/V o2/V-2/t M(2, 8, tp) < 41+t/V Q2/V-2/t Q 2/t = 41+t/V a 2/v. 


(Here, we have used the fact that I { II ~~ > Y} II ~;11 '(2+*)j~-(2+~) <_ yt(2+~)/v-(2+~) and the definition of Q.) 


By using the previous inequality and (28), we get 


M(v, 8, ~) < 2V+tQ, 


O(v, 6, ~) = max MY/2( 2, 6,~) < (41+t/VQ2/V) v/2 = 2v+to. 


Cases (a), (b) and (c) imply that 


a ( v ,  8, ~) _< 2V+ta 


for every 1 < t < v,  whence 


(w) By using (16) and (17), we get 


V < c2V+tQ. (30) 


n n n 


EIIn/II "v - E (E I I~  - Er~ll) "~  -< 2t/v E (EIIr~ll) "~ .  
i=1 i=1 i=1 


Furthermore, we have I { II q)ill > Y } II q)i II 1-~ -< y l-v, whence 


n 


E EIIn;ll//v - 
i = 1  


n 


2t/v al/v-1 E I1~0i11% �9 
i=1 


Since t + 6 > v, we can apply (18). As a result, we get 


t/  


Eiin/ll,/V _< 2 , v  Q1/V-1M(t, a, r < 2 t/v Ql/V. 
i=1 


ThUS, 


W < 2tQ. 


Finally, relations (23), (26), (30), and (31) yield 


i=~l (Pit E < 2 t - l (c t /V2tQ + 2V-lc2V+tQ + 2v-1 2tQ) < c24V-1Q. 


(31) 


This completes the proof of Lemma 3. 
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Corollary 1. Assume that, for  some fixed real constants v > 1, 5 > 0, and  c > 1 and any ( F ,  B )-adapted 


centered family rl = {rl 1 . . . . .  tin}, relation (11) is satisfied. Then, f o r  any t such that 1 < t < v and any 


( F , B )-adapted centered family  (p = {91 . . . . .  (P n} , we have 


E i=~l (Pit <_ CQ(t ,  5, (p), 


where C = c 2  (v-t+5)(2v+2t-1)/5 if  t> 25. 


Proof. According to Lemma 3, we can decrease the exponent in each step by 5. 


3. Proof of Theorem 1 


Lemma 4. Let  T be a finite subset in I, let h be a fixed positive integer, and let ~ > O. Le t  Yt, t ~ T, 


be centered random variables such that E I Yt I h+~ < oo, t e T. Let 


Ah(T) = ~ IE(Yt~'"Yth)l, 
,lET h 


where x = { t 1 . . . . .  th} E T h. Then 


Ah(T)  < H (a) D(h, ~, T ) .  (32) 


Proof. We omit the superscript (or). We shall prove that, for any positive integer h, we have 


h-1 ) h-2 ( ) 
Ah(T) < 1 + u~=l Cu, h_ u L(h,E,T) + ~,  h u=2 U Au(T)Ah-u(T)" (33) 


Here, 


h-I 
Z ( )  =o 
u=l 


for h = 1 and 


h-2 
,~, (.) = o  
u=2 


for h = 1, 2, 3. The random variables Yt have expectation zero and, therefore, AI (T) = 0. Moreover ,  we shall 


prove 


A2(T ) < (1 + Cl ,1)L(2,  e, T'). (34) 
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We have 


h - I  o o  


Ah(T) <- E IEr/I + E E E E IEr~ r.l, 
t~T u = l  r = l  ~ r I 


(35) 


where ~ = {t 1 . . . . .  tu} ~ T u 1] = { t u +  1 . . . . .  th} ~ Th-U Y~ = Yt, "" Ytu '  Yrl = Yt,+l "'" Yth' and E ~  E ,  


denotes summation over all ~ = { t 1 . . . . .  6 }  ~ Tu and rl = { tu+ 1 . . . . .  th} E T h-u such that the distance between 


the sets { t 1 . . . . .  tu} and { tu+ 1 . . . . .  th} is r, i.e., the maximal distance between complementary pairs of nonempty 


subsets of { t 1 . . . . .  th}. Note that every { t 1 . . . . .  th} E T h should appear on the right hand side of (35), i.e., we take 


into account the order of components of x. By using the covariance inequality, we get 


I E r~ Y.I -< ]E r~llE Y.I + 8[ar(r,u,h-u)l~ Y. II0, 


where 


e h + e  h + e  
- , v = - - ,  ~ -  . 


P h + e  u h - u  


By using the H/51der inequality, we obtain 


(36) 


= = ~,A..-,.I-I IIr,,llh+~. (37) 
i=1  i=1 


By virtue of relation (37), the inequality for arithmetic and geometric means, and Lemma 1, we now get 


u h 
< I1 h )l/h h ~l/h E EIIr~llvllr.ll. E ~ l~ (llYt/,,h+c II (lit,, - -  h + ~ /  


rl ~ 11 i=1 i = u + l  


_< 1 ~ ~ E IlYtillhh+~ + E (llY~llhh'+~ 
i=1 i = u + l  


<-- E srbh-2u!(h  u - l ) ! ( h -  ' h - 1).llEIIh+~. (38) 
t~T 


To explain the last inequality, we note that, for any fixed s E T, we can choose the other u - 1 members of ~ in at 


most (u - 1)! b u-1 ways, the point closest to rl in at most u ways, a point located at a distance r from the point 


considered in at most s r ways, and the other h - u - 1 points in r I in at most (h - u - 1)! bhr -u - l  ways. More- 


h ! .  
over, the factor (h - 1 ) ! = - -  is explained by the different orders of h elements. On the other hand, we have 


h 


r  


E I I IEr~ l lEr~ l  (h < u ) A u ( T ) A h _ u ( T ) .  
r = l  ~ r 1 


By virtue of (35), (36), (39), and (38), we now get 


(39) 
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h-1 h ~  h-1 y. h 


ah(T) <" tETZ IEv?I + U ] Au(T)Ah-u(T) + u=ls~T E Cu, h-.ll sll +  


__< u~_l ( Au(T)Ah_u(T)+ 1 +  ~ L(h, Iz, T), 
_ U u=l 


which yields (33). In the simple case h = 2, the above arguments give (34). In view of  Lemma 2, relation (33) 
yields (32). 


Proof o f  Theorem 1. If  h is an even positive integer, then 


This and Lemma 4 yield (1) for even I. For arbitrary l, one can use Corollary 1. 
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CONVERGENCE OF


HOMOGENEOUS MATRIX-VALUED Λ-MARTINGALES


Tibor Tómács (Eger, Hungary)


Abstract. I. Fazekas in [3] studied the classical martingale convergence theorem of Doob


for one-parameter Λ-martingales. The theme of this paper is similar but for two-parameters


homogeneous Λ-martingales.


1. Preliminary result


Let (Ω,F , P ) be a probability space in which (ξi: i = 1, 2, . . .) is a sequence of
random variables. Let (Fi: i = 1, 2, . . .) be a sequence of σ-subalgebras of F . We
call the process (ξi,Fi) i = 1, 2, . . . a linear martingale if ξi are Fi-measurable and
integrable for every i = 1, 2, . . . furthermore


E(ξi | Fi−1) = a1(i)ξi−1 + · · · + am(i)ξi−m


for every i > m integers where m is a fixed integer. This process satisfies equation
E(Xt | Ft−1) = Λ(t)Xt−1 for every t ≥ m where


Xt =











ξt


...
ξt−m+1









and Λ(t) =














a1(t) . . . am(t)
1 0 0
...


. . .
...


...
0 1 0














.


Generalized we call an m-dimensional process (Xt,Ft) t = 1, 2, . . . Λ-martingale if
Xt integrable, Λ(t) are given non-random matrices for every t positive integers and
E(Xt | Ft−1) = Λ(t)Xt−1 (t = 1, 2, . . .). If Λ(t) does not depend on t then Xt is
called a homogeneous martingale. Let ∆t = Xt−Λ(t)Xt−1, A(s, s) = I the identity
matrix and


A(t, s) = Λ(t)A(t − 1, s)


for every t > s furthermore we assume that the limit A(s) = lim
t→∞


A(t, s) exists


for every s = 1, 2, . . .. Let Yt =
t


∑


s=1
A(s)∆s which is called the accompanying


martingale of Xt. I. Fazekas proved in [3] the following theorem:


If ‖A(t, s)−A(s)‖ ≤ ct−s (t ≥ s),
∞
∑


n=0
cn < ∞, there exists a positive function


f(ω) for which f(ω)‖∆s(ω)‖ ≤ ‖A(s)∆s(ω)‖ for every s ≥ 1 and ω ∈ Ω and
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sup
t


E‖Xt‖ < ∞ then lim
t→∞


Xt = X∞ almost surely. ( ‖.‖ denotes the norm of


matrix.) In this paper this result is extended to two-parameter version.


2. Main result


Let N denote the set of positive integers and let m be a fixed positive integer.
Let (Ω,F , P ) be a probability space in which (ξij : i, j ∈ N) is a sequence of real-
valued random variables. Let (Fij : i, j ∈ N) be a sequence of σ-subalgebras of F
which satisfies the so-called condition (F4) introduced by Cairoli and Walsh [2]:


E(ξ | Fij) = E
(


E(ξ | Fi∞) | F∞j


)


= E
(


E(ξ | F∞j) | Fi∞


)


, (F4)


for every i, j ∈ N where Fi∞ = σ{Fij : j ∈ N} and F∞j = σ{Fij : i ∈ N} (σ{.}
means generated σ-algebra).


In order to study a convergence property of ξij we introduce the following
matrix:


Xij =











ξi,j−m+1 . . . ξi,j


...
. . .


...
ξi−m+1,j−m+1 . . . ξi−m+1,j











Definition 1. Let Λkl be given non-random real matrices (their types are m×m).
Suppose that Λ0,0 = I (the identity matrix),


ΛijΛkl = Λi+k,j+l ∀i, j, k, l ∈ N ∪ {0} (1)


Xij is Fij -measurable and integrable for every i, j ∈ N. If


E(Xi+k,j+l | Fij) = ΛklXij


for every k, l ∈ N∪ {0} and i, j > m integers then the process (Xij ,Fij) i, j ∈ N is
called a homogeneous matrix-valued Λ-martingale.


Let us introduce the martingale difference


∆ij = Xij − E(Xi,j | Fi−1,j) − E(Xi,j | Fi,j−1) + E(Xi,j | Fi−1,j−1)


= Xij − Λ1,0Xi−1,j − Λ0,1Xi,j−1 + Λ1,1Xi−1,j−1


for i, j > 1 integers, ∆1,1 = X1,1, ∆i,1 = Xi,1 − Λ1,0Xi−1,1 for i > 1 integers and
∆1,j = X1,j − Λ0,1X1,j−1 for j > 1 integers.


Lemma 1. With the previous notations and conditions Xij =
i


∑


k=1


j
∑


l=1


Λi−k,j−l∆k,l


for every i, j ∈ N.
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Proof. Using (1) we have this lemma by induction.


Definition 2. We assume that Λkl is convergent and Λ = lim
k→∞


l→∞


Λkl. Then


Yij =


i
∑


k=1


j
∑


l=1


Λ∆k,l


is called the accompanying martingale of Xij .


Lemma 2. If f : R+ → R
+ is a convex non-decreasing function and


sup
i,j


Ef(‖Xij‖) < c < ∞


then sup
i,j


Ef(‖Yij‖) < c as well. (In this paper ‖.‖ denotes the norm of a matrix.)


Proof. Let r, s be fixed integers, 1 ≤ i ≤ r, 1 ≤ j ≤ s and


Y
(rs)
ij =


i
∑


k=1


j
∑


l=1


Λr−k,s−l∆k,l.


Then it is easy to see that (f(‖Y
(rs)
ij ‖,Fij) 1 ≤ i ≤ r, 1 ≤ j ≤ s is a real


submartingale, so we get by Lemma 1


Ef(‖Y
(rs)
ij ‖) ≤ Ef(‖Y (rs)


rs ‖) = Ef(‖Xrs‖) < c


for every 1 ≤ i ≤ r, 1 ≤ j ≤ s integers. On the other hand lim
r→∞


s→∞


Y
(rs)
ij = Yij thus


by Fatou’s lemma we have Lemma 2.


Theorem. Let the process (Xij ,Fij) i, j ∈ N is a homogeneous matrix-valued
Λ-martingale which is satisfies (F4). Let us suppose that Λkl is convergent, Λ =
lim


k→∞


l→∞


Λkl and there exist constants ckl such that


‖Λkl − Λ‖ < ckl and


∞
∑


k=1


∞
∑


l=1


ckl < ∞ (2)


for every k, l ∈ N. If
‖∆kl‖ ≤ qk+l (3)


for every k, l ∈ N where 0 < q < 1 is a fixed real number and


sup
k,l


E


(


‖Xkl‖ log+(‖Xkl‖)


)


< ∞ (4)
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then Xij converges almost surely.


Proof. We get by Lemma 1 and (2)


‖Xij − Yij‖ =


∥


∥


∥


∥


∥


i
∑


k=1


j
∑


l=1


(Λi−k,j−l∆kl − Λ∆kl)


∥


∥


∥


∥


∥


≤


≤


i
∑


k=1


j
∑


l=1


‖Λi−k,j−l − Λ‖ · ‖∆kl‖ ≤


i
∑


k=1


j
∑


l=1


ci−k,j−l‖∆kl‖.


Let r = i − k and s = j − l thus we have by (3)


‖Xij − Yij‖ =


i−1
∑


r=0


j−1
∑


s=0


crs‖∆i−r,j−s‖ ≤


i−1
∑


r=0


j−1
∑


s=0


crsq
i−r+j−s =


=
1


q−(i+j)


i−1
∑


r=0


j−1
∑


s=0


crsq
−(r+s)


So we get by Kronecker’s lemma (see it for example [4]) that lim
i→∞


j→∞


‖Xij −Yij‖ = 0.


By (4), Lemma 2 and Cairoli’s theorem (see in [1]) there exists lim
i→∞


j→∞


Yij thus the


Theorem is proved.
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1. Introduction and Notation


There are several methods to obtain almost sure (a.s.) convergence results
for random fields (see e.g. [14], [9], [8], [5] and the literature cited there).
The aim of our paper is to present a general approach to obtain strong laws
of large numbers (SLLN) for random fields. Our method is an extension of
the one given in [6]. In [6] only random sequences (i.e. not fields) were
considered.


The paper is organized as follows. Section 2 contains the main result
(Theorem 3). Once a maximal inequality is known, Theorem 3 easily implies
an SLLN and it helps to obtain appropriate normalizing constants in the
SLLN. The remaining sections contain applications. In Section 3 an SLLN
is presented for logarithmically weighted sums. We remark that such kind
of SLLN’s are useful to prove almost sure central limit theorems (see e.g.
[3]). In Section 4 the case of fields with superadditive moment structure is
studied. In Section 5 a Brunk–Prokhorov type SLLN is presented. Section 6
is devoted to mixingales.


In the following N0 and N denote the set of nonnegative and positive
integers, respectively. Let d be a fixed positive integer. Throughout the paper


I , J , K , L, M and N denote elements of Nd0 (in particular, elements of Nd ). If


an element of Nd0 (or Nd ) is denoted by a capital letter, then its coordinates are
denoted by the lower case of the same letter, i.e. N always means the vector
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(n1� � � � � nd) � N
d
0 . We also use 1 = (1� � � � � 1) � N


d and 0 = (0� � � � � 0) � N
d
0 .


In N
d
0 we consider the coordinate-wise partial ordering: M � N means


mi � ni � i = 1� � � � � d (M �N means M � N and N�M ). N � �


is interpreted as ni � �� i = 1� � � � � d, limN aN is meant in this sense. In


N
d
0 the maximum is defined coordinate-wise (actually we shall use it only for


rectangles). If N = (n1� � � � � nd) � N
d
0 then hN i =


Qd
i=1 ni �


A numerical sequence aN � N � N
d
0 , is called d-sequence. If aN is a


d-sequence then its difference sequence, i.e. the d-sequence bN for whichP
M�N bM = aN , N � N


d , will be denoted by ΔaN �


We shall say that a d-sequence aN is of product type if aN =
Qd


i=1 a
(i)
ni ,


where a(i)
ni


(ni = 0� 1� 2� � � �) is a (single) sequence for each i = 1� � � � � d.
Our consideration will be confined to normalizing constants of product type:


bN will always denote bN =
Qd


i=1 b
(i)
ni , where b(i)


ni � ni = 0� 1� 2� � � �, is a
nondecreasing sequence of positive numbers for each i = 1� � � � � d. In this
case we shall say that bN is a positive nondecreasing d-sequence of product


type. Moreover, if for each i = 1� � � � � d the sequence b(i)
ni is unbounded, then


bN is called positive, nondecreasing, unbounded d-sequence of product type.


The random field will be denoted by XN � N � N
d
0 . SN is the partial


sum: SN =
P


M�N XM for N � N
d
0 . As XN is a field with lattice indices


we shall say that XN , N � N
d
0 , is a d-sequence of random variables (r.v.’s).


Remark that a sum or a maximum over the empty set will be interpreted as
zero (i.e.


P
N�HXN = maxN�HXN = 0 if H = �). As usual, log+(x ) =


= maxf1� log(x )g, x �0.


2. The Basic SLLN


The proposition and lemma below are useful for proving Theorem 3.
Proposition 1 and its proof are straightforward generalizations of Theorem
1.1 and its proof in [6]. Note that there are several other ways to obtain
maximal inequalities of this type: see for example [8].


Proposition �� (Hájek–Rényi type maximal inequality.) Let N � N
d


be �xed� Let r be a positive real number� aN be a nonnegative d�sequence�
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Suppose that bM is a positive� nondecreasing d�sequence of product type�


Then


E


�
max
L�M


jSLj
r


�
�
X
L�M


aL �M � N


implies


E


�
max
M�N


����SMbM
����
r�


� 4d
X
M�N


aM
brM


�


Proof� Without loss of generality we can assume that b1 = 1. Fix an


N � N
d and for a moment a real number c �1. For I = (i1� � � � � id) � N


d
0 let


us define the set


AI = fJ � N
d : J � N and cik � b(k )


jk
�cik+1� k = 1� � � � � dg�


Now we can form


DI =
X
J�AI


aJ and K = maxfI : AI��g�


where DI as we mentioned above is considered to be zero if AI = �. Note
that K is well defined because of product form of bN . It is easy to see that
each nonempty AI has a maximal element. Therefore if AI�� let


MI = maxfJ : J � AI g


otherwise set MI = 0. Since
S
I�K AI covers the rectangle fM � N


d : M �


� N g so


E


�
max
M�N


����SMbM
����
r�


�
X
J�K


E


�
max
I�AJ


����SIbI
����
r�


�


By the definition of AI , MI and DI we get


X
J�K


E


�
max
I�AJ


����SIbI
����
r�


�
X
J�K


�
dY


m=1


c�r jm


�
E


�
max
I�AJ


jSI j
r


�
�


�
X
J�K


�
dY


m=1


c�r jm


�
E


�
max
I�MJ


jSI j
r
�
�
X
J�K


�
dY


m=1


c�r jm


� X
I�MJ


aI �


�
X
J�K


�
dY


m=1


c�r jm


�X
I�J


DI �
X
I�K


DI


X
I�J�K


�
dY


m=1


c�r jm


�
�
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�
X
I�K


DI


dY
m=1


��
	


kmX
j=im


c�r j



�
� �


X
I�K


DI


dY
m=1


c�r im


1 � c�r
�


�


�
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I�K
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dY
m=1


c�r (im+1) �


�


�
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1 � c�r
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I�K


��
	
X
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�
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dY
m=1


c�r (im+1) �


�


�
cr


1 � c�r


�d X
I�K


X
J�AI


aJ
brJ


�


�
cr


1 � c�r


�d X
J�N


aJ
brJ
�


This proves the proposition because infc�1
cr


1�c�r = 4.


Lemma �� Let aN be a nonnegative d�sequence and let bN be a pos�


itive� nondecreasing� unbounded d�sequence of product type� Suppose thatP
N


aN
br
N
�+� with a �xed real r �0� Then there exists a positive� nonde�


creasing� unbounded d�sequence �N of product type for which


lim
N


�N
bN


= 0 and
X
N


aN
�rN


�+��


Proof� Clearly it is enough to prove for r = 1. In case of d = 1 one can
find our proposition in [6, Lemma 2.2]. Let d � 2� Then


+��
X
N


aN
bN


=
X
n1


1


b(1)
n1


X
n2�����nd


aNQd
m=2 b


(m)
nm


=
X
n1


1


b(1)
n1


Tn1


with Tn1 =
P


n2�����nd


aNQd
m=2 b


(m)
nm


. Applying the above mentioned lemma of [6],


we get that there exists an unbounded, positive, nondecreasing sequence � (1)
n


so that


lim
n


� (1)
n


b(1)
n


= 0 and
X
n1


1


� (1)
n1


Tn1 �+��


If we have already obtained � (m)
n for m = 1� � � � � k , k �d then replacing


in the above procedure bN by
Qk


m=1 �
(m)
nm


Qd
m=k+1 b


(m)
nm and coordinate 1 by
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coordinate k + 1 we get an appropriate � (k+1)
n . Finally, by setting �N =


=
Qd


m=1 �
(m)
nm , it obviously satisfies the requirements.


The following theorem is an extension of Theorem 2.1 of [6].


Theorem �� Let aN � bN be nonnegative d�sequences and let r �0� Sup�
pose that bN is a positive� nondecreasing� unbounded d�sequence of product


type� ThenX
N


aN
brN


�+� and E



maxM�N jSM jr
�
�
P


M�N aM �N � N
d


imply


lim
N


SN
bN


= 0 a�s�


Proof� Let �N be the sequence obtained in the previous lemma. Accord-
ing to Proposition 1:


E


�
max
M�N


����SM�M
����
r�


� 4d
X
M�N


aM
�rM


�N � N
d �


Hence


E


�
sup
nd


� � � sup
n1


����SN�N
����
r
�
� 4d


X
N


aN
�rN


�


Since


sup
nd


� � � sup
n1


����SN�N
����
r


= sup
N


����SN�N
����
r


it follows from the foregoing that


sup
N


����SN�N
����
r


�+� a.s.


We have ����SNbN
���� =


�N
bN


����SN�N
���� � �N


bN
sup
K


����SK�K
���� �


This proves the theorem because limN
�N
bN


= 0.


Definition �� A function g on N
d 	 N


d is said to be superaddit ive if


g
�
I � (j1� � � � � jm�1� k � jm+1� � � � � jd)


�
+ g


�
i1� � � � � im�1� k + 1� im+1� � � � � id)� J


�
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can be majorized by g(I � J ) for any m = 1� � � � � d and for any im � k �jm �


A d-sequence of random variables is said to have r -th moment function of
superadditive structure (MFSS ) if


E


��
	
������
X


I�K�J


XK


������
r
�
� � g(I � J )� �I � J � N


d �


where g is superadditive on N
d 	 N


d , r �0 and � �1. Remark that the
notion of r -th MFSS was used by Móricz in [11].


Remark �� Maximal inequalities play important role in proving SLLN’s.
We shall frequently use the following result of Móricz (see [9, Corollary 1]
or [12, Theorem 7]):


Suppose that r � 1 and XN has r �th MFSS � Then there is a constant


Ar���d for which


E


�
max
K�N


jSK j
r


�
� Ar���dg(1� N )� �N � N


d �


The reader can verify that the above proposition is true in the case of
0 �r �1, too.


3. Logarithmically Weighted Sums


Móri in [15, Theorem 1] proved that the sequence


1
log+ n


nX
k=1


Xk


k


converges a.s. to zero under general assumptions. With their general method
in [6] Fazekas and Klesov proved a special case of Móri’s theorem. Now we
extend this case to fields of random variables. Our method is a generalization
that of [6]. Our Lemma 6 and Theorem 7 are extensions of Lemma 9.1 and
Theorem 9.1 of [6], respectively. In the lemma below [x ], x � 0 denotes the
integer part of x , i.e. [x ] is the largest integer for which [x ] � x �
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Lemma �� �a� Let n � N and 0 �� �1� Then there is a constant Cd��
depending only on d and � such that�


nX
m1=1


h
n
m1


i
X
m2=1



 
 



h
n


m1m2���md�1


i
X
md=1


1


hM i1��
� Cd�� n


� (log+ n)d�1�


�b� Let 0 �� �1� 1 �	 �2� I �M� J � N
d � I � M � J � Then there is a


constant Cd�� depending only on d and � such that�


X
I�M�J


X
I�K�J
hK i�hM i


1


hM i1+�


1


(log+hM i)d�1
1


hK i1��
� Cd��


��
	


X
I�M�J


1
hM i



�
�
�


�


Proof� (a) The case d = 1 is well known from elementary analysis. We
prove by induction on d. Suppose that the statement is true for d = f . Let
n � N and 0 �� �1. Then


nX
m1=1


h
n
m1


i
X
m2=1



 
 



h
n


m1m2���mf


i
X


mf +1=1


1


hM i1��
=


=
nX


m1=1


1


m
1��
1


h
n
m1


i
X
m2=1



 
 



h
n


m1m2���mf


i
X


mf +1=1


1


(m2 
 
 
mf )1��
�


Now applying the hypothesis for
h
n
m1


i
we get that the above expression is


majorized by:


Cf ��


nX
m1=1


1


m
1��
1


�
n


m1


�� �
log+


�
n


m1


��f�1


� Cf ��n
� (log+ n)f�1


nX
m1=1


1
m1


�


� Cf ��n
� (log+ n)f�1C log+ n


with certain C �0 (here we used the fact
h


1
c


�
a
b


�i
=
�
a
bc


�
for a� b� c � N).
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(b) In case
P


I�M�J
1


hM i
� 1 we get that


X
I�M�J


X
I�K�J
hK i�hM i


1


hM i1+� (log+hM i)d�1hK i1��
�


�
X


I�M�J


X
I�K�J
hK i�hM i
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hM i1+� hK i1��
�
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hM ihK i
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hM i



�
�


2


�


��
	


X
I�M�J


1
hM i



�
�
�


�


In case
P


I�M�J
1
hM i


�1 using part (a) and the simple fact, that


nX
m1=1


h
n
m1


i
X
m2=1



 
 



h
n


m1m2���md�1


i
X
md=1


1


hM i1��
=
X


M�Nd
hM i�n


1


hM i1��


holds for all n� d � N , we get thatX
I�M�J


1


hM i1+� (log+hM i)d�1


X
I�K�J
hK i�hM i


1


hK i1��
�


� Cd��
X


I�M�J


1


hM i1+� (log+hM i)d�1
hM i� (log+hM i)d�1 =


= Cd��
X


I�M�J


1
hM i


� Cd��


��
	


X
I�M�J


1
hM i



�
�
�


�


Theorem 	� Let XN � N � N
d � be a d�sequence of random variables and


suppose that for some C �0� � �0


jE (XK XL)j � C


�
hK i


hLi


�� 1


(log+hLi)d�1
if hK i � hLi�


Then


lim
N


1Qd
i=1 log+ ni


X
K�N


XK


hK i
= 0 a�s�
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Proof� Clearly it is enough to prove for 0 �� �1. Let I � J � N
d � I � J .


Using the assumptions we get:


E


���
�	
������
X


I�K�J


XK


hK i


������
2

��
�� � 2


X
I�L�J


X
I�K�J
hK i�hLi


1
hK ihLi


jE (XK XL)j �


� 2C
X


I�L�J


X
I�K�J
hK i�hLi


1


hK i1��hLi1+� (log+hLi)d�1
�


Let 1 �	 �2. It follows from Lemma 6(b) that


E


���
�	
������
X


I�K�J


XK


hK i


������
2

��
�� � Dd��


��
	


X
I�L�J


1
hLi



�
�
�


�


where Dd�� �0 depends only on d and � . Now, from Remark 5 we get that


E


���
�	max


I�J


������
X
K�I


XK


hK i


������
2

��
�� � Cd����


��
	
X
K�J


1
hK i



�
�
�


�J�


where Cd���� �0 depends only on d, � and 	 . From the Hölder inequality we
have:


E


����
��	max


I�J


������
X
K�I


XK


hK i


������
2
�



���
��� � (Cd����)


1
�
X
K�J


1
hK i


�J�


Now we can apply Theorem 3 because


X
N


1


(
Qd


m=1 log nm )
2
�


1
hN i


�+��


Now we state some analogues of Theorem 7.


Remark 
� Let XN be an orthogonal d-sequence of random variables,


r �0 and s �1+r
2 . Suppose that for some C �0


E (X 2
K ) � C hK ir �
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Then for any 
�1


lim
N


1nQd
i=1 log+ ni


o� X
K�N


XK


hK is
= 0 a.s.


For the proof one can use the d-multiple version of the Rademacher–
Menšov inequality [9, Corollary 3a].


Remark �� Let 0 �r �1 and 0 �s � 2
3�r . Suppose that for some


C �0


jE (XK XL)j �
C hK isr


hLis (log+hLi)d�1 if hK i � hLi�


Then


lim
N


1


hN i1�s


X
K�N


XK


hK is
= 0 a.s.


The proof is similar to that of Theorem 7.


4. Sequences with superadditive moment structure


In this section we prove a Marcinkiewicz–Zygmund type SLLN for
d-sequences with superadditive moment structure. Our Proposition 11 is a
generalization of Theorem 8.1 of [6]. For the sake of completness we start
with a simple technical lemma on partial summation.


Lemma ��� Let aN � bN be nonnegative d�sequences such that bN = 1
hN i�


for some � �0� Then X
N


(�1)d�NΔbN+1 �+�


implies X
N


aN bN �+��


where �N =
P


M�N aM �
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Proposition ��� Let r �0� � �1 and suppose that XN has r �th MFSS


and Δg(1� N )� is nonnegative for any N � N
d � Then for arbitrary q �0


(I )
X
N


g(1� N )�


hN i
1+ r


q
�+�


implies


lim
SN


hN i
1
q


= 0 a�s�


Proof� Using Remark 5 we get for all N � N
d that:


E


�
max
M�N


jSM jr
�
� Ar���d g(1� N )� �


Let us introduce the notation bN = 1


hN i
r
q


. Since
Qd


m=1


�
1


n


r
q
m


� 1


(nm+1)
r
q


�
�


� C 1


hN i
1+ r


q
for some C �0, so (I ) implies


X
N


(�1)dg(1� N )�ΔbN+1 �+��


Finally, we apply Lemma 10 and Theorem 3 to obtain the result.


5. A Brunk–Prokhorov Type Theorem


Let (Ω�A� P) be a probability space. Let XN and AN be a d-sequence
of random variables and be a d-sequence of �-subalgebras of A, respectively.
We shall say that the pair (XN �AN ) has property (ex ) if


(ex ) E
�
E (XL jAM )jAN )


�
= E


�
XLjAmin(M�N )


�
L�M�N � N


d �


This property is widely used in the theory of multiindex martingales (see e.g.
[5]). Let XN be a d-sequence of random variables and AN a nondecreasing
d-sequence of sub �-algebras of A. We say that XN is a martingale difference
if


XN is measurable with respect to AN � N � N
d �


E (X1 ) = 0 and E (XN jAM ) = 0 if M �N�


In this section we shall use the Doob and the Burkholder inequalities for
d-sequences of random variables. For the sake of completeness we state and
prove these inequalities in the lemma below.
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Lemma ��� �a� (Doob’s Lp-inequality.) Let p �1� Then for any martin�


gale (XN �AN ) having property (ex ) for arbitrary N � N
d


E


�
max
M�N


jXM jp
�
�


�
p


p � 1


�pd
E (jXN j


p)�


�b� (Burkholder’s inequality) Let p �1� Then there is a constant Dp�d


such that for any martingale di	erence XN having property (ex )


E (jSN j
2p) � Dp�dE


�
�
��
	
X
M�N


X 2
M



�
�
p�
A �N � N


d �


Proposition ��� Let XN be a martingale di	erence having property (ex )


and p � 1� Suppose that
P


M�N E (jXM j2p) � C hN ir for some C �0 and


r �p + 1� Then limN
SN
hN i


= 0 a�s�


Proof� From Burkholder’s inequality (Lemma 12(b)) and Hölder’s in-
equality


E


�
jSN j


2p
�
� D2p�2E


��
	
��
	
X
M�N


X 2
M



�
�
p
�
� �


� D2p�2hN i
p�1


X
M�N


E


�
jXM j2p


�
� D2p�2hN i


p+r�1�


Thus, by Doob’s inequality (Lemma 12(a)),


E


�
max
M�N


jSM j2p
�
� F2p�2


X
M�N


ΔhM ip+r�1


for some constant F2p�2 �0. Now ΔhM ip+r�1 � C hM ip+r�2 and Theorem
3 implies the result.


Proposition ��� Let XN be a martingale di	erence having property (ex )


and let p � 1� Suppose that E (jXN j
2p) is d�sequence of product type� Then


X
N


E (jXN j
2p)


b2p
N


hN ip�1 �+�
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implies limN
SN
bN


= 0 a�s�� provided that bN is a nondecreasing� positive� un�


bounded d�sequence of product type and either p = 1 or
hN i�


bN
is nonincreasing


for some  �p�1
2p �


Proof� Applying Lemma 12(b), Hölder’s inequality and Lemma 12(a)
we get


E


�
max
M�N


jSM j2p
�
� Cp�dhN i


p�1
X
M�N


E (jXM j2p)


for some Cp�d �0. In case p = 1 our main theorem and the above
inequality imply the result. Let p �1. Introduce the notation cN =


= hN ip�1P
M�N E (jXM j2p). It is easy to see that


ΔcN =
dY
l=1


��
	np�1


l


nlX
k=1


a(l )
k � (nl � 1)p�1


nl�1X
k=1


a(l )
k



�
� =


=
dY
l=1


��
	np�1


l a(l )
nl


+
n
np�1
l � (nl � 1)p�1


o nl�1X
k=1


a(l )
k



�
� �


�
dY
l=1


��
	np�1


l a(l )
nl + Cnp�2


l


nl�1X
k=1


a(l )
k



�
�


for some C �0, where
Qd


l=1 a
(l )
nl = E (jXN j


2p). Using the assumptions we get


nX
m=1


mp�2


b
(l )2p
m


m�1X
k=1


a(l )
k =


n�1X
k=1


a(l )
k


nX
m=k+1


mp�2


b
(l )2p
m


�


�
nX
k=1


a(l )
k


�X
m=k


mp�2


b
(l )2p
m


==
nX
k=1


a(l )
k


�X
m=k


1
mr


mp+r�2


b
(l )2p
m


�


�
nX
k=1


a(l )
k


kp+r�2


b
(l )2p
k


�X
m=k


1
mr �


nX
k=1


a(l )
k


kp+r�2


b
(l )2p
k


Ck1�r


for some r �1� Cr �0 and for each 1 � l � d. This means that
P


N Δ cN


b
2p
N


�


�+�, hence one can apply Theorem 3.
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We remark that a similar proposition can be proved in a similar manner
for d-sequences having maximal coefficient of correlation strictly smaller than
1. For this, one can use [14, Lemma 4] instead of Burkholder’s inequality.


6. Mixingales


In this chapter we define multiindex Lr mixingales and prove an SLLN
for a special class of such random variables. Remark that the notion of Lr


mixingales was introduced by McLeish [10] and Andrews [1]. Let Z denote
the set of integers and let


EN =
n
M � Z


d : 0 � nk � mk � 1� k = 1� � � � � d and
Pd


k=1(nk � mk ) is even
o
�


ON =
n
M � Z


d : 0 � nk � mk � 1� k = 1� � � � � d and
Pd


k=1(nk � mk ) is odd
o
�


if N � Z
d.


Definition ��� Let r � 1, (Ω�A� P) be a probability space, XN be a


d-sequence of random variables with finite r -th moment, AN (N � Z
d)


be a nondecreasing d-sequence of �-subalgebras of A. The pair (XN �AM )


(N � Nd , M � Zd) is called Lr -mixingale if


kE (XN jAN�M )kr � cNΨ�M if mi � 0 for some i = 1� � � � � d�(a)


kXN � E (XN jAN+M )kr � cN ΨM if M � 0�(b)


where cN (N � N
d ), ΨN (N � Z


d) are d-sequences with ΨN � 0 as
ni � �� for some i = 1� � � � � d, ΨN � 0 as ni � � for each i = 1� � � � � d,
and there is a constant C �0 for which


ΨM � CΨN


for any N � Z
d and M � EN �ON .


The following lemma is a straightforward generalization of Lemma 1 and
Lemma 2 of [7].


Lemma ��� �a� Let r � 2 and (XN �AM ) (N � N
d �M � Z


d) be an Lr


mixingale� having property (ex )� Then there exists an Fr�d �0 such that


���� max
M�N


jSM j


����
r


� Fr�d
X
K�Zd


��
	
X
M�N


���X (K )
M


���2


r



�
�


1
2


�
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where X (K )
M = ΔE (XM jAM�K ) and here the di	erence is taken according to


the subscript of A while the subscript of X remains �xed�


�b� Let r � 2 and (XN �AM ) (N � N
d �M � Z


d) be an Lr mixingale�


having property (ex ) such that
P


K�Zd ΨK �+�� Then


���� max
M�N


jSM j


����
r


� Cr�d


��
	
X
M�N


c2
M



�
�


1
2


for some Cr�d �


Proof� (a) Let N�K � N
d . ThenX


�K�M�K


X (M )
N =


X
�K�M�K


ΔE (XN jAN�M ) =


= E (XN jAN+K ) +
X
L�L+


K


E (XN jAN+L) + (�1)
X
L�L�


K


E (XN jAN+L)�


where


L
+
K = fL � Z


d : li = ki if i �� I and li = �(ki + 1) if i � I �


for some I � f1� � � � � dg� with I�� and card(I ) is even g�


L
�
K = fL � Z


d : li = ki if i �� I and li = �(ki + 1) if i � I �


for some I � f1� � � � � dg� with card(I ) is odd g�


By the definition of the Lr -mixingale, one can see that


lim
K


��
	


X
�K�M�K


X (M )
N � E (XN jAN+K )



�
� = 0 in Lr


and so


lim
K


��
	


X
�K�M�K


X (M )
N �XN



�
� = 0 in Lr �


Hence, using the triangle inequality in Lr , we get


���� max
M�N


jSM j


����
r


=


������ max
M�N


������
X
L�M


X
K�Z d


X (K )
L


������
������
r


�
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�


������ max
M�N


X
K�Z d


������
X
L�M


X (K )
L


������
������
r


�
X


K�Z d


������ max
M�N


������
X
L�M


X (K )
L


������
������
r


= (I )�


Let K � N
d be fixed. With the help of property (ex ) it is easy to check that


the pair (ZM �FM ) is martingale difference, where


ZM = X (K )
M and FM = AM�K �


Hence by Lemma 12 (a), (b) and by the triangle inequality in the space L
r
2 ,


we have


(I ) � Dr�d


X
K�Z d


������
X
L�N


X (K )
L


������
r


� Fr�d
X


K�Z d


��������
��
	
X
L�N


���X (K )
L


���2

�
�


1
2


��������
r


=


= Fr�d
X


K�Z d


������
��
	
X
L�N


���X (K )
L


���2

�
�
������


1
2


r
2


� Fr�d
X


K�Z d


��
	
X
L�N


����
���X (K )


L


���2���� r
2



�
�


1
2


�


(b) Let us consider X (K )
L . If km � 0 for some m = 1� � � � � d then


kΔE (XL jAL�K )kr � cL2dCΨ�K �


Otherwise, if km � �1 for each m = 1� � � � � d, then by Definition 15,


kΔE (XL jAL�K )kr �
X


M�EL�K�OL�K


kXL � E (XL jAM )kr � cL2dCΨ�K �


Hence, by part (a),


���� max
M�N


jSM j


����
r


� Fr�d
X


K�Z d


��
	
X
L�N


c2
L22dC 2Ψ2


�K



�
�


1
2


=


= Fr�d2dC


��
	
X


K�Z d


ΨK



�
�
��
	
X
L�N


c2
L



�
�


1
2


�
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Proposition �	� Let r � 2 and (XN �AM ) (N � N
d �M � Z


d) be an


Lrmixingale of property (ex )� Then


X
N�Zd


ΨN �� and
X
N�Nd


1


hN i
1+ r


q


��
	
X
M�N


c2
M



�
�


r
2


��


imply


lim
N


SN


hN i
1
q


= 0 a�s�


provided that the d�sequence cN is of product type�


Proof� Easy consequence of Proposition 11 and Lemma 16(b).
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[12] F� M�oricz� Moment inequalities for the maximum of partial sums of random
fields, Acta Sci� Math�� 39 (1977), 353–366.


[13] C�M�etraux� Quelques inégalités pour martingales à paramètre bidimensionnel,
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Abstract. It is proved that the almost sure central limit theorem holds true for m-


dependent random fields.
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1. Introduction


Let N be the set of the positive integers and Nd the positive integer d-
dimensional lattice points, where d is a fixed positive integer. Denote R the set
of real numbers and B the σ-algebra of Borel sets of R. Let ζn, n ∈ Nd, be a
multiindex sequence of random variables on the probability space (Ω,A, P). Almost
sure limit theorems in multiindex case state that


1


Dn


∑


k≤n


dkδζk(ω) ⇒ µ, as n → ∞, for almost every ω ∈ Ω.


Here δx is the unit mass at point x, that is δx:B → R, δx(B) = 1 if x ∈ B and
δx(B) = 0 if x 6∈ B, moreover ⇒ µ denotes weak convergence to the probability
measure µ. Theorems of this type are not direct consequences of the corresponding
theorems for ordinary sequences.


In this paper k = (k1, . . . , kd),n = (n1, . . . , nd), . . . ∈ Nd. Relations ≤, 6≤,
min, → etc. are defined coordinatewise, i.e. n → ∞ means that ni → ∞ for all


i ∈ {1, . . . , d}. Let |n| =
d
∏


i=1


ni and | logn| =
d
∏


i=1


log+ ni, where log+ x = log x if


x ≥ e and log+ x = 1 if x < e.


In the multiindex version of the classical almost sure limit theorem ζn =
1√
|n|


∑


k≤n


Xk, where Xk, k ∈ Nd, are independent identically distributed random


variables with expectation EXk = 0 and variance D2Xk = 1, moreover dk = 1
|k| ,


Dn = | logn|, finally µ is the standard normal distribution N (0, 1). (See [2] in
multiindex case, while [1] and [3] for single index case.)
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We shall prove a similar proposition, but in so-called m-dependent case. For
this purpose we need the next known theorems and lemmas.


Theorem 1.1. Assume that for any pair h, l ∈ Nd, h ≤ l there exists a random
variable ζh,l with the following properties. ζh,l = 0 if h = l. If k, l ∈ Nd, then
for h = min{k, l} we suppose that the following pairs of random variables are
independent: ζk and ζh,l; ζl and ζh,k; ζh,k and ζh,l. Assume that there exist c > 0


and n0 ∈ Nd such that E(ζl − ζh,l)
2 ≤ c|h|/|l| for all n0 ≤ h ≤ l, h, l ∈ Nd.


Let 0 ≤ d
(i)
k ≤ c log k+1


k , assume that
∞
∑


k=1


d
(i)
k = ∞ for i ∈ {1, . . . , d}. Let


dk =
d
∏


i=1


d
(i)
ki


and Dn =
∑


k≤n


dk. Then for any probability distribution µ the following


two statements are equivalent


1


Dn


∑


k≤n


dkδζk(ω) ⇒ µ, as n → ∞, for almost every ω ∈ Ω;


1


Dn


∑


k≤n


dkµζk ⇒ µ, as n → ∞,


where µζk denotes the distribution of the ζk.


Proof. Choose in [2], Theorem 2.1 and Remark 2.2, B = R, ̺(x, y) = |x − y|,
c
(i)
n = n and β = 1.


Let Xn, n ∈ Nd, be a multiindex sequence of random variables on the
probability space (Ω,A, P). Suppose that EXn = 0 and D2Xn < ∞ for all n ∈ Nd.
Let ||n|| = max{n1, . . . , nd} and d(V1, V2) = inf{||n−m|| : n ∈ V1,m ∈ V2}, where
V1, V2 ⊂ Nd. Let σ(V ), where V ⊂ Nd, be the smallest σ-algebra with respect to
which {Xn,n ∈ V } are measurable.


Definition 1.2. Let m ∈ N be fixed. The random field {Xn,n ∈ Nd} is said
to be m-dependent if the σ-algebras σ(V1) and σ(V2) are independent whenever
d(V1, V2) > m, V1, V2 ⊂ Nd.


In the following let Sn =
∑


k≤n


Xk, Bn = D2Sn, ζn = Sn/
√


Bn and let µζn


denote the distribution of the random variable ζn.


Lemma 1.3. Let {Xn,n ∈ Nd} be an m-dependent random field, EXn = 0,
n ∈ Nd. Assume that


(1.1) there exist M, δ ∈ R such that E|Xn|2+δ ≤ M < ∞ for all n ∈ Nd,


for some δ ≥ 0. Then there exists constant Cδ > 0 such that


E|Sn|2+δ ≤ Cδ|n|
2+δ
2
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for all n ∈ Nd.


Proof. See [4], Lemma 5.


Lemma 1.4. Let µ, µn, n ∈ Nd, be distributions with µn ⇒ µ, as n → ∞. Let dk,
k ∈ Nd, be a nonidentically zero sequence of nonnegative real numbers. Assume
that for each fixed n0 ∈ Nd,


1
∑


k≤n


dk


∑


k∈An0


dk → 0, as n → ∞,


where An0
= {k ∈ Nd : k ≤ n and k 6≥ n0}. Then


1
∑


k≤n


dk


∑


k≤n


dkµk ⇒ µ, as n → ∞.


Proof. Let f :R → R be a bounded and continuous function. Then for ε > 0 there
exists nε ∈ Nd such that for n ≥ nε


∣


∣


∣


∣


∫


fdµn −
∫


fdµ


∣


∣


∣


∣


<
ε


2
and


1
∑


k≤n


dk


∑


k∈Anε


dk <
ε


2K
,


where
∣


∣


∫


fdµn −
∫


fdµ
∣


∣ ≤ K < ∞. Let γn =
∑


k≤n


dkµk


/


∑


k≤n


dk. Then


∣


∣


∣


∣


∫


fdγn −
∫


fdµ


∣


∣


∣


∣


≤ 1
∑


k≤n


dk


∑


k∈Anε


dk


∣


∣


∣


∣


∫


fdµk −
∫


fdµ


∣


∣


∣


∣


+
1


∑


k≤n


dk


∑


nε≤k≤n


dk


∣


∣


∣


∣


∫


fdµk −
∫


fdµ


∣


∣


∣


∣


< ε,


which implies Lemma 1.4.


It is easy to see that the conditions of Lemma 1.4 are satisfied for dk = 1
|k| .


The next proposition is a central limit theorem for m-dependent random fields.


Theorem 1.5. Let {Xn,n ∈ Nd} be an m-dependent random field, EXn = 0,
n ∈ Nd. Assume that (1.1) holds for some δ > 0 and


(1.2) there exist σ > 0 and nσ ∈ Nd such that
Bn


|n| ≥ σ for all n ≥ nσ.
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Then
µζn ⇒ N (0, 1) as n → ∞.


Proof. It is a simple corollary of [4], Theorem 1.


2. Results


Theorem 2.1. Let {Xn,n ∈ Nd} be an m-dependent random field, EXn = 0,


n ∈ Nd. Suppose that (1.1) and (1.2) hold for some δ ≥ 0. Let 0 ≤ d
(i)
k ≤ c log k+1


k ,


assume that
∞
∑


k=1


d
(i)
k = ∞ for i ∈ {1, . . . , d}. Let dk =


d
∏


i=1


d
(i)
ki


and Dn =
∑


k≤n


dk.


Then for any probability distribution µ the following two statements are equivalent


1


Dn


∑


k≤n


dkδζk(ω) ⇒ µ, as n → ∞, for almost every ω ∈ Ω;


1


Dn


∑


k≤n


dkµζk ⇒ µ, as n → ∞.


Proof. Let h, l ∈ Nd, h ≤ l, m = (m, . . . , m) ∈ Nd, Vl = {t ∈ Nd : t ≤ l},
Vh,l = {t ∈ Nd : t ≤ l and t 6≤ h + m}, ζh,l =


1√
Bl


∑


t∈Vh,l


Xt. Let us verify in this


case the assumptions of Theorem 1.1.


(I) ζl,l = 0 because Vl,l = ∅.
(II) Let k, l ∈ Nd and h = min{k, l}. Then


ζk is σ(Vk)-measurable, ζl is σ(Vl)-measurable,


ζh,l is σ(Vh,l)-measurable if Vh,l 6= ∅, otherwise ζh,l = 0,


ζh,k is σ(Vh,k)-measurable if Vh,k 6= ∅, otherwise ζh,k = 0,


d(Vk, Vh,l) > m if Vh,l 6= ∅,
d(Vl, Vh,k) > m if Vh,k 6= ∅,


d(Vh,k, Vh,l) > m if Vh,k 6= ∅ and Vh,l 6= ∅.
Thus the following pairs of random variables are independent: ζk and ζh,l; ζl and
ζh,k; ζh,k and ζh,l.
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(III) By Lyapunov’s inequality, (E|ξ|s)1/s ≤ (E|ξ|t)1/t if 0 < s ≤ t. (See it for
example in [5].) Thus we have


ES2
h+m


≤ (E|Sh+m|2+δ)
2


2+δ .


By Lemma 1.3,


(2.1) ES2
h+m


≤
(


c1|h + m| 2+δ
2


)
2


2+δ


= c2|h + m|.


Let h, l ∈ Nd such that max{m,nσ} ≤ h ≤ l. Then m ≤ h and (2.1) imply that


(2.2) E(ζl − ζh,l)
2 = E


(


1√
Bl


Sh+m


)2


=
1


Bl


ES2
h+m


≤ c2


Bl


|h + m|.


Since l ≥ nσ thus, by assumption (1.2), 1
Bl


≤ 1
σ|l| . So (2.2) implies that


E(ζl − ζh,l)
2 ≤ c2


σ


|h + m|
|l| = c3


d
∏


i=1


(hi + m)


|l| ≤ 2dc3
|h|
|l| = c4


|h|
|l| .


Therefore random variables ζl and ζh,l satisfy the conditions of Theorem 1.1, which
implies Theorem 2.1.


Theorem 2.2. Let {Xn,n ∈ Nd} be an m-dependent random field, EXn = 0,
n ∈ Nd. Assume that (1.1) and (1.2) hold for some δ > 0. Then


1


| logn|
∑


k≤n


1


|k|δζk(ω) ⇒ N (0, 1), as n → ∞, for almost every ω ∈ Ω.


Proof. Let d
(i)
k = 1


k , k ∈ N, i ∈ {1, . . . , d}. The conditions of Theorem 2.1 are


satisfied, because 2 ≤
(


1 + 1
k


)k
, so 1


k ≤ 1
log 2 log k+1


k , moreover
∞
∑


k=1


1
k = ∞. Then


dk = 1
|k| and


(2.3) Dn =
∑


k≤n


d
∏


i=1


1


ki
=


d
∏


i=1


ni
∑


ki=1


1


ki
∼


d
∏


i=1


log ni ∼ | logn|,


where an ∼ bn if an/bn → 1, as n → ∞. By Theorem 1.5, µζn ⇒ N (0, 1), as
n → ∞. Therefore Lemma 1.4 implies that


1


Dn


∑


k≤n


dkµζk =
1


∑


k≤n


1
|k|


∑


k≤n


1


|k|µζk ⇒ N (0, 1), as n → ∞.
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Now using Theorem 2.1, we obtain


1
∑


k≤n


1
|k|


∑


k≤n


1


|k|δζk(ω) ⇒ N (0, 1), as n → ∞, for almost every ω ∈ Ω.


This fact and (2.3) imply Theorem 2.2.
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Abstract


A general convergence rate theorem is obtained for arrays of Banach space valued random elements. This
theorem gives a unified approach to prove and extend several known results.
r 2005 Published by Elsevier B.V.
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1. Introduction


Several papers are devoted to the study of convergence rates in the law of large numbers. The
well-known theorem of Baum and Katz (1965) states the following. Let X 1;X 2; . . . be independent
identically distributed random variables with EXk ¼ 0 if EjXkjo1: Let t40; rX1 and 2r4t:
Then EjXkj


to1 if and only ifX1
n¼1


nr�2PðjSnj4enr=tÞo1 for all e40:


Earlier versions of this theorem were obtained by Hsu and Robbins (1947), Erd +os (1949,1950) and
Spitzer (1956). The result was extended to Banach space valued random variables (Jain, 1975;
Woyczyński, 1980), to arrays of random variables (Hu et al., 1989; Gut, 1992). For the recent
progress in this field see Ahmed et al. (2002) and Csörg +o (2003).

ress: tomacs@ektf.hu (T. Tómács).
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Instead of the whole sequence Sn; one can study the subsequence Skn : Most of the papers study
subsequences by methods that are different from the ones used for the whole sequence. Similarly,
papers dealing with arrays of random variables (see Gut, 1992; Fazekas, 1992; Hu et al., 1999)
offer their own method to handle general arrays. The aim of this note is to show that an
appropriate version of the classic result of Jain (1975) on Sn (Theorem 3.3) implies theorems on
Skn for a broad class of kn:
Throughout the paper we study Banach space valued random variables. However, some of our


results are new for real variables, too. In Section 2 we introduce notation. The main results are in
Section 3. Theorem 3.1 is a generalization of Theorem 3.3 of Jain (1975). The idea in Theorem 3.1
is the following. When we apply Hoffmann–Jørgensen’s inequality, we use two different functions
to obtain upper bounds for the two terms in the inequality. The theorem obtained seems to be
difficult, but when we choose appropriate weight functions we can obtain several known theorems
for general arrays like Xn1; . . . ;Xnkn : Corollaries 3.2 and 3.3 are versions of Theorem 6.2 of
Fazekas (1992) and Corollary 4.1 of Hu et al. (1999), respectively. In Section 4 we give the proofs.
In Section 5 we specialize our result for Banach spaces which are of type p. Then we obtain new
proofs for results in Fazekas (1992) and Hu et al. (1999).

2. Notation


Let N be the set of the positive integers, R the set of real numbers, a _ b ¼ maxfa; bg and
a ^ b ¼ minfa; bg; where a; b 2 R: Denote by Rf the range of the function f and by f � g the
composite function of functions f and g.
Let F0 denote the set of functions f : ½0;1Þ ! ½0;1Þ; that are nondecreasing. A function f 2 F0


is said to satisfy the D2-condition (f � D2) if there exists a constant c40; such that f ð2tÞpcf ðtÞ for
all t40: It is clear that f � D2 iff for every fixed k41; there exists a constant c41; such that
f ðktÞpcf ðtÞ for all t40:
Throughout the paper let fkn; n 2 Ng be a strictly increasing sequence of positive integers.


Following Gut (1985), introduce the functions c and Mr with


cðtÞ ¼ Cardfn 2 N: knptg for t40 and cð0Þ ¼ 0;


and


MrðtÞ ¼
X½t�
i¼1


kr�1
i if tX1 and MrðtÞ ¼ kr�1


1 if 0pto1;


where r 2 R; Card A is the cardinality of the set A and ½:� denotes the integer function. Let
M ¼ M2:
Let B be a real separable Banach space with norm :k k and zero element 0: If X is a B-valued


random variable (r.v.) and E Xk ko1 then EX stands for the Bochner integral of X.
X is symmetric if X and �X have same distribution. The symmetrization procedure consists in


assigning to the r.v. X the symmetrized r.v. X � ¼ X � X 0; where X 0 is independent of X and has
the same distribution. Then
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Pð X 0
�� ��otÞPð Xk k42tÞpPð X �k k4tÞp2Pð X � bk k4t=2Þ (2.1)


for all tX0 and b 2 B:
Let fXnk; n 2 N; k ¼ 1; . . . ; kng be an array of B-valued r.v.’s. It is rowwise independent, if


Xn1; . . . ;Xnkn are independent r.v.’s for any fixed n 2 N: Let Skn ¼
Pkn


k¼1Xnk: If kn ¼ n for all n,
then we denote Skn by Sn: This corresponds to the case of ordinary sequences.


Definition 2.1  (Gut, 1992). We say that the array fXnk; n 2 N; k ¼ 1; . . . ; kng is weakly mean
dominated (w.m.d.) by the r.v. X, if for some g40;


1


kn


Xkn
k¼1


Pð Xnkk k4tÞpgPð Xj j4tÞ for all tX0 and n 2 N: (2.2)


Remark 2.2. If fXnk; n 2 N; k ¼ 1; . . . ; kng is w.m.d. by the r.v. X, then


1


kn


Xkn
k¼1


Pð Xnkk kXtÞpgPð Xj jXtÞ for all t40 and n 2 N: (2.3)


3. A general convergence rate theorem


Our main result is Theorem 3.1. It concerns the case of kn � n : However, its general setup
allows us to apply it for general sequences kn (see Corollaries 3.2, 3.3, 5.2 and Theorem 5.5).


Theorem 3.1. Let fXnk; n 2 N; k ¼ 1; . . . ; ng be an array of rowwise independent B-valued r.v.’s
which is w.m.d. by the r.v. X. Assume that there exists a sequence fgn; n 2 Ng of positive real


numbers such that f Snk k=gn; n 2 Ng is bounded in probability. Let a; W;j 2 F0; and assume that a is
not bounded, W;j � D2; Wc0: Let


bðnÞ ¼ jðaðnþ 1ÞÞ � jðaðnÞÞ; n ¼ 0; 1; 2; . . . :


Assume that


E jð Xj jÞo1; E Wð Xj jÞo1 and lim
n!1


aðnÞ
gn


¼ 1:


Let either


mðnÞ ¼ bðn� 1Þ for all n 2 N (3.1)


or


mðnÞ ¼ bðnÞ for all n 2 N: (3.2)


In case (3.2) assume that there exists a constant c40 such that for n 2 N large enough


cbðnÞpbðn� 1Þ: (3.3)


Let n0 2 N be such that WðaðnÞÞ40 for all nXn0: If there exist j 2 N and r40 such that


X1
n¼n0


mðnÞ
n


rnþ WðgnÞ
WðaðnÞÞ


� �2j


o1; (3.4)


then
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m ðn Þ
n


Pð Snk k4eaðnÞÞo1 for all e40: (3.5)


The following corollary is a generalization of Theorem 6.2 of Fazekas (1992).


Corollary 3.2. Let fXnk; n 2 N; k ¼ 1; . . . ; kng be an array of rowwise independent B-valued r.v.’s
which is w.m.d. by the r.v. X. Let M � c � D2; r; s; t40; rs4t: Assume that f Skn


�� ��=k1=sn ; n 2 Ng is


bounded in probability. Furthermore, if r42 we assume that fMðnÞ=Mðn� 1Þ; n 2 Ng is bounded. If


EMr=2ðcð Xj jt=rÞÞo1 and E Xj jso1;


then


X1
n¼1


ðMðnÞÞr=2�1Pð Skn


�� ��4ekr=tn Þo1 for all e40:


The following corollary is a version of Corollary 4.1 of Hu et al. (1999).


Corollary 3.3. Let fXnk; n 2 N; k ¼ 1; . . . ; kng be an array of rowwise independent B-valued r.v.’s
which is w.m.d. by the r.v. X. Let r 2 R; 0otos and Mr � c � D2: Assume that f Skn


�� ��=k1=sn ; n 2 Ng


is bounded in probability. If


EMrðcð Xj jtÞÞo1 and E Xj jso1;


then


X1
n¼1


kr�2
n Pð Skn


�� ��4ek1=tn Þo1 for all e40:


4. Proofs


We start with some preliminary results. The following lemma is a version of Lemma 2.2 of Jain
(1975).


Lemma 4.1. Let X be a r.v., j; a 2 F0; bðnÞ ¼ jðaðnþ 1ÞÞ � jðaðnÞÞ; n ¼ 0; 1; 2; . . . : If


E jð Xj jÞo1; then


X1
n¼1


bðn� 1ÞPð Xj jXaðnÞÞo1:


Proof. With notation Yn ¼ jðaðnÞÞ we have


E jð Xj jÞX
X1
i¼1


YiPðYipjð Xj jÞoYiþ1ÞX
X1
i¼1


Xi
n¼1


bðn� 1ÞPðYipjð Xj jÞoYiþ1Þ


¼
X1
n¼1


bðn� 1Þ
X1
i¼n


PðYipjð Xj jÞoYiþ1ÞX
X1
n¼1


bðn� 1ÞPð Xj jXaðnÞÞ: &


The following lemma is due to Hoffmann–Jørgensen (1974) and Jain (1975).


X1
n¼1
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RW:
Then there exists aX0; so that limx!a�0WðxÞotolimx!aþ0 WðxÞ: (Define limx!0�0 WðxÞ as Wð0Þ:) If
WðaÞot; then


S1


m¼1fy : Wð yÞ4 Wða þ 1= mÞg ¼ fy : W ðy Þ4tg and
S1


m¼1 fy : WðyÞXWðaþ 1=mÞg ¼ fy :
W ðyÞ Xtg: On the other hand, if Wð aÞ 4t; then


T1


m¼1 fy : WðyÞ4Wða� 1=mÞg ¼ fy : WðyÞ4tg andT1


m¼1 fy : WðyÞXWða� 1=mÞg ¼ fy : WðyÞXtg: Hence, using continuity of probability and (4.1) for
t 2 RW ; we have that (4.1) is true in this case as well. If 0pt pWð0Þ or tX sup R W ; then (4.1) is
obvious. Now, applying W � D2; we get that there exists a constant c 41 such that


P Wð Skn


�� ��Þ4ct
� �


pP WðNknÞXt
� �


þ 4P2 Wð Skn


�� ��ÞXt
� �


(4.2)


for all tX0: Integrating with respect to t, we obtain


1


c
E Wð Skn


�� ��Þ pE W ðNknÞ þ 4


Z 1


0


P2 Wð Skn


�� ��Þ4t
� �


dt: (4.3)


Since f Skn


�� ��=gkn ; n 2 Ng is bounded in probability and W � D2; therefore there exist constants
A1; A40 such that


Pð Skn


�� ��XA1gknÞo
1


8c
and WðA1gknÞpAWðgknÞ


for all n 2 N: Hence we have


PðWð Skn


�� ��Þ4AWðgknÞÞo
1


8c
:


Lemma 4.2. Let X 1; . . . ;Xn be B-valued, independent, symmetric r.v.’s and j 2 N: Then there exists


Aj;BjX0; depending only on j, such that


P
Xn
k¼1


Xk


�����
�����43jt


 !
pAjP max


1pkpn
Xkk k4t


� �
þ BjP


2j
Xn
k¼1


Xk


�����
�����4t


 !


for all tX0: ðA1 ¼ 1; B1 ¼ 4Þ


The following lemma is a generalization of Theorem 3.1 of Jain (1975) and Lemma 2.6 of
Fazekas (1992).


Lemma 4.3. Let fXnk; n 2 N; k ¼ 1; . . . ; kng be an array of rowwise independent, symmetric B-


valued r.v.’s and let fgn; n 2 Ng be a sequence of positive real numbers. Let W 2 F0 and W � D2: If
f Skn


�� ��=gkn ; n 2 Ng is bounded in probability, then there exist constants a; b40 such that


E Wð Skn


�� ��ÞpaE W max
1pkpkn


Xnkk k


� �
þ bWðgknÞ for all n 2 N:


Proof. Let Nkn ¼ max1pkpkn Xnkk k: By W 2 F0 and Lemma 4.2, we have for all xX0 and n 2 N


PðWð Skn


�� ��=3Þ4WðxÞÞpPð Skn


�� ��=34xÞpPðNkn4xÞ þ 4P2ð Skn


�� ��4xÞ


pPðWðNknÞXWðxÞÞ þ 4P2ðWð Skn


�� ��ÞXWðxÞÞ:


Hence


PðWð Skn


�� ��=3Þ4tÞpPðWðNknÞXtÞ þ 4P2ðWð Skn


�� ��ÞXtÞ (4.1)


for all t 2 RW and n 2 N: Now we prove (4.1) for teRW: First assume that t 2 ðWð0Þ; supRWÞ \







ARTICLE IN PRESS
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1


8c
PðWð Skn


�� ��Þ4tÞdt


pAWðgknÞ þ
1


8c
E Wð Skn


�� ��Þ: ð4:4Þ


Thus, by (4.3) and (4.4), we get Lemma 4.3. &


The following lemma is a generalization of Lemma 2.1 of Gut (1992) and Lemma 2.7 (b) of
Fazekas (1992).


Lemma 4.4. Let fXnk; n 2 N; k ¼ 1; . . . ; kng be an array of B-valued r.v.’s which is w.m.d. by the


r.v. X. If W 2 F0 then


1


kn


Xkn
k¼1


E Wð Xnkk kÞpð1 _ gÞE Wð Xj jÞ: (4.5)


Proof. Using W 2 F0 and (2.2), we have for all xX0


1


kn


Xkn
k¼1


PðWð Xnkk kÞ4WðxÞÞp
1


kn


Xkn
k¼1


Pð Xnkk k4x Þpg P ð Xj j4x Þpg P ð Wð Xj jÞXW ðx ÞÞ;


hence we obtain (4.5) for t 2 RW: A standard calculation gives (4.5) for teRW: &


In the proof of Theorem 3.1 we shall apply Lemmas 4.3 and 4.4 for kn � n:


Proof of Theorem 3.1. First assume that Xnk are symmetric. Let e40:Using Lemma 4.2 and (2.2),
we get


Pð Snk k4e3jaðnÞÞpAjgnPð Xj j4eaðnÞÞ þ BjP
2j ð Snk k4eaðnÞÞ: (4.6)


To estimate the second term of (4.6) we can apply W 2 F0; W � D2; Chebyshev’s inequality,
Lemmas 4.3 and 4.4. Thus there exist e0; g0; a; b40 such that for all nXn0


P
1


e
Snk k4aðnÞ


� �
pPðe0Wð Snk kÞXWðaðnÞÞÞ


pe0
E Wð Snk kÞ


WðaðnÞÞ
p


e0


WðaðnÞÞ
ðag0nE Wð Xj jÞ þ bWðgnÞÞ: ð4:7Þ


In formula (4.7) we can choose b such that


b4
a


r
g0E Wð Xj jÞ; (4.8)


where r is from (3.4). Now (4.6)–(4.8) imply that


It follows thatZ 1


0


P2ðWð Skn


�� ��Þ4tÞdtp
Z AWðgkn Þ


0


1dtþ


Z 1


AWðgkn Þ
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mðnÞ
n


Pð Snk k4e3jaðnÞÞpAjg
X1
n¼1


mðnÞPð Xj j4eaðnÞÞ þ const.


þ const.
X1


n¼n0þ1


mðnÞ
n


rnþ WðgnÞ
WðaðnÞÞ


� �2j


: ð4:9Þ


Since j � D2; there exists k40 such that E j Xj j=e
� �


pkE jð Xj jÞo1: Thus, by Lemma 4.1 and
(3.3), there exists n1 2 N such that


14
X1
n¼1


bðn� 1ÞP
Xj j


e
4aðnÞ


� �
Xconst.


X1
n¼n1


mðnÞPð Xj j4eaðnÞÞ: (4.10)


Then (4.9), (4.10) and (3.4) imply (3.5).
In the general case let X 0


nk be an independent copy of Xnk for any n 2 N and k ¼ 1; . . . ; n: Let
X �


nk ¼ Xnk � X 0
nk; S


0
n ¼


Pn
k¼1X


0
nk and S�


n ¼
Pn


k¼1X
�
nk ¼ Sn � S0


n:
Now prove that conditions of Theorem 3.1 hold for X �


nk: Using (2.1) and (2.2), we get


1


n


Xn
k¼1


P X �
nk


�� ��4t
� �


p
2


n


Xn
k¼1


P Xnkk k4
t


2


� �
p2gPð 2Xj j4tÞ for all tX0;


so fX �
nk : n 2 N; k ¼ 1; . . . ; ng is w.m.d. by 2X : Moreover, it follows from j;W � D2 that


E jð 2Xj jÞo1 and E Wð 2Xj jÞo1:
Since f Snk k=gn; n 2 Ng is bounded in probability, using (2.1), for every h40 there exists q40


such that for all n 2 N


2h42Pð Snk k4qgnÞXPð S�
n


�� ��42qgnÞ:


Thus S�
n


�� ��=gn; n 2 N
� 	


is bounded in probability. Therefore the already known symmetric case
impliesX1


n¼1


mðnÞ
n


Pð S�
n


�� ��4eaðnÞÞo1 for all e40: (4.11)


Now we turn to Sn: S0
n


�� ��=gn; n 2 N
� 	


is bounded in probability as well, so there exists q040 such
that


Pð S0
n


�� ��oq0gnÞ4
1
2
: (4.12)


Finally, (2.1), aðnÞ=gn ! 1 and (4.12) imply that for n 2 N large enough


Pð S�
n


�� ��4eaðnÞÞXPð S0
n


�� ��oeaðnÞÞPð Snk k42eaðnÞÞ


XPð S0
n


�� ��oq0gnÞPð Snk k42eaðnÞÞX1
2
Pð Snk k42eaðnÞÞ:


This fact and (4.11) imply (3.5). &


Proof of Corollary 3.2. In Theorem 3.1 put aðxÞ ¼ xr=t; jðxÞ ¼ Mr=2ðcðxt=rÞÞ; WðxÞ ¼ xs and gn ¼
n1=s: Then


bðkn � 1Þ ¼ jðaðknÞÞ � jðaðkn � 1ÞÞ ¼ Mr=2ðnÞ �Mr=2ðn� 1Þ (4.13)


and bðm� 1Þ ¼ 0 if knomoknþ1 for all n 2 N: Using relation MvðnÞ �Mvðn� 1Þ ¼


X1
n¼1
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bðkn � 1Þ


kn


rkn þ WðgknÞ
WðaðknÞÞ


� �2j


p


const.
P1
n¼1


nr�2�ðsr=t�1Þ2jo1; if r42;


const.
P1
n¼1


n�ðsr=t�1Þ2jo1; if 0orp2:


8>>><
>>>:


It is easy to see that the other conditions of Theorem 3.1 are satisfied as well. ThusX1
n¼1


bðkn � 1Þ


kn
Pð Skn


�� ��4ekr=tn Þo1 for all e40:


Furthermore, by (4.13)–(4.15), we have bðkn � 1Þ=knXconst. ðMðnÞÞr=2�1 which implies the
statement. &


Proof of Corollary 3.3. In Theorem 3.1 put aðxÞ ¼ x1=t; jðxÞ ¼ MrðcðxtÞÞ; WðxÞ ¼ xs and gn ¼ n1=s:
It is easy to see that the conditions of Theorem 3.1 are satisfied. Thus Theorem 3.1 implies the
statement, because in this case bðkn � 1Þ=kn ¼ kr�2


n and bðm� 1Þ ¼ 0 if knomoknþ1: &


RMðnÞ


Mðn�1Þ vt
v�1dt; it is easy to see that


vknM
v�1ðn� 1ÞpMvðnÞ �Mvðn� 1Þpvk2v�1


n for all vX1; n 2 N; (4.14)


and


vknM
v�1ðnÞpMvðnÞ �Mvðn� 1Þpvkn for all 0ovp1; n 2 N: (4.15)


Let j 2 N be such that 2j4tððr� 1Þ _ 1Þ=ðrs� tÞ: Then, using (4.13)–(4.15), we have


X1
n¼1

5. Special cases of the main theorem


B is said to be of (Rademacher) type p ð0opp2Þ if there exists a c40 such that


E
Xn
i¼1


Xi


�����
�����
p


pc
Xn
i¼1


E Xik kp (5.1)


for every independent B-valued r.v.’s X 1; . . . ;Xn with E Xik kpo1 (and EXi ¼ 0 if pX1), i ¼
1; . . . ; n:
The following remark shows that in Theorem 3.1 we can write moment conditions instead of


the boundedness of f Skn


�� ��=gkn ; n 2 Ng if B is of type p.


Remark 5.1. Let B be of type p for some 0opp2: Let fXnk; n 2 N; k ¼ 1; . . . ; kng be an array of
rowwise independent B-valued r.v.’s which is w.m.d. by the r.v. X. Assume that EXnk ¼ 0 ðk ¼


1; . . . ; kn Þ when p X1: If E Xj jp o1 then f S k n
�� ��=k1=pn ; n 2 Ng is bounded in probability.


Proof. Using (5.1) and Lemma 4.4, we have


E Skn


�� ��ppc
Xkn
k¼1


E Xnkk kppcð1 _ gÞknE Xj jp:


So f Skn


�� ��p=kn; n 2 Ng is bounded in probability. &







ARTICLE IN PRESS
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n _ jðgnÞ
jðaðnÞÞ


¼ Oððlog nÞ�d
^ ðbðnÞÞ�d


Þ: (5.2)


Then


X1
n¼1


bðnÞ
n


Pð Snk k4eaðnÞÞo1 for all e40: (5.3)


Proof. In Theorem 3.1 put W ¼ j and choose j 2 N such that 2j42=d: Then, using (5.2) and
1=bðnÞp1=c1; we get for some m0 2 N that


The following corollary is a version of Corollary 4.2 of Hu et al. (1999).


Corollary 5.2. Let B be of type p for some 0opp2: Let fXnk; n 2 N; k ¼ 1; . . . ; kng be an array of
rowwise independent B-valued r.v.’s which is w.m.d. by the r.v. X. Let r 2 R; 0otop and Mr � c �


D2: If EXnk ¼ 0 for all n 2 N; k ¼ 1; . . . ; kn; EMrðcð Xj jtÞÞo1 and E Xj jpo1; then


X1
n¼1


kr�2
n Pð Skn


�� ��4ek1=tn Þo1 for all e40:


Proof. It follows from Remark 5.1 that f Skn


�� ��=k1=pn ; n 2 Ng is bounded in probability. Hence
conditions of Corollary 3.3 are satisfied. &


The following three theorems are due to Fazekas (1992). We shall prove that they are special
cases of Theorem 3.1.


Theorem 5.3 (Fazekas, 1992, Theorem 3.1 ). Let 0 opp2; s Xp; rp4s and let B be of type p. Let


fXnk; n 2 N; k ¼ 1; . . . ; ng be an array of rowwise independent B-valued r.v.’s which is w.m.d. by the
r.v. X. Assume that EXnk ¼ 0 ðk ¼ 1; . . . ; nÞ when pX1: If E Xj jso1; then


X1
n¼1


nr�2Pð Snk k4enr=sÞo1 for all e40:


Proof. In Theorem 3.1 put aðxÞ ¼ xr=s; jðxÞ ¼ WðxÞ ¼ xs and gn ¼ n1=p: Let j 2 N such that
2j4rp=ðrp� sÞ: By Remark 5.1, f Snk k=n1=p; n 2 Ng is bounded in probability. It is easy to see that
the other conditions of Theorem 3.1 hold true as well. &


Theorem 5.4     ( Fazekas 1992, Theorem 3.5 and Jain 1975, Theorem 3.3).   Let fX nk ; n 2 N; k ¼
1; . . . ; ng be an array of rowwise independent B-valued r.v.’s which is w.m.d. by the r.v. X. Let


a;j 2 F0; which are strictly increasing, Ra ¼ R j ¼ ½0;1Þ and j � D 2: Let b ðn Þ ¼ j ða ðn þ 1ÞÞ �
jðaðnÞÞ such that for some c1; c240


c1pc2bðnþ 1ÞpbðnÞ for all n 2 N:


Let E jð Xj jÞo1: Assume that there exists a sequence fgn; n 2 Ng of positive real numbers such that


f Snk k=gn; n 2 Ng is bounded in probability, moreover there exists d40 such that
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X1
n¼1


bðnÞ
n


rnþ WðgnÞ
WðaðnÞÞ


� �2j


pconst.þ const.
X1
n¼m0


bðnÞ
n


rþ 1


ðbðnÞ log nÞd=2


 !2j


pconst.þ const.
X1
n¼m0


n�1ðlog nÞ�d2j�1


o1:


It follows from (5.2) that const: ðlog nÞdpjðaðnÞÞ=jðgnÞ for n 2 N large enough, hence
jðaðnÞÞ=jðgnÞ ! 1: This fact and j � D2 imply that aðnÞ=gn ! 1: Consequently, Theorem 3.1
implies (5.3). &


Theorem 5.5   (Fazekas 1992, Theorem 6.2).  Let f X nk ; n 2 N; k ¼ 1; . . . ; k n g be an array of
rowwise independent B-valued r.v.’s which is w.m.d. by the r.v. X. Let 0opp2; rX1; t40 and sXp:
Suppose that r4t=p if s41 while r4t=s if sp1: Assume that


lim sup
n!1


kn


Mðn� 1Þ
o1 if r42:


Let M � c � D2 and B be of type p. Assume that EXnk ¼ 0 ðk ¼ 1; . . . ; knÞ in case pX1: If


EMr=2ðcð Xj jt=rÞÞo1 and E Xj jso1;


then X1
n¼1


ðMðnÞÞr=2�1Pð Skn


�� ��4ekr=tn Þo1 for all e40:


Proof. Let q ¼ p if s41 while q ¼ s if sp1: Then rq4t; B is of type q and E Xj jqo1: Hence,
using Remark 5.1, we get that f Skn


�� ��=k1=qn ; n 2 Ng is bounded in probability. On the other hand
lim supn!1kn=Mðn� 1Þo1 implies the boundedness of fMðnÞ=Mðn� 1Þ; n 2 Ng: So all
conditions of Corollary 3.2 are satisfied. &


Remark 5.6. Theorem 5.5 can be applied e.g., for kn ¼ dn and kn ¼ nd ; where d is a fixed positive
integer.


Acknowledgements. The author would like to thank István Fazekas for several helpful discussi-
ons and for his attention to my paper.
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Some special cases of a general convergence
rate theorem in the law of large numbers


Tibor Tómács


Department of Applied Mathematics, Eszterházy Károly College
e-mail: tomacs@ektf.hu


Abstract


Tómács in [6] proved a general convergence rate theorem in the law of
large numbers for arrays of Banach space valued random elements. We shall
study this theorem in case Banach space of type ϕ and for two special arrays.


Key Words: Convergence rates; Arrays of Banach space valued random
variables; Banach space of type ϕ


1. Introduction and notation


Let N be the set of the positive integers and R the set of real numbers. Let Φ0


denote the set of functions f : [0,∞) → [0,∞), that are nondecreasing. A function
f ∈ Φ0 is said to satisfy the ∆2-condition (f ∼ ∆2) if there exists a constant c > 0
such that f(2t) 6 cf(t) for all t > 0.


Let B be a real separable Banach space with norm ‖.‖ and zero element 0. If
X is a B-valued random variable (r.v.) and E ‖X‖ < ∞ then EX stands for the
Bochner integral of X.


Throughout the paper let {kn, n ∈ N} be a strictly increasing sequence of
positive integers. Let {Xnk, n ∈ N, k = 1, . . . , kn} be an array of B-valued r.v.’s.
It is rowwise independent, if Xn1, . . . , Xnkn are independent r.v.’s for any fixed
n ∈ N. Let Skn =


∑kn


k=1 Xnk. If kn = n for all n, then we denote Skn by Sn. This
corresponds to the case of ordinary sequences.


The array {Xnk, n ∈ N, k = 1, . . . , kn} is said to be bounded in probability if
for all ε > 0 there exists A > 0 such that P (‖Xnk‖ > A) < ε for all n ∈ N and
k = 1, . . . , kn.


The following remark give a sufficient condition for the boundedness in proba-
bility.
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Remark 1.1. If there exists a constant M > 0 such that E ‖Xnk‖ 6 M for every
n ∈ N, k = 1, . . . , kn, then the array {Xnk, n ∈ N, k = 1, . . . , kn} is bounded in
probability. (The reader can readily verify this statement.)


Definition 1.2 (Gut [2]). We say that the array {Xnk, n ∈ N, k = 1, . . . , kn} is
weakly mean dominated (w.m.d.) by the r.v. X, if for some γ > 0,


1
kn


kn∑


k=1


P (‖Xnk‖ > t) 6 γP (|X| > t) for all t > 0 and n ∈ N.


The following theorem a general convergence rate theorem, which is proved in
[6].


Theorem 1.3 (Tómács [6], Theorem 3.1). Let {Xnk, n ∈ N, k = 1, . . . , n} be an
array of rowwise independent B-valued r.v.’s which is w.m.d. by the r.v. X. As-
sume that there exists a sequence {γn, n ∈ N} of positive real numbers such that
{‖Sn‖ /γn, n ∈ N} is bounded in probability. Let α, ϑ, ϕ ∈ Φ0, and assume that α is
not bounded, ϑ, ϕ ∼ ∆2, ϑ 6≡ 0. Let β(n) = ϕ(α(n + 1))− ϕ(α(n)), n = 0, 1, 2, . . ..
Assume that E ϕ(|X|) < ∞, E ϑ(|X|) < ∞ and limn→∞ α(n)/γn = ∞.


Let either µ(n) = β(n − 1) for all n ∈ N or µ(n) = β(n) for all n ∈ N. In
second case assume that there exists a constant c > 0 such that for n ∈ N large
enough cβ(n) 6 β(n− 1).


Let n0 ∈ N be such that ϑ(α(n)) > 0 for all n > n0. If there exist j ∈ N and
r > 0 such that


∞∑
n=n0


µ(n)
n


(
rn + ϑ(γn)


ϑ(α(n))


)2j


< ∞,


then ∞∑
n=1


µ(n)
n


P
(‖Sn‖ > εα(n)


)
< ∞ for all ε > 0.


In the following two corollaries of Theorem 1.3 we use some special notations:
Following Gut [1], introduce the functions ψ and Mr with


ψ(t) = Card{n ∈ N : kn 6 t} for t > 0,


and


Mr(t) =
[t]∑


i=1


kr−1
i if t > 1 and Mr(t) = kr−1


1 if 0 6 t < 1,


where r ∈ R, CardA is the cardinality of the set A and [.] denotes the integer
function. Let M = M2. Let f ◦ g be the composite function of functions f and g.


Remark 1.4. Mr ◦ ψ ∈ Φ0 and


(Mr ◦ ψ)(t) = Mr(ψ(t)) =







n∑
i=1


kr−1
i = Mr(n), if kn 6 t < kn+1,


kr−1
1 = Mr(1), if 0 6 t < k1.
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The following corollary is a generalization of Theorem 6.2 of Fazekas [5].


Corollary 1.5 (Tómács [6], Corollary 3.2). Let {Xnk, n ∈ N, k = 1, . . . , kn} be an
array of rowwise independent B-valued r.v.’s which is w.m.d. by the r.v. X. Let
M ◦ ψ ∼ ∆2, r, s, t > 0, rs > t. Assume that {‖Skn


‖ /k
1/s
n , n ∈ N} is bounded


in probability. Furthermore, if r > 2 we assume that {M(n)/M(n − 1), n ∈ N} is
bounded. If EMr/2(ψ(|X|t/r)) < ∞ and E |X|s < ∞, then


∞∑
n=1


(
M(n)


)r/2−1
P


(
‖Skn


‖ > εkr/t
n


)
< ∞ for all ε > 0.


The following corollary is a version of Corollary 4.1 of Hu et al. [3].


Corollary 1.6 (Tómács [6], Corollary 3.3). Let {Xnk, n ∈ N, k = 1, . . . , kn} be an
array of rowwise independent B-valued r.v.’s which is w.m.d. by the r.v. X. Let
r ∈ R, 0 < t < s and Mr ◦ ψ ∼ ∆2. Assume that {‖Skn


‖ /k
1/s
n , n ∈ N} is bounded


in probability. If EMr(ψ(|X|t)) < ∞ and E |X|s < ∞, then


∞∑
n=1


kr−2
n P


(
‖Skn‖ > εk1/t


n


)
< ∞ for all ε > 0.


In Section 2 we give a sufficient condition for the boundedness in probability
and in Section 3 we study two concrete sequences kn in Corollary 1.5 and 1.6.


2. The boundedness in probability in case Banach
space of type ϕ


If B has an appropriate geometric property, then a moment condition can imply
the boundedness of {‖Skn‖ /γkn , n ∈ N}.
Definition 2.1. A function ϕ : [0,∞) → [0,∞) is said to be an Orlicz function if
it is continuous, convex, ϕ(0) = 0, ϕ(t) > 0 for t > 0 and limt→∞ ϕ(t) = ∞. For
an Orlicz function ϕ the Orlicz space lϕ(B) consists of those B-valued sequences
{un, n ∈ N} for which


∞∑
n=1


ϕ (‖un‖ /a) < ∞ for some a > 0.


Let ε1, ε2, . . . be independent r.v.’s with P (εn = 1) = P (εn = −1) = 1/2 for all
n ∈ N. B is said to be of type ϕ, if


∑∞
n=1 εnun converges in probability for all


{un, n ∈ N} ∈ lϕ(B).
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Definition 2.2. An Orlicz function ϕ is said to satisfy the ∆0
2-condition (ϕ ∼ ∆0


2)
if there exist constants c > 0 and t0 > 0 such that ϕ(2t) 6 cϕ(t) is satisfied for all
0 6 t 6 t0.


Lemma 2.3. Let ϕ be an Orlicz function and ϕ ∼ ∆0
2. B is of type ϕ iff there


exists a constant c > 0 such that


E


∥∥∥∥∥
n∑


k=1


Xk


∥∥∥∥∥ 6 cE inf
y>0


{
1
y


(
1 +


n∑


k=1


ϕ(y ‖Xk‖)
)}


for all n ∈ N and every independent B-valued r.v.’ X1, . . . , Xn with EXk = 0,
k = 1, . . . , n.


For the proof see Fazekas [4].
The following lemma is a generalization of Lemma 2.1 of Gut [2] and Lemma 2.7


(b) of Fazekas [5].


Lemma 2.4 (Tómács [6], Lemma 4.4). Let {Xnk, n ∈ N, k = 1, . . . , kn} be an ar-
ray of B-valued r.v.’s which is w.m.d. by the r.v. X and constant γ. If ϕ ∈ Φ0


then
1
kn


kn∑


k=1


E ϕ(‖Xnk‖) 6 max{1, γ}E ϕ(|X|).


The following theorem show that in Theorem 1.3 we can write moment condi-
tions instead of the boundedness of {‖Skn‖ /γkn , n ∈ N} if B is of type ϕ.


Theorem 2.5. Let ϕ ∈ Φ0 be a submultiplicative Orlicz function, ϕ ∼ ∆0
2 and let


B be a space of type ϕ. Let {Xnk, n ∈ N, k = 1, . . . , kn} be an array of rowwise
independent B-valued r.v.’s which is w.m.d. by the r.v. X. Assume that the sequence
{knϕ(1/γkn), n ∈ N} is bounded for some sequence {γn, n ∈ N} of positive real
numbers. If EXnk = 0 for every n ∈ N, k = 1, . . . , kn and E ϕ(|X|) < ∞, then
{‖Skn‖ /γkn , n ∈ N} is bounded in probability.


Proof. By Lemma 2.3 and 2.4 there exists a constant c > 0 such that


E
‖Skn‖
γkn


6 c


γkn


E inf
y>0


{
1
y


(
1 +


kn∑


k=1


ϕ(y ‖Xnk‖)
)}


6 cE


(
1 +


kn∑


k=1


ϕ (‖Xnk‖ /γkn)


)


6 c
(
1 + ϕ (1/γkn) max{1, γ}knE ϕ(|X|)).


Thus Remark 1.1 implies the statement. ¤
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3. Convergence rate theorems for two concrete se-
quences kn


Lemma 3.1. f ∼ ∆2 iff there exist constants k > 1 and c > 0 such that


f(kt) 6 cf(t) for all t > 0. (3.1)


Proof. If f ∼ ∆2 then in case k = 2 we get (3.1). Now suppose that there exist
constants k > 1 and c > 0 such that the inequality (3.1) is true for all t > 0. Then
we can obtain with induction that


f(knt) 6 cnf(t) for all t > 0 and for all n ∈ N.


It follows that there exists n0 ∈ N such that


f(2t) 6 f(kn0t) 6 cn0f(t) for all t > 0.


Thus we get f ∼ ∆2. ¤


The reader can readily verify the following lemma.


Lemma 3.2. Let g : [k1,∞) → R be a nondecreasing function which has the prop-
erty that g(kn) > Mr(n) for all n ∈ N. Then Mr(ψ(x)) 6 g(x) for all x > k1.


Lemma 3.3. Let r ∈ R. Assume that there exists strictly increasing sequence
{an, n ∈ N} of positive integers and there exist constants k > 1, c > 0 such that


kn


kan


6 1
k


and
Mr(an)


Mr(n− 1)
6 c for all n ∈ N.


Then Mr ◦ ψ ∼ ∆2.


Proof. Assume that kn 6 t < kn+1. Then Remark 1.4 implies


Mr(ψ(kt)) 6 Mr(ψ(kkn+1)) 6 Mr(ψ(kan+1)) = Mr(an+1) 6 cMr(n) = cMr(ψ(t)).


Similarly if 0 < t < k1 then


Mr(ψ(kt)) 6 Mr(ψ(kk1)) 6 Mr(ψ(ka1)) = Mr(a1) 6 cMr(0) = cMr(ψ(t)).


It follows that Mr(ψ(kt)) 6 cMr(ψ(t)) for all t > 0. Thus, by Lemma 3.1 we get
the statement. ¤


Lemma 3.4. Let l ∈ N. Then


lim
n→∞


1k + 2k + · · ·+ (ln)k


1k + 2k + · · ·+ (n− 1)k
=


{
lk+1, if k > −1,
1, if k 6 −1.
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Proof. It is easy to see that


xk+1 − (x− 1)k+1 6 (k + 1)xk 6 (x + 1)k+1 − xk+1 for all x > 1, k > 0


and


(x + 1)k+1 − xk+1 6 (k + 1)xk 6 xk+1 − (x− 1)k+1 for all x > 1,−1 < k < 0.


Apply these inequalities for x = 1, 2, . . . , n. Then we have


lim
n→∞


1k + 2k + · · ·+ nk


nk+1
=


1
k + 1


for all k > −1,


which implies the statement for k > −1.
It is well known that 1


1c + 1
2c + · · · 1


nc is convergent if c > 1. It follows that the
statement is true in case k < −1 as well.


Finally in case k = −1 the inequalities


1 +
l−1


l


1 + 1
2 + · · ·+ 1


n−1


<
1 + 1


2 + · · ·+ 1
ln


1 + 1
2 + · · ·+ 1


n−1


< 1 +
l


1 + 1
2 + · · ·+ 1


n−1


imply the statement. ¤


Lemma 3.5. Let k1, d ∈ N, q ∈ N \ {1}. If kn = k1q
n−1 or kn = k1n


d then
Mr ◦ ψ ∼ ∆2 for all r ∈ R.


Proof. In the first case, when kn = k1q
n−1, let an = n + 1 and k = q. Then


kn


kan


=
k1q


n−1


k1qn
=


1
q


6 1
k


.


Let Q = qr−1 and assume that r > 1. In this case |1/Q| < 1, thus we get


Mr(an)
Mr(n− 1)


=
Mr(n + 1)
Mr(n− 1)


=
1 + Q + · · ·+ Qn


1 + Q + · · ·+ Qn−2
=


Q2 − 1
Qn−1


1− 1
Qn−1


→ Q2.


If r < 1 then 1/Q > 1, thus


Mr(an)
Mr(n− 1)


=
Q2 − 1


Qn−1


1− 1
Qn−1


→ 1.


If r = 1 then Q = 1, so
Mr(an)


Mr(n− 1)
=


n + 1
n− 1


→ 1.


Thus we get that Mr(an)
Mr(n−1) is bounded for all r ∈ R. Hence conditions of Lemma 3.3


are satisfied, which implies the statement.
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In the second case, when kn = k1n
d, let an = 2n and k = 2d. Then


kn


kan


=
k1n


d


k1(2n)d
=


1
2d


6 1
k


.


On the other hand it follows from Lemma 3.4 that Mr(an)
Mr(n−1) is bounded for all r ∈ R.


So Lemma 3.3 implies the statement. ¤


Theorem 3.6. Let {Xnk, n ∈ N, k = 1, . . . , k1n
d} (k1, d ∈ N are fixed) be an array


of rowwise independent B-valued r.v.’s which is w.m.d. by the r.v. X. Let t > 0,
r > 2d/(d + 1), s > t/r and v = max{s, t(d + 1)/(2d)}. If {‖Sk1nd‖ /nd/s, n ∈ N}
is bounded in probability and E |X|v < ∞, then


∞∑
n=1


n(d+1)(r/2−1)P
(
‖Sk1nd‖ > εndr/t


)
< ∞ for all ε > 0.


Proof. We shall prove that conditions of Corollary 1.5 are satisfied. Let kn =
k1n


d. Then by Lemma 3.4 {M(n)/M(n − 1), n ∈ N} is bounded. Let Y =
Mr/2(ψ(|X|t/r)). Now we turn to the proof of EY < ∞. It is well known that


1d + · · ·+ nd = a1n
d+1 + a2n


d + · · ·+ ad+2


for some a1, a2, . . . , ad+2 ∈ R. Let


g : [k1,∞) → R, g(x) =
d+2∑


i=1


|ai|
(
ki−2
1 xd+2−i


)1/d
.


Then g is nondecreasing, g(kn) > M(n) and g(x) 6 const.x(d+1)/d for all x > k1.
Therefore by Lemma 3.2 we have


Mr/2
(
ψ(xt/r)


)
6 const.xt(d+1)/(2d) for all xt/r > k1.


It follows that


Y = Y I(|X|t/r < k1) + Y I(|X|t/r > k1) 6 k
r/2
1 + const.|X|t(d+1)/(2d),


where I(A) denotes the indicator function of the set A. So EY < ∞. By Lemma 3.5
M ◦ ψ ∼ ∆2. It is easy to see that the other conditions of Corollary 1.5 hold true
as well, on the other hand M(n) > const.nd+1. So this theorem is consequence of
Corollary 1.5. ¤


Theorem 3.7. Let {Xnk, n ∈ N, k = 1, . . . , k1q
n−1} (k1 ∈ N,q ∈ N \ {1} are fixed)


be an array of rowwise independent B-valued r.v.’s which is w.m.d. by the r.v. X.
Let w > 0, t > 0, s > t and v = max{s, t(w + 1)}. If {∥∥Sk1qn−1


∥∥ /qn/s, n ∈ N} is
bounded in probability and E |X|v < ∞, then


∞∑
n=1


qnwP
(∥∥Sk1qn−1


∥∥ > εqn/t
)


< ∞ for all ε > 0.
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Proof. We shall prove that conditions of Corollary 1.6 are satisfied. Let kn =
k1q


n−1, r = w + 2 and Y = Mr(ψ(|X|t)). Then Mr(n) = kr−1
1


Qn−1
Q−1 , where


Q = qr−1. Let


g : [k1,∞) → R, g(x) = kr−1
1


Q1+log(x/k1)/ log q − 1
Q− 1


.


Then g is nondecreasing, g(kn) = Mr(n) and g(x) 6 const.xr−1 for all x > k1.
Therefore by Lemma 3.2 we have


Mr


(
ψ(xt)


)
6 const.xt(w+1) for all xt > k1.


It follows that


Y = Y I(|X|t < k1) + Y I(|X|t > k1) 6 kr−1
1 + const.|X|t(w+1).


So EY < ∞. By Lemma 3.5 Mr ◦ ψ ∼ ∆2. The other conditions of Corollary 1.6
hold true as well. Thus Corollary 1.6 implies the statement. ¤


References


[1] Gut, A., On complete convergence in the law of large numbers for subsequences,
Ann. Probab., 13 (1985) 1286–1291.


[2] Gut, A., Complete convergence for arrays, Periodica Math. Hungar., 25 (1) (1992)
51–75.


[3] Hu, T.-C., Rosalsky, A., Szynal, D., Volodin, A. I., On complete convergence
for arrays of rowwise independent random elements in Banach spaces, Stoch. Anal.
Appl., 17 (6) (1999) 963–992.


[4] Fazekas, I., A strong law of large numbers in Banach spaces of type Φ, In Mathe-
matical Statistics and Probability Theory, Vol. A, 89–97, Reidel, Dordrecht, 1987.


[5] Fazekas, I., Convergence rates in the law of large numbers for arrays, Publ. Math.
Debrecen, 41/1-2 (1992) 53–71.


[6] Tómács, T., Convergence rates in the law of large numbers for arrays of Banach
space valued random elements, Statist. Probab. Lett., 72 (2005) 59–69.


Tibor Tómács
Department of Applied Mathematics
Eszterházy Károly College
P.O. Box 43
H-3301 Eger
Hungary








Annales Mathematicae et Informaticae


33 (2006) pp. 141–149
http://www.ektf.hu/tanszek/matematika/ami


A Hájek–Rényi type inequality and its
applications


Tibor Tómácsa, Zsuzsanna Líborb


aDepartment of Applied Mathematics, Eszterházy Károly College
e-mail: tomacs@ektf.hu


bDepartment for Methodology of Economic Analysis, Szolnok College


e-mail: liborne@szolf.hu


Submitted 8 August 2006; Accepted 18 September 2006


Abstract


A general method is presented to obtain strong laws of large numbers.
Then it is applied for certain dependent random variables to obtain some
strong laws.


1. Introduction


It is well-known that the Hájek–Rényi inequality (see [7]) is a generalization of
the Kolmogorov inequality. In this paper we show (Theorem 2.1) that Kolmogorov’s
inequality implies a certain Hájek–Rényi type inequality. Using this fact we give
a general method to obtain strong laws of large numbers (Theorem 2.4). Actually
our method is the same as the one applied in Fazekas and Klesov [5] and Fazekas
et al. [6] but here we use probabilities instead of moments. In the proof we follow
the lines of [5].


Our theorem offers a general tool: if a maximal inequality is known for a certain
sequence of random variables then one can easily obtain a strong law of large
numbers. Our scheme helps to find the conditions and the normalizing constants.


In section 3 we apply our theorem to give alternative proofs for some known
strong laws of large numbers. We deal with associated, negatively associated ran-
dom variables and demimartingales.
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2. Results


Let N be the set of the positive integers and R the set of real numbers. If
a1, a2, . . . ∈ R then in case A = ∅ let maxk∈A ak = 0 and


∑


k∈A ak = 0. Let
{Xk, k ∈ N} be a sequence of random variables defined on some probability space


(Ω,F ,P) and Sk =
∑k


i=1
Xi for all k ∈ N.


Theorem 2.1. Let {αk, k ∈ N} be a sequence of nonnegative real numbers and
r > 0. Then the following two statements are equivalent.


(i) There exists c > 0 such that for any n ∈ N and any ε > 0


P
(


max
k6n


|Sk| > ε
)


6 cε−r
n


∑


k=1


αk.


(ii) There exists c > 0 such that for any nondecreasing sequence {βk, k ∈ N} of
positive real numbers, any n ∈ N and any ε > 0


P
(


max
k6n


|Sk|β−1


k > ε
)


6 cε−r
n


∑


k=1


αkβ−r
k .


Proof. The proof is based on the idea of the proof of Theorem 1.1 in Fazekas
and Klesov [5]. It is clear that (ii) implies (i). Now we turn to (i) ⇒ (ii). Let
0 < β1 6 β2 6 . . ., n ∈ N and ε > 0 are fixed. Without loss of generality we can
assume that β1 = 1. Introduce the following notation


Ai = {m : 1 6 m 6 n and 2i
6 βr


m < 2i+1}, i = 0, 1, 2, . . . ,


I = max{i : Ai 6= ∅},


mi =


{


max Ai, if Ai 6= ∅,
mi−1, if Ai = ∅, i = 0, 1, 2, . . . and m−1 = 0.


Then we have


P
(


max
k6n


|Sk|β−1


k > ε
)


6


I
∑


i=0


P
(


max
k∈Ai


|Sk| > ε2i/r
)


6


I
∑


i=0


P
(


max
k6mi


|Sk| > ε2i/r
)


6


I
∑


i=0


cε−r2−i
mi
∑


k=1


αk


= cε−r
I


∑


k=0


∑


j∈Ak


αj


I
∑


i=k


2−i
6 2cε−r


I
∑


k=0


2−k
∑


j∈Ak


αj


6 2cε−r
I


∑


k=0


∑


j∈Ak


αj2β−r
j = 4cε−r


n
∑


k=1


αkβ−r
k .


Thus the theorem is proved. �
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The following two lemmas are due to Fazekas and Klesov (see [4, Lemma 2.1
and Lemma 2.2]).


Lemma 2.2. Let {λk, k ∈ N} be a sequence of nonnegative real numbers. Assume
that


∑


∞


k=1
λk2−k < ∞. Then there exists a nondecreasing unbounded sequence


{γk, k ∈ N} of positive real numbers such that


∞
∑


k=1


λkγ−1


k < ∞ and lim
k→∞


γk2−k = 0. (2.1)


Proof. If finitely many λk are positive then the statements are obvious. Suppose
that there are infinitely many positive λk. Let z =


∑


∞


k=1
λk2−k and let ni be the


smallest integer such that


∞
∑


k=ni


λk2−k
6 z2−i, i = 0, 1, . . . .


Let q−1 = 0, qi = min{nj : j = 0, 1, . . . and nj > qi−1} (i = 0, 1, . . . ),


Bi = {k ∈ N : qi 6 k < qi+1} (i = 0, 1, . . . )


and γk = 2k−i/2 for k ∈ Bi. Property γk 6 γk+1 has to be verified only for k =
qi+1 − 1, i = 0, 1, . . . . In this case γk+1/γk =


√
2 so {γk, k ∈ N} is nondecreasing.


This equality implies limi→∞ γqi
= ∞, so {γk, k ∈ N} is unbounded. Now we turn


to (2.1).


∞
∑


k=1


λkγ−1


k =
∞
∑


i=0


∑


k∈Bi


λkγ−1


k 6


∞
∑


i=0


2i/2


∞
∑


k=ni


λk2−k
6 z


∞
∑


i=0


2−i/2 < ∞.


The last statement follows from the definition of γk. �


Lemma 2.3. Let {αk, k ∈ N} be a sequence of nonnegative real numbers, {bk, k ∈
N} a nondecreasing unbounded sequence of positive real numbers and r > 0. Assume
that


∑


∞


k=1
αkb−r


k < ∞. Then there exists a nondecreasing unbounded sequence
{βk, k ∈ N} of positive real numbers such that


∞
∑


k=1


αkβ−r
k < ∞ and lim


k→∞


βkb−1


k = 0. (2.2)


Proof. Let w0 = 0, wi = max{k ∈ N : br
k 6 2i} (i ∈ N),


Ci = {k ∈ N : wi−1 + 1 6 k 6 wi} (i ∈ N)


and λi =
∑


k∈Ci
αk. Since


∞
∑


k=1


αkb−r
k =


∞
∑


i=1


∑


k∈Ci


αkb−r
k >


∞
∑


i=1


λi2
−i
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we get that
∑


∞


i=1
λi2


−i < ∞. So all conditions of Lemma 2.2 are satisfied. Let
{γk, k ∈ N} be fixed by Lemma 2.2. Now we put


βk = γ
1/r
i for k ∈ Ci.


Then


∞ >


∞
∑


i=1


λiγ
−1


i


∞
∑


i=1


∑


k∈Ci


αkγ−1


i =


∞
∑


k=1


αkβ−r
k .


The other statements are obvious. �


Theorem 2.4. Let {αk, k ∈ N} be a sequence of nonnegative real numbers, r > 0
and {bk, k ∈ N} a nondecreasing unbounded sequence of positive real numbers.
Assume that


∞
∑


k=1


αkb−r
k < ∞


and there exists c > 0 such that for any n ∈ N and any ε > 0


P
(


max
k6n


|Sk| > ε
)


6 cε−r
n


∑


k=1


αk. (2.3)


Then
lim


n→∞


Snb−1
n = 0 almost surely (a.s.).


Proof. The proof is based on the idea of the proof of Theorem 2.1 in Fazekas and
Klesov [4]. Let {βk, k ∈ N} be fixed by Lemma 2.3. Then (2.3) and Theorem 2.1
imply that there exists c > 0 such that for any n ∈ N and any ε > 0


P
(


max
k6n


|Sk|β−1


k > ε
)


6 cε−r
n


∑


k=1


αkβ−r
k .


By this fact we get for any fixed m ∈ N


P
(


sup
k


|Sk|β−1


k > εm


)


6 lim
n→∞


P
(


max
k6n


|Sk|β−1


k > εm


)


6 cε−r
m


∞
∑


k=1


αkβ−r
k ,


where {εm, m ∈ N} a nondecreasing unbounded sequence of positive real numbers.
So we have by (2.2)


lim
m→∞


P
(


sup
k


|Sk|β−1


k > εm


)


= 0.


Hence, using continuity of probability, we have


P
(


sup
k


|Sk|β−1


k > εm for all m ∈ N


)


= 0.


Consequently supk |Sk|β−1


k < ∞ a.s. Thus by (2.2) we get


lim
k→∞


|Sk(ω)| b−1


k = lim
k→∞


(


|Sk(ω)|β−1


k


) (


βkb−1


k


)


= 0


for almost every ω ∈ Ω. Thus the theorem is proved. �
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3. Some applications


We shall prove that some known results (i.e. Theorem 3.3, Theorem 3.4, Theo-
rem 3.7, Theorem 3.8 and Theorem 3.12) are special cases of Theorem 2.4.


Associated random variables


Definition 3.1 (Esary et al. [3]). A finite family {X1, . . . ,Xn} of random vari-
ables is called associated if


cov
(


f(X1, . . . ,Xn), g(X1, . . . ,Xn)
)


> 0


for any real coordinatewise nondecreasing functions f , g on R
n such that the above


covariance exists. An infinite family of random variables is associated if its every
finite subfamily is associated.


Lemma 3.2 (Matuła [11], Lemma 1). Assume that X1, . . . ,Xn are associated ze-
ro mean random variables with finite second moments. Then for every ε > 0


P
(


max
k6n


|Sk| > ε
)


6 8ε−2 ES2
n.


Theorem 3.3 (Matuła [11], Theorem 1). Let {Xk, k ∈ N} be a sequence of asso-
ciated random variables with finite second moments and {ak, k ∈ N} a sequence of
positive real numbers satisfying


∑


∞


k=1
ak = ∞. Let bn =


∑n
i=1


ai. Assume that


∞
∑


j=1


j
∑


i=1


aiaj cov(Xi,Xj)b
−2


j < ∞.


Then
lim


n→∞


(S∗


n − ES∗


n)b−1
n = 0 a.s.,


where S∗


n =
∑n


i=1
aiXi.


Proof. Without loss of generality we can assume that EXk = 0 for all k ∈ N. Let
αk = ES∗2


k − ES∗2
k−1


, where S∗


0 = 0. Then for all k ∈ N


0 6 αk 6 2


k
∑


i=1


aiak cov(Xi,Xk),


so we have
∞
∑


k=1


αkb−2


k 6


∞
∑


k=1


k
∑


i=1


2aiak cov(Xi,Xk)b−2


k < ∞.


It is easy to see that {akXk, k ∈ N} is associated thus, by Lemma 3.2,


P
(


max
k6n


|S∗


k | > ε
)


6 8ε−2 ES∗2
n = 8ε−2


n
∑


k=1


αk


for any ε > 0. Consequently, by Theorem 2.4, we get limn→∞ S∗


nb−1
n = 0 a.s. �
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Theorem 3.4 (Birkel [1], Theorem 2 and Christofides [2], Corollary 2.2). Let
{Xk, k ∈ N} be a sequence of associated random variables with finite second mo-
ments. If


∞
∑


k=1


k−2 cov(Xk, Sk) < ∞


then
lim


n→∞


(Sn − ESn)n−1 = 0 a.s.


Proof. Without loss of generality we can assume that EXk = 0 for all k ∈ N. Let
αk = cov(Xk, Sk), bk = k and S0 = 0. Then, by Lemma 3.2, we have


P
(


max
k6n


|Sk| > ε
)


6 8ε−2 ES2
n = 8ε−2


n
∑


k=1


(


ES2
k − ES2


k−1


)


6 16ε−2


n
∑


k=1


αk.


Thus Theorem 2.4 implies the statement. �


Negatively associated random variables


Definition 3.5 (Joag-Dev and Proschan [8]). A finite family {X1, . . . ,Xn} of ran-
dom variables is called negatively associated if for any disjoint nonempty subsets
A,B ⊂ {1, . . . , n}, A = {i1, . . . , il}, B = {il+1, . . . , in} and any real coordinatewise
nondecreasing functions f on R


l and g on R
n−l


cov
(


f(Xi1 , . . . ,Xil
), g(Xil+1


, . . . ,Xin
)
)


6 0.


An infinite family of random variables is negatively associated if every finite sub-
family is negatively associated.


The following lemma is a special case of Theorem 2.1 of Liu et al. [9]. (See
Lemma 1 of Matuła [10], too.)


Lemma 3.6. Assume that X1, . . . ,Xn are negatively associated zero mean random
variables with finite second moments. Then for every ε > 0


P
(


max
k6n


|Sk| > ε
)


6 32ε−2


n
∑


k=1


EX2
k .


Theorem 3.7 (Matuła [11], Theorem 2). Let {Xk, k ∈ N} be a sequence of neg-
atively associated random variables with finite second moments and {ak, k ∈ N}
a sequence of positive real numbers satisfying


∑


∞


k=1
ak = ∞. Let bn =


∑n
i=1


ai.
Assume that


∞
∑


k=1


a2
kb−2


k D2 Xk < ∞.


Then
lim


n→∞


(S∗


n − ES∗


n)b−1
n = 0 a.s.,


where S∗


n =
∑n


i=1
aiXi.
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Proof. Without loss of generality we can assume that EXk = 0 for all k ∈ N.
Let αk = a2


k EX2
k . It is clear that {akXk, k ∈ N} is negatively associated, so by


Lemma 3.6 we have


P
(


max
k6n


|S∗


k | > ε
)


6 32ε−2


n
∑


k=1


αk


for any ε > 0. Thus Theorem 2.4 implies the statement. �


Theorem 3.8 (Liu et al. [9], Theorem 3.1). Let {Xk, k ∈ N} be a sequence of
negatively associated random variables with finite second moments and {bk, k ∈ N}
a nondecreasing and unbounded sequence of positive real numbers. Assume that


∞
∑


k=1


b−2


k D2 Xk < ∞.


Then
lim


n→∞


(Sn − ESn)b−1
n = 0 a.s.


Proof. Without loss of generality we can assume that EXk = 0 for all k ∈ N. Let
αk = EX2


k . Then Lemma 3.6 and Theorem 2.4 imply the statement. �


Demimartingales


We shall use the following notations:


X+ = max{0,X} and X− = −min{0,X}.


Definition 3.9 (Newman and Wright [12]). Let {Sk, k ∈ N} be an L1 sequence
of random variables. Assume that for j ∈ N


E
(


(Sj+1 − Sj) f (S1, . . . , Sj)
)


> 0


for all coordinatewise nondecreasing functions f on R
j such that the expectation


is defined. Then {Sk, k ∈ N} is called a demimartingale. If in addition the
function f is assumed to be nonnegative, the sequence {Sk, k ∈ N} is called a
demisubmartingale.


Lemma 3.10 (Christofides [2], Theorem 2.1). Let {Sk, k ∈ N∪{0}} be a demisub-
martingale with S0 = 0. Let {bk, k ∈ N} be a nondecreasing sequence of positive
real numbers. Then for all ε > 0


P
(


max
k6n


Skb−1


k > ε
)


6 ε−1


n
∑


k=1


b−1


k E
(


S+


k − S+


k−1


)


.


The following lemma is a corollary of Lemma 2.1 and Corollary 2.1 of Christofi-
des [2].
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Lemma 3.11. If {Sk, k ∈ N} is demimartingale then {(S+


k )r, k ∈ N} and
{(S−


k )r, k ∈ N} are demisubmartingales for all r > 1.


Theorem 3.12 (Christofides [2], Theorem 2.2). Let {Sk, k ∈ N∪{0}} be a demi-
martingale with S0 = 0. Let {bk, k ∈ N} be a nondecreasing and unbounded
sequence of positive real numbers. Let r > 1 and E |Sk|r < ∞ for each k ∈ N.
Assume that


∞
∑


k=1


b−r
k E (|Sk|r − |Sk−1|r) < ∞.


Then
lim


n→∞


Snb−1
n = 0 a.s.


Proof. Let αk = E (|Sk|r − |Sk−1|r) for all k ∈ N and ε > 0. By Lemma 3.11 and
3.10


P
(


max
k6n


|Sk| > ε
)


6 P
(


max
k6n


(S+


k )r
> εr/2


)


+ P
(


max
k6n


(S−


k )r
> εr/2


)


6 2ε−r
n


∑


k=1


E
(


(S+


k )r + (S−


k )r − (S+


k−1
)r − (S−


k−1
)r


)


= 2ε−r
n


∑


k=1


αk.


Thus Theorem 2.4 implies the statement. �
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Abstract


A general approach to the rate of convergence in the strong law of large
numbers is given. It is based on the Hájek–Rényi type method presented in
Sung, Hu and Volodin [5].


Keywords: strong law of large numbers, Hájek–Rényi maximal inequality,
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1. Introduction


The Hájek–Rényi inequality (see Hájek and Rényi [3]) is a useful tool to prove
the strong law of large numbers (SLLN). There are several generalizations of that
inequality. In Fazekas and Klesov [1] a unified approach is given to obtain SLLN’s.
Their method is based on a Hájek–Rényi type inequality for the moments. Then
the general method is applied to prove SLLN’s for various dependent sequences. It
turned out that by their method the normalizing constants in the SLLN’s can be
improved. Hu and Hu in [4] strengthened the method of Fazekas and Klesov [1] by
adding the rate of convergence in the SLLN.


Sung, Hu and Volodin [5] found a new method for obtaining the strong growth
rate for sums of random variables by using the method of Fazekas and Klesov [1].
This result generalizes and sharpens the method of Hu and Hu [4].


Tómács and Líbor in [6] gave a version of the approach in Fazekas and Klesov [1]
by using Hájek–Rényi type inequality for the probabilities instead of the moments.
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In this paper we give a general method to obtain the rate of convergence in
an SLLN by using a Hájek–Rényi type inequality for the probabilities (see Theo-
rem 3.4). This result generalizes the method of Sung, Hu and Volodin [5].


We use the following notation. Let N be the set of the positive integers and R


the set of real numbers. If a1, a2, . . . ∈ R then in case A = ∅ let maxk∈A ak = 0
and


∑


k∈A ak = 0. Let Ψ denote the set of functions f : (0,∞) → (0,∞), that are
nonincreasing and


∞
∑


n=1


n−2f(n−1) < ∞.


2. Lemmas


Lemma 2.1. If f ∈ Ψ then
∑


∞


k=0
2−kf(2−k) < ∞.


Proof. It is easy to see that


∞
∑


n=1


n−2f(n−1) =
∞
∑


k=0


2
k+1


−1
∑


n=2k


n−2f(n−1)


>


∞
∑


k=0


f(2−k)


2
k+1


−1
∑


n=2k


(


1


n
−


1


n + 1


)


=
1


2


∞
∑


k=0


2−kf(2−k).


This inequality implies the statement. �


The following lemma generalizes Dini’s theorem (see Fikhtengolts [2], §375.5 or
Lemma 1 in Hu and Hu [4]).


Lemma 2.2. Let {ak, k ∈ N} be a sequence of nonnegative numbers such that
ak > 0 for infinitely many k. Let f ∈ Ψ. If


∑


∞


k=1
ak < ∞ then


∞
∑


k=1


akf


(


∞
∑


i=k


ai


)


< ∞.


Proof. Let vk =
∑


∞


i=k ai. Then {vk, k ∈ N} is a nonincreasing sequence of
positive numbers and limk→∞ vk = 0.


Let Ai = {k ∈ N : 2−i−1 < vk 6 2−i}, i = 0, 1, 2, . . . , and k0 = min
⋃


∞


i=0
Ai.


If Ai 6= ∅, then with notation mi = min Ai, we have


∑


k∈Ai


ak 6


∞
∑


k=mi


ak = vmi
6 2−i.


So we get


∞
∑


k=k0


akf(vk) =


∞
∑


i=0


∑


k∈Ai


akf(vk) 6


∞
∑


i=0


f(2−i−1)
∑


k∈Ai


ak
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6


∞
∑


i=0


2−if(2−i−1) = 2


∞
∑


i=1


2−if(2−i)


which is less then ∞ by Lemma 2.1. Thus the statement is proved. �


Lemma 2.3. Let {Yk, k ∈ N} be a sequence of random variables defined on a fixed
probability space (Ω,F , P). Then


P
(


sup
k


Yk > x
)


= lim
n→∞


P
(


max
k6n


Yk > x
)


for all x ∈ R.


Proof. It is easy to see that


{


sup
k


Yk > x
}


=


∞
⋃


n=1


{


max
k6n


Yk > x
}


for all x ∈ R,


hence, using continuity of probability, we get the statement. �


Lemma 2.4. Let {Yk, k ∈ N} be a sequence of random variables defined on a
fixed probability space (Ω,F , P) and {εn, n ∈ N} a nondecreasing sequences of real
numbers. If


lim
n→∞


P
(


sup
k


Yk > εn


)


= 0,


then
sup


k
Yk < ∞ almost surely (a.s.).


Proof. Using continuity of probability, we have


P


(


∞
⋂


n=1


{sup
k


Yk > εn}


)


= lim
n→∞


P
(


sup
k


Yk > εn


)


= 0,


which is equivalent to P
(


⋃


∞


n=1
{sup


k
Yk 6 εn}


)


= 1. This implies that there exists


nω ∈ N for almost every ω ∈ Ω, such that sup
k


Yk(ω) 6 εnω
< ∞. �


3. The general method


In this section let {Xk, k ∈ N} be a sequence of random variables defined on a
fixed probability space (Ω,F , P) and Sn =


∑n
k=1


Xk for all n ∈ N. Let {αk, k ∈ N}
be a sequence of nonnegative real numbers, r > 0 and {bk, k ∈ N} a nondecreasing
unbounded sequence of positive real numbers. Assume that


∞
∑


k=1


αkb−r
k < ∞
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and there exists c > 0 such that for any n ∈ N and any ε > 0


P
(


max
k6n


|Sk| > ε
)


6 cε−r
n
∑


k=1


αk. (3.1)


Let f ∈ Ψ, g(x) = f−1/r(x) if x > 0, g(0) = 0 and


βn = max
k6n


bkg


(


∞
∑


i=k


αib
−r
i


)


.


Remark 3.1. It is proved that these conditions imply limn→∞ Snb−1


n = 0 a.s. (See
Theorem 2.4 in [6].)


Theorem 3.2. If there exists t ∈ N such that αt 6= 0, then


Sn


βn
=


{


O(1) a.s., if βn = O(1),


o(1) a.s., if βn 6= O(1).


Proof. It is easy to see that 0 < β1 6 β2 6 · · · . First we shall prove that


∞
∑


k=1


αkβ−r
k < ∞. (3.2)


If αk > 0 for finitely many k, then (3.2) is obvious. If αk > 0 for infinitely many
k, then


β−r
n =


(


max
k6n


bkf−1/r


( ∞
∑


i=k


αib
−r
i


)


)−r


6


(


bnf−1/r


( ∞
∑


i=n


αib
−r
i


)


)−r


= b−r
n f


(


∞
∑


i=n


αib
−r
i


)


.


This inequality and Lemma 2.2 imply


∞
∑


k=1


αkβ−r
k 6


∞
∑


k=1


αkb−r
k f


(


∞
∑


i=k


αib
−r
i


)


< ∞.


Thus (3.2) is proved. Now, if βn 6= O(1), then Remark 3.1 and (3.2) imply the
statement. If βn = O(1), then we get by (3.2)


∞
∑


k=1


αk 6


∞
∑


k=1


αk


(


β−1


k sup
n


βn


)r
=
(


sup
n


βn


)r
∞
∑


k=1


αkβ−r
k < ∞. (3.3)


By Lemma 2.3 and (3.1) we have


P
(


sup
k


|Sk| > ε
)


6 lim
n→∞


P
(


max
k6n


|Sk| > ε
)


6 cε−r
∞
∑


k=1


αk for all ε > 0.
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This inequality and (3.3) imply


lim
n→∞


P
(


sup
k


|Sk| > εn


)


= 0,


where 0 < εn ↑ ∞. Hence by Lemma 2.4 we get supk |Sk| < ∞ a.s. On the other
hand Snβ−1


n 6 supk |Sk|β
−1


1
. Thus the theorem is proved. �


Remark 3.3. Sung, Hu and Volodin proved in [5] (Lemma 4) that if αn ≡ 1 then
βn 6= O(1). Hence Theorem 3.2 implies that if αn ≡ 1 then limn→∞ Snβ−1


n = 0 a.s.


Theorem 3.4. The following statements are true:
(1) Snb−1


n = O(βnb−1


n ) a.s.
(2) limn→∞ Snb−1


n = 0 a.s.
(3) If αk > 0 for finitely many k, then limn→∞ βnb−1


n = 0.
(4) If limx→0 f(x) = ∞, then limn→∞ βnb−1


n = 0.


Proof. Let wk =
∑


∞


i=k αib
−r
i . Then w1 > w2 > . . . and limn→∞ wn = 0, hence


we get


βn 6 max
k<m


bkg(wk) + max
m6k6n


bkg(wk) 6 max
k<m


bkg(wk) + bng(wm), if n > m. (3.4)


On the other hand


lim
n→∞


(


b−1


n max
k<m


bkg(wk) + g(wm)
)


= g(wm), ∀m ∈ N. (3.5)


Now, we shall prove that


lim
m→∞


g(wm) = 0. (3.6)


If αk > 0 for finitely many k, then (3.6) is obvious. If αk > 0 for infinitely many k,
then the condition is limx→0 f(x) = ∞, which implies limm→∞ f(wm) = ∞. Hence,
(3.6) is true in this case too. Then (3.4), (3.5) and (3.6) imply limn→∞ βnb−1


n = 0.
Now, we turn to statement Snb−1


n = O(βnb−1


n ) a.s. If there exists t ∈ N such
that αt 6= 0, then by Theorem 3.2 we have


Sn


bn
=


Sn


βn


βn


bn
= O(1)


βn


bn
= O


(


βn


bn


)


a.s.


If αk ≡ 0, then by (3.1) we get


P
(


max
k6n


|Sk| > εm


)


= 0 ∀m, n ∈ N,


where 0 < εm ↓ 0. It follows that Sn = 0 a.s. for all n ∈ N in this case.
Finally limn→∞ Snb−1


n = 0 a.s. is proved by Tómács and Líbor in [6] (Theo-
rem 2.4). �
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Abstract


In this paper we study convergence rates in the strong laws of large num-
bers for mixingales and superadditive structures, by using a general method.


Keywords: convergence rate, strong law of large numbers, L
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quence with superadditive moment function
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1. Introduction


Sung, Hu and Volodin [8] introduced a new method for obtaining convergence
rate in the strong law of large numbers (SLLN), by using the approach of Fazekas
and Klesov [2]. This result generalizes and sharpens the method of Hu and Hu [5].
Tómács [9] gave a general method by using a Hájek–Rényi type inequality (see Há-
jek and Rényi [3]) for the probabilities, which sharpens the result of Sung, Hu and
Volodin [8]. In this paper we apply this method for mixingales and superadditive
structures.


The concept of L2 mixingales was introduced by McLeish [6], and generalized
to Lr mixingales by Andrews [1]. The definition of superadditive moment function
is due to Móricz [7].


Fazekas and Klesov [2, Theorem 6.1 and 6.2] proved SLLN’s for mixingales.
In Section 3 we shall give the convergence rates in these SLLN’s. Hu and Hu
[5, Theorem 2.1] obtained convergence rate in SLLN under the superadditivity
property. In Section 4 we shall generalize this result.


We use the following notation. Let N be the set of the positive integers and R


the set of real numbers. If a1, a2, . . . ∈ R then in case A = ∅ let maxk∈A ak = 0 and
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∑


k∈A ak = 0. In this paper let {Xk, k ∈ N} be a sequence of random variables
defined on a fixed probability space (Ω,F ,P), Sn =


∑n
k=1Xk for all n ∈ N and


S0 = 0. Finally in this paper let {bk, k ∈ N} be a nondecreasing unbounded
sequence of positive real numbers.


2. A general method to obtain the rate of conver-


gence in the SLLN


Definition 2.1. Let Θr (r > 0) denote the set of functions ϑ : [0,∞) → R which
are nondecreasing, continuous at 0, ϑ(0) = 0, ϑ(x) > 0 for all x > 0 and


∞
∑


n=1


n−2ϑ−r(n−1) <∞.


Remark 2.2. It is easy to see that if 0 < δ < 1 and ϑ(x) = xδ/r (x > 0), then
ϑ ∈ Θr.


Theorem 2.3 (Tómács [9], Theorem 3.4). Let {αk, k ∈ N} be a sequence of non-
negative real numbers, r > 0 and


βn = max
k6n


bkϑ


(


∞
∑


i=k


αib
−r
i


)


, where ϑ ∈ Θr. (2.1)


If
∞
∑


k=1


αkb
−r
k <∞ (2.2)


and there exists c > 0 such that for any n ∈ N and any ε > 0


P
(


max
k6n


|Sk| > ε
)


6 cε−r
n
∑


k=1


αk, (2.3)


then


lim
n→∞


βn


bn
= 0 and


Sn


bn
= O


(


βn


bn


)


almost surely (a.s.).


Lemma 2.4. Let {αk, k ∈ N} be a sequence of nonnegative real numbers, r > 0,
0 < δ < 1, ϑ(x) = xδ/r for all x > 0, bk = k1/r for all k ∈ N and let βn be defined
by (2.1). If there exist c > 0 and 0 < γ < 1 such that


∑


∞


i=k αi/i 6 c
∑


∞


i=k i
−1−γ


for all k ∈ N, then
βn


n1/r
= O


(


1


nγδ/r


)


.
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Proof. Since
∑


∞


i=k i
−1−γ 6


∫


∞


k−1
x−1−γ dx = γ−1(k− 1)−γ for all k > 2, hence we


get
∞
∑


i=k


αi


i
6


c


γ(k − 1)γ
for all k > 2 (2.4)


and


∞
∑


i=1


αi


i
6 c


∞
∑


i=1


i−1−γ = c+ c


∞
∑


i=2


i−1−γ
6 c+


c


γ(2 − 1)γ
=
c


γ
(γ + 1).


It follows that


β1 =


(


∞
∑


i=1


αi


i


)δ/r


6


(


c


γ
(γ + 1)


)δ/r


6


(


c2γ


γ
(γ + 1)


)δ/r


. (2.5)


On the other hand if n > 2 then (2.4) implies


max
26k6n


k1/r


(


∞
∑


i=k


αi


i


)δ/r


6 max
26k6n


k1/r


(


c


γ(k − 1)γ


)δ/r


6 max
26k6n


(


c2γ


γ


)δ/r


k(1−γδ)/r =


(


c2γ


γ


)δ/r


n(1−γδ)/r.


This inequality, (2.5) and limn→∞ n(1−γδ)/r = ∞ imply for n ∈ N large enough


βn 6 const.max
{


(γ + 1)δ/r, n(1−γδ)/r
}


= const.n(1−γδ)/r.


So βnn
−1/r 6 const.n−γδ/r for n ∈ N large enough, which implies the statement.


�


3. Mixingales


Let {Fk, k ∈ N} be a nondecreasing sequence of sub σ-fields of F , EmXk =
E(Xk | Fm) denote the conditional expectation of Xk given Fm for m > 0 and
EmXk = 0 for m 6 0.


Definition 3.1 (McLeish [6], Andrews [1]). The sequence {(Xk,Fk), k ∈ N} is an
Lr mixingale if there exist nonnegative constants {ck, k > 0} and {ψk, k > 0} such
that ψk ↓ 0 and for all nonnegative integers k and m we have


||Ek−mXk||r 6 ckψm and ||Xk − Ek+m Xk||r 6 ckψm+1,


where ||ξ||r = (E |ξ|r)1/r for any random variable ξ.
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Lemma 3.2. If {(Xk,Fk), k ∈ N} is Lr mixingale, where r > 2 and
∑


∞


m=1 ψm <
∞, then there exists c > 0 such that for any n ∈ N and any ε > 0


P
(


max
k6n


|Sk| > ε
)


6 cε−r


(


n
∑


k=1


c2k


)r/2


.


Proof. Hansen [4] proved in Lemma 2 under these conditions, that there exists
c > 0 such that for any n ∈ N


E
(


max
k6n


|Sk|r
)


6 c


(


n
∑


k=1


c2k


)r/2


.


Hence Markov’s inequality implies the statement. �


Theorem 3.3. Let {(Xk,Fk), k ∈ N} be an Lr mixingale, where r > 2 and
∑


∞


m=1 ψm <∞. Let βn defined by (2.1) with


αk =


(


k
∑


i=1


c2i


)r/2


−
(


k−1
∑


i=1


c2i


)r/2


.


If
∞
∑


k=1


c2k
brk


(


k
∑


i=1


c2i


)r/2−1


<∞, (3.1)


then


lim
n→∞


βn


bn
= 0 and


Sn


bn
= O


(


βn


bn


)


a.s.


Proof. If A = ∅ then
∑


i∈A c
2
i = 0, hence α1 = cr1. Since


n
∑


k=1


αk =


(


n
∑


i=1


c2i


)r/2


,


hence Lemma 3.2 implies (2.3). By the mean value theorem


x
r/2
2 − x


r/2
1 6 (x2 − x1)


r


2
x


r/2−1
2 for all 0 6 x1 6 x2. (3.2)


Using (3.2) with x1 =
∑k−1


i=1 c
2
i and x2 =


∑k
i=1 c


2
i we get


αk = x
r/2
2 − x


r/2
1 6 c2k


r


2


(


k
∑


i=1


c2i


)r/2−1


.


This inequality and (3.1) imply (2.2). Since every conditions of Theorem 2.3 are
satisfied, the statement is proved. �
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Lemma 3.4. If {(Xk,Fk), k ∈ N} is an Lr mixingale, where 1 < r 6 2 and
∑


∞


m=1 ψm <∞, then there exists c > 0 such that for any n ∈ N and any ε > 0


P
(


max
k6n


|Sk| > ε
)


6 cε−r
n
∑


k=1


crk.


Proof. Hansen [4] proved in Lemma 2 of Erratum under these conditions, that
there exists c > 0 such that for any n ∈ N


E
(


max
k6n


|Sk|r
)


6 c


n
∑


k=1


crk.


Hence Markov’s inequality implies the statement. �


Theorem 3.5. Let {(Xk,Fk), k ∈ N} be an Lr mixingale, where 1 < r 6 2 and
∑


∞


m=1 ψm <∞. Let βn defined by (2.1) with αk = crk. If


∞
∑


k=1


crk
brk


<∞, (3.3)


then


lim
n→∞


βn


bn
= 0 and


Sn


bn
= O


(


βn


bn


)


a.s.


Proof. The statement is a corollary of Lemma 3.4 and Theorem 2.3. �


Corollary 3.6. Let {(Xk,Fk), k ∈ N} be an Lr mixingale, where 1 < r 6 2 and
∑


∞


m=1 ψm < ∞. If there exist c > 0 and 0 < γ < 1 such that ck 6 ck−γ/r for all
k ∈ N, then for all 0 < δ < 1


Sn


n1/r
= O


(


1


nγδ/r


)


a.s.


Proof. Let bk = k1/r, αk = crk and ϑ(x) = xδ/r (x > 0), where 0 < δ < 1 is a fixed
constant. Then for all k ∈ N


∞
∑


i=k


αi


i
=


∞
∑


i=k


(


ci
bi


)r


6 cr
∞
∑


i=k


i−1−γ .


Hence using Theorem 3.5 and Lemma 2.4 we get


Sn


n1/r
= O


(


βn


n1/r


)


= O


(


1


nγδ/r


)


a.s.


�
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4. Sequences with superadditive moment function


Definition 4.1 (Móricz [7]). {Xk, k ∈ N} is said to have the r-th (r > 0) moment
function of superadditive structure if there exists g : N∪{0}×N → [0,∞) such that


g(b, k) + g(b+ k, l) 6 g(b, k + l) for all b ∈ N ∪ {0}, k ∈ N, l ∈ N (4.1)


and for some α > 1


E |Sb+n − Sb| 6 gα(b, n) for all b ∈ N ∪ {0}, n ∈ N. (4.2)


We shall use the notation gn = g(0, n) (n ∈ N) and g0 = 0. It is easy to see
that gn 6 gn+1 for all n ∈ N ∪ {0}.


Lemma 4.2. If {Xk, k ∈ N} has r-th moment function of superadditive structure
with r > 0, α > 1, then there exists a constant Ar,α depending only on r and α
such that for any n ∈ N and any ε > 0


P
(


max
k6n


|Sk| > ε
)


6 Ar,αε
−rgα


n .


Proof. Móricz proved in [7] under these conditions, that there exists a constant
Ar,α depending only on r and α, such that for any n ∈ N


E
(


max
k6n


|Sk|r
)


6 Ar,αg
α
n .


Hence Markov’s inequality implies the statement. �


Theorem 4.3. Assume that {Xk, k ∈ N} has r-th moment function of superad-
ditive structure with r > 0, α > 1. Let βn defined by (2.1) with αk = gα


k − gα
k−1.


If
∞
∑


k=1


gα
k − gα


k−1


brk
<∞, (4.3)


then


lim
n→∞


βn


bn
= 0 and


Sn


bn
= O


(


βn


bn


)


a.s.


Proof. As gk increases, we get αk > 0, thereby (4.3) implies (2.2). On the other
hand


∑n
k=1 αk = gα


n , so Lemma 4.2 implies (2.3). Now applying Theorem 2.3 we
get the statement. �


Remark 4.4. Hu and Hu proved Theorem 4.3 in special case ϑ(x) = xδ/r (0 <
δ < 1). (See Theorem 2.1 of Hu and Hu [5].)
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Corollary 4.5. Let 0 < γ < 1, c > 0, α > 1 and r > 0. If for all b ∈ N∪{0}, n ∈ N


E |Sb+n − Sb| 6 c
(


(b+ n)(1−γ)/α − b(1−γ)/α
)α


,


then
Sn


n1/r
= O


(


1


nγδ/r


)


a.s. for all 0 < δ < 1.


Proof. Let g : N∪{0}×N∪{0}→ [0,∞), g(i, j) = c1/α
(


(i+ j)(1−γ)/α − i(1−γ)/α
)


.
Then (4.1) and (4.2) are satisfied, hence {Xk, k ∈ N} has r-th moment function
of superadditive structure.


Now let bk = k1/r for all k ∈ N. Since gα
i = gα(0, i) = ci1−γ for every nonnega-


tive integer i, hence we get


∞
∑


i=k


gα
i − gα


i−1


bri
=


∞
∑


i=k


ci1−γ − c(i− 1)1−γ


i


= c


∞
∑


i=k


i1−γ


(


1


i
− 1


i+ 1


)


− c
(k − 1)1−γ


k
6 c


∞
∑


i=k


i−1−γ . (4.4)


Since (4.4) implies (4.3), hence using Theorem 4.3 we have


Sn


n1/r
= O


(


βn


n1/r


)


a.s. (4.5)


Let ϑ(x) = xδ/r , where 0 < δ < 1 is a fixed constant. Then (4.4) and Lemma 2.4
imply βn/n


1/r = O
(


1/nγδ/r
)


. Hence we get the statement by (4.5). �


Corollary 4.6. Let r > 0, c > 0 and 1 < α < 2. If for all b ∈ N ∪ {0}, n ∈ N


E |Sb+n − Sb| 6 c
(√


b+ n−
√
b
)α


,


then
Sn


n1/r
= O


(


n−(1−α


2
)δ/r
)


a.s. for all 0 < δ < 1.


Proof. Apply Corollary 4.5 with γ = 1 − α
2 . �
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Abstract


An almost sure limit theorem with logarithmic averages for α-mixing ran-
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1. Introduction


Let N be the set of the positive integers, R the set of real numbers and B the
σ-algebra of Borel sets of R. Let δx be the unit mass at point x, that is δx : B → R,
δx(B) = 1 if x ∈ B and δx(B) = 0 if x 6∈ B. Denote


w−→ µ the weak convergence
to the probability measure µ. In the following all random variables defined on a
fixed probability space (Ω,F , P). Almost sure (a.s.) limit theorems state that


1


Dn


n
∑


k=1


dkδζk(ω)
w−→ µ as n → ∞, for almost every ω ∈ Ω,


where ζk (k ∈ N) are random variables. The simplest form of it is the so-called
classical a.s. central limit theorem, in which ζk = (X1 + · · · + Xk)/


√
k, where


X1, X2, . . . are independent identically distributed (i.i.d.) random variables with
expectation 0 and variance 1, moreover dk = 1/k, Dn = log n and µ is the standard
normal distribution N (0, 1). (See Berkes [1] for an overview.)


Let Nd be the positive integer d-dimensional lattice points, where d is a fixed
positive integer. In this paper k = (k1, . . . , kd),n = (n1, . . . , nd), . . . ∈ Nd. Rela-
tions 6, ≮, min, max, → etc. are defined coordinatewise, i.e. n → ∞ means that


123







124 T. Tómács


ni → ∞ for all i ∈ {1, . . . , d}. Let |n| =
∏d


i=1 ni and | logn| =
∏d


i=1 log+ ni, where
log+ x = log x if x > e and log+ x = 1 if x < e. The general form of the multiindex
version of the a.s. limit theorems is


1


Dn


∑


k6n


dkδζk(ω)
w−→ µ as n → ∞, for almost every ω ∈ Ω,


where {ζk,k ∈ Nd} is a random field (multiindex sequence of random variables).
In the multiindex version of the classical a.s. central limit theorem Xi, i ∈ Nd


i.i.d. random variables with expectation 0 and variance 1, ζk =
∑


i6k
Xi/


√


|k|,
dk = 1/|k|, Dn = 1/| logn| and µ = N (0, 1). It is well-known that generally the
multiindex cases are not direct consequences of the corresponding theorems for
ordinary sequences.


Fazekas and Rychlik proved in [5] a general a.s. limit theorem for multiindex
sequences of metric space valued random elements. Tómács proved in [8] an a.s.
central limit theorem for m-dependent random fields. In this paper we shall prove
an a.s. limit theorem with logarithmic averages for α-mixing random fields (The-
orem 2.5). Its onedimension version for µ = N (0, 1) is proved by Fazekas and
Rychlik (see [4, Proposition 3.2]). In the proof of Theorem 2.5 we shall use a mul-
tiindex strong law of large numbers (Theorem 2.1). In the proof of Theorem 2.3
we shall follow ideas of Berkes and Csáki [2].


Throughout the paper we use the following notation. Let R+ be the set of the
positive real numbers. If a1, a2, . . . ∈ R then in case A = ∅ let maxk∈A ak = 0 and
∑


k∈A ak = 0. Let [A] be the closure of A ⊂ R and ∂A = [A] ∩ [ A ].


If ξ is a random variable, then let µξ denote the distribution of ξ, ‖ξ‖∞ =
inf{c ∈ R : P(|ξ| 6 c) = 1} and σ(ξ) = {ξ−1(B) : B ∈ B}.


In the following let {c(i)
k ∈ R+, k ∈ N} be increasing sequences with c


(i)
k+1/c


(i)
k =


O(1), limn→∞ c
(i)
n = ∞ for each i = 1, . . . , d, and the sequences {d(i)


k ∈ R+, k ∈ N}
have the next properties: d


(i)
k 6 log(c


(i)
k+1/c


(i)
k ) for all k ∈ N and i = 1, . . . , d,


moreover
∑∞


k=1 d
(i)
k = ∞ for each i = 1, . . . , d. Let dk =


∏d
i=1 d


(i)
ki


, Dn =
∑


k6n
dk


and D
(i)
ni =


∑ni


k=1 d
(i)
k .


2. Results


Theorem 2.1. Let {ξi, i ∈ Nd} be a uniformly bounded random field, namely there
exists c ∈ R+ such that |ξi| 6 c a.s. for all i ∈ Nd. Assume that there exist
c1, c2, ε ∈ R+ and αk,l ∈ R (k, l ∈ Nd) such that


∑


l6n


∑


k6n


dkdlαk,l 6 c1D
2
n


d
∏


i=1


(


log D(i)
ni


)−1−ε


(2.1)
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for all enough large ni ∈ N, and


|E ξkξl| 6 c2








d
∏


i=1


(


log+ log+


c
(i)
mi


c
(i)
hi


)−1−ε


+ αk,l





 (2.2)


for each k, l ∈ Nd, where h = min{k, l} and m = max{k, l}. Then


1


Dn


∑


k6n


dkξk → 0 as n → ∞ a.s.


Definition 2.2. The α-mixing coefficient of the random variables ξ and η is


α(ξ, η) = α
(


σ(ξ), σ(η)
)


= sup
A∈σ(ξ)
B∈σ(η)


|P(AB) − P(A) P(B)|.


Theorem 2.3. Let {ζk,k ∈ Nd} be a random field. Assume that there exist ran-
dom variables ζh,l (h 6 l) and c1, c2, c3, ε ∈ R+ such that


|ζk − ζh,k| > c1 a.s. ∀h,k ∈ Nd for which h 6 k, (2.3)


Emin
{


(ζl − ζh,l)
2, 1
}


6 c2


d
∏


i=1


(


log+ log+


c
(i)
li


c
(i)
hi


)−2−2ε


(2.4)


for all h, l ∈ Nd for which h 6 l, and


∑


l6n


∑


k6n


dkdlαk,l 6 c3D
2
n


d
∏


i=1


(


log D(i)
ni


)−1−ε


(2.5)


for all enough large ni ∈ N, where αk,l = α(ζk, ζt,l) with t = min{k, l}. Then for
any probability distribution µ the following two statements are equivalent:


(1)
1


Dn


∑


k6n


dkδζk(ω)
w−→ µ as n → ∞, for almost every ω ∈ Ω;


(2)
1


Dn


∑


k6n


dkµζk
w−→ µ as n → ∞.


Definition 2.4. The α-mixing coefficient of the random field {Xn,n ∈ Nd} is


α(k) = sup
n


α








⋃


i6n


σ(Xi),
⋃


i≮n+k


σ(Xi)





 , k ∈ Nd.
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Theorem 2.5. Let {Xn,n ∈ Nd} be an α-mixing random field with mixing coeffi-
cient


α(k) 6
c


| logk| (2.6)


for all k ∈ Nd, where c ∈ R+ is fixed. Let Sn =
∑


k6n
Xk and σ2


n
= E S2


n
> 0.


Assume that EXi = 0 and EX2
i


< ∞ for all i ∈ Nd, moreover there exist c1, c2 ∈
R+ and β > 2/ log 2 such that


|Sl| > c1σk a.s. ∀l,k ∈ Nd for which l 6 k (2.7)


and


Emin


{


S2
r


σ2
l


, 1


}


6 c2


( |h|
|l|


)β


∀h, l ∈ Nd for which h 6 l, (2.8)


where r = 2h if 2h < l and r = l otherwise. If µζn
w−→ µ as n → ∞, where


ζn = Sn/σn and µ is a probability distribution, then


1


| logn|
∑


k6n


1


|k|δζk(ω)
w−→ µ as n → ∞, for almost every ω ∈ Ω.


3. Lemmas


You can find the proof of the next lemma in [6].


Lemma 3.1 (Covariance inequality). If ξ and η are bounded random variables,
then


| cov(ξ, η)| 6 4α(ξ, η)‖ξ‖∞‖η‖∞.


The proof of the next lemma follows from that of Theorem 11.3.3 and Corol-
lary 11.3.4 in [3].


Lemma 3.2. Let BL denote the set of all bounded, real-valued Lipshitz function
on R. If µ and µn are distributions (n ∈ N), then there exists a countable set
M ⊂ BL (depending on µ) such that the following are equivalent:


(1) µn
w−→ µ as n → ∞;


(2)
∫


g dµn →
∫


g dµ as n → ∞ for all g ∈ M .


Lemma 3.3 (Theorem 1 of [7], p. 309). If µ and µn are distributions (n ∈ N),
then the following are equivalent:


(1) µn
w−→ µ as n → ∞;


(2) µn(A) → µ(A) as n → ∞ for all A ∈ B for which µ(∂A) = 0.


Lemma 3.4. If µ and µn are distributions (n ∈ Nd) and µn


w−→ µ as n → ∞,
then


1


Dn


∑


k6n


dkµk


w−→ µ as n → ∞.







An almost sure limit theorem for α-mixing random fields 127


Proof. By
∑∞


ki=1 d
(i)
ki


= ∞ we have


1


Dn


∑


m6k6n


dk =


d
∏


i=1


∑


mi6ki6ni
d
(i)
ki


∑


ki6ni
d
(i)
ki


→ 1 as n → ∞ ∀m ∈ Nd,


which implies, that


1


Dn


∑


k6n


k�m


dk = 1 − 1


Dn


∑


m6k6n


dk → 0 as n → ∞ ∀m ∈ Nd. (3.1)


Let f : R → R be a bounded and continuous function and K = supx∈R |f(x)|. Then
∣


∣


∣


∣


∫


f dµn −
∫


f dµ


∣


∣


∣


∣


6


∫


K dµn +


∫


K dµ = 2K, (3.2)


moreover by µn


w−→ µ and (3.1), for any ε > 0 there exists n(ε) ∈ Nd such that
∣


∣


∣


∣


∫


f dµn −
∫


f dµ


∣


∣


∣


∣


<
ε


2
(3.3)


and
1


Dn


∑


k6n


k�n(ε)


dk <
ε


4K
(3.4)


for all n > n(ε). With notation γn = 1
Dn


∑


k6n
dkµk the inequalities (3.2), (3.3)


and (3.4) imply, that
∣


∣


∣


∣


∫


f dγn −
∫


f dµ


∣


∣


∣


∣


6
1


Dn


∑


k6n


dk


∣


∣


∣


∣


∫


f dµk −
∫


f dµ


∣


∣


∣


∣


=
1


Dn


∑


k6n


k�n(ε)


dk


∣


∣


∣


∣


∫


f dµk −
∫


f dµ


∣


∣


∣


∣


+
1


Dn


∑


n(ε)6k6n


dk


∣


∣


∣


∣


∫


f dµk −
∫


f dµ


∣


∣


∣


∣


<
1


Dn


∑


k6n


k�n(ε)


dk · 2K +
1


Dn


∑


n(ε)6k6n


dk · ε


2
<


ε


2
+


ε


2
= ε


for all n > n(ε). This fact implies the statement. �


4. Proof of the theorems


Proof of Theorem 2.1. By (2.2) and (2.1) we have


E








∑


k6n


dkξk








2


6
∑


k6n


∑


l6n


dkdl |E ξkξl|
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6 c2


∑


k6n


∑


l6n


d
∏


i=1


d
(i)
ki


d
(i)
li


(


log+ log+


c
(i)
mi


c
(i)
hi


)−1−ε


+ c2


∑


k6n


∑


l6n


dkdlαk,l


6 2c2


d
∏


i=1


∑


ki6li6ni


d
(i)
ki


d
(i)
li


(


log+ log+


c
(i)
li


c
(i)
ki


)−1−ε


+ c2c1D
2
n


d
∏


i=1


(


log D(i)
ni


)−1−ε


(4.1)


for all enough large ni. Now assume that (ki, li) ∈ A
(i)
ni , where


A(i)
ni


=
{


(ki, li) : ki 6 li 6 ni and c
(i)
li


/c
(i)
ki


> exp
(
√


D
(i)
ni


)


}


.


Then log+ log+


(


c
(i)
li


/c
(i)
ki


)


> 1
2 log D


(i)
ni , which implies, that


∑


(ki,li)∈A
(i)
ni


d
(i)
ki


d
(i)
li


(


log+ log+


c
(i)
li


c
(i)
ki


)−1−ε


6 21+ε
(


log D(i)
ni


)−1−ε ∑


(ki,li)∈A
(i)
ni


d
(i)
ki


d
(i)
li


6 21+ε
(


D(i)
ni


)2 (


log D(i)
ni


)−1−ε


. (4.2)


If (ki, li) ∈ B
(i)
ni , where


B(i)
ni


=
{


(ki, li) : ki 6 li 6 ni and c
(i)
li


/c
(i)
ki


< exp
(
√


D
(i)
ni


)


}


,


then with notation Mi = supk(c
(i)
k+1/c


(i)
k ), we get


log
c
(i)
li+1


c
(i)
ki


= log
c
(i)
li+1


c
(i)
li


+ log
c
(i)
li


c
(i)
ki


< log Mi +


√


D
(i)
ni .


Thus we have the following inequality, where B
(i)
ni,ki


=
{


li : (ki, li) ∈ B
(i)
ni


}


.


∑


(ki,li)∈B
(i)
ni


d
(i)
ki


d
(i)
li


(


log+ log+


c
(i)
li


c
(i)
ki


)−1−ε


6
∑


(ki,li)∈B
(i)
ni


d
(i)
ki


d
(i)
li


6
∑


(ki,li)∈B
(i)
ni


d
(i)
ki


log
c
(i)
li+1


c
(i)
li


=


ni
∑


ki=1


∑


li∈B
(i)
ni,ki


d
(i)
ki


log
c
(i)
li+1


c
(i)
li


6


ni
∑


ki=1


d
(i)
ki


max B
(i)
ni,ki


∑


li=ki


log
c
(i)
li+1


c
(i)
li


=


ni
∑


ki=1


d
(i)
ki


log


max B
(i)
ni,ki


∏


li=ki


c
(i)
li+1


c
(i)
li


=


ni
∑


ki=1


d
(i)
ki


log


c
(i)


max B
(i)
ni,ki


c
(i)
ki


<


ni
∑


ki=1


d
(i)
ki


(


log Mi +


√


D
(i)
ni


)


6


ni
∑


ki=1


d
(i)
ki


2


√


D
(i)
ni = 2


(


D(i)
ni


)3/2
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for all enough large ni. It follows from this inequality and (4.2) that


∑


ki6li6ni


d
(i)
ki


d
(i)
li


(


log+ log+


c
(i)
li


c
(i)
ki


)−1−ε


6 21+ε
(


D(i)
ni


)2 (


log D(i)
ni


)−1−ε


+ 2
(


D(i)
ni


)3/2


6 21+ε
(


D(i)
ni


)2
(


(


log D(i)
ni


)−1−ε


+
(


D(i)
ni


)−1/2
)


6 22+ε
(


D(i)
ni


)2 (


log D(i)
ni


)−1−ε


(4.3)


for all enough large ni. In the last step we use the inequality (D
(i)
ni )−1/2 6


(log D
(i)
ni )−1−ε, which follows from (D


(i)
ni )1/2/(log D


(i)
ni )1+ε → ∞ as ni → ∞. By


(4.1) and (4.3) we get


E








∑


k6n


dkξk








2


6 const.


d
∏


i=1


(


D(i)
ni


)2 (


log D(i)
ni


)−1−ε


(4.4)


for all enough large ni. Let


ni(t) = min
{


ni : D(i)
ni


6 exp
(


t
1+ε/2
1+ε


)


}


and n(t) =
(


n1(t1), . . . , nd(td)
)


. Since ni(ti) → ∞ as ti → ∞, thus by (4.4) there
exists T ∈ Nd, such that


E
∑


t>T








1


Dn(t)


∑


k6n(t)


dkξk








2


6
∑


t>T


1


D2
n(t)


const.


d
∏


i=1


(


D
(i)
ni(ti)


)2 (


log D
(i)
ni(ti)


)−1−ε


6
∑


t>T


1


D2
n(t)


const.


d
∏


i=1


(


D
(i)
ni(ti)


)2


t
−1−ε/2
i = const.


d
∏


i=1


∞
∑


ti=Ti


t
−1−ε/2
i < ∞,


which implies
1


Dn(t)


∑


k6n(t)


dkξk → 0 as t → ∞ a.s. (4.5)


For all n ∈ Nd there exists t ∈ Nd such that n(t) 6 n 6 n(t + 1), where 1 =
(1, . . . , 1) ∈ Nd. Thus the uniformly bounding implies


∣


∣


∣


∣


1


Dn


∑


k6n


dkξk


∣


∣


∣


∣


6


∣


∣


∣


∣


1


Dn(t)


∑


k6n(t)


dkξk


∣


∣


∣


∣


+
1


Dn


∑


k6n


k
n(t)


dk|ξk|
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6


∣


∣


∣


∣


1


Dn(t)


∑


k6n(t)


dkξk


∣


∣


∣


∣


+
1


Dn


∑


k6n


k
n(t)


dk · c


6


∣


∣


∣


∣


1


Dn(t)


∑


k6n(t)


dkξk


∣


∣


∣


∣


+ c


(


1 − Dn(t)


Dn(t+1)


)


a.s. (4.6)


The reader can easy verify that Dn(t)/Dn(t+1) → 1 as t → ∞, so by (4.5) and
(4.6) imply the statement of Theorem 2.1. �


Proof of Theorem 2.3. Let g ∈ M , where M is defined in Lemma 3.2. Then
there exists K > 1 such that


|g(x)| 6 K and |g(x) − g(y)| 6 K|x − y| ∀x, y ∈ R. (4.7)


We shall prove, that with notation ξk = g(ζk) − E g(ζk) the conditions of Theo-
rem 2.1 hold true. By (2.5) we get (2.1), moreover by (4.7) we have


|ξk| 6 |g(ζk)| + E |g(ζk)| 6 2K,


thus {ξk,k ∈ Nd} is a uniformly bounded random field. Now we turn to (2.2). Let
t = min{k, l}. Lemma 3.1 and (4.7) imply


∣


∣E ξk
(


g(ζt,l) − E g(ζl)
)∣


∣ =
∣


∣cov
(


g(ζl), g(ζt,l)
)∣


∣ 6 4K2αk,l. (4.8)


On the other hand with notation ηk,l = g(ζl) − g(ζt,l)


|E ξkηk,l| =
∣


∣cov
(


g(ζk), ηk,l


)∣


∣ 6
(


E g2(ζk) E η2
k,l


)1/2
. (4.9)


It is easy to see that
(


g(x) − g(y)
)2


6 4K2 min
{


(x − y)2, 1
}


, thus


E η2
k,l 6 4K2 min


{


(ζl − ζt,l)
2, 1
}


. (4.10)


By (4.7) and (2.3) we have g2(ζk) 6 K2(1 + 1/c1)
2 and


g2(ζk) < K2(c1 + 1)2 = K2


(


1 +
1


c1


)2


· c2
1 6 K2


(


1 +
1


c1


)2


(ζk − ζt,k)2,


which imply g2(ζk) 6 const.min
{


(ζk − ζt,k)2, 1
}


a.s. Using this inequality, (4.10),
(4.9) and (2.4) we get the following.


|E ξkηk,l| 6 const.
(


Emin
{


(ζk − ζt,k)2, 1
}


E min
{


(ζl − ζt,l)
2, 1
})1/2


6 const.


(


d
∏


i=1


log+ log+


c
(i)
ki


c
(i)
ti


· log+ log+


c
(i)
li


c
(i)
ti


)−1−ε


= const.


(


d
∏


i=1


log+ log+


c
(i)
mi


c
(i)
ti


)−1−ε


, (4.11)
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where m = max{k, l}. Since |E ξkξl| 6 |E ξkηk,l| +
∣


∣E ξk
(


g(ζt,l) − E g(ζl)
)∣


∣, using
(4.11) and (4.8) we have (2.2). Now applying Theorem 2.1 we get


1


Dn


∑


k6n


dkξk → 0 as n → ∞ a.s. (4.12)


Let µn = 1
Dn


∑


k6n
dkµζk and µn,ω = 1


Dn


∑


k6n
dkδζk(ω) (ω ∈ Ω).


First assume that (2) is true, that is µn


w−→ µ as n → ∞. Then Lemma 3.2
implies


∫


g dµn →
∫


g dµ as n → ∞, (4.13)


and (4.12) implies


∫


g dµn,ω −
∫


g dµn =
1


Dn


∑


k6n


dkξk(ω) → 0 (4.14)


as n → ∞, for almost every ω ∈ Ω. By (4.13) and (4.14) we get
∫


g dµn,ω →
∫


g dµ
as n → ∞, for almost every ω ∈ Ω, thus by Lemma 3.2 we get (1).


Finally assume that (1) is true, that is µn,ω
w−→ µ as n → ∞, for almost every


ω ∈ Ω. Let A ∈ B and µ(∂A) = 0. Then by Lemma 3.3 µn,ω(A) → µ(A) as
n → ∞, for almost every ω ∈ Ω. It follows that µn(A) =


∫


µn,ω(A) d P(ω) → µ(A)
as n → ∞. Thus using Lemma 3.3 we get (2). This completes the proof of
Theorem 2.3. �


Proof of Theorem 2.5. Let d
(i)
k = 1/k, c


(i)
k = k1/ log 2, ε = (β log 2− 2)/2, ζk,l =


ζl−S2k/σl if 2k < l and ζk,l = 0 if k 6 l and 2k ≮ l. We shall prove that conditions
of Theorem 2.3 hold. It is easy to see that αk,l 6 α(k) for all k, l ∈ Nd, where αk,l


is defined in Theorem 2.3. Therefore by (2.6) we have


∑


l6n


∑


k6n


dkdlαk,l 6
∑


l6n


∑


k6n


c


|k| · |l| · | logk|


= c


d
∏


i=1


(


ni
∑


k=1


1


k log+ k


)(


ni
∑


l=1


1


l


)


. (4.15)


It is well-known that
∑n


k=1
1
k ∼ log n and


∑n
k=1


1
k log+ k ∼ log log n, where an ∼ bn


iff limn→∞ an/bn = 1. So by (4.15) we have


∑


l6n


∑


k6n


dkdlαk,l 6 const.


d
∏


i=1


log log ni · log ni 6 const.


d
∏


i=1


(log ni)
2(log log ni)


−1−ε


6 const.


d
∏


i=1


(log ni)
2(log D(i)


ni
)−1−ε


6 const.D2
n


d
∏


i=1


(log D(i)
ni


)−1−ε
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for all enough large ni, which implies (2.5). Using (2.8)


Emin
{


(ζl − ζh,l)
2, 1
}


= E min
{


S2
r/σ2


l , 1
}


6 const.


d
∏


i=1


(


log+ log+


c
(i)
li


c
(i)
hi


)−2−2ε


for all h, l ∈ Nd for which h 6 l, where r = 2h if 2h < l and r = l if h 6 l and
2h 6< l, so we get (2.4). The reader can readily verify that (2.3) is hold as well.
Now applying Lemma 3.4 and Theorem 2.3, we have


1
∑


k6n


1
|k|


∑


k6n


1


|k|δζk(ω)
w−→ µ as n → ∞, for almost every ω ∈ Ω.


Since
∑


k6n


1
|k| ∼ | logn|, we get the statement. �
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1. Introduction


The well known Kolmogorov strong law of large numbers states the following. If
X1, X2, . . . are independent identically distributed (i.i.d.) random variables with
finite expectation and EX1 = 0, then the average (X1 + · · ·+Xn)/n converges to
0 almost surely (a.s.). However, if we consider a double sequence, then we need
another condition. Actually, if (Xij) is a double sequence of i.i.d. random variables
with EX11 = 0, then E |X11| log+ |X11| <∞ implies that


(∑m
i=1


∑n
j=1Xij


)
/(mn)


converges to 0 a.s., as n,m tend to infinity (see Smythe [6]).
For a double numerical sequence xij there are different notions of convergences.


One can consider a strong version of convergence when xij converges as one of
the indices i, j goes to infinity (this type of convergence was used in Fazekas [1]).
Another version when xij converges as both indices i, j tend to infinity. However,
in the second case convergence does not imply boundedness. To avoid unpleasant
situations one can assume that the sequence is bounded. In this paper we shall
study the so called bounded convergence of double sequences.


We shall prove two criteria for the bounded convergence of weighted averages
of double sequences. Both criteria are based on subsequences. The subsequence
is constructed by a well-known method: we proceed along a non-negative, in-
creasing, unbounded sequence and pick up a member which is about the double
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of the previous selected member of the sequence. (This method was applied e.g.
in Fazekas–Klesov [2]). However, this method is not convenient for an arbitrary
double sequence of weights. Therefore we apply weights of product type (it was
considered e.g. in Noszály–Tómács [5]).


Our theorems can be considered as generalizations of some results in Fekete–
Georgieva–Móricz [3], where harmonic averages of double sequences were consid-
ered. They obtained the following theorem.


1


lnm lnn


m∑


i=1


n∑


j=1


xij
ij


b−→ L, as m,n→∞ (1.1)


if and only if


1


2m+n
max


22m−1
<k≤22m


22n−1
<l≤22n


∣∣∣∣∣∣


k∑


i=22m−1+1


l∑


j=22n−1+1


xij − L
ij


∣∣∣∣∣∣
b−→ 0, as m,n→∞. (1.2)


Here b−→ means the bounded convergence. Our Theorem 2.4 is a generalization of
this result for general weights.


Our results can also be considered as extensions of certain theorems of Móricz
and Stadtmüller [4] where ordinary (that is not double) sequences were studied. In
our proofs we apply ideas of [4].


2. Main results


Let (xkl : k, l = 1, 2, . . . ) be a sequence of real numbers, and let (bk : k = 1, 2, . . . ),
(cl : l = 1, 2, . . . ) be sequences of weights, that is, sequences of non-negative num-
bers for which


Bm :=


m∑


k=1


bk →∞, as m→∞, (2.1)


Cn :=
n∑


l=1


cl →∞, as n→∞. (2.2)


Let akl := bkcl, Amn :=
∑m
k=1


∑n
l=1 akl and Smn :=


∑m
k=1


∑n
l=1 aklxkl. The


weighted averages Zmn of the sequence (xkl) with respect to the weights (akl) are
defined by


Zmn :=
1


Amn
Smn


for n,m large enough so that Amn > 0.
We define a sequence m0 = 0,m1 = 1 < m2 < m3 < . . . of integers with the


following property


Bmi+1−1 < 2Bmi
≤ Bmi+1


, i = 1, 2, . . . (2.3)
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Similarly, let n0 = 0, n1 = 1 < n2 < n3 < . . . be a sequence of integers such that


Cnj+1−1 < 2Cnj
≤ Cnj+1


, j = 1, 2, . . . (2.4)


In this paper we shall also use the following notation


∆mn
st A :=


m∑


k=s+1


n∑


l=t+1


akl, ∆mn
st S :=


m∑


k=s+1


n∑


l=t+1


aklxkl.


Actually ∆mn
st A is an increment on a rectangle (in other word two-dimensional


difference) of the sequence Amn. We note that


1


∆
mi+1nj+1
minj A


∆mi+1nj+1
minj


S


is called the moving average of the sequence (xkl) with respect to the weights (akl).


Definition 2.1. Let (ykl : k, l = 1, 2, . . . ) be a sequence of real numbers, and let y
be a real number. It is said that bounded convergence


ykl
b−→ y, as k, l→∞,


is satisfied if
(i) the sequence (ykl : k, l = 1, 2, . . . ) is bounded; and
(ii) for every ε > 0 there exist positive integers k0, l0, such that


|ykl − y| < ε for k ≥ k0, l ≥ l0. (2.5)


Remark 2.2. Relation (2.5) does not imply that (ykl) is bounded. For example
if y1l = l for l ≥ 1 and ykl = y for k ≥ 2, l ≥ 1, then (2.5) holds but (ykl) is
unbounded.


Theorem 2.3. Suppose that conditions (2.1) and (2.2) are satisfied. Then for
some constant L, we have


Zminj


b−→ L, as i, j →∞ (2.6)


if and only if


1


∆
mi+1nj+1
minj A


∆mi+1nj+1
minj


S
b−→ L, as i, j →∞, (2.7)


where the sequences (mi) and (nj) are defined in (2.3) and (2.4).


Theorem 2.4. Assume that Bm/bm ≥ 1 + δ and Cm/cm ≥ 1 + δ for m being large
enough where δ > 0. Assume that conditions (2.1), (2.2) are satisfied. Then for
some constant L, we have


Zmn
b−→ L, as m,n→∞ (2.8)
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if and only if


1


∆
mi+1nj+1
minj A


max
mi<m≤mi+1


nj<n≤nj+1


∣∣∣∣∣∣


m∑


k=mi+1


n∑


l=nj+1


akl(xkl − L)


∣∣∣∣∣∣
b−→ 0, as i, j →∞, (2.9)


where the sequences (mi) and (nj) are defined in (2.3) and (2.4).


The following two corollaries characterize the strong law of large numbers for
weighted averages of a sequence of random variables with two-dimensional indices.
These corollaries are consequences of Theorem 2.3 and 2.4.


Corollary 2.5. Let (Xkl : k, l = 1, 2, . . . ) be a sequence of random variables. If
conditions (2.1) and (2.2) are satisfied, then for some constant L, we have


1


Aminj


mi∑


k=1


nj∑


l=1


aklXkl
b−→ L, as i, j →∞ a.s.


if and only if


1


∆
mi+1nj+1
minj A


mi+1∑


k=mi+1


nj+1∑


l=nj+1


aklXkl
b−→ L, as i, j →∞ a.s.,


where the sequences (mi) and (nj) are defined in (2.3) and (2.4).


Corollary 2.6. Let (Xkl : k, l = 1, 2, . . . ) be a sequence of random variables.
Assume that Bm/bm ≥ 1 + δ and Cm/cm ≥ 1 + δ for m being large enough where
δ > 0. Assume that conditions (2.1) and (2.2) are satisfied. Then for some constant
L, we have


1


Amn


m∑


k=1


n∑


l=1


aklXkl
b−→ L, as m,n→∞ a.s.


if and only if


1


∆
mi+1nj+1
minj A


max
mi<m≤mi+1


nj<n≤nj+1


∣∣∣∣∣∣


m∑


k=mi+1


n∑


l=nj+1


akl(Xkl − L)


∣∣∣∣∣∣
b−→ 0, as i, j →∞ a.s.,


where the sequences (mi) and (nj) are defined in (2.3) and (2.4).


Remark 2.7. In the above two corollaries L can be an a.s. finite random variable,
as well.


Remark 2.8. The results of this section can be generalized for sequences with d-
dimensional indices.
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3. Proofs of Theorems 2.3 and 2.4


Proof of Theorem 2.3. Let ε be a fixed positive real number. First we prove the
necessity. Assume that (2.6) is satisfied, that is, there exist integers i0, j0 such that


∣∣Zminj
− L


∣∣ < ε for all i ≥ i0, j ≥ j0,


furthermore (Zminj ) is a bounded sequence. So, if i ≥ i0, j ≥ j0, then we have
∣∣∣∣


1


∆
mi+1nj+1
minj A


∆mi+1nj+1
minj


S − L
∣∣∣∣ =


1


∆
mi+1nj+1
minj A


∣∣∣∆mi+1nj+1
minj


S − L∆mi+1nj+1
minj


A
∣∣∣


=
1


∆
mi+1nj+1
minj A


∣∣(Smi+1nj+1
− LAmi+1nj+1


)− (Sminj+1
− LAminj+1


)


− (Smi+1nj
− LAmi+1nj


) + (Sminj
− LAminj


)
∣∣


≤ Ami+1nj+1


∆
mi+1nj+1
minj A


(
|Zmi+1nj+1−L|+ |Zminj+1−L|+ |Zmi+1nj−L|+ |Zminj−L|


)


< 4ε
Ami+1nj+1


∆
mi+1nj+1
minj A


= 4ε
Bmi+1


Bmi+1 −Bmi


Cnj+1


Cnj+1 − Cnj


≤ 16ε. (3.1)


Now, turn to the boundedness. Similarly as above
∣∣∣∣


1


∆
mi+1nj+1
minj A


∆mi+1nj+1
minj


S


∣∣∣∣ ≤
Bmi+1


Bmi+1 −Bmi


Cnj+1


Cnj+1 − Cnj


(
|Zmi+1nj+1 |+ |Zminj+1 |


+ |Zmi+1nj
|+ |Zminj


|
)
≤ const., (3.2)


because (Zminj ) is bounded. Inequalities (3.1) and (3.2) imply (2.7).
Now, we turn to sufficiency. Assume that (2.7) is satisfied, that is, there exist


integers i0, j0 such that
∣∣∣∣


1


∆
mi+1nj+1
minj A


∆mi+1nj+1
minj


S − L
∣∣∣∣ < ε for all i ≥ i0, j ≥ j0, (3.3)


furthermore
(


1


∆
mi+1nj+1
minj


A
∆
mi+1nj+1
minj S


)
is a bounded sequence. If i ≥ i0 and j ≥ j0,


then mi+1 > mi0 and nj+1 > nj0 , so


Zmi+1nj+1
− L


=
1


Ami+1nj+1


(Smi+1nj+1
− LAmi+1nj+1


) =
1


Ami+1nj+1


mi+1∑


k=1


nj+1∑


l=1


akl(xkl − L)


=
1


Ami+1nj+1




mi0∑


k=1


nj0∑


l=1


akl(xkl − L) +


mi+1∑


k=mi0
+1


nj+1∑


l=nj0
+1


akl(xkl − L)
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+


mi0∑


k=1


nj+1∑


l=nj0+1


akl(xkl − L) +


mi+1∑


k=mi0+1


nj0∑


l=1


akl(xkl − L)



 (3.4)


for all i ≥ i0, j ≥ j0.
Consider the first term in (3.4). Since 1


Ami+1nj+1
→ 0, as i→∞, j →∞, then


there exist integers i1 ≥ i0 and j1 ≥ j0, such that


1


Ami+1nj+1


∣∣∣∣∣


mi0∑


k=1


nj0∑


l=1


akl(xkl − L)


∣∣∣∣∣ < ε for all i ≥ i1, j ≥ j1. (3.5)


Now, turn to the secont term in (3.4). If i ≥ k, then


Bmk+1
−Bmk


Bmi+1


=
Bmk+1


−Bmk


Bmk+1


Bmk+1


Bmk+2


Bmk+2


Bmk+3


. · · · Bmi


Bmi+1


≤
(


1


2


)i−k
.


Similarly, if j ≥ l, then
Cnl+1


− Cnl


Cnj+1


≤
(


1


2


)j−l
.


Hence we get from (3.3)


1


Ami+1nj+1


∣∣∣∣∣∣


mi+1∑


k=mi0
+1


nj+1∑


l=nj0
+1


akl(xkl − L)


∣∣∣∣∣∣


=
1


Ami+1nj+1


∣∣∣∣∣∣


i∑


k=i0


j∑


l=j0


mk+1∑


s=mk+1


nl+1∑


t=nl+1


ast(xst − L)


∣∣∣∣∣∣


=


∣∣∣∣∣∣


i∑


k=i0


j∑


l=j0


Bmk+1
−Bmk


Bmi+1


Cnl+1
− Cnl


Cnj+1


(
1


∆
mk+1nl+1
mknl A


∆mk+1nl+1
mknl


S − L
)∣∣∣∣∣∣


< ε
i∑


k=i0


(
1


2


)i−k j∑


l=j0


(
1


2


)j−l
< 4ε for all i ≥ i0, j ≥ j0. (3.6)


For the third term in (3.4) we have


1


Ami+1nj+1


∣∣∣∣∣∣


mi0∑


k=1


nj+1∑


l=nj0+1


akl(xkl − L)


∣∣∣∣∣∣


=
1


Ami+1nj+1


∣∣∣∣∣∣


i0−1∑


k=0


j∑


l=j0


mk+1∑


s=mk+1


nl+1∑


t=nl+1


ast(xst − L)


∣∣∣∣∣∣


=


∣∣∣∣∣∣


i0−1∑


k=0


j∑


l=j0


Bmk+1
−Bmk


Bmi+1


Cnl+1
− Cnl


Cnj+1


(
1


∆
mk+1nl+1
mknl A


∆mk+1nl+1
mknl


S − L
)∣∣∣∣∣∣
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≤ 1


Bmi+1


i0−1∑


k=0


(Bmk+1
−Bmk


)


j∑


l=j0


(
1


2


)j−l
const.


≤ const.
1


Bmi+1


Bmi0


i0−1∑


k=0


Bmk+1
−Bmk


Bmi0


≤ const.
Bmi0


Bmi+1


i0−1∑


k=0


(
1


2


)i0−1−k


≤ const.
Bmi0


Bmi+1


→ 0, as i→∞.


Hence, there exists i2 ≥ i1 such that


1


Ami+1nj+1


∣∣∣∣∣∣


mi0∑


k=1


nj+1∑


l=nj0
+1


akl(xkl − L)


∣∣∣∣∣∣
< ε for all i ≥ i2, j ≥ j0. (3.7)


Similarly, for the fourth term in (3.4) we obtain that there exists j2 ≥ j1 such that


1


Ami+1nj+1


∣∣∣∣∣∣


mi+1∑


k=mi0
+1


nj0∑


l=1


akl(xkl − L)


∣∣∣∣∣∣
< ε for all i ≥ i0, j ≥ j2. (3.8)


By (3.4)–(3.8), we have


|Zmi+1nj+1
− L| < 7ε for all i ≥ i2, j ≥ j2. (3.9)


Finally, turn to the proof of boundedness.


|Zminj
| = 1


Aminj


∣∣∣∣∣
mi∑


k=1


nj∑


l=1


aklxkl


∣∣∣∣∣ =
1


Aminj


∣∣∣∣∣
i−1∑


k=0


j−1∑


l=0


∆mk+1nl+1
mknl


S


∣∣∣∣∣


=


∣∣∣∣∣
i−1∑


k=0


j−1∑


l=0


Bmk+1
−Bmk


Bmi


Cnl+1
− Cnl


Cnj


1


∆
mk+1nl+1
mknl A


∆mk+1nl+1
mknl


S


∣∣∣∣∣


≤ const.
i−1∑


k=0


Bmk+1
−Bmk


Bmi


j−1∑


l=0


Cnl+1
− Cnl


Cnj


≤ 4 · const.


This inequality and (3.9) imply (2.6). Thus the theorem is proved.


Proof of Theorem 2.4. Let ε be a fixed positive real number. First we prove the
necessity. Assume that (2.8) is satisfied, that is, there exist integers M0, N0 such
that


|Zmn − L| < ε for all m ≥M0, n ≥ N0, (3.10)


furthermore (Zmn) is a bounded sequence. Since we have


m∑


k=mi+1


n∑


l=nj+1


akl(xkl − L) = Amn(Zmn − L)−Amin(Zmin − L)
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−Amnj (Zmnj − L) +Aminj (Zminj − L),


if m > mi and n > nj , hence the ratio on the left-hand side in (2.9) is less than or
equal to


Ami+1nj+1


∆
mi+1nj+1
minj A



 max
mi<m≤mi+1


nj<n≤nj+1


|Zmn − L|+ max
nj<n≤nj+1


|Zmin − L|


+ max
mi<m≤mi+1


|Zmnj − L|+ |Zminj − L|



 . (3.11)


There exist integers i0, j0 such that if i ≥ i0 and j ≥ j0, than mi ≥ M0 and
nj ≥ N0. So (3.10) and (3.11) imply, that the ratio on the left-hand side in (2.9)
is less than


Ami+1nj+1


∆
mi+1nj+1
minj A


4ε ≤ 16ε for all i ≥ i0, j ≥ j0. (3.12)


On the other hand, since (Zmn) is a bounded sequence, so by (3.11), the ratio on
the left-hand side in (2.9) is less than or equal to


Ami+1nj+1


∆
mi+1nj+1
minj A


4 · const. ≤ 16 · const. for all i, j.


This fact and (3.12) imply (2.9).
Now we turn to sufficiency. Assume that (2.9) is satisfied. The ratio on the


left-hand side in (2.9) is greater than or equal to


1


∆
mi+1nj+1
minj A


∣∣∣∣∣∣


mi+1∑


k=mi+1


nj+1∑


l=nj+1


akl(xkl − L)


∣∣∣∣∣∣
=


∣∣∣∣
1


∆
mi+1nj+1
minj A


∆mi+1nj+1
minj


S − L
∣∣∣∣ ,


so (2.7) is satisfied. Now, applying Theorem 2.3, we get that (2.6) is true. In the
following parts of the proof, for fixed integers m,n let i, j be integers, such that


mi < m ≤ mi+1 and nj < n ≤ nj+1.


We have


Zmn − L =
1


Amn


m∑


k=1


n∑


l=1


akl(xkl − L)


=
1


Amn


mi∑


k=1


nj∑


l=1


akl(xkl − L) +
1


Amn


m∑


k=mi+1


n∑


l=nj+1


akl(xkl − L)


+
1


Amn


m∑


k=mi+1


nj∑


l=1


akl(xkl − L) +
1


Amn


mi∑


k=1


n∑


l=nj+1


akl(xkl − L). (3.13)
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Consider the absolute values of all terms of this sum. For the first term, from (2.6)
we get that


1


Amn


∣∣∣∣∣
mi∑


k=1


nj∑


l=1


akl(xkl − L)


∣∣∣∣∣


=
Aminj


Amn
|Zminj


− L| ≤ |Zminj
− L| b−→ 0, as m,n→∞. (3.14)


We shall use the following relations for the coefficients.


∆
mi+1nj+1
minj A


Amn
=


(Bmi+1 −Bmi)(Cnj+1 − Cnj )


BmCn
≤ Bmi+1


Bmi+1


Cnj+1


Cnj+1


=
Bmi+1−1


Bmi+1


(
1 +


bmi+1


Bmi+1−1


)
Cnj+1−1


Cnj+1


(
1 +


cnj+1


Cnj+1−1


)


≤ 4


(
1 +


bmi+1


Bmi+1−1


)(
1 +


cnj+1


Cnj+1−1


)
≤ const. (3.15)


To see the above relation, we mention that


Bm−1


bm
+ 1 =


Bm−1 + bm
bm


=
Bm
bm
≥ 1 + δ,


because of the assumptions of the theorem. Therefore (bm/Bm−1) is a bounded
sequence. Similarly (cn/Cn−1) is a bounded sequence, too.


Consider the second term in (3.13). From (3.15) and (2.9) we get that


1


Amn


∣∣∣∣∣∣


m∑


k=mi+1


n∑


l=nj+1


akl(xkl − L)


∣∣∣∣∣∣


≤ ∆
mi+1nj+1
minj A


Amn


1


∆
mi+1nj+1
minj A


max
mi<t≤mi+1


nj<s≤nj+1


∣∣∣∣∣∣


t∑


k=mi+1


s∑


l=nj+1


akl(xkl − L)


∣∣∣∣∣∣
b−→ 0,


as m,n→∞. (3.16)


Now turn to the third and fourth terms on the left hand side of (3.13). With
notation


Φit :=
1


∆
mi+1nt
mint−1A


max
mi<s≤mi+1


∣∣∣∣∣∣


s∑


k=mi+1


nt∑


l=nt−1+1


akl(xkl − L)


∣∣∣∣∣∣


we get that


1


Amn


∣∣∣∣∣
m∑


k=mi+1


nj∑


l=1


akl(xkl − L)


∣∣∣∣∣ ≤
1


Amn


j∑


t=1


∣∣∣∣∣∣


m∑


k=mi+1


nt∑


l=nt−1+1


akl(xkl − L)


∣∣∣∣∣∣
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≤ 1


Amn


j∑


t=1


∆mi+1nt
mint−1


AΦit ≤
Bmi+1 −Bmi


Bmi+1


j∑


t=1


Cnt − Cnt−1


Cnj+1
Φit. (3.17)


But


Bmi+1
−Bmi


Bmi+1
<
bmi+1


+Bmi


Bmi+1
< 1 +


Bmi+1−1


Bmi


bmi+1


Bmi+1−1
< 1 + 2


bmi+1


Bmi+1−1
,


which is bounded as we have already seen. Furthermore, for t = 1, 2, . . . , j,


Cnt
− Cnt−1


Cnj+1
=
Cnt
− Cnt−1


Cnt


Cnt


Cnt+1


Cnt+1


Cnt+2


· · · Cnj−1


Cnj


Cnj


Cnj+1
≤
(


1


2


)j−t+1


.


Hence (3.17) implies that


1


Amn


∣∣∣∣∣
m∑


k=mi+1


nj∑


l=1


akl(xkl − L)


∣∣∣∣∣ ≤ const.
j∑


t=1


(
1


2


)j−t
Φit. (3.18)


By (2.9), Φit
b−→ 0. This and (3.18) imply that the expression on the left-hand


side in (3.18) is bounded. Moreover, there exist i0, j0 such that Φit < ε and at the
same time (1/2)t < ε for all i ≥ i0, t ≥ j0. From these facts and applying that the
sequence Φit is bounded, we get


j∑


t=1


(
1


2


)j−t
Φit =


j0∑


t=1


(
1


2


)j−t
Φit +


j∑


t=j0+1


(
1


2


)j−t
Φit


< const.
(


1


2


)j/2 j0∑


t=1


(
1


2


)j/2−t
+ 2ε < const.ε for all i ≥ i0, j ≥ 2j0.


So it follows from (3.18) that


1


Amn


∣∣∣∣∣
m∑


k=mi+1


nj∑


l=1


akl(xkl − L)


∣∣∣∣∣
b−→ 0, as m,n→∞. (3.19)


By similar arguments, for the fourth term in (3.13), we have


1


Amn


∣∣∣∣∣∣


mi∑


k=1


n∑


l=nj+1


akl(xkl − L)


∣∣∣∣∣∣
b−→ 0, as m,n→∞. (3.20)


Finally (3.13), (3.14), (3.16), (3.19) and (3.20) imply (2.8). Thus the theorem is
proved.
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Abstract
In this article, we examine problems related to RFID systems in which


the antennas and the connected readers are able to find a transponder with
greater precision and are able to locate their position with a greater proba-
bility.


The central problem is how to cover a relatively large area, such as an air-
port terminal or a railway station’s waiting room, with the smallest possible
number of RFID antennas.


The second important question of the research is what infrastructure and
mathematical apparatus are required to decide the location of the transpon-
der within an area under question, with the highest possibility.


1. RFID based localization and the problems of the
presence sensors


Firstly, as part of localization problems and the possibilities of expanding percep-
tion, let us define what we can see with a perception sensor and what we mean by
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an RFID based perception-sensor. This is important, because both the localization
problem and the mathematical model are based on the examination of perception.


An RFID Presence sensor is a device capable of detecting the presence of a spe-
cific object and relaying this presence as binary information (whether it is present
or not).


There are countless applications for sensors and sensor networks based on WIFI,
RFID and NFC technologies in real life. Producing information regarding the
position and motion of the perceived object by means of connected perception
sensors (sensor network) has been the topic of a number of researchers [4, 5, 6, 7].


Several researches [8] also utilize the strength of the perceived signal to better
determine the position of the object or a person. A good example of the situation
underlined above is an office building where each door requires verification by an
entrance card for passing.


The entrance card is, in reality, an RFID transponder, while the doors are
outfitted with RFID readers.


These readers, along with their connected antennas measure whether the trans-
ponder is in their range of perception or not at preset time intervals. If the
transponder is far away, the outcome is most likely negative, but positive read-
ing are not always guaranteed even when the transponder is closer. However, the
possibility of positive feedback is higher than in the previous case.


In case somebody is standing between the transponder and the antenna, his
body water blocks the spread of the signal, resulting in a negative reading. Another
possibility is that the RFID tag is situated on the periphery of the reception range.
In this case, the outcome of the reading depends on other uncertainty figures such
as humidity, temperature, etc.


Perception-based localization complicates the problem even further, as the cur-
rently used systems are not suited to handle this task.


The fact is that transponder localization is uncertain on a smaller area and
the problems mentioned before soon make the use of current RFID based devices
problematic.


We can safely conclude then with using only perception sensors and RFID based
systems, it is relatively difficult to accurately decide the position of an object. How-
ever, we can see possibilities of expanding the perception capabilities of mentioned
devices (RFID reader, antenna, antennas networks) with the implementation of
intelligent algorithms and mathematics based computational models what these
algorithms are based upon.


Problem (Extending of the RFID based localization). One of the central problems
of our research is how to cover a relatively large area, such as an airport terminal
or a railway station’s waiting room, with the smallest possible number of RFID
antennas, and to estimate the exact location of as many objects tagged with RFID
tags as possible with the greatest likelihood. We would also like to find a solution to
expand the perception process to permanently or temporarily uncovered areas also
by upgrading current RFID technologies.


166 Z. Ruzsa, Zs. Parisek, R. Király, T. Tómács, T. Szakács, H. Hajagos







As a part of the solution for the problem described above, we present the math-
ematical model used to expand the perception capabilities of the localization pro-
cess along with the functioning of the software background, that is, the framework
which provides estimations regarding the whereabouts of the transponders using
the mathematics based subsystem.


2. Planning the measurement process and calibrat-
ing the test environment


In order to create and produce the mathematical model, and to prepare the con-
trolling algorithms for the new antenna, we need to measure the characteristics of
the antennas used in our test environment and the coverage of the test area by
RFID readers.For the calibration of antennas and readers, we took measurements
of the signal strength RSSI perceivable by the antennas within the discrete areas
covered by each antenna, first by an accuracy of 50, then by 25 centimeters. Tak-
ing constructive and destructive interference into account, we created the map of
coverage.


We have used similar measurements to determine the perception characteristics
of the transponders what we used for localization (see in Figure 1).


Figure 1: Characteristic of the rotated UHF transponder
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Parallel to these, to construct a mathematical model, we rotated the transpon-
der in a given position under the same conditions. For about 1000 times/position,
we measured how many times the transponder was visible (sufficiently perceiv-
able) to the reader connected to the antenna. Comparing the results to the RSSI
values measured before proved that the reading ratio of the antennas influenced
perception frequency. It is also clear that specific space segments show relatively
unique values depending on reading frequency. We excluded the possibility of any
obstruction between the antenna and the reader (for example: aqueous medium or
the passing of a metal-based object).


It was under these circumstances that we had to design the mathematical ap-
paratus responsible for predicting where a transponder (outside of visibility range)
is located inside a known but yet uncovered area.


Provided that the mathematical model is working as intended, and that the
system is able to estimate the most probable position of the tag, this extra infor-
mation can be used to decide the real position of the transponder (in order to make
the search attempts more efficient).


3. The mathematical foundations of the extension of
localization


Let (Ω,F , P ) be a probability space where Ω is the set of factors that define the
location of the tag or rather the outcome of the detection attempts made by an-
tennas.


The Borel-measurable space part in which the tag should be located is denoted
by H ⊂ Rk and let H1, H2, . . . ,Hm be partitions of the Borel-measurable sets.
These Hi sets are undivided sectors in which the presence of the tag should be
detected. In practice H ⊂ R2 is a rectangle, sets of Hi are the cells of a grid.


Let θt : Ω → H denote a probability variable the position of an object at time
moment t.


LetXit : Ω→ {0, 1} probability variable (i = 1, . . . , n, t ≥ 0) be 1, if the antenna
i detects the tag at time t be 0 if it does not. Assume, that X1tiX2t2 , . . . , Xntn are
independent of each other in case of arbitrary values t1, . . . , tn. Let


p(i, j, 1) = P (Xit = 1 | θt ∈ Hj) and p(i, j, 0) = 1− p(i, j, 1),


where i = 1, 2, . . . , n, j = 1, 2, . . . ,m and t ≥ 0. Assume that p(i, j, 1) is indepen-
dent from t, therefore the probability of antenna i detecting the tag is p(i, j, 1) if it
is located in the space part j, and it is p(i, j, 0) if it does not. These values are not
known, so in practice p(i, j, 1) is replaced by p̂(i, j, 1), the relative frequency of the
event {Xit = 1} assuming that θt ∈ Hj . Likewise p(i, j, 0) is replaced by p̂(i, j, 0).


3.1. The case of simultaneous measurements
The most manageable, but unrealistic case is when all the antennas try to detect
the tag at a time instant t = t0. Let x1, x2, . . . , xn be the measurement results.
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Similar to the principle of maximum likelihood estimates, as the current estimated
place of the object the sector Hj is accepted in which the achieved x1, x2, . . . , xn
measurements are the most likely to occur. Therefore the maximum point of the
function


P (X1t0 = x1, X2t0 = x2, . . . , Xnt0 = xn | θt0 ∈ Hj)


in j is required to be found. Due to the independence


P (X1t0 = x1, X2t0 = x2, . . . , Xnt0 = xn | θt0 ∈ Hj) =
n∏


i=1


p(i, j, xi).


Here the p(i, j, xi) values are not known, instead their p̂(i, j, xi) estimation will be
used. Thus, if the


n∏


i=1


p̂(i, j, xi)


function has only one maximum point, j0, then set Hj0 will be accepted as the
estimated position of the object. (If the maximum value of the function is taken
of the arguments of j1, j2, . . . , jz, then the estimation will be the union of the
corresponding sets Hj1 , . . . ,Hjz .)


3.2. The case of separate measurements made at various times


Take some measurements by sensor i at time moments ti1, ti2, . . . , tiki close to time
t0.


As a result, the measured value recorded Xiti1 , Xiti2 , . . . , Xitiki
probability vari-


ables can not be considered independent therefore the results of the measurements
by the antennas must be aggregated. Denote the results with xiti1 , xiti2 , . . . , xitiki


.
Assume that, there exists a K : R→ R+ function, what


P


(
ki⋂


l=1


{Xitil = xitil}
∣∣∣ θt0 ∈ Hj


)
=


∑ki
l=1K(t0 − til)p(i, j, xitil)∑ki


l=1K(t0 − til)
.


Due to the independence


P


(
n⋂


i=1


ki⋂


l=1


{Xitil = xitil}
∣∣∣ θt0 ∈ Hj


)
=


n∏


i=1


∑ki
l=1K(t0 − til)p(i, j, xitil)∑ki


l=1K(t0 − til)
.


Again, similar to the principle of maximum likelihood estimation the sector of Hj


is accepted as the estimation of the location of the object at time t0 where in case
of being there the probability value of the test results is maximal. Therefore if the
previously obtained


n∏


i=1


∑ki
l=1K(t0 − til)p(i, j, xitil)∑ki


l=1K(t0 − til)
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function has its maximum value in j at j0, the sector Hj0 will be accepted as the
estimation of the object’s location. (If the function has its maximum at j1, j2, . . . jz
simultaneously at the same time, similarly to the previous cases the estimation of
the object’s location will be the union of sets Hj1 , . . . Hjz ).


In practical terms, the existence of an unification kernel K that can unify the
measurements made by the same antenna at close time instants cannot be proven.
What is even more unpleasant, K function above cannot even be determined by
measurements. The rightness of core function of


K(t) =







(
1−


(
t
τ


)2)2 if |t| < τ,


0, otherwise,


used in the implementation can be supported only when using the calculated po-
sition proves to be sufficiently accurate. (The variable τ ≥ 0 appearing in the
function is used to adjust the time interval from which measurements are used to
determine the position of the object. This value is defined during the process of
fine-tuning. In practical tests τ = 6 was used.)


3.3. Probability of being in a given sector
Now we are looking for the answer to with what probability the tag was at time
t0 in a designated Hj sector. Assume that the tag could be in any sector with the
same probability before the measurement, namely


P (θt ∈ Hj) = P (θt ∈ Hr) ∀j, r = 1, . . . ,m.


The probability of


P


(
θt0 ∈ Hj


∣∣∣
n⋂


i=1


ki⋂


l=1


{Xitil = xitil}
)


should be determined. Based on the Bayes’ theorem, this equals:


P
(⋂n


i=1


⋂ki
l=1{Xitil = xitil}


∣∣ θt0 ∈ Hj


)
P (θt0 ∈ Hj)


∑m
r=1 P


(⋂n
i=1


⋂ki
l=1{Xitil = xitil}


∣∣ θt0 ∈ Hr


)
P (θt0 ∈ Hr)


=


=


∏n
i=1


∑ki
l=1K(t0−til)p(i,j,xitil


)
∑ki


l=1K(t0−til)
∑m
r=1


∏n
i=1


∑ki
l=1K(t0−til)p(i,r,xitil


)
∑ki


l=1K(t0−til)


≈


∏n
i=1


∑ki
l=1K(t0−til)p̂(i,j,xitil


)
∑ki


l=1K(t0−til)
∑m
r=1


∏n
i=1


∑ki
l=1K(t0−til)p̂(i,r,xitil


)
∑ki


l=1K(t0−til)


.


3.4. The implementation
For testing a virtual test environment has been created. The basic set in which the
localization of the tag was carried out was considered a square divided into 10×10
grid. These squares in the grid become the sets Hj .
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For the sake of simplicity the elementary grid squares are indexed by {0, 1, . . . , 9}
×{0, 1, . . . , 9} as their coordinates. Three virtual antennas were created, A1, A2,
A3, and probabilities p(1, j, 1), p(2, j, 1), p(3, j, 1) were defined being associated
with their corresponding antennas (j ∈ {0, 1, . . . , 9}×{0, 1, . . . , 9}). Figure 2 illus-
trates this.


Figure 2: The detection probability of antennas A1, A2, A3. The
probability is 1 in the black squares and 0 in the white ones


3 testroutes are generated that represent the roaming of the tag (see Figure 3).
All 3 testroutes take 30 seconds and considering that the 3 antennas try to read
the tag in every second, so t ∈ {0, 1, . . . , 29}.


Figure 3: The three virtual test routes (test tracks). The notches
indicate the position of the tag in integer minutes


After each detection attempt when the antenna Ai tried to read the tag at time
t the position (xt, yt) of the tag during the route at time t was checked against
the associated probability of p(i, (xt, yt), 1) and a random p number with uniform
distribution has been chosen from the interval of [0, 1] and the


xit =


{
1, if p < p(i, (xt, yt), 1),


0, otherwise,


virtual series of measurement has been created. The reading results of the antennas
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during the traversal path were simulated this way. For the resulting sets of mea-
surements xit (i ∈ {1, 2, 3}, t ∈ {0, 1, . . . , 29}) the positioning algorithm outlined
above was performed, and the estimated (x̂t, ŷt) coordinates by the algorithm were
checked how accurately they approach the tag’s exact coordinates of (xt, yt).


Figure 4: The route 1 (continuous curve) and a characteristics es-
timation (dotted line). Actual and estimated position in the same
time moments are connected by arrows. Squared error for the esti-


mate is 5.8


To quantify the results the squared error of the route estimate


1


30


29∑


t=0


(
(xt − x̂t)2 + (yt − ŷt)2


)


has been calculated. The method above was repeated 1000 times and the average
of the square errors was recorded. The considered values during the route can be
seen in the Table 1. As a reference the squared errors of the random guess (uni-
form distribution independently considered (xt, yt) coordinates) and the constant
estimation (5, 5) were also determined.


The results show that the algorithm works best when the path is close to the
antennas and the movement of the tag is slow (Route 1) while the detection is
less accurate when the the tag is roaming in the middle of the area covered by the
antennas (Route 2). Not surprisingly, the estimate of constant (5, 5) provides a
lesser error in this case.
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route 1 route 2 route 3
squared error of algorithm 6.953 15.707 10.732
squared error of random estimate 38.947 27.893 32.351
squared error of constant estimate(5,5) 21.500 12.500 17.900


Table 1: Squared errors of the three route estimates


3.5. The localization framework


We have two large expectations, regarding the localization framework: One being
for it to be able to provide an interface for the middlewares, that control the
antennas, on which they can relay their detections to the system. It is expected to
be able to store the information, gathered using this method, permanently.


The other being, that the system should be able to calculate the coordinates
of the transponder (or maybe even a moving reader in the future), that is fixed in
the system. These calculations are based on the previously stored detections.


As a solution for the aforementioned expectations, we have implemented a web-
service, coded in Java programming language. Designing and implementing of the
webservice was done while abiding the policies of REST (Representational State
Transfer) [10]. We have chosen JBoss (Jboss AS 7.1.0.Final) [11] as our service’s
application-server, for it is strongly supported by REST. For the forming of the
interfaces, we employed the javax.ws.rs [12] (High-level interfaces and annotations
used to create RESTful service resources) package, introduced by Java EE 6, mak-
ing the usage of all these independent from language and platform. This property
is nearly indispensable for a system capable of integrating heterogeneous hardware,
like this one.


We can upload a detection to the framework, by employing a simple HTTP-
POST [13] method, assuming that the detection we would like to upload is written
in a specified XML structure. The first step of processing an uploaded detection is
the serialisation of the given xml, which will result in the creation of a Detection
objectitem. The Detection class indicates between which transponder and reader
did the detection occur, and optionally, through which RSSI value did the commu-
nication between the two happening. Among the Detection items exists a special
item, which represents negative detection. The middlewares present a negative de-
tection when the reader attempts to locate the transponders in their environment,
but no answer is given to it.


The permanent storing of the Detection items is done inside a database, in
our case, this is a PostgreSQL 9.3 [14] released database-item. Communication
between the database and the server application is accomplished by the help of
an ORM (Object/Relational Mapping) [15] tool, which makes our job a lot more
easier, during the upgrading of the framework. Our choice for an ORM tool fell
upon Hibernate (Hibernate ORM 4.3.1. Final Release), for the reason that JBoss
AS 7 provides native support in case of using Hibernate ORM.


Further expectations of the localization framework include, for it to be able
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to make calculations using different localization algorithms, simultaneously. This
property of the system allows the upgrading of the localization algorithms to be
quick and simple, in parallel with different project team’s different expectation
systems, if need be.


3.6. The software component from client side


The task of the client side control is to communicate with the RFID reader then
transmit the acquired data to the server. To incorporate the functions of the reader,
we have developed an interface, that is able to convert the parameterized function
calls into XML structures that are compatible with the reader, deliver them, and
transform the given answer into a serviceable form, then return it to the location
at which the call was made.


Communication with the server is also done by an interface, that is similar to
the one before, having the task of converting the given data into an XML structure
that is compatible with the server then processing the answer returned to it by the
server.


Along with keeping up the connection with the server, the client also serves
as a controlling role a controlling function, for it is able to work with more than
one antenna, that are connected to the reading mechanism, simultaneously, while
also having the ability to clearly identify them too. This way, we can transmit
information regarding from which antenna the data came from. On top of all this,
(with the help of this), we can also monitor the “GPIO status” of the nodding
antennas (what kind of status was the given antenna in last time), because the dif-
ferent statuses are handled with different kinds of antenna identifications. (In order
to conduct indoor localization, we are using a certain type of intelligent antenna,
which can change the antenna characteristics, by determining the current status
of the transponders and using three integrated patch antennas. The antenna is
able to locate the transponders in a given location, by turning into the appropriate
direction (without mechanical movement).


The client decides exactly which reader, and which antenna should read with
what kind of specifications, while during runtime by switching between these, it
also governs the scanning of the given location. If necessary, it is able to modify
the signal strength of the reading, the reading modes, and controls the GPIO ports
of the antennas.


4. Conclusion


We can solve a lot of problems that affect or inhibit the use of RFID by extending
the software in this direction and by the application of mathematical estimate, and
we can give proper answer to the problem, what has been presented previously in
this article.


In our opinion the system constructed by us can be used to the extension of
localization processes based on RFID, and we can achieve a goal presented in the
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introduction, so we can cover quite large areas by using a smaller amount of readers,
and this way we can use much less resources and smaller expenses.


With the help of the above stated model we can estimate the position of those
transponders that are temporarily uncovered, but they are known to be positioned
within the examined area. The implemented version can decide where most proba-
bly the object to be localized is, among the temporarily or permanently uncovered
discreet areas.


The arguments and the implemented algorithms presented by us help the de-
velopment and realization of the IOT (Internet of Things) conception since we will
be able to identify the devices and their positions as well as the routes that they
have covered.
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ABSTRACT


Let {Xn}n≥1 be either a sequence of arbitrary random variables, or a
martingale difference sequence, or a centred sequencewith a suitable
level of negative dependence.Weprove Baum–Katz type theorems by
only assuming that the variables Xn satisfy a uniform moment bound
condition. We also prove that this condition is best possible even
for sequences of centred, independent random variables. This leads
to Marcinkiewicz–Zygmund type strong laws of large numbers with
estimate for the rate of convergence.
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1. Introduction


1.1. Motivation and related results


Let {Xn}n≥1 be a sequence of random variables, we always assume that they are defined on
the same probability space. For all n ∈ N


+ let Sn = ∑n
i=1 Xi andMn = max1≤i≤n |Si|. For


some positive parameters p, r consider the statement


∞∑
n=1


np/r−2
P (Mn > εn1/r) < ∞ for all ε > 0, (M)


and the weaker claim


∞∑
n=1


np/r−2
P (|Sn| > εn1/r) < ∞ for all ε > 0. (S)


The main goal of the paper is to prove (M) or (S) under different conditions. We may
assume that 0 < r < 2 and p ≥ r. Indeed, if p < r then (M) trivially holds. If p ≥ r ≥ 2
then by the central limit theorem the sum in (S) is divergent for all ε > 0 even if {Xn}n≥1
is an i.i.d. sequence with mean zero and finite variance.
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We cite the known results in this subsection, for the new ones see Section 1.2. First
consider the classical results for i.i.d. random variables. Following Hsu and Robbins [13]
we say that a sequence {Xn}n≥1 converges completely to 0 if


∞∑
n=1


P (|Xn| > ε) < ∞ for all ε > 0.


By the Borel–Cantelli Lemma this implies that Xn → 0 almost surely, but the converse
is not necessarily true. If {Xn}n≥1 is a centred i.i.d. sequence of random variables then
Sn/n → 0 almost surely by the strong law of large numbers. Under what conditions
does Sn/n converge completely to 0? Hsu and Robbins [13] showed that E (X2


1 ) < ∞ is
sufficient, and Erdős [10,11] proved that it is necessary.


Theorem 1.1 (Hsu–Robbins–Erdős strong law of large numbers): Let {Xn}n≥1 be a
sequence of centred i.i.d. random variables. Then the following are equivalent:


(i) E (X2
1 ) < ∞,


(ii)
∑∞


n=1 P (|Sn| > εn) < ∞ for all ε > 0.


A more general classical theorem is the following.


Theorem 1.2 (Baum–Katz, Chow): Let {Xn}n≥1 be a sequence of i.i.d. random variables.
Let 0 < r < 2 and let p ≥ r. The following statements are equivalent:


E (|X1|p) < ∞ and if p ≥ 1 then E (X1) = 0, (1)
∞∑
n=1


np/r−2
P (|Sn| > εn1/r) < ∞ for all ε > 0, (2)


∞∑
n=1


np/r−2
P (Mn > εn1/r) < ∞ for all ε > 0. (3)


The equivalence of (1) and (2) in the case r = p = 1 is due to Spitzer [24], the case
r = 1, p = 2 is the Hsu–Robbins–Erdős strong law, while the general case is due to Baum
and Katz [2]. For the equivalence of (1) and (3) see Chow [5].


The next theorem is theMarcinkiewicz–Zygmund strong law of large numbers, see [20].
Note that the case p = 1 dates back to Kolmogorov [15] and includes the classical strong
law of large numbers.


Theorem 1.3 (Marcinkiewicz–Zygmund strong law of large numbers): For an i.i.d.
sequence of random variables {Xn}n≥1 and 0 < p < 2 the following are equivalent:


(i) E (|X1|p) < ∞ and if p ≥ 1 then E (X1) = 0,
(ii) limn→∞ n−1/pSn = 0 almost surely.


The following statement explains the connection between Theorem 1.2 and the
Marcinkiewicz–Zygmund strong law of large numbers and its rate of convergence. It
is formulated for arbitrary sequences of random variables, see [7, Remarks 1 and 2] and
see also [17, Lemma 4] for the proof of part (ii).
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Statement 1.4: Let {Xn}n≥1 be an arbitrary sequence of random variables, let 0 < r < 2
and let p ≥ r. Assume that (M) holds.


(i) If p = r then for all ε > 0 we have


∞∑
n=1


P (M2n > ε2n/p) < ∞,


which implies that limn→∞ n−1/pSn = 0 almost surely.
(ii) If p > r then for all ε > 0 we have


∞∑
n=1


np/r−2
P


(
sup
k≥n


k−1/r |Sk| > ε


)
< ∞.


Since the above probabilities are non-increasing, we obtain that


P


(
sup
k≥n


k−1/r |Sk| > ε


)
= o(n1−p/r) as n → ∞.


In contrast to Theorems 1.2 and 1.3, we will not assume independence or identical
distributions in the following. Now we summarize the known results in this direction,
which requires some technical definitions.


The following theorem partly generalizes the Marcinkiewicz–Zygmund strong law of
large numbers, see Stout [27, Theorem 3.3.9] and [27, Corollary 3.3.5]. It is based on
Chung [6] in the case of independent variables and is implicitly contained in Loève [19].
Its proof uses a conditional three series theorem [27, Theorem 2.8.8].


Theorem 1.5 (Stout): Let f : [0,∞) → R
+ be a non-decreasing function with


∞∑
n=1


1
f (2n)


< ∞.


Let 0 < p < 2. Let {Xn}n≥1 be


(i) an arbitrary sequence of random variables if 0 < p < 1 and suppose that
x �→ xp−1f (x) is non-increasing,


(ii) a martingale difference sequence (MDS) if 1 ≤ p < 2 and assume that x �→ xp−2f (x)
is non-increasing.


If supn≥1 E (|Xn|pf (|Xn|)) < ∞ then limn→∞ n−1/pSn = 0 almost surely.


Definition 1.6: We say that the sequence {Xn}n≥1 is weakly dominated by a random
variable X if there is a constant C ∈ R


+ such that for all n ∈ N
+ and x > 0 we have


P (|Xn| > x) ≤ C P (|X| > x), (WD)







476 R. BALKA AND T. TÓMÁCS


and weakly mean dominated if


1
n


n∑
k=1


P (|Xk| > x) ≤ C P (|X| > x) (WMD)


for some C ∈ R
+ and for all n ∈ N


+ and x > 0.
The following definition was introduced by Alam and Saxena [1] and Joag-Dev and


Proschan [14].
Definition 1.7: A finite family of random variables {Xi : 1 ≤ i ≤ n} is called negatively
associated (NA) if for every pair of disjoint subsets A1, A2 ⊂ {1, . . . , n} we have


Cov (f1(Xi : i ∈ A1), f2(Xj : j ∈ A2)) ≤ 0


for all coordinatewise non-decreasing functions f1 and f2 for which the covariance exists.
An infinite family of random variables is NA if every finite subfamily is NA.


The following definition is due to Lehmann [18].
Definition 1.8: Two random variables X and Y are called negatively quadrant dependent
(NQD) if for all x, y ∈ R we have


P (X ≤ x, Y ≤ y) ≤ P (X ≤ x) P (Y ≤ y).


Every independent sequence is NA, and each pairwise independent sequence is pairwise
NQD. It is proved in [14] that every NA sequence is pairwise NQD. For the next theorem
see Kuczmaszewska [16, Theorem 2.1] and its proof.


Theorem 1.9 (Kuczmaszewska): Let 0 < r < 2 and p > r. Assume that the sequence
{Xn}n≥1 is weakly mean dominated by a random variable X satisfying E (|X|p) < ∞. If
p > 1 assume that {Xn}n≥1 is centred and NA. Then (M) holds.


Remark 1.10: If p = 1 we obtain the above theorem by applying the Markov inequality
P (Z > t) ≤ E (Zq)/tq at the beginning of [16, (2.4)] for some q > 1.


For the following theorem see Tan et al. [28, Theorems 1.1, 1.2], and see also Gan and
Chen [12, Theorem 2.2] for the second part of the statement. Note that it is strongly based
on the pioneering work of Wu [29].


Theorem 1.11 (Wu, Tan–Wang–Zhang, Gan–Chen): Let 0 < r ≤ p and 1 ≤ p < 2.
Let {Xn}n≥1 be a centred, pairwise NQD sequence which is weakly dominated by a random
variable X with E (|X|p) < ∞. Then (S) holds. If r 	= p then (M) holds.


Now we state the last two results of this subsection, which consider MDS. Miao,
Yang, and Stoica [21, Theorems 2.1 (1), 2.3] proved the following theorem about the case
1 ≤ p < 2.


Theorem 1.12 (Miao–Yang–Stoica): Assume that 0 < r ≤ p < 2. Let {Xn}n≥1 be a MDS
which is weakly mean dominated by X. Property (M) holds if


(i) r = p = 1 and E (|X| log+ |X|) < ∞,
(ii) 1 < p < 2 and E (|X|p) < ∞.
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Remark 1.13: Note that (i) is optimal: Elton [9] proved that if X is a centred random
variable with E (|X| log+ |X|) = ∞ then there is a MDS {Xn}n≥1 such that Xn and X have
the same distribution for all n and Sn/n → ∞ as n → ∞ almost surely. Thus (M) cannot
hold by Statement 1.4(i).


The above theorem generalizes a result of Dedecker and Merlevéde [7, Theorem 5] for
real valued random variables. In the case p ≥ 2 a new phenomenon emerges. For the
following theorem see the proofs of [21, Theorems 2.2, 2.4 (3)].


Theorem 1.14 (Miao–Yang–Stoica): Let 0 < r < 2 ≤ p and q(r, p) = 2(p − r)/(2 − r).
Let {Xn}n≥1 be a MDS such that supn≥1 E (|Xn|q) < ∞.


(i) If q > q(r, p) then (M) holds.
(ii) If q = q(p, r) then there is a MDS {Xn}n≥1 which is weakly dominated by a random


variable X satisfying E (|X|q) < ∞ such that (S) does not hold.


1.2. The results of the paper


Thegoal of the paper is to investigate statements (M) and (S) for arbitrary randomvariables,
MDS, and centred sequences with a certain level of negative dependence. We will deduce
(M) by assuming only a uniform moment condition supn≥1 E (|Xn|qf (|Xn|)) < ∞, so
in contrast to Theorems 1.9, 1.11, and 1.12 properties (WD) and (WMD) will not be
assumed. We will find the smallest possible suitable constant q = q(p, r) which we call
the critical exponent. In particular, we generalize Theorems 1.14 and 1.5. We will be also
able to determine the precise smaller order term f . Similarly to Theorem 1.5 the function
f : [0,∞) → R


+ might be any non-decreasing function satisfying
∑∞


n=1 1/f (2
n) < ∞,


and thefiniteness of the sum is really necessary even for (S). ByCorollary 3.2wemay assume
that f (n) = no(1) as n → ∞, see also Remark 1.18 for the least possible order of magnitude
of f . Stoica claimed similar theorems for MDS in [25,26], but those results are incorrect.
He stated in [25] that if 0 < r < 2 < p and {Xn}n≥1 is a MDS with supn≥1 E (|Xn|p) < ∞
then (S) holds. This was disproved in [24], see Theorem 1.14. Theorems 1 and 2 in [26]
state that if 1 ≤ r ≤ p < 2 and {Xn}n≥1 is a MDS with supn≥1 E (|Xn|p log+ |Xn|) < ∞
then (S) holds. Theorem 6.5 below witnesses that this is not true even for independent,
centred sequences of random variables.


The following theorem is one of the most important results in the paper.
Theorem 1.15: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


< ∞.


Let 0 < r < 2 and let p ≥ r. Let {Xn}n≥1 be a


(i) sequence of arbitrary random variables if 0 < r ≤ p ≤ 1 and r < 1,
(ii) MDS if 1 < p ≤ 2 or r = p = 1,
(iii) centred, negatively associated sequence of random variables if p ≥ 2.
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If supn≥1 E (|Xn|pf (|Xn|)) < ∞ then for all ε > 0 we have


∞∑
n=1


np/r−2
P (Mn > εn1/r) < ∞.


Wewill prove the above theorem in several steps. Theorem 4.1 implies (i), Theorems 5.1
and 5.2 yield (ii), and (iii) is stated as Theorem 6.1.


The next theorem is analogous to Theorem 1.11 with a similar proof. Thus, instead of
proving it, we suggest the reader to follow [28, Theorems 1.1, 1.2].
Theorem 1.16: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


< ∞.


Let 0 < r ≤ p and 1 ≤ p < 2. If {Xn}n≥1 is a centred, pairwise NQD sequence with
supn≥1 E (|Xn|pf (|Xn|)) < ∞ then (S) holds. If r 	= p then (M) holds, too.


The following theorem shows that the moment conditions above are sharp even for
independent, centred random variables, even if r = p and we want to obtain only
limn→∞ n−1/pSn = 0 almost surely, recall Statement 1.4(i).
Theorem 6.5: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


= ∞.


Let 0 < r < 2 and let p ≥ r. Then there exists a sequence of independent, centred random
variables {Xn}n≥1 such that supn≥1 E (|Xn|pf (|Xn|)) < ∞ and


∞∑
n=1


np/r−2
P (|Sn| > n1/r) = ∞.


Moreover, if r = p then lim supn→∞ n−1/pSn ≥ 1 almost surely.
First consider Theorem 1.15(i). In the case of arbitrary random variables we need to


suppose that r < 1. Indeed, for 1 ≤ r ≤ p let Xn ≡ 1 for all n. Then supn≥1 E (|Xn|q) = 1
for all q > 0 but


∞∑
n=1


np/r−2
P (|Sn| > (1/2)n1/r) =


∞∑
n=1


np/r−2 ≥
∞∑
n=1


n−1 = ∞.


Theorem 1.15(i) easily follows from the following, more general theorem.
Theorem 4.1: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


< ∞.
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Let 0 < r < 1 and let p ≥ r, and define q = q(r, p) = max{p, (p− r)/(1− r)}. Assume that
{Xn}n≥1 is a sequence of random variables with supn≥1 E (|Xn|qf (|Xn|)) < ∞. Then for all
ε > 0 we have ∞∑


n=1


np/r−2
P (Mn > εn1/r) < ∞.


We prove that the above theorem is sharp. By Theorem 6.5 it is enough to consider the
case p ≥ 1.
Theorem 4.2: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


= ∞.


Let 0 < r < 1 ≤ p and let q = q(r, p) = (p− r)/(1− r). Then there is a sequence of random
variables {Xn}n≥1 such that supn≥1 E (|Xn|qf (|Xn|)) < ∞ and


∞∑
n=1


np/r−2
P (|Sn| > n1/r) = ∞.


We prove Theorem 1.15(ii) for p < 2 as Theorem 5.1. We follow the strategy of the
proof of [7, Appendix A.1]. Theorem 4.2 yields that Theorem 1.15(ii) does not remain true
for arbitrary random variables.


The following theorems handle MDS in the case p ≥ 2. In particular, the next theorem
proves Theorem 1.15(ii) for p = 2.
Theorem 5.2: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


< ∞.


Let 0 < r < 2 ≤ p and let q = q(r, p) = 2(p − r)/(2 − r). Let {Xn}n≥1 be a MDS such that
supn≥1 E (|Xn|qf (|Xn|)) < ∞. Then for all ε > 0 we have


∞∑
n=1


np/r−2
P (Mn > εn1/r) < ∞.


The following theorem witnesses that the above result is best possible.
Theorem 5.4: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


= ∞.


Let 0 < r < 2 ≤ p and let q = q(r, p) = 2(p − r)/(2 − r). Then there is a MDS {Xn}n≥1
such that supn≥1 E (|Xn|qf (|Xn|)) < ∞ and


∞∑
n=1


np/r−2
P (|Sn| > n1/r) = ∞.
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Table 1. The critical exponents for different intervals of p and types of sequences. ICS denotes
independent, centred sequences, and MDS, respectively.


ICS MDS Arbitrary sequences


p ≤ 1 p p p if r < 1
1 < p ≤ 2 p p (p − r)/(1 − r) if r < 1
p > 2 p 2(p − r)/(2 − r) (p − r)/(1 − r) if r < 1


Miao et al. proved that the threshold in Theorems 5.2 and 5.4 is at
q(r, p) = 2(p − r)/(2 − r), recall Theorem 1.14. We will improve their methods in order
to find the precise smaller order term.


Theorem 1.15(iii) is stated as Theorem 6.1, which will simply follow from an inequality
of Shao [23]. If 0 < r < 1 then we can remove the assumption that {Xn}n≥1 is centred from
Theorems 1.16 and 6.1.
Corollary 6.3: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


< ∞.


Let 0 < r < 1 ≤ p, and let {Xn}n≥1 be a sequence of


(1) pairwise NQD random variables if 1 ≤ p < 2,
(2) negatively associated random variables if p ≥ 2.


Assume that supn≥1 E (|Xn|pf (|Xn|)) < ∞. Then for all ε > 0 we have


∞∑
n=1


np/r−2
P (Mn > εn1/r) < ∞.


The above theorems witness that if 0 < r < 2 < p then the critical exponents for
independent centred sequences and MDS are different, since p < 2(p − r)/(2 − r). See
Table 1 for the values of the critical exponents.


We do not know much about pairwise independent random variables if p ≥ 2.
Problem 1.17: Let 0 < r < 2 ≤ p and let k ≥ 2 be an integer. Let {Xn}n≥1 be a sequence of
k-wise independent, centred random variables. Do there exist results similar to Theorem 5.2
(replace Mn by |Sn| if necessary) and Theorem 5.4 with some q = q(r, p, k)? If yes, is it true
that q(r, p, k) = p for all r, p, k?


In fact, for some values of r, p, k we can show that q(r, p, k) = p is the critical exponent
for (S). The following remark is about the least possible order of magnitude of f in the
above theorems.
Remark 1.18: Let log+ (x) = max{1, log x} for x > 0 and log+ (0) = 1. For k ∈ N


+ let
log+


k (x) denote the kth iteration of log+ (x). For m ∈ N
+ and ε > 0 define the functions


fm, fm,ε : [0,∞) → R
+ as


fm(x) =
m∏
k=1


log+
k (x),


fm,ε(x) = fm(x)
(
log+


m (x)
)ε


.
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It is easy to see that for allm ∈ N
+ and ε > 0 we have


∞∑
n=1


1
fm(2n)


= ∞ and
∞∑
n=1


1
fm,ε(2n)


< ∞.


In Section 2 we recall some definitions and easy facts. In Section 3 we prove a number
of technical lemmas. Section 4 is devoted to arbitrary random variables. In Section 5 we
prove our theorems about MDS. Finally, in Section 6 we verify Theorems 6.1 and 6.5, and
Corollary 6.3. Note that the proofs after Section 3 can be read independently of each other.


2. Preliminaries


Let {Xn}n≥1 be a sequence of random variables defined on the probability space (�,F ,P ).
It is a MDS if there is a filtration {Fn}n≥0 such that F0 = {∅,�}, Xn is measurable with
respect to Fn, and E (Xn |Fn−1) = 0 for all n ∈ N


+. We may assume without loss
of generality that Fn = σ(X1, . . . ,Xn) is the σ -algebra generated by X1, . . . ,Xn for all
n ∈ N


+. A random variable is called centred if E (X) = 0.
Let E ⊂ R and let f : E → R. We say that f is non-decreasing (or increasing) if for all


x, y ∈ E, x < y we have f (x) ≤ f (y) (or f (x) < f (y)). We can similarly define the notions
non-increasing and decreasing, and if E = N


+ then our definitions extend to sequences as
well. Let I(A) denote the indicator function of an event A. We use the notation a � b if
a ≤ cb with some c ∈ R


+, where c depends only on earlier fixed constants. The notation
an = o(bn) as n → ∞ means that limn→∞ an/bn = 0. We need the following facts.
Fact 2.1: Let f : [0,∞) → R


+ be anon-decreasing function. Then the following statements
are equivalent:


(i)
∑∞


n=1 1/f (2
cn) < ∞ for some c > 0,


(ii)
∑∞


n=1 1/f (ε2
cn) < ∞ for all ε, c > 0,


(iii)
∑∞


n=1 1/(nf (n
c)) < ∞ for some c > 0,


(iv)
∑∞


n=1 1/(nf (εn
c)) < ∞ for all ε, c > 0.


The equivalence (i) ⇔ (iii) above follows from the equiconvergence of the series∑∞
n=1 an and


∑∞
n=1 2


na2n for any non-increasing, positive sequence {an}n≥1. Easy com-
parison implies the equivalences (i) ⇔ (ii) and (iii) ⇔ (iv).
Fact 2.2: Let {Xn}n≥1 be a sequence of random variables and let g , h : [0,∞) → R


+ be
non-decreasing functions such that


lim sup
x→∞


h(x)
g(x)


< ∞.


Then supn≥1 E (g(|Xn|)) < ∞ implies that supn≥1 E (h(|Xn|)) < ∞.
The concept of martingale and the following inequality are due to J.L. Doob, see e.g. [8,


Theorem 5.4.2].


Theorem 2.3 (Doob’s inequality): Let {Xi : 1 ≤ i ≤ n} be a finite MDS and let p ≥ 1.
Then for all t > 0 we have


P (Mn ≥ t) ≤ E (|Sn|p)
tp


.
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3. Technical lemmas


Lemma 3.1: Let {an}n≥1 be a positive, non-increasing sequence such that


∞∑
n=1


an < ∞.


Then there is a non-increasing sequence {bn}n≥1 such that


(1) bn ≥ an for all n ≥ 1,
(2) limn→∞ bn/bn−1 = 1,
(3)


∑∞
n=1 bn < ∞.


Proof: Fix a positive sequence {ck}k≥1 such that ck ↗ 1. We can choose an increasing
sequence of positive integers {nk}k≥1 such that for all k ∈ N


+ we have


∞∑
n=nk


an < 2−k(1 − ck+1) (3.1)


and
cnk+1−nk
k ≤ 2−k(1 − ck+1). (3.2)


We will construct bn recursively. Let bn = an if n ≤ n1. For every k ∈ N
+ and


nk < n ≤ nk+1 define
bn = max{an, ckbn−1}.


Then clearly (1) holds and bn ≤ bn−1 for all n ≤ n1. Assume nk < n ≤ nk+1 for some k.
Then an ≤ an−1 ≤ bn−1 and our definition imply that


bn = max{an, ckbn−1} ≤ max{bn−1, ckbn−1} = bn−1,


so bn is non-increasing.
Now we show (2). Assume that n > nk. Let nm < n ≤ nm+1 for some m ≥ k. As the


sequence ck is monotone increasing, we have


ckbn−1 ≤ cmbn−1 ≤ bn ≤ bn−1,


so ck ≤ bn/bn−1 ≤ 1. Then ck ↗ 1 yields (2).
Finally, we prove (3). For all n ≥ n1 define dn,n = an and for i ≥ n + 1 recursively


define
dn,i = ckdn,i−1 if nk < i ≤ nk+1.


Let � ≥ n1 be fixed. Let n = n(�) be the largest integer such that n1 ≤ n ≤ � and bn = an.
As bn1 = an1 , we obtain that n exists. Then b� = dn,� by our definitions. As the map
� �→ dn(�),� is clearly one-to-one, we have


∑
n≥n1


bn ≤
∑
n≥n1


∞∑
i=n


dn,i. (3.3)







STOCHASTICS 483


Fix k, n ∈ N
+ such that nk < n ≤ nk+1. By definition


nk+2∑
i=n


dn,i = an


(nk+1−n∑
i=0


cik + cnk+1−n
k


nk+2−nk+1∑
i=1


cik+1


)
(3.4)


≤ an
(


1
1 − ck


+ 1
1 − ck+1


)
≤ 2an


1 − ck+1
.


For each j ≥ 2 the definition of dn,i and (3.2) imply that


nk+j+1∑
i=nk+j+1


dn,i = anc
nk+1−n
k


⎛
⎝j−1∏


i=1


cnk+i+1−nk+i
k+i


⎞
⎠ nk+j+1−nk+j∑


�=1


c�k+j (3.5)


≤ anc
nk+j−nk+j−1
k+j−1 (1 − ck+j)


−1 ≤ an2−k−j+1.


By (3.4) and (3.5) for all n ≥ n1 we obtain


∞∑
i=n


dn,i ≤ 2an
1 − ck+1


+ an
∞∑
j=2


2−k−j+1 ≤ 3an
1 − ck+1


. (3.6)


Therefore (3.3), (3.6), and (3.1) imply that


∑
n≥n1


bn ≤
∞∑
k=1


nk+1∑
n=nk+1


∞∑
i=n


dn,i ≤
∞∑
k=1


nk+1∑
n=nk+1


3an
1 − ck+1


≤ 3
∞∑
k=1


2−k < ∞.


Thus (3) holds, and the proof is complete.


Corollary 3.2: Let g : [0,∞) → R
+ be a non-decreasing function such that


∞∑
n=1


1
g(2n)


< ∞.


Then there is a non-decreasing function f : [0,∞) → R
+ such that


(i)
∑∞


n=1 1/f (2
n) < ∞,


(ii) limn→∞ f (2n+1)/f (2n) = 1,
(iii) lim supx→∞ f (x)/g(x) ≤ 1.


Proof: First we define f (2n) for all n ∈ N
+. We apply Lemma 3.1 for the sequence


an = 1/g(2n), let {bn}n≥1 be a sequence satisfying properties (1)–(3) in Lemma 3.1. Define
f (2n) = 1/bn for all n ∈ N


+. Then (i) holds by (3), and by (2) for all n we have


lim
n→∞


f (2n+1)


f (2n)
= lim


n→∞
bn
bn+1


= 1, (3.7)


so (ii) is satisfied. Since bn is non-increasing, the sequence {f (2n)}n≥1 is non-decreasing.
Let f : [0,∞) → R


+ be any non-decreasing function extending the sequence {f (2n)}n≥1.
Clearly for all n ∈ N


+ we have
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f (2n) = 1
bn


≤ 1
an


= g(2n). (3.8)


Thus monotonicity, (3.8), and (3.7) imply that for all n ∈ N
+ and 2n ≤ x ≤ 2n+1 we have


f (x)
g(x)


≤ f (2n+1)


g(2n)
≤ f (2n+1)


f (2n)
→ 1


as n → ∞. The proof is complete.


Lemma 3.3: Let g : [0,∞) → R
+ be a non-decreasing function such that


∞∑
n=1


1
g(2n)


< ∞.


Then there is a non-decreasing function f : [0,∞) → R
+ such that


(i)
∑∞


n=1 1/f (2
n) < ∞,


(ii) limn→∞ f (2n+1)/f (2n) = 1,
(iii) lim supx→∞ f (x)/g(x) ≤ 1,
(iv) f has continuous second derivative on (0,∞),
(v) f ′(x)/f (x) = o(1/x) as x → ∞,
(vi) f ′′(x)/f (x) = o(1/x2) as x → ∞.


Proof: By Corollary 3.2 we may assume that


lim
n→∞


g(2n+1)


g(2n)
= 1. (3.9)


Let f (2n) = g(2n) for all n ∈ N
+, then clearly (1) and (ii) hold. Each non-decreasing


function f : [0,∞) → R
+ extending the sequence {f (2n)}n≥1 satisfies (iii). Indeed, mono-


tonicity, f (2n+1) = g(2n+1), and (3.9) imply that for every n ∈ N
+ and 2n ≤ x ≤ 2n+1 we


have
f (x)
g(x)


≤ f (2n+1)


g(2n)
= g(2n+1)


g(2n)
→ 1


as n → ∞.
Let f (x) = f (2) for 0 ≤ x ≤ 2, and let n ∈ N


+ be fixed. For 0 ≤ x ≤ 2n define


rn(x) = qn(1 − cos (21−nπx)),


and let us define
f (2n + x) = f (2n) +


∫ x


0
rn(t) dt.


Then clearly


f (2n+1) − f (2n) =
∫ 2n


0
rn(t) dt = 2nqn,


so
qn = 2−n(f (2n+1) − f (2n)). (3.10)
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Since rn(x) ≥ 0 for all n ∈ N
+ and 0 ≤ x ≤ 2n, the function f is non-decreasing. As


rn(0) = rn(2n) = 0, we obtain that f is continuously differentiable such that f ′(x) = 0 if
0 < x ≤ 2 and f ′(2n + x) = rn(x) for all n ∈ N


+. It is easy to see that f ′′(2n) = 0 for
all n ∈ N


+, so the formula of f ′(x) implies that f ′ is continuously differentiable, thus (iv)
holds. Let n ∈ N


+ and 0 ≤ x ≤ 2n. Then rn(x) ≤ 2qn, (3.10), and (ii) yield that


f ′(2n + x)
f (2n + x)


= rn(x)
f (2n + x)


≤ 21−n f (2
n+1) − f (2n)
f (2n + x)


≤ 4
2n + x


f (2n+1) − f (2n)
f (2n)


= o
(


1
2n + x


)


as n → ∞, hence (v) is satisfied. Let n ∈ N
+ and 0 ≤ x ≤ 2n. Clearly


|r′n(x)| ≤ 21−2nπ(f (2n+1) − f (2n)),


so (ii) implies that


|f ′′(2n + x)|
f (2n + x)


= |r′n(x)|
f (2n + x)


≤ 21−2nπ
f (2n+1) − f (2n)


f (2n + x)


≤ 8π
(2n + x)2


f (2n+1) − f (2n)
f (2n)


= o
(


1
(2n + x)2


)


as n → ∞, so (vi) holds. The proof is complete.


Corollary 3.4: Let g : [0,∞) → R
+ be a non-decreasing function such that


∞∑
n=1


1
g(2n)


< ∞.


Then there is a non-decreasing function f : [0,∞) → R
+ such that


(1)
∑∞


n=1 1/f (2
n) < ∞,


(2) limn→∞ f (2n+1)/f (2n) = 1,
(3) lim supx→∞ f (x)/g(x) ≤ 1,
(4) for all c > 0 there is an Rc > 0 such that the function hc(x) = x−cf (x) is decreasing


for x ≥ Rc,
(5) for all 0 < p < 1 there is a concave increasing function gp : [0,∞) → R


+ and Np > 0
such that gp(x) = xpf (x) for all x ≥ Np,


(6) for all q > 1 there is a convex increasing function gq : [0,∞) → R
+ and Nq > 0 such


that gq is affine on [0,Nq] and gq(x) = xqf (x) for all x ≥ Nq.


Proof: Let us choose a non-decreasing function f : [0,∞) → R
+ for which properties


(1)–(vi) of Lemma 3.3 hold. Then clearly f satisfies (1), (2), and (3). First we prove property
(4). By (v) of Lemma 3.3 we have


h′
c(x) = −cx−c−1f (x) + x−cf ′(x) = x−c−1f (x)( − c + o(1)) < 0


if x ≥ Rc with some constant Rc > 0, which proves (4).
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Now we show (5). Let fp(x) = xpf (x), using (v) and (vi) of Lemma 3.3 we obtain that


f ′′
p (x) = p(p − 1)xp−2f (x) + 2pxp−1f ′(x) + xpf ′′(x) (3.11)


= xp−2f (x)(p(p − 1) + o(1)) < 0


if x ≥ Kp with some Kp > 0. By (v) of Lemma 3.3 we obtain that


f ′
p(x)
fp(x)


= pxp−1f (x) + xpf ′(x)
xpf (x)


= xp−1f (x)(p + o(1))
xpf (x)


= p + o(1)
x


<
1
x


(3.12)


and f ′
p(x) > 0 if x ≥ Lp with some Lp > 0. Let Np = max{Kp, Lp}. Define gp(x) = fp(x) if


x ≥ Np and let gp be affine on [0,Np] with slope f ′
p(Np) > 0. By (3.11) we have f ′′


p (x) < 0
for x ≥ Np, so gp is increasing and concave. We only need to show that gp(0) > 0. Indeed,
by (3.12) we obtain that


gp(0) = fp(Np) − f ′
p(Np)Np > 0.


Thus (5) holds.
Finally, we prove (6). Let fq(x) = xqf (x), similarly to (3.11) we obtain that


f ′′
q (x) = xq−2f (x)(q(q − 1) + o(1)) > 0


and f ′
q(x) > 0 if x ≥ Nq with some Nq > 0. Choose 0 < εq < f ′


q(Nq) such that
fq(Nq) − εqNq > 0. Let gq(x) = fq(x) if x ≥ Nq and let gq be affine on [0,Nq] with
slope εq. Clearly gq is increasing and convex, so we only need to show that gq(0) > 0.
Indeed, we have


gq(0) = fq(Nq) − εqNq > 0.


Hence (6) holds, and the proof is complete.


Lemma 3.5: Let g : [0,∞) → R
+ be a non-decreasing function such that


∞∑
n=1


1
g(2n)


< ∞.


Then there is a non-decreasing function f : [0,∞) → R
+ such that


(i)
∑∞


n=1 1/f (2
n) < ∞,


(ii) limn→∞ f (2n+1)/f (2n) = 1,
(iii) lim supx→∞ f (x)/g(x) < ∞,
(iv) h(x) = xf (x) is piecewise linear, increasing, and convex on [0,∞).


Proof: By Corollary 3.2 we may assume that


lim
n→∞


g(2n+1)


g(2n)
= 1. (3.13)


Define an = g(2n) for all n ∈ N
+. Define the sequence {bn}n≥1 for all n ∈ N


+ such that
b1 = a1, b2 = a2, and for all n ∈ N


+ we recursively define
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bn+2 = max {an+2, (3/2)bn+1 − (1/2)bn} . (3.14)


The definition clearly implies that for all n ∈ N
+ we have


2bn+2 − 3bn+1 + bn ≥ 0. (3.15)


First we show that bn is non-decreasing. Indeed, b2 ≥ b1 and assume by induction that
bn+1 ≥ bn for some n ≥ 1, then bn+2 ≥ (3/2)bn+1 − (1/2)bn ≥ bn+1. Now we prove that
for all n ∈ N


+ we have
bn
an


≤ 2. (3.16)


Fix an arbitrary integer m ≥ 3 and let k be the largest integer such that 2 ≤ k ≤ m and
bk = ak. As b2 = a2, we obtain that k exists. Let us define {cn}n≥0 such that c0 = bk−1,
c1 = bk, and for all n ∈ N let


cn+2 = (3/2)cn+1 − (1/2)cn.


Then clearly bm = cm−k+1. Solving the linear recursion for cn and using that 0 < c0 ≤ c1
we obtain for all n ∈ N that


cn = 2c1 − c0 + c0 − c1
2n−1 < 2c1.


Thus bm = cm−k+1 < 2c1 = 2bk = 2ak. Therefore the monotonicity of the sequence
{an}n≥1 implies that


bm
am


≤ 2
ak
am


≤ 2, (3.17)


so (3.16) holds.
Let us define f : [0,∞) → R


+ as follows. Let f (2n) = bn for all n ∈ N
+, and let


f (x) = f (2) if 0 ≤ x ≤ 2. If n ∈ N
+ and 0 ≤ x ≤ 2n then let


f (x + 2n) = bn + 2(bn+1 − bn)
x


x + 2n
.


Since {bn}n≥1 is non-decreasing, it is easy to see that f is non-decreasing and continuous.
Then bn ≥ an and


∑∞
n=1 1/an < ∞ yield that (i) holds.


Let us define en = bn+1/bn for all n ∈ N
+ and let E = lim supn→∞ en. Clearly en ≥ 1


for all n, so it is enough to show for (ii) that E ≤ 1. By bn+1 ≥ an+1 and (3.13) we obtain
that


lim sup
n→∞


an+2


bn+1
≤ lim sup


n→∞
an+1


bn+1
lim
n→∞


an+2


an+1
≤ 1. (3.18)


For all n ∈ N
+ we have


(3/2)bn+1 − (1/2)bn
bn+1


= 3
2


− 1
2en


≥ 1. (3.19)


Then (3.14), (3.18), and (3.19) yield that


E = lim sup
n→∞


en+1 ≤ lim sup
n→∞


(
3
2


− 1
2en


)
= 3


2
− 1


2 lim supn en
= 3


2
− 1


2E
. (3.20)
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Solving the above inequality implies that E ≤ 1, so (ii) is satisfied.
Monotonicity, (3.17), and (3.13) imply that for all n ∈ N


+ and 2n ≤ z ≤ 2n+1 we have


f (z)
g(z)


≤ f (2n+1)


g(2n)
= bn+1


an
≤ 2an+1


an
→ 2


as n → ∞, so (iii) holds.
Finally, let us define h : [0,∞) → [0,∞) as h(x) = xf (x). Then h(x) = b1x if 0 ≤ x ≤


2, and for all n ∈ N
+ and 0 ≤ x ≤ 2n we have


h(x + 2n) = (x + 2n)f (x + 2n) = bn2n + (2bn+1 − bn)x.


Clearly h is continuous and increasing. We obtain that h is affine on [0, 2] with slope
d0 := b1, and for each n ∈ N


+ it is also affine on [2n, 2n+1]with slope dn := 2bn+1 −bn, so
h is piecewise linear. In order to prove that h is convex, we need to prove that the sequence
{dn}n≥0 is non-decreasing. Clearly d1 ≥ d0 and by (3.15) for all n ∈ N


+ we have


dn+1 − dn = 2bn+2 − 3bn+1 + bn ≥ 0.


Thus {dn}n≥0 is non-decreasing, so (iv) holds. The proof is complete.


Lemma 3.6: Let g : [0,∞) → R
+ be a non-decreasing function such that


∞∑
n=1


1
g(2n)


< ∞.


Let q ≥ 1. Then there is a non-decreasing function f : [0,∞) → R
+ such that


(i)
∑∞


n=1 1/f (2
n) < ∞,


(ii) limn→∞ f (2n+1)/f (2n) = 1,
(iii) lim supx→∞ f (x)/g(x) < ∞,
(iv) there is an increasing convex function fq : [0,∞) → R


+ and Nq > 0 such that fq is
affine on [0,Nq] and fq(x) = xqf (


√
x) for x ≥ Nq.


Proof: Define g∗ : [0,∞) → R
+ as g∗(x) = g(


√
x). Clearly g∗ is a non-decreasing


function such that g∗(x) ≤ g(x) for x ≥ 1. Fact 2.1 yields that
∑∞


n=1 1/g
∗(2n) < ∞.


Corollary 3.4 and Lemma 3.5 imply that there is a non-decreasing function f ∗ : [0,∞) →
R


+ such that


(1)
∑∞


n=1 1/f
∗(2n) < ∞,


(2) limn→∞ f ∗(2n+1)/f ∗(2n) = 1,
(3) lim supx→∞ f ∗(x)/g∗(x) < ∞,
(4) there is an increasing convex function f ∗


q : [0,∞) → R
+ andNq > 0 such that f ∗


q is
affine on [0,Nq] and f ∗


q (x) = xqf ∗(x) for all x ≥ Nq.


Define f : [0,∞) → R
+ as f (x) = f ∗(x2). By (1) we have


∞∑
n=1


1
f (2n)


=
∞∑
n=1


1
f ∗(4n)


<
∞∑
n=1


1
f ∗(2n)


< ∞,
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so (i) holds. By (2) we have


lim
n→∞


f (2n+1)


f (2n)
= lim


n→∞
f ∗(4n+1)


f ∗(4n)
= lim


n→∞
f ∗(2n+2)


f ∗(2n+1)
· lim
n→∞


f ∗(2n+1)


f ∗(2n)
= 1,


thus (ii) is satisfied. The definitions and (3) yield that


lim sup
x→∞


f (x)
g(x)


= lim sup
x→∞


f ∗(x2)
g∗(x2)


= lim sup
x→∞


f ∗(x)
g∗(x)


< ∞,


so (iii) holds. Finally, define fq : [0,∞) → R
+ as fq(x) = f ∗


q (x), then (4) yields that fq is an
increasing convex function which is affine on [0,Nq] and for all x ≥ Nq we have


fq(x) = f ∗
q (x) = xqf ∗(x) = xqf (


√
x),


hence (iv) holds. The proof is complete.


4. Sequences of arbitrary random variables


The main goal of this section is to prove Theorems 4.1 and 4.2.
Theorem 4.1: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


< ∞.


Let 0 < r < 1 and let r ≤ p, and define q = q(r, p) = max{p, (p− r)/(1− r)}. Assume that
{Xn}n≥1 is a sequence of random variables with supn≥1 E (|Xn|qf (|Xn|)) < ∞. Then for all
ε > 0 we have


∞∑
n=1


np/r−2
P (Mn > εn1/r) < ∞.


Proof: Let ε > 0 be arbitrarily fixed. We may assume that Xi ≥ 0 for all i, otherwise we
can replace Xi by |Xi|. ThusMn = Sn for all n ∈ N


+. First suppose that p < 1, then q = p.
We may assume by Corollary 3.4(5) and Fact 2.2 that there exists an Np > 0 and a concave
increasing function gp : [0,∞) → R


+ such that gp(x) = xpf (x) for all x ≥ Np. By Fact 2.2
we have


sup
n≥1


E gp(|Xn|) = C < ∞. (4.1)


As gp is concave with gp(0) = 0, it is subadditive. Fix an integer n0 ≥ (Np/ε)
r . Markov’s


inequality, the fact that gp is increasing and subadditive, and (4.1) imply that for each ε > 0
and n ≥ n0 we have
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P (Mn > εn1/r) = P (|Sn| > εn1/r)
= P (gp(|Sn|) > gp(εn1/r))


≤ E gp(|Sn|)
gp(εn1/r)


= E gp(|Sn|)
(εn1/r)pf (εn1/r)


≤
∑n


i=1 E gp(|Xi|)
εpnp/r f (εn1/r)


≤ Cn
εpnp/r f (εn1/r)


� n1−p/r


f (εn1/r)
.


Therefore by Fact 2.1 we have


∑
n≥n0


np/r−2
P (Mn > εn1/r) �


∑
n≥n0


1
nf (εn1/r)


< ∞,


which completes the proof for p < 1.
Now assume that p ≥ 1, then q = (p − r)/(1 − r) ≥ 1. We may assume by


Corollary 3.4(6), Lemma 3.5, and Fact 2.2 that there is an Nq > 0 and an increasing
convex function gq : [0,∞) → R


+ such that gq(x) = xqf (x) for all x ≥ Nq. By Fact 2.2 we
have


sup
n≥1


E gq(|Xn|) = C < ∞. (4.2)


Fix an integer n1 ≥ (Nq/ε)
r/(1−r). Markov’s inequality, the fact that gq is increasing and


Jensen’s inequality holds for the convex gq, and (4.2) imply that for each ε > 0 and n ≥ n1
we have


P (Mn > εn1/r) = P (|Sn| > εn1/r)
≤ P (gq(|Sn|/n) > gq(εn1/r−1))


≤ E gq(|Sn|/n)
gq(εn1/r−1)


= E gq(|Sn|/n)
εqnq(1/r−1)f (εn1/r−1)


≤ (1/n)
∑n


i=1 E gq(|Xi|)
εqnp/r−1f (εn1/r−1)


≤ C
εqnp/r−1f (εn1/r−1)


� n1−p/r


f (εn1/r−1)
.
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Thus the above inequality and Fact 2.1 yields that


∑
n≥n1


np/r−2
P (Mn > εn1/r) �


∑
n≥n1


1
nf (εn1/r−1)


< ∞.


This concludes the proof.


Theorem 4.2: Let f : [0,∞) → R
+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


= ∞.


Let 0 < r < 1 ≤ p and let q = q(r, p) = (p− r)/(1− r). Then there is a sequence of random
variables {Xn}n≥1 such that supn≥1 E (|Xn|qf (|Xn|)) < ∞ and


∞∑
n=1


np/r−2
P (|Sn| > n1/r) = ∞.


Proof: For all k ∈ N
+ let


pk = 4k(1−p/r)


f (41+k(1/r−1))
.


Fix k0 ∈ N
+ such that for all k ≥ k0 we have pk < 1. Let Xn ≡ 0 for all n < 4k0 . Let k > k0


be fixed, then for allm, n ∈ {4k−1, . . . , 4k − 1} let Xn = Xm and let


P (Xn = 41+k(1/r−1)) = pk and P (Xn = 0) = 1 − pk.


Then supn≥1 E (|Xn|qf (|Xn|)) = 4q < ∞, and for all 2 · 4k−1 ≤ n < 4k we have


P (|Sn| > n1/r) ≥ P (4k−1Xn ≥ 4k/r) = P (Xn ≥ 41+k(1/r−1)) = pk.


The above inequality and Fact 2.1 imply that


∞∑
n=1


np/r−2
P (|Sn| > n1/r) ≥


∑
k>k0


∑
2·4k−1≤n<4k


np/r−2
P (|Sn| > n1/r)


≥
∑
k>k0


(2 · 4k−1)(4(k−1)(p/r)4−2k)pk


= 2−2p/r−1
∑
k>k0


1
f (41+k(1/r−1))


= ∞.


The proof is complete.


5. Martingale difference sequences


5.1. The cases 1 < p < 2 and r = p = 1


The main goal of this subsection is to prove Theorem 5.1.
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Theorem 5.1: Let f : [0,∞) → R
+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


< ∞.


Let 1 < p < 2 and 0 < r ≤ p or let r = p = 1. Let {Xn}n≥1 be a MDS such that
supn≥1 E (|Xn|pf (|Xn|)) < ∞. Then for all ε > 0 we have


∞∑
n=1


np/r−2
P (Mn > εn1/r) < ∞.


Proof: Let ε > 0 be arbitrarily fixed and assume supn≥1 E (|Xn|pf (|Xn|)) = C < ∞. For all
k ∈ N


+ let


Fk(t) = P (|Xk| ≤ t)


be the cumulative distribution function of |Xk|. Define q = (2−p)/r > 0 and c = 2−p > 0.
By Corollary 3.4(4) and Fact 2.2 we may assume that there exists an Rc > 0 such that the
function x �→ x−cf (x) is decreasing for x ≥ Rc . For all n ∈ N


+ and for all k ∈ {1, . . . , n}
define


Yk,n = XkI(|Xk| ≤ n1/r) − E (XkI(|Xk| ≤ n1/r) |Fk−1),
Zk,n = XkI(|Xk| > n1/r) − E (XkI(|Xk| > n1/r) |Fk−1).


For all n ∈ N
+ define


S∗
k,n =


k∑
i=1


Yi,n and M∗
n = max


1≤k≤n
|S∗
k,n|,


S∗∗
k,n =


k∑
i=1


Zi,n and M∗∗
n = max


1≤k≤n
|S∗∗
k,n|.


Clearly for all n ∈ N
+ and 1 ≤ k ≤ n we have


E (Yk,n |Fk−1) = E (Zk,n |Fk−1) = 0, (5.1)


so {S∗
k,n}1≤k≤n and {S∗∗


k,n}1≤k≤n are martingales. For all n ∈ N
+ and 1 ≤ k ≤ n we have


Sk = S∗
k,n + S∗∗


k,n,


so for all n ∈ N
+ we have


Mn ≤ M∗
n + M∗∗


n . (5.2)


By (5.1) we have E (Yk,nY�,n) = 0 for all 1 ≤ k < � ≤ n, so applying Doob’s in-
equality for the martingale {S∗


k,n}1≤k≤n and the identity E (X − E (X |F))2 = E (X2) −
E ( E (X |F))2 ≤ E (X2) implies that
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P (M∗
n > εn1/r) ≤ 1


ε2
n−2/r


E
(
(S∗


n,n)
2)


= 1
ε2


n−2/r
n∑


k=1


E (Y2
k,n)


≤ 1
ε2


n−2/r
n∑


k=1


E (X2
k I(|Xk| ≤ n1/r)).


Therefore


∞∑
n=1


np/r−2
P (M∗


n > εn1/r) �
∞∑
n=1


np/r−2/r−2
n∑


k=1


E (X2
k I(|Xk| ≤ n1/r))


=
∞∑
n=1


n−q−2
n∑


k=1


∫ ∞


0
t2I(t ≤ n1/r)) dFk(t)


=
∞∑
k=1


∫ ∞


0
t2


∑
n≥max{k,tr}


n−q−2 dFk(t)


�
∞∑
k=1


∫ ∞


0
t2(max{k, tr})−q−1 dFk(t)


=
∞∑
k=1


(Ak + Bk + Ck),


where


Ak =
∫ Rc


0
t2k−q−1 dFk(t), Bk =


∫ k1/r


Rc
t2k−q−1 dFk(t), Ck =


∫ ∞


k1/r
tp−r dFk(t).


Clearly
∞∑
k=1


Ak ≤
∞∑
k=1


R2
c k


−q−1 < ∞. (5.3)


Let k ≥ Rr
c . Using that x−cf (x) is non-increasing if x ≥ Rc , and xrf (x) is non-decreasing,


we obtain that


Bk + Ck ≤ k−q−1
∫ k1/r


Rc
t2


tp−2f (t)
k(p−2)/r f (k1/r)


dFk(t) +
∫ ∞


k1/r
tp−r tr f (t)


kf (k1/r)
dFk(t)


≤ 1
kf (k1/r)


∫ ∞


Rc
tpf (t) dFk(t) ≤ E (|Xk|pf (|Xk|))


kf (k1/r)
≤ C


kf (k1/r)
.


By Fact 2.2 we have Ak + Bk + Ck ≤ E (|Xk|p−r) < ∞ for all k, so the above inequality
with (5.3) and Fact 2.1 imply that


∞∑
n=1


np/r−2
P (M∗


n > εn1/r) �
∞∑
k=1


(Ak + Bk + Ck) < ∞. (5.4)
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Applying Doob’s inequality for themartingale {S∗∗
k,n}1≤k≤n, the triangle inequality, Jensen’s


inequality (for the conditional expectation as well), and the law of total expectation in this
order implies that


P (M∗∗
n > εn1/r) � n−1/r


E (|S∗∗
n,n|)


≤ n−1/r
n∑


k=1


E (|Zk,n|)


≤ 2n−1/r
n∑


k=1


E (|Xk|I(|Xk| > n1/r))


≤ 2n−1/r
n∑


k=1


E (|Xk||Xk|p−1f (|Xk|)I(|Xk| > n1/r))
n(p−1)/r f (n1/r)


≤ 2
n−p/r


f (n1/r)


n∑
k=1


E (|Xk|pf (|Xk|))


≤ 2C
n1−p/r


f (n1/r)
.


The above inequality and Fact 2.1 yield that


∞∑
n=1


np/r−2
P (M∗∗


n > εn1/r) �
∞∑
n=1


1
nf (n1/r)


< ∞. (5.5)


Finally, (5.2), (5.4), and (5.5) imply that


∞∑
n=1


np/r−2
P (Mn > εn1/r) ≤


∞∑
n=1


np/r−2
P (M∗


n > (ε/2)n1/r)


+
∞∑
n=1


np/r−2
P (M∗∗


n > (ε/2)n1/r) < ∞.


The proof is complete.


5.2. The case p ≥ 2


The goal of the subsection is to prove Theorems 5.2 and 5.4.
Theorem 5.2: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


< ∞.
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Let 0 < r < 2 ≤ p and let q = q(r, p) = 2(p − r)/(2 − r). Let {Xn}n≥1 be a MDS such that
supn≥1 E (|Xn|qf (|Xn|)) < ∞. Then for all ε > 0 we have


∞∑
n=1


np/r−2
P (Mn > εn1/r) < ∞.


Before proving the above theoremwe need the next inequality due to Burkholder, Davis,
and Gundy, see [4, Theorem 1.1] or [3, Theorem 15.1].


Theorem 5.3 (Burkholder–Davis–Gundy Inequality): Let g : [0,∞) → [0,∞) be a
convex function such that g(0) = 0 and there is a constant c ∈ R


+ such that


g(2x) ≤ cg(x) for all x > 0. (5.6)


Then there exists a constant C ∈ R
+ depending only on c such that for every MDS {Xi}i≥1


for all n ∈ N
+ we have


E g(Mn) ≤ C E g
(√


X2
1 + · · · + X2


n


)
.


Proof of Theorem 5.2: Let ε > 0 be arbitrarily fixed. As q ≥ 2, by Lemma 3.6 and Fact 2.2
we may assume that


lim
n→∞


f (2n+1)


f (2n)
= 1 (5.7)


and there is an increasing convex function fq/2 : [0,∞) → [0,∞) and N , a ∈ R
+ such


that fq/2(0) = 0 and fq/2 is linear on [0,N], and for all x ≥ N we have


fq/2(x) = xq/2f (
√
x) − a.


Define gq : [0,∞) → [0,∞) as gq(x) = fq/2(x2). Since gq is a composition of convex
increasing functions, it is increasing and convex. We also have gq(0) = 0, moreover
gq(x) = bx2 for x ∈ [0,√N] with some constant b > 0, and for x ≥ N we have


gq(x) = xqf (x) − a.


Fact 2.2 yields that
sup
n≥1


E gq(|Xn|) = K < ∞. (5.8)


Let hq : (0,∞) → R
+ be defined as


hq(x) = gq(2x)
gq(x)


.


As gq(x) > 0 for all x > 0, the function hq is well defined, and the continuity of gq implies
that hq is continuous, too. Since gq(x) = bx2 for x ∈ [0,√N], we have hq(x) = 4 for
x ∈ (0,


√
N/2). By (5.7) we obtain that lim supx→∞ hq(x) < ∞, so the continuity of hq


implies that hq is bounded. Therefore gq satisfies the growth condition (5.6).
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Let us choose K ∈ R
+ such that εqf (εn1/r−1/2) > 2a for each n ≥ K . Define


L = max
{
K ,
(√


N/ε
)2r/(2−r)


}
.


Applying that gq is increasing, Markov’s inequality, Theorem 5.3 for gq and the finite
martingale {Si/√n}1≤i≤n, Jensen’s inequality for fq/2, and (5.8) implies that for all n ≥ L
we have


P (Mn > εn1/r) = P (gq(Mn/
√
n) > gq(εn1/r−1/2))


≤ E gq(Mn/
√
n)


gq(εn1/r−1/2)


≤
C E


(
gq
(√


(1/n)
∑n


i=1 X
2
i


))
gq(εn1/r−1/2)


= C E
(
fq/2


(
(1/n)


∑n
i=1 X


2
i
))


gq(εn1/r−1/2)


≤ C(1/n)
∑n


i=1 E fq/2(X2
i )


gq(εn1/r−1/2)


= C(1/n)
∑n


i=1 E gq(|Xi|)
gq(εn1/r−1/2)


≤ CK
εqnq(1/r−1/2)f (εn1/r−1/2) − a


≤ 2CKε−qn1−p/r


f (εn1/r−1/2)


� n1−p/r


f (εn1/r−1/2)
.


Therefore the above inequality and Fact 2.1 imply that


∑
n≥L


np/r−2
P (Mn > εn1/r) �


∑
n≥L


1
nf (εn1/r−1/2)


< ∞.


The proof is complete. �
Theorem 5.4: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


= ∞.


Let 0 < r < 2 ≤ p and let q = q(r, p) = 2(p − r)/(2 − r). Then there is a MDS {Xn}n≥1
such that supn≥1 E (|Xn|qf (|Xn|)) < ∞ and


∞∑
n=1


np/r−2
P (|Sn| > n1/r) = ∞.
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Proof: Let {Yn,Zk}n,k≥1 be independent random variables such that for all n ∈ N
+ we have


P (Yn = 1) = P (Yn = −1) = 1
2
.


For all k ∈ N
+ let


pk = 4k(1−p/r)


f (4k(1/r−1/2))
.


Fix k0 ≥ 2 such that for all k ≥ k0 we have pk < 1. We define Zk ≡ 0 if k ≤ k0 and for
k > k0 let


P (Zk = 4k(1/r−1/2)) = pk and P (Zk = 0) = 1 − pk.


For all k ∈ N
+ and 4k−1 ≤ n < 4k let us define Xn = YnZk. Clearly we have supn≥1


E (|Xn|qf (|Xn|) = 1. Assume that Xi : � → R are random variables on the probability
space (�,F ,P ). Let F0 = {∅,�} and let Fn = σ(X1, . . . ,Xn) for all n ∈ N


+. We show
that {Xn}n≥1 is a MDS with respect to the natural filtration {Fn}n≥1. Fix n, k ∈ N


+ with
4k−1 ≤ n < 4k. Indeed, as Yn is independent of {Z1, . . . ,Zk,Y1, . . .Yn−1}, it is independent
of σ(Zk,Fn−1), so a property of conditional expectation implies that for all n ∈ N


+ we
have


E (Xn |Fn−1) = E (YnZk |Fn−1) = E (Yn) E (Zk |Fn−1) = 0,


so {Xn}n≥1 is really a MDS. By the central limit theorem there is an absolute constant c > 0
such that for all k > k0 and 2 · 4k−1 ≤ n < 4k we have


P (Y4k−1 + · · · + Yn ≥ 2k) = P (Y4k−1 + · · · + Yn ≤ −2k) ≥ c. (5.9)


We will prove that for all fixed k > k0 and 2 · 4k−1 ≤ n < 4k we have


P (|Sn| > n1/r) ≥ cpk. (5.10)


Let us use the notation S = S4k−1−1 and fix an arbitrary x ∈ R with P (S = x) > 0. By the
law of total probability in order to prove (5.10) it is enough to show that


P (|Sn| > n1/r | S = x) ≥ cpk. (5.11)


As 4k/r > n1/r , either x + 4k/r > n1/r or x − 4k/r < −n1/r . We may assume by symmetry
that x + 4k/r > n1/r . It is clear from the definition that S and Sn − S are independent, and
the independence of Zk and {Y4k−1 , . . . ,Yn}, and (5.9) yield that


P (|Sn| > n1/r | S = x) ≥ P (Sn − S ≥ 4k/r | S = x)


= P (Sn − S ≥ 4k/r)


≥ P (Y4k−1 + · · · + Yn ≥ 2k, Zk = 4k(1/r−1/2))


= P (Y4k−1 + · · · + Yn ≥ 2k) P (Zk = 4k(1/r−1/2))


≥ cpk.


This implies (5.11), so (5.10) holds. Inequality (5.10) and Fact 2.1 yield that
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∞∑
n=1


np/r−2
P (|Sn| > n1/r) ≥


∑
k>k0


∑
2·4k−1≤n<4k


np/r−2
P (|Sn| > n1/r)


≥
∑
k>k0


(2 · 4k−1)(4(k−1)(p/r)4−2k)cpk


= c2−2p/r−1
∑
k>k0


1
f (4k(1/r−1/2))


= ∞.


The proof is complete.


6. Independent, negatively associated, and pairwise NQD random variables


The main goal of this section is to prove Theorems 6.1 and 6.5.
Theorem 6.1: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


< ∞.


Let 0 < r < 2 ≤ p and let {Xn}n≥1 be a sequence of negatively associated, centred random
variables such that supn≥1 E (|Xn|pf (|Xn|)) < ∞. For all ε > 0 we have


∞∑
n=1


np/r−2
P (Mn > εn1/r) < ∞.


First we need the following inequality of Shao [23, Theorem 3].


Theorem 6.2 (Shao): Let {Xi : 1 ≤ i ≤ n} be a centred, negatively associated
sequence of random variables with finite second moments. Let Mn = max1≤k≤n |Sk| and
Bn = ∑n


i=1 E (X2
i ). Then for all x > 0, a > 0, and 0 < α < 1 we have


P (Mn ≥ x) ≤ 2P


(
max
1≤i≤n


|Xi| > a
)


+ 2
1 − α


exp
(


− x2α
2(ax + Bn)


(
1 + 2


3
log


(
1 + ax


Bn


)))
.


Proof of Theorem 6.1: Fix ε > 0. By Fact 2.2 we have supn≥1 E (X2
n) = C < ∞. Thus


Bn = ∑n
i=1 E (X2


i ) ≤ Cn for all n. LetN = 8p/(2− r). Applying Theorem 6.2 for n ∈ N
+,


x = εn1/r , a = x/N , and α = 1/2 we obtain that


P (Mn > εn1/r) ≤ an + bn, (6.1)


where


an = 2P


(
max
1≤i≤n


|Xi| > εn1/r/N
)
,


bn = 4 exp
(


− ε2n2/r


4(ε2n2/r/N + Cn)


(
1 + 2


3
log


(
1 + ε2n2/r


NCn


)))
.
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Let c = ε/N , by Markov’s inequality we have


an ≤ 2
n∑


i=1


P (|Xi| > cn1/r)


≤ 2
n∑


i=1


P (|Xi|pf (|Xi|) ≥ cpnp/r f (cn1/r))


≤ 2
n∑


i=1


E (|Xi|pf (|Xi|))
cpnp/r f (cn1/r)


� n1−p/r


f (cn1/r)
,


thus Fact 2.1 implies that


∞∑
n=1


np/r−2an �
∞∑
n=1


1
nf (cn1/r)


< ∞. (6.2)


Since 2/r > 1, easy calculation shows that


bn = 4 exp
((


−N
6


(
2
r


− 1
)


+ o(1)
)
log n


)
as n → ∞,


so for all large enough n we have


bn ≤ exp ( − (N/8)(2/r − 1) log n) = n−N(2−r)/(8r) = n−p/r .


Therefore ∞∑
n=1


np/r−2bn < ∞. (6.3)


Clearly (6.1), (6.2), and (6.3) complete the proof. �
Corollary 6.3: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


< ∞.


Let 0 < r < 1 ≤ p, and let {Xn}n≥1 be a sequence of


(1) pairwise NQD random variables if 1 ≤ p < 2,
(2) negatively associated random variables if p ≥ 2.


Assume that supn≥1 E (|Xn|pf (|Xn|)) < ∞. Then for all ε > 0 we have


∞∑
n=1


np/r−2
P (Mn > εn1/r) < ∞.


Proof: Fix ε > 0 arbitrarily. We may assume that Xn ≥ 0 almost surely for all n, otherwise
we replace Xn by |Xn|. ThusMn = Sn. Fact 2.2 and p ≥ 1 imply supn≥1 E (Xn) = K < ∞.
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For all n ∈ N
+ define


Yn = Xn − E (Xn).


Clearly if {Xn}n≥1 is pairwise NQD/negatively associated then {Yn}n≥1 is also pairwise
NQD/negatively associated. As |Yn| ≤ max{K ,Xn}, the monotonicity of the function
x �→ xpf (x) implies that almost surely for all n ∈ N


+ we have


|Yn|pf (|Yn|) ≤ Kpf (K) + Xp
nf (Xn),


so
sup
n≥1


E (|Yn|pf (|Yn|)) ≤ Kpf (K) + sup
n≥1


E (Xp
nf (Xn)) < ∞.


Define Tn = ∑n
i=1 Yi. For all n ≥ (2K/ε)r/(1−r) we have


P (Mn > εn1/r) = P (Sn > εn1/r) (6.4)
≤ P (Tn > εn1/r − Kn)
≤ P (Tn > (ε/2)n1/r)
≤ P (|Tn| > (ε/2)n1/r).


Applying Theorem 1.15(i) if p = 1, Theorem 1.16 if 1 < p < 2, and Theorem 6.1 if p ≥ 2
for {Yn}n≥1 yields that


∞∑
n=1


np/r−2
P (|Tn| > (ε/2)n1/r) < ∞,


so (6.4) finishes the proof.


The following lemma is due to Nash [22], which gives a necessary and sufficient
condition for P ( lim supn→∞ An) = 1 in terms of conditional probabilities.


Lemma 6.4 (Nash): Let {An}n≥1 be events and define H ⊂ {0, 1}N
+ such that


H = {(α1,α2, . . . ) : αn = 1 only for finitely many n
and P (I(A1) = α1, . . . , I(An) = αn) > 0 for all n}.


Then P ( lim supn→∞ An) = 1 if and only if for all (α1,α2, . . . ) ∈ H we have


∞∑
n=2


P (An | I(A1) = α1, . . . , I(An−1) = αn−1) = ∞.


The construction in the following theorem dates back to Chung [6, Theorem 2], but our
proof is more involved.
Theorem 6.5: Let f : [0,∞) → R


+ be a non-decreasing function such that


∞∑
n=1


1
f (2n)


= ∞.
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Let 0 < r < 2 and let p ≥ r. Then there exists a sequence of independent, centred random
variables {Xn}n≥1 such that supn≥1 E (|Xn|pf (|Xn|)) < ∞ and


∞∑
n=1


np/r−2
P (|Sn| > n1/r) = ∞.


Moreover, if r = p then lim supn→∞ n−1/pSn ≥ 1 almost surely.


Proof: For all k ∈ N
+ let


pk = 4−kp/r


f (4k/r)
.


Since 4−kp/r ≤ 4−k, for c = exp ( − 3/f (41/r)) we can fix k0 ∈ N
+ such that for all k ≥ k0


we have pk < 1/2 and
(1 − 2pk)4


k ≥ c. (6.5)


We define a sequence of independent random variables {Xn}n≥1 as follows. Let Xn ≡ 0
for all n < 4k0 . If 4k−1 ≤ n < 4k for some integer k > k0 then let


P (Xn = 4k/r) = P (Xn = −4k/r) = pk and P (Xn = 0) = 1 − 2pk.


Then {Xn}n≥1 is a sequence of independent, centred random variables such that supn≥1
E (|Xn|pf (|Xn|)) = 2. Fix k > k0 and 2 · 4k−1 ≤ n < 4k. We will prove that


P (|Sn| > n1/r) ≥ c4k−1pk. (6.6)


Let us use the notation S = Sn−4k−1 and fix an arbitrary x ∈ R with P (S = x) > 0. By the
law of total probability in order to prove (6.6) it is enough to show that


P (|Sn| > n1/r | S = x) ≥ c4k−1pk. (6.7)


As 4k/r > n1/r , we have either x + 4k/r > n1/r or x − 4k/r < −n1/r . By symmetry we may
assume that x + 4k/r > n1/r . Thus the independence of S and Sn − S, and (6.5) yield that


P (|Sn| > n1/r | S = x) ≥ P (Sn − S = 4k/r | S = x) = P (Sn − S = 4k/r)


≥ 4k−1pk(1 − 2pk)4
k−1−1 ≥ c4k−1pk,


where only the sequences with 4k−1 − 1 zeros were taken into account. This implies (6.7),
hence (6.6) holds. Inequality (6.6) and Fact 2.1 yield that


∞∑
n=1


np/r−2
P (|Sn| > n1/r) ≥


∑
k>k0


∑
2·4k−1≤n<4k


np/r−2
P (|Sn| > n1/r)


≥
∑
k>k0


(2 · 4k−1)(4(k−1)(p/r)4−2k)c4k−1pk


= c2−2p/r−3
∑
k>k0


1
f (4k/r)


= ∞.
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This proves the first claim.
Now assume that p = r. For all k ∈ N


+ let us define the event


Ak = {S4k−1 ≥ 4k/p}.


Fix arbitrary k > k0 and (α1, . . . ,αk−1) ∈ {0, 1}k−1 such that


P (I(A1) = α1, . . . , I(Ak−1) = αk−1) > 0.


Repeating the argument of the proof of (6.7) for fixed values of X1, . . . ,X4k−1−1 and using
the law of total probability for conditional probabilities we obtain that


P (Ak | I(A1) = α1, . . . , I(Ak−1) = αk−1) ≥ 3 · 4k−1pk(1 − 2pk)3·4
k−1−1 (6.8)


≥ 3c4k−1pk � 1
f (4k/p)


.


Fact 2.1 implies that
∑


k>k0 1/f (4
k/p) = ∞, so (6.8) and Lemma 6.4 yield that


P ( lim supk→∞ Ak) = 1. Thus lim supn→∞ n−1/pSn ≥ 1 almost surely. The proof is
complete.
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Abstract


In this paper a Marcinkiewicz–Zygmund type strong law of large num-
bers is proved for non-negative random variables with multidimensional in-
dices, furthermore we give its an application for multi-index sequence of non-
negative random variables with finite variances.
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1. Introduction


The Kolmogorov theorem and the Marcinkiewicz–Zygmund theorem are two fa-
mous theorems on the strong law of large numbers for 𝑋𝑛 (𝑛 ∈ N) sequence of
independent identically distributed random variables (see e.g. Loève [8]). By Kol-
mogorov theorem, there exists a constant 𝑏 such that lim𝑛→∞ 𝑆𝑛/𝑛 = 𝑏 almost
surely if and only if E |𝑋1| < ∞, where 𝑆𝑛 =


∑︀𝑛
𝑘=1 𝑋𝑘. If the latter condition is


satisfied then 𝑏 = E𝑋1. By Marcinkiewicz–Zygmund theorem, if 0 < 𝑟 < 2 then
*The author’s research was supported by the grant EFOP-3.6.1-16-2016-00001 (“Complex im-


provement of research capacities and services at Eszterhazy Karoly University”).
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lim𝑛→∞(𝑆𝑛 − 𝑏𝑛)/𝑛1/𝑟 = 0 almost surely if and only if E |𝑋1|𝑟 < ∞, where 𝑏 = 0
if 0 < 𝑟 < 1, and 𝑏 = E𝑋1 if 1 ≤ 𝑟 < 2.


Etemadi [1] proved that the Kolmogorov theorem holds for identically dis-
tributed and pairwise independent random variables, furthermore Kruglov [7]
extended the Marcinkiewicz–Zygmund theorem for pairwise independent case if
𝑟 < 1.


Several papers are devoted to the study of the strong law of large numbers for
multi-index sequence of random variables (see e.g. Gut [4], Klesov [5, 6], Fazekas
[2], Fazekas, Tómács [3]). For example, Theorem 3.1 of Fazekas, Tómács [3]
extends Theorem 2 of Kruglov [7] for multi-index case.


In this paper the main result is Theorem 3.1, which is a Marcinkiewicz–Zygmund
type strong law of large numbers for non-negative random variables with multidi-
mensional indices. It is a generalization of Theorem 3.1 of Fazekas, Tómács [3]
in case n → ∞. Furthermore we give an application (see Theorem 4.1) for multi-
index sequence of non-negative random variables with finite variances. A special
case of this result gives Theorem of Petrov [9].


2. Notation


Let N𝑑 be the positive integer 𝑑-dimensional lattice points, where 𝑑 is a positive
integer. For n,m ∈ N𝑑, n ≤ m is defined coordinate-wise, (n,m] = (𝑛1,𝑚1] ×
(𝑛2,𝑚2] × · · · × (𝑛𝑑,𝑚𝑑] is a 𝑑-dimensional rectangle and |n| = 𝑛1𝑛2 · · ·𝑛𝑑, where
n = (𝑛1, 𝑛2, . . . , 𝑛𝑑), m = (𝑚1,𝑚2, . . . ,𝑚𝑑).


∑︀
n will denote the summation for


all n ∈ N𝑑. We also use 1 = (1, 1, . . . , 1) ∈ N𝑑 and 2 = (2, 2, . . . , 2) ∈ N𝑑. Denote
the integer part of 𝑥 real number by [𝑥].


We shall say that limn→∞ 𝑎n = 0, where 𝑎n (n ∈ N𝑑) are real numbers, if for
all 𝛿 > 0 there exists N ∈ N𝑑 such that |𝑎n| < 𝛿 ∀n ≥ N.


We shall assume that random variables 𝑋n (n ∈ N𝑑) are defined on the same
probability space (Ω,ℱ ,P). E and Var stand for the expectation and the variance.


Remark that a sum or a minimum over the empty set will be interpreted as
zero (i.e.


∑︀
n∈𝐻 𝑎n = minn∈𝐻 𝑎n = 0 if 𝐻 = ∅).


3. The result


The following result is a generalization of Theorem 3.1 of Fazekas, Tómács [3]
in case n → ∞.


Theorem 3.1. Let 𝑋n (n ∈ N𝑑) be a sequence of non-negative random variables,
let 𝑏n (n ∈ N𝑑) be a sequence of non-negative numbers, 𝐵n =


∑︀
k≤n 𝑏k, 𝑆n =∑︀


k≤n 𝑋k, 𝑐 > 0, 𝐾 ∈ N and 0 < 𝑟 ≤ 1. If


𝐵n −𝐵m ≤ 𝑐(|n| − |m|) ∀n,m ∈ N𝑑,n ≥ m, |n| − |m| ≥ 𝐾 (3.1)
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and ∑︁


n


1


|n| P
(︁
|𝑆n −𝐵n| > 𝜀|n|1/𝑟


)︁
< ∞ ∀𝜀 > 0, (3.2)


then
lim


n→∞
𝑆n −𝐵n


|n|1/𝑟 = 0 almost surely.


Proof. Let 𝛿 > 0, 1 < 𝛼 <
(︀


𝛿
2𝑐 + 1


)︀1/3𝑑
and 0 < 𝜀 < 𝛿


2


(︀
𝛿
2𝑐 + 1


)︀−1/𝑟
, which imply


𝜀𝛼3𝑑/𝑟 + 𝑐(𝛼3𝑑 − 1) < 𝛿. (3.3)


Let 𝑘𝑛 = [𝛼𝑛] (𝑛 ∈ N) and kn = (𝑘𝑛1
, 𝑘𝑛2


, . . . , 𝑘𝑛𝑑
), where n = (𝑛1, 𝑛2, . . . , 𝑛𝑑) ∈


N𝑑. It follows from the inequalities


∑︁


n


1


|n| P
(︁
|𝑆n −𝐵n| > 𝜀|n|1/𝑟


)︁


≥
∑︁


n


∑︁


h∈(kn,kn+1]


1


|h| P
(︁
|𝑆h −𝐵h| > 𝜀|h|1/𝑟


)︁


≥
∑︁


n


∑︁


h∈(kn,kn+1]


1


|kn+1|
min


k∈(kn,kn+1]
P
(︁
|𝑆k −𝐵k| > 𝜀|k|1/𝑟


)︁


=
∑︁


n


|kn+1 − kn|
|kn+1|


min
k∈(kn,kn+1]


P
(︁
|𝑆k −𝐵k| > 𝜀|k|1/𝑟


)︁


and condition (3.2) that


∑︁


n


|kn+1 − kn|
|kn+1|


min
k∈(kn,kn+1]


P
(︁
|𝑆k −𝐵k| > 𝜀|k|1/𝑟


)︁
< ∞. (3.4)


Since lim𝑛→∞
(︀
1 − 1


𝛼𝑛+1 − 1
𝛼


)︀
= 1 − 1


𝛼 > 0, so
(︀
1 − 1


𝛼𝑛+1 − 1
𝛼


)︀
> 𝛼−1


2𝛼 except for
finitely many 𝑛 ∈ N. This implies that there exists N0 ∈ N𝑑 such that


0 <


(︂
𝛼− 1


2𝛼


)︂𝑑


<
𝑑∏︁


𝑖=1


(︂
1 − 1


𝛼𝑛𝑖+1
− 1


𝛼


)︂
=


𝑑∏︁


𝑖=1


𝛼𝑛𝑖+1 − 1 − 𝛼𝑛𝑖


𝛼𝑛𝑖+1


≤
𝑑∏︁


𝑖=1


[𝛼𝑛𝑖+1] − [𝛼𝑛𝑖 ]


[𝛼𝑛𝑖+1]
=


|kn+1 − kn|
|kn+1|


∀n = (𝑛1, 𝑛2, . . . , 𝑛𝑑) ≥ N0.


Hence
(︂
𝛼− 1


2𝛼


)︂𝑑 ∑︁


n≥N0


min
k∈(kn,kn+1]


P
(︁
|𝑆k −𝐵k| > 𝜀|k|1/𝑟


)︁


≤
∑︁


n≥N0


|kn+1 − kn|
|kn+1|


min
k∈(kn,kn+1]


P
(︁
|𝑆k −𝐵k| > 𝜀|k|1/𝑟


)︁
.
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By this inequality and (3.4), it follows that
∑︁


n≥N0


min
k∈(kn,kn+1]


P
(︁
|𝑆k −𝐵k| > 𝜀|k|1/𝑟


)︁
< ∞. (3.5)


If n ≥ N0 then there exists mn ∈ N𝑑 such that mn ∈ (kn,kn+1] and


P
(︁
|𝑆mn −𝐵mn | > 𝜀|mn|1/𝑟


)︁
= min


k∈(kn,kn+1]
P
(︁
|𝑆k −𝐵k| > 𝜀|k|1/𝑟


)︁
.


Therefore, by (3.5) we have
∑︁


n≥N0


P
(︁
|𝑆mn −𝐵mn | > 𝜀|mn|1/𝑟


)︁
< ∞. (3.6)


By the Borel–Cantelli lemma, (3.6) implies that there exist N1 ∈ N𝑑 and 𝐴 ∈ ℱ
such that N1 ≥ N0, P(𝐴) = 1 and


|𝑆mn(𝜔) −𝐵mn |
|mn|1/𝑟


≤ 𝜀 ∀n ≥ N1, ∀𝜔 ∈ 𝐴. (3.7)


Henceforward let 𝜔 ∈ 𝐴 be fixed.
If n ≥ N1 and t ∈ (kn+1,kn+2], then by t ∈ (mn,mn+2], (3.7) and


|mn+2|1/𝑟 ≥ |mn|1/𝑟 ≥ |mn|


we have


𝑆t(𝜔) −𝐵t


|t|1/𝑟 ≥ 𝑆mn(𝜔) −𝐵mn+2


|mn+2|1/𝑟


=
𝑆mn(𝜔) −𝐵mn


|mn|1/𝑟
|mn|1/𝑟


|mn+2|1/𝑟
− 𝐵mn+2 −𝐵mn


|mn+2|1/𝑟


≥ −𝜀− 𝐵mn+2 −𝐵mn


|mn|
. (3.8)


If n = (𝑛1, 𝑛2, . . . , 𝑛𝑑) ≥ N0 and mn = (m
(1)
n ,m


(2)
n , . . . ,m


(𝑑)
n ) then


[𝛼𝑛𝑖 ] < m(𝑖)
n ≤ [𝛼𝑛𝑖+1].


On the other hand m
(𝑖)
n ∈ N, hence we get


𝛼𝑛𝑖 < m(𝑖)
n ≤ 𝛼𝑛𝑖+1. (3.9)


This inequality implies


|mn+2| − |mn| >
𝑑∏︁


𝑖=1


𝛼𝑛𝑖+2 −
𝑑∏︁


𝑖=1


𝛼𝑛𝑖+1
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= (𝛼𝑑 − 1)


𝑑∏︁


𝑖=1


𝛼𝑛𝑖+1


> (𝛼𝑑 − 1)𝛼𝑛1 ∀n = (𝑛1, 𝑛2, . . . , 𝑛𝑑) ≥ N0.


Since lim𝑛→∞ 𝛼𝑛 = ∞, therefore 𝛼𝑛 ≥ 𝐾(𝛼𝑑−1)−1 except for finitely many values
of 𝑛 ∈ N. Hence there exists N2 ∈ N𝑑 such that N2 ≥ N1 and


|mn+2| − |mn| > (𝛼𝑑 − 1)
𝐾


𝛼𝑑 − 1
= 𝐾 ∀n ≥ N2.


This inequality implies by (3.1), that


𝐵mn+2 −𝐵mn ≤ 𝑐(|mn+2| − |mn|) ∀n ≥ N2. (3.10)


Using (3.9) we have


|mn+2|
|mn|


≤
𝑑∏︁


𝑖=1


𝛼𝑛𝑖+3


𝛼𝑛𝑖
= 𝛼3𝑑 ∀n = (𝑛1, 𝑛2, . . . , 𝑛𝑑) ≥ N2. (3.11)


Hence (3.8), (3.10), (3.11) and (3.3) imply, that if n ≥ N2 and t ∈ (kn+1,kn+2],
then


𝑆t(𝜔) −𝐵t


|t|1/𝑟 ≥ −𝜀− 𝐵mn+2 −𝐵mn


|mn|
≥ −𝜀− 𝑐


(︂ |mn+2|
|mn|


− 1


)︂


≥ −𝜀− 𝑐(𝛼3𝑑 − 1) ≥ −𝜀𝛼3𝑑/𝑟 − 𝑐(𝛼3𝑑 − 1) > −𝛿. (3.12)


If n ≥ N2 and t ∈ (kn+1,kn+2], then by t ∈ (mn,mn+2], |mn|1/𝑟 ≥ |mn|, (3.7),
(3.11), (3.10) and (3.3), we have


𝑆t(𝜔) −𝐵t


|t|1/𝑟 ≤ 𝑆mn+2(𝜔) −𝐵mn


|mn|1/𝑟


=
𝑆mn+2(𝜔) −𝐵mn+2


|mn+2|1/𝑟
|mn+2|1/𝑟
|mn|1/𝑟


+
𝐵mn+2 −𝐵mn


|mn|1/𝑟


≤ 𝑆mn+2(𝜔) −𝐵mn+2


|mn+2|1/𝑟
|mn+2|1/𝑟
|mn|1/𝑟


+
𝐵mn+2 −𝐵mn


|mn|


≤ 𝜀𝛼3𝑑/𝑟 + 𝑐


(︂ |mn+2|
|mn|


− 1


)︂
≤ 𝜀𝛼3𝑑/𝑟 + 𝑐(𝛼3𝑑 − 1) < 𝛿.


This inequality and (3.12) imply


|𝑆t(𝜔) −𝐵t|
|t|1/𝑟 < 𝛿 ∀n ≥ N2, t ∈ (kn+1,kn+2]. (3.13)


If t ≥ kN2+1 + 1, then there exists n ≥ N2 such that t ∈ (kn+1,kn+2]. Hence
(3.13) implies


|𝑆t(𝜔) −𝐵t|
|t|1/𝑟 < 𝛿 ∀t ≥ kN2+1 + 1.


Therefore the statement is proved.
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4. An application for multi-index sequence of non-
negative random variables with finite variances


In this section we give an application of Theorem 3.1. In case 𝑑 = 𝑟 = 1, this result
gives Theorem of Petrov [9].


Theorem 4.1. Let 𝑋n (n ∈ N𝑑) be a sequence of non-negative random variables
with finite variances, 𝑆n =


∑︀
k≤n 𝑋k, 𝑐 > 0, 𝐾 ∈ N and 0 < 𝑟 ≤ 1. If


E𝑆n − E𝑆m ≤ 𝑐(|n| − |m|) ∀n,m ∈ N𝑑,n ≥ m, |n| − |m| ≥ 𝐾 (4.1)


and ∑︁


n


Var𝑆n


|n|1+2/𝑟
< ∞, (4.2)


then
lim


n→∞
𝑆n − E𝑆n


|n|1/𝑟 = 0 almost surely.


Proof. With notation 𝑏k = E𝑋k and 𝐵n =
∑︀


k≤n 𝑏k = E𝑆n, (4.1) implies (3.1).
On the other hand, if 𝜀 > 0, then the Chebyshev inequality and (4.2) imply


∑︁


n


1


|n| P
(︁
|𝑆n −𝐵n| > 𝜀|n|1/𝑟


)︁
≤
∑︁


n


1


|n|
Var 𝑆n


|n|1/𝑟


𝜀2
= 𝜀−2


∑︁


n


Var𝑆n


|n|1+2/𝑟
< ∞.


Therefore (3.2) holds. Hence, using Theorem 3.1, we have that the statement is
true.
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Abstract. In the LATEX document preparation system (see [3]) it is possible
to insert automatically the appropriate definite article for cross-references and
other commands containing texts in Hungarian language documents. Thus,
if these change, the definite articles will also change accordingly.


Such a tool is the magyar.ldf, which sets the Hungarian typography
and also handles the automatic definite articles. Another one is the nevelok
package, created specifically for this task. Both packages work with numerous
errors and have shortcomings. This motivated the author of this paper to
develop a new package, that corrects these errors and fills the gaps in. The
new package is called huaz.


Keywords: Hungarian definite article, LATEX, babel package, magyar.ldf, utf8,
latin2, pdflatex, xelatex, lualatex


AMS Subject Classification: 68U01, 68U15, 68U99


1. Introduction


In Hungarian there are two definite articles, “a” and “az”, which are determined
by the pronunciation of the subsequent word. The definite article is “az”, if the
first phoneme of the pronounced word is a vowel, otherwise it is “a”. This seems
simple, but consider the following cases:


• When you refer to a page number in a LATEX document, you have to use the
\pageref command. If you want to put a definite article in front of it, it
depends on what the page number is. For example “az 1. oldal” (the page 1),
“a 2. oldal”, “az 5. oldal”, “a 10. oldal”. So “a \pageref{⟨key⟩}” may not
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give the correct result. The problem is similar for all cross-references (\ref,
\pageref, \eqref, \cite).


• It is also important whether a word is a Roman numeral or not. For example
“az V. fejezet” (the Chapter V), if V is a Roman numeral, but “a V. fejezet”,
if V represents a letter or the 22 alphanumeric number (V is the 22nd letter
in the English alphabet).


• Some Hungarian consonants have special properties from the aspect of the
definite article. For example “az M betű”, but “a Magyar Közlöny” ; “az Ny
betű”, but “a Nyugdíjfolyósító Igazgatóság” ; etc.


First, we mention two existing LATEX solutions for the automatic handling of
Hungarian definite articles, highlighting their errors and shortcomings.


1.1. The magyar.ldf
A possible way is to use the magyar.ldf file, that sets the magyar (or hungarian)
option of the babel package (see full documentation in [6, 10]).


The commands defined in magyar.ldf (\az, \aref, \apageref, \acite, etc.)
work properly on a basic level, but major errors can occur. This motivated the
writing of a new package:


• The \eqref command has no definite article version. (The \eqref is de-
fined in the amsmath package to reference equations. See in [1].) Instead,
\aref({⟨key⟩}) can be used, but in italics font style environment, it does
not give upright result like the \eqref. Another option solving this prob-
lem is the \az{\eqref{⟨key⟩}} command. However, neither solution handles
Roman numerals, or \tag commands labeled equations.


• The \az{\ref{⟨key⟩}} and the \az{\pageref{⟨key⟩}} do not handle Roman
numeral references.


• The previous error also exists when the \az command contains a text starting
with a Roman numeral. For example the result of the \az{V.~osztály} is
“a V. osztály” (the Class V). The correct form would be “az V. osztály”.


• If you need an automatic definite article for a none cross-reference, but for
a text or a command that stores text, then accented letters are detected
incorrectly in case of UTF-8 encoding. The basic cause of this error is that
UTF-8 use more than one byte to encode the characters, which magyar.ldf
does not take into account. Therefore, for example, the result of the \az{ágy}
is “a ágy” (the bed), because it does not perceive the letter “á” as a letter,
so it does not recognize that it is a vowel. Surprisingly, the result of the
\az{száz} is “az száz” (the hundred), which is also incorrect. The reason is
that since “á” is not a letter for the magyar.ldf, it considers the two-digit
consonant “sz” separate, which requires to be preceded by “az”.
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• Although it cannot be considered as a mistake, it is uncomfortable that, as
an example, in the \az{\textbf{N betű}} the \textbf command interferes
with the detection of the space after N, so the definite article will incorrectly
become “a” (“a N betű” = the letter N).


1.2. The nevelok package
The nevelok LATEX package was created in 2015, and it is also designed to handle
automatic Hungarian definite articles (see in [2]). The author probably didn’t know
the opportunities of the magyar.ldf, that already existed at that time, that is why
he has created this package.


Tested on TeX Live 2022, I have experienced that the nevelok package does
not handle any form of accented letters, and in a lot of cases gives wrong definite
article for cross-references. The reason of the latter problem is that it examines the
\ref command, that is not expandable. It is not recommended to use this package
in the current version (1.03).


2. Purpose and operation of the huaz package
The mistakes and shortcomings of the magyar.ldf and the nevelok.sty motivated
me to design a completely new package called huaz.


The purpose of the huaz package is to help the Hungarian LATEX users insert-
ing automatically the correct definite articles for cross-references and commands
containing text. Thus, if these change, the definite articles will also change accord-
ingly.


The package is still under testing, but the Reader can try it on the Overleaf
before publishing it on The Comprehensive TeX Archive Network.


The huaz package adds the definite article “az” to the given text in the following
cases:


1. The first letter is a vowel (lowercase or uppercase, accented or not, Hungarian
or not, specified with UTF-8, ISO-8859-2 characters or accent commands).


2. The first letter is a consonant, whose pronunciation begins with a vowel (for
example F, L, M, etc.) while the second character (if any) is not a letter, but
a number, punctuation mark or space. For example, “M-10”. We also listed
some non-Hungarian accented consonants here. For example “Ň.1”.


3. The block of the first two characters is a two-digit consonant, whose pronun-
ciation begins with a vowel (for example Ny, Ly, Sz, etc.) while the third
character (if any) is not a letter, but a number, punctuation mark or space.
For example, “NY betű”.


4. The first character is 5.


210



https://www.overleaf.com/docs?snip_uri=https://tomacstibor.uni-eszterhazy.hu/upload/huaz-testing.zip

https://www.ctan.org/





Annal. Math. et Inf. On a new LATEX package for automatic Hungarian definite article


5. It starts with a 1, 4, 7 or 10 digit number and the first digit is 1 (egy = one,
ezer = thousand, egymillió = one million, egymilliárd = one billion).


If the characters, at the beginning of the word, can also be interpreted as
Roman numerals, you can choose to convert them to Arabic numerals and define
the definite article for that or not. For example, in the case of “X/A”.


3. Using the huaz package


The huaz package must be loaded in the usual way:


\usepackage{huaz}


There are no package options. It works for UTF-8 (utf8) and ISO-8859-2 (latin2)
encoded source files, but it also handles accent commands correctly. It is also
compatible with pdflatex, xelatex and lualatex compilers. As an example,
with the pdflatex compiler, the following loading is suitable:


\documentclass{article}
\usepackage[T1]{fontenc}
\usepackage{huaz}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\begin{document}
...


\end{document}


It is also compatible with the hyperref package (see [5]).
The defaults=hu-min option of the magyar.ldf makes its own automatic def-


inite article commands available. It is not required, but useful to turn it off when
using the huaz package. To do this, replace the line


\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}


with


\PassOptionsToPackage{defaults=hu-min,az=no,
shortrefcmds=no,hunnewlabel=no}{magyar.ldf}


The huaz package uses the services of the xstring, refcount and iftex pack-
ages (see [4, 7, 9]), so they are also loaded in. On the other hand, some changes
in the LATEX kernel introduced on October 10, 2021 are used (see in [8]), so the
package only works correctly on systems installed after that.
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3.1. The commands
\az{⟨text⟩} • The ⟨text⟩ is preceded by the appropriate definite article in a low-
ercase form. If at the beginning of the ⟨text⟩, there are characters that can be
interpreted as Roman numerals, then the definite article is adjusted to the Arabic
equivalent. For example


Idén \az{V.B}~osztály rendezi a farsangot.


„Idén az V.B osztály rendezi a farsangot.”.
The ⟨text⟩ can also be a command that stores text. For example


\newcommand{\osztaly}{V.B}
Idén \az{\osztaly}~osztály rendezi a farsangot.


„Idén az V.B osztály rendezi a farsangot.”.
The ⟨text⟩ can also contain text formatting commands (see the Subsection 3.3


for more information). For example


\newcommand{\osztaly}{V.B}
Idén \az{\textbf{\osztaly}}~osztály rendezi a farsangot.


„Idén az V.B osztály rendezi a farsangot.”.
The ⟨text⟩ can also be a standard cross-reference (\ref, \pageref, \eqref,


\cite). For example


\section{Cím}\label{seca}
\section{Cím}\label{secb}
\az{\ref{seca}}.~szakaszban, \az{\textbf{\ref{secb}}}.~szakaszban


„az 1. szakaszban, a 2. szakaszban”.


\renewcommand{\thesection}{\Roman{section}}
\section{Cím}\label{seca}
\section{Cím}\label{secb}
\az{\ref{seca}}.~szakaszban, \az{\textbf{\ref{secb}}}.~szakaszban


„az I. szakaszban, a II. szakaszban”.


The ⟨text⟩ and the \az command have the following limitations:


1. At the beginning of the ⟨text⟩, only \ref, \pageref, \eqref, \cite cross-
reference commands work correctly. For example the \ref* and \pageref*
commands of the hyperref package do not work directly as ⟨text⟩, but it can
be solved with the \az* command (see later).
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2. At the beginning of the ⟨text⟩, the \cite command works fine in default
case, with natbib, and with bibtex. When using the biblatex package, it
works well if the style or citestyle options are numeric, numeric-verb,
alphabetic, alphabetic-verb or authoryear. It also works well if we do
not specify any of the style or citestyle options.


3. You cannot insert text into the pdf bookmark with the \az command. So,
for example, the following code will not give correct bookmark, if you use
hyperref or bookmark package:


\section{...\az{\ref{sec}}...}


However, the title will appear fine in the text, headers and the table of con-
tents. The problem can be solved with the \azsaved command (see later).


\az*{⟨text⟩} • The same case without *, but only the definite article is written
out, the ⟨text⟩ is not. For example, using the hyperref package


\section{Cím}\label{sec}
\az*{\ref{sec}}~\ref*{sec}.~szakaszban


\azv{⟨text⟩} • Same as \az{⟨text⟩}, but if at the beginning of the ⟨text⟩ there are
characters that can be interpreted as Roman numerals, then the definite article is
not aligned with the Arabic equivalent, but as simple characters. For example


\renewcommand{\thesection}{\Alph{section}}
\setcounter{section}{21}
\section{Cím}\label{sec}
\az{\ref{sec}}.~szakaszban, \azv{\ref{sec}}.~szakaszban


The result is “az V. szakaszban, a V. szakaszban”, as in the first case the letter V
was interpreted as a Roman numeral, but not in the second case. Since the section
counter is now set to an alphanumeric number, the second case is the right one.


\azv*{⟨text⟩} • The same case without *, but only the definite article is written
out, the ⟨text⟩ is not.


\Az{⟨text⟩} \Az*{⟨text⟩} \Azv{⟨text⟩} \Azv*{⟨text⟩} • In the names of the com-
mands, the letter “a” can be replaced by the letter “A”. Then the definite article
will begin with capital letter, which is necessary at the beginning of sentences.


\azsaved • When you use any of the previous commands, an \azsaved expandable
command is generated, too. The expansion of it is the definite article that must
precede the ⟨text⟩.


Using hyperref or bookmark package, as mentioned before, the title, header,
table of contents will be fine with the following code, but the bookmark of the pdf
will not:
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\section{\Az{\ref{sec}}...}


The \azsaved command can solve this problem:


\section{\texorpdfstring{\Az{\ref{sec}}...}{\azsaved~\ref{sec}...}}


Then the code


\azsaved~\ref{sec}...


is added to the bookmark, that finally gives correct result.


\aznotshow • The previous problem can be solved with the command \aznotshow
instead of \texorpdfstring. Because by placing \aznotshow before \az (or any
version of it), the result is not shown, only \azsaved is generated with the appro-
priate definite article. Therefore


\aznotshow\Az{\ref{sec}}
\section{\azsaved~\ref{sec}...}


also gives correct result in the pdf bookmark.


3.2. Abbreviations
\aref{⟨key⟩} ≡ \az{\ref{⟨key⟩}}
\aref*{⟨key⟩} ≡ \az*{\ref{⟨key⟩}}
\avref{⟨key⟩} ≡ \azv{\ref{⟨key⟩}}
\avref*{⟨key⟩} ≡ \azv*{\ref{⟨key⟩}}


\aeqref{⟨key⟩} ≡ \az{\eqref{⟨key⟩}}
\aeqref*{⟨key⟩} ≡ \az*{\eqref{⟨key⟩}}
\aveqref{⟨key⟩} ≡ \azv{\eqref{⟨key⟩}}
\aveqref*{⟨key⟩} ≡ \azv*{\eqref{⟨key⟩}}


\apageref{⟨key⟩} ≡ \az{\pageref{⟨key⟩}}
\apageref*{⟨key⟩} ≡ \az*{\pageref{⟨key⟩}}
\avpageref{⟨key⟩} ≡ \azv{\pageref{⟨key⟩}}
\avpageref*{⟨key⟩} ≡ \azv*{\pageref{⟨key⟩}}


\acite[⟨text⟩]{⟨key1⟩,⟨key2⟩,...} ≡ \az{\cite[⟨text⟩]{⟨key1⟩,⟨key2⟩,...}}
\acite*[⟨text⟩]{⟨key1⟩,⟨key2⟩,...} ≡ \az*{\cite[⟨text⟩]{⟨key1⟩,⟨key2⟩,...}}
\avcite[⟨text⟩]{⟨key1⟩,⟨key2⟩,...} ≡ \azv{\cite[⟨text⟩]{⟨key1⟩,⟨key2⟩,...}}
\avcite*[⟨text⟩]{⟨key1⟩,⟨key2⟩,...} ≡ \azv*{\cite[⟨text⟩]{⟨key1⟩,⟨key2⟩,...}}


In the names of the commands, the first letter “a” can be replaced by the letter
“A”. Then the definite article will begin with a capital letter, which is necessary at
the beginning of sentences:
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\Aref \Avref \Aeqref \Aveqref \Apageref \Avpageref \Acite \Avcite


For example


\section{Cím}\label{seca}
\section{Cím}\label{secb}
\Aref{seca}.~és \aref{secb}.~szakaszban


„Az 1. és a 2. szakaszban”.


3.3. The huaz hook
During the process of determining the definite article, the huaz package replaces
the cross-reference commands with their expandable versions, and the formatting
commands (\emph, \textbf, \small, etc.) are ignored. Because of this, it is
possible that the following example codes work:


\newcommand{\osztaly}{V.B}
Idén \az{\textbf{\osztaly}}~osztály rendezi a farsangot.


\section{Cím}\label{sec}
\az{\textbf{\ref{sec}}}


\AddToHook{huaz}{⟨code⟩} • The huaz package ignores all the text formatting
commands, that is listed in the huaz hook. If a formatting command is not in this
hook, it can be added by the user. For example


\newcommand{\myfont}[1]{{\usefont{T1}{yv1d}{m}{n}#1}}
\newcommand{\mytext}{X.A~osztály}
\az{\myfont{\mytext}}


This code returns with an error, since the \myfont is not listed in the huaz hook.
This can be supplemented with the following code:


\AddToHook{huaz}{\def\myfont{}}


This results that while determining the definite article, the \myfont command
means nothing. So the following code works perfectly:


\AddToHook{huaz}{\def\myfont{}}
\newcommand{\myfont}[1]{{\usefont{T1}{yv1d}{m}{n}#1}}
\newcommand{\mytext}{X.A~osztály}
\az{\myfont{\mytext}}


The previous case can be solved without the huaz hook in the following way:
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\newcommand{\myfont}[1]{{\usefont{T1}{yv1d}{m}{n}#1}}
\newcommand{\mytext}{X.A~osztály}
\az*{\mytext}~\myfont{\mytext}


If the \myfont is included in the \mytext definition, the usage of the huaz hook is
definitely necessary.


\AddToHook{huaz}{\def\myfont{}}
\newcommand{\myfont}[1]{{\usefont{T1}{yv1d}{m}{n}#1}}
\newcommand{\mytext}{\myfont{X.A~osztály}}
\az{\mytext}


In the following case, it is also necessary to use the huaz hook.


\AddToHook{huaz}{\def\myfont{}}
\DeclareRobustCommand{\myfont}[1]{{\usefont{T1}{yv1d}{m}{n}#1}}
\renewcommand{\thesection}{\myfont{\arabic{section}}}
\section{Cím}\label{sec}
\aref{sec}


Here the \myfont is defined as a robust command, because it goes into a moving
argument. The case of the previous example rarely occurs, because it is not cus-
tomary to use a text formatting command when specifying a counter type (Arabic,
Roman, etc.).


4. Implementation
We do not publish the complete code here, which is approx. 500 input lines, we
just show two essential details.


4.1. Detecting accented characters
All the accented vowels (Hungarian and non-Hungarian) are collected into the
\huaz@list@A list command. On the other hand, \huaz@list@X contains the list
of non-Hungarian accented consonants whose pronunciation begin with a vowel
(e.g. ń, ñ, ň, ŕ, ř, ś, š, etc.).


The detection of accented characters must be solved in different ways in the
following three cases:


Case 1. If the compiler is pdflatex and the source file is UTF-8 encoded, then
for example, the letter “ö” can be detected with the ASCII characters ^^c3^^b6,
where c3b6 is the UTF-8 hexadecimal code of “ö”. So, with these conditions the
definition of the \huaz@list@A and \huaz@list@X are


\def\huaz@list@A{^^c3^^b6,^^c3^^bc,^^c3^^b3,^^c5^^91,^^c3^^ba,^^c3^^a9,...}
\def\huaz@list@X{^^c4^^b9,^^c5^^81,^^c4^^bc,^^c4^^ba,^^c5^^82,^^c5^^85,...}
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Case 2. If the compiler is pdflatex and the source file is ISO-8859-2 encoded,
then for example, the letter “ö” can be detected with the ASCII characters ^^f6,
where f6 is the ISO-8859-2 hexadecimal code of “ö”. (Although in this case the
accent commands are also suitable for detection.) So then the definition of the
\huaz@list@A and \huaz@list@X are


\def\huaz@list@A{^^a1,^^b1,^^c1,^^c2,^^c3,^^c4,^^c9,^^ca,^^cb,^^cc,^^cd,^^ce,...}
\def\huaz@list@X{^^a3,^^a5,^^a6,^^a9,^^aa,^^b3,^^b6,^^b9,^^ba,^^c0,^^c5,^^d1,...}


Case 3. If the compiler is xelatex or lualatex then the source file can only be
UTF-8 encoded. In this case for example, the letter “ö” can be detected with the
ASCII characters ^^^^00f6, where U+00f6 is the Unicode code point of “ö”. So,
on these terms the definition of the \huaz@list@A and \huaz@list@X are


\def\huaz@list@A{^^^^00f6,^^^^00fc,^^^^00f3,^^^^0151,^^^^00fa,^^^^00e9,...}
\def\huaz@list@X{^^^^0139,^^^^0141,^^^^013c,^^^^013a,^^^^0142,^^^^0145,...}


The \ifpdftex and the \inputencodingname commands are used to distin-
guish these cases.


4.2. The central inside command of the huaz package
The most important inside command of the huaz package is the \huaz@z{⟨input⟩}.
The effect of this command: The value of \ifhuaz@must@z@ will be true, if and only
if the ⟨input⟩ must be preceded by the definite article “az”, otherwise its value will
be false. If the \ifhuaz@must@z@ is true, then the output of the \huaz@z{⟨input⟩}
is “z”, otherwise nothing. The definition of this macro consists of the following
major blocks:
Block 1. The first syntax unit of ⟨input⟩ is included in the following list: \AA,\aa,
\AE,\ae,e,u,i,o,a,E,U,I,O,A,5.


\StrChar{#1}{1}[\huaz@temp]%
\@for\huaz@list:={\AA,\aa,\AE,\ae,e,u,i,o,a,E,U,I,O,A,5}%
\do{\IfStrEq{\huaz@temp}{\huaz@list}{\huaz@must@z@true}{}}%


Block 2. The first syntax unit of ⟨input⟩ is an accent command and the second
one is one of the following e,u,i,o,a,E,U,I,O,A.


\huaz@temp@if@false%
\StrChar{#1}{1}[\huaz@temp]%
\@for\huaz@list:={\",\',\H,\`,\~,\^,\v,\u,\=,\k}%
\do{\IfStrEq{\huaz@temp}{\huaz@list}{\huaz@temp@if@true}{}}%
\ifhuaz@temp@if@%


\StrChar{#1}{2}[\huaz@temp]%
\@for\huaz@list:={e,u,i,a,E,U,I,O,A}%
\do{\IfStrEq{\huaz@temp}{\huaz@list}{\huaz@must@z@true}{}}%


\fi%
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Block 3. The first syntax unit of ⟨input⟩ is included in the \huaz@list@A.


\ifhuaz@must@oneunit@%
\StrLeft{#1}{1}[\huaz@tempa]%


\else%
\StrLeft{#1}{2}[\huaz@tempa]%


\fi%
\@for\huaz@list:=\huaz@list@A%
\do{\StrLeft{\huaz@list}{2}[\huaz@tempb]%


\IfStrEq{\huaz@tempa}{\huaz@tempb}{\huaz@must@z@true}{}}%


Block 4. The second syntax unit of ⟨input⟩ (if any) is not a letter, but a number,
punctuation mark or space, while the first syntax unit is included in the following
list: f,l,m,n,r,x,y,F,L,M,N,S,R,X,Y or (in case latin2, xelatex, lualatex)
in \huaz@list@X.


\huaz@temp@if@false%
\StrChar{#1}{2}[\huaz@temp]%
\@for\huaz@list:={;,`,',",+,!,/,=,(,),<,>,@,.,?,:,-,*,0,1,2,3,4,5,6,7,8,9,{,},


{ },{},\&,\#,\_,\unskip,\kern}%
\do{\IfStrEq{\huaz@temp}{\huaz@list}{\huaz@temp@if@true}{}}%
\ifhuaz@temp@if@%


\StrChar{#1}{1}[\huaz@temp]%
\@for\huaz@list:={f,l,m,n,r,x,y,F,L,M,N,S,R,X,Y}%
\do{\IfStrEq{\huaz@temp}{\huaz@list}{\huaz@must@z@true}{}}%
\ifhuaz@must@oneunit@%


\ifhuaz@must@z@\else%
\@for\huaz@list:=\huaz@list@X%
\do{\IfStrEq{\huaz@temp}{\huaz@list}{\huaz@must@z@true}{}}%


\fi%
\fi%


\fi%


Block 5. The third syntax unit of ⟨input⟩ (if any) is not a letter, but a number,
punctuation mark or space, the second syntax unit is included in the following list:
f,l,m,n,r,x,y,F,L,M,N,S,R,X,Y and the first one is an accent command.


\huaz@temp@if@false%
\StrChar{#1}{3}[\huaz@temp]%
\@for\huaz@list:={;,`,',",+,!,/,=,(,),<,>,@,.,?,:,-,*,0,1,2,3,4,5,6,7,8,9,{,},


{ },{},\&,\#,\_,\unskip,\kern}%
\do{\IfStrEq{\huaz@temp}{\huaz@list}{\huaz@temp@if@true}{}}%
\ifhuaz@temp@if@%


\huaz@temp@if@false%
\StrChar{#1}{2}[\huaz@temp]%
\@for\huaz@list:={f,l,m,n,r,x,y,F,L,M,N,S,R,X,Y}%
\do{\IfStrEq{\huaz@temp}{\huaz@list}{\huaz@temp@if@true}{}}%
\ifhuaz@temp@if@%


\StrChar{#1}{1}[\huaz@temp]%
\@for\huaz@list:={\",\',\H,\`,\~,\^,\v,\u,\=,\k}%
\do{\IfStrEq{\huaz@temp}{\huaz@list}{\huaz@must@z@true}{}}%


218







Annal. Math. et Inf. On a new LATEX package for automatic Hungarian definite article


\fi%
\fi%


Block 6. The third syntax unit of ⟨input⟩ (if any) is not a letter, but a num-
ber, punctuation mark or space, and the first two syntax unit is included in the
following list: ly,Ly,LY,ny,Ny,NY,sz,Sz,SZ or (in case pdflatex + utf8) in
\huaz@list@X.


\huaz@temp@if@false%
\StrChar{#1}{3}[\huaz@temp]%
\@for\huaz@list:={;,`,',",+,!,/,=,(,),<,>,@,.,?,:,-,*,0,1,2,3,4,5,6,7,8,9,{,},


{ },{},\&,\#,\_,\unskip,\kern}%
\do{\IfStrEq{\huaz@temp}{\huaz@list}{\huaz@temp@if@true}{}}%
\ifhuaz@temp@if@%


\StrLeft{#1}{2}[\huaz@temp]%
\@for\huaz@list:={ly,Ly,LY,ny,Ny,NY,sz,Sz,SZ}%
\do{\IfStrEq{\huaz@temp}{\huaz@list}{\huaz@must@z@true}{}}%
\ifhuaz@must@oneunit@\else%


\ifhuaz@must@z@\else%
\@for\huaz@list:=\huaz@list@X%
\do{\IfStrEq{\huaz@temp}{\huaz@list}{\huaz@must@z@true}{}}%


\fi%
\fi%


\fi%


Block 7. The first syntax unit of ⟨input⟩ is 1 (“egy”) and the second one is not
number.


\StrChar{#1}{1}[\huaz@temp]%
\IfStrEq{\huaz@temp}{1}{%


\StrChar{#1}{2}[\huaz@temp]%
\IfInteger{\huaz@temp}{}{\huaz@must@z@true}%


}{}%


Block 8. The first four characters of ⟨input⟩ is a number from 1000 to 1999
(“ezer. . .”) and the fifth one is not number.


\StrLen{#1}[\huaz@temp]%
\setcounter{huaz@temp@count}{\huaz@temp}%
\ifnum\value{huaz@temp@count}>3%


\StrChar{#1}{1}[\huaz@temp]%
\IfStrEq{\huaz@temp}{1}{%


\StrMid{#1}{2}{4}[\huaz@temp]%
\IfInteger{\huaz@temp}{%


\StrChar{#1}{5}[\huaz@temp]%
\IfInteger{\huaz@temp}{}{\huaz@must@z@true}%


}{}%
}{}%


\fi%
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Block 9. The first seven characters of ⟨input⟩ is a number from 1000000 to 1999999
(“egymillió. . . ”) and the eighth one is not number.


\StrLen{#1}[\huaz@temp]%
\setcounter{huaz@temp@count}{\huaz@temp}%
\ifnum\value{huaz@temp@count}>6%


\StrChar{#1}{1}[\huaz@temp]%
\IfStrEq{\huaz@temp}{1}{%


\StrMid{#1}{2}{7}[\huaz@temp]%
\IfInteger{\huaz@temp}{%


\StrChar{#1}{8}[\huaz@temp]%
\IfInteger{\huaz@temp}{}{\huaz@must@z@true}%


}{}%
}{}%


\fi%


Block 10. The first ten characters of ⟨input⟩ is a number from 1000000000 to
1999999999 (“egymilliárd. . . ”) and the eleventh one is not number.


\StrLen{#1}[\huaz@temp]%
\setcounter{huaz@temp@count}{\huaz@temp}%
\ifnum\value{huaz@temp@count}>9%


\StrChar{#1}{1}[\huaz@temp]%
\IfStrEq{\huaz@temp}{1}{%


\StrMid{#1}{2}{10}[\huaz@temp]%
\IfInteger{\huaz@temp}{%


\StrChar{#1}{11}[\huaz@temp]%
\IfInteger{\huaz@temp}{}{\huaz@must@z@true}%


}{}%
}{}%


\fi%


There are still a lot of interesting and important parts of the code. For example,
the conversion of the Roman numerals to Arabic, the expandable version of the
\cite command, replacing the cross-reference commands with their expandable
versions, ignoring the formatting commands.


5. Future work


The package has some limitations. It only recognizes the standard cross-reference
commands, furthermore it handles the \cite command in default case, with natbib
and bibtex, but only in certain cases with biblatex. Narrowing these limitations
is an important development direction. Of course, at the end of testing, the goal
is to publish the package on the The Comprehensive TeX Archive Network, which
is the central place for all kinds of material around TEX.
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6. Summary
Currently, there are two tools (magyar.ldf, nevelok.sty) in the LATEX system,
with which the user can automatically insert Hungarian definite articles in front of
cross-references and macros storing text. Both have numerous errors and omissions.
The most serious problem is that the UTF-8 encoded source files are not handled.
The huaz package provides an alternative to these two packages, that is of course
UTF-8 compatible, less buggy, much more flexible and modern.
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A GENERAL APPROACH TO STRONG LAWS OF LARGE


NUMBERS FOR FIELDS OF RANDOM VARIABLES


Csaba Noszály and Tibor Tómács


Abstract. A general method to prove strong laws of large numbers for random
fields is presented. The method is applied for logarithmically weighted sums, fields
with superadditive moment structure and mixingales.


1. Introduction And Notation


There are several methods to obtain almost sure (a.s.) convergence results for
random fields (see e.g. [PG],[M],[K],[F] and the literature cited there). The aim of
our paper is to present a general approach to obtain strong laws of large numbers
(SLLN) for random fields. Our method is an extension of the one given in [FK]. In
[FK] only random sequences (i.e. not fields) were considered.


The paper is organized as follows. In Section 2 a Hájek-Rényi type maximal
inequality is given. Section 3 contains the main result (Theorem 3). Once a maximal
inequality is known, Theorem 3 easily implies an SLLN and it helps to obtain
appropriate normalizing constants in the SLLN. The remaining sections contain
applications. In Section 4 an SLLN is presented for logarithmically weighted sums.
We remark that such kind of SLLN’s are useful to prove almost sure central limit
theorems (see e.g. [CF]). In Section 5 the case of fields with superadditive moment
structure is studied. In Section 6 a Brunk-Prokhorov type SLLN is presented.
Section 7 is devoted to mixingales.


In the following N0 and N denote the set of nonnegative and positive integers,
respectively. Let d be a fixed positive integer. Throughout the paper I, J,K, L, M
and N denote elements of Nd


0 (in particular, elements of Nd). If an element of Nd
0 (or


Nd) is denoted by a capital letter, then its coordinates are denoted by the lower case
of the same letter, i.e. N always means the vector (n1, . . . , nd) ∈ Nd


0. We also use
1 = (1, . . . , 1) ∈ Nd and 0 = (0, . . . , 0) ∈ Nd. In Nd


0 we consider the coordinate-wise
partial ordering: M ≤ N means mi ≤ ni, i = 1, . . . , d ( M < N means M ≤ N
and N 6= M ). N → ∞ is interpreted as ni → ∞, i = 1, . . . , d, limN aN is meant
in this sense. In Nd


0 the maximum is defined coordinate-wise (actually we shall use
it only for rectangles). If N = (n1, . . . , nd) ∈ Nd


0 then 〈N〉 =
∏d


i=1 ni.
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2 CSABA NOSZÁLY AND TIBOR TÓMÁCS


A numerical sequence aN , N ∈ Nd is called d-sequence. If aN is a d-sequence then
its difference sequence, i.e. the d-sequence bN for which


∑
M≤N bM = aN , N ∈ Nd,


will be denoted by ∆aN (i.e.∆aN = bN ).
We shall say that a d-sequence aN is of product type if aN =


∏d
i=1 a


(i)
ni , where


a
(i)
ni (ni = 1, 2, . . . ) is a (single) sequence for each i = 1, . . . , d. Our consideration


will be confined to normalizing constants of product type: bN will always denote
bN =


∏d
i=1 b


(i)
ni , where b


(i)
ni ni = 1, 2, . . . is a nondecreasing sequence of positive


numbers for each i = 1, . . . , d. In this case we shall say that bN is a positive nonde-
creasing d-sequence of product type. Moreover, if for each i = 1, . . . , d the sequence
b
(i)
ni is unbounded, then bN is called positive, nondecreasing, unbounded d-sequence


of product type.
The random field will be denoted by XN , N ∈ Nd


0. SN is partial sum: SN =∑
M≤N XM for N ∈ Nd


0. As XN is a field with lattice indices we shall say that
XN , N ∈ Nd


0 is a d-sequence of random variables (r.v.’s). Remark that a sum
or a maximum over the empty set will be interpreted as zero ( i.e.


∑
N∈HXN =


maxN∈HXN = 0 if H = ∅ ). As usual, log+(x) = max{1, log(x)}, x > 0.


2. Preliminary Results


The proposition and lemma below are useful for proving Theorem 3. Proposition
1 and its proof are straightforward generalizations of Theorem 1.1 and its proof in
[FK]. Note that there are several other ways to obtain maximal inequalities of this
type: see for example [K].


Proposition 1. ( Hájek-Rényi type maximal inequality. ) Let r be a positive real
number, aN be a nonnegative d-sequence. Suppose that bN is a positive, nonde-
creasing d-sequence of product type. Then for any fixed N ∈ Nd


E
{


max
L≤M


|SL|r
}
≤


∑


L≤M


aL ∀M ≤ N


implies


E
{


max
M≤N


∣∣∣∣
SM


bM


∣∣∣∣
r}


≤ 4d
∑


M≤N


aM


br
M


.


P roof . Without loss of generality we can assume that b(1,..,1) = 1. Fix an N ∈ Nd


and for a moment a real number c > 1. For I = (i1, . . . , id) ∈ Nd
0 let us define the


set


AI = { J ∈ Nd : J ≤ N and cik ≤ b
(k)
jk


< cik+1, k = 1, . . . , d }.
Now we can form


DI =
∑


J∈AI


aJ and K = max{ I : AI 6= ∅ },
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where DI as we mentioned above is considered to be zero if AI = ∅. Note that K
is well defined because of product form of bN . It is easy to see that each nonempty
AI has a maximal element. Therefore if AI 6= ∅ let


MI = max{ J : J ∈ AI }
otherwise set MI = (0, .., 0). Since


⋃
I≤K AI covers the rectangle {M ∈ Nd : M ≤


N} so


E
{


max
M≤N


∣∣∣∣
SM


bM


∣∣∣∣
r}


≤
∑


J≤K


E
{


max
I∈AJ


∣∣∣∣
SI


bI


∣∣∣∣
r}


.


By the definition of AI , MI and DI we get


∑


J≤K


E
{


max
I∈AJ


∣∣∣∣
SI


bI


∣∣∣∣
r}


≤
∑


J≤K


{ d∏
m=1


c−rjm


}
E


{
max
I∈AJ


|SI |r
}
≤


∑


J≤K


{ d∏
m=1


c−rjm


}
E


{
max
I≤MJ


|SI |r
}
≤


∑


J≤K


{ d∏
m=1


c−rjm


} ∑


I≤MJ


aI ≤


∑


J≤K


{ d∏
m=1


c−rjm


} ∑


I≤J


DI ≤
∑


I≤K


DI


∑


I≤J≤K


{ d∏
m=1


c−rjm


}
≤


∑


I≤K


DI


d∏
m=1


{ km∑


j=im


c−rj


}
≤


∑


I≤K


DI


d∏
m=1


c−rim


1− c−r
≤


{
cr


1− c−r


}d ∑


I≤K


DI


d∏
m=1


c−r(im+1) ≤


{
cr


1− c−r


}d ∑


I≤K


{ ∑


J∈AI


aJ


} d∏
m=1


c−r(im+1) ≤


{
cr


1− c−r


}d ∑


I≤K


∑


J∈AI


aJ


br
J


≤
{


cr


1− c−r


}d ∑


J≤N


aJ


br
J


.


This proves the proposition because infc>1
cr


1−c−r = 4. ¤


Lemma 2. Let aN be a nonnegative d-sequence and let bN be a positive, nonde-
creasing, unbounded d-sequence of product type. Suppose that


∑
N


aN


br
N


< +∞ with a
fixed real r > 0. Then there exists a positive, nondecreasing, unbounded d-sequence
βN of product type for which


lim
N


βN


bN
= 0 and


∑


N


aN


βr
N


< +∞.
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Proof . Clearly it is enough to prove for r = 1. In case of d = 1 one can find our
proposition in [FK, Lemma 2.2]. Let d ≥ 2. Then


+∞ >
∑


N


aN


bN
=


∑
n1


1


b
(1)
n1


∑
n2,..,nd


aN∏d
m=2 b


(m)
nm


=
∑
n1


1


b
(1)
n1


Tn1


with Tn1 =
∑


n2,..,nd


aN∏d
m=2 b


(m)
nm


. Applying the above mentioned lemma of [FK], we


get that there exists an unbounded, positive, nondecreasing sequence β
(1)
n so that


lim
n


β
(1)
n


b
(1)
n


= 0 and
∑
n1


1


β
(1)
n1


Tn1 < +∞.


If we have already obtained β
(m)
n for m = 1, . . . , k, k < d then replacing in


the above procedure bN by
∏k


m=1 β
(m)
nm


∏d
m=k+1 b


(l)
nl and coordinate 1 by coordinate


k+1 we get an appropriate β
(k+1)
n . Finally, by setting βN =


∏d
m=1 β


(m)
nm , it obviously


satisfies the requirements. ¤


3. The Main Theorem


The following theorem is an extension of Theorem 2.1 of [FK].


Theorem 3. Let aN , bN be nonnegative d-sequences and let r > 0. Suppose that
bN is a positive, nondecreasing, unbounded d-sequence of product type. Then


∑


N


aN


br
N


< +∞


and


E
{


max
M≤N


|SM |r
}
≤


∑


M≤N


aM ∀ N ∈ Nd


imply


lim
N


SN


bN
= 0 a.s.


Proof . Let βN be the sequence obtained in the previous lemma. According to
Proposition 1:


E
{


max
M≤N


∣∣∣∣
SM


βM


∣∣∣∣
r}
≤ 4d


∑


M≤N


aM


βr
M


∀N ∈ Nd.


Hence


E
{


sup
nd


. . . sup
n1


∣∣∣∣
SN


βN


∣∣∣∣
r}


≤ 4d
∑


N


aN


βr
N


.
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Since


sup
nd


. . . sup
n1


∣∣∣∣
SN


βN


∣∣∣∣
r


= sup
N


∣∣∣∣
SN


βN


∣∣∣∣
r


it follows from the foregoing that


sup
N


∣∣∣∣
SN


βN


∣∣∣∣
r


< +∞ a.s.


Therefore ∣∣∣∣
SN


bN


∣∣∣∣ =
βN


bN


∣∣∣∣
SN


βN


∣∣∣∣ ≤
βN


bN
sup
K


∣∣∣∣
SK


βK


∣∣∣∣.


This proves the theorem because limN
βN


bN
= 0. ¤


Remark 4. Maximal inequalities play important role in proving SLLN’s. We shall
frequently use the following result of Móricz (see [M, Corollary 1] or [Mo2, Theorem
7]):
Let r ≥ 1, γ > 1 and let g be nonnegative, superadditive function on Nd × Nd. Let
XN be a d-sequence of random variables such that for any I, J ∈ Nd,


E
{∣∣∣∣


∑


I≤K≤J


XK


∣∣∣∣
r}


≤ g(I, J)γ .


Then there is a constant Ar,γ,d for which


E
{


max
K≤N


|SK |r
}
≤ Ar,γ,d g(1, N)γ ∀N ∈ Nd.


The reader can easy verify that the above proposition is true in the case of 0 < r < 1
too. – A similar (but more special) inequality can be obtained with induction from
[LS, Lemma 2].
Remark that a function g on Nd × Nd is said to be superadditive if


g
(
I, (j1, . . . , jm−1, k, jm+1, . . . , jd)


)
+ g


(
i1, . . . , im−1, k + 1, im+1, . . . , id), J


)


can be majorized by g(I, J) for any m = 1, . . . , d and for any im ≤ k < jm.
As an illustration for application of Theorem 3 we prove the following simple


result:


Corollary 5. Let bN be a positive, nondecreasing, unbounded d-sequence of product
type and let XN be a d-sequence of random variables such that


∑
N


XN


bN
is absolutely


convergent in Lp for certain p > 1. Then limN
SN


bN
= 0 a.s.


Proof . By Remark 4 and the triangle inequality, there is a constant Cp not de-
pending on N such that:


E
{


max
M≤N


|SM |p
}
≤ Cp


{ ∑


M≤N


‖XM‖p


}p


.
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It follows that


E
{


max
M≤N


|SM |
}
≤ C


1
p
p


{ ∑


M≤N


‖XM‖p


}
.


Now we apply Theorem 3. ¤


4. Logarithmically Weighted Sums


Móri in [TM, Theorem 1] proved that the sequence


1
log+ n


n∑


k=1


Xk


k


converges a.s. to zero under general assumptions. With their general method in
[FK] Fazekas and Klesov proved a special case of Móri’s theorem. Now we extend
this case to fields of random variables. Our method is a generalization that of [FK].
Our Lemma 6 and Theorem 7 are extensions of Lemma 9.1 and Theorem 9.1 of
[FK], respectively. Proposition 9 covers the case when the natural normalization is
not logarithmic but a power function. Proposition 8 deals with the special case of
orthogonal d-sequences.
In the lemma below [x], x ≥ 0 denotes the integer part of x, i.e. [x] is the largest
integer for which [x] ≤ x.


Lemma 6. (a) Let n ∈ N and 0 < β < 1. Then there is a constant Cd,β depending
only d and β such that:


n∑
m1=1


[
n


m1


]
∑


m2=1


· · ·


[
n


m1m2···md−1


]
∑


md=1


1
〈M〉1−β


≤ Cd,β nβ(log+ n)d−1.


(b) Let 0 < β < 1, 1 < γ < 2, I, M, J ∈ Nd, I ≤ M ≤ J. Then there is a constant
Cd,β depending only on d and β such that:


∑


I≤M≤J


∑
I≤K≤J
〈K〉≤〈M〉


1
〈M〉1+β


1
(log+〈M〉)d−1


1
〈K〉1−β


≤ Cd,β


{ ∑


I≤M≤J


1
〈M〉


}γ


.


P roof . (a) The case d = 1 is well known from elementary analysis. We prove
by induction on d. Suppose that the statement is true for d = f. Let n ∈ N and
0 < β < 1. Then


n∑
m1=1


[
n


m1


]
∑


m2=1


· · ·


[
n


m1m2···mf


]


∑
mf+1=1


1
〈M〉1−β


=


n∑
m1=1


1


m1−β
1


[
n


m1


]
∑


m2=1


· · ·


[
n


m1m2···mf


]


∑
mf+1=1


1


(m2 · · ·mf )1−β
.
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Now applying the hypothesis for
[


n
m1


]
we get that the above expression is majorized


by:


Cf,β


n∑
m1=1


1


m1−β
1


[
n


m1


]β {
log+


[
n


m1


]}f−1


≤ Cf,β nβ(log+ n)f−1
n∑


m1=1


1
m1


≤


Cf,β nβ(log+ n)f−1C log+ n


with certain C > 0 (here we used the fact
[
1
c


[
a
b


]]
=


[
a
bc


]
for a, b, c ∈ N ).


(b) In case
∑


I≤M≤J
1
〈M〉 ≤ 1 we get that


∑


I≤M≤J


∑
I≤K≤J
〈K〉≤〈M〉


1
〈M〉1+β(log+〈M〉)d−1〈K〉1−β


≤


∑


I≤M≤J


∑
I≤K≤J
〈K〉≤〈M〉


1
〈M〉1+β〈K〉1−β


≤


∑


I≤M≤J


∑
I≤K≤J
〈K〉≤〈M〉


1
〈M〉〈K〉 ≤


{ ∑


I≤M≤J


1
〈M〉


}2


≤
{ ∑


I≤M≤J


1
〈M〉


}γ


.


In case
∑


I≤M≤J
1
〈M〉 > 1 using part (a) and the simple fact


n∑
m1=1


[
n


m1


]
∑


m2=1


· · ·


[
n


m1m2···md−1


]
∑


md=1


1
〈M〉1−β


=
∑


M∈Nd


〈M〉≤n


1
〈M〉1−β


, ∀n, d ∈ N


we get that


∑


I≤M≤J


1
〈M〉1+β(log+〈M〉)d−1


∑
I≤K≤J
〈K〉≤〈M〉


1
〈K〉1−β


≤


Cd,β


∑


I≤M≤J


1
〈M〉1+β(log+〈M〉)d−1


〈M〉β(log+〈M〉)d−1 =


Cd,β


∑


I≤M≤J


1
〈M〉 ≤ Cd,β


{ ∑


I≤M≤J


1
〈M〉


}γ


. ¤


Theorem 7. Let XN , N ∈ Nd, be a d-sequence of random variables and suppose
that for some C > 0, β > 0


|E(XKXL)| ≤ C


{ 〈K〉
〈L〉


}β 1
(log+〈L〉)d−1


if 〈K〉 ≤ 〈L〉,
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where 〈N〉 =
∏d


i=1 ni. Then


lim
N


1∏d
i=1 log+ ni


∑


K≤N


XK


〈K〉 = 0 a.s.


Proof . Clearly it is enough to prove for 0 < β < 1. Let I, J ∈ Nd, I ≤ J. Using
the assumptions we get:


E
{∣∣∣∣


∑


I≤K≤J


XK


〈K〉


∣∣∣∣
2}


≤ 2
∑


I≤L≤J


∑
I≤K≤J
〈K〉≤〈L〉


1
〈K〉〈L〉 |E(XKXL)| ≤


2C
∑


I≤L≤J


∑
I≤K≤J
〈K〉≤〈L〉


1
〈K〉1−β〈L〉1+β(log+〈L〉)d−1


.


Let 1 < γ < 2. It follows from Lemma 6(b) that


E
{∣∣∣∣


∑


I≤K≤J


XK


〈K〉


∣∣∣∣
2}


≤ Dd,β


{ ∑


I≤L≤J


1
〈L〉


}γ


,


where Dd,β > 0 depends only on d and β. Now, from Remark 4 we get that


E
{


max
I≤J


∣∣∣∣
∑


K≤I


XK


〈K〉


∣∣∣∣
2}


≤ Cd,β,γ


{ ∑


K≤J


1
〈K〉


}γ


∀J,


where Cd,β,γ > 0 depends only on d, β and γ. ¿From the Hölder inequality we
have:


E
{


max
I≤J


∣∣∣∣
∑


K≤I


XK


〈K〉


∣∣∣∣
2
γ
}
≤ (Cd,β,γ)


1
γ


∑


K≤J


1
〈K〉 ∀J.


Now we can apply Theorem 3 because


∑


N


1


(
∏d


m=1 log nm)
2
γ


1
〈N〉 < +∞. ¤


Now we give some analogues of Theorem 7. First of all we consider the situation
of orthogonal sequences.


Proposition 8. Let XN be an orthogonal d-sequence of random variables, r > 0
and s > 1+r


2 . Suppose that for some C > 0


E(X2
K) ≤ C〈K〉r.


Then for any ρ > 1


lim
N


1{∏d
i=1 log+ ni


}ρ


∑


K≤N


XK


〈K〉s = 0 a.s.
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Proof . Using the d-multiple version of the Rademacher-Menšov inequality [M,
Corollary 3a] and the assumptions, we have for a certain Cd > 0


E
{


max
M≤N


∣∣∣∣
∑


L≤M


XL


〈L〉s
∣∣∣∣
2}


≤ CCd


{ d∏


i=1


log+(ni + 1)
}2 ∑


M≤N


1
〈M〉2s−r


.


Let


B = CCd


∑


N


1
〈N〉2s−r


and AN = B


{ d∏


i=1


log+(ni + 1)
}2


.


Since {log+(n + 1)}2 − {log+ n}2 ≤ D log+ n
n for some constant D, so AN ≤


BD
∑


M≤N


∏d
i=1 log+ mi


〈M〉 , and therefore one can apply Theorem 3. ¤


Proposition 9. Let 0 < r < 1 and 0 < s ≤ 2
3−r . Suppose that for some C > 0


|E(XKXL)| ≤ C〈K〉sr


〈L〉s(log+〈L〉)d−1
if 〈K〉 ≤ 〈L〉.


Then
lim
N


1
〈N〉1−s


∑


K≤N


XK


〈K〉s = 0 a.s.


Proof . The proof is similar to that of Theorem 7. Let I, J ∈ N. Then


E
{∣∣∣∣


∑


I≤K≤J


XK


〈K〉s
∣∣∣∣
2}


≤ 2C
∑


I≤L≤J


1
〈L〉2s(log+〈L〉)d−1


∑
I≤K≤J
〈K〉≤〈L〉


1
〈K〉s(1−r)


= (I)


By Lemma 6(a)


(I) ≤ Cs,r,d


∑


I≤L≤J


1
〈L〉s(3−r)−1


.


Let 1 < γ < 2. If (II) =
∑


I≤L≤J
1


〈L〉s(3−r)−1 ≥ 1 then (II) ≤ (II)γ . If (II) < 1
then from s ≤ 2


3−r we get


(I) ≤ 2C
∑


I≤L≤J


∑
I≤K≤J
〈K〉≤〈L〉


1
〈L〉2s〈K〉s(1−r)


≤


2C
∑


I≤L≤J


∑
I≤K≤J
〈K〉≤〈L〉


1
〈L〉s(3−r)−1〈K〉s(3−r)−1


≤


2C


{ ∑


I≤L≤J


1
〈L〉s(3−r)−1


}γ


.


Using Remark 4, the above results and then Hölder’s inequality we get
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E
{


max
M≤N


∣∣∣∣
∑


L≤M


XL


〈L〉s
∣∣∣∣


2
γ
}
≤ D


∑


M≤N


1
〈M〉s(3−r)−1


,


where the constant D does not depend on N or γ. Considering the quantity s(3−
r)−1+ 2


γ (1−s), it is easy to see that it is greater than 1, for a suitable γ. Therefore
the assumptions of Theorem 3 are satisfied. ¤


5. Sequences with superadditive moment structure


A d-sequence of random variables is said to have r-th moment function of superad-
ditive structure (MFSS) if


E
{∣∣∣∣


∑


I≤K≤J


XK


∣∣∣∣
r}


≤ g(I, J)α ∀I, J ∈ Nd,


where g is superadditive on Nd × Nd, r > 0 and α > 1. Remark that the notion of
r-th MFSS was used by Móricz in [Mo]. In this section we prove a Marcinkiewicz-
Zygmund type SLLN for d-sequences with superadditive moment structure. Our
Proposition 11 is a generalization of Theorem 8.1 of [FK]. For the sake of complet-
ness we start with a simple technical lemma on partial summation.


Lemma 10. Let aN , bN be nonnegative d-sequences such that bN = 1
〈N〉α for some


α > 0. Then ∑


N


(−1)dΛN∆bN+1 < +∞


implies ∑


N


aNbN < +∞,


where ΛN =
∑


M≤N aM .


P roof . Set bN = 0 if nk < 1 for some k = 1, . . . , d. Then


∆bN =
∑


M∈EN


bM + (−1)
∑


M∈ON


bM ,


where


EN =


{
M ∈ Nd


0 : 0 ≤ nk −mk ≤ 1, k = 1, . . . , d and
d∑


k=1


(nk −mk) is even


}
,


ON =


{
M ∈ Nd


0 : 0 ≤ nk −mk ≤ 1, k = 1, . . . , d and
d∑


k=1


(nk −mk) is odd


}
.
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It follows that (−1)d∆bN+1 =
∏d


k=1


{
1


nα
k
− 1


(nk+1)α


}
. Since 1


nα − 1
(n+1)α ≥ C 1


nα+1


for some C > 0 so ∑


N


ΛN


〈N〉α+1
< +∞.


An elementary computation shows that


∑


K≤2N


ΛK


〈K〉α+1
≥


∑


K≤N


aK


∑


K≤L≤2K


1
〈L〉α+1


≥


∑


K≤N


aK
〈K〉


〈2K〉α+1
=


1
2d(α+1)


∑


K≤N


aK


〈K〉α .


This shows that
∑


N aNbN < +∞. ¤
Proposition 11. Let r > 0 and suppose that XN has r-th MFSS and ∆g(1, N)α


is nonnegative for any N ∈ Nd. Then for arbitrary q > 0


∑


N


g(1, N)α


〈N〉1+ r
q


< +∞ (I)


implies


lim
SN


〈N〉 1
q


= 0 a.s.


Proof . Using Remark 4 we get for all N ∈ Nd that:


E
{


max
M≤N


|SM |r
}
≤ Ad,r,α g(1, N)α.


Let us introduce the notation bN = 1


〈N〉
r
q
. Since


∏d
m=1


{
1


n
r
q
m


− 1


(nm+1)
r
q


}
≤ C 1


〈N〉1+
r
q


for some C > 0, so (I) implies


∑


N


(−1)dg(1, N)α∆bN+1 < +∞.


Finally, we apply Lemma 10 and Theorem 3 to obtain the result. ¤


6. A Brunk-Prokhorov Type Theorem


Let (Ω,A, P ) be a probability space. Let XN and AN be a d-sequence of random
variables and be a d-sequence of σ-subalgebras of A, respectively. We shall say that
the pair (XN ,AN ) has property (ex) if


E
(
E(XL|AM )|AN )


)
= E


(
XL|Amin(M,N)


)
L,M, N ∈ Nd. (ex)
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This property is widely used in the theory of multiindex martingales (see e.g. [F]).
Let XN be a d-sequence of random variables and AN a nondecreasing d-sequence
of sub σ-algebras of A. We say that XN is a martingale difference if


XN is measurable with respect to AN , N ∈ Nd,


E(X1) = 0 and E(XN | AM ) = 0 if M < N.


In this section we shall use the Khintchine, Doob and Burkholder inequalities for
d-sequences of random variables. For the sake of completeness we state and prove
these inequalities in the lemma below.


Lemma 12. (a) (Doob’s Lp-inequality.) Let p > 1. Then for any martingale
(XN ,AN ) having property (ex) for arbitrary N ∈ Nd


E
{


max
M≤N


|XM |p
}
≤


{
p


p− 1


}pd


E(|XN |p).


(b) (Khintchine’s inequality.) Let p ≥ 2. Then there exists a constant Cp,d (depend-
ing only on p and d), such that for arbitrary d-sequence aN of real numbers and for
any N ∈ Nd


∫ 1


0


· · ·
∫ 1


0


∣∣∣∣
n1∑


m1=1


· · ·
nd∑


md=1


rm1(t1) · · · rmd
(td)a(m1,...,md)


∣∣∣∣
p


dt1 · · · dtd ≤


Cp,d


{ n1∑
m1=1


· · ·
nd∑


md=1


a2
(m1,...,md)


} p
2


,


where rn is the Rademacher system on [0, 1].


(c) (Burkholder’s inequality) Let p > 1. Then there is a constant Dp,d such that for
any martingale difference XN having property (ex)


E(|SN |2p) ≤ Dp,dE
({ ∑


M≤N


X2
M


}p)
∀N ∈ Nd.


P roof . (a) We shall prove by induction on d. In case d = 1 the statement follows
from Doob’s original inequality. First suppose that the implication is true for d = e.
Now let N = (n1, . . . , ne+1) ∈ Ne+1 be fixed and define


N∗ = (n2, . . . , ne+1) ∈ Ne, Yn = max
M≤N∗


|X(n,M)| and Bn = A(n,N∗)


for 1 ≤ n ≤ n1. Then Yn is Bn measurable for n ≤ n1. We shall prove that
(Yn,Bn), n ≤ n1, is a submartingale. Let m ≤ n ≤ n1. By elementary properties
of the conditional expectation and property (ex):


E
(


max
M≤N∗


|X(n,M)|
∣∣ A(m,M)


)
≥ max


M≤N∗
E


(
|X(n,M)|


∣∣ A(m,M)


)
≥
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max
M≤N∗


∣∣∣E
(
X(n,M)


∣∣ A(m,N∗)


)∣∣∣ = max
M≤N∗


∣∣∣E
(
E


(
X(n,M)


∣∣ A(n,M)


) ∣∣ A(m,N∗)


)∣∣∣ =


= max
M≤N∗


∣∣E
(
X(n,M)


∣∣ A(m,M)


)∣∣ = max
M≤N∗


|X(m,M)|.


For M ∈ Ne, M ≤ N∗ define


ZM = X(n1,M) and CM = A(n1,M).


Then (ZM , CM ), M ≤ N∗, is a martingale having property (ex). Now using induc-
tion and Doob’s inequality for the nonnegative submartingale Yn, we get:


E
{


max
M≤N


|XM |p
}


= E
{


max
m≤n1


Y p
m


}
≤


{
p


p− 1


}
E


(
Y p


n1


)
=


{
p


p− 1


}
E


{
max


M≤N∗
|ZM |p


}
≤


{
p


p− 1


}{
p


p− 1


}pe


E
(
|ZN∗ |p


)
=


{
p


p− 1


}p(e+1)


E
(
|XN |p


)
.


(b) Note that in the following we use frequently Fubini’s theorem without explicitly
mentioning it. Suppose that the statement is true for d = f. Then by Khintchine’s
original inequality [CT] there is a constant Cp > 0 for which


∫ 1


0


∣∣∣∣
n1∑


m1=1


rm1(t1)
{ n2∑


m2=1


· · ·
nf+1∑


mf+1=1


rm2(t2) · · · rmf+1(tf+1)a(m1,...,mf+1)


}∣∣∣∣
p


dt1 ≤


Cp


{ n1∑
m1=1


{ n2∑
m2=1


· · ·
nf+1∑


mf+1=1


rm2(t2) · · · rmf+1(tf+1)a(m1,...,mf+1)


}2} p
2


=


Cp


{ n1∑
m1=1


(
I(t2, . . . , tf+1)


)2
} p


2


,


where I(t2, . . . , tf+1) =
∑n2


m2=1 · · ·
∑nf+1


mf+1=1 rm2(t2) . . . rmf+1(tf+1)a(m1,...,mf+1).


By the triangle inequality in the space L p
2


Cp


∫ 1


0


· · ·
∫ 1


0


{ n1∑
m1=1


(
I(t2, . . . , tf+1)


)2
} p


2


dt2 · · · dtf+1 ≤


Cp


{ n1∑
m1=1


{∫ 1


0


· · ·
∫ 1


0


|I(t2, . . . , tf+1)|pdt2 · · · dtf+1


} 2
p
} p


2


.
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By induction, the expression above is majorized by


CpCp,f


{ n1∑
m1=1


n2∑
m2=1


· · ·
n2∑


m2=1


a2
(m1,...,mf+1)


} p
2


.


(c) We follow the method of [Mx, Theorem 1]. Let u(i) : N→ [0, 1] for i = 1, . . . , d
and SN =


∑
M≤N XM . Consider the sum


TN =
∑


M≤N


u(1)
m1
· · ·u(d)


md
XM =


n1∑
m1=1


u(1)
m1


{ n2∑
m2=1


· · ·
nd∑


md=1


u(2)
m2
· · ·u(d)


md
X(m1,...,md)


}
=


n1∑
m1=1


u(1)
m1


Ym1 .


Our first aim is to prove E(|TN |p) ≤ Mp,dE(|SN |p) for a certain positive (depending
only on p or d) constant Mp,d. In case d = 1 one can find this proposition in the
proof of [B, Theorem 9]. We prove again with induction on d. Using property (ex)
of XN it is easy to check that Ym is a martingale difference. Hence


E(|TN |p) ≤ Mp,1E
{∣∣∣∣


n1∑
m1=1


Ym1


∣∣∣∣
p}


=


Mp,1E
{∣∣∣∣


n2∑
m2=1


· · ·
nd∑


md=1


u(2)
m2


. . . u(d)
md


{ n1∑
m1=1


X(m1,...,md)


}}∣∣∣∣
p


.


Using property (ex) once again, it turns out that


Z(m2,...,md) =
n1∑


m1=1


X(m1,...,md)


is a martingale difference. Hence from the induction hypothesis we get that


E(|TN |p) ≤ Mp,1Mp,d−1E(|SN |p) = Mp,dE(|SN |p).
Now from the foregoing, Fubini’s theorem and Lemma 12(b) we get that E(|SN |2p)
can be majorized with


M2p,d


∫ 1


0


· · ·
∫ 1


0


E
{∣∣∣∣


n1∑
m1=1


· · ·
nd∑


md=1


rm1(t1) . . . rmd
(td)X(m1,...,md)


∣∣∣∣
2p}


dt1 · · · dtd =


M2p,d E
{∫ 1


0


· · ·
∫ 1


0


∣∣∣∣
n1∑


m1=1


· · ·
nd∑


md=1


rm1(t1) · · · rmd
(td)X(m1,...,md)


∣∣∣∣
2p


dt1 · · · dtd


}
≤


M2p,d C2p,d E
{{ n1∑


m1=1


· · ·
nd∑


md=1


X2
(m1,...,md)


}p
}


. ¤







A GENERAL APPROACH TO STRONG LAWS OF LARGE NUMBERS ... 15


Proposition 13. Let XN be a martingale difference having property (ex) and p ≥
1. Suppose that


∑
M≤N E(|XM |2p) ≤ C〈N〉r for some C > 0 and r < p + 1. Then


limN
SN


〈N〉 = 0 a.s.


Proof . From Burkholder’s inequality (Lemma 12(c)) and Hölder’s inequality


E
(|SN |2p


) ≤ D2p,2E
{{ ∑


M≤N


X2
M


}p
}
≤


D2p,2〈N〉p−1
∑


M≤N


E
(|XM |2p


) ≤ D2p,2〈N〉p+r−1.


Thus, by Doob’s inequality (Lemma 12(a)),


E
{


max
M≤N


|SM |2p
}
≤ F2p,2


∑


M≤N


∆〈M〉p+r−1


for some constant F2p,2 > 0. Now ∆〈M〉p+r−1 ≤ C〈M〉p+r−2 and Theorem 3 implies
the result. ¤


Proposition 14. Let XN be a martingale difference having property (ex) and let
p ≥ 1. Suppose that E(|XN |2p) is d-sequence of product type. Then


∑


N


E(|XN |2p)
b2p
N


〈N〉p−1 < +∞


implies limN
SN


bN
= 0 a.s., provided that bN is a nondecreasing, positive, unbounded


d-sequence of product type and either p = 1 or 〈N〉δ
bN


is nonincreasing for some
δ > p−1


2p .


P roof . Applying Lemma 12(c), Hölder’s inequality and Lemma 12(a) we get


E
{


max
M≤N


|SM |2p
}
≤ Cp,d〈N〉p−1


∑


M≤N


E(|XM |2p)


for some Cp,d > 0. In case p = 1 our main theorem and the above inequality imply
the result. Let p > 1. Introduce the notation cN = 〈N〉p−1


∑
M≤N E(|XM |2p). It


is easy to see that


∆cN =
d∏


l=1


{
np−1


l


nl∑


k=1


a
(l)
k − (nl − 1)p−1


nl−1∑


k=1


a
(l)
k


}
=


d∏


l=1


{
np−1


l a(l)
nl


+
{
np−1


l − (nl− 1)p−1
} nl−1∑


k=1


a
(l)
k


}
≤


d∏


l=1


{
np−1


l a(l)
nl


+ Cnp−2
l


nl−1∑


k=1


a
(l)
k


}
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for some C > 0, where
∏d


l=1 a
(l)
nl = E(|XN |2p). Using the assumptions we get


n∑
m=1


mp−2


b
(l)2p
m


m−1∑


k=1


a
(l)
k =


n−1∑


k=1


a
(l)
k


n∑


m=k+1


mp−2


b
(l)2p
m


≤
n∑


k=1


a
(l)
k


∞∑


m=k


mp−2


b
(l)2p
m


=


n∑


k=1


a
(l)
k


∞∑


m=k


1
mr


mp+r−2


b
(l)2p
m


≤
n∑


k=1


a
(l)
k


kp+r−2


b
(l)2p
k


∞∑


m=k


1
mr


≤
n∑


k=1


a
(l)
k


kp+r−2


b
(l)2p
k


Ck1−r


for some r > 1, Cr > 0 and for each 1 ≤ l ≤ d. This means that
∑


N ∆ cN


b2p
N


< +∞,
hence one can apply Theorem 3. ¤
We remark that a similar proposition can be proved in a similar manner for d-
sequences having maximal coefficient of correlation strictly smaller than 1. For
this, one can use [PG, Lemma 4] instead of Burkholder’s inequality.


7. Mixingales


In this chapter we define multiindex Lr mixingales and prove an SLLN for a special
class of such mixingales. Remark that the notion of Lr mixingales was introduced
by McLeish [McL] and Andrews [A]. Let Z denote the set of integers and let


EN =


{
M ∈ Zd : 0 ≤ nk −mk ≤ 1 k = 1, . . . , d and


d∑


k=1


(nk −mk) is even


}
,


ON =


{
M ∈ Zd : 0 ≤ nk −mk ≤ 1 k = 1, . . . , d and


d∑


k=1


(nk −mk) is odd


}
,


if N ∈ Zd.


Definition 15. Let r ≥ 1, (Ω,A, P ) be a probability space, XN be a d-sequence
of random variables with finite r-th moment, AN (N ∈ Zd) be a nondecreasing
d-sequence of σ-subalgebras of A. The pair (XN ,AM ) (N ∈ Nd,M ∈ Zd) is called
Lr-mixingale if


(a)
∥∥∥E(XN |AN−M )


∥∥∥
r
≤ cNΨ−M if mi ≥ 0 for some i = 1, . . . , d,


(b)
∥∥∥XN − E(XN |AN+M )


∥∥∥
r
≤ cNΨM if M ≥ 0,


where cN (N ∈ Nd),ΨN (N ∈ Zd) are d-sequences with ΨN → 0 as ni → −∞ for
some i = 1, . . . , d, ΨN → 0 as ni →∞ for each i = 1, . . . , d, and there is a constant
C > 0 for which


ΨM ≤ CΨN


for any N ∈ Zd and M ∈ EN ∪ ON .


The following lemma is a straightforward generalization of Lemma 1 and Lemma 2
of [H].
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Lemma 16. (a) Let r ≥ 2 and (XN ,AM ) (N ∈ Nd,M ∈ Zd) be an Lr mixingale,
having property (ex). Then there exists an Fr,d > 0 such that


∥∥∥ max
M≤N


|SM |
∥∥∥


r
≤ Fr,d


∑


K∈Zd


{ ∑


M≤N


∥∥∥X
(K)
M


∥∥∥
2


r


} 1
2


,


where X
(K)
M = ∆E(XM |AM−K) and here the difference is taken according to the


subscript of A while the subscript of X remains fixed.


(b) Let r ≥ 2 and (XN ,AM ) (N ∈ Nd,M ∈ Zd) be an Lr mixingale, having
property (ex) such that


∑
K∈Zd ΨK < +∞. Then


∥∥∥ max
M≤N


|SM |
∥∥∥


r
≤ Cr,d


{ ∑


M≤N


c2
M


} 1
2


for some Cr,d.


P roof . (a) Let N,K ∈ Nd. Then
∑


−K≤M≤K


X
(M)
N =


∑


−K≤M≤K


∆E(XN |AN−M ) =


E(XN |AN+K) +
∑


L∈L+
K


E(XN |AL) + (−1)
∑


L∈L−K


E(XN |AL),


where
L+


K = {L ∈ Zd : li = ki if i /∈ I and li = −(ki + 1) if i ∈ I,


for some I ⊂ {1, . . . , d}, with I 6= ∅ and card(I) is even },


L−K = {L ∈ Zd : li = ki if i /∈ I and li = −(ki + 1) if i ∈ I,


for some I ⊂ {1, . . . , d}, with card(I) is odd }.
By the definition of the Lr-mixingale, one can see that


lim
K


{ ∑


−K≤M≤K


X
(M)
N − E(XN |AN+K)


}
= 0 in Lr


and so


lim
K


{ ∑


−K≤M≤K


X
(M)
N −XN


}
= 0 in Lr .


Hence, using the triangle inequality in Lr, we get
∥∥∥ max


M≤N
|SM |


∥∥∥
r


=
∥∥∥ max


M≤N


∣∣∣
∑


L≤M


∑


K∈Zd


X
(K)
L


∣∣∣
∥∥∥


r
≤
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∥∥∥ max
M≤N


∑


K∈Zd


∣∣∣
∑


L≤M


X
(K)
L


∣∣∣
∥∥∥


r
≤


∑


K∈Zd


∥∥∥ max
M≤N


∣∣∣
∑


L≤M


X
(K)
L


∣∣∣
∥∥∥


r
= (I).


Let K ∈ Nd be fixed. With the help of property (ex) it is easy to check that the
pair (ZM ,FM ) is martingale difference, where


ZM = X
(K)
M and FM = AM−K .


Hence by Lemma 12 (a), (c) and by the triangle inequality in the space L
r
2 , we


have


(I) ≤ Dr,d


∑


K∈Zd


∥∥∥
∑


L≤N


X
(K)
L


∥∥∥
r
≤ Fr,d


∑


K∈Zd


∥∥∥
{ ∑


L≤N


∣∣∣X(K)
L


∣∣∣
2} 1


2
∥∥∥


r
=


Fr,d


∑


K∈Zd


∥∥∥
{ ∑


L≤N


∣∣∣X(K)
L


∣∣∣
2}∥∥∥


1
2


r
2


= Fr,d


∑


K∈Zd


{ ∑


L≤N


∥∥∥
∣∣∣X(K)


L


∣∣∣
2 ∥∥∥


r
2


} 1
2
.


(b) Let us consider X
(K)
L . If km ≥ 0 for some m = 1, . . . , d then


∥∥∥∆E(XL|AL−K)
∥∥∥


r
≤ cL2dCΨ−K .


Otherwise, if km ≤ −1 for each m = 1, . . . , d, then by Definition 15,


∥∥∥∆E(XL|AL−K)
∥∥∥


r
≤


∑


M∈EL−K∪OL−K


∥∥∥XL − E(XL|AM )
∥∥∥


r
≤ cL2dCΨ−K .


Hence, by part (a),


∥∥∥ max
M≤N


|SM |
∥∥∥


r
≤ Fr,d


∑


K∈Zd


{ ∑


L≤N


c2
L22dC2Ψ2


−K


} 1
2


=


Fr,d2dC
{ ∑


K∈Zd


ΨK


}{ ∑


L≤N


c2
L


} 1
2
. ¤


Proposition 17. Let r ≥ 2 and (XN ,AM ) (N ∈ Nd,M ∈ Zd) be an Lrmixingale
of property (ex). Then


∑


N∈Zd


ΨN < ∞ and
∑


N∈Nd


1


〈N〉1+ r
q


{ ∑


M≤N


c2
M


} r
2


< ∞


imply


lim
N


SN


〈N〉 1
q


= 0 a.s.


provided that the d-sequence cN is of product type.


Proof . Easy consequence of Proposition 11 and Lemma 16(b). ¤
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Eszterházy Károly Teachers Training College
P.O. Box 43
H–3301 Eger, Hungary
E-Mail: tomacs@gemini.ektf.hu








UNIVERSITY OF DEBRECEN


Convergence rates in the
law of large numbers for arrays of


Banach space valued random elements


Tibor Tómács
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CONVERGENCE RATES IN THE LAW OF LARGE NUMBERS


FOR ARRAYS OF BANACH SPACE VALUED RANDOM ELEMENTS


By Tibor Tómács (Eger)


1. Introduction


Several papers are devoted to the study of convergence rates in the law of large num-
bers. The well-known theorem of Baum and Katz [2] states the following. Let X1, X2, . . .
be independent identically distributed random variables with EXk = 0 if E|Xk| <∞. Let
t > 0, r ≥ 1 and 2r > t. Then E|Xk|t <∞ if and only if


∞∑
n=1


nr−2P(|Sn| > εnr/t) <∞ for all ε > 0.


Earlier versions (special cases) of this theorem were obtained by Hsu and Robbins [10],
Erdős [3], [4] and Spitzer [14]. The result was extended to Banach space valued random
variables (Jain [13], Woyczyński [15]), to arrays of random variables (Hu, Móricz and
Taylor [11], Gut [8]). See Ahmed, Antonini and Volodin [1] for an overview of the recent
progress.


Instead of the whole sequence Sn, one can study the subsequence Skn . For arrays of
random variables it means the study of general arrays (see Gut [8], Fazekas [6], Hu et al.
[12]). The aim of this note is to show that an appropriate version of the classic result of
Jain [13] (Theorem 3.3) implies several theorems on general arrays.


Throughout the paper we study Banach space valued random variables. However,
some of our results are new for real variables, too. In Section 2 we introduce notation. The
main results are in Section 3. Theorem 3.1 is a generalization of Theorem 3.3 of Jain [13].
The idea in Theorem 3.1 is the following. When we apply Hoffmann–Jørgensen’s inequality,
we use two different functions to obtain upper bounds for the two terms in the inequal-
ity. The theorem obtained seems to be difficult, but when we choose appropriate weight
functions we can obtain several known theorems for general arrays like Xn1, . . . , Xnkn .
Corollaries 3.2 and 3.3 are versions of Theorem 6.2 of Fazekas [6] and Corollary 4.1 of Hu
et al. [12], respectively. In Section 4 we give the proofs. In Section 5 we specialize our
result for Banach spaces with some geometric property. Then we obtain new proofs for
results in Fazekas [6] and Hu et al. [12]. We do not list all special cases of our result, we
only refer to the literature.
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2. Notation


Let N be the set of the positive integers, R the set of real numbers, a∨ b = max{a, b}
and a ∧ b = min{a, b}, where a, b ∈ R. Denote by Rf the range of the function f and by
f ◦ g the composite function of functions f and g.


Let Φ0 denote the set of functions f : [0,∞) → [0,∞), that are nondecreasing. A
function f ∈ Φ0 is said to be an Orlicz function if it is continuous, convex, unbounded,
f(0) = 0 and f(t) > 0 for t > 0.


A function f ∈ Φ0 is said to satisfy the ∆2-condition (f ∼ ∆2) if there exists a
constant c > 0, such that


f(2t) ≤ cf(t) (2.1)


for all t > 0. It is clear that f ∼ ∆2 iff for every fixed k > 1, there exists a constant c > 1,
such that


f(kt) ≤ cf(t) for all t > 0. (2.2)


A function f ∈ Φ0 is said to satisfy the ∆0
2-condition (f ∼ ∆0


2) if there exist constants
c > 0 and t0 > 0, such that (2.1) is satisfied for all 0 < t ≤ t0.


Throughout the paper let {kn, n ∈ N} be a strictly increasing sequence of positive
integers. Following Gut [7], introduce the functions ψ and Mr with


ψ(t) = Card{n ∈ N : kn ≤ t} for t > 0 and ψ(0) = 0,


and


Mr(t) =
[t]∑


i=1


kr−1
i if t ≥ 1 and Mr(t) = kr−1


1 if 0 ≤ t < 1,


where r ∈ R, CardA is the cardinality of the set A and [.] denotes the integer function.
Let M = M2.


Let B be a real separable Banach space with norm ‖.‖ and zero element 0. Let
(Ω,F ,P) be a fixed probability space. X: Ω → B is called a B-valued random variable
(r.v.), if {ω ∈ Ω : X(ω) ∈ A} ∈ F for all A ∈ B(B), where B(B) denotes Borel σ-field of
B. If E ‖X‖ <∞ then EX stands for the Bochner integral of B-valued r.v. X.


X is symmetric if X and −X have same distribution. The symmetrization procedure
consists in assigning to the r.v. X the symmetrized r.v. X∗ = X − X ′, where X ′ is
independent of X and has the same distribution. Then


P(‖X ′‖ < t)P(‖X‖ > 2t) ≤ P(‖X∗‖ > t) ≤ 2P(‖X − b‖ > t/2) (2.3)


for all t ≥ 0 and b ∈ B.
Let {Xnk, n ∈ N, k = 1, . . . , kn} be an array of B-valued r.v.’s. It is rowwise indepen-


dent, if Xn1, . . . , Xnkn
are independent r.v.’s for all n ∈ N. Let Skn


=
∑kn


k=1Xnk.


Definition 2.1. (Gut [8]). We say that the array {Xnk, n ∈ N, k = 1, . . . , kn} is
weakly mean dominated (w.m.d.) by the r.v. X, if for some γ > 0,


1
kn


kn∑
k=1


P(‖Xnk‖ > t) ≤ γP(|X| > t) for all t ≥ 0 and n ∈ N. (2.4)


2







Remark 2.2. Let ξ be a real valued r.v. and t > 0 fixed. Since
⋂∞


m=1{ξ > t−1/m} =
{ξ ≥ t}, hence by continuity of probability we get, that if {Xnk, n ∈ N, k = 1, . . . , kn} is
w.m.d. by the r.v. X, then


1
kn


kn∑
k=1


P(‖Xnk‖ ≥ t) ≤ γP(|X| ≥ t) for all t > 0 and n ∈ N. (2.5)


3. A general convergence rate theorem


Theorem 3.1. Let {Xnk, n ∈ N, k = 1, . . . , n} be an array of rowwise independent B-
valued r.v.’s which is w.m.d. by the r.v.X. We assume that there exists a sequence {γn, n ∈
N} of positive real numbers such that {‖Sn‖ /γn, n ∈ N} is bounded in probability. Let
α, ϑ, ϕ ∈ Φ0, α is not bounded, ϑ, ϕ ∼ ∆2, ϑ 6≡ 0 and


β(n) = ϕ(α(n+ 1))− ϕ(α(n)), n = 0, 1, 2, . . . .


We assume that


Eϕ(|X|) <∞, Eϑ(|X|) <∞ and lim
n→∞


α(n)
γn


= ∞.


Let
µ(n) = β(n− 1) for all n ∈ N


or
µ(n) = β(n) for all n ∈ N.


In case µ = β assume that there exists a constant c > 0 such that for n ∈ N large enough


cβ(n) ≤ β(n− 1). (3.1)


Let n0 ∈ N such that ϑ(α(n)) > 0 for all n ≥ n0. If there exist j ∈ N and r > 0 such that


∞∑
n=n0


µ(n)
n


(
rn+ ϑ(γn)
ϑ(α(n))


)2j


<∞ (3.2)


then
∞∑


n=1


µ(n)
n


P
(
‖Sn‖ > εα(n)


)
<∞ for all ε > 0. (3.3)


The following corollary is a generalization of Theorem 6.2 of Fazekas [6].


Corollary 3.2. Let M ◦ ψ ∼ ∆2, r, s, t > 0, rs > t. In case r > 2 assume that
{M(n)/M(n − 1), n ∈ N} is bounded. Let {Xnk, n ∈ N, k = 1, . . . , kn} be an array
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of rowwise independent B-valued r.v.’s which is w.m.d. by the r.v. X. Assume that


{‖Skn‖ /k
1/s
n , n ∈ N} is bounded in probability. If


EMr/2


(
ψ
(
|X|t/r


))
<∞ and E |X|s <∞


then
∞∑


n=1


(
M(n)


)r/2−1
P
(
‖Skn


‖ > εkr/t
n


)
<∞ for all ε > 0.


We remark that the boundedness of {M(n)/M(n− 1), n ∈ N} is equivalent to (5.5).


The following corollary is a version of Corollary 4.1 of Hu et al. [12].


Corollary 3.3. Let r ∈ R, 0 < t < s and Mr ◦ ψ ∼ ∆2. Let {Xnk, n ∈ N, k =
1, . . . , kn} be an array of rowwise independent B-valued r.v.’s which is w.m.d. by the r.v.


X. We assume that {‖Skn
‖ /k1/s


n , n ∈ N} is bounded in probability. If


EMr


(
ψ
(
|X|t


))
<∞ and E |X|s <∞


then
∞∑


n=1


kr−2
n P


(
‖Skn‖ > εk1/t


n


)
<∞ for all ε > 0.


4. Proofs


We start with some preliminary results. The following lemma is a version of Lemma
2.2 of Jain [13].


Lemma 4.1. Let X be a r.v., ϕ, α ∈ Φ0, β(n) = ϕ(α(n+1))−ϕ(α(n)), n = 0, 1, 2, . . ..
If Eϕ(|X|) <∞, then


∞∑
n=1


β(n− 1)P(|X| ≥ α(n)) <∞.


Proof. With notation Θn = ϕ(α(n)) we have


Eϕ(|X|) ≥
∞∑


i=1


ΘiP
(
Θi ≤ ϕ(|X|) < Θi+1


)
≥


∞∑
i=1


i∑
n=1


β(n− 1)P
(
Θi ≤ ϕ(|X|) < Θi+1


)
=


∞∑
n=1


β(n− 1)
∞∑


i=n


P
(
Θi ≤ ϕ(|X|) < Θi+1


)
≥


∞∑
n=1


β(n− 1)P(|X| ≥ α(n)).
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The following lemma is due to Hoffmann-Jørgensen [9] and Jain [13].


Lemma 4.2. Let X1, . . . , Xn be B-valued, independent, symmetric r.v.’s and j ∈ N.
Then there exists Aj , Bj ≥ 0 such that


P


(∥∥∥∥∥
n∑


k=1


Xk


∥∥∥∥∥ > 3jt


)
≤ AjP


(
max


1≤k≤n
‖Xk‖ > t


)
+BjP2j


(∥∥∥∥∥
n∑


k=1


Xk


∥∥∥∥∥ > t


)


for all t ≥ 0, where Aj and Bj depend only on j. (A1 = 1, B1 = 4.)


The following lemma is a generalization of Theorem 3.1 of Jain [13] and Lemma 2.6
of Fazekas [6].


Lemma 4.3. Let {Xnk, n ∈ N, k = 1, . . . , kn} be an array of rowwise independent,
symmetric B-valued r.v.’s and {γn, n ∈ N} be a sequence of positive real numbers. If
{‖Skn


‖ /γkn
, n ∈ N} is bounded in probability, ϑ ∈ Φ0 and ϑ ∼ ∆2, then there exist


constants a, b > 0 such that


Eϑ(‖Skn‖) ≤ aEϑ


(
max


1≤k≤kn


‖Xnk‖
)


+ bϑ(γkn) for all n ∈ N.


Proof. Let Nkn = max
1≤k≤kn


‖Xnk‖. By ϑ ∈ Φ0 and Lemma 4.2, we have for all x ≥ 0


and n ∈ N


P(ϑ(‖Skn‖ /3) > ϑ(x)) ≤ P (‖Skn‖ /3 > x)
≤ P (Nkn > x) + 4P2(‖Skn‖ > x)
≤ P(ϑ(Nkn) ≥ ϑ(x)) + 4P2(ϑ(‖Skn‖) ≥ ϑ(x)).


Hence
P(ϑ(‖Skn


‖ /3) > t) ≤ P(ϑ(Nkn
) ≥ t) + 4P2(ϑ(‖Skn


‖) ≥ t) (4.1)


for all t ∈ Rϑ and n ∈ N. Assume that t ∈ (ϑ(0), supRϑ) ∩ Rϑ. Then there exists a ≥ 0,
so that limx→a−0 ϑ(x) < t < limx→a+0 ϑ(x). (Let limx→0−0 ϑ(x) = ϑ(0).) If ϑ(a) < t,
then


⋃∞
m=1{y : ϑ(y) > ϑ(a+ 1/m)} = {y : ϑ(y) > t} and


⋃∞
m=1{y : ϑ(y) ≥ ϑ(a+ 1/m)} =


{y : ϑ(y) ≥ t}. On the other hand, if ϑ(a) > t, then
⋂∞


m=1{y : ϑ(y) > ϑ(a− 1/m)} = {y :
ϑ(y) > t} and


⋂∞
m=1{y : ϑ(y) ≥ ϑ(a − 1/m)} = {y : ϑ(y) ≥ t}. Hence, using continuity


of probability and (4.1), we have that (4.1) is true in this case as well. If 0 ≤ t ≤ ϑ(0) or
t ≥ supRϑ, then (4.1) is obvious. Now, applying ϑ ∼ ∆2, there exists a constant c > 1
such that


P (ϑ(‖Skn‖) > ct) ≤ P (ϑ(Nkn) ≥ t) + 4P2(ϑ(‖Skn‖) ≥ t) (4.2)


for all t ≥ 0. Integrating with respect to t gives


1
c
Eϑ(‖Skn


‖) ≤ Eϑ(Nkn
) + 4


∞∫
0


P2(ϑ(‖Skn
‖) > t) dt. (4.3)
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Since {‖Skn‖ /γkn , n ∈ N} is bounded in probability and ϑ ∼ ∆2 there exist constants
A1, A > 0 such that


P (‖Skn‖ ≥ A1γkn) <
1
8c


and ϑ(A1γkn) ≤ Aϑ(γkn)


for all n ∈ N. Hence we have


P
(
ϑ(‖Skn


‖) > Aϑ(γkn
)
)
<


1
8c
.


It follows that


∞∫
0


P2(ϑ(‖Skn‖) > t) dt ≤
Aϑ(γkn )∫


0


1dt+


∞∫
Aϑ(γkn )


1
8c


P
(
ϑ(‖Skn‖) > t


)
dt


≤ Aϑ(γkn) +
1
8c


Eϑ(‖Skn
‖). (4.4)


Thus, by (4.3) and (4.4), we get Lemma 4.3.


The following lemma is a generalization of Lemma 2.1 of Gut [8] and Lemma 2.7 (b)
of Fazekas [6].


Lemma 4.4. Let {Xnk, n ∈ N, k = 1, . . . , kn} be an array of B-valued r.v.’s which is
w.m.d. by the r.v. X. If ϑ ∈ Φ0 then


1
kn


kn∑
k=1


Eϑ(‖Xnk‖) ≤ (1 ∨ γ)Eϑ(|X|).


Proof. Using ϑ ∈ Φ0 and (2.4), we have for all x ≥ 0


1
kn


kn∑
k=1


P
(
ϑ(‖Xnk‖) > ϑ(x)


)
≤ 1
kn


kn∑
k=1


P(‖Xnk‖ > x)


≤ γP(|X| > x) ≤ γP
(
ϑ(|X|) ≥ ϑ(x)


)
,


hence
1
kn


kn∑
k=1


P
(
ϑ(‖Xnk‖) > t


)
≤ (1 ∨ γ)P


(
ϑ(|X|) ≥ t


)
(4.5)


for all t ∈ Rϑ. Assume that t ∈ (ϑ(0), supRϑ) ∩ Rϑ. Then there exists a ≥ 0, that
limx→a−0 ϑ(x) < t < limx→a+0 ϑ(x). (Let limx→0−0 ϑ(x) = ϑ(0).) If ϑ(a) > t, then
{ϑ(‖Xnk‖) > t} = {‖Xnk‖ ≥ a}. So, by (2.5),


1
kn


kn∑
k=1


P
(
ϑ(‖Xnk‖) > t


)
=


1
kn


kn∑
k=1


P(‖Xnk‖ ≥ a)


≤ γP(|X| ≥ a) ≤ γP
(
ϑ(|X|) ≥ ϑ(a)


)
≤ γP


(
ϑ(|X|) ≥ t


)
.
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Thus (4.5) is true in this case as well. If ϑ(a) < t, then {ϑ(‖Xnk‖) > t} = {‖Xnk‖ > a}.
So, by (2.4),


1
kn


kn∑
k=1


P
(
ϑ(‖Xnk‖) > t


)
=


1
kn


kn∑
k=1


P(‖Xnk‖ > a) ≤ γP(|X| > a) ≤ γP
(
ϑ(|X|) ≥ t


)
.


Thus (4.5) is true in this case as well. Finally, (4.5) is obvious if 0 ≤ t ≤ ϑ(0) or t ≥ supRϑ.
Thus we have (4.5) for all t ≥ 0, which implies Lemma 4.4.


Proof of Theorem 3.1. First assume that Xnk are symmetric. Let ε > 0. Using
Lemma 4.2 and (2.4), we get


P
(
‖Sn‖ > ε3jα(n)


)
≤ AjγnP


(
|X| > εα(n)


)
+BjP2j(


‖Sn‖ > εα(n)
)
. (4.6)


To estimate of second term of (4.6) we can apply ϑ ∈ Φ0, ϑ ∼ ∆2, Chebyshev’s inequality,
Lemma 4.3 and Lemma 4.4. Thus there exist ε′, γ′, a, b > 0 such that for all n ≥ n0


P
(


1
ε
‖Sn‖ > α(n)


)
≤ P


(
ε′ϑ(‖Sn‖) ≥ ϑ(α(n))


)
≤ ε′


Eϑ(‖Sn‖)
ϑ(α(n))


≤ ε′


ϑ(α(n))


(
aγ′nEϑ(|X|) + bϑ(γn)


)
. (4.7)


In formula (4.7) we can choose b such that


b >
a


r
γ′Eϑ(|X|), (4.8)


where r is from (3.2). Now, (4.6), (4.7) and (4.8) imply that


∞∑
n=1


µ(n)
n


P
(
‖Sn‖ > ε3jα(n)


)
≤ Ajγ


∞∑
n=1


µ(n)P
(
|X| > εα(n)


)
+ const.+


+ const.
∞∑


n=n0+1


µ(n)
n


(
rn+ ϑ(γn)
ϑ(α(n))


)2j


. (4.9)


Since ϕ ∼ ∆2 there exists k > 0 such that Eϕ (|X| /ε) ≤ kEϕ(|X|) < ∞. Thus, by
Lemma 4.1 and (3.1), there exists n1 ∈ N such that


∞ >
∞∑


n=1


β(n− 1)P
(
|X|
ε


> α(n)
)
≥ const.


∞∑
n=n1


µ(n)P
(
|X| > εα(n)


)
. (4.10)


Then (4.9), (4.10) and (3.2) imply (3.3).
In the general case let X ′


nk be an independent copy of Xnk for any n ∈ N and
k = 1, . . . , n. Let X∗


nk = Xnk − X ′
nk, S′n =


∑n
k=1X


′
nk and S∗n =


∑n
k=1X


∗
nk = Sn − S′n.


We shall prove that conditions of Theorem 3.1 hold for X∗
nk.
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Using (2.3) and (2.4), we get


1
n


n∑
k=1


P (‖X∗
nk‖ > t) ≤ 2


n


n∑
k=1


P
(
‖Xnk‖ >


t


2


)
≤ 2γP(|2X| > t) for all t ≥ 0


so {X∗
nk : n ∈ N, k = 1, . . . , n} is w.m.d. by 2X. Moreover, it follows from ϕ, ϑ ∼ ∆2 that


Eϕ(|2X|) <∞ and Eϑ(|2X|) <∞.
Since {‖Sn‖ /γn, n ∈ N} is bounded in probability, using (2.3), for every h > 0 there


exists q > 0 such that for all n ∈ N


2h > 2P(‖Sn‖ > qγn) ≥ P(‖S∗n‖ > 2qγn).


Thus {‖S∗n‖ /γn, n ∈ N} is bounded in probability. Therefore the symmetric case implies


∞∑
n=1


µ(n)
n


P
(
‖S∗n‖ > εα(n)


)
<∞ for all ε > 0. (4.11)


{‖S′n‖ /γn, n ∈ N} is bounded in probability as well, so there exists q′ > 0 such that


P(‖S′n‖ < q′γn) >
1
2
. (4.12)


Finally, (2.3), α(n)/γn →∞ and (4.12) imply that for n ∈ N large enough


P
(
‖S∗n‖ > εα(n)


)
≥ P


(
‖S′n‖ < εα(n)


)
P
(
‖Sn‖ > 2εα(n)


)
≥ P


(
‖S′n‖ < q′γn


)
P
(
‖Sn‖ > 2εα(n)


)
≥ 1


2
P
(
‖Sn‖ > 2εα(n)


)
.


This fact and (4.11) imply (3.3).


Proof of Corollary 3.2. In Theorem 3.1 put α(x) = xr/t, ϕ(x) = Mr/2(ψ(xt/r)),
ϑ(x) = xs and γn = n1/s. Then


β(kn − 1) = ϕ(α(kn))− ϕ(α(kn − 1)) = Mr/2(n)−Mr/2(n− 1) (4.13)


and β(m− 1) = 0 if kn < m < kn+1 for all n ∈ N. Using relation Mv(n)−Mv(n− 1) =∫M(n)


M(n−1)
vtv−1dt it is easy to see that


vknM
v−1(n− 1) ≤Mv(n)−Mv(n− 1) ≤ vk2v−1


n for all v ≥ 1, n ∈ N (4.14)


and


vknM
v−1(n) ≤Mv(n)−Mv(n− 1) ≤ vkn for all 0 < v ≤ 1, n ∈ N. (4.15)
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Let j ∈ N such that 2j > t((r− 1)∨ 1)/(rs− t). Then, using (4.13), (4.14) and (4.15), we
have


∞∑
n=1


β(kn − 1)
kn


(
rkn + ϑ(γkn)
ϑ(α(kn))


)2j


≤



const.


∞∑
n=1


nr−2−(sr/t−1)2j


<∞, if r > 2,


const.
∞∑


n=1
n−(sr/t−1)2j


<∞, if 0 < r ≤ 2.


It is easy to see that the other conditions of Theorem 3.1 satisfy as well. Thus


∞∑
n=1


β(kn − 1)
kn


P
(
‖Skn‖ > εkr/t


n


)
<∞ for all ε > 0.


Furthermore, by (4.13), (4.14) and (4.15), we have β(kn − 1)/kn ≥ const.(M(n))r/2−1


which imply the statement.


Proof of Corollary 3.3. In Theorem 3.1 put α(x) = x1/t, ϕ(x) = Mr(ψ(xt)),
ϑ(x) = xs and γn = n1/s. Then


β(kn − 1) = ϕ(α(kn))− ϕ(α(kn − 1)) = Mr(n)−Mr(n− 1) = kr−1
n (4.16)


and β(m−1) = 0 if kn < m < kn+1 for all n ∈ N. Let j ∈ N such that 2j > t(r−1)/(s−t).
Then, using (4.16), we have


∞∑
n=1


β(kn − 1)
kn


(
rkn + ϑ(γkn


)
ϑ(α(kn))


)2j


≤ const.
∞∑


n=1


nr−2−(s/t−1)2j


<∞.


It is easy to see that the others conditions of Theorem 3.1 satisfy as well. Thus


∞∑
n=1


β(kn − 1)
kn


P
(
‖Skn‖ > εk1/t


n


)
<∞ for all ε > 0.


Finally, by (4.16), we have β(kn − 1)/kn = kr−2
n which imply the statement.


5. Special cases of the main theorem


If B has an appropriate geometric property, then a moment condition can imply the
boundedness of {‖Skn‖ /γkn , n ∈ N}.


Definition 5.1. For an Orlicz function ϕ the Orlicz space lϕ(B) consists of those
B-valued sequences {un, n ∈ N} for which


∞∑
n=1


ϕ


(
‖un‖
a


)
<∞ for some a > 0.
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Let ε1, ε2, . . . be independent r.v.’s with P(εn = 1) = P(εn = −1) = 1/2 for all n ∈ N. B
is said to be of type ϕ, if


∑∞
n=1 εnun converges in probability for all {un, n ∈ N} ∈ lϕ(B).


When ϕ(x) = xp we obtain the well-known notion of type p.


Definition 5.2. B is said to be of (Rademacher) type p (0 < p ≤ 2), if
∑∞


n=1 εnun


converges almost surely whenever {un, n ∈ N} ⊆ B with
∑∞


n=1 ‖un‖p
<∞.


Remark 5.3. Let ϕ be an Orlicz function and ϕ ∼ ∆0
2. B is of type ϕ iff there exists


a constant c > 0 such that


E


∥∥∥∥∥
n∑


k=1


Xk


∥∥∥∥∥ ≤ cE inf
y>0


{
1
y


(
1 +


n∑
k=1


ϕ(y ‖Xk‖)


)}
(5.1)


for all n ∈ N and every independentB-valued r.v.’ X1, . . . , Xn with EXk = 0, k = 1, . . . , n.
(For the proof see Fazekas [5].)


Remark 5.4. There is no Banach space of type p for p > 2. Every Banach space is
of type p for 0 < p ≤ 1. If B is of type p then B is of type p′ for all 0 < p′ ≤ p. It is known
that B is of type p iff there exists a c > 0 such that


E


∥∥∥∥∥
n∑


i=1


Xi


∥∥∥∥∥
p


≤ c
n∑


i=1


E ‖Xi‖p (5.2)


for every independent B-valued r.v.’s X1, . . . , Xn with E ‖Xi‖p
< ∞ (and EXi = 0 if


p ≥ 1), i = 1, . . . , n.


The following remarks show that in Theorem 3.1 we can write moment conditions
instead of the boundedness of {‖Skn


‖ /γkn
, n ∈ N} if B is of type ϕ (type p).


Remark 5.5. Let ϕ be a submultiplicative Orlicz function and let B be a space of type
ϕ. Let {Xnk, n ∈ N, k = 1, . . . , kn} be an array of rowwise independent B-valued r.v.’s
which is w.m.d. by the r.v. X. Assume that EXnk = 0, k = 1, . . . , kn and Eϕ(|X|) <∞.
If sequence {knϕ(1/γkn), n ∈ N} is bounded for some sequence {γn, n ∈ N} of positive
real numbers, then {‖Skn‖ /γkn , n ∈ N} is bounded in probability.


Proof. The statement is a consequence of (5.1) and Lemma 4.4:


E
‖Skn‖
γkn


≤ c


γkn


E inf
y>0


{
1
y


(
1 +


kn∑
k=1


ϕ(y ‖Xnk‖)


)}


≤ cE


(
1 +


kn∑
k=1


ϕ


(
‖Xnk‖
γkn


))
≤ c


(
1 + ϕ


(
1
γkn


)
(1 ∨ γ)knEϕ(|X|)


)
.


Remark 5.6. Let B be of type p for some 0 < p ≤ 2 and {Xnk, n ∈ N, k = 1, . . . , kn}
be an array of rowwise independent B-valued r.v.’s which is w.m.d. by the r.v. X. Assume
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that EXnk = 0 (k = 1, . . . , kn) in case p ≥ 1. If E |X|p <∞ then {‖Skn‖ /k
1/p
n , n ∈ N} is


bounded in probability.


Proof. Using (5.2) and Lemma 4.4, we have


E ‖Skn
‖p ≤ c


kn∑
k=1


E ‖Xnk‖p ≤ c(1 ∨ γ)knE |X|p .


So {‖Skn
‖p
/kn, n ∈ N} is bounded in probability.


The following corollary is a version of Corollary 4.2 of Hu et al. [12].


Corollary 5.7. Let r ∈ R, 0 < p ≤ 2, 0 < t < p, Mr ◦ ψ ∼ ∆2 and B be of type p.
Let {Xnk, n ∈ N, k = 1, . . . , kn} be an array of rowwise independent B-valued r.v.’s which
is w.m.d. by the r.v. X. If EXnk = 0 for all n ∈ N, k = 1, . . . , kn,


EMr


(
ψ
(
|X|t


))
<∞ and E |X|p <∞,


then
∞∑


n=1


kr−2
n P


(
‖Skn‖ > εk1/t


n


)
<∞ for all ε > 0.


Proof. It follows from Remark 5.6 that {‖Skn
‖ /k1/p


n , n ∈ N} is bounded in proba-
bility. Hence conditions of Corollary 3.3 are satisfied.


The following three theorems are due to Fazekas [6]. We shall prove, that they are
special cases of Theorem 3.1.


Theorem 5.8. (Theorem 3.1 of Fazekas [6].) Let 0 < p ≤ 2, s ≥ p, rp > s and let B
be of type p. Let {Xnk, n ∈ N, k = 1, . . . , n} be an array of rowwise independent B-valued
r.v.’s which is w.m.d. by the r.v. X. Assume that EXnk = 0 (k = 1, . . . , n) in case p ≥ 1.
If E |X|s <∞, then


∞∑
n=1


nr−2P
(
‖Sn‖ > εnr/s


)
<∞ for all ε > 0.


Proof. In Theorem 3.1 put α(x) = xr/s, ϕ(x) = ϑ(x) = xs and γn = n1/p. Then


β(n) = ϕ(α(n+ 1))− ϕ(α(n)) = (n+ 1)r − nr.


Let j ∈ N such that 2j > rp/(rp− s). Then


∞∑
n=1


β(n)
n


(
rn+ ϑ(γn)
ϑ(α(n))


)2j


≤ const.
∞∑


n=1


nr−1−(r−s/p)2j


<∞,
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hence (3.2) holds. Since β(n−1)/β(n) → 1 thus (3.1) is satisfied. It follows from E |X|s <
∞ that E |X|p <∞. Hence by Remark 5.6, {‖Sn‖ /n1/p, n ∈ N} is bounded in probability.
It is easy to see that the other conditions of Theorem 3.1 hold true as well. Thus


∞∑
n=1


(n+ 1)r − nr


n
P
(
‖Sn‖ > εnr/s


)
<∞ for all ε > 0.


This implies the statement, because ((n+ 1)r − nr)/n ≥ const.nr−2 for all n ∈ N.


Theorem 5.9. (Theorem 3.5 of Fazekas [6] and Theorem 3.3 of Jain [13].) Let
{Xnk, n ∈ N, k = 1, . . . , n} be an array of rowwise independent B-valued r.v.’s which is
w.m.d. by the r.v. X. Let α, ϕ ∈ Φ0, which are strictly increasing, Rα = Rϕ = [0,∞) and
ϕ ∼ ∆2. Let β(n) = ϕ(α(n+ 1))− ϕ(α(n)) such that for some c1, c2 > 0


c1 ≤ c2β(n+ 1) ≤ β(n) for all n ∈ N.


Let Eϕ(|X|) < ∞. Assume that there exists a sequence {γn, n ∈ N} of positive real
numbers such that {‖Sn‖ /γn, n ∈ N} is bounded in probability, moreover there exists
δ > 0 such that


n ∨ ϕ(γn)
ϕ(α(n))


= O
(
(log n)−δ ∧ (β(n))−δ


)
. (5.3)


Then
∞∑


n=1


β(n)
n


P
(
‖Sn‖ > εα(n)


)
<∞ for all ε > 0. (5.4)


Proof. In Theorem 3.1 put ϑ = ϕ and choose j ∈ N such that 2j > 2/δ. Then, using
(5.3) and 1/β(n) ≤ 1/c1, we get for some m0 ∈ N that


∞∑
n=1


β(n)
n


(
rn+ ϑ(γn)
ϑ(α(n))


)2j


≤ const. + const.
∞∑


n=m0


β(n)
n


(
r + 1


(β(n) log n)δ/2


)2j


≤ const. + const.
∞∑


n=m0


n−1(log n)−δ2j−1
<∞.


It follows from (5.3) that const.(log n)δ ≤ ϕ(α(n))/ϕ(γn) for n ∈ N large enough, hence
ϕ(α(n))/ϕ(γn) → ∞. This fact and ϕ ∼ ∆2 imply that α(n)/γn → ∞. Consequently,
Theorem 3.1 implies (5.4).


Theorem 5.10. (Theorem 6.2 of Fazekas [6].) Let {Xnk, n ∈ N, k = 1, . . . , kn} be an
array of rowwise independent B-valued r.v.’s which is w.m.d. by the r.v. X. Let 0 < p ≤ 2,
r ≥ 1, t > 0 and s ≥ p. Suppose that r > t/p if s > 1 while r > t/s if s ≤ 1. In case r > 2
assume that


lim sup
n→∞


kn


M(n− 1)
<∞. (5.5)
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Let M ◦ψ ∼ ∆2 and B be of type p. Assume that EXnk = 0 (k = 1, . . . , kn) in case p ≥ 1.
If


EMr/2
(
ψ
(
|X|t/r))


<∞ and E |X|s <∞,


then
∞∑


n=1


(
M(n)


)r/2−1
P
(
‖Skn


‖ > εkr/t
n


)
<∞ for all ε > 0.


Proof. Let q = p if s > 1 while q = s if s ≤ 1. Then rq > t, B is of type q and
E |X|q < ∞. Hence, using Remark 5.6, we get that {‖Skn‖ /k


1/q
n , n ∈ N} is bounded in


probability. On the other hand lim supn→∞ kn/M(n− 1) <∞ implies the boundedness of
{M(n)/M(n− 1), n ∈ N}. So every condition of Corollary 3.2 are satisfied.


In the following we shall consider Corollary 3.2 and Corollary 3.3 for particular se-
quences kn. To this end we have to know whether Mr ◦ ψ ∼ ∆2 holds true.


Remark 5.11. If any of the conditions (a), (b), (c) and (d) holds, then Mr ◦ψ ∼ ∆2,
where


(a) kr−1
n+1/Mr(n) and Mr(ψ(2kn))/Mr(n) are bounded,


(b) Mr(ψ(2kn+1))/Mr(n) is bounded,


(c) r ∈ N and kn = nd (d ∈ N is fixed),


(d) r ≥ 1 and kn = qn (q = 2, 3, . . . is fixed).


Proof. (a) Using Mr(n + 1)/Mr(n) = 1 + kr−1
n+1/Mr(n), we get, there exists K > 1


such that Mr(n + 1) ≤ KMr(n) for all n ∈ N. Assume that t ≥ k1 and let m = ψ(t).
Then there exists L ∈ R such that


Mr(ψ(2t)) ≤Mr(ψ(2km+1)) ≤ LMr(m+ 1) ≤ KLMr(m) = KLMr(ψ(t)).


If 0 < t < k1, then ψ(t) = 0, so


Mr(ψ(2t)) ≤Mr(ψ(2k1)) ≤ LMr(1) ≤ KLMr(0) = KLMr(ψ(t)).


(b) 1+kr−1
n+1/Mr(n) and Mr(ψ(2kn))/Mr(n) are not greater than Mr(ψ(2kn+1))/Mr(n),


so (a) implies (b).
(c) Mr(ψ(2kn+1))/Mr(n) ≤Mr(2n+2)/Mr(n) → 2d(r−1)+1, consequently (b) implies


the statement.
(d) Mr(ψ(2kn+1))/Mr(n) ≤ Mr(n + 2)/Mr(n) → q2(r−1), consequently (b) implies


the statement.


In the special case kn = nd (d ∈ N is fixed) from Corollary 3.2 we obtain the following
statement.
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Remark 5.12. Let {Xnk, n ∈ N, k = 1, . . . , nd} be an array of rowwise independent
B-valued r.v.’s which is w.m.d. by the r.v. X. Let r, s, t > 0, rs > t and w = t(d+1)/(2d).
If {‖Snd‖ /nd/s, n ∈ N} is bounded in probability, E |X|s <∞ and E |X|w <∞, then


∞∑
n=1


n(d+1)(r/2−1)P
(
‖Snd‖ > εndr/t


)
<∞ for all ε > 0.


Proof. Let Y = Mr/2(ψ(|X|t/r)). Then


Y = Y I (|X| < 1) + Y I (|X| ≥ 1)
≤ I (|X| < 1) + (const.|X|2w/r)r/2I (|X| ≥ 1) ≤ 1 + const.|X|w.


So EY <∞. It is easy to see that the other conditions of Corollary 3.2 hold true as well.
On the other hand M(n) ≥ const.nd+1.


In the special case kn = qn (where q = 2, 3, . . . is fixed) from Corollary 3.3 we get the
following statement.


Remark 5.13. Let {Xnk, n ∈ N, k = 1, . . . , qn} be an array of rowwise independent
B-valued r.v.’s which is w.m.d. by the r.v. X. Let 0 < t < s, w > −1. If {‖Sqn‖ /qn/s, n ∈
N} is bounded in probability, E |X|s <∞ and E |X|t(w+1)


<∞ then


∞∑
n=1


qnwP
(
‖Sqn‖ > εqn/t


)
<∞ for all ε > 0.


Proof. Let r = w + 2 and Y = Mr(ψ(|X|t)). Then


Y = Y I (|X|t < q) + Y I (|X|t ≥ q)
≤ qr−1I (|X|t < q) + const.|X|t(r−1)I (|X|t ≥ q) ≤ qr−1 + const.|X|t(w+1).


So EY <∞. The other conditions of Corollary 3.3 hold true as well.


Acknowledgement. The author would like to thank István Fazekas for several
helpful discussions and his careful attention my paper.
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[11] T.-C. Hu, F. Móricz and R. L. Taylor, Strong laws of large numbers for arrays of


rowwise independent random variables, Acta Math. Acad. Sci. Hungar. 54 (1989),
153–162.


[12] T.-C. Hu, A. Rosalsky, D. Szynal and A. I. Volodin, On complete convergence for
arrays of rowwise independent random elements in Banach spaces, Stoch. Anal. Appl.,
17 (1999) no 6., 963–992.


[13] N. C. Jain, Tail probabilities for sums of independent Banach space valued random
variables, Z. Wahrscheinlichkeitstheorie verw. Gebiete 33 (1975), 155–166.


[14] F. L. Spitzer, A combinatorial lemma and its application, Trans. Amer. Math. Soc.
82 (1956), 323–339.
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1 Introduction
The bookcover document class can be used to create dust jackets and book covers for hardcover and
paperback books.


Dust jacket. The following image shows a typical dust jacket of a hardcover book, which is a detachable
outer cover of the book. Its parts are the back flap, the back cover, the spine, the front cover and the
front flap.


BACK FLAP SPINE FRONT FLAPBACK COVER FRONT COVER


When preparing a dust jacket for printing, some marks are needed to know where to trim or fold the
cover. The crop marks define a special area of the sheet called the “bleed” (see the gray area in the
next figure). The bleed will be trimmed off. The background will be extended to the bleed, taking into
account the slight inaccuracy of the trim. If there is no bleed, there is a high probability that there will
be a white stripe around the edge of the finished product. In the next schematics figure, the red lines
are the marks. The marks closest to the corners are the crop marks and the others are the fold marks.
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If the book cover is detachable, it is advisable to leave folding areas (called “wraps”) between the front
cover and the front flap, and between the back cover and the back flap (see the black bars in the previous
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figure). This is important if the book board is thick, because when the book is folded, this area will be
visible on the edges of the book board. In this case, the background color or image should not stop at
the outer edge of the front or back cover. It should be extended to the wraps, as on the bleed, otherwise,
due to minor cutting and folding inaccuracies, a stripe may appear on the cover that is not necessarily
parallel to the edges, which would give an aesthetically unacceptable result when the book is folded.


Book cover for paperback book. The cover of a paperback book is glued to the spine of the book
and usually has no flaps. The function of the bleed here is the same as before. The crop marks are
closest to the corners, and the others are the fold marks.


BLEED


BACK COVER


S
P
IN


E FRONT COVER


Rarely, the cover of a paperback book may have flaps. In this case, the scheme is similar to that of a
dust jacket.


Book cover for hardcover book. The outside of the cover of a hardcover book is glued to the boards
of the book. This, of course, never has flaps.


BLEED = FOLDING MARGIN


BACK COVER


S
P
IN


E FRONT COVER


In this case, the function of the bleed is not to eliminate cutting inaccuracies. It is not trimmed, but is
a margin that is folded back and glued to the inside of the book boards. In this way it will cover all the
edges of the boards. The crop marks are closest to the corners, and the others are the fold marks.


2 Loading class and options
Load the class as usual, with


\documentclass[⟨options⟩]{bookcover}


The list of ⟨options⟩:


cover=⟨size name⟩ It specifies the front/back cover width and height (without bleed) by name (default
cover=default). Allowed ⟨size name⟩ (width×height): default (170×240 mm) a0 (841×1189 mm)
a1 (594 × 841 mm) a2 (420 × 594 mm) a3 (297 × 420 mm) a4 (210 × 297 mm) a5 (148 × 210 mm) a6
(105 × 148 mm) b0 (1000 × 1414 mm) b1 (707 × 1000 mm) b2 (500 × 707 mm) b3 (353 × 500 mm) b4
(250 × 353 mm) b5 (176 × 250 mm) b6 (125 × 176 mm) c0 (917 × 1297 mm) c1 (648 × 917 mm) c2
(458 × 648 mm) c3 (324 × 458 mm) c4 (229 × 324 mm) c5 (162 × 229 mm) c6 (114 × 162 mm) b0j
(1030×1456 mm) b1j (728×1030 mm) b2j (515×728 mm) b3j (364×515 mm) b4j (257×364 mm)
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b5j (182×257 mm) b6j (128×182 mm) ansia (8.5×11 in) ansib (11×17 in) ansic (17×22 in) ansid
(22 × 34 in) ansie (34 × 44 in) letter (8.5 × 11 in) legal (8.5 × 14 in) executive (7.25 × 10.5 in)


coverheight=⟨length⟩ Cover height without bleed. It overrides the height specified by the cover option.
coverwidth=⟨length⟩ Front/back cover width. It overrides the width specified by the cover option.
spinewidth=⟨length⟩ Spine width (default spinewidth=5mm).
flapwidth=⟨length⟩ Flap width (default flapwidth=0mm).
wrapwidth=⟨length⟩ Wrap width (default wrapwidth=0mm). It has no effect with flapwidth=0mm option.
bleedwidth=⟨length⟩ Bleed width (default bleedwidth=5mm).
marklength=⟨length⟩ Mark length (default marklength=10mm).
foldingmargin=⟨boolean⟩ If the ⟨boolean⟩ is true, then the bleed will be not a trimmed area but a fold


margin. The crop marks will be placed at the corners of the bleed and the options flapwidth and
wrapwidth will be ineffective, i.e. there will be no flaps. (Default foldingmargin=false.)


10pt, 11pt, 12pt Normal font size (default 10pt).
markthick=⟨length⟩ Thickness of marks (default markthick=0.4pt).
markcolor=⟨color name⟩ Color of marks (default markcolor=red).
pagecolor=⟨color name⟩ Color of page (default pagecolor=white).
trimmed=⟨boolean⟩ If the ⟨boolean⟩ is true, then the result will be the trimmed version for demonstration.


(Default trimmed=false for printing.) See an example in subsection 6.6.
trimmingcolor=⟨color name⟩ Color of trimming (default trimmingcolor=white).
showonlypart={⟨part⟩} The dimensions of the pdf will match the dimensions of the ⟨part⟩ and only the


⟨part⟩ will be visible (see in the section 4). This ignores the trimmed option. See an example in
subsection 6.7.


showonlycovernum=⟨number⟩ If there are multiple covers in a document (e.g. outer and inner), only the
⟨number⟩th will be displayed. See an example in subsection 6.7.


The bookcover.cls requires the services of the article class and the following packages: kvoptions,
geometry, graphicx, calc, tikz, xparse, etoolbox, fgruler.


3 Commands and environments
Use the bookcover environment in the document body to create a new book cover. If you need to
edit both sides of the cover, you can do it with two bookcover environments (see an example in the
subsection 6.5). You can create a book cover component by using the following command or environment
in the bookcover environment:


\bookcovercomponent{⟨component type⟩}{⟨part⟩}[⟨left⟩,⟨bottom⟩,⟨right⟩,⟨top⟩]{⟨content⟩}


or its equivalent


\begin{bookcoverelement}{⟨component type⟩}{⟨part⟩}[⟨left⟩,⟨bottom⟩,⟨right⟩,⟨top⟩]
⟨content⟩
\end{bookcoverelement}


⟨component type⟩ It determines the type of the bookcover component (see the section 5). Predefined
component types: color, tikz, tikz clip, picture, normal, center, ruler.


⟨part⟩ This determines where in the book cover the ⟨content⟩ is located. You can read the description of
⟨part⟩ in the section 4. Some predefined parts: front (front cover), bg front (front cover extended
to the bleed), back (back cover), bg back (back cover extended to the bleed), whole (whole book
cover), bg whole (whole book cover extended to the bleed), spine, etc.


⟨left⟩,⟨bottom⟩,⟨right⟩,⟨top⟩ These are the margins of the ⟨part⟩. The default value of every margin is 0mm.
If the ⟨left⟩, ⟨bottom⟩, ⟨right⟩ or ⟨top⟩ is empty or space, then its value will be 0mm. If the value of a
margin is negative, the part size will increase instead of decreasing.


⟨content⟩ This can be text, image, color, etc., which depends on the ⟨component type⟩ (see the section 5).
This will be located in the ⟨part⟩.


You can use the following length commands in the ⟨content⟩ and to specify the margins of the ⟨part⟩:


\partheight The height of the ⟨part⟩ (in the ⟨content⟩ it will be reduced by ⟨bottom⟩ and ⟨top⟩).
\partwidth The width of the ⟨part⟩ (in the ⟨content⟩ it will be reduced by ⟨left⟩ and ⟨right⟩).
\coverheight Cover height.
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\coverwidth Front/back cover width.
\spinewidth Spine width.
\flapwidth Flap width.
\wrapwidth Wrap width.
\bleedwidth Bleed width.
\marklength Mark length.


Each \bookcovercomponent command and bookcoverelement environment creates a layer on the sheet.
The first one creates the bottom layer and the last one creates the top layer.


The following two examples are equivalent.


EXAMPLE


\documentclass[spinewidth=15mm,markcolor=black]{bookcover}


\begin{document}


\begin{bookcover}
\bookcovercomponent{color}{bg whole}{orange}
\bookcovercomponent{normal}{front}[,,,0.4\partheight]{


\centering\bfseries\huge Book title}
\end{bookcover}


\end{document}


EXAMPLE


\documentclass[spinewidth=15mm,markcolor=black]{bookcover}


\begin{document}


\begin{bookcover}
\begin{bookcoverelement}{color}{bg whole}


orange
\end{bookcoverelement}
\begin{bookcoverelement}{normal}{front}[,,,0.4\partheight]


\centering\bfseries\huge Book title
\end{bookcoverelement}


\end{bookcover}


\end{document}


Use the bookcoverdescription environment in the document body to add the description of the book
cover and other information. Do not use it in bookcover environment! You can set the page geometry
of the description by using the following command:


\bookcoverdescgeometry{⟨geometry parameteres⟩}


The possible ⟨geometry parameters⟩ are the same as for \newgeometry in the geometry package. Its default
value is margin=1in. Unlike \newgeometry, it can be used in the preamble as well. See an example in
the subsection 6.2.


If you want to check the dimensions, use the following command in the bookcoverdescription envi-
ronment:


\showbookcoverparameters


If the value of the trimmed option is true, then you can set the trimmed part by using the following
command before any bookcover environment:


\bookcovertrimmedpart{⟨trimmed part⟩}[⟨left⟩,⟨bottom⟩,⟨right⟩,⟨top⟩]


Without this command, or if the ⟨trimmed part⟩ is empty or space, then its value will be whole (see the
section 4). The ⟨left⟩, ⟨bottom⟩, ⟨right⟩ and ⟨top⟩ are the margins of the ⟨trimmed part⟩. The default value
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of every margin is 0mm. If the ⟨left⟩, ⟨bottom⟩, ⟨right⟩ or ⟨top⟩ is empty or space, then its value will be 0mm.
The trimmed area will be the ⟨trimmed part⟩ reduced by the margins. If the value of a margin is negative,
the size of the ⟨trimmed part⟩ size will increase instead of decreasing.
You can change some options before each bookcover environment by using the following command:


\setbookcover{⟨options⟩}


The ⟨options⟩ can be as follows: markthick=⟨length⟩, markcolor=⟨color name⟩, pagecolor=⟨color name⟩,
trimmed, trimmed=false, trimmingcolor=⟨color name⟩ (see the section 2). See an example in the sub-
section 6.6.


4 Book cover parts
The parts are the rectangular subspaces of the sheet. The foreground parts are the back flap, back wrap,
back cover, spine, front cover, front wrap, front flap and various combinations of these. These can be
referred to by their names (see later). The foreground parts do not extend to the bleed.
The background parts are extended to the bleed. Their names start with bg followed by a space before
the foreground part name.
If your book also has printing on the inside cover, the layout for the inside cover will be the exact opposite
of the layout for the outside cover. This is why these parts have synonymous names. The synonymous
names contain inside front instead of back and inside back instead of front. For example bg front
is the same as bg inside back, above back is the same as above inside front, etc.
You can also use short names to specify parts. The elements of the abbreviations are as follows: F (flap),
W (wrap), C (cover), S (spine), l (a part to the left of the spine), r (a part to the right of the spine). For
example lC is the abbreviation for the left cover, i.e. the back cover of the outside cover, or the inside
front cover of the inside cover. It is not extended to the bleed, i.e. it is a foreground part. If you want
to extend a part to the bleed, type bg followed by a space before the name. For example bg lC is the
left cover extended to the bleed. Use a hyphen to specify multiple parts. For example, lW-S is the part
from the left wrap to the spine that does not extend to the bleed.
The following figures also show the full and abbreviated names of the blue parts.


4.1 Book cover without flaps – background parts


bg back


bg lC


bg spine


bg S


bg front


bg rC


bg back and spine


bg lC-S


bg front and spine


bg S-rC


bg whole


bg lC-rC
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4.2 Book cover without flaps – foreground parts


back


lC


spine


S


front


rC


back and spine


lC-S


front and spine


S-rC


whole


lC-rC


4.3 Book cover without flaps – other parts


above back above front


below back below front


whole page
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4.4 Book cover with flaps – background parts


bg back flap


bg lF


bg back wrap


bg lW


bg back


bg lC


bg spine


bg S


bg front


bg rC


bg front wrap


bg rW


bg front flap


bg rF


bg back flap and wrap


bg lF-lW


bg back and wrap


bg lW-lC


bg back and spine


bg lC-S


bg front and spine


bg S-rC


bg front and wrap


bg rC-rW


bg front flap and wrap


bg rW-rF


bg back and flap


bg lF-lC
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bg back and spine and wrap


bg lW-S


bg back and spine and front


bg lC-rC


bg front and spine and wrap


bg S-rW


bg front and flap


bg rC-rF


bg back and flap and spine


bg lF-S


bg back and spine and front and back wrap


bg lW-rC


bg back and spine and front and front wrap


bg lC-rW


bg front and flap and spine


S-rF


bg whole without front flap and wrap


bg lF-rC


bg whole without flaps


bg lW-rW


bg whole without back flap and wrap


lC-rF


bg whole without front flap


bg lF-rW


bg whole without back flap


bg lW-rF


bg whole


bg lF-rF
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4.5 Book cover with flaps – foreground parts


back flap


lF


back wrap


lW


back


lC


spine


S


front


rC


front wrap


rW


front flap


rF


back flap and wrap


lF-lW


back and wrap


lW-lC


back and spine


lC-S


front and spine


S-rC


front and wrap


rC-rW


front flap and wrap


rW-rF


back and flap


lF-lC
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back and spine and wrap


lW-S


back and spine and front


lC-rC


front and spine and wrap


S-rW


front and flap


rC-rF


back and flap and spine


lF-S


back and spine and front and back wrap


lW-rC


back and spine and front and front wrap


lC-rW


front and flap and spine


S-rF


whole without front flap and wrap


lF-rC


whole without flaps


lW-rW


whole without back flap and wrap


lC-rF


whole without front flap


lF-rW


whole without back flap


lW-rF


whole


lF-rF
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4.6 Book cover with flaps – other parts


above back above front


below back below front


whole page


4.7 Defining part
You can define a new rectangular part or redefine a defined part using the following commands:


\newbookcoverpart{⟨new part⟩}{⟨setting⟩}
\renewbookcoverpart{⟨defined part⟩}{⟨setting⟩}


In ⟨setting⟩ you have to set the new part sizes, the coordinates of its upper left corner (the origin is the
upper left corner of the printed area), and the parameters of the trimmed part rectangle node in the
tikz and tikz clip component types (see in the section 5). Use the following commands to do this:


\setpartposx{⟨coord x⟩}
\setpartposy{⟨coord y⟩}
\setpartwidth{⟨width⟩}
\setpartheight{⟨height⟩}
\settrimmedpart{⟨width minus⟩}{⟨height minus⟩}{⟨shift x⟩}{⟨shift y⟩}


⟨coord x⟩ ⟨shift x⟩ ⟨width⟩ − ⟨width minus⟩


⟨width⟩⟨coord y⟩


⟨height⟩ − ⟨height minus⟩


⟨shift y⟩


⟨height⟩


printed area part trimmed part node in tikz type
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To specify the previous lengths, you can use the following length commands, which are declared by the
options of the document class: \coverheight, \coverwidth, \spinewidth, \flapwidth, \wrapwidth,
\bleedwidth, \marklength.


EXAMPLE


\documentclass[flapwidth=3cm]{bookcover} % Also try it with flapwidth=0cm option!


\newbookcoverpart{bg half front}{
\setpartposx{\marklength+\bleedwidth+\flapwidth+\wrapwidth+\spinewidth+1.5\coverwidth}
\setpartposy{\marklength}
\setpartheight{\coverheight+2\bleedwidth}
\ifdim\flapwidth>0mm


\setpartwidth{.5\coverwidth}
\settrimmedpart{0pt}{2\bleedwidth}{0pt}{\bleedwidth}


\else
\setpartwidth{.5\coverwidth+\bleedwidth}
\settrimmedpart{\bleedwidth}{2\bleedwidth}{0pt}{\bleedwidth}\fi}


\begin{document}


\begin{bookcover}
\bookcovercomponent{tikz}{bg half front}{


\fill[blue] (part.south west) rectangle (part.north east);
\fill[green] (trimmed part.south west) rectangle (trimmed part.north east);}


\end{bookcover}


\end{document}


You can rename a defined part using the following commands:


\newnamebookcoverpart{⟨new part⟩}{⟨defined part⟩}
\letnamebookcoverpart{⟨new part⟩}{⟨defined part⟩}[⟨left⟩,⟨bottom⟩,⟨right⟩,⟨top⟩]


With \newnamebookcoverpart, the definition of the ⟨new part⟩ and the ⟨defined part⟩ are always the same,
even if you redefine the ⟨defined part⟩ later with the \renewbookcoverpart.
Using \letnamebookcoverpart, the definition of the ⟨new part⟩ is the same as the current definition of
the ⟨defined part⟩ reduced by the ⟨left⟩, ⟨bottom⟩, ⟨right⟩ and ⟨top⟩ margins. If you change the ⟨defined part⟩
later with the \renewbookcoverpart, the ⟨new part⟩ will not change with it. The default value of every
margin is 0mm. If the ⟨left⟩, ⟨bottom⟩, ⟨right⟩ or ⟨top⟩ is empty or space, then its value will be 0mm. If the
value of a margin is negative, the part size will increase instead of decreasing. You can use the following
length commands to specify the margins: \partheight (the height of the ⟨defined part⟩), \partwidth
(the width of the ⟨defined part⟩), \coverheight, \coverwidth, \spinewidth, \flapwidth, \wrapwidth,
\bleedwidth, \marklength.


EXAMPLE


\documentclass[spinewidth=2cm]{bookcover}


\letnamebookcoverpart{extended bg spine}{bg spine}[-\spinewidth,,-\spinewidth,]


\begin{document}


\begin{bookcover}
\bookcovercomponent{color}{bg whole}{blue}
\bookcovercomponent{color}{extended bg spine}{opacity=0.5}


\end{bookcover}


\end{document}


5 Book cover component types
The predefined component types: color, tikz, tikz clip, picture, normal, center, ruler.
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5.1 The color component type
It determines the color of the ⟨part⟩. The ⟨content⟩ is the options of the \fill in the tikz package:


⟨color name⟩ (See it in the xcolor package.)
color=⟨color name⟩ (It is equivalent to the previous one.)
top color=⟨color name⟩
bottom color=⟨color name⟩
middle color=⟨color name⟩
inner color=⟨color name⟩
outer color=⟨color name⟩
ball color=⟨color name⟩
shading angle=⟨degree⟩ It rotates the shading by the given angle.
opacity=⟨value⟩ Sets the filling opacity. The ⟨value⟩ is between 0 and 1.


EXAMPLE


\begin{bookcover}
\bookcovercomponent{color}{bg front}{red}
\bookcovercomponent{color}{bg back}{


top color=white, bottom color=blue!50!black, shading angle=60}
\end{bookcover}


5.2 The tikz component type
The ⟨content⟩ is a TikZ code without \tikz command and tikzpicture environment. The origin of
the TikZ figure is the lower left corner of the ⟨part⟩. Two rectangular nodes are created: part and
trimmed part. (Thanks to Zunbeltz Izaola for the idea.)


EXAMPLE


\begin{bookcover}
\bookcovercomponent{tikz}{bg whole}{


\fill[black] (part.south west) rectangle (part.north east);
\fill[gray] (trimmed part.south east) rectangle (trimmed part.north west);}


\bookcovercomponent{tikz}{bg front}{
\fill[blue] (part.south west) -- (part.center) -- (part.north west) -- cycle;}


\end{bookcover}


5.3 The tikz clip component type
It works in the same way as the tikz component type, but it clips the ⟨part⟩.


EXAMPLE


\begin{bookcover}
\bookcovercomponent{tikz clip}{front}{


\fill[blue] (part.west) circle [radius=8mm];}
\bookcovercomponent{tikz}{front}{


\fill[gray] (part.west) circle [radius=4mm];}
\end{bookcover}
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5.4 The picture component type
The ⟨content⟩ is an image file that is resized according to the size of the ⟨part⟩.


EXAMPLE


\begin{bookcover}
\bookcovercomponent{picture}{bg whole}{fig.png}


\end{bookcover}


5.5 The normal component type
In this case, the ⟨content⟩ is not specific. You can choose it as text or picture etc.


EXAMPLE


\begin{bookcover}
\bookcovercomponent{normal}{front}[,,,5cm]{


\centering
{\bfseries\huge Book title}\\[5mm]
\includegraphics[width=0.4\partwidth]{fig.png}}


\end{bookcover}


5.6 The center component type
It works in the same way as the normal component type, but the position of the content is the centre of
the part horizontally and vertically.


EXAMPLE


\begin{bookcover}
\bookcovercomponent{center}{above front}{


\textcolor{blue}{Remark above front}}
\bookcovercomponent{center}{spine}{


\rotatebox[origin=c]{-90}{\bfseries\Large Book title}}
\end{bookcover}


5.7 The ruler component type
Use the ruler component type to check the dimensions of the part. It draws a square ruler at the
borders of the part. The ⟨content⟩ is


⟨unit⟩,⟨origin⟩,⟨color name⟩


⟨unit⟩ The ruler unit:
cm Metric ruler (centimeter). If the ⟨unit⟩ is empty or space, then its value will be cm.
in English ruler (inch).


⟨origin⟩ The origin of the square ruler:
upperleft The origin is the upper left corner of the part. Directions: down and right. If the


⟨origin⟩ is empty or space, then its value will be upperleft.
upperright The origin is the upper right corner of the part. Directions: down and left.
lowerleft The origin is the lower left corner of the part. Directions: up and right.
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lowerright The origin is the lower right corner of the part. Directions: up and left.
⟨color name⟩ The color of the ruler. If it is empty or space, then its value will be the color of the marks.


EXAMPLE


\begin{bookcover}
\bookcovercomponent{ruler}{back}{,,}
\bookcovercomponent{ruler}{back}[2cm,,,1cm]{,,blue}
\bookcovercomponent{ruler}{front}{,lowerright,green}
\bookcovercomponent{ruler}{front}[,1cm,2cm,]{,lowerright,gray}


\end{bookcover}
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5.8 Defining component type
You can define a new component type, redefine or rename a defined component type using the following
commands:


\newbookcovercomponenttype{⟨new component type⟩}{⟨formatting⟩}
\renewbookcovercomponenttype{⟨defined component type⟩}{⟨formatting⟩}
\newnamebookcovercomponenttype{⟨new component type⟩}{⟨defined component type⟩}
\letnamebookcovercomponenttype{⟨new component type⟩}{⟨defined component type⟩}


With \newnamebookcovercomponenttype, the definition of the ⟨new component type⟩ and the ⟨defined
component type⟩ are always the same, even if you redefine the ⟨defined component type⟩ later with the
\renewbookcovercomponenttype.


With \letnamebookcovercomponenttype, the definition of the ⟨new component type⟩ is the same as the
current definition of the ⟨defined component type⟩. If you change the ⟨defined component type⟩ later with
\renewbookcovercomponenttype, the ⟨new component type⟩ doesn’t change with it.


You can use the following length commands in ⟨formatting⟩:


\partwidth The width of the part (reduced by the margins) in which you are using the defined component
type.


\partheight The height of the part (reduced by the margins) in which you are using the defined
component type.


You must refer to the content as #1.


EXAMPLE


\documentclass{bookcover}


\newbookcovercomponenttype{center picture}{
\vfill
\centering
\includegraphics[width=0.5\partwidth]{#1}
\vfill}
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\begin{document}


\begin{bookcover}
\bookcovercomponent{center picture}{front}{fig.pdf}


\end{bookcover}


\end{document}
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6 Examples
This section provides some examples to help you better understand the use and functionality of the
commands and options of the bookcover document class.


6.1 Barcode and QR code


9 786155 297199


\documentclass[spinewidth=15mm]{bookcover}
\usepackage{GS1,qrcode}


\begin{document}


\begin{bookcover}


\bookcovercomponent{color}{bg whole}{blue!50}


\bookcovercomponent{normal}{back}[,1cm,,]{
\vfill
\centering
\savebox0{\EANBarcode[module_height=25mm]{ISBN 978-615-5297-19-9}}
\colorbox{white}{%


\usebox0
\raisebox{\depth}{\qrcode[height=\ht0]{https://www.ctan.org/pkg/bookcover}}}}


\end{bookcover}


\end{document}
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6.2 Description


Description


John Taylor


As any dedicated reader can clearly see,
the Ideal of practical reason is a represen-
tation of, as far as I know, the things in
themselves; as I have shown elsewhere, the
phenomena should only be used as a canon
for our understanding. The paralogisms of
practical reason are what first give rise to
the architectonic of practical reason. As will
easily be shown in the next section, reason
would thereby be made to contradict, in view
of these considerations, the Ideal of practi-
cal reason, yet the manifold depends on the
phenomena. Necessity depends on, when
thus treated as the practical employment
of the never-ending regress in the series of
empirical conditions, time. Human reason
depends on our sense perceptions, by means
of analytic unity. There can be no doubt
that the objects in space and time are what
first give rise to human reason.


Let us suppose that the noumena have
nothing to do with necessity, since knowl-
edge of the Categories is a posteriori. Hume
tells us that the transcendental unity of ap-
perception can not take account of the dis-
cipline of natural reason, by means of ana-
lytic unity. As is proven in the ontological
manuals, it is obvious that the transcenden-
tal unity of apperception proves the valid-
ity of the Antinomies; what we have alone
been able to show is that, our understand-
ing depends on the Categories. It remains
a mystery why the Ideal stands in need of
reason. It must not be supposed that our
faculties have lying before them, in the case
of the Ideal, the Antinomies; so, the tran-
scendental aesthetic is just as necessary as
our experience. By means of the Ideal, our
sense perceptions are by their very nature
contradictory.


As is shown in the writings of Aristotle,
the things in themselves (and it remains a


mystery why this is the case) are a repre-
sentation of time. Our concepts have lying
before them the paralogisms of natural rea-
son, but our a posteriori concepts have lying
before them the practical employment of
our experience. Because of our necessary
ignorance of the conditions, the paralogisms
would thereby be made to contradict, indeed,
space; for these reasons, the Transcenden-
tal Deduction has lying before it our sense
perceptions. (Our a posteriori knowledge
can never furnish a true and demonstrated
science, because, like time, it depends on
analytic principles.) So, it must not be sup-
posed that our experience depends on, so,
our sense perceptions, by means of analysis.
Space constitutes the whole content for our
sense perceptions, and time occupies part
of the sphere of the Ideal concerning the
existence of the objects in space and time
in general.


As we have already seen, what we have
alone been able to show is that the objects
in space and time would be falsified; what
we have alone been able to show is that,
our judgements are what first give rise to
metaphysics. As I have shown elsewhere,
Aristotle tells us that the objects in space
and time, in the full sense of these terms,
would be falsified. Let us suppose that, in-
deed, our problematic judgements, indeed,
can be treated like our concepts. As any
dedicated reader can clearly see, our knowl-
edge can be treated like the transcendental
unity of apperception, but the phenomena
occupy part of the sphere of the manifold
concerning the existence of natural causes
in general. Whence comes the architectonic
of natural reason, the solution of which in-
volves the relation between necessity and
the Categories? Natural causes (and it is
not at all certain that this is the case) consti-


tute the whole content for the paralogisms.
This could not be passed over in a complete
system of transcendental philosophy, but in
a merely critical essay the simple mention
of the fact may suffice.


Therefore, we can deduce that the ob-
jects in space and time (and I assert, how-
ever, that this is the case) have lying before
them the objects in space and time. Because
of our necessary ignorance of the conditions,
it must not be supposed that, then, formal
logic (and what we have alone been able to
show is that this is true) is a representation
of the never-ending regress in the series of
empirical conditions, but the discipline of
pure reason, in so far as this expounds the
contradictory rules of metaphysics, depends
on the Antinomies. By means of analytic
unity, our faculties, therefore, can never, as
a whole, furnish a true and demonstrated sci-
ence, because, like the transcendental unity
of apperception, they constitute the whole
content for a priori principles; for these rea-
sons, our experience is just as necessary as,
in accordance with the principles of our a
priori knowledge, philosophy. The objects
in space and time abstract from all content
of knowledge. Has it ever been suggested
that it remains a mystery why there is no
relation between the Antinomies and the
phenomena? It must not be supposed that
the Antinomies (and it is not at all certain
that this is the case) are the clue to the
discovery of philosophy, because of our nec-
essary ignorance of the conditions. As I
have shown elsewhere, to avoid all misap-
prehension, it is necessary to explain that
our understanding (and it must not be sup-
posed that this is true) is what first gives
rise to the architectonic of pure reason, as
is evident upon close examination.


BOOK TITLE


18







\documentclass[markcolor=black,spinewidth=15mm]{bookcover}


\usepackage[english]{babel}
\usepackage{kantlipsum,multicol,microtype}
\bookcoverdescgeometry{vmargin=25mm,hmargin=9cm}


\begin{document}


% Description text
\begin{bookcoverdescription}


\title{Description}
\author{John Taylor}
\date{}
\maketitle
\begin{multicols}{3}


\kant[1-5]
\end{multicols}


\end{bookcoverdescription}


% Book cover
\begin{bookcover}


\bookcovercomponent{center}{front}{\Huge BOOK TITLE}
\end{bookcover}


\end{document}
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6.3 Usage of margins


\documentclass[spinewidth=30mm]{bookcover}
\begin{document}


\begin{bookcover}
\bookcovercomponent{color}{bg whole}{gray}
\bookcovercomponent{color}{back}{blue}
\bookcovercomponent{color}{back}[5mm,5mm,5mm,5mm]{blue!50}
\bookcovercomponent{color}{front}{red}
\bookcovercomponent{color}{front}[5mm,5mm,5mm,5mm]{red!50}
\bookcovercomponent{color}{spine}{green!50!black}
\bookcovercomponent{color}{spine}[5mm,5mm,5mm,5mm]{green!50}
\bookcovercomponent{color}{spine}


[-\spinewidth,15mm,-\spinewidth,\partheight-\spinewidth-15mm]{opacity=0.5}
\end{bookcover}


\end{document}


or its equivalent


\documentclass[spinewidth=30mm]{bookcover}


\letnamebookcoverpart{back typing area}{back}[5mm,5mm,5mm,5mm]
\letnamebookcoverpart{front typing area}{front}[5mm,5mm,5mm,5mm]
\letnamebookcoverpart{spine typing area}{spine}[5mm,5mm,5mm,5mm]
\letnamebookcoverpart{spine bottom}{spine}


[-\spinewidth,15mm,-\spinewidth,\partheight-\spinewidth-15mm]


\begin{document}


\begin{bookcover}
\bookcovercomponent{color}{bg whole}{gray}
\bookcovercomponent{color}{back}{blue}
\bookcovercomponent{color}{back typing area}{blue!50}
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\bookcovercomponent{color}{front}{red}
\bookcovercomponent{color}{front typing area}{red!50}
\bookcovercomponent{color}{spine}{green!50!black}
\bookcovercomponent{color}{spine typing area}{green!50}
\bookcovercomponent{color}{spine bottom}{opacity=0.5}


\end{bookcover}


\end{document}
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6.4 A dust jacket
A dust jacket example


Rose TaylorRose Taylor
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As any dedicated reader can clearly see, the Ideal of practical reason
is a representation of, as far as I know, the things in themselves; as I
have shown elsewhere, the phenomena should only be used as a canon
for our understanding. The paralogisms of practical reason are what
first give rise to the architectonic of practical reason. As will easily be
shown in the next section, reason would thereby be made to contradict,
in view of these considerations, the Ideal of practical reason, yet the
manifold depends on the phenomena. Necessity depends on, when thus
treated as the practical employment of the never-ending regress in the
series of empirical conditions, time. Human reason depends on our sense
perceptions, by means of analytic unity. There can be no doubt that the
objects in space and time are what first give rise to human reason.


Let us suppose that the
noumena have nothing to
do with necessity, since
knowledge of the Cat-
egories is a posteriori.
Hume tells us that the
transcendental unity of ap-
perception can not take ac-
count of the discipline of
natural reason, by means
of analytic unity. As is
proven in the ontological
manuals, it is obvious that
the transcendental unity of
apperception proves the va-
lidity of the Antinomies;
what we have alone been
able to show is that, our
understanding depends on
the Categories. It remains
a mystery why the Ideal
stands in need of reason. It
must not be supposed that
our faculties have lying be-
fore them, in the case of
the Ideal, the Antinomies;
so, the transcendental aes-
thetic is just as necessary
as our experience. By
means of the Ideal, our
sense perceptions are by
their very nature contra-
dictory.


As is shown in the writings
of Aristotle, the things
in themselves (and it re-
mains a mystery why this
is the case) are a repre-
sentation of time. Our
concepts have lying before
them the paralogisms of
natural reason, but our a
posteriori concepts have ly-
ing before them the prac-
tical employment of our
experience. Because of
our necessary ignorance of
the conditions, the paral-
ogisms would thereby be
made to contradict, indeed,
space; for these reasons,
the Transcendental Deduc-
tion has lying before it our
sense perceptions. (Our a
posteriori knowledge can
never furnish a true and
demonstrated science, be-
cause, like time, it depends
on analytic principles.) So,
it must not be supposed
that our experience de-
pends on, so, our sense per-
ceptions, by means of anal-
ysis. Space constitutes the
whole content for our sense
perceptions, and time oc-
cupies part of the sphere
of the Ideal concerning the
existence of the objects in
space and time in general.


\documentclass[
coverwidth=15cm,
coverheight=20cm,
spinewidth=25mm,
flapwidth=6cm,
wrapwidth=5mm,
]{bookcover}


\newbookcovercomponenttype{center rotate}{
\vfill
\centering
\rotatebox[origin=c]{-90}{#1}
\vfill}


\usepackage[outline]{contour}% It doesn’t work with xelatex and lualatex
\contourlength{1pt}
\usepackage[english]{babel}
\usepackage{kantlipsum,microtype}


\begin{document}


\begin{bookcover}


% Remark
\begin{bookcoverelement}{center}{above front}


\textcolor{blue}{A dust jacket example}
\end{bookcoverelement}


% Background color on the whole cover
\begin{bookcoverelement}{color}{bg whole}


black
\end{bookcoverelement}


% Background picture on the whole cover without flaps
\begin{bookcoverelement}{picture}{bg whole without flaps}


./figures/bookcover-bg.jpg
\end{bookcoverelement}


% Transparent areas on the back cover
\begin{bookcoverelement}{tikz}{bg back and wrap}


\fill[opacity=0.3,black!50]
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(0,0) rectangle (25mm,\partheight)
(part.north east) rectangle ([xshift=-5cm]part.south east);


\end{bookcoverelement}


% Transparent areas on the front cover
\begin{bookcoverelement}{tikz}{bg front and wrap}


\fill[opacity=0.3,black!50]
(0,0) rectangle (50mm,\partheight)
(part.north east) rectangle ([xshift=-25mm]part.south east);


\end{bookcoverelement}


% Picture on the front cover behind the title
\begin{bookcoverelement}{center}{front}


\includegraphics{./figures/bookcover-cards.pdf}
\end{bookcoverelement}


% Author and title on the front cover
\begin{bookcoverelement}{normal}{front}[,,,5cm]


\centering
\color{yellow!60!black}\sffamily\bfseries
\resizebox{!}{5mm}{\contour{black}{Rose Taylor}}\\[26mm]
\resizebox{!}{7mm}{\contour{black}{GAMBLING SYSTEMS}}\\[8mm]
\resizebox{!}{7mm}{\contour{black}{AND STRATEGIES}}\\


\end{bookcoverelement}


% Title on the spine
\begin{bookcoverelement}{center rotate}{spine}


\color{yellow!60!black}\huge\sffamily\bfseries
\contour{black}{Rose Taylor -- Gambling Systems and Strategies}


\end{bookcoverelement}


% Text on the back cover
\begin{bookcoverelement}{normal}{back}[2cm,2cm,2cm,2cm]


\color{white}\kant[1]
\end{bookcoverelement}


% Text and picture on the front flap
\begin{bookcoverelement}{normal}{front flap}[1cm,1cm,1cm,2cm]


\color{white}\kant[2]
\vfill
{\centering\includegraphics{./figures/bookcover-dice.pdf}\par}


\end{bookcoverelement}


% Text on the back flap
\begin{bookcoverelement}{normal}{back flap}[1cm,2cm,1cm,2cm]


\color{white}\kant[3]
\end{bookcoverelement}


\end{bookcover}


\end{document}
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6.5 A two-sided book cover
Annales Mathematicae book cover (outside)
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ANNALES
MATHEMATICAE


TOMUS 43. (2025)


COMMISSIO REDACTORIUM


Nam dui ligula, fringilla a, euismod sodales, sollicitudin vel, wisi. Morbi auctor
lorem non justo. Nam lacus libero, pretium at, lobortis vitae, ultricies et, tellus.
Donec aliquet, tortor sed accumsan bibendum, erat ligula aliquet magna, vitae
ornare odio metus a mi. Morbi ac orci et nisl hendrerit mollis. Suspendisse ut
massa. Cras nec ante. Pellentesque a nulla. Cum sociis natoque penatibus et
magnis dis parturient montes, nascetur ridiculus mus. Aliquam tincidunt urna.


Nulla ullamcorper vestibulum turpis. Pellentesque cursus luctus mauris.


ABSTRACTUM


Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Ut purus elit, vestibulum
ut, placerat ac, adipiscing vitae, felis. Curabitur dictum gravida mauris. Nam arcu
libero, nonummy eget, consectetuer id, vulputate a, magna. Donec vehicula augue
eu neque. Pellentesque habitant morbi tristique senectus et netus et malesuada
fames ac turpis egestas. Mauris ut leo. Cras viverra metus rhoncus sem. Nulla et
lectus vestibulum urna fringilla ultrices. Phasellus eu tellus sit amet tortor gravida
placerat. Integer sapien est, iaculis in, pretium quis, viverra ac, nunc. Praesent eget
sem vel leo ultrices bibendum. Aenean faucibus. Morbi dolor nulla, malesuada eu,
pulvinar at, mollis ac, nulla. Curabitur auctor semper nulla. Donec varius orci eget
risus. Duis nibh mi, congue eu, accumsan eleifend, sagittis quis, diam. Duis eget
orci sit amet orci dignissim rutrum.
Nam dui ligula, fringilla a, euismod sodales, sollicitudin vel, wisi. Morbi auctor
lorem non justo. Nam lacus libero, pretium at, lobortis vitae, ultricies et, tellus.
Donec aliquet, tortor sed accumsan bibendum, erat ligula aliquet magna, vitae
ornare odio metus a mi. Morbi ac orci et nisl hendrerit mollis. Suspendisse ut
massa. Cras nec ante. Pellentesque a nulla. Cum sociis natoque penatibus et
magnis dis parturient montes, nascetur ridiculus mus. Aliquam tincidunt urna.
Nulla ullamcorper vestibulum turpis. Pellentesque cursus luctus mauris.
Nulla malesuada porttitor diam. Donec felis erat, congue non, volutpat at, tincidunt
tristique, libero. Vivamus viverra fermentum felis. Donec nonummy pellentesque
ante. Phasellus adipiscing semper elit. Proin fermentum massa ac quam. Sed diam
turpis, molestie vitae, placerat a, molestie nec, leo. Maecenas lacinia. Nam ipsum
ligula, eleifend at, accumsan nec, suscipit a, ipsum. Morbi blandit ligula feugiat
magna. Nunc eleifend consequat lorem. Sed lacinia nulla vitae enim. Pellentesque
tincidunt purus vel magna. Integer non enim. Praesent euismod nunc eu purus.
Donec bibendum quam in tellus. Nullam cursus pulvinar lectus. Donec et mi. Nam
vulputate metus eu enim. Vestibulum pellentesque felis eu massa.
Quisque ullamcorper placerat ipsum. Cras nibh. Morbi vel justo vitae lacus
tincidunt ultrices. Lorem ipsum dolor sit amet, consectetuer adipiscing elit. In
hac habitasse platea dictumst. Integer tempus convallis augue. Etiam facilisis.
Nunc elementum fermentum wisi. Aenean placerat. Ut imperdiet, enim sed gravida
sollicitudin, felis odio placerat quam, ac pulvinar elit purus eget enim. Nunc vitae
tortor. Proin tempus nibh sit amet nisl. Vivamus quis tortor vitae risus porta
vehicula.


Annales Mathematicae book cover (inside)


ANNALES MATHEMATICAE


Acta internationalis mathematicae


Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Ut purus elit, vestibulum
ut, placerat ac, adipiscing vitae, felis. Curabitur dictum gravida mauris. Nam arcu
libero, nonummy eget, consectetuer id, vulputate a, magna. Donec vehicula augue
eu neque. Pellentesque habitant morbi tristique senectus et netus et malesuada
fames ac turpis egestas. Mauris ut leo. Cras viverra metus rhoncus sem. Nulla et
lectus vestibulum urna fringilla ultrices. Phasellus eu tellus sit amet tortor gravida
placerat. Integer sapien est, iaculis in, pretium quis, viverra ac, nunc. Praesent eget
sem vel leo ultrices bibendum. Aenean faucibus. Morbi dolor nulla, malesuada eu,
pulvinar at, mollis ac, nulla. Curabitur auctor semper nulla. Donec varius orci eget
risus. Duis nibh mi, congue eu, accumsan eleifend, sagittis quis, diam. Duis eget
orci sit amet orci dignissim rutrum.


24







\documentclass[
spinewidth=15mm,
markcolor=black,
]{bookcover}


\usepackage[latin]{babel}
\usepackage{lipsum,microtype}


\begin{document}


% ----------------------------------------------------------------------
% Outside cover
% ----------------------------------------------------------------------


\begin{bookcover}


% Remark
\bookcovercomponent{center}{above front}{


\textcolor{red}{\textsc{Annales Mathematicae} book cover (outside)}}


% Blue area on the back cover
\bookcovercomponent{tikz}{bg back}{


\fill[blue!50](7/48,0)--(17.5,24.5)--(17.5,0)--cycle;}


% Blue area on the front cover
\bookcovercomponent{tikz}{bg front}{


\fill[blue!50](0,0)--(0,24.5)--(833/48,0)--cycle;}


% Background color on the spine
\bookcovercomponent{color}{bg spine}{blue!50}


% Title on the spine
\bookcovercomponent{center}{spine}{


\rotatebox[origin=c]{-90}{\large\bfseries
ANNALES MATHEMATICAE 43.~(2025)}}


% Text and picture on the front cover
\bookcovercomponent{normal}{front}[22mm,20mm,22mm,40mm]{


\centering
{\huge\bfseries ANNALES\\ MATHEMATICAE\\[13mm]}
{\large\bfseries TOMUS 43.~(2025)}
\vfill
\includegraphics{./figures/bookcover-pi.pdf}
\vfill
{\large COMMISSIO REDACTORIUM}\\[3mm]
\lipsum[2]}


% Text on the back cover
\bookcovercomponent{normal}{back}[22mm,10mm,22mm,30mm]{


{\centering\large ABSTRACTUM\\[5mm]}
\lipsum[1-4]}


\end{bookcover}


% ----------------------------------------------------------------------
% Inside cover
% ----------------------------------------------------------------------


\begin{bookcover}


% Remark
\bookcovercomponent{center}{above inside back}{


\textcolor{red}{\textsc{Annales Mathematicae} book cover (inside)}}
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% Background color on the whole inside cover
\bookcovercomponent{color}{bg whole}{blue!50}


% Text on the inside back cover
\bookcovercomponent{normal}{inside back}[22mm,10mm,22mm,30mm]{


\color{white}
{\centering\bfseries
ANNALES MATHEMATICAE\\[3mm]
Acta internationalis mathematicae\par}
\bigskip
\lipsum[1]}


\end{bookcover}


\end{document}
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6.6 Trimming and checking dimensions


ANNALES
INFORMATICAE


TOMUS 43. (2025)


COMMISSIO REDACTORIUM


Nam dui ligula, fringilla a, euismod sodales, sollicitudin vel, wisi. Morbi auctor
lorem non justo. Nam lacus libero, pretium at, lobortis vitae, ultricies et, tellus.
Donec aliquet, tortor sed accumsan bibendum, erat ligula aliquet magna, vitae
ornare odio metus a mi. Morbi ac orci et nisl hendrerit mollis. Suspendisse ut
massa. Cras nec ante. Pellentesque a nulla. Cum sociis natoque penatibus et
magnis dis parturient montes, nascetur ridiculus mus. Aliquam tincidunt urna.


Nulla ullamcorper vestibulum turpis. Pellentesque cursus luctus mauris.


ABSTRACTUM


Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Ut purus elit, vestibulum
ut, placerat ac, adipiscing vitae, felis. Curabitur dictum gravida mauris. Nam arcu
libero, nonummy eget, consectetuer id, vulputate a, magna. Donec vehicula augue
eu neque. Pellentesque habitant morbi tristique senectus et netus et malesuada
fames ac turpis egestas. Mauris ut leo. Cras viverra metus rhoncus sem. Nulla et
lectus vestibulum urna fringilla ultrices. Phasellus eu tellus sit amet tortor gravida
placerat. Integer sapien est, iaculis in, pretium quis, viverra ac, nunc. Praesent eget
sem vel leo ultrices bibendum. Aenean faucibus. Morbi dolor nulla, malesuada eu,
pulvinar at, mollis ac, nulla. Curabitur auctor semper nulla. Donec varius orci eget
risus. Duis nibh mi, congue eu, accumsan eleifend, sagittis quis, diam. Duis eget
orci sit amet orci dignissim rutrum.
Nam dui ligula, fringilla a, euismod sodales, sollicitudin vel, wisi. Morbi auctor
lorem non justo. Nam lacus libero, pretium at, lobortis vitae, ultricies et, tellus.
Donec aliquet, tortor sed accumsan bibendum, erat ligula aliquet magna, vitae
ornare odio metus a mi. Morbi ac orci et nisl hendrerit mollis. Suspendisse ut
massa. Cras nec ante. Pellentesque a nulla. Cum sociis natoque penatibus et
magnis dis parturient montes, nascetur ridiculus mus. Aliquam tincidunt urna.
Nulla ullamcorper vestibulum turpis. Pellentesque cursus luctus mauris.
Nulla malesuada porttitor diam. Donec felis erat, congue non, volutpat at, tincidunt
tristique, libero. Vivamus viverra fermentum felis. Donec nonummy pellentesque
ante. Phasellus adipiscing semper elit. Proin fermentum massa ac quam. Sed diam
turpis, molestie vitae, placerat a, molestie nec, leo. Maecenas lacinia. Nam ipsum
ligula, eleifend at, accumsan nec, suscipit a, ipsum. Morbi blandit ligula feugiat
magna. Nunc eleifend consequat lorem. Sed lacinia nulla vitae enim. Pellentesque
tincidunt purus vel magna. Integer non enim. Praesent euismod nunc eu purus.
Donec bibendum quam in tellus. Nullam cursus pulvinar lectus. Donec et mi. Nam
vulputate metus eu enim. Vestibulum pellentesque felis eu massa.
Quisque ullamcorper placerat ipsum. Cras nibh. Morbi vel justo vitae lacus
tincidunt ultrices. Lorem ipsum dolor sit amet, consectetuer adipiscing elit. In
hac habitasse platea dictumst. Integer tempus convallis augue. Etiam facilisis.
Nunc elementum fermentum wisi. Aenean placerat. Ut imperdiet, enim sed gravida
sollicitudin, felis odio placerat quam, ac pulvinar elit purus eget enim. Nunc vitae
tortor. Proin tempus nibh sit amet nisl. Vivamus quis tortor vitae risus porta
vehicula.
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GRATULATIO


Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Ut purus elit, vestibulum
ut, placerat ac, adipiscing vitae, felis. Curabitur dictum gravida mauris. Nam arcu
libero, nonummy eget, consectetuer id, vulputate a, magna. Donec vehicula augue
eu neque. Pellentesque habitant morbi tristique senectus et netus et malesuada
fames ac turpis egestas. Mauris ut leo. Cras viverra metus rhoncus sem. Nulla et
lectus vestibulum urna fringilla ultrices. Phasellus eu tellus sit amet tortor gravida
placerat. Integer sapien est, iaculis in, pretium quis, viverra ac, nunc. Praesent eget
sem vel leo ultrices bibendum. Aenean faucibus. Morbi dolor nulla, malesuada eu,
pulvinar at, mollis ac, nulla. Curabitur auctor semper nulla. Donec varius orci eget
risus. Duis nibh mi, congue eu, accumsan eleifend, sagittis quis, diam. Duis eget
orci sit amet orci dignissim rutrum.
Nam dui ligula, fringilla a, euismod sodales, sollicitudin vel, wisi. Morbi auctor
lorem non justo. Nam lacus libero, pretium at, lobortis vitae, ultricies et, tellus.
Donec aliquet, tortor sed accumsan bibendum, erat ligula aliquet magna, vitae
ornare odio metus a mi. Morbi ac orci et nisl hendrerit mollis. Suspendisse ut
massa. Cras nec ante. Pellentesque a nulla. Cum sociis natoque penatibus et
magnis dis parturient montes, nascetur ridiculus mus. Aliquam tincidunt urna.
Nulla ullamcorper vestibulum turpis. Pellentesque cursus luctus mauris.
Nulla malesuada porttitor diam. Donec felis erat, congue non, volutpat at, tincidunt
tristique, libero. Vivamus viverra fermentum felis. Donec nonummy pellentesque
ante. Phasellus adipiscing semper elit. Proin fermentum massa ac quam. Sed diam
turpis, molestie vitae, placerat a, molestie nec, leo. Maecenas lacinia. Nam ipsum
ligula, eleifend at, accumsan nec, suscipit a, ipsum. Morbi blandit ligula feugiat
magna. Nunc eleifend consequat lorem. Sed lacinia nulla vitae enim. Pellentesque
tincidunt purus vel magna. Integer non enim. Praesent euismod nunc eu purus.
Donec bibendum quam in tellus. Nullam cursus pulvinar lectus. Donec et mi. Nam
vulputate metus eu enim. Vestibulum pellentesque felis eu massa.
Quisque ullamcorper placerat ipsum. Cras nibh. Morbi vel justo vitae lacus
tincidunt ultrices. Lorem ipsum dolor sit amet, consectetuer adipiscing elit. In
hac habitasse platea dictumst. Integer tempus convallis augue. Etiam facilisis.
Nunc elementum fermentum wisi. Aenean placerat. Ut imperdiet, enim sed gravida
sollicitudin, felis odio placerat quam, ac pulvinar elit purus eget enim. Nunc vitae
tortor. Proin tempus nibh sit amet nisl. Vivamus quis tortor vitae risus porta
vehicula.


This example shows the use of the trimmed option and the \bookcovertrimmedpart command. These
allow you to see the finished product for demonstration purposes. We also check the dimensions of the
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book cover. Set the value of the trimmed option to false and clear the ruler component type before
printing!


\documentclass[
spinewidth=15mm,
markcolor=black,
trimmed,
trimmingcolor=gray,
]{bookcover}


\usepackage[latin]{babel}
\usepackage{lipsum,microtype}


\begin{document}


% Trimmed outside cover
\begin{bookcover}


\bookcovercomponent{color}{bg whole}{
top color=white, bottom color=green!30!black}


\bookcovercomponent{normal}{front}[22mm,60mm,22mm,70mm]{
\centering
{\huge\bfseries ANNALES\\ INFORMATICAE\par}
\vfill
{\large\bfseries TOMUS 43.~(2025)}
\vfill
{\large COMMISSIO REDACTORIUM}\\[3mm]
\lipsum[2]}


\bookcovercomponent{normal}{back}[22mm,10mm,22mm,30mm]{
{\centering\large ABSTRACTUM\\[5mm]}
\lipsum[1-4]}


\bookcovercomponent{center}{spine}{
\rotatebox[origin=c]{-90}{\footnotesize\bfseries


ANNALES INFORMATICAE 43.~(2025)}}


\bookcovercomponent{ruler}{whole}{,,} % Check dimensions


\end{bookcover}


% Trimmed inside back cover
\setbookcover{trimmingcolor=black,markcolor=white}
\bookcovertrimmedpart{inside back}


\begin{bookcover}


\bookcovercomponent{normal}{inside back}[22mm,10mm,22mm,30mm]{
{\centering\large GRATULATIO\\[5mm]}
\lipsum[1-4]}


\end{bookcover}


\end{document}
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6.7 The showonlypart and showonlycovernum options


ANNALES
INFORMATICAE


TOMUS 43. (2025)


COMMISSIO REDACTORIUM


Nam dui ligula, fringilla a, euismod sodales, sollicitudin vel, wisi. Morbi auctor
lorem non justo. Nam lacus libero, pretium at, lobortis vitae, ultricies et, tellus.
Donec aliquet, tortor sed accumsan bibendum, erat ligula aliquet magna, vitae
ornare odio metus a mi. Morbi ac orci et nisl hendrerit mollis. Suspendisse ut
massa. Cras nec ante. Pellentesque a nulla. Cum sociis natoque penatibus et
magnis dis parturient montes, nascetur ridiculus mus. Aliquam tincidunt urna.


Nulla ullamcorper vestibulum turpis. Pellentesque cursus luctus mauris.


ABSTRACTUM


Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Ut purus elit, vestibulum
ut, placerat ac, adipiscing vitae, felis. Curabitur dictum gravida mauris. Nam arcu
libero, nonummy eget, consectetuer id, vulputate a, magna. Donec vehicula augue
eu neque. Pellentesque habitant morbi tristique senectus et netus et malesuada
fames ac turpis egestas. Mauris ut leo. Cras viverra metus rhoncus sem. Nulla et
lectus vestibulum urna fringilla ultrices. Phasellus eu tellus sit amet tortor gravida
placerat. Integer sapien est, iaculis in, pretium quis, viverra ac, nunc. Praesent eget
sem vel leo ultrices bibendum. Aenean faucibus. Morbi dolor nulla, malesuada eu,
pulvinar at, mollis ac, nulla. Curabitur auctor semper nulla. Donec varius orci eget
risus. Duis nibh mi, congue eu, accumsan eleifend, sagittis quis, diam. Duis eget
orci sit amet orci dignissim rutrum.
Nam dui ligula, fringilla a, euismod sodales, sollicitudin vel, wisi. Morbi auctor
lorem non justo. Nam lacus libero, pretium at, lobortis vitae, ultricies et, tellus.
Donec aliquet, tortor sed accumsan bibendum, erat ligula aliquet magna, vitae
ornare odio metus a mi. Morbi ac orci et nisl hendrerit mollis. Suspendisse ut
massa. Cras nec ante. Pellentesque a nulla. Cum sociis natoque penatibus et
magnis dis parturient montes, nascetur ridiculus mus. Aliquam tincidunt urna.
Nulla ullamcorper vestibulum turpis. Pellentesque cursus luctus mauris.
Nulla malesuada porttitor diam. Donec felis erat, congue non, volutpat at, tincidunt
tristique, libero. Vivamus viverra fermentum felis. Donec nonummy pellentesque
ante. Phasellus adipiscing semper elit. Proin fermentum massa ac quam. Sed diam
turpis, molestie vitae, placerat a, molestie nec, leo. Maecenas lacinia. Nam ipsum
ligula, eleifend at, accumsan nec, suscipit a, ipsum. Morbi blandit ligula feugiat
magna. Nunc eleifend consequat lorem. Sed lacinia nulla vitae enim. Pellentesque
tincidunt purus vel magna. Integer non enim. Praesent euismod nunc eu purus.
Donec bibendum quam in tellus. Nullam cursus pulvinar lectus. Donec et mi. Nam
vulputate metus eu enim. Vestibulum pellentesque felis eu massa.
Quisque ullamcorper placerat ipsum. Cras nibh. Morbi vel justo vitae lacus
tincidunt ultrices. Lorem ipsum dolor sit amet, consectetuer adipiscing elit. In
hac habitasse platea dictumst. Integer tempus convallis augue. Etiam facilisis.
Nunc elementum fermentum wisi. Aenean placerat. Ut imperdiet, enim sed gravida
sollicitudin, felis odio placerat quam, ac pulvinar elit purus eget enim. Nunc vitae
tortor. Proin tempus nibh sit amet nisl. Vivamus quis tortor vitae risus porta
vehicula.
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The previous example has been modified with the showonlypart and showonlycovernum options so that
only the front part of the outer cover appears in the pdf.


\documentclass[
spinewidth=15mm,
showonlypart={front}, % Show only front part
showonlycovernum=1, % Show only outside cover
]{bookcover}


\usepackage[latin]{babel}
\usepackage{lipsum,microtype}


\begin{document}


% Outside cover
\begin{bookcover}


\bookcovercomponent{color}{bg whole}{
top color=white, bottom color=green!30!black}


\bookcovercomponent{normal}{front}[22mm,60mm,22mm,70mm]{
\centering
{\huge\bfseries ANNALES\\ INFORMATICAE\par}
\vfill
{\large\bfseries TOMUS 43.~(2025)}
\vfill
{\large COMMISSIO REDACTORIUM}\\[3mm]
\lipsum[2]}


\bookcovercomponent{normal}{back}[22mm,10mm,22mm,30mm]{
{\centering\large ABSTRACTUM\\[5mm]}
\lipsum[1-4]}
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\bookcovercomponent{center}{spine}{
\rotatebox[origin=c]{-90}{\footnotesize\bfseries


ANNALES INFORMATICAE 43.~(2025)}}


\end{bookcover}


% Inside back cover
\begin{bookcover}


\bookcovercomponent{normal}{inside back}[22mm,10mm,22mm,30mm]{
{\centering\large GRATULATIO\\[5mm]}
\lipsum[1-4]}


\end{bookcover}


\end{document}
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6.8 A book cover with folding margin for hardcover book


LATEX


LATEX
LATEX


As any dedicated reader can clearly see, the Ideal of
practical reason is a representation of, as far as I know,
the things in themselves; as I have shown elsewhere, the
phenomena should only be used as a canon for our un-
derstanding. The paralogisms of practical reason are
what first give rise to the architectonic of practical rea-
son. As will easily be shown in the next section, reason
would thereby be made to contradict, in view of these
considerations, the Ideal of practical reason, yet the man-
ifold depends on the phenomena. Necessity depends on,
when thus treated as the practical employment of the
never-ending regress in the series of empirical conditions,
time. Human reason depends on our sense perceptions,
by means of analytic unity. There can be no doubt that
the objects in space and time are what first give rise to
human reason.
Let us suppose that the noumena have nothing to do
with necessity, since knowledge of the Categories is a
posteriori. Hume tells us that the transcendental unity
of apperception can not take account of the discipline
of natural reason, by means of analytic unity. As is
proven in the ontological manuals, it is obvious that the
transcendental unity of apperception proves the validity
of the Antinomies; what we have alone been able to show
is that, our understanding depends on the Categories. It
remains a mystery why the Ideal stands in need of reason.
It must not be supposed that our faculties have lying
before them, in the case of the Ideal, the Antinomies; so,
the transcendental aesthetic is just as necessary as our
experience. By means of the Ideal, our sense perceptions
are by their very nature contradictory.


L AT
E
X


\documentclass[
coverwidth=150mm,
coverheight=220mm,
spinewidth=25mm,
bleedwidth=20mm,
markcolor=black,
foldingmargin,
12pt,
]{bookcover}


\letnamebookcoverpart{front with margin}{front}[5mm,5mm,5mm,5mm]
\letnamebookcoverpart{front upper third}{front with margin}[,2\partheight/3,,]
\letnamebookcoverpart{front lower third}{front with margin}[,,,2\partheight/3]
\letnamebookcoverpart{back with margin}{back}[5mm,5mm,5mm,5mm]
\letnamebookcoverpart{back text area}{back}[27mm,,22mm,27mm]
\letnamebookcoverpart{bg spine bottom}{bg spine}[,,,\partheight-\bleedwidth-\spinewidth]


\newbookcovercomponenttype{center rotate}{
\vfill\centering\rotatebox[origin=c]{-90}{#1}\vfill}


\usepackage[english]{babel}
\usepackage{kantlipsum,microtype}
\usepackage{transparent} % It works only with pdflatex


\begin{document}


\begin{bookcover}


\bookcovercomponent{color}{bg whole}{orange}
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\bookcovercomponent{color}{front upper third}{red!60!black}


\bookcovercomponent{color}{front lower third}{red!60!black}


\bookcovercomponent{color}{back with margin}{red!60!black}


\bookcovercomponent{tikz}{front with margin}{
\draw[opacity=0.4,red,line width=10mm] (\partwidth-15mm,0) -- +(0,\partheight);}


\bookcovercomponent{tikz}{back with margin}{
\draw[opacity=0.4,red,line width=10mm] (15mm,0) -- +(0,\partheight);}


\bookcovercomponent{tikz}{whole}[5mm,,5mm,]{
\draw[opacity=0.4,red,line width=10mm] (0,\partheight-20mm) -- +(\partwidth,0);}


\bookcovercomponent{color}{bg spine bottom}{black}


\bookcovercomponent{center}{front upper third}{
\resizebox*{\partwidth-5mm}{\partheight-5mm}{%


\color{white}\transparent{0.1}\bfseries\LaTeX}}


\bookcovercomponent{center}{front lower third}{
\resizebox*{\partwidth-5mm}{\partheight-5mm}{%


\color{white}\transparent{0.1}\bfseries\LaTeX}}


\bookcovercomponent{center}{front}{
\resizebox{90mm}{!}{\bfseries\color{white}\LaTeX}}


\bookcovercomponent{normal}{back text area}{\color{white}\kant[1-2]}


\bookcovercomponent{center rotate}{spine}{
\resizebox{50mm}{!}{\bfseries\color{white}\LaTeX}}


\end{bookcover}


\end{document}
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The fgruler package
v1.6 (2024/04/11)


Tibor Tómács
tomacs.tibor@gmail.com


1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 160 cm


1 Introduction
The fgruler package draws horizontal and vertical rulers on the foreground of every (or the current)
page at absolute position. In this way, you can check the page layout dimensions. You can also draw
various rulers in the text.


The fgruler package requires the services of the following packages: kvoptions, etoolbox, xcolor,
graphicx, eso-pic.


2 Loading package
Load the package with


\usepackage[⟨package options⟩]{fgruler}


or


\usepackage{fgruler}
\setfgruler{⟨package options⟩}


The \setfgruler command is usable in the document body, too.


3 Package options
By default, the fgruler package draws a square ruler on the foreground of every page. The following
package options set the parameters of these rulers.


unit=⟨unit⟩
Ruler unit. Possible ⟨unit⟩ values:


cm Metric ruler (centimeter). Default value.
in English ruler (inch).


type=⟨type name⟩
It determines the origin, directions, and lengths of the ruler. Possible ⟨type name⟩ values:


upperleft Default value. Square ruler (origin: upper left corner of the paper; directions: down
and right; lengths: paper sizes). See Example 7.1.


upperright Square ruler (origin: upper right corner of the paper; directions: down and left; lengths:
paper sizes). See Example 7.3.


lowerleft Square ruler (origin: lower left corner of the paper; directions: up and right; lengths:
paper sizes). See Example 7.4.


lowerright Square ruler (origin: lower right corner of the paper; directions: up and left; lengths:
paper sizes). See Example 7.5.
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upperleftT Square ruler (origin: upper left corner of the text area; directions: down and right;
lengths: text area sizes). See Example 7.12.


upperrightT Square ruler (origin: upper right corner of the text area; directions: down and left;
lengths: text area sizes). See Example 7.13.


lowerleftT Square ruler (origin: lower left corner of the text area; directions: up and right; lengths:
text area sizes). See Example 7.14.


lowerrightT Square ruler (origin: lower right corner of the text area; directions: up and left;
lengths: text area sizes). See Example 7.15.


alledges There are rulers on all edges of the paper. Top ruler origin: upper left corner of the
paper (direction: right). Bottom ruler origin: lower left corner of the paper (direction: right).
Left ruler origin: upper left corner of the paper (direction: down). Right ruler origin: upper
right corner of the paper (direction: down). Lengths: paper sizes. See Example 7.10.


alledges* It is similar to alledges option, but bottom ruler origin is lower right corner of the
paper (direction: left), and left ruler origin is lower left corner of the paper (direction: up).
See Example 7.11.


alledgesT It is similar to alledges option, but on the edges of the text area. See Example 7.16.
alledgesT* It is similar to alledges* option, but on the edges of the text area. See Example 7.17.
user Each ⟨unit⟩–⟨type name⟩ pair activates an \fgrulertype{⟨unit⟩}{⟨type name⟩} command. So


the expansion of \fgrulertype{⟨unit⟩}{user} determines the effect of this option. It will be
⟨code⟩ after using the \fgrulerdefuser{⟨code⟩} command, where in the ⟨code⟩ you have to
referrence the unit as \fgrulerunit. For example, after
\fgrulerdefuser{\fgrulertype{\fgrulerunit}{alledges}}
the type=user option will be equivalent to the type=alledges. See also Examples 7.19–7.22.


none No ruler drawn.


type={⟨type name list⟩}
The ⟨type name list⟩ is a list of valid type names separated by commas. These types will be
combined. For example type={alledges,alledgesT}. See the result in Example 7.18.


hshift=⟨length⟩
Horizontal shift of the ruler, if the ⟨type name⟩ is upperleft, lowerleft, upperright, or
lowerright. The shift direction is right, if the ⟨type name⟩ is upperleft or lowerleft. The
shift direction is left, if the ⟨type name⟩ is upperright or lowerright. Default: hshift=0cm. See
Examples 7.6–7.9.


vshift=⟨length⟩
Vertical shift of the ruler, if the ⟨type name⟩ is upperleft, lowerleft, upperright, or lowerright.
The shift direction is down, if the ⟨type name⟩ is upperleft or upperright. The shift direction is
up, if the ⟨type name⟩ is lowerleft or lowerright. Default: vshift=0cm. See Examples 7.6–7.9.


color=⟨color name⟩
Ruler color (see xcolor package). Default: color=black. See Example 7.2.


numsep=⟨length⟩
Separation between number and ruler. Default: numsep=3pt.


markthick=⟨length⟩
Mark thickness. Default: markthick=0.4pt.


marklength=⟨length⟩
Mark length at integer units (see the red marks):


1 2 30
Default: marklength=2mm.


See the length of the other marks in Section 6.


numfont=⟨font type⟩
Number font type. Default: numfont=\scriptsize\sffamily. You can use this option only in
\setfgruler and \fgruler* (see Section 4) commands.
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showframe or showframe=true
It draws visible frames for the text and margin area, and lines for the head and foot. Their color
and thickness are determined by the color and the markthick options. See Example 7.2.


showframe=false
It deactivates the showframe option.


nonefgrulers
It kills all of the rulers on the foreground, including also those, which are generated by \fgruler
or \fgruler* (see Section 4). But the rulers, which were drawn by \ruler and \squareruler (see
Section 5), do not disappear. Furthermore it deactivates the showframe option, too. In this case
the fgruler package does not load the eso-pic package. This option works only in preamble.
It is recommended to use in two cases:


•To draw rulers only in text, there is no need for the checking function.
•To halt the checking function temporarily.


The type=none is not identical with nonefgrulers option. The differences:


•type=none does not kill the \fgruler and \fgruler* commands and the showframe option.
•type=none is alterable in any point of the document.
•The fgruler package loads the eso-pic package, if you use the type=none option without


nonefgrulers.


4 Drawing rulers on the foreground of the current page
\fgruler[⟨unit⟩]{⟨type name⟩}{⟨hshift⟩}{⟨vshift⟩}


It draws a square ruler on the foreground of that page, where this command is expanded. You can
use more \fgruler commands in the same page.
The package options (see Section 3) also work on this command, except for type, hshift, and
vshift.
This command is effectless, if you use the nonefgrulers package option in the preamble.


⟨unit⟩ options: cm, in (see Section 3). Its default value is the same as the value specified by the
unit=⟨unit⟩ package option.


⟨type name⟩ parameters: upperleft, upperright, lowerleft, lowerright (see Section 3).
⟨hshift⟩ Horizontal shift. The shift direction is right, if the ⟨type name⟩ is upperleft or lowerleft,


otherwise left.
⟨vshift⟩ Vertical shift. The shift direction is down, if the ⟨type name⟩ is upperleft or upperright,


otherwise up.


Example: \fgruler[in]{upperright}{1in}{2.5in}


\fgruler*[⟨package options⟩]{⟨type name⟩}
It draws a ruler on the foreground of that page, where this command is expanded. You can use
more \fgruler* commands in the same page.
The package options (see Section 3) also work on this command, except for type.
This command is effectless, if you use the nonefgrulers package option in the preamble.


⟨package options⟩ All options from Section 3, except for type, showframe, and nonefgrulers.
⟨type name⟩ All possible values of the type option from Section 3, except for the none value.


Example: \fgruler*[color=red,type=in]{alledges}


Note that the following two commands are equivalent:
\fgruler*[unit=in,hshift=1in,vshift=2.5in]{upperright}
\fgruler[in]{upperright}{1in}{2.5in}
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5 Drawing rulers in the text
\ruler[⟨unit⟩]{⟨type name⟩}{⟨length⟩}


It draws a horizontal or a vertical ruler. The bottom of the ruler is aligned to the baseline of the
surrounding text. The package options (see Section 3) do not work on this command.


⟨unit⟩ options:
cm Metric ruler (centimeter). Default option.
in English ruler (inch).


⟨type name⟩ parameters:
downright Direction: down. The numbers are on the right side.
downleft Direction: down. The numbers are on the left side.
upright Direction: up. The numbers are on the right side.
upleft Direction: up. The numbers are on the left side.
rightdown Direction: right. The numbers are on the down side.
rightup Direction: right. The numbers are on the up side.
leftdown Direction: left. The numbers are on the down side.
leftup Direction: left. The numbers are on the up side.
taperight Tape measure (direction: right). See Example 7.25.
tapeleft Tape measure (direction: left). See Example 7.25.


⟨length⟩ Ruler length.


Example: \ruler{rightdown}{5cm} 1 2 3 4 50 cm


\ruler*[⟨unit⟩]{⟨type name⟩}{⟨length⟩}
It works like \ruler, but the top of the ruler is aligned to the baseline of the surrounding text.
Example: \ruler*{taperight}{5cm}


1 2 3 4 50 cm


\squareruler[⟨unit⟩]{⟨type name⟩}{⟨width⟩}{⟨height⟩}
It draws a square ruler. The bottom of the square ruler is aligned to the baseline of the surrounding
text. The package options (see Section 3) do not work on this command.


⟨unit⟩ options:
cm Metric ruler (centimeter). Default option.
in English ruler (inch).


⟨type name⟩ parameters:
upperleft Directions: down and right.
upperright Directions: down and left.
lowerleft Directions: up and right.
lowerright Directions: up and left.


⟨width⟩ Square ruler width.
⟨height⟩ Square ruler height.


Example: \squareruler{upperleft}{5cm}{1cm}


1 2 3 4 5


1


cm


\squareruler*[⟨unit⟩]{⟨type name⟩}{⟨width⟩}{⟨height⟩}
It works like \squareruler, but the top of the square ruler is aligned to the baseline of the sur-
rounding text.
Example: \squareruler*{upperleft}{5cm}{1cm}


1 2 3 4 5


1


cm


\rulerparams{⟨markthick⟩}{⟨numfont⟩}{⟨color⟩}{⟨marklength⟩}{⟨numsep⟩}
It sets the parameters of the rulers, which are drawn by \ruler or \squareruler. If an argument
is empty, then that parameter will not be changed.
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⟨markthick⟩ Mark thickness. Default: 0.4pt


⟨numfont⟩ Number font type. Default: \scriptsize\sffamily


⟨color⟩ Ruler line color. Default: black


⟨marklength⟩ Mark length at integer units. Default: 2mm


⟨numsep⟩ Separation between number and ruler. Default: 3pt


For example, \rulerparams{}{}{red}{}{} changes the ruler color to red.


\rulerparamsfromfg
It sets the ruler parameters from the current foreground ruler parameters.


\rulernorotatenum
By default, the numbers of the vertical rulers (which were generated by \ruler or \squareruler)
are rotated by 90◦. It kills this action. This command can only be expanded in the document body.


Example: {\rulernorotatenum\ruler{upright}{1cm}}


1


0


cm


\rulerrotatenum
After \rulernorotatenum, it reactivates the number rotating. This command can only be expanded
in the document body.


6 Additional setting commands
The following commands can work on all of the rulers, which are drawn by fgruler package.


\fgrulerstartnum{⟨num⟩}
The ⟨num⟩ is a nonnegative integer, which will be the starting number on the horizontal and vertical
rulers. Default: \fgrulerstartnum{0}


Example: {\fgrulerstartnum{5}\squareruler{lowerleft}{3cm}{1cm}}
6 7 8


6
cm


\fgrulerstartnumh{⟨num⟩}
The ⟨num⟩ is a nonnegative integer, which will be the starting number on the horizontal rulers.
Default: \fgrulerstartnumh{0}


Example: {\fgrulerstartnumh{5}\squareruler{lowerleft}{3cm}{1cm}}
6 7 8


1


cm


\fgrulerstartnumv{⟨num⟩}
The ⟨num⟩ is a nonnegative integer, which will be the starting number on the vertical rulers.
Default: \fgrulerstartnumv{0}


Example: {\fgrulerstartnumv{5}\squareruler{lowerleft}{3cm}{1cm}}
1 2 3


6


cm


\fgrulernoborderline
By default, there is a borderline on one side of the ruler. It disappears by this command.


Example: {\fgrulernoborderline\ruler{rightup}{3cm}}
1 2 30 cm


\fgrulerborderline
After \fgrulernoborderline, it reactivates the previous default effect.


\fgrulercaptioncm{⟨caption⟩}
Unit caption in metric ruler. Default: \fgrulercaptioncm{cm}


Example: {\fgrulercaptioncm{}\ruler{rightup}{3cm}}
1 2 30


\fgrulercaptionin{⟨caption⟩}
Unit caption in English ruler. Default: \fgrulercaptionin{inch}


5







\fgrulerdefnum{⟨definition⟩}
The ruler numbers are determined by the fgrulernum counter. Its current value is printed by the
\thefgrulernum. Its default definition is \def\thefgrulernum{\arabic{fgrulernum}}, which is
equivalent to \fgrulerdefnum{\arabic{fgrulernum}}.
Example: {\fgrulerdefnum{}\fgrulercaptioncm{}\ruler{rightdown}{2cm}}


\fgrulerratiocm{⟨ratio1⟩}{⟨ratio2⟩}
Mark length ratios in metric rulers. If an argument is empty, then that parameter will not be
changed.


⟨ratio1⟩ Mark length ratio at k/10 cm, where k is positive integer and not divisible by 5.
1 2 30 cm


For example, if this ratio is 0.5 and the mark length at integer unit is 2 mm, then this mark
length will be 0.5 · 2 mm = 1 mm.


⟨ratio2⟩ Mark length ratio at k/2 cm, where k is positive odd integer.
1 2 30 cm


Default: \fgrulerratiocm{0.5}{0.75}


\fgrulerratioin{⟨ratio1⟩}{⟨ratio2⟩}{⟨ratio3⟩}{⟨ratio4⟩}
Mark length ratios in English rulers. If an argument is empty, then that parameter will not be
changed.


⟨ratio1⟩ Mark length ratio at k/16 inch, where k is positive odd integer.
1 20 inch


⟨ratio2⟩ Mark length ratio at k/8 inch, where k is positive odd integer.
1 20 inch


⟨ratio3⟩ Mark length ratio at k/4 inch, where k is positive odd integer.
1 20 inch


⟨ratio4⟩ Mark length ratio at k/2 inch, where k is positive odd integer.
1 20 inch


Default: \fgrulerratioin{0.25}{0.375}{0.625}{0.75}


\fgrulerthickcm{⟨thick1⟩}{⟨thick2⟩}{⟨thick3⟩}
Mark thicknesses in metric rulers. If an argument is empty, then that parameter will not be changed.


⟨thick1⟩ Mark thickness at k/10 cm, where k is positive integer and not divisible by 5.
⟨thick2⟩ Mark thickness at k/2 cm, where k is positive odd integer.
⟨thick3⟩ Mark thickness at integer units.


The default values are given by ⟨markthick⟩ of \rulerparams, respectively by markthick option.
Example:
{\fgrulerthickcm{}{}{2pt}
\rulerparams{}{}{}{5mm}{}
\fgrulernoborderline
\ruler{rightdown}{3cm}}


1 2 30 cm


\fgrulerthickin{⟨thick1⟩}{⟨thick2⟩}{⟨thick3⟩}{⟨thick4⟩}{⟨thick5⟩}
Mark thicknesses in English rulers. If an argument is empty, then that parameter will not be
changed.


⟨thick1⟩ Mark thickness at k/16 inch, where k is positive odd integer.
⟨thick2⟩ Mark thickness at k/8 inch, where k is positive odd integer.
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⟨thick3⟩ Mark thickness at k/4 inch, where k is positive odd integer.
⟨thick4⟩ Mark thickness at k/2 inch, where k is positive odd integer.
⟨thick5⟩ Mark thickness at integer units.


The default values are given by ⟨markthick⟩ of \rulerparams, respectively by markthick option.
Example:
{\fgrulerthickin{}{}{}{}{2pt}
\rulerparams{}{}{}{5mm}{}
\fgrulernoborderline
\ruler[in]{rightdown}{3in}}


1 2 30 inch


\fgrulercolorcm{⟨color1⟩}{⟨color2⟩}{⟨color3⟩}
Mark colors in metric rulers. If an argument is empty, then that parameter will not be changed.


⟨color1⟩ Mark color at k/10 cm, where k is positive integer and not divisible by 5.
⟨color2⟩ Mark color at k/2 cm, where k is positive odd integer.
⟨color3⟩ Mark color at integer units.


The default values are given by ⟨color⟩ of \rulerparams, respectively by color option.
Example:
{\fgrulercolorcm{green}{blue}{red}
\rulerparams{1pt}{}{}{5mm}{}
\fgrulernoborderline
\ruler{rightdown}{3cm}}


1 2 30 cm


\fgrulercolorin{⟨color1⟩}{⟨color2⟩}{⟨color3⟩}{⟨color4⟩}{⟨color5⟩}
Mark color in English rulers. If an argument is empty, then that parameter will not be changed.


⟨color1⟩ Mark color at k/16 inch, where k is positive odd integer.
⟨color2⟩ Mark color at k/8 inch, where k is positive odd integer.
⟨color3⟩ Mark color at k/4 inch, where k is positive odd integer.
⟨color4⟩ Mark color at k/2 inch, where k is positive odd integer.
⟨color5⟩ Mark color at integer units.


The default values are given by ⟨color⟩ of \rulerparams, respectively by color option.
Example:
{\fgrulercolorin{yellow}{orange}{green}{blue}{red}
\rulerparams{1pt}{}{}{5mm}{}
\fgrulernoborderline
\ruler[in]{rightdown}{3in}}


1 2 30 inch


\fgrulerreset
It sets all options and parameters to default values. This command can only be expanded in the
document body.


 All setting commands obey the normal scoping rules, i.e. if you use them inside a group, then the
changing of the parameters is not valid outside the group.
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7 Examples
7.1 Deafult case


\documentclass{article}
\usepackage{fgruler}
\begin{document}
...
\end{document}
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7.2 The showframe and color options


\documentclass{article}
\usepackage[color=red,showframe]{fgruler}
\begin{document}
...
\end{document}
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7.3 The type=upperright option


\documentclass{article}
\usepackage[type=upperright]{fgruler}
\begin{document}
...
\end{document}
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7.4 The type=lowerleft option


\documentclass{article}
\usepackage[type=lowerleft]{fgruler}
\begin{document}
...
\end{document}
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7.5 The type=lowerright option


\documentclass{article}
\usepackage[type=lowerright]{fgruler}
\begin{document}
...
\end{document}
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7.6 Shift in default case


\documentclass{article}
\usepackage[hshift=1cm,vshift=2cm]{fgruler}
\begin{document}
...
\end{document}
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7.7 Shift in case type=upperright option


\documentclass{article}
\usepackage[type=upperright,hshift=1cm,vshift=2cm]{fgruler}
\begin{document}
...
\end{document}


14


1234567891011121314151617181920


1


2


3


4


5


6


7


8


9


10


11


12


13


14


15


16


17


18


19


20


21


22


23


24


25


26


27


cm







7.8 Shift in case type=lowerleft option


\documentclass{article}
\usepackage[type=lowerleft,hshift=1cm,vshift=2cm]{fgruler}
\begin{document}
...
\end{document}
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7.9 Shift in case type=lowerright option


\documentclass{article}
\usepackage[type=lowerright,hshift=1cm,vshift=2cm]{fgruler}
\begin{document}
...
\end{document}
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7.10 The type=alledges option


\documentclass{article}
\usepackage[type=alledges]{fgruler}
\begin{document}
...
\end{document}


17


1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21


1


2


3


4


5


6


7


8


9


10


11


12


13


14


15


16


17


18


19


20


21


22


23


24


25


26


27


28


29
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21


1


2


3


4


5


6


7


8


9


10


11


12


13


14


15


16


17


18


19


20


21


22


23


24


25


26


27


28


29


cm







7.11 The type=alledges* option


\documentclass{article}
\usepackage[type=alledges*]{fgruler}
\begin{document}
...
\end{document}
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7.12 The type=upperleftT option


\documentclass{article}
\usepackage[type=upperleftT]{fgruler}
\begin{document}
...
\end{document}
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7.13 The type=upperrightT option


\documentclass{article}
\usepackage[type=upperrightT]{fgruler}
\begin{document}
...
\end{document}
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7.14 The type=lowerleftT option


\documentclass{article}
\usepackage[type=lowerleftT]{fgruler}
\begin{document}
...
\end{document}
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7.15 The type=lowerrightT option


\documentclass{article}
\usepackage[type=lowerrightT]{fgruler}
\begin{document}
...
\end{document}
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7.16 The type=alledgesT option


\documentclass{article}
\usepackage[type=alledgesT]{fgruler}
\begin{document}
...
\end{document}
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7.17 The type=alledgesT* option


\documentclass{article}
\usepackage[type=alledgesT*]{fgruler}
\begin{document}
...
\end{document}
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7.18 Combining type names


\documentclass{article}
\usepackage[type={alledges,alledgesT}]{fgruler}
\begin{document}
...
\end{document}
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7.19 Setting the type=user option
In the next example the type=user option activates type=upperright or type=upperleft, depending
on the page number is odd or even.


\documentclass{article}
\usepackage[type=user]{fgruler}
\fgrulerdefuser{


\ifodd\value{page}\fgrulertype{\fgrulerunit}{upperright}
\else\fgrulertype{\fgrulerunit}{upperleft}\fi


}
\begin{document}
...
\end{document}
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7.20 Setting the type=user option
In the next example the type=user option places a vertical ruler at the left border of the text area.


\documentclass{article}
\usepackage[type=user]{fgruler}
\fgrulerdefuser{


\AtTextLowerLeft{% See eso-pic package!
\rulerparamsfromfg
\llap{\ruler[\fgrulerunit]{downleft}{\textheight}}


}
}
\begin{document}
...
\end{document}
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7.21 Setting the type=user option
In the next example the type=user option places rulers at the right and bottom borders of the text area.


\documentclass{article}
\usepackage[type=user]{fgruler}
\fgrulerdefuser{


\AtTextLowerLeft{% See eso-pic package!
\rulerparamsfromfg
\rulernorotatenum
\llap{\ruler[\fgrulerunit]{downleft}{\textheight}}%
\ruler*[\fgrulerunit]{rightdown}{\textwidth}


}
}
\begin{document}
...
\end{document}
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7.22 Setting the type=user option
In the next example the type=user option places rulers at the right and top borders of the text area.


\documentclass{article}
\usepackage[type=user]{fgruler}
\fgrulerdefuser{


\AtTextUpperLeft{% See eso-pic package!
\rulerparamsfromfg
\ruler[\fgrulerunit]{rightup}{\textwidth}%
\rulernorotatenum
\csname fgrulercaption\fgrulerunit\endcsname{}%
\ruler*[\fgrulerunit]{downright}{\textheight}


}
}
\begin{document}
...
\end{document}
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7.23 Rulers on the foreground of the current page and in the text


text 1 2 30 cm text
1 2 30 cm


text 1


2


3


0
cm


\documentclass{article}
\usepackage[color=blue]{fgruler}
\begin{document}


\fgruler{upperleft}{1cm}{1.5cm}
\fgruler*[color=red,unit=in]{lowerrightT}
\noindent
text
\rulerparams{}{\color{red}\tiny\ttfamily}{green}{}{}
{\fgrulernoborderline\ruler{rightdown}{3cm}}
text
\ruler*{rightdown}{3cm}
text
\rotatebox[origin=tl]{30}{\ruler*{rightdown}{3cm}}
% \rotatebox is defined in graphicx package


\end{document}


30


1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21


1


2


3


4


5


6


7


8


9


10


11


12


13


14


15


16


17


18


19


20


21


22


23


24


25


26


27


28


29


cm


1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20


1


2


3


4


5


6


7


8


9


10


11


12


13


14


15


16


17


18


19


20


21


22


23


24


25


26


27


28


cm


123456


1


2


3


4


5


6


7


8


9


inch 0
0







7.24 Ruler types in the text
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\documentclass{article}
\usepackage[a4paper,margin=25mm]{geometry}
\usepackage[nonefgrulers]{fgruler}
\begin{document}


\noindent
\rulerparams{}{}{red}{}{3pt}
\ruler{rightdown}{3cm}
\hfill
\ruler{rightup}{3cm}
\hfill
\ruler{leftup}{3cm}
\hfill
\ruler{leftdown}{3cm}


\bigskip\noindent
\rulerparams{}{}{green}{}{}
{\rulernorotatenum\ruler{upright}{3cm}}
\hfill
\ruler{downright}{3cm}
\hfill
\ruler{upleft}{3cm}
\hfill
\ruler{downleft}{3cm}


\bigskip\noindent
\rulerparams{}{}{blue!50!black}{}{}
{\rulernorotatenum\fgrulercaptioncm{}\squareruler{upperleft}{2cm}{3cm}}
\hfill
\squareruler{lowerright}{2cm}{3cm}
\hfill
\squareruler{lowerleft}{2cm}{3cm}
\hfill
\squareruler{upperright}{2cm}{3cm}
\hfill
{\rulerparams{}{\footnotesize\bfseries\color{red}}{}{5mm}{}
\squareruler[in]{lowerleft}{2in}{3cm}}


\end{document}
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7.25 Measuring tapes
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\documentclass{article}
\usepackage[a4paper,margin=25mm]{geometry}
\usepackage[nonefgrulers]{fgruler}
\begin{document}


\noindent
\ruler{taperight}{\textwidth}\\[2pt]
\rotatebox[origin=br]{-90}{\ruler{tapeleft}{3cm}}
\ruler{taperight}{10cm}


\medskip\noindent
{\fgrulerdefnum{}
\ruler{taperight}{\textwidth}}


\medskip\noindent
{\fgrulerdefnum{}
\fgrulercaptioncm{}
\rulerparams{}{}{red}{}{0pt}
\ruler{taperight}{\textwidth}}


\end{document}
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7.26 Mark length and rotating
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\documentclass{article}
\usepackage[nonefgrulers]{fgruler}
\begin{document}


\noindent
{\fgrulerdefnum{\rotatebox{45}{\arabic{fgrulernum}\,cm}}
\fgrulercaptioncm{}
\rulerparams{}{\tiny\color{red}}{blue}{8mm}{}
\fgrulercolorcm{}{}{black}
\rotatebox{-45}{\ruler{rightup}{10cm}}\\
\ruler{rightup}{5cm}}


\end{document}
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7.27 Coordinate system
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\documentclass{article}
\usepackage[a4paper,margin=25mm]{geometry}
\usepackage[nonefgrulers]{fgruler}
\begin{document}


\noindent
\rulernorotatenum
\fgrulercaptioncm{}
\fgrulercolorcm{}{}{red}
\rulerparams{}{\scriptsize\color{red}}{}{}{}
{\fgrulerdefnum{$-\arabic{fgrulernum}$}\squareruler*{upperright}{3cm}{3cm}}%
\squareruler{lowerleft}{13cm}{6cm}


\end{document}
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7.28 A new square ruler type


1


2


3


4


5


0
1 2 30 cm


\documentclass{article}
\usepackage[type=none]{fgruler}
\newcommand{\usersquareruler}[2]{%


{\rulernorotatenum\fgrulercaptioncm{}\ruler*{downleft}{#2}}%
\ruler{rightup}{#1}%


}
\begin{document}
\usersquareruler{3cm}{5cm}
\end{document}
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Abstract


There are two definite articles in Hungarian, “a” and “az”, depending
on the first sound of the word that follows. If the word begins with a vowel
sound, the definite article is “az”, otherwise it is “a”.


The huaz package helps the user to automatically insert the correct
definite article for cross-references and other commands containing text.
This way, if the number or text changes, the definite articles will change
accordingly.


The documentation of the huaz package is in Hungarian, as it is assumed
that only Hungarian-speaking users are interested.


1. Bevezetés


A magyar nyelvben a határozott névelő egy szó előtt aszerint „a” vagy „az”, hogy
a szó kiejtve mássalhangzóval vagy magánhangzóval kezdődik. Például „a szék”
vagy „az asztal”. Ez egyszerű szabály, de írásban összetett vizsgálatot igényel. Itt
felsorolunk néhány nehézséget:


• Ha oldalszámra akarunk hivatkozni, akkor a \pageref parancsot szoktuk
használni. Ha ez elé kell határozott névelőt rakni, akkor nem mindegy, hogy
mi az oldalszám. Például „az 1. oldal”, „a 2. oldal”, „az 5. oldal”, „a 10. oldal”.
Így egyáltalán nem biztos, hogy az „a \pageref{⟨kulcs⟩}” kód megfelelő
eredményt ad. Hasonló a probléma minden kereszthivatkozás esetén (\ref,
\pageref, \eqref, \cite).


• Az is fontos, hogy egy kifejezés római szám vagy sem. Például „az V. fejezet”,
ha V római szám, azaz 5 a jelentése. Ugyanakkor „a V. fejezet”, ha V betűt
jelöl vagy alfanumerikus szám esetén a 22 értéket (V az angol ábécében a
22. betű).


• Néhány mássalhangzó speciális tulajdonságú. Például „a Magyar Közlöny”
de „az M betű”; „a Nyugdíjfolyósító Igazgatóság” de „az Ny betű”; stb.


Először megemlítünk két eddigi megoldást a határozott névelők automatikus ke-
zelésére, kiemelve azok hibáit és hiányosságait.
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1.1. A magyar.ldf


Egyik lehetőség a babel csomag magyar opcióját beállító magyar.ldf fájl hasz-
nálata. Ennek teljes dokumentációja elérhető innen: https://math.bme.hu/late
x/magyarldf-doc.pdf.
Az ebben definiált \az, \aref, \apageref, \acite, stb. parancsok alapvetően
jól használhatóak, de van néhány fontos hiba, melyek a huaz csomag megírását
motiválták:


• Az \eqref parancsnak nincs névelős verziója. Helyette az \aref({⟨kulcs⟩})
használható, de ez dőlt betűs környezetben nem álló betűs eredményt ad,
mint az \eqref esetében. Másik lehetőség, ami ezt a problémát megoldja,
az \az{\eqref{⟨kulcs⟩}} parancs. Ugyanakkor egyik megoldás sem kezeli a
római számozású vagy a \tag paranccsal címkézett egyenleteket.


• Az \az{\ref{⟨kulcs⟩}} és \az{\pageref{⟨kulcs⟩}} nem kezeli a római szá-
mozású hivatkozásokat.


• Az előző hiba akkor is fennáll, amikor az \az parancsban egy római számmal
kezdődő szöveg van. Például \az{V.~osztály} eredménye „a V. osztály”.


• Amennyiben nem kereszthivatkozáshoz, hanem egy szöveghez, vagy valami-
lyen szöveget tároló parancshoz kell automatikus névelő, akkor az ékezetes
betűket UTF-8 kódolás esetén rosszul detektálja, mivel azok nem egy, hanem
több bájton vannak kódolva, amit a magyar.ldf nem vesz figyelembe. Ezért
például \az{ágy} eredménye „a ágy”, mert nem betűként érzékeli az „á” be-
tűt, így azt sem tudja, hogy ez magánhangzó. Meglepő módon \az{száz}


eredménye „az száz” is rossz. Ennek oka, hogy számára az „á” nem betű,
ezért az „sz” betűt különállónak tekinti, ami elé valóban „az” kell.


• Például \az{\textbf{N betű}} esetén a \textbf parancs megzavarja a
szó betűinek detektálását, így a névelő helytelenül „a” lesz.


1.2. A nevelok csomag


A nevelok csomag szintén a határozott névelők automatikus beillesztéséhez ké-
szült. Nem kezeli az ékezetes betűk semmilyen formáját és sok esetben ad kereszthi-
vatkozásoknál rossz névelőt, ugyanis közvetlenül a \ref és \pageref parancsokat
vizsgálja, amelyek nem kifejthetőek. Ezért ennek a csomagnak a jelenlegi verzióját
nem szabad használni !


1.3. A huaz csomag célja és működése


A huaz csomag segíti a felhasználót abban, hogy a kereszthivatkozásokhoz és szöve-
get tartalmazó parancsokhoz automatikusan beszúrja a megfelelő határozott név-
előt. Így ha ezek változnak, akkor a határozott névelők is megfelelően változnak.
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Fontos cél volt ezt úgy megtenni, hogy a magyar.ldf és a nevelok.sty hibáit
és hiányosságait korrigálja illetve pótolja.
A huaz csomag a következő esetekben illeszt az adott szöveg elé „az” névelőt:


1. Az első betű magánhangzó (legyen az kis- vagy nagybetű, ékezetes vagy sem,
magyar vagy sem, UTF-8, ISO-8859-2 karakterrel vagy ékezet paranccsal
megadva).


2. Az első betű olyan kis vagy nagy mássalhangzó, amit önmagában kiejtve
magánhangzóval kezdünk (például F, L, M, stb.) míg a második karakter
(ha van) nem betű, hanem szám, írásjel vagy szóköz. Például „M-10”. Ide
soroltunk néhány nem magyar ékezetes mássalhangzót is. Például „Ň.1”.


3. Az első két karakter egy olyan kis vagy nagy kétjegyű mássalhangzó, amit
önmagában kiejtve magánhangzóval kezdünk (például NY, LY, SZ, stb.) míg
a harmadik karakter (ha van) nem betű, hanem szám, írásjel vagy szóköz.
Például „SZ betű”.


4. Az első karakter 5.


5. 1, 4, 7 vagy 10 jegyű számmal kezdődik és az első számjegy 1 (egy, ezer,
egymillió, egymilliárd).


Ha a szó elején található karakterek római számként is értelmezhetőek, akkor meg-
választható, hogy azt konvertálja arab számra és a névelőt ahhoz határozza meg
vagy sem. Például „V. emelet” esetén.


2. A huaz csomag használata


A huaz csomagot a szokott módon kell betölteni :
\usepackage{huaz}


Kompatibilis a latex, pdflatex, xelatex és lualatex fordítókkal is. A latex


és pdflatex fordítóval a következő betöltés megfelelő:


\documentclass{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu−min}{magyar.ldf}
\usepackage[magyar]{babel}
\usepackage{huaz}
\begin{document}
...


\end{document}


Az ékezetes betűket UTF-8 (utf8) és ISO-8859-2 (latin2) kódolású forrásfájl
esetén, illetve ékezet parancsokkal (\', \", \H, stb.) is jól kezeli.
A hyperref csomaggal is kompatibilis, így az is betölthető a huaz mellé.
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A magyar.ldf defaults=hu−min opciója bekapcsol néhány olyan opciót is,
amely elérhetővé teszi a saját automatikus névelőparancsait. Ha ezeket a huaz
csomag használata esetén ki akarja kapcsolni, akkor a


\PassOptionsToPackage{defaults=hu−min}{magyar.ldf}


sor helyett használja a következőt:


\PassOptionsToPackage{
defaults=hu−min,
az=no,
shortrefcmds=no,
hunnewlabel=no
}{magyar.ldf}


Ezt nem kell feltétlenül megtenni, mert a huaz csomag átdefiniálja a magyar.ldf


névelőparancsait függetlenül attól, hogy a babel előtt vagy után töltötte be.
A xelatex és lualatex fordítók esetén babel helyett a


\usepackage{polyglossia}
\setdefaultlanguage{hungarian}


is használható.
A huaz csomag felhasználja az xstring, refcount és iftex csomagok szolgál-
tatásait, így ezek is betöltődnek. Felhasználásra kerül néhány 2021. október 10-én
bevezetett változás a LATEX kerneljében, így csak az ezután telepített rendszereken
működik megfelelően a csomag.


2.1. Parancsok


\az{⟨szöveg⟩}


A ⟨szöveg⟩ elé a megfelelő határozott névelő kerül kisbetűs alakban. Ha a ⟨szöveg⟩
római számként is értelmezhető (pl. „XII”), esetleg azt írásjel vagy szóköz követi
(pl. „XII.A”), akkor a névelő az arab megfelelőjéhez igazodik. Például


Idén \az{V.B}~osztály rendezi a farsangot.


eredménye „Idén az V.B osztály rendezi a farsangot.”. De


\az{VB}, \az{V4}


eredménye „a VB, a V4” lesz, mert V után betű illetve szám következik, ezért nem
5-nek, hanem V betűnek értelmezi mindkét esetben.
A ⟨szöveg⟩ lehet szöveget tároló parancs is. Például


\newcommand{\osztaly}{V.B}
Idén \az{\osztaly}~osztály rendezi a farsangot.
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eredménye „Idén az V.B osztály rendezi a farsangot.”.
A ⟨szöveg⟩ tartalmazhat szövegformázó parancsokat is (bővebben lásd a 2.3. alsza-
kaszban). Például


\newcommand{\osztaly}{V.B}
Idén \az{\textbf{\osztaly}}~osztály rendezi a farsangot.


eredménye „Idén az V.B osztály rendezi a farsangot.”.
A ⟨szöveg⟩ lehet kereszthivatkozás is. Például


\section{Cím}\label{seca}
\section{Cím}\label{secb}
\az{\ref{seca}}.~szakaszban,
\az{\textbf{\ref{secb}}}.~szakaszban


eredménye „az 1. szakaszban, a 2. szakaszban”.
Ha a section számláló kiírása római számozásra van állítva a


\renewcommand{\thesection}{\Roman{section}}


paranccsal, akkor az előző kód eredménye „az I. szakaszban, a II. szakaszban”.


Korlátozások


1. A ⟨szöveg⟩ elején a \ref, \ref*, \pageref, \pageref*, \eqref, \refeq
kereszthivatkozásokkal működik helyesen. Az \eqref az amsmath, a \refeq
pedig a mathtools csomaggal van definiálva.


2. A ⟨szöveg⟩ elején a \cite jól működik a natbib csomaggal és bibtex ese-
tében is.
A biblatex csomaggal a \cite, \citeauthor, \textcite, \citeyear
akkor működik jól, ha a style vagy citestyle opciók értéke:
numeric


numeric−verb
alphabetic


alphabetic−verb
authoryear


Akkor is jól működik, ha nem adjuk meg a style illetve citestyle opciók
egyikét sem.


3. A pdf vázlatfájába nem lehet \az paranccsal szöveget beilleszteni. Tehát pél-
dául a következő kód nem ad helyes vázlatfát, ha hyperref vagy bookmark


csomagot használ (bár a cím a szövegben, fejlécben és a tartalomjegyzékben
jól fog megjelenni).


\section{...\az{\ref{sec}}...}
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A problémát a később ismertetett \azsaved illetve \aznotshow parancsok-
kal lehet megoldani.


\az*{⟨szöveg⟩}


Ugyanaz mint a * nélküli esetben, de ekkor csak a névelő kerül kiírásra. Például,
ha az amsmath és hyperref csomagok használata mellett szeretnénk egy link
nélküli egyenlethivatkozást, akkor ezt (mivel nincs \eqref* definiálva) például
így tehetjük meg:


\begin{equation}\label{eq}
a=b
\end{equation}
\emph{Lásd \textup{(\ref*{eq})} egyenletet!}


Szebb lenne a mondat határozott névelővel a képlet száma előtt, de most nem ad
feltétlenül helyes eredményt az


\az{\textup{(\ref*{eq})}}


kód, mert az első karakter a ( jel lesz, és nem a képlet száma. Így minden esetben
„a” lesz a névelő. Ezt a következő módon javíthatjuk:


\az*{\ref{eq}} \textup{(\ref*{eq})}


\azv{⟨szöveg⟩}


Ugyanaz mint az \az{⟨szöveg⟩}, de ha a ⟨szöveg⟩ elején római számként értelmezhe-
tő karakterek vannak, akkor a névelő nem az arab megfelelőjéhez igazodik, hanem
mint egyszerű karakterekhez. Például


\renewcommand{\thesection}{\Alph{section}}
\setcounter{section}{21}
\section{Cím}\label{sec}
\az{\ref{sec}}.~szakaszban, \azv{\ref{sec}}.~szakaszban


eredménye „az V. szakaszban, a V. szakaszban”, mert az első esetben a V betűt ró-
mai számként értelmezte, a második esetben pedig nem. Mivel most alfanumerikus
számra van beállítva a section számláló, ezért a második eset a jó.


\azv*{⟨szöveg⟩}


Ugyanaz mint a * nélküli esetben, de ekkor csak a névelő kerül kiírásra.
\Az{⟨szöveg⟩}
\Az*{⟨szöveg⟩}
\Azv{⟨szöveg⟩}
\Azv*{⟨szöveg⟩}


Ugyanaz, mint a kis a betűvel kezdődő parancsok, de ekkor a határozott névelő
nagybetűvel kezdődik, ami mondatok elején szükséges. Például
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\section{Cím}\label{sec}
\Az{\ref{sec}}.~szakaszban \dots


eredménye „Az 1. szakaszban . . . ”.
\azsaved


Az előző parancsok bármelyikét használva, generálódik egy kifejthető \azsaved


parancs. Ennek eredménye az a határozott névelő amelyik a szó elé kell.
Amikor hyperref vagy bookmark csomagot használ, akkor (ahogyan azt korábban
említettük) a következő kód esetén a cím, fejléc, tartalomjegyzék rendben lesz, de
a pdf vázlatfája nem:


\section{\Az{\ref{sec}}...}


Ez az \azsaved paranccsal a következő módon oldható meg:


\section{\texorpdfstring {\Az*{\ref{sec}}} {\azsaved}
\ref{sec}...}


Ekkor a vázlatfába az


\azsaved \ref{sec}...


kód kerül, ami már helyes eredményt ad.
\aznotshow


Az előző probléma a \texorpdfstring helyett ezzel a paranccsal egyszerűbben
is megoldható. Ugyanis ezt helyezve az \az (vagy bármelyik verziója) elé, az ered-
mény nem jelenik meg, csak az \azsaved generálódik le a megfelelő határozott
névelővel. Így


\aznotshow\Az{\ref{sec}}
\section{\azsaved \ref{sec}...}


szintén helyes eredményt ad a vázlatfában is.
\azseparator{⟨kód⟩}


Ezzel lehet megadni, hogy a határozott névelő és a ⟨szöveg⟩ mivel legyen elválasztva.
Alapértelmezetten ez a törhetetlen normál méretű szóköz, ami


\azseparator{~}


módon lett beállítva. Ha át akarjuk állítani például törhető szóközre akkor ez


\azseparator{ }


módon tehető meg.
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2.2. Rövidítések


A \ref, \ref*, \eqref, \refeq, \pageref, \pageref*, \cite kereszthivatko-
zások elé nem csak az előbbi parancsokkal tehetünk határozott névelőt, ugyanis
mindegyiknek van egy rövidített egyparancsos verziója is :


\aref{⟨kulcs⟩} ≡ \az{\ref{⟨kulcs⟩}}
\aref*{⟨kulcs⟩} ≡ \az{\ref*{⟨kulcs⟩}}
\avref{⟨kulcs⟩} ≡ \azv{\ref{⟨kulcs⟩}}
\avref*{⟨kulcs⟩} ≡ \azv{\ref*{⟨kulcs⟩}}


\aeqref{⟨kulcs⟩} ≡ \az{\eqref{⟨kulcs⟩}}
\aveqref{⟨kulcs⟩} ≡ \azv{\eqref{⟨kulcs⟩}}


\arefeq{⟨kulcs⟩} ≡ \az{\refeq{⟨kulcs⟩}}
\avrefeq{⟨kulcs⟩} ≡ \azv{\refeq{⟨kulcs⟩}}


\apageref{⟨kulcs⟩} ≡ \az{\pageref{⟨kulcs⟩}}
\apageref*{⟨kulcs⟩} ≡ \az{\pageref*{⟨kulcs⟩}}
\avpageref{⟨kulcs⟩} ≡ \azv{\pageref{⟨kulcs⟩}}
\avpageref*{⟨kulcs⟩} ≡ \azv{\pageref*{⟨kulcs⟩}}


\acite[⟨szöveg⟩]{⟨kulcs1⟩,⟨kulcs2⟩,...} ≡ \az{\cite[⟨szöveg⟩]{⟨kulcs1⟩,⟨kulcs2⟩,...}}
\avcite[⟨szöveg⟩]{⟨kulcs1⟩,⟨kulcs2⟩,...} ≡ \azv{\cite[⟨szöveg⟩]{⟨kulcs1⟩,⟨kulcs2⟩,...}}


A parancsok nevében az első a betű kicserélhető A betűre. Ekkor a határozott
névelő nagybetűvel kezdődik, ami mondatok elején szükséges:


\Aref \Aref* \Avref \Avref*
\Aeqref \Aveqref


\Arefeq \Avrefeq


\Apageref \Apageref* \Avpageref \Avpageref*
\Acite \Avcite


Például


\section{Cím}\label{seca}
\section{Cím}\label{secb}
\Aref{seca}.~és \aref{secb}.~szakaszokban


eredménye „Az 1. és a 2. szakaszokban”.


2.3. Ignorált parancsok


Amikor a huaz csomag megkeresi a megfelelő határozott névelőt, akkor a szövegben
a következő parancsokat a nem szöveget tároló argumentumaikkal együtt (ha van)
figyelmen kívül hagyja:


\bfseries


\color


\emph


\em


\enquote


\fbox


\fontencoding


\fontfamily


\fontseries


\fontshape


\fontsize


\footnotesize


\framebox


\hbox


\href


\huge
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\Huge


\itshape


\large


\Large


\LARGE


\lowercase


\makebox


\MakeLowercase


\MakeUppercase


\mbox


\mdseries


\negthinspace


\normalfont


\normalsize


\num


\rmfamily


\scriptsize


\scshape


\selectfont


\sffamily


\slshape


\small


\sscshape


\swshape


\textbf


\textcolor


\textit


\textmd


\textnormal


\textqq


\textrm


\textsc


\textsf


\textsl


\textssc


\textsw


\texttt


\textulc


\textup


\tiny


\told


\ttfamily


\ulcshape


\underline


\uppercase


\upshape


\usefont


Emiatt lehetséges, hogy a következő kódok jól működnek:


\newcommand{\osztaly}{V.B}
Idén \az{\textbf{\osztaly}}~osztály rendezi a farsangot.


\section{Cím}\label{sec}
\az{\footnotesize\ref{sec}}


De ez is helyes eredményt ad:


\newcommand{\myfont}[1]{{\usefont{T1}{yv1d}{m}{n}#1}}
\newcommand{\osztaly}{V.A~osztály}
\az{\myfont{\osztaly}}


Azért kapunk helyes eredményt, mert a \myfont kifejtésében található \usefont


szerepel az előző listában. Ha a \myfont erős parancsként lett volna definiálva,
akkor már nem működne megfelelően az előző kód (lásd később). Ebben az esetben
a \myfont parancsot is fel kell venni a listára.


\huazignorecmd[⟨opció⟩]{⟨parancs⟩}


Az ignoráló listát ezzel lehet bővíteni. A ⟨parancs⟩ helyére az ignorálandó parancsot
kell írni az argumentumai és * nélkül. Az ⟨opció⟩ 0 és 9 közötti egész szám lehet.
Amennyiben ezektől eltérő a beírt ⟨opció⟩, akkor erre figyelmeztet a fordító. A
használata három esetre bontható.


1. eset. Opció nélkül használva, a ⟨parancs⟩ a névelő megállapításakor törlődik,
de az utána írt *, opció vagy argumentum nem. Deklarációs parancsok esetén jól
használható. Például a \tiny parancs így lett besorolva a listába:


\huazignorecmd{\tiny}


Ugyanez alkalmazható abban az esetben is, ha a ⟨parancs⟩-nak nincs csillagos ver-
ziója sem opciója, továbbá az első { } jelek közé írt argumentuma a figyelembe
vett szöveg. Például a \textrm ilyen, ezért így lett besorolva:
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\huazignorecmd{\textrm}


A shadowtext csomag \shadowtext parancsa nincs a listában, ezért a következő
kód eredménye hibás lesz:


\newcommand{\osztaly}{X.A~osztály}
\az{\shadowtext{\osztaly}}


A listára


\huazignorecmd{\shadowtext}


módon vehető fel, mert a \shadowtext parancsnak sem opciója sem csillagos
verziója nincs, továbbá egyetlen argumentuma a szöveg. Tehát a következő kód
már megfelelően működik:


\huazignorecmd{\shadowtext}
\newcommand{\osztaly}{X.A~osztály}
\az{\shadowtext{\osztaly}}


Megjegyezzük, hogy az előző eset így is megoldható:


\newcommand{\osztaly}{X.A~osztály}
\az*{\osztaly}~\shadowtext{\osztaly}


Ha a \shadowtext az \osztaly definíciójában szerepel, akkor nem tudjuk meg-
kerülni a \huazignorecmd használatát az előző módon:


\huazignorecmd{\shadowtext}
\newcommand{\osztaly}{\shadowtext{X.A~osztály}}
\az{\osztaly}


2. eset. Ha az ⟨opció⟩ 0, akkor a ⟨parancs⟩ és az utána található első { jelig található
kódok mindegyike ignorálódik a névelő megállapításakor. Tehát például


\huazignorecmd[0]{\foo}


esetén a


\foo{...} \foo*{...} \foo[...]{...} \foo*[...]{...}


kódokban a


\foo \foo* \foo[...] \foo*[...]


mindegyike figyelmen kívül lesz hagyva a névelő megállapításakor. A \makebox


például
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\huazignorecmd[0]{\makebox}


módon lett besorolva, ezért például


\makebox[2cm][s]{szöveg}


esetén a \makebox[2cm][s] rész törlődik és csak a „szöveg” lesz figyelembe véve.
Ha a formázó parancs erős, akkor a \huazignorecmd használata nem kerülhető
meg még akkor sem, ha a listán szereplő parancsokkal épül fel. Például


\huazignorecmd[0]{\myfont}
\DeclareRobustCommand{\myfont}[2][cmr]


{{\usefont{T1}{#1}{m}{n}#2}}
\renewcommand{\thesection}{\myfont[yv1d]{\arabic{section}}}
\section{Cím}\label{sec}
\aref{sec}


Ebben a példában nem hagyható el a [0], mert a \myfont-nak van opciója.


3. eset. Ha az ⟨opció⟩ 1 és 9 közötti egész szám, akkor a \huazignorecmd parancs
a névelő megállapítása során a ⟨parancs⟩-ot és az utána következő első { jelig tartó
kódokat ignorálja, továbbá ezután az első ⟨opció⟩ darab { } jelek közé írt részeket
szintén figyelmen kívül hagyja. Tehát például


\huazignorecmd[1]{\foo}


esetén a


\foo{...} \foo*{...} \foo[...]{...} \foo*[...]{...}


kódok mindegyike figyelmen kívül lesz hagyva a névelő megállapításakor. Például
a \textcolor parancs


\huazignorecmd[1]{\textcolor}


módon lett a listába sorolva, így a


\textcolor[RGB]{20,30,40}{szöveg}


parancsban a


\textcolor[RGB]{20,30,40}


kódrész ignorálva lesz, és csak a „szöveg” kerül vizsgálatra a névelő megállapítá-
sakor. Ha a


\huazignorecmd[2]{\foo}
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parancsot használjuk, akkor a


\foo{...}{...} \foo*{...}{...}
\foo[...]{...}{...} \foo*[...]{...}{...}


kódok mindegyike figyelmen kívül lesz hagyva a névelő megállapításakor. Például
a \fontsize parancs


\huazignorecmd[2]{\fontsize}


módon lett a listába sorolva, így a


\fontsize{14pt}{14pt}


parancs figyelmen kívül lesz hagyva a névelő megállapításakor.


2.4. A kereszthivatkozások kifejthető verziói


Ha a szöveg elején kereszthivatkozás van, akkor a határozott névelő megállapítása
előtt a kereszthivatkozás parancsát le kell cserélni annak kifejthető verziójára. A
refcount csomag két ilyen parancsot definiál : A \getrefnumber a \ref, \ref*,
\eqref, \refeq esetén használható, a \getpagerefnumber pedig a \pageref


és \pageref* esetén.
\huazrefcmd{⟨parancs⟩}


Ezzel a paranccsal elérhető, hogy a ⟨parancs⟩ helyére beírt parancsot és annak csilla-
gos verzióját a határozott névelő megállapítása során a \getrefnumber paranccsal
helyettesítse.
A \ref, \ref*, \eqref, \refeq parancsok így lettek besorolva a huaz csomag-
ban:


\huazrefcmd{\ref}
\huazrefcmd{\eqref}
\huazrefcmd{\refeq}


Ezzel már az \eqref* és \refeq* is működne, de ezek a csillagos verziók nin-
csenek definiálva a csillag nélküli verziókat definiáló amsmath illetve mathtools


csomagokban. Ezt mi is pótolhatjuk, amire a 2.6. alszakaszban láthatunk megol-
dást.


\huazpagerefcmd{⟨parancs⟩}


Ezzel a paranccsal elérhető, hogy a ⟨parancs⟩ helyére beírt parancsot és annak
csillagos verzióját a határozott névelő megállapítása során a \getpagerefnumber


paranccsal helyettesítse.
A \pageref és \pageref* parancsok így lettek besorolva a huaz csomagban:


\huazrefcmd{\pageref}


Ezekre láthatunk egy alkalmazást a 2.5. alszakaszban.
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2.5. Az \autoref és \autopageref parancsok


Ezeket a parancsokat a hyperref csomag definiálja. Ezekkel hivatkozva egy cím-
kére, nem csak a sorszám, hanem a sorszámozott egység neve (szakasz, alszakasz,
oldal, stb.) is megjelenik link formájában. Ezeknek léteznek csillagos verzióik is,
melyeknek ugyanaz a hatásuk, de nem generálnak linket.
Magyar nyelvű dokumentumokban nem lehet közvetlenül alkalmazni, mert az an-
gol szabály szerint „1. szakasz” helyett „szakasz 1” lesz az eredménye a követke-
zőnek:


\section{Cím}\label{sec}
\autoref*{sec}


A használatához először magyarosítani kell a következő kóddal a hyperref betöl-
tése után a preambulumban:


\usepackage{regexpatch}
\makeatletter
\xpatchcmd{\HyRef@autosetref}{\HyRef@currentHtag}{}{}{}
\xpatchcmd{\HyRef@autosetref}{\null}


{\null.~\HyRef@currentHtag}{}{}
\xpatchcmd*{\HyRef@testreftype}{~}{}{}{}
\makeatother
\RenewDocumentCommand{\autopageref}{sm}{%


\IfBooleanTF{#1}
{\pageref*{#2}.~oldal}
{\hyperref[{#2}]{\pageref*{#2}.~oldal}}}


Ezután már „1. szakasz” lesz az eredmény.
Ha az így módosított \autoref, \autoref*, \autopageref, \autopageref*
parancsokhoz automatikus határozott névelőt szeretnénk, akkor írjuk be a követ-
kezőket a huaz betöltése után:


\huazrefcmd{\autoref}
\huazpagerefcmd{\autopageref}


Ezután a következő kód eredménye „Az 1. szakasz az 1. oldalon kezdődik.” lesz:


\section{Cím}\label{sec}
\Az{\autoref*{sec}} \az{\autopageref*{sec}on} kezdődik.


2.6. Az \eqref* és \refeq* parancsok


A \ref és \pageref parancsoknak definiált a csillagos verziójuk is, amely alap-
esetben nem különbözik a normál verziótól, de a hyperref csomaggal használva
a csillag nélküli verzió linket generál, míg a csillagos nem.
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Az amsmath csomag által definiált \eqref a hyperref csomaggal együtt hasz-
nálva szintén generál linket, de ennek nincs definiálva csillagos verziója, így ekkor
a link nélküli verzió nem érhető el közvetlenül. További gond az ilyen link nélküli
egyenlethivatkozás előtti automatikus névelő megadása.
Négy lehetséges megoldást mutatunk.


1. A NoHyper környezet használatával :


\begin{equation}\label{eq}
a=b
\end{equation}
\emph{Lásd \begin{NoHyper}\aeqref{eq}\end{NoHyper}


egyenletet!}


2. Az \az* parancs használatával:


\begin{equation}\label{eq}
a=b
\end{equation}
\emph{Lásd \az*{\ref{eq}} \textup{(\ref*{eq})}


egyenletet!}


3. Az \eqrefstyle parancs definiálásával és a \huazignorecmd paranccsal,
amely az előzőnek egy kényelmesebben használható verziója:


\makeatletter
\newcommand{\eqrefstyle}[1]{\textup{\tagform@{#1}}}
\makeatother
\huazignorecmd{\eqrefstyle}


\begin{equation}\label{eq}
a=b
\end{equation}
\emph{Lásd \az{\eqrefstyle{\ref*{eq}}} egyenletet!}


4. Ebben az esetben definiáljuk az \eqref csillagos verzióját (az amsmath be-
töltése után), amely nem generál linket a hyperref csomaggal együtt hasz-
nálva:


\makeatletter
\DeclareDocumentCommand{\eqref}{ s m }{%


\textup{\tagform@{%
\IfBooleanTF{#1}{\ref*{#2}}{\ref{#2}}%


}}%
}
\makeatother


Ezután a
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\begin{equation}\label{eq}
a=b
\end{equation}
\emph{Lásd \az{\eqref*{eq}} egyenletet!}


kód helyes eredményt ad, mert a huaz csomagban nem csak az \eqref,
hanem az \eqref* is a kifejthető \getrefnumber parancsra lesz kicserélve
a határozott névelő meghatározásánál.


Ugyanez a probléma a mathtools csomag által definiált \refeq és a hyperref


csomag együttes használata esetében.
Az előző négy megoldás mindegyikét lehet alkalmazni megfelelő módosításokkal:


1. A NoHyper környezet használatával :


\begin{equation}\label{eq}
a=b
\end{equation}
\emph{Lásd \begin{NoHyper}\arefeq{eq}\end{NoHyper}


egyenletet!}


2. Az \az* parancs használatával:


\begin{equation}\label{eq}
a=b
\end{equation}
\emph{Lásd \az*{\ref{eq}} \textup{\ref*{eq}} egyenletet!}


3. A \refeqstyle parancs definiálásával :


\newcommand{\refeqstyle}[1]{\textup{#1}}


\begin{equation}\label{eq}
a=b
\end{equation}
\emph{Lásd \az{\refeqstyle{\ref*{eq}}} egyenletet!}


Itt nincs szükség a \huazignorecmd{\refeqstyle} használatára.


4. A \refeq* parancs definiálásával :


\DeclareDocumentCommand{\refeq}{ s m }{%
\textup{%


\IfBooleanTF{#1}{\ref*{#2}}{\ref{#2}}%
}%


}


Ezután a


15







\begin{equation}\label{eq}
a=b
\end{equation}
\emph{Lásd \az{\refeq*{eq}} egyenletet!}


kód helyes eredményt ad, mert a huaz csomagban nem csak a \refeq, ha-
nem a \refeq* is a kifejthető \getrefnumber parancsra lesz kicserélve a
határozott névelő meghatározásánál.


2.7. Parancsok átdefiniálása a határozott névelő megállapí-
tásakor


A \huazignorecmd, \huazrefcmd és \huazpagerefcmd parancsok is a címben
szereplő funkciót látják el, de speciális esetekben. Ezek általánosított verziója a
következő parancs:


\huazdefcmd{⟨átdefiniáló kód⟩}


Az ⟨átdefiniáló kód⟩ helyére egy parancsnak azt a definícióját kell írni, amelynek
a határozott névelő megállapítása során kell érvényesülnie. Felsorolunk néhány
kódpárt, melyek ekvivalensek egymással :


\huazignorecmd{\tiny}
\huazdefcmd{\def\tiny{}}


\huazignorecmd[0]{\makebox}
\huazdefcmd{\def\makebox#1#{}}


\huazignorecmd[1]{\textcolor}
\huazdefcmd{\def\textcolor#1#{\@gobble}}


\huazrefcmd{\ref}
\huazdefcmd{\def\ref#1#{\getrefnumber}}


Alkalmazásként tekintsük a következő kódot, amely hibával fog fordulni :


\newcommand{\tananyag}{\LaTeX\ alapjai}
A mai óra anyaga \az{\tananyag}.


A megfelelő eredményhez a \LaTeX parancsot át kell definiálni a névelő megálla-
pításakor:


\huazdefcmd{\def\LaTeX{latex}}
\newcommand{\tananyag}{\LaTeX\ alapjai}
A mai óra anyaga \az{\tananyag}.


Az eredmény „A mai óra anyaga a LATEX.” lesz.
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The hulipsum package
v1.3 (2024/04/12)


Tibor Tómács
tomacs.tibor@gmail.com


The Lorem ipsum is an improper Latin filler dummy text. It is commonly used for demonstrating the
textual elements of a document template (see https://en.wikipedia.org/wiki/Lorem_ipsum). The
Lórum ipse is a Hungarian variation of the Lorem ipsum. (Lórum is a Hungarian card game, and ipse is
a Hungarian slang word, it means bloke.)


With the hulipsum package you can typeset 150 paragraphs of Lórum ipse. All paragraphs are taken
with permission from http://www.lorumipse.hu/. Thanks to Lórum Ipse Lab (Viktor Nagy and Dávid
Takács) for their work.


Usage
Load the package as usual, with


\usepackage{hulipsum}


in the preamble of your document. This package provides several macros:


\hulipsum[⟨num1⟩-⟨num2⟩]
The ⟨num1⟩ and ⟨num2⟩ are positive integers, and 1 ≤ ⟨num1⟩ ≤ ⟨num2⟩ ≤ 150. This macro
typesets the Lórum ipse paragraphs ⟨num1⟩ to ⟨num2⟩. If ⟨num1⟩ = ⟨num2⟩, then it typesets the
⟨num1⟩th paragraph. The paragraphs will be separated by the \par macro.
\hulipsum is equivalent to \hulipsum[1-7].
\hulipsum[-] is equivalent to \hulipsum[1-150].
\hulipsum[-⟨num⟩] is equivalent to \hulipsum[1-⟨num⟩].
\hulipsum[⟨num⟩-] is equivalent to \hulipsum[⟨num⟩-150].
\hulipsum[⟨num⟩] is equivalent to \hulipsum[⟨num⟩-⟨num⟩].


\sethulipsumdefault{⟨value⟩}
After this the default option of \hulipsum will be ⟨value⟩. By default the ⟨value⟩ is set to 1-7.
For example using \hulipsum after \sethulipsumdefault{10-15}, the result will be equivalent to
\hulipsum[10-15].


\hulipsum*[⟨num1⟩-⟨num2⟩]
It works like \hulipsum, but it omits the insertion of \par after each paragraph and inserts space
instead.


\hulipsumsave[⟨num1⟩-⟨num2⟩]
It works like \hulipsum, except that instead of typesetting the paragraphs, it saves the mere text
of paragraphs into the \hulipsumexp. The paragraphs will be separated by the \par macro.


\hulipsumsave[⟨num1⟩-⟨num2⟩]\hulipsumexp is equivalent to \hulipsum[⟨num1⟩-⟨num2⟩].


\hulipsumsave*[⟨num1⟩-⟨num2⟩]
It works like \hulipsumsave, but the paragraphs will be separated by space in the \hulipsumexp.


\hulipsumsave*[⟨num1⟩-⟨num2⟩]\hulipsumexp is equivalent to \hulipsum*[⟨num1⟩-⟨num2⟩].


\hulipsumdocument[⟨options⟩]
It creates a blind document with title, author, date, table of contents, part, chapter, section,
subsection, subsubsection, paragraph, subparagraph, figure, lists, equations and bibliography.


The ⟨options⟩ are:
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maketitle=⟨boolean⟩ (default: true)
Adds \maketitle, if the ⟨boolean⟩ is true.


tableofcontents=⟨boolean⟩ (default: true)
Adds \tableofcontents, if the ⟨boolean⟩ is true.


part=⟨boolean⟩ (default: false)
Adds \part{...} before the chapter and section, if the ⟨boolean⟩ is true.


abstract=⟨boolean⟩ (default: true)
Adds an abstract environment, if the ⟨boolean⟩ is true.


math=⟨boolean⟩ (default: true)
Adds a mathematical formula, if the ⟨boolean⟩ is true.


bibliography=⟨boolean⟩ (default: true)
Adds thebibliography environment, if the ⟨boolean⟩ is true.


The =true can be omitted in the options. For example \hulipsumdocument[part,math=false].
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The numspell package
v1.7 (2025/05/04)


Tibor Tómács
tomacs.tibor@gmail.com


1 Introduction


The aim of the numspell package is to spell the cardinal and ordinal numbers from 0 to 1066− 1
(i.e. maximum 66 digits).


The supported languages are English (British and American), French, German, Hungarian, Ital-
ian, and Latin∗ (classical, medieval, modern, and ecclesiastical). The spelling will happen in the
current language.


The numspell package requires the services of the xstring and iflang packages.


Load the package as usual, with


\usepackage{numspell}


2 Commands


\numspell[⟨zeros⟩]{⟨num⟩}
Spelling the cardinal number n = ⟨num⟩ · 10⟨zeros⟩, where 0 ≤ n ≤ 1066 − 1. The default
value of ⟨zeros⟩ is 0. For example


\numspell{12000} → twelve thousand
\numspell[3]{12} → twelve thousand
\numspell[6]{12} → twelve million
\numspell[63]{1} → one vigintillion


\thenumspell
The \numspell stores the result in this command. For example


\numspell{12000}; \thenumspell → twelve thousand; twelve thousand
\numspell{1}; \numspell{2}; \thenumspell → one; two; two


\numspellsave{⟨name⟩}
It generates the \thenumspell⟨name⟩ command, which saves the current \thenumspell.
For example


∗Thanks to Keno Wehr for the Latin language module.
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\numspell{1};
\numspellsave{MyNum}
\numspell{2};
\thenumspell;
\thenumspellMyNum


one; two; two; one


\numspelldashspace{⟨length⟩}
In the number spelling, the spaces around the dashes are flexibility for the optimal hyphen-
ation. Its value is 0pt plus ⟨length⟩. The default value of ⟨length⟩ is 2pt. For example


\selectlanguage{magyar}
\numspell{6512312354762547162546254756}\\[2mm]
\numspelldashspace{10pt}
\numspell{6512312354762547162546254756}


hatkvadrilliárd - ötszáztizenkétkvadrillió - háromszáztizenkéttrilliárd - háromszázötvennégy-
trillió - hétszázhatvankétbilliárd - ötszáznegyvenhétbillió - egyszázhatvankétmilliárd - ötszáz-
negyvenhatmillió-kétszázötvennégyezer-hétszázötvenhat


hatkvadrilliárd - ötszáztizenkétkvadrillió - háromszáztizenkéttrilliárd - háromszázötven-
négytrillió - hétszázhatvankétbilliárd - ötszáznegyvenhétbillió - egyszázhatvankétmilliárd -
ötszáznegyvenhatmillió-kétszázötvennégyezer-hétszázötvenhat


\numspell*[⟨zeros⟩]{⟨num⟩}
It works like \numspell, but the number spelling will not be printed. In other words, the
following two lines are equivalent:


\numspell[⟨zeros⟩]{⟨num⟩}
\numspell*[⟨zeros⟩]{⟨num⟩}\thenumspell


For example


\numspell*{1}
\numspellsave{MyNum}
\numspell*{2}
\thenumspell;
\thenumspellMyNum


two; one


\Numspell[⟨zeros⟩]{⟨num⟩}
It works like \numspell, but the first letter will be capital. For example


\Numspell{12000} → Twelve thousand
\Numspell[3]{12} → Twelve thousand
\Numspell[6]{12} → Twelve million
\Numspell[63]{1} → One vigintillion


\Numspell*[⟨zeros⟩]{⟨num⟩}
It works like \Numspell, but the number spelling will not be printed. In other words, the
following two lines are equivalent:
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\Numspell[⟨zeros⟩]{⟨num⟩}
\Numspell*[⟨zeros⟩]{⟨num⟩}\thenumspell


For example


\Numspell*{1}
\numspellsave{MyNum}
\Numspell*{2}
\thenumspell;
\thenumspellMyNum


Two; One


\ordnumspell[⟨zeros⟩]{⟨num⟩}
Spelling the ordinal number n = ⟨num⟩ · 10⟨zeros⟩, where 0 ≤ n ≤ 1066 − 1. The default
value of ⟨zeros⟩ is 0. For example


\ordnumspell{12000} → twelve thousandth
\ordnumspell[3]{12} → twelve thousandth
\ordnumspell[6]{12} → twelve millionth
\ordnumspell[63]{1} → one vigintillionth


\ordnumspell*[⟨zeros⟩]{⟨num⟩}
It works like \ordnumspell, but the number spelling will not be printed. In other words,
the following two lines are equivalent:


\ordnumspell[⟨zeros⟩]{⟨num⟩}
\ordnumspell*[⟨zeros⟩]{⟨num⟩}\thenumspell


For example


\ordnumspell*{1}
\numspellsave{MyNum}
\ordnumspell*{2}
\thenumspell;
\thenumspellMyNum


second; first


\Ordnumspell[⟨zeros⟩]{⟨num⟩}
It works like \ordnumspell, but the first letter will be capital. For example


\Ordnumspell{12000} → Twelve thousandth
\Ordnumspell[3]{12} → Twelve thousandth
\Ordnumspell[6]{12} → Twelve millionth
\Ordnumspell[63]{1} → One vigintillionth


\Ordnumspell*[⟨zeros⟩]{⟨num⟩}
It works like \Ordnumspell, but the number spelling will not be printed. In other words,
the following two lines are equivalent:
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\Ordnumspell[⟨zeros⟩]{⟨num⟩}
\Ordnumspell*[⟨zeros⟩]{⟨num⟩}\thenumspell


For example


\Ordnumspell*{1}
\numspellsave{MyNum}
\Ordnumspell*{2}
\thenumspell;
\thenumspellMyNum


Second; First


3 Commands for English language


If the english, british, ukenglish or UKenglish language is active, then the number spelling
will happen in British English. But it will be in American English, if the american, usenglish
or USenglish language is active.


\numspellUS
Using British English, you can rechange the number spelling to American English by this
command.


\numspellGB
Using American English, you can rechange the number spelling to British English by this
command.


4 Commands for French language


The following commands only work, if french language is active.


\numspellpremiere
By default, \ordnumspell{1} → premier,
but \numspellpremiere\ordnumspell{1} → première


\numspellpremier (default)
\numspellpremiere\ordnumspell{1};
\numspellpremier\ordnumspell{1}


première ; premier


5 Commands for Hungarian language


The following commands only work, if magyar or hungarian language is active.
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\anumspell[⟨zeros⟩]{⟨num⟩}
It works like \numspell, but the number spelling will start with Hungarian definite article.
For example


\anumspell{1} → az egy
\anumspell{2} → a kettő


\anumspell*[⟨zeros⟩]{⟨num⟩}
It works like \anumspell, but the number spelling will not be printed. In other words, the
following two lines are equivalent:


\anumspell[⟨zeros⟩]{⟨num⟩}
\anumspell*[⟨zeros⟩]{⟨num⟩}\thenumspell


For example


\anumspell*{1}
\numspellsave{MyNum}
\anumspell*{2}
\thenumspell;
\thenumspellMyNum


a kettő; az egy


\Anumspell[⟨zeros⟩]{⟨num⟩}
It works like \anumspell, but the first letter will be capital.


\Anumspell*[⟨zeros⟩]{⟨num⟩}
It works like \anumspell*, but the first letter will be capital.


\aordnumspell[⟨zeros⟩]{⟨num⟩}
It works like \ordnumspell, but the number spelling will start with Hungarian definite
article. For example


\aordnumspell{1} → az első
\aordnumspell{2} → a második


\aordnumspell*[⟨zeros⟩]{⟨num⟩}
It works like \aordnumspell, but the number spelling will not be printed. In other words,
the following two lines are equivalent:


\aordnumspell[⟨zeros⟩]{⟨num⟩}
\aordnumspell*[⟨zeros⟩]{⟨num⟩}\thenumspell


For example


\aordnumspell*{1}
\numspellsave{MyNum}
\aordnumspell*{2}
\thenumspell;
\thenumspellMyNum
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a második; az első


\Aordnumspell[⟨zeros⟩]{⟨num⟩}
It works like \aordnumspell, but the first letter will be capital.


\Aordnumspell*[⟨zeros⟩]{⟨num⟩}
It works like \aordnumspell*, but the first letter will be capital.


6 Commands for Italian language


The following commands only work, if italian language is active.


\numspellitmasculine (default)
The ordinal numbers will be printed in masculine form. For example
\ordnumspell{1} → primo


\numspellitfeminine
The ordinal numbers will be printed in feminine form. For example
\numspellitfeminine\ordnumspell{1};
\numspellitmasculine\ordnumspell{1}


prima; primo


7 Commands for the Latin language


The following commands only work, if one of the next languages is active: latin, classicallatin,
medievallatin, or ecclesiasticallatin.


\numspelllamasculine (default)
All numbers will be printed in masculine form. For example
\numspell{1}, \numspell{2}, \numspell{200}, \ordnumspell{1}


unus, duo, ducenti, primus


\numspelllafeminine
All numbers will be printed in feminine form. For example
\numspelllafeminine
\numspell{1}, \numspell{2}, \numspell{200}, \ordnumspell{1}


una, duae, ducentae, prima


\numspelllaneuter
All numbers will be printed in neuter form. For example
\numspelllaneuter
\numspell{1}, \numspell{2}, \numspell{200}, \ordnumspell{1}


unum, duo, ducenta, primum


6







8 Examples


\documentclass{article}
\usepackage[T1]{fontenc}
\usepackage[magyar,italian,latin,ngerman,french,english]{babel}
\usepackage{numspell}
\usepackage[group-separator={,}]{siunitx}
\begin{document}
\def\mynum{123456789}
\noindent
In British English the spelling of \num{\mynum} is
\emph{\numspell{\mynum}}.
\par\smallskip\noindent
In American English the spelling of \num{\mynum} is
\foreignlanguage{american}{\em\numspell{\mynum}}.
\par\smallskip\noindent
In French the spelling of \num{\mynum} is
\foreignlanguage{french}{\em\numspell{\mynum}}.
\par\smallskip\noindent
In German the spelling of \num{\mynum} is
\foreignlanguage{ngerman}{\em\numspell{\mynum}}.
\par\smallskip\noindent
In Hungarian the spelling of \num{\mynum} is
\foreignlanguage{magyar}{\em\numspell{\mynum}}.
\par\smallskip\noindent
In Italian the spelling of \num{\mynum} is
\foreignlanguage{italian}{\em\numspell{\mynum}}.
\par\smallskip\noindent
In Latin the spelling of \num{\mynum} is
\foreignlanguage{latin}{\em\numspell{\mynum}}.
\end{document}


In British English the spelling of 123,456,789 is one hundred and twenty - three million, four
hundred and fifty-six thousand, seven hundred and eighty-nine.


In American English the spelling of 123,456,789 is one hundred twenty-three million, four hundred
fifty-six thousand, seven hundred eighty-nine.


In French the spelling of 123,456,789 is cent vingt-trois millions quatre cent cinquante-six mille
sept cent quatre-vingt-neuf.


In German the spelling of 123,456,789 is einhundertdreiundzwanzig Millionen vierhundertsechs-
undfünfzigtausendsiebenhundertneunundachtzig.


In Hungarian the spelling of 123,456,789 is százhuszonhárommillió-négyszázötvenhatezer-hétszáz-
nyolcvankilenc.


In Italian the spelling of 123,456,789 is centoventitré milioni quattrocentocinquantaseimila sette-
centottantanove.
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In Latin the spelling of 123,456,789 is centum viginti tres milliones quadringenta quinquaginta
sex milia septingenti undenonaginta.


\documentclass{article}
\usepackage{numspell}
\newcounter{mycount}
\begin{document}
The
\makeatletter
\@whilenum\value{mycount}<51
\do{\ordnumspell{\themycount}\stepcounter{mycount},\ }\dots
\makeatother
\end{document}


The zeroth, first, second, third, fourth, fifth, sixth, seventh, eighth, ninth, tenth, eleventh,
twelfth, thirteenth, fourteenth, fifteenth, sixteenth, seventeenth, eighteenth, nineteenth, twen-
tieth, twenty - first, twenty - second, twenty - third, twenty - fourth, twenty - fifth, twenty - sixth,
twenty-seventh, twenty-eighth, twenty-ninth, thirtieth, thirty-first, thirty-second, thirty-third,
thirty-fourth, thirty-fifth, thirty-sixth, thirty-seventh, thirty-eighth, thirty-ninth, fortieth, forty-
first, forty-second, forty-third, forty-fourth, forty-fifth, forty-sixth, forty-seventh, forty-eighth,
forty-ninth, fiftieth, . . .


\documentclass{article}
\usepackage{numspell}
\newcounter{mycount}
\def\themycount{\numspell{\arabic{mycount}}}
\begin{document}
\Numspell{0},
\makeatletter
\@whilenum\value{mycount}<30
\do{\stepcounter{mycount}\themycount,\ }\dots
\makeatother
\end{document}


Nought, one, two, three, four, five, six, seven, eight, nine, ten, eleven, twelve, thirteen, fourteen,
fifteen, sixteen, seventeen, eighteen, nineteen, twenty, twenty -one, twenty - two, twenty - three,
twenty-four, twenty-five, twenty-six, twenty-seven, twenty-eight, twenty-nine, thirty, . . .


9 Limitations


Do not use the \numspell, \numspell*, \Numspell, \Numspell*, etc. commands inside section-
ing commands and \MakeUppercase. An example for the illustration of the problem:


\documentclass{article}
\usepackage{hyperref}
\usepackage{numspell}
\pagestyle{headings}
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\begin{document}
\section{The \ordnumspell{123} factor}
\MakeUppercase{\numspell{123}}
\newpage
Text
\end{document}


The following mistakes occur:


1. On the page 1: “one hundred and twenty-three”
Required: “ONE HUNDRED AND TWENTY-THREE”


2. On the heading: “THE one hundred and twenty-third FACTOR”
Required: “THE ONE HUNDRED AND TWENTY-THIRD FACTOR”


3. On the pdf bookmark: “The 123 factor”
Required: “The one hundred and twenty-third factor”


The solution


\documentclass{article}
\usepackage{hyperref}
\usepackage{numspell}
\pagestyle{headings}
\begin{document}
\ordnumspell*{123}
\section{The \thenumspell\ factor}
\numspell*{123}
\MakeUppercase{\thenumspell}
\newpage
Text
\end{document}
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Thesis class for
Eszterházy Károly Catholic University


thesis-ekf.cls
v4.5 (2024/04/18)


Tibor Tómács
tomacs.tibor@gmail.com


This is a class file for theses and dissertations at the Eszterházy Károly Catholic
University, Eger, Hungary (https://uni-eszterhazy.hu/en). The documentation
is in Hungarian language.


1. Bevezető
A thesis-ekf dokumentumosztály segítségével az Eszterházy Károly Katolikus
Egyetem szabályzatának megfelelő szakdolgozatokat lehet készíteni. Az első verzió
2014-ben készült, amikor az intézmény neve Eszterházy Károly Főiskola volt. Ennek
rövidítése a dokumentumosztály nevében szereplő ekf. A formai követelmények a
következők:


– A4-es lap- és 12 pt betűméret,


– a margó a kötés oldalon 30 mm, a többi 25 mm,


– oldalszámozás a láblécben arab számozással,


– a fejezetcímek középre, a további szintek címei balra igazítva,


– a főszöveg antikva betűcsaláddal kiszedve,


– sorkizárt igazítás, másfeles sortávolság.


A thesis-ekf ezeket a paramétereket automatikusan beállítja, továbbá a megfelelő
címoldal elkészítését is elvégzi.


2. A dokumentumosztály által betöltött csomagok
A thesis-ekf dokumentumosztály a report osztályt használja alapként, továbbá
a következő csomagokat tölti be:


kvoptions – Opciók definiálásához.


iftex – PDF/DVI kimenet detektálásához.


hyperref – Elektronikus verzióhoz. Opciók: pdfstartview=FitH, linktocpage,
allcolors=blue, bookmarksnumbered, pdfborder={0 0 0}.
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geometry – Oldalméretek beállításához. Opciók: a4paper, inner=30mm, top=25mm,
outer=25mm, bottom=25mm.


lmodern – Latin Modern fontkészlethez. times opció esetén nem töltődik be.


fixcmex – Latin Modern fontkészlet esetén a nagy operátor jeleket méretezhetővé
teszi. times opció esetén nem töltődik be.


cmupint – Latin Modern fontkészlet esetén az integráljelek álló alakúak. Csak az
upint és times=false opciók esetén töltődik be.


setspace – Sortávolság beállításához.


graphicx – Képek betöltéséhez.


newtxtext – Times fontkészlethez. times opció esetén töltődik be.


newtxmath – Times matematikai fontkészlethez. times opció esetén töltődik be.


fontsize – A fontsize=⟨méret⟩ opcióhoz. Csak akkor töltődik be, ha a ⟨méret⟩
különbözik a 10pt, 11pt és 12pt értékektől.


upquote – Verbatimban ' és ` jelekért.


3. A dokumentumosztály betöltése és legfontosabb
opciói


\documentclass[⟨opciók⟩]{thesis-ekf}


A dokumentumosztályt a preambulum elején ezzel lehet betölteni. Opciók nélkül
akkor használja, ha a szakdolgozatot egyoldalasan szeretné kinyomtatni, vagy ha
olyan elektronikus verziót akar, amelyben a linkek nem színes karakterrel jelennek
meg. A fontosabb ⟨opciók⟩ a következők:


twoside Ha a szakdolgozatot kétoldalasan szeretné kinyomtatni, akkor ezt az opciót alkal-
mazza! Ne használja egyoldalas nyomtatáshoz illetve elektronikus verzióhoz!


colorlinks A linkek színes karakterekkel jelennek meg. Ezt csak a szakdolgozat elektronikus
verziójához használja, a nyomtatott verzióhoz nem kell !


tocnopagenum A tartalomjegyzéknek nem lesz oldalszámozása. Ha közvetlenül a címoldalt köve-
tően van elhelyezve a tartalomjegyzék, akkor az első számozott oldal csak ezután
következik.


reverseorder Alapbeállítás esetén a címoldalon a szerző bal, a témavezető pedig a jobb oldalon
helyezkedik el. Ezzel az opcióval fordított lesz a sorrend.


times Alapbeállítás esetén a Latin Modern fontkészletet használja a dokumentumosztály.
Ezzel az opcióval áttérhet a Times fontkészletre, amely nagyon hasonló a közismert
Times New Roman-hoz. Ne használja xelatex és lualatex fordítók esetén!


upint Alapbeállítás esetén a dokumentumban található integráljelek dőltek. Ezzel az op-
cióval álló alakúak lesznek és kiemelt képletekben a határok az integráljel alatt és
fölött helyezkednek el (hasonlóan az amsmath csomag intlimits opciójához). Ezt
főleg magyar nyelvű dokumentumok esetén használja.
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4. Címoldal létrehozása
\institute{⟨intézmény neve⟩} Ezzel kell megadni annak az intézménynek a nevét, ahol a szak-


dolgozat készült. Az Eszterházy Károly Katolikus Egyetem esetében az egyetem
nevét nem kell kiírni, mert azt tartalmazza a logója. Ekkor elég csak az intézet
nevét feltüntetni.


\title{⟨szakdolgozat címe⟩} Ezzel kell megadni a szakdolgozat címét.


\author{⟨szerző neve⟩\\⟨szak⟩} Ezzel kell megadni a szakdolgozat szerzőjének a nevét és a
szakot.


\supervisor{⟨témavezető neve⟩\\⟨beosztás⟩} Ezzel kell megadni a szakdolgozat témavezetőjének
a nevét és beosztását.


\collaborator[⟨felirat⟩] Ha több szerzőt vagy témavezetőt akar beírni, akkor azokat ezzel kell
elválasztani. A ⟨felirat⟩ opció használatával ez a felirat jelenik meg a soronkövetkező
név felett. Például


\author{Kiss István\\matematika BSc
\collaborator
Nagy János\\matematika BSc}


\supervisor{Dr. Szabó Gábor\\egyetemi docens
\collaborator[Külső konzulens]
Dr. Takács Tamás\\adjunktus\\ELTE}


\city{⟨város⟩} Ezzel kell megadni annak a városnak a nevét, ahol az intézmény található.


\date{⟨dolgozat leadásának éve⟩} Ezzel kell megadni a szakdolgozat leadásának az évét.
Ha nem adja meg, akkor az aktuális évszám fog megjelenni.


\maketitle A standard dokumentumosztályokhoz hasonlóan a címoldal itt is ezzel a paranccsal
hozható létre.


5. Példa a használatra
A következő sablon akkor működik helyesen, ha UTF-8 kódolású fájlban van.


\documentclass{thesis-ekf}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}


\begin{document}


\institute{Matematikai és Informatikai Intézet}
\title{Szakdolgozat címe}
\author{Hallgató neve\\szak}
\supervisor{Konzulens neve\\beosztás}
\city{Eger}
\date{2024}
\maketitle


\tableofcontents
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\chapter{Fejezet címe}
\section{Szakasz címe}
\begin{thebibliography}{1}
\bibitem{cimke} \textsc{Szerző}: Cím, Kiadó, Hely, évszám.
\end{thebibliography}


\end{document}


6. A dokumentumosztály testreszabása
A thesis-ekf dokumentumosztály testreszabható opciókkal és parancsokkal, így
más egyetemek is használhatják.


6.1. A dokumentumosztály opciói
A twoside, colorlinks, tocnopagenum, reverseorder, times és upint opciókról
már volt szó. További opciók:


centeredchapter=false Ezzel a fejezetcímek nem középre, hanem balra zártan lesznek kiszedve.


warning=false A dokumentumosztály figyelmeztetéseinek kikapcsolása.


10pt Az alapbetűméret 10 pt.


11pt Az alapbetűméret 11 pt.


12pt Az alapbetűméret 12 pt (alapopció).


fontsize=⟨betűméret⟩ A ⟨betűméret⟩ adja meg az alapbetűméretet, amely bármilyen méret
lehet. Ha a ⟨betűméret⟩ különbözik a 10pt, 11pt és 12pt értékektől, akkor ez az
opció a beállításhoz betölti a fontsize csomagot. Ennek az opciónak a használata
felülbírálja a 10pt, 11pt és 12pt opciókat.


logodown Alapbeállítás esetén a logó az intézmény neve felett van. Ezzel a logó az intézmény
neve alá kerül.


logofont=⟨betűtípus⟩ Ha a logó helyén szöveg van (lásd a \logo parancsot), akkor annak a
betűtípusa (alapérték \large\scshape).


logosep=⟨méret⟩ A logó alatti térköz a normál sortávolságon felül, ha a logodown opció nincs
bekapcsolva (alapérték 0mm).


institutefont=⟨betűtípus⟩ Az intézménynév betűtípusa (alapérték \large\scshape).


institutesep=⟨méret⟩ Az intézmény neve alatti térköz a normál sortávolságon felül, ha a logodown
opció be van kapcsolva (alapérték 10mm).


titlefont=⟨betűtípus⟩ A dolgozat címének betűtípusa (alapérték \Huge\bfseries).


titlesep=⟨méret⟩ A cím feletti térköz mérete \stretch{1}. Ezzel a cím alatti térközt lehet
beállítani a normál sortávolságon felül (alapérték \stretch{1.4}).


captionfont=⟨betűtípus⟩ A szerző és témavezető nevei feletti feliratok betűtípusa (alapérték
\large\bfseries).
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captionsep=⟨méret⟩ Az előbbi feliratok alatti térköz a normál sortávolságon felül, amennyiben
nem használja a \collaborator parancsot több szerző vagy témavezető megadásá-
hoz (alapérték 0mm).


collcaptionsep=⟨méret⟩ Az előbbi feliratok alatti térköz a normál sortávolságon felül, amennyiben
használja az \collaborator parancsot több szerző vagy témavezető megadásához
(alapérték 2mm). Ahol az collcaptionsep értékét fel kell használni, ott még nem
lehet tudni, hogy lesz-e \collaborator kifejtve. Ezért ennek érzékeléséhez kereszt-
hivatkozást alkalmaz a kód, így csak a második fordításnál alakulnak ki a helyes
térközök. Mivel például a tartalomjegyzék miatt úgyis többször kell fordítani, ezért
ez nem okoz gondot. Ha latexmk-val vagy valamilyen hasonló programmal fordít,
akkor természetesen azt csak egyszer kell futtatni.


authorfont=⟨betűtípus⟩ A szerző nevének és szakjának, illetve a témavezető nevének és beosztá-
sának betűtípusa (alapérték \large).


authoralign=⟨igazítás⟩ A szerző adatait tartalmazó doboz tartalmának igazítása. Az ⟨igazítás⟩
lehetséges értékei left (balra igazítás, ez az alapérték), center (középre igazítás)
right (jobbra igazítás).


supervisoralign=⟨igazítás⟩ A témavezető adatait tartalmazó doboz tartalmának igazítása. Az ⟨igazí-
tás⟩ lehetséges értékei left (balra igazítás, ez az alapérték), center (középre igazí-
tás) right (jobbra igazítás).


authorxmargin=⟨méret⟩ Ezzel a szerző és témavezető dobozának sorában a normál margóméret
ennyivel nő meg (alapérték 10mm).


authorsep=⟨méret⟩ A szerző és témavezető dobozait tartalmazó sor alatti térköz a normál sor-
távolságon felül (alapérték 15mm).


hminsep=⟨méret⟩ A szerző és témavezető dobozai közötti minimális vízszintes térköz (alapér-
ték 5mm).


cityfont=⟨betűtípus⟩ A város nevének betűtípusa (alapérték \large\scshape).


datefont=⟨betűtípus⟩ Az évszám betűtípusa (alapérték \large\scshape).


datesep=⟨elválasztás⟩ A város és az évszám közötti elválasztás (alapérték {,~}). Például
datesep=\\ esetén a városnév alá kerül az évszám.


6.2. Parancsok
\setkeys{thesis-ekf}{⟨opciók⟩} A thesis-ekf opciói az alapbetűméretet beállító (10pt,


11pt, 12pt, fontsize=⟨méret⟩) opciók kivételével ezzel is beállíthatók. Ha a
\setkeys parancsot a konfigurációs fájlba írja (lásd később), akkor abba az alap-
betűméretet beállító opciók is beírhatók. Azok az opciók, melyekben parancs van,
mint például a betűtípusra vonatkozók, csak a \setkeys parancsba írhatók! Például
\setkeys{thesis-ekf}{logodown,tocnopagenum}.


\hypersetup{⟨hyperref opciók⟩} A hyperref csomag opciói ezzel állíthatók be. Például, ha a linkek
színét pirosra akarja állítani : \hypersetup{allcolors=red}.


\geometry{⟨geometry opciók⟩} A geometry csomag opciói ezzel állíthatók be. Például, ha B5
lapméretet szeretne, 20 mm margókkal, kivéve a belső margót, amely 25 mm:
\geometry{b5paper,top=20mm,bottom=20mm,inner=25mm,outer=20mm}.
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\singlespacing Alapbeállítás esetén a sortávolság másfeles. A setspace csomag \singlespacing
parancsával visszaállítható a normál méretű sortávolság.


\logo{⟨kép vagy szöveg⟩} Ezt a parancsot a \maketitle előtt vagy a konfigurációs fájl-
ban (lásd később) kell használni. Ezzel kell megadni az intézmény logóját. Például
\logo{\includegraphics[width=9cm]{logo}}. Ha nem adja meg, akkor az Esz-
terházy Károly Katolikus Egyetem angol, német vagy magyar logója fog megjelenni
aszerint, hogy a babel csomaggal melyik nyelvet töltötte be. Ha nem akar logót,
akkor írja be a \logo{} parancsot.


\authorcaption{⟨szerző neve feletti felirat⟩} Ezt a parancsot a \maketitle előtt vagy a konfigurációs
fájlban (lásd később) kell használni. Ezzel adhatja meg a szakdolgozat szerzőjének
neve feletti feliratot. Alapértéke Author, magyar nyelv esetén Készítette, német
nyelv esetén Autor.


\supervisorcaption{⟨témavezető neve feletti felirat⟩} Ezt a parancsot a \maketitle előtt vagy a kon-
figurációs fájlban (lásd később) kell használni. Ezzel adhatja meg a szakdolgozat
témavezetőjének neve feletti feliratot. Alapértéke Supervisor, magyar nyelv esetén
Témavezető, német nyelv esetén Betreuer.


6.3. Konfigurációs fájl
thesis-ekf.cfg Az átparaméterező opciókat és parancsokat célszerű egy thesis-ekf.cfg fájlba


írni, amit a tex forrásfájl mellé kell tenni. A dokumentumosztály betöltésekor ez a
fájl automatikusan betöltődik. A konfigurációs fájlban az ékezetes betűket repülő
ékezettel érdemes beírni, hogy minden kódolású tex fájl esetén működjön.


\AtEndOfClass{⟨parancsok⟩} A konfigurációs fájlban minden parancsot a \setkeys kivételével ebbe
a parancsba kell írni.


6.4. Egy példa az átparaméterezésre
A következőket írja be a thesis-ekf.cfg fájlba, majd tegye a tex forrásfájl mellé.


\setkeys{thesis-ekf}{
11pt,
centeredchapter=false,
titlefont=\Huge\sffamily,
}


\AtEndOfClass{
\hypersetup{allcolors=red}
\geometry{b5paper,top=20mm,bottom=20mm,inner=25mm,outer=20mm}
\singlespacing
\authorcaption{Írta}
}
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— Kovariancia — Korrelációs együttható
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Előszó


Az utóbbi években Magyarországon a felsőoktatás drasztikus változáso-
kon ment át, és ez a folyamat még korántsem zárult le. Ebben a változásban
a hazai főiskoláknak, különösen a tanárképző főiskoláknak, igen nehéz sze-
rep jutott. Tudniillik az a törekvés, hogy a tanárképzés egységesen egyetemi
szintű legyen, megköveteli, hogy a főiskolai képzés tantervei – ezen belül ter-
mészetesen a matematika tanterv is – teljes egészében megújuljanak. Ebben
a folyamatban az egri Eszterházy Károly Tanárképző Főiskola célul tűzte
ki, hogy azok a hallgatók, akik főiskolai tanulmányaikat a diploma meg-
szerzése után egyetemen szeretnék folytatni, zökkenőmentesen tehessék ezt
meg azáltal, hogy az addig tanultak szerves részét képezzék az egyetemi
anyagnak.


Emiatt vált szükségessé az is, hogy a főiskolánk valósźınűségszámı́tás
tematikája közelebb kerüljön az egyetemi anyaghoz. Ezt a célt szolgálja ezen
jegyzet. Bár számos egyetem adott már ki igen magas sźınvonalú, kitűnő
jegyzetet, mégis úgy gondolom, hogy az adott helyzet megkövetel egy olyan
kiadványt, ami speciálisan beleillik az egri főiskola jelenlegi tanmenetébe.


Igyekeztem a lehetőségekhez képest prećız matematikai kiéṕıtését adni
a valósźınűségszámı́tásnak, bár ez ellen szól az a tény, hogy nem használhat-
tam mértékelméleti fogalmakat és tételeket, mert azt jelenleg nálunk még
nem tańıtják. Ha ez akadálya volt valamely fogalom, vagy tétel általános
megfogalmazásának – mint például a valósźınűségi változónál, vagy a vár-
ható értéknél –, ott mindig utaltam rá, és megadtam azon irodalmat, ahol
az érdeklődő hallgatók utánanézhetnek.


A klasszikus valósźınűségi mező témakörénél nem tárgyaljuk a hozzá
kapcsolódó kombinatorikát, ugyanis ez az egri főiskolán külön tantárgy.


Fontos megjegyezni, hogy bár a jegyzet tartalmaz megértést könnýı-
tő kidolgozott feladatokat, mégis az önálló tanuláshoz szükséges például a
következő feladatgyűjtemények használata:


Denkinger Géza: Valósźınűségszámı́tási gyakorlatok, Tankönyvkiadó,
Budapest


Solt György: Valósźınűségszámı́tás, Műszaki Könyvkiadó, Budapest


Denkinger Géza feladatgyűjteményében az olvasó megtalálhatja a példa-
megoldásokhoz nélkülözhetetlen különböző táblázatokat is, ı́gy a jegyzet
ezeket nem tartalmazza.


A használt jelölések általában megfelelnek a hallgatók által már koráb-
ban tanult anaĺızis illetve algebra jelöléseinek. A gyakrabban előfordulókat
külön is kiemeltük a jegyzet végén.
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A kéźırat meǵırásakor nagyon sok hasznos szakmai illetve szerkesztési
tanácsot adott Fazekas István, Sztrik János és Rimán János, akiknek ezúton
is szeretnék köszönetet mondani.


Eger, 1997. április 1. Tómács Tibor
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Rövid történeti áttekintés


Az első ismert valósźınűségszámı́táshoz kapcsolódó problémát Luca
Pacioli (1445?–1517) olasz matematikus ı́rta le 1494–ben megjelent Summa
de arithmetica (Az aritmetika összefoglalása) ćımű könyvében. A feladat a
következő. Egy akkoriban népszerű labdajátékban az nyer, aki először ér
el 6 pontot. A játék viszont félbeszakad, ha az egyik félnek 5, a másiknak
2 pontja van. Ilyenkor hogyan kell igazságosan osztozni a letétbe helyezett
pénzen? Pacioli a feladat megoldásaként az 5:2 arányban való osztozkodás
jogosultságát mondta ki. Tévedését hamar felfedezte Tartaglia (Niccolo
Fontana; 1500?–1557) és Girolamo Cardano (1501–1576) olasz matem-
atikusok, de helyes eredményt ők sem adtak.


A pontos megoldást csak jóval később Blaise Pascal (1623–1662) és
Pierre Fermat (1601–1665) francia matematikusok találták meg. Pas-
cal figyelmét a valósźınűségszámı́tásra nem ez a feladat iránýıtotta, hanem
Chevalier de Méré lovag (Sieur de Bossay; 1607–1684) egy kérdése. De
Méré lovag nem volt matematikus, de megszállott szerencsejátékosként szá-
mos érdekes megfigyelésre tett szert. Az egyik ilyen tapasztalata, amit Pas-
calnak is meǵırt, a következő. Szerinte előnyösebb arra fogadni, hogy egy
kockával dobva, négy dobásból legalább egyszer hatost dobunk, mint arra,
hogy két kockával 24-szer dobva legalább egyszer előfordul két hatos. A
kérdés az, hogy miért mutatja ezt a gyakorlat, amikor az első esetben a
dobások száma úgy aránylik a lehetséges esetek számához (4:6), mint a má-
sodik esetben (24:36)? Ezen feladat kapcsán kezdett levelezni egymással
Pascal és Fermat. Pascal 1654-ben egy levelében ı́rta le azon szándékát,
miszerint ki akarja dolgozni a véletlenek matematikáját. Innen számı́tjuk a
valósźınűségszámı́tás megszületését.


Christiaan Huygens (1629–1695) holland matematikus, fizikus, bár
tudott Pascal és Fermat levelezéséről, a részleteket nem ismervén, ő maga is
elkezdett foglalkozni a véletlenek matematikájával. Az 1657-ben megjelent
De ratiociniis in ludo aleae (A kockajátékra vonatkozó megfontolásokról)
ćımű könyvében bevezette a matematikai remény fogalmát.


Komoly eredményt ért el Jacob Bernoulli (1654–1705) svájci ma-
tematikus Ars coniectandi (A találgatás tudománya) ćımű könyvében. A
könyv első része Huygens munkáját kommentálja és egésźıti ki. A második
rész az ismétlés nélküli variációt és kombinációt ismerteti, melyek a való-
sźınűségszámı́tási feladatokban gyakran szerepet kapnak. A harmadik és
negyedik rész feladatokat tartalmaz. A kockajátékokkal kapcsolatos pél-
dákban feltételezi, hogy a kocka szimmetriája miatt a különböző dobások
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valósźınűsége azonos. (A valósźınűség szó ebben a könyvben szerepel elő-
ször.) A feladatok megoldása azt mutatja, hogy Bernoulli a valósźınűséget
úgy értelmezte, mint a ,,kedvező” és a ,,lehetséges” esetek számának hánya-
dosa. (Ezt a megfogalmazást először Piérre Simon Laplace (1749–1827)
francia matematikus, fizikus használja 1812-ben.) Azt, hogy a kocka minden
oldalára egyforma valósźınűséggel eshet, Bernoulli ḱısérlettel is ellenőrzte.
A kockadobást nagyon sokszor elvégezte, s közben azt figyelte, hogy például
a hatos számnak mennyi a relat́ıv gyakorisága, mely azt mutatja, hogy az
addig elvégzett dobások számához képest mennyi a hatos dobások aránya.
Tapasztalata szerint ez az érték a dobások számának növelésével egyre kö-
zelebb kerül az 1/6-hoz. Ezt a törvényt általánośıtva bizonýıtotta, hogy egy
esemény relat́ıv gyakorisága, az esemény nagyszámú bekövetkezése esetén
várható, hogy igen közel kerül a valósźınűséghez. Ezt a törvényt Gottfried
Wilhelm Leibniz (1646–1716) német matematikussal folytatott levelezésé-
ben ,,nagy számok törvényének” nevezte el. Bernoulli tehát észrevette azt a
lehetőséget, hogy a valósźınűségszámı́tást statisztikai adatokra is alkalmaz-
hatja. Bernoulli nevéhez fűződik még az úgynevezett binomiális eloszlás
meghatározása is.


A XVIII. században a valósźınűségszámı́tás alkalmazási területe már
túlmutatott a szerencsejátékokon. Felhasználták biztośıtási ügyekben, ke-
reskedelmi nyereség és kockázat kérdéseiben, céllövészettel kapcsolatos prob-
lémákban stb.


Georges Buffon (1707–1788) francia természettudós 1777-ben tette
fel a következő kérdést. Egy śıkra rajzoljunk egymástól d távolságra párhu-
zamos egyeneseket. Erre a śıkra véletlenszerűen dobjunk egy l < d hosszú-
ságú tűt. Mi a valósźınűsége annak, hogy a tű ráesik valamelyik egyenesre?
Buffon a megoldásában bevezeti a valósźınűségszámı́tás geometriai módsze-
rét.


Ezt a feladatot Laplace általánośıtotta arra az esetre, amelyben a śı-
kon két párhuzamossereg van. Laplace tanulmányait az 1812-ben megjelent
Théorie analytique des probabilités (A valósźınűség analitikai elmélete) ćımű
könyvében összegzi.


Siméon Denis Poisson (1781–1840) francia matematikus általánośı-
totta a nagy számok Bernoulli-féle törvényét egymástól függő eseményekre
is. Ennek vizsgálata során meghatározta a binomiális eloszlás határesetét,
amelynek az alkalmazhatósága igen sokrétű, például csillagászatban, mik-
roszkópikus biológiában, Brown-féle mozgásokban stb.


Ezután Nyugat-Európában a valósźınűségszámı́tás fejlődése egy időre
lelassult, mert a megfelelő elméleti alapok hiányában a hibás alkalmazások
sok csorbát ejtettek a tekintélyén. A XIX. században a valósźınűségszámı́-
tás fejlődésének középpontja áthelyeződött Oroszországba. Az első orosz
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nyelvű valósźınűségszámı́tás tárgyú könyvet Viktor Jakovlevics Bunya-
kovszkij (1804–1889) ı́rta Osznovanyija matematicseszkoj teorij verojat-
nosztej (A valósźınűség matematikai elméletének alapjai) ćımmel. Ebben
áttekinti a valósźınűségszámı́tás addig elért eredményeit. A tudományág
további lehetőségeit Pofnutyij Lvovics Csebisev (1821–1894) alapozza
meg. Négy tanulmányával megteremtette a pétervári iskolát. 1866-ban bi-
zonýıtja a Bernoulli-féle nagy számok törvényének legáltalánosabb alakját.
A pétervári iskola kiemelkedő alakjai még Andrej Andrejevics Markov
(1865–1922) és Alekszandr Mihajlovics Ljapunov (1857–1918).


Új irányzatot Augustus de Morgan (1806–1871), Emanuel Czuber
(1851–1925) és George Boole (1815–1864) valóśıtottak meg a valósźınű-
ségszámı́tás matematikai logikára való alapozásával. Ez az irányzat még ma
is számos tisztázásra váró problémát rejt magában.


A valósźınűségszámı́tás modern irányzatának, az axiomatikus feléṕıtés-
nek az úttörői Richard Mises (1883–1958) német és Szergej Natanovics
Bernstein (1880-1968) ukrán matematikusok voltak. Ők még logikai hibá-
kat követtek el, amit Alekszandr Jakovlevics Hincsin (1894–1959) vett
észre.


Az első elfogadható axiómarendszert Andrej Nyikolajevics Kolmo-
gorov (1903–1987) orosz matematikus ı́rta le 1933-ban, a Grundbegriffe
der Wahrscheinlichkeitsrechnung (A valósźınűségszámı́tás alapfogalmai) ćı-
mű Berlinben megjelent könyvében. Kolmogorov az axiómái seǵıtségével
minden addigi fontos eredményt le tudott vezetni. Néhány kérdéssel kapcso-
latban azonban nehézségek adódtak ebben az axiómarendszerben is. Ezeket
a nehézségeket Rényi Alfréd (1921–1970) magyar matematikus általáno-
śıtott axiómarendszere oldja meg.


Rényi Alfréd előtt is számos magyar matematikus gazdaǵıtotta a való-
sźınűségszámı́tás tudományát. Közülük két tudóst emelünk ki, Hatvani
Istvánt (1718–1786) és Jordán Károlyt (1871–1959). Hatvani István
debreceni professzor nevéhez fűződik az első Magyarországon megjelenő va-
lósźınűségszámı́tási munka, mely az Introductio ad principia philosophiae
solidioris (Bevezetés a tiszta filozófia elemeibe) ćımű könyvének egyik része.
Ebben összefoglalja a korabeli valósźınűségszámı́tási ismereteket, továbbá
ezeket a hazai viszonyokra alkalmazza. A valósźınűségszámı́tás magyaráza-
tára számos gyakorlati példát hozott fel. Halálozási táblázatokat értékelt
ki matematikai módszerekkel, ı́gy Hatvani nemcsak a magyarországi való-
sźınűségszámı́tásnak, hanem a statisztikának is úttörője volt. Tudományos
értékű valósźınűségszámı́tási kutatások csak az 1910-es években indultak
meg hazánkban Jordán Károly révén. Első eredményei a geometriai valósźı-
nűség elméletéhez fűződik. Ő volt az első, a valósźınűségszámı́tásban fontos
eredményeket elérő magyar matematikus.
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A XX. században a valósźınűségszámı́tásból több jelentős önálló terü-
let fejlődött ki. Az egyik ilyen az információelmélet, melynek megalapo-
zója Claude Elwood Shannon (1916–) amerikai mérnök. Ezt a kutatási
területet hasznośıtja a h́ıradástechnika, számı́tástechnika, kibernetika, bi-
ológia, pszichológia, nyelvészet, közgazdaságtan stb. Shannon egyébként
azt kutatta, hogy miképpen lehet a legkevesebb jellel a legtöbb információt
továbbadni.


A valósźınűségszámı́tásból kinövő másik fontos ág az úgynevezett já-
tékelmélet, melynek megalapozója Neumann János (1903–1957) magyar
matematikus. Az elmélet érdekessége, hogy ma már a közgazdaságtan mo-
delljeként használják.


Irodalom


Ribnyikov, K.A., A matematika története, Tankönyvkiadó, Budapest,
1974.


Sain Márton, Matematika történeti ABC, Nemzeti Tankönyvkiadó, Bu-
dapest, 1993.


Sain Márton, Nincs királyi út!, Gondolat, Budapest, 1975.
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Bevezetés


Minden természet– és társadalom tudományág foglalkozik olyan jelen-
ségekkel, melyekben ha az általunk imert és figyelembe vett körülmények
fennállnak, akkor egy bizonyos esemény szükségszerűen bekövetkezik. Eze-
ket meghatározott eseményeknek nevezzük.


Bizonyos jelenségeknél az összes számı́tásba jöhető körülmény figye-
lembe vétele sokszor lehetetlen, de legalábbis igen nehéz. Ennek oka lehet
például, hogy a jelenség hátterében meghúzódó körülmények rendszere a tu-
domány mai állása szerint még nem teljesen feltárt, vagy nem tudjuk mérni
őket, vagy számuk túl nagy és kapcsolatuk nagyon bonyolult. Ilyenkor elő-
fordulhat, hogy egy esemény nem szükségszerűen következik be, vagyis a
figyelembe vett körülmények összessége nem határozza meg a jelenség szük-
séges és elegendő okát. Az ilyen eseményeket véletlen eseményeknek
nevezzük. Például, amikor egy dobókockával játszunk, akkor nem tudjuk fi-
gyelembe venni az összes körülményt, hogy milyen helyzetből indult, milyen
impulzust kapott, a légellenállást, az asztallal való ütközést, a súrlódást stb.,
csak azt a tényt, hogy feldobtuk. Ez viszont nem határozza meg a dobás
eredményét egyértelműen, ı́gy számunkra például a hatos dobása véletlen
eseményt jelent. Másik példa a rádium atommagok bomlása. Ugyanis nem
tudjuk megmondani, hogy pontosan mikor következik be a bomlás, mert az
az atommagban lejátszódó folyamatoktól függ, amelyeket teljes egészében
nem ismerünk és megfigyelni sem tudjuk.


Összegezve, egy esemény aszerint meghatározott vagy véletlen, hogy a
figyelembe vett feltételek rendszere a jelenség lefolyását, azaz a figyelt ese-
mény bekövetkezését vagy be nem következését meghatározza-e vagy sem.


Ha egy véletlen jelenség sokszor fordul elő azonos vagy közel azonos kö-
rülmények között, akkor véletlen tömegjelenségről beszélünk. Az ilyen
t́ıpusú jelenségekről a véletlenszerűségük ellenére is áttekintést nyerhetünk.
Vegyük példaként az előbb emĺıtett radioakt́ıv bomlást. Bár minden egyes
atommag bomlása véletlennek tekinthető az előzőek értelmében, mégis pél-
dául egy urántömbben elhelyezkedő sokmilliárdnyi atommag esetében már
előre meg tudjuk mondani, hogy egy meghatározott időn belül hány százalé-
kuk fog elbomlani. Ez a bomlás úgynevezett exponenciális törvénye, melyet
a valósźınűségszámı́tás seǵıtségével ı́rhatunk le. Ezt a törvényt a mérések
éppúgy alátámasztják, mint bármilyen más meghatározott, másszóval de-
terminisztikus természeti törvényt, mint például az általános tömegvonzás
törvényét vagy az elektrosztatikus kölcsönhatásra vonatkozó törvényt.


Tehát a valósźınűségszámı́tás tárgya a véletlen tömegjelenségek vizsgá-
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lata, feladata pedig ezen jelenségek törvényszerűségeinek a feltárása.
Hogyan lehet ezt megtenni? Végezzünk el egy olyan ḱısérletet sokszor


egymás után, azonos körülmények között, melynek kimenetele véletlenszerű.
Tegyük fel, hogy egy végrehajtás eredménye független a többitől. Figyeljük
egy lehetséges esemény bekövetkezését. Ha n ḱısérletből k-szor fordult elő
a figyelt esemény, akkor a


% : Z+ → [0, 1], %(n) :=
k


n


függvényt az esemény relat́ıv gyakoriságának nevezzük.


TAPASZTALAT: A véletlen tömegjelenségek egy tág osztályában, nagy
n-ek esetén a relat́ıv gyakoriság egy, az eseményre jellemző, jól meghatáro-
zott érték körül ingadozik. (Lásd 1. ábra.)


1. ábra


A továbbiakban ezt az értéket a vizsgált esemény valósźınűségének
fogjuk nevezni. Ezen tapasztalat alapján axiómákat lefektetve lehetőség
nýılik egy matematikai diszcipĺına kiéṕıtésére. Természetesen egy axióma-
rendszer akkor jó, ha az elmélet visszadja a gyakorlati axiómát. Látni fogjuk
a nagy számok törvényeivel foglalkozó fejezetben, hogy ez az elvárás teljesül.


Mindenekelőtt szükségünk lesz olyan eszközökre, amelyek alkalmasak
az események közötti kapcsolatok léırására. Ezt halmazok seǵıtségével old-
juk meg. Az események halmazokkal való azonośıtása az alábbi példa alap-
ján kézenfekvőnek tűnik.


Amikor egy dobókockával játszunk, milyen események lehetségesek?
Egyes oldal, kettes oldal, ... vagy a hatos oldal van felül. A nekik meg-
felelő halmazok legyenek a következők:


{1}, {2}, . . . , {6}.
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Ezeket a továbbiakban elemi eseményeknek fogjuk nevezni.
De más események is elképzelhetők. Például az, hogy páros számot


dobok. Ennek feleltessük meg a következő halmazt:


{2, 4, 6}.


Ezt az eseményt összetett eseménynek fogjuk h́ıvni, mert felbontható
nem triviális módon több esemény uniójára:


{2, 4, 6} = {2} ∪ {4} ∪ {6}.


Az is esemény, hogy egytől hatig valamilyen egész szám fog kijönni.
Ezt biztos eseménynek nevezzük, melyet Ω-val jelölünk és a halmaz meg-
felelője


Ω = {1, 2, 3, 4, 5, 6}.
Első hallásra furcsa, de az is esemény, hogy a hetes lesz felül. Az más


kérdés, hogy ennek bekövetkezése lehetetlen. Éppen ezért ezt lehetetlen
eseménynek fogjuk nevezni, és a halmaz megfelelője az üres halmaz lesz.


Végül azt is eseménynek kell tekinteni, ha egy esemény nem következik
be. Például nem egyest dobok. Világos, hogy az ehhez tartozó halmaz:


{1} = {2, 3, 4, 5, 6}.


Vegyük észre, hogy akármelyik eseményt is tekintjük, az a biztos esemény
egy részhalmaza. Ezért a biztos eseményt alaphalmaznak is szokták ne-
vezni.


Milyen fontos tulajdonságai vannak az eseményeknek? Mindenekelőtt
kihangsúlyozzuk, hogy értelemszerűen minden ami teljesül a halmazokra, az
teljesül az eseményekre is. Másrészt mivel a lehetséges események rendszerét
az alaphalmaz részhalmazainak egy rendszerével reprezentáljuk (jelöljük ezt
A-val), ezért azt kell megvizsgálni, hogy ennek mik a tulajdonságai. Az
eddigiek alapján hármat fogunk kiemelni.


(1) Az első, amit már kikötöttünk, hogy az alaphalmaz esemény, azaz
benne van A-ban. Ez a biztos esemény. (A továbbiakban is, ha eseményről
beszélünk, egy olyan halmazt értünk rajta, ami benne van A-ban.)


(2) Azt is láttuk, hogy egy esemény ellentettje is esemény.


(3) Végül, amiről még nem beszéltünk, de nyilvánvaló tulajdonság,
hogy két esemény uniója is esemény. Például páros számot vagy hármast
dobok:


{2, 4, 6} ∪ {3} = {2, 3, 4, 6}.
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Elképzelhető, hogy egy alaphalmaz végtelen sok elemi eseményből áll. Az
ilyen általánosabb esetek léırására szolgál az e jegyzetben tárgyalt úgyneve-
zett Kolmogorov-féle elmélet, mely felteszi, hogy nemcsak véges sok, hanem
megszámlálhatóan végtelen sok esemény uniója is esemény.


Megjegyezzük, hogy az előző példában az események halmaza az alap-
halmaz összes részhalmazainak a halmaza, másnéven az Ω hatványhalmaza.
Ennek azonban nem feltétlenül kell teljesülni, mint azt látni fogjuk például
a geometriai valósźınűségi mező tárgyalásánál. Általános esetben tehát A
az Ω hatványhalmazának részhalmaza, és teljesül rá az előző három pont.


Az algebra az olyan halmazrendszerekkel, melyekre ezek teljesülnek,
részletesen foglalkozik. Éppen ezért, ha ezen tulajdonságokat választjuk az
események axiómarendszereként, akkor egy kidolgozott matematikai rend-
szer vár ránk, amiből a továbblépés is kényelmesebb. Ezt fogjuk tenni az 1.
fejezetben.


Még egy másik alapfogalomra is szükségünk van, a valósźınűségre. Ta-
pasztalatunk alapján, ez nagyszámú ḱısérlet után, körülbelül a relat́ıv gya-
korisággal egyezik meg. Így a valósźınűség tulajdonságai jól jellemezhető a
relat́ıv gyakoriság tulajdonságaival.


A valósźınűség egy függvény, minden eseményhez egy valós számot ren-
del, nevezetesen amely körül a relat́ıv gyakoriság ingadozik. A továbbiakban
egy A esemény valósźınűségét P (A)-val fogjuk jelölni. Három tulajdonságát
emeljük ki.


(1) A relat́ıv gyakoriság, s ı́gy a valósźınűség értéke nem lehet negat́ıv,
hiszen a defińıcióban szereplő k és n számok sem negat́ıvok. Tehát bármely
A esemény esetén P (A) ≥ 0.


(2) A második tulajdonság a biztos eseményre vonatkozik. Ha a biztos
esemény relat́ıv gyakoriságát vizsgáljuk, akkor minden ḱısérlet esetén a k,
azaz a bekövetkezések száma, és az n, azaz a ḱısérletek száma megegyezik.
Így a hányadosuk minden esetben 1. Ebből az következik, hogy a biztos
esemény valósźınűsége 1, vagyis P (Ω) = 1.


(3) A harmadik tulajdonságot a legegyszerűbben talán ismét a dobó-
kockával tudjuk szemléltetni. Tekintsük azokat az eseményeket, amikor az
egyes oldal, illetve amikor a kettes vagy hármas oldal van felül. Az ezeknek
megfelelő halmazok az {1} és a {2, 3}. Ezen két egymást kizáró esemény
relat́ıv gyakoriságait megvizsgálva, azt fogjuk tapasztalni, hogy 1/6 illetve
1/3 körül ingadozik nagyszámú ḱısérlet esetén. Ez természetes is, hiszen az
oldalak között fizikai jellemzőit tekintve nincs különbség, csupán másképpen
jelöljük őket. Így minden oldalra egyforma eséllyel eshet.


Ha most az {1, 2, 3} esemény relat́ıv gyakoriságát vizsgáljuk, akkor az
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1/2 körül ingadozik. Vagyis ahogy az előre sejthető volt, az előző két érték
összeadódik.


Ezt az eredményünket általánośıtva azt mondhatjuk, hogy ha az A és
B események diszjunktak, akkor az események uniójának a valósźınűsége
megegyezik az események valósźınűségeinek összegével. Tehát


P (A ∪B) = P (A) + P (B).


Az események (3) tulajdonságánál léırtak alapján itt is kiterjesztjük az ered-
ményt végtelen esetre. Eszerint megszámlálhatóan végtelen sok, páronként
diszjunkt esemény uniójának valósźınűsége megegyezik az események való-
sźınűségeinek összegével. Bár ez nem következik a szemléletből, de elfoga-
dásával mégis a jelenségek egy igen széles köre léırható lesz.


A matematikában azokat a függvényeket, melyekre az előző három tu-
lajdonság teljesül, mértéknek nevezzük, és az úgynevezett mértékelmélet
foglalkozik velük. Tehát ezeket is célszerű axiómáknak választani.


Ezzel elkezdhetjük a valósźınűségszámı́tás pontos matematikai feléṕıté-
sét.
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1. Események


1.1. DEFINÍCIÓ. (Esemény axiómák.) Legyen Ω egy nem üres hal-
maz, A részhalmaza az Ω hatványhalmazának, és teljesüljenek a következők.


(S1) Ω ∈ A,


(S2) ha A ∈ A, akkor A ∈ A,


(S3) ha Ai ∈ A minden i ∈ Z+ esetén, akkor
∞⋃


i=1


Ai ∈ A.


Ekkor az A-t σ-algebrának, elemeit pedig eseményeknek nevezzük.


1.2. MEGJEGYZÉS. (1) Az üres halmaz esemény az (S1), (S2) axió-
mák és ∅ = Ω miatt.


(2) Az (S3) axióma véges sok eseményre is igaz, ugyanis ha (S3)-ban


Ai = ∅ minden i > n esetén, ahol i, n ∈ Z+, akkor
∞⋃


i=1


Ai =
n⋃


i=1


Ai.


1.3. DEFINÍCIÓ. Legyen adott egy Ω nem üres halmaz, A az Ω rész-
halmazainak egy σ-algebrája és A,B ∈ A.


(1) A + B := A ∪ B. Ez az esemény akkor következik be, ha legalább
az egyik bekövetkezik.


(2) AB := A ∩ B. Ez az esemény akkor következik be, ha mindkettő
egyszerre bekövetkezik. (A későbbiekben látni fogjuk, hogy két esemény
szorzata valóban esemény.)


(3) A := Ω \ A. Ezt az eseményt az A ellentettjének nevezzük. Ez
akkor következik be, ha az A nem következik be.


(4) A− B := A \ B = AB. Ez az esemény akkor következik be, ha az
A bekövetkezik, de B nem.


(5) Az Ω-t eseménytérnek vagy biztos eseménynek, az üres hal-
mazt lehetetlen eseménynek nevezzük.


(6) Az A ∈ A eseményt összetett eseménynek nevezzük, ha léteznek
B,C ∈ A, B 6= A és C 6= A események, melyekre A = B + C teljesül.


Ha A ∈ A nem összetett– és nem lehetetlen esemény, akkor elemi
eseménynek nevezzük.


(7) Ha A ⊆ B, akkor azt mondjuk, hogy az A maga után vonja B-t.
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(8) Ha A,B diszjunktak, akkor az A és B eseményeket egymást kizáró
eseményeknek nevezzük.


(9) Legyen Γ egy nem üres, megszámlálható számosságú halmaz, to-
vábbá H := {Ai : Ai ∈ A, i ∈ Γ}. Azt mondjuk, hogy H teljes esemény-
rendszer, ha osztályozása Ω-nak, azaz ha AiAj = ∅ minden i, j ∈ Γ , i 6= j
esetén, továbbá


∑
i∈Γ


Ai = Ω teljesül.


1.4. FELADAT. Egy dobókockát kétszer feldobunk. Ha a dobott szá-
mok összege 2, akkor feldobjuk mégegyszer. Adjuk meg az eseményteret, és
két σ-algebrát.


MEGOLDÁS.


Ω = {(1, 1, 1), (1, 1, 2), . . . , (1, 1, 6),
(1, 2), (1, 3), . . . , (1, 6),
(2, 1), (2, 2), . . . , (2, 6),
(3, 1), (3, 2), . . . , (3, 6),
...
(6, 1), (6, 2), . . . , (6, 6)}


Legyen A1 := {∅,Ω, B, B}, ahol B := {(1, 1, i) : i = 1, 2, . . . , 6}, illetve
A2 := {∅, Ω, C, C}, ahol C := {(1, i) : i = 2, 3, . . . , 6}. Ekkor A1 és A2


is σ-algebra. A B esemény akkor következik be, ha egymás után kétszer
1-est dobunk. A C esemény akkor következik be, ha az első dobás 1-es, de
a második nem.


1.5. MEGJEGYZÉS. Láttuk, hogy a hétköznapi értelemben használt
esemény fogalmát a matematikában a halmaz fogalmával azonośıtottuk. Így
természetes, hogy az események közötti műveletek tulajdonságai megegyez-
nek a halmazokéval. Ezek közül sorolunk most fel néhány alapvetőt, melyek
már az elemi halmazelméletből is jól ismertek.


(1) A + A = A és AA = A, azaz mindkét művelet idempotens.


(2) Mindkét művelet kommutat́ıv és asszociat́ıv.


(3) A(B +C) = AB +AC és A+BC = (A+B)(A+C), azaz mindkét
művelet disztribut́ıv a másikra nézve.


(4) A + ∅ = A és A∅ = ∅.
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(5) A + Ω = Ω és AΩ = A.


(6) A + A = Ω és AA = ∅.
(7) ∅ = Ω és Ω = ∅.
(8) A = A.


(9) A = B akkor és csak akkor, ha A = B.


(10) A ⊆ A + B és AB ⊆ A.


(11) A + B = A akkor és csak akkor, ha B ⊆ A.


(12) AB = A akkor és csak akkor, ha A ⊆ B.


(13) A = B akkor és csak akkor, ha A ⊆ B és B ⊆ A.


(14) (de Morgan-féle azonosságok)


A + B = A ·B e‘s AB = A + B,


illetve, ha Ai ∈ A minden i ∈ Z+ esetén, akkor


∞∑


i=1


Ai =
∞∏


i=1


Ai e‘s
∞∏


i=1


Ai =
∞∑


i=1


Ai.


1.6. TÉTEL. Legyen Ω egy nem üres halmaz ésA az Ω részhalmazainak
egy σ-algebrája.


(1) Ha A,B ∈ A, akkor AB ∈ A.


(2) Ha Ai ∈ A minden i ∈ Z+ esetén, akkor
∞∏


i=1


Ai ∈ A teljesül.


BIZONYÍTÁS. (1) Az esemény axiómák, az 1.2. Megjegyzés (2) pontja
és a de Morgan-féle azonosságokból AB = A + B ∈ A teljesül, ı́gy (S2)
alapján igaz az álĺıtás.


(2) Hasonlóan, mint az előbb
∞∏


i=1


Ai =
∞∑


i=1


Ai ∈ A következik, ı́gy (S2)


alapján igaz a tétel.


1.7. FELADAT. (Beolvasztási szabály.) Bizonýıtsuk be, hogy ha
Ω egy nem üres halmaz, A az Ω részhalmazainak egy σ-algebrája továbbá
A,B ∈ A, akkor A = A + AB teljesül.
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MEGOLDÁS. A + AB = AΩ + AB = A (Ω + B) = AΩ = A.


1.8. FELADAT. Bizonýıtsuk be, hogy ha Ω egy nem üres halmaz és A
az Ω részhalmazainak egy σ-algebrája, akkor bármely A, B ∈ A események
összege felbontható két, illetve három páronként egymást kizáró esemény
összegére az alábbi módon.


(1) A + B = A + AB,


(2) A + B = AB + AB + AB.


MEGOLDÁS. (1) A kizáróság triviálisan teljesül, ı́gy csak az egyenlősé-
get kell bizonýıtani.


A + B = Ω (A + B) =
(
A + A


)
(A + B) = AA + AA + AB + AB =


= A + ∅+ AB + AB = (A + AB) + AB = A + AB.


(2) Hasonlóan az előzőhöz, itt is teljesül a kizáróság, ı́gy már csak az
egyenlőséget kell megmutatni.


A + B = A + AB = AΩ + AB = A
(
B + B


)
+ AB = AB + AB + AB.


1.9. FELADAT. Bizonýıtsuk be, hogy a kivonás a szorzásra nézve jobb-
ról disztribut́ıv, de balról nem, azaz ha Ω egy nem üres halmaz és A az Ω
részhalmazainak egy σ-algebrája, akkor A,B,C ∈ A esetén


(1) AB − C = (A− C) (B − C) , illetve


(2) A−BC = (A−B) + (A− C) teljesül.


MEGOLDÁS. (1) (A− C) (B − C) = AC ·BC = ABC = AB − C.


(2) A−BC = ABC = A
(
B + C


)
= AB + AC = (A−B) + (A− C) .


1.10. FELADAT. Bizonýıtsuk be, hogy a szorzás a kivonásra nézve
disztribut́ıv, azaz ha Ω egy nem üres halmaz, A az Ω részhalmazainak egy
σ-algebrája és A, B,C ∈ A, akkor A (B − C) = AB −AC teljesül.


MEGOLDÁS.


AB −AC = AB ·AC = AB
(
A + C


)
= ABA + ABC =


= ∅+ ABC = ABC = A (B − C) .
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1.11. FELADAT. Legyen Ω egy nem üres halmaz, A az Ω részhalma-
zainak egy σ-algebrája és A,B, C ∈ A. Bizonýıtsuk be, hogy ekkor


(1) AB = AC = ∅ és B + A = C + A esetén B = C, továbbá


(2) AB = AC = ∅ és BA = CA esetén B = C teljesül.


MEGOLDÁS. (1) A feltételeket figyelembe véve


(B + A) B = BB + AB = B + ∅ = B,


továbbá
(B + A) B = (C + A)B = CB + AB = CB + ∅ = CB,


ezért B = CB. Másrészt


(B + A)C = BC + AC = BC + ∅ = BC,


és
(B + A)C = (C + A)C = CC + AC = C + ∅ = C,


ezért BC = C, amit összevetve az előző eredménnyel B = C adódik.


(2) A feltételek, az 1.8. Feladat (1) pontja és az előző pont miatt


AB + A = AC + A


B + A = C + A


B = C.


1.12. MEGJEGYZÉS. (1) Az előző feladat megoldásában felhasználtuk,
hogy ha B, C ∈ A és B = C, akkor minden A ∈ A esetén B + A = C + A
és BA = CA teljesül.


(2) Az 1.11. Feladat (1) pontja AB 6= ∅ vagy AC 6= ∅ esetén nem
teljesül. Például legyen A := Ω és B 6= C, tegyük fel továbbá, hogy B 6= ∅.
Ekkor AB = ΩB = B 6= ∅ teljesül, másrészt B + A = C + A = Ω.


(3) Ha AB 6= ∅ vagy AC 6= ∅, akkor az 1.11. Feladat (2) pontja nem
igaz. Például ha A = ∅, B 6= C és B 6= ∅, akkor AB = ΩB = B 6= ∅,
másrészt BA = CA = ∅.


1.13. TÉTEL. Ha Ω egy nem üres halmaz, A az Ω részhalmazainak
egy σ-algebrája és A,B ∈ A különböző elemi események, akkor AB = ∅.
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BIZONYÍTÁS. Az 1.5. Megjegyzés (10) pontja alapján AB ⊆ A. De
ez az A elemi esemény volta miatt csak AB = ∅ vagy AB = A esetén
teljesülhet. Az utóbbi viszont az 1.5. Megjegyzés (12) pontjából akkor és
csak akkor teljesül, ha A ⊆ B, ami lehetetlen, hiszen A 6= B, A 6= ∅ és B
elemi esemény. Így A és B valóban egymást kizáró események.


1.14. TÉTEL. Ha Ω egy nem üres véges halmaz és A az Ω részhalma-
zainak egy σ-algebrája, akkor minden B ∈ A összetett eseményhez létezik
olyan A ∈ A elemi esemény, melyre A ⊂ B teljesül.


BIZONYÍTÁS. Mivel B összetett esemény, ezért létezik olyan A1 ∈ A
nem lehetetlen esemény, mely valódi részhalmaza B-nek. Ha az A1 elemi
esemény, akkor teljesül az álĺıtás. Ha nem, akkor létezik olyan A2 ∈ A
nem lehetetlen esemény, mely valódi részhalmaza A1-nek. Ha az A2 elemi
esemény, akkor teljesül az álĺıtás. Ha nem, akkor folytatjuk az eljárást. Az
események számának végessége miatt ez véges számú lépés után megszakad.
Így valamely n ∈ Z+ esetén An elemi esemény.


1.15. TÉTEL. Ha Ω egy nem üres véges halmaz és A az Ω részhal-
mazainak egy σ-algebrája, akkor minden B ∈ A nem lehetetlen esemény
előáll elemi események összegeként. Ez az előálĺıtás a sorrendtől eltekintve
egyértelmű.


BIZONYÍTÁS. Ha B elemi esemény, akkor teljesül az álĺıtás. Ha össze-
tett esemény, akkor az előző tétel alapján van olyan A1 elemi esemény, mely
maga után vonja B-t. Így létezik egy olyan B1 nem lehetetlen esemény,
melyre B = A1 + B1 és A1B1 = ∅ teljesül. Ha B1 elemi esemény, akkor a
tétel első álĺıtását bizonýıtottuk. Ha összetett esemény, akkor B1 feĺırható
B1 = A2 +B2 alakban, ahol A2 elemi esemény, B2 6= ∅ és A2B2 = ∅. Ha B2


elemi esemény, akkor készen vagyunk, ha nem, akkor folytatjuk az eljárást,
mely az Ω végessége miatt véges számú lépés után megszakad. Ily módon
B különböző elemi események összegeként áll elő:


B = A1 + A2 + · · ·+ Ar. (1.1)


Még az egyértelműséget kell bizonýıtanunk. Tekintsük B-nek két ilyen elő-
álĺıtását:


B = A1 + A2 + · · ·+ Ar = A′1 + A′2 + · · ·+ A′s.


Tegyük fel, hogy A1 6= A′i minden i = 1, 2, . . . , s esetén. Ekkor mindkét
előálĺıtást megszorozva A1-el, 1.13. Tétel alapján kapjuk, hogy A1 = ∅, ami
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ellentmondás. Vagyis valamely i ∈ {1, 2, . . . , s} esetén A1 = A′i teljesül. Ha-
sonlóan bizonýıtható, hogy ez minden Aj-re igaz, ahol j = 1, 2, . . . , r. Ebből
következik, hogy r ≤ s. Másrészt ugyańıgy látható, hogy a jobboldali elő-
álĺıtásban szereplő elemi események mindegyike megtalálható a baloldalon
is, ı́gy s ≤ r, melyből r = s következik. Ez pedig azt jelenti, hogy ez a
két előálĺıtás sorrendtől eltekintve ugyanaz. Ekkor (1.1)-et a B kanonikus
előálĺıtásának nevezzük.


1.16. TÉTEL. Ha Ω egy nem üres véges halmaz, és az Ω részhalma-
zainak egy A σ-algebrájában n darab elemi esemény van, akkor A-ban az
események száma 2n.


BIZONYÍTÁS. Egy tetszőleges esemény kanonikus előálĺıtásában előfor-
dulhat 0, 1, 2, . . . , n darab elemi esemény. Viszont 0 ≤ r ≤ n darab elemi
eseményből álló esemény


(
n
r


)
-féle lehet, ı́gy A elemeinek a száma a binomi-


ális tétel alapján


(
n


0


)
+


(
n


1


)
+


(
n


2


)
+ · · ·+


(
n


n


)
= (1 + 1)n = 2n.
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2. Valósźınűség


2.1. DEFINÍCIÓ. (Kolmogorov-féle valósźınűségi axiómák.) Le-
gyen Ω egy nem üres halmaz, A az Ω részhalmazainak egy σ-algebrája és
P : A → R olyan függvény, melyre teljesülnek a következők.


(P1) Minden A ∈ A esetén P (A) ≥ 0.


(P2) P (Ω) = 1.


(P3) (Teljes additivitás.) Ha Ai ∈ A minden i ∈ Z+ esetén, és
AiAj = ∅ minden i, j ∈ Z+, i 6= j esetén, akkor


P


( ∞∑


i=1


Ai


)
=


∞∑


i=1


P (Ai)


teljesül. Ekkor az (Ω,A, P )-t Kolmogorov-féle valósźınűségi mezőnek,
vagy röviden valósźınűségi mezőnek, a P -t pedig valósźınűségnek ne-
vezzük.


2.2. MEGJEGYZÉS. (1) Vegyük észre, hogy a Kolmogorov-féle való-
sźınűségi axiómák tartalmazzák az (S1), (S2), (S3) esemény axiómákat is,
hiszen A-ról megköveteljük, hogy σ-algebra legyen.


(2) Egy adott eseménytér esetén több olyan P valósźınűség is lehet,
melyre teljesülnek az előző axiómák. Hogy melyik az, amely a valóságban
megfelel, erre a választ a statisztika keresi.


2.3. TÉTEL. Legyen (Ω,A, P ) egy valósźınűségi mező. Ekkor teljesül-
nek a következők.


(1) P (∅) = 0.


(2) (Véges additivitás.) Ha A1, A2, . . . , An ∈ A, és AiAj = ∅minden


i, j ∈ {1, 2, . . . , n}, i 6= j esetén, akkor P


(
n∑


i=1


Ai


)
=


n∑
i=1


P (Ai).


(3) Ha A ∈ A, akkor P (A) = 1− P
(
A


)
.


(4) Ha A,B ∈ A, akkor P (A + B) = P (A) + P (B)− P (AB).


(5) Ha A,B ∈ A, akkor P (A−B) = P (A)− P (AB).


(6) Ha A,B ∈ A és B ⊆ A, akkor P (A−B) = P (A)− P (B).
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(7) Ha A,B ∈ A és A ⊆ B, akkor P (A) ≤ P (B).


(8) Ha A ∈ A, akkor P (A) ≤ 1.


(9) Ha A,B ∈ A, A ⊆ B és P (B) = 0, akkor P (A) = 0.


(10) Ha A,B ∈ A és P (B) = 1, akkor P (A) = P (AB).


(11) Ha A1, A2, . . . , An ∈ A, akkor P


(
n∑


i=1


Ai


)
≤


n∑
i=1


P (Ai).


BIZONYÍTÁS. (1) Legyen A1 = Ω és An = ∅ minden n > 1 egész szám
esetén. Ekkor az Ai (i = 1, 2, . . .) események páronként kizáróak, ı́gy a (P3)
axiómából


P (Ω + ∅+ ∅+ · · ·) = P (Ω) + P (∅) + P (∅) + · · ·


következik. Viszont Ω = Ω + ∅+ ∅+ · · ·, ezért
∞∑


i=1


P (∅) = 0. Ez pedig csak


úgy lehetséges, ha P (∅) = 0.


(2) Az A1, A2 . . . , An, Ai := ∅ (i > n) események páronként kizáróak,
ı́gy (P3) és P (∅) = 0 miatt


P


(
n∑


i=1


Ai


)
= P


( ∞∑


i=1


Ai


)
=


∞∑


i=1


P (Ai) =
n∑


i=1


P (Ai).


(3) Az A és az A események egymást kizáróak, ezért a véges additivi-
tásból


P
(
A + A


)
= P (A) + P


(
A


)
.


Ebből P
(
A + A


)
= P (Ω) = 1 miatt adódik az álĺıtás.


(4) Az 1.8. Feladat (1) pontjából és a véges additivitásból


P (A + B) = P (A) + P
(
AB


)
.


B = BA + BA diszjunkt felbontás, ı́gy szintén a véges additivitás miatt


P (B) = P (BA) + P
(
BA


)


teljesül, amiből P
(
BA


)
-t kifejezve és béırva az első egyenlőségbe, adódik a


tétel.
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(5) A = AB + AB diszjunkt felbontás, ezért


P (A) = P (AB) + P
(
AB


)
= P (AB) + P (A−B).


(6) B ⊆ A esetén AB = B, ı́gy az (5) pontból következik az álĺıtás.


(7) A (P1) axiómából és a (6) pontból következik az álĺıtás, ugyanis
A ⊆ B feltétel esetén 0 ≤ P (B −A) = P (B)− P (A) teljesül.


(8) Mivel minden A ∈ A esetén A ⊆ Ω, ezért (P2) és a (7) pont miatt
igaz a tétel.


(9) A (P1) és (7) miatt 0 ≤ P (A) ≤ P (B) = 0, melyből következik az
álĺıtás.


(10) A (P1),(6),(7) és (3) pontok, továbbá a de Morgan-féle azonosság
felhasználásával


0 ≤ P (A)− P (AB) = P (A−AB) = P (A(A + B)) = P (AB) ≤ P (B) = 0,


melyből következik az álĺıtás.


(11) A tételt teljes indukcióval bizonýıtjuk. n = 2 esetén a (4) pontból
következik az álĺıtás. Tegyük fel, hogy n = k esetén igaz az álĺıtás. Ekkor
n = k + 1-re


P


(
k+1∑


i=1


Ai


)
= P


(
k∑


i=1


Ai + Ak+1


)
= P


(
k∑


i=1


Ai


)
+ P (Ak+1)−


− P


(
Ak+1 ·


k∑


i=1


Ai


)
≤ P


(
k∑


i=1


Ai


)
+ P (Ak+1) ≤


≤
(


k∑


i=1


P (Ai)


)
+ P (Ak+1) =


k+1∑


i=1


P (Ai).


Ezzel a tételt bizonýıtottuk.


2.4.TÉTEL. (A valósźınűség folytonossága.) Ha (Ω,A, P ) valósźı-
nűségi mező, Ai∈A (i = 1, 2, . . .),


(1) Ai⊇Ai+1 minden i∈Z+ esetén, és
∞∏


i=1


Ai = A, vagy


(2) Ai⊆Ai+1 minden i∈Z+ esetén, és
∞∑


i=1


Ai = A, akkor


lim
n→∞


P (An) = P (A).
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BIZONYÍTÁS. (1) A feltételekből minden i ∈ Z+ esetén Ai ⊆ Ai+1


következik, továbbá
∞∏


i=1


Ai =
∞∑


i=1


Ai = A. Ezért


A =
∞∑


i=1


Ai = A1 +
(
A2 −A1


)
+


(
A3 −A2


)
+ · · ·


diszjunkt felbontás, ı́gy (P3) és a 2.3. Tétel (6) és (3) pontjai miatt


1− P (A) = P
(
A


)
= P


(
A1


)
+


∞∑


i=1


P
(
Ai+1 −Ai


)
=


= P
(
A1


)
+ lim


n→∞


n−1∑


i=1


(
P


(
Ai+1


)− P
(
Ai


))
=


= lim
n→∞


(
P


(
A1


)
+


(
P


(
A2


)− P
(
A1


))
+ · · ·+


(
P


(
An


)− P
(
An−1


)))
=


= lim
n→∞


P
(
An


)
= lim


n→∞


(
1− P (An)


)
= 1− lim


n→∞
P (An) .


Ebből lim
n→∞


P (An) = P (A) adódik, amit bizonýıtani akartunk.


(2) Mivel Ai ⊇ Ai+1 minden i ∈ Z+ esetén, és
∞∏


i=1


Ai =
∞∑


i=1


Ai = A,


ezért az előző pont miatt lim
n→∞


P
(
An


)
= P


(
A


)
. Ebből következik a tétel.


2.5. TÉTEL. (Helyetteśıtő axiómák.) Ha Ω egy nem üres halmaz,
A az Ω részhalmazainak egy σ-algebrája és P : A → R, akkor a (P1) és
(P2) teljesülése esetén az alábbi két axióma helyetteśıti a (P3) axiómát.


(P4) (Véges additivitás.) Ha A, B ∈ A egymást kizáró események,
akkor P (A + B) = P (A) + P (B).


(P5) (Folytonossági axióma.) Ha Ai ∈ A, Ai ⊇ Ai+1 minden


i ∈ Z+ esetén, és
∞∏


i=1


Ai = ∅, akkor lim
n→∞


P (An) = 0.


BIZONYÍTÁS. A tétel azt álĺıtja, hogy a (P1) és (P2) tulajdonságok
teljesülése esetén a (P4) és (P5) együttesen ekvivalens (P3)-al.


Először tegyük fel, hogy (P1), (P2) és (P3) teljesül. A (P4)-et már
láttuk, hogy következik (P3)-ból. Másrészt (P5) a valósźınűség folytonos-
ságából következik.
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Megford́ıtva, most teljesüljön (P1), (P2), (P4) és (P5). Legyen Ai ∈
A, i ∈ Z+ páronként egymást kizáró események és Bn :=


∞∑
i=n


Ai. Ekkor


Bn ∈ A, Bn ⊇ Bn+1 minden n ∈ Z+ esetén, másrészt belátjuk, hogy
∞∏


n=1
Bn = ∅. Tegyük fel, hogy ez nem igaz, azaz létezik ω ∈ Ω, melyre


ω ∈
∞∏


n=1
Bn teljesül. Így ω ∈ B1, melyből következik az Ai–k páronkénti


kizáróságának felhasználásával, hogy pontosan egy olyan n0 ∈ Z+ létezik,
melyre ω ∈ An0 . Ebből kapjuk, hogy ω 6∈ Bn0+1, ami ellentmondás. Tehát
∞∏


n=1
Bn = ∅. Ezért (P5) alapján


lim
n→∞


P (Bn) = 0. (2.1)


Mivel
∞∑


i=1


Ai = A1 + A2 + · · ·+ An−1 + Bn diszjunkt felbontás, ezért a véges


additivitásból


P


( ∞∑


i=1


Ai


)
= P (A1) + P (A2) + · · ·+ P (An−1) + P (Bn).


Ez minden n ∈ Z+ esetén igaz, tehát (2.1) miatt


P


( ∞∑


i=1


Ai


)
= lim


n→∞


n−1∑


i=1


P (Ai) + lim
n→∞


P (Bn) =
∞∑


i=1


P (Ai).


Így (P3) teljesül. Ezzel az álĺıtást bizonýıtottuk.


2.6. DEFINÍCIÓ. Legyen Ω := {ω1, ω2, . . . , ωn} és A az Ω hatvány-
halmaza. Ha a P valósźınűségre fennáll, hogy P ({ωi})=P ({ωj}) minden
i, j ∈ {1, 2, . . . , n} esetén, akkor az (Ω,A, P )-t klasszikus valósźınűségi
mezőnek nevezzük.


2.7. TÉTEL. Ha (Ω,A, P ) klasszikus valósźınűségi mező, A ∈ A, az Ω
elemeinek a száma n és az A elemeinek száma k, akkor P (A) = k/n.


BIZONYÍTÁS. Legyen az Ω := {ω1, ω2, . . . , ωn}. A defińıcióból követ-
kezik, hogy P ({ωi}) = P ({ωj}) minden i, j ∈ {1, 2, . . . , n}-re.







28 Valósźınűség


Az
{{ωi} : i = 1, 2, . . . , n


}
teljes eseményrendszer, ezért


1 = P (Ω) = P


(
n∑


i=1


{ωi}
)


=
n∑


i=1


P ({ωi}) = np,


ahol p az elemi események közös valósźınűségét jelöli, azaz p = P ({ωi}).
Így p = 1/n. Mivel az A esemény k darab elemi esemény összege, melyek
egymást kizáróak ezért a véges additivitás miatt P (A) = kp = k/n.


2.8. MEGJEGYZÉS. (1) A 2.6. Defińıció korrekt, mert az Ω hatvány-
halmaza σ-algebra.


(2) A 2.7. Tételt középiskolában úgy fogalmazzák meg, hogy a valósźı-
nűség a kedvező esetek száma osztva az összes esetek számával. Klasszikus
valósźınűségi mezőben a kedvező illetve az összes esetek számát kombinato-
rikai eszközökkel határozhatjuk meg.


2.9. FELADAT. A totóban mi a valósźınűsége a 10-es találatnak, ha
feltesszük, hogy minden tipp bekövetkezésének a valósźınűsége egyforma?


MEGOLDÁS. Az Ω legyen az 1, 2, x elemek összes 14-edosztályú ismét-
léses variációjának halmaza. Ekkor minden tippnek megfelel pontosan egy
Ω-beli elem. Ezek lesznek az elemi események. Ekkor egy klasszikus va-
lósźınűségi mezőt kapunk, melyben a 10-es találat


(
13
10


) · 23 · 3–féleképpen
következhet be. Ugyanis a 10-es találatot az első 13 mérkőzésből kell elérni,
ami


(
13
10


) · 23–féleképpen lehetséges, és még a pótmérkőzésre 3–féleképpen
tippelhetünk. Az Ω elemeinek a száma, azaz az összes esetek száma 314.
Így a kérdéses valósźınűség


(
13
10


) · 23 · 3/314 ≈ 0,001435.


2.10. FELADAT. 52 lapos römi kártyát szétosztunk Antalnak, Bélának,
Józsefnek és Imrének véletlenszerűen úgy, hogy mindenkinek 13 lapja legyen.
Mi a valósźınűsége annak, hogy a treff ászt Antal kapja meg?


I. MEGOLDÁS. Az {ω1} reprezentálja azt az esetet, amikor a treff ászt
Antal kapja meg, hasonlóan {ω2} azt amikor Béla, {ω3} azt amikor Jó-
zsef, végül {ω4} azt amikor Imre kapja meg. Legyen Ω := {ω1, ω2, ω3, ω4}.
Egyik személyt sem tünteti ki a többihez képest a leosztás, ı́gy az {ωi}–k
valósźınűségei megegyeznek. Tehát klasszikus valósźınűségi mezőt kaptunk.
Ekkor a kedvező esetek száma 1, mı́g az összes esetek száma 4. Vagyis a
valósźınűség 1/4.
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II. MEGOLDÁS. Az Ω legyen az 52 lap összes 13–adosztályú ismét-
lés nélküli kombinációjának halmaza. Ekkor az Antalnak kiosztott lapok
bármely kombinációjának megfelel pontosan egy Ω–beli elem. Mivel ezek
valósźınűségei egyformák a szimmetria viszonyok miatt, ezért klasszikus va-
lósźınűségi mezőt kapunk. Azon esetek száma amikor a treff ász a kombi-
nációban van, azaz a kedvező esetek száma


(
51
12


)
. Az Ω elemeinek a száma(


52
13


)
. Így a valósźınűség


(
51
12


)
/
(
52
13


)
= 1/4.


2.11. DEFINÍCIÓ. Legyen Ω az Rk egy nem üres részhalmaza, ahol
k = 1, 2, 3. Tegyük fel, hogy Ω mérhető és mértéke pozit́ıv valós szám. Az
A legyen az Ω összes mérhető részhalmazának a halmaza. Ha annak a való-
sźınűsége, hogy egy véletlenszerűen kiválasztott pont egy A ∈ A halmazba
esik, arányos az A mértékével, akkor (Ω,A, P )-t geometriai valósźınűségi
mezőnek nevezzük.


2.12. MEGJEGYZÉS. (1) A defińıcióban egy halmaz mérhetősége azt
jelenti, hogy létezik hossza, területe vagy térfogata, a halmaz mértéke pedig
ennek a mértékszámát jelenti. Másképpen, a mérhetőség az úgynevezett
Lebesgue-mérhetőséget, a halmaz mértéke pedig a Lebesgue-mértékét je-
lenti. Ezek defińıcióját lásd [1]-ben.


Fontos, hogy ha az Ω-nak például a területét tekintjük, akkor az A
elemeinek is a területeit vesszük alapul.


(2) Létezik olyan korlátos halmaz, mely nem mérhető, ezért kell külön
feltételezni ezt az A elemeiről. (Lásd [1] 25. oldal.) Az előbb meghatározott
(Ω,A, P ) Kolmogorov-féle valósźınűségi mezőt alkot, ı́gy korrekt a defińıció.
(Lásd [5] 64. oldal.)


(3) Az egyes elemi események itt az Ω ponthalmaz egy-egy pontjának
véletlenszerű kiválasztását jelentik, amelyeknek a valósźınűsége külön-külön
nulla, hiszen a pont mértéke nulla. Ebből látható, hogy a 2.3. Tétel (1)
pontjának a megford́ıtása nem igaz. Azaz a lehetetlen esemény valósźınűsége
nulla, de ha egy esemény valósźınűsége nulla, abból nem következik, hogy a
lehetetlen eseményről van szó.


2.13. TÉTEL. Ha (Ω,A, P ) geometriai valósźınűségi mezőt alkot, az Ω
mértéke m(Ω), és A ∈ A esetén az A mértéke m(A), akkor


P (A) =
m(A)
m(Ω)


.


BIZONYÍTÁS. A defińıcióból P (A) arányos az A mértékével, továbbá
P (Ω) = 1 arányos az Ω mértékével. Az arányossági tényezőt jelöljük λ-val.
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Ekkor 1 = P (Ω) = λm(Ω), amiből λ = 1
m(Ω) . Másrészt P (A) = λm(A),


melybe λ értékét béırva kapjuk a tételt.


2.14. FELADAT. (Bertrand-féle paradoxon.) Tekintsünk egy kört,
és jelöljük ki annak egy tetszőleges húrját. Határozzuk meg annak a való-
sźınűségét, hogy a húr hosszabb lesz, mint a körbe ı́rt szabályos háromszög
oldala.


I. MEGOLDÁS. Az r sugarú kör középpontjának és a húrnak a távolsága
egyértelműen meghatározza a húr hosszát. Ha ez a távolság kisebb mint r


2 ,
akkor a húr hosszabb lesz a háromszög oldalánál. Ezért P = r


2


/
r = 1


2 .
(Lásd 2. ábra.)


2. ábra


II. MEGOLDÁS. Rögźıtsük a húr A végpontját, a B végpontját pedig
,,futtassuk” végig a körön. A kör kerületének harmada az az ı́vhossz, amin
AB nagyobb a háromszög oldalánál. Ebből következik, hogy P = 2rπ


3


/
2rπ=


= 1
3 . (Lásd 3. ábra.)


3. ábra
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A két megoldás végeredménye nem egyezik meg. Ezt az ellentmondást
úgy tudjuk feloldani, ha továbbiakban mindig megadjuk, hogy a véletlen-
szerű kiválasztása a pontoknak milyen módon történjen. Vagyis a ḱısérleti
körülményeket rögźıteni kell.


2.15. FELADAT. Egységnyi hosszúságú szakaszon véletlenszerűen ki-
választunk két pontot. Mi a valósźınűsége, hogy a két pont távolsága kisebb
egy adott h < 1 hosszú szakasznál?


MEGOLDÁS. Tekintsük az egyik végpontját az egységnyi hosszúságú
szakasznak. A választott P1 illetve P2 pontoknak ettől a végponttól való
távolsága legyen x illetve y. Ekkor x ∈ [0, 1] és y ∈ [0, 1] teljesül. Legyen
Ω := [0, 1]× [0, 1]. A feladatban léırt ḱısérletet úgy is modellezhetjük, hogy
erre az eseménytérre, mely most egy egységnyi oldalhosszúságú négyzet,
,,rádobunk” egy geometriai pontot. A pontnak meg fog felelni egy rendezett
számpár, a koordinátái. Az első koordináta legyen x, a második y. Ehhez
a ḱısérlethez tartozó valósźınűségi mező a 2.11. Defińıció szerint geometriai
valósźınűségi mező lesz. Így a kérdés az A := {(x, y) ∈ Ω : |y − x| < h}
esemény valósźınűsége. A 4. ábrán láthatjuk az eseményteret, melyben a
sat́ırozott rész jelöli az A halmazt.


4. ábra


Feĺırva az A és az Ω területeinek a hányadosát, kapjuk a kérdéses va-
lósźınűséget: P (A) = 2h− h2.


2.16. FELADAT. (Buffon-féle tűprobléma.) Egy v́ızszintes śıkon 2
egységnyi távolságra párhuzamos egyeneseket húzunk. Mi a valósźınűsége,
hogy egy egységnyi hosszúságú tűt ráejtve a śıkra, az elmetszi valamelyik
egyenest?
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MEGOLDÁS. Legyen x a tű középpontjának a távolsága a hozzá legkö-
zelebb eső egyenestől, ϕ pedig a tű és az egyenes által bezárt szög mértéke
radiánban. Így ϕ ∈ [0, π/2] és x ∈ [0, 1]. Legyen Ω := [0, π/2]× [0, 1]. Ekkor
az előző feladathoz hasonlóan járhatunk el. Mivel adott ϕ szögnél ponto-
san x ≤ 1


2 sin ϕ teljesülése esetén metszi az egyenest a tű, ezért a kérdés
az A := {(ϕ, x) ∈ Ω : x ≤ 1


2 sin ϕ} esemény valósźınűsége. Az 5. ábrán
láthatjuk az eseményteret, melyben a sat́ırozott rész jelöli az A halmazt.


Az Ω területe π/2, az A területe pedig
π/2∫
0


1
2 sin ϕdϕ = 1


2 [− cos ϕ]π/2
0 = 1


2 ,


ezért a kettő hányadosa P (A) = 1/π.


5. ábra
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3. Feltételes valósźınűség


Legyen (Ω,A, P ) valósźınűségi mező és A,B ∈ A. Vizsgáljuk az A
esemény bekövetkezésének a valósźınűségét, feltéve hogy B bekövetkezik.


Klasszikus valósźınűségi mező esetén ezt a valósźınűséget könnyen ki-
számolhatjuk. Jelentse például A azt az eseményt, hogy dobókockán nem
dobunk 3-nál nagyobbat, azaz A := {1, 2, 3}. Egy dobás végrehajtása után
annyi információt kapunk az eredményről, hogy az páros szám, tehát B :=
{2, 4, 6}. Ekkor az A esemény bekövetkezésének valósźınűsége már nem
3/6, mint az eredetileg volt, hanem 1/3. Ugyanis B bekövetkezése esetén
az A csak úgy következhet be, ha 2-est dobunk, másrészt pedig B-ben 3
lehetséges eset van. Ezzel a gondolatmenettel tehát az összes esetek száma a
B elemeinek a számával egyezik meg, a kedvező esetek száma pedig azon A-
beli elemek számával, mely a B-nek is eleme. Tehát a keresett valósźınűség


N(AB)
N(B)


=
N(AB)
N(Ω)


:
N(B)
N(Ω)


=
P (AB)
P (B)


,


ahol N a halmaz számosságát jelenti. A kapott eredményt terjesszük ki
tetszőleges valósźınűségi mezőre.


3.1. DEFINÍCIÓ. Legyen (Ω,A, P ) valósźınűségi mező, A,B ∈ A és
P (B) 6= 0. Ekkor a


P (A | B) :=
P (AB)
P (B)


hányadost, az A esemény B-re vonatkozó feltételes valósźınűségének
nevezzük.


3.2. KÖVETKEZMÉNY. (Szorzás tétel.) Ha (Ω,A, P ) valósźınűségi
mező, továbbá A,B ∈ A, és P (B) 6= 0, akkor P (AB) = P (A | B)P (B)
teljesül.


3.3. TÉTEL. A feltételes valósźınűség rendelkezik a valósźınűség tu-
lajdonságaival, vagyis ha (Ω,A, P ) valósźınűségi mező, és B ∈ A esetén
P (B) 6= 0, akkor teljesülnek a következők.


(1) Ha A ∈ A, akkor 0 ≤ P (A | B).


(2) P (Ω | B) = 1.
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(3) Ha Ai ∈ A minden i ∈ Z+ esetén és páronként egymást kizáróak,
akkor


P


( ∞∑


i=1


Ai


∣∣∣∣B
)


=
∞∑


i=1


P (Ai | B) .


BIZONYÍTÁS. (1) Mivel P (AB) ≥ 0 és P (B) > 0 a (P1) axióma és a
P (B) 6= 0 feltétel miatt, ezért igaz az álĺıtás.


(2) P (Ω | B) =
P (ΩB)
P (B)


=
P (B)
P (B)


= 1.


(3) Mivel AiB · AjB = AiAjBB = AiAjB = ∅B = ∅, ezért az AiB


események páronként egymást kizáróak. Így a (P3) axiómából következően


P


( ∞∑


i=1


Ai


∣∣∣∣B
)


=
P


(
B ·


∞∑
i=1


Ai


)


P (B)
=


P


( ∞∑
i=1


AiB


)


P (B)
=


∞∑
i=1


P (AiB)


P (B)
=


=
∞∑


i=1


P (AiB)
P (B)


=
∞∑


i=1


P (Ai | B).


3.4. TÉTEL. Ha (Ω,A, P ) valósźınűségi mező és A,B,C ∈ A, akkor


(1) P (A | B) ≤ 1, ha P (B) 6= 0,


(2) P (A | B) = 1, ha B ⊆ A és P (B) 6= 0,


(3) P
(
A | B)


= 1− P (A | B), ha P (B) 6= 0,


(4) P (A + B | C) = P (A | C) + P (B | C)− P (AB | C), ha P (C) 6= 0,


(5) P (A−B | C) = P (A | C)− P (AB | C), ha P (C) 6= 0,


(6)
P (A) + P (B)− 1


P (B)
≤ P (A | B) ≤ P (A)


P (B)
, ha P (B) 6= 0.


BIZONYÍTÁS.


(1) AB ⊆ B, ezért P (AB) ≤ P (B), ı́gy P (A | B) =
P (AB)
P (B)


≤ 1.


(2) B ⊆ A, ezért AB = B, ı́gy P (A | B) =
P (AB)
P (B)


=
P (B)
P (B)


= 1.
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(3) B = BA+BA diszjunkt felbontás, ezért P (B) = P (BA)+P
(
BA


)
,


melyből P
(
AB


)
= P (B)− P (BA) következik. Ennek alapján


P
(
A | B)


=
P


(
AB


)


P (B)
=


P (B)− P (BA)
P (B)


= 1− P (BA)
P (B)


= 1− P (A | B).


(4) A 2.3. Tétel (4) pontja alapján


P (A + B | C) =
P


(
(A + B)C


)


P (C)
=


P (AC + BC)
P (C)


=


=
P (AC) + P (BC)− P (ACBC)


P (C)
=


P (AC)
P (C)


+
P (BC)
P (C)


−


− P (ABC)
P (C)


= P (A | C) + P (B | C)− P (AB | C).


(5) A 2.3. Tétel (5) pontja miatt


P (A | C)− P (AB | C) =
P (AC)− P (ABC)


P (C)
=


P (AC −B)
P (C)


=


=
P (ABC)


P (C)
= P (A−B | C).


(6) AB ⊆ A, ezért P (AB) ≤ P (A), melyből P (A | B) = P (AB)
P (B) ≤ P (A)


P (B)


következik. Másrészt


P (A | B) =
P (AB)
P (B)


=
P (A) + P (B)− P (A + B)


P (B)
≥ P (A) + P (B)− 1


P (B)
.


3.5. TÉTEL. (A teljes valósźınűség tétele.) Ha (Ω,A, P ) valósźı-
nűségi mező,


{
Bi ∈ A : i ∈ Z+


}
teljes eseményrendszer, és P (Bi) 6= 0


minden i ∈ Z+-ra, akkor bármely A ∈ A esetén


P (A) =
∞∑


i=1


P (A | Bi)P (Bi).


BIZONYÍTÁS.
∞∑


i=1


Bi = Ω, ezért A =
∞∑


i=1


ABi. Mivel a Bi események


páronként egymást kizáróak, ezért az ABi események is azok lesznek, tehát
alkalmazhatjuk a teljes additivitást.


∞∑


i=1


P (A | Bi)P (Bi) =
∞∑


i=1


P (ABi) = P


( ∞∑


i=1


ABi


)
= P (A).
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3.6. TÉTEL. (Bayes-tétel.) Legyen az (Ω,A, P ) egy valósźınűségi
mező. Ha


{
Bi ∈ A : i ∈ Z+


}
teljes eseményrendszer, és P (Bi) 6=0 minden


i ∈ Z+ esetén, továbbá ha A ∈ A és P (A) 6= 0, akkor bármely i ∈ Z+ esetén


P (Bi | A) =
P (A | Bi)P (Bi)


∞∑
k=1


P (A | Bk)P (Bk)
.


BIZONYÍTÁS. A teljes valósźınűség tétele szerint


P (A | Bi)P (Bi)
∞∑


k=1


P (A | Bk)P (Bk)
=


P (ABi)
P (Bi)


P (Bi)


P (A)
=


P (ABi)
P (A)


= P (Bi | A).


3.7. MEGJEGYZÉS. (1) Ha valamely A eseményt mint okozatot te-
kintjük, amit a Bi (i ∈ Z+) okok válthatnak ki, akkor ismerve az okok
valósźınűségeit és hatásukat az okozat bekövetkezésére, azaz a P (A | Bi)
értékeket tudva, a teljes valósźınűség tétele értelmében az okozat valósźınű-
sége meghatározható.


Másfelől, ha az A okozat már bekövetkezett, akkor a Bayes-tétellel kö-
vetkeztethetünk arra, hogy egy kiválasztott ok milyen valósźınűséggel szere-
pelt az A létrejöttében. Ilyen értelemben a Bayes-tétel megford́ıtása a teljes
valósźınűség tételének.


(2) Ha a B1, B2, . . . eseményrendszerre teljesül, hogy páronként egy-
mást kizáróak és összegük valósźınűsége 1, akkor azt tágabb értelemben
teljes eseményrendszernek nevezzük. A teljes valósźınűség tétele és a
Bayes-tétel ilyen eseményrendszerekre is igaz. Másrészt ha a tágabb érte-
lemben teljes eseményrendszer véges sok eseményből áll, ez a két tétel akkor
is teljesül. Ezek bizonýıtását az olvasóra b́ızzuk.


3.8. FELADAT. Szindbádnak jogában áll t́ız háremhölgy közül feleséget
választania oly módon, hogy az előtte elvonuló, véletlenszerűen sorrendbe
álĺıtott hölgyek közül az első ötöt el kell engednie, de az utánna követke-
zők közül ki kell választania a legelsőt, aki az első öt hölgytől szebb. Mi a
valósźınűsége annak, hogy Szindbád a legszebb hölgyet tudja kiválasztani?
(Feltesszük, hogy szigorú sorrendet tudunk megállaṕıtani a hölgyek szép-
ségét illetően, továbbá ha a legszebb hölgy az első öt között volt, akkor
Szindbád nem választhat ki senkit.)


MEGOLDÁS. Jelentse A azt az eseményt, hogy Szindbád a legszebb
háremhölgyet választja ki, Bi pedig azt, hogy i-ediknek érkezik a legszebb
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hölgy. Ekkor a teljes valósźınűség tétele szerint P (A) =
10∑


i=1


P (A | Bi)P (Bi).


Ha i ≤ 5, akkor P (A | Bi) = 0, melyből


P (A) =
10∑


i=6


P (A | Bi) P (Bi)︸ ︷︷ ︸
0,1


.


Ha az első i−1 hölgy között a legszebb az első ötben volt, akkor bekövetkezik
A. Mivel i− 1 hölgy között (i− 1)-féleképpen helyezkedhet el a legszebb, és
ebből az előzőek értelmében csak 5 a kedvező, ezért P (A | Bi) = 5/(i− 1).
Mindezekből


P (A) =
10∑


i=6


5
i− 1


· 1
10


=
1
2


9∑


i=5


1
i
≈ 0,373.


3.9. FELADAT. Egy üzemben három gép dolgozik. Az első a termelés
25%-át adja, és 5%-os selejttel dolgozik. A második 35%-ot termel 4%-os
selejttel, végül a harmadik 40%-ot ad 2%-os selejttel. A termékek közül
kiválasztunk egyet véletlenszerűen, és azt tapasztaljuk, hogy az selejtes. Mi
a valósźınűsége annak, hogy az első gép gyártotta.


MEGOLDÁS. Jelentse A azt az eseményt, hogy selejtes terméket vá-
lasztottunk, Bi pedig azt, hogy az i-edik gép gyártotta. Ekkor a Bayes-tétel
értelmében a kérdéses valósźınűség


P (B1 | A) =
P (A | B1)P (B1)


3∑
k=1


P (A | Bk)P (Bk)
=


=
0,25 · 0,05


0,25 · 0,05 + 0,35 · 0,04 + 0,4 · 0,02
≈ 0,362.
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4. Események függetlensége


Jelentse A azt az eseményt, hogy dobókockával nem dobunk 3-nál na-
gyobbat, vagyis A := {1, 2, 3}, másrészt B jelentse azt, hogy 3-ast vagy 4-est
dobunk, tehát B := {3, 4}. Ekkor P (A) = 3/6 és P (A | B) = 1/2, vagyis
A-nak a valósźınűsége, függetlenül attól, hogy B bekövetkezett-e vagy sem,
mindig 1/2. A továbbiakban ha P (A) = P (A | B) teljesül akkor azt mond-
juk, hogy A független B-től. Könnyű ellenőrizni, hogy B is független A-tól,
hiszen P (B) = 2/6 és P (B | A) = 1/3, tehát megegyeznek. A függetlenség-
nek ez a szimmetria tulajdonsága általánosan is igaz, vagyis P (A)P (B) 6= 0
esetén P (A) = P (A | B) pontosan akkor teljesül, ha P (B) = P (B | A).
Azaz A pontosan akkor független B-től, ha B független A-tól.


Vegyük észre, hogy P (A)P (B) 6= 0 esetén a függetlenség fogalma ek-
vivalens azzal, hogy P (AB) = P (A)P (B). Ez utóbbi képlet akkor is alkal-
mazható, ha P (A)P (B) = 0, másrészt a szimmetria azonnal látható belőle.
Ezért a továbbiakban ezt fogadjuk el a függetlenség defińıciójának.


4.1. DEFINÍCIÓ. Legyen (Ω,A, P ) valósźınűségi mező és A,B ∈ A.
Azt mondjuk, hogy az A esemény független B-től, ha


P (AB) = P (A)P (B).


4.2. KÖVETKEZMÉNY. Legyen (Ω,A, P ) valósźınűségi mező és ebben
A,B tetszőleges események. Ekkor P (B) 6= 0 esetén az A akkor és csak
akkor független B-től, ha P (A | B) = P (A).


4.3. FELADAT. Antal és Béla céltáblára lőnek. Antal 0,8 valósźınűség-
gel találja el a céltáblát, Béla pedig 0,5-el. A találatok egymástól függetle-
nek. Ha Antal és Béla egy-egy lövést adnak le, akkor mennyi a valósźınűsége
annak, hogy legalább az egyikőjük talál?


MEGOLDÁS. Az A esemény jelentse azt, hogy Antal talál, illetve B
azt, hogy Béla talál. Meg kell határoznunk a P (A + B) valósźınűséget.


P (A + B) = P (A) + P (B)− P (AB) = P (A) + P (B)− P (A)P (B) =
= 0,8 + 0,5− 0,8 · 0,5 = 0,9.


4.4. FELADAT. Bizonýıtsuk be, hogy ha (Ω,A, P ) valósźınűségi mező
és A,B ∈ A függetlenek, akkor az A és B is függetlenek.
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MEGOLDÁS. Az A és B események függetlenségét és a 2.3. Tétel (5)
pontját felhasználva kapjuk, hogy


P (A)P
(
B


)
= P (A)


(
1− P (B)


)
= P (A)− P (A)P (B) = P (A)− P (AB) =


= P (A−B) = P
(
AB


)
.


4.5. KÖVETKEZMÉNY. Az A és B események akkor és csak akkor
függetlenek, ha az A és B események függetlenek.


4.6. FELADAT. Legyen (Ω,A, P ) valósźınűségi mező és A1, A2, B ∈ A.
Bizonýıtsuk be, hogy ha az A1 és A2 egymást kizáró események, továbbá
A1 és A2 függetlenek B-től, akkor az A1 + A2 is független B-től.


MEGOLDÁS.


P
(
(A1 + A2)B


)
= P (A1B + A2B) = P (A1B) + P (A2B) = P (A1)P (B)+


+P (A2)P (B)=
(
P (A1)+P (A2)


)
P (B)=P (A1 + A2)P (B).


4.7. DEFINÍCIÓ. Legyen az (Ω,A, P ) egy valósźınűségi mező, továbbá
H :=


{
Ai ∈ A : i = 1, 2, . . . , n


}
. Ekkor a H véges eseményrendszer elemeit


teljesen függetleneknek, vagy röviden függetleneknek nevezzük, ha a
H eseményrendszer bármely G részhalmazára


P


( ∏


Ai∈G


Ai


)
=


∏


Ai∈G


P (Ai) (4.1)


teljesül. Egy végtelen eseményrendszer elemei függetlenek, ha bármely véges
részrendszere független.


4.8. FELADAT. Legyen (Ω,A, P ) valósźınűségi mező. Bizonýıtsuk be,
hogy ha A1, . . . , An ∈ A események teljesen függetlenek, akkor az


A1, A2, . . . , Ak−1, Ak, Ak+1, . . . , An


események is azok minden k ∈ {1, . . . , n} esetén.


MEGOLDÁS. A feladatot elég k = 1-re bizonýıtani az indexelés önké-
nyessége miatt. Legyen H :=


{
A1, A2, A3, . . . , An


}
és G ⊆ H tetszőleges.
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Ha A1 6∈ G, akkor (4.1) közvetlenül az A1, A2, . . . , An események teljes füg-
getlenségéből következik.


A1 ∈ G esetén legyen G := {A1, Ai2 , Ai3 , . . . , Aim}, ahol m ≤ n pozit́ıv
egész szám, és 2 ≤ i2 < i3 < · · · < im ≤ n. Ekkor a 2.3. Tétel (5) pontja
miatt


P
(
A1Ai2 · · ·Aim


)
= P (Ai2 · · ·Aim)− P (A1Ai2 · · ·Aim) =
= P (Ai2) · · ·P (Aim)− P (A1)P (Ai2) · · ·P (Aim) =


=
(
1− P (A1)


)
P (Ai2) · · ·P (Aim) =


= P
(
A1


)
P (Ai2) · · ·P (Aim)


teljesül, ami az álĺıtásunkat bizonýıtja.


4.9. MEGJEGYZÉS. (1) Húzzunk egy lapot a 32 lapos magyar kár-
tyából. Legyen A az az esemény, hogy pirosat vagy zöldet húzunk, B az,
hogy pirosat vagy tököt, illetve C az, hogy számozott lapot húzunk. Ek-
kor P (A) = P (B) = P (C) = 1/2, P (AB) = P (AC) = P (BC) = 1/4,
P (ABC) = 1/8, amiből következik, hogy A,B, C események teljesen füg-
getlenek.


(2) Ha egy eseményrendszer elemei teljesen függetlenek, akkor bármely
két eleme is független egymástól, másképpen az eseményrendszer elemei
páronként függetlenek. Ford́ıtva nem igaz, a páronkénti függetlenségből
nem következik a teljes függetlenség. Például, a 32 lapos magyar kártyából
húzzunk ki egy lapot. Jelentse A azt, hogy makkot vagy pirosat húztunk, B
azt, hogy makkot vagy tököt, illetve C azt, hogy makkot vagy zöldet húz-
tunk. Ekkor P (A) = P (B) = P (C) = 1/2 és P (AB) = P (AC) = P (BC) =
1/4 miatt az A,B,C események páronként függetlenek, de P (ABC) = 1/4
miatt P (A)P (B)P (C) 6= P (ABC), ı́gy nem teljesen függetlenek.


(3) Sokakban a függetlenség fogalom azzal társul, hogy a két halmaz-
nak halmazelméleti értelemben nincs közük egymáshoz, vagyis egymást ki-
záróak. Így gyakran a két fogalmat – a függetlenséget és a kizáróságot –
összetévesztik. Ezért a következő tételnek és megjegyzéseknek az a célja,
hogy a közöttük fennálló kapcsolatot, illetve különbséget megmutassa.


4.10. TÉTEL. Ha (Ω,A, P ) valósźınűségi mező, A,B ∈ A, továbbá
P (A)P (B) 6= 0, akkor A és B egymást kizárósága esetén A és B nem füg-
getlenek.


BIZONYÍTÁS. P (AB) = P (∅) = 0 6= P (A)P (B), ami álĺıtásunkat iga-
zolja.
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4.11. MEGJEGYZÉS. (1) A tétel megford́ıtása nem igaz. Például,
ha egy lapot kihúzunk egy kártyacsomagból, és az A esemény jelenti azt,
hogy pirosat vagy zöldet húztunk, a B esemény jelenti azt, hogy pirosat,
tököt, vagy makkot húztunk, akkor az AB esemény azt jelöli, hogy pirosat
húztunk. Így P (A) = 1/2, P (B) = 3/4, P (AB) = 1/4, amiből látható,
hogy P (AB) 6= P (A)P (B), tehát nem független A és B, de nem is egymást
kizáróak.


(2) A 4.10. Tételt másképpen is megfogalmazhatjuk. Ha P (A)P (B) 6=0
esetén A és B függetlenek, akkor A és B nem egymást kizáróak.


Természetesen, ı́gy ennek sem igaz a megford́ıtása. Azaz ha A és B nem
egymást kizáróak, akkor a függetlenségről nem tudunk semmit mondani.


Azt, hogy két vagy több ḱısérletet egymástól függetlenül végzünk el,
azaz több különböző valósźınűségi mező eseményeinek függetlenségét, a (4.1)
képlettel nem definiálhatjuk. Ezért a következőkben bevezetjük a független
ḱısérletek valósźınűségi mezőjének a fogalmát, mely az egész ḱısérletsoroza-
tot egyszerre, egy mezőben ı́rja le. Ekkor már van lehetőség a függetlenség
vizsgálatában a (4.1) képlet használatára.


4.12. DEFINÍCIÓ. Legyen Ω nem üres halmaz és H részhalmaza az Ω
hatványhalmazának. Ekkor σ(H) alatt a H által generált σ-algebrát értjük,
azaz a H-t tartalmazó összes olyan σ-algebra metszetét, amely részhalmaza
az Ω hatványhalmazának.


4.13. DEFINÍCIÓ. Egy ḱısérletsorozatban n darab ḱısérletet végzünk.
Minden ḱısérlethez tartozik egy valósźınűségi mező,


(Ω1,A1, P1), . . . , (Ωn,An, Pn).


Legyen
Ω := Ω1 × · · · × Ωn,


A := σ
(
{A1 × · · · ×An : Ai ∈ Ai, i = 1, 2, . . . , n}


)
,


továbbá P : A → R olyan valósźınűség, melyre


P (A1 × · · · ×An) = P1(A1) · · ·Pn(An)


teljesül minden Ai ∈ Ai, i = 1, 2, . . . , n esetén. Ekkor a ḱısérletsorozatot
független ḱısérletek véges sorozatának, az (Ω,A, P )-t pedig véges sok
független ḱısérlet valósźınűségi mezőjének nevezzük.
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A független ḱısérletek valósźınűségi mezőjének defińıcióját kiterjeszt-
hetjük végtelen sok ḱısérlet esetére is. Bár ilyen ḱısérletsorozatot ténylege-
sen nem tudunk elvégezni, mégis szükségünk lesz rá a későbbi határérték
tételekben.


4.14. DEFINÍCIÓ. Legyen (Ωi,Ai, Pi), i ∈ Z+ valósźınűségi mezők,


Ω := Ω1 × Ω2 × · · · ,


A := σ
({


A1 × · · · ×An : Ai ∈ Ai, i = 1, 2, . . . , n és n ∈ Z+
})


,


továbbá P : A → R olyan valósźınűség, melyre


P (A1 × · · · ×An) = P1(A1) · · ·Pn(An)


teljesül minden n ∈ Z+, Ai ∈ Ai, i = 1, 2 . . . , n esetén. Ekkor a valósźınű-
ségi mezők (Ωi,Ai, Pi) sorozatát független ḱısérletek végtelen soroza-
tának, az (Ω,A, P )-t pedig végtelen sok független ḱısérlet valósźınű-
ségi mezőjének nevezzük.


4.15. MEGJEGYZÉS. (1) Az előző defińıciókban meghatározott való-
sźınűségek egyértelműen léteznek. (Lásd [3] 142. oldal.)


(2) Az, hogy egy véges független ḱısérletsorozatban a k–adik ḱısérlet
eredménye Ak ∈ Ak, azt jelenti, hogy bekövetkezett az


A∗k := Ω1 × · · · × Ωk−1 ×Ak × Ωk+1 × · · · × Ωn ∈ A


esemény, vagyis a többi ḱısérletben bármi előfordulhat. Így


Pk(Ak) = P (A∗k) e‘s A1 × · · · ×An = A∗1 · · ·A∗n


teljesül minden A1 ∈ A1, . . . , An ∈ An esetén. Ebből látható, hogy ekkor


P (A∗1 · · ·A∗n) = P (A∗1) · · ·P (A∗n)


teljesül, ami a (4.1) képletnek felel meg, azaz tényleg jogos a függetlenség
jelző.


(3) Független ḱısérletek valósźınűségi mezője például az úgynevezett
Bernoulli-féle valósźınűségi mező, mellyel az 5. fejezet részletesen foglalkozik.
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5. Valósźınűségi változó


5.1. JELÖLÉS. Legyen ξ egy Ω eseménytéren értelmezett valós értékű
függvény, továbbá k ∈ R. Vezessük be a


{ξ = k} := {ω : ω ∈ Ω, ξ(ω) = k}


jelölést. Hasonlóan definiálhatjuk a


{ξ < k}, {ξ > k}, {ξ = η}, {ξ < η}, {ξ > η} stb.


halmazokat is, ha η szintén az Ω-n értelmezett valós értékű függvény.
Ha {ξ = k} esemény, akkor annak valósźınűségét P


(
{ξ = k}


)
helyett


P (ξ = k)-val fogjuk jelölni.


5.2. DEFINÍCIÓ. Legyen (Ω,A, P ) valósźınűségi mező, és ξ az Ω-n
értelmezett valós értékű függvény. Ha {ξ < k} ∈ A minden k ∈ R esetén,
akkor a ξ függvényt valósźınűségi változónak nevezzük.


5.3. MEGJEGYZÉS. A mértékelméletben a {ξ < k} halmazt ńıvó-
halmaznak nevezik. Ha ξ minden ńıvóhalmaza eleme A-nak, akkor ξ-t
mérhető függvénynek nevezzük. Így a valósźınűségi változó olyan Ω-n
értelmezett valós értékű függvény, mely mérhető.


5.4. TÉTEL. Legyen az (Ω,A, P ) valósźınűségi mezőben ξ és η va-
lósźınűségi változók. Ekkor minden k, l ∈ R esetén {ξ = k}, {ξ > k},
{l < ξ < k} és {ξ < η} halmazok események.


BIZONYÍTÁS. A valósźınűségi változó defińıciója miatt {ξ < k} ∈ A.
Ebből (S2) miatt


{ξ = k} = {ξ ≥ k}{ξ ≤ k} = {ξ < k}
∞∏


n=1


{
ξ < k +


1
n


}
∈ A


teljesül. Ezt felhasználva kapjuk, hogy


{ξ > k} = {ξ ≤ k} = {ξ < k}+ {ξ = k} ∈ A,


melyből
{l < ξ < k} = {ξ > l}{ξ < k} ∈ A
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következik. A {ξ < η} ∈ A kimutatásához tekintsünk egy olyan 〈rn〉
számsorozatot, melynek az értékkészlete a racionális számok halmaza. Ilyen
sorozat létezik, mert a racionális számok halmazának számossága megszám-
lálhatóan végtelen. Ekkor


{ξ < η} =
∞∑


n=1


{ξ < rn}{η > rn} ∈ A,


hiszen a racionális számok sűrűn helyezkednek el a számegyenesen, vagyis
ω ∈ {ξ < η} esetén létezik olyan n0 ∈ Z+, melyre ξ(ω) < rn0 < η(ω)
teljesül. Így


ω ∈ {ξ < rn0}{η > rn0} ⊆
∞∑


n=1


{ξ < rn}{η > rn},


melyből már következik az előző egyenlőség, és ebből az álĺıtás.


5.5. TÉTEL. Ha ξ és η az (Ω,A, P ) valósźınűségi mezőben értelmezett
valósźınűségi változók és c ∈ R, akkor a következő függvények is valósźınű-
ségi változók.


(1) ξ + c, (2) cξ, (3) |ξ|,
(4) ξ2, (5) 1


ξ , ha {ξ 6= 0} = Ω, (6) ξ − η,


(7) ξ + η, (8) ξη, (9) ξ
η , ha {η 6= 0} = Ω.


BIZONYÍTÁS. Az álĺıtás az 5.4. Tétel következménye, figyelembe véve
a következőket.


(1) {ξ + c < k} = {ξ < k − c} ∈ A minden k ∈ R esetén.


(2)


{cξ < k} =







{
ξ < k


c


}
, ha c > 0 ,{


ξ > k
c


}
, ha c < 0 ,


Ω, ha c = 0 e‘s k > 0 ,
∅, ha c = 0 e‘s k ≤ 0 ,


(3)


{|ξ| < k} =
{ ∅, ha k ≤ 0 ,
{−k < ξ < k} , ha k > 0 .
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(4)
{
ξ2 < k


}
=


{ ∅, ha k ≤ 0 ,{
−
√


k < ξ <
√


k
}


, ha k > 0 .


(5)
{


1
ξ


< k


}
=





{ξ < 0} , ha k = 0 ,{
ξ > 1


k


}
+ {ξ < 0} , ha k > 0 ,{


1
k < ξ < 0


}
, ha k < 0 .


(6) {ξ − η < k} = {ξ < η + k} ∈ A minden k ∈ R esetén.


(7) Az álĺıtás a (2) és (6) pontokból következik.


(8) ξη = 1
4


(
(ξ + η)2 − (ξ − η)2


)
miatt {ξη < k} ∈ A következik.


(9) ξ
η = ξ · 1


η , ı́gy az (5) és (8) pontok miatt
{


ξ
η < k


}
∈ A.


5.6. DEFINÍCIÓ. A B: = σ
({


(−∞, x) : x ∈ R
})


halmaz elemeit
Borel-halmazoknak nevezzük.


5.7. DEFINÍCIÓ. Legyen Bn := σ(B × · · · × B), (n ∈ Z+), azaz a B
önmagával n-szer vett direkt szorzata által generált σ-algebra. Ekkor Bn


elemeit n-dimenziós Borel-halmazoknak nevezzük.


5.8. DEFINÍCIÓ. Az f : Rn → R (n ∈ Z+) függvényt Borel-mérhe-
tőnek nevezzük, ha {~x : ~x ∈ Rn, f(~x) < k} ∈ Bn minden k ∈ R esetén.


5.9. TÉTEL. Az f : Rn → R (n ∈ Z+) függvény akkor és csak akkor
Borel-mérhető, ha f−1(B) =


{
~x : ~x ∈ Rn, f(~x) ∈ B


} ∈ Bn minden B ∈ B
esetén.


BIZONYÍTÁS. (1) Az f : Rn → R függvényre teljesüljön, hogy minden
B ∈ B esetén f−1(B) ∈ Bn. Mivel (−∞, k) ∈ B minden k ∈ R esetén, ezért
f−1


(
(−∞, k)


)
∈ B. Viszont f−1


(
(−∞, k)


)
= {~x : ~x ∈ Rn, f(~x) < k}, ı́gy


f Borel-mérhető.


(2) Megford́ıtva, most f : Rn → R függvény legyen Borel-mérhető,
azaz minden k ∈ R esetén f−1


(
(−∞, k)


)
∈ Bn. Bebizonýıtjuk, hogy a


H :=
{
B : B ∈ B, f−1(B) ∈ Bn


}
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σ-algebrát alkot. Ennek érdekében először vegyük észre, hogy ha Ai ⊆ R
minden i ∈ Z+ esetén, akkor


f−1


( ∞⋃


i=1


Ai


)
=


∞⋃


i=1


f−1 (Ai) (5.1)


teljesül az 1.5. Megjegyzés (13) pontja és a részhalmaz defińıciója miatt.
Ebből következik, hogy


f−1(R) = f−1


( ∞⋃


k=1


(−∞, k)


)
=


∞⋃


k=1


f−1
(
(−∞, k)


)
∈ Bn,


hiszen f−1
(
(−∞, k)


)
∈ Bn, és Bn σ-algebra. Így R ∈ H. Másrészt, ha


B ∈ H, akkor


f−1
(
B


)
=


{
~x : ~x ∈ Rn, f(~x) ∈ B


}
=


{
~x : ~x ∈ Rn, f(~x) ∈ B


}
= f−1(B),


ami eleme Bn-nek, vagyis B ∈ H. Harmadrészt, ha Bi ∈ H minden i ∈ Z+


esetén, akkor (5.1) miatt


f−1


( ∞⋃


i=1


Bi


)
=


∞⋃


i=1


f−1 (Bi) ∈ Bn,


ı́gy
∞⋃


i=1


Bi ∈ H. Mindezekből következik, hogy H σ-algebrát alkot. Emiatt


H tartalmazza a (−∞, k) intervallumok által generált σ-algebrát, azaz B-t,
hiszen minden k ∈ R esetén (−∞, k) ∈ H teljesül. Másrészt a H defińıci-
ójából H ⊆ B, ı́gy H = B. Ebből következik, hogy minden B ∈ B esetén
f−1(B) ∈ Bn. Ezzel a tételt bizonýıtottuk.


5.10. TÉTEL. A ξ : Ω → R pontosan akkor valósźınűségi változó az
(Ω,A, P ) valósźınűségi mezőn, ha minden B ∈ B esetén ξ−1(B) ∈ A teljesül.


BIZONYÍTÁS. Az 5.9. Tétel bizonýıtásában Bn helyére A ı́rva, adódik
az álĺıtás.


5.11. MEGJEGYZÉS. Például, ha f : Rn → R (n ∈ Z+) folytonos,
vagy n = 1 esetén monoton függvény, akkor Borel-mérhető. Ugyanis az{
~x : ~x ∈ Rn, f(~x) < k


}
, k ∈ R ńıvóhalmazok folytonos esetben nýıltak,


monoton esetben pedig végtelen intervallumok.
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5.12. TÉTEL. Ha ξ1, ξ2, . . . , ξn az (Ω,A, P ) valósźınűségi mezőn ér-
telmezett valósźınűségi változók, és f : Rn → R (n ∈ Z+) Borel-mérhető
függvény, akkor f(ξ1, ξ2, . . . , ξn) is valósźınűségi változó.


BIZONYÍTÁS. Legyen B ∈ B tetszőleges. Ekkor az 5.10. Tétel alapján
~ξ := (ξ1, ξ2, . . . , ξn) és η := f


(
~ξ
)


jelölésekkel η−1(B) = ~ξ−1
(
f−1(B)


)
∈ A,


hiszen az 5.9. Tétel miatt f−1(B) ∈ Bn.


5.13. MEGJEGYZÉS. Az 5.12. Tétel általánośıtása az 5.5. Tételnek.
Például az abszolút érték függvény folytonos, ı́gy az 5.11. Megjegyzés alap-
ján Borel-mérhető, tehát a ξ valósźınűségi változó abszolút értéke is való-
sźınűségi változó.


5.14. DEFINÍCIÓ. Ha egy független véges ḱısérletsorozat minden ḱısér-
letéhez ugyanazon (Ω,A, P ) valósźınűségi mező tartozik, ahol Ω := {ω0, ω1}
és A az Ω hatványhalmaza, akkor azt Bernoulli-féle ḱısérletsorozat-
nak, továbbá az ehhez tartozó független ḱısérletek valósźınűségi mezőjét
Bernoulli-féle valósźınűségi mezőnek nevezzük.


5.15. TÉTEL. Legyen adott egy Bernoulli-féle valósźınűségi mező, to-
vábbá


ξi : Ωn → R, ξi(~ω) :=
{


1, ha ~ω i-edik komponense ω1,
0, ha ~ω i-edik komponense ω0,


minden i ∈ {1, 2, . . . , n} esetén, ahol n ∈ Z+, és %n := ξ1 + ξ2 + . . . + ξn.
Ekkor a ξi, %n és %n/n függvények valósźınűségi változók. A %n illetve
a %n/n valósźınűségi változókat az {ω1} esemény gyakoriságának illetve
relat́ıv gyakoriságának nevezzük.


BIZONYÍTÁS. A tétel a valósźınűségi változó defińıciójából és az 5.5.
Tételből következik.


5.16. TÉTEL. Legyen adott egy Bernoulli-féle valósźınűségi mező. Az
előző tételben definiált ξi és %n valósźınűségi változók esetén p jelölje a
{ξi = 1} esemény valósźınűségét, továbbá legyen q := 1− p. Ekkor minden
k ∈ {0, 1, 2, . . . , n} esetén


P (%n = k) =
(


n


k


)
pkqn−k.
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BIZONYÍTÁS. A {%n = k} esemény azt jelenti, hogy a ḱısérletsorozat-
ban k-szor következett be az {ω1} esemény és (n − k)-szor az {ω0}. Ez(
n
k


)
-féleképpen valósulhat meg, ezért a {%n = k} esemény


(
n
k


)
darab ele-


mi eseményből áll. Egy elemi esemény valósźınűsége a függetlenség miatt
pkqn−k. Így a véges additivitásból adódik az álĺıtás.


5.17. MEGJEGYZÉS. (1) Az 5.15. Tételben az a feltétel, hogy ~ω i-edik
komponense ω1, azt jelenti, hogy a ḱısérletsorozatban, az i-edik ḱısérletben
az {ω1} esemény következett be. Így %n azt adja meg, hogy n darab ḱı-
sérletben, hányszor következett be {ω1}. Ebből következik, hogy %n/n a
bevezetőben elmondottak szerinti értelemben az {ω1} esemény relat́ıv gya-
korisága.


(2) A Bernoulli-féle valósźınűségi mező és a ξi defińıciójából {ξi = 1}
eleme An-nek, vagyis esemény, továbbá minden Ω eseménytérhez ugyanaz
a P valósźınűség tartozik, ezért


P (ξ1 = 1) = P (ξ2 = 1) = · · · = P (ξn = 1),


vagyis p és q defińıciója korrekt.


5.18. DEFINÍCIÓ. Az (Ω,A, P ) valósźınűségi mezőben értelmezett ξ
valósźınűségi változót diszkrét valósźınűségi változónak nevezzük, ha
a ξ értékkészletének számossága megszámlálható.


5.19. MEGJEGYZÉS. (1) A gyakoriság és a relat́ıv gyakoriság diszkrét
valósźınűségi változók. Vannak nem diszkrét valósźınűségi változók is, de
ezekről csak később esik szó.


(2) Nézzünk egy példát a Bernoulli-féle valósźınűségi mezőre. Az {ω1}
halmaz reprezentálja azt az eseményt, hogy dobókockával 6-ost dobunk,
{ω0} pedig azt, hogy nem 6-ost dobunk. Legyen Ω := {ω0, ω1} és A az Ω
hatványhalmaza. Így egy dobáshoz az (Ω,A, P ) valósźınűségi mező tartozik,
ahol P ({ω0}) = 5/6 és P ({ω1}) = 1/6. Dobjunk háromszor egymástól
függetlenül a dobókockával. Ez egy Bernoulli-féle ḱısérletsorozat, melyhez
tartozó valósźınűségi mezőt a következőképpen ı́rhatjuk le. Az eseménytér


Ω3 = {(ω0, ω0, ω0), (ω0, ω0, ω1), (ω0, ω1, ω0), (ω0, ω1, ω1),
(ω1, ω0, ω0), (ω1, ω0, ω1), (ω1, ω1, ω0), (ω1, ω1, ω1)}.


Például az {(ω0, ω1, ω0)} elemi esemény akkor következik be, ha a három
dobásból csak a második volt 6-os, annak valósźınűsége pedig a függetlenség
miatt


P ({ω1})P ({ω0})P ({ω1}) =
5
6
· 1
6
· 5
6
.
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A ḱısérletsorozatban az események halmaza az Ω3 hatványhalmaza. Legyen


ξi : Ω3 → R, ξi(~ω) :=
{


1, ha ~ω i-edik komponense ω1,
0, ha ~ω i-edik komponense ω0,


ahol i = 1, 2, 3. Ez azt jelenti, hogy a ξi értéke 1, ha az i-edik dobás a
háromból 6-os volt, 0 pedig ha nem. Ekkor a %3 := ξ1+ξ2+ξ3 azt az értéket
adja meg, hogy a három dobásból hányszor kaptunk 6-ost. Ez a gyakoriság.
Így a %3/3 a relat́ıv gyakoriságot adja meg. Az 5.16. Tétel szerint annak a
valósźınűsége, hogy három ḱısérletből pontosan egyszer dobjunk 6-ost


P (%3 = 1) =
(


3
1


)
· 1
6
·
(


5
6


)2


≈ 0,347.
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6. Valósźınűségi változót jellemző függvények


Eloszlás


6.1. DEFINÍCIÓ. Ha ξ egy (Ω,A, P ) valósźınűségi mezőben értelmezett
diszkrét valósźınűségi változó, akkor a


〈pk〉 : Rξ → [0, 1], pk := P (ξ = k)


sorozatot a ξ eloszlásának nevezzük.


6.2. TÉTEL. (1) Ha ξ egy (Ω,A, P ) valósźınűségi mezőben értelmezett
diszkrét valósźınűségi változó és 〈pk〉 az eloszlása, akkor


∑
k∈Rξ


pk = 1.


(2) Ha H ⊂ R nem üres megszámlálható halmaz, 〈pk〉 : H → [0, 1] és∑
k∈H


pk = 1, akkor létezik (Ω,A, P ) valósźınűségi mező és azon ξ valósźınű-


ségi változó, melynek értékkészlete H és eloszlása 〈pk〉.


BIZONYÍTÁS. (1) A
{{ξ = k} : k ∈ Rξ


}
teljes eseményrendszert alkot,


ezért


∑


k∈Rξ


pk =
∑


k∈Rξ


P (ξ = k) = P



 ∑


k∈Rξ


{ξ = k}

 = P (Ω) = 1.


(2) Legyen Ω := H, A az Ω hatványhalmaza, továbbá


P : A → R, P (A) :=
∑


ω∈A


pω.


Ekkor az (S1)–(S3) tulajdonságok triviálisan teljesülnek. A (P1) 〈pk〉
értékkészlete miatt igaz, továbbá (P2) is fennáll, ugyanis Ω = H, ı́gy a
feltételből és a konstrukcióból


P (Ω) =
∑


ω∈H


pω = 1


teljesül. Végül (P3) P defińıciójából következik. Így (Ω,A, P ) valósźınűségi
mező. Most legyen


ξ : Ω → R, ξ(ω) := ω.
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Ekkor ξ valósźınűségi változó, továbbá Rξ = H. Másrészt a P defińıciójából
az is következik, hogy ξ eloszlása 〈pk〉.


6.3. MEGJEGYZÉS. (1) Az 5.16. Tételben a %n eloszlását határoztuk
meg, ezért a 6.2. Tétel szerint


n∑


k=0


(
n


k


)
pkqn−k = 1,


amit a binomiális tétellel is ellenőrizhetünk.


(2) Tekintsünk egy másik példát is az eloszlásra. Legyen 15 labda
között 9 új és 6 régi, melyekből hármat véletlenszerűen kiválasztunk. A ξ
valósźınűségi változó értéke legyen a kihúzott új labdák száma. Ekkor a ξ
eloszlása


p0 = P (ξ = 0) =


(
6
3


)
(
15
3


) =
20
455


p1 = P (ξ = 1) =
9 · (6


2


)
(
15
3


) =
135
455


p2 = P (ξ = 2) =


(
9
2


) · 6(
15
3


) =
216
455


p3 = P (ξ = 3) =


(
9
3


)
(
15
3


) =
84
455


.


(3) A 6.2. Tétel szerint, ha H ⊂ R nem üres megszámlálható halmaz,
akkor egy 〈pk〉 : H → [0, 1] sorozat eloszlás voltának szükséges és elégséges
feltétele, hogy


∑
k∈H


pk = 1 teljesüljön.


Eloszlásfüggvény


6.4. DEFINÍCIÓ. Ha ξ egy (Ω,A, P ) valósźınűségi mezőben értelmezett
valósźınűségi változó, akkor az


Fξ : R → [0, 1], Fξ(x) := P (ξ < x)


függvényt a ξ eloszlásfüggvényének nevezzük.


6.5. MEGJEGYZÉS. (1) A valósźınűségi változó defińıciója miatt min-
den valósźınűségi változónak létezik eloszlásfüggvénye.
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(2) Diszkrét valósźınűségi változó eloszlásfüggvényének értékkészlete
megszámlálható. Például a 6.3. Megjegyzés (2) pontjában definiált diszkrét
valósźınűségi változó eloszlásfüggvénye


Fξ : R → [0, 1], Fξ(x) =







0, ha x ≤ 0,
20/455, ha 0 < x ≤ 1,
155/455, ha 1 < x ≤ 2,
371/455, ha 2 < x ≤ 3,
1, ha x > 3,


azaz az Fξ értékkészlete 5 elemű.


(3) Az előző pont megford́ıtása nem igaz. Ha Fξ értékkészlete megszám-
lálható, abból még nem következik, hogy ξ diszkrét valósźınűségi változó.
Például legyen Ω := [0, 1]× [0, 1] és (Ω,A, P ) geometriai valósźınűségi mező.
Ekkor a


ξ : Ω → R, ξ(x, y) =







0, ha y < 1/2,
x, ha y = 1/2,
1, ha y > 1/2,


függvény nem diszkrét valósźınűségi változó, másrészt


Fξ : R → [0, 1], Fξ(x) =


{ 0, ha x ≤ 0,
1/2, ha 0 < x ≤ 1,
1, ha x > 1,


vagyis Fξ értékkészlete megszámlálható.


6.6. TÉTEL. Ha ξ egy (Ω,A, P ) valósźınűségi mezőben értelmezett
valósźınűségi változó, akkor


(F1) Fξ monoton növekvő,


(F2) lim
x→+∞


Fξ(x) = 1,


(F3) lim
x→−∞


Fξ(x) = 0,


(F4) Fξ minden pontban balról folytonos.


BIZONYÍTÁS. (1) Legyen x1, x2 ∈ R és x1 < x2. Ha A = {ξ < x1}
és B = {ξ < x2}, akkor A ⊆ B teljesül, amiből P (A) ≤ P (B) következik.
Mivel P (A) = P (ξ < x1) = Fξ(x1) és P (B) = P (ξ < x2) = Fξ(x2), ezért
Fξ(x1) ≤ Fξ(x2), ami a tételt bizonýıtja.


(2) Legyen az 〈xn〉 monoton növekvő, +∞-be divergáló sorozat, és
Ai := {ξ <xi}, ahol i ∈ Z+. Így Ai⊆Ai+1 teljesül minden i ∈ Z+ esetén,
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továbbá A0 := ∅ jelöléssel az {Ai −Ai−1 : i ∈ Z+} teljes eseményrendszer.
Ezért a 2.3. Tétel (6) pontjából


1 = P (Ω) = P


(
A1 +


∞∑


i=2


(Ai −Ai−1)


)
= P (A1) +


∞∑


i=2


P (Ai −Ai−1) =


= P (A1) + lim
n→∞


n∑


i=2


(
P (Ai)− P (Ai−1)


)
= P (A1)+


+ lim
n→∞


(
P (An)− P (A1)


)
= lim


n→∞
P (An) = lim


n→∞
Fξ(xn)


következik. Tehát ha 〈xn〉 monoton növekvő, és lim
n→∞


xn = ∞, akkor


lim
n→∞


Fξ(xn) = 1 teljesül.


Most legyen az 〈ym〉 tetszőleges +∞-be divergáló sorozat és az ε adott
pozit́ıv valós szám. Ekkor lim


n→∞
Fξ(xn) = 1 miatt létezik olyan N(ε) ∈ Z+


küszöbszám, melyre minden n ∈ Z+, n > N(ε) esetén


|Fξ(xn)− 1| < ε (6.1)


teljesül. Másrészt lim
m→∞


ym = ∞ miatt k0 := N(ε)+1 esetén xk0 -hoz létezik


olyan M(ε) ∈ Z+ küszöbszám, melyre minden m ∈ Z+, m > M(ε) esetén


ym > xk0 . (6.2)


Minden ilyen m-hez létezik n0 ∈ Z+, n0 > N(ε) + 1, hogy


ym < xn0 , (6.3)


hiszen lim
n→∞


xn = ∞. Az Fξ monoton növekedése miatt (6.1), (6.2) és (6.3)
egyenlőtlenségek alapján


1− ε < Fξ (xk0) ≤ Fξ(ym) ≤ Fξ (xn0) < 1 + ε


adódik, amely azt jelenti, hogy |Fξ(ym)− 1| < ε . Így lim
m→∞


Fξ (ym) = 1,


vagyis lim
x→+∞


Fξ(x) = 1.


(3) Legyen az 〈xn〉 monoton csökkenő, −∞-be divergáló sorozat, és
Ai := {ξ <xi}, ahol i ∈ Z+. Így Ai⊇Ai+1 teljesül minden i ∈ Z+ esetén.


Tegyük fel, hogy
∞∏


i=1


Ai 6= ∅. Ekkor létezik ω ∈ Ω, melyre ω ∈ Ai teljesül
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minden i∈Z+ esetén. Másrészt létezik olyan m∈Z+, hogy xm <ξ(ω), hiszen
〈xn〉 sorozat alulról nem korlátos. Így viszont ω /∈ Am, ami ellentmondás.


Tehát
∞∏


i=1


Ai = ∅. Mivel teljesülnek a folytonossági axióma feltételei, ezért


lim
n→∞


P (An) = 0, vagyis lim
n→∞


Fξ(xn) = 0. Innen a (2) ponthoz hasonlóan
következik az álĺıtás.


(4) Legyen x0 ∈ R tetszőleges, az 〈xn〉 sorozat monoton növekvő, és
konvergáljon x0-hoz. Az An (n ∈ Z+) események jelöljék a {ξ < xn} hal-
mazokat, a B esemény pedig a {ξ < x0} halmazt. Ekkor


B = A1 +
∞∑


i=2


(Ai −Ai−1),


ami diszjunkt felbontás. Ezért Ai ⊆ Ai+1 miatt


Fξ(x0) = P (B) = P (A1) + lim
n→∞


n∑


i=2


P (Ai −Ai−1) = P (A1)+


+ lim
n→∞


n∑


i=2


(
P (Ai)− P (Ai−1)


)
= P (A1) + lim


n→∞


(
P (An)− P (A1)


)
=


= lim
n→∞


P (An) = lim
n→∞


Fξ(xn)


teljesül. Tehát lim
n→∞


Fξ(xn) = Fξ(x0). Ebből a (2) ponthoz hasonlóan
adódik a tétel.


6.7. TÉTEL. Ha az F : R → R függvényre teljesülnek az (F1)–
(F4) tulajdonságok, akkor létezik (Ω,A, P ) valósźınűségi mező és azon egy
ξ valósźınűségi változó, melynek eloszlásfüggvénye F .


BIZONYÍTÁS. Legyen (Ω,A, P ) geometriai valósźınűségi mező, ahol
Ω = (0, 1), továbbá legyen


H(x) := {y ∈ R : F (y) < x}, x ∈ (0, 1).


Be fogjuk bizonýıtani, hogy H(x) nem üres és felülről korlátos halmaz
minden x ∈ (0, 1) esetén. Tegyük fel, hogy valamely x0 ∈ (0, 1) esetén
H(x0) = ∅. Ez azt jelenti, hogy minden y ∈ R esetén F (y) ≥ x0. Eb-
ből következően lim


y→−∞
F (y) ≥ x0 > 0, ami ellentmond (F3)-nak. Tehát


minden x ∈ (0, 1) esetén H(x) 6= ∅. Most tegyük fel, hogy létezik olyan
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x0 ∈ (0, 1), melyre H(x0) felülről nem korlátos. Ez azt jelenti, hogy min-
den y ∈ R esetén létezik olyan y0 ∈ H(x0), melyre y < y0 teljesül. Ebből
F monoton növekedése miatt következik, hogy F (y) ≤ F (y0) < x0, tehát
lim


y→∞
F (y) ≤ x0 < 1, ami (F2) miatt ellentmondás. Tehát valóban minden


x ∈ (0, 1) esetén H(x) nem üres és felülről korlátos halmaz.
Így az anaĺızisből ismert teljességi axióma alapján következik, hogy


H(x)-nek létezik a véges pontos felső korlátja. Tehát definiálhatunk egy ξ
függvényt a következőképpen:


ξ : Ω → R, ξ(x) := sup H(x).


Megmutatjuk, hogy ekkor ξ valósźınűségi változó és Fξ = F . Ennek érde-
kében belátjuk, hogy minden k ∈ R esetén


{ξ < k} ⊆ (0, F (k)] (6.4)


és
(0, F (k)) ⊆ {ξ < k} (6.5)


teljesül. Először tegyük fel, hogy x ∈ {ξ < k}. Ez azt jelenti, hogy ξ(x) < k,
ahol x ∈ (0, 1). Ebből következően k 6∈ H(x), vagyis F (k) ≥ x > 0, ami
(6.4)-et igazolja.


Most tegyük fel, hogy (6.5) nem igaz, vagyis valamely k ∈ R esetén
(0, F (k)) 6⊆ {ξ < k}. Mivel (F1) és (F2) miatt F (k) ≤ 1, ezért (0, F (k)) ⊆
(0, 1). Így feltevésünk azt jelenti, hogy létezik x ∈ (0, F (k)), melyre ξ(x) ≥ k
teljesül. Ekkor az F monoton növekedése és balról való folytonossága miatt


F (k) ≤ F (ξ(x)) = lim
y→ξ(x)−0


F (y). (6.6)


Legyen y < ξ(x) tetszőleges. Ekkor létezik z ∈ H(x), melyre y < z teljesül.
Így F (y) ≤ F (z) < x, melyből következik, hogy lim


y→ξ(x)−0
F (y) ≤ x. Ezt


(6.6)-al összevetve kapjuk, hogy F (k) ≤ x, ami ellentmond annak, hogy
x ∈ (0, F (k)). Ezzel (6.5)-öt is bizonýıtottuk. A (6.4) és (6.5) relációk
miatt


{ξ < k} = (0, F (k)) vagy {ξ < k} = (0, F (k)]


teljesül minden k ∈ R esetén. Ebből következik egyrészt, hogy {ξ < k} ∈ A
minden k ∈ R esetén, vagyis ξ valósźınűségi változó, másrészt


Fξ(k) = P (ξ < k) = F (k)− 0 = F (k).
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Ezzel bizonýıtottuk az álĺıtást.


6.8. TÉTEL. Ha ξ egy (Ω,A, P ) valósźınűségi mezőn értelmezett való-
sźınűségi változó, a, b ∈ R és a < b, akkor


P (a ≤ ξ < b) = Fξ(b)− Fξ(a).


BIZONYÍTÁS. Legyen A := {ξ < a} és B := {ξ < b}. Ekkor A ⊆ B,
ezért P (B −A) = P (B)− P (A) teljesül, ami az álĺıtást bizonýıtja.


6.9. TÉTEL. Ha ξ egy (Ω,A, P ) valósźınűségi mezőn értelmezett való-
sźınűségi változó és a ∈ R, akkor Fξ-nek létezik a-ban a jobboldali határér-
téke, és


P (ξ = a) = Fξ(a + 0)− Fξ(a).


BIZONYÍTÁS. Legyen a 〈δn〉 egy monoton csökkenő nullsorozat. Ekkor
a 6.8. Tétel alapján minden n ∈ Z+ esetén


P (a ≤ ξ < a + δn) = Fξ (a + δn)− Fξ(a).


Mivel An := {a ≤ ξ < a + δn} jelöléssel An ⊇ An+1 minden n ∈ Z+ esetén,


továbbá
∞∏


n=1
An = {ξ = a}, ezért a valósźınűség folytonossága miatt


lim
n→∞


Fξ(a + δn) = Fξ(a) + lim
n→∞


P (An) = Fξ(a) + P (ξ = a).


Ebből tetszőleges 〈δn〉 pozit́ıv tagú nullsorozat esetén, (F2)-höz hasonlóan
bizonýıtható, hogy


lim
n→∞


Fξ(a + δn) = Fξ(a) + P (ξ = a).


Ez pedig az álĺıtással ekvivalens.


6.10. KÖVETKEZMÉNY. Ha ξ egy (Ω,A, P ) valósźınűségi mezőn értel-
mezett valósźınűségi változó, a ∈ R és Fξ eloszlásfüggvény a-ban folytonos,
akkor


P (ξ = a) = 0.
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6.11. MEGJEGYZÉS. A 6.10. Következmény miatt, ha az Fξ mindenütt
folytonos, akkor a, b ∈ R, a < b esetén


Fξ(b)−Fξ(a)=P (a ≤ ξ < b)=P (a < ξ < b)=P (a < ξ ≤ b)=P (a ≤ ξ ≤ b).


Általános esetben ez nem igaz. Erre vonatkozik a következő tétel.


6.12. TÉTEL. Ha ξ egy (Ω,A, P ) valósźınűségi mezőn értelmezett va-
lósźınűségi változó, a, b ∈ R és a < b, akkor


(1) P (a < ξ < b) = Fξ(b)− Fξ(a + 0),


(2) P (a ≤ ξ ≤ b) = Fξ(b + 0)− Fξ(a),


(3) P (a < ξ ≤ b) = Fξ(b + 0)− Fξ(a + 0).


BIZONYÍTÁS. (1) P (a < ξ < b) + P (ξ = a) = P (a ≤ ξ < b), ı́gy a 6.8.
és a 6.9. Tételek alapján


P (a < ξ < b) + Fξ(a + 0)− Fξ(a) = Fξ(b)− Fξ(a),


amiből kapjuk az álĺıtást.


(2) A 6.8. Tétel alapján


P (a ≤ ξ ≤ b) = P (a ≤ ξ < b) + P (ξ = b) = Fξ(b)− Fξ(a)+
+ Fξ(b + 0)− Fξ(b) = Fξ(b + 0)− Fξ(a).


(3) Az (1) pontot felhasználva kapjuk, hogy


P (a < ξ ≤ b) = P (a < ξ < b) + P (ξ = b) = Fξ(b)− Fξ(a + 0)+
+ Fξ(b + 0)− Fξ(b) = Fξ(b + 0)− Fξ(a + 0).


Sűrűségfüggvény


6.13. DEFINÍCIÓ. Az (Ω,A, P ) valósźınűségi mezőn értelmezett ξ va-
lósźınűségi változót abszolút folytonos eloszlásúnak, vagy röviden ab-
szolút folytonosnak nevezzük, ha létezik olyan fξ : R → R nemnegat́ıv
függvény, melyre


Fξ(x) =


x∫


−∞
fξ(t)dt
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teljesül minden x ∈ R esetén, ahol Fξ a ξ eloszlásfüggvénye. Ekkor az fξ


függvényt a ξ sűrűségfüggvényének nevezzük.


6.14. MEGJEGYZÉS. (1) Legyen Ω := [0, 1] × [0, 1] és (Ω,A, P ) ge-
ometriai valósźınűségi mező, továbbá ξ : Ω → R, ξ(x, y) := x. Ekkor ξ
valósźınűségi változó, továbbá az eloszlásfüggvénye


Fξ : R → [0, 1], Fξ(x) =


{ 0, ha x ≤ 0,
x, ha 0 < x ≤ 1,
1, ha x > 1.


Legyen


fξ : R → R, fξ(x) =
{ 1, ha 0 < x < 1,


0 különben.


Ekkor fξ nemnegat́ıv függvény, és minden x ∈ R esetén Fξ(x) =
x∫


−∞
fξ(t)dt,


vagyis fξ a ξ sűrűségfüggvénye. Tehát ξ abszolút folytonos valósźınűségi
változó.


(2) Ha ξ abszolút folytonos valósźınűségi változó sűrűségfüggvénye fξ,
akkor például a


g : R → R, g(x) =
{


fξ(x), ha x 6= 0,
fξ(0) + 1, ha x = 0


függvény is sűrűségfüggvénye ξ-nek. Ebből következően ξ-nek végtelen sok
sűrűségfüggvénye van. Bizonýıtható, hogy ezek a függvények csak egy Le-
besgue-szerint nullmértékű halmazon különböznek egymástól, azaz majd-
nem mindenütt megegyeznek. (Lásd [4] 22. oldal.)


A H ⊂ R halmazt Lebesgue-szerint nullmértékű halmaznak ne-
vezzük, ha minden ε ∈ R+ esetén létezik olyan


{
(an, bn) : n ∈ Z+


}
inter-


vallumrendszer, melyre


H ⊆
∞⋃


n=1


(an, bn) e‘s
∞∑


n=1


(bn − an) < ε


teljesül. Például a Z+ nullmértékű halmaz, mert


Z+ ⊂
∞⋃


n=1


(
n− ε/2n+2, n + ε/2n+2


)
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minden ε ∈ R+ esetén, másrészt
∞∑


n=1
ε/2n+1 = ε/2 < ε teljesül. Hasonlóan


bizonýıtható, hogy minden megszámlálható számosságú H ⊂ R halmaz
is nullmértékű. De kontinuum számosságú nullmértékű halmaz is létezik,
például a Cantor-féle triadikus halmaz. (Lásd [3] 70. oldal.)


(3) A Riemann-integrálhatóságra vonatkozó Lebesgue-kritérium szerint
fξ majdnem mindenütt folytonos. (Lásd [1] 76. oldal.)


6.15. TÉTEL. Ha ξ az (Ω,A, P ) valósźınűségi mezőn értelmezett ab-
szolút folytonos valósźınűségi változó, akkor minden a, b ∈ R, a < b esetén


P (a ≤ ξ < b) =


b∫


a


fξ(x)dx.


BIZONYÍTÁS. A 6.8. Tétel és fξ defińıciója alapján


P (a ≤ ξ < b) = Fξ(b)− Fξ(a) =


b∫


−∞
fξ(x)dx−


a∫


−∞
fξ(x)dx =


b∫


a


fξ(x)dx.


6.16. MEGJEGYZÉS. Borel-halmazok seǵıtségével a 6.15. Tétel általá-
nośıtható, ugyanis belátható, hogy minden B ∈ B esetén


P (ξ ∈ B) =
∫


B


fξ(x)dx.


(Lásd [2] 90. oldal.)


6.17. TÉTEL. Ha az (Ω,A, P ) valósźınűségi mezőben értelmezett ξ va-
lósźınűségi változó abszolút folytonos, akkor az eloszlásfüggvénye folytonos
és majdnem mindenütt differenciálható, nevezetesen ahol a sűrűségfüggvény
folytonos, továbbá a differenciálható pontokban F ′ξ(x) = fξ(x) teljesül.


BIZONYÍTÁS. Legyen x0 ∈ R, r, ε ∈ R+ tetszőlegesen adottak. Ek-
kor x0-nak az r sugarú környezetében fξ korlátos, hiszen integrálható. Így
létezik M ∈ R, melyre |fξ(x)| ≤ M teljesül minden x ∈ (x0− r, x0 + r) ese-


tén. Ha δ = min
{


r,
ε


M


}
, akkor minden olyan x esetén, melyre |x0 − x| < δ


teljesül, igaz hogy


|Fξ(x0)− Fξ(x)| =
∣∣∣∣∣∣


x0∫


x


fξ(t)dt


∣∣∣∣∣∣
≤ M |x0 − x| < Mδ ≤ M


ε


M
= ε,
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amiből következik, hogy az Fξ minden pontban folytonos.
Ha az fξ folytonos az x0 ∈ R pontban, akkor adott ε ∈ R+ esetén


létezik olyan δ ∈ R+, hogy minden x ∈ R, |x− x0| < δ esetén


|fξ(x)− fξ(x0)| < ε


teljesül. Ezért minden x ∈ R, |x− x0| < δ esetén


∣∣∣∣
Fξ(x)− Fξ(x0)


x− x0
− fξ(x0)


∣∣∣∣ =


∣∣∣∣∣∣
1


x− x0


x∫


x0


fξ(t)dt− fξ(x0)


∣∣∣∣∣∣
=


=


∣∣∣∣∣∣
1


x− x0


x∫


x0


(
fξ(t)− fξ(x0)


)
dt


∣∣∣∣∣∣
<


<
1


|x− x0|ε|x− x0| = ε


teljesül, ami azt jelenti, hogy az Fξ eloszlásfüggvény x0-ban differenciálható,
és F ′ξ(x0) = fξ(x0). Ebből és az fξ majdnem mindenütti folytonosságából
kapjuk az álĺıtást.


6.18. MEGJEGYZÉS. (1) A 6.17. Tétel értelmében, ha Fξ nem folyto-
nos, akkor ξ nem abszolút folytonos. Így ha ξ diszkrét valósźınűségi változó,
akkor nem létezik sűrűségfüggvénye, azaz nem abszolút folytonos. Másrészt,
ha ξ abszolút folytonos, akkor az Fξ folytonossága miatt az Fξ értékkészlete
nem megszámlálható, tehát nem diszkrét.


(2) Létezik olyan ξ valósźınűségi változó, úgynevezett kevert valósźı-
nűségi változó, amely nem abszolút folytonos, és nem is diszkrét. Például
legyen


F : R → R, F (x) :=







0, ha x ≤ 0,
x, ha 0 < x ≤ 1/2,
1, ha x > 1/2.


Ekkor F -re teljesülnek az (F1)–(F4) tulajdonságok, ı́gy a 6.7. Tétel alapján
létezik olyan ξ valósźınűségi változó, melynek eloszlásfüggvénye F . Mivel
F értékkészlete nem megszámlálható, ezért a 6.5. Megjegyzés (2) pontja
alapján ξ nem lehet diszkrét. Másrészt F az x = 1/2 pontban nem folytonos,
tehát a 6.17. Tétel miatt ξ abszolút folytonos sem lehet.


(3) Abszolút folytonos ξ valósźınűségi változó esetén a 6.17. Tétel és a
6.10. Következmény miatt P (ξ = x) = 0 minden x ∈ R-re.
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6.19. TÉTEL. Ha ξ az (Ω,A, P ) valósźınűségi mezőn értelmezett ab-


szolút folytonos valósźınűségi változó, akkor
∞∫
−∞


fξ(x)dx = 1.


BIZONYÍTÁS.
∞∫
−∞


fξ(x)dx = lim
t→∞


t∫
−∞


fξ(x)dx = lim
t→∞


Fξ(t) = 1.


6.20. TÉTEL. Ha az f : R → R nemnegat́ıv függvényre teljesül, hogy
∞∫
−∞


f(x)dx = 1, akkor létezik egy valósźınűségi mező és azon egy ξ abszolút


folytonos valósźınűségi változó, melynek sűrűségfüggvénye f .


BIZONYÍTÁS. A sűrűségfüggvény defińıciója és a 6.7. Tétel miatt, elég
azt bizonýıtani, hogy az


F : R → R, F (x) :=


x∫


−∞
f(t)dt


függvényre teljesülnek az (F1)–(F4) tulajdonságok. A defińıció korrekt,
ugyanis az f integrálható R-en, ezért bármely részintervallumán is integrál-
ható. Így F minden x-re értelmezett.


(1) Legyen x1 < x2 valós számok. Az f nemnegat́ıv, tehát


F (x1) =


x1∫


−∞
f(t)dt ≤


x1∫


−∞
f(t)dt +


x2∫


x1


f(t)dt =


x2∫


−∞
f(t)dt = F (x2),


ami azt jelenti, hogy F monoton növekvő.


(2) lim
x→+∞


F (x) = lim
x→+∞


x∫
−∞


f(t)dt =
∞∫
−∞


f(t)dt = 1.


(3) Legyen 〈xn〉 monoton csökkenő −∞-be divergáló valós számsoro-


zat. Ekkor az f nemnegativitása miatt
xn∫
−∞


f(t)dt monoton csökkenő, alul-


ról korlátos sorozat, melynek alsó korlátja például a 0. Ezért létezik a


lim
n→∞


xn∫
−∞


f(t)dt határérték, mely nemnegat́ıv. Jelöljük ezt a határértéket a-


val. Ekkor a ≥ 0 miatt a/2 ≤ a teljesül, ı́gy az
xn∫
−∞


f(t)dt sorozat monoton
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csökkenése miatt, minden n ∈ Z+ esetén


a


2
≤


xn∫


−∞
f(t)dt = lim


m→∞


xn∫


−m


f(t)dt


teljesül. Ez azt jelenti, hogy minden n ∈ Z+ esetén létezik N(n) ∈ Z+,


melyre m ∈ Z+, m ≥ N(n) esetén a
2 ≤


xn∫
−m


f(t)dt teljesül. Ebből követke-


zően tehát minden n ∈ Z+ esetén létezik N(n) ∈ Z+, hogy


a


2
≤


xn∫


−N(n)


f(t)dt.


Az 〈xn〉 tulajdonságai miatt létezik egy olyan 〈nk〉 : N → N szigorúan
monoton növekvő sorozat, melyre xnk+1 ≤ −N(nk) teljesül minden k ∈ Z+


esetén. Így


k · a


2
≤


xnk∫


−N(nk)


f(t)dt +


xnk−1∫


−N(nk−1)


f(t)dt + . . . +


xn1∫


−N(n1)


f(t)dt ≤


≤
xn1∫


−N(nk)


f(t)dt ≤
∞∫


−∞
f(t)dt = 1


minden k ∈ Z+ esetén. Tegyük fel, hogy a > 0. Ekkor az előző egyenlőtlen-
ség miatt minden k ∈ Z+ esetén k ≤ 2/a, ami ellentmondás. Tehát a = 0.
Vagyis monoton csökkenő −∞-be divergáló 〈xn〉 valós számsorozat esetén


lim
n→∞


xn∫
−∞


f(t)dt = 0. Mivel az F monoton növekvő, ezért az (F2) bizonýı-


tásához hasonlóan belátható, hogy tetszőleges −∞-be divergáló 〈xn〉 valós


számsorozat esetén teljesül, hogy lim
n→∞


xn∫
−∞


f(t)dt = 0. Így


lim
x→−∞


F (x) = lim
x→−∞


x∫


−∞
f(t)dt = 0.


(4) Végül a 6.17. Tételhez hasonlóan bizonýıtható, hogy F folytonos.
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6.21. FELADAT. Legyen


f : R → R, f(x) =
a


x2 + 4
(a ∈ R).


Milyen a esetén létezik ξ abszolút folytonos valósźınűségi változó, melynek
f a sűrűségfüggvénye? Határozzuk meg ξ eloszlásfüggvényét.


MEGOLDÁS. A 6.20. Tétel alapján


∞∫


−∞


a


x2 + 4
dx =


a


2


∞∫


−∞


1/2
(x/2)2 + 1


dx =
a


2
[
arc tg(x/2)


]∞
−∞ =


aπ


2
= 1,


melyből a = 2/π teljesül. Ekkor f nem negat́ıv, ezért ilyen a érték mellett
f sűrűségfüggvény. Így létezik egy olyan ξ valósźınűségi változó, melynek


f : R → R, f(x) =
2


π(x2 + 4)


a sűrűségfüggvénye. Az ehhez tartozó eloszlásfüggvény defińıció szerint


Fξ(x) =


x∫


−∞
fξ(t)dt =


1
π


x∫


−∞


1/2
(t/2)2 + 1


dt =
1
π


[
arc tg(t/2)


]x


−∞ =


=
1
π


arc tg
(x


2


)
+


1
2
.


6.22. TÉTEL. Legyen ξ egy (Ω,A, P ) valósźınűségi mezőn értelmezett
abszolút folytonos valósźınűségi változó. Ha egy g : R → R függvény foly-
tonosan differenciálható és a differenciálhányadosa sehol sem nulla, akkor
η = g (ξ) is abszolút folytonos valósźınűségi változó, továbbá a sűrűségfügg-
vénye


fη : R → R, fη(x) =







fξ


(
g−1(x)


)
∣∣g′(g−1(x)


)∣∣ , ha x ∈ g(R),


0 , ha x /∈ g(R),


ahol g−1 a g inverzfüggvénye.


BIZONYÍTÁS. A g függvény differenciálható, ezért folytonos. Másrészt
az 5.11. Megjegyzés és az 5.12. Tétel alapján g (ξ) valósźınűségi változó. A
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g′ folytonos és sehol sem nulla, ı́gy a jeltartás miatt g′(x) > 0 vagy g′(x) < 0
minden x ∈ R esetén. Ebből következik, hogy g szigorúan monoton növekvő
vagy csökkenő, ami azt is jelenti, hogy g invertálható függvény. Tegyük fel,
hogy g szigorúan monoton növekvő. Ekkor g′(x) > 0 minden x ∈ R esetén,
ı́gy ha x ∈ g(R), akkor g′


(
g−1(x)


)
> 0. Ezért azt kell megmutatni, hogy az


f : R → R, f(x) :=







fξ


(
g−1(x)


)


g′
(
g−1(x)


) , ha x ∈ g(R),


0 , ha x /∈ g(R)


függvényre


Fη(x) =


x∫


−∞
f(t)dt (6.7)


teljesül minden x ∈ R esetén. Az integrál létezik, mert fξ majdnem min-
denütt folytonos, és a g függvény folytonosan differenciálható. A g függ-
vény folytonossága és szigorú monotonitása miatt g(R) = (a, b) alakú, ahol
a, b ∈ R ∪ {−∞,∞}.


(1) Ha a 6=−∞, akkor legyen x≤a. Ekkor x /∈g(R), ı́gy
x∫


−∞
f(t)dt=0.


Másrészt Fη(x) = P (η < x) = 0, hiszen Rη ⊆ g(R), ı́gy (6.7) teljesül.


(2) Ha x ∈ g(R), akkor
x∫


−∞
f(t)dt =


a∫


−∞
f(t)dt +


x∫


a


f(t)dt =


a∫


−∞
0 dt +


x∫


a


fξ


(
g−1(t)


)


g′
(
g−1(t)


) dt =


=


x∫


a


fξ


(
g−1(t)


)


g′
(
g−1(t)


) dt = lim
y→a+0


g−1(x)∫


g−1(y)


fξ(u)du = Fξ


(
g−1(x)


)
−


− lim
y→a+0


Fξ


(
g−1(y)


)
= Fξ


(
g−1(x)


)
− lim


y→−∞
Fξ(y) =


= Fξ


(
g−1(x)


)
= P


(
ξ < g−1(x)


)
= P (η < x) = Fη(x).


Így (6.7) teljesül. Az integrálásban u = g−1(t) helyetteśıtést alkalmaztunk.


(3) Ha b 6= ∞, akkor legyen x ≥ b. Ekkor x /∈ g(R), ı́gy a (2) pont
felhasználásával


x∫


−∞
f(t)dt =


b∫


−∞
f(t)dt +


x∫


b


f(t)dt = lim
y→b−0


y∫


−∞
f(t)dt +


x∫


b


0dt =
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= lim
y→b−0


Fη(y) = Fη(b) = P (η < b) = 1.


Másrészt Fη(x) = P (η < x) = 1, ı́gy (6.7) teljesül. Ezzel szigorúan mono-
ton növekvő g függvény esetén bizonýıtottuk a tételt. Szigorúan monoton
csökkenő esetben hasonlóan járhatunk el.


6.23. FELADAT. A 6.21. Feladat megoldásában láttuk, hogy létezik
olyan ξ valósźınűségi változó, melynek f : R → R, f(x) = 2/π(x2 + 4)
a sűrűségfüggvénye. Határozzuk meg az η := exp(ξ) valósźınűségi változó
sűrűségfüggvényét.


MEGOLDÁS. Legyen g : R → R, g(x) := exp(x). Ekkor teljesülnek
a 6.22. Tétel feltételei. Így az η abszolút folytonos valósźınűségi változó.
Felhasználva, hogy g(R) = R+, g−1(x) = log x és g′(x) = exp(x), kapjuk,
hogy


fξ


(
g−1(x)


)


|g′(g−1(x)
)| =


2/π(4 + log2 x)
| exp(log x)| ,


ı́gy


fη : R → R, fη(x) =







2
π(4 + log2 x)x


, ha x > 0,


0 , ha x ≤ 0.


6.24. MEGJEGYZÉS. Az eloszlásra, eloszlásfüggvényre és sűrűségfügg-
vényre további példákat a 8. és 9. fejezetben találhat az olvasó.
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7. Valósźınűségi változó paraméterei


Várható érték


Egy szerencsejátékban 6 forint a nyeremény, ha dobókockán 6-ost do-
bunk. Minden más esetben annyi forint a veszteség, ahányast dobtunk.
Kérdés, hogy érdemes-e játszani ezt a játékot, azaz hosszú távon átlag-
ban nagyobb lesz-e a nyereség mint a veszteség? Például, ha ötször ját-
szunk, és a dobássorozat eredménye (2, 6, 1, 2, 3), akkor játékonként átlag-
ban (−2 + 6 − 1 − 2 − 3)/5 = −2/5 forintot ,,nyertünk”, azaz 2/5 forintot
vesźıtettünk. A későbbiekben tárgyalt Bernoulli-féle nagy számok törvénye
pontosan azt fejezi ki, mint a jegyzet bevezetésében léırt gyakorlati tapasz-
talat, vagyis nagy számú ḱısérlet esetén a relat́ıv gyakoriság a valósźınűség
körül ingadozik. Így ha ezt a játékot n-szer játszottuk, ahol n nagy szám,
akkor például 6-ost körülbelül n · 1/6-szor dobtunk. Ebből következően n
dobás után játékonként átlagban körülbelül


−1 · n · 1
6 − 2 · n · 1


6 − 3 · n · 1
6 − 4 · n · 1


6 − 5 · n · 1
6 + 6 · n · 1


6


n
=


−1 · 1
6
− 2 · 1


6
− 3 · 1


6
− 4 · 1


6
− 5 · 1


6
+ 6 · 1


6
= −3


2
forint a nyereség, azaz 3/2 forint a veszteség. Vagyis hosszú távon ezt nem
érdemes játszani. Ezt a számot a nyeremény várható értékének nevezzük.
A nagy számok gyenge törvénye fogja garantálni azt, hogy nagy számú
független megfigyelés esetén az átlag a várható érték körül ingadozik. Ezért
jogos az elnevezés. A példában léırtakat a következő defińıcióban foglaljuk
össze.


7.1. DEFINÍCIÓ. Legyen ξ az (Ω,A, P ) valósźınűségi mezőn értelme-
zett valósźınűségi változó.


(1) Ha ξ diszkrét és Rξ = {x1, x2, . . .}, továbbá a
∑
i


pi|xi| < ∞, ahol


pi := P (ξ = xi), akkor az


E(ξ) :=
∑


i


pixi


számot a ξ várható értékének nevezzük. Ha az abszolút konvergencia
nem teljesül, akkor ξ-nek nem létezik várható értéke.
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(2) Abszolút folytonos ξ esetén, ha
∞∫
−∞


|x| fξ(x)dx < ∞, akkor az


E(ξ) :=


∞∫


−∞
xfξ(x)dx


számot a ξ várható értékének nevezzük. Ellenkező esetben ξ-nek nem
létezik várható értéke.


7.2. MEGJEGYZÉS. (1) A 7.1. Defińıció (1) pontjában az {x1, x2, . . .}
jelölhet véges, vagy megszámlálhatóan végtelen halmazt is. Végtelen eset-


ben
∑
i


pixi a
∞∑


i=1


pixi sorösszeget jelöli. Ha ekkor nem kötnénk ki az ab-


szolút konvergenciát, akkor nem biztos, hogy a sor egy átrendezésének az
összege megegyezne az eredeti sorösszeggel. A sor átrendezhetőségére azért
van szükség, mert az xi elemek indexelése önkényes, és nem volna értelme
definiálni ξ-nek egy olyan paraméterét, melynek értéke függ a ξ értékeinek
sorrendbeálĺıtásától.


Véges esetben, azaz ha Rξ = {x1, x2, . . . , xn},
∑
i


pixi a
n∑


i=1


pixi össze-


get jelöli. Ekkor természetesen
∑
i


pi|xi| < ∞ mindig teljesül, ezért véges


esetben mindig létezik a várható érték.


(2) Abszolút folytonos esetre a diszkrét eset közvetlenül nem vihető át,
mert P (ξ = x) = 0 minden x ∈ R-re. Azonban analóg formulát nyerhetünk,
ha ξ-t kis intervallumokon egyetlen értékkel, például az intervallum alsó
végpontjával helyetteśıtjük. Ekkor


E(ξ) ≈
∑


i


xiP (xi ≤ ξ < xi+1) =
∑


i


xi


xi+1∫


xi


fξ(x)dx ≈
∞∫


−∞
xfξ(x)dx.


Ezt ı́rtuk le a 7.1. Defińıció (2) pontjában.


(3) Az E(ξ) várható érték csak ξ eloszlásfüggvényétől függ. Vagyis ha
ξ és η valósźınűségi változók azonos eloszlásúak – ezalatt azt értjük, hogy
megegyezik az eloszlásfüggvényük –, akkor E(ξ) = E(η).


(4) A valósźınűségszámı́tás általános tárgyalásában a várható értéket
az E(ξ) :=


∫
Ω


ξ(ω)dP (ω) úgynevezett Lebesgue-féle integrállal definiálják,


függetlenül attól, hogy ξ diszkrét, abszolút folytonos vagy kevert valósźınű-
ségi változó. (Lásd [4] 24. oldal és [1] 60. oldal.) Bizonýıtható, hogy diszkrét
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illetve abszolút folytonos valósźınűségi változók esetén a 7.1. Defińıció ezzel
ekvivalens. (Lásd [4] 26. és 34. oldal.) A továbbiakban mi csak diszkrét
illetve abszolút folytonos valósźınűségi változókról beszélünk, és várható
értéket is csak az ilyen valósźınűségi változókhoz rendelünk.


7.3. FELADAT. Egy gép az ind́ıtógomb megnyomására 0,05 valósźı-
nűséggel kezd el működni. A gombot annyiszor nyomjuk meg, amı́g a gép
működésbe nem lép. Legyen ξ a gomb megnyomásának a száma. Határoz-
zuk meg ξ várható értékét.


MEGOLDÁS. Legyen p := 0,05 és q := 1− p. Feltesszük, hogy az egyes
ind́ıtások egymástól függetlenek. Ekkor xi = i, (i ∈ Z+) és pi = pqi−1


teljesül. Ebből
∞∑


i=1


pi|xi| =
∞∑


i=1


pixi =
∞∑


i=1


pqi−1 · i = p


∞∑


i=1


(qi)′ =


= p


( ∞∑


i=1


qi


)′


= p


(
q


1− q


)′
=


1
p


= 20 < ∞


következik, azaz létezik a várható érték és E(ξ) = 20.


7.4. FELADAT. Legyen ξ : Z+ → R, ξ(k) := 2k, és 〈pk〉 : Rξ → [0, 1],
pk = P (ξ = k) := 1/k. Határozzuk meg ξ várható értékét.


MEGOLDÁS. A feladatban megadott 〈pk〉 eloszlás, ugyanis
∞∑


i=1


pi =
∞∑


i=1


1
2i


=
1/2


1− 1/2
= 1.


Másrészt ∞∑


i=1


pi|xi| =
∞∑


i=1


pixi =
∞∑


i=1


1
2i
· 2i =


∞∑


i=1


1 = ∞,


amiből következik, hogy nem létezik várható érték.


7.5. FELADAT. Legyen fξ : R → R, fξ(x) := e−|x|/2. Határozzuk
meg ξ várható értékét.


MEGOLDÁS. Az fξ nemnegat́ıv és páros függvény, ezért
∞∫


−∞
fξ(x)dx =


∞∫


−∞


1
2
e−|x|dx =


∞∫


0


e−xdx =
[
−e−x


]∞
0


= 1
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teljesül, vagyis fξ sűrűségfüggvény. Másrészt


∞∫


−∞
|x|fξ(x)dx =


∞∫


−∞
|x|·1


2
e−|x|dx =


∞∫


0


xe−xdx =
[
−e−x(1+x)


]∞
0


= 1 < ∞,


vagyis létezik a várható érték. Ezért xfξ(x) páratlansága miatt


E(ξ) =


∞∫


−∞
x · 1


2
e−|x|dx = 0.


7.6. FELADAT. Legyen fξ : R → R, fξ(x) := 2/π(x2 +4). Határozzuk
meg ξ várható értékét.


MEGOLDÁS. A 6.21. Feladatban már bizonýıtottuk, hogy fξ sűrűség-
függvény. Másrészt


∞∫


−∞
|x|fξ(x)dx =


∞∫


−∞


2|x|
π(x2 + 4)


dx =


= 2


∞∫


0


2x


π(x2 + 4)
dx =


2
π


[
log(x2 + 4)


]∞
0


= ∞,


tehát ξ-nek nem létezik a várható értéke.


7.7. TÉTEL. Legyen ξ az (Ω,A, P ) valósźınűségi mezőn értelmezett
diszkrét valósźınűségi változó és g : R → R Borel-mérhető függvény. Ha
Rξ = {x1, x2, . . .}, akkor pi := P (ξ = xi) jelöléssel


E(g(ξ)) =
∑


i


pig(xi),


feltéve, hogy
∑
i


pi|g(xi)| < ∞.


BIZONYÍTÁS. A tétel feltételeiből következik, hogy g(ξ) is diszkrét va-
lósźınűségi változó. Így a 7.1. Defińıcióból adódik az álĺıtás.


7.8. TÉTEL. Legyen ξ egy (Ω,A, P ) valósźınűségi mezőn értelmezett
abszolút folytonos valósźınűségi változó. Ha egy g : R → R függvény min-
den pontban folytonosan differenciálható, továbbá a differenciálhányados
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sehol sem nulla, akkor
∞∫
−∞


|g(x)| fξ(x)dx < ∞ esetén a g(ξ) valósźınűségi


változónak is létezik várható értéke és


E(g(ξ)) =


∞∫


−∞
g(x)fξ(x)dx.


BIZONYÍTÁS. A 6.22. Tétel bizonýıtásában láttuk, hogy ekkor g szi-
gorúan monoton. Legyen például g szigorúan monoton növekvő. A tétel
feltételeiből a 6.22. Tétel alapján következik, hogy η := g(ξ) is abszolút
folytonos valósźınűségi változó, és sűrűségfüggvénye


fη : R → R, fη(x) =







fξ


(
g−1(x)


)


g′
(
g−1(x)


) , ha x ∈ g(R),


0 , ha x /∈ g(R).


Ekkor g(R) := (a, b) jelöléssel, ahol a, b ∈ R ∪ {−∞,∞},
∞∫


−∞
xfη(x)dx = lim


z→b−0



 lim


y→a+0


z∫


y


x
fξ


(
g−1(x)


)


g′
(
g−1(x)


) dx



 =


= lim
z→b−0



 lim


y→a+0


g−1(z)∫


g−1(y)


g(t)
fξ (t)
g′ (t)


g′(t)dt



 =


∞∫


−∞
g(t)fξ(t)dt


teljesül. Hasonlóan bizonýıtható, hogy
∞∫
−∞


|x|fη(x)dx =
∞∫
−∞


|g(t)| fξ(t)dt,


melyből adódik az álĺıtás. Az integrálásnál t = g−1(x) helyetteśıtést alkal-
maztunk, továbbá felhasználtuk, hogy


lim
z→b−0


g−1(z) = ∞, e‘s lim
y→a+0


g−1(y) = −∞.


Ha g szigorúan monoton csökkenő, akkor hasonlóan bizonýıthatjuk a
tételt.


7.9. MEGJEGYZÉS. Bizonýıtható, hogy a 7.8. Tétel minden g : R →
R Borel-mérhető függvény esetén igaz. (Lásd [4] 34. oldal.)
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7.10. TÉTEL. Legyen ξ egy (Ω,A, P ) valósźınűségi mezőn értelmezett
valósźınűségi változó, melynek létezik a várható értéke. Ekkor c ∈ R esetén
cξ-nek is létezik várható értéke, továbbá


E(cξ) = cE(ξ),


azaz a várható érték homogén.


BIZONYÍTÁS. Ha c = 0, akkor az álĺıtás triviális. Ha ξ diszkrét, akkor
cξ is diszkrét, továbbá


∑


i


pi|cxi| = |c|
∑


i


pi|xi| < ∞ és
∑


i


pi(cxi) = c
∑


i


pixi,


ı́gy a 7.7. Tétel alapján igaz az álĺıtás. Ha c 6= 0 és ξ abszolút folytonos,
akkor cξ is abszolút folytonos a 6.22. Tétel miatt. Másrészt


∞∫


−∞
|cx| fξ(x)dx < ∞ e‘s


∞∫


−∞
(cx)fξ(x)dx = c


∞∫


−∞
xfξ(x)dx,


ı́gy a 7.8. Tétel alapján E(cξ) létezik és E(cξ) = cE(ξ).


7.11. TÉTEL. Legyen ξ egy (Ω,A, P ) valósźınűségi mezőn értelmezett
valósźınűségi változó, melynek létezik a várható értéke.


(1) Ha minden ω ∈ Ω esetén ξ(ω) ≥ 0 és E(ξ) = 0, akkor P (ξ = 0) = 1.


(2) Ha c ∈ R esetén P (ξ = c) = 1 teljesül, akkor E(ξ) = c.


BIZONYÍTÁS. (1) Ha ξ diszkrét valósźınűségi változó, akkor E(ξ) =∑
i


pixi = 0, ami pi ≥ 0 és xi ≥ 0 miatt csak úgy lehet, ha pixi = 0 minden


i-re. De minden i esetén xi 6= 0 nem teljesülhet, mert ekkor pi = 0 miatt∑
i


pi = 1 nem teljesül. Így létezik olyan j, melyre xj = 0. Ebből
∑
i 6=j


pi = 0


következik, ı́gy 1 =
∑
i


pi =
∑
i 6=j


pi+pj miatt pj = 1, ami álĺıtásunkat igazolja.


Ha ξ abszolút folytonos, akkor x ≤ 0 esetén Fξ(x) = P (ξ < x) = 0
miatt fξ(x) = F ′ξ(x) = 0 következik majdnem mindenütt. Így az E(ξ) = 0
feltétel miatt


E(ξ) =


∞∫


−∞
xfξ(x)dx =


∞∫


0


xfξ(x)dx = 0,
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melyből fξ ≥ 0 miatt következik, hogy bármely ε ∈ R+ esetén


0 =


∞∫


ε


xfξ(x)dx ≥ ε


∞∫


ε


fξ(x)dx


teljesül. Másrészt 1 =
∞∫
−∞


fξ(x)dx =
∞∫
0


fξ(x)dx miatt létezik ε0 ∈ R+,


melyre
∞∫
ε0


fξ(x)dx > 0 teljesül, ami ellentmondás. Tehát ξ nem lehet abszo-


lút folytonos valósźınűségi változó.


(2) A 6.18. Megjegyzés (3) pontja miatt ξ nem abszolút folytonos való-
sźınűségi változó. Másrészt létezik a várható érték, ezért ξ diszkrét valósźı-
nűségi változó. Ebből következően Rξ := {c, x1, x2, . . .} és pi := P (ξ = xi)
jelöléssel


E(ξ) = 1 · c +
∑


i


pixi = c +
∑


i


0 · xi = c


adódik, mert pi = P (ξ 6= c) = 0.


7.12. TÉTEL. Legyen ξ egy (Ω,A, P ) valósźınűségi mezőn értelmezett
valósźınűségi változó.


(1) Ha ξ diszkrét vagy abszolút folytonos, továbbá korlátos, azaz létezik
k, K ∈ R, hogy minden ω ∈ Ω esetén k ≤ ξ(ω) ≤ K, akkor létezik a várható
értéke, továbbá k ≤ E(ξ) ≤ K.


(2) Ha ξ-nek létezik a várható értéke és létezik k ∈ R, hogy minden
ω ∈ Ω esetén k ≤ ξ(ω), illetve ξ(ω) ≤ k, akkor rendre k ≤ E(ξ), illetve
E(ξ) ≤ k.


(3) Ha ξ konstansfüggvény, azaz létezik olyan c ∈ R, hogy minden
ω ∈ Ω esetén ξ(ω) = c, akkor létezik a várható értéke, továbbá E(ξ) = c
teljesül.


BIZONYÍTÁS. (1) Ha Rξ = {x1, x2, . . .}, azaz ξ diszkrét valósźınűségi
változó, akkor k ≤ xi ≤ K minden xi ∈ Rξ esetén. L := max{|k|, |K|}
jelöléssel |xi| ≤ L miatt


∑


i


|xi|pi ≤
∑


i


Lpi = L
∑


i


pi = L,
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hiszen
∑
i


pi = 1. Tehát létezik a várható érték. Másrészt


k = k
∑


i


pi =
∑


i


kpi ≤
∑


i


xipi = E(ξ) ≤
∑


i


Kpi = K
∑


i


pi = K


teljesül, vagyis ekkor igaz az álĺıtás.
Most legyen ξ abszolút folytonos valósźınűségi változó. Ha x ≤ k, akkor


Fξ(x) = P (ξ < x) = 0, illetve ha x ≥ K, akkor Fξ(x) = P (ξ < x) = 1.
Ezért a 6.17. Tétel miatt x 6∈ (k,K) esetén fξ(x) = F ′ξ(x) = 0 majdnem
mindenütt. Így


1 =


∞∫


−∞
fξ(x)dx =


K∫


k


fξ(x)dx.


Ekkor hasonlóan mint az előbb


∞∫


−∞
|x|fξ(x)dx ≤ L


K∫


k


fξ(x)dx = L,


vagyis létezik a várható érték. Emiatt


k = k


K∫


k


fξ(x)dx =


K∫


k


kfξ(x)dx ≤
K∫


k


xfξ(x)dx =


∞∫


−∞
xfξ(x)dx =


= E(ξ) ≤
K∫


k


Kfξ(x)dx = K


K∫


k


fξ(x)dx = K,


ami az álĺıtásunkat igazolja.


(2) Az (1) ponthoz hasonlóan bizonýıtható.


(3) Mivel c ≤ ξ(ω) ≤ c teljesül minden ω ∈ Ω esetén, ı́gy az (1) pont
miatt c ≤ E(ξ) ≤ c, vagyis E(ξ) = c. A tétel közvetlenül defińıció alapján
is bizonýıtható.


A várható érték további vizsgálatához szükségünk lesz a következő fo-
galmakra és tételekre.


7.13. DEFINÍCIÓ. Legyen ξ és η az (Ω,A, P ) valósźınűségi mezőn
értelmezett valósźınűségi változók.
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(1) Ha ξ és η diszkrét valósźınűségi változók, akkor ξ és η együttes
eloszlásán az


〈pk,l〉 : Rξ ×Rη → [0, 1], pk,l := P (ξ = k, η = l)


sorozatot értjük, ahol {ξ = k, η = l} := {ξ = k}{η = l}.
(2) ξ és η együttes eloszlásfüggvényén az


Fξ,η : R2 → [0, 1], Fξ,η(x, y) := P (ξ < x, η < y)


kétváltozós függvényt értjük, ahol {ξ < x, η < y} := {ξ < x}{η < y}.
(3) ξ és η együttes eloszlását abszolút folytonosnak nevezzük, ha


létezik olyan fξ,η : R2 → R nemnegat́ıv függvény, melyre


Fξ,η(x, y) =


x∫


−∞


y∫


−∞
fξ,η(u, v)dvdu


teljesül minden x, y ∈ R esetén. Az fξ,η függvényt a ξ és η együttes
sűrűségfüggvényének nevezzük.


7.14. TÉTEL. Ha az (Ω,A, P ) valósźınűségi mezőn értelmezett ξ és η
valósźınűségi változók együttes eloszlása abszolút folytonos, akkor ξ és η is
abszolút folytonos, továbbá minden x, y ∈ R esetén


fξ(x) =


∞∫


−∞
fξ,η(x, y)dy e‘s fη(y) =


∞∫


−∞
fξ,η(x, y)dx.


7.15. DEFINÍCIÓ. Egy (Ω,A, P ) valósźınűségi mezőn értelmezett ξ és
η valósźınűségi változókat függetleneknek nevezzük, ha minden x, y ∈ R
esetén Fξ,η(x, y) = Fξ(x)Fη(y) teljesül.


7.16. MEGJEGYZÉS. Bizonýıtható, hogy az előző defińıció ekvivalens
azzal, hogy minden B1, B2 ∈ B esetén


P (ξ ∈ B1, η ∈ B2) = P (ξ ∈ B1) P (η ∈ B2) ,


ahol {ξ ∈ B1, η ∈ B2} := {ξ ∈ B1}{η ∈ B2}.
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7.17. TÉTEL. Legyen az (Ω,A, P ) valósźınűségi mezőn értelmezett ξ
és η valósźınűségi változók együttes eloszlása abszolút folytonos. A ξ és η
akkor és csak akkor független valósźınűségi változók, ha egy nullmértékű
halmazt kivéve minden x, y ∈ R esetén fξ,η(x, y) = fξ(x)fη(y) teljesül.


Ezeknek a tételeknek a bizonýıtására és az együttes eloszlások további
részletesebb vizsgálatára még sor kerül egy önálló fejezetben. Most térjünk
vissza a várható érték további tulajdonságaihoz.


7.18. TÉTEL. Legyen ξ és η az (Ω,A, P ) valósźınűségi mezőn értelme-
zett diszkrét valósźınűségi változók és g : R2 → R Borel-mérhető függvény.
Ha Rξ = {x1, x2, . . .} és Rη = {y1, y2, . . .}, akkor pij := P (ξ = xi, η = yj)
jelöléssel


E
(
g(ξ, η)


)
=


∑


i,j


pijg(xi, yj),


feltéve, hogy
∑
i,j


pij |g(xi, yj)| < ∞.


BIZONYÍTÁS. Az 5.12. Tétel miatt g(ξ, η) diszkrét valósźınűségi válto-
zó, ı́gy a tétel a 7.1. Defińıció következménye.


A következő fontos tételt bizonýıtás nélkül mondjuk ki. (A bizonýıtás
megtalálható [4] 98. oldalán.)


7.19. TÉTEL. Legyen az (Ω,A, P ) valósźınűségi mezőn értelmezett ξ és
η valósźınűségi változók együttes eloszlása abszolút folytonos. Ha g :R2→R
Borel-mérhető függvény, akkor


E
(
g(ξ, η)


)
=


∞∫


−∞


∞∫


−∞
g(x, y)fξ,η(x, y)dxdy,


feltéve, hogy az egyenlőség valamelyik oldalán levő mennyiség létezik.


7.20. TÉTEL. Legyen az (Ω,A, P ) valósźınűségi mezőn értelmezett ξ és
η valósźınűségi változók egyszerre diszkrétek vagy abszolút folytonosak. Ha
ξ-nek és η-nak létezik a várható értéke, akkor ξ + η-nak is létezik, továbbá


E (ξ + η) = E (ξ) + E (η) ,


azaz a várható érték addit́ıv.
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BIZONYÍTÁS. Ha ξ és η diszkrét valósźınűségi változók, akkor legyen
g : R2 → R, g(x, y) := x + y. Ez folytonos, tehát Borel-mérhető függvény.
Ekkor


∑
i


{ξ = xi} =
∑
j


{η = yj} = Ω miatt


∑


i,j


pij |g(xi, yj)| =
∑


i,j


pij |xi + yj | ≤
∑


i,j


pij |xi|+
∑


i,j


pij |yj | =


=
∑


i


P


(∑


j


{ξ = xi, η = yj}
)
|xi|+


+
∑


j


P


(∑


i


{ξ = xi, η = yj}
)
|yj | =


=
∑


i


P (ξ = xi)|xi|+
∑


j


P (η = yj)|yj | < ∞,


hiszen létezik E(ξ) és E(η). Így a 7.18. Tétel miatt E(ξ + η) létezik és az
előző levezetéshez hasonlóan kapjuk, hogy


E(ξ + η) = E
(
g(ξ, η)


)
=


∑


i,j


pijg(xi, yj) =
∑


i,j


pij(xi + yj) =


=
∑


i


P (ξ = xi)xi +
∑


j


P (η = yj)yj = E(ξ) + E(η).


Abszolút folytonos esetben csak akkor bizonýıtjuk az álĺıtást, ha létezik
az együttes sűrűségfüggvény. Ekkor a 7.19. és 7.14. Tételekből következik,
hogy


E (ξ + η) =


∞∫


−∞


∞∫


−∞
(x + y)fξ,η(x, y)dxdy =


∞∫


−∞


∞∫


−∞
xfξ,η(x, y)dxdy+


+


∞∫


−∞


∞∫


−∞
yfξ,η(x, y)dxdy =


∞∫


−∞
x






∞∫


−∞
fξ,η(x, y)dy



 dx+


+


∞∫


−∞
y






∞∫


−∞
fξ,η(x, y)dx



 dy =


∞∫


−∞
xfξ(x)dx +


∞∫


−∞
yfη(y)dy =


= E (ξ) + E (η) .


(Általános esetben a tétel bizonýıtása megtalálható [1] 62. oldalán.)
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7.21. KÖVETKEZMÉNY. Ha az (Ω,A, P ) valósźınűségi mezőn értel-
mezett egyszerre diszkrét vagy abszolút folytonos ξ1, ξ2, . . . , ξn valósźınűségi


változóknak létezik a várható értéke, akkor
n∑


i=1


ciξi valósźınűségi változónak


is létezik a várható értéke, ahol c1, c2, . . . , cn ∈ R, továbbá


E


(
n∑


i=1


ciξi


)
=


n∑


i=1


ciE (ξi) ,


vagyis a várható érték lineáris.


7.22. TÉTEL. Ha az (Ω,A, P ) valósźınűségi mezőn értelmezett ξ va-
lósźınűségi változónak létezik a várható értéke, akkor ξ + c-nek is létezik a
várható értéke minden c ∈ R esetén, továbbá


E (ξ + c) = E (ξ) + c.


BIZONYÍTÁS. (1) Mivel c tekinthető egy diszkrét valósźınűségi válto-
zónak, ezért ha ξ diszkrét, akkor a 7.20. Tételből és a 7.12. Tétel (3) pontja
alapján E (ξ + c) = E (ξ) + E(c) = E (ξ) + c teljesül.


(2) Ha ξ abszolút folytonos, akkor a 7.20. Tétel már nem alkalmazható.
Viszont a 7.8. Tétel feltételei teljesülnek, ı́gy


∞∫


−∞
|x + c|fξ(x)dx ≤


∞∫


−∞
|x|fξ(x)dx + |c| < ∞


miatt E(ξ + c) létezik, továbbá


E (ξ + c) =


∞∫


−∞
(x + c)fξ(x)dx =


∞∫


−∞
xfξ(x)dx + c


∞∫


−∞
fξ(x)dx = E (ξ) + c.


7.23. TÉTEL. Legyen ξ és η az (Ω,A, P ) valósźınűségi mezőn értel-
mezett valósźınűségi változók. Ha ξ-nek és η-nak létezik a várható értéke,
továbbá ξ(ω) ≥ η(ω) minden ω ∈ Ω esetén, akkor E(ξ) ≥ E(η) teljesül.


BIZONYÍTÁS. A tételt csak akkor bizonýıtjuk, ha ξ és η egyszerre diszk-
rétek vagy abszolút folytonosak. Ekkor a várható érték linearitásából és a
7.12. Tétel (2) pontja alapján 0 ≤ ξ(ω) − η(ω) miatt 0 ≤ E(ξ − η) =
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E(ξ)−E(η), ami álĺıtásunkat igazolja. (Általános esetben a tétel az [1] 54.
oldal A Tételének következménye.)


7.24. TÉTEL. Ha az (Ω,A, P ) valósźınűségi mezőn értelmezett ξ és
η független valósźınűségi változók egyszerre diszkrétek vagy abszolút foly-
tonosak, továbbá ξ-nek és η-nak létezik a várható értéke, akkor ξη-nak is
létezik, és


E(ξη) = E(ξ)E(η).


BIZONYÍTÁS. (1) Ha ξ és η diszkrét valósźınűségi változók, akkor le-
gyen g : R2 → R, g(x, y) := xy. Ez folytonos, tehát Borel-mérhető függ-
vény. Legyen Rξ := {x1, x2, . . .}, Rη := {y1, y2, . . .}, pi := P (ξ = xi),
pj := P (η = yj) és pij := P (ξ = xi, η = yj). Ekkor a függetlenség és a
7.16. Megjegyzés miatt pij = pipj teljesül. Ebből, továbbá az E(ξ) és E(η)
létezéséből


∑


i,j


pij |g(xi, yj)| =
∑


i,j


pij |xiyj | =
∑


i,j


pipj |xi||yj | =


=
∑


i


pi|xi|
∑


j


pj |yj | < ∞.


Így a 7.18. Tétel miatt E(ξη) létezik, és


E(ξη) =
∑


i,j


pijxiyj =
∑


i,j


pipjxiyj =


(∑


i


pixi


)(∑


j


pjyj


)
= E(ξ)E(η).


(2) Ha ξ és η abszolút folytonosak, akkor csak abban az esetben bizo-
nýıtjuk az álĺıtást, ha létezik az együttes sűrűségfüggvény. Ekkor a 7.19. és
7.17. Tételek alapján


E (ξη) =


∞∫


−∞


∞∫


−∞
xyfξ,η(x, y)dxdy =


∞∫


−∞


∞∫


−∞
xyfξ(x)fη(y)dxdy =


=


∞∫


−∞
xfξ(x)






∞∫


−∞
yfη(y)dy



 dx =


=






∞∫


−∞
xfξ(x)dx










∞∫


−∞
yfη(y)dy



 = E(ξ)E(η)
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teljesül. (Általános esetben lásd [4] 88. oldal.)


Szórásnégyzet


Egy szerencsejátékban akkor nyerünk, ha érmével fejet dobunk, ellenke-
ző esetben vesźıtünk. Bár ekkor a tét nagyságától függetlenül a nyeremény
várható értéke mindig 0, ennek ellenére például 100 000 forintos tétnél na-
gyon meggondolnánk, hogy játszuk-e ezt a játékot. Nyilván azért, mert
ekkor igaz sokat lehet nyerni, de vesźıteni is. Vagyis minél nagyobb a tét,
annál nagyobb a nyeremény eltérése, szóródása a várható értéktől.


Ebben a részben ezt a szóródást fogjuk jellemezni. De mit válasszunk
a szóródás mértékének? Első ránézésre a szóródásról a ξ−E(ξ) várható ér-
téke, azaz az E(ξ −E(ξ)) ad felvilágośıtást. A 7.22. Tétel alapján azonban
ez mindig 0, vagyis ennek a kifejezésnek nincs információtartalma a szórásra
vonatkozóan. Természetesen azért, mert a negat́ıv irányú eltérések átlaga
megegyezik a pozit́ıv irányúval, ı́gy ezek kiegyenĺıtik egymást. Ebből követ-
kezően a szórás mértékéül célszerű az E(|ξ −E(ξ)|) értéket választani, ami
már megfelelne, de technikai okok miatt praktikusabb a következő defińıció.


7.25. DEFINÍCIÓ. Legyen ξ az (Ω,A, P ) valósźınűségi mezőn értel-
mezett valósźınűségi változó, melynek létezik a várható értéke. Ekkor ξ
szórása


D(ξ) :=
√


E ((ξ − E(ξ))2),


szórásnégyzete pedig


D2(ξ) := E
(
(ξ − E(ξ))2


)
,


feltéve hogy létezik ez a várható érték.


7.26. MEGJEGYZÉS. (1) Defińıció szerint véges ξ valósźınűségi válto-
zónak létezik várható értéke. Másrészt ekkor (ξ−E(ξ))2 is véges, ı́gy ξ-nek
a szórása is létezik.


(2) Várható értékkel rendelkező valósźınűségi változónak nem mindig
van szórása. Például legyen Ω := Z+ ∪ {0}, A az Ω hatványhalmaza és
P : A → R olyan valósźınűség, melyre pi := P ({i}) := 3/4i+1 teljesül.


Ekkor pi eloszlást határoz meg, ugyanis
∞∑


i=0


pi =
∞∑


i=0


3/4i+1 = 1. Legyen


ξ : Z+ ∪ {0} → R, ξ(i) := xi :=
2i+1


3
− 1.
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Ekkor ξ az (Ω,A, P ) valósźınűségi mezőben egy valósźınűségi változó, mely-
nek létezik a várható értéke. Ugyanis


∞∑


i=0


|xi|pi =
∞∑


i=0


∣∣∣∣
2i+1


3
− 1


∣∣∣∣
3


4i+1
=


1
4


+
∞∑


i=1


(
2i+1


3
− 1


)
3


4i+1
=


=
1
4


+
∞∑


i=1


(
1


2i+1
− 3


4i+1


)
=


1
4


+
∞∑


i=1


1
2i+1


−
∞∑


i=1


3
4i+1


=


=
1
4


+
1
4


1− 1
2


−
3
16


1− 1
4


=
1
4


+
1
2
− 1


4
=


1
2
,


tehát a
∞∑
0


xipi sor abszolút konvergens. Így


E(ξ) =
∞∑


i=0


xipi =
∞∑


i=0


(
2i+1


3
− 1


)
3


4i+1
=


=
∞∑


i=0


(
1


2i+1
− 3


4i+1


)
=


1
2


1− 1
2


−
3
4


1− 1
4


= 0,


melyből (ξ−E(ξ))2 = ξ2, vagyis ξ-nek pontosan akkor létezik a szórásnégy-
zete, ha ξ2-nek van várható értéke. Ez viszont nem teljesül, mert


lim
i→∞


x2
i pi = lim


i→∞


(
2i+1


3
− 1


)2 3
4i+1


=


= lim
i→∞


(
4
9
4i − 4


3
2i + 1


)
3


4i+1
= lim


i→∞


(
1
3
− 1


2i
+


3
4i+1


)
=


1
3
,


vagyis x2
i pi nem nullsorozat, ı́gy


∞∑
0


x2
i pi sor nem konvergens.


(3) Az előző példában arra a következtetésre jutottunk, hogy a várható
értékkel rendelkező ξ-nek pontosan akkor van szórásnégyzete, ha ξ2-nek
is létezik a várható értéke. Ez természetes ha E(ξ) = 0, mint ebben az
esetben is. De mi van akkor, ha E(ξ) 6= 0 ? Vajon ekkor milyen feltétel
D2(ξ) létezéséhez az E(ξ2) létezése? Erre ad feleletet a következő tétel.


7.27. TÉTEL. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy várható
értékkel rendelkező valósźınűségi változója.
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(1) A ξ valósźınűségi változónak pontosan akkor létezik szórása, ha
ξ2-nek létezik a várható értéke, és ekkor


D2(ξ) = E
(
ξ2


)− E2(ξ).


(2) Általánośıtva, ξ-nek pontosan akkor létezik szórása, ha (ξ− c)2-nek
létezik a várható értéke, ahol c ∈ R tetszőleges konstans, és ekkor


D2(ξ) = E
(
(ξ − c)2


)
−


(
E(ξ)− c


)2


.


BIZONYÍTÁS. (1) Először tegyük fel, hogy létezik E
(
ξ2


)
. Ekkor a


várható érték linearitásából következik, hogy


E
(
ξ2


)− E2(ξ) = E
(
ξ2


)− 2E(ξ)E(ξ) + E2(ξ) =


= E
(
ξ2 − 2ξE(ξ) + E2(ξ)


)
= E


((
ξ − E(ξ)


)2
)


= D2(ξ).


Megford́ıtva, ha ξ-nek létezik a szórásnégyzete, akkor először be kell
látni, hogy létezik E


(
ξ2


)
. Ha ξ diszkrét valósźınűségi változó, akkor azt


kell belátnunk, hogy
∑
i


(xi −m)2pi < ∞-ből
∑
i


x2
i pi < ∞ következik, ahol


m := E(ξ), Rξ := {x1, x2, . . .} és pi := P (ξ = xi). Tegyük fel, hogy ez nem
teljesül, vagyis


∑
i


x2
i pi = ∞. Ekkor


∑


i


m2pi = m2 e‘s
∑


i


−2mxipi = −2m2


teljesül. Ebből következik, hogy
∑
i


(−2mxipi + m2pi) = −m2. Mivel fel-


tevésünk szerint
∑
i


x2
i pi = ∞, ı́gy az előzőek miatt


∑


i


(xi −m)2pi =
∑


i


(
x2


i pi − 2mxipi + m2pi


)
=


=
∑


i


x2
i pi +


∑


i


(−2mxipi + m2pi


)
= ∞,


ami ellentmondás.
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Folytonos esetben azt kell bizonýıtani, hogy
∞∫
−∞


(x −m)2fξ(x)dx < ∞


esetén
∞∫
−∞


x2fξ(x)dx < ∞ teljesül. Itt is indirekt úton bizonýıtunk. Tegyük


fel, hogy
∞∫
−∞


x2fξ(x)dx = ∞. Ekkor


∞∫


−∞
m2fξ(x)dx = m2 e‘s


∞∫


−∞
−2mxfξ(x)dx = −2m2


teljesül. Így
∞∫
−∞


(
−2mxfξ(x) + m2fξ(x)


)
dx = −m2. Ebből viszont az


következik, hogy
∞∫


−∞
(x−m)2fξ(x)dx =


∞∫


−∞


(
x2fξ(x)− 2mxfξ(x) + m2fξ(x)


)
dx =


=


∞∫


−∞
x2fξ(x)dx +


∞∫


−∞


(
−2mxfξ(x) + m2fξ(x)


)
dx = ∞,


ami ellentmondás. Tehát D2(ξ) létezéséből következik E
(
ξ2


)
létezése. Már


csak az egyenlőséget kell megmutatni, ami pontosan úgy történik mint a
bizonýıtás elején.


(2) Hasonlóan bizonýıthatjuk mint az előbb, hogy E((ξ − c)2 létezésé-
nek szükséges és elégséges feltétele, hogy E


(
ξ2


)
létezzen, ami szükséges és


elégséges feltétele a D2(ξ) létezésének. Így már csak az egyenlőséget kell
megmutatni. Ez viszont teljesül, mert


E
(
(ξ − c)2


)
−


(
E(ξ)− c


)2


= E
(
ξ2 − 2cξ + c2


)− E2(ξ) + 2cE(ξ)− c2 =


= E
(
ξ2


)− 2cE(ξ) + c2 − E2(ξ) + 2cE(ξ)− c2 = E
(
ξ2


)− E2(ξ) = D2(ξ)


a linearitás és az előző pont miatt.


7.28. MEGJEGYZÉS. A 7.27., 7.7. Tételek és a 7.9. Megjegyzés szerint
ξ-nek pontosan akkor létezik a szórásnégyzete, ha ξ-nek és ξ2-nek létezik a
várható értéke, és ekkor D2(ξ) a következőképpen számolható ki.


D2(ξ) =
∑


i


pix
2
i −


(∑


i


pixi


)2


vagy
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D2(ξ) =


∞∫


−∞
x2fξ(x)dx−






∞∫


−∞
xfξ(x)dx






2


aszerint, hogy ξ diszkrét vagy abszolút folytonos.
Például számoljuk ki a 7.3. Feladatban definiált ξ szórásnégyzetét. Az


ottani jelölésekkel


∞∑


i=1


pi|x2
i | =


∞∑


i=1


pix
2
i =


∞∑


i=1


pqi−1 · i2 =


= p


( ∞∑


i=1


iqi


)′


= p


(
q


(1− q)2


)′
=


2− p


p2
< ∞,


vagyis létezik E(ξ2) és egyenlő (2 − p)/p2-el. Így az előzőek értelmében
létezik a szórásnégyzet is, és


D2(ξ) =
2− p


p2
−


(
1
p


)2


=
1− p


p2
= 380.


7.29. TÉTEL. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy szórással
rendelkező valósźınűségi változója és c ∈ R tetszőleges konstans. Ekkor


(1) D2(ξ) ≤ E
(
(ξ − c)2


)
, továbbá egyenlőség pontosan akkor áll fenn,


ha c = E(ξ).


(2) D(ξ) ≥ 0, továbbá egyenlőség pontosan P
(
ξ = E(ξ)


)
= 1 esetén


áll fenn.


BIZONYÍTÁS. A 7.27. Tétel miatt egyrészt E
(
(ξ−c)2


)
létezik, másrészt


E
(
(ξ − c)2


)
= D2(ξ) +


(
E(ξ)− c


)2


≥ D2(ξ),


továbbá egyenlőség pontosan (E(ξ)−c)2 = 0 esetén áll fenn, ami az álĺıtással
ekvivalens.


(2) A D(ξ) ≥ 0 egyenlőtlenség közvetlenül a defińıcióból következik.
Másrészt η := (ξ − E(ξ))2 jelöléssel η(ω) ≥ 0 minden ω ∈ Ω esetén, ı́gy
D2(ξ) = E(η) = 0 akkor és csak akkor teljesül a 7.11. Tétel értelmében, ha
P (η = 0) = 1, mely az álĺıtást bizonýıtja.
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7.30. TÉTEL. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy szórás-
sal rendelkező valósźınűségi változója és a, b, c ∈ R tetszőleges konstansok.
Ekkor aξ + b és c valósźınűségi változóknak is létezik a szórásuk, továbbá


(1) D2(aξ + b) = a2D2(ξ), azaz D(aξ + b) = |a|D(ξ) és


(2) D2(c) = 0, vagyis D(c) = 0.


BIZONYÍTÁS. (1) A várható érték linearitása miatt


D2(aξ + b) = E


((
aξ + b− E(aξ + b)


)2
)


=


= E


((
aξ + b− aE(ξ)− E(b)


)2
)


=


= E


((
aξ + b− aE(ξ)− b


)2
)


=


= E


(
a2


(
ξ − E(ξ)


)2
)


= a2E


((
ξ − E(ξ)


)2
)


= a2D2(ξ).


(2) Defińıció szerint D2(c) = E
(
(c− E(c))2


)
= E(0) = 0.


A fejezet további részeiben valósźınűségi változók kapcsolatainak a mé-
rőszámaival, nevezetesen a kovarianciával és a korrelációs együtthatóval fog-
lalkozunk. Ezek során a várható érték és a szórás további fontos tulajdon-
ságait ismerhetjük meg.


Kovariancia


7.31. DEFINÍCIÓ. Az (Ω,A, P ) valósźınűségi mezőn értelmezett ξ és
η valósźınűségi változók kovarianciája


cov(ξ, η) := E


((
ξ − E(ξ)


)(
η − E(η)


))
,


feltéve, hogy ezek a várható értékek léteznek.


A következő két tétel a kovariancia defińıciójának következményei.


7.32. TÉTEL. Ha az (Ω,A, P ) valósźınűségi mezőn értelmezett ξ és η
valósźınűségi változóknak létezik a kovarianciája, akkor


cov(ξ, η) = cov(η, ξ),
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azaz a kovariancia szimmetrikus.


7.33. TÉTEL. Az (Ω,A, P ) valósźınűségi mező ξ valósźınűségi változó-
jának pontosan akkor létezik a szórása, ha létezik az önmagára vonatkozó
kovarianciája, továbbá ekkor


D2(ξ) = cov(ξ, ξ).


7.34. TÉTEL. Ha az (Ω,A, P ) valósźınűségi mezőn értelmezett ξ és
η valósźınűségi változók egyszerre diszkrétek vagy abszolút folytonosak,
továbbá ξ-nek, η-nak és ξη-nak is létezik a várható értéke, akkor létezik
ξ-nek η-ra vonatkozó kovarianciája, továbbá


cov(ξ, η) = E(ξη)− E(ξ)E(η).


BIZONYÍTÁS. Az álĺıtás a várható érték linearitása miatt igaz, ugyanis


cov(ξ, η) = E


((
ξ − E(ξ)


)(
η − E(η)


))
=


= E
(
ξη − ηE(ξ)− ξE(η) + E(ξ)E(η)


)
= E(ξη)−


− E(η)E(ξ)− E(ξ)E(η) + E(ξ)E(η) = E(ξη)− E(ξ)E(η).


7.35. MEGJEGYZÉS. A kovarianciát a függetlenség mértékszámá-
nak is szokták nevezni, ugyanis a 7.34. Tétel szerint általános esetben


E(ξη) = E(ξ)E(η) + cov(ξ, η),


mı́g ha ξ és η függetlenek, akkor E(ξη) = E(ξ)E(η) teljesül. Erre vonatkozik
a következő tétel.


7.36. TÉTEL. Ha az (Ω,A, P ) valósźınűségi mezőn értelmezett ξ és η
független valósźınűségi változók egyszerre diszkrétek vagy abszolút folyto-
nosak, továbbá létezik a várható értékük, akkor létezik a kovarianciájuk is,
és cov(ξ, η) = 0 teljesül.


BIZONYÍTÁS. A 7.24. Tétel alapján ξη-nak is létezik a várható értéke,
továbbá E(ξη) = E(ξ)E(η), ı́gy a 7.34. Tételből létezik a kovarianciájuk is,
melyre cov(ξ, η) = E(ξη)− E(ξ)E(η) = 0 teljesül.
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7.37. MEGJEGYZÉS. A tétel megford́ıtása nem igaz. Például vá-
lasszunk egy 32 lapos kártyacsomagból véletlenszerűen egy lapot. Legyen
ξ = 0 ha pirosat vagy zöldet, ξ = −1 ha tököt, ξ = 1 ha makkot húzunk.
Másrészt legyen η = 0 ha tököt vagy makkot, η = −1 ha pirosat, η = 1 ha
zöldet választunk. Ekkor Rξ = Rη = {−1, 0, 1},


P (ξ = −1) =
1
4
, P (ξ = 0) =


1
2
, P (ξ = 1) =


1
4
,


P (η = −1) =
1
4
, P (η = 0) =


1
2
, P (η = 1) =


1
4
,


továbbá Rξη = {−1, 0, 1}. Mivel {ξη = 0} = Ω, {ξη = 1} = {ξη = −1} = ∅,
ezért P (ξη = −1) = 0, P (ξη = 0) = 1 és P (ξη = 1) = 0 teljesül. Így


E(ξ) = −1 · 1
4


+ 0 · 1
2


+ 1 · 1
4


= 0,


E(η) = −1 · 1
4


+ 0 · 1
2


+ 1 · 1
4


= 0,


és
E(ξη) = −1 · 0 + 0 · 1 + 1 · 0 = 0.


Mindezekből a 7.34. Tétel alapján létezik a kovariancia, és egyenlő nullával.
Másrészt


Fξ,η(0, 0) = P (ξ < 0, η < 0) = 0 6= 1
4
· 1
4


= P (ξ < 0)P (η < 0) = Fξ(0)Fη(0),


vagyis ξ és η nem függetlenek.


7.38. TÉTEL. Ha az (Ω,A, P ) valósźınűségi mezőn értelmezett egy-
szerre diszkrét vagy abszolút folytonos ξ1, ξ2, . . . , ξn, η1, η2, . . . , ηm valósźı-
nűségi változókra minden i ∈ {1, 2, . . . , n} és j ∈ {1, 2, . . . , m} esetén létezik
a cov(ξi, ηj), és a1, a2, . . . , an, b1, b2, . . . , bm ∈ R tetszőleges konstansok, ak-


kor
n∑


i=1


aiξi-nek létezik a
m∑


j=1


bjηj-re vonatkozó kovarianciája, továbbá


cov






n∑


i=1


aiξi,


m∑


j=1


bjηj



 =


n∑


i=1


m∑


j=1


aibj cov(ξi, ηj),


azaz a kovariancia bilineáris.
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BIZONYÍTÁS. ξ :=
n∑


i=1


aiξi jelöléssel


cov



ξ,


m∑


j=1


bjηj



= E






(
ξ − E(ξ)


)




m∑


j=1


bjηj − E


(
m∑


j=1


bjηj


)




 =


= E






(
ξ − E(ξ)


) m∑


j=1


bj


(
ηj − E(ηj)


)

 =


= E






m∑


j=1


bj


(
ξ − E(ξ)


)(
ηj − E(ηj)


)

=


m∑


j=1


bj cov(ξ, ηj)


adódik, melybe visszáırva a ξ =
n∑


i=1


aiξi alakot, az előzőhöz hasonló átala-


ḱıtásokkal kapjuk a tételt.


7.39. TÉTEL. Ha az (Ω,A, P ) valósźınűségi mezőn értelmezett egy-
szerre diszkrét vagy abszolút folytonos ξ1, ξ2, . . . , ξn valósźınűségi változókra


minden i, j ∈ {1, 2, . . . , n} esetén létezik a cov(ξi, ξj), akkor
n∑


i=1


ξi-nek létezik


a szórásnégyzete, továbbá


D2


(
n∑


i=1


ξi


)
=


n∑


i=1


D2 (ξi) +
∑


i 6=j


cov(ξi, ξj).


BIZONYÍTÁS. A kovariancia bilinearitása miatt
n∑


i=1


ξi-nek létezik az


önmagára vonatkozó kovarianciája, vagyis a szórásnégyzete, továbbá


D2


(
n∑


i=1


ξi


)
= cov






n∑


i=1


ξi,


n∑


j=1


ξj



 =


n∑


i=1


n∑


j=1


cov(ξi, ξj) =


=
n∑


i=1


cov(ξi, ξi) +
∑


i 6=j


cov(ξi, ξj),


mely a tételt igazolja.


7.40. KÖVETKEZMÉNY. Ha az (Ω,A, P ) valósźınűségi mezőn ér-
telmezett egyszerre diszkrét vagy abszolút folytonos, páronként független
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ξ1, ξ2, . . . , ξn valósźınűségi változóknak léteznek a szórásnégyzeteik, akkor a
n∑


i=1


ξi valósźınűségi változónak is van szórásnégyzete, továbbá


D2


(
n∑


i=1


ξi


)
=


n∑


i=1


D2 (ξi) .


Korrelációs együttható


7.41. DEFINÍCIÓ. Legyen ξ és η az (Ω,A, P ) valósźınűségi mezőn ér-
telmezett valósźınűségi változók. Ha létezik ξ és η kovarianciája és szórásaik,
továbbá D(ξ)D(η) 6= 0, akkor ξ és η korrelációs együtthatója


corr(ξ, η) :=
cov(ξ, η)
D(ξ)D(η)


.


Ha corr(ξ, η) = 0, akkor ξ-t és η-t korrelálatlanoknak nevezzük.


7.42. MEGJEGYZÉS. A korrelációs együtthatóval rendelkező valósźı-
nűségi változó párok körében, melyek egyszerre diszkrétek vagy abszolút
folytonosak, a korrelálatlanság általánosabb fogalom mint a függetlenség.
Ugyanis a függetlenségből következik, hogy corr(ξ, η) = 0, de megford́ıtva
ez nem igaz. Például a 7.37. Megjegyzésben definiált ξ és η valósźınűségi
változókról könnyen beláthatja az olvasó, hogy D(ξ)D(η) = 1/2, ı́gy az
ott bizonýıtott cov(ξ, η) = 0 miatt corr(ξ, η) = 0. Másrészt viszont azt is
bizonýıtottuk, hogy ξ és η nem függetlenek.


7.43. DEFINÍCIÓ. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy való-
sźınűségi változója, melynek létezik a szórása és D(ξ) 6= 0. Ekkor ξ stan-
dardizáltján a


ξ̃ =
ξ − E(ξ)


D(ξ)


valósźınűségi változót értjük.


7.44. TÉTEL. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy stan-


dardizáltal rendelkező valósźınűségi változója. Ekkor ξ̃-nek létezik a várható


értéke és a szórásnégyzete, továbbá E
(
ξ̃
)


= 0 és D2
(
ξ̃
)


= 1.
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BIZONYÍTÁS. E
(
ξ̃
)


létezése a 7.10. és a 7.22. Tételből, mı́g D2
(
ξ̃
)


létezése a 7.30. Tétel (1) pontjából következik. Ugyanezen tételek alapján


E
(
ξ̃
)


=E


(
ξ − E(ξ)


D(ξ)


)
=


1
D(ξ)


E
(
ξ − E(ξ)


)
=


1
D(ξ)


(
E(ξ)− E(ξ)


)
=0,


és


D2
(
ξ̃
)


= D2


(
ξ − E(ξ)


D(ξ)


)
=


1
D2(ξ)


D2
(
ξ − E(ξ)


)
=


D2(ξ)
D2(ξ)


= 1


teljesül.


7.45. TÉTEL. Legyen ξ és η standardizálható valósźınűségi változói


az (Ω,A, P ) valósźınűségi mezőnek. Ha E
(
ξ̃η̃


)
, corr (ξ, η), cov


(
ξ̃, η̃


)
közül


valamelyik létezik, akkor a másik kettő is létezik, továbbá


E
(
ξ̃η̃


)
= corr (ξ, η) = cov


(
ξ̃, η̃


)
.


BIZONYÍTÁS. Egyrészt


E
(
ξ̃η̃


)
= E


(
ξ − E(ξ)


D(ξ)
· η − E(η)


D(η)


)
=


=
E


((
ξ − E(ξ)


)(
η − E(η)


))


D(ξ)D(η)
=


cov(ξ, η)
D(ξ)D(η)


= corr(ξ, η),


másrészt


cov
(
ξ̃, η̃


)
= E


((
ξ̃ − E(ξ̃)


)(
η̃ − E(η̃)


))
= E


(
(ξ̃ − 0)(η̃ − 0)


)
= E


(
ξ̃η̃


)


teljesül, melyekből következik az álĺıtás.


7.46. TÉTEL. Ha az (Ω,A, P ) valósźınűségi mező ξ és η egyszerre
diszkrét vagy abszolút folytonos valósźınűségi változóinak létezik a korrelá-
ciós együtthatója, akkor |corr(ξ, η)| ≤ 1.


BIZONYÍTÁS. A korreláció létezéséből következik, hogy ξ és η stan-
dardizálható valósźınűségi változók, ı́gy a 7.39., 7.44. és a 7.45. Tételek
alapján


0 ≤ D2
(
ξ̃ ± η̃


)
= D2


(
ξ̃
)


+ D2 (η̃)± 2 cov
(
ξ̃, η̃


)
= 2


(
1± corr(ξ, η)


)
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teljesül, melyből következik az álĺıtás.


7.47. KÖVETKEZMÉNY. Ha az (Ω,A, P ) valósźınűségi mező ξ és η
egyszerre diszkrét vagy abszolút folytonos valósźınűségi változóinak létezik
a korrelációs együtthatója, akkor |cov(ξ, η)| ≤ D(ξ)D(η).


7.48. TÉTEL. Legyen ξ egy valósźınűségi változó az (Ω,A, P ) valósźı-
nűségi mezőn. Ha ξ-nek létezik a szórása mely nem nulla, és η := aξ + b,
ahol a ∈ R \ {0}, b ∈ R, akkor ξ-nek létezik az η-ra vonatkozó korrelációs
együtthatója, továbbá


corr(ξ, η) =
{


1, ha a > 0,
-1, ha a < 0.


BIZONYÍTÁS. Mivel létezik D(ξ), ezért a 7.30. Tétel (1) pontja miatt
D(η) is létezik, továbbá D(ξ) 6= 0 és a 6= 0 miatt D(ξ)D(η) 6= 0. Másrészt
könnyen látható, hogy létezik E(η) és E(ξη), ı́gy a 7.34. Tételből létezik
cov(ξ, η). Mindezekből következik, hogy corr(ξ, η) is létezik, továbbá


cov(ξ, η) = E(ξη)− E(ξ)E(η) = E
(
ξ(aξ + b)


)
− E(ξ)E(aξ + b) =


= aE
(
ξ2


)
+ bE(ξ)− aE2(ξ)− bE(ξ) = a


(
E


(
ξ2


)− E2(ξ)
)


=


= aD2(ξ).


Ebből D(ξ)D(η) = D(ξ)D(aξ + b) = |a|D2(ξ) alapján kapjuk az álĺıtást.


7.49. TÉTEL. Ha ξ és η olyan valósźınűségi változók az (Ω,A, P )
valósźınűségi mezőn, melyeknek létezik a korrelációs együtthatója, továbbá
|corr(ξ, η)| = 1, akkor léteznek a ∈ R \ {0} és b ∈ R konstansok, melyekre


P (η = aξ + b) = 1.


BIZONYÍTÁS. A feltételek miatt |cov(ξ, η)| = D(ξ)D(η) teljesül, ı́gy
4 cov2(ξ, η)− 4D2(ξ)D2(η) = 0. Ebből következik, hogy a


D2(ξ)x2 − 2 cov(ξ, η)x + D2(η) = 0
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másodfokú egyenletnek pontosan egy gyöke van, mely D(η) 6= 0 miatt
nullától különbözik. Jelöljük ezt a gyököt a-val. Ekkor


0 = D2(ξ)a2 − 2 cov(ξ, η)a + D2(η) = a2E


((
ξ − E(ξ)


)2
)
−


− 2aE


((
ξ − E(ξ)


)(
η − E(η)


))
+ E


((
η − E(η)


)2
)


=


= E


(
a2


(
ξ − E(ξ)


)2


− 2a
(
ξ − E(ξ)


)(
η − E(η)


)
+


(
η − E(η)


)2
)


=


= E


((
a
(
ξ − E(ξ)


)
−


(
η − E(η)


))2
)


teljesül. Legyen µ :=
(


a
(
ξ −E(ξ)


)
−


(
η−E(η)


))2


. Így µ(ω) ≥ 0 minden


ω ∈ Ω esetén. Másrészt E(µ) = 0 miatt a 7.11. Tételből P (µ = 0) = 1
következik. Ez viszont azt jelenti, hogy


P


(
a
(
ξ − E(ξ)


)
= η − E(η)


)
= 1,


vagyis


P


(
η = aξ +


(
E(η)− aE(ξ)


))
= 1


teljesül, melyből b := E(η)− aE(ξ) választással adódik a tétel.


7.50. MEGJEGYZÉS. Könnyű ellenőrizni, hogy ha P (η = aξ + b) = 1
teljesül, ahol a 6= 0, akkor ξ és η nem függetlenek, azaz függőek. Vagyis
azt kell megmutatnunk, hogy létezik olyan x, y ∈ R, hogy


P (ξ < x, η < y) 6= P (ξ < x)P (η < y).


Tegyük fel, hogy a, b > 0. Legyen x ∈ R olyan, hogy P (ξ < x) < 1. Ilyen x
mindig létezik. Ekkor y := ax választással


P (ξ < x, η < y) = P (ξ < x, aξ + b < ax) = P


(
ξ < x, ξ < x− b


a


)
=


= P


(
ξ < x− b


a


)
> P (ξ < x)P


(
ξ < x− b


a


)
= P (ξ < x)P (η < y).


Az a és b egyéb eseteire hasonlóan járhatunk el.
A 7.48. és a 7.49. Tételekből következően a ξ és η valósźınűségi változók


függősége – pontosabban hogy az egyik a másiknak lineáris függvénye 1
valósźınűséggel – és a |corr(ξ, η)| = 1 feltételek ekvivalensek. Ezért a kor-
relációs együtthatót a függőség mértékszámának is szokták nevezni.
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8. Diszkrét valósźınűségi változók nevezetes
eloszlásai


Karakterisztikus eloszlás


8.1. DEFINÍCIÓ. Legyen (Ω,A, P ) egy valósźınűségi mező. Az A ∈ A
esemény indikátorváltozójának a


I(A) : Ω → R, I(A)(ω) :=
{


1, ha ω ∈ A,
0, ha ω /∈ A,


valósźınűségi változót nevezzük.


8.2. MEGJEGYZÉS. (1) Az indikátorváltozó értéke tehát 1, ha az A
esemény bekövetkezett, ellenkező esetben 0.


(2) Könnyen látható, hogy a defińıció korrekt, vagyis az indikátorvál-
tozó valóban valósźınűségi változó, ugyanis


{I(A) < k} =


{ Ω, ha k > 1,
A, ha 0 < k ≤ 1,
∅, ha k ≤ 0,


ı́gy minden k ∈ R esetén {I(A) < k} ∈ A.


(3) Az I(A) eloszlása p0 = P (A) és p1 = P
(
A


)
.


8.3. DEFINÍCIÓ. Legyen (Ω,A, P ) egy valósźınűségi mező, továbbá
I(A) az A ∈ A esemény indikátorváltozója. Ekkor I(A) eloszlását P (A)
paraméterű karakterisztikus eloszlásnak nevezzük.


8.4. TÉTEL. Legyen (Ω,A, P ) egy valósźınűségi mező, I(A) az A ∈ A
esemény indikátorváltozója, p := P (A) és q := P (A). Ekkor I(A)-nak
létezik a várható értéke és a szórásnégyzete, továbbá


E (I(A)) = p e‘s D2 (I(A)) = pq.


BIZONYÍTÁS. (1) A várható érték véges esetben létezik, továbbá


E (I(A)) = 1 · p + 0 · q = p.
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(2) Az I(A) véges, ezért I2(A) is az, ı́gy E
(
I2(A)


)
létezik, melyből a


7.27. Tétel alapján


D2 (I(A)) = E
(
I2(A)


)−E2 (I(A)) = E
(
I2(A)


)−p2 = 12 ·p+02 ·q−p2 = pq.


Binomiális eloszlás


8.5. DEFINÍCIÓ. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy diszkrét
valósźınűségi változója, továbbá Rξ := {0, 1, . . . , n}, ahol n > 0 rögźıtett
egész szám. Ha a ξ valósźınűségi változó eloszlása


〈pk〉 : Rξ → [0, 1], pk = P (ξ = k) =
(


n


k


)
pkqn−k,


ahol 0 < p < 1 és q = 1− p, akkor ξ-t n-ed rendű p paraméterű binomiális
eloszlású valósźınűségi változónak nevezzük.


8.6. MEGJEGYZÉS. (1) A binomiális eloszlás valóban eloszlás, ugyanis
a binomiális tétel alapján


n∑


k=0


pk =
n∑


k=0


(
n


k


)
pkqn−k = (p + q)n = 1n = 1


teljesül, ami az eloszlás szükséges és elégséges feltétele.


(2) A gyakoriság az 5.16. Tétel szerint binomiális eloszlású. Példaként
tekintsük a következő ḱısérletet. Legyen egy urnában 3 darab golyó, egy
piros, egy fekete és egy fehér. Vegyünk ki az urnából véletlenszerűen egy
golyót, majd tegyük vissza. Ezt ismételjük meg t́ızszer. Legyen ξ azon
esetek száma, amikor pirosat vettünk ki. Ez az úgynevezett visszatevéses
mintavétel. Ekkor ξ gyakoriságot jelöl, ı́gy ez 10-ed rendű 1/3 paraméterű
binomiális eloszlású valósźınűségi változó. Tehát például annak a valósźınű-
sége, hogy a 10 esetből pontosan kétszer választottunk piros golyót


p2 = P (ξ = 2) =
(


10
2


)
·
(


1
3


)2


·
(


2
3


)8


≈ 0,1951.


A visszatavés nélküli mintavételről a hipergeometrikus eloszlásnál lesz szó.


8.7. TÉTEL. Legyen n ∈ Z+, 0 < p < 1 és q = 1 − p, továbbá legyen
ξ az (Ω,A, P ) valósźınűségi mező egy n-ed rendű p paraméterű binomiális
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eloszlású valósźınűségi változója. Ekkor ξ-nek létezik a várható értéke és a
szórásnégyzete, továbbá


E(ξ) = np e‘s D2(ξ) = npq.


BIZONYÍTÁS. (1) A várható érték véges esetben létezik, továbbá a
defińıció és a binomiális tétel alapján


E(ξ) =
n∑


k=0


k


(
n


k


)
pkqn−k =


n∑


k=1


pnk
(n− 1)!


k!(n− k)!
pk−1qn−k =


= pn


n∑


k=1


(n− 1)!
(k − 1)!(n− k)!


pk−1qn−k = pn


n∑


k=1


(
n− 1
k − 1


)
pk−1qn−k =


= pn


n−1∑
u=0


(
n− 1


u


)
puqn−1−u = pn(p + q)n−1 = pn


teljesül. A bizonýıtás során az u = k − 1 helyetteśıtést alkalmaztuk.


(2) A ξ véges, ezért ξ2 is az, ı́gy E
(
ξ2


)
létezik, melyből a 7.27. Tétel


alapján


D2(ξ) = E
(
ξ2


)− E2(ξ) =
n∑


k=0


k2


(
n


k


)
pkqn−k − (np)2 =


=
n∑


k=0


(
k2 − k + k


)(
n


k


)
pkqn−k − (np)2 =


=
n∑


k=0


(
k(k − 1) + k


)(
n


k


)
pkqn−k − (np)2 =


=
n∑


k=0


k(k − 1)
(


n


k


)
pkqn−k +


n∑


k=0


k


(
n


k


)
pkqn−k − (np)2 =


=
n∑


k=2


k(k − 1)
(


n


k


)
pkqn−k + np− (np)2 =


= p2n(n− 1)
n∑


k=2


k(k − 1)
(n− 2)!


k!(n− k)!
pk−2qn−k + np− (np)2 =


= p2n(n− 1)
n∑


k=2


(
n− 2
k − 2


)
pk−2qn−k + np− (np)2 =
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= p2n(n− 1)
n−2∑
u=0


(
n− 2


u


)
puqn−2−u + np− (np)2 =


= p2n(n− 1)(p + q)n−2 + np− (np)2 = p2n(n− 1) + np− (np)2 =


= pn
(
p(n− 1) + 1− np


)
= pn(1− p) = npq


teljesül. A bizonýıtásban u = k − 2 helyetteśıtést, az (1) pontot és a bi-
nomiális tételt alkalmaztuk. Feltételeztük még, hogy n > 1, amit megte-
hetünk, ugyanis n = 1 esetén


D2(ξ) = E(ξ2)− E2(ξ) =
1∑


k=0


k2


(
1
k


)
pkq1−k − p2 = pq,


vagyis ekkor is igaz a tétel.


8.8. MEGJEGYZÉS. Az elsőrendű binomiális eloszlás a karakterisztikus
eloszlással egyezik meg.


Hipergeometrikus eloszlás


8.9. DEFINÍCIÓ. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy diszkrét
valósźınűségi változója, továbbá Rξ := {0, 1, . . . , n}, ahol n > 0 rögźıtett
egész szám. Ha a ξ valósźınűségi változó eloszlása


〈pk〉 : Rξ → [0, 1], pk = P (ξ = k) =


(
M
k


)(
N−M
n−k


)
(
N
n


) ,


ahol M és N pozit́ıv egész számokra M < N és n ≤ min{M, N − M}
áll fenn, akkor ξ-t hipergeometrikus eloszlású valósźınűségi változónak
nevezzük.


8.10. MEGJEGYZÉS. (1) A hipergeometrikus eloszlás valóban eloszlás,
vagyis


n∑


k=0


(
M
k


)(
N−M
n−k


)
(
N
n


) = 1,


ugyanis a kombinációs számok Cauchy-féle tulajdonsága szerint


(
N


n


)
=


n∑


k=0


(
M


k


)(
N −M


n− k


)
.
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(2) Legyen N darab termék között 0 < M < N selejtes. Az N termék
közül válasszunk ki visszatevés nélkül 0 < n ≤ min{M, N−M} darab termé-
ket. Jelentse ξ az n kiválasztott termék között található selejtes termékek
számát. Ekkor ξ hipergeometrikus eloszlású valósźınűségi változó.


(3) Ez a modell lehetőséget ad a kombinációs számok Cauchy-féle tulaj-
donságának bizonýıtására. Ugyanis N termék közül kiválasztva n darabot,
melyek között k darab selejtes,


(
M
k


)(
N−M
n−k


)
-féleképpen fordulhat elő. Vi-


szont k lehetséges értékei 0, 1, . . . , n, ı́gy
(


N


n


)
=


(
M


0


)(
N −M


n


)
+


(
M


1


)(
N −M


n− 1


)
+ · · ·+


(
M


n


)(
N −M


0


)
.


8.11. TÉTEL. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy hiper-
geometrikus eloszlású valósźınűségi változója N , M és n paraméterekkel.
Ekkor ξ-nek létezik a várható értéke és a szórásnégyzete, továbbá p := M/N
és q := 1− p jelöléssel


E(ξ) = np e‘s D2(ξ) = npq
N − n


N − 1
.


BIZONYÍTÁS. (1) A várható érték defińıciójából és a kombinációs szá-
mok Cauchy-féle tulajdonságából


E(ξ) =
n∑


k=0


k


(
M
k


)(
N−M
n−k


)
(
N
n


) =
M(
N
n


)
n∑


k=1


(M − 1)!
(k − 1)!(M − k)!


(
N −M


n− k


)
=


=
M(
N
n


)
n∑


k=1


(
M − 1
k − 1


)(
N −M


n− k


)
=


=
M(
N
n


)
n−1∑
u=0


(
M − 1


u


)(
N − 1− (M − 1)


n− 1− u


)
=


=
M(
N
n


)
(


N − 1
n− 1


)
=


M (N−1)!
(n−1)!(N−n)!


N !
n!(N−n)!


=
Mn


N
= np


következik. E(ξ) létezése hasonlóan az előzőekhez ξ végességéből adódik.


(2) Az (1) pont felhasználásával és az előző eloszlások szórásnégyzetei-
nél léırt indok alapján


D2(ξ) =
n∑


k=0


k2


(
M
k


)(
N−M
n−k


)
(
N
n


) −
(


nM


N


)2


=
n∑


k=1


Mk


(
M−1
k−1


)(
N−M
n−k


)
(
N
n


) −
(


nM


N


)2


=
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= M


n−1∑
u=0


(u + 1)


(
M−1


u


)(
N−1−(M−1)


n−1−u


)
(
N
n


) −
(


nM


N


)2


=


=
M


(
N−1
n−1


)
(
N
n


)
(


n−1∑
u=0


u


(
M−1


u


)(
N−1−(M−1)


n−1−u


)
(
N−1
n−1


) +
n−1∑
u=0


(
M−1


u


)(
N−1−(M−1)


n−1−u


)
(
N−1
n−1


)
)
−


−
(


nM


N


)2


=
Mn


N


(
(M − 1)(n− 1)


N − 1
+ 1


)
−


(
nM


N


)2


=


=
Mn


N


(
(M − 1)(n− 1)


N − 1
+ 1− nM


N


)
=


Mn


N
· N2 −Nn−MN + Mn


N(N − 1)
=


=
Mn


N
· (N −M)(N − n)


N(N − 1)
=


Mn


N


(
1− M


N


)
N − n


N − 1
= npq


N − n


N − 1


adódik. A bizonýıtásban u = k − 1 helyetteśıtést alkalmaztuk.


8.12. TÉTEL. Legyenek N, M, n ∈ Z+ és k ∈ Z+ ∪ {0}, melyekre
M < N és k ≤ n ≤ min{M,N −M} teljesül. Ha p := M/N állandó marad
miközben N →∞ és M →∞, akkor q := 1− p jelöléssel


lim
N→∞
M→∞


(
M
k


)(
N−M
n−k


)
(
N
n


) =
(


n


k


)
pkqn−k.


BIZONYÍTÁS. Azonos átalaḱıtásokkal kapjuk, hogy
(
M
k


)(
N−M
n−k


)
(
N
n


) =
M !


k!(M−k)! · (N−M)!
(n−k)!(N−M−n+k)!


N !
n!(N−n)!


=


=
n!


k!(n− k)!
· M !
(M − k)!


·
(N−M)!


(N−M−n+k)!


N !
(N−n)!


=


=
(


n


k


)
M(M − 1) · · · (M − k + 1)
N(N − 1) · · · (N − k + 1)


·
(N−M)!


(N−M−n+k)!


(N−k)!
(N−n)!


=


=
(


n


k


)
M


N


M−1
N−1


· · · M−k+1
N−k+1︸ ︷︷ ︸


k darab tényező


· N−M


N−k


N−M−1
N−k−1


· · · N−M−n+k+1
N−n+1︸ ︷︷ ︸


n− k darab tényező


.


Ha t egy tetszőleges N -től különböző konstans, akkor


lim
N→∞
M→∞


M − t


N − t
= lim


N→∞
M→∞


M
N − t


N


1− t
N


=
p− 0
1− 0


= p,
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illetve ha t egy tetszőleges N − k-tól különböző konstans, akkor


lim
N→∞
M→∞


N −M − t


N − k − t
= lim


N→∞
M→∞


1− M
N − t


N


1− k
N − t


N


=
1− p− 0
1− 0− 0


= 1− p = q.


Mindezeket felhasználva adódik a tétel.


8.13. MEGJEGYZÉS. Ez a tétel azt jelenti, hogy nagy N és M esetén
a p := M/N paraméterű n-ed rendű binomiális eloszlás jól közeĺıti hiper-
geometrikus eloszlást. Például legyen 10 000 termék között 10% selejt. A
termékek közül 10 darabot válasszunk ki véletlenszerűen visszatevés nélkül.
Ha ξ a 10 termék közötti selejtesek számát jelöli, akkor az a 8.10. Meg-
jegyzés (2) pontja alapján N = 10 000, M = 1000, n = 10 paraméterű
hipergeometrikus eloszlású valósźınűségi változó. Azaz például annak a
valósźınűsége, hogy a kiválasztott 10 termék között pontosan 3 selejtes van


p3 = P (ξ = 3) =


(
1000


3


) · (9000
7


)
(
10 000


10


) .


Ezt elég körülményes lenne kiszámolni, de mivel nagy az N és az M is, ezért
alkalmazhatjuk a binomiális közeĺıtést. Tehát


p3 ≈
(


n


k


)
·
(


M


N


)k (
1− M


N


)n−k


=
(


10
3


)
· 0,13 · 0,97 ≈ 0,0574.


Poisson-eloszlás


8.14. DEFINÍCIÓ. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy diszk-
rét valósźınűségi változója, továbbá Rξ := Z+ ∪ {0}. Ha a ξ valósźınűségi
változó eloszlása


〈pk〉 : Rξ → [0, 1], pk = P (ξ = k) =
λk


k!
e−λ,


ahol λ pozit́ıv konstans, akkor ξ-t λ paraméterű Poisson-eloszlású való-
sźınűségi változónak nevezzük.


8.15. MEGJEGYZÉS. A Poisson-eloszlás valóban eloszlás, ugyanis


∞∑


k=0


λk


k!
e−λ = e−λ


∞∑


k=0


λk


k!
= e−λeλ = 1.
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8.16. TÉTEL. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy λ > 0 pa-
raméterű Poisson-eloszlású valósźınűségi változója. Ekkor ξ várható értéke
és szórásnégyzete is létezik, továbbá


E(ξ) = D2(ξ) = λ.


BIZONYÍTÁS. (1) A várható érték defińıciója szerint


E(ξ) =
∞∑


k=0


k
λk


k!
e−λ, ha


∞∑


k=0


|k|λ
k


k!
e−λ < ∞.


Mivel k ≥ 0, ezért elég a
∞∑


k=0


k λk


k! e
−λ sorösszeget vizsgálni. Így


∞∑


k=0


k
λk


k!
e−λ = e−λλ


∞∑


k=1


λk−1


(k − 1)!
= e−λλ


∞∑
u=0


λu


u!
= e−λλeλ = λ


teljesülése miatt igaz a tétel.


(2) A szórásnégyzet létezésének bizonýıtásához a 7.27. Tétel alapján


elég az E
(
ξ2


)
létezését vizsgálni. Ehhez a


∞∑
k=0


k2 λk


k! e
−λ sorösszeget kell


kiszámı́tani. Tehát
∞∑


k=0


k2 λk


k!
e−λ =


∞∑


k=1


(
k(k − 1) + k


)λk


k!
e−λ = e−λ


∞∑


k=2


λk


(k − 2)!
+


+ e−λ
∞∑


k=1


λk


(k − 1)!
= e−λλ2


∞∑
u=0


λu


u!
+ e−λλ


∞∑
v=0


λv


v!
= λ2 + λ,


vagyis E
(
ξ2


)
= λ2 + λ. A levezetésben az u = k − 2 és v = k − 1


helyetteśıtéseket vezettük be. Így


D2(ξ) = E
(
ξ2


)− E2(ξ) = λ2 + λ− λ2 = λ,


ami álĺıtásunkat igazolja.


8.17. TÉTEL. Legyen n ∈ Z+, 0 < p < 1, q := 1− p, 0 ≤ k ≤ n egész
és λ := np. Ha a λ értéke állandó marad, miközben n →∞ és p → 0, akkor


lim
n→∞
p→0


(
n


k


)
pkqn−k =


λk


k!
e−λ.
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BIZONYÍTÁS.


lim
n→∞
p→0


(
n


k


)
pkqn−k = lim


n→∞


(
n


k


)(
λ


n


)k (
1− λ


n


)n−k


=


= lim
n→∞


n!
k!(n− k)!


· λk


nk


(
1− λ


n


)n (
1− λ


n


)−k


=


= lim
n→∞


n(n− 1) · · · (n− k + 1)
nk


· λk


k!


(
1− λ


n


)n (
1− λ


n


)−k


=


=
λk


k!
lim


n→∞
n(n− 1) · · · (n− k + 1)


nk


(
1− λ


n


)n (
1− λ


n


)−k


=
λk


k!
e−λ.


8.18. MEGJEGYZÉS. (1) Ezen tétel szerint nagy n és kis p esetén
λ = np választással a Poisson-eloszlás jól közeĺıti a binomiális eloszlást.
Például, ha n = 1000 lövést adunk le egy célra, és minden lövés egymástól
függetlenül p = 0,004 valósźınűséggel talál, akkor mi annak a valósźınűsége,
hogy pontosan k = 3-szor találunk célba? A találatok száma binomiális
eloszlású, ı́gy


p3 =
(


1000
3


)
· 0,0043 · 0,996997.


Ezt elég körülményes kiszámolni, de most használhatjuk a Poisson-eloszlás-
sal való közeĺıtést. Mivel λ = np = 4, ezért


p3 ≈ 43


3!
e−4 ≈ 0,1954.


(2) Ha az előző példában n = 1000, p = 0,996 és k = 997, akkor
már nem alkalmazható a λ = np paraméterű Poisson-eloszlású közeĺıtés,
hiszen p közel 1. A 8.17. Tétel azonban ilyenkor is alkalmazható, ugyanis
az, hogy 997-szer találunk, azt jelenti, hogy 3-szor elhibáztuk a célt. A
hibázás valósźınűsége minden lövésnél 1 − p = 0,004, ami már kicsi, ı́gy
alkalmazhatjuk a λ = n(1 − p) = 4 paraméterű Poisson-közeĺıtést. Tehát
η-val jelölve a hibázások számát,


p997 =
(


1000
997


)
· 0,996997 · 0,0043 = P (η = 3) ≈ 43


3!
e−4 ≈ 0,1954


teljesül.
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Geometriai eloszlás


8.19. DEFINÍCIÓ. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy diszk-
rét valósźınűségi változója, továbbá Rξ := Z+ ∪ {0}. Ha a ξ valósźınűségi
változó eloszlása


〈pk〉 : Rξ → [0, 1], pk = P (ξ = k) = pkq,


ahol 0 < p < 1 és q = 1− p, akkor ξ-t p paraméterű geometriai eloszlású
valósźınűségi változónak nevezzük.


8.20. MEGJEGYZÉS. A geometriai eloszlás valóban eloszlás, ugyanis


∞∑


k=0


pkq = q


∞∑


k=0


pk = q
1


1− p
=


q


q
= 1.


8.21. TÉTEL. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy 0 < p < 1
paraméterű geometriai eloszlású valósźınűségi változója. Ekkor ξ-nek létezik
a várható értéke és a szórásnégyzete, továbbá q := 1− p jelöléssel


E(ξ) =
p


q
e‘s D2(ξ) =


p


q2
.


BIZONYÍTÁS. (1) A várható érték defińıciója szerint


E(ξ) =
∞∑


k=0


kpkq, ha
∞∑


k=0


|k|pkq < ∞.


Mivel k ≥ 0, ı́gy elég a
∞∑


k=0


kpkq sorösszeget vizsgálni. Ezért


∞∑


k=0


kpkq = q


∞∑


k=1


kpk = qp


∞∑


k=1


kpk−1 = qp
d


dp


( ∞∑


k=1


pk


)
=


= qp
d


dp


(
p


1− p


)
= qp


1− p + p


(1− p)2
=


qp


q2
=


p


q


teljesülése miatt igaz az álĺıtás. A bizonýıtásban felhasználtuk, hogy a
∞∑
1


pk hatványsor konvergenciasugara 1, ı́gy p lehetséges értékei esetén
∞∑


k=1


pk


összegfüggvény végtelen sokszor differenciálható.
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(2) A szórásnégyzet létezésének bizonýıtásához a 7.27. Tétel alapján


elég az E
(
ξ2


)
létezését vizsgálni. Ehhez a


∞∑
k=0


k2pkq sorösszeget kell kiszá-


mı́tani. Tehát


∞∑


k=0


k2pkq = q


∞∑


k=1


k2pk = qp


∞∑


k=1


k2pk−1 = qp
d


dp


( ∞∑


k=1


kpk


)
=


= qp
d


dp


(
p


(1− p)2


)
= qp


(1− p)2 + 2p(1− p)
(1− p)4


=


= (1− p)p(1− p)
1− p + 2p


(1− p)4
=


p(1 + p)
(1− p)2


=
p2 + p


q2
,


vagyis


E
(
ξ2


)
=


p2 + p


q2
.


A levezetésben felhasználtuk, hogy az előző pont bizonýıtásából következően
∞∑


k=1


kpk = p
q2 teljesül, másrészt hogy a


∞∑
1


kpk hatványsor konvergenciasu-


gara 1. Így


D2(ξ) = E
(
ξ2


)− E2(ξ) =
p2 + p


q2
− p2


q2
=


p


q2
,


ami álĺıtásunkat igazolja.
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9. Folytonos valósźınűségi változók nevezetes
eloszlásai


Egyenletes eloszlás


9.1. DEFINÍCIÓ. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy ab-
szolút folytonos valósźınűségi változója, továbbá a < b valós számok. Ha ξ
sűrűségfüggvénye


fξ : R → R, fξ(x) =







1
b− a


, ha a < x < b,


0 egyébként,


akkor ξ-t egyenletes eloszlású valósźınűségi változónak nevezzük az (a, b)
intervallumon. (Lásd 6. ábra.)


6. ábra


9.2. MEGJEGYZÉS. Ez valóban sűrűségfüggvény, hiszen fξ(x) ≥ 0
minden x ∈ R esetén, továbbá


∞∫


−∞
fξ(x)dx =


b∫


a


1
b− a


dx =
b− a


b− a
= 1.


9.3. TÉTEL. Legyen a < b valós számok és ξ az (Ω,A, P ) valósźınűségi
mező egy egyenletes eloszlású valósźınűségi változója az (a, b) intervallumon.
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Ekkor ξ eloszlásfüggvénye


Fξ : R → [0, 1], Fξ(x) =







0 , ha x ≤ a,


x− a


b− a
, ha a < x < b,


1 , ha x ≥ b.


(Lásd 7. ábra.)


7. ábra


BIZONYÍTÁS. Ha x ≤ a, akkor Fξ(x) =
x∫


−∞
0dt = 0 teljesül. Ha


a < x < b, akkor


Fξ(x) =


x∫


a


1
b− a


dt =
1


b− a
[t]xa =


x− a


b− a
,


ı́gy ekkor is igaz az álĺıtás. Végül ha x ≥ b, akkor


Fξ(x) =


b∫


a


1
b− a


dt =
b− a


b− a
= 1.


9.4. TÉTEL. Legyen a < b valós számok és ξ az (Ω,A, P ) valósźınűségi
mező egy egyenletes eloszlású valósźınűségi változója az (a, b) intervallumon.
Ekkor ξ-nek létezik a várható értéke és a szórásnégyzete, továbbá


E(ξ) =
a + b


2
e‘s D2(ξ) =


(b− a)2


12
.
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BIZONYÍTÁS. (1) A várható érték létezik, mivel


∞∫


−∞
|x|fξ(x)dx =


b∫


a


|x| 1
b− a


dx =
1


b− a


b∫


a


|x|dx < ∞


teljesül. Így


E(ξ) =


∞∫


−∞
xfξ(x)dx =


b∫


a


x
1


b− a
dx =


1
b− a


[
x2


2


]b


a


=
b2 − a2


2(b− a)
=


a + b


2
.


(2) A szórásnégyzet létezéséhez elég megmutatni, hogy E
(
ξ2


)
létezik.


Ez viszont teljesül, mert


∞∫


−∞
|x2|fξ(x)dx =


∞∫


−∞
x2fξ(x)dx =


b∫


a


x2 1
b− a


dx =
1


b− a


[
x3


3


]b


a


=
b3 − a3


3(b− a)
,


melyből az is látható, hogy E
(
ξ2


)
=


b3 − a3


3(b− a)
. Így


D2(ξ) = E
(
ξ2


)− E2(ξ) =
b3 − a3


3(b− a)
−


(
a + b


2


)2


=


=
b2 + ab + a2


3
− a2 + 2ab + b2


4
=


(b− a)2


12
.


Exponenciális eloszlás


9.5. DEFINÍCIÓ. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy ab-
szolút folytonos valósźınűségi változója, továbbá λ > 0 valós szám. Ha ξ
sűrűségfüggvénye


fξ : R → R, fξ(x) =
{


0 , ha x ≤ 0,
λe−λx, ha x > 0,


akkor ξ-t λ paraméterű exponenciális eloszlású valósźınűségi változónak
nevezzük. (Lásd 8. ábra.)
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8. ábra


9.6. MEGJEGYZÉS. Ez valóban sűrűségfüggvény, hiszen fξ(x) ≥ 0
minden x ∈ R esetén, továbbá


∞∫


−∞
fξ(x)dx =


∞∫


0


λe−λxdx = − [
e−λx


]∞
0


= −
(


lim
x→∞


1
eλx


− 1
)


= 1.


9.7. TÉTEL. Legyen λ > 0 valós szám és ξ az (Ω,A, P ) valósźınű-
ségi mező egy λ paraméterű exponenciális eloszlású valósźınűségi változója.
Ekkor ξ eloszlásfüggvénye


Fξ : R → [0, 1), Fξ(x) =
{


0 , ha x ≤ 0,
1− e−λx, ha x > 0.


(Lásd 9. ábra.)


9. ábra
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BIZONYÍTÁS. Ha x ≤ 0, akkor Fξ(x) =
x∫


−∞
fξ(t)dt =


x∫
−∞


0dt = 0


teljesül, másrészt ha x > 0, akkor


Fξ(x) =


x∫


−∞
fξ(t)dt =


x∫


0


λe−λtdt = λ


[
e−λt


−λ


]x


0


=


= − [
e−λt


]x


0
= − (


e−λx − 1
)


= 1− e−λx.


9.8. TÉTEL. Legyen λ > 0 valós szám és ξ az (Ω,A, P ) valósźınű-
ségi mező egy λ paraméterű exponenciális eloszlású valósźınűségi változója.
Ekkor ξ-nek létezik a várható értéke és a szórásnégyzete, továbbá


E(ξ) =
1
λ


e‘s D2(ξ) =
1
λ2


.


BIZONYÍTÁS. (1) Először megmutatjuk, hogy létezik a várható érték.
Behelyetteśıtve a konkrét sűrűségfüggvényt az integrálba, azt kapjuk, hogy


∞∫


−∞
|x|fξ(x)dx =


∞∫


0


xλe−λxdx = λ


∞∫


0


xe−λxdx.


Ezt az improprius integrált a parciális integrálás módszerével fogjuk kiszá-
molni. Legyen


f(x) := x e‘s g′(x) := e−λx.


Ekkor
f ′(x) = 1 e‘s g(x) = − 1


λ
e−λx,


ı́gy


λ


∞∫


0


xe−λxdx = λ
[
−x


λ
e−λx


]∞
0
− λ


∞∫


0


− 1
λ


e−λxdx =


= − lim
x→∞


x


eλx
+


∞∫


0


e−λxdx = − lim
x→∞


1
λeλx


+
[
e−λx


−λ


]∞


0


=


= 0− 1
λ


(
lim


x→∞
1


eλx
− 1


)
= − 1


λ
(0− 1) =


1
λ
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teljesül. Ebből már következik, hogy E(ξ) létezik, sőt az is látható, hogy
E(ξ) = 1


λ , ami az álĺıtás volt. A lim
x→∞


x
eλx határértéket a L’Hospital-szabály


seǵıtségével számoltuk ki.


(2) A szórásnégyzet létezésének megmutatásához az E
(
ξ2


)
létezését


kell megmutatni. Tehát


∞∫


−∞
|x2|fξ(x)dx =


∞∫


0


x2λe−λxdx = λ


∞∫


0


x2e−λxdx,


melyet szintén parciális integrálással határozhatunk meg. Legyen


f(x) := x2 e‘s g′(x) := e−λx.


Ekkor
f ′(x) = 2x e‘s g(x) = − 1


λ
e−λx


teljesül, ı́gy


λ


∞∫


0


x2e−λxdx = λ


[
−x2


λ
e−λx


]∞


0


− λ


∞∫


0


−2x
1
λ


e−λxdx = − lim
x→∞


x2


eλx
+


+ 2


∞∫


0


xe−λxdx = − lim
x→∞


2x


λeλx
+


2
λ2


= − lim
x→∞


2
λ2eλx


+
2
λ2


= 0 +
2
λ2


=
2
λ2


áll fenn. A levezetésben a lim
x→∞


x2


eλx határértéket a L’Hospital-szabály két-


szeri alkalmazásával számoltuk ki, továbbá az
∞∫
0


xe−λxdx = 1/λ2 egyenlő-


ség az (1) pont bizonýıtásából látható. Mindezek alapján E
(
ξ2


)
létezik és


E
(
ξ2


)
= 2/λ2. Ebből pedig kapjuk, hogy


D2(ξ) = E
(
ξ2


)− E2(ξ) =
2
λ2
− 1


λ2
=


1
λ2


.


9.9. MEGJEGYZÉS. Vizsgáljuk egy olyan alkatrész élettartamát, mely
bármikor meghibásodhat függetlenül attól, hogy milyen régen álĺıtottuk
üzembe. Például ilyenek lehetnek a véletlen törések. A ξ valósźınűségi
változó jelentse az alkatrész élettartamát. Megmutatjuk, hogy ξ expo-
nenciális eloszlású. Legyen


G : R → R, G(x) := P (ξ ≥ x) = 1− Fξ(x).
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Vizsgáljuk meg annak a valósźınűségét, hogy x élettartam után az alkatrész
még további legalább y ideig működőképes. Ez a valósźınűség egyrészt G(y)-
al egyenlő, hiszen az öregedést nem vettük figyelembe. Másrészt, ahhoz hogy
ez teljesüljön, feltétel hogy x ideig jó legyen az alkatrész. Vagyis


G(y) = P
(
{ξ ≥ x + y}


∣∣∣{ξ ≥ x}
)
. (9.1)


A szorzás tételt alkalmazva


P (ξ ≥ x)P
(
{ξ ≥ x + y}


∣∣∣{ξ ≥ x}
)


= P (ξ ≥ x + y)


adódik, melyből (9.1) és G defińıciója alapján


G(x)G(y) = G(x + y) (9.2)


teljesül, mely egy fajtája az úgynevezett Cauchy-féle függvényegyenletek-
nek. A megoldásnál feltesszük, hogy G differenciálható. Először (9.2)-t
átalaḱıtjuk a feltételek melletti ekvivalens differenciálegyenletbe. Parciáli-
san deriválva (9.2) mindkét oldalát y szerint


∂G(x + y)
∂y


= G(x)
∂G(y)


∂y


adódik. Ebbe az egyenletbe y = 0 helyetteśıtve


∂G(x + y)
∂y


∣∣∣∣
y=0


= lim
y→0


G(x + y)−G(x + 0)
y − 0


= lim
y→0


G(x + y)−G(x)
y


=G′(x)


miatt
G′(x) = G(x)G′(0)


teljesül. Vezessük be a λ := −G′(0) jelölést. Ekkor


G′(x) = −λG(x)


áll fenn. Tegyük fel, hogy létezik olyan x0 ∈ R, hogy G(x0) = 0. Ekkor
x = x0 helyetteśıtve (9.2)-be G(x0 + y) = 0 adódik, ami azt jelenti, hogy
G konstans nulla függvény. Ez viszont nem lehet, mert ekkor Fξ(x) = 1 ha
x > 0, mı́g x ≤ 0 esetén a ξ jelentése miatt Fξ(x) = P (ξ < x) = 0, melyből
P (ξ = 0) = 1 következik, ami nem lehet. Így egyenletünket


G′(x)
G(x)


= −λ
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módon alaḱıthatjuk tovább, ami már egy szeparált differenciálegyenlet. En-
nek megoldásánál vegyük figyelembe, hogy Fξ(0) = P (ξ < 0) = 0 miatt
G(0) = 1 teljesül. Így a differenciálegyenlet megoldása


G(x) = e−λx,


ahol λ > 0. Ugyanis λ = 0 esetén G(x) ≡ 1, vagyis Fξ(x) ≡ 0, ami
ellentmondás, hiszen lim


x→∞
Fξ(x) = 1. Másrészt ha λ < 0, akkor G szigorúan


monoton növekvő, melyből Fξ szigorúan monoton csökkenő lenne, ami szin-
tén ellentmondás. A λ > 0 eset viszont megfelel, mert ekkor G szigorúan
monoton csökken, vagyis Fξ szigorúan monoton nő, és G′(x) = −λe−λx


miatt −G′(0) = λ, ami szintén követelmény volt.
Végül vegyük figyelembe, hogy a G-re kapott megoldás, valójában csak


x > 0 esetben megoldás, hiszen x időtartamot jelöl. Tehát ha x > 0, akkor
Fξ(x) = 1−e−λx, mı́g x ≤ 0 esetén Fξ(x) = P (ξ < 0) = 0, ami feltevésünket
igazolja.


Cauchy-eloszlás


9.10. DEFINÍCIÓ. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy ab-
szolút folytonos valósźınűségi változója. Ha ξ sűrűségfüggvénye


fξ : R → R, fξ(x) =
1


π(1 + x2)
,


akkor ξ-t Cauchy-eloszlású valósźınűségi változónak nevezzük. (Lásd 10.
ábra.)


10. ábra


9.11. MEGJEGYZÉS. Ez valóban sűrűségfüggvény, ugyanis fξ(x) > 0
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minden x ∈ R esetén, továbbá
∞∫


−∞
fξ(x)dx =


∞∫


−∞


1
π(1 + x2)


dx =
1
π


[arc tg(x)]∞−∞ =
1
π


(π


2
+


π


2


)
= 1.


9.12. TÉTEL. Ha ξ az (Ω,A, P ) valósźınűségi mező egy Cauchy-elosz-
lású valósźınűségi változója, akkor az eloszlásfüggvénye


Fξ : R → (0, 1), Fξ(x) =
1
π


arc tg(x) +
1
2
.


(Lásd 11. ábra.)


11. ábra


BIZONYÍTÁS. A sűrűségfüggvény defińıciójából


Fξ(x) =


x∫


−∞
fξ(t)dt =


x∫


−∞


1
π(1 + t2)


dt =
1
π


[arc tg(t)]x−∞ =


=
1
π


(
arc tg(x) +


π


2


)
=


1
π


arc tg(x) +
1
2
.


9.13. TÉTEL. A Cauchy-eloszlású valósźınűségi változóknak nem léte-
zik várható értéke.


BIZONYÍTÁS. A tétel bizonýıtása érdekében vizsgáljuk az
∞∫
−∞
|x|fξ(x)dx


integrált. Ekkor kapjuk, hogy
∞∫


−∞
|x|fξ(x)dx=


∞∫


−∞
|x| 1


π(1 + x2)
dx=


1
π


∞∫


0


2x


1 + x2
dx=


1
π


[
log


(
1 + x2


)]∞
0


=


=
1
π


(
lim


x→∞
log


(
1 + x2


)− log(1)
)


=
1
π


(∞− 0) = ∞,
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azaz E(ξ) valóban nem létezik.


9.14. MEGJEGYZÉS. Természetesen ezen tétel alapján Cauchy-elosz-
lású valósźınűségi változónak szórásnégyzete sem létezik.


Normális eloszlás


9.15. DEFINÍCIÓ. Legyen ξ az (Ω,A, P ) valósźınűségi mező egy ab-
szolút folytonos valósźınűségi változója, továbbá m ∈ R és σ ∈ R+. Ha ξ
sűrűségfüggvénye


fξ : R → R, fξ(x) =
1


σ
√


2π
e−


(x−m)2


2σ2 ,


akkor ξ-t m és σ paraméterű normális eloszlású valósźınűségi változónak
nevezzük. (Lásd 12. ábra.)


12. ábra


9.16. MEGJEGYZÉS. (1) A normális eloszlású ξ valósźınűségi változó
eloszlásfüggvénye


Fξ : R → R, Fξ(x) =
1


σ
√


2π


x∫


−∞
e−


(t−m)2


2σ2 dt.


(Lásd 13. ábra.)







Normális eloszlás 113


13. ábra


(2) A 9.15. Defińıció korrekt, azaz az ott definiált függvény valóban sű-


rűségfüggvény. Ennek belátása érdekében számoljuk ki a W :=
∞∫
−∞


e−x2
dx


integrál értékét. Mivel


W 2 =


∞∫


−∞
e−x2


dx


∞∫


−∞
e−y2


dy =


∞∫


−∞


∞∫


−∞
e−x2−y2


dxdy,


ı́gy x := r cosω és y := r sin ω (0 ≤ r < ∞, 0 ≤ ω ≤ 2π) helyetteśıtéssel
kapjuk, hogy


W 2 =


2π∫


0


∞∫


0


re−r2
drdω = 2π


∞∫


0


re−r2
dr = 2π


[
−1


2
e−r2


]∞


0


= π.


A helyetteśıtés során felhasználtuk, hogy a Jacobi-determináns
∣∣∣∣


∂x
∂r


∂x
∂ω


∂y
∂r


∂y
∂ω


∣∣∣∣ =
∣∣∣∣
cosω −r sinω
sin ω r cosω


∣∣∣∣ = r cos2 ω + r sin2 ω = r.


Mivel e−x2
> 0 minden x ∈ R esetén, ezért W is pozit́ıv. Ebből W 2 = π


alapján kapjuk, hogy W =
√


π. Most számoljuk ki az
∞∫
−∞


e−x2/2dx integrál


értékét. Alkalmazzunk u := x/
√


2 helyetteśıtést. Ekkor dx
du =


√
2 miatt


∞∫


−∞
e
−x2


2 dx =


∞∫


−∞


√
2e−u2


du =
√


2W =
√


2π.
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Ebből már megmutathatjuk, hogy a normális eloszlás valóban eloszlás. Egy-
részt fξ(x) > 0 minden x ∈ R esetén, másrészt


∞∫


−∞
fξ(x)dx =


1
σ
√


2π


∞∫


−∞
e−


(x−m)2


2σ2 dx =
1√
2π


∞∫


−∞
e−


t2
2 dt =


1√
2π


√
2π = 1.


melyet a t := (x−m)/σ helyetteśıtéssel számoltunk ki.


(3) A 12. ábrán látható görbe az úgynevezett Gauss-féle harang-
görbe.


9.17. TÉTEL. Legyen m ∈ R, σ ∈ R+ és ξ az (Ω,A, P ) valósźınűségi
mező egy m és σ paraméterű normális eloszlású valósźınűségi változója.
Ekkor minden x ∈ R esetén


(1) fξ(m− x) = fξ(m + x) és


(2) Fξ(m− x) = 1− Fξ(m + x) áll fenn, továbbá


(3) Fξ szigorúan monoton növekedő, mı́g


(4) fξ a (−∞,m] intervallumon szigorúan monoton növekedő, az [m,∞)
intervallumon pedig szigorúan monoton csökkenő függvény.


BIZONYÍTÁS. (1) Az álĺıtást behelyetteśıtéssel ellenőrizhetjük.


(2) Az előző pont miatt


Fξ(m−x)=


m−x∫


−∞
fξ(x)dx=


∞∫


m+x


fξ(x)dx=


∞∫


−∞
fξ(x)dx−


m+x∫


−∞
fξ(x)dx=1−Fξ(m+x).


(3) A defińıcióból fξ(t) > 0 minden t ∈ R esetén. Ezért ha x1 < x2,


akkor
x2∫
x1


fξ(t)dt > 0. Ebből pedig


Fξ(x1) =


x1∫


−∞
fξ(t)dt <


x1∫


−∞
fξ(t)dt +


x2∫


x1


fξ(t)dt =


x2∫


−∞
fξ(t)dt = Fξ(x2).


(4) Az álĺıtás a természetes alapú exponenciális függvény szigorúan
monoton növekedéséből következik.
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9.18. DEFINÍCIÓ. Az (Ω,A, P ) valósźınűségi mező egy m = 0 és σ = 1
paraméterű normális eloszlású valósźınűségi változóját standard normális
eloszlású valósźınűségi változónak nevezzük, melynek sűrűségfüggvényét
ϕ-vel, az eloszlásfüggvényét pedig Φ-vel jelöljük. Tehát


ϕ(x) :=
1√
2π


e−
x2
2 e‘s Φ(x) :=


1√
2π


x∫


−∞
e−


t2
2 dt.


9.19. TÉTEL. Ha ξ az (Ω,A, P ) valósźınűségi mező egy standard nor-
mális eloszlású valósźınűségi változója, akkor az eloszlásfüggvényére illetve
a sűrűségfüggvényére minden x ∈ R esetén


(1) ϕ(−x) = ϕ(x) és


(2) Φ(−x) = 1− Φ(x) áll fenn, továbbá


(3) Φ szigorúan monoton növekedő, mı́g


(4) ϕ az R−-on szigorúan monoton növekedő, az R+-on pedig szigorúan
monoton csökkenő függvény.


BIZONYÍTÁS. A 9.17. Tétel speciális esete.


9.20. MEGJEGYZÉS. (1) A 9.19. Tétel (3) és (4) pontjai lehetővé
teszik, hogy Φ és ϕ értékeit táblázatba rendezzük. Az (1) és (2) pont
pedig azért hasznos, mert ı́gy a táblázatban elég a pozit́ıv x-ek helyetteśıtési
értékeit feltüntetni.


(2) A tétel szerint ϕ páros, mı́g Φ− 1/2 páratlan függvény.


9.21. TÉTEL. Legyen m ∈ R, σ ∈ R+ és ξ az (Ω,A, P ) valósźınűségi
mező egy m és σ paraméterű normális eloszlású valósźınűségi változója.
Ekkor minden x ∈ R esetén


(1) fξ(x) = 1
σ ϕ


(
x−m


σ


)
és


(2) Fξ(x) = Φ
(


x−m
σ


)
teljesül.


BIZONYÍTÁS. (1) ϕ defińıciójából


1
σ


ϕ


(
x−m


σ


)
=


1
σ
· 1√


2π
e−


(x−m)2


2σ2 = fξ(x).
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(2) Az u := (t−m)/σ helyetteśıtéssel kapjuk, hogy


Fξ(x) =
1


σ
√


2π


x∫


−∞
e−


(t−m)2


2σ2 dt =
1√
2π


x−m
σ∫


−∞
e−


u2
2 du = Φ


(
x−m


σ


)
.


9.22. MEGJEGYZÉS. A 9.21. Tétel felhasználásával a 9.20. Megjegy-
zésben emĺıtett táblázat tetszőleges normális eloszlásra alkalmazható.


9.23. TÉTEL. Az (Ω,A, P ) valósźınűségi mező η valósźınűségi válto-
zója pontosan akkor standard normális eloszlású, ha a ξ := ση + m valósźı-
nűségi változó (σ ∈ R+,m ∈ R) m és σ paraméterű normális eloszlású.


BIZONYÍTÁS. Az 5.5. Tétel miatt ξ és η valósźınűségi változók. Ha η
standard normális eloszlású valósźınűségi változó, akkor σ ∈ R+ miatt


Fξ(x) = P (ξ < x) = P (ση + m < x) = P


(
η <


x−m


σ


)
= Φ


(
x−m


σ


)


teljesül, melyből a 9.21. Tétel (2) pontja alapján a ξ valósźınűségi változó
m és σ paraméterű normális eloszlású.


Megford́ıtva, ha a ξ valósźınűségi változó m és σ paraméterű normális
eloszlású, akkor ismét a σ ∈ R+ és a 9.21. Tétel (2) pontja alapján


Fη(x)=P (η < x)=P


(
x−m


σ
< x


)
=P (ξ < σx + m)=Fξ(σx + m)=Φ(x)


következik, azaz az η standard normális eloszlású valósźınűségi változó.


9.24. TÉTEL. Legyen m ∈ R, σ ∈ R+ és ξ az (Ω,A, P ) valósźınűségi
mező egy m és σ paraméterű normális eloszlású valósźınűségi változója.
Ekkor ξ-nek létezik a várható értéke és a szórásnégyzete, továbbá


E(ξ) = m e‘s D2(ξ) = σ2.


BIZONYÍTÁS. (1) Legyen η standard normális eloszlású valósźınűségi
változó. Ekkor E(η) létezik, mert


∞∫


−∞
|x|ϕ(x)dx =


∞∫


−∞
|x| 1√


2π
e−


x2
2 dx =


2√
2π


∞∫


0


xe−
x2
2 dx =


=
2√
2π


[
−e−


x2
2


]∞
0


=
2√
2π


< ∞.
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Az integrálásban felhasználtuk, hogy xe−x2/2 páros. Így a várható érték az


xϕ(x) páratlansága miatt E(η) =
∞∫
−∞


xϕ(x)dx = 0. A 9.23. Tétel szerint,


ha a ξ valósźınűségi változó m és σ paraméterű normális eloszlású, akkor
feĺırható ξ = ση +m alakban, ahol η standard normális eloszlású valósźınű-
ségi változó. Ezért a várható érték linearitásából E(ξ) létezik, továbbá az
előző eredményből következik, hogy


E(ξ) = E(ση + m) = σE(η) + m = m.


(2) Most ismét legyen η standard normális eloszlású valósźınűségi vál-
tozó. Legyen f(x) := x és g′(x) := xe−x2/2. Ekkor parciális integrálással
kapjuk, hogy


∞∫


−∞
|x2|ϕ(x)dx =


∞∫


−∞
x2ϕ(x)dx =


2√
2π


∞∫


0


x2e−
x2
2 dx =


2√
2π


[
−xe−


x2
2


]∞
0
−


− 2√
2π


∞∫


0


−e−
x2
2 dx = − 2√


2π
lim


x→∞
x


e
x2
2


+
2√
2π


∞∫


0


e−
x2
2 dx =


− 2√
2π


lim
x→∞


1


xe
x2
2


+
1√
2π


∞∫


−∞
e−


x2
2 dx = 1.


Ezért E(η2) létezik, és E(η2) = 1. Ebből D2(η) = E(η2)−E2(η) = 1. Ha a
ξ valósźınűségi változó m és σ paraméterű normális eloszlású, akkor az (1)
ponthoz hasonlóan kapjuk, hogy D2(ξ) létezik, és


D2(ξ) = D2(σξ + m) = σ2.


9.25. FELADAT. Egy gyár izzókat késźıt. Ezek élettartama normális
eloszlású valósźınűségi változó, 1170 óra várható értékkel és 100 óra szó-
rással. A gyár az izzókra garanciát vállal. Hány órás működésre szóljon a
garancia, ha a gyár legfeljebb 5% garanciaigényt ḱıván kieléǵıteni?


MEGOLDÁS. Ha t órára vállalnak garanciát, akkor a feladat szerint


P (ξ < t) ≤ 0,05
Fξ(t) ≤ 0,05
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Φ
(


t− 1170
100


)
≤ 0,05


1− Φ
(


1170− t


100


)
≤ 0,05


0,95 ≤ Φ
(


1170− t


100


)
.


Ebből Φ kölcsönösen egyértelműsége és Φ(1,64) ≈ 0,95 alapján


1,64 ≤ 1170− t


100
t ≤ 1006.


Tehát legfeljebb 1006 órára szóljon a garancia.
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10. Többdimenziós eloszlások


A gyakorlatban sok olyan esettel találkozhatunk, amikor több való-
sźınűségi változó együttes viselkedését kell figyelembe venni. Azonban a
valósźınűségi változók külön–külön vett eloszlása ezt nem határozza meg.
Ezért vezetjük be az együttes eloszlásfüggvény fogalmát.


Ehhez a fejezethez tartozó fogalmakkal és néhány tétellel – bizonýı-
tás nélkül – már találkoztunk a 7. fejezetben. Ezeket az áttekinthetőség
kedvéért itt ismét léırjuk általánośıtott formában.


Együttes eloszlásfüggvény


10.1. DEFINÍCIÓ. Legyen ξ1, ξ2, . . . , ξn az (Ω,A, P ) valósźınűségi me-
ző valósźınűségi változói.


(1) A ~ξ = (ξ1, ξ2, . . . , ξn) vektort n-dimenziós valósźınűségi vektor-
változónak nevezzük.


(2) A ξ1, ξ2, . . . , ξn valósźınűségi változók együttes eloszlásfüggvé-
nyén, illetve a ~ξ valósźınűségi vektorváltozó eloszlásfüggvényén az


F~ξ : Rn → R, F~ξ (x1, x2, . . . , xn) := P (ξ1 < x1, ξ2 < x2, . . . , ξn < xn)


n-változós valós értékű függvényt értjük.


(3) Az Fξi (i = 1, 2, . . . , n) függvényeket a ~ξ valósźınűségi vektorváltozó
perem-eloszlásfüggvényeinek nevezzük.


10.2. MEGJEGYZÉS. (1) Az együttes eloszlásfüggvény defińıciójában


P (ξ1 < x1, ξ2 < x2, . . . , ξn < xn) = P


(
n∏


i=1


{ξi < xi}
)


.


(2) F~ξ helyett szoktak Fξ1,...,ξn-et is ı́rni.


10.3. TÉTEL. Legyen ~ξ az (Ω,A, P ) valósźınűségi mező n-dimenziós
valósźınűségi vektorváltozója. Ekkor a perem-eloszlásfüggvényekre fennáll
az


Fξk
(xk) = lim


xi→∞
i 6=k


F~ξ (x1, . . . , xn)
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összefüggés minden k ∈ {1, 2, . . . , n} és xk ∈ R esetén.


BIZONYÍTÁS. Mivel {ξi < ∞} biztos esemény, ezért


{ξk < xk}
∏


i 6=k


{ξi < ∞} = {ξk < xk} .


Így a valósźınűség folytonossága miatt


lim
xi→∞


i6=k


F~ξ (x1, . . . , xn)=P



{ξk < xk}


∏


i6=k


{ξi < ∞}

=P (ξk < xk)=Fξk


(xk) .


10.4. TÉTEL. Az F : Rn → R függvény akkor és csak akkor el-
oszlásfüggvénye valamely n-dimenziós ~ξ valósźınűségi vektorváltozónak, ha
egyszerre teljesülnek a következő tulajdonságok.


(1) F minden változójában monoton növekedő,


(2) lim
x1,...,xn→∞


F (x1, . . . , xn) = 1,


(3) lim
xi→−∞


F (x1, . . . , xn) = 0 minden i ∈ {1, 2, . . . , n} esetén,


(4) F minden változójában balról folytonos,


(5) minden a1 ≤ b1, . . . , an ≤ bn esetén


∑
(−1)


n∑
i=1


εi


F (c1, c2, . . . , cn) ≥ 0


teljesül, ahol az összegzés a 0 és 1 számokból álló összes lehetséges ε1, . . . , εn


véges sorozatra kiterjed, továbbá


ci :=
{


ai, ha εi = 1,
bi, ha εi = 0.


Speciálisan, ha n=2, akkor


F (b1, b2)− F (b1, a2)− F (a1, b2) + F (a1, a2) ≥ 0.


BIZONYÍTÁS. (Lásd [6] 139. oldal.) Az (1)–(4) tulajdonságok szüksé-
gessége következik a 6.6. Tételből. Az (5) szükségességét csak n = 2 esetén
látjuk be. Ehhez azt fogjuk megmutatni, hogy


P (a1 ≤ ξ1 < b1, a2 ≤ ξ2 < b2) = F (b1, b2)−F (b1, a2)−F (a1, b2)+F (a1, a2),
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ami valóban nem lehet negat́ıv. A bizonýıtáshoz definiáljuk az


A := {ξ1 < b1} {ξ2 < b2} ,


B := {ξ1 < b1} {ξ2 < a2} ,


C := {ξ1 < a1} {ξ2 < b2} ,


D := {ξ1 < a1} {ξ2 < a2} ,


E := {a1 ≤ ξ1 < b1} {a2 ≤ ξ2 < b2}
halmazokat. (Lásd 14. ábra.)


14. ábra


Ekkor A = E + B + (C −D), mely diszjunkt felbontás, ı́gy


P (A) = P (E) + P (B) + P (C −D).


Ebből D ⊆ C alapján


P (E) = P (A)− P (B)− P (C) + P (D)


következik, ami ekvivalens az álĺıtással. Tetszőleges n esetén be lehet bi-
zonýıtani, hogy


P (a1 ≤ ξ1 < b1, . . . , an ≤ ξn < bn) =
∑


(−1)


n∑
i=1


εi


F (c1, c2, . . . , cn)


teljesül, amiből következik az álĺıtás. (Tetszőleges n ∈ Z+ esetén a bi-
zonýıtást lásd [4] 48. oldal.)


Megford́ıtva, most teljesüljönek az (1)–(5) tulajdonságok. Ekkor legyen
Ω := Rn és A := Bn, továbbá


P
(
[a1, b1)× · · · × [an, bn)


)
:=


∑
(−1)


n∑
i=1


εi


F (c1, c2, . . . , cn).
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Ekkor belátható, hogy (Ω,A, P ) valósźınűségi mező, továbbá hogy a


ξi : Rn → R, ξi(x1, . . . , xn) := xi (i = 1, 2, . . . , n)


valósźınűségi változók együttes eloszlásfüggvénye F. (Lásd [5] 55. oldal.)


Együttes sűrűségfüggvény


10.5. DEFINÍCIÓ. Az (Ω,A, P ) valósźınűségi mező egy ~ξ = (ξ1, . . . , ξn)
valósźınűségi vektorváltozóját abszolút folytonosnak, illetve a ξ1, . . . , ξn


valósźınűségi változók együttes eloszlását abszolút folytonosnak nevezzük,
ha létezik olyan f~ξ : Rn → R nemnegat́ıv függvény, melyre


F~ξ (x1, . . . , xn) =


x1∫


−∞
· · ·


xn∫


−∞
f~ξ (t1, . . . , tn) dt1 · · · dtn


teljesül minden x1, . . . , xn ∈ R esetén. Ekkor az f~ξ függvényt a ~ξ valósźınű-
ségi vektorváltozó sűrűségfüggvényének, illetve a ξ1, . . . , ξn valósźınűségi
változók együttes sűrűségfüggvényének nevezzük.


Az fξi
(i = 1, 2, . . . , n) függvényeket a ~ξ valósźınűségi vektorváltozó


perem-sűrűségfüggvényeinek nevezzük.


10.6. TÉTEL. Legyen ~ξ az (Ω,A, P ) valósźınűségi mező egy n-dimen-
ziós abszolút folytonos valósźınűségi vektorváltozója. Ekkor ξi valósźınűségi
változó is abszolút folytonos minden i ∈ {1, 2, . . . , n} esetén, vagyis léteznek
a perem-sűrűségfüggvények, továbbá fennáll az


fξk
(xk) =


∞∫


−∞
· · ·


∞∫


−∞
f~ξ (x1, . . . , xn) dx1 · · · dxk−1dxk+1 · · · dxn


összefüggés minden k ∈ {1, 2, . . . , n} és xk ∈ R esetén.


BIZONYÍTÁS. A valósźınűség folytonossága miatt


Fξk
(xk) = P (ξk < xk) = P (ξk < xk,Ω) = P



{ξk < xk}


∏


i 6=k


{ξi < ∞}

 =


= lim
xi→∞


i6=k


P (ξ1 < x1, . . . , ξn < xn) = lim
xi→∞


i6=k


F~ξ (x1, . . . , xn) =
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= lim
xi→∞


i6=k


x1∫


−∞
· · ·


xn∫


−∞
f~ξ (t1, . . . , tn) dt1 · · · dtn =


=


xk∫


−∞






∞∫


−∞
· · ·


∞∫


−∞
f~ξ (x1, . . . , xk−1, t, xk+1, . . . , xn)dx1· · · dxk−1dxk+1· · · dxn



dt,


ami a ξk sűrűségfüggvényének defińıciója szerint pontosan az álĺıtással ek-
vivalens.


10.7. MEGJEGYZÉS. Hasonlóan az egydimenziós esethez, itt is teljesül
minden B ∈ Bn esetén, hogy


P
(
~ξ ∈ B


)
=


∫
· · ·


∫


B


f~ξ (x1, . . . , xn) dx1 · · · dxn.


10.8. TÉTEL. Az f : Rn → R nemnegat́ıv integrálható függvény
akkor és csak akkor sűrűségfüggvénye valamely n-dimenziós ~ξ valósźınűségi
vektorváltozónak, ha


∞∫


−∞
· · ·


∞∫


−∞
f(x1, . . . , xn)dx1 · · · dxn = 1.


BIZONYÍTÁS. A feltétel szükségessége a 10.6. Tételből következik, hi-
szen ∞∫


−∞
· · ·


∞∫


−∞
f(x1, . . . , xn)dx1 · · · dxn =


∞∫


−∞
fξ1(x1)dx1 = 1.


Megford́ıtva, ha f rendelkezik ezzel a tulajdonsággal, akkor legyen Ω := Rn


továbbá A := Bn, valamint


P : A → R, P (B) =
∫
· · ·


∫


B


f(x1, . . . , xn)dx1 · · · dxn.


Ekkor könnyen belátható, hogy (Ω,A, P ) valósźınűségi mező, továbbá hogy
a


ξi : Rn → R, ξi(x1, . . . , xn) := xi (i = 1, 2, . . . , n)


valósźınűségi változók együttes sűrűségfüggvénye f.
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Feltételes sűrűségfüggvény


10.9. DEFINÍCIÓ. Legyen ξ és η az (Ω,A, P ) valósźınűségi mező
valósźınűségi változói, és H := {y : y ∈ R e‘s fη(y) 6= 0}. Ha ξ és η
együttes eloszlása abszolút folytonos, akkor az


f : R×H → R, f(x, y) =
fξ,η(x, y)


fη(y)


függvényt a ξ valósźınűségi változó {η = y} feltételre vonatkozó feltételes
sűrűségfüggvényének nevezzük, továbbá az előbbi hányadost fξ|η(x|y)
módon jelöljük.


10.10. TÉTEL. (Teljes valósźınűség tétele folytonos esetre.) Ha
az (Ω,A, P ) valósźınűségi mezőben a ξ és η valósźınűségi változók, és ξ-
nek létezik az {η = y} feltételre vonatkozó feltételes sűrűségfüggvénye egy
nullmértékű halmazt kivéve minden y ∈ R esetén, akkor


fξ(x) =


∞∫


−∞
fξ|η(x|y)fη(y)dy


teljesül minden x ∈ R esetén.


BIZONYÍTÁS. A feltételes sűrűségfüggvény defińıciója és a 10.6. Tétel
alapján


∞∫


−∞
fξ|η(x|y)fη(y)dy =


∞∫


−∞


fξ,η(x, y)
fη(y)


fη(y)dy =


∞∫


−∞
fξ,η(x, y)dy = fξ(x).


10.11. TÉTEL. (Bayes tétele folytonos esetre.) Ha az (Ω,A, P )
valósźınűségi mezőben a ξ és η valósźınűségi változók, és ξ-nek majdnem
mindenütt létezik az {η = y} (y ∈ R) feltételre vonatkozó feltételes sűrű-
ségfüggvénye, továbbá egy x ∈ R esetén fξ(x) 6= 0, akkor η-nak is létezik a
{ξ = x} feltételre vonatkozó feltételes sűrűségfüggvénye, és


fη|ξ(y|x) =
fξ|η(x|y)fη(y)


∞∫
−∞


fξ|η(x|y)fη(y)dy


.
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BIZONYÍTÁS. Az fη|ξ(y|x) létezése a defińıcióból következik, ı́gy elég
az egyenlőséget bizonýıtani. Mivel defińıció szerint


fξ,η(x, y) = fξ|η(x|y)fη(y) e‘s fξ,η(x, y) = fη|ξ(y|x)fξ(x),


ı́gy
fη|ξ(y|x)fξ(x) = fξ|η(x|y)fη(y)


adódik. Ebből azt kapjuk, hogy


fη|ξ(y|x) =
fξ|η(x|y)fη(y)


fξ(x)
,


melybe az előző tételből fξ(x)-et béırva kapjuk az álĺıtást.


Valósźınűségi változók függetlensége


10.12. DEFINÍCIÓ. Egy (Ω,A, P ) valósźınűségi mezőn értelmezett
~ξ = (ξ1, . . . , ξn) valósźınűségi vektorváltozó komponenseit teljesen füg-
getleneknek, vagy röviden függetleneknek nevezzük, ha


F~ξ (x1, . . . , xn) = Fξ1(x1) · · ·Fξn(xn)


teljesül minden x1, . . . , xn ∈ R esetén. A ξ1, . . . , ξn valósźınűségi változók
páronként függetlenek, ha közülük bármely kettő független.


10.13. MEGJEGYZÉS. Ez a defińıció ekvivalens azzal, hogy minden
B1, . . . , Bn ∈ B esetén


P (ξ1 ∈ B1, . . . , ξn ∈ Bn) = P (ξ1 ∈ B1) · · ·P (ξn ∈ Bn)


teljesül. (Lásd [4] 84. oldal és 90. oldal.)


10.14. TÉTEL. Legyen ~ξ = (ξ1, . . . , ξn) az (Ω,A, P ) valósźınűségi mező


egy abszolút folytonos valósźınűségi vektorváltozója. Ekkor ~ξ komponensei
akkor és csak akkor függetlenek, ha


f~ξ (x1, . . . , xn) = fξ1 (x1) · · · fξn (xn)


teljesül egy nullmértékű halmazt kivéve, minden (x1, . . . , xn) ∈ Rn pontban.


BIZONYÍTÁS. Lásd [4] 95. oldal.
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10.15. TÉTEL. Legyenek az (Ω,A, P ) valósźınűségi mező ξ1, ξ2, . . . , ξn


valósźınűségi változói függetlenek. Ha gi : R → R Borel-mérhető függvé-
nyek, akkor a g1 (ξ1) , g2 (ξ2) , . . . , gn (ξn) valósźınűségi változók is függetle-
nek.


BIZONYÍTÁS. Először is megjegyezzük, hogy a gi (ξi) függvények az
5.12. Tétel alapján valóban valósźınűségi változók.


Tekintsük a valós számok halmazának B1, B2, . . . , Bn tetszőlegesen rög-
źıtett Borel-halmazait. Ekkor az 5.9. Tétel alapján g−1


i (Bi) is Borel-halmaz,
minden i ∈ {1, 2, . . . , n} esetén. Így


{gi (ξi) ∈ Bi} =
{
ξi ∈ g−1


i (Bi)
}


miatt és a 10.13. Megjegyzés alapján


P


(
n∏


i=1


{gi (ξi) ∈ Bi}
)


= P


(
n∏


i=1


{
ξi ∈ g−1


i (Bi)
}
)


=


=
n∏


i=1


P
(
ξi ∈ g−1


i (Bi)
)


=
n∏


i=1


P
(
gi (ξi) ∈ Bi


)


teljesül, amiből következik az álĺıtás.


10.16. MEGJEGYZÉS. Ha g1(x) = x és g2(x) = c, ahol c ∈ R egy
konstans, továbbá ξ és η független valósźınűségi változók, akkor az előző
tétel értelmében g1 (ξ) = ξ független a g2 (η) = c valósźınűségi változótól.
Vagyis egy konstans minden valósźınűségi változótól független.


10.17. TÉTEL. Legyenek az (Ω,A, P ) valósźınűségi mező ξ1, ξ2, . . . , ξn


valósźınűségi változói függetlenek. Ha g : Rk → R Borel-mérhető függvény,
ahol k < n, akkor a g (ξ1, . . . , ξk) , ξk+1, . . . , ξn valósźınűségi változók is
függetlenek.


BIZONYÍTÁS. Az előző tétel bizonýıtásához hasonlóan járhatunk el.
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11. A nagy számok törvényei


11.1. TÉTEL. (Markov-egyenlőtlenség.) Ha ξ az (Ω,A, P ) való-
sźınűségi mező egy várható értékkel rendelkező nemnegat́ıv valósźınűségi
változója, akkor minden c ∈ R+ esetén


P (ξ ≥ c) ≤ E(ξ)
c


.


BIZONYÍTÁS. (1) Legyen ξ diszkrét, és Rξ := {x1, x2, . . .}, ahol tel-
jesül, hogy 0 ≤ x1 < x2 < · · ·, továbbá pi := P (ξ = xi). Ha c ≤ x1, akkor
P (ξ ≥ c) = 1 =


∑
i


pi teljesül, ı́gy


E(ξ) =
∑


i


xipi ≥
∑


i


cpi = c
∑


i


pi = cP (ξ ≥ c)


miatt igaz a tétel. Ha létezik olyan i0 index, melyre xi0 < c ≤ xi0+1 teljesül,
akkor


E(ξ) =
∑


i


xipi ≥
∑


i>i0


xipi ≥
∑


i>i0


cpi = c
∑


i>i0


pi = cP (ξ ≥ c),


ı́gy ekkor is igaz a tétel. Végül, ha minden ω ∈ Ω esetén c > ξ(ω), akkor


P (ξ ≥ c) = 0 ≤ E(ξ)
c


,


hiszen nemnegat́ıv ξ valósźınűségi változó esetén E(ξ) ≥ 0 teljesül.


(2) Ha ξ abszolút folytonos valósźınűségi változó, akkor x < 0 esetén
Fξ(x) = 0, ı́gy fξ(x) = 0 egy nullmértékű halmazt kivéve. Ezért


E(ξ) =


∞∫


−∞
xfξ(x)dx =


∞∫


0


xfξ(x)dx ≥
∞∫


c


xfξ(x)dx ≥
∞∫


c


cfξ(x)dx =


= c


∞∫


c


fξ(x)dx = cP (ξ ≥ c) ,


ami az álĺıtást igazolja.
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11.2. TÉTEL. (Csebisev-egyenlőtlenség.) Ha ξ az (Ω,A, P ) való-
sźınűségi mező egy szórással rendelkező valósźınűségi változója, akkor min-
den ε ∈ R+ esetén


P
(
|ξ − E(ξ)| ≥ ε


)
≤ D2(ξ)


ε2
.


BIZONYÍTÁS. Legyen c := ε2 és η := (ξ − E(ξ))2. Ekkor c-re és η-ra
teljesülnek a Markov-egyenlőtlenség feltételei. Így


P
(∣∣ξ − E(ξ)


∣∣ ≥ ε
)


= P
(
η ≥ ε2


) ≤ E(η)
ε2


=
D2(ξ)


ε2
.


11.3. FELADAT. Egy gyárban apró szögeket késźıtenek, melyeket egy
automata gép csomagol. Egy csomagban a szögek számának várható értéke
1000, szórása 10. A szögek számának eloszlását nem ismerjük. Legfeljebb
mekkora a valósźınűsége annak, hogy egy csomagban a szögek száma a
várható értéktől 20-al vagy annál többel tér el?


MEGOLDÁS. A Csebisev-egyenlőtlenség alapján


P (|ξ − 1000| ≥ 20) ≤ 102


202
=


1
4
,


ahol ξ a szögek számát jelöli.


11.4. DEFINÍCIÓ. Legyenek ξ, ξ1, ξ2, . . . valósźınűségi változók. Ha
minden ε ∈ R+ esetén


lim
n→∞


P
(∣∣ξn − ξ


∣∣ ≥ ε
)


= 0


teljesül, akkor azt mondjuk, hogy ξn sztochasztikusan konvergál ξ-hez.


11.5. TÉTEL. (Bernoulli-féle nagy számok törvénye.) Legyen
adott egy Bernoulli-féle valósźınűségi mező az Ω = {ω0, ω1} eseménytérrel,
továbbá p := P ({ω1}) és q := 1 − p. Ha %n/n az {ω1} relat́ıv gyakorisága,
akkor minden ε ∈ R+ esetén


P
(∣∣∣%n


n
− p


∣∣∣ ≥ ε
)
≤ pq


nε2
, (11.1)


amiből következik, hogy a relat́ıv gyakoriság sztochasztikusan konvergál a
valósźınűséghez.
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BIZONYÍTÁS. Legyen ε ∈ R+ adott. Ekkor a Csebisev-egyenlőtlenség
feltételeit nε és %n teljeśıtik, ı́gy


P
(
|%n − E(%n)| ≥ nε


)
≤ D2(%n)


n2ε2


teljesül. Másrészt a 8.6. Megjegyzés (1) pontjából tudjuk, hogy %n bi-
nomiális eloszlású, ı́gy E (%n) = np és D2(%n) = npq. Ezeket béırva


0 ≤ P
(
|%n − np| ≥ nε


)
= P


(∣∣∣%n


n
− p


∣∣∣ ≥ ε
)
≤ npq


n2ε2
=


pq


nε2


adódik. Ebből lim
n→∞


pq
nε2 = 0 miatt következik, hogy a relat́ıv gyakoriság


sztochasztikusan konvergál a valósźınűséghez.


11.6. MEGJEGYZÉS. (1) A Bernoulli-féle nagy számok törvényében
akkor is tudunk felső becslést adni, ha p értéke nem ismert. Ugyanis az
mindig teljesül, hogy pq ≤ 1/4, ı́gy


P
(∣∣∣%n


n
− p


∣∣∣ ≥ ε
)
≤ 1


4nε2
.


(2) A feladatokban gyakran használható a következő becslés, ami ekvi-
valens a (11.1) formulával:


P
(∣∣∣%n


n
− p


∣∣∣ < ε
)
≥ 1− pq


nε2


(
≥ 1− 1


4nε2


)
.


(3) A Bernoulli-féle nagy számok törvényének jelentősége, hogy a be-
vezetésben léırt tapasztalatot fejezi ki. Vagyis a valósźınűségszámı́tásban
mint a véletlen tömegjelenségeket léıró modellben, a valósźınűség és a rela-
t́ıv gyakoriság hasonló kapcsolatban van, mint amit a gyakorlati axiómánk
feltételez.


Vigyázat, a tétel sztohasztikus konvergenciát álĺıt! Tehát nem arról van
szó, hogy a relat́ıv gyakoriság konvergál a valósźınűséghez, hanem hogy a
ennek a két számnak a távolsága egy tetszőleges pozit́ıv értéknél nagyobbat
nullához konvergáló valósźınűséggel vehet fel.


11.7. FELADAT. Hány dobást kell végeznünk egy szabályos kockával,
hogy a 6-os dobás valósźınűségét a 6-os relat́ıv gyakorisága legalább 0,9 va-
lósźınűséggel 0,01-nél kisebb hibával megközeĺıtse? Oldjuk meg a feladatot
akkor is, ha a kocka cinkelt, azaz a 6-os dobásának a valósźınűségét nem
ismerjük.
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MEGOLDÁS. Szabályos kocka esetén a 6-os dobásának valósźınűsége
p = 1/6. Így a Bernoulli-féle nagy számok törvénye és a 11.6. Megjegyzés
(2) pontja alapján


P
(∣∣∣%n


n
− p


∣∣∣ < 0,01
)
≥ 1−


1
6 · 5


6


n · 0,012
≥ 0,9


teljesül. Ebből következően n ≥ 13 889, azaz legalább 13 889-szer kell dobni.
Ha a kocka cinkelt, akkor használjuk a pq ≤ 1/4 egyenlőtlenséget. Így


P
(∣∣∣%n


n
− p


∣∣∣ < 0,01
)
≥ 1− 1


4n · 0,012
≥ 0,9,


melyből n ≥ 25 000 adódik.


11.8. TÉTEL. (A nagy számok gyenge törvénye.) Legyen az
(Ω,A, P ) valósźınűségi mezőben ξ1, ξ2, . . . szórással rendelkező azonos el-
oszlású és páronként független valósźınűségi változók, továbbá


Sn := ξ1 + ξ2 + . . . + ξn.


Ekkor m := E(ξi) és σ := D(ξi) jelöléssel minden ε ∈ R+ esetén


P


(∣∣∣∣
Sn


n
−m


∣∣∣∣ ≥ ε


)
≤ σ2


nε2


teljesül, melyből következik, hogy Sn/n sztochasztikusan konvergál m-hez.


BIZONYÍTÁS. Az m és σ defińıciója korrekt az azonos eloszlás miatt.
Az Sn/n valósźınűségi változóra teljesülnek a Csebisev-egyenlőtlenség felté-
telei, ezért


P


(∣∣∣∣
Sn


n
− E


(
Sn


n


)∣∣∣∣ ≥ ε


)
≤ D2


(
Sn


n


)


ε2


teljesül. Másrészt


E


(
Sn


n


)
=


1
n


E


(
n∑


i=1


ξi


)
=


1
n


n∑


i=1


E (ξi) =
1
n


n∑


i=1


m =
1
n


nm = m


és a páronkénti függetlenség miatt


D2


(
Sn


n


)
=


1
n2


D2


(
n∑


i=1


ξi


)
=


1
n2


n∑


i=1


D2 (ξi) =
1
n2


n∑


i=1


σ2 =
1
n2


nσ2 =
σ2


n
,
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melyből kapjuk a tételben szereplő egyenlőtlenséget. Mivel lim
n→∞


σ2


nε2 = 0,


ezért ebből következik, hogy Sn/n sztochasztikusan konvergál m-hez.


11.9. MEGJEGYZÉS. (1) Ennek a tételnek speciális eseteként kapjuk a
Bernoulli-féle nagy számok törvényét, ugyanis a Bernoulli-féle valósźınűségi
mezőben m = p és σ2 = pq.


(2) A tételben a szórás létezése helyett elég csak a várható érték léte-
zését feltételezni, melyet először A. Hincsin bizonýıtott.


A hipergeometrikus eloszlás bizonyos feltételek mellett konvergál a bi-
nomiális eloszláshoz. A binomiális eloszlás a Poisson-eloszláshoz konvergál.
Az úgynevezett centrális határeloszlási tételek is ilyen jellegű álĺıtások, de
speciálisan a normális eloszlásra vonatkoznak. Ezek a tételek ráviláǵıtanak
a normális eloszlás központi jelentőségére, továbbá arra, hogy miért lehet
bizonyos feltételek esetén egy ismeretlen eloszlást normális eloszlással közeĺı-
teni. Ezen álĺıtások közül egyet mutatunk be, amely a legegyszerűbbek közé
tartozik, ennek ellenére nem fogjuk bizonýıtani, ugyanis ez a karakteriszti-
kus függvények elméletére támaszkodik, mely túlmutat e jegyzet keretein.
(A bizonýıtást lásd például [2] 148. oldal.)


11.10. TÉTEL. (Centrális határeloszlási tétel.) Ha az (Ω,A, P )
valósźınűségi mezőben ξ1, ξ2, . . . nemnulla szórással rendelkező, azonos el-
oszlású és független valósźınűségi változók, továbbá


Sn := ξ1 + ξ2 + . . . + ξn,


akkor az Sn standardizáltjának határeloszlása standard normális, vagyis


lim
n→∞


F
S̃n


(x) = Φ(x).


11.11. MEGJEGYZÉS. (1) Az azonos eloszlás miatt az m és σ defińı-
ciója korrekt.


(2) Ha a ξi valósźınűségi változók közös eloszlása a p paraméterű karak-
terisztikus eloszlás, azaz Sn minden n-re n-edrendű p paraméterű binomiális
eloszlású valósźınűségi változó, akkor a centrális határeloszlási tételből spe-
ciálisan a Moivre-Laplace-tételt kapjuk. Ezek szerint tehát


lim
n→∞


P


(
Sn − np√


npq
< x


)
= Φ(x). (11.2)
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(3) A Moivre-Laplace-tétel p = 1/2 esetben ḱısérletileg is igazolható az
úgynevezett Galton-deszkával. (Lásd [5] 143. oldal.)


(4) A (11.2) formula ekvivalens azzal, hogy


P (Sn < x) ≈ Φ
(


x− np√
npq


)
.


Azaz nagy n esetén a binomiális eloszlást jól közeĺıti a normális eloszlás.
Például, ha n = 1000 lövést adunk le egy célra, és minden lövés egymástól
függetlenül p = 0,11 valósźınűséggel talál, akkor mi annak a valósźınűsége,
hogy 100-nál kevesebbszer találunk célba?


A találatok számát jelöljük ξ-vel, mely binomiális eloszlású. Ebből
következően


P (ξ < 100) =
99∑


k=0


(
1000


k


)
· 0,11k · 0,891000−k,


amit kiszámolni elég nehéz lenne. Viszont alkalmazhatjuk a normális elosz-
lással való közeĺıtést. Eszerint


P (ξ < 100) ≈ Φ
(


100− 110√
110 · 0,89


)
≈ Φ(−1,01) = 1− Φ(1,01) ≈ 0,1562.
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Jelölések


A ⊆ B A részhalmaza B–nek;
A maga után vonja B–t


A ⊂ B A ⊆ B és A 6= B


A + B = A ∪B A és B halmazok egyeśıtése;
A vagy B következik be


AB = A ∩B A és B halmazok metszete;
A és B is bekövetkezik


A A komplementere;
A nem következik be


A−B = A \B = AB A és B halmazok különbsége;
A bekövetkezik, de B nem


∅ üreshalmaz; lehetetlen esemény


Ω alaphalmaz; eseménytér; biztos ese-
mény


A az események halmaza; σ-algebra


σ(H) a H halmazrendszer által generált
σ-algebra


R a valós számok halmaza


R+ a pozit́ıv valós számok halmaza


R− a negat́ıv valós számok halmaza


Z az egész számok halmaza


Z+ a pozit́ıv egész számok halmaza
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(Ω,A, P ) valósźınűségi mező


B a Borel-halmazok halmaza


Bn az n-dimenziós Borel-halmazok
halmaza


P (A) az A esemény valósźınűsége


P (A | B) A-nak B-re vonatkozó feltételes való-
sźınűsége


f : A → B az f függvény, melynek értelmezési
tartománya A és értékkészlete rész-
halmaza B-nek


Rf az f függvény értékkészlete


Fξ, F~ξ a ξ illetve ~ξ eloszlásfüggvénye


Fξ,η ξ és η együttes eloszlásfüggvénye


fξ, f~ξ a ξ illetve ~ξ sűrűségfüggvénye


fξ,η ξ és η együttes sűrűségfüggvénye


fξ|η(x|y) feltételes sűrűségfüggvény


f(x0 + 0), lim
x→x0+0


f(x) f -nek x0-beli jobboldali határértéke


f(x0 − 0), lim
x→x0−0


f(x) f -nek x0-beli baloldali határértéke


∞∑
1


ai valós számsor


∞∑
i=1


ai sorösszeg
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∞∑
i=1


Ai,
∞⋃


i=1


Ai az a halmaz, melynek minden eleme


valamelyik Ai-nek is eleme


∞∏
i=1


Ai,
∞⋂


i=1


Ai az a halmaz, melynek minden eleme


minden Ai-nek is eleme


E(ξ) ξ várható értéke


D(ξ), D2(ξ) a ξ szórása illetve szórásnégyzete


cov(ξ, η) kovariancia


corr(ξ, η) korrelációs együttható


ξ̃ a ξ standardizáltja


ϕ,Φ standard normális sűrűség és elosz-
lásfüggvény


I(A) az A esemény indikátorváltozója
















VII. Valósźınűségszámı́tás


Véletlen események


Minden tudományág foglalkozik olyan jelenségekkel, melyekben egy bi-
zonyos esemény szükségszerűen bekövetkezik, ha az általunk ismert és figye-
lembe vett körülmények fennállnak.


Egyes jelenségeknél azonban az összes körülmény figyelembevétele lehe-
tetlen vagy igen nehéz. Ennek több oka is lehet. Például az, hogy a jelenség
hátterében álló körülmények közül néhány a tudomány mai állása szerint
még nem ismert, vagy nem tudjuk mérni, vagy számuk túl nagy és kapcso-
latuk nagyon bonyolult. Ilyenkor a figyelembe vett körülmények összessége
nem határozza meg egy jelenség bekövetkezésének elegendő okát. Ezeket az
eseményeket véletlen eseményeknek nevezzük. Például amikor dobókoc-
kával játszunk, nem vesszük figyelembe a dobásnál fellépő összes körülményt
– hogy milyen helyzetből indult, milyen impulzust kapott, a légellenállást,
az ütközést, a súrlódást stb. –, csak azt a tényt, hogy feldobtuk. Ezért szá-
munkra a kockajáték kimenetele véletlenszerű.


Ha egy véletlen jelenség sokszor fordul elő azonos körülmények között,
akkor véletlen tömegjelenségről beszélünk. A valósźınűségszámı́tás tár-
gya a véletlen tömegjelenségek vizsgálata, feladata pedig ezen jelenségek
törvényeinek a feltárása.


Tekintsük például az urán atommagok bomlását. A bomlás időpontja az
atommagban lejátszódó folyamatoktól függ, melyeket teljes egészében még
nem ismerünk. Így az egyes atommagok bomlása véletlennek tekinthető. Egy
urántömbben viszont sokmilliárdnyi atommag van. Tehát ebben az esetben
már véletlen tömegjelenségről beszélhetünk.


A valósźınűségszámı́tás tárgyalásában mindenekelőtt szükségünk lesz
olyan eszközökre, amelyek alkalmasak a véletlen események közötti kap-
csolatok léırására. Ezt halmazok seǵıtségével oldjuk meg. Például amikor
dobókockával játszunk, alapvetően hat különböző esemény következhet be.
Vagy az egyes, vagy a kettes, vagy a hármas, vagy a négyes, vagy az ötös,
vagy a hatos oldal lesz felül. Ezeket elemi eseményeknek fogjuk nevezni,
és azonośıtsuk őket a következő halmazokkal:


{1}, {2}, {3}, {4}, {5}, {6}.


De más eseményekről is beszélhetünk. Például: páros számot dobunk. Ennek
feleltessük meg {2, 4, 6} halmazt. Ezt az eseményt összetett eseménynek
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nevezzük, mert felbontható több elemi esemény uniójára:


{2, 4, 6} = {2} ∪ {4} ∪ {6}.


Az is esemény, hogy nem hatost dobunk. Az ehhez tartozó halmaz a


{6} = {1, 2, 3, 4, 5}.


Ezt a hatos dobás ellentett eseményének nevezzük. Eseménynek tekint-
hető az is, hogy egytől hatig valamilyen egész szám fog kijönni. Mivel ez
minden esetben bekövetkezik, ezért ezt biztos eseménynek nevezzük és
Ω-val fogjuk jelölni. Tehát ekkor


Ω = {1, 2, 3, 4, 5, 6}.
Végül azt is eseménynek fogjuk tekinteni, ami sohasem következhet be. Pél-
dául, hogy hatosnál nagyobbat dobunk. Ezt lehetetlen eseménynek ne-
vezzük, és az üres halmazzal fogjuk reprezentálni.


Látható, hogy minden esemény a biztos esemény egy részhalmaza. Az
események rendszerét A-val jelöljük, mely tehát az Ω összes részhalmazaiból
álló halmaz egy részhalmaza. Az események rendszerének, azaz A-nak a
tulajdonságai közül hármat emelünk ki:


– A biztos esemény eleme A-nak.
– Egy esemény ellentettje is esemény.
– Események uniója is esemény.


Mindezek alapján kimondhatjuk a következő defińıciót:


Defińıció. Legyen Ω egy nem üres halmaz és A az Ω összes részhalma-
zaiból álló halmaz egy olyan részhalmaza, melyre teljesülnek a következők:


(1. axióma) Ω ∈ A,
(2. axióma) ha A ∈ A, akkor A ∈ A,
(3. axióma) ha A1, A2, . . . , An, . . . ∈ A, akkor


A1 ∪A2 ∪ . . . ∪An ∪ . . . ∈ A.


Ekkor az A elemeit eseményeknek nevezzük.


Mivel Ω = ∅, ezért az 1. és 2. axióma miatt az üreshalmaz is esemény.
Az Ω-t biztos eseménynek, az ∅-t lehetetlen eseménynek nevezzük. A
3. axióma azt mondja ki, hogy események uniója is esemény. Másrészt az
axiómák és a de Morgan-féle azonosság seǵıtségével könnyen bizonýıthatjuk,
hogy események metszete is esemény.


Az A ∪ B esemény akkor következik be, ha legalább az egyik bekö-
vetkezik. Az A ∩ B esemény akkor következik be, ha mindkettő egyszerre
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bekövetkezik. Az A \B = A ∩B esemény azt jelenti, hogy A bekövetkezik,
de B nem. Ha A ∩ B = ∅, akkor azt mondjuk, hogy az A és B események
egymást kizáróak. Egy A nem lehetetlen eseményt elemi eseménynek
nevezzük, ha az csak A = A∪∅módon ı́rható fel két esemény uniójaként. Ha
egy esemény nem lehetetlen és nem elemi, akkor azt összetett eseménynek
nevezzük. Ha az A1, A2, . . . , An, . . . események páronként egymást kizáróak,
és uniójuk a biztos esemény, akkor ezt teljes eseményrendszernek nevez-
zük.


Mivel az események halmazok, ezért az eseményekre teljesülnek a hal-
mazok tulajdonságai.


Példák. (1) Egy dobókockát kétszer feldobunk. Ha a dobott számok
összege 2, akkor feldobjuk még egyszer. Ekkor a biztos eseményt a következő
halmazzal reprezentálhatjuk:


Ω = {(1, 1, 1), (1, 1, 2), . . . , (1, 1, 6),
(1, 2), (1, 3), . . . , (1, 6),


(2, 1), (2, 2), . . . , (2, 6),


(3, 1), (3, 2), . . . , (3, 6),


...


(6, 1), (6, 2), . . . , (6, 6)}.


(2) Egy pénzérmével addig dobunk, amı́g ı́rást nem kapunk. Ekkor a
biztos esemény:


Ω = {́ırás, (fej, ı́rás), (fej, fej, ı́rás), . . . , (fej, fej, . . . , fej, ı́rás), . . .}.


(3) Egy műhelyben három gép dolgozik. Egy adott pillanatban meg-
vizsgáljuk, hogy melyik működik és melyik rossz. Ekkor a biztos esemény:


Ω={(jó, jó, jó), (jó, jó, rossz), (jó, rossz, jó), (jó, rossz, rossz),
(rossz, jó, jó), (rossz, jó, rossz), (rossz, rossz, jó), (rossz, rossz, rossz)}.


Feladatok. (1) A 3. példában léırt megfigyelésben legyen


A1={(rossz, jó, jó), (rossz, jó, rossz), (rossz, rossz, jó), (rossz, rossz, rossz)},
A2={(jó, rossz, jó), (jó, rossz, rossz), (rossz,rossz, jó), (rossz, rossz, rossz)},
A3={(jó, jó, rossz), (jó, rossz, rossz), (rossz, jó, rossz), (rossz, rossz, rossz)},
amelyek sorrendben azt jelentik, hogy az első, a második, illetve a harmadik
gép rossz. Fejezze ki az A1, A2, A3 eseményekkel a következőket:
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(a) csak az első rossz,


(b) mindhárom rossz,


(c) egyik sem rossz,


(d) az első és második jó,


(e) az első és második rossz, a harmadik jó,


(f) csak egy gép rossz,


(g) legfeljebb egy gép rossz,


(h) legfeljebb két gép rossz,


(i) legalább egy gép rossz.


(2) Jelentse az A esemény azt, hogy éppen fúj a szél, illetve B azt, hogy
esik az eső. Mondja el szavakkal, mit jelentenek a következő események: B,
A∪B, A∩B, A∩B, A∪B, A∪B, A \B, (A \B)∪ (B \A), A ∪B, A ∩B.


(3) Bizonýıtsa be, hogy az A∩B, A \B, B \A, A∩B események teljes
eseményrendszert alkotnak.


Megoldások. (1)(a) A1 ∩A2 ∩A3


(b) A1 ∩A2 ∩A3


(c) A1 ∩A2 ∩A3


(d) A1 ∩A2


(e) A1 ∩A2 ∩ A3


(f) (A1 ∩A2 ∩A3) ∪ (A1 ∩A2 ∩A3) ∪ (A1 ∩A2 ∩A3)


(g) (A1 ∩A2 ∩A3)∪ (A1 ∩A2 ∩A3)∪ (A1 ∩A2 ∩A3)∪ (A1 ∩A2 ∩A3)


(h) A1 ∩A2 ∩A3 = A1 ∪A2 ∪A3


(i) A1 ∪A2 ∪A3


(2) Például (A \ B) ∪ (B \ A) azt jelenti, hogy fúj a szél vagy esik az
eső, de nem egyszerre.


(3) Ezek páronként egymást kizáró események és (A ∩B) ∪ (A \B) ∪
∪(B \A) ∪ (A ∩B) = (A ∩B) ∪ (A ∩B) ∪ (B ∩A) ∪ (A ∩B) = (B ∩ (A ∪
∪A)) ∪ (B ∩ (A ∪A)) = (B ∩ Ω) ∪ (B ∩ Ω) = B ∪B = Ω.


Valósźınűség


Végezzünk el egy ḱısérletet sokszor, egymástól függetlenül. Figyeljük
egy esemény bekövetkezését. Ha n ḱısérletből k-szor fordult elő a figyelt
esemény, akkor a k/n hányadost az esemény relat́ıv gyakoriságának nevez-
zük.
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Tapasztalat: A ḱısérletek számának növelése esetén a relat́ıv gya-
koriság egyre kisebb mértékben ingadozik egy bizonyos érték körül, amely
jellemző az eseményre.


A továbbiakban ezt az értéket a figyelt esemény valósźınűségének fog-
juk nevezni.


Relat́ıv gyakoriság a ḱısérletek számának függvényében


Mivel a valósźınűség nagyszámú ḱısérlet után körülbelül a relat́ıv gya-
korisággal egyezik meg, ezért a valósźınűség tulajdonságai jól jellemezhetők
a relat́ıv gyakoriság tulajdonságaival.


A valósźınűség egy függvény, minden eseményhez egy valós számot ren-
del. A továbbiakban egy A esemény valósźınűségét P (A)-val fogjuk jelölni.
Három tulajdonságát emeljük ki:


– A relat́ıv gyakoriság, s ı́gy a valósźınűség értéke nem negat́ıv, hiszen
k és n sem negat́ıvak.


– Ha a biztos esemény relat́ıv gyakoriságát vizsgáljuk, akkor minden
esetben k = n, azaz a hányadosuk 1. Így a biztos esemény valósźınűsége 1.


– A harmadik tulajdonságot legegyszerűbben a dobókockával szemlél-
tethetjük. Tekintsük az {1} és {2, 3} eseményeket. Ezen két egymást kizáró
esemény relat́ıv gyakoriságát vizsgálva azt tapasztalhatjuk, hogy azok 1/6,
illetve 2/6 körül ingadoznak. Ha azonban az {1, 2, 3} esemény relat́ıv gya-
koriságát vizsgáljuk, akkor az 3/6 körül ingadozik, vagyis az előző két érték
összege körül. Ezt általánośıtva tehát azt mondhatjuk, hogy páronként egy-
mást kizáró események uniójának valósźınűsége megegyezik az események
valósźınűségeinek összegével.


Mindezek alapján kimondhatjuk a következő defińıciót:


Defińıció: Legyen P : A → R olyan függvény, melyre teljesül, hogy


(4. axióma) minden A ∈ A esetén P (A) ≥ 0,


(5. axióma) P (Ω) = 1,


(6. axióma) és ha az A1, A2, . . . , An, . . . ∈ A páronként egymást kizáró
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események, akkor


P (A1 ∪A2 ∪ · · · ∪An ∪ · · ·) = P (A1) + P (A2) + · · · + P (An) + · · ·


Ekkor az (Ω,A, P ) hármast valósźınűségi mezőnek nevezzük, a P függ-
vényt pedig valósźınűségnek. Az előzőekben felsorolt hat axióma az úgy-
nevezett Kolmogorov-féle axiómarendszer.


Adott A esetén több olyan valósźınűség is lehet, melyre teljesülnek a
4., 5. és 6. axiómák. Hogy melyik az igazi, erre a matematikai statisztika
keresi a választ.


Tétel. A valósźınűség legfontosabb tulajdonságai:
(1) P (∅) = 0,
(2) P (A) = 1− P (A),
(3) P (A ∪B) = P (A) + P (B)− P (A ∩B),
(4) P (A \B) = P (A)− P (A ∩B),
(5) Ha B ⊂ A, akkor P (A \B) = P (A)− P (B),
(6) Ha A ⊂ B, akkor P (A) ≤ P (B),
(7) P (A) ≤ 1.


Klasszikus valósźınűségi mező


Defińıció. Klasszikus valósźınűségi mezőről beszélünk, ha az ele-
mi események száma véges, és valósźınűségeik megegyeznek.


Például a szabályos kockajáték klasszikus valósźınűségi mezőt határoz
meg, mert hat elemi esemény van, és a szimmetria miatt minden oldalára
egyforma valósźınűséggel eshet a kocka.


Tétel. Ha egy klasszikus valósźınűségi mezőben egy A esemény k
darab elemi eseményből áll, és összesen n darab elemi esemény van, akkor
P (A) = k/n.


A klasszikus valósźınűségi mezőkre vonatkozó példákban k és n értékét
legtöbbször kombinatorikai eszközökkel számolhatjuk ki.


Példa. A totóban Ω az 1, 2, x elemek összes 14-edosztályú ismétléses
variációjának halmaza. Így az összes esetek száma 314. Másrészt például a
t́ızes találat


(


13


10


)


· 23 · 3
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esetben következhet be, ugyanis a 10 találatot az első 13 mérkőzésből kell
elérni, ami


(


13
10


)


·23 esetben lehetséges, és még a pótmérkőzésre 3-féleképpen


tippelhetünk. Így annak a valósźınűsége, hogy 10-es találatunk lesz a totón


(


13


10


)


· 23 · 3


314
≈ 0,001435.


Geometriai valósźınűségi mező


Defińıció. Legyen Ω ⊂ Rk, ahol k ∈ {1, 2, 3}. Tegyük fel, hogy Ω
mérhető, és mértéke pozit́ıv valós szám. Az A legyen az Ω összes mérhető
részhalmazainak a halmaza. Ha annak a valósźınűsége, hogy egy véletlensze-
rűen kiválasztott pont egy A ∈ A halmazba esik, arányos az A mértékével,
akkor (Ω,A, P )-t geometriai valósźınűségi mezőnek nevezzük. (Egy hal-
maz mérhetősége azt jelenti, hogy létezik hossza, területe vagy térfogata. A
halmaz mértéke k = 1 esetén hosszúságot, k = 2 esetén területet és k = 3
esetén térfogatot jelent.)


Az egyes elemi események itt az Ω ponthalmaz egy-egy pontjának vé-
letlenszerű kiválasztását jelentik, amelyeknek a valósźınűsége külön-külön
nulla, hiszen a pont mértéke nulla. Ebből látható, hogy ha egy esemény va-
lósźınűsége nulla, abból nem következik, hogy a lehetetlen eseményről van
szó.


Tétel. Ha egy geometriai valósźınűségi mezőben az Ω mértéke m(Ω)
és az A esemény mértéke m(A), akkor P (A) = m(A)/m(Ω).


Példák. (1) Egységnyi hosszúságú szakaszon véletlenszerűen kiválasz-
tunk két pontot. Mi a valósźınűsége, hogy a két pont távolsága kisebb egy
adott h < 1 hosszú szakasznál?


Megoldás. Tekintsük az egyik végpontját az egységnyi hosszúságú
szakasznak. A választott P1 illetve P2 pontoknak ettől a végponttól való
távolsága legyen x illetve y. Ekkor x ∈ [0, 1] és y ∈ [0, 1] teljesül. Legyen
Ω = [0, 1] × [0, 1]. A feladatban léırt ḱısérletet úgy is modellezhetjük, hogy
erre az eseménytérre, mely most egy egységnyi oldalhosszúságú négyzet,
,,rádobunk” egy geometriai pontot. A pontnak meg fog felelni egy rendezett
számpár, a koordinátái. Az első koordináta legyen x, a második y. A kérdés
az A := {(x, y) ∈ Ω : |y−x| < h} esemény valósźınűsége. Az ábrán láthatjuk
az eseményteret, melyben a sat́ırozott rész jelöli az A halmazt. Feĺırva az A
és az Ω területeinek a hányadosát, kapjuk a kérdéses valósźınűséget: P (A) =
2h− h2.
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(2) (Buffon–féle tűprobléma) Egy v́ızszintes śıklapon párhuzamos
egyeneseket húzunk egymástól 2 egységnyi távolságra. Mi a valósźınűsége,
hogy egy egységnyi hosszúságú tűt ráejtve erre a lapra, az elmetszi valame-
lyik egyenest?


Megoldás. Legyen y a tű középpontjának a távolsága a hozzá legkö-
zelebb eső egyenestől, x pedig a tű és az egyenes által bezárt szög mértéke
radiánban. Így x ∈ [0, π/2] és y ∈ [0, 1]. Legyen Ω = [0, π/2] × [0, 1]. Ekkor
az előző feladathoz hasonlóan járhatunk el. Mivel adott x szögnél ponto-
san y ≤ 1


2 sinx teljesülése esetén metszi az egyenest a tű, ezért a kérdés az
A := {(x, y) ∈ Ω : y ≤ 1


2 sinx} esemény valósźınűsége.


Az ábrán láthatjuk az eseményteret, melyben a sat́ırozott rész jelöli az
A halmazt. Az Ω területe π/2, az A területe pedig


π/2
∫


0


1


2
sinxdx =


1


2
[− cos x]π/20 =


1


2
,


ezért a kettő hányadosa P (A) = 1/π.


Feladatok. (1) Dobjunk fel két kockát egyszerre. Mennyi annak a
valósźınűsége, hogy a dobott számok összege hét?
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(2) Mennyi a valósźınűsége, hogy ötös lottón kettes találatot érünk el?


(3) Egy dobozban 7 piros és 5 fekete golyó van. Ha visszatevés nélkül
kivesszük mind a 12 golyót, mennyi annak a valósźınűsége, hogy feketét
húzunk utoljára?


(4) Mennyi annak a valósźınűsége, hogy 10 kockával dobva pontosan öt
darab hatost dobunk?


(5) Egy dobozban 5 piros golyó van. Hány feketét kell hozzátenni, hogy
fekete golyó húzásának a valósźınűsége nagyobb legyen 0,9-nél?


(6) Ketten megbeszélik, hogy este 8 és 9 óra között találkoznak. Meg-
állapodnak abban, hogy egyik a másikra maximum 15 percet vár. Mi a
valósźınűsége annak, hogy a találkozó létrejön?


(7) Egy egységnyi oldalú négyzet két átellenes oldalán találomra kivá-
lasztunk egy-egy pontot. Mekkora annak a valósźınűsége, hogy ezek távol-


sága
√
5
2 -nél kisebb?


(8) Egy egységnyi hosszúságú szakaszon kiválasztunk két pontot. Ezek
a szakaszt három részre osztják. Mekkora a valósźınűsége, hogy ezen három
szakaszból háromszög szerkeszthető?


(9) Két számot kiválasztunk a (0, 1) intervallumban. Mi a valósźınűsége
annak, hogy ezek négyzetösszege egynél nagyobb lesz?


(10) Válasszunk véletlenszerűen egy pontot a (0, 1) szakaszon, és egyet
a (0, 2) szakaszon. A kiválasztott pontok legyenek P1 és P2. Mennyi a va-
lósźınűsége, hogy az OP1, OP2 és egy egységnyi hosszúságú szakaszból há-
romszög alkotható, ha az O pont az origót jelöli?


Megoldások. (1) A dobások eredménye összesen 6 · 6 = 36 féle lehet.
A két szám összege hatféleképpen lehet 7. Így a valósźınűség 6


36 = 1
6 .


(2)
(52)(


85
3 )


(905 )


(3) 5
12


(4)
(


10
5


)


55


610


(5) Legyen a feketék száma n. Ekkor a fekete húzásának a valósźınű-
sége n


5+n . Így
n


5+n > 0,9, melyből kapjuk, hogy legalább 46 feketét kell
hozzátenni.


(6) Lásd 1. példa, amelyben most h = 1
4
. Így a kérdéses valósźınűség


2 · 1
4 − 1


42 = 7
16 .


191







(7) Legyen adott egy ABCD egységnyi oldalú négyzet. A két véletle-
nül kiválasztott pont P1 az AB oldalon, illetve P2 az CD oldalon. Legyen
x := AP1 és y := DP2. Ekkor x, y ∈ [0, 1], ı́gy Ω = [0, 1]× [0, 1] és (Ω,A, P )
egy geometriai valósźınűségi mező. Mivel P1P2 =


√


1 + (y − x)2, ezért kér-


dés a
√


1 + (y − x)2 <
√
5
2 halmaz valósźınűsége. Innen kapjuk, hogy a


végeredmény 3
4 .


(8) Az AB egységnyi hosszúságú szakaszon legyen a két kiválasztott
pont P1 és P2, továbbá x := AP1 és y := AP2. Ekkor x, y ∈ [0, 1], ı́gy azt
kapjuk, hogy Ω = [0, 1] × [0, 1] és (Ω,A, P ) egy geometriai valósźınűségi
mező. A kapott három szakaszra feĺırva a háromszög-egyenlőtlenségeket,
kapjuk, hogy a kérdéses valósźınűség 1


4 .


(9) Legyen x, y ∈ (0, 1). Így Ω = (0, 1) × (0, 1) és (Ω,A, P ) egy geo-
metriai valósźınűségi mező. Kérdés az x2 + y2 > 1 halmaz valósźınűsége.
Felhasználva, hogy az x2 + y2 = 1 egy kör egyenlete, kapjuk, hogy a vége-
redmény 1− π


4
.


(10) Legyen x ∈ (0, 1) és y ∈ (0, 2), Ω = (0, 1) × (0, 2) és (Ω,A, P )
egy geometriai valósźınűségi mező. Az x, y, 1 számokra feĺırva a háromszög-
egyenlőtlenségeket, kapjuk, hogy a kérdéses valósźınűség 1


2 .


Feltételes valósźınűség


Jelentse A azt az eseményt, hogy dobókockán nem dobunk 3-nál na-
gyobbat, azaz A = {1, 2, 3}. Egy dobás végrehajtása után annyi információt
kapunk, hogy a dobott szám páros, vagyis bekövetkezett a B = {2, 4, 6} ese-
mény. Ekkor az A esemény bekövetkezésének valósźınűsége már nem 3/6,
mint eredetileg volt, hanem 1/3. Ugyanis B bekövetkezése esetén az A csak
úgy következhet be, ha 2-est dobunk, másrészt B-ben 3 lehetséges eset van.
Tehát az összes esetek száma a B elemeinek a számával egyezik meg, a ked-
vező esetek száma pedig azon A-beli elemek számával, mely B-nek is eleme.
Így, ha egy tetszőleges véges C halmaz elemeinek számát |C|-vel jelöljük,
akkor klasszikus valósźınűségi mezőben az A esemény bekövetkezésének va-
lósźınűsége, feltéve, hogy B bekövetkezik


|A ∩B|
|B| =


|A∩B|
|Ω|
|B|
|Ω|


=
P (A ∩B)


P (B)
.


Ezt tetszőleges valósźınűségi mezőre általánośıtva kimondjuk a következő
defińıciót:
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Defińıció. Legyen A,B ∈ A és P (B) 6= 0. Ekkor a


P (A | B) :=
P (A ∩B)


P (B)


hányadost az A esemény B-re vonatkozó feltételes valósźınűségének ne-
vezzük. Tehát P (A|B) azt adja meg, hogy mennyi az A esemény bekövet-
kezésének a valósźınűsége, feltéve, hogy B bekövetkezik.


Tétel. Legyen A,B,C ∈ A és P (B)P (C) 6= 0. Ekkor
(1) P (A | B) = 0, ha A ∩B = ∅,
(2) P (A | B) = 1, ha B ⊂ A,
(3) P (A | B) = 1− P (A | B),
(4) P (A ∪B | C) = P (A | C) + P (B | C)− P (A ∩B | C),
(5) P (A \B | C) = P (A | C)− P (A ∩B | C).


Példák. (1) Két kockával dobunk. Mennyi a valósźınűsége, hogy a
dobott számok összege 7, feltéve, hogy a dobott számok összege páratlan?


Megoldás. Jelentse A azt az eseményt, hogy a dobott számok összege
7, B pedig azt, hogy páratlan. Ekkor A ⊂ B miatt A ∩B = A, ı́gy


P (A | B) =
P (A ∩B)


P (B)
=


P (A)


P (B)
.


Mivel P (A) = 6/62 = 1/6 és P (B) = 1/2, ezért P (A | B) = 1/3.


(2) Legyen P (A) = 1/4, P (A | B) = 1/4 és P (B | A) = 1/2. Számı́tsuk
ki a P (A ∪B) és a P (A | B) valósźınűségeket.


Megoldás.Mivel P (B | A) = P (A∩B)
P (A)


= 1
2
, ezért P (A∩B) = 1


2
· 1
4
= 1


8
.


Másrészt P (A | B) = P (A∩B)
P (B) = 1


4 , ezért P (B) = 1
8/


1
4 = 1


2 . Mindezekből


P (A ∪B) = P (A) + P (B)− P (A ∩B) = 1
4 + 1


2 − 1
8 = 5


8 , továbbá


P (A | B) =
P (A ∩B)


P (B)
=


P (A ∪B)


P (B)
=


1− P (A ∪B)


1− P (B)
=


1− 5/8


1− 1/2
=


3


4
.


Tétel. (Teljes valósźınűség tétele) Legyen B1, B2, . . . , Bn ∈ A tel-
jes eseményrendszer, P (Bi) 6= 0 minden i ∈ {1, 2, . . . , n} esetén, továbbá
A ∈ A. Ekkor


P (A) = P (A | B1)P (B1) + P (A | B2)P (B2) + · · · + P (A | Bn)P (Bn).
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Tétel. (Bayes tétele) Legyen B1, B2, . . . , Bn ∈ A teljes esemény-
rendszer, A ∈ A, továbbá P (B1), P (B2), . . . , P (Bn), P (A) valósźınűségek
közül egyik sem nulla. Ekkor minden k ∈ {1, 2, . . . , n} esetén


P (Bk | A) = P (A | Bk)P (Bk)
n
∑


i=1


P (A | Bi)P (Bi)
.


Ha valamely A eseményt mint okozatot tekintjük, amit a B1, . . . , Bn


okok válthatnak ki, akkor ismerve az okok valósźınűségeit és hatásukat az
okozat bekövetkezésére, azaz a P (A | Bi) valósźınűségeket tudva, a tel-
jes valósźınűség tétele értelmében az okozat valósźınűsége meghatározható.
Másfelől, ha az A okozat már bekövetkezett, akkor a Bayes-tétellel követ-
keztethetünk arra, hogy egy kiválasztott ok milyen valósźınűséggel szerepelt
az A létrejöttében.


Példák. (1) Két doboz mindegyikében 100-100 darab csavar van. Az
első dobozban 10 db selejtes, a másodikban 6. A dobozok közül egyenlő
valósźınűséggel kiválasztjuk valamelyiket, amelyből találomra kiveszünk egy
csavart. Mennyi annak a valósźınűsége, hogy ez a csavar jó?


Megoldás. Jelölje B1 azt az eseményt, hogy az első dobozból húzunk,
mı́g B2 azt, hogy a másodikból, illetve A azt, hogy a kiválasztott csavar
jó. Ekkor B1 és B2 teljes eseményrendszert alkot, ı́gy a teljes valósźınűség
tétele értelmében


P (A) = P (A | B1)P (B1) + P (A | B2)P (B2) =
90


100
· 1
2
+


94


100
· 1
2
= 0,92.


(2) Egy üzemben három gép dolgozik. Az első a termelés 25%-át adja,
és 5%-os selejtaránnyal dolgozik. A második 35%-ot termel, 4%-os selejt-
aránnyal, végül a harmadik 40%-ot ad 2%-os selejttel. A termékek közül
kiválasztunk egyet véletlenszerűen, és azt tapasztaljuk, hogy az selejtes. Mi
a valósźınűsége, hogy az első gép gyártotta?


Megoldás. Jelentse A azt, hogy selejtes terméket választottunk, Bi


pedig azt, hogy az i-edik gép gyártotta (i = 1, 2, 3). Ekkor a Bayes-tétel
értelmében a kérdéses valósźınűség


P (B1 | A) = P (A | B1)P (B1)
3
∑


i=1


P (A | Bi)P (Bi)


=
0,25 · 0,05


0,25 · 0,05 + 0,35 · 0,04 + 0,4 · 0,02 .
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Feladatok. (1) Három kockával dobunk. Mekkora a valósźınűsége,
hogy az egyik kockával hatost dobunk, feltéve, hogy a dobott számok összege
12?


(2) Egy asztalnál négyen kártyáznak. A 32 lapos magyar kártyát egyen-
lően szétosztják egymás között. Ha az egyik kiválasztott játékosnak nem
jutott ász, mennyi a valósźınűsége annak, hogy az utána következő sem
kapott?


(3) Tegyük fel, hogy az A és B eseményekre P (A) = 0,7 és P (B) = 0,8
teljesül. Bizonýıtsa be, hogy ekkor 0,625 ≤ P (A | B).


(4) Tegyük fel, hogy P (A | B) = 0,7, P (A | B) = 0,3 és P (B | A) = 0,6.
Mivel egyenlő P (A)?


(5) 100 darab műszer között előfordulhat 0, 1, 2, 3 vagy 4 hibás. Ezek
előfordulásának valósźınűsége rendre 1


6
, 5


12
, 1


4
, 1


12
, 1


12
. Feltételezve, hogy


bármelyik műszert egyenlő valósźınűséggel vehetjük meg, mennyi annak a
valósźınűsége, hogy kifogástalan műszert veszünk?


(6) Néhány doboz mindegyikében 600-600 darab golyó van. Az elsőben
2 golyó piros, és a többi dobozban mindig 5-tel több a piros golyók száma,
mint az előzőben volt. Az utolsó dobozban csak 3 golyó nem piros. Valame-
lyik dobozból egy golyót kiveszünk. Mennyi a valósźınűsége, hogy pirosat
választunk?


(7) Tegyük fel, hogy valamely üzemből kikerülő áru 0,75 valósźınűséggel
első osztályú. A kikerült terméket vizsgálatnak vetik alá. Annak valósźınű-
sége, hogy a vizsgálat során egy első osztályú terméket nem első osztályúnak
minőśıtenek 0,02. Annak valósźınűsége viszont, hogy egy nem első osztályút
első osztályúnak minőśıtenek 0,05. Mennyi a valósźınűsége, hogy egy olyan
termék, amely a vizsgálaton első osztályú minőśıtést kapott, valóban első
osztályú?


Megoldások. (1) A: egyik kockával 6-ost dobunk; B: a dobott számok
összege 12; A ∩ B: két dobás összege 6; P (A ∩ B) = 14


63 , P (B) = 25
63 , tehát


P (A|B) = 14
25 .


(2) B: a kiválasztott játékosnál nincs ász; A: a kiválasztott utáni já-


tékosnál nincs ász; P (B) =
(288 )(


24
8 )(


16
8 )


(328 )(
24
8 )(


16
8 )


és P (A ∩ B) =
(288 )(


20
8 )(


16
8 )


(328 )(
24
8 )(


16
8 )


, vagyis


P (A|B) =
(288 )(


20
8 )(


16
8 )


(288 )(
24
8 )(


16
8 )


=
(208 )
(248 )


≈ 0,1713.


(3) P (A ∩ B) = P (A) + P (B) − P (A ∪ B) ≥ P (A) + P (B)− 1 = 0,5,
ı́gy P (A|B) ≥ 0,5


0,8
= 0,625.
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(4) P (A|B) = P (A∩B)
P (B) = 0,7 =⇒ P (A ∩B) = 0,7P (B),


P (A|B) = P (A∩B)


P (B)
= 0,3 =⇒ P (A ∩B) = 0,3(1− P (B)),


P (B|A) = P (A∩B)
P (A) = 0,6 =⇒ P (A ∩B) = 0,6P (A), melyekből


P (A ∩B) + P (A ∩B) = 0,4P (B) + 0,3


P
(


(A ∩B) ∪ (A ∩B)
)


= 0,4P (B) + 0,3


P
(


A ∩ (B ∪B)
)


= 0,4P (B) + 0,3


P (A) = 0,4P (B) + 0,3


illetve 0,7P (B) = 0,6P (A). Az utóbbi két egyenletből P (A) = 2,1
4,6 .


(5) 1 · 1
6 + 0,99 · 5


12 + 0,98 · 1
4 + 0,97 · 1


12 + 0,96 · 1
12 = 0,985.


(6) 1
n


(


2
600 + 5


600 + · · ·+ 597
600


)


= 1
600n · 2+597


2 · n = 599
1200 .


(7) B1: a kiválasztott termék első osztályú; B2: a kiválasztott termék
másodosztályú; A: a kiválasztott terméket első osztályúnak minőśıtik;


P (B1|A) = P (A|B1)P (B1)
P (A|B1)P (B1)+P (A|B2)P (B2)


= 0,98·0,75
0,98·0,75+0,05·0,25 .


Események függetlensége


Jelentse A azt az eseményt, hogy dobókockával nem dobunk 3-nál na-
gyobbat, vagyis A = {1, 2, 3}, másrészt B jelentse azt, hogy 3-ast vagy 4-est
dobunk, tehát B = {3, 4}. Ekkor P (A | B) = 1/2 és P (A) = 3/6, vagyis
A-nak a valósźınűsége, függetlenül attól, hogy B bekövetkezett-e vagy sem,
mindig 1/2. A továbbiakban, ha P (A) = P (A | B) teljesül, akkor azt mond-
juk, hogy A független B-től. Könnyű ellenőrizni, hogy B is független A-tól,
hiszen P (B) = P (B | A) = 1/3. A függetlenségnek ez a szimmetria tulaj-
donsága általánosan is igaz, vagyis P (A)P (B) 6= 0 esetén P (A) = P (A | B)
pontosan akkor teljesül, ha P (B) = P (B | A). Azaz A pontosan akkor füg-
getlen B-től, ha B független A-tól. Ezért röviden csak azt mondjuk, hogy
az A és B események egymástól függetlenek.


Ha P (A)P (B) 6= 0, akkor a függetlenség fogalma ekvivalens azzal, hogy
P (A∩B) = P (A)P (B). Ezért a továbbiakban ezt fogadjuk el a függetlenség
defińıciójának.


Defińıció. Azt mondjuk, hogy az A és B események függetlenek, ha
P (A ∩B) = P (A)P (B).
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Példák. (1) Egy dobozban 2 fehér és 4 fekete golyó van. Visszate-
vés nélkül kiveszünk négy golyót. Jelentse A azt az eseményt, hogy az első
kihúzott golyó fekete. A B esemény jelentse azt, hogy az utolsónak kivett
golyó fekete. Ekkor az A és B események nem függetlenek, mert P (A) = 4


6
,


P (B) = 4
6
, P (A ∩B) = 4·3


6·5 , azaz P (A ∩B) 6= P (A)P (B).


(2) Antal és Béla céltáblára lőnek. Antal 0,8 valósźınűséggel találja el
a céltáblát, Béla pedig 0,5-del. A lövések egymástól függetlenek. Ha Antal
és Béla egy-egy lövést adnak le, akkor mennyi a valósźınűsége annak, hogy
legalább az egyikőjük talál?


Megoldás. Az A esemény jelentse azt, hogy Antal talál, illetve B azt,
hogy Béla talál. Ekkor


P (A ∪B) = P (A) + P (B)− P (A ∩B) = P (A) + P (B)− P (A)P (B) = 0,9.


Feladatok. (1) Egy urnában 4 egyforma paṕırlap található. Minde-
gyikre három számjegy van ı́rva egymás mellé. Az elsőn 000, a másodikon
011, a harmadikon 101 és a negyediken 110 olvasható. Húzzunk ki egy la-
pot. Jelentse Ai azt az eseményt, hogy olyan lapot húztunk, amelynek i-edik
számjegye 1-es (i = 1, 2, 3). Mutassa meg, hogy az A1, A2, A3 események
közül bármely kettő független.


(2) Egy kockát és két pénzdarabot dobunk fel egyszerre. Mennyi a va-
lósźınűsége, hogy a kockán 6-ost, az egyik pénzérmén ı́rást s a másikon fejet
dobunk?


Megoldások. (1) P (A1) = P (A2) = P (A3) = 2
4 továbbá teljesül,


hogy P (A1 ∩ A2) = P (A1 ∩ A3) = P (A2 ∩ A3) =
1
4 amelyekből következik


az álĺıtás.


(2) 1
6 · 1


2 · 1
2 · 2.


Valósźınűségi változó


Egy játékban 10 forintot nyerünk, ha egy pénzérme a fej oldalára esik,
ellenkező esetben pedig 5 forintot vesźıtünk. Ebben a ḱısérletben a biztos
esemény Ω = {fej, ı́rás}. Az előbbi játékszabály léırható egy olyan függ-
vénnyel, amely a fejhez 10-et rendel, mı́g az ı́ráshoz −5-öt.


A továbbiakban egy ilyen ,,játékszabályt”, léıró függvényt – amely
tehát egy Ω-n értelmezett valósértékű függvény – valósźınűségi változónak
fogunk nevezni. Azonban technikai okok miatt nem minden Ω-n értelmezett
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valósértékű függvényt tekintünk valósźınűségi változónak. A pontos defińı-
ció előtt vezessük be a következő jelöléseket:


Jelölés. Legyen ξ az Ω halmazon értelmezett valós értékű függvény,
továbbá x ∈ R. Jelölje {ξ < x} azon Ω-beli elemek halmazát, melyekhez a ξ
az x-nél kisebb számot rendel. Hasonlóan definiálhatjuk a {ξ = x}, {ξ > x},
{ξ ≤ x} stb. halmazokat is.


Defińıció. Legyen ξ : Ω → R. Ha {ξ < x} ∈ A minden x ∈ R esetén,
akkor a ξ függvényt valósźınűségi változónak nevezzük.


A továbbiakban megállapodunk abban, hogy ha egyszerre több valósźı-
nűségi változóról beszélünk, akkor azok mindegyike ugyanabban a valósźı-
nűségi mezőben értelmezett.


Tétel. Ha ξ és η valósźınűségi változók és c ∈ R, akkor a következő
függvények is valósźınűségi változók: ξ + c; cξ; |ξ|; ξ2; 1/ξ, ha {ξ = 0} = ∅;
ξ − η; ξ + η; ξη; ξ/η, ha {η = 0} = ∅.


Defińıció. A ξ és η valósźınűségi változókat függetleneknek ne-
vezzük, ha a {ξ < x} és {η < y} események minden x, y ∈ R esetén
függetlenek egymástól, azaz P ({ξ < x} ∩ {η < y}) = P (ξ < x)P (η < y).


A valósźınűség fogalmának bevezetésekor beszéltünk az úgynevezett re-
lat́ıv gyakoriságról. Ennek pontos matematikai defińıcióját a valósźınűségi
változók seǵıtségével adhatjuk meg:


Defińıció. Egy ḱısérletet hajtsunk végre n-szer egymástól függetlenül.
Legyen A egy esemény, továbbá a ξi (i = 1, . . . , n) valósźınűségi változó ér-
téke legyen 1, ha az i-edik ḱısérletben bekövetkezett az A, ellenkező esetben
pedig 0. A ̺n := ξ1 + ξ2 + . . . + ξn valósźınűségi változót az A esemény
gyakoriságának, a ̺n/n valósźınűségi változót pedig a relat́ıv gyakori-
ságának nevezzük. (A ḱısérletek függetlensége azt jelenti, hogy a ξi-k közül
bármely kettő független egymástól.)


A ̺n azt adja meg, hogy n ḱısérletben hányszor következett be az A
esemény, ı́gy ̺n/n valóban a már korábban emĺıtett relat́ıv gyakoriság.


Eloszlás


Defińıció. A ξ valósźınűségi változót diszkrét valósźınűségi válto-
zónak nevezzük, ha értékkészlete megszámlálható. (Azaz van olyan sorozat,
melynek az értékkészlete megegyezik a ξ értékkészletével.)
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A gyakoriság és a relat́ıv gyakoriság is diszkrét valósźınűségi változó.


Defińıció. Legyen ξ diszkrét valósźınűségi változó, melynek értékkész-
letét jelöljük Rξ-vel. Ekkor azt a függvényt, amelynek az értelmezési tar-
tománya Rξ és k(∈ Rξ)-hoz a P (ξ = k) számot rendeli, a ξ eloszlásának
nevezzük. (Szokás még – kissé pontatlanul – a P (ξ = k), (k ∈ Rξ) számokat
is a ξ eloszlásának nevezni.)


Csak diszkrét valósźınűségi változó esetén definiálunk eloszlást. Más
t́ıpusú valósźınűségi változókat az úgynevezett eloszlásfüggvénnyel, illetve
sűrűségfüggvénnyel fogjuk jellemezni, melyekről később esik szó.


Tétel. Ha ξ diszkrét valósźınűségi változó, akkor
∑


k∈Rξ


P (ξ = k) = 1.


Másrészt, ha nemnegat́ıv számok összege 1, akkor van olyan diszkrét való-
sźınűségi változó, melynek ezek a számok alkotják az eloszlását.


Példák. (1) Húzunk egy lapot egy 32 lapos magyar kártyából. A ξ
legyen a lap értéke. (Számozott lap értéke az adott szám, alsó kettőt, felső
hármat, a király négyet, végül az ász 11-et ér.) Adjuk meg ξ eloszlását.


Megoldás. Rξ = {2, 3, 4, 7, 8, 9, 10, 11}, ezért P (ξ = k) = 4/32 min-
den k ∈ Rξ esetén.


(2) Egy dobozban 9 fehér és 6 fekete golyó van. Hármat kiveszünk
visszatevés nélkül. Legyen ξ a kihúzott fehérek száma. Adjuk meg az elosz-
lását.


Megoldás.


P (ξ = 0) =


(


6
3


)


(


15
3


) =
20


455
,


P (ξ = 1) =
9 ·
(


6
2


)


(


15
3


) =
135


455
,


P (ξ = 2) =


(


9
2


)


· 6
(


15
3


) =
216


455
,


P (ξ = 3) =


(


9
3


)


(


15
3


) =
84


455
.


(3) Legyen 0 < p < 1 és q = 1−p. Alkothatnak-e a qpk−1, (k = 1, 2, . . .)
számok eloszlást?


Megoldás.


∞
∑


k=1


qpk−1 = q
1−p = 1, ı́gy az előző tétel értelmében létezik


olyan diszkrét valósźınűségi változó, amelynek ezek a számok alkotják az el-
oszlását. (Például, ha q annak a valósźınűségét jelenti, hogy egy esemény egy
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ḱısérletben bekövetkezik, és ξ azt jelenti, hogy a figyelt esemény hányadik
ḱısérletben következett be először, akkor ξ eloszlása ilyen. Ezt az eloszlást
– mivel ezek a számok geometriai sorozatot alkotnak – geometriai elosz-
lásnak nevezzük.)


Feladatok. (1) Két kockával dobunk. A dobott számok különbségé-
nek abszolútértéke valósźınűségi változó. Határozzuk meg az eloszlását.


(2) Legyen a ξ valósźınűségi változó értékkészlete a nemnegat́ıv egész
számok halmaza. A {ξ = k} esemény valósźınűsége arányos 1


k!
-sal. Hatá-


rozzuk meg az eloszlást.


(3) Adja meg az ötös lottó jokerszámában a nullák számának eloszlá-
sát. (A jokerszám hatjegyű, melynek a számjegyeit visszatevéses módszerrel
húzzák ki.)


Megoldások. (1) P (ξ = 0) = 6
36 , P (ξ = 1) = 10


36 , P (ξ = 2) = 8
36 ,


P (ξ = 3) = 6
36 , P (ξ = 4) = 4


36 , P (ξ = 5) = 2
36 ,


(2) P (ξ = k) = λ
k! és


∞
∑


k=0


λ
k! = λe = 1, ı́gy λ = 1


e , vagyis P (ξ = k) = 1
ek! .


(3) P (ξ = k) =
(


6
k


)


0,1k0,96−k (k = 0, 1, 2, 3, 4, 5, 6).


Eloszlásfüggvény


Defińıció. A ξ valósźınűségi változó eloszlásfüggvénye


Fξ : R → [0, 1], Fξ(x) := P (ξ < x).


Mivel a valósźınűségi változó defińıciója szerint a {ξ < x} halmaz min-
den x ∈ R esetén esemény, vagyis valósźınűség van hozzá rendelve, ezért az
eloszlásfüggvény minden valós számra értelmezett.


Tétel. Az eloszlásfüggvény monoton növekvő, ∞-ben 1, −∞-ben 0 a
határértéke, továbbá minden pontban balról folytonos.


Másrészt, ha egy tetszőleges F : R → R függvény monoton növekvő,
∞-ben 1, −∞-ben 0 a határértéke, továbbá minden pontban balról folyto-
nos, akkor létezik egy olyan valósźınűségi változó, amelynek F az eloszlás-
függvénye.


Tétel. Ha a, b ∈ R és a < b, akkor P (a ≤ ξ < b) = Fξ(b)− Fξ(a).


Tétel. Ha ξ eloszlásfüggvénye x0-ban folytonos, akkor P (ξ = x0) = 0.
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Példák. (1) Egy dobozban 9 fehér és 6 fekete golyó van. Hármat ki-
veszünk visszatevés nélkül. Legyen ξ a kihúzott fehérek száma. Ekkor


{ξ < x} =





























∅, ha x ≤ 0,
{ξ = 0}, ha 0 < x ≤ 1,
{ξ = 0} ∪ {ξ = 1}, ha 1 < x ≤ 2,
{ξ = 0} ∪ {ξ = 1} ∪ {ξ = 2}, ha 2 < x ≤ 3,
Ω, ha x > 3,


ezért


F : R → R, F (x) = Fξ(x) =





























0, ha x ≤ 0,
20/455, ha 0 < x ≤ 1,
(20 + 135)/455, ha 1 < x ≤ 2,
(20 + 135 + 216)/455, ha 2 < x ≤ 3,
1, ha x > 3.


(2) Létezik-e olyan valósźınűségi változó, amelynek az alábbi F az el-
oszlásfüggvénye?


F : R → R, F (x) =


{


0, ha x < 1,
x−1
x+1 , ha x ≥ 1.


Megoldás. Az F értelmezési tartománya R, másrészt x−1
x+1 = 1− 2


x+1
miatt az F monoton növekvő és ∞-ben 1 a határértéke. Mivel F (x) = 0,
ha x < 1, ezért F -nek −∞-ben 0 a határétéke. Még azt kell megvizsgálni,
hogy F minden pontban balról folytonos-e. Mivel a konstans függvény és az
x−1
x+1 (x ≥ 1) függvény is folytonos, ezért csak x = 1 esetén kell megvizsgálni
F -et.


lim
x→1+0


F (x) = lim
x→1


x− 1


x+ 1
= 0 = F (1),


és


lim
x→1−0


F (x) = lim
x→1


0 = 0,


tehát x = 1-ben létezik a határérték (hiszen a jobb- és bal oldali határérték
egyenlő) és az megegyezik a helyetteśıtési értékkel. Vagyis itt is folytonos
az F . Tehát ez eloszlásfüggvény.


Az első példában definiált diszkrét valósźınűségi változó eloszlásfüggvé-
nyének minden Rξ-beli pontban szakadási helye van (azaz nem folytonos).
Ez nem csak ennél az esetnél van ı́gy. Erről szól a következő tétel.
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Tétel. Diszkrét valósźınűségi változó eloszlásfüggvényének pontosan
azokban a pontokban van szakadási helye, amelyek benne vannak a valósźı-
nűségi változó értékkészletében.


Feladatok. (1) Három kockával dobunk egyszerre. Számı́tsa ki a do-
bott számok összegének eloszlásfüggvényét az x = 5,2 helyen.


(2) Vizsgálja meg a következő függvényeket. Melyik lehet eloszlásfügg-
vény és melyik nem?


F : R → R, F (x) =


{


0, ha x < 1,
2x−1
x+1 , ha x ≥ 1,


F : R → R, F (x) =


{


0, ha x < 0,
x3


1+x2 , ha x ≥ 0.


(3) Két kockával dobunk. A dobott számok különbségének abszolútér-
téke valósźınűségi változó. Határozza meg az eloszlásfüggvényét.


(4) Ketten megbeszélik, hogy este 8 és 9 óra között találkoznak. Mi a
várakozási idő eloszlásfüggvénye?


Megoldások. (1) Fξ(5,2)=P (ξ<5,2)=P (ξ=3vagy ξ=4vagy ξ=5) =
= 1+3+6


63
= 10


63
.


(2) Az elsőnek végtelenben 2 a határértéke, ezért nem lehet eloszlás-
függvény. A másodiknak végtelenben végtelen a határértéke, ezért nem lehet
eloszlásfüggvény.


(3) Felhasználva az eloszlásnál taglalt 1. feladatban kapottakat,


Fξ : R → R, Fξ(x) =





















































0, ha x ≤ 0,
6/36, ha 0 < x ≤ 1,
16/36, ha 1 < x ≤ 2,
24/36, ha 2 < x ≤ 3,
30/36, ha 3 < x ≤ 4,
34/36, ha 4 < x ≤ 5,
1, ha 5 < x.


(4) A valósźınűségnél taglalt 1. példából kapjuk, hogy


Fξ : R → R, Fξ(x) =


{


0, ha x ≤ 0,
2x− x2, ha 0 < x ≤ 1,
1, ha x > 1.
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Sűrűségfüggvény


A fizikában egy test tömegsűrűségét úgy adják meg, hogy a test tömegét
elosztják a térfogatával. Most is ilyen jellegű fogalmat határozunk meg, csak
a valósźınűségre.


Legyen x ∈ R és ε ∈ R+. Ekkor annak a valósźınűsége, hogy egy ξ
valósźınűségi változó az [x, x + ε) intervallumban legyen, egy korábbi tétel
alapján


P (x ≤ ξ < x+ ε) = Fξ(x+ ε)− Fξ(x).


Most ez lesz az adott intervallum ,,tömege”. Ezt kell elosztani az intervallum
,,térfogatával”, azaz a hosszával, mely ε. Így a sűrűség


Fξ(x+ ε)− Fξ(x)


ε
.


Ebből az x pontban a sűrűséget úgy kaphatjuk meg, hogy az ε konvergál
0-hoz, miközben ε 6= 0. Az x-beli sűrűséget jelöljük fξ(x)-szel. Tehát


fξ(x) = lim
ε→0


Fξ(x+ ε)− Fξ(x)


ε
= F ′


ξ(x),


melyből következik, hogy fξ integrálja Fξ.


Defińıció. A ξ valósźınűségi változót abszolút folytonosnak vagy rö-
viden folytonosnak nevezzük, ha létezik olyan fξ : R → R nemnegat́ıv
függvény, melyre minden x ∈ R esetén


Fξ(x) =


x
∫


−∞


fξ(t)dt


teljesül. Ekkor az fξ függvényt a ξ sűrűségfüggvényének nevezzük.


Példa. Legyen


F : R → R, F (x) =


{


0, ha x ≤ 0,
x, ha 0 < x ≤ 1,
1, ha x > 1.


Ez az előző fejezet értelmében eloszlásfüggvény, azaz létezik olyan ξ való-
sźınűségi változó, melyre Fξ = F teljesül. Ekkor a ξ folytonos valósźınűségi
változó, mert


fξ : R → R, fξ(x) :=
{


1, ha 0 < x < 1,
0 különben
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választással minden x ∈ R esetén Fξ(x) =
x
∫


−∞
fξ(t)dt teljesül.


Tétel. Ha ξ folytonos valósźınűségi változó, a, b ∈ R és a < b, akkor


P (a ≤ ξ < b) =


b
∫


a


fξ(x)dx.


Tétel. Minden folytonos valósźınűségi változó eloszlásfüggvénye foly-
tonos minden pontban, továbbá a differenciálható pontokban F ′


ξ(x) = fξ(x).


Eszerint diszkrét valósźınűségi változó nem lehet folytonos, ugyanis
diszkrét valósźınűségi változó eloszlásfüggvénye nem minden pontban foly-
tonos.


Létezik olyan valósźınűségi változó, amely nem diszkrét és nem folyto-
nos, de mi a továbbiakban ilyen esetekkel nem foglalkozunk.


További következmény, hogy folytonos ξ valósźınűségi változó esetén
P (ξ = x) = 0 minden x ∈ R esetén.


Tétel. Ha ξ folytonos, akkor
∞
∫


−∞
fξ(x)dx = 1. Másrészt, ha egy nem-


negat́ıv f : R → R függvényre
∞
∫


−∞
fξ(x)dx = 1 teljesül, akkor létezik olyan


folytonos valósźınűségi változó, melynek f a sűrűségfüggvénye.


Példák. (1) Legyen egy ξ folytonos valósźınűségi változó eloszlásfügg-
vénye


Fξ : R → R, Fξ(x) :=


{


0, ha x < 1,
x−1
x+1 , ha x ≥ 1.


Határozzuk meg a sűrűségfüggvényét.


Megoldás. Korábban láttuk, hogy Fξ valóban eloszlásfüggvény. Így
fξ(x) = F ′(x) = (0)′ = 0, ha x < 1 és


fξ(x) = F ′(x) =
(


x−1
x+1


)′
= x+1−(x−1)


(x+1)2 = 2
(x+1)2 , ha x ≥ 1.


(2) Legyen


f : R → R, f(x) :=


{


x+ 1
2 , ha 0 < x < 1,


0 különben.


Lehet-e ez sűrűségfüggvény? Ha igen, határozzuk meg az eloszlásfüggvényt.
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Megoldás. Egyrészt f nemnegat́ıv, másrészt


∞
∫


−∞


f(x)dx =


1
∫


0


(


x+
1


2


)


dx =


[


x2


2
+


x


2


]1


0


=
12


2
+


1


2
= 1,


tehát f sűrűségfüggvény. Így


F (x) =


x
∫


−∞


f(t)dt =


x
∫


0


(


t+
1


2


)


dt =


[


t2


2
+


t


2


]x


0


=
x2 + x


2
,


ha 0 ≤ x < 1, illetve


F (x) =


x
∫


−∞


f(t)dt =


x
∫


−∞


0dt = 0,


ha x < 0 és


F (x) =


x
∫


−∞


f(t)dt =


1
∫


−∞


f(t)dt+


x
∫


1


f(t)dt =


=


1
∫


0


(


t+
1


2


)


dt+


x
∫


1


0dt =


[


t2


2
+


t


2


]1


0


+ 0 = 1,


ha x ≥ 1.


Feladatok. (1) Legyen


f : R → R, f(x) :=


{


x, ha 0 < x < 1,
2− x, ha 1 < x < 2,
0 különben.


Lehet-e ez sűrűségfüggvény, és ha igen, mi a hozzátartozó eloszlásfüggvény?
Határozza meg a P (−1 ≤ ξ < 5) értékét, ahol ξ sűrűségfüggvénye f .


(2) Legyen a ξ folytonos valósźınűségi változó eloszlásfüggvénye


Fξ : R → R, Fξ(x) :=











0, ha x ≤ 0,
1− cos x, ha 0 < x ≤ π


2
,


1 ha x > π
2
.
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Határozza meg ξ sűrűségfüggvényét.


Megoldások. (1) Az f nemnegat́ıv, továbbá
∞
∫


−∞
f(x)dx =


1
∫


0


xdx +


+
2
∫


1


(2 − x)dx =
[


x2


2


]1


0
+
[


2x− x2


2


]2


1
= 1


2
+ 4 − 2 − 2 + 1


2
= 1, tehát f


sűrűségfüggvény.


Fξ(x) =
x
∫


−∞
fξ(t)dt =


x
∫


0


tdt =
[


t2


2


]x


0
= x2


2 , ha 0 < x ≤ 1,


Fξ(x) =
1
∫


0


tdt+
x
∫


1


(2− t)dt =
[


t2


2


]1


0
+
[


2t− t2


2


]x


1
= 1


2 +2x− x2


2 −2+ 1
2 =


= 2x− x2


2
− 1, ha 1 < x ≤ 2,


Fξ(x) = 0, ha x ≤ 0,


Fξ(x) = 1, ha x > 2.


P (−1 ≤ ξ < 5) = Fξ(5)− Fξ(−1) = 1− 0 = 1.


(2) fξ : R → R, fξ(x) = F
′


ξ(x) =
{


sinx, ha 0 < x ≤ π
2


0 különben.


Várható érték


Egy játékban 6 forintot nyerünk, ha kockán 6-ost dobunk. Minden
más esetben annyi forintot vesźıtünk, mint amennyit a kocka mutat. Vajon
érdemes-e játszani ezt a játékot, azaz hosszú távon átlagban egy játékban
nyerünk vagy vesztünk? Például, ha ötször játszunk és a dobássorozat ered-
ménye 2, 6, 1, 2, 3, akkor játékonként átlagban (−2+6−1−2−3)/5 = −2/5
forintot nyertünk, azaz 2/5 forintot vesztettünk. A valósźınűség tárgyalása-
kor léırt tapasztalat szerint a relat́ıv gyakoriság a valósźınűség körül ingado-
zik. Így, ha ezt a játékot n-szer játszottuk, ahol n nagy szám, akkor például
6-ost körülbelül n · 1


6
-szor dobtunk. Ebből következően n dobás után játé-


konként átlagban körülbelül


−1 · n · 1
6 − 2 · n · 1


6 − 3 · n · 1
6 − 4 · n · 1


6 − 5 · n · 1
6 + 6 · n · 1


6


n
= −3


2


forint a nyereség, azaz 1,5 forint a veszteség. Vagyis hosszú távon ezt a
játékot nem érdemes játszani.


Természetesen, ha ,,cinkeljük” a kockát, azaz nem egyforma valósźınű-
séggel eshet a kocka minden oldalára, akkor változik a helyzet. Ha például
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1/2 valósźınűséggel dobunk 6-ost, a többi oldalára pedig 1/10 valósźınűség-
gel esik a kocka, akkor az átlagos nyeremény hosszú távon


−1 · n · 1
10 − 2 · n · 1


10 − 3 · n · 1
10 − 4 · n · 1


10 − 5 · n · 1
10 + 6 · n · 1


2


n
=


3


2
,


vagyis ekkor már érdemes játszani. Általánośıtva, ha pi valósźınűséggel do-
bunk a kockán i-t, akkor az eredmény


(−1) · p1 + (−2) · p2 + (−3) · p3 + (−4) · p4 + (−5) · p5 + 6 · p6,


melyet a nyeremény várható értékének nevezünk. Ezt a defińıciót általáno-
śıtjuk a következőkben.


Defińıció. Ha a ξ diszkrét valósźınűségi változónak az értékkészlete
{x1, x2, . . .}, akkor az


E(ξ) =
∑


i


xiP (ξ = xi)


összeget a ξ várható értékének nevezzük.


Ha ξ folytonos, akkor P (ξ = x) = 0 minden x ∈ R esetén, ezért az
előző defińıció ekkor nem alkalmazható közvetlenül. Analóg formulát azon-
ban nyerhetünk, ha ξ-t kis intervallumokon az intervallum alsó végpontjával
helyetteśıtjük. Tehát


∑


i


xiP (xi ≤ ξ < xi+1) =
∑


i


xi


xi+1
∫


xi


fξ(x)dx ≈
∞
∫


−∞


xfξ(x)dx.


Vagyis kimondhatjuk a következő defińıciót:


Defińıció. Ha ξ folytonos valósźınűségi változó, akkor az


E(ξ) =


∞
∫


−∞


xfξ(x)dx


számot a ξ várható értékének nevezzük. A várható érték pontos defińıció-
jához még bizonyos okok miatt hozzátartozik, hogy diszkrét esetben az adott
sor, illetve folytonos esetben az adott integrál legyen abszolút konvergens.
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A fentiekben ettől a feltételtől eltekintettünk, egyrészt az egyszerűség ked-
véért, másrészt azért, mert a következőkben tárgyalt példákban ez a feltétel
mindig teljesül.


Tétel. Ha ξ és η valósźınűségi változók és a, b ∈ R, akkor


E(aξ + bη) = aE(ξ) + bE(η).


Tétel. Ha a ξ diszkrét valósźınűségi változó értékkészlete {x1, x2, . . .},
akkor


E(ξ2) =
∑


i


xi
2P (ξ = xi).


Tétel. Ha a ξ folytonos valósźınűségi változó, akkor


E(ξ2) =


∞
∫


−∞


x2fξ(x)dx.


Tétel. Ha ξ konstans függvény, azaz valamely c ∈ R esetén teljesül,
hogy ξ(ω) = c minden ω ∈ Ω-ra, akkor E(ξ) = c.


Példák. (1) Dobókockajátékban a ξ valósźınűségi változó értéke legyen
az a szám, amit a kocka mutat. Határozzuk meg ξ, illetve ξ2 várható értékét.


Megoldás. Mivel a ξ értékkészlete {1, 2, 3, 4, 5, 6}, ezért


E(ξ) =
6
∑


i=1


xiP (ξ = xi) =
6
∑


i=1


i · 1
6
= 3,5


és


E(ξ2) =
6
∑


i=1


xi
2P (ξ = xi) =


6
∑


i=1


i2 · 1
6
=


91


6
.


(2) Legyen a ξ folytonos valósźınűségi változó sűrűségfüggvénye


fξ : R → R, fξ(x) :=
{


2x ha 0 < x < 1,
0 különben.


Határozzuk meg ξ, illetve ξ2 várható értékét.
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Megoldás.Az fξ valóban sűrűségfüggvény, mert egyrészt nemnegat́ıv,
másrészt


∞
∫


−∞


fξ(x)dx =


1
∫


0


2xdx =
[


x2
]1


0
= 1.


Így


E(ξ) =


∞
∫


−∞


xfξ(x)dx =


1
∫


0


2x2dx =


[


2


3
x3


]1


0


=
2


3
,


E(ξ2) =


∞
∫


−∞


x2fξ(x)dx =


1
∫


0


2x3dx =


[


1


2
x4


]1


0


=
1


2
.


Feladatok. (1) Ketten megállapodnak, hogy este 8 és 9 óra között ta-
lálkoznak. Mi a várakozási idő, illetve a várakozási idő négyzetének várható
értéke?


(2) Két kockát feldobunk. Mi a dobott számok összegének, illetve a
dobott számok abszolút eltérésének várható értéke?


(3) Egy gép egy ind́ıtásra p valósźınűséggel indul be. Várhatóan hánya-
dik ind́ıtásra fog beindulni a gép? (Pontosabban ha ξ azt jelenti, hogy a gép
hányadikra indult be, akkor kérdés a ξ várható értéke.)


Megoldások. (1) Felhasználva a valósźınűségnél tárgyalt 1. példa
eredményét, kapjuk, hogy


fξ : R → R, fξ(x) =
{


2− 2x, ha 0 ≤ x ≤ 1,
0 különben.


ı́gy


E(ξ) =


∞
∫


−∞


xfξ(x)dx =


1
∫


0


x(2− 2x)dx =


[


x2 − 2


3
x3


]1


0


= 1− 2


3
=


1


3
,


és


E(ξ2) =


1
∫


0


x2(2− 2x)dx =


[


2


3
x3 − 1


2
x4


]1


0


=
2


3
− 1


2
=


1


6
.


(2) Az összeg eloszlása P (ξ = 2) = 1
36
, P (ξ = 3) = 2


36
, P (ξ = 4) = 3


36
,


P (ξ = 5) = 4
36 , P (ξ = 6) = 5


36 , P (ξ = 7) = 6
36 , P (ξ = 8) = 5


36 , P (ξ = 9) =
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= 4
36 , P (ξ = 10) = 3


36 , P (ξ = 11) = 2
36 , P (ξ = 12) = 1


36 , ı́gy a várható érték
2· 1


36+3· 2
36+4· 3


36+5· 4
36+6· 5


36+7· 6
36+8· 5


36+9· 4
36+10· 3


36+11· 2
36+12· 1


36 = 7.


Az abszolút eltérés eloszlását már láttuk az eloszlásoknál az 1. feladat-
ban. Így E(ξ) = 0 · 6


36 + 1 · 10
36 + 2 · 8


36 + 3 · 6
36 + 4 · 4


36 + 5 · 2
36 = 70


36 .


(3) P (ξ = k) = pqk−1, ahol k ∈ Z+ és q = 1− p. Így


E(ξ) =
∞
∑


k=1


kpqk−1 = p
∞
∑


k=1


kqk−1 = p
∞
∑


k=1


(qk)′ = p


( ∞
∑


k=1


qk


)′


=


= p


(


q


1− q


)′
= p


1− q + q


(1− q)2
= p


1


p2
=


1


p
.


Szórásnégyzet


Egy szerencsejátékban akkor nyerünk, ha egy pénzérmével ı́rást do-
bunk, ellenkező esetben vesźıtünk. Bár ekkor a tét nagyságától függetlenül
a nyeremény várható értéke mindig 0, mégis például százezer forintos tétnél
nagyon meggondolnánk, hogy játsszuk-e ezt a játékot. Nyilván azért, mert
ekkor igaz, sokat lehet nyerni, de vesźıteni is. Hiszen minél nagyobb a tét,
annál nagyobb a nyeremény eltérése, szóródása a várható értéktől.


Most ezt a szóródást szeretnénk jellemezni. De mi legyen a mértéke?
Nyilván ξ-nek az E(ξ)-től való átlagos eltérése, azaz E(|ξ − E(ξ)|) tűnik
célszerűnek. Azonban ezt az abszolútérték miatt kényelmetlen kiszámolni,
ezért praktikusabb a következő defińıció:


Defińıció. A ξ valósźınűségi vátozó szórása


D(ξ) :=


√


E
(


(


ξ − E(ξ)
)2
)


,


illetve szórásnégyzete


D2(ξ) = E
(


(ξ − Eξ)2
)


.


Tétel. D2(ξ) = E(ξ2)− E2(ξ), ahol E2(ξ) :=
(


E(ξ)
)2
.


Tétel. D(aξ + b) = |a|D(ξ), ahol a, b,∈ R, továbbá konstans valósźı-
nűségi változó szórása mindig 0.
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Tétel. Ha ξ és η valósźınűségi vátozók függetlenek, akkor


D2(ξ + η) = D2(ξ) +D2(η).


Példa. Adjuk meg az előző fejezet példáiban definiált valósźınűségi
változók szórásnégyzeteit, illetve szórásait.


Megoldás. Az első példában E(ξ) = 3,5 és E(ξ2) = 91
6
, amelyből


következik, hogy D2(ξ) = 91
6
− 3,52 ≈ 2,9167 és D(ξ) ≈ 1,7078.


A másodikban E(ξ) = 2
3 és E(ξ2) = 1


2 , ezért D
2(ξ) = 1


2 −
(


2
3


)2
= 1


18 és
D(ξ) ≈ 0,2357.


Feladat. Adja meg az előző fejezet feladataiban definiált valósźınűségi
változók szórásnégyzeteit, illetve szórásait.


Megoldások. (1) D2(ξ) = E(ξ2)− E2(ξ) = 1
6 − 1


32 és D(ξ) = 1√
18
.


(2) E(ξ2) = 22 · 1
36 + 32 · 2


36 + 42 · 3
36 + 52 · 4


36 + 62 · 5
36 + 72 · 6


36+
+82 · 5


36 + 92 · 4
36 + 102 · 3


36 + 112 · 2
36 + 122 · 1


36 = 1974
36


D2(ξ) = 1974
36 − 72 = 210


36 és D(ξ) =
√
210
6 .


(3) E(ξ2) =
∞
∑


k=1


k2pqk−1 = p
∞
∑


k=1


(kqk)′ = p


( ∞
∑


k=1


kqk
)′


=


= p


(


q
∞
∑


k=1


kqk−1


)′
= p


(


q 1
p2


)′
= p


(


q
(1−q)2


)′
= p (1−q)2+q2(1−q)


(1−q)4 = 1+q
p2


D2(ξ) = 1+q
p2 − 1


p2 = q
p2 és D(ξ) =


√
q


p .


Kovariancia és korrelációs együttható


Defińıció. A ξ és η valósźınűségi változók kovarianciája


cov(ξ, η) := E
(


(


ξ − E(ξ)
)(


η − E(η)
)


)


.


Tétel. cov(ξ, η) = cov(η, ξ) és D2(ξ) = cov(ξ, ξ).


Tétel. cov(ξ, η) = E(ξη) − E(ξ)E(η).


Tétel. Ha ξ és η független valósźınűségi változók, akkor a kovarianci-
ájuk nulla.
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Defińıció. Ha D(ξ)D(η) 6= 0, akkor ξ és η korrelációs együtthatója


corr(ξ, η) :=
cov(ξ, η)


D(ξ)D(η)
.


Tétel. |corr(ξ, η)| ≤ 1.


Defińıció. Ha léteznek a, b ∈ R és a 6= 0 konstansok, melyekre teljesül,
hogy P (η = aξ + b) = 1, akkor azt mondjuk, hogy η és ξ valósźınűségi
változók lineárisan függőek.


Tétel. A ξ és η valósźınűségi változók akkor és csak akkor lineárisan
függőek, ha |corr(ξ, η)| = 1.


Ezért a korrelációs együtthatót a lineáris függőség mértékszámának is
nevezik. A gyakorlatban a |corr(ξ, η)| minél jobban megközeĺıti az 1-et, a ξ
és η lineáris kapcsolata annál erősebbnek mondható.


Példa. Legyen a ξ és η valósźınűségi változók értékkészlete {0, 1}, me-
lyekre teljesülnek a következők:


P ({ξ = 0} ∩ {η = 0}) = 0,4


P ({ξ = 0} ∩ {η = 1}) = 0,06


P ({ξ = 1} ∩ {η = 0}) = 0,04


P ({ξ = 1} ∩ {η = 1}) = 0,5.


Ezek a számok a ξ és η úgynevezett együttes eloszlását határozzák meg,
amit egy táblázatban a következőképpen ı́rhatunk fel:


ξ \ η 0 1 összeg


0 0,4 0,06 0,46
1 0,04 0,5 0,54


összeg 0,44 0,56 1


(Nyilván az együttes eloszlásban szereplő számok összege 1 kell, hogy le-
gyen.) Számı́tsuk ki a ξ és η korrelációs együtthatóját.


Megoldás.


P (ξ = 0) = P ({ξ = 0} ∩ Ω) = P
(


{ξ = 0} ∩ ({η = 0} ∪ {η = 1})
)


=


= P
(


({ξ = 0} ∩ {η = 0}) ∪ ({ξ = 0} ∩ {η = 1})
)


=


= P ({ξ = 0} ∩ {η = 0}) + P ({ξ = 0} ∩ {η = 1}) = 0,46.
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Hasonlóan


P (ξ = 1) = 0,54, P (η = 0) = 0,44, P (η = 1) = 0,56.


Ebből
E(ξ) = 0 · 0,46 + 1 · 0,54 = 0,54,


E(ξ2) = 02 · 0,46 + 12 · 0,54 = 0,54,


E(η) = 0 · 0,44 + 1 · 0,56 = 0,56,


E(η2) = 02 · 0,44 + 12 · 0,56 = 0,56,


ı́gy


D(ξ) =
√


E(ξ2)− E2(ξ) =
√


0,54− 0,542 ≈ 0,4984,


D(η) =
√


E(η2)− E2(η) =
√


0,56− 0,562 ≈ 0,4964.


Mivel ξη értékkészlete {0, 1} és


P (ξη = 0) = 0,4 + 0,06 + 0,04 = 0,5


P (ξη = 1) = 0,5


ezért


E(ξη) = 0 · 0,5 + 1 · 0,5 = 0,5.


Ebből


cov(ξ, η) = E(ξη)− E(ξ)E(η) = 0,5− 0,54 · 0,56 = 0,1976,


ı́gy kapjuk, hogy


corr(ξ, η) =
cov(ξ, η)


D(ξ)D(η)
≈ 0,1976


0,4984 · 0,4964 ≈ 0,7987.


Feladat. Egésźıtse ki a következő együttes eloszlás táblázatának hi-
ányzó adatait, majd számolja ki a kovarianciát és a korrelációs együtthatót.


ξ \ η -1 2 összeg


1 0,3
3 0,25 0,14


összeg 1


213







Megoldás.


ξ \ η -1 2 összeg


1 0,3 0,31 0,61
3 0,25 0,14 0,39


összeg 0,55 0,45 1


cov(ξ, η) = 1(−1) · 0,3+1 · 2 · 0,31+3(−1) · 0,25+3 · 2 · 0,14− (1 · 0,61+
+3 · 0,39)(−1 · 0,55 + 2 · 0,45) = −0,213


D(ξ) =
√


12 · 0,61 + 32 · 0,39− (1 · 0,61 + 3 · 0,39)2 =
√
0,9516


D(η) =
√


(−1)2 · 0,55 + 22 · 0,45 − (−1 · 0,55 + 2 · 0,45)2 =
√
2,2275


corr(ξ, η) = −0,213√
0,9516·2,2275 ≈ −0,1463.


Valósźınűségi változók nevezetes eloszlásai


Binomiális eloszlás


Legyen egy dobozban egy piros és két fekete golyó. Vegyünk ki vé-
letlenszerűen egy golyót, majd tegyük vissza. Ezt ismételjük meg t́ızszer.
Legyen ξ azon esetek száma, amikor pirosat vettünk ki. Ez egy úgynevezett
visszatevéses mintavétel. Határozzuk meg ξ eloszlását.


A ξ értékkészlete {0, 1, . . . , 10}. Annak a valósźınűsége, hogy például az
első k darab húzáskor pirosat választunk, a többinél pedig nem, a húzások


függetlensége miatt
(


1
3


)k ·
(


2
3


)10−k
. Másrészt


(


10
k


)


-féleképpen fordulhat elő,


hogy pontosan k-szor húztunk piros golyót. Így


P (ξ = k) =


(


10


k


)


·
(


1


3


)k


·
(


2


3


)10−k


.


Defińıció. Legyen {0, 1, . . . , n} egy ξ diszkrét valósźınűségi változó
értékkészlete, melynek eloszlása


P (ξ = k) =


(


n


k


)


pkqn−k,


ahol 0 < p < 1 és q = 1− p. Ekkor ξ-t n-edrendű p paraméterű binomiális
eloszlású valósźınűségi változónak nevezzük.


Az előző példában ξ tehát 10-edrendű 1/3 paraméterű binomiális elosz-
lású valósźınűségi változó volt. Vegyük észre, hogy ξ a piros golyó húzásának
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gyakoriságát jelölte. Általánosan is igaz, hogy a gyakoriság binomiális elosz-
lású.


Tétel. Ha ξ n-edrendű p paraméterű binomiális eloszlású valósźınűségi
változó, akkor E(ξ) = np és D2(ξ) = npq.


Vagyis az előző példában a piros golyó húzásszámának várható értéke


10 · 1
3 ≈ 3,33, illetve szórása


√


10 · 1
3 · 2


3 ≈ 1,49.


Hipergeometrikus eloszlás


Legyen egy dobozban 80 darab golyó, abból 10 darab piros, a többi
fekete. Válasszunk ki 20 darab golyót úgy, hogy az egyes húzások után a ki-
választott golyót nem helyezzük vissza a dobozba. Ezt visszatevés nélküli
mintavételnek nevezzük. Mi a valósźınűsége annak, hogy a kiválasztott 20
között pontosan 8 darab piros van?


Mivel a 80 golyóból 20-at visszatevés nélkül
(


80
20


)


-féleképpen választha-


tunk ki, továbbá a 10 pirosból 8-at
(


10
8


)


-féleképpen, illetve a 70 feketéből


tizenkettőt
(


70
12


)


-féleképpen választhatunk ki, ezért a megoldás


(


10
8


)(


70
12


)


(


80
20


) .


Általánośıtva: ha ξ azt jelenti, hogy a 20 kiválasztott golyó között hány
piros van, akkor ξ eloszlása


P (ξ = k) =


(


10
k


)(


70
20−k


)


(


80
20


) ,


ahol k = 0, 1, 2, . . . , 10.


Defińıció. Legyen ξ egy diszkrét valósźınűségi változó, melynek elosz-
lása


P (ξ = k) =


(


M
k


)(


N−M
n−k


)


(


N
n


) ,


ahol n, M és N pozit́ıv egész számokra M < N és n < N , továbbá k
egész számra max{0, n − (N − M)} ≤ k ≤ min{M,n} áll fenn. Ekkor ξ-t
hipergeometrikus eloszlású valósźınűségi változónak nevezzük.
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Az előbb ismertetett ḱısérlet nem más, mint a kenójáték azon verziója,
amikor 10 számot tippelünk meg. Az előzőek szerint a kenójátékban a talá-
latok száma hipergeometrikus eloszlású, ahol N = 80, n = 20 és M a tippek
száma.


Tétel. Ha ξ hipergeometrikus eloszlású valósźınűségi változó, akkor


E(ξ) = n
M


N
és D2(ξ) = n


M


N


(


1− M


N


)


N − n


N − 1
.


Ha a kenójátékban 10 számot tippelünk meg, akkor a találatok számá-


nak várható értéke 20 · 10
80 = 2,5 illetve szórása


√


20 · 10
80 · 70


80 · 60
79 ≈ 1,29.


Tétel. Ha N és M nagy, akkor a hipergeometrikus eloszlás közeĺıtőleg
megegyezik az n-edrendű p = M


N paraméterű binomiális eloszlással. Vagyis
ekkor mindegy, hogy visszatevéssel vagy visszatevés nélkül húzunk.


Példa. Legyen 10 000 termék között 10% selejt. A termékek közül 10
darabot válasszunk ki véletlenszerűen, visszatevés nélkül. Ha ξ a 10 termék
közötti selejtesek számát jelöli, akkor az N = 10000, M = 1000, n = 10
paraméterű hipergeometrikus eloszlású valósźınűségi változó. Azaz például
annak a valósźınűsége, hogy a kiválasztott 10 termék között pontosan 3
selejtes van


P (ξ = 3) =


(


1000
3


)(


9000
7


)


(


10 000
10


) .


Ezt körülményes kiszámolni, de mivel N és M nagy, ezért alkalmazhat-
juk a binomiális közeĺıtést. Tehát


P (ξ = 3) ≈
(


10


3


)


0,13 · 0,97 ≈ 0,0574.


Poisson-eloszlás


Defińıció. Legyen {0, 1, 2, . . .} egy ξ diszkrét valósźınűségi változó ér-
tékkészlete, melynek eloszlása


P (ξ = k) =
λk


k!
e−λ,


ahol λ > 0 konstans. Ekkor ξ-t Poisson-eloszlású valósźınűségi változónak
nevezzük.
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Tétel. Ha ξ Poisson-eloszlású valósźınűségi változó λ > 0 paraméter-
rel, akkor E(ξ) = D2(ξ) = λ.


Tétel. Nagy n és kis p esetén, λ = np választással a Poisson-eloszlás
jól közeĺıti a binomiális eloszlást.


Példák. (1) Ha n = 1000 lövést adunk le egy célra, és minden lövés
egymástól függetlenül p = 0,004 valósźınűséggel talál, akkor mi annak a
valósźınűsége, hogy 3-szor találunk célba?


Megoldás. Mivel a találatok száma binomiális eloszlású, ezért


P (ξ = 3) =


(


1000


3


)


0,0043 · 0,996997,


de most használhatjuk a Poisson-eloszlással való közeĺıtést. λ = np = 4,
ezért


P (ξ = 3) ≈ 43


3!
e−4 ≈ 0,1954.


(2) Egy félkilós kalácsban átlagban 80 mazsolaszem található. Mi a
valósźınűsége annak, hogy egy 5 dekagrammos szeletben nincs mazsola?


Megoldás. A mazsolaszemek száma Poisson-eloszlásúnak tekinthető.
Egy szeletben az átlagos számuk 8, tehát λ = 8. Így P (ξ = 0) = 80


0!
e−8.


Egyenletes eloszlás


Defińıció. Legyen ξ egy folytonos valósźınűségi változó, továbbá a < b
valós számok. Ha ξ sűrűségfüggvénye


fξ : R → R, fξ(x) =


{


1
b−a , ha a < x < b,
0 egyébként,


akkor ξ-t egyenletes eloszlású valósźınűségi változónak nevezzük az (a, b)
intervallumon.


Egyenletes eloszlású valósźınűségi változó sűrűségfüggvénye
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Az egyenletes eloszlás a geometriai valósźınűségi mezőre jellemző. Le-
gyen például (Ω,A, P ) egy olyan geometriai valósźınűségi mező, amelyben
Ω = (a, b). Ekkor a ξ : Ω → R, ξ(ω) := ω az (a, b) intervallumon egyenletes
eloszlású valósźınűségi változó. Ezt az olvasó könnyen beláthatja a következő
tétel seǵıtségével:


Tétel. Az (a, b) intervallumon egyenletes eloszlású ξ valósźınűségi
változó eloszlásfüggvénye


Fξ : R → R, Fξ(x) =


{


0, ha x ≤ a,
x−a
b−a , ha a < x < b,
1, ha x ≥ b.


Tétel. Ha ξ az (a, b) intervallumon egyenletes eloszlású valósźınűségi
változó, akkor


E(ξ) =
a+ b


2
és D2(ξ) =


(b− a)
2


12
.


Egyenletes eloszlású valósźınűségi változó eloszlásfüggvénye


Példa. Mekkora valósźınűséggel vesz fel egy (−
√
3,
√
3) intervallumon


egyenletes eloszlású ξ valósźınűségi változó olyan értéket, amely a várható
értéktől a szórásnál nagyobb értékkel tér el?


Megoldás. Mivel E(ξ) = −
√
3+


√
3


2 = 0 és D(ξ) = 2
√
3√


12
= 1, ezért


P (|ξ − E(ξ)| > D(ξ)) = P (|ξ| > 1) = P (ξ > 1 vagy ξ < −1) =


= P (ξ > 1) +P (ξ < −1) = 1−Fξ(1)+Fξ(−1) = 1− 1 +
√
3


2
√
3


+
−1 +


√
3


2
√
3


=


=
2
√
3− 1−


√
3− 1 +


√
3


2
√
3


=
2
√
3− 2


2
√
3


= 1−
√
3


3
≈ 0,4226.
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Exponenciális eloszlás


Defińıció. Legyen ξ egy folytonos valósźınűségi változó és λ > 0 valós
szám. Ha ξ sűrűségfüggvénye


fξ : R → R, fξ(x) =


{


0, ha x ≤ 0,
λe−λx, ha x > 0,


akkor ξ-t λ paraméterű exponenciális eloszlású valósźınűségi változónak
nevezzük.


Tekintsük egy olyan alkatrész élettartamát, mely bármikor meghibá-
sodhat, függetlenül attól, hogy milyen régen álĺıtottuk üzembe. Azaz, ha már
x ideig működőképes maradt, akkor a következő y ideig ugyanakkora eséllyel
nem romlik el, mintha akkor álĺıtották volna üzembe. Ezt a tulajdonságot
örökifjú tulajdonságnak nevezzük. A matematikai modellben feĺırva ez
azt jelenti, hogy minden x, y > 0 esetén


P (ξ ≥ x+ y | ξ ≥ x) = P (ξ ≥ y)


teljesül, ahol ξ az élettartamot jelenti. Bizonýıtható, hogy az ilyen alkatrész
élettartama exponenciális eloszlású.


Az is belátható, hogy ha adott idő alatt egy bizonyos esemény bekövet-
kezéseinek a száma Poisson-eloszlású, akkor két ilyen esemény bekövetkezése
között eltelt idő szintén exponenciális eloszlású.


Exponenciális eloszlású valósźınűségi változó sűrűségfüggvénye


Tétel. Ha ξ egy λ > 0 paraméterű exponenciális eloszlású valósźınű-
ségi változó, akkor az eloszlásfüggvénye


Fξ : R → R, Fξ(x) =


{


0, ha x ≤ 0,
1− e−λx, ha x > 0.
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Exponenciális eloszlású valósźınűségi változó eloszlásfüggvénye


Tétel. Ha ξ egy λ > 0 paraméterű exponenciális eloszlású valósźınű-
ségi változó, akkor E(ξ) = 1


λ és D2(ξ) = 1
λ2 teljesül.


Példa. Annak a valósźınűsége, hogy egy benzinkútnál a tankolásra 6
percnél többet kell várni, a tapasztalatok szerint 0,1. Mennyi a valósźınű-
sége, hogy 3 percen belül sorra kerülünk, feltételezve, hogy a várakozási idő
exponenciális eloszlású?


Megoldás.


P (ξ > 6) = 0,1


1− Fξ(6) = 0,1


Fξ(6) = 0,9


1− e−6λ = 0,9


e−6λ = 0,1


−6λ = ln 0,1


λ = −1


6
ln 0,1.


Ebből P (ξ < 3) = Fξ(3) = 1− e(ln 0,1)/2 = 1−√
0,1 ≈ 0,6838.


Normális eloszlás


Defińıció. Legyen ξ folytonos valósźınűségi változó, továbbá m ∈ R
és σ ∈ R+. Ha ξ sűrűségfüggvénye


fξ : R → R, fξ(x) =
1


σ
√
2π


e−
(x−m)2


2σ2 ,
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akkor ξ-t m és σ paraméterű normális eloszlású valósźınűségi változónak
nevezzük.


Tétel. Ha ξ egy m ∈ R és σ ∈ R+ paraméterű normális eloszlású
valósźınűségi változó, akkor E(ξ) = m és D2(ξ) = σ2.


Normális eloszlású valósźınűségi változó sűrűségfüggvénye


Defińıció. Ha ξ egy m = 0 és σ = 1 paraméterű normális eloszlású
valósźınűségi változó, akkor azt standard normális eloszlású valósźınűsé-
gi változónak nevezzük. Ennek eloszlásfüggvényét Φ-vel jelöljük. Tehát


Φ(x) =
1√
2π


x
∫


−∞


e−
t2


2 dt.


Tétel. Φ(−x) = 1−Φ(x) minden x ∈ R esetén, továbbá Φ szigorúan
monoton növekvő függvény.


Standard normális eloszlású valósźınűségi változó eloszlásfüggvénye


Ez a tétel lehetővé teszi, hogy Φ értékeit táblázatba rendezzük, melyben
elég a nemnegat́ıv x-ek helyetteśıtési értékeit feltüntetni (lásd táblázat).
Azonban ez a táblázat csak standard normális eloszlás esetén használható.
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Hogy tetszőleges normális eloszlás esetén is alkalmazhassuk, ismernünk kell
a következő tételt.


Tétel. Legyen ξ egy m ∈ R és σ ∈ R+ paraméterű normális eloszlású
valósźınűségi változó. Ekkor minden x ∈ R esetén


Fξ(x) = Φ


(


x−m


σ


)


.


Példa. Egy gyár izzókat késźıt. Ezek élettartama normális eloszlású
valósźınűségi változó, 1170 óra várható értékkel és 100 óra szórással. A gyár
az izzókra garanciát vállal. Hány órás működésre szóljon a garancia, ha a
gyár legfeljebb 5% garanciaigényt ḱıván kieléǵıteni?


Megoldás. Ha t órára vállalnak garanciát, akkor


P (ξ < t) ≤ 0,05


Fξ(t) ≤ 0,05


Φ


(


t− 1170


100


)


≤ 0,05


1− Φ


(


1170 − t


100


)


≤ 0,05


0,95 ≤ Φ


(


1170 − t


100


)


.


Mivel Φ szigorúan monoton növekvő, és a táblázat alapján Φ(1,64) ≈ 0,95,
ezért


1,64 ≤ 1170 − t


100


t ≤ 1006.


Tehát legfeljebb 1006 órára szóljon a garancia.


Feladatok. (1) 100 alkatrész között 9 selejtes van. Visszatevés nélkül
veszünk egy 50 elemű mintát. Mi a valósźınűsége, hogy lesz selejtes alkatrész
a mintában? Mennyi a selejtesek számának várható értéke és szórása?


(2) Annak a valósźınűsége, hogy egy üzemben a nyersanyagellátás va-
lamely napon zavartalan, 0,75. Mekkora a valósźınűsége, hogy 6 napon
keresztül csak 3 napon át lesz a nyersanyagellátás zavartalan? Mennyi lesz
6 nap alatt a zavartalan ellátású napok számának várható értéke?
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(3) Egy gép által gyártott termékek között naponta átlagosan 12 darab
lesz selejtes, szórása


√
11,88. Hány terméket késźıt a gép naponta?


(4) Egy augusztusi éjszakán átlagban 10 percenként észlelhető csil-
laghullás. A megfigyelések szerint az észlelt csillaghullások száma időben
Poisson-eloszlású. Mennyi annak a valósźınűsége, hogy egy negyedóra alatt
két csillaghullást látunk?


(5) Egy 500 oldalas könyvben 200 sajtóhiba van. Mekkora a valósźı-
nűsége, hogy 10 véletlenszerűen kiválasztott lapon nem lesz sajtóhiba, ha
feltételezzük, hogy a sajtóhibák száma egy oldalon Poisson-eloszlású?


(6) A ξ egyenletes eloszlású valósźınűségi változó, és E(ξ) = D2(ξ) = 4.
Írja fel ξ eloszlásfüggvényét.


(7) Egy szövőgép 400 szállal dolgozik. Az egyes szálak élettartama,
tehát az az idő, amı́g a szál el nem szakad, exponenciális eloszlású, átlagban
150 óra. A szakadások egymástól függetlenek. Mennyi a valósźınűsége, hogy
a gép fonalszakadás miatt 3 órán belül megáll?


(8) Egy cukorcsomagoló gép 10 dkg várható tömegű csomagokat késźıt
5 gramm szórással. Mekkora annak a valósźınűsége, hogy egy vásárolt cso-
magban 11 dkg-nál több cukrot kapunk, ha feltesszük, hogy a töltött tömeg
normális eloszlású?


Megoldások. (1) A selejtesek száma hipergeometrikus eloszlású va-
lósźınűségi változó N = 100, M = 9, n = 50 paraméterekkel.


P (ξ ≥ 1) = 1− P (ξ = 0) = 1− (90)(
91
50)


(10050 )
.


E(ξ) = 50 · 9
100 = 4,5 és D(ξ) =


√


4,5
(


1− 9
100


)


50
99 .


(2) A zavartalan napok száma binomiális eloszlású p = 0,75 és n = 6
paraméterekkel.


P (ξ = 3) =
(


6
3


)


0,753 · 0,253 és E(ξ) = 6 · 0,75.


(3) E(ξ) = np = 12 és D(ξ) =
√
npq =


√
11,88. Ezekből q = 0,99 és


p = 0,01, ı́gy n = 1200.


(4) Negyedóra alatt átlagban 1,5 csillaghullás észlelhető, tehát λ =


= E(ξ) = 1,5. Így P (ξ = 2) = 1,52


2! e−1,5.


(5) Tı́z oldalon átlagosan 4 hiba található. Így λ = E(ξ) = 4, továbbá


P (ξ = 0) = 40


0! e
−4.
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(6) a+b
2 = 4 és (b−a)2


12 = 4. Ebből a + b = 8 és b − a =
√
48, ı́gy


b = 4 +
√
12 és a = 4−


√
12. Az eloszlásfüggvény


Fξ : R → R, Fξ(x) =











0, x ≤ 4−
√
12,


x−4+
√
12


2
√
12


, 4−
√
12 < x < 4 +


√
12,


1, x ≥ 4 +
√
12.


(7) Legyen ξ egy szál élettartama. Ekkor λ = 1/E(ξ) = 1/150, tehát


P (ξ < 3) = Fξ(3) = 1− e−
3


150 . Ha η a 3 órán belül elszakadt fonalak száma,


akkor P (η ≥ 1) = 1− P (η = 0) = 1−
(


e−1/50
)400


.


(8) Az m = 10 és σ = 0,5, ı́gy


P (ξ > 11) = 1− Fξ(11) = 1− Φ


(


11− 10


0,5


)


= 0,0228.


A nagy számok törvénye


Tétel. (Csebisev-egyenlőtlenség) Ha ε > 0 és ξ valósźınűségi válto-
zó, akkor


P
(


|ξ − E(ξ)| ≥ ε
)


≤ D2(ξ)


ε2
,


illetve


P
(


|ξ − E(ξ)| < ε
)


≥ 1− D2(ξ)


ε2
.


Példa. Egy gyárban szögeket késźıtenek, melyeket egy automata gép
csomagol. Egy csomagban a szögek számának várható értéke 1000, szórása
10. A szögek számának eloszlását nem ismerjük. Legfeljebb mekkora a va-
lósźınűsége annak, hogy egy csomagban a szögek száma a várható értéktől
20-szal vagy annál többel tér el?


Megoldás. Jelölje ξ a szögek számát. Ekkor a Csebisev-egyenlőtlenség
alapján


P (|ξ − 1000| ≥ 20) ≤ 102


202
=


1


4
.


Tétel. (A nagy számok törvénye) Legyen ̺n/n az A esemény re-
lat́ıv gyakorisága, p := P (A) és q := 1− p. Ekkor minden ε > 0 esetén


P
(
∣


∣


∣


̺n
n


− p
∣


∣


∣
≥ ε
)


≤ pq


nε2
≤ 1


4nε2
,
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illetve


P
(
∣


∣


∣


̺n
n


− p
∣


∣


∣
< ε
)


≥ 1− pq


nε2
≥ 1− 1


4nε2
.


A nagy számok törvénye azt álĺıtja, hogy a relat́ıv gyakoriság a való-
sźınűség egy ε sugarú környezetén ḱıvül annál kisebb valósźınűséggel fordul
elő, minél több ḱısérletet végeztünk. Tehát pontosan a valósźınűség tárgya-
lásakor léırt tapasztalatot fejezi ki.


Példa.Hány dobást kell végeznünk egy szabályos kockával, hogy a 6-os
dobás valósźınűségét a 6-os relat́ıv gyakorisága legalább 0,9 valósźınűséggel
0,01-nél kisebb hibával megközeĺıtse? Mi van akkor, ha a kocka cinkelt, azaz
a 6-os dobásnak a valósźınűségét nem ismerjük?


Megoldás. Szabályos kocka esetén a 6-os dobásának valósźınűsége
1/6. Így a nagy számok törvénye alapján


P


(
∣


∣


∣


∣


̺n
n


− 1


6


∣


∣


∣


∣


< 0,01


)


≥ 1−
1
6 · 5


6


n · 0,012 ≥ 0,9.


Ebből n ≥ 13 889, vagyis legalább 13 889-szer kell dobni. Ha a kocka cinkelt,
akkor


P
(
∣


∣


∣


̺n
n


− p
∣


∣


∣
< 0, 01


)


≥ 1− 1


4n · 0,012 ≥ 0,9,


melyből n ≥ 25 000 adódik.


A hipergeometrikus eloszlás bizonyos feltételek mellett konvergál a bi-
nomiális eloszláshoz. A binomiális eloszlás a Poisson-eloszláshoz konvergál.
Az úgynevezett centrális határeloszlási tételek is ilyen jellegű álĺıtások, de
speciálisan a normális eloszlásra vonatkoznak. Ezen álĺıtások közül a leg-
egyszerűbbet, az úgynevezett Moivre—Laplace-tételt mondjuk ki.


Tétel. (Moivre—Laplace-tétel) Legyen ξ egy n-edrendű p para-
méterű binomiális eloszlású valósźınűségi változó és q := 1−p. Ekkor minden
x ∈ R esetén


lim
n→∞


P


(


ξ − np√
npq


< x


)


= Φ(x)


teljesül. A gyakorlatban ez azt jelenti, hogy nagy n esetén


P (ξ < x) ≈ Φ


(


x− np√
npq


)


.
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Példa. Ha n = 1000 lövést adunk le egy célra, és minden lövés egy-
mástól függetlenül p = 0,11 valósźınűséggel talál, akkor mi annak a valósźı-
nűsége, hogy 100-nál kevesebbszer találunk célba?


Megoldás. Legyen ξ a találat gyakorisága, ami binomiális eloszlású.
Ebből következően


P (ξ < 100) =


99
∑


k=0


(


1000


k


)


· 0,11k · 0,891000−k,


amit nehéz kiszámolni. De alkalmazhatjuk a Moivre—Laplace-tételt, mely
szerint


P (ξ < 100) ≈ Φ


(


100 − 110√
110 · 0,89


)


≈ Φ(−1,01) = 1− Φ(−1,01) ≈ 0,1562.


Feladatok. (1) A tapasztalatok szerint egy üzemben a termékek 95%-
a hibátlan. Az üzemnek meghatározott idő alatt százezer darab terméket
kell késźıteni. Legalább mennyi a valósźınűsége, hogy a legyártott termékek
közül 93 000 és 97 500 közé esik a hibátlan termékek száma?


(2) Egy célpontra 200 lövést adnak le. A találat valósźınűsége minden
lövésnél 0,4. Milyen határok közé fog esni legalább 0,9 valósźınűséggel a
találatok száma?


(3) Valamely társadalmi rétegben meg akarjuk határozni a szeszfogyasz-
tók arányát. Hány megfigyelést kell végezni ahhoz, hogy a kapott arány a
valódi aránytól 0,95 valósźınűséggel legfeljebb 0,01-dal térjen el?


(4) Egy gyárból kikerülő termékek 1%-a selejtes. Ha 500 darab terméket
vásárolunk, mi a valósźınűsége, hogy ezek között a selejtesek száma 7 és 14
között lesz?


Megoldások. (1) Ha ξ a hibátlanok száma, akkor az binomiális elosz-
lású, azaz E(ξ) = 100 000 · 0,95 = 95 000 és D2(ξ) = 95 000 · 0,05 = 4750. A
Csebisev-egyenlőtlenséget felhasználva


P (93 000 < ξ < 97 500) > P (|ξ − E(ξ)| < 2000) ≥ 1− 4750


20002
= 0,9988.


(2) Legyen ξ a találatok száma. Ekkor ξ binomiális eloszlású, ı́gy a
várható érték 200 · 0,4 = 80 és D2(ξ) = 80 · 0,6 = 48. A nagy számok
törvénye alapján 0,9 = 1 − 48


ε2
≤ P (|ξ − 80| < ε), melyből ε = 21,9. Így


59 ≤ ξ ≤ 101.
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(3) A nagy számok törvénye alapján P (|̺n


n −p| < 0,01) ≥ 1− 1
4n0,012 =


= 0,95, melyből n = 50000.


(4) A Moivre—Laplace-tétel alapján


P (7 ≤ ξ ≤ 14)≈Φ


(


14− 500 · 0,01√
500 · 0,01 · 0,99


)


− Φ


(


7− 500 · 0,01√
500 · 0,01 · 0,99


)


≈ 0,184.
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VIII. Matematikai statisztika


Minta


Amikor a valósźınűségszámı́tásban arról beszélünk, hogy elvégzünk egy
ḱısérletet, amelynek a kimenetele véletlenszerű, feltételezzük, hogy ismert
az Ω, az A és a P valósźınűség. A valóságban csak az Ω és az A ismert. Ezek-
hez sok olyan P valósźınűség kapcsolható, mely eleget tesz az axiómáknak.
Például a dobókocka esetében tudjuk, hogy az Ω = {1, 2, 3, 4, 5, 6}, illetve A
az Ω összes részhalmazának halmaza. De mi a P valósźınűség? Nem biztos,
hogy (Ω,A, P ) klasszikus valósźınűségi mező. Ehhez az kell, hogy a kocka
teljesen szabályos legyen, anyaga pedig homogén. De ha ,,cinkelik” a kockát,
a valósźınűség megváltozik, amit pusztán külső jegyek alapján nem veszünk
észre.


A matematikai statisztika fontos problémája, hogy meghatározza az
igazi P valósźınűséget. Általában ezt nagyon nehéz megtenni, sokszor azon-
ban magának a valósźınűségnek az ismeretére nincs is szükségünk. Például,
ha azt akarjuk eldönteni, hogy két valósźınűségi változó független-e egymás-
tól, akkor csak azt a tulajdonságot kell figyelnünk, hogy bizonyos események
metszetének valósźınűsége egyenlő-e a valósźınűségeik szorzatával. Erre pe-
dig anélkül is válaszolhatunk, hogy ismernénk a valódi valósźınűséget.


Nagyon fontos, hogy amikor a statisztikában valamilyen döntést ho-
zunk, például azt mondjuk két valósźınűségi változóra, hogy azok függetle-
nek, akkor ez nem azt jelenti, hogy biztosan azok, hanem csak annyit, hogy
a mérési eredményeink ennek nem mondanak ellent. Vagyis a döntéseink
minden esetben hibával terheltek lesznek.


A matematikai statisztikában a megfigyelendő mennyiség egy valósźı-
nűségi változó. Jelöljük ezt a valósźınűségi változót ξ-vel. Ha egy ḱısérlet
során az {ω} elemi esemény következett be (ω ∈ Ω), akkor a mért mennyiség
a ξ(ω) szám. Végezzük el ezt a ḱısérletet n-szer egymástól függetlenül. Ekkor
a megfigyeléseink eredménye n darab valós szám lesz. Nyilvánvaló, hogy az
i-edik helyen minden esetben egy ξ-vel azonos eloszlású valósźınűségi változó
egy helyetteśıtési értékét fogjuk kapni. Tehát a megfigyelésünk eredménye
nem más, mint ξ1, ξ2, . . . , ξn egymástól független, ξ-vel azonos eloszlású
valósźınűségi változóknak egy-egy lehetséges értéke.


Defińıció. A ξ1, ξ2, . . . , ξn független valósźınűségi változókat, melyek
ξ-vel azonos eloszlásúak, ξ-re vonatkozó mintának nevezzük.


Defińıció. Legyen ω1, ω2, . . . , ωn ∈ Ω és ξ1, ξ2, . . . , ξn egy ξ valósźınű-
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ségi változóra vonatkozó minta. Ekkor a ξ1(ω1), ξ2(ω2), . . . , ξn(ωn) számokat
az adott minta egy realizációjának nevezzük.


Statisztikák


Egy tanár a különböző osztályok teljeśıtményeit úgy tudja összehason-
ĺıtani, ha egy-egy osztályban kiszámolja a jegyek átlagát. Vagyis például egy
30 fős osztályban a 30 darab jegyből átlagolás után kap egyetlen számot.
Azokat a függvényeket, amelyek seǵıtségével több számból egyetlen számot
kapunk, statisztikának nevezzük. Vagyis az átlagolás is egyfajta statisztika.
De természetesen más statisztikát is késźıthetünk, például hogy egy osztály-
ban milyen arányban fordult elő elégtelen jegy.


Defińıció. Legyen ξ1, ξ2, . . . , ξn egy minta és T :Rn → R egy függvény.
Ekkor a T (ξ1, ξ2, . . . , ξn) valósźınűségi változót statisztikának nevezzük.


Ha T -be a minta egy realizációját helyetteśıtjük, akkor a T -ből kép-
zett statisztikának a mintarealizáció alapján vett értékét vagy röviden egy
realizációját kapjuk. A továbbiakban a jelölésben nem fogjuk megkülönböz-
tetni a statisztikát és annak egy realizációját. A szövegkörnyezetből ki fog
derülni, hogy mikor melyikre gondolunk.


Defińıció. Legyen ξ1, ξ2, . . . , ξn egy minta. Számoljuk össze, hogy a
mintában hány olyan van, amely egy adott x számnál kisebb, majd ezt os-
szuk el n-nel. Ezt jelöljük Fn(x)-szel. Az Fn függvényt tapasztalati elosz-
lásfüggvénynek nevezzük.


Egy konkrét x ∈ R esetén tehát az nFn(x) azt adja meg, hogy n ḱısér-
letben hány olyan ξi van, amely kisebb x-nél.


Példa. Dobjunk fel egymásután 10-szer egy dobókockát. Ha a t́ız do-
bás eredménye 3, 4, 5, 3, 6, 2, 3, 3, 5, 2, akkor adjuk meg a tapasztalati
eloszlásfüggvény realizációját.


Megoldás.


F10(x) =









































0, ha x ≤ 2
0,2, ha 2 < x ≤ 3
0,6, ha 3 < x ≤ 4
0,7, ha 4 < x ≤ 5
0,9, ha 5 < x ≤ 6
1, ha x > 6.


Például 4 < x ≤ 5 esetén F10(x) azért egyenlő 0,7-del, mert a 10 ḱısérletből
7-szer fordult elő, hogy a dobott szám kisebb volt x-nél.


229







Vajon a tapasztalati eloszlásfüggvény milyen kapcsolatban van a tény-
leges eloszlásfüggvénnyel? Erre ad választ a következő fontos tétel:


Tétel. (A matematikai statisztika alaptétele) A tapasztalati el-
oszlásfüggvény 1 valósźınűséggel egyenletesen konvergál a valódi eloszlás-
függvényhez.


A gyakorlatban tehát arról van szó, hogy minél többször végezzük el a
ḱısérletet, a kapott tapasztalati eloszlásfüggvény realizációja annál jobban
hasonĺıt a valódi eloszlásfüggvény alakjára.


Defińıció. A ξ-re vonatkozó ξ1, ξ2, . . . , ξn mintának az átlaga


ξ :=
1


n
(ξ1 + ξ2 + · · · + ξn).


Példa. Az előző példában megadott mintarealizációhoz adjuk meg az
átlag realizációját.


Megoldás. ξ = 1
10
(3 + 4 + 5 + 3 + 6 + 2 + 3 + 3 + 5 + 2) = 3,6.


Tétel. Az átlag a várható érték körül ingadozik, azaz E(ξ) = E(ξ),
másrészt D2(ξ) = 1


nD
2(ξ), vagyis minél nagyobb az n, az átlag szórása


annál kisebb a várható érték körül.


A gyakorlatban tehát minél többször végezzük el a ḱısérletet, annál
pontosabban fogja az átlag közeĺıteni a várható értéket.


Defińıció. A ξ-re vonatkozó ξ1, ξ2, . . . , ξn mintának a tapasztalati
szórásnégyzete


S2
n :=


1


n


n
∑


i=1


(


ξi − ξ
)2
,


illetve a tapasztalati szórása Sn =
√


S2
n.


Tétel. S2
n = 1


n


n
∑


i=1


ξ2i −
(


1
n


n
∑


i=1


ξi


)2


= ξ2 − ξ
2
.


Az átlagnál léırtak szerint azt várnánk, hogy a tapasztalati szórás-
négyzet a szórásnégyzet körül ingadozik. Azonban ez nem pontosan ı́gy
van, ugyanis belátható, hogy E(S2


n) = n−1
n D2(ξ). Ebből látható, hogy


E( n
n−1S


2
n) = D2(ξ). Vagyis az elvárásoknak megfelelően most az n


n−1S
2
n


valósźınűségi változó fog viselkedni.


Defińıció. A ξ-re vonatkozó ξ1, ξ2, . . . , ξn mintának a korrigált ta-
pasztalati szórásnégyzete


S∗
n
2 :=


n


n− 1
S2
n.
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Tehát a korrigált tapasztalati szórásnégyzet fog a szórásnégyzet körül
ingadozni, azaz E(S∗


n
2) = D2(ξ).


Példa. Az első példában léırt ḱısérletben állaṕıtsuk meg az S2
n és az


S∗
n
2 értékét.


Megoldás. ξ2 = 1
10
(32+42+52+32+62+22+32+32+52+22) = 14,6,


másrészt korábban láttuk, hogy ξ = 3,6, ı́gy S10
2 = 14,6 − 3,62, illetve


S∗
10


2 = 10
9
· 1,64 ≈ 1,82.


Feladatok. (1) Legyen a ξ-re vett 10 elemű minta egy realizációja: 4;
9,7; 2,6; 3; 12; 1,33; 7; 8,1; 0,1; 10. Határozza meg az átlagot, a tapasztalati,
illetve a korrigált tapasztalati szórásnégyzetet.


(2) Egy ξ-re vett 400 elemű minta realizációjában az 1-es 212-szer, a
2-es 129-szer, a 3-as 36-szor, a 4-es 18-szor és az 5-ös érték 5-ször fordult elő.
Határozza meg a tapasztalati eloszlásfüggvényt, az átlagot, a tapasztalati
illetve a korrigált tapasztalati szórásnégyzetet.


Megoldások. (1) ξ̄ = 5,783; S2
10 = 15,1808; S∗2


10 = 16,8676


(2)


F400(x) =









































0, ha x ≤ 1,
212/400, ha 1 < x ≤ 2,
341/400, ha 2 < x ≤ 3,
377/400, ha 3 < x ≤ 4,
395/400, ha 4 < x ≤ 5,
1, ha x > 5.


ξ̄ = 1,6875; S2
400 = 0,8148; S∗2


400 = 0,8169.


Konfidenciaintervallum


A gyakorlatban sokszor előfordul, hogy a vizsgált ξ valósźınűségi válto-
zóról már vannak információink. Például elképzelhető, hogy elméleti meg-
gondolások vagy mérések alapján már tudjuk, hogy a ξ normális eloszlású.
Ha ennek valamelyik paraméterét nem ismerjük, akkor ezt megbecsülhetjük
egy ξ-re vonatkozó ξ1, ξ2, . . . , ξn mintából, pontosabban annak egy realizá-
ciójából.


A konfidenciaintervallumok módszerének a lényege, hogy az ismeretlen
paramétert egy olyan intervallummal becsüljük meg, melybe a tényleges
paraméter nagy valósźınűséggel beleesik. Vagyis a feladat egy olyan [ϑ1, ϑ2]
intervallum megadása, melyre teljesül, hogy a keresett ϑ paraméterre


P (ϑ1 ≤ ϑ ≤ ϑ2) = 1− α
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áll fenn, ahol α egy 0-hoz közeli pozit́ıv szám.


Defińıció. A [ϑ1, ϑ2] intervallumot az ismeretlen ϑ paraméterre vo-
natkozó konfidenciaintervallumnak nevezzük. Az (1 − α)100% a biz-
tonsági szint.


A ϑ1 és ϑ2 értéke függ a minta realizációjától. A cél természetesen az,
hogy a konfidenciaintervallum minél kisebb legyen, mı́g a biztonági szint
minél nagyobb. Mindkettőt azonban egyszerre nem lehet teljeśıteni, mert a
biztonsági szint növelésével a konfidencia intervallum hossza is nő. A leg-
gyakrabban a 90%, 95% és 99% biztonsági szinteket használják.


Tétel. Ha ξ1, ξ2, . . . , ξn valósźınűségi változók függetlenek, és minde-
gyik m ∈ R, σ > 0 paraméterű normális eloszlású, akkor


ξ −m


σ


√
n


standard normális eloszlású valósźınűségi változó.


Tehát u > 0 esetén


P


(


−u ≤ ξ −m


σ


√
n ≤ u


)


= Φ(u)− Φ(−u) = 2Φ(u)− 1.


A −u ≤ ξ−m
σ


√
n ≤ u egyenlőtlenség átrendezésével kapjuk, hogy


P


(


ξ − u
σ√
n


≤ m ≤ ξ + u
σ√
n


)


= 2Φ(u)− 1.


Meghatározva azt az uα értéket, melyre 2Φ(uα)− 1 = 1− α, az előzőekből


kapjuk, hogy m-re a
[


ξ − uα
σ√
n
, ξ + uα


σ√
n


]


intervallum (1 − α)100% biz-


tonsági szintű konfidenciaintervallum. Igaz tehát a következő tétel:


Tétel. Ha ξ normális eloszlású valósźınűségi változó ismert σ szórással
és ismeretlen m várható értékkel és ξ1, ξ2, . . . , ξn a ξ-re vonatkozó minta,
akkor m-re a


[


ξ − uα
σ√
n
, ξ + uα


σ√
n


]


intervallum (1− α)100% biztonsági szintű konfidenciaintervallum, ahol
Φ(uα) = 1− α


2
.


Példa. Legyen ξ egy σ = 2 paraméterű normális eloszlású valósźınű-
ségi változó. A ξ-re vonatkozó mintának legyen egy realizációja 1; 2,5; 4,3;
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4,6; 4,7; 4,9; 5; 5,3; 5,4; 6. Adjunk 95%-os biztonsági szintű konfidenciain-
tervallumot a várható értékre.


Megoldás. Mivel (1 − α)100 = 95, ezért α = 0,05. Ebből kapjuk a
Φ(u0,05) = 1− 0,05


2 = 0,975 miatt, hogy u0,05 = 1,96. Mivel ξ = 4,37, ezért


ϑ1 = 4,37 − 1,96 · 2√
10


≈ 3,13, illetve ϑ2 = 4,37 + 1,96 · 2√
10


≈ 5,61. Így


tehát a várható érték 95%-os biztonsági szinten 3,13 és 5,61 közé esik, azaz
P (3,13 ≤ m ≤ 5,61) = 0,95.


Mi a teendő, ha az előző példában a szórás ismeretlen? Természetesen
ekkor az előző tétel már nem alkalmazható. Ekkor más utat kell keresni.
Ennek érdekében tekintsük a következő defińıciókat és tételt:


Defińıció. Legyenek ξ1, ξ2, . . . , ξn független standard normális elosz-
lású valósźınűségi változók. Ekkor a ξ21 + . . . + ξ2n valósźınűségi változót n
szabadságfokú khi-négyzet eloszlásúnak nevezzük.


Defińıció. Legyen ξ standard normális eloszlású valósźınűségi változó,
η pedig n szabadságfokú khi-négyzet eloszlású valósźınűségi változó, mely
független ξ-től. Ekkor a ξ


√
n/


√
η valósźınűségi változó eloszlását n szabad-


ságfokú Student-eloszlásnak nevezzük.


Tétel. Ha ξ1, ξ2, . . . , ξn valósźınűségi változók függetlenek, és minde-
gyik m ∈ R és σ > 0 paraméterű normális eloszlású, akkor


ξ −m


S∗
n


√
n


n− 1 szabadságfokú Student-eloszlású valósźınűségi változó.


Ezen tétel alapján már tudunk adott biztonsági szintű konfidenciain-
tervallumot szerkeszteni. Nézzük ezt meg a következő példa alapján:


Példa. Legyen ξ egy ismeretlen paraméterű normális eloszlású való-
sźınűségi változó. A ξ-re vonatkozó mintának legyen egy realizációja 1,2;
1,7; 2,8; 2,9; 3,1; 3,3; 3,8; 3,9; 4,3; 4,9. Adjunk 95%-os biztonsági szintű
konfidenciaintervallumot a várható értékre.


Megoldás. ξ = 3,19 és
10
∑


i=1


ξ2i = 113,23 melyből kapjuk, hogy


S∗
10 =


10


9


√


11,323 − 3,192 ≈ 1,129.


Keresendő azon t0,05 érték, melyre


P


(


−t0,05 ≤ ξ −m


S∗
10


√
10 ≤ t0,05


)


= 0,95
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teljesül. A tétel alapján ξ−m
S∗


10


√
10 egy 9 szabadságfokú Student-eloszlású


valósźınűségi változó. Így a Student-eloszlás táblázatában a 95% statisztikai
biztonság és az f = n − 1 = 9 szabadságfok metszeténél leolvasható, hogy
t0,05 = 2,262. Tehát


−2,262 ≤ 3,19−m


1,129


√
10 ≤ 2,262,


melyből 2,382 ≤ m ≤ 3,998 adódik. Tehát 95% biztonsági szinten a várható
érték a [2,382; 3,998] intervallumba esik.


További feladat még, hogy ismeretlen szórás esetén a σ-ra adjunk kon-
fidenciaintervallumot. A következő tétel ennek a megoldásához nyújt seǵıt-
séget.


Tétel. Ha ξ1, ξ2, . . . , ξn valósźınűségi változók függetlenek, és minde-
gyik m ∈ R és σ > 0 paraméterű normális eloszlású, akkor az


n
S2
n


σ2


valósźınűségi változó n− 1 szabadságfokú khi-négyzet eloszlású.


Példa. Legyen ξ egy ismeretlen paraméterű normális eloszlású való-
sźınűségi változó. A ξ-re vonatkozó mintának legyen egy realizációja 2,18;
2,14; 2,17; 2,13; 2,21; 2,12; 2,15; 2,14; 2,1; 2,14. Adjunk 95%-os biztonsági
szintű konfidenciaintervallumot a szórásra.


Megoldás. ξ = 2,148,
10
∑


i=1


ξ2i = 46,148, melyből S2
10 = 0,000896. Kere-


sendő azon c1 és c2 konstansok, melyekre


P


(


c1 ≤ n
S2
n


σ2
≤ c2


)


= 0,95.


Ez teljesül például akkor, ha


P


(


n
S2
n


σ2
< c1


)


=
α


2
= 0,025


és


P


(


n
S2
n


σ2
≤ c2


)


= 1− α


2
= 0,975.
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A tétel alapján n
S2
n


σ2 egy 9 szabadságfokú khi-négyzet eloszlású valósźınűségi


változó. Így a khi-négyzet eloszlás táblázatából c1 = 2,7 és c2 = 19,023.
Tehát


P


(


2,7 ≤ 10 · 0,000896
σ2


≤ 19,023


)


= 0,95,


melyből P (0,0217 ≤ σ ≤ 0,0576) = 0,95, azaz 95%-os biztonsági szinten a
szórás a [0,0217; 0,0576] intervallumban található.


Feladatok. (1) A ξ normális eloszlású valósźınűségi változó 0,3 szó-
rással. 12 mérésből ξ = 3,25. Adjon 98%-os biztonsági szintű konfidenciain-
tervallumot m-re.


(2) Legyen ξ normális eloszlású valósźınűségi változó. Tegyük fel, hogy
16 megfigyelésből ξ = 120 és S∗2


16 = 144. Adjon 99%-os biztonsági szintű
konfidenciaintervallumot m-re és σ-ra.


Megoldások. (1) Φ(u0,02) = 1 − 0,02
2 = 0,99, ı́gy u0,02 = 2,32. Ebből


ξ̄ − u0,02
σ√
n
= 3,0491 és ξ̄ + u0,02


σ√
n
= 3,4509.


(2) t0,01 = 2,947, ı́gy −2,947 ≤ 120−m
12


·4 ≤ 2,947, melyből kapjuk, hogy
93,9456 ≤ m ≤ 146,0544.


S2
16 = 135, α


2
= 0,005, c1 = 4,601, c2 = 32,801. Tehát 4,601 ≤ 16 · 135


σ2 ≤
≤ 32,801, melyből 8,1149 ≤ σ ≤ 21,6671.


Hipotézisvizsgálat


Egy valósźınűségi változóval kapcsolatban különböző hipotéziseket fo-
galmazhatunk meg. Erről a feltevésről döntenünk kell, azaz el kell fogad-
nunk, vagy el kell vetnünk a minta realizációjának vizsgálatával. Például
lehet az a feltevésünk, hogy a várható érték nulla.


A vizsgálandó feltételezést nullhipotézisnek fogjuk nevezni és H0-val
jelöljük. Ezt a hipotézist kizáró álĺıtást alternat́ıv hipotézisnek nevezzük
és H1-gyel fogjuk jelölni. Tehát az előző példában


H0 : Eξ = 0,


és például
H1 : Eξ 6= 0.


De lehet még
H1 : Eξ < 0
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is. H0-nak a ξ1, ξ2, . . . , ξn minta realizációja alapján történő elfogadását
vagy elvetését a következőképpen hajtjuk végre. Valamilyen meggondolás
alapján határozzuk meg C0 ⊂ Rn és C1 ⊂ Rn halmazokat úgy, hogy
azok diszjunktak legyenek és C0 ∪ C1 = Rn. Legyen a minta realizációja
x1, . . . , xn. Ha (x1, . . . , xn) ∈ C1, vessük el H0-t, ellenkező esetben pedig
fogadjuk el. A C0-át elfogadási tartománynak, C1-et pedig kritikus tar-
tománynak nevezzük.


Természetesen akárhogyan is döntünk, az lehet helyes vagy hibás. Hibás
a döntés például, ha H0 igaz és mégis elvetettük. Ezt elsőfajú hibának
nevezzük. Ha H0 nem igaz, de elfogadjuk a mérések alapján, akkor is hibát
követünk el. Ezt másodfajú hibának nevezzük.


H0-át elfogadjuk H0-át elvetjük


H0 igaz helyes döntés elsőfajú hiba


H0 nem igaz másodfajú hiba helyes döntés


Jelöljük az elsőfajú hiba valósźınűségét α-val, a másodfajúét pedig β-val.
Az (1− α)100% valósźınűség a próba biztonsági szintje, az 1− β pedig
a próba ereje. Az α · 100% a próba szignifikanciaszintje.


A gyakorlatban a szignifikanciaszintet mi adjuk meg. Két azonos szig-
nifikanciaszintű próba esetén azt a módszert kell előnybe résześıteni, ame-
lyiknek a másodfajú hiba valósźınűsége kisebb, azaz a próba ereje nagyobb.


Az ideális az lenne, ha az azonos szignifikancia szintű próbák közül ki
tudnánk választani a legerősebbet. Sajnos ez sokszor igen nehéz probléma.


Paraméteres próbák


A paraméteres próbák, mint ahogyan azt az elnevezésük is mutatja,
olyan hipotézisvizsgálatok, melyekben a nullhipotézis egy ismeretlen para-
méterre vonatkozik.


Egymintás u-próba


Legyen ξ normális eloszlású valósźınűségi változó, melynek az m vár-
ható értéke ismeretlen és σ0 szórása ismert. Legyen m0 ∈ R adott, továbbá


H0 : m = m0


H1 : m 6= m0.
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A ξ-re vonatkozó ξ1, ξ2, . . . , ξn minta esetén legyen


u :=
ξ −m0


σ0


√
n.


Korábban láttuk, hogy ha H0 igaz, akkor u standard normális eloszlású
valósźınűségi változó. Ezért ekkor minden uα > 0 esetén


P (−uα ≤ u ≤ uα) = Φ(uα)− Φ(−uα) = 2Φ(uα)− 1


teljesül. Tehát, ha a kritikus tartomány C1 := {|u| > uα}, ahol 2Φ(uα)−1 =
= 1− α, akkor a próba biztonsági szintje (1− α)100%.


Példa. Legyen ξ normális eloszlású valósźınűségi változó, melynek vár-
ható értéke ismeretlen, szórása pedig σ = 6. Legyen


H0 : m = 1200


H1 : m 6= 1200.


Határozzuk meg a 95%-os biztonsági szinthez a kritikus tartományt. Hogyan
döntünk, ha a minta realizációja 1193, 1198, 1203, 1191, 1195, 1196, 1199,
1191, 1201, 1196, 1193, 1198, 1204, 1196, 1198, 1200?


Megoldás.


2Φ(u0,05)− 1 = 0,95


Φ(u0,05) = 0,975


u0,05 = 1,96,


melyből C1 = {|u| > 1,96}. Mivel n = 16 és ξ = 1197, ezért


|u| = 4


6
|1197 − 1200| = 2 > 1,96.


A minta realizációja beleesik a kritikus tartományba, azaz nem fogadjuk el a
nullhipotézist. Tehát 5% szignifikanciaszint mellett elvetjük, hogy m = 1200
az m 6= 1200 alternat́ıv hipotézis ellenében.


Ebben a példában amellett döntöttünk, hogy m 6= 1200, azaz m < 1200
vagy m > 1200. Ezért ezt a H1-et kétoldali alternat́ıv hipotézisnek
nevezzük. Lehetőség van arra is, hogy egyoldali alternat́ıv hipotézist
vizsgáljunk. Ilyen kétféle lehet. Tekintsük először a következő esetet:


H0 : m = m0
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H1 : m > m0.


Ekkor H0 teljesülése esetén minden uα valós számra


P (u ≤ uα) = Φ(uα).


Így C1 = {u > uα} választással, ahol Φ(uα) = 1 − α teljesül, a próba
biztonsági szintje (1− α)100%.


Ha az alternat́ıv hipotézis H1 : m < m0, akkor H0 teljesülése esetén


P (u ≥ uα) = 1− Φ(uα)


minden uα-ra. Így C1 = {u < uα} választással, ahol 1 − Φ(uα) = 1 − α, a
próba biztonsági szintje (1− α)100%.


Példa. Az előző példában döntsünk H0-ról H1 : m < 1200, illetve
H1 : m > 1200 egyoldali alternat́ıv hipotézisek ellenében.


Megoldás. Először tekintsük a


H0 : m = 1200


H1 : m < 1200


feladatot. Ekkor 1 − Φ(u0,05) = 0,95 miatt Φ(−u0,05) = 0,95, azaz azt
kapjuk, hogy u0,05 = −1,64. Mivel u = 4


6 (1197−1200) = −2 < −1,64, ezért
elvetjük H0-át és H1 mellett döntünk. Tehát 5% szignifikancia szint mellett
m < 1200. Most vizsgáljuk a


H0 : m = 1200


H1 : m > 1200


feladatot. Ekkor Φ(u0,05) = 0,95 teljesül, melyből u0,05 = 1,64. Mivel u =
−2 ≤ 1,64, ezért elfogadjuk az m = 1200 hipotézist az m > 1200 alternat́ıv
hipotézis ellenében 5% szignifikanciaszinten.


Kétmintás u-próba


Legyenek ξ és η független valósźınűségi változók. A ξ legyen m1 és σ1


paraméterű normális eloszlású valósźınűségi változó, ahol m1 ismeretlen, σ1


pedig ismert. Hasonlóan η legyen m2 és σ2 paraméterű normális eloszlású
valósźınűségi változó, ahol m2 ismeretlen és σ2 ismert. A nullhipotézis le-
gyen H0 : m1 = m2 és az alternat́ıv hipotézis H1 : m1 6= m2. Legyen a ξ-re
vonatkozó minta ξ1, . . . , ξn1


és az η-ra vonatkozó minta η1, . . . , ηn2
.
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Ha H0 igaz, akkor


u :=
ξ − η


√


σ2
1


n1
+


σ2
2


n2


standard normális eloszlású valósźınűségi változó. Ebből, ha H0 igaz, akkor
uα > 0 esetén


P (−uα ≤ u ≤ uα) = 2Φ(uα)− 1,


azaz C1 := {|u| > uα} választással, ahol 2Φ(uα) − 1 = 1 − α teljesül,
α · 100%-os szignifikanciaszintű próbát kapunk.


Ha az alternat́ıv hipotézis egyoldali, például H1 : m1 < m2, akkor H0


teljesülése esetén
P (u ≥ uα) = 1− Φ(uα)


teljesül minden uα-ra. Azaz C1 := {u < uα} választással α · 100%-os szig-
nifikanciaszintű próbát kapunk, ahol 1− Φ(uα) = 1− α.


Példa. Teljesüljenek ξ-re és η-ra a kétmintás u-próba feltételei, to-
vábbá legyen n1 = 9, n2 = 16, ξ = 0,1672 és η = 0,1683, σ1 = σ2 = 0,0012.
Kérdés, hogy 95%-os biztonsági szinten elfogadható-e, hogy a két valósźınű-
ségi változó várható értéke megegyezik?


Megoldás. 2Φ(u0,05)− 1 = 0,95, melyből u0,05 = 1,96, ı́gy


|u| = |0,1672 − 0,1683|
√


0,00122


9
+ 0,00122


16


= 2,2 > 1,96


miatt elvetjük H0-át, azaz nem egyezik meg a két várható érték.
Vizsgáljuk meg a feladatot egyoldali alternat́ıv hipotézis esetén is. Ek-


kor 1 − Φ(u0,05) = 0,95, melyből u0,05 = −1,64. Mivel u = −2, 2 < −1, 64
teljesül, ezért elvetjük H0-át, tehát amellett döntünk, hogy m1 < m2.


Egymintás t-próba


Ugyanazok a feltételek, mint az egymintás u-próbánál, de most a σ
szórás is ismeretlen. A hipotézisek


H0 : m = m0


H1 : m 6= m0.


Legyen a ξ-re vonatkozó minta ξ1, . . . , ξn. Ha H0 igaz, akkor


t :=
ξ −m0


S∗
n


√
n
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n−1 szabadságfokú Student-eloszlású valósźınűségi változó. Ez alapján, ha
a Student-eloszlás táblázatából kikeressük azt a tα értékét, melyre


P (−tα ≤ t ≤ tα) = 1− α,


teljesül, akkor C1 := {|t| > tα} választással (1−α)100%-os biztonsági szintű
próbát kapunk.


Példa. Az egymintás u-próbánál léırt példában hozzunk döntést, ha σ
értéke ismeretlen.


Megoldás. Mivel n = 16, ξ = 1197, S∗
n = 3,9, ezért


|t| =
∣


∣


∣


∣


1197 − 1200


3,9


√
16


∣


∣


∣


∣


≈ 3,077.


Másrészt a Student-eloszlás táblázatában a 95%-os biztonsági szintnél és az
f = 15 szabadságfoknál t0,05 = 2,131 áll. Mivel |t| > t0,05, ezért elvetjük az
m = 1200 nullhipotézist az m 6= 1200 alternat́ıv hipotézissel szemben 5%
szignifikanciaszinten.


F-próba


Legyen ξ egy m1 és σ1 paraméterű, illetve η egy m2 és σ2 paraméte-
rű normális eloszlású valósźınűségi változó, melyek függetlenek egymástól,
továbbá minden paraméter ismeretlen.


Legyen a ξ-re vonatkozó minta ξ1, . . . , ξn1
, illetve az η-ra vonatkozó


minta η1, . . . , ηn2
. Vizsgáljuk a H0 : σ1 = σ2 nullhipotézist a H1 : σ1 6= σ2


alternat́ıv hipotézissel szemben 95%-os biztonsági szinten.
Legyen S∗2


2 az S∗2
n1


és S∗2
n2


korrigált tapasztalati szórásnégyzetek közül
a nagyobb, illetve S∗2


1 a kisebb, továbbá


F :=
S∗2
2


S∗2
1


.


Ennek eloszlását taglaljuk a következőkben.


Defińıció. Ha a ξ valósźınűségi változó n szabadságfokú khi-négyzet
eloszlású, melytől független az η valósźınűség változó, amely m szabadság-
fokú khi-négyzet eloszlású, akkor az mξ


nη valósźınűségi változó eloszlását n,m
szabadságfokú F-eloszlásnak nevezzük.


Tétel. A fent definiált F valósźınűségi változó H0 fennállása esetén
N1 − 1, N2 − 1 szabadságfokú F-eloszlású, ahol N1 a nagyobb tapasztalati
szórásnégyzetű minta elemszáma, mı́g N2 a kisebbé.
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Ha az F-eloszlás táblázatában megkeressük a megfelelő értéket, melyet
jelöljünk F0,05-tel, akkor


C1 := {F > F0,05}


választással 95%-os biztonsági szintű próbát kapunk. (A mellékelt táblázat
csak 95%-os biztonsági szint esetén alkalmazható.)


Példa. Legyenek ξ és η független, normális eloszlású valósźınűségi vál-
tozók ismeretlen m1, σ1 illetve m2, σ2 paraméterekkel. Legyen a ξ-re vonat-
kozó minta egy realizációja 53, 59, 63, 67, 60, 57, 73, 65, 58, 68, 62, 71,
illetve az η-ra vonatkozó minta egy realizációja 61, 52, 47, 51, 58, 64, 60, 55,
49, 53. Döntsünk 95%-os biztonsági szinten a H0 : σ1 = σ2 nullhipotézisről
a H1 : σ1 6= σ2 alternat́ıv hipotézissel szemben.


Megoldás. n1 = 12, S∗2
n1


= 36, n2 = 10, S∗2
n2


≈ 31,1. Mivel S∗2
n1


> S∗2
n2
,


ezért F ≈ 36
31,1


≈ 1,158. Még az F0,05-öt kell megkeresni a táblázatból. Mivel
a ξ-re vonatkozó minta realizációjának nagyobb a tapasztalati szórásnégy-
zete, ezért f1 = n1 − 1 = 11 és f2 = n2 − 1 = 9. Ezek alapján F0,05 = 3,1.
Mivel F ≤ F0,05, ezért elfogadjuk H0-át.


Kétmintás t-próba


Legyen ξ egy m1 és σ paraméterű, illetve η egy m2 és σ paraméte-
rű normális eloszlású valósźınűségi változó, melyek függetlenek egymástól,
továbbá minden paraméter ismeretlen.


A ξ-re vonatkozó minta legyen ξ1, . . . , ξn1
, illetve az η-ra vonatkozó


minta η1, . . . , ηn2
. Ekkor a H0 : m1 = m2 nullhipotézis fennállása esetén a


t :=
ξ − η


√


(n1 − 1)S∗2
n1


+ (n2 − 1)S∗2
n2


√


n1n2(n1 + n2 − 2)


n1 + n2


n1 +n2 − 2 szabadságfokú Student-eloszlású valósźınűségi változó. A próba
a továbbiakban hasonlóan folytatható, mint az egymintás t-próbában.


Ebben a próbában fontos, hogy a szórások – bár ismeretlenek – azo-
nosak. Így ezt a próbát mindig meg kell, hogy előzze az F-próba. Ha ott
elfogadjuk a szórások egyezését, alkalmazhatjuk a kétmintás t-próbát.


Példa. Az F-próbánál léırt példában döntsünk a H0 : m1 = m2 nullhi-
potézisről aH1 : m1 6= m2 alternat́ıv hipotézissel szemben 95%-os biztonsági
szinten.
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Megoldás. Mivel már F-próbával elfogadtuk a szórások egyezését,
ezért alkalmazhatjuk a kétmintás t-próbát. ξ = 63 és η = 55, ezért


t ≈ 63− 55
√


(12− 1)36 + (10− 1)31,1


√


12 · 10(12 + 10− 2)


12 + 10
≈ 3,214.


Mivel a szabadságfok f = n1 + n2 − 2 = 20, ezért t0,05 = 2,086. Vagyis
|t| > t0,05, ı́gy elvetjük H0-át.


Felmerül még, hogy mi történik akkor, ha az F-próbában amellett dön-
tünk, hogy σ1 6= σ2. Ekkor a várható értékek összehasonĺıtására már nem
alkalmazható a kétmintás t-próba. A probléma megoldása n1 = n2 esetén
nagyon egyszerű. Ugyanis ekkor a


ζ1 := ξ1 − η1, ζ2 := ξ2 − η2, . . . , ζn := ξn − ηn


mintára teljesül, hogy ezek m = m1 − m2 és σ = σ2
1 + σ2


2 paraméterű
normális eloszlású valósźınűségi változók. Így mivel a H0 : m1 = m2 ı́rható
H0 : m = 0 alakban is, alkalmazhatjuk az egymintás t-próbát.


Feladatok. (1) Legyen ξ egy m és σ paraméterű normális eloszlású
valósźınűségi változó. Erre vonatkozó minta realizációja 0,985; 1,003; 0,996;
0,994; 1,002; 0,987; 0,993; 0,991; 1,004; 0,985. Legyen H0 : m = 1. Határozza
meg 95%-os biztonsági szinthez a kritikus tartományt kétoldali alternat́ıv
hipotézis esetén. A realizáció alapján hozzon döntést.


(2) Egy elektromos berendezéshez szükséges alkatrészek ellenállását
mérjük az üzembe helyezés kezdetén és 1000 óra működés után. A mért
értékek különbségei 1,2; 0,1; -0,9; 0,2; -0,2; 0,3; 0,3; 0,2; -0,8; 1; -0,7; 0,5;
0,1; -1,9; 1,7; -0,2; 0,8; 0,2; -0,2; -1,3. Az ellenállás várható értéke a működés
kezdetén és végén megváltozott-e, ha tudjuk, hogy a minta normális elosz-
lású 0,8 szórással?


(3) Vizsgálja meg, hogy egy új késźıtési eljárás megváltoztatja-e a be-
ton normális eloszlású törőszilárdságát! A hagyományos eljárással késźıtett
próbakockák törőszilárdságai 300, 301, 303, 288, 294, 296, illetve az újjal
készülteké 305, 317, 308, 300, 314, 316.


Megoldások. (1) Egymintás t-próba alkalmazható. t0,05 = 2,262,


tehát a kritikus tartomány C1 =
{
∣


∣


∣


ξ̄−1
S∗


10


√
10
∣


∣


∣
> 2,262


}


. |t| = 2,626, ami


eleme C1-nek, vagyis nem fogadjuk el H0-t.


(2) Egymintás u-próba alkalmazható. H0 : m = 0 és H1 : m 6= 0.
u = 0,1118 és u0,01 = 2,58, ı́gy 99%-os biztonsági szinten elfogadjuk a
nullhipotézist, vagyis az ellenállás nem változik.
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(3) Először F-próbával a szórások egyezéséről kell döntenünk. Mivel
F = 1,5132 és F0,05 = 5,05 > F , ezért 95%-os biztonsági szinten elfogad-
juk a szórások egyezését. A várható értékekről ezután kétmintás t-próbával
dönthetünk. |t| = 3,6431 > 3,169 = t0,01, ı́gy 99%-os biztonsági szinten
amellett döntünk, hogy a törőszilárdság megváltozik az új eljárás során.


Nemparaméteres próbák


Az előző részben olyan próbákkal foglalkoztunk, amikor tudtuk, hogy
a valósźınűségi változó normális eloszlású, de nem ismertük a paramétereit.
Azonban gyakran előfordul olyan eset, amikor nem tudjuk, hogy milyen
eloszlással van dolgunk. Tehát először ezt kell eldönteni. Az is előfordulhat,
hogy a tényleges eloszlásra nincs is szükségünk, csak azt kell eldönteni két
valósźınűségi változóról, hogy azonos eloszlásúak-e, vagy függetlenek-e. Ilyen
t́ıpusú próbákra nézünk most két példát.


Tiszta illeszkedésvizsgálat


Legyen A1, . . . , Ar ∈ A teljes eseményrendszer, p1, p2, . . . , pr számok
pedig alkossanak eloszlást. A feladat a


H0 : P (Ai) = pi (i = 1, . . . , r)


nullhipotézisről dönteni. Hajtsunk végre n ḱısérletet egymástól függetlenül.
Legyen ki az Ai esemény gyakorisága és


χ2 :=


r
∑


i=1


(ki − npi)
2


npi
.


Ha H0 igaz, akkor nagy n esetén a χ2 közeĺıtőleg r − 1 szabadságfokú khi-
négyzet eloszlású. Számı́tásoknál akkor fogadjuk el az n-et már elég nagy-
nak, ha ki ≥ 10 minden i-re. Mindezek alapján C1 :={χ2 > χα} választással
(1 − α)100% biztonsági szintű próbát kapunk, ahol P (χ2 ≤ χα) = 1 − α
teljesül.


Példa. Egy dobókockáról kell eldönteni, hogy szabályos-e, 600 dobás
alapján. A gyakoriságokra a következőket kapjuk:


k1 = 83, k2 = 91, k3 = 122, k4 = 107, k5 = 74, k6 = 123,
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ahol ki azt a számot jelenti, ahányszor a kockán i volt az eredmény.


Megoldás. Jelölje Ai azt az eseményt, hogy a kockán az i oldal van
felül. Ekkor a kocka szabályosságát a H0 : P (Ai) =


1
6


(i = 1, . . . , 6) jelenti.
A minta realizációja alapján kapjuk, hogy χ2 = 21,08. Mivel ki ≥ 10 minden
i-re, ezért n elég nagynak tekinthető, vagyis a χ2 közeĺıtőleg 5 szabadságfokú
khi-négyzet eloszlású. Legyen α = 0,001. Ekkor a táblázatból kapjuk, hogy
P (χ2 ≤ χ0,001) = 0,999 akkor teljesül, ha χ0,001 = 20,5. Mivel ezek alapján
χ2 > χ0,001, ezért 99, 9%-os biztonsági szinten elvetjük azt a hipotézist,
hogy a kocka szabályos.


Függetlenségvizsgálat


Legyenek A1, . . . , Ar és B1, . . . , Bs teljes eseményrendszerek. Azt vizs-
gáljuk, hogy a két teljes eseményrendszer független-e egymástól, azaz


P (Ai ∩Bj) = P (Ai)P (Bj)


teljesül-e minden i ∈ {1, . . . , r} és j ∈ {1, . . . , s} indexre.


Ha a pi := P (Ai) és qj := P (Bj) valósźınűségek ismertek, akkor tiszta
illeszkedésvizsgálatra vezethető vissza a feladat. Ugyanis Aij := Ai ∩Bj je-
löléssel {Aij |i ∈ {1, . . . , r}, j ∈ {1, . . . , s}} teljes eseményrendszert alkot, a
pij := piqj pedig olyan pozit́ıv valós számok, melyek összege 1, azaz eloszlást


alkotnak. Így a H0 : P (Ai∩Bj) = P (Ai)P (Bj) nullhipotézis, mely megegye-
zik a H0 : P (Aij) = pij nullhipotézissel, valóban tiszta illeszkedésvizsgálat.
Mindezek alapján, ha kij annak a számát jelenti, hogy egyszerre bekövetke-
zett Ai és Bj , akkor


χ2 :=


r
∑


i=1


s
∑


j=1


(kij − npiqj)
2


npiqj


H0 teljesülése és nagy n esetén közeĺıtőleg rs−1 szabadságfokú khi-négyzet
eloszlású. Így C1 := {χ2 > χα} választással (1−α)100%-os biztonsági szintű
próbát kapunk, ahol P (χ2 ≤ χα) = 1− α teljesül.


Azonban az esetek nagy részében pi és qj nem ismert. Ilyenkor a követ-
kezőt csináljuk. Kiszámoljuk, hogy mennyi az Ai-nek a ki-vel jelölt gyako-
risága, illetve Bj-nek az lj-vel jelölt gyakorisága. Ezután χ2-ben a pi és qj
helyére a relat́ıv gyakoriságokat ı́rjuk be, azaz


χ2 :=
r
∑


i=1


s
∑


j=1


(


kij − ki·lj
n


)2


ki·lj
n


.
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Erről belátható, hogy H0 és nagy n esetén körülbelül (r− 1)(s− 1) szabad-
ságfokú khi-négyzet eloszlású.


Példa. Független-e a hajsźın és a szem sźıne? 200 embert vizsgálva a
következő gyakoriságokat kapjuk.


szem\haj szőke barna fekete összesen


kék 42 28 3 73


barna 17 89 21 127


összesen 59 117 24 200


Megoldás.


χ2 =
(42− 59·73


200 )
2


59·73
200


+ . . .+
(21− 24·127


200 )
2


24·127
200


= 49,11.


A szabadságfok (2 − 1)(3 − 1) = 2. Így a 99, 9%-os biztonsági szinthez
tartozó táblázatbeli érték χ0,001 = 13,815. Ebből kapjuk, hogy χ2 > χ0,001,
azaz elvetjük H0-át, vagyis a szem és a haj sźıne nem független egymástól.


Feladatok. (1) Genetikai törvény szerint ha az egyik szülő A vér-
csoportú, a másik B, akkor gyerekük A, AB, B vércsoportú lehet 1 : 2 : 1
arányban. 300 olyan gyereket vizsgáltak, akiknél az egyik szülő A, a má-
sik B vércsoportú. Azt találták, hogy a gyerekek 30%-ának A, 45%-ának
AB és 25%-ának B a vércsoportja. Megfelelnek-e ezek az adatok a genetikai
törvénynek?


(2) Egy homokbuckát boŕıtó magyar csenkeszes társulásban 200 darab
100 cm2-es négyzetben magyar csenkesz 119-szer, homoki cickafark 93-szor,
a két faj együtt 56-szor fordult elő. Véletlen-e, vagy van összefüggés a két
faj együttes előfordulása között?


Megoldások. (1) Tiszta illeszkedésvizsgálattal oldhatjuk meg a fela-
datot.


A1: egy gyerek A vércsoportú
A2: egy gyerek AB vércsoportú
A3: egy gyerek B vércsoportú
k1 = 90, k2 = 135, k3 = 75,
p1 = 1/4, p2 = 1/2, p3 = 1/4.
Így χ2 = 4,5. Másrészt χ0,01 = 9,21, tehát elfogadjuk, hogy a mért


adatok a genetikai törvényt alátámasztják.


(2) A feladat adatait táblázatban feĺırva:


245







csenkesz/cickafark van nincs összeg


van 56 63 119
nincs 37 44 81


összeg 93 107 200


A táblázat alapján függetlenségvizsgálatot végezhetünk. χ2 = 0,0369,
másrészt χ0,01 = 6,635, vagyis elvetjük a függetlenséget, azaz a két faj
együttes előfordulása nem véletlen.
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Táblázatok


Standard normális eloszlás


x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x)
0,00 0,5000 0,45 0,6736 0,90 0,8159 1,35 0,9115 1,80 0,9641 2,50 0,9938


0,01 0,5040 0,46 0,6772 0,91 0,8186 1,36 0,9131 1,81 0,9649 2,52 0,9941
0,02 0,5080 0,47 0,6808 0,92 0,8212 1,37 0,9147 1,82 0,9656 2,54 0,9945


0,03 0,5120 0,48 0,6844 0,93 0,8238 1,38 0,9162 1,83 0,9664 2,56 0,9948


0,04 0,5160 0,49 0,6879 0,94 0,8264 1,39 0,9177 1,84 0,9671 2,58 0,9951


0,05 0,5199 0,50 0,6915 0,95 0,8289 1,40 0,9192 1,85 0,9678 2,60 0,9953


0,06 0,5239 0,51 0,6950 0,96 0,8315 1,41 0,9207 1,86 0,9686 2,62 0,9956


0,07 0,5279 0,52 0,6985 0,97 0,8340 1,42 0,9222 1,87 0,9693 2,64 0,9959
0,08 0,5319 0,53 0,7019 0,98 0,8365 1,43 0,9236 1,88 0,9699 2,66 0,9961


0,09 0,5359 0,54 0,7054 0,99 0,8389 1,44 0,9251 1,89 0,9706 2,68 0,9963


0,10 0,5398 0,55 0,7088 1,00 0,8413 1,45 0,9265 1,90 0,9713 2,70 0,9965


0,11 0,5438 0,56 0,7123 1,01 0,8438 1,46 0,9279 1,91 0,9719 2,72 0,9967
0,12 0,5478 0,57 0,7157 1,02 0,8461 1,47 0,9292 1,92 0,9726 2,74 0,9969


0,13 0,5517 0,58 0,7190 1,03 0,8485 1,48 0,9306 1,93 0,9732 2,76 0,9971
0,14 0,5557 0,59 0,7224 1,04 0,8508 1,49 0,9319 1,94 0,9738 2,78 0,9973


0,15 0,5596 0,60 0,7257 1,05 0,8531 1,50 0,9332 1,95 0,9744 2,80 0,9974


0,16 0,5636 0,61 0,7291 1,06 0,8554 1,51 0,9345 1,96 0,9750 2,82 0,9976


0,17 0,5675 0,62 0,7324 1,07 0,8577 1,52 0,9357 1,97 0,9756 2,84 0,9977
0,18 0,5714 0,63 0,7357 1,08 0,8599 1,53 0,9370 1,98 0,9761 2,86 0,9979


0,19 0,5753 0,64 0,7389 1,09 0,8621 1,54 0,9382 1,99 0,9767 2,88 0,9980


0,20 0,5793 0,65 0,7422 1,10 0,8643 1,55 0,9394 2,00 0,9772 2,90 0,9981
0,21 0,5832 0,66 0,7454 1,11 0,8665 1,56 0,9406 2,02 0,9783 2,92 0,9982


0,22 0,5871 0,67 0,7486 1,12 0,8686 1,57 0,9418 2,04 0,9793 2,94 0,9984


0,23 0,5910 0,68 0,7517 1,13 0,8708 1,58 0,9429 2,06 0,9803 2,96 0,9985
0,24 0,5948 0,69 0,7549 1,14 0,8729 1,59 0,9441 2,08 0,9812 2,98 0,9986


0,25 0,5987 0,70 0,7580 1,15 0,8749 1,60 0,9452 2,10 0,9821 3,00 0,99865


0,26 0,6026 0,71 0,7611 1,16 0,8770 1,61 0,9463 2,12 0,9830 3,10 0,99903


0,27 0,6064 0,72 0,7642 1,17 0,8790 1,62 0,9474 2,14 0,9838 3,20 0,99931
0,28 0,6103 0,73 0,7673 1,18 0,8810 1,63 0,9484 2,16 0,9846 3,30 0,99952


0,29 0,6141 0,74 0,7704 1,19 0,8830 1,64 0,9495 2,18 0,9854 3,40 0,99966


0,30 0,6179 0,75 0,7734 1,20 0,8849 1,65 0,9505 2,20 0,9861 3,50 0,99977
0,31 0,6217 0,76 0,7764 1,21 0,8869 1,66 0,9515 2,22 0,9868 3,60 0,99984


0,32 0,6255 0,77 0,7794 1,22 0,8888 1,67 0,9525 2,24 0,9875 3,70 0,99989


0,33 0,6293 0,78 0,7823 1,23 0,8907 1,68 0,9535 2,26 0,9881 3,80 0,99993
0,34 0,6331 0,79 0,7852 1,24 0,8925 1,69 0,9545 2,28 0,9887 3,90 0,99995


0,35 0,6368 0,80 0,7881 1,25 0,8944 1,70 0,9554 2,30 0,9893 4,00 0,999968


0,36 0,6406 0,81 0,7910 1,26 0,8962 1,71 0,9564 2,32 0,9898 4,50 0,999997
0,37 0,6443 0,82 0,7939 1,27 0,8980 1,72 0,9573 2,34 0,9904 5,00 0,9999997


0,38 0,6480 0,83 0,7967 1,28 0,8997 1,73 0,9582 2,36 0,9909


0,39 0,6517 0,84 0,7995 1,29 0,9015 1,74 0,9591 2,38 0,9913


0,40 0,6554 0,85 0,8023 1,30 0,9032 1,75 0,9599 2,40 0,9918
0,41 0,6591 0,86 0,8051 1,31 0,9049 1,76 0,9608 2,42 0,9922


0,42 0,6628 0,87 0,8078 1,32 0,9066 1,77 0,9616 2,44 0,9927


0,43 0,6664 0,88 0,8106 1,33 0,9082 1,78 0,9625 2,46 0,9931
0,44 0,6700 0,89 0,8133 1,34 0,9099 1,79 0,9633 2,48 0,9934
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Student-eloszlás


f 80% 90% 95% 98% 99% 99,9%
1 3,078 6,314 12,706 31,821 63,656 636,578
2 1,886 2,920 4,303 6,965 9,925 31,600


3 1,638 2,353 3,182 4,541 5,841 12,924
4 1,533 2,132 2,776 3,747 4,604 8,610


5 1,476 2,015 2,571 3,365 4,032 6,869


6 1,440 1,943 2,447 3,143 3,707 5,959
7 1,415 1,895 2,365 2,998 3,499 5,408


8 1,397 1,860 2,306 2,896 3,355 5,041


9 1,383 1,833 2,262 2,821 3,250 4,781
10 1,372 1,812 2,228 2,764 3,169 4,587


11 1,363 1,796 2,201 2,718 3,106 4,437


12 1,356 1,782 2,179 2,681 3,055 4,318
13 1,350 1,771 2,160 2,650 3,012 4,221


14 1,345 1,761 2,145 2,624 2,977 4,140
15 1,341 1,753 2,131 2,602 2,947 4,073


16 1,337 1,746 2,120 2,583 2,921 4,015


17 1,333 1,740 2,110 2,567 2,898 3,965
18 1,330 1,734 2,101 2,552 2,878 3,922


19 1,328 1,729 2,093 2,539 2,861 3,883


20 1,325 1,725 2,086 2,528 2,845 3,850
21 1,323 1,721 2,080 2,518 2,831 3,819


22 1,321 1,717 2,074 2,508 2,819 3,792


23 1,319 1,714 2,069 2,500 2,807 3,768
24 1,318 1,711 2,064 2,492 2,797 3,745


25 1,316 1,708 2,060 2,485 2,787 3,725
26 1,315 1,706 2,056 2,479 2,779 3,707


27 1,314 1,703 2,052 2,473 2,771 3,689


28 1,313 1,701 2,048 2,467 2,763 3,674
29 1,311 1,699 2,045 2,462 2,756 3,660


30 1,310 1,697 2,042 2,457 2,750 3,646


40 1,303 1,684 2,021 2,423 2,704 3,551
60 1,296 1,671 2,000 2,390 2,660 3,460


120 1,289 1,658 1,980 2,358 2,617 3,373


120< 1,282 1,645 1,960 2,326 2,576 3,291


Például egy f = 3 szabadságfokú Student-eloszlású valósźınűségi változó
0,9 valósźınűséggel esik a [−2,353; 2,353] intervallumba.
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Khi-négyzet eloszlás


f 0,5% 2,5% 90% 95% 97,5% 99% 99,5% 99,9% 99,95%
1 0,000 0,001 2,706 3,841 5,024 6,635 7,879 10,827 12,115


2 0,010 0,051 4,605 5,991 7,378 9,210 10,597 13,815 15,201
3 0,072 0,216 6,251 7,815 9,348 11,345 12,838 16,266 17,731


4 0,207 0,484 7,779 9,488 11,143 13,277 14,860 18,466 19,998


5 0,412 0,831 9,236 11,070 12,832 15,086 16,750 20,515 22,106
6 0,676 1,237 10,645 12,592 14,449 16,812 18,548 22,457 24,102


7 0,989 1,690 12,017 14,067 16,013 18,475 20,278 24,321 26,018


8 1,344 2,180 13,362 15,507 17,535 20,090 21,955 26,124 27,867
9 1,735 2,700 14,684 16,919 19,023 21,666 23,589 27,877 29,667


10 2,156 3,247 15,987 18,307 20,483 23,209 25,188 29,588 31,419


11 2,603 3,816 17,275 19,675 21,920 24,725 26,757 31,264 33,138
12 3,074 4,404 18,549 21,026 23,337 26,217 28,300 32,909 34,821


13 3,565 5,009 19,812 22,362 24,736 27,688 29,819 34,527 36,477
14 4,075 5,629 21,064 23,685 26,119 29,141 31,319 36,124 38,109


15 4,601 6,262 22,307 24,996 27,488 30,578 32,801 37,698 39,717


16 5,142 6,908 23,542 26,296 28,845 32,000 34,267 39,252 41,308
17 5,697 7,564 24,769 27,587 30,191 33,409 35,718 40,791 42,881


18 6,265 8,231 25,989 28,869 31,526 34,805 37,156 42,312 44,434


19 6,844 8,907 27,204 30,144 32,852 36,191 38,582 43,819 45,974
20 7,434 9,591 28,412 31,410 34,170 37,566 39,997 45,314 47,498


21 8,034 10,283 29,615 32,671 35,479 38,932 41,401 46,796 49,010


22 8,643 10,982 30,813 33,924 36,781 40,289 42,796 48,268 50,510
23 9,260 11,689 32,007 35,172 38,076 41,638 44,181 49,728 51,999


24 9,886 12,401 33,196 36,415 39,364 42,980 45,558 51,179 53,478
25 10,520 13,120 34,382 37,652 40,646 44,314 46,928 52,619 54,948


26 11,160 13,844 35,563 38,885 41,923 45,642 48,290 54,051 56,407


27 11,808 14,573 36,741 40,113 43,195 46,963 49,645 55,475 57,856
28 12,461 15,308 37,916 41,337 44,461 48,278 50,994 56,892 59,299


29 13,121 16,047 39,087 42,557 45,722 49,588 52,335 58,301 60,734


30 13,787 16,791 40,256 43,773 46,979 50,892 53,672 59,702 62,160


Például egy f = 3 szabadságfokú khi-négyzet eloszlású valósźınűségi változó
0,9 valósźınűséggel kisebb 6,251-nél.
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F-eloszlás


f1
f2 1 2 3 4 5 6 7 8 9


1 161 199 216 225 230 234 237 239 241
2 18,51 19,00 19,16 19,25 19,30 19,33 19,35 19,37 19,38


3 10,13 9,55 9,28 9,12 9,01 8,94 8,89 8,85 8,81
4 7,71 6,94 6,59 6,39 6,26 6,16 6,09 6,04 6,00


5 6,61 5,79 5,41 5,19 5,05 4,95 4,88 4,82 4,77


6 5,99 5,14 4,76 4,53 4,39 4,28 4,21 4,15 4,10
7 5,59 4,74 4,35 4,12 3,97 3,87 3,79 3,73 3,68


8 5,32 4,46 4,07 3,84 3,69 3,58 3,50 3,44 3,39


9 5,12 4,26 3,86 3,63 3,48 3,37 3,29 3,23 3,18
10 4,96 4,10 3,71 3,48 3,33 3,22 3,14 3,07 3,02


11 4,84 3,98 3,59 3,36 3,20 3,09 3,01 2,95 2,90


12 4,75 3,89 3,49 3,26 3,11 3,00 2,91 2,85 2,80
13 4,67 3,81 3,41 3,18 3,03 2,92 2,83 2,77 2,71


14 4,60 3,74 3,34 3,11 2,96 2,85 2,76 2,70 2,65
15 4,54 3,68 3,29 3,06 2,90 2,79 2,71 2,64 2,59


16 4,49 3,63 3,24 3,01 2,85 2,74 2,66 2,59 2,54


17 4,45 3,59 3,20 2,96 2,81 2,70 2,61 2,55 2,49
18 4,41 3,55 3,16 2,93 2,77 2,66 2,58 2,51 2,46


19 4,38 3,52 3,13 2,90 2,74 2,63 2,54 2,48 2,42


20 4,35 3,49 3,10 2,87 2,71 2,60 2,51 2,45 2,39
22 4,30 3,44 3,05 2,82 2,66 2,55 2,46 2,40 2,34


24 4,26 3,40 3,01 2,78 2,62 2,51 2,42 2,36 2,30


26 4,23 3,37 2,98 2,74 2,59 2,47 2,39 2,32 2,27
28 4,20 3,34 2,95 2,71 2,56 2,45 2,36 2,29 2,24


32 4,15 3,29 2,90 2,67 2,51 2,40 2,31 2,24 2,19
36 4,11 3,26 2,87 2,63 2,48 2,36 2,28 2,21 2,15


40 4,08 3,23 2,84 2,61 2,45 2,34 2,25 2,18 2,12


60 4,00 3,15 2,76 2,53 2,37 2,25 2,17 2,10 2,04
100 3,94 3,09 2,70 2,46 2,31 2,19 2,10 2,03 1,97


200 3,89 3,04 2,65 2,42 2,26 2,14 2,06 1,98 1,93


Például egy f1 = 3 és f2 = 4 szabadságfokú F-eloszlású valósźınűségi változó
0,95 valósźınűséggel kisebb 6,59-nál. (A táblázat csak 95%-os biztonsági
szinten használható.)
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F-eloszlás (folytatás)


f1
f2 10 11 12 16 20 24 30 50 100


1 242 243 244 246 248 249 250 252 253


2 19,40 19,40 19,41 19,43 19,45 19,45 19,46 19,48 19,49


3 8,79 8,76 8,74 8,69 8,66 8,64 8,62 8,58 8,55
4 5,96 5,94 5,91 5,84 5,80 5,77 5,75 5,70 5,66


5 4,74 4,70 4,68 4,60 4,56 4,53 4,50 4,44 4,41
6 4,06 4,03 4,00 3,92 3,87 3,84 3,81 3,75 3,71


7 3,64 3,60 3,57 3,49 3,44 3,41 3,38 3,32 3,27


8 3,35 3,31 3,28 3,20 3,15 3,12 3,08 3,02 2,97
9 3,14 3,10 3,07 2,99 2,94 2,90 2,86 2,80 2,76


10 2,98 2,94 2,91 2,83 2,77 2,74 2,70 2,64 2,59


11 2,85 2,82 2,79 2,70 2,65 2,61 2,57 2,51 2,46
12 2,75 2,72 2,69 2,60 2,54 2,51 2,47 2,40 2,35


13 2,67 2,63 2,60 2,51 2,46 2,42 2,38 2,31 2,26


14 2,60 2,57 2,53 2,44 2,39 2,35 2,31 2,24 2,19
15 2,54 2,51 2,48 2,38 2,33 2,29 2,25 2,18 2,12


16 2,49 2,46 2,42 2,33 2,28 2,24 2,19 2,12 2,07
17 2,45 2,41 2,38 2,29 2,23 2,19 2,15 2,08 2,02


18 2,41 2,37 2,34 2,25 2,19 2,15 2,11 2,04 1,98


19 2,38 2,34 2,31 2,21 2,16 2,11 2,07 2,00 1,94
20 2,35 2,31 2,28 2,18 2,12 2,08 2,04 1,97 1,91


22 2,30 2,26 2,23 2,13 2,07 2,03 1,98 1,91 1,85


24 2,25 2,22 2,18 2,09 2,03 1,98 1,94 1,86 1,80
26 2,22 2,18 2,15 2,05 1,99 1,95 1,90 1,82 1,76


28 2,19 2,15 2,12 2,02 1,96 1,91 1,87 1,79 1,73


32 2,14 2,10 2,07 1,97 1,91 1,86 1,82 1,74 1,67
36 2,11 2,07 2,03 1,93 1,87 1,82 1,78 1,69 1,62


40 2,08 2,04 2,00 1,90 1,84 1,79 1,74 1,66 1,59
60 1,99 1,95 1,92 1,82 1,75 1,70 1,65 1,56 1,48


100 1,93 1,89 1,85 1,75 1,68 1,63 1,57 1,48 1,39


200 1,88 1,84 1,80 1,69 1,62 1,57 1,52 1,41 1,32


251







[38] Tómács T., A valószínűségszámítás alapjai (második, átdolgozott kiadás), EKF Líce-
um Kiadó, Eger (2005)

[39] Tómács T., Matematikai statisztika, Eszterházy Károly Főiskola, Eger (2012)

[40] Tómács T., Matematikai statisztika gyakorlatok, Eszterházy Károly Főiskola, Eger
(2012)

Egyetemi jegyzetek

[41] Tómács T., Gazdasági számítások matematikai alapjai

[42] Tómács T., Játsszunk a véletlennel!

[43] Tómács T., LATEX

[44] Tómács T., LATEX LAPOK

[45] Tómács T., LATEX tévhitek

[46] Tómács T., Matematikai statisztika (átdolgozott kiadás)

[47] Tómács T., Matematikai statisztika gyakorlatok (átdolgozott kiadás)

[48] Tómács T., Mérték és integrál

[49] Tómács T., Mérték és integrál előadás anyaga

[50] Tómács T., Válogatott fejezetek valószínűségszámításból és statisztikából

[51] Tómács T., Valószínűségszámítás

[52] Tómács T., Valószínűségszámítás informatika szakosoknak

[53] Tómács T., Valószínűségszámítási gyakorlatok

Szerkesztői munkák

Proceedings of the 6th International Conference on Applied Informatics, Eger, Hungary
(2004)

Proceedings of the 7th International Conference on Applied Informatics, Eger, Hungary
(2007)

Proceedings of the 8th International Conference on Applied Informatics, Eger, Hungary
(2010)

Proceedings of the 9th International Conference on Applied Informatics, Eger, Hungary
(2014)

Proceedings of the 10th International Conference on Applied Informatics, Eger, Hungary
(2017)

Proceedings of the 11th International Conference on Applied Informatics, Eger, Hungary
(2020)

Proceedings of the 12th International Conference on Applied Informatics, Eger, Hungary
(2023)

Proceedings of the 1st International Conference and Exhibition on Future RFID Technolo-
gies (2014)

The Closing Conference of the project Visuality & Mathematics (2014)




TÓMÁCS TIBOR


A VALÓSZÍNŰSÉGSZÁMÍTÁS
ALAPJAI


Második, javított kiadás


EKF LÍCEUM KIADÓ, EGER
2005







Lektor:


Sztrik János
egyetemi docens


Megjelent az EKF Líceum Kiadó műszaki gondozásában
A szedés a MiKTEX—LATEX2ε szövegformázó programmal történt


Kiadó vezető: Hekeli Sándor
Felelős szerkesztő: Tömösközi Péter
Műszaki szerkesztő: Tómács Tibor


Megjelent: 2005


Második, javított kiadás digitális változata







Tartalomjegyzék
Előszó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1. Rövid történeti áttekintés . . . . . . . . . . . . . . . . . . . . . . . . . 6
2. Bevezetés . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3. A valószínűségszámítás alapfogalmai . . . . . . . . . . . . . . . . . . 11


3.1. Kolmogorov-féle axiómák . . . . . . . . . . . . . . . . . . . . . . . . 11
3.2. Események . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.3. Valószínűség . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.4. Klasszikus valószínűségi mező . . . . . . . . . . . . . . . . . . . . . 15


4. Feltételes valószínűség . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
5. Események függetlensége . . . . . . . . . . . . . . . . . . . . . . . . . . 21


5.1. Független kísérletek valószínűségi mezője . . . . . . . . . . . . . . . 23
5.2. Geometriai valószínűségi mező . . . . . . . . . . . . . . . . . . . . . 24


6. Valószínűségi változó . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
6.1. Gyakoriság és relatív gyakoriság . . . . . . . . . . . . . . . . . . . . 30
6.2. Eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
6.3. Eloszlásfüggvény . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
6.4. Sűrűségfüggvény . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36


7. Kétdimenziós eloszlások . . . . . . . . . . . . . . . . . . . . . . . . . . 43
7.1. Együttes eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
7.2. Együttes eloszlásfüggvény . . . . . . . . . . . . . . . . . . . . . . . 44
7.3. Együttes sűrűségfüggvény . . . . . . . . . . . . . . . . . . . . . . . 45
7.4. Valószínűségi változók függetlensége . . . . . . . . . . . . . . . . . . 46


8. Valószínűségi változók paraméterei . . . . . . . . . . . . . . . . . . . 49
8.1. Várható érték . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
8.2. Szórásnégyzet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57


9. Valószínűségi változók kapcsolatának jellemzése . . . . . . . . . . . 60
9.1. Kovariancia . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
9.2. Korrelációs együttható . . . . . . . . . . . . . . . . . . . . . . . . . 62


10. Diszkrét valószínűségi változók nevezetes eloszlásai . . . . . . . . 68
10.1. Karakterisztikus eloszlás . . . . . . . . . . . . . . . . . . . . . . . . 68
10.2. Binomiális eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
10.3. Hipergeometrikus eloszlás . . . . . . . . . . . . . . . . . . . . . . . 70
10.4. Poisson-eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
10.5. Geometriai eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . . . 74


11. Abszolút folytonos valószínűségi változók nevezetes eloszlásai . 76
11.1. Egyenletes eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
11.2. Exponenciális eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . 77
11.3. Cauchy-eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
11.4. Normális eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81


12. A nagy számok törvényei . . . . . . . . . . . . . . . . . . . . . . . . . 86
Irodalomjegyzék . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
Jelölések . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91











Előszó
Ez a jegyzet az Eszterházy Károly Főiskola elmúlt évek valószínűségszámítás


előadásainak anyagát tartalmazza. A használt jelölések megegyeznek a hallgatók
által már korábban tanult analízis és algebra jelöléseivel. A gyakrabban előfordulók
külön is ki lettek emelve a jegyzet végén. Az irodalomjegyzékre való hivatkozásnál
a [ ] jelek közé az adott könyv vagy jegyzet sorszáma kerül.


A kézírat megírásakor nagyon sok hasznos szakmai és szerkesztési tanácsot adott
Dr. Fazekas István, Dr. Sztrik János és Dr. Rimán János, akiknek ezúton is szeret-
nék köszönetet mondani.


A szerző
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1. Rövid történeti áttekintés


Az első ismert problémát a valószínűségszámításban Luca Pacioli (1445?–1517)
olasz matematikus írta le 1494-ben megjelent Summa de arithmetica (Az aritmetika
összefoglalása) című könyvében. A feladat a következő: Egy akkoriban népszerű
labdajátékban az nyer, aki először ér el 6 pontot. A játék viszont félbeszakad, ha az
egyik félnek 5, a másiknak 2 pontja van. Ilyenkor hogyan kell igazságosan osztozni
a letétbe helyezett pénzen? Pacioli a feladat megoldásaként az 5:2 arányban való
osztozkodás jogosultságát mondta ki. Tévedését hamar felfedezte Tartaglia (Niccolo
Fontana; 1500?–1557) és Girolamo Cardano (1501–1576) olasz matematikusok, de
helyes eredményt ők sem adtak. A pontos megoldást csak jóval később Blaise Pascal
(1623–1662) és Pierre Fermat (1601–1665) francia matematikusok találták meg.


Pascal figyelmét a valószínűségszámításra nem ez a feladat irányította, hanem
Chevalier de Méré lovag (Sieur de Bossay; 1607–1684) egy kérdése. De Méré lovag
nem volt matematikus, de megszállott szerencsejátékosként számos érdekes meg-
figyelésre tett szert. Az egyik ilyen tapasztalata, amit Pascalnak is megírt, a kö-
vetkező: Szerinte előnyösebb arra fogadni, hogy egy kockával dobva négy dobásból
legalább egyszer hatost dobunk, mint arra, hogy két kockával 24-szer dobva lega-
lább egyszer előfordul két hatos. A kérdés az, hogy miért mutatja ezt a gyakorlat,
amikor az első esetben a dobások száma úgy aránylik a lehetséges esetek számá-
hoz (4:6), mint a második esetben (24:36)? Ezen feladat kapcsán kezdett levelezni
egymással Pascal és Fermat. Pascal 1654-ben egy levelében írta le azon szándé-
kát, miszerint ki akarja dolgozni a véletlenek matematikáját. Innen számítjuk a
valószínűségszámítás megszületését.


Christiaan Huygens (1629–1695) holland matematikus, fizikus, bár tudott Pas-
cal és Fermat levelezéséről, a részleteket nem ismervén, ő maga is elkezdett foglal-
kozni a véletlenek matematikájával. Az 1657-ben megjelent De ratiociniis in ludo
aleae (A kockajátékra vonatkozó megfontolásokról) című könyvében bevezette a
matematikai remény fogalmát.


Komoly eredményt ért el Jacob Bernoulli (1654–1705) svájci matematikus Ars
coniectandi (A találgatás művészete) című könyvében. A könyv első része Huygens
munkáját kommentálja és egészíti ki. A második rész az ismétlés nélküli variációt és
kombinációt ismerteti, melyek a valószínűségszámítási feladatokban gyakran szere-
pet kapnak. A harmadik és negyedik rész feladatokat tartalmaz. A kockajátékokkal
kapcsolatos példákban feltételezi, hogy a kocka szimmetriája miatt a különböző do-
bások valószínűsége azonos. (A valószínűség szó ebben a könyvben szerepel először.)
A feladatok megoldása azt mutatja, hogy Bernoulli a valószínűséget úgy értelmezte,
mint a „kedvező” és a „lehetséges” esetek számának hányadosa. (Ezt a megfogalma-
zást először Piérre Simon Laplace (1749–1827) francia matematikus, fizikus hasz-
nálja 1812-ben.) Azt, hogy a kocka minden oldalára egyforma valószínűséggel eshet,
Bernoulli kísérlettel is ellenőrizte. A kockadobást nagyon sokszor elvégezte, s köz-
ben azt figyelte, hogy például a hatos számnak mennyi a relatív gyakorisága, mely
azt mutatja, hogy az addig elvégzett dobások számához képest mennyi a hatos
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dobások aránya. Tapasztalata szerint ez az érték a dobások számának növelésével
egyre közelebb kerül az 1


6 -hoz. Ezt a törvényt általánosítva bizonyította, hogy egy
esemény relatív gyakorisága, az esemény nagyszámú bekövetkezése esetén igen kö-
zel kerül a valószínűséghez. Ezt a törvényt Gottfried Wilhelm Leibniz (1646–1716)
német matematikussal folytatott levelezésében „nagy számok törvényének” nevezte
el. Bernoulli tehát észrevette azt a lehetőséget, hogy a valószínűségszámítást sta-
tisztikai adatokra is alkalmazhatja. Bernoulli nevéhez fűződik még a binomiális
eloszlás meghatározása is.


Georges Buffon (1707–1788) francia természettudós 1777-ben tette fel a kö-
vetkező kérdést: Egy síkra rajzoljunk párhuzamos egyeneseket egymástól d távol-
ságokra. Erre a síkra véletlenszerűen dobjunk egy l < d hosszúságú tűt. Mi a
valószínűsége annak, hogy a tű ráesik valamelyik egyenesre? Buffon a megoldásá-
ban bevezeti a valószínűségszámítás geometriai módszerét. Ezt a feladatot Laplace
általánosította arra az esetre, amelyben a síkon két párhuzamossereg van. Lap-
lace tanulmányait az 1812-ben megjelent Théorie analytique des probabilités (A
valószínűség analitikai elmélete) című könyvében összegzi.


Siméon Denis Poisson (1781–1840) francia matematikus általánosította a nagy
számok Bernoulli-féle törvényét egymástól függő eseményekre is. Ennek vizsgálata
során meghatározta a binomiális eloszlás határesetét, amelynek az alkalmazható-
sága igen sokrétű, például csillagászatban, mikroszkópikus biológiában, Brown-féle
mozgásokban stb.


Ezután Nyugat-Európában a valószínűségszámítás fejlődése egy időre lelassult,
mert a megfelelő elméleti alapok hiányában a hibás alkalmazások sok csorbát ej-
tettek a tekintélyén. A XIX. században a valószínűségszámítás fejlődésének kö-
zéppontja áthelyeződött Oroszországba. Az első orosz nyelvű valószínűségszámítás
tárgyú könyvet Viktor Jakovlevics Bunyakovszkij (1804–1889) írta Osznovanyija
matematicseszkoj teorij verojatnosztej (A valószínűség matematikai elméletének
alapjai) címmel. Ebben áttekinti a valószínűségszámítás addig elért eredményeit. A
tudományág további lehetőségeit Pofnutyij Lvovics Csebisev (1821–1894) alapozza
meg. Négy tanulmányával megteremtette a pétervári iskolát. 1866-ban bizonyítja a
Bernoulli-féle nagy számok törvényének legáltalánosabb alakját.


A valószínűségszámítás modern irányzatának, az axiomatikus felépítésnek az
úttörői Richard Mises (1883–1958) német és Szergej Natanovics Bernstein (1880–
1968) ukrán matematikusok voltak. Ők még logikai hibákat követtek el, amit Alek-
szandr Jakovlevics Hincsin (1894–1959) vett észre. Az első elfogadott és máig is
használt axiómarendszert Andrej Nyikolajevics Kolmogorov (1903–1987) orosz ma-
tematikus írta le 1933-ban, a Grundbegriffe der Wahrscheinlichkeitsrechnung (A
valószínűségszámítás alapfogalmai) című Berlinben megjelent könyvében. Kolmo-
gorov az axiómái segítségével minden addigi fontos eredményt le tudott vezetni.


A XX. században a valószínűségszámításból több jelentős önálló terület fejlő-
dött ki. Az egyik ilyen az információelmélet, melynek megalapozója Claude Elwood
Shannon amerikai mérnök. Ezt a kutatási területet hasznosítja a híradástechnika,
számítástechnika, kibernetika, biológia, pszichológia, nyelvészet, közgazdaságtan
stb.







2. Bevezetés


Minden természet- és társadalomtudomány foglalkozik olyan jelenségekkel, me-
lyekben egy bizonyos esemény szükségszerűen bekövetkezik, ha az általunk imert és
figyelembe vett körülmények fennállnak. Ezeket meghatározott eseményeknek
nevezzük.


Bizonyos jelenségeknél az összes számításba jöhető körülmény figyelembe vétele
lehetetlen, de legalábbis igen nehéz. Ennek oka lehet például, hogy a jelenség hát-
terében meghúzódó körülmények rendszere a tudomány mai állása szerint még nem
teljesen feltárt, vagy nem tudjuk mérni őket, vagy számuk túl nagy és kapcsola-
tuk nagyon bonyolult. Ilyenkor előfordulhat, hogy a figyelembe vett körülmények
összessége nem határozza meg egy esemény bekövetkezésének elegendő okát. Az
ilyen eseményeket véletlen eseményeknek nevezzük. Például, amikor egy dobó-
kockával játszunk, akkor nem tudjuk figyelembe venni az összes körülményt – hogy
milyen helyzetből indult, milyen impulzust kapott, a légellenállást, az asztallal való
ütközést, a súrlódást stb. –, csak azt a tényt, hogy feldobtuk. Ez viszont nem hatá-
rozza meg a dobás eredményét egyértelműen, így számunkra például a hatos dobása
véletlen eseményt jelent.


Ha egy véletlen kimenetelű jelenség sokszor ismétlődhet, akkor véletlen tö-
megjelenségről beszélünk. Az ilyen típusú jelenségekről a véletlenszerűségük elle-
nére is áttekintést nyerhetünk. Vegyük példaként a radioaktív bomlást. Bár minden
egyes atommag bomlása véletlennek tekinthető, mégis például egy urántömbben el-
helyezkedő sok-sok milliárd atommag esetében már előre meg tudjuk mondani, hogy
egy meghatározott időn belül hány százalékuk fog elbomlani. Ez a bomlás úgyne-
vezett exponenciális törvénye, melyet a valószínűségszámítás segítségével írhatunk
le. Ezt a törvényt a mérések éppúgy alátámasztják, mint bármilyen meghatározott
természeti törvényt.


A valószínűségszámítás tárgya a véletlen tömegjelenségek vizsgálata, feladata pe-
dig ezen jelenségek törvényszerűségeinek a feltárása.


Végezzünk el egy véletlen kimenetelű kísérletet sokszor egymás után. Figyeljük
egy lehetséges esemény bekövetkezését. Ha a kísérlet n végrehajtása után k-szor for-
dult elő a figyelt esemény, akkor a k


n számot az esemény relatív gyakoriságának
nevezzük.


Tapasztalat: A véletlen tömegjelenségek egy tág osztályában, nagy n-ek esetén
a relatív gyakoriság, egy eseménytől függő érték körül ingadozik.


A továbbiakban ezt az értéket a vizsgált esemény valószínűségének fogjuk
nevezni. Ezen tapasztalat alapján axiómákat lefektetve lehetőség nyílik egy mate-
matikai elmélet kidolgozására. Természetesen egy axiómarendszer akkor jó, ha az
elmélet visszadja a tapasztalatot. Látni fogjuk a nagy számok törvényeivel foglal-
kozó fejezetben, hogy ez az elvárás teljesül.
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Relatív gyakoriság a kísérletek számának függvényében


Mindenekelőtt szükségünk lesz olyan eszközökre, amelyek alkalmasak a véletlen
események közötti kapcsolatok leírására. Ezt halmazok segítségével oldjuk meg.
Az események halmazokkal való azonosítása a matematikában a következő példa
alapján kézenfekvőnek tűnik: Amikor egy dobókockával játszunk, az egyes, kettes,
hármas, négyes, ötös vagy a hatos oldal lehet felül. A nekik megfelelő halmazok
legyenek a következők: {1}, {2}, {3}, {4}, {5}, {6}. Ezeket a továbbiakban elemi
eseményeknek fogjuk nevezni. De más események is elképzelhetők. Például az,
hogy páros számot dobok. Ennek feleltessük meg a következő halmazt: {2, 4, 6}. Ezt
az eseményt összetett eseménynek fogjuk hívni, mert felbontható nem triviális
módon több esemény uniójára: {2, 4, 6} = {2}∪{4}∪{6}. Az is esemény, hogy egytől
hatig valamilyen egész szám fog kijönni. Ezt biztos eseménynek nevezzük, melyet
Ω-val jelölünk, és a halmaz megfelelője: Ω = {1, 2, 3, 4, 5, 6}. Azt az eseményt, amely
a kockajáték szabályai szerint nem fordulhat elő, lehetetlen eseménynek fogjuk
nevezni, és a halmaz megfelelője legyen az üres halmaz. Végül azt is eseménynek
kell tekinteni, ha egy esemény nem következik be. Például nem egyest dobok. Az
ehhez tartozó halmaz: {1} = {2, 3, 4, 5, 6}.


Vegyük észre, hogy akármelyik eseményt is tekintjük, az a biztos esemény egy
részhalmaza. Milyen fontos tulajdonságai vannak az eseményeknek? Mindenekelőtt
kihangsúlyozzuk, hogy értelemszerűen minden ami teljesül a halmazokra, az teljesül
az eseményekre is. Az események rendszerét az Ω részhalmazainak egy rendszerével
reprezentáljuk (jelöljük ezt F-fel). Az előző példában F az Ω összes részhalmazai-
nak a halmaza, másnéven az Ω hatványhalmaza. Ennek azonban nem feltétlenül
kell teljesülni, mint azt látni fogjuk például a geometriai valószínűségi mező tár-
gyalásánál. Általános esetben F az Ω hatványhalmazának egy részhalmaza. Ennek
a tulajdonságait kell megvizsgálni. Hármat emelünk ki:


(1) Az első, hogy az Ω esemény, azaz eleme F-nek.
(2) Azt is láttuk, hogy egy esemény ellentettje is esemény.
(3) Végül nyilvánvaló tulajdonság még, hogy két esemény uniója is esemény.


Például páros számot vagy hármast dobok: {2, 4, 6}∪{3}={2, 3, 4, 6}. Az általáno-
sabb esetek leírására szolgál az úgynevezett Kolmogorov-féle elmélet, mely felteszi,
hogy nemcsak véges sok, hanem megszámlálhatóan végtelen sok esemény uniója is
esemény.
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Az algebrában az (1), (2) és (3) tulajdonságú halmazrendszereket jól ismerik. A
továbbiakban ezen tulajdonságokat választjuk az események axiómarendszereként.


Egy másik alapfogalomra, a valószínűségre is szükségünk van. Tapasztalatunk
alapján, ez nagyszámú kísérletek után, körülbelül a relatív gyakorisággal egyezik
meg. Így a valószínűség jól jellemezhető a relatív gyakoriság tulajdonságaival. A
valószínűség egy függvény. Minden eseményhez hozzárendeli azt a számot, amely
körül a relatív gyakoriság ingadozik. Három tulajdonságát emeljük ki:


(4) A relatív gyakoriság, s így a valószínűség értéke sem lehet negatív.
(5) Ha a biztos esemény relatív gyakoriságát vizsgáljuk, akkor minden kísérlet


esetén a bekövetkezések száma és a kísérletek száma megegyezik. Így a hányadosuk
minden esetben 1. Ebből az következik, hogy a biztos esemény valószínűsége 1.


(6) A harmadik tulajdonságot ismét dobókockával szemléltetjük. Tekintsük azo-
kat az eseményeket, amikor az egyes oldal, illetve amikor a kettes vagy hármas oldal
van felül. Az ezeknek megfelelő halmazok az {1} és a {2, 3}. Ezen két egymást ki-
záró esemény relatív gyakoriságait megvizsgálva, azt fogjuk tapasztalni, hogy 1


6
illetve 1


3 körül ingadozik nagyszámú kísérlet esetén. Ez természetes, hiszen az ol-
dalak között fizikai jellemzőit tekintve nincs különbség, csupán másképpen jelöljük
őket. Így minden oldalra egyforma eséllyel eshet. Ha most az {1, 2, 3} esemény re-
latív gyakoriságát vizsgáljuk, akkor az 1


2 körül ingadozik. Vagyis ahogy az előre
sejthető volt, az előző két érték összeadódik. Ezt az eredményünket általánosítva
azt mondhatjuk, hogy ha az A és B események diszjunktak, akkor az események
uniójának a valószínűsége megegyezik az események valószínűségeinek összegével.
Itt is kiterjesztjük az eredményt végtelen esetre. Eszerint megszámlálhatóan végte-
len sok, páronként diszjunkt esemény uniójának valószínűsége megegyezik az ese-
mények valószínűségeinek összegével. Bár ez nem következik a szemléletből, mégis
elfogadásával a jelenségek egy igen széles köre leírható lesz.


A matematikában azokat a függvényeket, melyekre (4), (5) és (6) teljesül, 1-re
normált mértéknek nevezzük. A valószínűségszámítás Kolmogorov-féle elméle-
tében ezeket a tulajdonságokat választjuk a valószínűség axiómarendszerének.







3. A valószínűségszámítás alapfogalmai


3.1. Kolmogorov-féle axiómák


3.1. definíció. (Kolmogorov-féle axiómák) Legyen Ω egy nem üres halmaz,
F részhalmaza az Ω hatványhalmazának és P: F → R. Tegyük fel, hogy ezekre
teljesülnek a következők:


(1. axióma) Ω ∈ F .


(2. axióma) Ha A ∈ F , akkor A ∈ F , (ahol A = Ω \A).


(3. axióma) Ha Ai ∈ F minden i ∈ N esetén, akkor
⋃∞


i=1 Ai ∈ F .


(4. axióma) Minden A ∈ F esetén P(A) > 0.


(5. axióma) P(Ω) = 1.


(6. axióma) Ha Ai ∈ F (i = 1, 2, . . .) páronként diszjunktak, azaz közülük
bármely kettő diszjunkt, akkor P (


⋃∞
i=1 Ai) =


∑∞
i=1 P(Ai).


Ekkor F-et σ-algebrának1, elemeit eseményeknek, a P függvényt valószínű-
ségnek, a P(A) számot az A esemény valószínűségének, az (Ω,F , P) rendezett
hármast pedig valószínűségi mezőnek nevezzük. A 6. axiómát teljes additivi-
tásnak is nevezzük.


3.2. megjegyzés. (1) Az üres halmaz esemény az 1. és 2. axiómák miatt. A 3. axi-
óma véges sok eseményre is igaz, ugyanis ha Ai = ∅ minden i > n esetén, akkor⋃∞


i=1 Ai =
⋃n


i=1 Ai.


(2) Kettőnél több elemű σ-algebra esetén több olyan valószínűség is van, melyre
teljesülnek az előző axiómák. Hogy melyik tükrözi a valóságot, erre a választ a
matematikai statisztika keresi.


3.2. Események


3.3. definíció. Legyen A,B ∈ F . Bevezetjük a következő jelöléseket és fogalma-
kat:


(1) A+B := A∪B. Ez akkor következik be, ha legalább az egyik bekövetkezik.


(2) AB := A∩B. Ez akkor következik be, ha mindkettő egyszerre bekövetkezik.
(A későbbiekben látni fogjuk, hogy események szorzata mindig esemény.)


(3) A := Ω\A. Ezt az A ellentett eseményének nevezzük. Ez akkor következik
be, ha az A nem következik be.


1Kiejtése: szigma-algebra.
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(4) A − B := A \ B = AB. Ez az esemény akkor következik be, ha az A
bekövetkezik, de B nem.


(5) Az Ω-t biztos eseménynek, az ∅-t lehetetlen eseménynek nevezzük.


(6) Az A ∈ F eseményt összetett eseménynek nevezzük, ha triviálistól külön-
böző módon fel lehet bontani, azaz léteznek B, C ∈ F nem lehetetlen események,
melyekre A = B + C teljesül. Ha A ∈ F nem összetett és nem lehetetlen esemény,
akkor elemi eseménynek nevezzük.


(7) Ha A ⊂ B, akkor azt mondjuk, hogy az A maga után vonja B-t.


(8) Ha A,B diszjunktak, akkor az A és B eseményeket egymást kizáró ese-
ményeknek nevezzük.


(9) Legyen Γ egy nem üres, megszámlálható számosságú halmaz. Azt mondjuk,
hogy {Ai : Ai ∈ F , i ∈ Γ} teljes eseményrendszer, ha osztályozása Ω-nak,
azaz AiAj = ∅ minden i, j ∈ Γ , i 6= j esetén, továbbá


∑
i∈Γ Ai = Ω. Másképpen


fogalmazva, ekkor az Ai-k közül minden esetben pontosan egy teljesül.


3.4. feladat. Egy dobókockát kétszer feldobunk. Ha a dobott számok összege
kettő, akkor feldobjuk mégegyszer. Adjuk meg az Ω-t és két σ-algebrát.


Megoldás. Ω = {(1, 1, 1), (1, 1, 2), . . . , (1, 1, 6), (1, 2), (1, 3), . . . , (1, 6), (2, 1), (2, 2),
. . . , (2, 6), . . . , (6, 1), (6, 2), . . . , (6, 6)}. Legyen F1:={∅,Ω, B, B}, F2 := {∅,Ω, C, C},
ahol B := {(1, 1, i) : i = 1, 2, . . . , 6}, továbbá C := {(1, i) : i = 2, 3, . . . , 6}. Ekkor
F1 és F2 is σ-algebra. A B esemény akkor következik be, ha egymás után kétszer
egyest dobunk. A C esemény akkor következik be, ha az első dobás egyes, de a
második nem.


3.5. megjegyzés. Láttuk, hogy a véletlen esemény a matematikában halmazt je-
lent. Így az események közötti műveletek tulajdonságai megegyeznek a halmazo-
kéval. Ezek közül sorolunk fel most néhány alapvetőt, melyek korábbról már jól
ismertek. Legyen Ai, A, B, C ∈ F , i ∈ N.


(1) A + A = A és AA = A.


(2) Mindkét művelet kommutatív és asszociatív.


(3) A(B + C) = AB + AC és A + BC = (A + B)(A + C).


(4) A + ∅ = A és A∅ = ∅.
(5) A + Ω = Ω és AΩ = A.


(6) A + A = Ω és AA = ∅.
(7) ∅ = Ω és Ω = ∅.
(8) A = A.


(9) A = B akkor és csak akkor, ha A = B.
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(10) A ⊂ A + B és AB ⊂ A.


(11) A + B=A, AB=B illetve AB=∅ akkor és csak akkor, ha B ⊂ A.


(12) A = A + AB.


(13) A = B akkor és csak akkor, ha A ⊂ B és B ⊂ A.


(14) A ⊂ B akkor és csak akkor, ha A ⊃ B.


(15) A + B = A ·B és AB = A + B.


(16)
∑∞


i=1 Ai =
∏∞


i=1 Ai és
∏∞


i=1 Ai =
∑∞


i=1 Ai.


(17) A + B = A + AB = AB + AB + AB.


(18) AB − C = (A− C)(B − C).


(19) A−BC = (A−B) + (A− C).


(20) A(B − C) = AB −AC.


(21) B = C esetén B + A = C + A és BA = CA.


(22) AB = AC = ∅ és B + A = C + A esetén B = C.


(23) AB = AC = ∅ és BA = CA esetén B = C.


A (15) és (16) tulajdonságokat de Morgan-féle azonosságoknak nevezzük.


3.6. tétel. Ha Ai ∈ F minden i ∈ N esetén, akkor
∏∞


i=1 Ai ∈ F és
∏n


i=1 Ai ∈ F
teljesül minden n ∈ N esetén.


Bizonyítás. A de Morgan-féle azonosságokból
∏∞


i=1 Ai =
∑∞


i=1 Ai, így az axió-
mák alapján igaz a tétel. Másrészt Ai := Ω (i > n) választással


∏n
i=1 Ai =


∏∞
i=1 Ai,


így az előző miatt igaz az állítás.


3.3. Valószínűség


3.7. tétel. Legyen (Ω,F ,P) valószínűségi mező, és Ai, A, B ∈ F (i = 1, . . . , n).
Ekkor teljesülnek a következők.


(1) P(∅) = 0.


(2) P(A1 + · · ·+ An) = P(A1) + · · ·+ P(An), ha i 6= j esetén AiAj = ∅.
(3) P(A) = 1− P


(
A


)
.


(4) P(A−B) = P(A)− P(AB).


(5) P(A + B) = P(A) + P(B)− P(AB).


(6) Ha B ⊂ A, akkor P(A−B) = P(A)− P(B).


(7) Ha A ⊂ B, akkor P(A) 6 P(B).
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(8) P(A) 6 1.


(9) Ha A ⊂ B és P(B) = 0, akkor P(A) = 0.


(10) Ha P(B) = 1, akkor P(A) = P(AB).


(11) P(A1 + · · ·+ An) 6 P(A1) + · · ·+ P(An).


A (2) tulajdonságot véges additivitásnak nevezzük.


Bizonyítás. (1) Legyen A1 = Ω és An = ∅ minden n > 2 esetén. Ekkor az Ai


(i = 1, 2, . . .) események páronként kizáróak, így a teljes additivitásból P(Ω + ∅ +
+ ∅ + · · · ) = P(Ω) + P(∅) + P(∅) + · · · következik. Viszont Ω = Ω + ∅ + ∅ + · · · ,
ezért limn→∞ nP(∅) =


∑∞
i=1 P(∅) = 0. Ez pedig csak úgy lehetséges, ha P(∅) = 0.


(2) Legyen Ai := ∅ (i > n). Ezek páronként kizáróak, így a teljes additivitás és
P(∅) = 0 miatt


P


(
n∑


i=1


Ai


)
= P


( ∞∑


i=1


Ai


)
=


∞∑


i=1


P(Ai) =
n∑


i=1


P(Ai).


(3) Az A és az A események egymást kizáróak, ezért a véges additivitásból
P


(
A + A


)
= P(A) + P


(
A


)
. Ebből P


(
A + A


)
= P(Ω) = 1 miatt igaz az állítás.


(4) A = AB +AB diszjunkt felbontás, ezért P(A) = P(AB)+P
(
AB


)
, melyből


AB = A−B alapján kapjuk az állítást.


(5) A 3.5. megjegyzés (17) pontjából és a véges additivitásból következik, hogy
P(A + B) = P(A) + P(B −A). Így a (4) pont alapján kapjuk az állítást.


(6) B ⊂ A esetén AB = B, így a (4) pontból következik az állítás.


(7) A 4. axiómából és a (6) pontból következik az állítás, ugyanis A ⊂ B feltétel
esetén 0 6 P(B −A) = P(B)− P(A) teljesül.


(8) Minden A ∈ F esetén A ⊂ Ω, ezért az 5. axióma és a (7) pont miatt igaz a
tétel.


(9) A 4. axióma és (7) miatt 0 6 P(A) 6 P(B) = 0, melyből következik az
állítás.


(10) Az eddigiek miatt 0 6 P(A) − P(AB) = P(A − B) 6 P(B) = 0, melyből
következik az állítás.


(11) Teljes indukcióval bizonyíthatjuk.


3.8. tétel. (A valószínűség folytonossága) Legyen (Ω,F , P) valószínűségi me-
ző és Ai ∈ F minden i ∈ N esetén.


(1) Ha Ai ⊂ Ai+1 minden i ∈ N esetén, akkor limn→∞ P(An)=P (
∑∞


i=1 Ai).


(2) Ha Ai ⊃ Ai+1 minden i ∈ N esetén, akkor limn→∞ P(An)=P (
∏∞


i=1 Ai).
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Bizonyítás. (1) A feltételek miatt
∑∞


i=1 Ai = A1 +
∑∞


i=1(Ai+1 − Ai) diszjunkt
felbontás, így a teljes additivitás és a 3.7. tétel (6) pontja miatt


P


( ∞∑


i=1


Ai


)
= P(A1) +


∞∑


i=1


P(Ai+1 −Ai) =


= P(A1) + lim
n→∞


n−1∑


i=1


(
P(Ai+1)− P(Ai)


)
=


= lim
n→∞


(
P(A1) + P(A2)− P(A1) + · · ·+ P(An)− P(An−1)


)
= lim


n→∞
P(An).


(2) Mivel Ai ⊂ Ai+1 minden i ∈ N esetén és
∑∞


i=1 Ai =
∏∞


i=1 Ai, ezért az előző
pont miatt limn→∞ P(An ) = P


( ∏∞
i=1 Ai


)
. Ebből következik a tétel.


3.4. Klasszikus valószínűségi mező


A továbbiakban a legegyszerűbb valószínűségi mezőt mutatjuk be, vagyis amely-
ben véges sok az elemi események száma, és mindegyiknek ugyanakkora a valószí-
nűsége.


3.9. definíció. Legyen Ω egy n ∈ N elemből álló halmaz, F az Ω hatványhalmaza,
továbbá P: F → R, P(A) = k


n , ahol k az A elemeinek a száma. Ekkor az (Ω,F , P)-t
klasszikus valószínűségi mezőnek2 nevezzük.


3.10. megjegyzés. Definíció szerint a klasszikus valószínűségi mezőben az elemi
események valószínűségei megegyeznek, nevezetesen 1


n . A P(A) = k
n képletet úgy


szokták fogalmazni, hogy a valószínűség a kedvező esetek száma osztva az összes
esetek számával. A kedvező illetve az összes esetek számát legtöbbször kombinato-
rikai eszközökkel határozhatjuk meg.


3.11. feladat. Totóban mi a valószínűsége a 10-es találatnak, ha feltesszük, hogy
minden tipp bekövetkezésének a valószínűsége egyforma?


Megoldás. Az Ω legyen az 1, 2, x elemek összes 14-edosztályú ismétléses variáci-
ójának halmaza. Ekkor minden tippnek megfelel pontosan egy Ω-beli elem. Ezek
lesznek az elemi események. Ekkor egy klasszikus valószínűségi mezőt kapunk, mely-
ben a 10-es találat


(
13
10


)·23·3-féleképpen következhet be. Ugyanis a 10-es találatot az
első 13 mérkőzésből kell elérni, ami


(
13
10


)·23-féleképpen lehetséges, és még a pótmér-
kőzésre 3-féleképpen tippelhetünk. Az Ω elemeinek a száma, azaz az összes esetek
száma 314. Így a kérdéses valószínűség


(
13
10


)·23·3 : 314 ≈ 0,0014.


3.12. feladat. 52 lapos römi kártyát szétosztunk Antalnak, Bélának, Józsefnek és
Imrének véletlenszerűen úgy, hogy mindenkinek 13 lapja legyen. Mi a valószínűsége
annak, hogy a treff ászt Antal kapja meg?


2Az olvasóra bízzuk annak belátását, hogy ez valóban valószínűségi mező.
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Megoldás. Az {ω1} reprezentálja azt az esetet, amikor a treff ászt Antal kapja
meg, hasonlóan {ω2} azt amikor Béla, {ω3} azt amikor József, végül {ω4} azt
amikor Imre kapja meg. Legyen Ω := {ω1, ω2, ω3, ω4}. Egyik személyt sem tünteti
ki a többihez képest a leosztás, így az {ωi}-k valószínűségei megegyeznek. Tehát
ez klasszikus valószínűségi mező. Ekkor a kedvező esetek száma 1, míg az összes
esetek száma 4. Vagyis a valószínűség 1


4 .
Másképpen is megoldhatjuk a feladatot. Az Ω legyen a kártya 52 lapjának összes


13-adosztályú ismétlés nélküli kombinációjának halmaza. Ekkor az Antalnak kiosz-
tott lapok bármely kombinációjának megfelel pontosan egy Ω-beli elem. Mivel ezek
valószínűségei egyformák a szimmetria viszonyok miatt, ezért klasszikus valószínű-
ségi mezőt kapunk. Azon esetek száma amikor a treff ász a kombinációban van,
azaz a kedvező esetek száma,


(
51
12


)
. Az Ω elemeinek a száma


(
52
13


)
. Így a valószínűség(


51
12


)
:
(
52
13


)
= 1


4 .







4. Feltételes valószínűség


Kétszer dobunk egymás után egy kockával. Azt tippeljük a dobások előtt, hogy
elsőre 1-est és másodikra 2-est, vagy elsőre 2-est és másodikra 3-ast dobunk, azaz
bekövetkezik az A = {(1, 2), (2, 3)} esemény. Ekkor P(A) = 2


36 . Végezzük el az első
dobást, és tegyük fel, hogy bekövetkezik a B = {(1, i) : i = 1, 2, . . . , 6} esemény,
azaz 1-est dobunk. Kérdés, hogy ilyen feltétellel mi az A esemény valószínűsége?
A B feltétellel az A csak úgy következhet be, ha másodikra 2-est dobunk, azaz
bekövetkezik az AB esemény. Másrészt a biztos esemény szerepét most átvette a
B. Klasszikus valószínűségi mezőről van szó, így a valószínűség:


|AB|
|B| =


|AB|
|Ω| :


|B|
|Ω| =


P(AB)
P(B)


=
1
36
6
36


=
1
6
,


ahol az abszolút érték jel a halmaz elemeinek a számát jelenti. A kapott eredményt
terjesszük ki tetszőleges valószínűségi mezőre:


4.1. definíció. Legyen (Ω,F , P) valószínűségi mező, A,B ∈ F és P(B) 6= 0. A


P(A | B) :=
P(AB)
P(B)


számot, az A esemény B-re vonatkozó feltételes valószínűségének nevezzük.


4.2. következmény. (Szorzási tétel) Ha (Ω,F , P) valószínűségi mező, továbbá
A,B ∈ F és P(B) 6= 0, akkor P(AB) = P(A | B)P(B) teljesül.


4.3. tétel. Legyen (Ω,F , P) egy valószínűségi mező, B ∈ F továbbá P(B) 6= 0.
Ekkor (Ω,F ,PB) és (B,FB ,P∗B) is valószínűségi mező, ahol PB : F → R, PB(A) =
= P(A | B), FB = {AB : A ∈ F} és P∗B : FB → R, P∗B(A) = P(A | B).


Bizonyítás. (1) Egyrészt P(AB) > 0 és P(B) > 0, így PB(A) > 0 minden A ∈ F
esetén, másrészt PB(Ω)=P(Ω|B)=P(ΩB) : P(B)=1. Harmadrészt ha Ai ∈ F , i ∈ N
páronként egymást kizáróak, akkor


PB


( ∞∑


i=1


Ai


)
= P


(
B


∞∑


i=1


Ai


)
: P(B) = P


( ∞∑


i=1


BAi


)
: P(B) =


=
∞∑


i=1


P(BAi) : P(B) =
∞∑


i=1


PB(Ai),


mert BAi is páronként egymást kizáróak. Így (Ω,F , PB)-re teljesülnek az axiómák,
azaz valószínűségi mező.


(2) Nyilván B ∈ FB , hiszen B = BΩ. Ha C ∈ FB , azaz létezik A ∈ F , hogy
C=AB, akkor C=B−AB=B(A + B)=BA ∈ FB , hiszen A ∈ F . (Itt a komple-
menterképzés B-re történik!) Mivel PB nem lehet negatív, ezért annak leszűkítése
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sem lehet az. P∗B(B) = P(B | B) = 1. Ha Ci ∈ FB , i ∈ N páronként egymást
kizáró események, akkor


∑∞
i=1 Ci ∈ FB miatt P∗B (


∑∞
i=1 Ci) = PB (


∑∞
i=1 Ci) =


=
∑∞


i=1 PB(Ci) =
∑∞


i=1 P∗B(Ci). (Felhasználtuk, hogy PB és P∗B megegyezik FB-n,
továbbá hogy PB teljesen additív.) Így (B,FB ,P∗B)-re teljesülnek az axiómák, azaz
valószínűségi mező.


4.4. megjegyzés. Mivel (B,FB , P∗B) valószínűségi mező, ezért a feltételes valószí-
nűséget úgy is ki lehet számítani, hogy az Ω eseményteret leszűkítjük a feltételt
jelentő B eseményre. Például tegyük fel, hogy egy szelvénnyel lottózunk, az első
négy számot már kihúzták és mindet eltaláltuk. Mi a valószínűsége, hogy az ötö-
diknek kihúzott számot is eltaláljuk? A feltételes valószínűség használata nélkül
gondolkodhatunk a következőképpen: Mivel már négyet kihúztak, ezért a mara-
dék 86-ból kell eltalálni egyet. Így az eredmény 1


86 . (Ugyanezt kapnánk feltételes
valószínűséggel is, melynek belátását az olvasóra bízzuk.)


4.5. tétel. Ha (Ω,F ,P) valószínűségi mező, A,B, C ∈ F és P(C) 6= 0, akkor


(1) P(A | C) 6 1,


(2) P(A | C) = 1, ha C ⊂ A,


(3) P
(
A | C)


= 1− P(A | C),


(4) P(A + B | C) = P(A | C) + P(B | C)− P(AB | C),


(5) P(A−B | C) = P(A | C)− P(AB | C).


Bizonyítás. Az (Ω,F ,PC) valószínűségi mező, ezért a 3.7. tétel miatt (1), (3), (4)
és (5) teljesül. A (2) állítás abból következik, hogy C ⊂ A miatt AC = C.


4.6. tétel. (Teljes valószínűség tétele) Legyen (Ω,F , P) valószínűségi mező, a{
Bi ∈ F : i ∈ N}


teljes eseményrendszer, és P(Bi) 6= 0 minden i ∈ N-re. Ekkor
bármely A ∈ F esetén P(A) =


∑∞
i=1 P(A | Bi)P(Bi).


Bizonyítás.
∑∞


i=1 Bi = Ω, ezért A =
∑∞


i=1 ABi. Mivel a Bi események páronként
egymást kizáróak, ezért az ABi események is azok lesznek, tehát alkalmazhatjuk a
teljes additivitást. Felhasználva még a szorzási tételt kapjuk, hogy


∞∑


i=1


P(A | Bi)P(Bi) =
∞∑


i=1


P(ABi) = P


( ∞∑


i=1


ABi


)
= P(A).


4.7. tétel. (Bayes tétele) Legyen (Ω,F , P) valószínűségi mező,
{
Bi∈ F : i ∈ N}


teljes eseményrendszer, és P(Bi) 6= 0 minden i ∈ N esetén. Ha A ∈ F és P(A) 6= 0,
akkor bármely i ∈ N esetén


P(Bi | A) =
P(A | Bi)P(Bi)


∞∑
k=1


P(A | Bk)P(Bk)
.
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Bizonyítás. A szorzási tétel és a teljes valószínűség tétele szerint az egyenlőség
jobb oldala P(ABi)


P(A) -val egyenlő, melyből következik az állítás.


4.8. megjegyzés. (1) Ha valamely A eseményt mint okozatot tekintjük, amit a Bi


(i ∈ N) okok válthatnak ki, akkor ismerve az okok valószínűségeit és hatásukat az
okozat bekövetkezésére, azaz a P(A | Bi) értékeket tudva, a teljes valószínűség tétele
értelmében az okozat valószínűsége meghatározható. Másfelől, ha az A okozat már
bekövetkezett, akkor Bayes tételével következtethetünk arra, hogy egy kiválasztott
ok milyen valószínűséggel szerepelt az A létrejöttében. Ilyen értelemben Bayes tétele
megfordítása a teljes valószínűség tételének.


(2) Ha a B1, B2, . . . eseményrendszerre teljesül, hogy páronként egymást ki-
záróak, és összegük valószínűsége 1, akkor azt tágabb értelemben vett teljes
eseményrendszernek nevezzük. A teljes valószínűség tétele és Bayes tétele ilyen
eseményrendszerekre is igaz. Másrészt, ha a tágabb értelemben vett teljes esemény-
rendszer véges sok eseményből áll, ez a két tétel akkor is teljesül. Ezek bizonyítását
az olvasóra bízzuk.


4.9. feladat. Szindbád tíz háremhölgy közül feleséget választhat oly módon, hogy
az előtte elvonuló, véletlenszerűen sorrendbe állított hölgyek közül az első ötöt el
kell engednie, de az utána következők közül ki kell választania a legelsőt, aki az
első öt hölgytől szebb. Mi a valószínűsége annak, hogy Szindbád a legszebb höl-
gyet tudja kiválasztani? (Feltesszük, hogy szigorú sorrendet tudunk megállapítani
a hölgyek szépségét illetően, továbbá ha a legszebb hölgy az első öt között volt,
akkor Szindbád nem választhat ki senkit.)


Megoldás. Jelentse A azt az eseményt, hogy Szindbád a legszebb háremhölgyet
választja ki, Bi pedig azt, hogy i-ediknek érkezik a legszebb hölgy.


Ekkor a teljes valószínűség tétele szerint P(A)=
∑10


i=1 P(A | Bi)P(Bi). Ha i 6 5,
akkor P(A | Bi) = 0, melyből P(A)=


∑10
i=6 P(A | Bi)P(Bi). Válasszuk ki az első


i − 1 hölgy közül a legszebbet. Ha ő az első ötben volt, akkor bekövetkezik A,
ellenkező esetben nem. Mivel i− 1 hölgy között (i− 1)-féleképpen helyezkedhet el,
és ebből az előzőek értelmében csak 5 a kedvező, ezért P(A | Bi) = 5


i−1 . Másrészt
P(Bi) = 0,1, így


P(A) =
10∑


i=6


5
i− 1


· 0,1 = 0,5
9∑


i=5


1
i
≈ 0,373.


4.10. feladat. Egy üzemben három gép működik. Az első a termelés 25%-át adja,
és 5%-os selejttel dolgozik. A második 35%-ot termel 4%-os selejttel, végül a harma-
dik 40%-ot ad 2%-os selejttel. A termékek közül kiválasztunk egyet véletlenszerűen,
és azt tapasztaljuk, hogy az selejtes. Mi a valószínűsége annak, hogy az első gép
gyártotta?
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Megoldás. Jelentse A azt az eseményt, hogy selejtes terméket választottunk, Bi


pedig azt, hogy az i-edik gép gyártotta. Ekkor Bayes tétele értelmében


P(B1 | A) =
P(A | B1)P(B1)


3∑
k=1


P(A | Bk)P(Bk)
=


0,25 · 0,05
0,25 · 0,05 + 0,35 · 0,04 + 0,4 · 0,02


≈ 0,362.
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Jelentse A azt az eseményt, hogy dobókockával nem dobunk 3-nál nagyobbat,
vagyis A := {1, 2, 3}, másrészt B jelentse azt, hogy 3-ast vagy 4-est dobunk, tehát
B := {3, 4}. Ekkor P(A) = 3


6 és P(A | B) = 1
2 , vagyis A-nak a valószínűsége,


függetlenül attól, hogy B bekövetkezett-e vagy sem, mindig 1
2 . A továbbiakban, ha


P(A) = P(A | B) teljesül, akkor azt mondjuk, hogy A független B-től. Könnyű
ellenőrizni, hogy B is független A-tól, hiszen P(B) = 2


6 és P(B | A) = 1
3 , tehát


megegyeznek. A függetlenségnek ez a szimmetria tulajdonsága általánosan is igaz,
azaz A pontosan akkor független B-től, ha B független A-tól.


Vegyük észre, hogy P(A)P(B) 6= 0 esetén a függetlenség fogalma ekvivalens
azzal, hogy P(AB) = P(A)P(B). Ez utóbbi képlet akkor is alkalmazható, ha
P(A)P(B) = 0, másrészt a szimmetria azonnal látható belőle. Ezért a további-
akban ezt fogadjuk el a függetlenség definíciójának.


5.1. definíció. Legyen (Ω,F ,P) valószínűségi mező és A,B ∈ F . Azt mondjuk,
hogy az A esemény független B-től, ha P(AB) = P(A)P(B).


5.2. következmény. Legyen (Ω,F ,P) valószínűségi mező, A,B ∈ F és P(B) 6= 0.
Az A pontosan akkor független B-től, ha P(A | B) = P(A).


5.3. feladat. Antal és Béla céltáblára lőnek. Antal 0,8 valószínűséggel találja el a
céltáblát, Béla pedig 0,5-del. A találatok egymástól függetlenek. Ha Antal és Béla
egy-egy lövést adnak le, akkor mennyi a valószínűsége annak, hogy legalább az
egyikőjük talál?


Megoldás. Az A esemény jelentse azt, hogy Antal lövése talál, illetve B azt, hogy
Béla lövése talál. Ekkor P(A + B) = P(A) + P(B) − P(AB) = P(A) + P(B) −
− P(A)P(B) = 0,9.


5.4. feladat. Bizonyítsuk be, hogy az (Ω,F ,P) valószínűségi mezőben az A és B
események akkor és csak akkor függetlenek, ha az A és B függetlenek.


Megoldás. Ha az A és B események függetlenek, akkor a 3.7. tétel (4) pontja miatt
kapjuk, hogy P(A)P(B) = P(A)


(
1−P(B)


)
= P(A)−P(A)P(B) = P(A)−P(AB) =


= P(A − B) = P(AB). Tehát A és B is függetlenek. A fordított állítás hasonlóan
bizonyítható.


5.5. feladat. Legyen (Ω,F ,P) valószínűségi mező és A,B, C ∈ F . Bizonyítsuk be,
hogy ha az A és B egymást kizáró események, továbbá A és B függetlenek C-től,
akkor AB illetve A + B is független C-től.


Megoldás. (1) P(ABC) = P(AB)P(C) = 0 a kizáróság miatt.


(2) P
(
(A+B)C


)
= P(AC+BC) = P(AC)+P(BC) = P(A)P(C)+P(B)P(C) =


=
(
P(A) + P(B)


)
P(C) = P(A + B)P(C).
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5.6. definíció. Legyen (Ω,F ,P) valószínűségi mező. Az A1, A2, . . . , An ∈ F ese-
ményeket teljesen függetleneknek, vagy röviden függetleneknek nevezzük, ha
{1, 2, . . . , n} bármely nem üres G részhalmazára


P


(∏


i∈G


Ai


)
=


∏


i∈G


P(Ai) (5.1)


teljesül. Egy végtelen eseményrendszer elemei függetlenek, ha bármely véges rész-
rendszere független.


5.7. feladat. Legyen (Ω,F , P) valószínűségi mező. Bizonyítsuk be, hogy ha az
A1, A2, . . . , An ∈ F események függetlenek, akkor A1, . . . , Ak−1, Ak, Ak+1, . . . , An


események is függetlenek minden k ∈ {1, . . . , n} esetén.


Megoldás. A feladatot elég k = 1-re bizonyítani az indexelés önkényessége miatt.
Legyen G ⊂ {1, 2, . . . , n}. Ha 1 6∈ G, akkor (5.1) közvetlenül az A1, A2, . . . , An


események függetlenségéből következik.
1 ∈ G esetén legyen G := {1, i2, i3, . . . , im}, ahol m 6 n pozitív egész szám és


2 6 i2 < i3 < · · · < im 6 n. Ekkor a 3.7. tétel (4) pontja miatt


P
(
A1Ai2 · · ·Aim


)
= P(Ai2 · · ·Aim)− P(A1Ai2 · · ·Aim) =


= P(Ai2) · · ·P(Aim)− P(A1)P(Ai2) · · ·P(Aim) =
=


(
1− P(A1)


)
P(Ai2) · · ·P(Aim) = P


(
A1


)
P(Ai2) · · ·P(Aim)


teljesül, ami az állítást bizonyítja.


5.8. feladat. Legyen (Ω,F ,P) valószínűségi mező és A,B, C ∈ F független ese-
mények. Bizonyítsuk be, hogy ekkor az AB illetve A + B független C-től.


Megoldás. (1) P(ABC) = P(A)P(B)P(C) = P(AB)P(C).


(2) P
(
(A+B)C


)
= P(AC +BC) = P(AC)+P(BC)−P(ABC) = P(A)P(C)+


+ P(B)P(C)− P(AB)P(C) =
(
P(A) + P(B)− P(AB)


)
P(C) = P(A + B)P(C).


5.9. megjegyzés. (1) Húzzunk egy lapot a 32 lapos magyar kártyából. Legyen
A az az esemény, hogy pirosat vagy zöldet húzunk, B az, hogy pirosat vagy tö-
köt, illetve C az, hogy számozott lapot húzunk. Ekkor P(A)=P(B)=P(C)=1


2 ,
P(AB) = P(AC) = P(BC) = 1


4 , P(ABC) = 1
8 , amiből következik, hogy az A,B és


C függetlenek.


(2) Ha egy eseményrendszer elemei függetlenek, akkor bármely két eleme is
független egymástól, másképpen az eseményrendszer elemei páronként függetle-
nek. Fordítva nem igaz, a páronkénti függetlenségből nem következik a függet-
lenség. Például a 32 lapos magyar kártyából húzzunk ki egy lapot. Jelentse A
azt, hogy makkot vagy pirosat húztunk, B azt, hogy makkot vagy tököt, illetve
C azt, hogy makkot vagy zöldet húztunk. Ekkor P(A) = P(B) = P(C) = 1


2 és
P(AB) = P(AC) = P(BC) = 1


4 miatt az A,B, C események páronként függetle-
nek, de P(ABC) = 1


4 miatt P(A)P(B)P(C) 6= P(ABC), így nem függetlenek.
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5.10. megjegyzés. Sokakban a függetlenség fogalma azzal társul, hogy a két hal-
maznak halmazelméleti értelemben nincs köze egymáshoz, vagyis egymást kizáróak.
Így gyakran a függetlenséget és a kizáróságot összetévesztik. A kettő közötti kapcso-
latot az olvasó könnyen bizonyíthatja: Egymást kizáró események pontosan akkor
függetlenek, ha valamelyik valószínűsége nulla. Másrészt, ha pozitív valószínűségű
események függetlenek, akkor nem egymást kizáróak.


A nem egymást kizáróság nem elegendő feltétele a függetlenségnek. Például, ha
egy lapot kihúzunk egy kártyacsomagból, és az A esemény azt jelenti, hogy pirosat
vagy zöldet húztunk, a B esemény azt jelenti, hogy pirosat, tököt, vagy makkot
húztunk, akkor az AB esemény azt jelöli, hogy pirosat húztunk. Így P(A) = 1


2 ,
P(B) = 3


4 , P(AB) = 1
4 , amiből látható, hogy P(AB) 6= P(A)P(B), tehát nem


független A és B, de nem is egymást kizáróak.


5.1. Független kísérletek valószínűségi mezője


Azt, hogy több kísérletet egymástól függetlenül végzünk el, azaz több különböző
valószínűségi mező eseményeinek függetlenségét, az (5.1) képlettel nem definiálhat-
juk. Ezért bevezetjük a független kísérletek valószínűségi mezőjének a fogalmát,
mely az egész kísérletsorozatot egyszerre, egy mezőben írja le. Ekkor már van le-
hetőség a függetlenség vizsgálatában az (5.1) képlet használatára.


5.11. definíció. Legyen Ω nem üres halmaz és H részhalmaza az Ω hatványhal-
mazának. Ekkor σ(H) alatt a H által generált σ-algebrát értjük, azaz a H-t
tartalmazó összes olyan σ-algebra metszetét, amely részhalmaza az Ω hatványhal-
mazának.1


5.12. definíció. Legyenek az (Ωi,Fi, Pi), i ∈ {1, 2, . . . , n} valószínűségi mezők,


Ω := Ω1 × · · · × Ωn,


F := σ
(
{A1 × · · · ×An : Ai ∈ Fi, i = 1, 2, . . . , n}


)
,


továbbá P: F → R olyan valószínűség, melyre


P(A1 × · · · ×An) = P1(A1) · · ·Pn(An)


teljesül minden Ai ∈ Fi, i ∈ {1, 2, . . . , n} esetén. Ekkor az (Ω,F , P)-t független
kísérletek valószínűségi mezőjének, továbbá az (Ωi,Fi, Pi)-ket (i = 1, 2, . . . , n)
az (Ω,F , P) kísérleteinek nevezzük. Ha ezek a kísérletek mind ugyanazok, akkor
az (Ω,F , P)-t Bernoulli-féle valószínűségi mezőnek nevezzük.


5.13. megjegyzés. (1) Az előző definícióban meghatározott valószínűség egyér-
telműen létezik. (Lásd [6] 319. oldal és [7] 52. oldal.)


1Az olvasó könnyen bizonyíthatja, hogy σ-algebrák metszete σ-algebra, így a definíció korrekt.







24 5. Események függetlensége


(2) Legyen (Ω,F , P) véges sok független kísérlet valószínűségi mezője. Ebben a
k-adik kísérlet eredménye legyen Ak ∈ Fk, ami azt jelenti, hogy bekövetkezett az
A∗k := Ω1 × · · · ×Ωk−1 ×Ak ×Ωk+1 × · · · ×Ωn ∈ F esemény. Így P(A∗k) = Pk(Ak)
és A∗1 · · ·A∗n = A1 × · · · × An teljesül minden A1 ∈ F1, . . . , An ∈ Fn esetén. Ebből
látható, hogy ekkor


P(A∗1 · · ·A∗n) = P(A∗1) · · ·P(A∗n)


teljesül, ami az (5.1) képletnek felel meg, azaz tényleg jogos a függetlenség jelző.


5.2. Geometriai valószínűségi mező


A független kísérletek valószínűségi mezőjének egy alkalmazási területe az úgy-
nevezett geometriai valószínűségi mező megkonstruálása.


5.14. definíció. Legyen Ω ⊂ Rk, ahol k ∈ {1, 2, 3}. Tegyük fel, hogy Ω mérhető
és mértéke pozitív valós szám.2 Az F legyen az Ω összes mérhető részhalmazainak
a halmaza, továbbá P: F → R, P(A) := m(A)


m(Ω) , ahol m(A) illetve m(Ω) az A


illetve Ω mértékét jelenti.3 Ekkor (Ω,F ,P)-t geometriai valószínűségi mezőnek
nevezzük.


5.15. megjegyzés. (1) Létezik nem mérhető korlátos halmaz, ezért kell ezt külön
feltételezni az F elemeiről. (Lásd [1] 25. oldal.) Az előbb meghatározott (Ω,F ,P)
valószínűségi mező, így korrekt a definíció. (Lásd [1] 22. oldal.)


(2) Definíció szerint geometriai valószínűségi mezőben az esemény valószínűsége
arányos a mértékével.


(3) Az egyes elemi események itt az Ω ponthalmaz egy-egy pontjának véletlen-
szerű kiválasztását jelentik, amelyeknek a valószínűsége külön-külön nulla, hiszen
a pont mértéke nulla. Ebből látható, hogy a 3.7. tétel (1) pontjának a megfordí-
tása nem igaz. Azaz a lehetetlen esemény valószínűsége nulla, de ha egy esemény
valószínűsége nulla, abból nem következik, hogy az a lehetetlen esemény.


5.16. feladat. (Bertrand-féle paradoxon) Egy körnek jelöljük ki véletlensze-
rűen egy húrját. Mi a valószínűsége, hogy a húr hosszabb lesz, mint a körbe írt
szabályos háromszög oldala?


Megoldás. Az r sugarú kör középpontjának és a húrnak a távolsága egyértelműen
meghatározza a húr hosszát. Ha ez kisebb mint r


2 , akkor a húr hosszabb lesz a
háromszög oldalánál. Ezért (r : 2) : r = 1


2 a valószínűség. (Lásd a bal oldali
ábrát.) Másképpen is megoldhatjuk a feladatot: Rögzítsük a húr A végpontját, a B
végpontot pedig véletlenszerűen válasszuk ki a körön. A kör harmadán AB nagyobb
a háromszög oldalánál. Ebből következik, hogy 1


3 a valószínűség. (Lásd a jobb oldali
ábrát.)


2A halmaz mérhetősége itt azt jelenti, hogy létezik hossza, területe vagy térfogata, a halmaz
mértéke pedig ennek a mértékszámát jelenti.


3Ha a biztos eseménynek például a területét tekintjük, akkor a figyelt esemény mértéke is a
területet jelenti.
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A két megoldás végeredménye nem egyezik meg. Ennek az a magyarázata, hogy a
feladatban nem volt arról szó, hogy a húr kiválasztása milyen módon történjen. A
kétféle végeredmény azt mutatja, hogy más-más kiválasztási eljárás során más és
más lehet a valószínűség is.


5.17. feladat. Egységnyi hosszúságú szakaszon véletlenszerűen kiválasztunk egy-
mástól függetlenül két pontot. Mi a valószínűsége, hogy a két pont távolsága kisebb
egy adott h < 1 hosszúságú szakasznál?


Megoldás. Tekintsük az egyik végpontját az egységnyi hosszúságú szakasznak.
A választott P1 illetve P2 pontoknak ettől a végponttól való távolsága legyen x
illetve y. Ekkor x, y ∈ [0, 1] teljesül. Feltételezzük, hogy egyetlen pont kiválasz-
tása esetén geometriai valószínűségi mezőről van szó, azaz ha [a, b] ⊂ [0, 1], akkor
P(x ∈ [a, b]) = b−a


1−0 . Így két pont egymástól független kiválasztása az 5.12. defi-
níció alapján azt jelenti, hogy P


(
(x, y) ∈ [a, b] × [c, d]


)
= b−a


1−0 · d−c
1−0 = m(A)


m(Ω) , ahol
A := [a, b]× [c, d] ⊂ Ω := [0, 1]× [0, 1]. Tehát a két kísérlet egyszerre is leírható egy
geometriai valószínűségi mezőben, ahol Ω = [0, 1]× [0, 1].


Kérdés a B = {(x, y) ∈ Ω : |y−x| < h} esemény valószínűsége. Az ábrán láthatjuk
az Ω-t, melyben a satírozott rész jelöli a B halmazt. Felírva a B és az Ω területeinek
a hányadosát, azt kapjuk, hogy P(B) = 2h− h2.


5.18. feladat. (Buffon-féle tűprobléma) Egy vízszintes síklapon párhuzamos
egyeneseket húzunk egymástól 2 egységnyi távolságokra. Mi a valószínűsége, hogy
egy egységnyi hosszúságú tűt ráejtve a síkra, az elmetszi valamelyik egyenest?
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Megoldás. Legyen y a tű középpontjának a távolsága a hozzá legközelebb eső
egyenestől, x pedig a tű és az egyenes által bezárt szög mértéke radiánban. Így
x ∈ [


0, π
2


]
és y ∈ [0, 1]. Legyen Ω :=


[
0, π


2


]× [0, 1].


Ekkor az előző feladathoz hasonlóan járhatunk el. Mivel adott x szögnél pon-
tosan y 6 1


2 sin x teljesülése esetén metszi az egyenest a tű, ezért a kérdés az
A := {(x, y) ∈ Ω : y 6 1


2 sin x} esemény valószínűsége. Az ábrán láthatjuk az ese-
ményteret, melyben a satírozott rész jelöli az A halmazt. Az Ω területe π


2 , az A


területe pedig
∫ π


2
0


1
2 sin xdx = 1


2 [− cos x]
π
2
0 = 1


2 , ezért P(A) = 1
π .


5.19. feladat. Egy szakaszon válasszunk ki egy pontot. A kapott két szakasz közül
a hosszabbikon ismét válasszunk ki egy pontot. Adjunk meg egy olyan geometriai
valószínűségi mezőt, mely a két kiválasztást egyszerre írja le. Mi a valószínűsége,
hogy a kapott három szakaszból háromszög alkotható?


Megoldás. Legyen a szakasz egységnyi hosszúságú. Az első pont kiválasztása után
kapott szakaszok közül a hosszabbik hosszát jelöljük x-szel. Ebből a szakaszból a
következő pont kiválasztásával ismét két szakaszt kapunk. Célszerűnek tűnik ezek
közül megint a hosszabbiknak a hosszát eljelölni például y-nal. De ebben az eset-
ben nem kaphatunk geometriai valószínűségi mezőt, mert y hossza nem független
x-től. Így nem alkalmazhatjuk az 5.17. feladat megoldásának a gondolatmenetét. A
helyes megoldásban az előbbi y-nal jelölt szakaszhosszt úgy kellene eljelölni, hogy
a paraméter már független legyen x-től. Például ilyen lehetőség, hogy y ne magát
a szakaszhosszt jelentse, hanem a szakaszhossz és x arányát. Vagyis a második-
nak választott hosszabb szakasz hossza legyen yx. Így már x, y ∈ [


1
2 , 1


]
. Ebből a


kérdéses geometriai valószínűségi mezőben Ω =
[
1
2 , 1


]× [
1
2 , 1


]
. Ebben az


A = {(x, y) ∈ Ω : (1− x) + (x− yx) > yx} =
{


(x, y) ∈ Ω : y <
1
2x


}


esemény valószínűségét kell meghatározni, melyet a satírozott rész jelöl.
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Az ábra alapján


m(A) =


1∫


0,5


1
2x


dx− 0,25 = 0,5[ln x]10,5 − 0,25 = 0,5 ln 2− 0,25,


továbbá m(Ω) = 0,25, így P(A) = 2 ln 2− 1 ≈ 0,386.
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Egy játékban 10 forintot nyerünk, ha egy pénzérme a fej oldalára esik, ellen-
kező esetben pedig 5 forintot veszítünk. Ebben a kísérletben a biztos esemény
Ω = {fej, írás}. Az előbbi játékszabály leírható egy olyan függvénnyel, amely a fej-
hez 10-et rendel, míg az íráshoz −5-öt. A továbbiakban egy ilyen „ játékszabályt”
leíró függvényt – amely tehát egy Ω-n értelmezett valós értékű függvény – valószí-
nűségi változónak fogunk nevezni. Technikai okok miatt azonban nem minden Ω-n
értelmezett valós értékű függvényt tekintünk valószínűségi változónak. A pontos
definíció előtt vezessük be a következő jelöléseket:


6.1. definíció. Legyen Ω 6= ∅ halmaz, ξ : Ω → R, x ∈ R és


{ξ = x} := {ω : ω ∈ Ω, ξ(ω) = x}.


Hasonlóan definiálhatjuk a {ξ < x}, {ξ > x}, {ξ = η}, {ξ < η} stb. halmazokat is,
ahol η : Ω → R. Ha {ξ = x} (x ∈ R) esemény az (Ω,F ,P) valószínűségi mezőben,
akkor annak valószínűségét P({ξ = x}) helyett P(ξ = x)-szel jelöljük. Hasonlóan
járunk el a többi előbb említett halmaz valószínűségeinek jelöléseinél is.1


6.2. definíció. Legyen (Ω,F , P) valószínűségi mező és ξ : Ω → R. Ha {ξ < x} ∈ F
minden x ∈ R esetén, akkor ξ-t valószínűségi változónak nevezzük.


6.3. megjegyzés. Jelentse ξ a bevezetőben leírt játékban a nyeremény értékét.
Ekkor ξ : Ω → R, ξ(fej) = 10 és ξ(írás) = −5. De ebből még nem derül ki, hogy
szabályos-e a pénzérme, azaz mindkét oldalára ugyanakkora valószínűséggel eshet-
e. Vagyis a ξ megadásakor nemcsak az Ω és az F , hanem a P ismeretére is szük-
ségünk van. Ezért azt szoktuk mondani, hogy a ξ egy valószínűségi mezőben van
értelmezve. A továbbiakban megállapodunk abban, hogy ha egy tételben vagy defi-
nícióban két vagy több valószínűségi változóról beszélünk, akkor azokat ugyanabban
a valószínűségi mezőben értelmezzük.


6.4. tétel. Legyenek ξ és η valószínűségi változók. Ekkor minden x, y ∈ R esetén a
{ξ 6 x}, {ξ = x}, {ξ > x}, {x < ξ < y}, {ξ < η} és {ξ = η} halmazok események.


Bizonyítás. A valószínűségi változó definíciója miatt {ξ < x} ∈ F . Ebből


{ξ 6 x} =
∞∏


n=1


{
ξ < x +


1
n


}
∈ F .


Így {ξ = x} = {ξ < x}{ξ 6 x} ∈ F , {ξ > x} = {ξ 6 x} ∈ F , továbbá {x<ξ<y} =
= {ξ > x}{ξ < y} ∈ F . A {ξ < η} ∈ F kimutatásához tekintsünk egy olyan
〈rn〉 számsorozatot, melynek az értékkészlete a racionális számok halmaza. Ilyen


1A ξ és η görög betűk kiejtése: „kszí” illetve „éta”.
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sorozat létezik, mert a racionális számok halmazának számossága megszámlálha-
tóan végtelen. A racionális számok sűrűn helyezkednek el a számegyenesen, vagyis
ω ∈ {ξ < η} esetén létezik olyan n0 ∈ N, melyre ξ(ω) < rn0 < η(ω) teljesül. Így


ω ∈ {ξ < rn0}{η > rn0} ⊂
∞∑


n=1


{ξ < rn}{η > rn},


melyből {ξ < η} =
∑∞


n=1{ξ < rn}{η > rn} ∈ F . A {ξ = η} ∈ F hasonlóan
bizonyítható, mint a {ξ = x} ∈ F .


6.5. tétel. Ha ξ és η valószínűségi változók és c ∈ R, akkor a következő függvények
is valószínűségi változók: ξ + c; cξ; |ξ|; ξ2; 1


ξ , ha {ξ = 0} = ∅; ξ − η; ξ + η; ξη; ξ
η ,


ha {η = 0} = ∅.


Bizonyítás. Az állítás a 6.4. tétel következménye az alábbiak miatt:


(1) {ξ + c < x} = {ξ < x− c} ∈ F minden x ∈ R esetén.


(2) {cξ < x} =







{
ξ < x


c


}
, ha c > 0,{


ξ > x
c


}
, ha c < 0,


Ω, ha c = 0 és x > 0,
∅, ha c = 0 és x 6 0.


(3) {|ξ| < x} =
{ ∅, ha x 6 0,
{−x < ξ < x} , ha x > 0.


(4)
{
ξ2 < x


}
=


{ ∅, ha x 6 0,{−√x < ξ <
√


x
}
, ha x > 0.


(5)
{


1
ξ < x


}
=





{ξ < 0}, ha x = 0,{
ξ > 1


x


}
+ {ξ < 0} , ha x > 0,{


1
x < ξ < 0


}
, ha x < 0.


(6) {ξ − η < x} = {ξ < η + x} ∈ F minden x ∈ R esetén.


(7) A (2) és (6) pontokból következően {ξ + η < x} ∈ F minden x ∈ R esetén.


(8) ξη = 1
4


(
(ξ + η)2 − (ξ − η)2


)
miatt {ξη < x} ∈ F minden x ∈ R esetén.


(9) ξ
η = ξ · 1


η , így (5) és (8) miatt { ξ
η < x} ∈ F minden x ∈ R esetén.


6.6. megjegyzés. A 6.5. tétel általánosítható. Ha ξ1, ξ2, . . . , ξn valószínűségi vál-
tozók, továbbá f : Rn → R folytonos vagy monoton (még általánosabban úgyneve-
zett Borel-mérhető) függvény, akkor f(ξ1, ξ2, . . . , ξn) is valószínűségi változó. (Lásd
például [5].)
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6.1. Gyakoriság és relatív gyakoriság


6.7. definíció. Legyen adott egy (Ω,F ,P) n kísérletből álló Bernoulli-féle valószí-
nűségi mező, A egy kísérletének eseménye, továbbá


ξi : Ω → R, ξi(ω) :=
{


1, ha ω i-edik komponense eleme A-nak,
0, ha ω i-edik komponense eleme A-nak,


minden i ∈ {1, 2, . . . , n} esetén és %n := ξ1 + ξ2 + · · ·+ ξn. Ekkor a %n illetve a %n


n
valószínűségi változókat2 az A esemény gyakoriságának illetve relatív gyakori-
ságának nevezzük.


6.8. tétel. Az előző definíció jelöléseit használva P (%n = k) =
(
n
k


)
pkqn−k minden


k ∈ {0, 1, 2, . . . , n} esetén, ahol p = P(ξ1 = 1) és q = 1− p.


Bizonyítás. A {%n = k} esemény azt jelenti, hogy k-szor következett be az A
esemény és (n−k)-szor az A. Ez


(
n
k


)
-féleképpen valósulhat meg. Másrészt egy ilyen


konkrét esetnek a valószínűsége a függetlenség miatt pkqn−k, mert p = P(ξi = 1)
minden i ∈ {1, 2, . . . , n} esetén. Így a véges additivitásból adódik az állítás.


6.9. megjegyzés. (1) A 6.7. definícióban az a feltétel, hogy ω i-edik komponense
eleme A-nak, azt jelenti, hogy a kísérletsorozatban, az i-edik kísérletben az A ese-
mény következett be. Így %n azt adja meg, hogy n darab kísérletben, hányszor
következett be A. Ebből következik, hogy %n


n a bevezetőben elmondottak szerinti
értelemben az A esemény relatív gyakorisága.


(2) Nézzünk egy példát a Bernoulli-féle valószínűségi mezőre. Az A halmaz
reprezentálja azt az eseményt, hogy dobókockával 6-ost dobunk. Ekkor P(A) = 5


6 és
P(A) = 1


6 . Dobjunk háromszor a dobókockával. Az eseménytér Ω={1, 2, 3, 4, 5, 6}3.
Legyen


ξi : Ω → R, ξi(ω) :=
{


1, ha ω i-edik komponense 6,
0, ha ω i-edik komponense nem 6,


ahol i ∈ {1, 2, 3}. Ez azt jelenti, hogy a ξi értéke 1, ha az i-edik dobás a háromból
6-os volt, 0 pedig ha nem. Ekkor a %3 := ξ1 + ξ2 + ξ3 azt az értéket adja meg,
hogy a három dobásból hányszor kaptunk 6-ost. Ez a gyakoriság. Így a %3


3 a relatív
gyakoriságot adja meg. A 6.8. tétel szerint annak a valószínűsége, hogy három
kísérletből pontosan egyszer dobunk 6-ost


P(%3 = 1) =
(


3
1


)
· 1
6
·
(


5
6


)2


≈ 0,347.


2Az itt megadott függvények a valószínűségi változó definíciójából és a 6.5. tételből következően
valóban valószínűségi változók.
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6.2. Eloszlás


A valószínűségi változók között alapvető fontosságúak azok, amelyek véges vagy
megszámlálhatóan végtelen sok értéket vehetnek fel. Ilyen valószínűségi változó
jól jellemezhető, ha megadjuk, hogy a lehetséges értékei mekkora valószínűséggel
következnek be.


6.10. definíció. Egy valószínűségi változót diszkrét valószínűségi változónak
nevezzük, ha az értékkészletének számossága megszámlálható.


6.11. definíció. Ha ξ diszkrét valószínűségi változó, akkor azt a függvényt, amely
minden k ∈ Rξ-hez hozzárendeli a P(ξ = k) valószínűséget, a ξ eloszlásának
nevezzük.


A következőben bevezetünk egy jelölést, amely néhány tétel kimondását és bi-
zonyítását leegyszerűsíti:


6.12. definíció. (1) Legyen H megszámlálhatóan végtelen halmaz és g : H → R.
Ha h : N→ H olyan invertálható függvény, melynek értékkészlete H, akkor legyen


∑


k∈H


g(k) :=
∞∑


i=1


g
(
h(i)


)
,


feltéve, hogy a
∑∞


1 g
(
h(i)


)
sor átrendezhető. (Ilyen feltétellel a


∑
k∈H g(k) függet-


len a h függvény választásától.)


(2) Legyen H egy n elemű halmaz és g : H → R. Ha h : {1, 2, . . . , n} → H olyan
invertálható függvény, melynek értékkészlete H, akkor legyen


∑


k∈H


g(k) :=
n∑


i=1


g
(
h(i)


)
.


(Ekkor a
∑


k∈H g(k) független a h függvény választásától.)


6.13. tétel. (1) Ha ξ diszkrét valószínűségi változó, akkor
∑


k∈Rξ
P(ξ = k) = 1.


(2) Ha H ⊂ R nem üres megszámlálható halmaz és p : H → [0, 1] olyan függvény,
melyre


∑
k∈H p(k) = 1 teljesül, akkor létezik olyan ξ diszkrét valószínűségi változó,


hogy Rξ = H, és minden k ∈ Rξ esetén P(ξ = k) = p(k) teljesül.


Bizonyítás. (1)
{{ξ = k} : k ∈ Rξ


}
teljes eseményrendszer, ezért


∑


k∈Rξ


P(ξ = k) = P


( ∑


k∈Rξ


{ξ = k}
)


= P(Ω) = 1.


(2) Legyen Ω := H, F az Ω hatványhalmaza és P: F → R, P(A) :=
∑


k∈A p(k).
Ekkor könnyen bizonyítható, hogy az (Ω,F ,P) valószínűségi mező, továbbá, hogy
a ξ : Ω → R, ξ(k) := k valószínűségi változó teljesíti a tétel állításait.
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6.14. megjegyzés. (1) Az eloszlás definíciója korrekt, ugyanis a 6.4. tétel szerint
{ξ = k} ∈ F minden k ∈ R esetén, így ezekhez a halmazokhoz lehet valószínűséget
rendelni.


(2) A gyakoriság és a relatív gyakoriság diszkrét valószínűségi változók. A 6.8. té-
telben a gyakoriság eloszlását határoztuk meg, ezért a 6.13. tétel szerint (és a bi-
nomiális tétel szerint is)


∑n
k=0


(
n
k


)
pkqn−k = 1.


(3) Tekintsünk egy másik példát is az eloszlásra. Legyen 15 labda között 9 új és
6 régi, melyekből hármat visszatevés nélkül kiválasztunk. A ξ valószínűségi változó
értéke legyen a kihúzott új labdák száma. Ekkor a ξ eloszlásának értékei:


P(ξ = 0) =


(
6
3


)
(
15
3


) =
20
455


, P(ξ = 1) =
9 · (6


2


)
(
15
3


) =
135
455


,


P(ξ = 2) =


(
9
2


) · 6(
15
3


) =
216
455


, P(ξ = 3) =


(
9
3


)
(
15
3


) =
84
455


.


6.3. Eloszlásfüggvény


Mint azt később látni fogjuk, az eloszlás csak diszkrét esetben jellemzi megfe-
lelően a valószínűségi változót. Általános esetben az úgynevezett eloszlásfüggvény
ad kielégítő információt.


6.15. definíció. A ξ valószínűségi változó eloszlásfüggvényének az


Fξ : R→ [0, 1], Fξ(x) := P(ξ < x)


függvényt nevezzük.


6.16. megjegyzés. (1) A valószínűségi változó definíciója miatt minden valószí-
nűségi változónak létezik eloszlásfüggvénye. Diszkrét esetben mégis az eloszlást
használjuk, mert annak felírása egyszerűbb.


(2) Könnyű belátni, hogy diszkrét valószínűségi változó eloszlásfüggvényének az
értékkészlete megszámlálható. Például a 6.14. megjegyzés (3) pontjában definiált
diszkrét valószínűségi változó eloszlásfüggvénye


Fξ : R→ [0, 1], Fξ(x) =







0, ha x 6 0,
20
455 , ha 0 < x 6 1,
155
455 , ha 1 < x 6 2,
371
455 , ha 2 < x 6 3,
1, ha x > 3,


azaz az Fξ értékkészlete 5 elemű.
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(3) Ha Fξ értékkészlete megszámlálható, abból még nem következik, hogy ξ
diszkrét valószínűségi változó. Másrészt ekkor mindig van olyan η diszkrét való-
színűségi változó, melyre Fη = Fξ. Például legyen Ω := [0, 1] × [0, 1] és (Ω,F ,P)
geometriai valószínűségi mező. Ekkor


ξ : Ω → R, ξ(x, y) :=







0, ha y < 0,5,
x, ha y = 0,5,
1, ha y > 0,5,


nem diszkrét valószínűségi változó, másrészt


Fξ : R→ [0, 1], Fξ(x) =







0, ha x 6 0,
0,5, ha 0 < x 6 1,
1, ha x > 1,


vagyis Fξ értékkészlete megszámlálható. Az állítás másik felének a bizonyítását az
olvasóra bízzuk.


6.17. lemma. Legyen F : R → R monoton növekvő függvény, a ∈ R ∪ {−∞,∞}
és b ∈ R. Ha valamely 〈xn〉 : N → R monoton növekvő (illetve csökkenő) a-hoz
konvergáló sorozat esetén teljesül, hogy


lim
n→∞


F (xn) = b, (6.1)


akkor
lim


x→a−0
F (x) = b (illetve lim


x→a+0
F (x) = b).


(Ha a = ∞, akkor x → a − 0 az x → ∞ határátmenetet jelenti, illetve a = −∞
esetben az x → a + 0 az x → −∞ határátmenetet jelenti.)


Bizonyítás. Legyen 〈yn〉 tetszőleges a-hoz konvergáló sorozat, melyre yn < a tel-
jesül minden n ∈ N esetén. Ekkor azt kell megmutatni, hogy limn→∞ F (yn) = b.
A (6.1) miatt ε > 0 esetén létezik olyan N(ε) ∈ N, hogy bármely n > N(ε) válasz-
tással


|F (xn)− b| < ε. (6.2)


Másrészt k0 := N(ε) + 1 jelöléssel az xk0 -hoz létezik M(ε) ∈ N, hogy minden
m > M(ε) esetén xk0 < ym, továbbá ilyen m-ekhez létezik km ∈ N, hogy ym < xkm .
Az 〈xn〉 monoton növekedése miatt k0 < km. Az eddigiek alapján xk0 < ym < xkm ,
vagyis az F monoton növekedése miatt


F (xk0) 6 F (ym) 6 F (xkm). (6.3)


Mivel N(ε) < k0 < km, ezért (6.2) miatt b−ε < F (xk0) és F (xkm) < b+ε. Így (6.3)
alapján minden m > M(ε) esetén teljesül, hogy |F (ym)− b| < ε. Ebből következik
az állítás.
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6.18. tétel. Legyen ξ valószínűségi változó. Ekkor teljesülnek a következők:


(F1) Fξ monoton növekvő,


(F2) lim
x→∞


Fξ(x) = 1,


(F3) lim
x→−∞


Fξ(x) = 0,


(F4) Fξ minden pontban balról folytonos.


Bizonyítás. (1) Legyen x1 < x2. Ha A1 = {ξ < x1} és A2 = {ξ < x2}, akkor
A1 ⊂ A2 teljesül, amiből P(A1) 6 P(A2). Mivel P(A1) = P(ξ < x1) = Fξ(x1) és
P(A2) = P(ξ < x2) = Fξ(x2), ezért Fξ(x1) 6 Fξ(x2).


(2) Legyen az 〈xn〉 szigorúan monoton növekvő ∞-be divergáló sorozat, és
An := {ξ < xn}, ahol n ∈ N. Ekkor An ⊂ An+1 minden n ∈ N esetén, továbbá∑∞


n=1 An = Ω. Így a valószínűség folytonossága miatt limn→∞ P(An) = 1, azaz
limn→∞ Fξ(xn) = 1. Így az előző pont és a 6.17. lemma alapján kapjuk az állítást.


(3) Legyen az 〈xn〉 szigorúan monoton csökkenő −∞-be divergáló sorozat, és
An := {ξ < xn}, ahol n ∈ N. Így An ⊃ An+1 teljesül minden n ∈ N esetén. Tegyük
fel, hogy


∏∞
n=1 An 6= ∅. Ekkor létezik ω ∈ Ω, melyre ω ∈ An teljesül minden n ∈ N


esetén. Másrészt létezik olyan m ∈ N, hogy xm < ξ(ω), hiszen 〈xn〉 sorozat alulról
nem korlátos. Így viszont ω /∈ Am, ami ellentmondás. Tehát


∏∞
n=1 An = ∅. Így a


valószínűség folytonossága miatt limn→∞ P(An) = 0, vagyis limn→∞ Fξ(xn) = 0.
Innen a 6.17. lemma alapján következik az állítás.


(4) Legyen a ∈ R tetszőleges, az 〈xn〉 sorozat szigorúan monoton növekvő, és
konvergáljon a-hoz. Az An (n ∈ N) események jelöljék a {ξ < xn} halmazokat,
továbbá az A legyen a {ξ < a} esemény. Ekkor An ⊂ An+1 minden n ∈ N esetén,
továbbá A =


∑∞
n=1 An. Így limn→∞ P(An) = P(A) a valószínűség folytonossága


miatt, azaz limn→∞ Fξ(xn) = Fξ(a). Ebből a 6.17. lemma alapján adódik a tétel.


6.19. tétel. Ha az F : R→ R függvényre teljesülnek az (F1)–(F4) tulajdonságok,
akkor van olyan valószínűségi változó, melynek eloszlásfüggvénye F .


Bizonyítás. Legyen (Ω,F , P) egy geometriai valószínűségi mező, ahol Ω = (0, 1),
továbbá legyen


{F < ω} := {y ∈ R : F (y) < ω}, ω ∈ Ω.


Bebizonyítjuk, hogy ez nem üres és felülről korlátos halmaz minden ω ∈ Ω esetén.
Tegyük fel, hogy valamely ω ∈ Ω esetén {F < ω} = ∅. Ez azt jelenti, hogy minden
y ∈ R esetén F (y) > ω. Ebből limy→−∞ F (y) > ω > 0, ami ellentmond (F3)-
nak. Tehát minden ω ∈ Ω esetén {F < ω} 6= ∅. Most tegyük fel, hogy létezik
olyan ω ∈ Ω, melyre {F < ω} felülről nem korlátos. Ez azt jelenti, hogy minden
y ∈ R esetén létezik olyan y0 ∈ {F < ω}, melyre y < y0 teljesül. Ebből F monoton
növekedése miatt következik, hogy F (y) 6 F (y0) < ω, tehát limy→∞ F (y) 6 ω < 1,
ami (F2) miatt ellentmondás. Tehát valóban minden ω ∈ Ω esetén {F < ω} nem
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üres és felülről korlátos halmaz. Így sup{F < ω} ∈ R minden ω ∈ Ω esetén. Tehát
definiálhatunk egy ξ függvényt a következőképpen:


ξ : Ω → R, ξ(ω) := sup{F < ω}.


Megmutatjuk, hogy ekkor ξ valószínűségi változó és Fξ = F . Ennek érdekében
belátjuk, hogy minden x ∈ R esetén


{ξ < x} ⊂ (0, F (x)] (6.4)


és
(0, F (x)) ⊂ {ξ < x} (6.5)


teljesül. Először tegyük fel, hogy ω ∈ {ξ < x}. Ez azt jelenti, hogy ξ(ω) < x,
ahol ω ∈ Ω. Ebből következően x 6∈ {F < ω}, vagyis F (x) > ω > 0, amiből (6.4)
teljesül. Tegyük fel, hogy (6.5) nem igaz, vagyis valamely x ∈ R esetén (0, F (x))
nem részhalmaza {ξ < x}-nek. Emiatt létezik ω ∈ (0, F (x)), melyre ξ(ω) > x
teljesül. Ekkor (F1) és (F4) miatt


F (x) 6 F (ξ(ω)) = lim
y→ξ(ω)−0


F (y). (6.6)


Legyen y < ξ(ω) tetszőleges. Ekkor létezik y0 ∈ {F < ω} úgy, hogy y < y0.
Ezt és az F monotonitását felhasználva F (y) 6 F (y0) < ω, melyből következik,
hogy limy→ξ(ω)−0 F (y) 6 ω. Ebből és (6.6) miatt kapjuk, hogy F (x) 6 ω, ami
ellentmond annak, hogy ω ∈ (0, F (x)). Ezzel (6.5) is bizonyított. A (6.4) és (6.5)
relációk miatt


{ξ < x} = (0, F (x)) vagy {ξ < x} = (0, F (x)]


teljesül minden x ∈ R esetén. Ebből következik egyrészt, hogy {ξ < x} ∈ F minden
x ∈ R esetén, vagyis ξ valószínűségi változó, másrészt Fξ(x) = P(ξ < x) = F (x).


6.20. tétel. Ha ξ egy valószínűségi változó és a < b tetszőleges valós számok, akkor
P(a 6 ξ < b) = Fξ(b)− Fξ(a).


Bizonyítás. A := {ξ < a} és B := {ξ < b} jelölésekkel P(B − A) = P(B)− P(A)
teljesül, ami az állítást bizonyítja.


6.21. tétel. Ha ξ valószínűségi változó és a ∈ R, akkor Fξ-nek létezik a-ban a jobb
oldali határértéke, és


lim
x→a+0


Fξ(x) = P(ξ = a) + Fξ(a).


Bizonyítás. Legyen 〈xn〉 egy szigorúan monoton csökkenő a-hoz konvergáló soro-
zat. Ekkor a 6.20. tétel alapján minden n ∈ N esetén


P(a 6 ξ < xn) = Fξ(xn)− Fξ(a).
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Mivel An := {a 6 ξ < xn} jelöléssel An ⊃ An+1 minden n ∈ N esetén, továbbá∏∞
n=1 An = {ξ = a}, ezért a valószínűség folytonossága miatt


lim
n→∞


Fξ(xn) = Fξ(a) + lim
n→∞


P(An) = Fξ(a) + P(ξ = a).


Ebből a 6.17. lemma alapján kapjuk a tételt.


6.22. következmény. A ξ valószínűségi változó eloszlásfüggvénye akkor és csak
akkor folytonos a ∈ R-ben, ha P(ξ = a) = 0.


6.23. megjegyzés. A 6.22. következmény miatt, ha az Fξ mindenütt folytonos,
akkor a, b ∈ R, a < b esetén


Fξ(b)− Fξ(a) = P(a 6 ξ < b) = P(a < ξ < b) = P(a < ξ 6 b) = P(a 6 ξ 6 b).


6.4. Sűrűségfüggvény


A sűrűség fogalmával már a középiskolában is találkoztunk. Például a tömeg-
sűrűséggel. Ez egy homogén anyag esetében az egységnyi térfogatra jutó tömeget
jelenti, ami egyetlen számadat. Inhomogén testnél már nem ilyen egyszerű a helyzet.
Ebben az esetben pontról-pontra változhat ez az érték. Így ekkor sűrűségfüggvény-
ről beszélünk. A valószínűségszámításban a sűrűség egy valószínűségi változóra fog
vonatkozni, pontosabban arra, hogy mekkora valószínűséggel vesz fel egy egység-
nyi intervallumbeli értéket. Nem konstans valószínűségi változó esetén, hasonlóan
a tömegsűrűséghez, itt is egy függvényt kapunk. Ennek meghatározása érdekében
vizsgáljuk meg, hogy ξ mekkora valószínűséggel lehet egy [x, x+ε) intervallumban,
ahol x ∈ R és ε ∈ R+:


P(x 6 ξ < x + ε) = Fξ(x + ε)− Fξ(x).


Ez az érték az adott ε hosszúságú intervallumra jutó valószínűség. Ebből erre az
intervallumra vonatkozó átlagsűrűséget úgy kapjuk meg, ha elosztjuk az interval-
lum hosszával. Ha ε értékét ezután egyre kisebbre választjuk meg, akkor egyre
jobban megközelítjük az x pontra vonatkozó sűrűséget. Tehát a sűrűségfüggvény
az x pontban


lim
ε→0


Fξ(x + ε)− Fξ(x)
ε


= F ′ξ(x),


azaz az eloszlásfüggvény deriváltfüggvénye. Ehhez azonban az kell, hogy Fξ differen-
ciálható legyen. De ha a sűrűségfüggvényt nem az eloszlásfüggvény deriváltjaként,
hanem egy olyan függvényként definiálnánk, amelynek integrálja az eloszlásfügg-
vény, akkor már egy általánosabb fogalomhoz juthatunk.


6.24. definíció. A ξ valószínűségi változót abszolút folytonosnak nevezzük, ha
létezik olyan fξ : R→ R nemnegatív függvény, melyre


Fξ(x) =


x∫


−∞
fξ(t)dt
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teljesül minden x ∈ R esetén. Ekkor fξ-t a ξ sűrűségfüggvényének nevezzük.


6.25. feladat. Legyen Ω := [0, 1]×[0, 1] és (Ω,F ,P) geometriai valószínűségi mező,
továbbá ξ : Ω → R, ξ(x, y) := x. Bizonyítsuk be, hogy ξ abszolút folytonos valószí-
nűségi változó.


Megoldás. A ξ definíció szerint valószínűségi változó, továbbá


Fξ : R→ [0, 1], Fξ(x) =







0, ha x 6 0,
x, ha 0 < x 6 1,
1, ha x > 1.


Legyen


fξ : R→ R, fξ(x) :=
{


1, ha 0 < x < 1,
0 különben.


Ekkor fξ nemnegatív függvény, és minden x ∈ R esetén Fξ(x)=
∫ x


−∞ fξ(t)dt, vagyis
fξ a ξ sűrűségfüggvénye.


6.26. megjegyzés. (1) Ha ξ abszolút folytonos valószínűségi változó sűrűségfügg-
vénye fξ, akkor például a


g : R→ R, g(x) =
{


fξ(x), ha x 6= 0,
fξ(0) + 1, ha x = 0


függvény is sűrűségfüggvénye ξ-nek. Ebből következően ξ-nek végtelen sok sűrű-
ségfüggvénye van. Bizonyítható, hogy ezek a függvények csak egy Lebesgue-szerint
nullmértékű halmazon különböznek egymástól, azaz majdnem mindenütt mege-
gyeznek. (Lásd [5] 22. oldal.) A H ⊂ R halmazt Lebesgue-szerint nullmértékű
halmaznak nevezzük, ha minden ε ∈ R+ esetén létezik olyan


{
(an, bn) : n ∈ N}


intervallumrendszer, melyre


H ⊂
∞⋃


n=1


(an, bn) és
∞∑


n=1


(bn − an) < ε


teljesül. Például az N nullmértékű halmaz, mert


N ⊂
∞⋃


n=1


(
n− ε


2n+2
, n +


ε


2n+2


)


minden ε ∈ R+ esetén, másrészt
∑∞


n=1
ε


2n+1 = ε
2 < ε teljesül. Hasonlóan bizonyít-


ható, hogy minden megszámlálható számosságú H ⊂ R halmaz is nullmértékű. De
kontinuum számosságú nullmértékű halmaz is létezik, például a Cantor-féle triadi-
kus halmaz. (Lásd [4] 70. oldal.)


(2) A Riemann-integrálhatóságra vonatkozó Lebesgue-kritérium szerint a sűrű-
ségfüggvény majdnem mindenütt folytonos. (Lásd [1] 76. oldal.)
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6.27. tétel. Ha ξ abszolút folytonos valószínűségi változó, akkor minden a, b ∈ R,
a < b esetén P(a 6 ξ < b) =


∫ b


a
fξ(x) dx.


Bizonyítás. A 6.20. tétel és fξ definíciója alapján


P(a 6 ξ < b) = Fξ(b)− Fξ(a) =


b∫


−∞
fξ(x)dx−


a∫


−∞
fξ(x)dx =


b∫


a


fξ(x)dx.


6.28. tétel. Ha a ξ valószínűségi változó abszolút folytonos, akkor az eloszlásfügg-
vénye folytonos és majdnem mindenütt differenciálható – ahol a sűrűségfüggvény
folytonos –, továbbá a differenciálható pontokban F ′ξ(x) = fξ(x).


Bizonyítás. Legyen x0 ∈ R, r, ε ∈ R+. Ekkor x0-nak az r sugarú környezetében
fξ korlátos, hiszen integrálható. Így létezik M ∈ R, melyre |fξ(x)| 6 M teljesül
minden x ∈ (x0 − r, x0 + r) esetén. Ha δ = min


{
r, ε


M


}
, akkor minden olyan x


esetén, melyre |x0 − x| < δ teljesül, igaz hogy


|Fξ(x0)− Fξ(x)| =
∣∣∣∣∣∣


x0∫


x


fξ(t)dt


∣∣∣∣∣∣
6 M |x0 − x| < Mδ 6 M


ε


M
= ε,


amiből következik, hogy az Fξ minden pontban folytonos. Ha az fξ folytonos az
x0 ∈ R pontban, akkor adott ε ∈ R+ esetén létezik olyan δ ∈ R+, hogy minden
x ∈ R, |x− x0| < δ esetén |fξ(x)− fξ(x0)| < ε teljesül. Ezért minden x ∈ R,
|x− x0| < δ esetén


∣∣∣∣
Fξ(x)− Fξ(x0)


x− x0
− fξ(x0)


∣∣∣∣ =


∣∣∣∣∣∣
1


x− x0


x∫


x0


fξ(t) dt− fξ(x0)


∣∣∣∣∣∣
=


=


∣∣∣∣∣∣
1


x− x0


x∫


x0


(
fξ(t)− fξ(x0)


)
dt


∣∣∣∣∣∣
<


1
|x− x0|ε|x− x0| = ε,


így az Fξ eloszlásfüggvény x0-ban differenciálható és F ′ξ(x0) = fξ(x0).


6.29. tétel. Legyen ξ valószínűségi változó és H ⊂ R egy véges halmaz. Ha Fξ


folytonos R-en és differenciálható R \ H-n, akkor ξ abszolút folytonos és fξ(x) =
= F ′ξ(x) minden x ∈ R \H esetén.


Bizonyítás. A tétel következik az integrál intervallum feletti additivitásából és a
Newton–Leibniz-tételből.


6.30. megjegyzés. (1) A 6.28. tétel értelmében, ha Fξ nem folytonos, akkor ξ
nem abszolút folytonos. Így ha ξ diszkrét valószínűségi változó, akkor nem létezik
sűrűségfüggvénye, azaz nem abszolút folytonos. Ha ξ abszolút folytonos, akkor az Fξ


folytonossága miatt az Fξ értékkészlete nem megszámlálható, tehát nem diszkrét.
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(2) Létezik olyan ξ valószínűségi változó, amely nem abszolút folytonos és nem
is diszkrét. Például legyen


F : R→ R, F (x) :=







0, ha x 6 0,
x, ha 0 < x 6 0,5,
1, ha x > 0,5.


Ekkor F -re teljesülnek az (F1)–(F4) tulajdonságok, így a 6.19. tétel alapján létezik
olyan ξ valószínűségi változó, melynek eloszlásfüggvénye F . Mivel F értékkészlete
nem megszámlálható, ezért a 6.16. megjegyzés (2) pontja alapján ξ nem lehet
diszkrét. Másrészt F az x = 0,5 pontban nem folytonos, tehát a 6.28. tétel miatt ξ
abszolút folytonos sem lehet.


(3) Abszolút folytonos ξ valószínűségi változó esetén a 6.28. tétel és a 6.22. kö-
vetkezmény miatt P(ξ = x) = 0 minden x ∈ R-re. Így mindegy, hogy írunk-e vagy
sem egyenlőséget a 6.27. tételben P(a 6 ξ < b)-ben.


6.31. tétel. Ha ξ abszolút folytonos valószínűségi változó, akkor
∫∞
−∞ fξ(x) dx = 1.


Bizonyítás.
∞∫
−∞


fξ(x)dx = lim
t→∞


t∫
−∞


fξ(x)dx = lim
t→∞


Fξ(t) = 1.


6.32. megjegyzés. A 6.28. tétel megfordítása nem igaz. Azaz, ha egy ξ valószínű-
ségi változó Fξ eloszlásfüggvénye folytonos, akkor még nem biztos, hogy ξ abszolút
folytonos. (Itt az Fξ majdnem mindenütti differenciálhatóságát azért nem tettük
fel külön, mert ez már következik az Fξ folytonosságból és monoton növekedésé-
ből.) Ugyanis van olyan folytonos eloszlásfüggvény, melynek a deriváltja majdnem
mindenütt nulla (lásd [10] 151. oldal). Így ebben az esetben, ha feltesszük, hogy
ez egy abszolút folytonos valószínűségi változó eloszlásfüggvénye, akkor azt kap-
nánk a 6.28. tétel miatt, hogy a sűrűségfüggvénye majdnem mindenütt nulla, ami
ellentmond a 6.31. tételnek.


6.33. tétel. Ha f : R→ R nemnegatív függvény és
∫∞
−∞ f(x) dx = 1, akkor létezik


olyan ξ abszolút folytonos valószínűségi változó, melynek sűrűségfüggvénye f .


Bizonyítás. A sűrűségfüggvény definíciója és a 6.19. tétel miatt elég azt bizonyí-
tani, hogy az F : R → R, F (x) :=


∫ x


−∞ f(t) dt függvényre teljesülnek az (F1)–
(F4) tulajdonságok. A definíció korrekt, ugyanis az f integrálható R-en, ezért
bármely részintervallumán is integrálható. Így F minden x-re értelmezett.


(1) Legyen x1 < x2 valós számok. Az f nemnegatív, tehát


F (x1) =


x1∫


−∞
f(t)dt 6


x1∫


−∞
f(t) dt +


x2∫


x1


f(t) dt =


x2∫


−∞
f(t)dt = F (x2),


ami azt jelenti, hogy F monoton növekvő.
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(2) lim
x→∞


F (x) = lim
x→∞


x∫
−∞


f(t) dt =
∞∫
−∞


f(t)dt = 1.


(3) Legyen 〈xn〉 szigorúan monoton csökkenő −∞-be divergáló sorozat. Ekkor
az f nemnegativitása miatt


∫ xn


−∞ f(t)dt monoton csökkenő, alulról korlátos sorozat,
melynek alsó korlátja például a nulla. Ezért létezik az a := limn→∞


∫ xn


−∞ f(t) dt > 0
határérték. Tegyük fel, hogy a > 0. Az


∫ xn


−∞ f(t)dt sorozat monoton csökkenése
miatt minden n ∈ N esetén


a 6
xn∫


−∞
f(t) dt = lim


m→∞


xn∫


−m


f(t) dt


teljesül. Ebből következően minden n ∈ N esetén létezik N(n) ∈ N, hogy


a


2
6


xn∫


−N(n)


f(t)dt.


Az 〈xn〉 tulajdonságai miatt létezik egy olyan 〈nm〉 : N → N szigorúan monoton
növekvő sorozat, melyre xnm+1 6 −N(nm) teljesül minden m ∈ N esetén. Így


k
a


2
6


xn1∫


−N(n1)


f(t)dt +


xn2∫


−N(n2)


f(t)dt + · · ·+
xnk∫


−N(nk)


f(t)dt 6
xn1∫


−N(nk)


f(t)dt 6
∞∫


−∞
f(t)dt = 1,


azaz k 6 2
a teljesül minden k ∈ N esetén, ami ellentmondás. Tehát a = 0, azaz


limn→∞ F (xn) = 0. Mivel az F monoton növekvő, ezért a 6.17. lemma miatt
limx→−∞ F (x) = 0.


(4) Végül a 6.28. tételhez hasonlóan bizonyítható, hogy F folytonos.


6.34. feladat. Legyen f : R → R, f(x) := a
x2+4 . Milyen a ∈ R esetén létezik ab-


szolút folytonos ξ valószínűségi változó, melynek f a sűrűségfüggvénye? Határozzuk
meg ξ eloszlásfüggvényét.


Megoldás. A 6.33. tétel alapján


∞∫


−∞


a


x2 + 4
dx =


a


2


∞∫


−∞


1
2(


x
2


)2 + 1
dx =


a


2


[
arc tg


x


2


]∞
−∞


=
aπ


2
= 1,


melyből a = 2
π teljesül. Ekkor f nem negatív, ezért ilyen a érték mellett f sűrű-


ségfüggvény. Így létezik egy olyan ξ valószínűségi változó, melynek


f : R→ R, f(x) =
2


π(x2 + 4)
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a sűrűségfüggvénye. Az ehhez tartozó eloszlásfüggvény definíció szerint


Fξ(x) =


x∫


−∞
fξ(t)dt =


1
π


x∫


−∞


1
2(


t
2


)2 + 1
dt =


1
π


[
arc tg


t


2


]x


−∞
=


1
π


arc tg
x


2
+


1
2
.


6.35. megjegyzés. Van nem korlátos sűrűségfüggvény is. Például legyen f(x) =
= 1


2
√


x
, ha 0 < x < 1, különben f(x) = 0. Ekkor f a 6.33. tételből következően sű-


rűségfüggvény, másrészt nem korlátos. A bizonyítást az olvasóra bízzuk. Lássuk be
azt is, hogy ez nem más, mint a későbbiekben tárgyalt [0, 1]-en egyenletes eloszlású
valószínűségi változó négyzetének sűrűségfüggvénye.


6.36. tétel. Legyen ξ abszolút folytonos valószínűségi változó. Ekkor ξ2 is abszolút
folytonos, továbbá


fξ2 : R→ R, fξ2(x) =


{
1


2
√


x


(
fξ (


√
x ) + fξ (−√x )


)
, ha x > 0,


0, ha x 6 0.


Bizonyítás. Ha x > 0, akkor


Fξ2(x) = P(ξ2 < x) = P(−√x < ξ <
√


x ) = Fξ(
√


x )− Fξ(−
√


x ),


másrészt


x∫


0


1
2
√


t


(
fξ


(√
t
)


+ fξ


(−
√


t
))


dt =


√
x∫


0


(
fξ(u) + fξ(−u)


)
du =


√
x∫


0


fξ(u)du +


+


√
x∫


0


fξ(−v)dv =


√
x∫


0


fξ(u)du−
−√x∫


0


fξ(y) dy = Fξ(
√


x )− Fξ(0)−


−
(
Fξ(−


√
x )− Fξ(0)


)
= Fξ(


√
x )− Fξ(−


√
x ).


Az integrálásban az u =
√


t és y = −v helyettesítéseket alkalmaztuk. Tehát
Fξ2(x) =


∫ x


−∞ fξ2(t)dt, ha x > 0. Ugyanez triviálisan teljesül, ha x 6 0.


6.37. tétel. Legyen ξ abszolút folytonos valószínűségi változó. Ekkor |ξ| is abszolút
folytonos, továbbá


f|ξ| : R→ R, f|ξ|(x) =
{


fξ(x) + fξ(−x), ha x > 0,
0, ha x 6 0.


Bizonyítás. Ha x > 0, akkor


F|ξ|(x) = P(|ξ| < x) = P(−x < ξ < x) = Fξ(x)− Fξ(−x),
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másrészt


x∫


0


(
fξ(t) + fξ(−t)


)
dt =


x∫


0


fξ(t) dt +


x∫


0


fξ(−u)du=


x∫


0


fξ(t) dt−
−x∫


0


fξ(v)dv =


= Fξ(x)− Fξ(0)−
(
Fξ(−x)− Fξ(0)


)
=Fξ(x)− Fξ(−x).


Az integrálásban a v = −u helyettesítést alkalmaztuk. Így F|ξ|(x) =
∫ x


−∞ f|ξ|(t)dt,
ha x > 0. Ugyanez triviálisan teljesül, ha x 6 0, tehát igaz a tétel.


6.38. feladat. A 6.34. feladatban definiált ξ esetén határozzuk meg ξ2 és |ξ| sű-
rűségfüggvényeit.


Megoldás. Mivel 1
2
√


x


(
fξ (


√
x ) + fξ (−√x )


)
= 2


π
√


x(x+4)
, ezért


fξ2 : R→ R, fξ2(x) =
{ 2


π
√


x(x+4)
, ha x > 0,


0, ha x 6 0.


Másrészt fξ(x) + fξ(−x) = 4
π(x2+4) , így


f|ξ| : R→ R, f|ξ|(x) =
{ 4


π(x2+4) , ha x > 0,
0, ha x 6 0.







7. Kétdimenziós eloszlások


A gyakorlatban sok olyan eset van, amikor két valószínűségi változó együttes
viselkedését kell vizsgálni. Azonban a valószínűségi változók külön-külön vett el-
oszlása ezt nem határozza meg. Ezért vezetjük be a következő fogalmakat:


7.1. definíció. Legyenek ξ és η diszkrét valószínűségi változók. Ekkor a (ξ, η) ren-
dezett elempárt valószínűségi vektorváltozónak nevezzük.


7.1. Együttes eloszlás


7.2. definíció. Legyenek ξ és η diszkrét valószínűségi változók. Ezek együttes
eloszlásán azt a függvényt értjük, amely minden (k, l) ∈ Rξ ×Rη elemhez hozzá-
rendeli a


P(ξ = k, η = l) := P({ξ = k}{η = l})
valószínűséget.


7.3. tétel. (1) A ξ és η diszkrét valószínűségi változók együttes eloszlására teljesül,
hogy ∑


k∈Rξ


∑


l∈Rη


P(ξ = k, η = l) = 1.


(2) Legyenek H1, H2 ⊂ R megszámlálható számosságú halmazok, továbbá tegyük fel,
hogy p : H1 ×H2 → R olyan függvény, melyre


∑


k∈H1


∑


l∈H2


p(k, l) = 1


teljesül. Ekkor létezik olyan valószínűségi mező és azon ξ és η diszkrét valószínűségi
változók, melyekre Rξ = H1 és Rη = H2, továbbá minden (k, l) ∈ H1 ×H2 esetén
P(ξ = k, η = l) = p(k, l).


Bizonyítás. A 6.13. tétel bizonyításához hasonlóan járhatunk el.


7.4. definíció. Legyenek ξ és η diszkrét valószínűségi változók. Ekkor a ξ és η
eloszlásait a (ξ, η) valószínűségi vektorváltozó peremeloszlásainak nevezzük.


7.5. tétel. Legyenek ξ és η diszkrét valószínűségi változók. Ekkor a (ξ, η) perem-
eloszlásaira fennállnak a


P(ξ = k) =
∑


l∈Rη


P(ξ = k, η = l) és P(η = l) =
∑


k∈Rξ


P(ξ = k, η = l)


összefüggések minden k ∈ Rξ és l ∈ Rη esetén.
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Bizonyítás. A valószínűség additivitása és
∑


l∈Rη
{η = l} = Ω miatt


∑


l∈Rη


P(ξ = k, η = l) = P


( ∑


l∈Rη


{ξ = k}{η = l}
)


=


= P


(
{ξ = k}


∑


l∈Rη


{η = l}
)


= P(ξ = k).


Az állítás másik fele hasonlóan bizonyítható.


7.2. Együttes eloszlásfüggvény


7.6. definíció. A ξ és η valószínűségi változók együttes eloszlásfüggvényén az


Fξ,η : R2 → R, Fξ,η(x, y) := P(ξ < x, η < y) := P({ξ < x}{η < y})
függvényt értjük. Az Fξ és Fη függvényeket a (ξ, η) valószínűségi vektorváltozó
perem-eloszlásfüggvényeinek nevezzük.


7.7. tétel. Legyen (ξ, η) egy valószínűségi vektorváltozó. Ekkor a perem-eloszlás-
függvényekre fennállnak az


Fξ(x) = lim
y→∞


Fξ,η(x, y) és Fη(y) = lim
x→∞


Fξ,η(x, y)


összefüggések minden x, y ∈ R esetén.


Bizonyítás. Legyen 〈yn〉 : N→ R egy ∞-be divergáló sorozat, továbbá


An := {ξ < x}{η < yn}
minden n ∈ N esetén. Ekkor


∑∞
n=1 An = {ξ < x} és a valószínűség folytonossága


miatt


lim
n→∞


P(An) = P


( ∞∑
n=1


{ξ < x}{η < yn}
)


= P(ξ < x) = Fξ(x).


Ebből a 6.17. lemma alapján kapjuk az állítás első felét. A másik állítás hasonlóan
bizonyítható.


7.8. tétel. Az Fξ,η : R2 → R együttes eloszlásfüggvényre teljesülnek a következő
tulajdonságok:


(1) Fξ,η mindkét változójában monoton növekedő,


(2) lim
x→∞
y→∞


Fξ,η(x, y) = 1,


(3) lim
x→−∞


F (x, y) = 0, lim
y→−∞


Fξ,η(x, y) = 0


(4) Fξ,η mindkét változójában balról folytonos,


(5) Fξ,η(b1, b2) − Fξ,η(b1, a2) − Fξ,η(a1, b2) + Fξ,η(a1, a2) > 0 minden a1 < b1,
a2 < b2 valós számok esetén.
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Bizonyítás. Az (1)–(4) tulajdonságok következnek a 6.18. tételből. Az (5)-höz azt
fogjuk megmutatni, hogy


Fξ,η(b1, b2)− Fξ,η(b1, a2)− Fξ,η(a1, b2) + Fξ,η(a1, a2) =
= P(a1 6 ξ < b1, a2 6 η < b2), (7.1)


ami nem lehet negatív. A bizonyításhoz definiáljuk az


A := {ξ < b1} {η < b2} ,


B := {ξ < b1} {η < a2} ,


C := {ξ < a1} {η < b2} ,


D := {ξ < a1} {η < a2} ,


E := {a1 6 ξ < b1} {a2 6 η < b2}
halmazokat. Ekkor A = E + B + (C − D), mely diszjunkt felbontás, így D ⊂ C
alapján P(A) = P(E)+P(B)+P(C−D) = P(A)−P(B)−P(C)+P(D) következik,
ami ekvivalens az állítással.


7.9. megjegyzés. Az előző tétel megfordítása is igaz. Azaz, ha az F : R2 → R
függvényre teljesüljenek az (1)–(5) tulajdonságok, akkor van olyan ξ és η valószí-
nűségi változó, melyeknek az együttes eloszlásfüggvénye F . (Lásd [7] 55. oldal.)


7.3. Együttes sűrűségfüggvény


7.10. definíció. A (ξ, η) valószínűségi vektorváltozót abszolút folytonosnak, il-
letve a ξ, η valószínűségi változók együttes eloszlását abszolút folytonosnak nevez-
zük, ha létezik olyan fξ,η : R2 → R nemnegatív függvény, melyre


Fξ,η(x, y) =


x∫


−∞


y∫


−∞
fξ,η(u, v)dv du


teljesül minden x, y ∈ R esetén. Ekkor az fξ,η függvényt a (ξ, η) valószínűségi vek-
torváltozó sűrűségfüggvényének, illetve a ξ, η valószínűségi változók együttes
sűrűségfüggvényének nevezzük. Az fξ és fη függvényeket a (ξ, η) valószínűségi
vektorváltozó perem-sűrűségfüggvényeinek nevezzük.


7.11. tétel. Legyen (ξ, η) abszolút folytonos valószínűségi vektorváltozó. Ekkor a ξ
és η valószínűségi változó is abszolút folytonos, vagyis léteznek a perem-sűrűségfügg-
vények, továbbá


fξ(x) =


∞∫


−∞
fξ,η(x, y) dy és fη(y) =


∞∫


−∞
fξ,η(x, y) dx


minden x, y ∈ R esetén.
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Bizonyítás. A 7.7. tétel miatt


Fξ(x) = lim
y→∞


Fξ,η(x, y) =


= lim
y→∞


x∫


−∞


y∫


−∞
fξ,η(u, v) dv du =


x∫


−∞






∞∫


−∞
fξ,η(u, v)dv



 du,


ami a ξ sűrűségfüggvényének definíciója szerint az állítással ekvivalens. A másik
állítás hasonlóan bizonyítható.


7.12. tétel. Az fξ,η : R2 → R együttes sűrűségfüggvényre teljesül, hogy


∞∫


−∞


∞∫


−∞
fξ,η(x, y) dx dy = 1.


Bizonyítás. A 7.11. tételből következik, hiszen
∞∫


−∞


∞∫


−∞
f(x, y)dxdy =


∞∫


−∞
fξ(x) dx = 1.


7.13. megjegyzés. Az előző tétel megfordítása is igaz. Azaz, ha az f : R2 → R
nemnegatív függvényre


∫∞
−∞


∫∞
−∞ f(x, y)dxdy = 1 teljesül, akkor léteznek olyan ξ


és η valószínűségi változók, melyeknek az együttes sűrűségfüggvénye f .


7.14. megjegyzés. A 7.11. tétel megfordítása nem igaz. Vagyis két abszolút foly-
tonos valószínűségi változónak nem mindig van együttes sűrűségfüggvénye. Pél-
dául amikor ξ = η. Ugyanis tegyük fel, hogy ez nem igaz, azaz létezik fξ,ξ. Ekkor
Fξ,ξ(x, x) = Fξ(x) miatt


x∫


−∞


x∫


−∞
fξ,ξ(u, v)dv du =


x∫


−∞
fξ(u)du


minden x ∈ R esetén. Ebből következik, hogy
∫ x


−∞ fξ,ξ(u, v)dv = fξ(u) minden
x ∈ R és majdnem minden u-ra. De ez csak úgy lehetséges, ha fξ,ξ(u, v) = 0
majdnem minden u-ra és v-re, ami ellentmond a 7.12. tételnek.


7.4. Valószínűségi változók függetlensége


7.15. definíció. A ξ1, ξ2, . . . , ξn valószínűségi változókat függetleneknek nevez-
zük, ha minden x1, x2, . . . , xn ∈ R esetén


P


(
n∏


k=1


{ξk < xk}
)


=
n∏


k=1


P(ξk < xk)
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teljesül. A ξ1, ξ2, . . . , ξn valószínűségi változók páronként függetlenek, ha kö-
zülük bármely kettő független. Végtelen sok valószínűségi változót függetleneknek
nevezzük, ha bármely véges részrendszere független.


7.16. lemma. Ha ξ és η független valószínűségi változók, akkor minden a < b és
c < d valós számok esetén


P(a ≤ ξ < b)P(c ≤ η < d) = P(a ≤ ξ < b, c ≤ η < d).


Bizonyítás. Legyen A := {ξ < a}, B := {ξ < b}, C := {η < c} és D := {η < d}.
Ekkor A ⊂ B, C ⊂ D, a függetlenség és (7.1) miatt


P(a ≤ ξ < b)P(c ≤ η < d) = P(B −A)P(D − C) =
=


(
P(B)− P(A)


)(
P(D)− P(C)


)
= P(B)P(D)− P(B)P(C)−


−P(A)P(D) + P(A)P(C) = Fξ,η(b, d)− Fξ,η(b, c)− Fξ,η(a, d) +
+Fξ,η(a, c) = P(a ≤ ξ < b, c ≤ η < d).


7.17. tétel. A ξ és η diszkrét valószínűségi változók pontosan akkor függetlenek,
ha


P(ξ = k, η = l) = P(ξ = k)P(η = l) (7.2)


teljesül minden k ∈ Rξ és l ∈ Rη esetén.


Bizonyítás. (1) Először tegyük fel, hogy ξ és η függetlenek, továbbá k ∈ Rξ és
l ∈ Rη. Ekkor Ak,n := {k 6 ξ < k+ 1


n} és Bl,n := {l 6 η < l+ 1
n} (n ∈ N) jelöléssel


a valószínűség folytonossága miatt


P(ξ = k) = P


( ∞∏
n=1


Ak,n


)
= lim


n→∞
P(Ak,n)


és


P(η = l) = P


( ∞∏
n=1


Bl,n


)
= lim


n→∞
P(Bl,n).


Ezt, a 7.16. lemmát és a valószínűség folytonosságát felhasználva kapjuk, hogy


P(ξ = k)P(η = l) = lim
n→∞


P(Ak,n)P(Bl,n) = lim
n→∞


P(Ak,nBl,n) =


= P


( ∞∏
n=1


Ak,nBl,n


)
= P(ξ = k, η = l).


(2) Most tegyük fel, hogy (7.2) igaz minden k ∈ Rξ és l ∈ Rη esetén. Legyen
x, y ∈ R, A := {k ∈ Rξ : k < x} és B := {l ∈ Rη : l < y}. Ekkor


P(ξ < x, η < y) = P


(∑


k∈A


{ξ = k}
∑


l∈B


{η = l}
)


=
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=
∑


k∈A


∑


l∈B


P(ξ = k, η = l) =
∑


k∈A


∑


l∈B


P(ξ = k)P(η = l) =


= P


(∑


k∈A


{ξ = k}
)


P


(∑


l∈B


{η = l}
)


= P(ξ < x)P(η < y),


azaz ξ és η függetlenek.


7.18. tétel. Legyen (ξ, η) egy abszolút folytonos valószínűségi vektorváltozó. Ekkor
ξ és η pontosan akkor függetlenek, ha fξ,η(x, y) = fξ(x)fη(y) teljesül majdnem
minden (x, y) ∈ R2 pontban.


Bizonyítás. A tétel az együttes sűrűségfüggvény és a függetlenség definíciójából
következik, továbbá abból, hogy


Fξ(x)Fη(y) =


x∫


−∞
fξ(u) du


y∫


−∞
fη(v)dv =


x∫


−∞


y∫


−∞
fξ(u)fη(v) dv du.







8. Valószínűségi változók paraméterei


8.1. Várható érték


Egy kockajátékban 2 forintot veszítünk, ha 1-est, 2-est vagy 3-ast dobunk, 3
forintot veszítünk, ha 4-est vagy 5-öst dobunk, továbbá 6 forintot nyerünk, ha
6-ost dobunk. Kérdés, hogy érdemes-e játszani ezt a játékot, azaz hosszú távon
nyerünk vagy vesztünk? Például, ha ötször játszunk, és a dobássorozat eredménye
2, 6, 1, 2, 4, akkor egy játékban átlagban (−2 + 6− 2− 2− 3) : 5 = −0,6 forintot
„nyertünk”, azaz 0,6 forintot veszítettünk. A későbbiekben tárgyalt Bernoulli-féle
nagy számok törvénye pontosan azt fejezi ki, mint a jegyzet bevezetésében leírt
gyakorlati tapasztalat, vagyis nagy számú kísérlet esetén a relatív gyakoriság a
valószínűség körül ingadozik. Így ha ezt a játékot n-szer játszuk, ahol n nagy szám,
akkor 1-est, 2-est vagy 3-ast körülbelül n · 1


2 -szer, 4-est vagy 5-öst körülbelül n · 1
3 -


szor és 6-ost körülbelül n · 16 -szor dobunk. Ebből n dobás után játékonként átlagban
körülbelül


−2 · n · 1
2 − 3 · n · 1


3 + 6 · n · 1
6


n
= −2 · 1


2
− 3 · 1


3
+ 6 · 1


6
= −1


forint a nyereség, azaz 1 forint a veszteség. Vagyis hosszú távon ezt nem érdemes
játszani. Ezt a számot a nyeremény várható értékének nevezzük. A nagy számok
gyenge törvénye fogja garantálni azt, hogy nagy számú független megfigyelés esetén
az átlag a várható érték körül ingadozik. Ezért jogos az elnevezés. A példában
leírtakat a következő definícióban foglaljuk össze:


8.1. definíció. Legyen ξ egy diszkrét valószínűségi változó és Rξ = {x1, . . . , xn}.
Ekkor az


Eξ :=
n∑


k=1


xkP(ξ = xk)


számot a ξ várható értékének nevezzük.


Ennek alapján természetesnek tűnik a várható érték következő definíciója meg-
számlálhatóan végtelen esetre:


8.2. definíció. Legyen ξ egy diszkrét valószínűségi változó és Rξ = {xk : k ∈ N}.
Ekkor az


Eξ :=
∞∑


k=1


xkP(ξ = xk)


sorösszeget a ξ várható értékének nevezzük, feltéve, hogy
∑∞


1 xkP(ξ=xk) ab-
szolút konvergens. Ha ez nem teljesül, akkor ξ-nek nem létezik várható értéke.
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Ha az előző definícióban nem kötnénk ki az abszolút konvergenciát, akkor nem
biztos, hogy a sor egy átrendezésének az összege megegyezne az eredeti sorösszeggel.
A sor átrendezhetőségére azért van szükség, mert az Rξ elemeinek az indexelése
önkényes, és nincs értelme definiálni ξ-nek olyan paraméterét, melynek értéke függ
attól, hogy a ξ értékeit hogyan állítottuk sorba.


Abszolút folytonos esetre a diszkrét eset közvetlenül nem vihető át, de analóg
formulát nyerhetünk, ha a ξ-t kis intervallumokon egyetlen értékkel, például az
intervallum alsó végpontjával helyettesítjük. Ekkor


∑


k


xkP(xk 6 ξ < xk+1) =
∑


k


xk
F (xk+1)−F (xk)


xk+1 − xk
(xk+1 − xk) ≈


∞∫


−∞
xfξ(x)dx,


ahol {. . . , x−2, x−1, x0, x1, x2, . . .} az R egy beosztása. Ennek alapján definiálhatjuk
a várható értéket abszolút folytonos esetre is:


8.3. definíció. Abszolút folytonos ξ valószínűségi változó esetén az


Eξ :=


∞∫


−∞
xfξ(x) dx


számot a ξ várható értékének nevezzük, ha az
∫∞
−∞ |x| fξ(x)dx improprius in-


tegrál konvergens. Ellenkező esetben ξ-nek nem létezik várható értéke.


8.4. megjegyzés. (1) Általános esetben a várható értéket az
∫


ξdP úgynevezett
Lebesgue-integrállal értelmezik. A valószínűségszámítás mértékelméleti tárgyalá-
sában azt is megengedjük, hogy a várható érték ∞ vagy −∞ legyen. Ebben a
jegyzetben ettől eltekintünk és csak a véges várható értéket engedjük meg.


(2) Az Eξ csak ξ eloszlásfüggvényétől függ. Vagyis ha ξ és η valószínűségi vál-
tozók azonos eloszlásúak – ezalatt azt értjük, hogy megegyezik az eloszlásfügg-
vényük –, akkor Eξ = Eη.


8.5. feladat. Egy gép az indítógomb megnyomására 0,05 valószínűséggel indul el.
A gombot annyiszor nyomjuk meg, amíg a gép működésbe nem lép. Legyen ξ a
gomb megnyomásának a száma. Határozzuk meg ξ várható értékét.


Megoldás. Legyen p := 0,05 és q := 1 − p. Feltesszük, hogy az egyes indítások
egymástól függetlenek. Ekkor xk = k, (k ∈ N) és P(ξ = xk) = pqk−1 teljesül. Ebből


∞∑


k=1


|xk|P(ξ=xk) =
∞∑


k=1


kpqk−1 = p


∞∑


k=1


(qk)′= p


( ∞∑


k=1


qk


)′


= p


(
q


1− q


)′
=


1
p


következik, azaz létezik a várható érték, és Eξ = 1
p = 20.
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8.6. feladat. Legyen ξ : N → R, ξ(k) := 2k és P(ξ = 2k) := 0,5k minden k ∈ N
esetén. Határozzuk meg ξ várható értékét.


Megoldás. A feladat korrekt, ugyanis
∑∞


k=1 P(ξ=2k) =
∑∞


k=1 0,5k = 1, azaz el-
oszlást ad meg. Másrészt


∑∞
k=1 |xk|P(ξ = xk) =


∑∞
k=1 2k · 0,5k = ∞, amiből


következik, hogy nem létezik a ξ várható értéke.


8.7. feladat. Legyen fξ : R → R, fξ(x) := 1
2e−|x|. Határozzuk meg ξ várható


értékét.


Megoldás. Az fξ nemnegatív és páros függvény, ezért
∞∫


−∞
fξ(x)dx =


∞∫


−∞


1
2
e−|x| dx =


∞∫


0


e−x dx =
[
−e−x


]∞
0


= 1


teljesül, vagyis fξ sűrűségfüggvény. Másrészt
∞∫


−∞
|x|fξ(x)dx =


∞∫


−∞
|x| · 1


2
e−|x| dx =


∞∫


0


xe−x dx =
[
−e−x(1 + x)


]∞
0


= 1,


vagyis létezik a várható érték, ami az xfξ(x) páratlansága miatt 0.


8.8. feladat. Legyen fξ : R → R, fξ(x) := 2
π(x2+4) . Határozzuk meg ξ várható


értékét.


Megoldás. A 6.34. feladatban láttuk, hogy fξ sűrűségfüggvény, másrészt
∞∫


−∞
|x|fξ(x)dx =


∞∫


−∞


2|x|
π(x2 + 4)


dx = 2


∞∫


0


2x


π(x2 + 4)
dx =


2
π


[
ln(x2 + 4)


]∞
0


= ∞,


tehát ξ-nek nem létezik a várható értéke.


8.9. tétel. Legyen ξ diszkrét valószínűségi változó és g : R → R olyan függvény,
melyre g(ξ) is valószínűségi változó.


(1) Ha Rξ = {x1, x2, . . . , xn}, akkor E
(
g(ξ)


)
=


∑n
k=1 g(xk)P(ξ = xk).


(2) Ha Rξ = {xk : k ∈ N}, akkor E
(
g(ξ)


)
=


∑∞
k=1 g(xk)P(ξ = xk), feltéve, hogy∑∞


1 g(xk)P(ξ = xk) abszolút konvergens sor.


Bizonyítás. A tétel feltételeiből következik, hogy g(ξ) is diszkrét valószínűségi
változó. Így a diszkrét valószínűségi változó várható értékének definíciójából adódik
az állítás.


8.10. tétel. Legyen ξ abszolút folytonos valószínűségi változó, továbbá a g : R→ R
olyan függvény, melyre g(ξ) is valószínűségi változó. Ha a


∫∞
−∞ |g(x)| fξ(x) dx imp-


roprius integrál konvergens, akkor a g(ξ) valószínűségi változónak létezik várható
értéke, továbbá E


(
g(ξ)


)
=


∫∞
−∞ g(x)fξ(x) dx. (Bizonyítást lásd [5] 34. oldal.)
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Ezt a tételt két olyan speciális esetben bizonyítjuk, melyre a továbbiakban szük-
ségünk lesz:


8.11. tétel. Ha ξ abszolút folytonos valószínűségi változó, akkor


E(ξ2) =


∞∫


−∞
x2fξ(x) dx és E(|ξ|) =


∞∫


−∞
|x|fξ(x) dx,


feltéve, hogy ezek az improprius integrálok konvergensek.


Bizonyítás. (1) E(ξ2) =
∫∞
−∞ xfξ2(x)dx, feltéve, hogy


∫∞
−∞ |x|fξ2(x) dx konver-


gens. De a 6.36. tétel miatt


∞∫


−∞
|x|fξ2(x) dx =


∞∫


−∞
xfξ2(x)dx =


∞∫


0


xfξ2(x)dx =


=


∞∫


0


x
1


2
√


x


(
fξ


(√
x
)


+ fξ


(−√x
))


dx =


∞∫


0


u2fξ(u)du +


∞∫


0


u2fξ(−u)du =


=


∞∫


0


u2fξ(u)du +


−∞∫


0


(−v2)fξ(v)dv =


∞∫


−∞
x2fξ(x) dx.


Az integrálásban az u :=
√


x, majd a v := −u helyettesítéseket alkalmaztuk.


(2) A 6.37. tételt felhasználva


∞∫


−∞
|x|f|ξ|(x)dx =


∞∫


−∞
xf|ξ|(x) dx =


∞∫


0


xf|ξ|(x)dx =


=


∞∫


0


xfξ(x)dx +


∞∫


0


xfξ(−x)dx =


∞∫


0


xfξ(x) dx +


−∞∫


0


ufξ(u)du =


=


∞∫


0


xfξ(x)dx +


0∫


−∞
(−x)fξ(x) dx =


∞∫


−∞
|x|fξ(x) dx.


Az integrálásban az u := −x helyettesítést alkalmaztuk.


8.12. tétel. Legyen ξ olyan valószínűségi változó, melynek létezik a várható értéke.
Ekkor c ∈ R esetén cξ-nek is létezik várható értéke, továbbá E(cξ) = cEξ, azaz a
várható érték homogén.


Bizonyítás. A 8.9. és 8.10. tétel miatt az állítás abból következik, hogy a so-
rösszegből és az integrálból konstans kiemelhető.
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8.13. tétel. (1) Ha P(a 6 ξ 6 b) = 1 valamely a, b ∈ R esetén, akkor létezik a ξ
várható értéke, továbbá a 6 Eξ 6 b.


(2) Ha a ξ valószínűségi változónak létezik a várható értéke, és létezik c ∈ R,
hogy P(ξ > c) = 1, (illetve P(ξ 6 c) = 1), akkor Eξ > c, (illetve Eξ 6 c).


(3) Ha a ξ és η valószínűségi változókra teljesül, hogy P(|ξ| 6 η) = 1, továbbá
η-nak létezik a várható értéke, akkor ξ-nek is létezik a várható értéke.


Bizonyítás. (1) Általános esetben a tétel azon múlik, hogy ha ξ 1 valószínűséggel a
és b közé esik, akkor létezik a P-szerinti Lebesgue-integrálja és az is a és b közé esik.
(Lásd [1] 61. oldal.) Ennek felhasználása nélkül két speciális esetben bizonyítunk.


Legyen L := max{|a|, |b|}. Ha Rξ = {xk : k ∈ N}, akkor
∞∑


k=1


|xk|P(ξ = xk) 6
∞∑


k=1


LP(ξ = xk) = L


∞∑


k=1


P(ξ = xk) = L,


mert ha P(ξ = xk) 6= 0, akkor |xk| 6 L, míg |xk| > L esetén P(ξ = xk) = 0. Így
tehát létezik a várható érték. Másrészt hasonlóan látható, hogy


a =
∞∑


k=1


aP(ξ = xk) 6
∞∑


k=1


xkP(ξ = xk) = Eξ 6
∞∑


k=1


bP(ξ = xk) = b.


Ha Rξ véges, akkor a várható érték létezik. A tétel állítása ekkor ugyanúgy látható
be, mint az előző esetben.


Most legyen ξ abszolút folytonos. Ha x 6 a, akkor Fξ(x)=P(ξ<x)=0, illetve
ha x > b, akkor Fξ(x)=P(ξ<x)=1. Ezért a 6.28. tétel miatt x 6∈ (a, b) esetén
fξ(x)=F ′ξ(x)=0 majdnem mindenütt.


Így 1=
∫∞
−∞ fξ(x) dx=


∫ b


a
fξ(x)dx és


∫∞
−∞ |x|fξ(x)dx 6 L


∫ b


a
fξ(x) dx = L, vagyis


létezik a várható érték. Emiatt


a =


b∫


a


afξ(x)dx 6
b∫


a


xfξ(x)dx = Eξ 6
b∫


a


bfξ(x)dx = b.


(2) Az (1) ponthoz hasonlóan bizonyítható.


(3) Általános esetben a tétel a Lebesgue-integrálra vonatkozó majoráns krité-
riumnak felel meg. (Lásd [1] 61. oldal.) Ennek felhasználása nélkül csak diszkrét
esetben bizonyítunk. Bevezetjük a következő jelöléseket:∑
k


:=
∑


k∈Rξ


,
∑
l


:=
∑


l∈Rη


,
∑
k,l


:=
∑


k∈Rξ


∑
l∈Rη


és Ck,l := {ξ = k}{η = l}{|ξ| 6 η}. Ekkor
P(|ξ| 6 η) = 1 miatt


∑
k


P(Ck,l) = P(η = l) és
∑
l


P(Ck,l) = P(ξ = k). Másrészt, ha


ω ∈ Ck,l, akkor |k| = |ξ(ω)| 6 η(ω) = l = |l|. Mindezekből
∑


k


|k|P(ξ = k) =
∑


k,l


|k|P(Ck,l) 6
∑


k,l


|l|P(Ck,l) =
∑


l


|l|P(η = l) ∈ R.


Így
∑
k


|k|P(ξ = k) is konvergens, melyből következik az állítás.
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8.14. tétel. (Cauchy-egyenlőtlenség) Ha létezik E(ξ2) és E(η2), akkor E(ξη)
is létezik, továbbá


|E(ξη)| 6
√


E(ξ2)E(η2).


Bizonyítás. |ξη| 6 1
2 (ξ2 + η2), így az E(ξη) létezése a 8.13. tétel (3) pontjából


következik. Legyen


f : R→ R, f(x) := E(ξ − xη)2 = E(ξ2)− 2xE(ξη) + x2E(η2).


Ekkor f nemnegatív függvény, így az f(x) = 0 egyenletnek legfeljebb egy gyöke van,
azaz a diszkriminánsa 4E2(ξη)− 4E(ξ2)E(η2) 6 0, melyből következik az állítás.


8.15. tétel. Ha ξ és η diszkrét valószínűségi változók és g : R2 → R olyan függvény,
melyre g(ξ, η) is valószínűségi változó, akkor


E
(
g(ξ, η)


)
=


∑


k∈Rξ


∑


l∈Rη


g(k, l)P(ξ = k, η = l),


feltéve, hogy ez a sor abszolút konvergens.


Bizonyítás. A tétel a várható érték definíciójából következik.


8.16. tétel. Legyen a ξ és η valószínűségi változók együttes eloszlása abszolút foly-
tonos. Ha g : R2 → R olyan függvény, melyre g(ξ, η) is valószínűségi változó, akkor


E
(
g(ξ, η)


)
=


∞∫


−∞


∞∫


−∞
g(x, y)fξ,η(x, y) dx dy,


feltéve, hogy
∫∞
−∞


∫∞
−∞ |g(x, y)|fξ,η(x, y) dx dy ∈ R. (A bizonyítást lásd [5] 98. oldal.)


8.17. tétel. Legyenek ξ és η várható értékkel rendelkező valószínűségi változók.
Ekkor (ξ + η)-nak is létezik várható értéke, továbbá


E(ξ + η) = Eξ + Eη,


azaz a várható érték additív.


Bizonyítás. A tétel a Lebesgue-integrál additivitása miatt igaz. (Lásd [1] 62. ol-
dal.) Ennek felhasználása nélkül két speciális esetben bizonyítunk.


Legyen g : R2 → R, g(x, y) := x + y továbbá ξ és η diszkrétek. Alkalmazzuk a
következő jelöléseket:
pk,l := P(ξ = k, η = l),


∑
k


:=
∑


k∈Rξ


,
∑
l


:=
∑


l∈Rη


és
∑
k,l


:=
∑


k∈Rξ


∑
l∈Rη


.


Ekkor
∑
k


{ξ = k} =
∑
l


{η = l} = Ω miatt


∑


k,l


|g(k, l)|pk,l =
∑


k,l


|k + l|pk,l 6
∑


k,l


|k|pk,l +
∑


k,l


|l|pk,l =
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=
∑


k


|k|P
(∑


l


{ξ = k}{η = l}
)


+


+
∑


l


|l|P
(∑


k


{ξ = k}{η = l}
)


=


=
∑


k


|k|P(ξ = k) +
∑


l


|l|P(η = l) ∈ R,


hiszen létezik Eξ és Eη. Így a 8.15. tétel miatt E(ξ + η) létezik, és az előző leveze-
téshez hasonlóan kapjuk, hogy


E(ξ + η) =
∑


k,l


g(k, l)pk,l =
∑


k,l


(k + l)pk,l =


=
∑


k


kP(ξ = k) +
∑


l


lP(η = l) = Eξ + Eη.


Abszolút folytonos esetben csak akkor bizonyítjuk az állítást, ha létezik az együttes
sűrűségfüggvény. Ekkor a 8.16. és 7.11. tételekből következik, hogy


E(ξ + η) =


∞∫


−∞


∞∫


−∞
(x + y)fξ,η(x, y)dxdy =


∞∫


−∞


∞∫


−∞
xfξ,η(x, y)dxdy +


+


∞∫


−∞


∞∫


−∞
yfξ,η(x, y)dx dy =


∞∫


−∞
x






∞∫


−∞
fξ,η(x, y) dy



 dx +


+


∞∫


−∞
y






∞∫


−∞
fξ,η(x, y) dx



 dy =


∞∫


−∞
xfξ(x)dx +


∞∫


−∞
yfη(y)dy = Eξ + Eη.


8.18. következmény. Ha a ξ1, ξ2, . . . , ξn valószínűségi változóknak létezik a vár-
ható értéke, akkor a


∑n
i=1 ciξi valószínűségi változónak is létezik a várható értéke,


ahol c1, c2, . . . , cn ∈ R, továbbá


E


(
n∑


i=1


ciξi


)
=


n∑


i=1


ciEξi,


vagyis a várható érték lineáris.


8.19. tétel. (1) Ha a ξ valószínűségi változóra P(ξ = c) = 1 teljesül valamely
c ∈ R esetén, akkor Eξ = c.


(2) Ha valamely c ∈ R esetén P(ξ > c) = 1 (vagy P(ξ 6 c) = 1) és Eξ = c,
akkor P(ξ = c) = 1.


Bizonyítás. (1) A 8.13. tétel (1) pontjából következik c = a = b választással.
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(2) A várható érték additivitása és (1) miatt elég az állítást csak c = 0 ese-
tén bizonyítani. Általános esetben a tétel abból következik, hogy ha egy majdnem
mindenütt nemnegatív függvény Lebesgue-integrálja 0, akkor a függvény majdnem
mindenütt 0. (Lásd [1] 54. oldal.) Ennek felhasználása nélkül csak diszkrét esetben
bizonyítunk. Legyen P(ξ > 0) = 1. Ekkor k < 0 esetén P(ξ = k) = 0 teljesül.
Így Eξ =


∑
k∈Rξ


kP(ξ = k) = 0 csak úgy teljesülhet, ha kP(ξ = k) = 0 min-
den k ∈ Rξ esetén. Másrészt az eloszlás tulajdonsága miatt létezik k0 ∈ Rξ, hogy
P(ξ = k0) > 0. Ebből k0 = 0, másrészt ha k 6= 0, akkor P(ξ = k) = 0. Így tehát
P(ξ = 0) = 1.


Ha P(ξ 6 0) = 1 és Eξ = 0, akkor P(−ξ > 0) = 1 és E(−ξ) = 0, így az előzőek
miatt P(−ξ = 0) = 1, vagyis P(ξ = 0) = 1.


8.20. megjegyzés. (1) A 8.19. tételben ξ nem lehet abszolút folytonos, mert el-
lenkező esetben P (ξ = c) = 0 lenne.


(2) A 8.19. tételből c ∈ R esetén E(c) = c. Így a várható érték additivitása
miatt, ha ξ-nek létezik a várható értéke, akkor (ξ + c)-nek is, és E(ξ + c) = Eξ + c.


8.21. tétel. Ha ξ és η olyan várható értékkel rendelkező valószínűségi változók,
melyekre P(ξ > η) = 1, akkor Eξ > Eη teljesül.


Bizonyítás. P(0 6 ξ − η) = 1 miatt 0 6 E(ξ − η) = Eξ − Eη.


8.22. tétel. Ha a ξ és η független valószínűségi változóknak léteznek a várható
értékeik, akkor ξη-nak is létezik, és E(ξη) = EξEη.


Bizonyítás. Általános esetben a bizonyítást lásd [5] 88. oldal. Mi csak két speciális
esetben bizonyítunk.


Legyen g : R2 → R, g(x, y) := xy, továbbá ξ és η diszkrét valószínűségi változók.
Legyen pk := P(ξ = k), pl := P(η = l) és használjuk a 8.17. tétel bizonyításában be-
vezetett jelöléseket. Ekkor a függetlenség miatt pk,l = pkpl teljesül. Ebből, továbbá
az Eξ és Eη létezéséből következik, hogy


∑


k,l


|g(k, l)|pk,l =
∑


k,l


|kl|pk,l =
∑


k,l


|k||l|pkpl =
∑


k


|k|pk


∑


l


|l|pl ∈ R.


Így a 8.15. tétel miatt E(ξη) létezik, és


E(ξη) =
∑


k,l


klpk,l =
∑


k,l


klpkpl =
(∑


k


kpk


)(∑


l


lpl


)
= EξEη.


Ha ξ és η abszolút folytonosak és létezik az együttes sűrűségfüggvényük, akkor
a 8.16. tétel és a függetlenség miatt


E(ξη) =


∞∫


−∞


∞∫


−∞
xyfξ,η(x, y)dxdy =


∞∫


−∞


∞∫


−∞
xyfξ(x)fη(y)dxdy =
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=


∞∫


−∞
xfξ(x)






∞∫


−∞
yfη(y)dy



dx=






∞∫


−∞
xfξ(x)dx








∞∫


−∞
yfη(y) dy



=EξEη.


8.2. Szórásnégyzet


Egy szerencsejátékban akkor nyerünk, ha érmével fejet dobunk, ellenkező eset-
ben veszítünk. Bár ekkor a tét nagyságától függetlenül a nyeremény várható értéke
mindig 0, ennek ellenére például 100 000 forintos tétnél jobban meggondolnánk,
hogy játszuk-e ezt a játékot. Nyilván azért, mert ekkor igaz sokat lehet nyerni,
de veszíteni is. Hiszen minél nagyobb a tét, annál nagyobb a nyeremény eltérése,
szórása a várható értéktől. Ebben a részben ezt fogjuk jellemezni.


Egy c érték körüli szórásról első ránézésre az átlagos abszolút eltérés ad infor-
mációt, azaz az E(|ξ−c|). Ez jó is lenne, de egy természetes elvárást – nevezetesen,
hogy a várható érték körüli szórás legyen a legkisebb –, nem teljesít. Például le-
gyen Rξ = {0, 1}, P(ξ = 0) = 0,3 és P(ξ = 1) = 0,7. Ekkor Eξ = 0,7, másrészt
E(|ξ − 0,8|) < E(|ξ − Eξ|). (Ennek belátását az olvasóra bízzuk.) Ezért mást kell
választanunk, az átlagos abszolút eltérés helyett az átlagos négyzetes eltérést, azaz
az E


(
(ξ − c)2


)
-et. Erre már teljesül, hogy


E
(
(ξ − Eξ)2


) ≤ E
(
(ξ − c)2


)


minden c ∈ R esetén. (Ezt is könnyen igazolhatja az olvasó.) A továbbiakban a
várható értéktől való átlagos négyzetes eltérést szórásnégyzetnek fogjuk nevezni.


8.23. definíció. Legyen ξ olyan valószínűségi változó, melynek létezik a várható
értéke. Ekkor ξ szórása illetve szórásnégyzete


Dξ :=
√


E(ξ − Eξ)2 és D2ξ := E(ξ − Eξ)2,


feltéve, hogy létezik ez a várható érték.


8.24. megjegyzés. (1) Várható értékkel rendelkező valószínűségi változónak nem
mindig van szórása. Például legyen Ω := N ∪ {0}, F az Ω hatványhalmaza és
P: F → R olyan valószínűség, melyre P({k}) := 3


4k+1 teljesül. (Ilyen P valószínűség
létezik, mert


∑∞
k=0


3
4k+1 = 1.) Legyen


ξ : N ∪ {0} → R, ξ(k) :=
2k+1


3
− 1.


Ekkor ξ az (Ω,F , P) valószínűségi mezőben egy valószínűségi változó, melynek lé-
tezik a várható értéke, ugyanis xk := ξ(k) és pk := P(ξ = xk) = P({k}) jelöléssel


∞∑


k=0


|xk|pk =
∞∑


k=0


∣∣∣∣
2k+1


3
− 1


∣∣∣∣
3


4k+1
=


1
4


+
∞∑


k=1


(
2k+1


3
− 1


)
3


4k+1
=
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=
1
4


+
∞∑


k=1


(
1


2k+1
− 3


4k+1


)
=


1
4


+
∞∑


k=1


1
2k+1


−
∞∑


k=1


3
4k+1


=
1
2
,


tehát a
∑∞


0 xkpk sor abszolút konvergens. Így


Eξ =
∞∑


k=0


xkpk =
∞∑


k=0


(
2k+1


3
− 1


)
3


4k+1
=


∞∑


k=0


(
1


2k+1
− 3


4k+1


)
= 0,


melyből (ξ − Eξ)2 = ξ2, vagyis ξ-nek pontosan akkor létezik a szórásnégyzete, ha
ξ2-nek van várható értéke. Ez viszont nem teljesül, mert


lim
k→∞


x2
kpk = lim


k→∞


(
2k+1


3
− 1


)2 3
4k+1


= lim
k→∞


3
(


1
3
− 1


2k+1


)2


=
1
3
,


vagyis x2
kpk nem nullsorozat, így a


∑∞
0 x2


kpk sor divergens.


(2) Az előző példában arra a következtetésre jutottunk, hogy a várható értékkel
rendelkező ξ-nek pontosan akkor van szórásnégyzete, ha ξ2-nek is létezik a várható
értéke. Ez természetes ha Eξ = 0, mint ebben az esetben is. De mi van akkor, ha
Eξ 6= 0 ? Vajon ekkor milyen feltétel D2ξ létezéséhez az E(ξ2) létezése? Erre ad
feleletet a következő tétel:


8.25. tétel. A ξ várható értékkel rendelkező valószínűségi változónak pontosan ak-
kor létezik szórása, ha ξ2-nek létezik a várható értéke, és ekkor


D2ξ = E(ξ2)− E2ξ,


ahol E2ξ = (Eξ)2.


Bizonyítás. Először tegyük fel, hogy létezik E(ξ2). Ekkor a várható érték lineari-
tásából következik, hogy


E(ξ2)− E2ξ = E(ξ2)− 2EξEξ + E2ξ = E
(
ξ2 − 2ξEξ + E2ξ


)
= D2ξ.


Megfordítva, ha ξ-nek létezik a szórásnégyzete, akkor a várható érték linearitása
miatt létezik E


(
(ξ − Eξ)2 − E2ξ + 2ξEξ


)
= E(ξ2), így


D2ξ = E
(
ξ2 − 2ξEξ + E2ξ


)
= E(ξ2)− 2EξEξ + E2ξ = E(ξ2)− E2ξ.


8.26. megjegyzés. Az eddigiek alapján, ha ξ-nek és ξ2-nek létezik a várható ér-
téke, akkor


D2ξ =
n∑


k=1


x2
kP(ξ = xk)−


(
n∑


k=1


xkP(ξ = xk)


)2


,


D2ξ =
∞∑


k=1


x2
kP(ξ = xk)−


( ∞∑


k=1


xkP(ξ = xk)


)2
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vagy


D2ξ =


∞∫


−∞
x2fξ(x)dx−






∞∫


−∞
xfξ(x)dx






2


aszerint, hogy Rξ = {x1, x2, . . . , xn}, Rξ = {xk : k ∈ N} vagy ξ abszolút folytonos.


8.27. feladat. Számoljuk ki a 8.5. feladatban definiált ξ szórásnégyzetét.


Megoldás. Az ottani jelölésekkel


∞∑


k=1


k2P(ξ=k) =
∞∑


k=1


k2pqk−1 = p


( ∞∑


k=1


kqk


)′


= p


(
q


(1− q)2


)′
=


2− p


p2
∈ R,


vagyis létezik E(ξ2) és egyenlő 2−p
p2 -tel. Így az előzőek értelmében létezik a szórás-


négyzet is, és D2ξ = 2−p
p2 − 1


p2 = 1−p
p2 = 380.


8.28. feladat. Számoljuk ki a 8.7. feladatban definiált ξ szórásnégyzetét.


Megoldás. Felhasználva a 8.7. feladat eredményét,


D2ξ =


∞∫


−∞
x2 1


2
e−|x| dx−






∞∫


−∞
x


1
2
e−|x| dx






2


=


∞∫


0


x2e−x dx = 2.


Az utóbbi integrált kétszeres parciális integrálással és a L’Hospital-szabály segítsé-
gével számoltuk ki.


8.29. tétel. Legyen ξ szórással rendelkező valószínűségi változó. Ekkor


0 6 Dξ 6
√


E(ξ2)


teljesül. Dξ =
√


E(ξ2) pontosan akkor, ha Eξ = 0, illetve Dξ = 0 pontosan akkor,
ha P(ξ = Eξ) = 1.


Bizonyítás. A 8.25. tétel miatt E(ξ2) = D2ξ + E2ξ > D2ξ, továbbá egyenlőség
pontosan E2ξ = 0 esetén áll fenn. A Dξ > 0 egyenlőtlenség a definícióból következik.
Másrészt η := (ξ − Eξ)2 jelöléssel P(η > 0) = 1, így D2ξ = Eη = 0 akkor és csak
akkor teljesül a 8.19. tétel értelmében, ha P(η = 0) = 1, azaz P(ξ = Eξ) = 1.


8.30. tétel. Ha ξ tetszőleges szórással rendelkező valószínűségi változó és a, b ∈ R,
akkor az aξ + b valószínűségi változónak is létezik a szórása, továbbá D2(aξ + b) =
= a2D2ξ, azaz D(aξ + b) = |a|Dξ.


Bizonyítás. D2(aξ + b) = E
(
aξ + b − E(aξ + b)


)2 = E(aξ + b − aEξ − b)2 =
= a2E(ξ − Eξ)2 = a2D2ξ.







9. Valószínűségi változók kapcsolatának jellemzése


A továbbiakban két valószínűségi változó kapcsolatának jellemzéséhez definiá-
lunk mértékszámokat.


9.1. Kovariancia


9.1. definíció. A ξ és η valószínűségi változók kovarianciája


cov(ξ, η) := E
(
(ξ − Eξ)(η − Eη)


)
,


feltéve, hogy ezek a várható értékek léteznek.


A következő két tétel a kovariancia definíciójának következményei:


9.2. tétel. Ha a ξ és η valószínűségi változóknak létezik a kovarianciája, akkor
cov(ξ, η) = cov(η, ξ), azaz a kovariancia szimmetrikus.


9.3. tétel. A ξ valószínűségi változónak pontosan akkor létezik szórása, ha létezik
az önmagával vett kovarianciája. Ekkor D2ξ = cov(ξ, ξ).


9.4. tétel. Legyen ξ és η valószínűségi változók. Ekkor


cov(ξ, η) = E(ξη)− EξEη.


Az egyenlőséget úgy értjük, hogy a két oldal egyszerre létezik, vagy nem létezik,
továbbá ha létezik, akkor egyenlőek.


Bizonyítás. A 8.25. tétel bizonyításához hasonlóan láthatjuk be.


9.5. tétel. Szórással rendelkező valószínűségi változóknak létezik a kovarianciája.


Bizonyítás. Ha létezik Dξ és Dη, akkor a 8.25. tétel miatt létezik E(ξ2) és E(η2).
Így a 8.14. tétel miatt létezik E(ξη) is, melyből a 9.4. tétel miatt következik az
állítás.


9.6. tétel. Ha a ξ és η független valószínűségi változóknak létezik a várható ér-
tékeik, akkor létezik a kovarianciájuk is, és cov(ξ, η) = 0. (Ezért a kovarianciát a
függetlenség mértékszámának is nevezik.)


Bizonyítás. A 8.22. tétel alapján ξη-nak is létezik a várható értéke, továbbá
E(ξη) = EξEη, így a 9.4. tételből következik az állítás.
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9.7. megjegyzés. Az előző tétel megfordítása nem igaz. Például legyen


Ω := {ω1, ω2, ω3, ω4},
(Ω,A, P) klasszikus valószínűségi mező, ξ(ω1) = ξ(ω2) = 0, ξ(ω3) = −1, ξ(ω4) = 1,
η(ω3) = η(ω4) = 0, η(ω1) = −1 és η(ω2) = 1. Ekkor


P(ξ = −1) = 0,25, P(ξ = 0) = 0,5, P(ξ = 1) = 0,25,


P(η = −1) = 0,25, P(η = 0) = 0,5, P(η = 1) = 0,25,


továbbá Rξη = {−1, 0, 1}. Mivel {ξη = 0} = Ω, {ξη = 1} = {ξη = −1} = ∅, ezért
P(ξη = −1) = 0, P(ξη = 0) = 1 és P(ξη = 1) = 0 teljesül. Így


Eξ = −1 · 0,25 + 0 · 0,5 + 1 · 0,25 = 0,


Eη = −1 · 0,25 + 0 · 0,5 + 1 · 0,25 = 0,


E(ξη) = −1 · 0 + 0 · 1 + 1 · 0 = 0.


Mindezekből a 9.4. tétel alapján létezik a kovariancia, és egyenlő nullával. Másrészt
P(ξ < 0, η < 0) = 0 6= 0,25·0,25 = P(ξ < 0)P(η < 0), vagyis ξ és η nem függetlenek.


9.8. tétel. Tegyük fel, hogy a ξ1, ξ2, . . . , ξn, η1, η2, . . . , ηm valószínűségi változókra
minden i ∈ {1, 2, . . . , n} és j ∈ {1, 2, . . . , m} esetén létezik a cov(ξi, ηj). Ekkor
tetszőleges ai, bj ∈ R konstansok esetén


cov


(
n∑


i=1


aiξi,


m∑


j=1


bjηj


)
=


n∑


i=1


m∑


j=1


aibj cov(ξi, ηj),


azaz a kovariancia bilineáris.


Bizonyítás. Legyen ξ :=
∑n


i=1 aiξi. Ekkor


cov


(
ξ,


m∑


j=1


bjηj


)
= E



(ξ − Eξ)


(
m∑


j=1


bjηj − E
m∑


j=1


bjηj


)
 =


= E


(
(ξ − Eξ)


m∑


j=1


bj(ηj − Eηj)


)
=


= E


(
m∑


j=1


bj(ξ − Eξ)(ηj − Eηj)


)
=


m∑


j=1


bj cov(ξ, ηj),


melybe visszaírva ξ eredeti jelentését, hasonló átalakításokkal kapjuk a tételt.


9.9. tétel. Ha a ξ1, ξ2, . . . , ξn valószínűségi változók esetén létezik cov(ξi, ξj) min-
den i, j ∈ {1, 2, . . . , n} esetén, akkor


∑n
i=1 ξi-nek létezik a szórásnégyzete, továbbá


D2


(
n∑


i=1


ξi


)
=


n∑


i=1


D2ξi + 2
n−1∑


i=1


n∑


j=i+1


cov(ξi, ξj).
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Bizonyítás. A kovariancia bilinearitásából, szimmetriájából és a 9.3. tételből kö-
vetkezik.


9.10. következmény. Ha a ξ1, ξ2, . . . , ξn páronként független valószínűségi válto-
zóknak léteznek a szórásnégyzeteik, akkor a


∑n
i=1 ξi valószínűségi változónak is van


szórásnégyzete, továbbá D2 (
∑n


i=1 ξi) =
∑n


i=1 D2ξi.


9.2. Korrelációs együttható


9.11. definíció. Ha ξ és η pozitív szórású valószínűségi változók, akkor a


corr(ξ, η) :=
cov(ξ, η)
DξDη


számot a ξ és η korrelációs együtthatójának nevezzük. Ha corr(ξ, η) = 0, akkor
ξ-t és η-t korrelálatlanoknak nevezzük.


9.12. megjegyzés. (1) A 9.5. tétel miatt korrekt a 9.11. definíció.
(2) Ha ξ és η függetlenek és létezik a korrelációs együtthatójuk, akkor korrelá-


latlanok. Ez megfordítva nem igaz. Például a 9.7. megjegyzésben definiált ξ és η
valószínűségi változókról könnyen beláthatja az olvasó, hogy DξDη = 0,5, így az
ott bizonyított cov(ξ, η) = 0 miatt corr(ξ, η) = 0. Másrészt azt is bizonyítottuk,
hogy ξ és η nem függetlenek.


A korrelációs együttható egy fontos tulajdonságának a vizsgálatához szüksé-
günk lesz a következő fogalomra:


9.13. definíció. Legyen ξ pozitív szórású valószínűségi változó. Ekkor azt mond-
juk, hogy ξ standardizálható, továbbá a ξ standardizáltján a


ξ̃ =
ξ − Eξ


Dξ


valószínűségi változót értjük.


9.14. tétel. Legyen ξ standardizálható valószínűségi változó. Ekkor ξ̃-nek létezik a
várható értéke és a szórása, továbbá Eξ̃ = 0 és Dξ̃ = 1.


Bizonyítás. Az Eξ̃ létezése a 8.20. (2) megjegyzés és a várható érték homogeni-
tása, míg D2ξ̃ létezése a 8.30. tételből következik. Ugyanezen tételek alapján


Eξ̃ = E
(


ξ − Eξ


Dξ


)
=


1
Dξ


E(ξ − Eξ) =
1


Dξ
(Eξ − Eξ) = 0


és


D2ξ̃ = D2


(
ξ − Eξ


Dξ


)
=


1
D2ξ


D2(ξ − Eξ) =
D2ξ


D2ξ
= 1.
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9.15. tétel. Legyenek ξ és η standardizálható valószínűségi változók. Ha az Eξ̃η̃,
corr(ξ, η), cov(ξ̃, η̃) közül valamelyik létezik, akkor a másik kettő is létezik, továbbá


Eξ̃η̃ = corr(ξ, η) = cov(ξ̃, η̃).


Bizonyítás. Egyrészt


Eξ̃η̃ = E
(


ξ − Eξ


Dξ
· η − Eη


Dη


)
=


E
(
(ξ − Eξ)(η − Eη)


)


DξDη
= corr(ξ, η),


másrészt
cov(ξ̃, η̃) = E


(
(ξ̃ − Eξ̃)(η̃ − Eη̃)


)
= Eξ̃η̃.


9.16. tétel. Ha a ξ és η valószínűségi változóknak létezik a korrelációs együttha-
tója, akkor |corr(ξ, η)| 6 1.


Bizonyítás. A korreláció létezéséből következik, hogy ξ és η standardizálható va-
lószínűségi változók, így a 9.9., 9.14. és a 9.15. tételek alapján


0 6 D2(ξ̃ ± η̃) = D2ξ̃ + D2η̃ ± 2 cov(ξ̃, η̃) = 2
(
1± corr(ξ, η)


)


teljesül, melyből következik az állítás.


9.17. következmény. Ha a ξ és η valószínűségi változóknak létezik a szórásuk,
akkor |cov(ξ, η)| 6 DξDη.


9.18. tétel. Legyen ξ egy pozitív szórású valószínűségi változó, továbbá η := aξ+b,
ahol a ∈ R \ {0}, b ∈ R. Ekkor létezik ξ és η korrelációs együtthatója, és


corr(ξ, η) =
{
1, ha a > 0,
-1, ha a < 0.


Bizonyítás. Mivel


cov(ξ, η) = Eξη − EξEη = E
(
ξ(aξ + b)


)− EξE(aξ + b) =


= aEξ2 + bEξ − aE2ξ − bEξ = a(Eξ2 − E2ξ) = aD2ξ,


így DξDη = DξD(aξ + b) = |a|D2ξ alapján kapjuk az állítást.


9.19. tétel. Ha |corr(ξ, η)| = 1, akkor léteznek a ∈ R \ {0} és b ∈ R konstansok,
melyekre P(η = aξ + b) = 1.


Bizonyítás. A feltételek miatt |cov(ξ, η)| = DξDη teljesül, így


4 cov2(ξ, η)− 4D2ξD2η = 0.


Ebből következik, hogy a (D2ξ)x2 − 2 cov(ξ, η)x + D2η = 0 egyenletnek pontosan
egy gyöke van, mely Dη 6= 0 miatt nullától különbözik. Jelöljük ezt a gyököt a-val.
Ekkor


0 = (D2ξ)a2 − 2 cov(ξ, η)a + D2η = a2E(ξ − Eξ)2 −
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− 2aE
(
(ξ − Eξ)(η − Eη)


)
+ E(η − Eη)2 =


= E
(
a2(ξ − Eξ)2 − 2a(ξ − Eξ)(η − Eη) + (η − Eη)2


)
=


= E
(
a(ξ − Eξ)− (η − Eη)


)2


teljesül. Legyen µ :=
(
a(ξ − Eξ) − (η − Eη)


)2. Ebből P(µ > 0) = 1, így Eµ = 0
miatt a 8.19. tételből P(µ = 0) = 1 következik. Ez pedig azzal ekvivalens, hogy
P


(
η = aξ + (Eη − aEξ)


)
= 1.


9.20. definíció. Legyen ξ és η olyan valószínűségi változók, melyekre valamely
a ∈ R \ {0} és b ∈ R esetén P(η = aξ + b) = 1 teljesül. Ekkor azt mondjuk, hogy ξ
és η lineárisan függőek.


9.21. megjegyzés. (1) A 9.19. tétel bizonyításából az is kiderül, hogy corr(ξ, η) =
= 1 esetén a = Dη


Dξ és b = Eη− Dη
Dξ Eξ, illetve ha corr(ξ, η) = −1, akkor a = −Dη


Dξ és
b = Eη + Dη


Dξ Eξ.


(2) Ha ξ és η lineárisan függőek, akkor nem függetlenek. Ehhez azt kell megmu-
tatnunk, hogy létezik olyan x, y ∈ R, hogy P(ξ < x, η < y) 6= P(ξ < x)P(η < y).
Tegyük fel, hogy a, b > 0. Legyen x ∈ R olyan, hogy P(ξ < x) < 1. Ilyen x mindig
létezik. Ekkor y := ax választással


P(ξ < x, η < y) = P(ξ < x, aξ + b < ax) = P
(


ξ < x, ξ < x− b


a


)
=


= P
(


ξ < x− b


a


)
> P(ξ < x) P


(
ξ < x− b


a


)
= P(ξ < x)P(η < y).


Az a és b egyéb eseteire hasonlóan járhatunk el.


9.22. következmény. A ξ és η korrelációs együtthatóval rendelkező valószínűségi
változók esetén |corr(ξ, η)| = 1 pontosan akkor teljesül, ha ξ és η lineárisan függőek.


9.23. feladat. Legyen a ξ és η valószínűségi változók értékkészlete {0, 1}, melyekre
teljesülnek a következők:


P(ξ = 0, η = 0) = 0,4
P(ξ = 0, η = 1) = 0,06
P(ξ = 1, η = 0) = 0,04.


Számítsuk ki a ξ és η korrelációs együtthatóját.


Megoldás. P(ξ = 1, η = 1) = 1− 0,4− 0,06− 0,04 = 0,5. Másrészt a peremelosz-
lások a 7.5. tétel miatt


P(ξ = 0) = 0,4 + 0,06 = 0,46,
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P(ξ = 1) = 0,04 + 0,5 = 0,54,


P(η = 0) = 0,4 + 0,04 = 0,44,


P(η = 1) = 0,06 + 0,5 = 0,56.


Ezeket az eredményeket a következő táblázatban foglaljuk össze:


ξ \ η 0 1 összeg
0 0,4 0,06 0,46
1 0,04 0,5 0,54


összeg 0,44 0,56 1


Ebből


Eξ = 0 · 0,46 + 1 · 0,54 = 0,54,


E(ξ2) = 02 · 0,46 + 12 · 0,54 = 0,54,


Eη = 0 · 0,44 + 1 · 0,56 = 0,56,


E(η2) = 02 · 0,44 + 12 · 0,56 = 0,56,


így


Dξ =
√


E(ξ2)− E2ξ =
√


0,54− 0,542 ≈ 0,4984,


Dη =
√


E(η2)− E2η =
√


0,56− 0,562 ≈ 0,4964.


Másrészt a 8.15. tétel miatt


E(ξη) = 0 · 0 · 0,4 + 0 · 1 · 0,06 + 1 · 0 · 0,04 + 1 · 1 · 0,5 = 0,5.


Ebből
cov(ξ, η) = E(ξη)− EξEη = 0,5− 0,54 · 0,56 = 0,1976,


így kapjuk, hogy


corr(ξ, η) =
cov(ξ, η)
DξDη


≈ 0,1976
0,4984 · 0,4964


≈ 0,7987.


9.24. feladat. Legyen


f : R2 → R, f(x, y) :=
{


c, ha 0 < x < 5,1 és 5,1− x < y < 14− x,
0, különben,


ahol c ∈ R. Határozzuk meg úgy a c értékét, hogy f együttes eloszlásfüggvény
legyen, továbbá ebben az esetben számoljuk ki az f -hez tartozó ξ és η valószínűségi
változók korrelációs együtthatóját.
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Megoldás. A 7.12. tétel alapján


∞∫


−∞


∞∫


−∞
f(x, y)dxdy =


5,1∫


0


14−x∫


5,1−x


cdy dx = 45,39c = 1,


melyből c = 1
45,39 . A 7.11. tétel miatt


fξ(x) =


∞∫


−∞
f(x, y) dy =


14−x∫


5,1−x


cdy = 8,9c,


ha 0 < x 6 5,1, különben fξ(x) = 0. Így


Eξ =


∞∫


−∞
xfξ(x)dx =


5,1∫


0


x8,9cdx = 2,55


E(ξ2) =


∞∫


−∞
x2fξ(x) dx =


5,1∫


0


x28,9cdx = 8,67


D2ξ = E(ξ2)− E2ξ = 8,67− 2,552 = 2,1675.


Hasonlóan


fη(y) =


5,1∫


5,1−y


cdx = cy, ha 0 < y 6 5,1


fη(y) =


5,1∫


0


cdx = 5,1c, ha 5,1 < y 6 8,9


fη(y) =


14−y∫


0


cdx = 14c− cy, ha 8,9 < y 6 14


minden más esetben fη(y) = 0. Így


Eη =


∞∫


−∞
yfη(y)dy =


5,1∫


0


cy2 dy +


8,9∫


5,1


5,1cy dy +


14∫


8,9


(14cy − cy2) dy = 7


E(η2) =


∞∫


−∞
y2fη(y)dy =


5,1∫


0


cy3 dy +


8,9∫


5,1


5,1cy2 dy +


14∫


8,9


(14cy2 − cy3)dy ≈ 57,7683


D2η = E(η2)− E2η ≈ 8,7683.
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A 8.16. tétel alapján


Eξη =


∞∫


−∞


∞∫


−∞
xyf(x, y) dxdy =


5,1∫


0


14−x∫


5,1−x


xyc dy dx = 15,6825,


így


cov(ξ, η) = Eξη − EξEη = −2,1675


corr(ξ, η) =
cov(ξ, η)
DξDη


≈ −0,4972.







10. Diszkrét valószínűségi változók nevezetes elosz-
lásai


10.1. Karakterisztikus eloszlás


10.1. definíció. Legyen (Ω,F ,P) egy valószínűségi mező. Az A ∈ F esemény
indikátorváltozójának az


IA : Ω → R, IA(ω) :=
{


1, ha ω ∈ A,
0, ha ω /∈ A,


valószínűségi változót nevezzük.


10.2. megjegyzés. (1) Az indikátorváltozó értéke tehát 1, ha az A esemény be-
következett, ellenkező esetben 0. Az indikátorváltozó valóban valószínűségi változó,
ugyanis


{IA < x} =







Ω, ha x > 1,
A, ha 0 < x 6 1,
∅, ha x 6 0.


(2) Az IA eloszlása: P(IA = 1) = P(A) és P(IA = 0) = P
(
A


)
.


10.3. definíció. Legyen (Ω,F , P) egy valószínűségi mező, továbbá IA az A ∈ F
esemény indikátorváltozója. Ekkor IA eloszlását P(A) paraméterű karakteriszti-
kus eloszlásnak nevezzük.


10.4. tétel. Legyen (Ω,F , P) egy valószínűségi mező, IA az A ∈ F esemény indi-
kátorváltozója, p := P(A) és q := P(A). Ekkor E(IA) = p és D2(IA) = pq.


Bizonyítás. E(IA) = 1 · p + 0 · q = p, továbbá D2(IA) = E
(
I2A


) − E2(IA) =
= E


(
I2A


)− p2 = 12 · p + 02 · q − p2 = pq.


10.2. Binomiális eloszlás


10.5. definíció. Legyen ξ diszkrét valószínűségi változó és Rξ := {0, 1, . . . , n},
ahol n ∈ N. Ha minden k ∈ Rξ esetén


P(ξ = k) =
(


n


k


)
pkqn−k,


ahol 0 < p < 1 és q = 1 − p, akkor ξ-t n-ed rendű p paraméterű binomiális
eloszlású valószínűségi változónak nevezzük.
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10.6. megjegyzés. (1) A binomiális eloszlás valóban eloszlás, ugyanis a binomiális
tétel alapján


∑n
k=0 pk =


∑n
k=0


(
n
k


)
pkqn−k = (p + q)n = 1n = 1.


(2) A gyakoriság a 6.8. tétel szerint binomiális eloszlású. Példaként tekintsük
a következő kísérletet: Legyen egy urnában 3 darab golyó, egy piros és két fehér.
Vegyünk ki az urnából véletlenszerűen egy golyót, majd tegyük vissza. Ezt ismé-
teljük meg tízszer. Legyen ξ azon esetek száma, amikor pirosat vettünk ki. Ez egy
úgynevezett visszatevéses mintavétel. Ekkor ξ gyakoriságot jelöl, így ez 10-ed
rendű 1


3 paraméterű binomiális eloszlású valószínűségi változó. Tehát például an-
nak a valószínűsége, hogy a 10 esetből pontosan kétszer választottunk piros golyót
P(ξ = 2) =


(
10
2


) · ( 1
3


)2 · ( 2
3


)8.


10.7. tétel. Ha ξ egy n-ed rendű p paraméterű binomiális eloszlású valószínűségi
változó, akkor Eξ = np és D2ξ = npq.


Bizonyítás. (1) A várható érték véges esetben létezik, továbbá a definíció és a
binomiális tétel alapján


Eξ =
n∑


k=0


k


(
n


k


)
pkqn−k =


n∑


k=1


pnk
(n− 1)!


k!(n− k)!
pk−1qn−k =


= pn


n∑


k=1


(n− 1)!
(k − 1)!(n− k)!


pk−1qn−k = pn


n∑


k=1


(
n− 1
k − 1


)
pk−1qn−k =


= pn


n−1∑
u=0


(
n− 1


u


)
puqn−1−u = pn(p + q)n−1 = pn


teljesül. A bizonyítás során az u = k − 1 helyettesítést alkalmaztuk.


(2) A ξ véges, ezért ξ2 is az, így E(ξ2) létezik, melyből a 8.25. tétel alapján


D2ξ = E(ξ2)− E2ξ =
n∑


k=0


k2


(
n


k


)
pkqn−k − (np)2 =


=
n∑


k=0


(
k2 − k + k


)(
n


k


)
pkqn−k − (np)2 =


=
n∑


k=0


(
k(k − 1) + k


)(
n


k


)
pkqn−k − (np)2 =


=
n∑


k=0


k(k − 1)
(


n


k


)
pkqn−k +


n∑


k=0


k


(
n


k


)
pkqn−k − (np)2 =


=
n∑


k=2


k(k − 1)
(


n


k


)
pkqn−k + np− (np)2 =


= p2n(n− 1)
n∑


k=2


k(k − 1)
(n− 2)!


k!(n− k)!
pk−2qn−k + np− (np)2 =
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= p2n(n− 1)
n∑


k=2


(
n− 2
k − 2


)
pk−2qn−k + np− (np)2 =


= p2n(n− 1)
n−2∑
u=0


(
n− 2


u


)
puqn−2−u + np− (np)2 =


= p2n(n− 1)(p + q)n−2 + np− (np)2 = p2n(n− 1) + np− (np)2 =


= pn
(
p(n− 1) + 1− np


)
= pn(1− p) = npq.


A bizonyításban u = k − 2 helyettesítést, az (1) pontot és a binomiális tételt
alkalmaztuk. Feltételeztük még, hogy n > 1, amit megtehetünk, ugyanis n = 1
esetén D2ξ = E(ξ2) − E2ξ =


∑1
k=0 k2


(
1
k


)
pkq1−k − p2 = pq, vagyis ekkor is igaz a


tétel.


10.8. megjegyzés. Az elsőrendű binomiális eloszlás a karakterisztikus eloszlással
egyezik meg. Másrészt a 6.8. tétel szerint n darab független p paraméterű karakte-
risztikus eloszlású valószínűségi változó összege n-edrendű p paraméterű binomiális
eloszlású valószínűségi változó.


10.3. Hipergeometrikus eloszlás


10.9. definíció. Legyen ξ valószínűségi változó és Rξ := {0, 1, . . . , n}, ahol n ∈ N.
Ha minden k ∈ Rξ esetén


P(ξ = k) =


(
M
k


)(
N−M
n−k


)
(
N
n


) ,


ahol M és N pozitív egész számokra M < N és n 6 min{M, N − M} áll fenn,
akkor ξ-t hipergeometrikus eloszlású valószínűségi változónak nevezzük.


10.10. megjegyzés. Legyen N darab termék között 0 < M < N selejtes. Az N
termék közül válasszunk ki visszatevés nélkül n darab terméket. Jelentse ξ az n
kiválasztott termék között található selejtes termékek számát. Ekkor ξ hipergeo-
metrikus eloszlású valószínűségi változó. Ez az úgynevezett visszatevés nélküli
mintavétel, mely egyben azt is bizonyítja, hogy a 10.9. definícióban valóban egy
eloszlást adtunk meg. Ez azt is jelenti, hogy


(
N


n


)
=


n∑


k=0


(
M


k


)(
N −M


n− k


)
,


amit a kombinációs számok Cauchy-féle tulajdonságának neveznek.


10.11. tétel. Legyen ξ egy hipergeometrikus eloszlású valószínűségi változó N , M
és n paraméterekkel. Ekkor Eξ = np és D2ξ = npq N−n


N−1 , ahol p = M
N és q = 1− p.
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Bizonyítás. (1) A várható érték definíciójából és a kombinációs számok Cauchy-
féle tulajdonságából


Eξ =
n∑


k=0


k


(
M
k


)(
N−M
n−k


)
(
N
n


) =
M(
N
n


)
n∑


k=1


(M − 1)!
(k − 1)!(M − k)!


(
N −M


n− k


)
=


=
M(
N
n


)
n∑


k=1


(
M − 1
k − 1


)(
N −M


n− k


)
=


=
M(
N
n


)
n−1∑
u=0


(
M − 1


u


)(
N − 1− (M − 1)


n− 1− u


)
=


=
M(
N
n


)
(


N − 1
n− 1


)
=


M (N−1)!
(n−1)!(N−n)!


N !
n!(N−n)!


=
Mn


N
= np


(2) Az előző pont felhasználásával


D2ξ =
n∑


k=0


k2


(
M
k


)(
N−M
n−k


)
(
N
n


) −
(


nM


N


)2


=
n∑


k=1


Mk


(
M−1
k−1


)(
N−M
n−k


)
(
N
n


) −
(


nM


N


)2


=


= M


n−1∑
u=0


(u + 1)


(
M−1


u


)(
N−1−(M−1)


n−1−u


)
(
N
n


) −
(


nM


N


)2


=


=
M


(
N−1
n−1


)
(
N
n


)
(


n−1∑
u=0


u


(
M−1


u


)(
N−1−(M−1)


n−1−u


)
(
N−1
n−1


) +
n−1∑
u=0


(
M−1


u


)(
N−1−(M−1)


n−1−u


)
(
N−1
n−1


)
)
−


−
(


nM


N


)2


=
Mn


N


(
(M − 1)(n− 1)


N − 1
+ 1


)
−


(
nM


N


)2


=


=
Mn


N


(
(M − 1)(n− 1)


N − 1
+ 1− nM


N


)
=


Mn


N
· (N −M)(N − n)


N(N − 1)
=


=
Mn


N


(
1− M


N


)
N − n


N − 1
= npq


N − n


N − 1
.


A bizonyításban u = k − 1 helyettesítést alkalmaztunk.


10.12. tétel. Legyen n ∈ N, k ∈ {0, 1, . . . , n}, p ∈ R és q = 1 − p, továbbá
〈MN 〉 : N→ N olyan sorozat, melyre limN→∞ MN


N = p teljesül. Ekkor


lim
N→∞


(
MN


k


)(
N−MN


n−k


)
(
N
n


) =
(


n


k


)
pkqn−k.


Bizonyítás. A továbbiakban az egyszerűség kedvéért MN helyett csak M -et írunk.
Azonos átalakításokkal kapjuk, hogy


(
M
k


)(
N−M
n−k


)
(
N
n


) =
M !


k!(M−k)! · (N−M)!
(n−k)!(N−M−n+k)!


N !
n!(N−n)!


=
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=
n!


k!(n− k)!
· M !
(M − k)!


·
(N−M)!


(N−M−n+k)!


N !
(N−n)!


=


=
(


n


k


)
M(M − 1) · · · (M − k + 1)
N(N − 1) · · · (N − k + 1)


·
(N−M)!


(N−M−n+k)!


(N−k)!
(N−n)!


=


=
(


n


k


)
M


N


M−1
N−1


· · · M−k+1
N−k+1︸ ︷︷ ︸


k darab tényező


· N−M


N−k


N−M−1
N−k−1


· · · N−M−n+k+1
N−n+1︸ ︷︷ ︸


n− k darab tényező


.


Ha t konstans, akkor


lim
N→∞


M − t


N − t
= lim


N→∞


M
N − t


N


1− t
N


=
p− 0
1− 0


= p,


illetve


lim
N→∞


N −M − t


N − k − t
= lim


N→∞
1− M


N − t
N


1− k
N − t


N


=
1− p− 0
1− 0− 0


= 1− p = q.


Mindezeket felhasználva adódik a tétel.


10.13. megjegyzés. (1) Ez a tétel azt jelenti, hogy nagy N és M esetén a p = M
N


paraméterű n-ed rendű binomiális eloszlást jól közelíti a hipergeometrikus eloszlás.
Például legyen 10 000 termék között 10% selejt. A termékek közül 10 darabot vá-
lasszunk ki véletlenszerűen visszatevés nélkül. Ha ξ a 10 termék közötti selejtesek
számát jelöli, akkor az a 10.10. megjegyzés alapján N = 10 000, M = 1000, n = 10
paraméterű hipergeometrikus eloszlású valószínűségi változó. Azaz például annak
a valószínűsége, hogy a kiválasztott 10 termék között pontosan 3 selejtes van


P(ξ = 3) =


(
1000


3


) · (9000
7


)
(
10 000


10


) ≈ 0,0573.


Ezt körülményes kiszámolni, de mivel nagy az N és az M is, ezért alkalmazhatjuk
a binomiális közelítést. Tehát


P(ξ = 3) ≈
(


n


k


)
·
(


M


N


)k


·
(


1− M


N


)n−k


=
(


10
3


)
· 0,13 · 0,97 ≈ 0,0574.


Tehát ebben az esetben a binomiális közelítésnél csak a negyedik tizedes jegyben
tapasztalható eltérés.


(2) A 10.9. definícióban az n-re az a feltétel is adható, hogy 0 < n < N , de
ekkor megváltozik az Rξ. Ahhoz, hogy ekkor a definíció értelmes legyen, teljesülnie
kell, hogy 0 6 k 6 M és 0 6 n−k 6 N−M legyen. Ezeket felhasználva azt kapjuk,
hogy Rξ = {a, a + 1, . . . , b}, ahol a = max{0, n − (N − M)} és b = min{M,n}.
A 10.11. tétel ebben az esetben is érvényes marad. (Ennek belátása hasonlóan
történik, mint a 10.11. tételé.)
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10.4. Poisson-eloszlás


10.14. definíció. Legyen ξ diszkrét valószínűségi változó és Rξ := N ∪ {0}. Ha
minden k ∈ Rξ esetén


P(ξ = k) =
λk


k!
e−λ,


ahol λ ∈ R+, akkor ξ-t λ paraméterű Poisson-eloszlású valószínűségi változónak
nevezzük.


10.15. megjegyzés. A Poisson-eloszlás valóban eloszlás, ugyanis


∞∑


k=0


λk


k!
e−λ = e−λ


∞∑


k=0


λk


k!
= e−λeλ = 1.


10.16. tétel. Legyen ξ egy λ ∈ R+ paraméterű Poisson-eloszlású valószínűségi vál-
tozó. Ekkor Eξ = D2ξ = λ.


Bizonyítás. (1) A várható érték definíciója szerint


Eξ =
∞∑


k=0


k
λk


k!
e−λ, ha


∞∑


k=0


|k|λ
k


k!
e−λ ∈ R.


Mivel k > 0, ezért elég a
∑∞


k=0 k λk


k! e
−λ sorösszeget vizsgálni. Így


∞∑


k=0


k
λk


k!
e−λ = e−λλ


∞∑


k=1


λk−1


(k − 1)!
= e−λλ


∞∑
u=0


λu


u!
= e−λλeλ = λ


teljesülése miatt igaz a tétel.


(2) A szórásnégyzet létezésének bizonyításához a 8.25. tétel alapján elég az Eξ2


létezését vizsgálni. Ehhez a
∑∞


k=0 k2 λk


k! e
−λ sorösszeget kell kiszámítani. Tehát


∞∑


k=0


k2 λk


k!
e−λ =


∞∑


k=1


(
k(k − 1) + k


)λk


k!
e−λ = e−λ


∞∑


k=2


λk


(k − 2)!
+


+ e−λ
∞∑


k=1


λk


(k − 1)!
= e−λλ2


∞∑
u=0


λu


u!
+ e−λλ


∞∑
v=0


λv


v!
= λ2 + λ,


vagyis Eξ2 = λ2 + λ. A levezetésben az u = k − 2 és v = k − 1 helyettesítéseket
vezettük be. Így D2ξ = E(ξ2)− E2ξ = λ2 + λ− λ2 = λ, ami állításunkat igazolja.


10.17. tétel. Legyen k ∈ N és λ ∈ R+, továbbá pn := λ
n és qn := 1 − pn minden


n ∈ N esetén. Ekkor


lim
n→∞


(
n


k


)
pk


nqn−k
n =


λk


k!
e−λ.
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Bizonyítás.


lim
n→∞


(
n


k


)
pk


nqn−k
n = lim


n→∞


(
n


k


)(
λ


n


)k (
1− λ


n


)n−k


=


= lim
n→∞


n!
k!(n− k)!


· λk


nk


(
1− λ


n


)n (
1− λ


n


)−k


=


= lim
n→∞


n(n− 1) · · · (n− k + 1)
nk


· λk


k!


(
1− λ


n


)n (
1− λ


n


)−k


=


=
λk


k!
lim


n→∞
n(n− 1) · · · (n− k + 1)


nk


(
1− λ


n


)n (
1− λ


n


)−k


=
λk


k!
e−λ.


10.18. megjegyzés. (1) Ezen tétel szerint nagy n és kis p esetén λ = np válasz-
tással a Poisson-eloszlást jól közelíti a binomiális eloszlás. Például, ha 1000 lövést
adunk le egy célra, és minden lövés egymástól függetlenül 0,004 valószínűséggel
talál, akkor mi annak a valószínűsége, hogy pontosan 3-szor találunk célba? A ta-
lálatok száma binomiális eloszlású (n = 1000, p = 0,004, k = 3), így ξ-vel jelölve
a találatok számát P(ξ = 3) =


(
1000


3


) · 0,0043 · 0,996997 ≈ 0,1956. Ezt körülmé-
nyes kiszámolni, de most használhatjuk a Poisson-eloszlással való közelítést. Mivel
λ = np = 4, ezért P(ξ = 3) ≈ 43


3! e
−4 ≈ 0,1954.


(2) Ha az előző példában n = 1000, p = 0,996 és k = 997, akkor már nem
alkalmazható a λ = np paraméterű Poisson-eloszlású közelítés, hiszen p közel 1.
A 10.17. tétel azonban ilyenkor is alkalmazható, ugyanis az, hogy 997-szer találunk,
azt jelenti, hogy 3-szor elhibáztuk a célt. A hibázás valószínűsége minden lövésnél
1 − p = 0,004, ami már kicsi, így alkalmazhatjuk a λ = n(1 − p) = 4 paraméterű
Poisson-közelítést. Tehát η-val jelölve a hibázások számát,


P(ξ = 997) =
(


1000
997


)
· 0,996997 · 0,0043 = P(η = 3) ≈ 43


3!
e−4 ≈ 0,1954.


10.5. Geometriai eloszlás


10.19. definíció. Legyen ξ diszkrét valószínűségi változó és Rξ := N. Ha minden
k ∈ Rξ esetén


P(ξ = k) = pqk−1,


ahol p ∈ (0, 1) és q = 1 − p, akkor ξ-t p paraméterű geometriai eloszlású való-
színűségi változónak nevezzük.


10.20. megjegyzés. (1) A geometriai eloszlás valóban eloszlás, ugyanis


∞∑


k=1


pqk−1 = p


∞∑


k=1


qk−1 = p
1


1− q
= 1.
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(2) A 8.5. feladatban ξ egy p = 0,05 paraméterű geometriai eloszlású valószínű-
ségi változó volt.


10.21. tétel. Legyen ξ egy p ∈ (0, 1) paraméterű geometriai eloszlású valószínűségi
változó. Ekkor q := 1− p jelöléssel Eξ = 1


p és D2ξ = q
p2 .


Bizonyítás. (1) A várható érték definíciója szerint


Eξ =
∞∑


k=1


kpqk−1, ha
∞∑


k=1


|k|pqk−1 ∈ R.


Mivel k > 1, így elég a
∑∞


k=1 kpqk−1 sorösszeget vizsgálni. Ezért


∞∑


k=1


kpqk−1 = p


∞∑


k=1


kqk−1 = p


∞∑


k=1


d
dq


(qk) = p
d
dq


( ∞∑


k=1


qk


)
=


= p
d
dq


(
q


1− q


)
= p


1− q + q


(1− q)2
=


p


p2
=


1
p


teljesülése miatt igaz az állítás. A bizonyításban felhasználtuk, hogy a
∑∞


1 qk hat-
ványsor konvergenciasugara 1, így q lehetséges értékei esetén a


∑∞
k=1 qk összegfügg-


vény differenciálható.


(2) A szórásnégyzet létezésének bizonyításához a 8.25. tétel alapján elég az
E(ξ2) létezését vizsgálni. Ehhez a


∑∞
k=1 k2pqk−1 sorösszeget kell kiszámítani. Tehát


∞∑


k=1


k2pqk−1 = p


∞∑


k=1


k2qk−1 = p


∞∑


k=1


d
dq


(kqk) = p
d
dq


( ∞∑


k=1


kqk


)
=


= p
d
dq


(
q


p


∞∑


k=1


kpqk−1


)
= p


d
dq


(
q


p
Eξ


)
= p


d
dq


(
q


p2


)
=


= p
d
dq


(
q


(1− q)2


)
=


1 + q


p2
,


vagyis E(ξ2) = 1+q
p2 . A levezetésben felhasználtuk, hogy a


∑∞
1 kqk hatványsor


konvergenciasugara 1. Így D2ξ = E(ξ2)− E2ξ = 1+q
p2 − 1


p2 = q
p2 .







11. Abszolút folytonos valószínűségi változók neve-
zetes eloszlásai


11.1. Egyenletes eloszlás


11.1. definíció. Legyen ξ abszolút folytonos valószínűségi változó, a, b ∈ R és
a < b. Ha ξ sűrűségfüggvénye


fξ : R→ R, fξ(x) =
{


1
b−a , ha a < x < b,
0 egyébként,


akkor ξ-t egyenletes eloszlású valószínűségi változónak nevezzük az (a, b) inter-
vallumon.


Egyenletes eloszlás sűrűség- és eloszlásfüggvénye


11.2. megjegyzés. Ez valóban sűrűségfüggvény, hiszen fξ(x) > 0 minden x ∈ R
esetén, továbbá


∫∞
−∞ fξ(x)dx =


∫ b


a
1


b−a dx = 1.


11.3. tétel. Legyen ξ egyenletes eloszlású valószínűségi változó az (a, b) interval-
lumon. Ekkor ξ eloszlásfüggvénye


Fξ : R→ [0, 1], Fξ(x) =







0, ha x 6 a,
x−a
b−a , ha a < x < b,
1, ha x > b.


Bizonyítás. Ha x 6 a, akkor Fξ(x) =
∫ x


−∞0 dt = 0 teljesül. Ha a < x < b, akkor


Fξ(x) =
∫ x


a
1


b−a dt = x−a
b−a . Végül ha x > b, akkor Fξ(x) =


∫ b


a
1


b−a dt=1.


11.4. tétel. Legyen ξ egyenletes eloszlású valószínűségi változó az (a, b) interval-
lumon. Ekkor Eξ = a+b


2 és D2ξ = (b−a)2


12 .


76
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Bizonyítás. (1) A várható érték létezik, mivel


∞∫


−∞
|x|fξ(x) dx =


b∫


a


|x| 1
b− a


dx =
1


b− a


b∫


a


|x| dx ∈ R


teljesül. Így


Eξ =


∞∫


−∞
xfξ(x)dx =


b∫


a


x
1


b− a
dx =


1
b− a


[
x2


2


]b


a


=
b2 − a2


2(b− a)
=


a + b


2
.


(2) A szórásnégyzet létezéséhez elég megmutatni, hogy E(ξ2) létezik. Ez viszont
teljesül, mert


∞∫


−∞
|x2|fξ(x)dx =


∞∫


−∞
x2fξ(x)dx =


b∫


a


x2 1
b− a


dx =
1


b− a


[
x3


3


]b


a


=
b3 − a3


3(b− a)
,


melyből az is látható, hogy E(ξ2) = b3−a3


3(b−a) . Így


D2ξ = E(ξ2)− E2ξ =
b3 − a3


3(b− a)
−


(
a + b


2


)2


=
(b− a)2


12
.


11.5. megjegyzés. Könnyű belátni, hogy ha Ω = [a, b], (Ω,F , P) geometriai va-
lószínűségi mező és ξ : Ω → R, ξ(ω) = ω, akkor ξ egyenletes eloszlású az (a, b)
intervallumon.


11.2. Exponenciális eloszlás


11.6. definíció. Legyen ξ abszolút folytonos valószínűségi változó, és λ ∈ R+. Ha
ξ sűrűségfüggvénye


fξ : R→ R, fξ(x) =
{


0, ha x 6 0,
λe−λx, ha x > 0,


akkor ξ-t λ paraméterű exponenciális eloszlású valószínűségi változónak nevez-
zük.


11.7. megjegyzés. Ez valóban sűrűségfüggvény, hiszen fξ(x) > 0 minden x ∈ R
esetén, továbbá


∞∫


−∞
fξ(x)dx =


∞∫


0


λe−λx dx = − [
e−λx


]∞
0


= −
(


lim
x→∞


1
eλx


− 1
)


= 1.
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Exponenciális eloszlás sűrűség- és eloszlásfüggvénye


11.8. tétel. Legyen λ ∈ R+ és ξ egy λ paraméterű exponenciális eloszlású valószí-
nűségi változó. Ekkor ξ eloszlásfüggvénye


Fξ : R→ [0, 1), Fξ(x) =
{


0, ha x 6 0,
1− e−λx, ha x > 0.


Bizonyítás. Ha x 6 0, akkor Fξ(x) =
∫ x


−∞ fξ(t)dt =
∫ x


−∞ 0 dt = 0 teljesül,


másrészt ha x > 0, akkor Fξ(x) =
∫ x


−∞ fξ(t)dt =
∫ x


0
λe−λt dt = λ


[
e−λt


−λ


]x


0
=


= 1− e−λx.


11.9. tétel. Legyen λ ∈ R+ és ξ egy λ paraméterű exponenciális eloszlású valószí-
nűségi változó. Ekkor Eξ = 1


λ és D2ξ = 1
λ2 .


Bizonyítás. Először megmutatjuk, hogy létezik a várható érték. A következő in-
tegrált parciális integrálással számoljuk ki. Legyen f(x) = x és g′(x) = e−λx. Ekkor
f ′(x) = 1 és g(x) = − 1


λe−λx, így
∞∫


−∞
|x|fξ(x)dx =


∞∫


0


xλe−λx dx = λ


∞∫


0


xe−λx dx =


= λ
[
−x


λ
e−λx


]∞
0
− λ


∞∫


0


− 1
λ


e−λx dx = − lim
x→∞


x


eλx
+


∞∫


0


e−λx dx =


= − lim
x→∞


1
λeλx


+
[
e−λx


−λ


]∞


0


= − 1
λ


(
lim


x→∞
1


eλx
− 1


)
=


1
λ


.


Ebből következik, hogy Eξ létezik, továbbá Eξ = 1
λ . (A limx→∞ x


eλx határértéket
L’Hospital-szabállyal számoltuk ki.) A szórásnégyzet létezésének megmutatásához
az Eξ2 létezését kell megmutatni. Parciális integrálást alkalmazunk, melyben legyen
f(x) = x2 és g′(x) = e−λx. Felhasználjuk még, hogy


∫∞
0


xe−λx dx = 1
λ2 , ami az


előző levezetésből látható.
∞∫


−∞
|x2|fξ(x) dx = λ


∞∫


0


x2e−λx dx = λ


[
−x2


λ
e−λx


]∞


0


− λ


∞∫


0


−2x
1
λ


e−λx dx =
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− lim
x→∞


x2


eλx
+ 2


∞∫


0


xe−λx dx = − lim
x→∞


2x


λeλx
+


2
λ2


= − lim
x→∞


2
λ2eλx


+
2
λ2


=
2
λ2


.


Így E(ξ2) létezik és E(ξ2) = 2
λ2 . Ebből D2ξ = E(ξ2)− E2ξ = 2


λ2 − 1
λ2 = 1


λ2 .


11.10. megjegyzés. Vizsgáljuk egy üvegpohár élettartamát. Mivel az üveg nem
öregszik, ezért csak a véletlen törések határozzák meg az élettartamot. Vagyis ha
x ideig nem törik el a pohár, akkor további legalább y ideig ugyanakkora valószí-
nűséggel marad ép, mintha akkor gyártották volna, azaz


P(ξ > x + y | ξ > x) = P(ξ > y), x, y ∈ R+,


ahol ξ az élettartam. Ezt a tulajdonságot örökifjú tulajdonságnak nevezzük.


11.11. tétel. Abszolút folytonos valószínűségi változó pontosan akkor örökifjú tu-
lajdonságú, ha exponenciális eloszlású.


Bizonyítás. Legyen G(x) := 1− Fξ(x). Ha ξ exponenciális eloszlású, akkor


P(ξ > x + y | ξ > x) =
G(x + y)


G(x)
=


e−λ(x+y)


e−λx
= e−λy = P(ξ > y)


minden x, y ∈ R+ esetén. Tehát ξ örökifjú tulajdonságú. Megfordítva, tegyük fel,
hogy ξ abszolút folytonos és rendelkezik az örökifjú tulajdonsággal. Ekkor minden
x, y ∈ R+ esetén G(x + y) = G(x)G(y), melyből következik, hogy


G(x1 + x2 + · · ·+ xn) = G(x1)G(x2) · · ·G(xn)


minden n ∈ N és x1, x2, . . . , xn ∈ R+ esetén. Legyen xi = 1
n és a := G(1). Ekkor


a = Gn( 1
n ), azaz G( 1


n ) = a
1
n . Ebből xi = 1


m (m ∈ N) választással azt kapjuk, hogy
G( n


m ) = Gn( 1
m ) = a


n
m , azaz G(x) = ax minden pozitív racionális x esetén. De a G


és az exponenciális függvény folytonossága miatt ez csak úgy lehet, ha G(x) = ax


minden x ∈ R+ esetén. Fξ eloszlásfüggvény, ezért 0 6 a 6 1. Tegyük fel, hogy a = 0.
Ekkor G(x) = 0x = 0 minden x ∈ R+ esetén, ami ellentmond G folytonosságának,
hiszen G(0) = 1 − P(ξ < 0) = 1. Másrészt, ha a = 1 lenne, akkor G(x) = 1x = 1
minden x ∈ R+ esetén. De ez nem lehet, mert ekkor limx→∞ Fξ(x) = 0 teljesülne,
ami ellentmond (F2)-nek. Így 0 < a < 1, melyből következik, hogy egyértelműen
létezik λ ∈ R+, hogy a = e−λ. Tehát ekkor Fξ(x) = 1− e−λx, ha x ∈ R+. Másrészt,
ha x 6 0, akkor Fξ(x) = P(ξ < 0) = P(∅) = 0. Ezzel bizonyítottuk az állítást.
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11.3. Cauchy-eloszlás


11.12. definíció. Legyen ξ abszolút folytonos valószínűségi változó. Ha ξ sűrűség-
függvénye


fξ : R→ R, fξ(x) =
1


π(1 + x2)
,


akkor ξ-t Cauchy-eloszlású valószínűségi változónak nevezzük.


Cauchy-eloszlás sűrűség- és eloszlásfüggvénye


11.13. megjegyzés. A 11.12. definícióban szereplő fξ valóban sűrűségfüggvény,
ugyanis fξ(x) > 0 minden x ∈ R esetén, továbbá


∞∫


−∞
fξ(x) dx =


∞∫


−∞


1
π(1 + x2)


dx =
1
π


[arc tg(x)]∞−∞ =
1
π


(π


2
+


π


2


)
= 1.


11.14. tétel. Ha ξ Cauchy-eloszlású valószínűségi változó, akkor az eloszlásfügg-
vénye


Fξ : R→ (0, 1), Fξ(x) =
1
π


arc tg(x) +
1
2
.


Bizonyítás. A sűrűségfüggvény definíciójából


Fξ(x) =


x∫


−∞
fξ(t)dt =


x∫


−∞


1
π(1 + t2)


dt =
1
π


[arc tg(t)]x−∞ =
1
π


arc tg(x) +
1
2
.


11.15. tétel. Cauchy-eloszlású valószínűségi változóknak nem létezik várható ér-
téke és szórásnégyzete.


Bizonyítás. Az állítás abból következik, hogy


∞∫


−∞
|x|fξ(x)dx =


∞∫


−∞
|x| 1


π(1 + x2)
dx =


1
π


∞∫


0


2x


1 + x2
dx =


1
π


[
ln


(
1 + x2


)]∞
0


= ∞.
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11.4. Normális eloszlás


11.16. definíció. Legyen ξ abszolút folytonos valószínűségi változó, m ∈ R és
σ ∈ R+. Ha ξ sűrűségfüggvénye


fξ : R→ R, fξ(x) =
1


σ
√


2π
e−


(x−m)2


2σ2 ,


akkor m és σ paraméterű normális eloszlású valószínűségi változónak nevezzük.


11.17. megjegyzés. (1) A 11.16. definícióban megadott függvény valóban sűrű-
ségfüggvény. Ennek bizonyítására számoljuk ki a W :=


∫∞
−∞ e−x2


dx integrál értékét.
Mivel


W 2 =


∞∫


−∞
e−x2


dx


∞∫


−∞
e−y2


dy =


∞∫


−∞


∞∫


−∞
e−x2−y2


dxdy,


így x := r cosω és y := r sin ω (0 6 r < ∞, 0 6 ω 6 2π) helyettesítéssel kapjuk,
hogy


W 2 =


2π∫


0


∞∫


0


re−r2
drdω = 2π


∞∫


0


re−r2
dr = 2π


[
−1


2
e−r2


]∞


0


= π.


A helyettesítés során felhasználtuk, hogy a Jacobi-determináns
∣∣∣∣∣


∂x
∂r


∂x
∂ω


∂y
∂r


∂y
∂ω


∣∣∣∣∣ =
∣∣∣∣
cosω −r sin ω
sin ω r cos ω


∣∣∣∣ = r cos2 ω + r sin2 ω = r.


Mivel e−x2
> 0 minden x ∈ R esetén, ezért W is pozitív. Ebből W =


√
π. Így


∞∫


−∞
fξ(x)dx =


1
σ
√


2π


∞∫


−∞
e−


(x−m)2


2σ2 dx =
1√
π


∞∫


−∞
e−t2 dt =


1√
π


√
π = 1,


melyet a t := x−m√
2σ


helyettesítéssel számoltunk ki. Másrészt fξ(x) > 0 minden x ∈ R
esetén, így fξ sűrűségfüggvény.


(2) A következő ábrán látható görbe az úgynevezettGauss-féle haranggörbe,
melynek inflexiós pontjai m± σ.


(3) A normális eloszlású ξ valószínűségi változó eloszlásfüggvénye


Fξ : R→ R, Fξ(x) =
1


σ
√


2π


x∫


−∞
e−


(t−m)2


2σ2 dt,


amely nem elemi függvény.
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Normális eloszlás sűrűség- és eloszlásfüggvénye


11.18. tétel. Legyen m ∈ R, σ ∈ R+ és ξ egy m és σ paraméterű normális elosz-
lású valószínűségi változó. Ekkor minden x ∈ R esetén


(1) fξ(m− x) = fξ(m + x) és


(2) Fξ(m− x) = 1− Fξ(m + x) áll fenn, továbbá


(3) Fξ szigorúan monoton növekedő, míg


(4) fξ a (−∞,m] intervallumon szigorúan monoton növekedő, az [m,∞) inter-
vallumon pedig szigorúan monoton csökkenő függvény.


Bizonyítás. (1) Az állítást behelyettesítéssel ellenőrizhetjük.


(2) Az előző pont miatt


Fξ(m− x)=


m−x∫


−∞
fξ(x)dx=


∞∫


m+x


fξ(x)dx=


∞∫


−∞
fξ(x) dx−


m+x∫


−∞
fξ(x) dx=1−Fξ(m + x).


(3) A definícióból fξ(t) > 0 minden t ∈ R esetén. Ezért ha x1 < x2, akkor∫ x2


x1
fξ(t)dt > 0. Ebből pedig


Fξ(x1) =


x1∫


−∞
fξ(t)dt <


x1∫


−∞
fξ(t) dt +


x2∫


x1


fξ(t) dt =


x2∫


−∞
fξ(t)dt = Fξ(x2).


(4) Az állítás a természetes alapú exponenciális függvény szigorúan monoton
növekedéséből következik.


11.19. definíció. Ha egy normális eloszlású valószínűségi változó paraméterei m =
= 0 és σ = 1, akkor azt standard normális eloszlású valószínűségi változónak
nevezzük. Sűrűségfüggvényét ϕ-vel, az eloszlásfüggvényét pedig Φ-vel jelöljük. Te-
hát


ϕ(x) :=
1√
2π


e−
x2
2 és Φ(x) :=


1√
2π


x∫


−∞
e−


t2
2 dt.
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11.20. tétel. A standard normális eloszlású valószínűségi változó eloszlásfüggvé-
nyére illetve a sűrűségfüggvényére minden x ∈ R esetén


(1) ϕ(−x) = ϕ(x) és


(2) Φ(−x) = 1− Φ(x) áll fenn, továbbá


(3) Φ szigorúan monoton növekedő, míg


(4) ϕ a (−∞, 0) intervallumon szigorúan monoton növekedő, a (0,∞) interval-
lumon pedig szigorúan monoton csökkenő függvény.


Bizonyítás. A 11.18. tétel speciális esete.


11.21. megjegyzés. (1) A 11.20. tétel (3) pontja lehetővé teszi, hogy Φ értékeit
táblázatba rendezzük. A (2) pont szerint ebben a táblázatban elég a pozitív x-ek
helyettesítési értékeit feltüntetni.


(2) A tétel szerint ϕ páros, míg Φ− 1
2 páratlan függvény.


11.22. tétel. Legyen m ∈ R, σ ∈ R+ és ξ egy m és σ paraméterű normális elosz-
lású valószínűségi változó. Ekkor minden x ∈ R esetén


(1) fξ(x) = 1
σ ϕ


(
x−m


σ


)
és


(2) Fξ(x) = Φ
(


x−m
σ


)
teljesül.


Bizonyítás. (1) ϕ definíciójából 1
σ ϕ


(
x−m


σ


)
= 1


σ · 1√
2π


e−
(x−m)2


2σ2 = fξ(x).
(2) Az u := t−m


σ helyettesítéssel kapjuk, hogy


Fξ(x) =
1


σ
√


2π


x∫


−∞
e−


(t−m)2


2σ2 dt =
1√
2π


x−m
σ∫


−∞
e−


u2
2 du = Φ


(
x−m


σ


)
.


11.23. megjegyzés. A 11.22. tétel felhasználásával a standard normális eloszlás
táblázata tetszőleges normális eloszlásra alkalmazható.


11.24. tétel. Az η valószínűségi változó pontosan akkor standard normális elosz-
lású, ha a ξ := ση +m valószínűségi változó m és σ paraméterű normális eloszlású,
ahol σ ∈ R+ és m ∈ R.
Bizonyítás. Ha η standard normális eloszlású valószínűségi változó, akkor σ ∈ R+


miatt


Fξ(x) = P(ξ < x) = P(ση + m < x) = P
(


η <
x−m


σ


)
= Φ


(
x−m


σ


)


teljesül, melyből a 11.22. tétel (2) pontja alapján a ξ valószínűségi változó m és σ
paraméterű normális eloszlású. Megfordítva, ha a ξ valószínűségi változó m és σ
paraméterű normális eloszlású, akkor ismét a 11.22. tétel (2) pontja alapján


Fη(x) = P(η<x) = P
(


ξ −m


σ
<x


)
= P(ξ<σx + m) = Fξ(σx + m) = Φ(x),


azaz az η standard normális eloszlású valószínűségi változó.
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11.25. tétel. Legyen m ∈ R, σ ∈ R+ és ξ egy m és σ paraméterű normális elosz-
lású valószínűségi változó. Ekkor Eξ = m és D2ξ = σ2.


Bizonyítás. Legyen η standard normális eloszlású valószínűségi változó.
(1) Ekkor Eη létezik, mert


∞∫


−∞
|x|ϕ(x)dx =


∞∫


−∞
|x| 1√


2π
e−


x2
2 dx =


2√
2π


∞∫


0


xe−
x2
2 dx =


=
2√
2π


[
−e−


x2
2


]∞
0


=
2√
2π


∈ R.


Az integrálásban felhasználtuk, hogy xe
−x2


2 páratlan. Így xϕ(x) páratlansága miatt
Eη =


∫∞
−∞ xϕ(x)dx = 0. A 11.24. tétel szerint ξ = ση + m, ezért a várható érték


linearitásából Eξ létezik és Eξ = E(ση + m) = σEη + m = m.


(2) Legyen f(x) := x és g′(x) := xe
−x2


2 . Ekkor parciális integrálással


∞∫


−∞
|x2|ϕ(x)dx =


∞∫


−∞
x2ϕ(x)dx =


2√
2π


∞∫


0


x2e−
x2
2 dx =


2√
2π


[
−xe−


x2
2


]∞
0
−


− 2√
2π


∞∫


0


−e−
x2
2 dx = − 2√


2π
lim


x→∞
x


e
x2
2


+
2√
2π


∞∫


0


e−
x2
2 dx =


− 2√
2π


lim
x→∞


1


xe
x2
2


+
1√
2π


∞∫


−∞
e−


x2
2 dx = 1.


Ezért E(η2) létezik és E(η2) = 1. Ebből D2η = E(η2)−E2η = 1, így D2ξ létezik és
D2ξ = D2(ση + m) = σ2.


11.26. feladat. Egy gyár alkatrészeket készít. Ezek élettartama normális eloszlású
valószínűségi változó 1170 óra várható értékkel és 100 óra szórással. A gyár az
alkatrészekre garanciát vállal. Hány órás működésre szóljon a garancia, ha a gyár
legfeljebb 5% garanciaigényt kíván kielégíteni?


Megoldás. Ha t órára vállalnak garanciát, akkor a feladat szerint


P(ξ < t) 6 0,05
Fξ(t) 6 0,05


Φ
(


t− 1170
100


)
6 0,05


1− Φ
(


1170− t


100


)
6 0,05
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0,95 6 Φ
(


1170− t


100


)
.


Ebből Φ szigorúan monoton növekedése és Φ(1,64) ≈ 0,95 alapján


1,64 6 1170− t


100
,


melyből t 6 1006, azaz legfeljebb 1006 órára szóljon a garancia.







12. A nagy számok törvényei


12.1. tétel. (Markov-egyenlőtlenség) Ha ξ várható értékkel rendelkező nem-
negatív valószínűségi változó, akkor minden c ∈ R+ esetén


P(ξ > c) 6 Eξ


c
.


Bizonyítás. Elég c = 1-re bizonyítani. Ekkor A := {ξ > 1} jelöléssel ξ nemnega-
tivitása miatt {ξ > IA} = Ω, így Eξ > E(IA) = P(ξ > 1).


12.2. tétel. (Csebisev-egyenlőtlenség) Ha ξ szórással rendelkező valószínűségi
változó, akkor minden ε ∈ R+ esetén


P
(
|ξ − Eξ| > ε


)
6 D2ξ


ε2
.


Bizonyítás. Legyen c := ε2 és η := (ξ − Eξ)2. Ekkor c-re és η-ra teljesülnek a
Markov-egyenlőtlenség feltételei. Így


P
(∣∣ξ − Eξ


∣∣ > ε
)


= P
(
η > ε2


)
6 Eη


ε2
=


D2ξ


ε2
.


12.3. feladat. Egy gyárban szögeket készítenek, melyeket egy automata gép cso-
magol. Egy csomagban a szögek számának szórása 10, eloszlását nem ismerjük.
Legfeljebb mekkora a valószínűsége annak, hogy egy csomagban a szögek száma a
várható értéktől 20-szal vagy annál többel tér el?


Megoldás. A Csebisev-egyenlőtlenségből P(|ξ−Eξ|≥20)≤ 102


202 = 1
4 , ahol ξ a szögek


számát jelöli.


12.4. definíció. Legyenek ξ, ξ1, ξ2, . . . valószínűségi változók. Ha minden ε ∈ R+


esetén
lim


n→∞
P


(∣∣ξn − ξ
∣∣ > ε


)
= 0


teljesül, akkor azt mondjuk, hogy ξn sztochasztikusan konvergál ξ-hez.


12.5. tétel. (Bernoulli-féle nagy számok törvénye) Legyen (Ω,F , P) egy va-
lószínűségi mező, A ∈ F , p := P(A) és q := 1− p. Ha %n az A gyakorisága, akkor
minden ε ∈ R+ esetén


P
(∣∣∣%n


n
− p


∣∣∣ > ε
)


6 pq


nε2
, (12.1)


amiből következik, hogy egy esemény relatív gyakorisága sztochasztikusan konvergál
az esemény valószínűségéhez.
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Bizonyítás. Legyen ε ∈ R+ adott. Ekkor a Csebisev-egyenlőtlenség feltételeit nε
és %n teljesítik, így


P
(
|%n − E%n| > nε


)
6 D2%n


n2ε2


teljesül. Másrészt a 10.6. megjegyzés (1) pontjából tudjuk, hogy %n binomiális
eloszlású, így E%n = np és D2%n = npq. Ezeket beírva


0 6 P
(
|%n − np| > nε


)
= P


(∣∣∣%n


n
− p


∣∣∣ > ε
)


6 npq


n2ε2
=


pq


nε2


adódik. Ebből limn→∞
pq
nε2 = 0 miatt következik, hogy a relatív gyakoriság szto-


chasztikusan konvergál a valószínűséghez.


12.6. megjegyzés. (1) A Bernoulli-féle nagy számok törvényében akkor is tudunk
felső becslést adni, ha p értéke nem ismert. Ugyanis pq 6 1


4 mindig teljesül, így


P
(∣∣∣%n


n
− p


∣∣∣ > ε
)


6 1
4nε2


.


(2) A feladatokban gyakran használható a következő becslés, ami ekvivalens
a (12.1) egyenlőtlenséggel:


P
(∣∣∣%n


n
− p


∣∣∣ < ε
)


> 1− pq


nε2


(
> 1− 1


4nε2


)
.


(3) A Bernoulli-féle nagy számok törvényének jelentősége, hogy a bevezetés-
ben leírt tapasztalatot fejezi ki. Vagyis a valószínűségszámításban mint a véletlen
tömegjelenségeket leíró modellben, a valószínűség és a relatív gyakoriság hasonló
kapcsolatban van, mint amit a tapasztalat mutat.


12.7. feladat. Hány dobást kell végeznünk egy szabályos kockával, hogy a 6-os
dobás valószínűségét a 6-os relatív gyakorisága legalább 0,9 valószínűséggel 0,01-
nál kisebb hibával megközelítse? Oldjuk meg a feladatot akkor is, ha a kocka cinkelt,
azaz a 6-os dobásának a valószínűségét nem ismerjük.


Megoldás. Szabályos kockánál a 6-os dobásának valószínűsége p = 1
6 . Így a Berno-


ulli-féle nagy számok törvénye és a 12.6. megjegyzés (2) pontja alapján


P
(∣∣∣%n


n
− p


∣∣∣ < 0,01
)


> 1−
1
6 · 5


6


n · 0,012
> 0,9


teljesül. Ebből következően n > 13 889, azaz legalább 13 889-szer kell dobni. Ha a
kocka cinkelt, akkor használjuk a pq 6 1


4 egyenlőtlenséget. Így


P
(∣∣∣%n


n
− p


∣∣∣ < 0,01
)


> 1− 1
4n · 0,012


> 0,9,


melyből n > 25 000 adódik.
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12.8. tétel. (A nagy számok gyenge törvénye) Legyenek ξ1, ξ2, . . . szórással
rendelkező azonos eloszlású páronként független valószínűségi változók, továbbá le-
gyen Sn := ξ1 +ξ2 + · · ·+ξn. Ekkor m := Eξi és σ := Dξi jelöléssel, minden ε ∈ R+


esetén


P
(∣∣∣∣


Sn


n
−m


∣∣∣∣ > ε


)
6 σ2


nε2


teljesül, melyből következik, hogy Sn


n sztochasztikusan konvergál m-hez.


Bizonyítás. Az m és σ definíciója korrekt az azonos eloszlás miatt. Az Sn


n való-
színűségi változóra teljesülnek a Csebisev-egyenlőtlenség feltételei, ezért


P
(∣∣∣∣


Sn


n
− E


(
Sn


n


)∣∣∣∣ > ε


)
6


D2
(


Sn


n


)


ε2


teljesül. Másrészt E
(


Sn


n


)
= 1


nE (
∑n


i=1 ξi) = 1
n


∑n
i=1 Eξi = 1


n


∑n
i=1 m = m és a


páronkénti függetlenség miatt


D2


(
Sn


n


)
=


1
n2


D2


(
n∑


i=1


ξi


)
=


1
n2


n∑


i=1


D2ξi =
1
n2


n∑


i=1


σ2 =
1
n2


nσ2 =
σ2


n
,


melyből kapjuk a tételben szereplő egyenlőtlenséget. Mivel limn→∞ σ2


nε2 = 0, ezért
ebből következik, hogy Sn


n sztochasztikusan konvergál m-hez.


12.9. megjegyzés. Ennek a tételnek speciális esete a Bernoulli-féle nagy számok
törvénye, ugyanis Bernoulli-féle valószínűségi mezőben m = p és σ2 = pq.


A hipergeometrikus eloszlás bizonyos feltételek mellett konvergál a binomiális
eloszláshoz. A binomiális eloszlás a Poisson-eloszláshoz konvergál. Az úgynevezett
centrális határeloszlási tételek is ilyen jellegű állítások, de speciálisan a normális
eloszlásra vonatkoznak. Ezek a tételek rávilágítanak a normális eloszlás központi je-
lentőségére, továbbá arra, hogy miért lehet bizonyos feltételek esetén egy ismeretlen
eloszlást normális eloszlással közelíteni. Ezen állítások közül egyet mutatunk.


12.10. tétel. (Centrális határeloszlási tétel) Legyenek ξ1, ξ2, . . . teljesen füg-
getlen, azonos eloszlású, pozitív szórással rendelkező valószínűségi változók, továbbá
Sn := ξ1 + ξ2 + · · · + ξn. Ekkor az Sn standardizáltjának határeloszlása standard
normális, vagyis minden x ∈ R esetén


lim
n→∞


FeSn
(x) = Φ(x).


(A bizonyítást lásd [7] 372. oldal.)


12.11. megjegyzés. Ha a ξi valószínűségi változók közös eloszlása p paraméterű
karakterisztikus eloszlás, azaz Sn minden n-re n-edrendű p paraméterű binomiális
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eloszlású valószínűségi változó, akkor a centrális határeloszlás tételből speciálisan
az úgynevezett Moivre–Laplace-tételt kapjuk. Ezek szerint tehát


lim
n→∞


P
(


Sn − np√
npq


< x


)
= Φ(x),


vagyis nagy n esetén


P(Sn < x) ≈ Φ
(


x− np√
npq


)
.


Így tehát a binomiális eloszlást közelíti a normális eloszlás. Például, ha n = 1000
lövést adunk le egy célra, és minden lövés egymástól függetlenül p = 0,11 való-
színűséggel talál, akkor annak a valószínűsége, hogy 100-nál kevesebbszer találunk
célba


P(ξ < 100) =
99∑


k=0


(
1000


k


)
· 0,11k · 0,891000−k ≈


≈ Φ
(


100− 110√
110 · 0,89


)
≈ Φ(−1,01) = 1− Φ(1,01) ≈ 0,1562.
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Jelölések


N a pozitív egész számok halmaza


R a valós számok halmaza


R+ a pozitív valós számok halmaza


Df az f függvény értelmezési tartománya


Rf az f függvény értékkészlete


f : A → B olyan f függvény, melyre Df = A és Rf ⊂ B


〈an〉 : N→ R valós számsorozat


lim
x→a+0


f(x) f -nek a-beli jobb oldali határértéke


lim
x→a−0


f(x) f -nek a-beli bal oldali határértéke


ln természetes alapú logaritmus függvény


f ′(x0) =
d
dx


f(x0) f -nek x0-ban vett differenciálhányadosa
∞∑
1


ai valós számsor


∞∑
i=1


ai sorösszeg


∑
k∈H


g(k) lásd a 6.12. definíciót


F az események halmaza


∅ lehetetlen esemény


Ω biztos esemény


σ(H) a H halmazrendszer által generált σ-algebra


(Ω,F , P) valószínűségi mező


P(A) az A esemény valószínűsége


P(A | B) A-nak B-re vonatkozó feltételes valószínűsége


Fξ ξ eloszlásfüggvénye


Fξ,η ξ és η együttes eloszlásfüggvénye


fξ ξ sűrűségfüggvénye


fξ,η ξ és η együttes sűrűségfüggvénye


Eξ ξ várható értéke
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Dξ, D2ξ ξ szórása illetve szórásnégyzete


cov(ξ, η) kovariancia


corr(ξ, η) korrelációs együttható


ξ̃ ξ standardizáltja


ϕ, Φ standard normális sűrűség- és eloszlásfüggvény


IA az A esemény indikátorváltozója
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Előszó


Ez a tananyag az egri Eszterházy Károly Főiskola matematikai statisztika előadá-
saiból készült, melyet matematika tanárszakos és programtervező informatikus hall-
gatóknak szánunk.


Az összeállításnál nem volt cél a matematikai statisztika összes fontos ágának
ismertetése, inkább arra törekedtünk, hogy a taglalt témakörök mindegyikére kellő
idő jusson az egy féléves kurzus alatt.


A Valószínűségszámítás című fejezet nem kerül ismertetésre a kurzus idején. A
célja azoknak a fontos fogalmaknak az összefoglalása, melyekre szükségünk lesz a
matematikai statisztika megértéséhez. Ennek átismétlését az Olvasóra bízzuk. Ezen
fejezet másik célja, hogy a valószínűségszámítás és a matematikai statisztika szó-
használatát és jelöléseit összehangoljuk. A jelöléseket külön is összegyűjtöttük.


A szükséges definíciókon, tételeken és bizonyításokon túl, elméleti számításokat
igénylő feladatokat is megoldunk. Ezek gyakorlatilag olyan tételek, amelyeknek a
bizonyításán érdemes önállóan is gondolkodni, mielőtt a megoldást elolvasnánk.


Ehhez a tananyaghoz kapcsolódik Tómács Tibor [17] jegyzete, amely a gyakorlati
órák témáit dolgozza fel. Itt számítógéppel megoldható gyakorlatokat találunk. A
statisztikában szokásos táblázatokat nem mellékeljük, mert az ezekben található
értékeket szintén számítógéppel fogjuk kiszámolni.
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Jelölések


Általános


N a pozitív egész számok halmaza
R a valós számok halmaza
Rn R-nek önmagával vett n-szeres Descartes-szorzata
R+ a pozitív valós számok halmaza
(a, b) rendezett elempár vagy nyílt intervallum
' közelítőleg egyenlő
[x] az x valós szám egész része
f−1 az f függvény inverze


lim
x→a+0


f(x) az f függvény a-beli jobb oldali határértéke


A> az A mátrix transzponáltja
A−1 az A mátrix inverze
detA az A mátrix determinánsa


Valószínűségszámítás


(Ω,F ,P) valószínűségi mező
P(A) az A esemény valószínűsége
E ξ ξ várható értéke
E(ξ | η) feltételes várható érték
E(ξ | η = y) feltételes várható érték
D ξ, D2 ξ ξ szórása illetve szórásnégyzete
cov(ξ, η) kovariancia
corr(ξ, η) korrelációs együttható
ϕ a standard normális eloszlás sűrűségfüggvénye
Φ a standard normális eloszlás eloszlásfüggvénye
Γ Gamma-függvény
IA az A esemény indikátorváltozója


Bin(r; p) az r-edrendű p paraméterű binomiális eloszlású valószínűségi válto-
zók halmaza


Exp(λ) a λ paraméterű exponenciális eloszlású valószínűségi változók hal-
maza


Norm(m;σ) az m várható értékű és σ szórású normális eloszlású valószínűségi
változók halmaza
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Normd(m;A) az m és A paraméterű d-dimenziós normális eloszlású valószínűségi
változók halmaza


Gamma(r;λ) az r-edrendű λ paraméterű gamma-eloszlású valószínűségi változók
halmaza


Khi(s) az s szabadsági fokú khi-négyzet eloszlású valószínűségi változók
halmaza


t(s) az s szabadsági fokú t-eloszlású valószínűségi változók halmaza


F(s1; s2) az s1 és s2 szabadsági fokú F-eloszlású valószínűségi változók hal-
maza


F ∼ V Ha ξ valószínűségi változó, és V a ξ-vel azonos eloszlású valószínű-
ségi változók halmaza, akkor ez azt jelöli, hogy F a V-beli valószí-
nűségi változók közös eloszlásfüggvénye. Például Φ ∼ Norm(0; 1).


Matematikai statisztika


(Ω,F ,P) statisztikai mező
F ∗n tapasztalati eloszlásfüggvény
ξ a ξ-re vonatkozó minta átlaga (mintaátlag)
Sn, S


2
n tapasztalati szórás illetve szórásnégyzet


Sξ,n, S
2
ξ,n ξ-re vonatkozó tapasztalati szórás illetve szórásnégyzet


S∗n, S
∗
n


2 korrigált tapasztalati szórás illetve szórásnégyzet
S∗ξ,n, S


∗2
ξ,n ξ-re vonatkozó korrigált tapasztalati szórás illetve szórásnégyzet


ξ∗1 , . . . , ξ
∗
n rendezett minta


Covn(ξ, η) tapasztalati kovariancia
Corrn(ξ, η) tapasztalati korrelációs együttható
Θ paramétertér
Pϑ a ϑ paraméterhez tartozó valószínűség
Eϑ a ϑ paraméterhez tartozó várható érték
Dϑ, D2


ϑ a ϑ paraméterhez tartozó szórás illetve szórásnégyzet
fϑ, Fϑ a ϑ paraméterhez tartozó sűrűség- illetve eloszlásfüggvény
In Fisher-féle információmennyiség
ln likelihood függvény
Ln loglikelihood függvény
ϑ̂ a ϑ paraméter becslése
H0, H1 nullhipotézis, ellenhipotézis
PH0 , PH1 H0 illetve H1 esetén lehetséges valószínűségek halmaza
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1. Valószínűségszámítás


Ennek a fejezetnek a célja, hogy átismételjük a valószínűségszámítás azon fogalmait
és jelöléseit, amelyek szükségesek a matematikai statisztikához. Az itt kimondott
állításokat és tételeket nem bizonyítjuk, feltételezzük, hogy ezek már ismertek a
korábban tanultak alapján.


1.1. Valószínűségi mező


1.1.1. Véletlen esemény


Egy véletlen kimenetelű kísérlet matematikai modellezésekor azt tekintjük esemény-
nek, amelyről egyértelműen eldönthető a kísérlet elvégzése után, hogy bekövetkezett-
e vagy sem. Így az, hogy egy esemény bekövetkezett, logikai ítélet. Ebből a logika
és a halmazelmélet ismert kapcsolata alapján az eseményeket halmazokkal model-
lezhetjük.


Ha egy kísérletben az A és B halmazok eseményeket modelleznek, akkor az A∪B
bekövetkezése azt jelenti, hogy A és B közül legalább az egyik bekövetkezik. Erről
egyértelműen eldönthető a kísérlet elvégzése után, hogy bekövetkezett-e, ezért ez is
eseményt modellez. Másrészt, ha A esemény, akkor az A ellenkezője is az. Jelöljük ezt
A-val. Az A∪A biztosan bekövetkezik, ezért ezt biztos eseménynek nevezzük és Ω-val
jelöljük. Ebből látható, hogy A az A-nak Ω-ra vonatkozó komplementere, továbbá
minden esemény az Ω egy részhalmaza. Az adott kísérletre vonatkozó események
rendszerét jelöljük F -fel, mely tehát az Ω hatványhalmazának egy részhalmaza.


Ahhoz, hogy az eseményeket megfelelően tudjuk modellezni, nem elég véges sok
esemény uniójáról feltételezni, hogy az is esemény. Megszámlálhatóan végtelen sok
esemény uniójának is eseménynek kell lennie. Tehát a következő definíciót mondhat-
juk ki:


1.1. Definíció. Legyen Ω egy nem üres halmaz és F részhalmaza az Ω hatványhal-
mazának. Tegyük fel, hogy teljesülnek a következők:
(1) Ω ∈ F ;
(2) Ha A ∈ F , akkor A ∈ F , ahol A = Ω \ A;
(3) Ha Ai ∈ F (i ∈ N), akkor


⋃∞
i=1Ai ∈ F .


Ekkor F -fet σ-algebrának, elemeit eseményeknek, illetve Ω-t biztos eseménynek ne-
vezzük. A mértékelméletben az (Ω,F) rendezett párost mérhető térnek nevezzük.
Ha A,B ∈ F és A ⊂ B, akkor azt mondjuk, hogy B teljesül az A-n.
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1.1.2. Valószínűség


A modellalkotás következő lépéséhez szükség van egy tapasztalati törvényre az ese-
ményekkel kapcsolatosan, melyet Jacob Bernoulli (1654–1705) svájci matematikus
publikált. Egy dobókockát dobott fel többször egymásután. A hatos dobások számá-
nak és az összes dobások számának arányát, azaz a hatos dobás relatív gyakoriságát
ábrázolta a dobások számának függvényében:


Bernoulli azt tapasztalta, hogy a hatos dobás relatív gyakorisága a dobások szá-
mának növelésével egyre kisebb mértékben ingadozik 1


6
körül. Más véletlen kimenete-


lű kísérlet eseményeire is hasonló a tapasztalat, azaz a kísérletek számának növelésé-
vel a figyelt esemény bekövetkezésének relatív gyakorisága egyre kisebb mértékben
ingadozik egy konstans körül. Ezt a konstanst a figyelt esemény valószínűségének
fogjuk nevezni.


A továbbiakban P(A) jelölje az A esemény bekövetkezésének valószínűségét.
Könnyen látható, hogy P(A) > 0 minden esetben, a biztos esemény valószínűsége 1,
illetve egyszerre be nem következő események uniójának valószínűsége az események
valószínűségeinek összege.


Mindezeket a következő definícióban foglaljuk össze:


1.2. Definíció. Legyen (Ω,F) mérhető tér és P: R→ [0,∞) olyan függvény, melyre
teljesülnek a következők:
(1) P(Ω) = 1;
(2) P (


⋃∞
i=1Ai) =


∑∞
i=1 P(Ai), ha Ai ∈ F páronként diszjunktak.


Ekkor a P függvényt valószínűségnek, a P(A) számot az A esemény valószínűségének,
illetve az (Ω,F ,P) rendezett hármast valószínűségi mezőnek nevezzük. Ha egy A ∈
∈ F esetén P(A) = 1 teljesül, akkor azt mondjuk, hogy A majdnem biztosan teljesül.


Ha (Ω,F ,P) valószínűségi mező, akkor belátható, hogy P(∅) = 0, így mértékel-
méleti értelemben a valószínűségi mező véges mértéktér.


A valószínűségi mező tehát egy véletlen kimenetelű kísérletet modellez. De a
matematikai statisztikában egy ilyen kísérletet többször is el kell végezni egymástól
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függetlenül. Ezen független kísérleteket egyetlen valószínűségi mezőben le tudjuk írni
az alábbiak szerint.


1.3. Definíció. Legyen az (Ω,F ,P) valószínűségi mező,


Ωn := Ω× · · · × Ω, (n-szeres Descartes-szorzat),


Fn a legszűkebb σ-algebra, mely tartalmazza az


{
A1 × · · · × An : Ai ∈ F (i = 1, . . . , n)


}
halmazt, továbbá legyen Pn : Fn → R olyan valószínűség, melyre minden Ai ∈
∈ F (i = 1, . . . , n) esetén


Pn(A1 × · · · × An) = P(A1) · · ·P(An)


teljesül. (Ilyen valószínűség a Caratheodory-féle kiterjesztési tétel miatt egyértel-
műen létezik.) Ekkor az (Ωn,Fn,Pn)-t független kísérletek valószínűségi mezőjének
nevezzük.


Tehát (Ωn,Fn,Pn) az (Ω,F ,P) kísérlet n-szeri független elvégzését modellezi.


1.2. Valószínűségi változó


Egy eseményt a gyakorlatban legtöbbször a következőképpen szoktunk megadni:
Egy függvénnyel az Ω minden eleméhez hozzárendelünk egy valós számot, majd
megadunk egy I ⊂ R intervallumot. Tekintsük az Ω azon elemeit, melyekhez ez a
függvény I-beli értéket rendel. Az ilyen elemekből álló halmaz jelentse a vizsgálandó
eseményt. Ehhez viszont az kell, hogy ez a halmaz valóban esemény legyen. Az olyan
függvényt, mely minden I intervallumból eseményt származtat az előbbi módon,
valószínűségi változónak nevezzük.


Bizonyítható, hogy elég csak az I = (−∞, x) alakú intervallumok esetén feltéte-
lezni, hogy az előbb megadott halmaz eleme F -nek, ebből már következik minden
más intervallum esetén is. Összefoglalva, kimondhatjuk tehát a következő definíciót:


1.4. Definíció. Legyen (Ω,F) mérhető tér és ξ : Ω → R olyan függvény, melyre
teljesül, hogy {ω ∈ Ω : ξ(ω) < x } ∈ F minden x ∈ R esetén. Ekkor a ξ függvényt
valószínűségi változónak nevezzük.


A továbbiakban az {ω ∈ Ω : ξ(ω) < x } halmazt a mértékelméletből megszokot-
tak szerint Ω(ξ < x) vagy rövidebben ξ < x módon fogjuk jelölni. Az ilyen alakú
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halmazokat ξ nívóhalmazainak is szokás nevezni. Hasonló jelölést alkalmazunk „<”
helyett más relációk esetén is. A valószínűségi változó ekvivalens a mértékelméletbeli
mérhető függvény fogalmával.


1.3. Eloszlás- és sűrűségfüggvény


A valószínűségi változó jellemzésére általános esetben jól használható az úgynevezett
eloszlásfüggvény:


1.5. Definíció. Legyen (Ω,F ,P) valószínűségi mező és ξ : Ω→ R egy valószínűségi
változó. Ekkor a ξ eloszlásfüggvénye


F : R→ R, F (x) := P(ξ < x).


1.6. Tétel. Legyen F egy tetszőleges valószínűségi változó eloszlásfüggvénye. Ekkor
teljesülnek a következők:
(a) F monoton növekvő;
(b) F minden pontban balról folytonos;
(c) limx→∞ F (x) = 1;
(d) limx→−∞ F (x) = 0.


1.7. Tétel. Ha egy tetszőleges F : R → R függvényre teljesülnek az (a)–(d) tulaj-
donságok, akkor létezik olyan valószínűségi változó, melynek F az eloszlásfüggvénye.


Ezen két tétel alapján jogos a következő elnevezés:


1.8. Definíció. Az F : R→ R függvényt eloszlásfüggvénynek nevezzük, ha teljesül-
nek rá az (a)–(d) tulajdonságok.


1.9. Tétel. Ha F a ξ valószínűségi változó eloszlásfüggvénye, akkor teljesülnek a
következők:
(1) P(a 6 ξ < b) = F (b)− F (a) minden a, b ∈ R, a < b esetén;
(2) limx→a+0 F (x) = F (a) + P(ξ = a) minden a ∈ R esetén;
(3) P(ξ = a) = 0 pontosan akkor, ha F az a ∈ R pontban folytonos.


Ha ξ diszkrét valószínűségi változó, azaz ha Rξ (ξ értékkészlete) megszámlálható,
akkor az előző tétel (2) pontja alapján a ξ eloszlásfüggvénye egyértelműen megha-
tározott a P(ξ = k), k ∈ Rξ értékekkel. A k 7→ P(ξ = k), k ∈ Rξ hozzárendelést ξ
eloszlásának nevezzük.
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Az eloszlás elnevezés más jelentésben is előfordul: Két tetszőleges (nem feltétlenül
diszkrét) valószínűségi változót azonos eloszlásúnak nevezzük, ha az eloszlásfüggvé-
nyeik megegyeznek.


Gyakorlati szempontból a diszkrét valószínűségi változók mellett az úgynevezett
abszolút folytonos valószínűségi változók osztálya is nagyon fontos.


1.10. Definíció. A ξ valószínűségi változót abszolút folytonosnak nevezzük, ha lé-
tezik olyan f : R→ [0,∞) függvény, melyre


F (x) =


x∫
−∞


f(t) dt


teljesül minden x ∈ R esetén, ahol F a ξ eloszlásfüggvénye. Ekkor f -fet a ξ sűrű-
ségfüggvényének nevezzük.


1.11. Tétel. Ha a ξ abszolút folytonos valószínűségi változó eloszlásfüggvénye F és
sűrűségfüggvénye f , akkor F folytonos (következésképpen P(ξ = x) = 0, ∀x ∈ R) és
Lebesgue-mérték szerint majdnem mindenütt differenciálható – nevezetesen, ahol f
folytonos –, továbbá a differenciálható pontokban F ′(x) = f(x).


1.12. Tétel. Ha a ξ abszolút folytonos valószínűségi változó sűrűségfüggvénye f ,
akkor
(1) P(a < ξ < b) =


∫ b
a
f(x) dx minden a, b ∈ R, a < b esetén;


(2)
∫∞
−∞ f(x) dx = 1.


1.13. Tétel. Ha f : R → [0,∞) és
∫∞
−∞ f(x) dx = 1, akkor van olyan abszolút


folytonos valószínűségi változó, melynek f a sűrűségfüggvénye.


Ezen két tétel alapján jogos a következő elnevezés:


1.14. Definíció. Az f : R → [0,∞) függvényt sűrűségfüggvénynek nevezzük, ha∫∞
−∞ f(x) dx = 1.


1.4. Várható érték, szórásnégyzet


A valószínűségi változók fontos paramétere a valószínűség szerinti integrálja.


1.15. Definíció. Legyen (Ω,F ,P) valószínűségi mező és ξ : Ω→ R egy valószínűségi
változó. Ha az


∫
ξ dP integrál létezik akkor azt E ξ módon jelöljük, és ξ várható


értékének nevezzük. Ha ez az integrál nem létezik, akkor azt mondjuk, hogy ξ-nek
nem létezik várható értéke.
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Ha két valószínűségi változó eloszlása megegyezik, és valamelyiknek létezik a
várható értéke, akkor a másiknak is létezik, továbbá a két várható érték megegyezik.
Tehát a várható érték valójában az eloszlásfüggvénytől függ.


A várható érték előbbi értelmezése szerint lehet +∞ illetve −∞ is. Ha a valószí-
nűségszámítást mértékelméleti alapok nélkül tárgyalják, akkor általában feltételezik
a várható érték végességét, és csak diszkrét illetve abszolút folytonos eseteket tár-
gyalják. A következő tétel rávilágít a várható érték gyakorlati jelentőségére.


1.16. Tétel. Ha a ξ valószínűségi változó értékkészlete {x1, . . . , xn }, akkor E ξ =


=
∑n


i=1 xi P(ξ = xi).


Tehát a várható érték a ξ lehetséges értékeinek az eloszlás szerinti súlyozott át-
lagát jelenti. A későbbiekben tárgyalt Kolmogorov-féle nagy számok erős törvénye
mutatja, hogy bizonyos feltételekkel egy kísérletsorozatban egy ξ valószínűségi vál-
tozó értékeinek számtani közepe várhatóan (pontosabban 1 valószínűséggel) E ξ-hez
konvergál.


1.17. Tétel. Legyen {xi ∈ R : i ∈ N } a ξ valószínűségi változó értékkészlete. ξ-nek
pontosan akkor véges a várható értéke, ha


∞∑
i=1


|xi|P(ξ = xi) <∞,


továbbá ekkor


E ξ =
∞∑
i=1


xi P(ξ = xi).


1.18. Tétel. Legyen ξ abszolút folytonos valószínűségi változó, melynek f a sűrű-
ségfüggvénye. A ξ-nek pontosan akkor véges a várható értéke, ha∫ ∞


−∞
|x|f(x) dx <∞,


továbbá ekkor
E ξ =


∫ ∞
−∞


xf(x) dx.


1.19. Tétel. Ha ξ-nek létezik várható értéke és ξ = η majdnem biztosan teljesül,
akkor η-nak is létezik a várható értéke, továbbá megegyezik a ξ várható értékével.


1.20. Tétel. Ha ξ és η véges várható értékkel rendelkező valószínűségi változók,
akkor aξ + bη (a, b ∈ R) is az, továbbá


E(aξ + bη) = aE ξ + bE η.
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1.21. Tétel (Jensen-egyenlőtlenség). Ha I ⊂ R nyílt intervallum, ξ : Ω → I olyan
valószínűségi változó, melyre E |ξ| < ∞ teljesül, továbbá g : I → R Borel-mérhető
konvex függvény, akkor


g(E ξ) 6 E g(ξ).


A valószínűségi változó értékeinek ingadozását az átlag – pontosabban a várható
érték – körül, az úgynevezett szórásnégyzettel jellemezzük, amely nem más, mint az
átlagtól való négyzetes eltérés átlaga.


1.22. Definíció. A ξ valószínűségi változó szórásnégyzete illetve szórása


D2 ξ := E(ξ − E ξ)2, D ξ =
√


E(ξ − E ξ)2.


feltéve, hogy ezek a várható értékek léteznek.


1.23. Tétel. Ha ξ-nek létezik a szórásnégyzete, akkor
(1) D2 ξ = E ξ2 − E2 ξ;
(2) D(aξ + b) = |a|D ξ, ahol a, b ∈ R.


1.5. Valószínűségi vektorváltozók


1.24. Definíció. Legyenek ξ1, . . . , ξd tetszőleges valószínűségi változók. Ekkor a
(ξ1, . . . , ξd) rendezett elem d-est (d-dimenziós) valószínűségi vektorváltozónak ne-
vezzük.


1.25. Definíció. A ξ := (ξ1, . . . , ξd) valószínűségi vektorváltozó eloszlásfüggvénye


F : Rd → R, F (x1, . . . , xd) := P(ξ1 < x1, . . . , ξd < xd).


ξ abszolút folytonos, ha létezik olyan f : Rd → [0,∞) függvény, melyre


F (x1, . . . , xd) =


x1∫
−∞


· · ·
xd∫
−∞


f(t1, . . . , td) dt1 · · · dtd


teljesül minden x1, . . . , xd ∈ R esetén. Ekkor f -fet a ξ sűrűségfüggvényének nevezzük.


1.26. Tétel. Ha a ξ := (ξ1, . . . , ξd) abszolút folytonos valószínűségi vektorváltozó
sűrűségfüggvénye f , és g : Rd → R Borel-mérhető függvény, akkor


E g(ξ1, . . . , ξd) =


∫
Rd


g(x1, . . . , xd)f(x1, . . . , xd) dx1 · · · dxd


15







olyan értelemben, hogy a két oldal egyszerre létezik vagy nem létezik, és ha létezik,
akkor egyenlőek.


1.6. Feltételes várható érték


A feltételes várható értéket az egyszerűség kedvéért csak két speciális esetben defi-
niáljuk. Az általános definíciót lásd például Mogyoródi J., Somogyi Á. [11].


1.27. Definíció. Legyenek az η, ξ1, . . . , ξk diszkrét valószínűségi változók értékkész-
letei rendre Rη, Rξ1 , . . . , Rξk , tegyük fel, hogy E η véges, továbbá legyen


g : Rξ1 × · · · ×Rξk → R, g(x1, . . . , xk) :=
∑
yi∈Rη


yi
P(η = yi, ξ1 = x1, . . . , ξk = xk)


P(ξ1 = x1, . . . , ξk = xk)
.


Ekkor a g(ξ1, . . . , ξk) valószínűségi változót η-nak (ξ1, . . . , ξk)-ra vonatkozó feltételes
várható értékének nevezzük, és E(η | ξ1, . . . , ξk) módon jelöljük. A g(x1, . . . , xk)


(xi ∈ Rξi , i = 1, . . . , k) értéket E(η | ξ1 = x1, . . . , ξk = xk) módon jelöljük.


1.28. Definíció. Legyen az (η, ξ1, . . . , ξk) abszolút folytonos valószínűségi vektor-
változó sűrűségfüggvénye f , a (ξ1, . . . , ξk) sűrűségfüggvénye h, tegyük fel, hogy E η


véges, továbbá legyen


g : Rk → R, g(x1, . . . , xk) :=


∞∫
−∞


y
f(y, x1, . . . , xk)


h(x1, . . . , xk)
dy.


Ekkor a g(ξ1, . . . , ξk) valószínűségi változót η-nak (ξ1, . . . , ξk)-ra vonatkozó feltételes
várható értékének nevezzük, és E(η | ξ1, . . . , ξk) módon jelöljük. A g(x1, . . . , xk)


(xi ∈ Rξi , i = 1, . . . , k) értéket E(η | ξ1 = x1, . . . , ξk = xk) módon jelöljük.


A feltételes várható értékre teljesülnek a következők:
E η = E


(
E(η | ξ1, . . . , ξk)


)
;


E(aξ + bη | ξ1, . . . , ξk) = aE(ξ | ξ1, . . . , ξk) + bE(η | ξ1, . . . , ξk) majdnem biztosan,
minden a, b ∈ R esetén;
E
(
E(η | ξ1, . . . , ξk) | ξ1, . . . , ξk


)
= E(η | ξ1, . . . , ξk) majdnem biztosan;


E(ξη | ξ1, . . . , ξk) = ξ E(η | ξ1, . . . , ξk) majdnem biztosan.


1.7. Független valószínűségi változók


Az A és B események függetlenek, ha P(A∩B) = P(A) P(B). Valószínűségi változók
függetlenségét nívóhalmazaik függetlenségével definiáljuk.
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1.29. Definíció. A ξ1, . . . , ξn valószínűségi változókat függetleneknek nevezzük, ha


P(ξ1 < x1, . . . , ξn < xn) =
n∏
k=1


P(ξk < xk)


minden x1, . . . , xn ∈ R esetén teljesül. A ξ1, . . . , ξn valószínűségi változók páronként
függetlenek, ha közülük bármely kettő független. Végtelen sok valószínűségi változót
függetleneknek nevezzük, ha bármely véges részrendszere független.


Szükségünk lesz a valószínűségi vektorváltozók függetlenségének fogalmára is.
Ehhez bevezetünk egy jelölést. Legyen ξ = (ξ1, . . . , ξd) egy valószínűségi vektorvál-
tozó és x = (x1, . . . , xd) ∈ Rd. Ekkor a ξ < x esemény alatt azt értjük, hogy a
ξk < xk események minden k = 1, . . . , d esetén teljesülnek.


1.30. Definíció. A ζ1, . . . , ζn d-dimenziós valószínűségi vektorváltozókat függetle-
neknek nevezzük, ha minden x1, . . . , xn ∈ Rd esetén


P(ζ1 < x1, . . . , ζn < xn) =
n∏
k=1


P(ζk < xk)


teljesül. A ζ1, . . . , ζd valószínűségi vektorváltozók páronként függetlenek, ha közülük
bármely kettő független. Végtelen sok valószínűségi vektorváltozót függetleneknek
nevezzük, ha bármely véges részrendszere független.


1.31. Tétel. A ξ1, . . . , ξn diszkrét valószínűségi változók pontosan akkor függetlenek,
ha


P(ξ1 = x1, . . . , ξn = xn) =
n∏
k=1


P(ξk = xk)


teljesül minden x1 ∈ Rξ1 , . . . , xn ∈ Rξn esetén.


1.32. Tétel. Legyen (ξ1, . . . , ξn) abszolút folytonos valószínűségi vektorváltozó. A
ξ1, . . . , ξn valószínűségi változók pontosan akkor függetlenek, ha


f(x1, . . . , xn) =
n∏
k=1


fk(xk)


teljesül minden x1, . . . , xn ∈ R esetén, ahol fk a ξk sűrűségfüggvénye, továbbá f a
(ξ1, . . . , ξn) sűrűségfüggvénye.


1.33. Tétel (Konvolúció). Ha ξ és η független abszolút folytonos valószínűségi vál-
tozók f illetve g sűrűségfüggvénnyel, akkor ξ + η is abszolút folytonos, továbbá a
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sűrűségfüggvénye x ∈ R helyen


h(x) =


∞∫
−∞


f(t)g(x− t) dt.


1.34. Tétel. Ha ξ és η független abszolút folytonos valószínűségi változók f illetve g
sűrűségfüggvénnyel, akkor ξη is abszolút folytonos, továbbá a sűrűségfüggvénye x ∈ R
helyen


h(x) =


∞∫
−∞


g(t)f
(x
t


) 1


|t|
dt.


1.35. Tétel. Ha ξ és η független abszolút folytonos valószínűségi változók f illetve g
sűrűségfüggvénnyel, akkor ξ


η
is abszolút folytonos, továbbá a sűrűségfüggvénye x ∈ R


helyen


h(x) =


∞∫
−∞


|t|g(t)f(xt) dt.


1.8. Kovariancia és korrelációs együttható


1.36. Definíció. A ξ és η valószínűségi változók kovarianciája


cov(ξ, η) := E
(
(ξ − E ξ)(η − E η)


)
,


feltéve, hogy ezek a várható értékek léteznek.


Könnyen belátható, hogy cov(ξ, η) = E ξη − E ξ E η.


1.37. Tétel. Ha a ξ és η független valószínűségi változóknak létezik a várható érté-
keik, akkor létezik a kovarianciájuk is és cov(ξ, η) = 0, azaz E ξη = E ξ E η.


1.38. Definíció. A ξ1, . . . , ξn valószínűségi változókat korrelálatlanoknak nevezzük,
ha cov(ξi, ξj) = 0 minden i, j ∈ { 1, . . . , n }, i 6= j esetén.


1.39. Tétel. Ha a ξ1, . . . , ξn valószínűségi változók esetén létezik cov(ξi, ξj) minden
i, j ∈ { 1, . . . , n } esetén, akkor


∑n
i=1 ξi-nek létezik a szórásnégyzete, továbbá


D2


(
n∑
i=1


ξi


)
=


n∑
i=1


D2 ξi + 2
n−1∑
i=1


n∑
j=i+1


cov(ξi, ξj).


1.40. Tétel. Ha a ξ1, . . . , ξn páronként független valószínűségi változóknak léteznek
a szórásnégyzeteik, akkor a


∑n
i=1 ξi valószínűségi változónak is van szórásnégyzete,


továbbá D2 (
∑n


i=1 ξi) =
∑n


i=1 D2 ξi.
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1.41. Definíció. Ha ξ és η pozitív szórású valószínűségi változók, akkor a korrelációs
együtthatójuk


corr(ξ, η) :=
cov(ξ, η)


D ξD η
.


1.42. Tétel. Legyen ξ pozitív szórású valószínűségi változó, továbbá η := aξ + b,
ahol a, b ∈ R, a 6= 0. Ekkor létezik ξ és η korrelációs együtthatója, és


corr(ξ, η) =


1, ha a > 0,


-1, ha a < 0.


1.43. Tétel. Ha |corr(ξ, η)| = 1, akkor léteznek olyan a, b ∈ R, a 6= 0 konstansok,
melyekre P(η = aξ + b) = 1 teljesül.


1.9. Nevezetes eloszlások


1.9.1. Diszkrét egyenletes eloszlás


1.44. Definíció. Legyen {x1, . . . , xr } a ξ valószínűségi változó értékkészlete és


P(ξ = xi) =
1


r
(i = 1, . . . , r).


Ekkor ξ-t diszkrét egyenletes eloszlásúnak nevezzük az {x1, . . . , xr } halmazon.


1.45. Tétel. E ξ = 1
r


∑r
i=1 xi és D2 ξ = 1


r


∑r
i=1 x


2
i −


(
1
r


∑r
i=1 xi


)2.


1.9.2. Karakterisztikus eloszlás


1.46. Definíció. Az A esemény indikátorváltozójának az


IA : Ω→ R, IA(ω) :=


1, ha ω ∈ A,


0, ha ω 6∈ A,


valószínűségi változót nevezzük, továbbá az IA-t P(A) paraméterű karakterisztikus
eloszlásúnak nevezzük.


1.47. Tétel. E IA = P(A) és D2 IA = P(A)
(
1− P(A)


)
.
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1.9.3. Binomiális eloszlás


1.48. Definíció. Legyen { 0, 1, . . . , r } a ξ valószínűségi változó értékkészlete és p ∈
∈ (0, 1). Ha minden k ∈ { 0, 1, . . . , r } esetén


P(ξ = k) =


(
r


k


)
pk(1− p)r−k,


akkor ξ-t r-edrendű p paraméterű binomiális eloszlású valószínűségi változónak ne-
vezzük. Az ilyen eloszlású valószínűségi változók halmazát Bin(r; p) módon jelöljük.


1.1. ábra. r = 20 rendű p = 0,5 paraméterű bino-
miális eloszlás vonaldiagramja


Egy tetszőleges A esemény gyakorisága r kísérlet után r-edrendű P(A) paramé-
terű binomiális eloszlású valószínűségi változó.


Az r = 1 rendű p paraméterű binomiális eloszlás megegyezik a p paraméterű
karakterisztikus eloszlással, vagyis a p paraméterű karakterisztikus eloszlású valószí-
nűségi változók halmaza Bin(1; p).


Másrészt r darab független p paraméterű karakterisztikus eloszlású valószínűségi
változó összege r-edrendű p paraméterű binomiális eloszlású.


1.49. Tétel. ξ ∈ Bin(r; p) esetén E ξ = rp és D2 ξ = rp(1− p).


1.9.4. Poisson-eloszlás


1.50. Definíció. Legyen { 0, 1, 2, . . . } a ξ valószínűségi változó értékkészlete, λ ∈ R+


és


P(ξ = k) =
λk


k!
e−λ, (k = 0, 1, 2, . . . ).


Ekkor ξ-t λ paraméterű Poisson-eloszlású valószínűségi változónak nevezzük.
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1.2. ábra. λ = 3 paraméterű Poisson-eloszlás vonal-
diagramja


1.51. Tétel. Ha ξ egy λ ∈ R+ paraméterű Poisson-eloszlású valószínűségi változó,
akkor E ξ = D2 ξ = λ.


1.9.5. Egyenletes eloszlás


1.52. Definíció. Legyen ξ abszolút folytonos valószínűségi változó, a, b ∈ R és
a < b. Ha ξ sűrűségfüggvénye


f : R→ R, f(x) =


 1
b−a , ha a 6 x 6 b,


0 egyébként,


akkor ξ-t egyenletes eloszlásúnak nevezzük az [a, b] intervallumon.


1.53. Tétel. Ha ξ egyenletes eloszlású az [a, b] intervallumon, akkor az eloszlásfügg-
vénye


F : R→ R, F (x) =



0, ha x < a,
x−a
b−a , ha a 6 x 6 b,


1, ha x > b,


továbbá E ξ = a+b
2


és D ξ = b−a√
12
.


1.9.6. Exponenciális eloszlás


1.54. Definíció. Legyen ξ abszolút folytonos valószínűségi változó, és λ ∈ R+. Ha
ξ sűrűségfüggvénye


f : R→ R, f(x) =


0, ha x 6 0,


λe−λx, ha x > 0,
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akkor ξ-t λ paraméterű exponenciális eloszlású valószínűségi változónak nevezzük.
Az ilyen valószínűségi változók halmazát Exp(λ) módon jelöljük.


1.3. ábra. λ = 1 paraméterű exponenciális eloszlású
valószínűségi változó sűrűségfüggvénye


1.55. Tétel. ξ ∈ Exp(λ) esetén E ξ = D ξ = 1
λ
, továbbá ξ eloszlásfüggvénye


F : R→ R, F (x) =


0, ha x 6 0,


1− e−λx, ha x > 0.


1.4. ábra. λ = 1 paraméterű exponenciális eloszlású
valószínűségi változó eloszlásfüggvénye


1.56. Definíció. A ξ valószínűségi változót örökifjú tulajdonságúnak nevezzük, ha
P(ξ > x+ y) = P(ξ > x) P(ξ > y) minden x, y ∈ R+ esetén.


1.57. Tétel. Egy abszolút folytonos valószínűségi változó pontosan akkor örökifjú
tulajdonságú, ha exponenciális eloszlású.
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1.9.7. Gamma-eloszlás


A következőkben szükségünk lesz az úgynevezett gamma-függvényre:


Γ: R+ → R, Γ(x) :=


∞∫
0


ux−1e−u du.


Γ(1
2
) =
√
π illetve ha n ∈ N, akkor Γ(n) = (n− 1)!.


1.5. ábra. A gamma-függvény grafikonja


1.58. Definíció. Legyen r, λ ∈ R+ és a ξ valószínűségi változó sűrűségfüggvénye


f : R→ R, f(x) :=


0, ha x 6 0,


λrxr−1


Γ(r)
e−λx, ha x > 0.


Ekkor ξ-t r-edrendű λ paraméterű gamma-eloszlásúnak nevezzük. Az ilyen valószí-
nűségi változók halmazát Gamma(r;λ) módon jelöljük.


A definíció következménye, hogy Exp(λ) = Gamma(1;λ).


1.59. Tétel. ξ ∈ Gamma(r;λ) esetén E ξ = r
λ
és D2 ξ = r


λ2
.


1.60. Tétel. Ha r ∈ N és ξ1, . . . , ξr azonos λ > 0 paraméterű exponenciális eloszlású
független valószínűségi változók, akkor


ξ1 + · · ·+ ξr ∈ Gamma(r;λ).


1.61. Lemma. Ha r > 1 és ξ ∈ Gamma(r; 1) eloszlásfüggvénye Fr, akkor 0,5 <


< Fr(r) < 0,7.
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1.6. ábra. r = 2 rendű λ = 1 paraméterű gamma-
eloszlású valószínűségi változó sűrűségfüggvénye


1.7. ábra. r = 2 rendű λ = 1 paraméterű gamma-
eloszlású valószínűségi változó eloszlásfüggvénye


1.9.8. Normális eloszlás


1.62. Definíció. A ξ abszolút folytonos valószínűségi változót standard normális
eloszlásúnak nevezzük, ha a sűrűségfüggvénye


ϕ : R→ R, ϕ(x) :=
1√
2π
e−


x2


2 .


A standard normális eloszlású valószínűségi változó eloszlásfüggvényét Φ-vel je-
löljük, mely a sűrűségfüggvény definíciója szerint


Φ: R→ R, Φ(x) =
1√
2π


x∫
−∞


e−
t2


2 dt.


Φ-re nincs zárt formula, közelítő értékeinek kiszámítására például a Taylor-sora hasz-
nálható:


Φ(x) =
1


2
+


1√
2π


∞∑
k=0


(−1)k


2k(2k + 1)k!
x2k+1.
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1.8. ábra. Standard normális eloszlású valószínűségi
változó sűrűségfüggvénye


1.9. ábra. Standard normális eloszlású valószínűségi
változó eloszlásfüggvénye


Megemlítjük még a Φ(x) egy egyszerű közelítő formuláját. Johnson és Kotz 1970-
ben bizonyították (lásd [6]), hogy az


1− 0,5(1 + ax+ bx2 + cx3 + dx4)−4


kifejezéssel x > 0 esetén 2,5 · 10−4-nél kisebb hibával közelíthető Φ(x), ahol


a = 0,196854, b = 0,115194, c = 0,000344, d = 0,019527.


Mivel ϕ páros függvény, ezért minden x ∈ R esetén Φ(−x) = 1− Φ(x).


1.63. Tétel. Ha ξ standard normális eloszlású valószínűségi változó, akkor E ξ = 0


és D ξ = 1.


1.64. Definíció. Legyen η standard normális eloszlású valószínűségi változó,m ∈ R
és σ ∈ R+. Ekkor a ση + m valószínűségi változót m és σ paraméterű normális el-
oszlásúnak nevezzük. Az ilyen valószínűségi változók halmazát Norm(m;σ) módon
jelöljük.
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Definíció alapján a standard normális eloszlású valószínűségi változók halmaza
Norm(0; 1).


1.65. Tétel. ξ ∈ Norm(m;σ) esetén E ξ = m, D ξ = σ, továbbá ξ eloszlásfüggvénye


F : R→ R, F (x) = Φ


(
x−m
σ


)
,


illetve sűrűségfüggvénye


f : R→ R, f(x) =
1


σ
ϕ


(
x−m
σ


)
.


1.66. Tétel. Ha ξ1, . . . , ξn független, normális eloszlású valószínűségi változók, akkor
ξ1 + · · ·+ ξn is normális eloszlású.


1.67. Tétel. Ha ξ1, . . . , ξn normális eloszlású valószínűségi változók és minden i, j ∈
∈ { 1, . . . , n }, i 6= j esetén cov(ξi, ξj) = 0, akkor ξ1, . . . , ξn függetlenek.


1.68. Definíció. A ξ valószínűségi változó eloszlásának ferdesége illetve lapultsága


E(ξ − E ξ)3


D3 ξ
illetve


E(ξ − E ξ)4


D4 ξ
− 3,


feltéve, hogy ezek a kifejezések léteznek.


1.69. Tétel. Ha ξ normális eloszlású valószínűségi változó, akkor az eloszlásának
ferdesége és lapultsága is 0.


Ha ξ ∈ Bin(n; p), akkor ξ−np√
np(1−p)


közelítőleg standard normális eloszlású (lásd


Moivre–Laplace-tétel). A közelítés akkor tekinthető megfelelően pontosnak, ha


min{np, n(1− p) } > 10.


1.9.9. Többdimenziós normális eloszlás


1.70. Definíció. Legyenek η1, . . . , ηd független standard normális eloszlású való-
színűségi változók. Ekkor az (η1, . . . , ηd) valószínűségi vektorváltozót d-dimenziós
standard normális eloszlásúnak nevezzük.


1.71. Definíció. Ha η = (η1, . . . , ηd) d-dimenziós standard normális eloszlású való-
színűségi vektorváltozó, A egy d× d típusú valós mátrix és m = (m1, . . . ,md) ∈ Rd,
akkor a


ξ := ηA+m
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valószínűségi vektorváltozót d-dimenziós normális eloszlásúnak nevezzük. A ξ-vel
azonos eloszlású valószínűségi vektorváltozók halmazát Normd(m;A) módon jelöl-
jük.


1.72. Tétel. Ha ξ = (ξ1, . . . , ξd) ∈ Normd(m;A), akkor


m = (E ξ1, . . . ,E ξd),


D := A>A =
(
cov(ξi, ξj)


)
d×d,


továbbá ha detD 6= 0, akkor ξ sűrűségfüggvénye


f : Rd → R, f(x) =
1√


(2π)d detD
exp


(
−1


2
(x−m)D−1(x−m)>


)
.


1.73. Tétel. Legyen (ξ1, . . . , ξd) ∈ Normd(m;A). Ekkor ξ1, . . . , ξd pontosan akkor
korrelálatlanok, ha függetlenek.


1.74. Tétel. Ha (ξ1, . . . , ξd) ∈ Normd(m;A), akkor létezik a2, . . . , ad ∈ R, hogy
E(ξ1 | ξ2, . . . , ξd) = a2ξ2 + · · ·+ adξd.


1.9.10. Khi-négyzet eloszlás


1.75. Definíció. Legyenek ξ1, . . . , ξs független standard normális eloszlású valószí-
nűségi változók. Ekkor a ξ2


1 + · · · + ξ2
s valószínűségi változót s szabadsági fokú khi-


négyzet eloszlásúnak nevezzük. Az ilyen eloszlású valószínűségi változók halmazát
Khi(s) módon jelöljük.


1.76. Tétel. Ha ξ ∈ Khi(s1) és η ∈ Khi(s2) függetlenek, akkor


ξ + η ∈ Khi(s1 + s2).


1.77. Tétel. Khi(s) = Gamma
(
s
2
; 1


2


)
, azaz ξ ∈ Khi(s) sűrűségfüggvénye


f : R→ R, f(x) =


0, ha x 6 0,


2−
s
2 x


s
2−1


Γ( s2)
e−


x
2 , ha x > 0.


1.78. Következmény. ξ ∈ Khi(s) esetén E ξ = s és D2 ξ = 2s.


1.79. Tétel. Legyen A1, . . . , Ar egy teljes eseményrendszer (azaz uniójuk a biztos
esemény és páronként diszjunktak). Jelölje %i az Ai esemény gyakoriságát n kísérlet
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után. Tegyük fel, hogy pi := P(Ai) > 0 minden i ∈ { 1, . . . , r } esetén. Ekkor


χ2 :=
r∑
i=1


(%i − npi)2


npi


eloszlása r − 1 szabadsági fokú khi-négyzet eloszláshoz konvergál n→∞ esetén.


A bizonyítás a karakterisztikus függvények elméletén és lineáris algebrán alapul
(lásd például Fazekas I. [2, 161–162. oldal]). A gyakorlatban a tétel azt jelenti, hogy
F ∼ Khi(r − 1) jelöléssel


P(χ2 < x) ' F (x).


A közelítés már jónak tekinthető, ha min{ %1, . . . , %r } > 10.


1.80. Lemma. Ha a ξ ∈ Khi(s) valószínűségi változó eloszlásfüggvénye Fs, akkor
0,5 < Fs(s) < 0,7.


1.9.11. t-eloszlás


1.81. Definíció. Ha ξ ∈ Norm(0; 1) és η ∈ Khi(s) függetlenek, akkor a ξ
√


s
η


valószínűségi változót s szabadsági fokú t-eloszlásúnak nevezzük. Az ilyen eloszlású
valószínűségi változók halmazát t(s) módon jelöljük.


1.10. ábra. s = 10 szabadsági fokú t-eloszlású va-
lószínűségi változó eloszlásfüggvénye


A t-eloszlás William Sealy Gosset (1876–1937) nevéhez köthető, aki Student álnéven
publikált. Ezért a t-eloszlás Student-eloszlás néven is ismert.


1.82. Tétel. Ha ξ ∈ t(s), akkor a sűrűségfüggvénye


f : R→ R, f(x) =
Γ
(
s+1


2


)
√
sπ Γ


(
s
2


) (
1 + x2


s


) s+1
2


.
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1.11. ábra. s = 10 szabadsági fokú t-eloszlású va-
lószínűségi változó sűrűségfüggvénye


1.83. Következmény. f(−x) = f(x) és F (−x) = 1− F (x) minden x ∈ R esetén,
ahol f illetve F a ξ ∈ t(s) sűrűség- illetve eloszlásfüggvénye.


1.84. Tétel. Ha ξ ∈ t(s), akkor s > 2 esetén E ξ = 0, illetve s > 3 esetén D2 ξ =


= s
s−2


. Ezektől eltérő esetekben nem létezik ξ várható értéke illetve szórása.


1.85. Tétel. Ha ξs ∈ t(s) minden s ∈ N esetén, akkor lim
s→∞


P(ξs < x) = Φ(x)


minden x ∈ R-re, azaz a t-eloszlás konvergál a standard normális eloszláshoz, ha a
szabadsági fok tart ∞-be.


Gyakorlatilag s > 50 esetén a ξs ∈ t(s) eloszlásfüggvénye és Φ között elhanya-
golhatóan kicsi a különbség.


1.9.12. Cauchy-eloszlás


1.86. Definíció. Egy valószínűségi változót Cauchy-eloszlásúnak nevezünk, ha a
sűrűségfüggvénye


f : R→ R, f(x) :=
1


π(1 + x2)
.


1.87. Tétel. Cauchy-eloszlású valószínűségi változó eloszlásfüggvénye


F : R→ R, F (x) =
1


π
arctg x+


1


2
.


1.88. Tétel. A Cauchy-eloszlás megegyezik az 1 szabadsági fokú t-eloszlással.


1.89. Következmény. Cauchy-eloszlású valószínűségi változónak nem létezik vár-
ható értéke illetve szórása.
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1.9.13. F-eloszlás


1.90. Definíció. Ha ξ1 ∈ Khi(s1) és ξ2 ∈ Khi(s2) függetlenek, akkor az s2ξ1
s1ξ2


valószí-
nűségi változót s1 és s2 szabadsági fokú F-eloszlásúnak nevezzük. Az ilyen eloszlású
valószínűségi változók halmazát F(s1; s2) módon jelöljük.


1.12. ábra. s1 = 10 és s2 = 15 szabadsági fokú
F-eloszlású valószínűségi változó eloszlásfüggvénye


1.91. Tétel. Ha ξ ∈ F(s1; s2), akkor a sűrűségfüggvénye


f : R→ R, f(x) =


0, ha x 6 0,
Γ( s1+s22 )


Γ( s12 )Γ( s22 )


√
s
s1
1 s


s2
2 xs1−2


(s1x+s2)s1+s2
, ha x > 0.


1.13. ábra. s1 = 10 és s2 = 15 szabadsági fokú
F-eloszlású valószínűségi változó sűrűségfüggvénye


1.92. Tétel. Ha ξ ∈ F(s1; s2), akkor 1
ξ
∈ F(s2; s1).


1.93. Tétel. Ha ξ ∈ F(s1; s2), akkor s2 > 3 esetén E ξ = s2
s2−2


illetve s2 > 5 esetén


D2 ξ =
2s22(s1+s2−2)


s1(s2−2)2(s2−4)
.
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1.94. Tétel. Ha ξ ∈ t(s), akkor ξ2 ∈ F(1; s).


1.95. Lemma. Legyen ξ ∈ F(s1; s2) eloszlásfüggvénye Fs1,s2. Ekkor Fs1,s2 az s1


változóban monoton csökkenő, míg az s2 változóban monoton növekvő, továbbá 0,3 <


< Fs1,1(1) 6 Fs1,s2(1) 6 F1,s2(1) < 0,7.


1.10. Nagy számok törvényei


1.96. Tétel (Csebisev-egyenlőtlenség). Ha ξ véges szórással rendelkező valószínűségi
változó, akkor minden ε ∈ R+ esetén


P
(
|ξ − E ξ| > ε


)
6


D2 ξ


ε2
.


Speciálisan, ha ξ relatív gyakoriságot jelent, akkor kapjuk a következő fontos
tételt.


1.97. Tétel (Bernoulli-féle nagy számok törvénye). Legyen %n
n


az A esemény relatív
gyakorisága n kísérlet után. Ekkor


P
(∣∣∣%n
n
− P(A)


∣∣∣ > ε
)
6


P(A) P(A)


nε2


minden ε ∈ R+ esetén.


Tehát annak a valószínűsége, hogy az A esemény relatív gyakorisága P(A)-nak
az ε sugarú környezetén kívül legyen, az n növelésével egyre kisebb, határértékben
0. Ez pontosan ráillik a Bernoulli-féle tapasztalatra.


A következő ábrán a hatos dobás relatív gyakoriságát láthatjuk szabályos kocká-
val 10 dobássorozat után, 3000-től 3500 dobásig.


A kék vonal jelzi a hatos dobás valószínűségét, míg a zöld vonalak annak ε =


= 0,01 sugarú környezetét. Az ábrán láthatjuk, hogy a 10 dobássorozatból 8 esetén
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a relatív gyakoriság 0,01 pontossággal megközelítette a valószínűséget a 3000-től
3500-ig terjedő intervallumon.


A következő videóban az előző kísérletsorozatot vizsgáljuk többféle paramétere-
zéssel.


V I D E Ó


Az előző videóban használt program letölthető innen:


P R O G R A M


A Bernoulli-féle nagy számok törvénye megfogalmazható valószínűségi változók-
kal is. Hajtsunk végre egy kísérletet n-szer egymástól függetlenül. Ha egy A esemény
az i-edik kísérletben bekövetkezik, akkor a ξi valószínűségi változó értéke legyen 1,
különben pedig 0. A ξ1, ξ2, . . . , ξn valószínűségi változók ekkor P(A) paraméterű
karakterisztikus eloszlású páronként független valószínűségi változók, melyeknek a
számtani közepe az A relatív gyakorisága, másrészt ekkor E ξ1 = P(A) és D2 ξ1 =


= P(A) P(A). Így tehát bármely ε ∈ R+ esetén


P


(∣∣∣∣ 1n
n∑
i=1


ξi − E ξ1


∣∣∣∣ > ε


)
6


D2 ξ1


nε2
.


Más eloszlású valószínűségi változók számtani közepe is hasonló tulajdonságot mu-
tat.


1.98. Tétel (Nagy számok gyenge törvénye). Legyenek ξ1, ξ2, . . . , ξn véges várható
értékű és szórású, azonos eloszlású, páronként független valószínűségi változók. Ekkor


P


(∣∣∣∣ 1n
n∑
i=1


ξi − E ξ1


∣∣∣∣ > ε


)
6


D2 ξ1


nε2
,


minden ε ∈ R+ esetén.


Tehát annak a valószínűsége, hogy a valószínűségi változók számtani közepe a
várható érték ε sugarú környezetén kívül legyen, az n növelésével egyre kisebb, ha-
tárértékben 0.


A következő ábrán n darab standard normális eloszlású páronként független va-
lószínűségi változó számtani közepét láthatjuk n függvényében n = 29 500-tól n =


= 30 000-ig, 20 kísérletsorozat után.
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A kék vonal jelzi a várható értéket (ez most 0), míg a zöld vonalak annak ε =


= 0,01 sugarú környezetét. Az ábrán láthatjuk, hogy a 20 kísérletsorozatból 17 esetén
a számtani közép 0,01 pontossággal megközelítette a várható értéket a 29 500-tól
30 000-ig terjedő intervallumon.


A következő videóban az előző kísérletsorozatot vizsgáljuk többféle eloszlás ese-
tén.


V I D E Ó


Két független standard normális eloszlású valószínűségi változó hányadosa Cauchy-
eloszlású. Erről ismert, hogy nincs várható értéke. Így erre nem teljesül a nagy
számok gyenge törvénye. Ezt szemlélteti a következő videó.


V I D E Ó


1.99. Tétel (Nagy számok Kolmogorov-féle erős törvénye). ξ1, ξ2, . . . legyenek füg-
getlen, azonos eloszlású valószínűségi változók és E |ξ1| ∈ R. Ekkor


P


(
lim
n→∞


1


n


n∑
i=1


ξi = E ξ1


)
= 1.


Ez a tétel az előzőnél erősebb állítást fogalmaz meg. Etemadi (1981) és Petrov
(1987) eredményeiből kiderült, hogy a nagy számok Kolmogorov-féle erős törvényé-
nek állítása páronkénti függetlenség esetén is igaz marad.


1.11. Centrális határeloszlási tétel


A valószínűségszámításban és a matematikai statisztikában központi szerepe van a
standard normális eloszlásnak. Ennek okát mutatja a következő tétel.


1.100. Tétel (Centrális határeloszlási tétel). Legyenek ξ1, ξ2, . . . független, azonos
eloszlású, pozitív véges szórású valószínűségi változók. Ekkor


ηn :=


∑n
i=1 ξi − E


∑n
i=1 ξi


D
∑n


i=1 ξi
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határeloszlása standard normális, azaz


lim
n→∞


P (ηn < x) = Φ(x)


minden x ∈ R esetén.


Speciálisan, ha ξ1, ξ2, . . . függetlenek és p paraméterű karakterisztikus eloszlá-
súak, akkor


∑n
i=1 ξi egy n-edrendű p paraméterű binomiális eloszlású valószínűségi


változó. Ennek várható értéke np és szórásnégyzete np(1 − p). Erre alkalmazva a
centrális határeloszlás tételét, kapjuk, hogy minden x ∈ R esetén


lim
n→∞


P


(∑n
i=1 ξi − np√
np(1− p)


< x


)
= Φ(x).


Ez az ún. Moivre–Laplace-tétel. Ez ekvivalens azzal, hogy x ∈ R és ∆x > 0 esetén


lim
n→∞


P


(
x 6


∑n
i=1 ξi − np√
np(1− p)


< x+ ∆x


)
=


1√
2π


x+∆x∫
x


e−
t2


2 dt.


Így nagy n és kicsiny ∆x esetén


1


∆x
P


(
x 6


∑n
i=1 ξi − np√
np(1− p)


< x+ ∆x


)
' 1√


2π
e−


x2


2 .


Legyen km egy p valószínűségű esemény gyakorisága m kísérlet után. Ábrázoljuk
m függvényében a km−mp√


mp(1−p)
értékeket, ahol m = 1, 2, . . . , n. A következő ábra ezt


mutatja p = 0,5 és n = 1000 esetén.


A kísérletsorozatot megismételjük N -szer. A kék vonalon ábrázoljuk a becsapódások
számát vonaldiagrammal. A következő ábrán ez látható N = 3000 esetén.
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Végül a vonaldiagramot normáljuk N -nel és ∆x-szel, mely már összehasonlítható a
standard normális eloszlás sűrűségfüggvényével.


A következő videóban az előző kísérletsorozatot folyamatában vizsgáljuk.


V I D E Ó
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2. A matematikai statisztika alapfogalmai


A valószínűségszámítás órákon tárgyalt feladatokban mindig szerepel valamilyen
információ bizonyos típusú véletlen események valószínűségére vonatkozóan. Például:


• Mi a valószínűsége annak, hogy két szabályos kockával dobva a kapott számok
összege 7?
Itt a szabályosság azt jelenti, hogy a kocka bármely oldalára 1


6
valószínűséggel


eshet.


• Egy boltban az átlagos várakozási idő 2 perc. Mi a valószínűsége, hogy 3 percen
belül nem kerülünk sorra, ha a várakozási idő exponenciális eloszlású?
Itt az adott információk alapján 1− e−x2 annak a valószínűsége, hogy a vára-
kozási idő kevesebb mint x perc.


Ha egy hasonló feladatban a megoldáshoz szükséges információk nem mindegyike
ismert, akkor azokat nekünk kell tapasztalati úton meghatározni. A matematikai
statisztika ilyen jellegű problémákkal foglalkozik.


A statisztikai feladatokban tehát az események rendszere, pontosabban az (Ω,F)


mérhető tér adott, de a valószínűség nem.
Legyen P azon P: F → R függvények halmaza, melyekre (Ω,F ,P) valószínűségi


mező. Ekkor az (Ω,F ,P) rendezett hármast statisztikai mezőnek nevezzük. Az ide-
ális az lenne, ha P-ből ki tudnánk választani az igazi P-t. Sok esetben azonban erre
nincs is szükség. Például ha az A és B események függetlenségét kell kimutatnunk,
akkor csak azt kell megvizsgálni, hogy az igazi P-re teljesül-e az a tulajdonság, hogy
P(A ∩B) = P(A) P(B).


A statisztikai feladatokról azt is fontos tudnunk, hogy azok mindig megfogalmaz-
hatók valószínűségi (vektor)változók segítségével. Ennek szemléltetésére tekintsük a
következő példákat.


• Döntsük el egy dobókockáról, hogy az cinkelt-e. A probléma matematikai mo-
dellezésében legyen Ω = { 1, 2, 3, 4, 5, 6 }, F az Ω hatványhalmaza és ξ : Ω →
R, ξ(k) = k. Ekkor azt kell kideríteni, hogy ξ diszkrét egyenletes eloszlású-e,
azaz teljesül-e az igazi P-re, hogy minden k = 1, 2, 3, 4, 5, 6 esetén P(ξ = k) =


= 1
6
.


• Az emberek szem- és hajszíne független, vagy van közöttük genetikai kapcso-
lat? A H halmaz elemei legyenek a haj lehetséges színei, illetve az S hal-
maz elemei a szem lehetséges színei. Legyen Ω := H × S és F az Ω hat-
ványhalmaza. Ekkor például a (barna, kék) ∈ Ω elemi esemény modellezze
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azt, hogy a véletlenül kiválasztott személy barna hajú és kék szemű. Legyen
ξ : Ω → R, ξ(h, s) = 1, 2, 3, . . . aszerint, hogy h = szőke, barna, fekete, . . .
és η : Ω → R, η(h, s) = 1, 2, 3, . . . aszerint, hogy s = kék, barna, zöld, . . . .
Ekkor a ζ = (ξ, η) valószínűségi vektorváltozó eloszlását kell meghatározni,
pontosabban az a kérdés, hogy az igazi P-re teljesül-e, hogy


P(ξ = i, η = j) = P(ξ = i) P(η = j)


minden i = 1, 2, . . . és j = 1, 2, . . . esetén.


• Két esemény közül döntsük el, hogy melyiknek nagyobb a valószínűsége. Legyen
a két esemény A és B. Ezen események indikátorváltozóira teljesülnek, hogy
E IA = P(A) és E IB = P(B). Így tehát azt kell eldöntenünk, hogy a két
esemény indikátorváltozói közöl melyiknek nagyobb a várható értéke.


2.1. Minta és mintarealizáció


A statisztikában tehát egy valószínűségi (vektor)változóra vonatkozólag kell infor-
mációkat gyűjteni. Jelöljük ezt ξ-vel. Tegyük fel, hogy ξ az (Ω0,F0,P0) valószínűségi
mezőben van értelmezve, ahol P0 a valódi (általunk nem ismert) valószínűséget je-
lenti. Az adatgyűjtésnek a statisztikában egyetlen módja van, a ξ-t meg kell figyelni
(mérni) többször, egymástól függetlenül. Az i-edik megfigyelés eredményét jelölje ξi,
amely egy véletlen érték, vagyis valószínűségi (vektor)változó. Mindez a következő-
képpen modellezhető.


Legyen (Ωn,Fn,Pn) azon független kísérletek valószínűségi mezője, amely az
(Ω0,F0,P0) kísérlet n-szeri független elvégzését modellezi. Tegyük fel, hogy ξ d-
dimenziós. Legyen


ξi : Ωn → Rd, ξi(ω1, . . . , ωn) := ξ(ωi) (i = 1, . . . , n).


Ekkor tetszőleges x ∈ Rd esetén


Pn(ξi < x) = Pn


(
{(ω1, . . . , ωn) ∈ Ωn : ξ(ωi) < x}


)
=


= Pn


(
Ω0 × · · · × Ω0 × {ξ < x} × Ω0 × · · · × Ω0


)
=


= P0(Ω0) · · ·P0(Ω0) P0(ξ < x) P0(Ω0) · · ·P0(Ω0) = P0(ξ < x),
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azaz ξi és ξ azonos eloszlású. Másrészt tetszőleges x1, . . . , xn ∈ Rd esetén


Pn(ξ1 < x1, . . . , ξn < xn) =


= Pn


(
{(ω1, . . . , ωn) ∈ Ωn : ξ(ω1) < x1, . . . , ξ(ωn) < xn}


)
=


= Pn


(
(ξ < x1)× · · · × (ξ < xn)


)
=


n∏
i=1


P0(ξ < xi) =
n∏
i=1


Pn(ξi < xi),


azaz a ξi valószínűségi változók függetlenek.
Összefoglalva tehát az n megfigyelés modellezhető ξ1, . . . , ξn független, ξ-vel azo-


nos eloszlású valószínűségi (vektor)változókkal. Mivel valójában minket csak a ξ


valódi eloszlása érdekel, matematikai értelemben nincs jelentősége, hogy a ξ és ξi-k
különböző valószínűségi mezőben vannak értelmezve. Ezért megállapodunk abban,
hogy a továbbiakban a ξ, ξ1, ξ2, . . . valószínűségi változók ugyanazon (Ω,F ,P) való-
színűségi mezőn értelmezettek, ahol P az általunk nem ismert valódi valószínűség.


2.1. Definíció. A ξ valószínűségi (vektor)változóra vonatkozó n elemű minta alatt
a ξ-vel azonos eloszlású ξ1, . . . , ξn független, valószínűségi (vektor)változókat értünk.
A ξk-t k-adik mintaelemnek, n-et pedig a mintaelemek számának nevezzük.


Természetesen, ha több valószínűségi (vektor)változóra is szükségünk van, akkor
mindegyikre kell megfigyeléseket végezni, így több mintánk is lesz.


A gyakorlatban nem mintával dolgozunk, hanem konkrét értékekkel, melyek a
mintaelemek lehetséges értékei.


2.2. Definíció. Ha ξ1, . . . , ξn a ξ valószínűségi (vektor)változóra vonatkozó minta
és ω ∈ Ω, akkor a ξ1(ω), . . . , ξn(ω) értékeket ξ-re vonatkozó mintarealizációnak ne-
vezzük. Az olyan (x1, . . . , xn) elem n-esek halmazát, melyekre teljesül, hogy az xi
benne van a ξ értékkészletében (i = 1, . . . , n), mintatérnek nevezzük.


Statisztikai feladatokban mintarealizáció alapján számolunk. Az így meghozott
döntés nem biztos, hogy megfelel a valóságnak, csak annyit mondhatunk róla, hogy
nem mond ellent a mintarealizációnak. Azaz az ilyen döntés hibás is lehet, így a
válaszunkban azt is meg kell adni, hogy mi a valószínűsége ennek a hibának.


2.2. Tapasztalati eloszlásfüggvény


Ebben a részben feltételezzük, hogy egy ξ valószínűségi változó (tehát nem vektorvál-
tozó) tulajdonságait kell megfigyelni. A legjobb az lenne, ha az F eloszlásfüggvényét
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sikerülne meghatározni. Valójában – az előbb elmondottak miatt – F -fet meghatá-
rozni a mintarealizáció alapján nem tudjuk, de becsülni igen. Egy rögzített x ∈ R
esetén F (x) = P(ξ < x). Tehát egy esemény valószínűségét kell megbecsülni. A való-
színűség definícióját a relatív gyakoriság tulajdonságai sugallták, így az a sejtésünk,
hogy egy esemény valószínűségét a relatív gyakoriságával lenne érdemes becsülni. A
ξ < x esemény relatív gyakorisága a ξ-re vonatkozó ξ1, . . . , ξn minta alapján könnyen
megadható indikátorváltozókkal: 1


n


∑n
i=1 Iξi<x. Itt


∑n
i=1 Iξi<x azon mintaelemek szá-


mát jelenti, melyek kisebbek x-nél. A későbbiekben látni fogjuk, hogy ez a becslés
valóban megfelelő lesz számunkra.


2.3. Definíció. Legyen ξ1, . . . , ξn egy ξ valószínűségi változóra vonatkozó minta.
Ekkor az


x 7→ F ∗n(x) :=
1


n


n∑
i=1


Iξi<x (x ∈ R)


függvényt a ξ-re vonatkozó n elemű mintához tartozó tapasztalati eloszlásfüggvényé-
nek nevezzük.


Az F ∗n(x) minden rögzített x ∈ R esetén egy valószínűségi változó. Ha a kí-
sérletsorozatban az ω ∈ Ω elemi esemény következett be, azaz a mintarealizáció
ξ1(ω), . . . , ξn(ω), akkor az


x 7→
(
F ∗n(x)


)
(ω) =


1


n


n∑
i=1


Iξi(ω)<x (x ∈ R)


hozzárendelés egy valós függvény. Ezt a függvényt a tapasztalati eloszlásfüggvény
egy realizációjának nevezzük, de a továbbiakban a rövidség kedvéért ezt is csak
tapasztalati eloszlásfüggvényként emlegetjük és F ∗n módon jelöljük.


Példaként legyen ξ egy dobókockával dobott szám, és a mintarealizáció 3, 4, 5,
3, 6, 2, 3, 3, 5, 2. Ekkor


F ∗10(x) =





0 ha x 6 2,


0,2 ha 2 < x 6 3,


0,6 ha 3 < x 6 4,


0,7 ha 4 < x 6 5,


0,9 ha 5 < x 6 6,


1 ha x > 6.


A következő ábrán egy Bin(5; 0,2)-beli valószínűségi változóra vonatkozó 20 elemű
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mintához tartozó tapasztalati eloszlásfüggvényt láthatunk.


A kék grafikon a valódi eloszlásfüggvényt jelenti, a piros a tapasztalatit. Vegyük
észre, hogy a tapasztalati eloszlásfüggvény mindig lépcsős függvény, azaz az érték-
készlete véges. Nevezetesen n elemű minta esetén az F ∗n maximálisan n + 1 féle
értéket vehet fel. Így felmerül a kérdés, hogy a lépcsős tapasztalati eloszlásfüggvény
hogyan néz ki folytonos eloszlásfüggvényű valószínűségi változó esetén. A következő
ábrán egy Exp(1)-beli valószínűségi változóra vonatkozó 10 elemű mintához tartozó
tapasztalati eloszlásfüggvényt láthatunk.


A kék grafikon itt is a valódi eloszlásfüggvényt jelenti, a piros a tapasztalatit.
A tapasztalati eloszlásfüggvény megfelelő becslése-e a valódi eloszlásfüggvény-


nek? Az előző példákban, ahol a megfigyelések száma (n) viszonylag kevés, elég
nagy eltéréseket láthatunk. De az n növelésével javul-e ez a helyzet? A következő
Glivenkotól és Cantellitől származó tétel erről ad információt.


2.4. Tétel (A matematikai statisztika alaptétele). Legyen a ξ valószínűségi változó
valódi eloszlásfüggvénye F és a ξ-re vonatkozó n elemű mintához tartozó tapasztalati
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eloszlásfüggvény F ∗n . Ekkor


P


(
lim
n→∞


sup
x∈R
|F ∗n(x)− F (x)| = 0


)
= 1,


azaz F ∗n egyenletesen konvergál R-en F -hez majdnem biztosan.


Bizonyítás. Legyen ε ∈ R+ rögzített és m ∈ N olyan, hogy 1
m


< ε
2
. Ha k ∈


∈ { 1, . . . ,m−1 }, akkor az F balról való folytonossága miatt az {x ∈ R : F (x) 6 k
m
}


halmaznak létezik maximuma. Ezt a maximumot jelöljük xk-val. Legyen továbbá
x0 := −∞ és xm :=∞. Ekkor


P(ξ < xk) = F (xk) 6
k


m
6 lim


x→xk+0
F (x) = P(ξ 6 xk) (k = 0, . . . ,m).


Így


P(ξ < xk) 6
k − 1


m
+


1


m
6 P(ξ 6 xk−1) +


1


m
.


Jelentse Ak azt az eseményt, hogy limn→∞
1
n


∑n
i=1 Iξi<xk = P(ξ < xk), illetve Bk


azt, hogy limn→∞
1
n


∑n
i=1 Iξi6xk = P(ξ 6 xk). A nagy számok erős törvénye miatt


P(Ak) = P(Bk) = 1 (k = 0, . . . ,m). Ebből


A :=
m⋂
k=0


m⋂
l=0


(Ak ∩Bl)


jelöléssel P(A) = 1 teljesül. Emiatt létezik N ∈ N, hogy minden n > N egész szám
és k = 0, . . . ,m esetén az A-n teljesül, hogy∣∣∣∣∣ 1n


n∑
i=1


Iξi<xk −P(ξ < xk)


∣∣∣∣∣ < ε


2
és


∣∣∣∣∣ 1n
n∑
i=1


Iξi6xk −P(ξ 6 xk)


∣∣∣∣∣ < ε


2
.


Legyen x ∈ R rögzített. Ekkor létezik t ∈ { 1, . . . ,m }, hogy


xt−1 < x 6 xt.


Mindezek alapján minden n > N egész esetén az A-n teljesül, hogy


F (x)− F ∗n(x) = P(ξ < x)− 1


n


n∑
i=1


Iξi<x 6


6 P(ξ < xt)−
1


n


n∑
i=1


Iξi<x 6
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6
1


m
+ P(ξ 6 xt−1)− 1


n


n∑
i=1


Iξi<x 6


6
1


m
+ P(ξ 6 xt−1)− 1


n


n∑
i=1


Iξi6xt−1 <
1


m
+
ε


2
< ε.


Hasonlóan teljesül minden n > N egész esetén az A-n, hogy


F (x)− F ∗n(x) = P(ξ < x)− 1


n


n∑
i=1


Iξi<x >


> P(ξ 6 xt−1)− 1


n


n∑
i=1


Iξi<x >


> − 1


m
+ P(ξ < xt)−


1


n


n∑
i=1


Iξi<x >


> − 1


m
+ P(ξ < xt)−


1


n


n∑
i=1


Iξi<xt > −
1


m
− ε


2
> −ε.


Így |F (x)− F ∗n(x)| < ε teljesül az A-n, ha n > N . Ebből már következik a tétel.


Az előző tételben fontos az egyenletes konvergencia. Ugyanis ha csak pontonkénti
lenne, akkor a számegyenes különböző helyein más és más sebességű lehetne. Így
ebben az esetben a tapasztalati eloszlásfüggvény alakjából a valódira nem lehetne
következtetni.


A következő két ábrán egy Cauchy-eloszlású valószínűségi változóra vonatko-
zó 200 illetve 10 000 elemű mintának a tapasztalati eloszlásfüggvényét látjuk. (Két
független standard normális eloszlású valószínűségi változó hányadosát nevezzük
Cauchy-eloszlásúnak.)


2.1. ábra. F ∗
200 grafikonja
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2.2. ábra. F ∗
10 000 grafikonja


A kék grafikon a valódi eloszlásfüggvényt jelenti, míg a piros a tapasztalatit.
Látható, hogy 10 000-es mintaelemszám esetén már gyakorlatilag megegyezik a


tapasztalati és a valódi eloszlásfüggvény. Az utóbbi ábrán úgy tűnhet, hogy a ta-
pasztalati eloszlásfüggvény nem lépcsős. Természetesen ez nem igaz, pusztán arról
van szó, hogy egy „lépcsőfok” hossza olyan kicsi, hogy az a rajz felbontása miatt
csak egy pontnak látszik.


A következő videóban többféle eloszlással vizsgáljuk a tapasztalati eloszlásfügg-
vény konvergenciáját.


V I D E Ó


Az előző videóban használt program letölthető innen:


P R O G R A M


2.3. Tapasztalati eloszlás, sűrűséghisztogram


Tapasztalati eloszlásfüggvény helyett más lehetőség is van valószínűségi változók
eloszlásának vizsgálatára.


Diszkrét valószínűségi változó esetén vizsgálhatjuk az úgynevezett tapasztalati
eloszlást is, mely a valószínűségi változó egy lehetséges értékéhez hozzárendeli a kí-
sérletsorozatbeli relatív gyakoriságát. Azaz, ha a ξ valószínűségi változó értékkészlete
{x1, . . . , xk } és a ξ-re vonatkozó minta ξ1, . . . , ξn, akkor a tapasztalati eloszlás az


xt 7→ rt :=
1


n


n∑
i=1


Iξi=xt (t = 1, . . . , k)
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hozzárendelés. (Tehát nrt a mintában az xt-vel egyenlő elemek számát jelenti.)
Ha a kísérletsorozatban az ω ∈ Ω elemi esemény következett be, azaz a mintare-


alizáció ξ1(ω), . . . , ξn(ω), akkor az


xt 7→ rt(ω) =
1


n


n∑
i=1


Iξi(ω)=xt (t = 1, . . . , k)


hozzárendelést a tapasztalati eloszlás egy realizációjának nevezzük, de a továbbiak-
ban a rövidség kedvéért ezt is csak tapasztalati eloszlásként emlegetjük. Ezt célszerű
vonaldiagrammal ábrázolni. Ez azt jelenti, hogy az (xt,0) koordinátájú pontot össze-
kötjük az


(
xt, rt(ω)


)
ponttal minden t-re.


A következő képen egy Bin(30; 0,3)-beli valószínűségi változóra vonatkozó 1000
elemű mintarealizációból számolt tapasztalati eloszlást láthatunk vonaldiagrammal
ábrázolva.


Ugyanezen az ábrán kékkel felrajzoljuk a valódi eloszlást is, mely jól mutatja a
hasonlóságot.


Abszolút folytonos ξ valószínűségi változó esetén az ún. sűrűséghisztogram vizs-
gálata is célravezető lehet a tapasztalati eloszlásfüggvény mellett. Legyen r ∈ N,
x0, x1, . . . , xr ∈ R és x0 < x1 < · · · < xr. Tegyük fel, hogy a ξ-re vonatkozó
ξ1(ω), . . . , ξn(ω) mintarealizáció minden eleme benne van az (x0, xr) intervallum-
ban. Minden [xj−1, xj) intervallum fölé rajzoljunk egy yj magasságú téglalapot úgy,
hogy a téglalap területe a valódi f sűrűségfüggvény görbéje alatti területet becsülje
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az [xj−1, xj) intervallumon. Hasonlóan az eddigiekhez, egy esemény valószínűségét
itt is az esemény relatív gyakoriságával becsüljük. Így tehát


xj∫
xj−1


f(x) dx = P(xj−1 6 ξ < xj) '
1


n


n∑
i=1


Ixj−16ξi(ω)<xj = yj(xj − xj−1),


melyből


yj =


∑n
i=1 Ixj−16ξi(ω)<xj


n(xj − xj−1)
(j = 1, . . . , r).


A kapott oszlopdiagramot sűrűséghisztogramnak nevezzük, amely tehát a valódi f
sűrűségfüggvényt a j-edik részintervallumon az yj konstanssal közelíti.


A sűrűséghisztogram megadása a mintarealizáció alapján nem egyértelmű, függ
az osztópontok választásától. Az osztópontok felvételéhez csak annyi általános irány-
elv mondható, hogy függetlennek kell lennie a minta értékeitől.


Az is fontos, hogy az osztópontok ne helyezkedjenek el túl sűrűn a mintarealizáció
elemeihez képest, mert ekkor egy részintervallumba túl kevés mintaelem fog esni, s
így nagyon pontatlan lesz a becslés. Azaz ebben az esetben a sűrűséghisztogramból
nem lehet következtetni a valódi sűrűségfüggvény alakjára.


Másrészt, ha az osztópontok túl ritkák, azaz a részintervallumok száma kevés,
akkor a sűrűségfüggvény becsült pontjainak száma túl kevés ahhoz, hogy a sűrűség-
hisztogramból következtetni lehessen a valódi sűrűségfüggvény alakjára.


A következő ábrán standard normális eloszlású 1000 elemű mintára vonatkozó
sűrűséghisztogramot láthatunk r = 20, x0 = −4, x20 = 4 választással, továbbá a
részintervallumok egyenlő hosszúságúak.


Összehasonlításképpen a következő ábrán a standard normális eloszlás sűrűségfügg-
vényét láthatjuk a [−4, 4] intervallumon.
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2.4. Statisztikák


Tegyük fel, hogy egy ismeretlen eloszlású ξ valószínűségi változó várható értékét kell
meghatározni. Mivel az eloszlást nem ismerjük, ezért a minta alapján kell becslést
adni. A későbbiekben látni fogjuk, hogy bizonyos szempontból jó becslése a várható
értéknek a ξ-re vonatkozó ξ1, . . . , ξn minta elemeinek a számtani közepe, azaz 1


n
(ξ1 +


+ · · ·+ ξn). Általánosan fogalmazva itt egy olyan függvényt definiáltunk, amely egy
valószínűségi változókból álló rendezett n-eshez egy valószínűségi változót rendel.
Az ilyen függvényeket statisztikának nevezzük, és a következőkben kiemelt szerepük
lesz.


2.5. Definíció. Legyen ξ1, . . . , ξn egy ξ valószínűségi változóra vonatkozó minta,
továbbá


T : Rn → R


olyan függvény, melyre T (ξ1, . . . , ξn) valószínűségi változó. Ekkor ezt a valószínű-
ségi változót a minta egy statisztikájának nevezzük. Ha ξ1(ω), . . . , ξn(ω) egy a ξ-re
vonatkozó mintarealizáció, akkor a T


(
ξ1(ω), . . . , ξn(ω)


)
számot az előbbi statisztika


egy realizációjának nevezzük.


Ha T Borel-mérhető függvény, akkor T (ξ1, . . . , ξn) mérhető, azaz valószínűségi
változó. Például F ∗n(x) minden rögzített x ∈ R esetén statisztika.


2.6. Definíció. Legyen ξ1, . . . , ξn egy ξ valószínűségi változóra vonatkozó minta. A
következő nevezetes statisztikákat definiáljuk:


mintaátlag ξ :=
1


n


n∑
i=1


ξi


tapasztalati szórásnégyzet S2
n :=


1


n


n∑
i=1


(ξi − ξ)2


tapasztalati szórás Sn :=


√√√√ 1


n


n∑
i=1


(ξi − ξ)2


korrigált tapasztalati szórásnégyzet S∗n
2 :=


1


n− 1


n∑
i=1


(ξi − ξ)2


korrigált tapasztalati szórás S∗n :=


√√√√ 1


n− 1


n∑
i=1


(ξi − ξ)2


k-adik tapasztalati momentum (k ∈ N)
1


n


n∑
i=1


ξki
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k-adik tapasztalati
centrált momentum (k ∈ N)


1


n


n∑
i=1


(ξi − ξ)k


tapasztalati ferdeség
1
n


∑n
i=1(ξi − ξ)3


S3
n


tapasztalati lapultság
1
n


∑n
i=1(ξi − ξ)4


S4
n


− 3


Ha több valószínűségi változót is vizsgálunk és hangsúlyozni szeretnénk, hogy a
tapasztalati illetve korrigált tapasztalati szórás a ξ-re vonatkozik, akkor azokat Sξ,n
illetve S∗ξ,n módon fogjuk jelölni.


2.7. Tétel (Steiner-formula). Bármely c ∈ R esetén


S2
n =


1


n


n∑
i=1


(ξi − c)2 − (ξ − c)2.


Bizonyítás. Legyen c ∈ R tetszőlegesen rögzített. Ekkor


S2
n =


1


n


n∑
i=1


(ξi − ξ)2 =
1


n


n∑
i=1


(
(ξi − c)− (ξ − c)


)2
=


=
1


n


n∑
i=1


(ξi − c)2 − 1


n


n∑
i=1


2(ξ − c)(ξi − c) +
1


n


n∑
i=1


(ξ − c)2 =


=
1


n


n∑
i=1


(ξi − c)2 − 2(ξ − c)2 + (ξ − c)2 =
1


n


n∑
i=1


(ξi − c)2 − (ξ − c)2.


2.8. Definíció. Legyen ξ1, . . . , ξn egy ξ valószínűségi változóra vonatkozó minta,
továbbá (x1, . . . , xn) ∈ Rn esetén jelölje r1, . . . , rn az 1, . . . , n számok egy olyan
permutációját, melyre teljesül, hogy


xr1 6 xr2 6 . . . 6 xrn .


Legyen
Ti : Rn → R, Ti(x1, . . . , xn) := xri (i = 1, . . . , n).


Ekkor a ξ∗i := Ti(ξ1, . . . , ξn) (i = 1, . . . , n) valószínűségi változókat rendezett mintá-
nak nevezzük. (Vegyük észre, hogy ξ∗1 = min{ ξ1, . . . , ξn } és ξ∗n = max{ ξ1, . . . , ξn }.)


A ξ∗n− ξ∗1 statisztikát mintaterjedelemnek nevezzük. A ξ∗1+ξ∗n
2


az úgynevezett ter-
jedelemközép.
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A tapasztalati medián legyen ξ∗n+1
2


, ha n páratlan, illetve 1
2


(
ξ∗n


2
+ ξ∗n


2
+1


)
, ha n


páros.
Legyen 0 6 t 6 1. A 100t%-os tapasztalati kvantilis legyen ξ∗[nt]+1, ha nt 6∈ N,


illetve tξ∗nt+(1−t)ξ∗nt+1, ha nt ∈ N. (Vegyük észre, hogy az 50%-os tapasztalati kvan-
tilis a tapasztalati mediánnal egyenlő.) A 25%-os tapasztalati kvantilist tapasztalati
alsó kvartilisnek, illetve a 75%-os tapasztalati kvantilist tapasztalati felső kvartilisnek
nevezzük.


A tapasztalati módusz a mintaelemek között a leggyakrabban előforduló. Ha több
ilyen is van, akkor azok között a legkisebb.


2.9. Megjegyzés. Az előbbi Ti függvények Borel-mérhetőek, így a rendezett minta
elemei statisztikák.


Ha a kísérletsorozatban az ω ∈ Ω elemi esemény következett be, azaz a min-
tarealizáció ξ1(ω), . . . , ξn(ω), akkor a ξ(ω) = 1


n


∑n
i=1 ξi(ω) számot is mintaátlagnak


nevezzük. Hasonlóan állapodunk meg minden nevezetes statisztika esetén. (Azaz
például Sn(ω)-t is tapasztalati szórásnak nevezzük.)


A következőben a statisztika fogalmát kiterjesztjük arra az esetre, amikor a minta
elemei valószínűségi vektorváltozók.


2.10. Definíció. Legyen ξ1, . . . , ξn egy d-dimenziós ξ valószínűségi vektorváltozóra
vonatkozó minta, továbbá


T : (Rd)n → R


olyan függvény, melyre T (ξ1, . . . , ξn) valószínűségi változó. Ekkor ezt a valószínű-
ségi változót a minta egy statisztikájának nevezzük. Ha ξ1(ω), . . . , ξn(ω) egy a ξ-re
vonatkozó mintarealizáció, akkor a T


(
ξ1(ω), . . . , ξn(ω)


)
számot az előbbi statisztika


egy realizációjának nevezzük.


2.11. Definíció. Legyen ξ = (η, ζ) kétdimenziós valószínűségi vektorváltozó, to-
vábbá a rávonatkozó minta (η1, ζ1), . . . , (ηn, ζn). Ennek a mintának a tapasztalati
kovarianciája


Covn(η, ζ) :=
1


n


n∑
i=1


ηiζi −
1


n


n∑
i=1


ηi ·
1


n


n∑
i=1


ζi,


illetve tapasztalati korrelációs együtthatója


Corrn(η, ζ) :=
Covn(η, ζ)


Sη,n · Sζ,n
.


2.12. Definíció. Legyen ξ1, . . . , ξn egy ξ valószínűségi (vektor)változóra vonatkozó
minta. A T (ξ1, . . . , ξn) statisztikát szimmetrikusnak nevezzük, ha az 1, . . . , n számok
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minden i1, . . . , in permutációja esetén


T (ξ1, . . . , ξn) = T (ξi1 , . . . , ξin).


Vegyük észre, hogy az előzőekben definiált minden nevezetes statisztika szim-
metrikus.


Még tovább általánosítható a statisztika fogalma, ha több valószínűségi vektor-
változóra vonatkozik.


2.13. Definíció. Legyen ξ(i)


1 , . . . , ξ
(i)
ni


egy di-dimenziós ξ(i) valószínűségi vektorválto-
zóra vonatkozó minta (i = 1, . . . , k), továbbá


T : (Rd1)n1 × · · · × (Rdk)nk → R


olyan függvény, melyre T
(
ξ(1)


1 , . . . , ξ(1)
n1
, . . . , ξ(k)


1 , . . . , ξ(k)
nk


)
valószínűségi változó. Ekkor


ezt a valószínűségi változót az előbbi k darab minta egy statisztikájának nevezzük.


Ilyen statisztikákra példát, majd a hipotézisvizsgálatoknál látunk.
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3. Pontbecslések


3.1. A pontbecslés feladata és jellemzői


Tegyük fel, hogy a vizsgált ξ valószínűségi változóról tudjuk, hogy egyenletes el-
oszlású az [a, b] intervallumon, de az a és b paramétereket nem ismerjük. Ekkor a
vizsgálandó statisztikai mező leszűkül az


(Ω,F ,P), P = {Pϑ : ϑ ∈ Θ }


mezőre, ahol Θ = { (a, b) ∈ R2 : a < b } és Pϑ olyan valószínűség az (Ω,F) téren,
melyre Pϑ(ξ < x) = x−a


b−a teljesül minden ϑ = (a, b) ∈ Θ és a < x < b esetén.


A pontbecslés feladata ebben az esetben az a illetve b valódi értékének becslése.
De nem mindig van szükség az összes ismeretlen paraméterre. Például előfordulhat,
hogy csak a ξ várható értékére vagyunk kíváncsiak. Ekkor a fenti esetben az a+b


2


valódi értékét kell megbecsülni.


Az eljárás a ξ-re vonatkozó ξ1(ω), . . . , ξn(ω) mintarealizáció alapján úgy fog tör-
ténni, hogy bizonyos kritériumokat figyelembe véve megadunk egy statisztikát, mely-
nek az ω helyen vett realizációja adja a becslést.


Most általánosítjuk az előzőeket. Legyen v ∈ N, Θ ⊂ Rv az úgynevezett pa-
ramétertér. Feltesszük, hogy Θ 6= ∅. Jelöljön Fϑ eloszlásfüggvényt minden ϑ =


= (ϑ1, . . . , ϑv) ∈ Θ esetén. Feltesszük, hogy ϑ 6= ϑ′ esetén Fϑ 6= Fϑ′ . Ez az úgyneve-
zett identifikálható tulajdonság. Tegyük fel, hogy a vizsgált ξ valószínűségi változóról
tudjuk, hogy az eloszlásfüggvénye az


{Fϑ : ϑ = (ϑ1, . . . , ϑv) ∈ Θ }


halmaz (eloszláscsalád) eleme, de a ϑ1, . . . , ϑv paraméterek valódi értékei ismeretle-
nek. Ekkor a vizsgált statisztikai mező leszűkül az


(Ω,F ,P), P = {Pϑ : ϑ ∈ Θ }


mezőre, ahol Pϑ olyan valószínűség az (Ω,F) téren, melyre


Pϑ(ξ < x) = Fϑ(x)


teljesül minden x ∈ R és ϑ ∈ Θ esetén. A továbbiakban mindezt úgy fogalmazzuk
meg, hogy legyen ξ a vizsgálandó valószínűségi változó az (Ω,F ,P), P = {Pϑ : ϑ ∈
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∈ Θ } statisztikai mezőn.
Legyen g : Θ→ R egy tetszőleges függvény. A pontbecslés feladata a g(ϑ) valódi


értékének becslése egy statisztikával. Ezt a statisztikát és annak realizációját is a
g(ϑ) pontbecslésének nevezzük.


Fontos kérdés, hogy milyen szempontok szerint válasszuk ki a pontbecslést meg-
adó statisztikát. A következő természetesnek tűnő feltételeket adjuk:


• ingadozzon a g(ϑ) valódi értéke körül;


• szórása a lehető legkisebb legyen;


• a minta elemszámának végtelenbe divergálása esetén konvergáljon a g(ϑ) va-
lódi értékéhez.


A következőkben ezeket a feltételeket fogalmazzuk meg pontosabban. Legyen
ξ1, ξ2, . . . az előbbi ξ valószínűségi változóra vonatkozó végtelen elemszámú min-
ta (azaz ξ1, ξ2, . . . független ξ-vel azonos eloszlású valószínűségi változók), továbbá
jelölje Eϑ, Dϑ illetve covϑ a Pϑ-ból származtatott várható értéket, szórást illetve
kovarianciát.


3.1. Definíció. A T (ξ1, . . . , ξn) statisztika g(ϑ) torzítatlan becslése, ha


Eϑ T (ξ1, . . . , ξn) = g(ϑ)


minden ϑ ∈ Θ esetén. Ha ez nem teljesül, akkor T (ξ1, . . . , ξn) a g(ϑ) torzított becslése.


3.2. Feladat. Bizonyítsa be, hogy F ∗n(x) torzítatlan becslése F (x)-nek bármely x ∈
∈ R esetén, ahol F a ξ eloszlásfüggvénye és F ∗n a tapasztalati eloszlásfüggvény.


Bizonyítás. Az nF ∗n(x) egy n-edrendű p = F (x) paraméterű binomiális eloszlású
valószínűségi változó. Így Ep F


∗
n(x) = 1


n
Ep


(
nF ∗n(x)


)
= 1


n
np = p = F (x).


3.3. Feladat. Legyen τk := Tk(ξ1, . . . , ξn) torzítatlan becslése ϑk-nak minden k =


= 1, . . . , r esetén, és h : Rr → R olyan függvény, melyre h(τ1, . . . , τr) valószínűségi
változó. Bizonyítsa be, hogy h(τ1, . . . , τr) nem feltétlenül torzítatlan becslése h(ϑ)-
nak.


Bizonyítás. Legyen például ξ egy olyan esemény indikátorváltozója, melynek p va-
lószínűségére 0 < p < 1 teljesül. Könnyen látható, hogy Ep ξ = p, azaz ξ torzítatlan
becslése p-nek. Másrészt h : R→ R, h(x) := x2 jelöléssel


Ep h(ξ) = Ep ξ
2


= D2
p ξ + E2


p ξ =
1


n2
nD2


p ξ + E2
p ξ =
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=
1


n
p(1− p) + p2 6= p2 = h(p),


azaz h(ξ) torzított becslése h(p)-nek.


3.4. Definíció. A Tn(ξ1, . . . , ξn) (n ∈ N) statisztikasorozat g(ϑ) aszimptotikusan
torzítatlan becsléssorozata, ha minden ϑ ∈ Θ esetén teljesül, hogy


lim
n→∞


Eϑ Tn(ξ1, . . . , ξn) = g(ϑ).


3.5. Definíció. Egy T (ξ1, . . . , ξn) statisztikát véges szórásúnak nevezünk, ha minden
ϑ ∈ Θ esetén Dϑ T (ξ1, . . . , ξn) ∈ R.


3.6. Definíció. Legyenek T1(ξ1, . . . , ξn) és T2(ξ1, . . . , ξn) véges szórású torzítatlan
becslései g(ϑ)-nak. A T1(ξ1, . . . , ξn) hatásosabb becslése g(ϑ)-nak mint T2(ξ1, . . . , ξn),
ha minden ϑ ∈ Θ esetén teljesül, hogy


Dϑ T1(ξ1, . . . , ξn) 6 Dϑ T2(ξ1, . . . , ξn).


3.7. Definíció. A g(ϑ) összes véges szórású torzítatlan becslése közül a leghatáso-
sabbat a g(ϑ) hatásos becslésének nevezzük.


Nem biztos, hogy g(ϑ)-nak létezik hatásos becslése, hiszen egy alulról korlátos
számhalmaznak nem mindig van minimuma. De ha létezik hatásos becslés, akkor az
majdnem biztosan egyértelmű. Ezt fogalmazza meg a következő tétel.


3.8. Tétel. A hatásos becslés 1 valószínűséggel egyértelmű, azaz, ha T1(ξ1, . . . , ξn)


és T2(ξ1, . . . , ξn) a g(ϑ)-nak hatásos becslései, akkor minden ϑ ∈ Θ esetén


Pϑ


(
T1(ξ1, . . . , ξn) = T2(ξ1, . . . , ξn)


)
= 1.


Bizonyítás. Legyen τ1 := T1(ξ1, . . . , ξn), τ2 := T2(ξ1, . . . , ξn), τ := τ1+τ2
2


és ϑ ∈ Θ.
Ekkor


Eϑ τ =
1


2
(Eϑ τ1 + Eϑ τ2) =


1


2


(
g(ϑ) + g(ϑ)


)
= g(ϑ),


azaz τ torzítatlan becslése g(ϑ)-nak. Így τ1 hatásossága miatt


D2
ϑ τ1 6 D2


ϑ τ = D2
ϑ


τ1 + τ2


2
=


=
1


4


(
D2
ϑ τ1 + D2


ϑ τ2 + 2 covϑ(τ1, τ2)
)


=
1


4


(
2 D2


ϑ τ1 + 2 covϑ(τ1, τ2)
)
.
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Ebből kapjuk, hogy 0 6 D2
ϑ(τ1 − τ2) = 2 D2


ϑ τ1 − 2 covϑ(τ1, τ2) 6 0, azaz D2
ϑ(τ1 −


− τ2) = 0. De ez csak úgy lehetséges, ha


Pϑ


(
τ1 − τ2 = Eϑ(τ1 − τ2)


)
= 1.


Ebből már következik az állítás, hiszen Eϑ(τ1 − τ2) = 0.


3.9. Definíció. A Tn(ξ1, . . . , ξn) (n ∈ N) statisztikasorozat g(ϑ)-nak konzisztens
becsléssorozata, ha bármely ε > 0 és ϑ ∈ Θ esetén


lim
n→∞


Pϑ


(
|Tn(ξ1, . . . , ξn)− g(ϑ)| > ε


)
= 0.


3.10. Feladat. Bizonyítsa be, hogy létezik nem konzisztens torzítatlan becsléssoro-
zat.


Bizonyítás. Legyen ξ ∈ Norm(m; 1), ahol az m ∈ R paraméternek a valódi értéke
ismeretlen. Ekkor ξn torzítatlan becsléssorozat, hiszen Em ξn = m, de ε > 0 esetén


Pm


(
|ξn −m| > ε


)
= 1− P


(
|ξn −m| < ε


)
= 2− 2Φ(ε),


azaz lim
n→∞


Pm


(
|ξn −m| > ε


)
6= 0. Így ξn nem konzisztens becsléssorozat.


A torzítatlan becsléssorozatok konzisztenciájához tudunk adni elégséges feltételt.


3.11. Tétel. Ha Tn(ξ1, . . . , ξn) torzítatlan becslése g(ϑ)-nak minden n ∈ N esetén,
és lim


n→∞
D2
ϑ Tn(ξ1, . . . , ξn) = 0 minden ϑ ∈ Θ esetén, akkor Tn(ξ1, . . . , ξn) a g(ϑ)


konzisztens becsléssorozata.


Bizonyítás. Legyen τn := Tn(ξ1, . . . , ξn), ε > 0 és ϑ ∈ Θ. Ekkor τn torzítatlansága,
a Csebisev-egyenlőtlenség és lim


n→∞
D2
ϑ τn = 0 miatt


lim
n→∞


Pϑ


(
|τn − g(ϑ)| > ε


)
= lim


n→∞
Pϑ


(
|τn − Eϑ τn| > ε


)
6 lim


n→∞


D2
ϑ τn
ε2


= 0.


Ebből már következik, hogy τn a g(ϑ) konzisztens becsléssorozata.


3.12. Definíció. A Tn(ξ1, . . . , ξn) (n ∈ N) statisztikasorozat g(ϑ)-nak erősen kon-
zisztens becsléssorozata, ha minden ϑ ∈ Θ esetén


Pϑ


(
lim
n→∞


Tn(ξ1, . . . , ξn) = g(ϑ)
)


= 1.
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3.13. Megjegyzés. Mivel a majdnem mindenütti konvergenciából következik a mér-
tékben való konvergencia, ezért az erősen konzisztens becsléssorozat egyúttal kon-
zisztens becsléssorozat is.


3.1.1. Várható érték becslése


Ebben az alszakaszban feltesszük, hogy Eϑ ξ ∈ R minden ϑ ∈ Θ esetén.


3.14. Feladat. Bizonyítsa be, hogy ha c1, . . . , cn ∈ R és c1 + · · · + cn = 1, akkor∑n
i=1 ciξi torzítatlan becslése ξ várható értékének.


Bizonyítás. Eϑ


∑n
i=1 ciξi =


∑n
i=1 ci Eϑ ξi =


∑n
i=1 ci Eϑ ξ = Eϑ ξ


∑n
i=1 ci = Eϑ ξ.


3.15. Feladat. Bizonyítsa be, hogy a mintaátlag torzítatlan becslése a várható
értéknek.


Bizonyítás. Az előző következménye ci = 1
n


(i = 1, . . . , n) választással.


3.16. Feladat. Bizonyítsa be, hogy ha ξ véges szórású, akkor a mintaátlag konzisz-
tens becsléssorozata a várható értéknek.


Bizonyítás. Az állítás a nagy számok gyenge törvényével ekvivalens. De belátható a
konzisztencia elégséges feltételének vizsgálatával is, hiszen


lim
n→∞


D2
ϑ ξ = lim


n→∞


1


n
D2
ϑ ξ = 0,


melyből következik az állítás.


3.17. Feladat. Bizonyítsa be, hogy ha Eϑ |ξ| ∈ R minden ϑ ∈ Θ esetén, akkor a
mintaátlag erősen konzisztens becsléssorozata a várható értéknek.


Bizonyítás. Az állítás a Kolmogorov-féle nagy számok erős törvényével ekvivalens.


3.18. Feladat. Bizonyítsa be, hogy ha ξ véges szórású bármely ϑ ∈ Θ esetén, akkor ξ
hatásosabb becslése a várható értéknek, mint


∑n
i=1 ciξi, bármely c1, . . . , cn ∈ R, c1 +


+ · · ·+ cn = 1 esetén.


Bizonyítás. D2
ϑ (
∑n


i=1 ciξi) =
∑n


i=1 c
2
i D2


ϑ ξ = D2
ϑ ξ
∑n


i=1 c
2
i > D2


ϑ ξ
1
n
(c1 + · · ·+ cn)2 =


= 1
n


D2
ϑ ξ = D2


ϑ ξ. Itt felhasználtuk a számtani és a négyzetes közép közötti relációt,


mely szerint tetszőleges a1, . . . , an ∈ R esetén a1+···+an
n


6
√


a21+···+a2n
n


. (Ez a Cauchy-
egyenlőtlenségből következik.)
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Tehát a várható értéknek a
∑n


i=1 ciξi alakú, úgynevezett lineáris becslések között
a leghatásosabb becslése a mintaátlag. Vajon az összes véges szórású torzítatlan
becslés közül is ez a leghatásosabb, azaz hatásos? A következő feladat állítása erre
ad általánosságban nemleges választ.


3.19. Feladat. Bizonyítsa be, hogy ha ξ egyenletes eloszlású a [0, b] intervallumon
(b ∈ R+), akkor a terjedelemközép hatásosabb becslése a várható értéknek a minta-
átlagnál.


Bizonyítás. A bizonyítás terjedelmes, csak a fontosabb lépéseket közöljük. A minta
legyen ξ1, . . . , ξn. Először be kell látni, hogy a terjedelemközép a várható érték tor-
zítatlan becslése, majd meg kell mutatni, hogy ennek szórása kisebb a mintaátlag
szórásánál. Ehhez először a ξ∗1 , . . . , ξ∗n rendezett minta elemeinek eloszlását vizsgáljuk
meg. Mivel i ∈ { 1, . . . , n }, 0 < x < b, esetén


Pb(ξ1 < x, . . . , ξi < x, ξi+1 > x, . . . , ξn > x) =


=
(
Pb(ξ < x)


)i(
Pb(ξ > x)


)n−i
=
(x
b


)i (
1− x


b


)n−i
,


ezért annak a valószínűsége, hogy ξ1, . . . , ξn közül pontosan i darab kisebb x-nél,(
n


i


)(x
b


)i (
1− x


b


)n−i
, 0 < x < b.


A ξ∗k < x esemény azt jelenti, hogy pontosan k vagy pontosan k+1 vagy . . . pontosan
n darab mintaelem kisebb x-nél. Így


Pb(ξ
∗
k < x) =


n∑
i=k


(
n


i


)(x
b


)i (
1− x


b


)n−i
, k ∈ { 1, . . . , n }, 0 < x < b.


Ebből belátható, hogy ξ∗k sűrűségfüggvénye x helyen


n


b


(
n− 1


k − 1


)(x
b


)k−1 (
1− x


b


)n−k
, k ∈ { 1, . . . , n }, 0 < x < b.


Így k ∈ { 1, . . . , n } esetén


Eb ξ
∗
k =


b∫
0


x
n


b


(
n− 1


k − 1


)(x
b


)k−1 (
1− x


b


)n−k
dx = · · · = kb


n+ 1
.


Ebből Eb
ξ∗1+ξ∗n


2
= 1


2


(
b


n+1
+ nb


n+1


)
= b


2
= Eb ξ. Tehát a terjedelemközép a várható
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érték torzítatlan becslése. Most rátérünk a szórás meghatározására. A korábbiak
alapján


Eb ξ
∗
k


2 =


b∫
0


x2n


b


(
n− 1


k − 1


)(x
b


)k−1 (
1− x


b


)n−k
dx = · · · = k(k + 1)b2


(n+ 1)(n+ 2)


teljesül minden k ∈ { 1, . . . , n } esetén. Másrészt az előzőekhez hasonló gondolatme-
nettel ξ∗k és ξ∗l együttes sűrűségfüggvénye 1 6 k < l 6 n esetén, az (x, y) ∈ R2 (0 6


6 x < y 6 b) helyen


n!


b2(k − 1)!(l − k − 1)!(n− l)!


(x
b


)k−1 (y
b
− x


b


)l−k−1 (
1− y


b


)n−l
.


Ebből bizonyítható, hogy


Eb(ξ
∗
kξ
∗
l ) =


k(l + 1)b2


(n+ 1)(n+ 2)
, 1 6 k < l 6 n.


Így a szórásnégyzet:


D2
b


ξ∗1 + ξ∗n
2


= Eb


(
ξ∗1 + ξ∗n


2


)2


− E2
b


ξ∗1 + ξ∗n
2


=


=
1


4
Eb(ξ


∗
1 + ξ∗n)2 − b2


4
=


1


4
Eb ξ


∗
1


2 +
1


4
Eb ξ


∗
n


2 +
1


2
Eb(ξ


∗
1ξ
∗
n)− b2


4
=


=
1


4
· 2b2


(n+ 1)(n+ 2)
+


1


4
· nb


2


n+ 2
+


1


2
· b2


n+ 2
− b2


4
=


b2


2(n+ 1)(n+ 2)
.


Mivel D2
b ξ = 1


n
D2
b ξ = b2


12n
, ezért az állítás ekvivalens az


1


2(n+ 1)(n+ 2)
6


1


12n


egyenlőtlenséggel. Könnyen látható, hogy ez minden n ∈ N esetén teljesül, és csak
n = 1 illetve n = 2 esetén lehet egyenlőség. Az n = 1 illetve n = 2 esetén kapott
egyenlőség nem meglepő, hiszen ekkor ξ∗1+ξ∗n


2
= ξ. Ezzel bizonyított az állítás.


Tehát van olyan eset, amikor a várható értéknek nem a mintaátlag a hatásos
becslése. De vajon a mintaátlag sohasem lehet hatásos becslése a várható értéknek?
A valószínűség becslése során látni fogjuk, hogy például karakterisztikus eloszlás
esetén az.
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3.1.2. Valószínűség becslése


3.20. Feladat. Bizonyítsa be, hogy egy esemény relatív gyakorisága torzítatlan
becslése az esemény valószínűségének.


Bizonyítás. Legyen ξ a vizsgált esemény indikátorváltozója. Ekkor az esemény rela-
tív gyakorisága ξ-vel egyenlő, másrészt ξ várható értéke a vizsgált esemény valószí-
nűsége. Így az állítás annak a speciális esete, hogy a mintaátlag torzítatlan becslése
a várható értéknek.


3.21. Feladat. Bizonyítsa be, hogy egy esemény relatív gyakorisága erősen konzisz-
tens becsléssorozata az esemény valószínűségének.


Bizonyítás. Az állítás annak a speciális esete, hogy a mintaátlag erősen konzisztens
becsléssorozata a várható értéknek.


3.22. Feladat. Bizonyítsa be, hogy egy ismeretlen 0 < p < 1 valószínűségű esemény
relatív gyakorisága hatásos becslése p-nek. (Azaz 0 < p < 1 paraméterű karakte-
risztikus eloszlású valószínűségi változóra vonatkozó mintából számolt mintaátlag
hatásos becslése a várható értéknek.)


Bizonyítás. Legyen ξ a vizsgált esemény indikátorváltozója és ξ1, . . . , ξn egy ξ-re vo-
natkozó minta. Ekkor az esemény relatív gyakorisága ξ, továbbá az eddigiek alapján
ξ a p torzítatlan becslése. Legyen T (ξ1, . . . , ξn) tetszőleges torzítatlan becslése p-nek,


K := { i = (i1, . . . , in) : i1, . . . , in az 1, . . . , n permutációja }


és
S(ξ1, . . . , ξn) :=


1


n!


∑
i∈K


T (ξi1 , . . . , ξin).


Könnyen látható, hogy S(ξ1, . . . , ξn) szimmetrikus statisztika és torzítatlan becslése
p-nek. Ha a ξ1(ω), . . . , ξn(ω) mintarealizációban pontosan k darab 1 van, akkor füg-
getlenül attól, hogy pontosan melyek azok, a szimmetria miatt az S


(
ξ1(ω), . . . , ξn(ω)


)
értéke mindig ugyanaz. Ezt a közös értéket jelöljük Sk-val. Annak a valószínűsége,
hogy a mintarealizációban pontosan k darab 1 van(


n


k


)
pk(1− p)n−k > 0.


Mindezekből a torzítatlanság miatt


0 = Ep


(
S(ξ1, . . . , ξn)− ξ


)
=


n∑
k=0


(
Sk −


k


n


)(
n


k


)
pk(1− p)n−k,
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azaz
n∑
k=0


(
Sk −


k


n


)(
n


k


)(
p


1− p


)k
= 0


minden p ∈ (0, 1) esetén. Ez pedig csak úgy lehetséges, ha Sk = k
n
minden k =


= 0, . . . , n esetén. Ebből az következik, hogy


S(ξ1, . . . , ξn) = ξ.


Így azt kell belátni, hogy D2
p S(ξ1, . . . , ξn) 6 D2


p T (ξ1, . . . , ξn), amely azzal ekvivalens
a torzítatlanság miatt, hogy Ep S


2(ξ1, . . . , ξn) 6 Ep T
2(ξ1, . . . , ξn). Legyen


Gk :=
{
x = (x1, . . . , xn) : xi ∈ {0, 1}, i = 1, . . . , n, x1 + · · ·+ xn = k


}
.


Ekkor az előzőekhez hasonlóan látható, hogy


Ep S
2(ξ1, . . . , ξn) =


n∑
k=0


∑
x∈Gk


S2(x)pk(1− p)n−k =


=
n∑
k=0


∑
x∈Gk


(
1


n!


∑
i∈K


T (xi1 , . . . , xin)


)2


pk(1− p)n−k =


=
n∑
k=0


(
n


k


)(
1


n!


∑
x∈Gk,i∈K


T (xi1 , . . . , xin)


)2


pk(1− p)n−k =


=
n∑
k=0


(
n


k


)(
k!(n− k)!


n!


∑
x∈Gk


T (x)


)2


pk(1− p)n−k =


=
n∑
k=0


1(
n
k


)(∑
x∈Gk


T (x)


)2


pk(1− p)n−k.


Másrészt


Ep T
2(ξ1, . . . , ξn) =


n∑
k=0


∑
x∈Gk


T 2(x)pk(1− p)n−k,


így elég azt belátni, hogy


1(
n
k


)(∑
x∈Gk


T (x)


)2


6
∑
x∈Gk


T 2(x).


Ez viszont teljesül a számtani és a négyzetes közép relációja miatt, hiszen Gk-nak(
n
k


)
darab eleme van.
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3.1.3. Szórásnégyzet becslése


Ebben az alszakaszban feltesszük, hogy Dϑ ξ ∈ R minden ϑ ∈ Θ esetén.


3.23. Feladat. Bizonyítsa be, hogy a tapasztalati szórásnégyzet torzított becslése
a szórásnégyzetnek.


Bizonyítás. A Steiner-formula és Eϑ ξ
2 = D2


ϑ ξ + E2
ϑ ξ miatt


Eϑ S
2
n = Eϑ


(
1


n


n∑
i=1


ξ2
i − ξ


2


)
=


1


n


n∑
i=1


Eϑ ξ
2
i − Eϑ ξ


2
=


=
1


n


n∑
i=1


Eϑ ξ
2 −D2


ϑ ξ − E2
ϑ ξ = Eϑ ξ


2 −D2
ϑ ξ − E2


ϑ ξ =


= D2
ϑ ξ + E2


ϑ ξ −D2
ϑ ξ − E2


ϑ ξ = D2
ϑ ξ + E2


ϑ ξ −D2
ϑ ξ − E2


ϑ ξ =


= D2
ϑ ξ −D2


ϑ ξ = D2
ϑ ξ −


1


n2


n∑
i=1


D2
ϑ ξi = D2


ϑ ξ −
1


n2


n∑
i=1


D2
ϑ ξ =


= D2
ϑ ξ −


1


n
D2
ϑ ξ =


n− 1


n
D2
ϑ ξ 6= D2


ϑ ξ.


3.24. Feladat. Bizonyítsa be, hogy a tapasztalati szórásnégyzet aszimptotikusan
torzítatlan becsléssorozata a szórásnégyzetnek.


Bizonyítás. Láttuk, hogy Eϑ S
2
n = n−1


n
D2
ϑ ξ, így lim


n→∞
Eϑ S


2
n = D2


ϑ ξ.


3.25. Feladat. Bizonyítsa be, hogy a tapasztalati szórásnégyzet erősen konzisztens
becsléssorozata a szórásnégyzetnek.


Bizonyítás. A Kolmogorov-féle nagy számok törvénye miatt


Pϑ


(
lim
n→∞


1


n


n∑
i=1


ξ2
i = Eϑ ξ


2


)
= 1 és Pϑ


(
lim
n→∞


1


n


n∑
i=1


ξi = Eϑ ξ


)
= 1.


Így a Steiner-formulából kapjuk az állítást.


3.26. Feladat. Bizonyítsa be, hogy a korrigált tapasztalati szórásnégyzet torzítatlan
becslése a szórásnégyzetnek.


Bizonyítás. Láttuk, hogy Eϑ S
2
n = n−1


n
D2
ϑ ξ, így Eϑ S


∗
n


2 = Eϑ
n
n−1


S2
n = D2


ϑ ξ.


3.27. Feladat. Bizonyítsa be, hogy a korrigált tapasztalati szórásnégyzet erősen
konzisztens becsléssorozata a szórásnégyzetnek.


Bizonyítás. Az állítás a tapasztalati szórásnégyzet erős konzisztenciájából követke-
zik, hiszen S∗n


2 = n
n−1


S2
n.
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3.2. Információs határ


Legyen ξ egy ismeretlen 0 < p < 1 paraméterű karakterisztikus eloszlású valószínű-
ségi változó, továbbá a rávonatkozó minta ξ1, . . . , ξn. Korábban bizonyítottuk, hogy
ξ hatásos becslése p-nek. Mivel D2


p ξ = 1
n


D2
p ξ = p(1−p)


n
, ezért azt kapjuk, hogy a


p összes véges szórású torzítatlan becslésének szórása nagyobb vagy egyenlő, mint
p(1−p)
n


.
Általánosságban, ha g(ϑ) összes véges szórású T (ξ1, . . . , ξn) torzítatlan becslésé-


nek szórása nagyobb vagy egyenlő, mint egy T -től független érték, akkor ezt infor-
mációs határnak nevezzük.


Ennek a szakasznak a célja az információs határ meghatározása azzal a feltevés-
sel, hogy ξ abszolút folytonos vagy diszkrét, illetve Θ ⊂ R, azaz csak egy paraméter
ismeretlen (v = 1). Feltesszük még, hogy Θ nyílt halmaz. Amennyiben ξ abszolút
folytonos, akkor fϑ jelölje ξ-nek a Pϑ-ból származó sűrűségfüggvényét. A ξ-re vo-
natkozó minta legyen ξ1, . . . , ξn, továbbá a ξ értékkészlete legyen X, azaz a mintatér
Xn.


3.28. Definíció. A ξ1, . . . , ξn minta likelihood függvénye


ln : Xn ×Θ→ R, ln(x1, . . . , xn, ϑ) :=



n∏
i=1


fϑ(xi), ha ξ absz. folyt.,
n∏
i=1


Pϑ(ξi = xi), ha ξ diszkrét.


A ξ1, . . . , ξn minta loglikelihood függvénye Ln := ln ln.


3.29. Definíció. A ξ1, . . . , ξn minta Fisher-féle információmennyisége


In : Θ→ R, In(ϑ) := Eϑ


(
∂


∂ϑ
Ln(ξ1, . . . , ξn, ϑ)


)2


,


feltéve, hogy ez a függvény értelmezhető. Ellenkező esetben azt mondjuk, hogy a
Fisher-féle információmennyiség nem létezik.


3.30. Definíció. Legyen T : Rn → R egy tetszőleges függvény. Azt mondjuk, hogy
T ln-re teljesül a bederiválási feltétel, ha


∂


∂ϑ


∫
Rn


T (x1, . . . , xn)ln(x1, . . . , xn, ϑ) dx1 · · · dxn =


=


∫
Rn


T (x1, . . . , xn)
∂


∂ϑ
ln(x1, . . . , xn, ϑ) dx1 · · · dxn
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vagy


∂


∂ϑ


∑
xi∈X


T (x1, . . . , xn)ln(x1, . . . , xn, ϑ) =


=
∑
xi∈X


T (x1, . . . , xn)
∂


∂ϑ
ln(x1, . . . , xn, ϑ)


aszerint, hogy ξ abszolút folytonos vagy diszkrét.


3.31. Megjegyzés. Ha X véges, akkor T ln-re triviálisan teljesül a bederiválási feltétel.


3.32. Lemma. l1-re pontosan akkor teljesül a bederiválási feltétel, ha


∞∫
−∞


∂


∂ϑ
fϑ(x) dx = 0 vagy


∑
x∈X


∂


∂ϑ
Pϑ(ξ = x) = 0


aszerint, hogy ξ abszolút folytonos vagy diszkrét.


Bizonyítás. Csak abszolút folytonos esetben bizonyítunk, de diszkrét esetben analóg
módon járhatunk el, melyet az Olvasóra bízunk. A bizonyításhoz vegyük észre, hogy


l1(x, ϑ) = fϑ(x) és
∞∫
−∞


l1(x, ϑ) dx = 1. Most tegyük fel, hogy
∞∫
−∞


∂
∂ϑ
fϑ(x) dx = 0.


Ebből kapjuk, hogy


∂


∂ϑ


∞∫
−∞


l1(x, ϑ) dx = 0 =


∞∫
−∞


∂


∂ϑ
fϑ(x) dx =


∞∫
−∞


∂


∂ϑ
l1(x, ϑ) dx,


azaz ekkor l1-re teljesül a bederiválási feltétel. Megfordítva, ha feltesszük, hogy l1-re
teljesül a bederiválási feltétel, akkor


∞∫
−∞


∂


∂ϑ
l1(x, ϑ) dx =


∂


∂ϑ


∞∫
−∞


l1(x, ϑ) dx = 0.


Ezzel teljes a bizonyítás.


3.33. Tétel. Ha l1-re teljesül a bederiválási feltétel és I1 létezik, akkor In is létezik
és In = nI1.


Bizonyítás. Csak abszolút folytonos esetben bizonyítunk, de diszkrét esetben analóg
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módon járhatunk el, melyet az Olvasóra bízunk. Az l1(x, ϑ) = fϑ(x), így


Eϑ


(
∂


∂ϑ
L1


(
ξ1, ϑ


))
=


∞∫
−∞


(
∂


∂ϑ
ln l1(x, ϑ)


)
fϑ(x) dx =


∞∫
−∞


∂


∂ϑ
fϑ(x) dx = 0.


Ebből


I1(ϑ) = Eϑ


(
∂


∂ϑ
L1


(
ξ1, ϑ


))2


= D2
ϑ


(
∂


∂ϑ
L1


(
ξ1, ϑ


))
= D2


ϑ


(
∂


∂ϑ
ln fϑ(ξ1)


)
.


Másrészt


Eϑ


(
∂


∂ϑ
Ln(ξ1, . . . , ξn, ϑ)


)
= Eϑ


(
∂


∂ϑ


n∑
i=1


ln fϑ(ξi)


)
=


=
n∑
i=1


Eϑ


(
∂


∂ϑ
ln fϑ(ξi)


)
=


n∑
i=1


∞∫
−∞


(
∂


∂ϑ
ln fϑ(x)


)
fϑ(x) dx =


=
n∑
i=1


∞∫
−∞


∂


∂ϑ
fϑ(x) dx = 0.


Ebből


In(ϑ) = Eϑ


(
∂


∂ϑ
Ln(ξ1, . . . , ξn, ϑ)


)2


= D2
ϑ


(
∂


∂ϑ
Ln(ξ1, . . . , ξn, ϑ)


)
=


= D2
ϑ


(
∂


∂ϑ


n∑
i=1


ln fϑ(ξi)


)
=


n∑
i=1


D2
ϑ


(
∂


∂ϑ
ln fϑ(ξi)


)
=


=
n∑
i=1


D2
ϑ


(
∂


∂ϑ
ln fϑ(ξ1)


)
=


n∑
i=1


I1(ϑ) = nI1(ϑ).


3.34. Feladat. Karakterisztikus eloszlás esetén határozza meg a Fisher-féle infor-
mációmennyiséget.


Megoldás. Legyen tehát ξ egy 0 < p < 1 paraméterű karakterisztikus eloszlású
valószínűségi változó, és a rávonatkozó minta ξ1, . . . , ξn. Ekkor X = { 0, 1 }, l1(0, p) =


= Pp(ξ1 = 0) = 1− p és l1(1, p) = Pp(ξ1 = 1) = p. Így


I1(p) = Ep


(
∂


∂p
L1(ξ1, p)


)2


= Ep


(
∂


∂p
ln l1(ξ1, p)


)2


=
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=


(
∂


∂p
ln Pp(ξ1 = 0)


)2


· Pp(ξ1 = 0) +


(
∂


∂p
ln Pp(ξ1 = 1)


)2


· Pp(ξ1 = 1) =


=


(
∂


∂p
ln(1− p)


)2


· (1− p) +


(
∂


∂p
ln p


)2


· p =
1


p(1− p)
.


Másrészt X végessége miatt l1-re teljesül a bederiválási feltétel, melyből


In(p) = nI1(p) =
n


p(1− p)
.


3.35. Feladat. Legyen ξ ∈ Norm(m;σ), ahol σ > 0 rögzített. Határozza meg a
Fisher-féle információmennyiséget.


Megoldás.
∞∫
−∞


∂
∂m
fm(x) dx =


∞∫
−∞


∂
∂m


1
σ
ϕ
(
x−m
σ


)
dx =


∞∫
−∞


x−m
σ2 fm(x) dx = Em


(
ξ−m
σ2


)
=


= 0, azaz l1-re teljesül a bederiválási feltétel. Korábban láttuk, hogy ekkor


I1(m) = D2
m


(
∂


∂m
ln fm(ξ)


)
= D2


m


(
1


fm(ξ)
· ∂
∂m


fm(ξ)


)
=


= D2
m


(
1


fm(ξ)
· ξ −m


σ2
fm(ξ)


)
= D2


m


(
ξ −m
σ2


)
=


1


σ2
.


Ebből kapjuk, hogy In(m) = nI1(m) = n
σ2 .


3.36. Feladat. Legyen ξ ismeretlen λ paraméterű Poisson-eloszlású. Határozza meg
a Fisher-féle információmennyiséget.


Megoldás.


I1(λ) = Eλ


(
∂


∂λ
ln l1(ξ1, λ)


)2


=
∞∑
k=0


(
∂


∂λ
ln Pλ(ξ1 = k)


)2


Pλ(ξ1 = k) =


=
∞∑
k=0


(
∂


∂λ
ln
λk


k!
e−λ
)2


λk


k!
e−λ =


∞∑
k=0


(
k


λ
− 1


)2
λk


k!
e−λ =


=
∞∑
k=0


(
k(k − 1)


λ2
+ 1 +


(
1


λ2
− 2


λ


)
k


)
λk


k!
e−λ =


=


(
∞∑
k=2


λk−2


(k − 2)!
+
∞∑
k=0


λk


k!
+


(
1


λ
− 2


) ∞∑
k=1


λk−1


(k − 1)!


)
e−λ =


=


(
eλ + eλ +


(
1


λ
− 2


)
eλ
)
e−λ =


1


λ
.
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Másrészt


∞∑
k=0


∂


∂λ


λk


k!
e−λ =


∞∑
k=0


1


k!


(
kλk−1e−λ − λke−λ


)
=


=


(
∞∑
k=1


λk−1


(k − 1)!
−
∞∑
k=0


λk


k!


)
e−λ =


(
eλ − eλ


)
e−λ = 0,


azaz l1-re teljesül a bederiválási feltétel. Ebből kapjuk, hogy In(λ) = n
λ
.


3.37. Feladat. Legyen ξ ∈ Exp(λ). Határozza meg a Fisher-féle információmennyi-
séget.


Megoldás.


I1(λ) = Eλ


(
∂


∂λ
ln l1(ξ1, λ)


)2


=


∞∫
−∞


(
∂


∂λ
ln l1(x, λ)


)2


l1(x, λ) dx =


=


∞∫
0


(
∂


∂λ
lnλe−λx


)2


λe−λx dx =


∞∫
0


(
1


λ
− x
)2


λe−λx dx =


= Eλ


(
1


λ
− ξ
)2


= D2
λ ξ =


1


λ2
.


Másrészt


∞∫
−∞


∂


∂λ
fλ(x) dx =


∞∫
0


∂


∂λ
λe−λx dx =


∞∫
0


(
1


λ
− x
)
λe−λx dx = Eλ


(
1


λ
− ξ
)


= 0,


azaz l1-re teljesül a bederiválási feltétel. Ebből kapjuk, hogy In(λ) = n
λ2
.


3.38. Feladat. Legyen ξ egyenletes eloszlású a [0, b] intervallumon (b ∈ R+). Mu-
tassa meg, hogy ekkor nem teljesül l1-re a bederiválási feltétel, továbbá az I1(b) és
In(b) meghatározásával bizonyítsa be, hogy In 6= nI1, ha n > 1.


Megoldás.
∞∫
−∞


∂
∂b
fb(x) dx =


b∫
0


∂
∂b


1
b


dx =
b∫


0


−1
b2


dx = −1
b
6= 0, így l1-re valóban nem


teljesül a bederiválási feltétel.


I1(b) = Eb


(
∂


∂b
ln fb(ξ1)


)2


=


∞∫
−∞


(
∂


∂b
ln fb(x)


)2


fb(x) dx =


=


b∫
0


(
∂


∂b
ln


1


b


)2
1


b
dx =


b∫
0


(
−1


b


)2
1


b
dx =


b∫
0


1


b3
dx =


1


b2
.
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In(b) = Eb


(
∂


∂b


n∑
i=1


ln fb(ξi)


)2


= Eb


(
n∑
i=1


∂


∂b
ln fb(ξi)


)2


=


= Eb


(
n∑
i=1


∂


∂b
ln


1


b


)2


= Eb


(
n∑
i=1


−1


b


)2


= Eb


(
−n
b


)2


=
n2


b2
.


Tehát ekkor In(b) = n2I1(b), azaz n > 1 esetén In(b) 6= nI1(b).


3.39. Tétel (Rao–Cramér-egyenlőtlenség). Legyen T (ξ1, . . . , ξn) véges szórású tor-
zítatlan becslése g(ϑ)-nak, ahol g : Θ→ R differenciálható függvény. Tegyük fel, hogy
l1-re és T ln-re teljesül a bederiválási feltétel, továbbá, hogy I1 létezik és pozitív. Ekkor


D2
ϑ T (ξ1, . . . , ξn) >


(
g′(ϑ)


)2


nI1(ϑ)


minden ϑ ∈ Θ esetén. A (g′(ϑ))2


nI1(ϑ)
kifejezés az úgynevezett információs határ.


Bizonyítás. Csak abszolút folytonos esetben bizonyítunk, de diszkrét esetben analóg
módon járhatunk el, melyet az Olvasóra bízunk. Korábban már láttuk, hogy az adott
feltételekkel In létezik és In = nI1 > 0. Legyen


% :=
g′(ϑ)


In(ϑ)


∂


∂ϑ
ln ln(ξ1, . . . , ξn, ϑ).


Ekkor


Eϑ(%2) =


(
g′(ϑ)


In(ϑ)


)2


Eϑ


(
∂


∂ϑ
ln ln(ξ1, . . . , ξn, ϑ)


)2


=


(
g′(ϑ)


)2


In(ϑ)
,


másrészt


Eϑ(%) =
g′(ϑ)


In(ϑ)
Eϑ


(
∂


∂ϑ
ln ln(ξ1, . . . , ξn, ϑ)


)
=


=
g′(ϑ)


In(ϑ)
Eϑ


(
∂


∂ϑ


n∑
i=1


ln fϑ(ξi)


)
=


=
g′(ϑ)


In(ϑ)


n∑
i=1


Eϑ


(
∂


∂ϑ
ln fϑ(ξi)


)
=


=
g′(ϑ)


In(ϑ)


n∑
i=1


∞∫
−∞


(
∂


∂ϑ
ln fϑ(x)


)
fϑ(x) dx =


=
g′(ϑ)


In(ϑ)


n∑
i=1


∞∫
−∞


∂


∂ϑ
fϑ(x) dx = 0.
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Ezekből D2
ϑ(%) = Eϑ(%2) = (g′(ϑ))2


In(ϑ)
, másrészt τ := T (ξ1, . . . , ξn) jelöléssel


covϑ(τ, %) = Eϑ(τ%) =
g′(ϑ)


In(ϑ)
Eϑ


(
τ
∂


∂ϑ
ln ln(ξ1, . . . , ξn, ϑ)


)
=


=
g′(ϑ)


In(ϑ)


∫
Rn


T (x1, . . . , xn)
∂


∂ϑ
ln(x1, . . . , xn, ϑ) dx1 · · · dxn =


=
g′(ϑ)


In(ϑ)


∂


∂ϑ


∫
Rn


T (x1, . . . , xn)ln(x1, . . . , xn, ϑ) dx1 · · · dxn =


=
g′(ϑ)


In(ϑ)


∂


∂ϑ
Eϑ(τ) =


g′(ϑ)


In(ϑ)


∂


∂ϑ
g(ϑ) =


(
g′(ϑ)


)2


In(ϑ)
.


Így 0 6 D2
ϑ(τ − %) = D2


ϑ(τ) + D2
ϑ(%) − 2 covϑ(τ, %) = D2


ϑ(τ) − (g′(ϑ))2


In(ϑ)
, melyből


következik az állítás.


3.40. Lemma (Bederiválhatósági lemma). Ha T (ξ1, . . . , ξn) véges szórású statisz-
tika, I1 létezik, pozitív és folytonos, továbbá


√
l1(x, ϑ) a ϑ változóban folytonosan


differenciálható minden x ∈ X esetén, akkor l1-re és T ln-re teljesül a bederiválási
feltétel.


A bizonyítást nem közöljük, mert terjedelmes és bonyolult. (Lásd pl. A. A. Bo-
rovkov [1, 16. § 1. Lemma, 164. oldal, VI. Tétel bizonyítása, 470. oldal].) A bederi-
válhatósági lemma I1-re és l1-re vonatkozó feltételeit gyenge regularitási feltételeknek
is nevezzük.


3.41. Feladat. A Rao–Cramér-egyenlőtlenséggel bizonyítsa be, hogy egy 0 < p < 1


valószínűségű esemény relatív gyakorisága hatásos becslése p-nek.


Megoldás. Legyen ξ egy 0 < p < 1 paraméterű karakterisztikus eloszlású valószí-
nűségi változó, és a rávonatkozó minta ξ1, . . . , ξn. Korábban láttuk, hogy ξ véges
szórású torzítatlan becslése p-nek és In(p) = n


p(1−p) . Másrészt g′(p) = (p)′ = 1 mi-
att az információs határ p(1−p)


n
= D2


p(ξ). Most legyen T (ξ1, . . . , ξn) tetszőleges véges
szórású torzítatlan becslése p-nek. Mivel X véges, ezért l1-re és T ln-re teljesül a be-
deriválási feltétel. Így a Rao–Cramér-egyenlőtlenség miatt D2


p T (ξ1, . . . , ξn) > D2
p(ξ).


Ebből következik az állítás.


3.42. Feladat. Legyen ξ ∈ Norm(m;σ), ahol σ > 0 rögzített. Bizonyítsa be, hogy
a mintaátlag hatásos becslése m-nek.


Megoldás. Korábban láttuk, hogy ξ véges szórású torzítatlan becslése m-nek és
In(m) = n


σ2 . Másrészt g′(m) = (m)′ = 1 miatt az információs határ σ2


n
= D2


m(ξ).
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Most legyen T (ξ1, . . . , ξn) tetszőleges véges szórású torzítatlan becslése m-nek. Mi-
vel a bederiválhatósági lemma minden feltétele teljesül, ezért l1-re és T ln-re teljesül
a bederiválási feltétel. Így a Rao–Cramér-egyenlőtlenség miatt D2


m T (ξ1, . . . , ξn) >


> D2
m(ξ). Ebből következik az állítás.


3.43. Feladat. Legyen ξ ismeretlen λ paraméterű Poisson-eloszlású. Bizonyítsa be,
hogy a mintaátlag hatásos becslése λ-nak.


Megoldás. Tudjuk, hogy ξ véges szórású torzítatlan becslése λ-nak és In(λ) = n
λ
.


Másrészt g′(λ) = (λ)′ = 1 miatt az információs határ λ
n


= D2
λ(ξ). Most legyen


T (ξ1, . . . , ξn) tetszőleges véges szórású torzítatlan becslése λ-nak. Mivel a bederivál-
hatósági lemma minden feltétele teljesül, ezért l1-re és T ln-re teljesül a bederiválási
feltétel. Így a Rao–Cramér-egyenlőtlenség miatt D2


λ T (ξ1, . . . , ξn) > D2
λ(ξ). Ebből


következik az állítás.


3.44. Feladat. Legyen ξ ∈ Exp(λ). Bizonyítsa be, hogy a mintaátlag hatásos becs-
lése 1


λ
-nak.


Megoldás. Korábban láttuk, hogy ξ véges szórású torzítatlan becslése 1
λ
-nak és


In(λ) = n
λ2
. Másrészt g′(λ) = ( 1


λ
)′ = −1


λ2
miatt az információs határ 1


nλ2
= D2


λ(ξ).
Most legyen T (ξ1, . . . , ξn) tetszőleges véges szórású torzítatlan becslése 1


λ
-nak. Mivel


a bederiválhatósági lemma minden feltétele teljesül, ezért l1-re és T ln-re teljesül a be-
deriválási feltétel. Így a Rao–Cramér-egyenlőtlenség miatt D2


λ T (ξ1, . . . , ξn) > D2
λ(ξ).


Ebből következik az állítás.


3.3. Pontbecslési módszerek


A fejezet hátralévő részében két általános módszert ismertetünk pontbecslések konst-
ruálására.


3.3.1. Momentumok módszere


Ez volt az első általános eljárás pontbecslések készítésére. A módszer K. Pearson
nevéhez fűződik. Az elve az, hogy r darab ismeretlen paraméter esetén a k-adik
momentumot a k-adik tapasztalati momentummal becsüljük (k = 1, . . . , r). A kö-
vetkező tétel szerint, bizonyos feltételek esetén az így kapott becslései az ismeretlen
paramétereknek erősen konzisztensek.


3.45. Tétel. Legyen a vizsgált valószínűségi változó ξ és a paramétertér Θ ⊂ Rr


nyílt halmaz. Tegyük fel, hogy Eϑ ξ
r létezik és véges minden ϑ = (ϑ1, . . . , ϑr) ∈ Θ
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esetén, ∂
∂ϑj


Eϑ ξ
i létezik és folytonos Θ-n minden i, j ∈ { 1, . . . , r } esetén, továbbá az


úgynevezett Jacobi-determináns


det


(
∂


∂ϑj
Eϑ ξ


i


)
6= 0


minden ϑ = (ϑ1, . . . , ϑr) ∈ Θ esetén. Ha az


1


n


n∑
i=1


ξki = Eϑ ξ
k, k = 1, . . . , r


egyenletrendszernek 1-hez tartó valószínűséggel létezik ϑ̂n = (ϑ̂1n, . . . , ϑ̂rn) egyértel-
mű megoldása, amint n → ∞, akkor ϑ̂kn erősen konzisztens becsléssorozata ϑk-nak
(k = 1, . . . , r).


Bizonyítás. Legyen


G : Θ→ Rr, G(ϑ) := (Eϑ ξ
1, . . . ,Eϑ ξ


r).


Az adott feltételekkel G folytonos, így Θ nyíltsága miatt G(Θ) is nyílt. Ebből létezik
rögzített ϑ ∈ Θ esetén G(ϑ)-nak olyan ε > 0 sugarú környezete, mely részhalmaza
G(Θ)-nak. A nagy számok erős törvénye miatt 1


n


∑n
i=1 ξ


k
i erősen konzisztens becslés-


sorozata Eϑ ξ
k-nak (k = 1, . . . , r), melyből a konzisztencia is következik. Így bármely


δ > 0 esetén van olyan N ∈ N, hogy n > N esetén


Pϑ


(∣∣∣∣ 1n
n∑
i=1


ξki − Eϑ ξ
k


∣∣∣∣ > ε√
r


)
<
δ


r
, k = 1, . . . , r.


Innen kapjuk, hogy


Pϑ


(
r∑


k=1


(
1


n


n∑
i=1


ξki − Eϑ ξ
k


)2


> ε2


)
6


6 Pϑ


(
r⋃


k=1


{(
1


n


n∑
i=1


ξki − Eϑ ξ
k


)2


>
ε2


r


})
6


6
r∑


k=1


Pϑ


((
1


n


n∑
i=1


ξki − Eϑ ξ
k


)2


>
ε2


r


)
< δ,


azaz
(


1
n


∑n
i=1 ξ


1
i , . . . ,


1
n


∑n
i=1 ξ


r
i


)
∈ G(Θ) legalább 1− δ valószínűséggel, amennyiben
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n > N . Ebből következik, hogy


lim
n→∞


Pϑ


(
( 1
n


∑n
i=1 ξ


1
i , . . . ,


1
n


∑n
i=1 ξ


r
i ) ∈ G(Θ)


)
= 1.


Tehát 1-hez tartó valószínűséggel ϑ̂n = G−1( 1
n


∑n
i=1 ξ


1
i , . . . ,


1
n


∑n
i=1 ξ


r
i ), ahol G−1 a


G inverzét jelenti. Az inverzfüggvény-tétel miatt (lásd W. Rudin [14, 230. oldal]) az
adott feltételekkel G−1 létezik és folytonos. 1


n


∑n
i=1 ξ


k
i erősen konzisztens becslésso-


rozata Eϑ ξ
k-nak (k = 1, . . . , r), melyből a G−1 folytonossága miatt 1 valószínűséggel


teljesül, hogy


lim
n→∞


G−1( 1
n


∑n
i=1 ξ


1
i , . . . ,


1
n


∑n
i=1 ξ


r
i ) = G−1(G(ϑ)) = ϑ.


Mindezekből
Pϑ


(
lim
n→∞


ϑ̂n = ϑ
)


= 1.


(Az utóbbi két határérték koordinátánként értendő.) Ezzel az állítás bizonyított.


3.46. Feladat. Bizonyítsa be, hogy ha ξ ∈ Exp(λ), akkor λ̂n = n∑n
i=1 ξi


erősen
konzisztens becsléssorozata λ-nak.


Megoldás. Az előző tétel feltételei teljesülnek, így az


1


n


n∑
i=1


ξi = Eλ ξ =
1


λ


megoldása erősen konzisztens becsléssorozata λ-nak.


3.47. Feladat. ξ ∈ Norm(m;σ) esetén számolja ki az m és σ becslését a momen-
tumok módszerével.


Megoldás. A következő egyenletrendszert kapjuk:


1


n


n∑
i=1


ξi = m


1


n


n∑
i=1


ξ2
i = m2 + σ2


Ennek a megoldása m̂n = ξ és σ̂n = Sn. Ezekről már korábban is láttuk, hogy erősen
konzisztens becsléssorozatok, de az előző tétel is ezt mutatja, hiszen a feltételek
teljesülnek.
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3.48. Feladat. Legyen ξ egyenletes eloszlású az ismeretlen [a, b] intervallumon. Szá-
molja ki az a és b becslését a momentumok módszerével. Bizonyítsa be, hogy ezek
erősen konzisztens becsléssorozatok.


Megoldás. A következő egyenletrendszert kapjuk:


1


n


n∑
i=1


ξi =
a+ b


2


1


n


n∑
i=1


ξ2
i =


(a− b)2


12
+


(
a+ b


2


)2


Ennek a megoldása ân = ξ −
√


3Sn és b̂n = ξ +
√


3Sn. Egyszerű számolással kap-
juk, hogy a Jacobi-determináns b−a


6
, így az előző tétel miatt teljesül, hogy ezek a


becsléssorozatok erősen konzisztensek.


3.3.2. Maximum likelihood becslés


A maximum likelihood (magyarul: legnagyobb valószínűség) becslés elve az, hogy
adott mintarealizációhoz az ismeretlen paramétereknek olyan becslését adjuk meg,
amely mellett az adott mintarealizáció a legnagyobb valószínűséggel következik be.


Ennek az elvnek a vizsgálatában feltesszük, hogy a vizsgált ξ valószínűségi vál-
tozó abszolút folytonos vagy diszkrét, Θ ⊂ Rr, a ξ-re vonatkozó minta ξ1, . . . , ξn,
továbbá a ξ értékkészlete X, azaz a mintatér Xn. Ha ξ abszolút folytonos, akkor
fϑ jelölje ξ-nek a Pϑ-ból származó sűrűségfüggvényét, ahol ϑ = (ϑ1, . . . , ϑr) ∈ Θ.
Először a már korábban definiált likelihood függvényt terjesztjük ki Θ ⊂ Rr esetre.


3.49. Definíció. A ξ1, . . . , ξn minta likelihood függvénye


ln : Xn ×Θ→ R,


ln(x1, . . . , xn, ϑ1, . . . , ϑr) :=



n∏
i=1


fϑ(xi), ha ξ absz. folyt.,
n∏
i=1


Pϑ(ξi = xi), ha ξ diszkrét.


3.50. Definíció. A ϑ̂k = Tk(ξ1, . . . , ξn) statisztika a ϑk maximum likelihood becslése
(k = 1, . . . , r), ha


ln


(
ξ1(ω), . . . , ξn(ω), ϑ̂1(ω), . . . , ϑ̂r(ω)


)
> ln


(
ξ1(ω), . . . , ξn(ω), ϑ1, . . . , ϑr


)
minden (ϑ1, . . . , ϑr) ∈ Θ és ω ∈ Ω esetén.
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Tehát a becslés kiszámítása nem más, mint szélsőértékhely keresés. Praktikus
okból nem a likelihood függvénynek fogjuk a maximumhelyét keresni, hanem a ter-
mészetes alapú logaritmusának. Ezzel a szélsőértékhely nem változik, hiszen ln szi-
gorúan monoton növekvő függvény. Az ok az, hogy ekkor nem szorzatot, hanem
összeget kell vizsgálni.


3.51. Definíció. A ξ1, . . . , ξn minta loglikelihood függvénye Ln := ln ln.


3.52. Feladat. Legyen ξ egyenletes eloszlású az [a, b] intervallumon. Számolja ki a
és b maximum likelihood becslését.


Megoldás. A loglikelihood függvény


Ln(ξ1, . . . , ξn, a, b) =


−n ln(b− a), ha ξ∗1 > a és ξ∗n 6 b,


0, különben.


Ennek maximumhelye â = ξ∗1 és b̂ = ξ∗n, így a maximum likelihood becslése a-nak
â = ξ∗1 és b-nek b̂ = ξ∗n.


3.53. Feladat. Legyen ξ Poisson-eloszlású λ paraméterrel. Számolja ki λ maxi-
mum likelihood becslését azzal a feltevéssel, hogy a mintarealizációnak van nullától
különböző eleme.


Megoldás. Ln(ξ1, . . . , ξn, λ) =
n∑
i=1


ln λξi
ξi!
e−λ =


n∑
i=1


(ξi lnλ − ln ξi! − λ), ami λ változó


szerint differenciálható függvény az R+ halmazon. Mivel


∂


∂λ
Ln(ξ1, . . . , ξn, λ) =


nξ


λ
− n = 0


megoldása ξ, és ∂2


∂λ2
Ln(ξ1, . . . , ξn, ξ) = −n/ξ < 0, ezért ξ lokális maximumhely.


Mivel R+ összefüggő halmaz, és csak egy lokális szélsőértékhely van, ezért ξ globális
maximumhely. Tehát a maximum likelihood becslése λ-nak λ̂ = ξ.


3.54. Feladat. Legyen ξ ∈ Exp(λ). Számolja ki λ maximum likelihood becslését.


Megoldás. Ln(ξ1, . . . , ξn, λ) =
n∑
i=1


ln
(
λe−λξi


)
=


n∑
i=1


(lnλ− λξi) = n lnλ− λnξ, ami λ


változó szerint differenciálható függvény az R+ halmazon. Mivel


∂


∂λ
Ln(ξ1, . . . , ξn, λ) =


n


λ
− nξ = 0
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megoldása 1/ξ, és ∂2


∂λ2
Ln(ξ1, . . . , ξn,1/ξ) = −nξ2


< 0, ezért 1/ξ lokális maximumhely.
Mivel R+ összefüggő halmaz, és csak egy lokális szélsőértékhely van, ezért 1/ξ globális
maximumhely. Tehát a maximum likelihood becslése λ-nak λ̂ = 1/ξ.


3.55. Feladat. Legyen ξ ∈ Norm(m;σ). Számolja ki m és σ maximum likelihood
becslését.


Megoldás. A loglikelihood függvény


Ln(ξ1, . . . , ξn,m, σ) =
n∑
i=1


ln


(
1


σ
√


2π
exp


(
−(ξi −m)2


2σ2


))
=


=
n∑
i=1


(
− lnσ − ln


√
2π − (ξi −m)2


2σ2


)
,


amim és σ változók szerint parciálisan differenciálható függvény az R×R+ halmazon.
Tekintsük a következő egyenletrendszert:


∂


∂m
Ln(ξ1, . . . , ξn,m, σ) =


n


σ2
(ξ −m) = 0


∂


∂σ
Ln(ξ1, . . . , ξn,m, σ) = −n


σ
+


1


σ3


n∑
i=1


(ξi −m)2 = 0


Ennek egyetlen megoldása: m̂ = ξ és σ̂ = Sn. Másrészt


A :=
∂2


∂m2
Ln(ξ1, . . . , ξn, m̂, σ̂) = − n


S2
n


< 0


B :=
∂2


∂σ2
Ln(ξ1, . . . , ξn, m̂, σ̂) = −2n


S2
n


C :=
∂2


∂m∂σ
Ln(ξ1, . . . , ξn, m̂, σ̂) = 0


továbbá AB − C2 = 2n2


S4
n
> 0, így (ξ, Sn) lokális maximumhely. Mivel R× R+ össze-


függő halmaz, és csak egy lokális szélsőértékhely van, ezért (ξ, Sn) globális maxi-
mumhely. Tehát a maximum likelihood becslése m-nek m̂ = ξ, illetve σ-nak σ̂ = Sn.


Az utóbbi három példában láttuk, hogy a maximum likelihood becslés megha-
tározásánál kulcsszerepe lehet a


∂


∂ϑk
Ln(ξ1, . . . , ξn, ϑ1, . . . , ϑr) = 0 (k = 1, . . . , r)


egyenletrendszernek. Ezt az egyenletrendszert likelihood egyenletrendszernek nevez-
zük. Természetesen r = 1 esetén egyenletrendszer helyett egyenletet kapunk. Sokszor
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a likelihood egyenletrendszer megoldása és a maximum likelihood becslés egybeesik,
de ez nem mindig van így. Ilyen példa konstruálása igen bonyolult, most eltekintünk
tőle.


A likelihood egyenlet megoldásának a jó tulajdonságát, bizonyos feltételek esetén,
a következő tétel fogalmazza meg.


3.56. Tétel (Wald-tétel). Ha Θ ⊂ R, az L1 differenciálható a valódi ϑ∗ paraméter
egy U ⊂ Θ környezetében, továbbá Eϑ∗ L1(ξ, ϑ) létezik és véges minden ϑ ∈ U esetén,
akkor a likelihood egyenletnek van olyan ϑ̂ megoldása, amelyre teljesül, hogy


Pϑ∗


(
lim
n→∞


ϑ̂ = ϑ∗
)


= 1,


ahol n a minta elemszámát jelenti.


Bizonyítás. Csak abszolút folytonos esetben bizonyítunk, de diszkrét esetben analóg
módon járhatunk el, melyet az Olvasóra bízunk. Mivel − ln konvex függvény, ezért
a Jensen-egyenlőtlenség alapján minden ϑ ∈ U esetén


Eϑ∗ L1(ξ, ϑ)− Eϑ∗ L1(ξ, ϑ∗) = Eϑ∗ ln
l1(ξ, ϑ)


l1(ξ, ϑ∗)
6


6 ln Eϑ∗
l1(ξ, ϑ)


l1(ξ, ϑ∗)
= ln


∞∫
−∞


fϑ(x) dx = ln 1 = 0,


azaz az identifikálhatóság miatt minden ϑ ∈ U, ϑ 6= ϑ∗ esetén


Eϑ∗ L1(ξ, ϑ) < Eϑ∗ L1(ξ, ϑ∗).


A Kolmogorov-féle nagy számok erős törvénye és


Ln(ξ1, . . . , ξn, ϑ) =
n∑
i=1


ln fϑ(ξi)


miatt
Pϑ∗


(
lim
n→∞


1


n
Ln(ξ1, . . . , ξn, ϑ) = Eϑ∗ L1(ξ, ϑ)


)
= 1


minden ϑ ∈ U esetén. Mindezekből kapjuk, hogy


Pϑ∗


(
lim
n→∞


1


n
Ln(ξ1, . . . , ξn, ϑ) < lim


n→∞


1


n
Ln(ξ1, . . . , ξn, ϑ


∗)


)
= 1
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minden ϑ ∈ U, ϑ 6= ϑ∗ esetén. Ebből elég nagy n-ekre kapjuk, hogy


Pϑ∗
(
Ln(ξ1, . . . , ξn, ϑ) < Ln(ξ1, . . . , ξn, ϑ


∗)
)


= 1


minden ϑ ∈ U, ϑ 6= ϑ∗ esetén. Most legyen δ > 0 olyan, hogy ϑ∗ ± δ ∈ U . Ekkor
elég nagy n-ekre


Pϑ∗
(
Ln(ξ1, . . . , ξn, ϑ


∗ ± δ) < Ln(ξ1, . . . , ξn, ϑ
∗)
)


= 1,


melyből következik az állítás, hiszen δ tetszőlegesen kicsi lehet.


A likelihood egyenlet egy megoldásának további jó tulajdonságait állítja Cramér
tétele, melyet bonyolultsága miatt nem taglalunk (lásd pl. Fazekas I. [2, 90. oldal]).
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4. Intervallumbecslések


4.1. Az intervallumbecslés feladata


Legyen ξ a vizsgált valószínűségi változó az (Ω,F ,P), P = {Pϑ : ϑ ∈ Θ } statisztikai
mezőn, ahol Θ ⊂ Rv nyílt halmaz. A feladat (ϑ1, . . . , ϑv) ∈ Θ, k ∈ { 1, . . . , v }
jelöléssel ϑk valódi értékének becslése.


Amint korábban láttuk a pontbecslés ϑk valódi értékét egy számmal becsüli.
Mindezt egy statisztika realizációjával tettük meg. Intervallumbecslésnél egy olyan
intervallumot adunk meg, amelybe a ϑk valódi értéke nagy valószínűséggel beleesik.
Ezen intervallum alsó és felső végpontját egy-egy statisztika realizációjával adjuk
meg. Magát a becslő intervallumot konfidenciaintervallumnak fogjuk nevezni.


4.1. Definíció. Legyen a ξ-re vonatkozó minta ξ1, . . . , ξn, továbbá


τ1 := T1(ξ1, . . . , ξn) és τ2 := T2(ξ1, . . . , ξn)


statisztikák. Azt mondjuk, hogy [τ1, τ2] 1−α biztonsági szintű konfidenciaintervallum
a ϑk paraméterre, ha


Pϑ(τ1 6 ϑk 6 τ2) > 1− α


minden ϑ = (ϑ1, . . . , ϑv) ∈ Θ esetén, ahol 0 < α < 1. A [τ1, τ2] intervallumot centrált
konfidenciaintervallumnak nevezzük ϑk-ra, ha


Pϑ(ϑk < τ1) = Pϑ(ϑk > τ2)


minden ϑ = (ϑ1, . . . , ϑv) ∈ Θ esetén. Az


inf
ϑ∈Θ


Pϑ(τ1 6 ϑk 6 τ2)


értéket a ϑk-ra vonatkozó [τ1, τ2] konfidenciaintervallum pontos biztonsági szintjének
nevezzük.


Ha ξ diszkrét, akkor adott α-hoz nem feltétlenül található olyan konfidenciain-
tervallum, melynek 1− α a pontos biztonsági szintje. Ezért definiáltuk a biztonsági
szintet az előző módon.
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4.2. Konfidenciaintervallum a normális eloszlás paramétereire


4.2. Feladat. Legyen ξ ∈ Norm(m;σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta.
Tegyük fel, hogy m ismeretlen, de σ ismert. Adjon m-re olyan centrált konfidencia-
intervallumot, melynek 1− α a pontos biztonsági szintje.


A megoldáshoz szükségünk lesz a következő tételre.


4.3. Tétel. Ha ξ ∈ Norm(m;σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta, akkor


ξ −m
σ


√
n ∈ Norm(0; 1).


Bizonyítás. Tudjuk, hogy ξ normális eloszlású, E ξ = E ξ = m és D2 ξ = 1
n2nD2 ξ =


= 1
n
σ2, azaz ξ ∈ Norm


(
m; σ√


n


)
. Így, ha F jelöli a ξ−m


σ


√
n eloszlásfüggvényét, akkor


x ∈ R esetén


F (x) = P


(
ξ <


σ√
n
x+m


)
= Φ


(
σ√
n
x+m−m


σ√
n


)
= Φ(x).


Ezzel bizonyított az állítás.


Most térjünk vissza a feladatra.


Megoldás. Legyen c ∈ R+. Ekkor az előző tétel szerint


Pm


(
−c 6 ξ −m


σ


√
n 6 c


)
= Φ(c)− Φ(−c) = 2Φ(c)− 1.


Mivel 2Φ(c)− 1 = 1−α pontosan akkor teljesül, ha c = Φ−1(1− α
2
), ezért ilyen c-re


átrendezéssel azt kapjuk, hogy


Pm


(
ξ − σ√


n
c 6 m 6 ξ +


σ√
n
c


)
= 1− α.


Könnyű látni, hogy ez centrált konfidenciaintervallum, hiszen


Pm


(
m > ξ +


σ√
n
c


)
= Pm


(
ξ −m
σ


√
n < −c


)
=


= Φ(−c) = 1− Φ(c) = 1−
(


1− α


2


)
=
α


2
.


Összefoglalva tehát a megoldás:


τ1 := ξ − σ√
n


Φ−1
(


1− α


2


)
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τ2 := ξ +
σ√
n


Φ−1
(


1− α


2


)
jelölésekkel [τ1, τ2] olyan centrált konfidenciaintervallumm-re, melynek 1−α a pontos
biztonsági szintje.


4.4. Feladat. Legyen ξ ∈ Norm(m;σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta.
Tegyük fel, hogy m ismert és σ ismeretlen. Adjon σ-ra olyan centrált konfidenciain-
tervallumot, melynek 1− α a pontos biztonsági szintje.


A megoldáshoz szükségünk lesz a következő tételre.


4.5. Tétel. Ha ξ ∈ Norm(m;σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta, akkor


n∑
i=1


(ξi −m)2


σ2
∈ Khi(n).


Bizonyítás. Mivel ξi−m
σ


(i = 1, . . . , n) független standard normális eloszlású való-
színűségi változók, ezért a négyzetösszegük n szabadsági fokú khi-négyzet eloszlású
valószínűségi változó.


A feladat megoldása előtt bevezetünk egy jelölést, melyet a továbbiakban gyak-
ran fogunk alkalmazni. Legyen η egy tetszőleges valószínűségi változó, és V az η-val
azonos eloszlású valószínűségi változók halmaza. Ekkor F ∼ V jelölje azt, hogy F a
V-beli valószínűségi változók közös eloszlásfüggvénye. Például Φ ∼ Norm(0; 1).


Megoldás. Legyen c1, c2 ∈ R+ és F ∼ Khi(n). Ekkor az előző tétel szerint


Pσ


(
n∑
i=1


(ξi −m)2


σ2
< c1


)
= F (c1),


Pσ


(
n∑
i=1


(ξi −m)2


σ2
> c2


)
= 1− F (c2).


Mivel F (c1) = 1 − F (c2) = α
2
pontosan akkor teljesül, ha c1 = F−1(α


2
) és c2 =


= F−1(1− α
2
), ezért ebben az esetben


Pσ


(
c1 6


n∑
i=1


(ξi −m)2


σ2
6 c2


)
= 1− α,
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azaz átrendezve


Pσ


√∑n
i=1(ξi −m)2


c2


6 σ 6


√∑n
i=1(ξi −m)2


c1


 = 1− α.


Vegyük észre, hogy α
2
< 1− α


2
miatt c1 < c2. Összefoglalva tehát a megoldás:


F ∼ Khi(n)


τ1 :=


√∑n
i=1(ξi −m)2


F−1
(
1− α


2


)
τ2 :=


√∑n
i=1(ξi −m)2


F−1
(
α
2


)
jelölésekkel [τ1, τ2] olyan centrált konfidenciaintervallum σ-ra, melynek 1−α a pontos
biztonsági szintje.


4.6. Feladat. Legyen ξ ∈ Norm(m;σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta (n >


> 2). Tegyük fel, hogy m és σ ismeretlenek. Adjon σ-ra centrált konfidenciainter-
vallumot, melynek 1− α a pontos biztonsági szintje.


A megoldáshoz szükségünk lesz a következő tételre.


4.7. Tétel. Ha ξ ∈ Norm(m;σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta (n > 2),
akkor ξ és S2


n függetlenek, továbbá


S2
n


σ2
n ∈ Khi(n− 1).


Bizonyítás. Legyen X := (ξ1 −m, . . . , ξn −m)>, az U olyan n × n-es ortonormált
mátrix (azaz U>U egységmátrix), melynek első sorában minden elem 1√


n
, továbbá


Y := (η1, . . . , ηn)> := UX. Ekkor η1 = 1√
n


∑n
i=1(ξi−m), azaz 1√


n
η1 = ξ−m, továbbá


n∑
i=1


(ξi −m)2 = X>X = X>U>UX = Y >Y =
n∑
i=1


η2
i .


Mindezekből a Steiner-formula alapján


S2
n =


1


n


n∑
i=1


(ξi −m)2 − (ξ −m)2 =
1


n


n∑
i=1


η2
i −


1


n
η2


1 =
1


n


n∑
i=2


η2
i ,
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azaz
S2
n


σ2
n =


n∑
i=2


(ηi
σ


)2


.


Jelölje uij az U mátrix i-edik sorában és j-edik oszlopában álló elemét. Ekkor


ηi =
n∑
j=1


uij(ξj −m),


amiből következik, hogy ηi normális eloszlású,


E ηi =
n∑
j=1


uij(E ξj −m) = 0


és az U ortonormáltsága miatt


D2 ηi =
n∑
j=1


u2
ij D2(ξj −m) = σ2


n∑
j=1


u2
ij = σ2.


Így ηi ∈ Norm(0;σ). Másrészt i 6= j esetén


cov (ηi, ηj) = E ηiηj =
n∑
l=1


n∑
t=1


uilujt cov(ξl, ξt) =
n∑
l=1


uilujl = 0.


Ezekből következik, hogy η1, . . . , ηn függetlenek. Mivel ξ csak η1-től függ, illetve S2
n


csak η2, . . . , ηn-től függ, ezért ξ és S2
n függetlenek.


Másrészt azt is kaptuk, hogy η2
σ
, . . . , ηn


σ
olyan független standard normális elosz-


lású valószínűségi változók, melyeknek a négyzetösszege S2
n


σ2 n. Ebből már következik,
hogy S2


n


σ2 n ∈ Khi(n− 1).


Most rátérünk a feladat megoldására.


Megoldás. Legyen c1, c2 ∈ R+ és F ∼ Khi(n− 1). Ekkor az előző tétel szerint


P(m,σ)


(
S2
n


σ2
n < c1


)
= F (c1),


P(m,σ)


(
S2
n


σ2
n > c2


)
= 1− F (c2).


Mivel F (c1) = 1 − F (c2) = α
2
pontosan akkor teljesül, ha c1 = F−1(α


2
) és c2 =
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= F−1(1− α
2
), ezért ebben az esetben


P(m,σ)


(
c1 6


S2
n


σ2
n 6 c2


)
= 1− α,


azaz átrendezve
P(m,σ)


(
Sn


√
n


c2


6 σ 6 Sn


√
n


c1


)
= 1− α.


Vegyük észre, hogy α
2
< 1− α


2
miatt c1 < c2. Összefoglalva tehát a megoldás:


F ∼ Khi(n− 1)


τ1 := Sn


√
n


F−1
(
1− α


2


)
τ2 := Sn


√
n


F−1
(
α
2


)
jelölésekkel [τ1, τ2] olyan centrált konfidenciaintervallum σ-ra, melynek 1−α a pontos
biztonsági szintje.


4.8. Megjegyzés. Az előző megoldásban τ1 és τ2 független m-től, ezért ez akkor is jó
megoldást ad, ha a feladat feltételében m ismert.


4.9. Feladat. Legyen ξ ∈ Norm(m;σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta (n >


> 2). Tegyük fel, hogy m és σ ismeretlenek. Adjon m-re centrált konfidenciainter-
vallumot, melynek 1− α a pontos biztonsági szintje.


A megoldáshoz szükségünk lesz a következő tételre.


4.10. Tétel. Ha ξ ∈ Norm(m;σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta (n > 2),
akkor


ξ −m
S∗n


√
n ∈ t(n− 1).


Bizonyítás. Korábban láttuk, hogy


ξ −m
σ


√
n ∈ Norm(0; 1) és


S2
n


σ2
n ∈ Khi(n− 1),


továbbá ezek függetlenek. Így


√
n− 1 ξ−m


σ


√
n√


S2
n


σ2 n
=
ξ −m
Sn


√
n− 1 =


ξ −m
S∗n


√
n ∈ t(n− 1).
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Rátérünk a feladat megoldására.


Megoldás. Legyen c ∈ R+ és F ∼ t(n− 1). Ekkor az előző tétel szerint


P(m,σ)


(
−c 6 ξ −m


S∗n


√
n 6 c


)
= F (c)− F (−c) = 2F (c)− 1.


Mivel 2F (c)− 1 = 1−α pontosan akkor teljesül, ha c = F−1(1− α
2
), ezért ilyen c-re


átrendezéssel azt kapjuk, hogy


P(m,σ)


(
ξ − S∗n√


n
c 6 m 6 ξ +


S∗n√
n
c


)
= 1− α.


Könnyű látni, hogy ez centrált konfidenciaintervallum, hiszen


P(m,σ)


(
m > ξ +


S∗n√
n
c


)
= P(m,σ)


(
ξ −m
S∗n


√
n < −c


)
=


= F (−c) = 1− F (c) = 1−
(


1− α


2


)
=
α


2
.


Összefoglalva tehát a megoldás:


F ∼ t(n− 1)


τ1 := ξ − S∗n√
n
F−1


(
1− α


2


)
τ2 := ξ +


S∗n√
n
F−1


(
1− α


2


)
jelölésekkel [τ1, τ2] olyan centrált konfidenciaintervallumm-re, melynek 1−α a pontos
biztonsági szintje.


4.11. Megjegyzés. Az előző megoldásban τ1 és τ2 független σ-tól, ezért ez akkor is jó
megoldást ad, ha a feladat feltételében σ ismert.


4.3. Konfidenciaintervallum az exponenciális eloszlás paramé-


terére


4.12. Feladat. Legyen ξ ∈ Exp(λ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta. Tegyük
fel, hogy λ ismeretlen. Adjon λ-ra centrált konfidenciaintervallumot, melynek 1− α
a pontos biztonsági szintje.
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Megoldás. Mivel x > 0 esetén


Pλ (λξ < x) = Pλ


(
ξ <


x


λ


)
= 1− e−λ


x
λ = 1− e−x,


ezért λξ ∈ Exp(1), következésképpen


λξ1 + · · ·+ λξn = λnξ ∈ Gamma(n; 1).


Így c1, c2 ∈ R+ és F ∼ Gamma(n; 1) esetén


Pλ


(
λnξ < c1


)
= F (c1),


Pλ


(
λnξ > c2


)
= 1− F (c2).


Mivel F (c1) = 1 − F (c2) = α
2
pontosan akkor teljesül, ha c1 = F−1(α


2
) és c2 =


= F−1(1− α
2
), ezért ebben az esetben


Pλ


(
c1 6 λnξ 6 c2


)
= 1− α,


azaz átrendezve
Pλ


(
c1


nξ
6 λ 6


c2


nξ


)
= 1− α.


Vegyük észre, hogy α
2
< 1− α


2
miatt c1 < c2. Összefoglalva tehát a megoldás:


F ∼ Gamma(n; 1)


τ1 :=
1


nξ
F−1


(α
2


)
τ2 :=


1


nξ
F−1


(
1− α


2


)
jelölésekkel [τ1, τ2] olyan centrált konfidenciaintervallum σ-ra, melynek 1−α a pontos
biztonsági szintje.


4.4. Konfidenciaintervallum valószínűségre


4.13. Feladat. Legyen ξ ∈ Bin(1; p) és ξ1, . . . , ξn egy ξ-re vonatkozó minta. Tegyük
fel, hogy p ismeretlen. Adjon p-re centrált konfidenciaintervallumot, melynek 1− α
a biztonsági szintje.


Vegyük észre, hogy ξ egy p valószínűségű esemény indikátorváltozója, így a fel-
adat úgy is megfogalmazható, hogy egy esemény valószínűségére adjon konfidencia-
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intervallumot. (Ekkor ξ az esemény relatív gyakoriságát jelenti n kísérlet után.)


Megoldás. Bizonyítható, hogy


τ1 :=
1


n
max


{
z ∈ N :


z∑
i=0


(
n


i


)
ξ
i
(1− ξ)n−i < α


2


}


τ2 :=
1


n
min


{
z ∈ N :


z∑
i=0


(
n


i


)
ξ
i
(1− ξ)n−i > 1− α


2


}


jelölésekkel [τ1, τ2] 1− α biztonsági szintű konfidenciaintervallum p-re. Ennek bizo-
nyítása azon múlik, hogy nξ ∈ Bin(n; p), de itt nem részletezzük (lásd Kendall,
Stuart [7, 103–105. oldal]).


Az előző megoldás kiszámítása nagy n-re komplikált. Ennek kikerülésére ebben az
esetben lehetőség van egy másik konfidenciaintervallum szerkesztésére is a Moivre–
Laplace-tétel segítségével. Ugyanis nξ ∈ Bin(n; p) miatt c ∈ R+ esetén


Pp


(
−c 6 nξ − np√


np(1− p)
6 c


)
' Φ(c)− Φ(−c) = 2Φ(c)− 1.


Mivel 2Φ(c)− 1 = 1−α pontosan akkor teljesül, ha c = Φ−1(1− α
2
), ezért ilyen c-re


átrendezéssel azt kapjuk, hogy


Pp


((
1 +


c2


n


)
p2 −


(
2ξ +


c2


n


)
p+ ξ


2
6 0


)
' 1− α.


A p-ben másodfokú (
1 +


c2


n


)
p2 −


(
2ξ +


c2


n


)
p+ ξ


2


polinom gyökei
ξ + c2


2n
± c√


n


√
ξ(1− ξ) + c2


4n


1 + c2


n


,


így


c := Φ−1
(


1− α


2


)
τ1 :=


ξ + c2


2n
− c√


n


√
ξ(1− ξ) + c2


4n


1 + c2


n


τ2 :=
ξ + c2


2n
+ c√


n


√
ξ(1− ξ) + c2


4n


1 + c2


n
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jelölésekkel [τ1, τ2] 1 − α biztonsági szintű konfidenciaintervallum p-re. Ha n olyan
nagy, hogy 1


n
elhanyagolhatóan kicsi 1√


n
-hez képest, akkor a megoldás tovább egy-


szerűsíthető:


τ1 = ξ − c√
n


√
ξ(1− ξ)


τ2 = ξ +
c√
n


√
ξ(1− ξ).


4.5. Általános módszer konfidenciaintervallum készítésére


Legyen ξ a vizsgált valószínűségi változó az (Ω,F ,P), P = {Pϑ : ϑ ∈ Θ } statisztikai
mezőn, ahol Θ ⊂ R nyílt halmaz, és a ξ valószínűségi változó Fϑ eloszlásfüggvénye
folytonos minden ϑ ∈ Θ esetén. Mivel x > 0 esetén


Pϑ (− lnFϑ(ξ) < x) = Pϑ


(
ξ > F−1


ϑ (e−x)
)


= 1− Fϑ(F−1
ϑ (e−x)) = 1− e−x,


ezért − lnFϑ(ξ) ∈ Exp(1), következésképpen


−
n∑
i=1


lnFϑ(ξi) ∈ Gamma(n; 1).


Így c1, c2 ∈ R+ és F ∼ Gamma(n; 1) esetén


Pϑ


(
−


n∑
i=1


lnFϑ(ξi) < c1


)
= F (c1),


Pϑ


(
−


n∑
i=1


lnFϑ(ξi) > c2


)
= 1− F (c2).


Mivel F (c1) = 1 − F (c2) = α
2
pontosan akkor teljesül, ha c1 = F−1(α


2
) és c2 =


= F−1(1− α
2
), ezért ebben az esetben


Pϑ


(
c1 6 −


n∑
i=1


lnFϑ(ξi) 6 c2


)
= 1− α.


Innen a konfidenciaintervallum szerencsés esetben már megadható. Tulajdonképpen
ezt alkalmaztuk az exponenciális eloszlás paraméterének intervallumbecslésénél.


4.14. Feladat. Legyen ξ az [a, b] intervallumon egyenletes eloszlású, ahol a ismert,
b ismeretlen, és ξ1, . . . , ξn a ξ-re vonatkozó minta. Adjon b-re centrált konfidenciain-
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tervallumot, melynek 1− α a biztonsági szintje.


Megoldás. Mivel Fb(ξi) = ξi−a
b−a , így az előzőek miatt a


c1 6 −
n∑
i=1


ln
ξi − a
b− a


6 c2


egyenlőtlenséget kell b-re rendezni. Azt kapjuk, hogy


a+


(
ec1


n∏
i=1


(ξi − a)


) 1
n


6 b 6 a+


(
ec2


n∏
i=1


(ξi − a)


) 1
n


,


így a feladat megoldása:


F ∼ Gamma(n; 1)


c1 := F−1
(α


2


)
c2 := F−1


(
1− α


2


)
τ1 := a+


(
ec1


n∏
i=1


(ξi − a)


) 1
n


τ2 := a+


(
ec2


n∏
i=1


(ξi − a)


) 1
n


jelölésekkel [τ1, τ2] olyan centrált konfidenciaintervallum b-re, melynek 1−α a pontos
biztonsági szintje.
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5. Hipotézisvizsgálatok


5.1. A hipotézisvizsgálat feladata és jellemzői


Ebben a fejezetben azt vizsgáljuk, hogyan lehet dönteni a mintarealizáció alapján
arról, hogy egy a statisztikai mezőre vonatkozó feltételezést, más szóval hipotézist
elfogadjuk-e igaznak vagy sem. Ez a hipotézis lehet például az, hogy a vizsgált
valószínűségi változó normális eloszlású, vagy a valószínűségi változó várható értéke
megfelel az előírásnak, vagy két valószínűségi változó független, vagy várható értékeik
megegyeznek stb.


5.1.1. Null- illetve ellenhipotézis


Azt a feltételezést, amelyről döntést akarunk hozni, nullhipotézisnek nevezzük és
H0-val jelöljük. Legyen PH0 azon valószínűségek halmaza, melyek a H0 teljesülése
esetén lehetségesek. Feltételezzük, hogy ez nem üres halmaz.


Ha H0-t elutasítjuk, akkor egy azzal ellentétes állítást fogadunk el, melyet el-
lenhipotézisnek nevezünk, és H1-gyel jelölünk. Általában H0 és H1 közül az egyik
mindig bekövetkezik, de ez nem mindig van így (lásd például az úgynevezett egyolda-
li ellenhipotéziseket). Ennek okát később taglaljuk. Legyen PH1 azon valószínűségek
halmaza, melyek a H1 teljesülése esetén lehetségesek. Feltételezzük, hogy ez nem
üres halmaz.


5.1.2. Statisztikai próba terjedelme és torzítatlansága


Tegyük fel, hogy a ξ(1), . . . , ξ(k) valószínűségi vektorváltozókra vonatkozik H0, melyek
rendre d1, . . . , dk dimenziósak. ξ(i)-re vonatkozzon a ξ(i)


1 , . . . , ξ
(i)
ni


minta (i = 1, . . . , k).
Legyen


C0 ⊂ (Rd1)n1 × · · · × (Rdk)nk .


Ha a kísérletben az ω ∈ Ω elemi esemény következett be, és


(
ξ(1)


1 (ω), . . . , ξ(1)


n1
(ω), . . . , ξ(k)


1 (ω), . . . , ξ(k)


nk
(ω)
)
∈ C0,


akkor H0-t elfogadjuk, ellenkező esetben pedig elutasítjuk. Ezt az eljárást statisz-
tikai próbának vagy hipotézisvizsgálatnak nevezzük. C0 az úgynevezett elfogadási
tartomány. C0 komplementerét C1-gyel jelöljük, és kritikus tartománynak nevezzük.


Döntésünk lehet helyes, vagy helytelen az alábbiak szerint:
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H0-t elfogadjuk H0-t elutasítjuk


H0 igaz helyes döntés elsőfajú hiba


H1 igaz másodfajú hiba helyes döntés


Legyen 0 < α < 1
2
. Az α számot a próba terjedelmének nevezzük, ha


P
(
(ξ(1)


1 , . . . , ξ(1)


n1
, . . . , ξ(k)


1 , . . . , ξ(k)


nk
) ∈ C1


)
6 α ∀P ∈ PH0


teljesül, azaz az elsőfajú hiba valószínűsége legfeljebb α. Ekkor az 1 − α számot a
próba szintjének nevezzük. Ez azt az értéket jelenti, amelynél nagyobb vagy egyenlő
valószínűséggel elfogadjuk H0-t, ha az igaz. A próba pontos terjedelme α, ha


sup
P∈PH0


P
(
(ξ(1)


1 , . . . , ξ(1)


n1
, . . . , ξ(k)


1 , . . . , ξ(k)


nk
) ∈ C1


)
= α.


Ha a vizsgált valószínűségi (vektor)változók diszkrétek, akkor adott α-hoz nem
biztosan található olyan elfogadási tartomány, mellyel a próba pontos terjedelme α.
Ezért definiáltuk a próba terjedelmét az előző módon.


Ha egy α terjedelmű próba esetén


P
(
(ξ(1)


1 , . . . , ξ(1)


n1
, . . . , ξ(k)


1 , . . . , ξ(k)


nk
) ∈ C1


)
> α ∀P ∈ PH1


teljesül, akkor a próbát torzítatlannak nevezzük. Ez azt jelenti, hogy H0-t nagyobb
valószínűséggel utasítjuk el, ha H1 igaz, mint amikor H0 igaz.


5.1.3. Próbastatisztika


Elfogadási tartomány konstruálásához H0 esetén ismert eloszlású


τ := T (ξ(1)


1 , . . . , ξ(1)


n1
, . . . , ξ(k)


1 , . . . , ξ(k)


nk
)


statisztikára lesz szükségünk, mely lényegesen másképp viselkedik H0 illetve H1 tel-
jesülése esetén. Az ilyen statisztikát próbastatisztikának nevezzük. Ekkor rögzített α
esetén meg tudunk adni egy olyan Iτ ⊂ R intervallumot, melyre


P(τ ∈ Iτ ) > 1− α ∀P ∈ PH0 .


Célszerűbb a P(τ ∈ Iτ ) = 1−α ∀P ∈ PH0 feltétel, mert ekkor α a pontos terjedelem
lesz, de ez nem mindig teljesíthető. Az Iτ végpontjait kritikus értékeknek nevezzük.
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Ezután legyen


C0 :=
{
x ∈ (Rd1)n1 × · · · × (Rdk)nk : T (x) ∈ Iτ


}
.


Mivel a (ξ(1)


1 , . . . , ξ(1)
n1
, . . . , ξ(k)


1 , . . . , ξ(k)
nk


) ∈ C0 esemény pontosan akkor következik be,
amikor τ ∈ Iτ , ezért ekkor α terjedelmű próbát kapunk.


A gyakorlatban sokkal egyszerűbb a τ ∈ Iτ esemény megadása, mint a C0 fel-
írása, ezért az előbbit választjuk. Szokás a τ ∈ Iτ eseményt, illetve az Iτ halmazt
is elfogadási tartománynak nevezni. Hasonlóan, a τ 6∈ Iτ eseményt, illetve az R \ Iτ
halmazt is szokás kritikus tartománynak nevezni.


5.1.4. A statisztikai próba menete


Amikor a rögzített α próbaterjedelemhez és a választott τ próbastatisztikához meg-
választjuk az Iτ intervallumot, akkor ügyelni kell arra, hogy a másodfajú hiba való-
színűsége – azaz annak a valószínűsége, hogy H1 teljesülése esetén H0-t elfogadjuk
– kicsi legyen. Ehhez Iτ megadásánál nem csak H0-t, hanem H1-t is figyelembe kell
venni. A gyakorlatban a menetrend a következő:


1) H0 ismeretében kiválasztjuk a τ próbastatisztikát.


2) H1 és τ ismeretében kiválasztjuk R \ Iτ jellegét: (−∞, a), (b,∞), (c, d) stb.
Ez fontos pont, mert ha itt rosszul választunk, akkor a másodfajú hiba való-
színűsége túl nagy lesz.


3) A τ próbastatisztika H0 esetén teljesülő eloszlásának, Iτ jellegének és α-nak
az ismeretében meghatározzuk a kritikus értékeket.


4) A próbastatisztika, a mintarealizáció és Iτ ismeretében döntést hozunk. Ha a
próbastatisztika realizációja Iτ -ba esik, akkor H0-t elfogadjuk H1 ellenében α


terjedelemmel. Ha a próbastatisztika realizációja nem esik Iτ -ba, akkor H0-t
elutasítjuk H1 ellenében α terjedelemmel, vagyis ilyenkor H1-gyet fogadjuk el.


5.1.5. A nullhipotézis és az ellenhipotézis megválasztása


A gyakorlatban nem minden esetben érdemes a sejtésünket, vagy az elvárásunkat
megválasztani nullhipotézisnek, mert nem találnánk hozzá próbastatisztikát. Ilyen-
kor ezt ellenhipotézisként kezeljük, és egy olyan ezzel ellentétes állítást fogadunk el
nullhipotézisnek, amelyhez már találunk megfelelő próbastatisztikát. Mindez érthe-
tőbbé válik a következő példán:
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A tejiparban hasznos lehetne egy olyan eljárás, melynek révén nagyobb arányban
születne üszőborjú, mint bikaborjú, hiszen ekkor több fejőstehenet nevelhetnének fel
azonos születésszám mellett. Egy kutató javasol egy ilyen eljárást. Hogyan lehetne
ellenőrizni az állítását? Jelölje p annak a valószínűségét, hogy az eljárás alkalmazá-
sával üszőborjú születik. Ekkor a kutató állítása az, hogy p > 1


2
. Ezt viszont nem


célszerű H0-nak választani, ugyanis ekkor nem találunk próbastatisztikát. Ehelyett
legyen ez az ellenhipotézis, míg p = 1


2
a nullhipotézis. Ebben az esetben már könnyű


próbastatisztikát megadni. Ugyanis ha ξ jelenti az eljárás révén üszőborjú születésé-
nek az indikátorváltozóját, és a ξ-re vonatkozó minta ξ1, . . . , ξn, akkor nξ azt jelenti,
hogy n-szer alkalmazva az eljárást hány darab üszőborjú született. Az nξ meg is felel
próbastatisztikának, hiszen H0 esetén n-edrendű 1


2
paraméterű binomiális eloszlású.


Ebből a példából láthatóan nem feltétlenül kell teljesülnie, hogy H0 és H1 közül
az egyik mindig bekövetkezik. Nézzünk erre egy másik példát is:


Egy kereskedő egy malomtól nagy tételben lisztet rendel 1 kg-os kiszerelésben.
Jelentse ξ a leszállított tételből egy véletlenszerűen kiválasztott zacskó liszt töme-
gének eltérését az elvárt 1 kg-tól. Ekkor az a nullhipotézis, hogy E ξ = 0. Ha ξ jó
közelítéssel normális eloszlásúnak tekinthető, akkor a későbbiekben tárgyalt úgyne-
vezett egymintás t-próbánál látni fogjuk, hogy ehhez találhatunk próbastatisztikát.
Most az a kérdés, hogy mi legyen az ellenhipotézis. Ha E ξ 6= 0 lenne, akkor H0


elutasítása esetén csak az derülne ki, hogy a zacskók tömege nem felel meg a rende-
lésnek. Ez azonban nem biztosan jelent rosszat a kereskedőnek. Hiszen, ha valójában
E ξ > 0 teljesül, akkor a kereskedőtől vásárlók csak ritkán reklamálnának. Ezért cél-
szerűbb E ξ < 0 megválasztása H1-nek. Ekkor ugyanis H0 elutasítása esetén érdemes
megfontolnia a kereskedőnek a leszállított tétel visszautasítását. Vagyis most a keres-
kedő számára rossz esetet tekintjük ellenhipotézisnek, azt remélvén, hogy a módszer
nagy valószínűséggel megvédi őt az előnytelen vételtől. Ehhez persze az kell, hogy a
másodfajú hiba valószínűsége kicsi legyen.


5.1.6. A próba erőfüggvénye és konzisztenciája


Ha ξ a vizsgált valószínűségi változó az (Ω,F ,P), P = {Pϑ : ϑ ∈ Θ } statisztikai
mezőn, ahol Θ ⊂ R, és a ξ-re vonatkozó minta ξ1, . . . , ξn, továbbá ha ϑ0 ∈ Θ rögzített
és C1 kritikus tartomány mellett döntünk a H0 : ϑ = ϑ0 nullhipotézisről, akkor a


γ : Θ→ R, γ(ϑ) := Pϑ


(
(ξ1, . . . , ξn) ∈ C1


)
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függvényt a próba erőfüggvényének nevezzük. Ha H1 : ϑ ∈ Θ1(⊂ Θ \ {ϑ0 }) és


lim
n→∞


Pϑ


(
(ξ1, . . . , ξn) ∈ C1


)
= 1 ∀ϑ ∈ Θ1,


akkor azt mondjuk, hogy a próba konzisztens.
Az erőfüggvény a másodfajú hiba vizsgálatában hasznos. Ez az úgynevezett egy-


mintás u-próba kapcsán válik majd világossá. A konzisztencia tulajdonképpen azt
jelenti, hogy a másodfajú hiba valószínűsége a mintaelemek számának növelésével
0-hoz tart.


5.2. Paraméteres hipotézisvizsgálatok


Ha a nullhipotézis ismert eloszláscsaládból származó valószínűségi változók eloszlá-
sainak paramétereire vonatkozik, akkor paraméteres hipotézisvizsgálatról beszélünk.


5.2.1. Egymintás u-próba


5.1. Feladat. Legyen ξ ∈ Norm(m;σ), ahol m ismeretlen és σ ismert, továbbá
legyen ξ1, . . . , ξn a ξ-re vonatkozó minta. A


H0 : m = m0


H1 : m 6= m0 (kétoldali ellenhipotézis)


hipotézisekre adjon adott α terjedelmű próbát, ahol m0 ∈ R rögzített.


Megoldás. Először próbastatisztikát adunk. Korábban már bizonyítottuk, hogy H0


teljesülése esetén


u :=
ξ −m0


σ


√
n ∈ Norm(0; 1).


A kritikus tartomány megadásánál vegyük figyelembe, hogy ξ az m torzítatlan becs-
lése, így H1 teljesülése esetén ξ −m0 várhatóan kritikus értékben eltávolodik 0-tól.
Következésképpen a standard normális eloszlás szimmetriája miatt célszerűnek tű-
nik, ha az elfogadási tartomány |u| 6 a (a > 0) alakú. Ha P ∈ PH0 , akkor


P(|u| 6 a) = 2Φ(a)− 1,


így P(|u| 6 a) = 1− α esetén a = Φ−1(1− α
2
) > 0. Tehát


|u| 6 Φ−1
(


1− α


2


)
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elfogadási tartománnyal olyan próbát kapunk, melynek a pontos terjedelme α. Ezt
a statisztikai próbát nevezzük egymintás u-próbának.


5.2. Feladat. Az előző feladatot oldja meg H1 : m < m0 illetve H1 : m > m0 úgy-
nevezett egyoldali ellenhipotézisekre is.


Megoldás. Itt is az előbbi u próbastatisztikát fogjuk használni. Először legyen az
ellenhipotézis H1 : m < m0. Ennek teljesülése esetén ξ − m0 várhatóan kritikus
értékben 0 alatt van. Így az elfogadási tartomány u > b (b < 0) jellegű. Ha P ∈ PH0 ,
akkor


P(u > b) = 1− Φ(b),


így P(u > b) = 1− α esetén b = Φ−1(α) < 0. Tehát


u > Φ−1(α)


elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α.
Ezután legyen az ellenhipotézis H1 : m > m0. Ennek teljesülése esetén ξ − m0


várhatóan kritikus értékben 0 fölött van. Így az elfogadási tartomány u 6 c (c > 0)


jellegű. Ha P ∈ PH0 , akkor
P(u 6 c) = Φ(c),


így P(u 6 c) = 1− α esetén c = Φ−1(1− α) > 0. Tehát


u 6 Φ−1(1− α)


elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α.


5.3. Feladat. Vizsgálja meg az egymintás u-próbában a másodfajú hiba valószínű-
ségét. Bizonyítsa be, hogy a próba torzítatlan és konzisztens.


Megoldás. Először számoljuk ki az u várható értékét és szórását:


Em u =
Em ξ −m0


σ


√
n =


m−m0


σ


√
n


Dm u =


√
n


σ
Dm ξ =


√
n


σ


√
1


n2
nσ2 = 1.


Mivel u az m bármely értéke esetén normális eloszlású, ezért azt kapjuk, hogy


u ∈ Norm


(
m−m0


σ


√
n; 1


)
.
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Most tekintsük a kétoldali ellenhipotézis esetét. Ekkor uα/2 := Φ−1(1− α
2
) jelöléssel


az erőfüggvény


γ(m) = Pm


(
(ξ1, . . . , ξn) ∈ C1


)
=


= Pm(|u| > uα/2) = 1− Pm(−uα/2 6 u 6 uα/2) =


= 1− Φ


(
uα/2 −


m−m0


σ


√
n


)
+ Φ


(
−uα/2 −


m−m0


σ


√
n


)
.


Deriváljuk γ-t, melyből azt kapjuk, hogy γ szigorúan monoton csökken a (−∞,m0]


intervallumon, illetve szigorúan monoton nő az [m0,∞) intervallumon, továbbá mi-
nimum helye van m0-ban, és a minimum értéke α. Az is könnyen látható, hogy
lim
m→∞


γ(m) = lim
m→−∞


γ(m) = 1. A következő ábrán γ grafikonját láthatjuk σ =


= 1, m0 = 0,5, α = 0,1, n = 10 paraméterekkel.


Mindezek alapján tehát, ha H1 : m 6= m0 teljesül, akkor γ(m) > α, melyből követ-
kezik, hogy a próba torzítatlan. Ha γ-t mint n függvényét tekintjük, akkor könnyen
láthatjuk, hogy minden m 6= m0 esetén lim


n→∞
γ(m) = 1, melyből már következik,


hogy a próba konzisztens, azaz a mintaelemek számának növelésével a másodfajú
hiba valószínűsége 0-hoz tart.


Érdekes még azt is megvizsgálni, hogy miként változik a másodfajú hiba való-
színűsége, ha az első fajú hiba valószínűségét, azaz α-t csökkentjük. Ha α csökken,
akkor uα/2 = Φ−1(1− α


2
) nő, hiszen Φ−1 növekvő függvény. Másrészt, ha γ-t mint uα/2


függvényét tekintjük, akkor könnyen ellenőrizhető, hogy dγ
duα/2


< 0, azaz γ csökkenő.
Mindezekből tehát kapjuk, hogy α csökkentésével γ is csökken, azaz a másodfajú
hiba valószínűsége nő.


Ezután tekintsük a H1 : m < m0 egyoldali ellenhipotézist. Ekkor az erőfüggvény
uα = Φ−1(α) jelöléssel


γ(m) = Pm


(
(ξ1, . . . , ξn) ∈ C1


)
= Pm(u < uα) = Φ


(
uα −


m−m0


σ


√
n


)
.
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Φ szigorúan monoton növekvő, ezért γ szigorúan monoton csökkenő. Az is könnyen
látható, hogy γ(m0) = α, lim


m→∞
γ(m) = 0 és lim


m→−∞
γ(m) = 1. A következő ábrán γ


grafikonját láthatjuk σ = 1, m0 = 0,5, α = 0,1, n = 10 paraméterekkel.


Mindezek alapján, ha H1 : m < m0 teljesül, akkor γ(m) > α, melyből következik,
hogy a próba torzítatlan. Ha γ-t mint n függvényét tekintjük, akkor minden m < m0


esetén lim
n→∞


γ(m) = 1, melyből már következik, hogy a próba konzisztens.
Ha α csökken, akkor uα = Φ−1(α) is csökken, másrészt ekkor Φ növekedése miatt


γ csökken. Mindezekből tehát kapjuk, hogy α csökkentésével γ is csökken, azaz a
másodfajú hiba valószínűsége nő.


A H1 : m > m0 eset tárgyalását az Olvasóra bízzuk.


5.4. Megjegyzés. Érdemes még megfontolni a következőket. Tegyük fel, hogy az 0 <


< α < 1
2
terjedelmű egymintás u-próbában H0 : m = m0-t elutasítjuk a kétoldali


ellenhipotézissel szemben, azaz bekövetkezett az |u| > Φ−1(1− α
2
) esemény. Ha most


még azt is feltesszük, hogy u > 0 is bekövetkezett (azaz ξ > m0), akkor


u > Φ−1(1− α
2
) > Φ−1(1− α) > Φ−1(α)


miatt H1 : m > m0 esetén biztosan H1-gyet, míg H1 : m < m0 esetén biztosan H0-t
fogadjuk el.


Viszont, ha a kétoldali ellenhipotézis elfogadása esetén u < 0 következett be
(azaz ξ < m0), akkor


u < −Φ−1(1− α
2
) = Φ−1(α


2
) < Φ−1(α) < Φ−1(1− α)


miatt H1 : m < m0 esetén biztosan H1-gyet, míg H1 : m > m0 esetén biztosan H0-t
fogadjuk el.


Hasonlóan látható be, hogy ha H0-t elfogadjuk a kétoldali ellenhipotézissel szem-
ben, akkor az egyoldali ellenhipotézisekkel szemben is elfogadjuk.
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Így tehát, ha elvégeztük az egymintás u-próbát kétoldali ellenhipotézisre, akkor
már fölösleges egyoldalira is megcsinálni, hiszen azok eredménye ebből már megad-
ható a következő táblázat alapján:


H0 : m = m0 H1 : m 6= m0


H0-t elfogadjuk H0-t elutasítjuk
u > 0 u < 0


H1 : m < m0 H0-t elfogadjuk H0-t elutasítjuk H0-t elfogadjuk


H1 : m > m0 H0-t elfogadjuk H0-t elfogadjuk H0-t elutasítjuk


A táblázat úgy is értelmezhető, hogy |u| 6 Φ−1
(
1− α


2


)
esetén m = m0, u <


< −Φ−1
(
1− α


2


)
esetén m < m0, illetve u > Φ−1


(
1− α


2


)
esetén m > m0 mellett


döntünk α terjedelemmel.


5.5. Megjegyzés. A kritikus értékek kiszámolásánál az eddigiek alapján szükség van a
Φ−1 ismeretére. Valójában azonban elég csak a Φ használata. Ugyanis H1 : m 6= m0


ellenhipotézisre vonatkozó döntés esetén az |u| 6 Φ−1(1 − α
2
) elfogadási tartomány


ekvivalens azzal, hogy
α 6 2− 2Φ(|u|).


Hasonlóan, H1 : m < m0 illetve H1 : m > m0 ellenhipotézisre vonatkozó döntés
esetén az elfogadási tartomány ekvivalens azzal, hogy


α 6 Φ(u) illetve α 6 1− Φ(u).


5.2.2. Kétmintás u-próba


5.6. Feladat. Legyen ξ ∈ Norm(m1;σ1), η ∈ Norm(m2;σ2) független valószínű-
ségi változók, ahol m1,m2 ismeretlenek és σ1, σ2 ismertek. Legyen ξ1, . . . , ξn1 a ξ-re
vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó minta. A


H0 : m1 = m2


H1 : m1 6= m2 (kétoldali ellenhipotézis)


hipotézisekre adjon adott α terjedelmű próbát. A feladatot oldja meg


H1 : m1 < m2 illetve H1 : m1 > m2


egyoldali ellenhipotézisekre is.
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Megoldás. Ha H0 igaz, akkor könnyen látható, hogy


u :=
ξ − η√
σ2
1


n1
+


σ2
2


n2


∈ Norm(0; 1).


Először vizsgáljuk a kétoldali ellenhipotézist. Ha ez teljesül, akkor ξ − η várhatóan
kritikus értékben messze van 0-tól. Következésképpen a standard normális eloszlás
szimmetriája miatt célszerűnek tűnik, ha az elfogadási tartomány |u| 6 a (a > 0)


alakú. Ebből az egymintás u-próbával megegyező módon bizonyítható, hogy


|u| 6 Φ−1
(


1− α


2


)
(⇐⇒ α 6 2− 2Φ(|u|))


elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α.
Most legyenH1 : m1 < m2. Ha ez teljesül, akkor ξ−η várhatóan kritikus értékben


0 alatt van. Így az elfogadási tartomány u > b (b < 0) jellegű. Ebből az egymintás
esettel megegyező módon bizonyítható, hogy u > Φ−1(α) (⇐⇒ α 6 Φ(u)) elfogadási
tartománnyal olyan próbát kapunk, melynek pontos terjedelme α.


Hasonlóan, H1 : m1 > m2 esetén u 6 Φ−1(1− α) (⇐⇒ α 6 1− Φ(u)) elfogadási
tartománnyal olyan próbát kapunk, melynek pontos terjedelme α.


Ezt a statisztikai próbát nevezzük kétmintás u-próbának.


Itt is érvényes, hogy ha elvégeztük a kétmintás u-próbát kétoldali ellenhipotézis-
re, akkor már fölösleges egyoldalira is megcsinálni, mert azok eredménye ebből már
megadható a következő táblázat alapján:


H0 : m1 = m2 H1 : m1 6= m2


H0-t elfogadjuk H0-t elutasítjuk
u > 0 u < 0


H1 : m1 < m2 H0-t elfogadjuk H0-t elfogadjuk H0-t elutasítjuk


H1 : m1 > m2 H0-t elfogadjuk H0-t elutasítjuk H0-t elfogadjuk


A táblázat szerint |u| 6 Φ−1
(
1− α


2


)
esetén m1 = m2, u < −Φ−1


(
1− α


2


)
esetén


m1 < m2, illetve u > Φ−1
(
1− α


2


)
esetén m1 > m2 mellett döntünk α terjedelemmel.


5.7. Feladat. Bizonyítsuk be, hogy a kétmintás u-próba esetén
(1) a próba torzítatlan;
(2) a két minta elemszámainak növelésével a másodfajú hiba valószínűsége 0-hoz
tart;
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(3) az elsőfajú hiba valószínűségének csökkentésével a másodfajú hiba valószínűsége
nő.


Megoldás. Csak kétoldali ellenhipotézisre bizonyítunk, az egyoldaliakat az Olvasóra
bízzuk. Könnyen látható, hogy az m1,m2 bármely értékei esetén


u ∈ Norm


 m1 −m2√
σ2
1


n1
+


σ2
2


n2


; 1


 ,


így uα/2 = Φ−1(1− α
2
) jelöléssel


γ(m1,m2) := P(m1,m2)


(
(ξ1, . . . , ξn1 , η1, . . . , ηn2) ∈ C1


)
=


= P(m1,m2)(|u| > uα/2) = 1− P(m1,m2)(−uα/2 6 u 6 uα/2) =


= 1− Φ


uα/2 − m1 −m2√
σ2
1


n1
+


σ2
2


n2


+ Φ


−uα/2 − m1 −m2√
σ2
1


n1
+


σ2
2


n2


 .


Tekintsük ezt, mintm1,m2 szerinti kétváltozós függvényt. Ekkor a szokásos eljárással
kapjuk, hogy pontosan H0 esetén van minimuma a függvénynek és ott α az értéke.
Ebből már adódik, hogy a próba torzítatlan.


Másrészt, ha γ-t, mint n1, n2 szerinti kétváltozós függvényt tekintjük, akkor n1 →
∞, n2 →∞ esetén a határértéke 1. Ebből adódik a (2) állítás. Végül a (3) állítást
hasonlóan kell belátni, mint az egymintás u-próbánál.


5.2.3. Egymintás t-próba


5.8. Feladat. Legyen ξ ∈ Norm(m;σ), ahol m és σ ismeretlenek, továbbá legyen
ξ1, . . . , ξn a ξ-re vonatkozó minta (n > 2). A


H0 : m = m0


H1 : m 6= m0


hipotézisekre adjon adott α terjedelmű próbát, ahol m0 ∈ R rögzített. A feladatot
oldja meg H1 : m < m0 illetve H1 : m > m0 egyoldali ellenhipotézisekre is.


Megoldás. Korábban bizonyítottuk, hogy H0 teljesülése esetén


t :=
ξ −m0


S∗n


√
n ∈ t(n− 1).


96







A kétoldali ellenhipotézis teljesülése esetén ξ − m0 várhatóan kritikus értékben
messze van 0-tól. Következésképpen a t-eloszlás szimmetriája miatt célszerűnek tű-
nik, ha az elfogadási tartomány |t| 6 a (a > 0) alakú. A továbbiakban legyen
F ∼ t(n− 1). Ha P ∈ PH0 , akkor


P(|t| 6 a) = 2F (a)− 1,


így P(|t| 6 a) = 1− α esetén a = F−1(1− α
2
) > 0. Tehát


|t| 6 F−1
(


1− α


2


)
(⇐⇒ α 6 2− 2F (|t|))


elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α.
Most legyen H1 : m < m0. Ennek teljesülésekor ξ−m0 várhatóan kritikus érték-


ben 0 alatt van. Így az elfogadási tartomány t > b (b < 0) jellegű. Ha P ∈ PH0 ,
akkor


P(t > b) = 1− F (b),


így P(t > b) = 1 − α esetén b = F−1(α) < 0. Tehát t > F−1(α) (⇐⇒ α 6 F (t))


elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α.
Hasonlóan, H1 : m > m0 esetén t 6 F−1(1 − α) (⇐⇒ α 6 1 − F (t)) elfogadási


tartománnyal olyan próbát kapunk, melynek α a pontos terjedelme.
Ezt a statisztikai próbát nevezzük egymintás t-próbának.


5.9. Megjegyzés. Az egymintás u-próbával vett analógia miatt itt is érvényes, hogy a
kétoldali ellenhipotézis esetében meghozott döntés meghatározza az egyoldaliakkal
szemben hozott döntéseket az ott található táblázat szerint. Szintén ezen analógia
miatt erre a próbára is teljesül, hogy torzítatlan, konzisztens és az elsőfajú hiba
valószínűségének csökkentésével a másodfajú hiba valószínűsége nő. Ennek bizonyí-
tásában az egymintás u-próbánál leírtakhoz képest csak annyit kell még felhasználni,
hogy S∗n konzisztens becsléssorozata σ-nak.


5.2.4. Kétmintás t-próba, Scheffé-módszer


5.10. Feladat. Legyenek ξ ∈ Norm(m1;σ1), η ∈ Norm(m2;σ2) független való-
színűségi változók, ahol m1,m2, σ1, σ2 ismeretlenek és σ1 = σ2. Legyen ξ1, . . . , ξn1 a
ξ-re vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó minta (n1 > 2, n2 > 2). A


H0 : m1 = m2


H1 : m1 6= m2
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hipotézisekre adjon adott α terjedelmű próbát. A feladatot oldja meg


H1 : m1 < m2 illetve H1 : m1 > m2


egyoldali ellenhipotézisekre is.


A feladat megoldásához szükségünk lesz a következő tételre.


5.11. Tétel. Legyenek ξ, η ∈ Norm(m;σ) függetlenek, ξ1, . . . , ξn1 a ξ-re, illetve
η1, . . . , ηn2 az η-ra vonatkozó minta (n1 > 2, n2 > 2). Ekkor


ξ − η√
n1S2


ξ,n1
+ n2S2


η,n2


√
n1n2(n1 + n2 − 2)


n1 + n2


∈ t(n1 + n2 − 2).


Bizonyítás. Korábban már bizonyítottuk, hogy ξ, η, Sξ,n1 , Sη,n2 függetlenek, továbbá


X :=
ξ − η√
σ2


n1
+ σ2


n2


∈ Norm(0; 1)


Y :=
S2
ξ,n1


σ2
n1 ∈ Khi(n1 − 1)


Z :=
S2
η,n2


σ2
n2 ∈ Khi(n2 − 1).


Ezekből kapjuk, hogy W := Y +Z ∈ Khi(n1 +n2−2), továbbá X
√
n1+n2−2√
W


∈ t(n1 +


+ n2 − 2). Könnyen látható, hogy


X
√
n1 + n2 − 2√


W
=


ξ − η√
n1S2


ξ,n1
+ n2S2


η,n2


√
n1n2(n1 + n2 − 2)


n1 + n2


,


melyből kapjuk a tételt.


Most térjünk vissza a feladat megoldásához.


Megoldás. Az előző tételben bizonyítottuk, hogy H0 esetén


t :=
ξ − η√


n1S2
ξ,n1


+ n2S2
η,n2


√
n1n2(n1 + n2 − 2)


n1 + n2


∈ t(n1 + n2 − 2).
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Speciálisan n := n1 = n2 esetén


t =
ξ − η√
S2
ξ,n + S2


η,n


√
n− 1 ∈ t(2n− 2).


A kétoldali ellenhipotézis teljesülésekor ξ − η várhatóan kritikus értékben messze
van 0-tól. Következésképpen a t-eloszlás szimmetriája miatt célszerűnek tűnik, ha
az elfogadási tartomány |t| 6 a (a > 0) alakú. A továbbiakban legyen F ∼ t(n1 +


+ n2 − 2). Ha P ∈ PH0 , akkor


P(|t| 6 a) = 2F (a)− 1,


így P(|t| 6 a) = 1− α esetén a = F−1(1− α
2
) > 0. Tehát


|t| 6 F−1
(


1− α


2


)
(⇐⇒ α 6 2− 2F (|t|))


elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α.
Hasonlóan az egymintás t-próbához kapjuk, hogy H1 : m1 < m2 esetén t >


> F−1(α) (⇐⇒ α 6 F (t)) elfogadási tartománnyal, míg H1 : m1 > m2 esetén
t 6 F−1(1 − α) (⇐⇒ α 6 1 − F (t)) elfogadási tartománnyal olyan próbát kapunk,
melynek pontos terjedelme α.


Ezt a statisztikai próbát nevezzük kétmintás t-próbának.


5.12. Feladat. Oldjuk meg az előző feladatot akkor is, ha az ismeretlen szórások
viszonyát nem ismerjük.


Szükségünk lesz a következő tételre.


5.13. Tétel. Legyenek ξ ∈ Norm(m1;σ1), η ∈ Norm(m2;σ2) független valószí-
nűségi változók és ξ1, . . . , ξn1 a ξ-re vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó
minta (2 6 n1 6 n2). Ekkor m := m1 −m2 és σ :=


√
σ2


1 + n1


n2
σ2


2 jelölésekkel


ξi −
√
n1


n2


ηi +
1


√
n1n2


n1∑
k=1


ηk − η ∈ Norm(m;σ) (i = 1, . . . , n1)


független valószínűségi változók.


Bizonyítás. Az állítás n1 = n2 esetén triviális. Legyen 2 6 n1 < n2 és


ζi := ξi −
√
n1


n2


ηi +
1


√
n1n2


n1∑
k=1


ηk − η (i = 1, . . . , n1).
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Ekkor
E ζi = m1 −


√
n1


n2


m2 +
1


√
n1n2


n1m2 −m2 = m1 −m2 = m,


másrészt Ki := {1, . . . , n1} \ {i} és K := {n1 + 1, . . . , n2} jelölésekkel


ζi = ξi +
(


1√
n1n2
− 1


n2


) ∑
k∈Ki


ηk − 1
n2


∑
k∈K


ηk +
(


1√
n1n2
− 1


n2
−
√


n1


n2


)
ηi,


így


D2 ζi = σ2
1 +


(
(n1−1)


(
1√
n1n2
− 1


n2


)2


+ n2−n1


n2
2


+
(


1√
n1n2
− 1


n2
−
√


n1


n2


)2
)
σ2


2,


melyből kapjuk, hogy D2 ζi = σ2
1 + n1


n2
σ2


2 = σ2. Mivel ζi = ξi +
∑n2


k=1 a
(i)
k ηk alakú,


azaz független normális eloszlású valószínűségi változók lineáris kombinációja, ezért
ζi ∈ Norm(m;σ). Még a függetlenséget kell belátni. Ehhez elég a cov(ζi, ζj) =


= 0 (i, j = 1, . . . , n1, i 6= j) megmutatása.


n2∑
k=1


a
(i)
k a


(j)
k = (n1−2)


(
1


√
n1n2


− 1


n2


)2


+


+ 2


(
1


√
n1n2


− 1


n2


)(
1


√
n1n2


− 1


n2


−
√
n1


n2


)
+
n2 − n1


n2
2


= 0,


ezért i, j = 1, . . . , n1, i 6= j esetén


cov(ζi, ζj) = cov


(
n2∑
k=1


a
(i)
k ηk,


n2∑
k=1


a
(j)
k ηk


)
=


=


n2∑
k=1


n2∑
l=1


a
(i)
k a


(j)
l cov(ηk, ηl) =


n2∑
k=1


a
(i)
k a


(j)
k σ2


2 = 0.


Ezzel a bizonyítást befejeztük.


Most térjünk rá a feladat megoldására.


Megoldás. Az előző tétel szerint van olyan normális eloszlású m = m1−m2 várható
értékű ζ valószínűségi változó, hogy


ζi := ξi −
√
n1


n2


ηi +
1


√
n1n2


n1∑
k=1


ηk − η (i = 1, . . . , n1)


ζ-ra vonatkozó minta. Vegyük észre, hogy n1 = n2 esetén ζi = ξi − ηi. Végezzük el
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erre a mintára az egymintás t-próbát m0 = 0 választással. Ekkor


m = 0⇐⇒ m1 = m2


m 6= 0⇐⇒ m1 6= m2


m < 0⇐⇒ m1 < m2


m > 0⇐⇒ m1 > m2


miatt ennek a próbának a hipotézisei egybeesnek a feladat hipotéziseivel. Tehát
legyen


t :=
ζ


S∗ζ,n1


√
n1


és F ∼ t(n1−1). Ekkor H1 : m1 6= m2 esetén |t| 6 F−1(1− α
2
) (⇐⇒ α 6 2−2F (|t|))


elfogadási tartománnyal a próba pontosan α terjedelmű. Másrészt H1 : m1 < m2


esetén t > F−1(α) (⇐⇒ α 6 F (t)) elfogadási tartománnyal, míg H1 : m1 > m2


esetén t 6 F−1(1 − α) (⇐⇒ α 6 1 − F (t)) elfogadási tartománnyal olyan próbát
kapunk, melynek pontos terjedelme α.


Ezt az eljárást Scheffé-módszernek nevezzük, amely tehát nem egy önálló pró-
ba, hanem egy eljárás, melynek révén úgy transzformáljuk a mintát, hogy azon az
egymintás t-próba végrehajtható legyen, és ebből dönteni tudjunk a hipotézisekre
vonatkozóan.


5.14. Megjegyzés. Tegyük fel, hogy a ξ-re és η-ra vonatkozó minták nem függetlenek,
hanem úgynevezett párosított minták, azaz valójában a (ξ, η) kétdimenziós vektor-
változóra vonatkozik. A feladat pontosan az, mint a Scheffé-módszernél volt, azaz a
várható értékeket kell összehasonlítani. Ha teljesül, hogy ξ − η normális eloszlású,
akkor könnyen láthatóan, a Scheffé-módszer (n1 = n2 eset) itt is alkalmazható, azaz
a különbség mintára kell végrehajtani az egymintás t-próbát m0 = 0 választással.


5.2.5. F-próba


A kétmintás t-próbát azzal a feltétellel tudjuk alkalmazni, hogy az ismeretlen szórá-
sok megegyeznek. Ennek a feltételnek a teljesülését vizsgáljuk ebben az alszakaszban.


5.15. Feladat. Legyenek ξ ∈ Norm(m1;σ1), η ∈ Norm(m2;σ2) független valószí-
nűségi változók, aholm1,m2, σ1, σ2 ismeretlenek. Legyen ξ1, . . . , ξn1 a ξ-re vonatkozó,
illetve η1, . . . , ηn2 az η-ra vonatkozó minta (n1 > 2, n2 > 2). A


H0 : σ1 = σ2
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H1 : σ1 6= σ2


hipotézisekre adjon adott α terjedelmű próbát. A feladatot oldja meg


H1 : σ1 < σ2 illetve H1 : σ1 > σ2


egyoldali ellenhipotézisekre is.


Szükség lesz a következő tételre.


5.16. Tétel. Legyenek ξ ∈ Norm(m1;σ), η ∈ Norm(m2;σ) független valószínűségi
változók, ξ1, . . . , ξn1 a ξ-re vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó minta
(n1 > 2, n2 > 2). Ekkor


S∗
2


ξ,n1


S∗
2


η,n2


∈ F(n1 − 1;n2 − 1).


Bizonyítás. Korábban bizonyítottuk, hogy


S2
ξ,n1


σ2
n1 ∈ Khi(n1 − 1) és


S2
η,n2


σ2
n2 ∈ Khi(n2 − 1),


így ezek függetlensége miatt


(n2 − 1)
S2
ξ,n1


σ2 n1


(n1 − 1)
S2
η,n2


σ2 n2


=
n1


n1−1
S2
ξ,n1


n2


n2−1
S2
η,n2


=
S∗


2


ξ,n1


S∗
2


η,n2


∈ F(n1 − 1;n2 − 1).


Most térjünk vissza a feladat megoldására.


Megoldás. Az előző tétel szerint, ha H0 : σ1 = σ2 igaz, akkor


F :=
S∗


2


ξ,n1


S∗
2


η,n2


∈ F(n1 − 1;n2 − 1).


AH1 : σ1 6= σ2 ellenhipotézis teljesülésekor F várhatóan kritikus értékben messze van
1-től, hiszen a korrigált tapasztalati szórás torzítatlan becslése a szórásnak. Ezért az
elfogadási tartomány a 6 F 6 b alakú, ahol 0 < a < 1 < b. A továbbiakban legyen
F ∼ F(n1 − 1;n2 − 1). Tegyük fel, hogy P ∈ PH0 esetén


P(F < a) = F (a) =
α


2
,


P(F > b) = 1− F (b) =
α


2
,
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azaz a = F−1
(
α
2


)
> 0 és b = F−1


(
1− α


2


)
. Mivel 0,3 < F (1) < 0,7 (lásd az F-eloszlás


leírásánál található lemmát), így α
2
< F (1) < 1− α


2
biztosan teljesül. Ezért az ezzel


ekvivalens a < 1 < b is teljesül. Mivel P ∈ PH0 esetén


P(a 6 F 6 b) = F (b)− F (a) = 1− α


2
− α


2
= 1− α,


így F−1
(
α
2


)
6 F 6 F−1


(
1− α


2


)
(⇐⇒ α 6 2 min{F (F),1 − F (F) }) elfogadási


tartománnyal α terjedelmű próbát kapunk.
A H1 : σ1 < σ2 teljesülésekor F várhatóan kritikus értékben kisebb 1-től. Ezért


az elfogadási tartomány F > c alakú, ahol 0 < c < 1. Mivel P ∈ PH0-ra


P(F > c) = 1− F (c),


így P(F > c) = 1−α esetén c = F−1(α) > 0. Az α < F (1) biztosan teljesül 0 < α 6


6 0,3 esetén, így c < 1 is teljesül. Tehát F > F−1(α) (⇐⇒ α 6 F (F)) elfogadási
tartománnyal α terjedelmű próbát kapunk.


Végül H1 : σ1 > σ2 ellenhipotézis teljesülése esetén F várhatóan kritikus értékben
nagyobb 1-től. Ezért az elfogadási tartomány F 6 d alakú, ahol d > 1. Ekkor P ∈
∈ PH0-ra


P(F 6 d) = F (d),


így P(F 6 d) = 1− α esetén d = F−1(1− α). Mivel 1− α > F (1) biztosan teljesül,
ha 0 < α 6 0,3, ezért d > 1 is teljesül. Tehát F 6 F−1(1− α) (⇐⇒ α 6 1− F (F))


elfogadási tartománnyal α terjedelmű próbát kapunk.
Ezt a statisztikai próbát F-próbának nevezzük.


5.17. Megjegyzés. Legyen F1 ∼ F(n1− 1;n2− 1) és F2 ∼ F(n2− 1;n1− 1). Kétoldali
ellenhipotézis esetén láttuk, hogy


F−1
1


(α
2


)
6 F 6 F−1


1


(
1− α


2


)
elfogadási tartománnyal α terjedelmű próbát kapunk. Mivel H0 teljesülése esetén
1
F
∈ F(n2 − 1;n1 − 1), ezért


F−1
2


(α
2


)
6


1


F
6 F−1


2


(
1− α


2


)
elfogadási tartománnyal szintén α terjedelmű próbát kapunk.


Ha F > 1, akkor válasszuk az első elfogadási tartományt. De ebben az esetben
α
2
< 0,3 < F1(1) miatt F−1


1


(
α
2


)
< 1 6 F biztosan teljesül. Tehát ekkor az elfogadási
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tartomány F 6 F−1
1


(
1− α


2


)
.


Ha F < 1, azaz 1
F
> 1, akkor válasszuk a második elfogadási tartományt. De


ebben az esetben α
2
< 0,3 < F2(1) miatt F−1


2


(
α
2


)
< 1 < 1


F
biztosan teljesül. Tehát


ekkor az elfogadási tartomány 1
F
6 F−1


2


(
1− α


2


)
.


Ezzel bizonyítottuk a következőt. Legyen F∗ := max{F, 1
F
}, továbbá G ∼ F(n1−


− 1;n2 − 1), ha F∗ = F illetve G ∼ F(n2 − 1;n1 − 1), ha F∗ = 1
F
. Ekkor


F∗ 6 G−1
(


1− α


2


)
elfogadási tartománnyal α terjedelmű próbát kapunk. Ezzel a módszerrel tehát nem
két, hanem csak egy kritikus értéket kell számolni.


5.2.6. Khi-négyzet próba normális eloszlás szórására


5.18. Feladat. Legyen ξ ∈ Norm(m;σ), ahol m és σ ismeretlenek. Legyen σ0 ∈ R+


rögzített és ξ1, . . . , ξn a ξ-re vonatkozó minta (n > 2). A


H0 : σ = σ0


H1 : σ 6= σ0


hipotézisekre adjon adott α terjedelmű próbát. A feladatot oldja meg


H1 : σ < σ0 illetve H1 : σ > σ0


egyoldali ellenhipotézisekre is.


Megoldás. Tudjuk, hogy H0 esetén


χ2 :=
S2
n


σ2
0


n ∈ Khi(n− 1).


Mivel S2
n


σ2
0
n = S∗n


2


σ2
0


(n − 1) és S∗n
2 a szórásnégyzet torzítatlan becslése, így σ 6= σ0


teljesülése esetén χ2 várhatóan kritikus mértékben messze van n − 1-től. Így az
elfogadási tartományt válasszuk a 6 χ2 6 b alakúnak, ahol 0 < a < n − 1 < b. A
továbbiakban legyen F ∼ Khi(n− 1). Tegyük fel, hogy P ∈ PH0 esetén


P(χ2 < a) = F (a) =
α


2
,


P(χ2 > b) = 1− F (b) =
α


2
,


104







azaz a = F−1
(
α
2


)
> 0 és b = F−1


(
1− α


2


)
. Mivel 0,5 < F (n − 1) < 0,7 (lásd a


khi-négyzet eloszlás leírásánál található lemmát), így α
2
< F (n−1) < 1− α


2
biztosan


teljesül. Ezért az ezzel ekvivalens a < n− 1 < b is teljesül. Mivel P ∈ PH0 esetén


P(a 6 χ2 6 b) = F (b)− F (a) = 1− α


2
− α


2
= 1− α,


így F−1
(
α
2


)
6 χ2 6 F−1


(
1− α


2


)
(⇐⇒ α 6 2 min{F (χ2),1 − F (χ2) }) elfogadási


tartománnyal α terjedelmű próbát kapunk.
A H1 : σ < σ0 ellenhipotézis teljesülésekor χ2 várhatóan kritikus mértékben ki-


sebb n−1-től. Azaz az elfogadási tartomány χ2 > c alakú, ahol 0 < c < n−1. Mivel
P ∈ PH0-ra


P(χ2 > c) = 1− F (c),


így P(χ2 > c) = 1 − α esetén c = F−1(α) > 0. Erre teljesül, hogy c < n − 1, mert
0,5 < F (n − 1). Tehát így χ2 > F−1(α) (⇐⇒ α 6 F (χ2)) elfogadási tartománnyal
α terjedelmű próbát kapunk.


HaH1 : σ > σ0 teljesül, akkor χ2 várhatóan kritikus mértékben nagyobb n−1-től,
azaz az elfogadási tartomány χ2 6 d alakú, ahol d > n− 1. Mivel P ∈ PH0-ra


P(χ2 6 d) = F (d),


így P(χ2 6 d) = 1− α esetén d = F−1(1− α). Másrészt ekkor F (n− 1) < 0,7 miatt
0 < α 6 0,3 esetén d > n − 1. Tehát így χ2 6 F−1(1 − α) (⇐⇒ α 6 1 − F (χ2))


elfogadási tartománnyal α terjedelmű próbát kapunk. Ez az úgynevezett khi-négyzet
próba.


5.2.7. Statisztikai próba exponenciális eloszlás paraméterére


5.19. Feladat. Legyen ξ ∈ Exp(λ), ahol λ ismeretlen. Legyen λ0 ∈ R+ rögzített és
ξ1, . . . , ξn a ξ-re vonatkozó minta. A


H0 : λ = λ0


H1 : λ 6= λ0


hipotézisekre adjon adott α terjedelmű próbát. A feladatot oldja meg


H1 : λ < λ0 illetve H1 : λ > λ0


egyoldali ellenhipotézisekre is.
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Megoldás. A λ intervallumbecslésénél láttuk, hogy H0 esetén


γ := λ0nξ ∈ Gamma(n; 1).


Mivel ξ az Eλ = 1
λ
torzítatlan becslése, így a H1 : λ 6= λ0 (⇐⇒ n 6= λ0


1
λ
n) ellen-


hipotézis teljesülésekor γ várhatóan kritikus mértékben messze van n-től. Azaz az
elfogadási tartomány a 6 γ 6 b alakú, ahol 0 < a < n < b. A továbbiakban legyen
F ∼ Gamma(n; 1). Tegyük fel, hogy P ∈ PH0 esetén


P(γ < a) = F (a) =
α


2
,


P(γ > b) = 1− F (b) =
α


2
,


azaz a = F−1
(
α
2


)
> 0 és b = F−1


(
1− α


2


)
. Mivel 0,5 < F (n) < 0,7 (lásd a gamma-


eloszlás leírásánál található lemmát), így α
2
< F (n) < 1− α


2
biztosan teljesül. Ezért


az ezzel ekvivalens a < n < b is teljesül. Mivel P ∈ PH0 esetén


P(a 6 γ 6 b) = F (b)− F (a) = 1− α


2
− α


2
= 1− α,


így F−1
(
α
2


)
6 γ 6 F−1


(
1− α


2


)
(⇐⇒ α 6 2 min{F (γ),1 − F (γ) }) elfogadási


tartománnyal α terjedelmű próbát kapunk.


A H1 : λ < λ0 (⇐⇒ n < λ0
1
λ
n) ellenhipotézis teljesülésekor γ (ellentétben a


korábbi próbákkal) várhatóan kritikus mértékben nagyobb n-től. Azaz az elfogadási
tartomány γ 6 c alakú, ahol c > n. Mivel P ∈ PH0-ra


P(γ 6 c) = F (c),


így P(γ 6 c) = 1 − α esetén c = F−1(1 − α). Másrészt ekkor F (n) < 0,7 miatt
0 < α 6 0,3 esetén c > n. Tehát így γ 6 F−1(1− α) (⇐⇒ α 6 1− F (γ)) elfogadási
tartománnyal α terjedelmű próbát kapunk.


A H1 : λ > λ0 (⇐⇒ n > λ0
1
λ
n) ellenhipotézis teljesülésekor γ (ellentétben a


korábbi próbákkal) várhatóan kritikus mértékben kisebb n-től. Azaz az elfogadási
tartomány γ > d alakú, ahol 0 < d < n. Mivel P ∈ PH0-ra


P(γ > d) = 1− F (d),


így P(γ > d) = 1 − α esetén d = F−1(α) > 0. Erre teljesül, hogy d < n, mert
0,5 < F (n). Tehát így γ > F−1(α) (⇐⇒ α 6 F (γ)) elfogadási tartománnyal α
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terjedelmű próbát kapunk.


5.20. Megjegyzés. Vigyázzunk arra, hogy itt a egyoldali ellenhipotézisek esetében
fordítva vannak az elfogadási tartományok, mint a korábbi próbáknál. Ennek meg-
felelően változik az is, hogy kétoldali ellenhipotézisnél meghozott döntés ismeretében
mik lesznek a egyoldali ellenhipotézisekre a döntések. Ezt a következő táblázatban
foglaljuk össze:


H0 : λ = λ0 H1 : λ 6= λ0


H0-t elfogadjuk H0-t elutasítjuk
γ > F−1(1− α


2
) γ < F−1(α


2
)


H1 : λ < λ0 H0-t elfogadjuk H0-t elfogadjuk H0-t elutasítjuk


H1 : λ > λ0 H0-t elfogadjuk H0-t elutasítjuk H0-t elfogadjuk


A táblázat úgy is értelmezhető, hogy F−1
(
α
2


)
6 γ 6 F−1


(
1− α


2


)
esetén λ = λ0,


γ < F−1
(
α
2


)
esetén λ > λ0, illetve γ > F−1


(
1− α


2


)
esetén λ < λ0 mellett döntünk


α terjedelemmel.


5.2.8. Statisztikai próba valószínűségre


5.21. Feladat. Legyen ξ ∈ Bin(1; p), ahol p ismeretlen. Legyen 0 < p0 < 1 rögzített
és ξ1, . . . , ξn a ξ-re vonatkozó minta. A


H0 : p = p0


H1 : p 6= p0


hipotézisekre adjon adott α terjedelmű próbát. A feladatot oldja meg


H1 : p < p0 illetve H1 : p > p0


egyoldali ellenhipotézisekre is.


5.22. Megjegyzés. Ha A egy esemény és ξ = IA, akkor ξ ∈ Bin(1; p), ahol p az A való-
színűsége. Ezért a feladat úgy is megfogalmazható, hogy adjon az előző hipotézisekre
α terjedelmű próbát, ahol p egy esemény valószínűsége.


Megoldás. Ismert, hogy ha H0 igaz, akkor


nξ ∈ Bin(n; p0).
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Ha ξ egy esemény indikátorváltozója, akkor nξ az esemény bekövetkezéseinek a
számát jelenti n kísérlet után. Mivel ξ a p torzítatlan becslése, ezért H1 : p 6= p0


esetén ξ várhatóan kritikus mértékben eltávolodik p0-tól. Így ekkor az elfogadási
tartomány a 6 nξ 6 b alakú, ahol a, b ∈ N és 1 6 a < np0 < b 6 n − 1. Az
1 6 a és b 6 n − 1 feltételek azért kellenek, hogy a kritikus tartományban nξ < a


illetve nξ > b ne legyenek lehetetlen események. Keressük meg a legkisebb a illetve
b pozitív egész számokat, melyekre P ∈ PH0 esetén teljesül, hogy


P(nξ 6 a) =
a∑
i=0


(
n
i


)
pi0(1− p0)n−i > α


2
,


P(nξ 6 b) =
b∑
i=0


(
n
i


)
pi0(1− p0)n−i > 1− α


2
.


Az így definiált a és b esetén, ha P ∈ PH0 , akkor


P(a 6 nξ 6 b) =
b∑
i=a


(
n
i


)
pi0(1− p0)n−i =


=
b∑
i=0


(
n
i


)
pi0(1− p0)n−i −


a−1∑
i=0


(
n
i


)
pi0(1− p0)n−i︸ ︷︷ ︸
<α


2


> 1− α,


így ilyenkor a 6 nξ 6 b elfogadási tartománnyal α terjedelmű próbát kapunk. Az
1 6 a < np0 < b 6 n−1 feltétel mindig teljesíthető α és n alkalmas megválasztásával.


H1 : p < p0 esetén ξ várhatóan kritikus mértékben p0 alatt van, azaz az elfogadási
tartomány nξ > c alakú, ahol c ∈ N és 1 6 c < np0. Legyen c a legkisebb pozitív
egész, melyre P ∈ PH0 esetén teljesül, hogy


P(nξ 6 c) =
c∑
i=0


(
n
i


)
pi0(1− p0)n−i > α.


Az így definiált c esetén, ha P ∈ PH0 , akkor


P(nξ > c) =
n∑
i=c


(
n
i


)
pi0(1− p0)n−i = 1−


c−1∑
i=0


(
n
i


)
pi0(1− p0)n−i︸ ︷︷ ︸
<α


> 1− α,


azaz nξ > c elfogadási tartománnyal α terjedelmű próbát kapunk. Az 1 6 c < np0


feltétel itt is mindig teljesíthető α és n alkalmas megválasztásával.


H1 : p > p0 esetén ξ várhatóan kritikus mértékben p0 felett van, azaz az elfogadási
tartomány nξ 6 d alakú, ahol d ∈ N és np0 < d 6 n−1. Legyen d a legkisebb pozitív
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egész, melyre P ∈ PH0 esetén teljesül, hogy


P(nξ 6 d) =
d∑
i=0


(
n
i


)
pi0(1− p0)n−i > 1− α.


Ekkor tehát nξ 6 d elfogadási tartománnyal α terjedelmű próbát kapunk. Az np0 <


< d 6 n− 1 feltétel itt is mindig teljesíthető α és n alkalmas megválasztásával.


Az első két ellenhipotézisnél azért nem úgy választottuk a kritikus értékeket,
hogy az elfogadási tartomány valószínűsége H0 esetén 1− α-val egyenlő is lehessen,
mert egyrészt ez csak ritkán érhető el az eloszlás diszkrétsége miatt, másrészt ekkor
Excellel nehezebben tudnánk számolni.


Ha n elég nagy, akkor az előbbi kritikus értékek kiszámolásához használhatunk
egyszerűbb közelítő formulát is. Ehhez szükségünk lesz az úgynevezett folytonossági
korrekcióra.


Folytonossági korrekció. Ha a min{np, n(1 − p) } > 10 feltétel teljesül, akkor
F ∼ Bin(n; p) és G ∼ Norm


(
np;
√
np(1− p)


)
jelöléssel F (z) értékét nagyon


jól közelíti G(z). Legyen z ∈ N. Ekkor a következő ábráról látható, hogy az F
lépcsőssége és a G folytonossága miatt G(z− 1


2
) még pontosabban megközelíti F (z)


értékét.


Tehát % ∈ Bin(n; p) és z ∈ N esetén


P(% < z) ' Φ


(
z − 1


2
− np√


np(1− p)


)
, illetve


P(% 6 z) = P(% < z + 1) ' Φ


(
z + 1− 1


2
− np√


np(1− p)


)
= Φ


(
z + 1


2
− np√


np(1− p)


)
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közelítések már nagyon jónak tekinthetők. Például, ha n = 100, p = 0,4, akkor
10 < np = 40 < n(1 − p) = 60 teljesül, ezért használhatjuk a közelítést. Például
P(% 6 30) értéke közelítőleg


Φ


(
30 + 1


2
− 40


√
40 · 0,6


)
,


ami öt tizedesjegyre kerekítve 0,02624. Ha nem használjuk a folytonossági korrekciót,
akkor a


Φ


(
30 + 1− 40√


40 · 0,6


)
értéket kell használni közelítésnek, amely öt tizedesjegyre kerekítve 0,03310. Össze-
hasonlításként P(% 6 30) igazi értéke 0,02478 öt tizedesjegyre kerekítve. Ebből jól
látható, hogy a folytonossági korrekcióval pontosabb közelítést kaptunk.


5.23. Feladat. Az előző megoldásban felírt kritikus értékekre adjunk közelítő kép-
letet min{np0, n(1− p0) } > 10 esetén, a folytonossági korrekciót alkalmazva.


Megoldás. Az előző megoldás jelöléseit fogjuk használni. Az előbbiek miatt


P(nξ 6 a) ' Φ


(
a+ 1


2
− np0√


np0(1− p0)


)
=
α


2
,


melyből – figyelembe véve, hogy a ∈ N és alsó kritikus értéket jelent – kapjuk, hogy


h(x) := np0 −
1


2
+
√
np0(1− p0)Φ−1(x)


jelöléssel a '
[
h(α


2
)
]
. Hasonlóan kapjuk, hogy b '


[
h(1− α


2
)
]


+ 1, c ' [h(α)] és
d ' [h(1− α)] + 1.


5.3. Nemparaméteres hipotézisvizsgálatok


A következőkben, ha nem írjuk ki külön az ellenhipotézist, akkor az mindig a null-
hipotézis negáltját jelenti. Az itt taglalt illeszkedés-, függetlenség- és homogenitás-
vizsgálatokat khi-négyzet próbáknak is nevezik, mert a próbastatisztika mindegyik
esetben hasonló szerkezetű aszimptotikusan khi-négyzet eloszlású.
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5.3.1. Tiszta illeszkedésvizsgálat


5.24. Feladat. Legyen A1, . . . , Ar egy teljes eseményrendszer és p1, . . . , pr ∈ R+,
ahol p1 + · · ·+ pr = 1. Készítsünk a


H0 : P(Ai) = pi (i = 1, . . . , r)


nullhipotézisre α terjedelmű próbát, ahol P a valódi valószínűséget jelenti.


Megoldás. Jelölje %i az Ai esemény gyakoriságát n kísérlet után, és legyen


χ2 :=
r∑
i=1


(%i − npi)2


npi
.


H0 teljesülése esetén χ2 várhatóan nem távolodik el kritikus mértékben 0-tól, így az
elfogadási tartomány χ2 6 a alakú, ahol a > 0. Ismert, hogy min{ %1, . . . , %r } > 10


teljesülése esetén
P(χ2 6 a) ' F (a),


ahol P ∈ PH0 és F ∼ Khi(r − 1). (A bizonyítást lásd pl. Fazekas I. [2, 161–162. ol-
dal].) Így P(χ2 6 a) = 1−α esetén a ' F−1(1−α). Tehát χ2 6 F−1(1−α) (⇐⇒ α 6


6 1− F (χ2)) elfogadási tartománnyal közelítőleg α terjedelmű próbát kapunk.


5.25. Feladat. Legyen ξ egy ismeretlen eloszlású valószínűségi változó és F0 egy
rögzített eloszlásfüggvény. Készítsünk a


H0 : P(ξ < x) = F0(x) (x ∈ R)


nullhipotézisre α terjedelmű próbát, ahol P a valódi valószínűséget jelenti.


Megoldás. Ha ξ diszkrét valószínűségi változó {x1, x2, . . . } értékkészlettel, ahol x1 <


< x2 < . . . , akkor válasszuk meg a


k0 := 0 < k1 < k2 < · · · < kr


egész számokat úgy, hogy az Ai := {xki−1+1 6 ξ 6 xki } események teljes ese-
ményrendszert alkossanak, továbbá ezek %i gyakorisága a ξ-re vonatkozó n elemű
mintarealizáció alapján legalább 10 legyen minden i = 1, . . . , r esetén.


Ha ξ nem diszkrét valószínűségi változó, akkor válasszuk meg az


a0 := −∞ < a1 < a2 < · · · < ar−1 < ar :=∞


111







valós számokat úgy, hogy az Ai := { ai−1 6 ξ < ai } események %i gyakorisága
a ξ-re vonatkozó n elemű mintarealizáció alapján legalább 10 legyen minden i =


= 1, . . . , r esetén. Ügyeljünk arra, hogy az ai osztópontok függetlenek legyenek a
mintarealizáció elemeitől.


Ezután pi := P(Ai) (P ∈ PH0) jelöléssel legyen


H ′0 : P(Ai) = pi (i = 1, . . . , r).


Ha H0 igaz, akkor H ′0 is az. Így az előző feladat megoldásából látható, hogy H0


teljesülése esetén


χ2 :=
r∑
i=1


(%i − npi)2


npi


aszimptotikusan r − 1 szabadsági fokú khi-négyzet eloszlású. Ebből kapjuk, hogy
F ∼ Khi(r − 1) jelöléssel és χ2 6 F−1(1 − α) (⇐⇒ α 6 1 − F (χ2)) elfogadási
tartománnyal, H0-ra közelítőleg α terjedelmű próbát kapunk.


5.3.2. Becsléses illeszkedésvizsgálat


A tiszta illeszkedésvizsgálatban azt vizsgáltuk, hogy egy valószínűségi változónak mi
lehet az eloszlása. Azonban legtöbb esetben elég csak azt megmondani, hogy melyik
eloszláscsaládba tartozik (egyenletes, normális, Poisson, stb.). Ilyenkor használjuk a
becsléses illeszkedésvizsgálatot.


5.26. Feladat. Legyen v ∈ N, Θ ⊂ Rv, Θ 6= ∅. Jelöljön Fϑ eloszlásfüggvényt
minden ϑ = (ϑ1, . . . , ϑv) ∈ Θ esetén. Legyen az a nullhipotézis, hogy az ismeretlen
eloszlású ξ valószínűségi változó az {Fϑ : ϑ ∈ Θ } eloszláscsaládba tartozik, azaz


H0 : P(ξ < x) = Fϑ(x) (x ∈ R) valamely ϑ ∈ Θ esetén.


Készítsünk erre a nullhipotézisre α terjedelmű próbát, ahol P a valódi valószínűséget
jelenti.


Megoldás. Először konstruáljuk meg az A1, . . . , Ar teljes eseményrendszert a tiszta
illeszkedésvizsgálatban leírtak szerint, és jelölje %i az Ai esemény gyakoriságát n kí-
sérlet után. EzutánH0 feltételezésével számoljuk ki ϑi maximum likelihood becslését,
melyet jelöljön ϑ̂i. Legyen ϑ̂ := (ϑ̂1, . . . , ϑ̂v), p̂i := Pϑ̂(Ai), továbbá


χ2 :=
r∑
i=1


(%i − np̂i)2


np̂i
.
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Bizonyítható, hogy ha H0 igaz, akkor χ2 eloszlása r − 1 − v szabadsági fokú khi-
négyzet eloszláshoz konvergál n→∞ esetén. (A bizonyítás az úgynevezett likelihood
hányados határeloszlásával hozható kapcsolatba, mi nem végezzük el. Lásd például
Terdik Gy. [16, 91–93. oldal].) A gyakorlatban ez azt jelenti, hogy F ∼ Khi(r−1−v)


jelöléssel
P(χ2 < x) ' F (x).


A közelítés már jónak tekinthető, ha min{ %1, . . . , %r } > 10.
Így hasonlóan a tiszta illeszkedésvizsgálathoz kapjuk, hogy H0 nullhipotézisre


χ2 6 F−1(1− α) (⇐⇒ α 6 1− F (χ2)) elfogadási tartománnyal közelítőleg α terje-
delmű próbát kapunk.


5.3.3. Függetlenségvizsgálat


A következő feladatban két teljes eseményrendszer függetlenségét vizsgáljuk.


5.27. Feladat. Legyen A1, . . . , Ar és B1, . . . , Bs két teljes eseményrendszer. Készít-
sünk a


H0 : P(Ai ∩Bj) = P(Ai) P(Bj) (i = 1, . . . , r, j = 1, . . . , s)


nullhipotézisre α terjedelmű próbát, ahol P a valódi valószínűséget jelenti.


Megoldás. Legyen ki illetve lj az Ai illetve Bj gyakorisága n kísérlet után. Ekkor
P(Ai) illetve P(Bj) maximum likelihood becslése ki


n
illetve lj


n
. Ez összesen (r− 1) +


+ (s − 1) darab független becslést jelent a k1 + · · · + kr = n és l1 + · · · + ls = n


feltételek miatt. Legyen p̂ij := ki
n
· lj
n
és


χ2 :=
r∑
i=1


s∑
j=1


(%ij − np̂ij)2


np̂ij
=


1


n


r∑
i=1


s∑
j=1


(n%ij − kilj)2


kilj
,


ahol %ij az Ai∩Bj esemény gyakorisága n kísérlet után. A gyakoriságokat a következő
úgynevezett kontingencia táblázatba szokták összefoglalni.


B1 B2 . . . Bs


A1 %11 %12 . . . %1s k1


A2 %21 %22 . . . %2s k2


...
...


... . . . ...
...


Ar %r1 %r2 . . . %rs kr


l1 l2 . . . ls n
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A becsléses illeszkedésvizsgálatnál elmondottak szerint, ha H0 igaz, akkor χ2 elosz-
lása rs−1− (r−1)− (s−1) = (r−1)(s−1) szabadsági fokú khi-négyzet eloszláshoz
konvergál n → ∞ esetén. Innen az eddigiekhez hasonlóan, ha %ij > 10 minden i, j
esetén és F ∼ Khi((r−1)(s−1)), akkor a H0 nullhipotézisre χ2 6 F−1(1−α) (⇐⇒ α 6


6 1− F (χ2)) elfogadási tartománnyal közelítőleg α terjedelmű próbát kapunk.


5.28. Feladat. Legyen (ξ, η) kétdimenziós valószínűségi vektorváltozó. Az erre vo-
natkozó (ξ1, η1), . . . , (ξn, ηn) minta alapján készítsünk a


H0 : ξ és η független


nullhipotézisre α terjedelmű próbát.


Megoldás. Konstruáljuk meg a ξ1, . . . , ξn illetve az η1, . . . , ηn mintákra az A1, . . . , Ar


illetve B1, . . . , Bs teljes eseményrendszereket a tiszta illeszkedésvizsgálatban leírtak
szerint. Ezután legyen


H ′0 : P(Ai ∩Bj) = P(Ai) P(Bj) (i = 1, . . . , r, j = 1, . . . , s).


Ha H0 igaz, akkor H ′0 is az. Így az előző feladat megoldásából kapjuk, hogy H0


teljesülése esetén


χ2 :=
1


n


r∑
i=1


s∑
j=1


(n%ij − kilj)2


kilj


eloszlása (r−1)(s−1) szabadsági fokú khi-négyzet eloszláshoz konvergál, ha n→∞.
Innen F ∼ Khi((r−1)(s−1)) jelöléssel, a H0 nullhipotézisre χ2 6 F−1(1−α) (⇐⇒ α 6


6 1− F (χ2)) elfogadási tartománnyal közelítőleg α terjedelmű próbát kapunk.


5.3.4. Homogenitásvizsgálat


5.29. Feladat. Legyenek ξ és η független valószínűségi változók. Az ezekre vonat-
kozó ξ1, . . . , ξn1 illetve η1, . . . , ηn2 minták alapján készítsünk a


H0 : ξ és η azonos eloszlású


nullhipotézisre α terjedelmű próbát.


Megoldás. Válasszuk meg az


c0 := −∞ < c1 < c2 < · · · < cr−1 < cr :=∞
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valós számokat úgy, hogy a ξ ∈ Ci := [ci−1, ci) esemény ki gyakorisága illetve az
η ∈ Ci esemény li gyakorisága a mintarealizációk alapján legalább 10 legyen minden
i = 1, . . . , r esetén.


Most tegyük fel, hogyH0 teljesül. Ekkor van olyan ζ valószínűségi változó, amely-
re vonatkozólag ξ1, . . . , ξn1 , η1, . . . , ηn2 egy n1 + n2 elemű minta.


Jelentse Ai azt az eseményt, hogy ζ ∈ Ci. A B1 illetve B2 jelentse azt, hogy
a mintavétel ξ-re illetve η-ra vonatkozik. De H0 esetén az, hogy ζ ∈ Ci teljesül-e,
független attól, hogy a mintavétel valójában ξ-re vagy η-ra történt. Így ekkor


H ′0 : P(Ai ∩Bj) = P(Ai) P(Bj) (i = 1, . . . , r, j = 1, 2)


is teljesül. Erre alkalmazhatjuk a függetlenségvizsgálatban leírtakat a következő kon-
tingencia táblázattal:


B1 B2


A1 k1 l1 k1 + l1


A2 k2 l2 k2 + l2
...


...
...


...
Ar kr lr kr + lr


n1 n2 n1 + n2


Ekkor tehát


χ2 := 1
n1+n2


r∑
i=1


(
((n1+n2)ki−(ki+li)n1)2


(ki+li)n1
+ ((n1+n2)li−(ki+li)n2)2


(ki+li)n2


)
=


= n1n2


r∑
i=1


(
ki
n1
− li


n2


)2


ki + li


aszimptotikusan (r− 1)(2− 1) = r− 1 szabadsági fokú khi-négyzet eloszlású. Tehát
F ∼ Khi(r−1) jelöléssel, a H0 nullhipotézisre χ2 6 F−1(1−α) (⇐⇒ α 6 1−F (χ2))


elfogadási tartománnyal közelítőleg α terjedelmű próbát kapunk.


5.3.5. Kétmintás előjelpróba


5.30. Feladat. Legyen (ξ, η) kétdimenziós valószínűségi vektorváltozó. Az erre vo-
natkozó (ξ1, η1), . . . , (ξn, ηn) minta alapján készítsünk a


H0 : P(ξ > η) =
1


2


H1 : P(ξ > η) 6= 1


2
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hipotézisekre α terjedelmű próbát, ahol P a valódi valószínűséget jelenti. A feladatot
oldja meg


H1 : P(ξ > η) <
1


2
illetve H1 : P(ξ > η) >


1


2


egyoldali ellenhipotézisekre is.


Megoldás. Bár a feladatot a nemparaméteres hipotézisvizsgálatokban tárgyaljuk,
egyértelmű a kapcsolata a valószínűségre vonatkozó statisztikai próbával, A := { ξ >
> η } és p0 = 1


2
választással. Legyen


B :=
n∑
i=1


Iξi>ηi ,


azaz az A esemény gyakorisága, vagy ha úgy tetszik, azon esetek száma, amikor ξi−ηi
előjele pozitív (innen a próba neve). Ha H0 teljesül, akkor B ∈ Bin(n; 1


2
). Legyenek


az a, b, c, d számok a legkisebb olyan pozitív egészek, amelyekre teljesülnek, hogy


a∑
i=0


(
n


i


)
1


2n
>
α


2


b∑
i=0


(
n


i


)
1


2n
> 1− α


2


c∑
i=0


(
n


i


)
1


2n
> α


d∑
i=0


(
n


i


)
1


2n
> 1− α.


Ekkor a valószínűségre vonatkozó statisztikai próbánál leírtak szerint


H1 : P(ξ > η) 6= 1


2
esetén a 6 B 6 b,


H1 : P(ξ > η) <
1


2
esetén B > c és


H1 : P(ξ > η) >
1


2
esetén B 6 d


elfogadási tartománnyal α terjedelmű próbát kapunk. A kritikus értékek kiszámo-
lásánál itt is alkalmazható n > 20 esetén a folytonossági korrekcióval megadott
közelítő számítás. Eszerint


h(x) :=
1


2


(
n− 1 +


√
nΦ−1(x)


)
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jelöléssel a '
[
h(α


2
)
]
, b '


[
h(1− α


2
)
]


+ 1, c ' [h(α)] és d ' [h(1− α)] + 1.


5.3.6. Kolmogorov – Szmirnov-féle kétmintás próba


5.31. Tétel (Szmirnov-tétel). Legyenek ξ és η független valószínűségi változók, a
rájuk vonatkozó minták ξ1, . . . , ξn és η1, . . . , ηn, illetve a nekik megfelelő tapasztalati
eloszlásfüggvények F ∗n és G∗n. Ha ξ-nek és η-nak azonos az eloszlásfüggvénye és az
folytonos, akkor minden z ∈ R+ esetén


lim
n→∞


P
(√


n
2


sup
x∈R
|F ∗n(x)−G∗n(x)| < z


)
= 1 + 2


∞∑
i=1


(−1)ie−2i2z2 .


A bizonyítást lásd például Fazekas I. [2, 194. oldal].


5.32. Megjegyzés. A Szmirnov-tétel feltételeivel


P
(√


n
2


sup
x∈R
|F ∗n(x)−G∗n(x)| < z


)
' 1 + 2


∞∑
i=1


(−1)ie−2i2z2


közelítés már jónak tekinthető, ha n > 30.
A
√


n
2


supx∈R |F ∗n(x) − G∗n(x)| pontos eloszlása is ismert (lásd pl. Fazekas I. [2,
191. oldal]), melyből n 6 30 esetén is tudunk próbát konstruálni. Mi ezzel az esettel
nem foglalkozunk.


5.33. Feladat. Legyenek ξ és η folytonos eloszlásfüggvényű független valószínűségi
változók. Az ezekre vonatkozó ξ1, . . . , ξn illetve η1, . . . , ηn (n > 30) minták alapján
készítsünk a


H0 : ξ és η azonos eloszlású


nullhipotézisre α terjedelmű próbát.


Megoldás. Legyenek a ξ-re illetve η-ra vonatkozó mintákhoz tartozó tapasztalati
eloszlásfüggvények F ∗n illetve G∗n, továbbá legyen


D :=
√


n
2


sup
x∈R
|F ∗n(x)−G∗n(x)|.


Ha H0 nem teljesül, akkor D várhatóan kritikus mértékben eltávolodik 0-tól. Ezért
az elfogadási tartomány legyen D < z alakú, ahol z ∈ R+. A Szmirnov-tétel szerint
P ∈ PH0 és n > 30 esetén


P(D < z) ' K(z) (z ∈ R+),
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ahol


K(z) = 1 + 2
∞∑
i=1


(−1)ie−2i2z2 .


Így P(D < z) = 1− α esetén z ' K−1(1− α). Tehát


D < K−1(1− α) (⇐⇒ K(D) < 1− α)


elfogadási tartománnyal körülbelül α terjedelmű próbát kapunk.


5.3.7. Kolmogorov – Szmirnov-féle egymintás próba


A matematikai statisztika alaptétele a tapasztalati eloszlásfüggvény konvergenciájá-
ról szól, de a konvergencia sebességéről nem ad információt. A következő Kolmogo-
rovtól származó tétel ezt a hiányt pótolja, melyet itt bizonyítás nélkül közlünk.


5.34. Tétel (Kolmogorov-tétel). Legyen a ξ valószínűségi változó F eloszlásfüggvé-
nye folytonos. A ξ-re vonatkozó minta legyen ξ1, . . . , ξn és a neki megfelelő tapasz-
talati eloszlásfüggvény F ∗n . Ekkor minden z ∈ R+ esetén


lim
n→∞


P
(√


n sup
x∈R
|F ∗n(x)− F (x)| < z


)
= 1 + 2


∞∑
i=1


(−1)ie−2i2z2 .


5.35. Megjegyzés. A Kolmogorov-tétel feltételeivel


P
(√


n sup
x∈R
|F ∗n(x)− F (x)| < z


)
' 1 + 2


∞∑
i=1


(−1)ie−2i2z2


közelítés már jónak tekinthető, ha n > 30.


5.36. Feladat. Legyen ξ folytonos eloszlásfüggvényű valószínűségi változó. Az erre
vonatkozó ξ1, . . . , ξn (n > 30) minta alapján készítsünk a


H0 : ξ eloszlásfüggvénye F


nullhipotézisre α terjedelmű próbát.


Megoldás. Legyen a tapasztalati eloszlásfüggvény F ∗n , továbbá legyen


D :=
√
n sup
x∈R
|F ∗n(x)− F (x)|.
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Ha H0 nem teljesül, akkor D várhatóan kritikus mértékben eltávolodik 0-tól. Így a
kétmintás esethez hasonlóan kapjuk, hogy


D < K−1(1− α) (⇐⇒ K(D) < 1− α)


elfogadási tartománnyal körülbelül α terjedelmű a próba, ahol


K(z) = 1 + 2
∞∑
i=1


(−1)ie−2i2z2 .
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6. Regressziószámítás


6.1. Regressziós görbe és regressziós felület


Jelentse η a Duna egy árhullámának tetőző vízállását Budapesten cm-ben, ξ1 az ár-
hullámot kiváltó csapadék mennyiségét mm-ben és ξ2 a Duna vízállását Budapestnél
az esőzés kezdetekor cm-ben. Joggal gondolhatjuk, hogy ξ1 és ξ2 értéke erősen be-
határolja az η értékét. Keressünk olyan g függvényt, melyre teljesül, hogy


η ' g(ξ1, ξ2).


Az eltérés mértéke legyen
E
(
η − g(ξ1, ξ2)


)2
,


hasonlóan a D2 ξ = E(ξ−E ξ)2 szórásnégyzethez, ami a ξ és E ξ eltérésének mértéke.
Ha sikerülne olyan g függvényt találni, amelyre E


(
η− g(ξ1, ξ2)


)2 a lehető legkisebb,
akkor ξ1 és ξ2 mérésével közelítőleg meg lehetne jósolni η, azaz az árhullám tetőzé-
sének mértékét.


Általánosítva, ha az η, ξ1, . . . , ξk valószínűségi változók esetén az a feladat, hogy
adjuk meg a lehető legjobb


η ' g(ξ1, . . . , ξk)


közelítést adó g függvényt, akkor az úgy értendő, hogy az


E
(
η − g(ξ1, . . . , ξk)


)2


értékét kell minimalizálni. Ez az úgynevezett legkisebb négyzetek elve. Az így kapott
g továbbá ξ1, . . . , ξk ismeretében megbecsülhető lesz η.


6.1. Tétel. Legyenek η, ξ1, . . . , ξk valószínűségi változók és E η2 < ∞. Az összes
g : Rk → R Borel-mérhető függvényt figyelembe véve E


(
η − g(ξ1, . . . , ξk)


)2 akkor a
legkisebb, ha


g(ξ1, . . . , ξk) = E(η | ξ1, . . . , ξk).


Bizonyítás. Legyen µ := η−E(η | ξ1, . . . , ξk) és ν := E(η | ξ1, . . . , ξk)−g(ξ1, . . . , ξk).
Ekkor


E
(
η − g(ξ1, . . . , ξk)


)2
= E(µ+ ν)2 = Eµ2 + 2 E(µν) + E ν2 >


> Eµ2 + 2 E(µν) = Eµ2 + 2 E
(
E(µν | ξ1, . . . , ξk)


)
=


= Eµ2 + 2 E
(
ν E(µ | ξ1, . . . , ξk)


)
,
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másrészt


E(µ | ξ1, . . . , ξk) = E
(
η − E(η | ξ1, . . . , ξk) | ξ1, . . . , ξk


)
=


= E(η | ξ1, . . . , ξk)− E
(
E(η | ξ1, . . . , ξk) | ξ1, . . . , ξk


)
=


= E(η | ξ1, . . . , ξk)− E(η | ξ1, . . . , ξk) = 0.


Így kapjuk, hogy


E
(
η − g(ξ1, . . . , ξk)


)2
> Eµ2 = E


(
η − E(η | ξ1, . . . , ξk)


)2
,


melyből adódik az állítás.


6.2. Definíció. Ha η, ξ1, . . . , ξk valószínűségi változók, ξi értékkészlete Rξi (i =


= 1, . . . , k) és E η2 véges, akkor a


g : Rξ1 × · · · ×Rξk → R, g(x1, . . . , xk) := E(η | ξ1 = x1, . . . , ξk = xk)


függvényt az η valószínűségi változó (ξ1, . . . , ξk)-ra vonatkozó regressziós felületének,
illetve ennek meghatározását regressziószámításnak nevezzük. Speciálisan k = 1


esetén regressziós görbéről beszélünk. Ha a regressziós felület lineáris függvénnyel
írható le, akkor azt k = 1 esetén (elsőfajú) regressziós egyenesnek, míg k = 2 esetén
(elsőfajú) regressziós síknak nevezzük.


6.3. Megjegyzés. Ismert, hogy (η, ξ1, . . . , ξk) ∈ Normk+1(m;A) esetén léteznek olyan
a1, . . . , ak ∈ R konstansok, hogy E(η | ξ1, . . . , ξk) = a1ξ1 + · · · + akξk. Tehát ha
(η, ξ1, . . . , ξk) valószínűségi vektorváltozó normális eloszlású, akkor a regressziós fe-
lület egy lineáris függvénnyel írható le.


6.2. Lineáris regresszió


Ha (η, ξ1, . . . , ξk) nem normális eloszlású, akkor a legtöbb esetben a regressziós felület
meghatározása igen bonyolult probléma. Ilyen esetekben azzal egyszerűsíthetjük a
feladatot, hogy E


(
η − g(ξ1, . . . , ξk)


)2 minimumát csak a


g(x1, . . . , xk) = a0 + a1x1 + · · ·+ akxk (a0, a1, . . . , ak ∈ R)


alakú – azaz lineáris – függvények között keressük. Ezt a típusú regressziószámítást
lineáris regressziónak nevezzük. A feladat megoldásában szereplő a0, . . . , ak kons-
tansokat a lineáris regresszió együtthatóinak nevezzük.
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A lineáris regresszióval kapott g függvényt k = 1 illetve k = 2 esetén másodfajú
regressziós egyenesnek illetve másodfajú regressziós síknak nevezzük.


Kérdés, hogy egyáltalán van-e megoldása a lineáris regressziós feladatnak. Erre
ad feleletet a következő tétel.


6.4. Tétel. Legyen ξ0 ≡ 1, E η2 ∈ R, E(ηξi) ∈ R, E(ξiξj) ∈ R (i, j = 0, . . . , k),
továbbá az


R :=



E(ξ0ξ0) E(ξ0ξ1) . . . E(ξ0ξk)


E(ξ1ξ0) E(ξ1ξ1) . . . E(ξ1ξk)
...


... . . . ...
E(ξkξ0) E(ξkξ1) . . . E(ξkξk)



mátrix pozitív definit, azaz minden bal felső sarokdeterminánsa pozitív. Ekkor a li-
neáris regressziónak pontosan egy megoldása van, nevezetesen azon g(x1, . . . , xk) =


= a0 + a1x1 + · · ·+ akxk függvény, melyre


ai =
detRi


detR
(i = 0, . . . , k),


ahol az Ri mátrixot úgy kapjuk, hogy az R mátrix i-edik oszlopát kicseréljük az r :=


=
(
E(ηξ0), . . . ,E(ηξk)


)>-ra.
Bizonyítás. A feladat azon a0, . . . , ak ∈ R paraméterek meghatározása, amelyek
mellett E(η − a0 − a1ξ1 − · · · − akξk)2 minimális. Mivel


E(η − a0 − a1ξ1 − · · · − akξk)2 = E(η − a0ξ0 − · · · − akξk)2 =


= E η2 +
k∑
i=0


a2
i E ξ2


i − 2
k∑
i=0


ai E(ηξi) + 2
k−1∑
i=0


k∑
j=i+1


aiaj E(ξiξj),


ezért


∂


∂al
E(η − a0 − a1ξ1 − · · · − akξk)2 =


= 2al E ξ
2
l − 2 E(ηξl) + 2


∑
i 6=l


ai E(ξiξl) =


= 2
k∑
i=0


ai E(ξiξl)− 2 E(ηξl) (l = 0, . . . , k).


Így azt kapjuk, hogy az


∂


∂al
E(η − a0 − a1ξ1 − · · · − akξk)2 = 0 (l = 0, . . . , k)
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egyenletrendszer ekvivalens az


R(a0, . . . , ak)
> = r


egyenlettel. Mivel R pozitív definit, ezért detR > 0, így a Cramer-szabály alapján
ennek pontosan egy megoldása van, nevezetesen az, amely a tételben fel lett írva.
Legyen


K :=


(
∂2


∂al∂at
E(η − a0 − a1ξ1 − · · · − akξk)2


)
(k+1)×(k+1)


.


Mivel
∂2


∂al∂at
E(η − a0 − a1ξ1 − · · · − akξk)2 = 2 E(ξlξt),


ezértK = 2R. Ebből adódik, hogyK pozitív definit, azaz a kapott megoldás valóban
minimumhely. Ezzel bizonyítottuk a tételt.


6.5. Megjegyzés. Könnyen látható, hogy k = 1 esetén az előző tétel feltételei teljesül-
nek, ha E η2 ∈ R, 0 < D2 ξ1 < ∞ és cov(η, ξ1) ∈ R. Másrészt ekkor R(a0, a1)> = r


ekvivalens a következő egyenletrendszerrel:


a0 + a1 E ξ1 = E η,


a0 E ξ1 + a1 E ξ2
1 = E(ηξ1).


Ennek a megoldása


a0 = E η − cov(η, ξ1)


D2 ξ1


E ξ1, a1 =
cov(η, ξ1)


D2 ξ1


.


Így a regressziós egyenes egyenlete


g(x) = E η − cov(η, ξ1)


D2 ξ1


E ξ1 +
cov(η, ξ1)


D2 ξ1


x,


azaz ennek eredményeképpen a továbbiakban az


η ' E η − cov(η, ξ1)


D2 ξ1


E ξ1 +
cov(η, ξ1)


D2 ξ1


ξ1


lineáris közelítést lehet használni.


6.6. Feladat. Az E
(
η−g(ξ1, . . . , ξk)


)2 minimumát keresse meg azon g lineáris függ-
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vények között, melyek átmennek az origón, azaz a


g(x1, . . . , xk) = a1x1 + · · ·+ akxk (a1, . . . , ak ∈ R)


alakú függvények között.


Megoldás. Az előző tétel bizonyításához hasonlóan kapjuk a következő állítást. Le-
gyen E η2 ∈ R, E(ηξi) ∈ R, E(ξiξj) ∈ R (i, j = 1, . . . , k), továbbá az


R′ :=



E(ξ1ξ1) E(ξ1ξ2) . . . E(ξ1ξk)


E(ξ2ξ1) E(ξ2ξ2) . . . E(ξ2ξk)
...


... . . . ...
E(ξkξ1) E(ξkξ2) . . . E(ξkξk)



mátrix pozitív definit, azaz minden bal felső sarokdeterminánsa pozitív. Ekkor a
feladatnak pontosan egy megoldása van, nevezetesen azon g(x1, . . . , xk) = a1x1 +


+ · · ·+ akxk függvény, melyre


ai =
detR′i
detR′


(i = 1, . . . , k),


ahol az R′i mátrixot úgy kapjuk, hogy az R′ mátrix i-edik oszlopát kicseréljük az
r′ :=


(
E(ηξ1), . . . ,E(ηξk)


)>-ra. Speciálisan k = 1 esetén a1 = E(ηξ1)


E(ξ21)
.


6.7. Feladat. Legyenek t0, . . . , tk ∈ R rögzített konstansok. Az E
(
η−g(ξ1, . . . , ξk)


)2


minimumát keresse meg azon lineáris g függvények között, melyekre teljesül, hogy
g(t1, . . . , tk) = t0. Ez az úgynevezett fixpontos lineáris regresszió. A megoldást adó g
függvényt k = 1 illetve k = 2 esetén fixpontos regressziós egyenesnek illetve fixpontos
regressziós síknak nevezzük.


Megoldás. Könnyen látható, hogy


g(x1, . . . , xk) = a0 + a1x1 + · · ·+ akxk (a0, . . . , ak ∈ R) és g(t1, . . . , tk) = t0


pontosan akkor teljesülnek egyszerre, ha


g(x1, . . . , xk)− t0 = a1(x1 − t1) + · · ·+ ak(xk − tk) (a1, . . . , ak ∈ R).


(Vegyük észre, hogy t0 = · · · = tk = 0 esetén az előző feladatot kapjuk vissza.) Így
az előző feladat megoldásában η, ξ1, . . . , ξk helyébe η − t0, ξ1 − t1, . . . , ξk − tk írva,
adódnak a feltételnek eleget tevő a1, . . . , ak együtthatók.
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6.3. A lineáris regresszió együtthatóinak becslése


Az előzőekben a lineáris regresszió együtthatóit az η, ξ1, . . . , ξk valószínűségi változók
és azok kapcsolatának ismeretében határoztuk meg. Ezekről viszont a gyakorlatban
csak nagyon ritkán van elegendő információnk. Így ekkor az (η, ξ1, . . . , ξk)-ra vonat-
kozó minta alapján kell ezeket az együtthatókat megbecsülni. Legyen ez a minta


(ηi, ξi1, . . . , ξik) i = 1, . . . , n.


Bevezetjük a következő jelöléseket:


a := (a0, . . . , ak)
>


Y := (η1, . . . , ηn)>


X :=



1 ξ11 . . . ξ1k


1 ξ21 . . . ξ2k


...
... . . . ...


1 ξn1 . . . ξnk


 .


A becslés alapja az, hogy az E(η − a0 − a1ξ1 − · · · − akξk)2 várható értéket az


1


n


n∑
i=1


(ηi − a0 − a1ξi1 − · · · − akξik)2


átlaggal becsüljük. Vegyük észre, hogy ez az átlag 1
n
‖Y − Xa‖2 alakban is írható,


ahol ‖(v1, . . . , vn)>‖ =
√
v2


1 + · · ·+ v2
n a (v1, . . . , vn)> oszlopvektor hossza. Így a


feladat azon a-nak a megtalálása, amely mellett ‖Y −Xa‖ minimális.


Jelölje L az Xa lineáris leképezés képterét, amely a { v> : v ∈ Rn } vektortér
egy altere. Mivel ‖Y −Xa‖ az Y és az Xa távolsága, ezért ez akkor lesz minimális,
ha Xa az Y merőleges vetülete L-re, azaz Y − Xa merőleges L-re. Ez pontosan
azt jelenti, hogy Y −Xa merőleges Xb-re, minden b0, . . . , bk ∈ R, b = (b0, . . . , bk)


>


esetén. Tehát


(Xb)>(Y −Xa) = 0


b>X>(Y −Xa) = 0


b>X>Y = b>X>Xa


X>Y = X>Xa
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Az utolsó lépésben azért hagyható el b>, mert az egyenlet bármely b-re teljesül. Az
a-ra vonatkozóX>Y = X>Xa egyenlet az úgynevezett normálegyenlet, melynek â =


= (â0, . . . , âk)
>-val jelölt megoldása szolgáltatja a lineáris regresszió együtthatóinak


becslését. Nyilván, ha X>X invertálható mátrix, akkor


â = (X>X)−1X>Y.


6.8. Példa. Számolja ki k = 1 esetén a lineáris regresszió együtthatóinak becslését.


Megoldás. Az (η, ξ1)-re vonatkozó minta (ηi, ξi1) i = 1, . . . , n,


a = (a0, a1)>


Y = (η1, . . . , ηn)>


X =



1 ξ11


1 ξ21


...
...


1 ξn1


 .


Némi számolással kapjuk, hogy az X>Y = X>Xa normálegyenlet ekvivalens a kö-
vetkező egyenletrendszerrel:


(ξ11 + · · ·+ ξn1)a0 + (ξ2
11 + · · ·+ ξ2


n1)a1 = ξ11η1 + · · ·+ ξn1ηn,


na0 + (ξ11 + · · ·+ ξn1)a1 = η1 + · · ·+ ηn.


Ennek megoldása, és így az a becslése


â0 = η − Covn(η, ξ1)


S2
ξ1,n


ξ1,


â1 =
Covn(η, ξ1)


S2
ξ1,n


.


Ennek alapján a továbbiakban az η ' â0 + â1ξ1 közelítést fogjuk használni.


6.9. Megjegyzés. Összehasonlítva az előbb kapott â0 és â1 becsléseket a korábban
kapott elméleti értékekkel, azt láthatjuk, hogy tulajdonképpen a várható értéket
mintaátlaggal, a szórásnégyzetet tapasztalati szórásnégyzettel és a kovarianciát a
tapasztalati kovarianciával becsültük.


6.10. Feladat. Adjon becslést az (η, ξ1, . . . , ξk) valószínűségi vektorváltozóra vo-
natkozó (ηi, ξi1, . . . , ξik), i = 1, . . . , n minta alapján a fixpontos lineáris regresszió
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együtthatóira.


Megoldás. A feladat tehát rögzített t0, . . . , tk ∈ R esetén olyan


g(x1, . . . , xk) = t0 + a1(x1 − t1) + · · ·+ ak(xk − tk) (a1, . . . , ak ∈ R)


függvényt találni, melyre


n∑
i=1


(
ηi − g(ξi1, . . . , ξik)


)2


minimális. Legyen először t0 = · · · = tk = 0. Ekkor g(x1, . . . , xk) = a1x1 + · · ·+akxk,
így a lineáris regresszió együtthatóinak becsléséhez hasonlóan kapjuk, hogy


Y := (η1, . . . , ηn)>


X ′ :=



ξ11 . . . ξ1k


ξ21 . . . ξ2k


... . . . ...
ξn1 . . . ξnk



jelölésekkel, ha X ′>X ′ invertálható mátrix, akkor


(â1, . . . , âk)
> = (X ′>X ′)−1X ′>Y.


Speciálisan k = 1 esetén


â1 =


∑n
i=1 ξi1ηi∑n
i=1 ξ


2
i1


=
Covn(η, ξ1) + ξ1η


Sξ1,n + ξ1
2 ,


így ekkor az η ' â1ξ1 közelítést fogjuk használni.


Tetszőleges t0, . . . , tk ∈ R esetén a fixpontot transzformáljuk az origóra, így az
előző megoldásban csak annyit kell változtatni, hogy


Y := (η1 − t0, . . . , ηn − t0)>


X ′ :=



ξ11 − t1 . . . ξ1k − tk
ξ21 − t1 . . . ξ2k − tk


... . . . ...
ξn1 − t1 . . . ξnk − tk
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jelöléseket használunk.


6.4. Nemlineáris regresszió


A lineáris regressziós közelítés sokszor nagyon durva becslést adhat. k = 1 esetén a
mintarealizációt jelentő pontok ábrázolásával jól szemléltethető ez a probléma.


Itt jól látszik, hogy ebben az esetben „hiba” lenne lineáris regressziót alkalmazni.
Ilyenkor érdemes megtippelni, hogy milyen típusú függvény közelíti jobban a kap-
csolatot a lineárisnál (hatvány, exponenciális, logaritmus, stb.), majd a regressziós
függvény keresését le kell szűkíteni erre a csoportra.


Néhány esetben valamilyen transzformációval ez a keresés visszavezethető a line-
áris esetre. Most csak ilyen eseteket vizsgálunk, és azt is csak a k = 1 (egyváltozós)
esetben.


6.4.1. Polinomos regresszió


Ebben az esetben a regressziós függvényt


y = a0 + a1x+ a2x
2 + · · ·+ arx


r (a0, . . . , ar ∈ R+)


alakban keressük. Ekkor az a0, . . . , ar együtthatókat az η, ξ1, ξ
2
1 , . . . , ξ


r
1 között végre-


hajtott lineáris regresszió adja.


6.4.2. Hatványkitevős regresszió


Ebben az esetben a regressziós függvényt


y = axb (a ∈ R+, b ∈ R)
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alakban keressük. Ez azzal ekvivalens, hogy


ln y = ln a+ b lnx,


így ekkor ln η és ln ξ1 között lineáris regressziót végrehajtva, a kapott a0, a1 együtt-
hatókra teljesül, hogy a0 = ln a, a1 = b, azaz


a = ea0 , b = a1.


Ebből a korábbiak alapján


a = exp


(
E(ln η)− cov(ln η, ln ξ1)


D2(ln ξ1)
E(ln ξ1)


)
,


b =
cov(ln η, ln ξ1)


D2(ln ξ1)
.


Ezen paraméterek becslése, szintén a korábbiak alapján


â = exp


(
ln η − Covn(ln η, ln ξ1)


S2
ln ξ1,n


ln ξ1


)
,


b̂ =
Covn(ln η, ln ξ1)


S2
ln ξ1,n


.


6.4.3. Exponenciális regresszió


Ebben az esetben a regressziós függvényt


y = abx (a, b ∈ R+)


alakban keressük. Ez azzal ekvivalens, hogy


ln y = ln a+ (ln b)x,


így ekkor ln η és ξ1 között lineáris regressziót végrehajtva, a kapott a0, a1 együttha-
tókra teljesül, hogy a0 = ln a, a1 = ln b, azaz


a = ea0 , b = ea1 .
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Ebből a korábbiak alapján


a = exp


(
E(ln η)− cov(ln η, ξ1)


D2 ξ1


E ξ1


)
,


b = exp


(
cov(ln η, ξ1)


D2 ξ1


)
.


Ezen paraméterek becslése, szintén a korábbiak alapján


â = exp


(
ln η − Covn(ln η, ξ1)


S2
ξ1,n


ξ1


)
,


b̂ = exp


(
Covn(ln η, ξ1)


S2
ξ1,n


)
.


6.4.4. Logaritmikus regresszió


Ebben az esetben a regressziós függvényt


y = a+ b lnx (a, b ∈ R)


alakban keressük. Így ekkor η és ln ξ1 között lineáris regressziót végrehajtva, a ko-
rábbiak alapján


a = E η − cov(η, ln ξ1)


D2(ln ξ1)
E(ln ξ1),


b =
cov(η, ln ξ1)


D2(ln ξ1)
.


Ezen paraméterek becslése, szintén a korábbiak alapján


â = η − Covn(η, ln ξ1)


S2
ln ξ1,n


ln ξ1,


b̂ =
Covn(η, ln ξ1)


S2
ln ξ1,n


.


6.4.5. Hiperbolikus regresszió


Ebben az esetben a regressziós függvényt


y =
1


a+ bx
(a, b ∈ R)
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alakban keressük. Ez azzal ekvivalens, hogy


y−1 = a+ bx,


így ekkor η−1 és ξ1 között lineáris regressziót végrehajtva, a korábbiak alapján


a = E(η−1)− cov(η−1, ξ1)


D2 ξ1


E ξ1,


b =
cov(η−1, ξ1)


D2 ξ1


.


Ezen paraméterek becslése, szintén a korábbiak alapján


â = η−1 − Covn(η−1, ξ1)


S2
ξ1,n


ξ1,


b̂ =
Covn(η−1, ξ1)


S2
ξ1,n


.
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Előszó


Ez a tananyag az egri Eszterházy Károly Főiskola matematikai statisztika gyakorla-
taiból készült, melyet matematika tanárszakos és programtervező informatikus hall-
gatóknak szánunk.


Alapvetően Tómács Tibor [13] tananyagára építünk, amelyben az elméleti alapok
találhatóak meg. Természetesen a két műben a jelölések és a szóhasználat is meg-
egyezik, így itt alkalmazásukkor már nem ismertetjük az elméleti részben bevezetett
jelöléseket, csak összefoglaljuk a Jelölések című részben.


Ez a tananyag inkább számítógéppel megoldható gyakorlatokat, míg az előbb
említett mű, a szükséges definíciókon és tételeken túl, elméleti számításokat igénylő
feladatokat tartalmaz.


A matematikai statisztika elméletének gyakorlatba való átültetésére mindenek-
előtt mintarealizációkra lesz szükségünk. Ezeket néhány esetben mi fogjuk generálni
számítógéppel, de lesznek olyan esetek is, amikor adott mintát kell vizsgálnunk.


A mintagenerálást és annak statisztikai elemzését is a Microsoft Office Excel
program magyar nyelvű változatával végezzük. Az Excel alapfokú használatát is-
mertnek tételezzük fel, ennek ellenére a példák megoldását olyan részletesen mu-
tatjuk meg, amennyire csak lehet. Itt jegyezzük meg, hogy további számos prog-
ramcsomag készült statisztikai adatok feldolgozására (SPSS, SAS, MatLab, Maple,
R-nyelvű statisztikai rutinok, stb.).


Minden fejezet tartalmaz mintapéldákat részletesen megoldva, sok esetben vi-
deóval is bemutatva. A fejezetek végén gyakorlatokat találhatunk, melyhez szükség
szerint útmutatót is adunk.


A statisztikában szokásos táblázatokat ebben a tananyagban nem mellékeljük,
mert az ezekben található értékeket számítógép segítségével fogjuk kiszámolni.


A tananyag vége egy összefoglalót tartalmaz, melyben megtalálható minden
olyan információ, amely a példák és gyakorlatok megoldásához szükséges.
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Jelölések


Általános


N a pozitív egész számok halmaza
R a valós számok halmaza
Rn R-nek önmagával vett n-szeres Descartes-szorzata
R+ a pozitív valós számok halmaza
(a, b) rendezett elempár vagy nyílt intervallum
' közelítőleg egyenlő
[x] az x valós szám egész része
f−1 az f függvény inverze
A> az A mátrix transzponáltja
A−1 az A mátrix inverze


Valószínűségszámítás


P(A) az A esemény valószínűsége
E ξ ξ várható értéke
D ξ, D2 ξ ξ szórása illetve szórásnégyzete
cov(ξ, η) kovariancia
corr(ξ, η) korrelációs együttható
ϕ a standard normális eloszlás sűrűségfüggvénye
Φ a standard normális eloszlás eloszlásfüggvénye
IA az A esemény indikátorváltozója


Bin(r; p) az r-edrendű p paraméterű binomiális eloszlású valószínűségi válto-
zók halmaza


Exp(λ) a λ paraméterű exponenciális eloszlású valószínűségi változók hal-
maza


Norm(m;σ) az m várható értékű és σ szórású normális eloszlású valószínűségi
változók halmaza


Normd(m;A) az m és A paraméterű d-dimenziós normális eloszlású valószínűségi
változók halmaza


Gamma(r;λ) az r-edrendű λ paraméterű gamma-eloszlású valószínűségi változók
halmaza


Khi(s) az s szabadsági fokú khi-négyzet eloszlású valószínűségi változók
halmaza
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t(s) az s szabadsági fokú t-eloszlású valószínűségi változók halmaza


F(s1; s2) az s1 és s2 szabadsági fokú F-eloszlású valószínűségi változók hal-
maza


F ∼ V Ha ξ valószínűségi változó, és V a ξ-vel azonos eloszlású valószínű-
ségi változók halmaza, akkor ez azt jelöli, hogy F a V-beli valószí-
nűségi változók közös eloszlásfüggvénye. Például Φ ∼ Norm(0; 1).


Matematikai statisztika


F ∗n tapasztalati eloszlásfüggvény
ξ a ξ-re vonatkozó minta átlaga (mintaátlag)
Sn, S


2
n tapasztalati szórás illetve szórásnégyzet


Sξ,n, S
2
ξ,n ξ-re vonatkozó tapasztalati szórás illetve szórásnégyzet


S∗n, S
∗
n


2 korrigált tapasztalati szórás illetve szórásnégyzet
S∗ξ,n, S


∗2
ξ,n ξ-re vonatkozó korrigált tapasztalati szórás illetve szórásnégyzet


ξ∗1 , . . . , ξ
∗
n rendezett minta


Covn(ξ, η) tapasztalati kovariancia
Corrn(ξ, η) tapasztalati korrelációs együttható
ϑ̂ a ϑ paraméter becslése
H0, H1 nullhipotézis, ellenhipotézis
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1. Mintagenerálás


Számítógépes algoritmussal generált véletlen számot pszeudo- vagy álvéletlennek ne-
vezzük. Például az úgynevezett kongruens módszeren alapuló algoritmust n-szer le-
futtatva, a [0, 1] intervallumon egyenletes eloszlású valószínűségi változóra vonatkozó
n elemű mintarealizációt állíthatunk elő. Ennek az elmélete igen terjedelmes és túl-
mutat ezen mű keretein. (Részletesebben lásd például [1, 5, 12].) Itt csak azt fogjuk
részletezni, hogy egyenletes eloszlásból hogyan lehet más eloszlást generálni.


Megjegyezzük, hogy valódi véletlent is használhatunk minta generálására, a kö-
vetkező címen található internetes szolgáltatással: http://www.random.org.


1.1. Egyenletes eloszlás


Excel-ben a VÉL() függvénnyel tudunk [0, 1] intervallumon egyenletes eloszlású
(pszeudo)véletlen számot generálni. Ennek a függvénynek az értéke minden esetben
[0, 1)-beli.


1.1. Példa. Generáljon [0, 1] intervallumon egyenletes eloszlású valószínűségi válto-
zóra vonatkozó 20 elemű mintarealizációt.


Megoldás. Az A1 cellába írja be, hogy =VÉL() . (Egy képletet mindig = jellel kell
kezdeni.) Ezután a kitöltőjelet húzza le a 20. sorig. (A kitöltőjel a kijelölés jobb alsó
sarkában lévő fekete négyzet, amire a következő ábrán egy piros nyíl mutat.)


A következő videón mindezt megnézheti a gyakorlatban.


V I D E Ó


A mintarealizáció elemeinek rögzítése. Az így generált számok minden újra-
számolásnál megváltoznak, ami nem kívánatos, hiszen a mintarealizációt a felada-
tokban rögzítettnek tekintjük. (Próbálja ezt ki az F9 funkcióbillentyű megnyomá-
sával, melynek hatására az Excel minden képletet újraszámol.) A mintarealizáció
elemeinek rögzítéséhez tegye a következőket:
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1. Lépjen az A oszlop fejlécére, nyomja meg a jobb egérgombot, majd válassza a
Másolás pontot.


2. Lépjen a B oszlop fejlécére, nyomja meg a jobb egérgombot, válassza az Irányí-
tott beillesztés pontot, jelölje be az Értéket, majd nyomja meg az OK gombot.


3. Lépjen az A oszlop fejlécére, nyomja meg a jobb egérgombot, majd válassza a
Törlés pontot.


Mindezeket a következő videón is megnézheti:


V I D E Ó


A következő tétel azt mutatja meg, hogy egy [0, 1] intervallumon egyenletes el-
oszlású valószínűségi változóból hogyan transzformálhatunk tetszőleges [a, b] inter-
vallumon egyenletes eloszlású valószínűségi változót.


1.2. Tétel. Legyen ξ a [0, 1] intervallumon egyenletes eloszlású valószínűségi változó
és a, b ∈ R, a < b. Ekkor a+ (b− a)ξ az [a, b] intervallumon egyenletes eloszlású.


Bizonyítás. Legyen ξ eloszlásfüggvénye F , illetve a + (b− a)ξ eloszlásfüggvénye G.
Ekkor


G(x) = P
(
a+ (b− a)ξ < x


)
= P


(
ξ <


x− a
b− a


)
= F


(
x− a
b− a


)
=


=



0, ha x−a


b−a < 0


x−a
b−a , ha 0 6 x−a


b−a 6 1


1, ha x−a
b−a > 1


=



0, ha x < a


x−a
b−a , ha a 6 x 6 b


1, ha x > b


melyből adódik az állítás.


1.3. Példa. Generáljon [−2, 5] intervallumon egyenletes eloszlású valószínűségi vál-
tozóra vonatkozó 100 elemű mintarealizációt.


Megoldás. Az előző tétel alapján, ha ξ a [0, 1] intervallumon egyenletes eloszlású
valószínűségi változó, akkor −2 + (5 − (−2))ξ = −2 + 7ξ a [−2, 5] intervallumon
egyenletes eloszlású.


Tehát az A1 cellába írja be, hogy =-2+7*VÉL() , a kitöltőjelet húzza le a 100. so-
rig, majd rögzítse a mintarealizáció elemeit. Mindez videón:


V I D E Ó
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1.2. Diszkrét egyenletes eloszlás


1.4. Tétel. Legyen ξ a [0, 1] intervallumon egyenletes eloszlású valószínűségi változó,
m ∈ N és x1, . . . , xm ∈ R. Feltesszük, hogy az xi-k mindegyike különbözik a többitől.
Ekkor x[mξ]+1 diszkrét egyenletes eloszlású az {x1, . . . , xm } halmazon.


Bizonyítás. P(x[mξ]+1 = xi) = P([mξ] + 1 = i) = P
(
i−1
m


6 ξ < i
m


)
= 1


m
.


1.5. Példa. Modellezzen 10 dobást egy szabályos kockával. Másképpen fogalmazva,
generáljon az { 1, 2, 3, 4, 5, 6 } halmazon diszkrét egyenletes eloszlású valószínűségi
változóra vonatkozó 10 elemű mintarealizációt.


Megoldás. Az előző tétel alapján, ha ξ a [0, 1] intervallumon egyenletes eloszlású
valószínűségi változó, akkor [6ξ] + 1 diszkrét egyenletes eloszlású az { 1, 2, 3, 4, 5, 6 }
halmazon. Az egészrész-függvény az Excelben INT() .


Így A1-be írja be, hogy =INT(6*VÉL())+1 . Ezután a kitöltőjelet húzza le a
10. sorig, majd rögzítse a mintarealizáció elemeit.


Az Excel erre a feladatra egy más megoldást is kínál. Az A1 cellába az előbbi
helyett írja be, hogy =RANDBETWEEN(1;6) . Mindez videón:


V I D E Ó


1.3. Karakterisztikus eloszlás


1.6. Tétel. Legyen ξ a [0, 1] intervallumon egyenletes eloszlású valószínűségi vál-
tozó és 0 < p < 1. Ekkor Iξ<p karakterisztikus eloszlású p paraméterrel, ahol I az
indikátorváltozót jelenti.


Bizonyítás. P(Iξ<p = 1) = P(ξ < p) = p és P(Iξ<p = 0) = P(ξ > p) = 1− p, melyből
következik az állítás.


1.7. Példa. Figyeljen meg 30 független kísérletben egy 0,4 valószínűségű eseményt
oly módon, hogy ha bekövetkezik, akkor leírja az 1 számot, míg ha nem, akkor a
0 számot. Másképpen fogalmazva, generáljon p = 0,4 paraméterű karakterisztikus
eloszlású valószínűségi változóra vonatkozó 30 elemű mintarealizációt.


Megoldás. Az A1 cellába írja be, hogy =HA(VÉL()<0,4;1;0) . Nyomjon Enter -t,
melynek hatására, ha VÉL()<0,4 teljesül, akkor az eredmény 1, különben 0. (A
HA függvény leírását olvassa el az Excel súgójából.) Lépjen vissza A1-re, ezután
a kitöltőjelet húzza le a 30. sorig, majd rögzítse a mintarealizáció elemeit. Mindez
videón:
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V I D E Ó


1.4. Binomiális eloszlás


Ismert, hogy r darab független p paraméterű karakterisztikus eloszlású valószínűségi
változó összege r-edrendű p paraméterű binomiális eloszlású. Ebből következően
teljesül a következő tétel.


1.8. Tétel. Legyenek ξ1, . . . , ξr a [0, 1] intervallumon egyenletes eloszlású függet-
len valószínűségi változók és 0 < p < 1. Ekkor


∑r
i=1 Iξi<p r-edrendű p paraméterű


binomiális eloszlású.


1.9. Példa. Generáljon egy 0,8 valószínűségű esemény 5 kísérlet utáni gyakoriságára
vonatkozó 20 elemű mintarealizációt.


Megoldás. A gyakoriság binomiális eloszlású, így a feladat egy r = 5 rendű p =


= 0,8 paraméterű binomiális eloszlású valószínűségi változóra vonatkozó 20 elemű
mintarealizáció generálása.


Az előző tétel és a karakterisztikus eloszlás generálásánál leírtak alapján az A1


cellába írja be, hogy =HA(VÉL()<0,8;1;0) . A kitöltőjelet húzza jobbra az E oszlo-
pig. Az F1 cellába írja be, hogy =SZUM(A1:E1) , vagy nyomja meg az Alt+Shift+7
gombokat, majd nyomjon Enter -t. (A SZUM függvény leírását olvassa el az Excel
súgójából.)


Jelölje ki az A1:F1 cellatartományt, majd a kitöltőjelet húzza le a 20. sorig.
Ekkor a mintarealizáció az F oszlopban lesz. Végül rögzítse a mintarealizáció elemeit.
Mindez videón:


V I D E Ó


1.5. Exponenciális eloszlás


1.10. Tétel. Legyen ξ a [0, 1] intervallumon egyenletes eloszlású valószínűségi vál-
tozó és λ > 0. Ekkor − ln ξ


λ
exponenciális eloszlású λ paraméterrel.


Bizonyítás. Ha x > 0, akkor P
(− ln ξ


λ
< x


)
= P(ξ > e−λx) = 1 − e−λx, illetve ha


x 6 0, akkor P
(− ln ξ


λ
< x


)
= 0.


1.11. Példa. Generáljon λ = 5,6 paraméterű exponenciális eloszlású valószínűségi
változóra vonatkozó 10 elemű mintarealizációt.


Megoldás. Az A1 cellába írja be, hogy =-LN(VÉL())/5,6 , a kitöltőjelet húzza le a
10. sorig, majd rögzítse a mintarealizáció elemeit.
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1.6. Normális eloszlás


1.12. Tétel (Box–Muller-transzformáció, 1958). Legyenek ξ, η a [0, 1] intervallu-
mon egyenletes eloszlású független valószínűségi változók. Ekkor


√
−2 ln ξ cos(2πη)


standard normális eloszlású.


Bizonyítás. Ha x > 0, akkor P
(√
−2 ln ξ < x


)
= P


(
ξ > e−


x2


2


)
= 1 − e−x


2


2 , illetve


ha x 6 0, akkor P
(√
−2 ln ξ < x


)
= 0. Így


√
−2 ln ξ sűrűségfüggvénye


f(x) =


0, ha x 6 0,(
1− e−x


2


2


)′
= xe−


x2


2 , ha x > 0.


Ha −1 < x 6 1, akkor


P
(
cos(2πη) < x


)
=


= P


(
1


2π
arccosx < ξ < 1− 1


2π
arccosx


)
= 1− 1


π
arccosx.


P
(
cos(2πη) < x


)
= 1, ha x > 1, illetve P


(
cos(2πη) < x


)
= 0, ha x 6 −1. Így


cos(2πη) sűrűségfüggvénye


g(x) =



(
1− 1


π
arccosx


)′
= 1


π
√


1−x2 , ha − 1 < x 6 1,


0 különben.


Ismert, hogy f és g sűrűségfüggvényű független valószínűségi változók szorzatának


sűrűségfüggvénye h(z) =
∞∫
−∞


f(y)g
(
z
y


)
1
|y| dy. (Lásd például Rényi A. [11, 189. ol-


dal].) Így
√
−2 ln ξ cos(2πη) sűrűségfüggvénye


h(z) =


∞∫
−∞


f(y)g


(
z


y


)
1


|y|
dy =


∞∫
0


e−
y2


2 g


(
z


y


)
dy =


=


∞∫
|z|


e−
y2


2
1


π
√


1−
(
z
y


)2
dy =


1


π


∞∫
|z|


ye−
y2


2
1√


y2 − z2
dy =


=
1


π
e−


z2


2


∞∫
|z|


ye−
y2−z2


2
1√


y2 − z2
dy =


1


π
e−


z2


2


∞∫
0


e−
x2


2 dx =


=
1


2π
e−


z2


2


∞∫
−∞


e−
x2


2 dx =
1√
2π
e−


z2


2
1√
2π


∞∫
−∞


e−
x2


2 dx =
1√
2π
e−


z2


2 .
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Az integrálásban x =
√
y2 − z2 helyettesítést alkalmaztunk.


1.13. Következmény. Legyenek ξ, η a [0, 1] intervallumon egyenletes eloszlású füg-
getlen valószínűségi változók, m ∈ R és σ > 0. Ekkor


m+ σ
√
−2 ln ξ cos(2πη)


normális eloszlású m várható értékkel és σ szórással.


1.14. Példa. Generáljonm = 4 várható értékű és σ = 1,2 szórású normális eloszlású
valószínűségi változóra vonatkozó 20 elemű mintarealizációt.


Megoldás. Az előző következmény alapján az A1 cellába írja be, hogy


=4+1,2*GYÖK(-2*LN(VÉL()))*COS(2*PI()*VÉL()) .


Nyomjon Enter -t, lépjen vissza A1-re, ezután a kitöltőjelet húzza le a 20. sorig, majd
rögzítse a mintarealizáció elemeit.


1.7. Gyakorlatok


1.1. gyakorlat. Generáljon Cauchy-eloszlású valószínűségi változóra vonatkozó 15
elemű mintarealizációt.


Útmutatás. Ha ξ és η független standard normális eloszlású valószínűségi változók,
akkor ξ


η
Cauchy-eloszlású.


1.2. gyakorlat. Generáljon s = 4 szabadsági fokú khi-négyzet eloszlású valószínű-
ségi változóra vonatkozó 10 elemű mintarealizációt.


Útmutatás. Ha ξ1, . . . , ξs standard normális eloszlású független valószínűségi válto-
zók, akkor a


∑s
i=1 ξ


2
i valószínűségi változó s szabadsági fokú khi-négyzet eloszlású.


Így hasonlóan járhat el, mint a binomiális eloszlás generálásánál, de itt a standard
normális eloszlásból induljon ki, ne a karakterisztikusból, továbbá SZUM helyett
NÉGYZETÖSSZEG függvényt használjon.


1.3. gyakorlat. Generáljon s = 4 szabadsági fokú t-eloszlású valószínűségi változóra
vonatkozó 10 elemű mintarealizációt.


Útmutatás. Ha ξ standard normális eloszlású és η s szabadsági fokú khi-négyzet el-
oszlású független valószínűségi változók, akkor a ξ


√
s
η
valószínűségi változó s szabad-


sági fokú t-eloszlású. Így felhasználhatja az előző gyakorlatot, továbbá a négyzetgyök
számolásához alkalmazza a GYÖK függvényt.
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1.4. gyakorlat. Generáljon s1 = 2 és s2 = 3 szabadsági fokú F-eloszlású valószínű-
ségi változóra vonatkozó 10 elemű mintarealizációt.


Útmutatás. Ha ξ s1 szabadsági fokú és η s2 szabadsági fokú khi-négyzet eloszlású
független valószínűségi változók, akkor az s2ξ


s1η
valószínűségi változó s1 és s2 szabad-


sági fokú F-eloszlású.


1.5. gyakorlat. Generáljon r = 3 rendű λ = 2,1 paraméterű gamma-eloszlású
valószínűségi változóra vonatkozó 15 elemű mintarealizációt.


Útmutatás. Legyenek a ξ1, . . . , ξr azonos λ paraméterű exponenciális eloszlású füg-
getlen valószínűségi változók. Ekkor a


∑r
i=1 ξi valószínűségi változó r-edrendű λ


paraméterű gamma-eloszlású. Így hasonlóan járhat el, mint a binomiális eloszlás ge-
nerálásánál, de itt az exponenciális eloszlásból induljon ki, ne a karakterisztikusból.


1.6. gyakorlat. Legyen egy dobozban N darab golyó, melyből M darab piros.
Visszatevés nélkül kiveszünk véletlenszerűen r darab golyót a dobozból. Legyen ξ


a kivett piros golyók száma. Írjon programot, mely ξ-re vonatkozó mintarealizációt
generál. (A ξ valószínűségi változót hipergeometrikus eloszlásúnak nevezzük.)


Útmutatás. Legyen y1, . . . , yr a [0, 1] intervallumon egyenletes eloszlású valószínűségi
változóra vonatkozó mintarealizáció, és


x0 := 0, xi :=


xi−1 + 1, ha yi <
M−xi−1


N−i+1
,


xi−1, különben,
(i = 1, . . . , r).


Ekkor xr a ξ-re vonatkozó 1 elemű mintarealizáció. (Ennek belátását az Olvasóra
bízzuk.)


1.7. gyakorlat. Excel segítségével is generáljon 10 elemű mintarealizációt az előző
feladatban szereplő ξ-re, N = 20, M = 7, r = 5 választással.


Útmutatás. Ha a Munka1 munkalap A1 cellája a dobozban lévő piros golyók számát,
illetve a Munka2 munkalap A1 cellája a dobozban lévő golyók számát tartalmazza,
akkor a Munka1 munkalap B1 cellájába


=HA(VÉL()<A1/Munka2!A1;A1-1;A1)


írva, az első húzás utáni dobozban maradt piros golyók számát kapjuk. A részletes
megoldást végigkövetheti a következő videón.
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V I D E Ó


1.8. gyakorlat. Egy kísérletet ismételjünk egymástól függetlenül, amíg egy rögzí-
tett A esemény be nem következik. Legyen ξ a végrehajtott kísérletek száma. Írjon
programot, mely ξ-re vonatkozó mintarealizációt generál. (A ξ valószínűségi változót
geometriai eloszlásúnak nevezzük.)


Útmutatás. Tegyük fel, hogy a vizsgált A esemény valószínűsége p. Legyen y1, . . . , yr


a [0, 1] intervallumon egyenletes eloszlású valószínűségi változóra vonatkozó olyan
mintarealizáció, melyre teljesül, hogy


y1 > p, y2 > p, . . . yr−1 > p és yr < p.


Ha y1 < p, akkor legyen r := 1. Könnyű belátni, hogy az így definiált r a ξ-re
vonatkozó 1 elemű mintarealizáció.


1.9. gyakorlat. Írjon programot, mely Poisson-eloszlású valószínűségi változóra vo-
natkozó mintarealizációt generál. (A ξ Poisson-eloszlású λ > 0 paraméterrel, ha az
értékkészlete { 0, 1, 2, . . . } és P(ξ = k) = λk


k!
e−λ minden k = 0, 1, 2, . . . esetén.)


Útmutatás. Legyen y1, . . . , yr a [0, 1] intervallumon egyenletes eloszlású valószínűségi
változóra vonatkozó olyan mintarealizáció, melyre teljesül, hogy


r−1∏
i=1


yi > e−λ és
r∏
i=1


yi < e−λ.


Ha y1 < e−λ, akkor legyen r := 1. Az így definiált r esetén r − 1 a ξ-re vonatkozó
1 elemű mintarealizáció. Könnyen látható, hogy ez az állítás ekvivalens a következő
tétellel:


1.15. Tétel. Legyenek η0, η1, . . . a [0, 1] intervallumon egyenletes eloszlású független
valószínűségi változók és λ > 0. Ekkor


η := min


{
s :


s∏
i=0


ηi < e−λ
}


Poisson-eloszlású λ paraméterrel.


Bizonyítás. P(η = 0) = P
(
η0 < e−λ


)
= e−λ = λ0


0!
e−λ, illetve az egyenletes eloszlás
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és a geometriai valószínűségi mező kapcsolata alapján


P(η = 1) = P
(
η0 > e−λ, η0η1 < e−λ


)
=


1∫
e−λ


e−λ


x0


dx0 =
λ1


1!
e−λ,


továbbá ha k = 2, 3, . . . , akkor


P(η = k) = P
(
η0 · · · ηk−1 > e−λ, η0 · · · ηk < e−λ


)
=


=


1∫
e−λ


1∫
e−λ
x0


1∫
e−λ
x0x1


. . .


1∫
e−λ


x0···xk−2


e−λ


x0 · · ·xk−1


dxk−1 · · · dx0 =
λk


k!
e−λ.


1.10. gyakorlat. Írjon programot, mely a következő eloszlású valószínűségi válto-
zókra vonatkozó mintarealizációkat generál: egyenletes, diszkrét egyenletes, karak-
terisztikus, binomiális, exponenciális, normális. Hasonló program letölthető a követ-
kező helyről:


P R O G R A M


A program indítása után nyomja meg a Mintagenerálás gombot. A paraméterek
beállítása után nyomja meg a megfelelő eloszlás gombját. Ekkor a mintarealizáció a
vágólapra kerül. Ezután ezt bemásolhatjuk például egy Excel-munkalapra. Próbáljon
ki néhány konkrét esetet.
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2. Tapasztalati eloszlás


Ebben a fejezetben generált mintarealizáció alapján ábrázolunk tapasztalati elosz-
lásfüggvényt, vonaldiagramot és sűrűséghisztogramot.


2.1. Tapasztalati eloszlásfüggvény


Az F ∗n tapasztalati eloszlásfüggvény értéke adott x ∈ R helyen az x-nél kisebb elemek
száma a mintarealizációban, osztva a mintarealizáció elemeinek a számával. Ez egy
olyan lépcsős függvény, melyben a szakadási pontok a mintarealizáció értékeinél
vannak. Pontosabban, ha a mintarealizáció x1 = ξ1(ω), . . . , xn = ξn(ω), akkor az
(xi, F


∗
n(xi)) koordinátájú pontok az F ∗n „lépcsőfokainak” a jobb oldali végpontjai.


A legmagasabb lépcsőfok kezdőpontja a (max{x1, . . . , xn },1) koordinátájú pont. A
következő feladatok megoldásában ezt a tényt fogjuk felhasználni.


A matematikai statisztika alaptétele szerint a tapasztalati eloszlásfüggvény 1
valószínűséggel egyenletesen konvergál R-en a valódi eloszlásfüggvényhez. Vagyis, ha
elég nagy a mintarealizáció elemeinek a száma, akkor a tapasztalati eloszlásfüggvény
elég jól közelíti a valódit. Ezt is megvizsgáljuk néhány konkrét esetben.


2.1. Példa. Modellezzen 100 dobást egy szabályos kockával, azaz generáljon az
{ 1, 2, 3, 4, 5, 6 } halmazon diszkrét egyenletes eloszlású valószínűségi változóra vo-
natkozó 100 elemű mintarealizációt. Ábrázolja a kapott mintarealizációhoz tartozó
tapasztalati eloszlásfüggvényt.


Megoldás. A mintarealizációt korábban láttuk hogyan kell generálni: Az A1 cellába
írja be, hogy


=INT(6*VÉL())+1 vagy =RANDBETWEEN(1;6) .


Nyomjon Enter -t, lépjen vissza A1-re, ezután a kitöltőjelet húzza le a 100. sorig,
majd rögzítse a mintarealizáció elemeit. A B1 cellába írja be, hogy


=DARABTELI(A:A;"<"&A1)/DARAB(A:A) .


Nyomjon Enter -t. Ennek hatására kiszámolja, hogy az A oszlopban hány olyan elem
van, mely kisebb az A1 cella értékénél, majd elosztja az A oszlopban található számot
tartalmazó cellák számával (azaz a mintarealizáció elemeinek a számával). Ez nem
más, mint az A1 cella értékénél felvett tapasztalati eloszlásfüggvény értéke.


Lépjen vissza B1-re, a kitöltőjelet húzza le a 100. sorig, majd menjen vissza A1-re.
Ugyanezt a hatást úgy is elérhetjük, ha a B1 cella kitöltőjelére kétszer klikkelünk.
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A következőkben ábrázoljuk az (A1, B1), (A2, B2), . . . koordinátájú pontokat. Eh-
hez jelölje ki az A és B oszlopokat, majd


Beszúrás → Diagramok/Pont → Pont csak jelölőkkel


Ekkor megjelenik egy olyan függvény, amely a keresett lépcsős függvény lépcsőinek
a jobb oldali végpontjait ábrázolja.


Ezután rajzolja meg a lépcsőfokokat is, felhasználva, hogy ebben az esetben minden
lépcsőfok hossza 1.


Elrendezés → Elemzés/Hibasávok → Elemzések standard hibával →
Aktuális kijelölés/Diagramelemek: Sorozatok1 Y hibasávok →
Delete gomb →
Aktuális kijelölés/Diagramelemek: Sorozatok1 X hibasávok →
Aktuális kijelölés/Kijelölés formázása → Irány/Mínusz →
Végpont stílusa/Nyílt→ A hiba mértéke/Abszolút értékben: 1 →
Vonal színe → Folytonos vonal → Szín: piros → Vonalstílus →
Szélesség: 1,5 pt → Bezárás


Ezzel gyakorlatilag kész a feladat, de még érdemes néhány finomítást elvégezni.
Törölje a kék pontokat, a vezető rácsokat és a „Sorozatok1” feliratot.
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Aktuális kijelölés/Diagramelemek: Sorozatok1 →
Aktuális kijelölés/Kijelölés formázása → Jelölő beállításai →
Jelölő típusa/Nincs → Bezárás →
Tengelyek/Rácsvonalak → Elsődleges vízszintes rácsvonalak → Nincs
Címkék/Jelmagyarázat → Nincs


A korábban leírtak szerint a legmagasabban lévő lépcsőfok itt még nem jelenik meg.
Ezt pótolhatja például úgy, hogy az ábrázolt pontok közé szúrja a (7, 1) koordinátájú
pontot. Jelölje ki az 1. sort. Nyomja meg a jobb egérgombot, majd Beszúrás. Az A1
cellába írja be, hogy 7, a B1-be pedig hogy 1, majd klikkeljünk a diagramterületre.


A piros nyíllal jelölt pontot húzza fel az 1. sorba. Ezzel megjelenik a hiányzó lépcsőfok
is. Végső simításként a vízszintes tengelyen megjelenő maximális értéket rögzítse 7-
nek, a függőleges tengelyen megjelenő maximális értéket rögzítse 1-nek, végül adja
a diagramnak a „Tapasztalati eloszlásfüggvény” címet.


Tengelyek/Tengelyek → Elsődleges vízszintes tengely →
Elsődleges vízszintes tengely további beállításai →
Maximum: Rögzített 7 → Bezárás →
Tengelyek/Tengelyek → Elsődleges függőleges tengely →
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Elsődleges függőleges tengely további beállításai →
Maximum: Rögzített 1 → Bezárás →
Címkék/Diagramcím → A diagram felett →
A szerkesztőlécbe írja be: Tapasztalati eloszlásfüggvény → Enter


Ezzel megkapja a végeredményt:


Az egész megoldást végigkövetheti a következő videón.


V I D E Ó


2.2. Példa. Az előző példában kapott grafikonon rajzolja fel a valódi eloszlásfügg-
vényt, azaz a { 1, 2, 3, 4, 5, 6 } halmazon diszkrét egyenletes eloszlású valószínűségi
változó eloszlásfüggvényét is.


Megoldás. Az előző munkalapon dolgozzon. A C1:C7 cellatartományba írja rendre
az 1, 2, 3, 4, 5, 6, 7 számokat (lépcsőfokok végeinek első koordinátái illetve az utol-
só lépcsőfok egy pontjának első koordinátája). Ezután a D1-be írjon 0 értéket (első
lépcsőfok magassága), D2-be =D1+1/6 , majd a D2 cella kitöltőjelére klikkeljen két-
szer. Ezzel megkapja az összes lépcsőfok magasságát. Ezután klikkeljen a grafikonra,
majd


Jobb egérgomb → Helyi menü/Adatok kijelölése → Hozzáadás →
Adatsor X értékei: =Munka1!$C$1:$C$7 →
Adatsor Y értékei: =Munka1!$D$1:$D$7 → OK → OK →
Elrendezés → Aktuális kijelölés/Diagramelemek: Sorozatok2 →
Elemzés/Hibasávok → Elemzések standard hibával →
Aktuális kijelölés/Diagramelemek: Sorozatok2 Y hibasávok →
Delete gomb → Aktuális kijelölés/Diagramelemek: Sorozatok2 X hibasávok →
Aktuális kijelölés/Kijelölés formázása → Irány/Mínusz → Végpont stílusa/Nyílt→
A hiba mértéke/Abszolút értékben: 1 → Vonal színe → Folytonos vonal →
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Szín: kék → Vonalstílus → Szélesség: 1 pt → Bezárás


Klikkeljen a feliratra, és javítsa ki „Tapasztalati és valódi eloszlásfüggvény”-re.


Az egész megoldást végigkövetheti a következő videón.


V I D E Ó


2.3. Példa. Generáljon λ = 3 paraméterű exponenciális eloszlású valószínűségi vál-
tozóra vonatkozó 100 elemű mintarealizációt. Ábrázolja a kapott mintarealizációhoz
tartozó tapasztalati eloszlásfüggvényt.


Megoldás. A feladatot azzal a könnyítéssel oldjuk meg, hogy csak a lépcsőfokok
jobb oldali végpontjait ábrázoljuk. Ez abszolút folytonos eloszlás esetén nem zavaró,
mert a legtöbb lépcsőfok hossza nagyon rövid lesz az ábra felbontásához képest
(legalábbis ha a mintarealizáció elemeinek a száma nagy). Mivel a lépcsőfokok száma
1 valószínűséggel 101 lesz, ezért az sem lesz zavaró, hogy az utolsó 1 magasságban
levő lépcsőfokot nem rajzoljuk ki.


A mintarealizációt korábban láttuk hogyan kell generálni: Az A1 cellába írja be,
hogy


=-LN(VÉL())/3 ,


a kitöltőjelet húzza le a 100. sorig, majd rögzítse a mintarealizáció elemeit. A B1


cellába írja be, hogy


=DARABTELI(A:A;"<"&A1)/DARAB(A:A) .


Nyomjon Enter -t, majd a B1 cella kitöltőjelére klikkeljen kétszer.
A következőkben ábrázolja az (A1, B1), (A2, B2), . . . koordinátájú pontokat. Eh-


hez jelölje ki az A és B oszlopokat, majd
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Beszúrás → Diagramok/Pont → Pont csak jelölőkkel


Ekkor megjelenik az előbb ismertetett függvény.


Még néhány finomítást érdemes elvégezni. Törölje a vezető rácsokat és a „Soroza-
tok1” feliratot. Ezt elvégezheti a korábban leírtak szerint is, de ráklikkelve az adott
objektumra, majd a jobb egérgombot lenyomva, a helyi menüből is végrehajthatja.


Ezután a adatjelölőket változtassa 2 pt méretű piros ponttá. Ehhez klikkeljen
valamelyik jelölő pontra, majd a jobb egérgombot megnyomva, a helyi menüből
válassza ki az Adatsorok formázása pontot.


Jelölő beállításai → Beépített → Típus: pont → Méret: 2 →
Jelölőkitöltés → Egyszínű kitöltés → Szín: piros →
Jelölővonal színe → Folytonos vonal → Szín: piros → Bezárás


Végül adja a diagramnak a „Tapasztalati eloszlásfüggvény” címet az előző feladat
megoldásában leírtak szerint.


Az egész megoldást végigkövetheti a következő videón.


V I D E Ó
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2.4. Példa. Az előző grafikonon ábrázolja a valódi eloszlásfüggvényt, azaz a λ =


= 3 paraméterű exponenciális eloszlású valószínűségi változó eloszlásfüggvényét, és
hasonlítsa össze a tapasztalati eloszlásfüggvénnyel.


Megoldás. A megoldást az előző munkalapon végezze el. A C1 cellába írja a vízszintes
tengely minimális értékét (most ez 0). A C2-be írja be, hogy =C1+0,1 . Itt 0,1 az
a lépésköz, amellyel a függvény pontjait ábrázoljuk. Ezután a kitöltőjelet húzza le
addig, amíg a vízszintes tengely maximális értékéig nem ér (jelen esetben 2-ig). A
D1 cellába írja a következőt:


=EXP.ELOSZLÁS(C1;3;IGAZ)


Ez a λ = 3 paraméterű exponenciális eloszlású valószínűségi változó eloszlásfüggvé-
nyének értékét adja a C1 értékének a helyén. Ha IGAZ helyett HAMIS szerepelne a
képletben, akkor eloszlásfüggvény helyett sűrűségfüggvényt számolna. Ezután a D1


cella kitöltőjelére klikkeljen kétszer.
Klikkeljen a grafikonra, majd helyi menüben válassza az Adatok kijelölése pontot.


Hozzáadás →
Adatsor X értékei: =Munka1!$C$1:$C$21 →
Adatsor Y értékei: =Munka1!$D$1:$D$21 → OK → OK


A 21 helyére értelemszerűen az a sorszám kerül, ameddig a C oszlopban vannak
számok. Lépjen valamelyik Sorozatok2 pontra, majd helyi menüben Sorozat-diag-
ramtípus módosítása. Ezután


Pont (X,Y)/Pont görbített vonalakkal → OK


Lépjen a Sorozatok2 vonalra, majd helyi menüben Adatsorok formázása. Ezután


Vonal színe/Folytonos vonal/Szín: kék → Vonalstílus/Szélesség: 1,5 pt → Bezárás


Klikkeljen a feliratra, és javítsa ki „Tapasztalati és valódi eloszlásfüggvény”-re.
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Az egész megoldást végigkövetheti a következő videón.


V I D E Ó


2.2. Vonaldiagram


Diszkrét valószínűségi változóra vonatkozó x1, . . . , xn mintarealizáció esetén a ta-
pasztalati eloszlás xi-hez (i = 1, . . . , n) hozzárendeli az xi-vel egyenlő elemek szá-
mát a mintarealizációban, elosztva n-nel. Ezt a függvényt célszerű vonaldiagrammal
ábrázolni, amely azt jelenti, hogy az (xi,0) pontot összekötjük az (xi, pi) ponttal
(i = 1, . . . , n), ahol pi a tapasztalati eloszlás értéke az xi helyen.


2.5. Példa. Generáljon r = 5 rendű és p = 0,3 paraméterű binomiális eloszlású
valószínűségi változóra vonatkozó 100 elemű mintarealizációt. Ábrázolja a kapott
mintarealizációhoz tartozó tapasztalati eloszlást vonaldiagrammal.


Megoldás. A korábban ismertetett módon generálja le a mintarealizációt, majd rög-
zítse az A oszlopba. Ezután minden mintarealizáció elemhez kiszámoljuk a tapasz-
talati eloszlás értéket. Ez a korábbi módszer logikájával


=DARABTELI(A:A;"="&A1)/DARAB(A:A)


módon történhet. De ez ekvivalens a következő B1 cellába írásával:


=DARABTELI(A:A;A1)/DARAB(A:A) .


Nyomjon Enter -t, majd a B1 cella kitöltőjelére klikkeljen kétszer.
A következőkben ábrázolja az (A1, B1), (A2, B2), . . . koordinátájú pontokat. Eh-


hez jelölje ki az A és B oszlopokat, majd


Beszúrás → Diagramok/Pont → Pont csak jelölőkkel
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Ezután elkészítjük a vonaldiagramot. Jelenítsen meg hibasávokat százalékkal, törölje
az X hibasávokat, majd az Y hibasávok formázásánál


Irány: Mínusz → Végpont stílusa: Nyílt →
A hiba mértéke: Százalék: 100% → Vonal színe →
Folytonos vonal → Szín: piros → Vonalstílus → Szélesség: 5 pt →
Bezárás


Végül törölje a kék pontokat, a vezető rácsokat és a „Sorozatok1” feliratot, továbbá
adja a diagramnak a „Tapasztalati eloszlás” címet.


Az egész megoldást végigkövetheti a következő videón.


V I D E Ó


Az Excelben járatosabb Olvasónak feltűnhet, hogy miért nem az oszlopdiagram tí-
pust választottuk az ábrázolásnál pontdiagram helyett, hiszen ekkor nem lenne szük-
ség a hibasávokra. Ennek az az oka, hogy az Excel oszlopdiagram esetén a vízszintes
tengelyen nem értékeket, hanem úgynevezett kategóriákat jelenít meg egymástól
azonos távolságokra. Így ha a vizsgált diszkrét valószínűségi változó egymást követő
lehetséges értékei nem azonos távolságokra vannak egymástól, akkor az oszlopdiag-
ramos ábrázolás rossz megoldást adna, míg az előbb ismertetett megoldás akkor is
helyes lenne.


2.6. Példa. Az előző grafikonon ábrázolja a valódi eloszlást is vonaldiagrammal.


Megoldás. Azt fogjuk felhasználni, hogy Excel-ben


BINOM.ELOSZLÁS(k;r;p;HAMIS) =
(
r
k


)
pk(1− p)r−k.
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Ha HAMIS helyett IGAZ kerül a képletbe, akkor ezzel a


k∑
i=0


(
r


i


)
pi(1− p)r−i


képlet számolható ki. Itt r ∈ N, 0 6 p 6 1, k = 0, . . . , r.
A megoldást az előző munkalapon végezze el. Mivel a valódi eloszlás értelmezési


tartománya { 0, 1, 2, 3, 4, 5 }, ezért a C1, C2, C3, C4, C5, C6 cellákba rendre írja be a
0, 1, 2, 3, 4, 5 számokat. A D1 cellába írja a következőt:


=BINOM.ELOSZLÁS(C1;5;0,3;HAMIS)


A D1 cella kitöltőjelére klikkeljen kétszer. Most rátérünk a függvény ábrázolására.
Helyi menüben válassza az Adatok kijelölése pontot.


Hozzáadás →
Adatsor X értékei: =Munka1!$C$1:$C$6 →
Adatsor Y értékei: =Munka1!$D$1:$D$6 → OK → OK


Jelenítsen meg hibasávokat százalékkal a Sorozatok2-höz, törölje az X hibasávokat,
majd az Y hibasávok formázásánál


Irány: Mínusz → Végpont stílusa: Nyílt →
A hiba mértéke: Százalék: 100% → Vonal színe →
Folytonos vonal → Szín: kék → Vonalstílus → Szélesség: 2 pt →
Bezárás


Legvégül a feliratot változtassa „Tapasztalati és valódi eloszlás”-ra.


Az egész megoldást végigkövetheti a következő videón.


V I D E Ó
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2.3. Sűrűséghisztogram


Legyen r ∈ N, x0, x1, . . . , xr ∈ R és x0 < x1 < · · · < xr. Tegyük fel, hogy a ξ-
re vonatkozó ξ1(ω), . . . , ξn(ω) mintarealizáció minden eleme benne van az (x0, xr)


intervallumban. Minden [xj−1, xj) intervallum fölé rajzoljunk egy yj magasságú tég-
lalapot úgy, hogy a téglalap területe a valódi f sűrűségfüggvény görbéje alatti te-
rületet becsülje az [xj−1, xj) intervallumon. Hasonlóan az eddigiekhez, egy esemény
valószínűségét itt is az esemény relatív gyakoriságával becsüljük. Így tehát


xj∫
xj−1


f(x) dx = P(xj−1 6 ξ < xj) '
1


n


n∑
i=1


Ixj−16ξi(ω)<xj = yj(xj − xj−1),


melyből


yj =


∑n
i=1 Ixj−16ξi(ω)<xj


n(xj − xj−1)
(j = 1, . . . , r).


A kapott oszlopdiagramot sűrűséghisztogramnak nevezzük, amely tehát a valódi f
sűrűségfüggvényt a j-edik részintervallumon az yj konstanssal közelíti.


2.7. Példa. Generáljon standard normális eloszlású valószínűségi változóra vonat-
kozó 200 elemű mintát. Rajzolja meg a sűrűséghisztogramot a (−4, 4) intervallumon
10 darab egyenlő hosszúságú részintervallum esetén.


Megoldás. Generálja le a mintarealizációt és rögzítse az A oszlopba a korábban tanult
képlettel:


=GYÖK(-2*LN(VÉL()))*COS(2*PI()*VÉL()) .


A B oszlopba írja be az osztópontokat (egy részintervallum hossza 4−(−4)
10


= 0,8).
B1-be írjon −4-et, B2-be pedig =B1+0,8 -at, majd a kitöltőjelet húzza le a 11. sorig
(mert itt lesz az értéke 4).


Ezután C1-be számolja ki a sűrűséghisztogram [−4;−3,2) fölötti téglalapjának
magasságát a következő képlettel:


=DARABHATÖBB(A:A;">="&B1;A:A;"<"&B2)/(0,8*DARAB(A:A)) .


(A DARABHATÖBB függvény leírását olvassa el a súgóban.) A C1 cella kitöltőjelére
klikkeljen kétszer. Jelölje ki a B1:C10 cellatartományt.


Beszúrás/Diagramok/Pont/Pont csak jelölőkkel
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Ennek hatására megjelennek a sűrűséghisztogram téglalapjainak a bal felső pontjai.
Törölje a „Sorozatok1” feliratot és a vezető rácsokat. Húzza meg a téglalapok bal
oldalát és a tetejét.


Elrendezés/Elemzés/Hibasávok/Hibasávok standard hibával →
Aktuális kijelölés/Sorozatok1 X hibasávok → Kijelölés formázása →
Irány/Plusz → Végpont stílusa/Nyílt → A hiba mértéke/Abszolút értékben: 0,8 →
Vonal színe/Folytonos vonal/Szín: piros → Bezárás


Elrendezés/Aktuális kijelölés/Sorozatok1 Y hibasávok → Kijelölés formázása →
Irány/Mínusz → Végpont stílusa/Nyílt → A hiba mértéke/Százalék: 100% →
Vonal színe/Folytonos vonal → Bezárás


A következő lépésben a téglalapok jobb felső pontjait ábrázolja.


Helyi menü/Adatok kijelölése → Hozzáadás →
Adatsor X értékei: =Munka1!$B$2:$B$11 →
Adatsor Y értékei: =Munka1!$C$1:$C$10 → OK → OK


Húzza meg a téglalapok jobb oldalait.


Elrendezés/Aktuális kijelölés/Sorozatok2 →
Elemzés/Hibasávok/Hibasávok standard hibával →
Aktuális kijelölés/Sorozatok2 X hibasávok → Delete gomb →
Aktuális kijelölés/Sorozatok2 Y hibasávok → Kijelölés formázása →
Irány/Mínusz → Végpont stílusa/Nyílt → A hiba mértéke/Százalék: 100% →
Vonal színe/Folytonos vonal → Bezárás


Rejtse el a Sorozatok1 jelölőit.


Elrendezés/Aktuális kijelölés/Sorozatok1 → Kijelölés formázása →
Jelölő beállításai → Jelölő típusa/Nincs → Bezárás


Hasonlóan rejtse el a Sorozatok2 jelölőit is. Ezután még a vízszintes tengelyen állítson
be néhány dolgot. Klikkeljen a vízszintes tengely valamely értékére, majd


Helyi menü/Tengely formázása → Minimum/Rögzített: -4 →
Maximum/Rögzített: 4 → Fő lépték/Rögzített: 0,8 →
Függőleges tengely metszéspontja/Ezen értéknél: -4 → Bezárás


Végül adja a diagramnak „Sűrűséghisztogram” címet. A következő eredményt kap-
juk.
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A megoldást végigkövetheti a következő videón.


V I D E Ó


2.8. Példa. Az előző grafikonban ábrázolja a standard normális eloszlás sűrűség-
függvényét is, majd hasonlítsa össze a kapott sűrűséghisztogrammal.


Megoldás. A megoldást az előző munkalapon végezze el. Először a valódi sűrűség-
függvény értékeit a [−4, 4] intervallumon fogjuk kiszámolni 0,2 lépésközzel. Írja be
az E1 cellába, hogy −4 illetve az E2 cellába, hogy =E1+0,2 . Az E2 cella kitöltőjelét
húzza le a 4 értékig (41. sorig). Ezután az F1 cellában számolja ki a standard nor-
mális eloszlás sűrűségfüggvényének értékét az E1 cella értékénél. Ennek érdekében
írja F1-be:


=NORM.ELOSZL(E1;0;1;HAMIS)


Itt 0 a várható értéket, míg 1 a szórást jelenti. Ha HAMIS helyett az IGAZ logi-
kai értéket írjuk be, akkor az eloszlásfüggvényt számoljuk. Az F1 cella kitöltőjelére
klikkeljen kétszer.


A következőkben megrajzoljuk a valódi sűrűségfüggvényt. Lépjen a diagram te-
rületére, majd helyi menüben


Adatok kijelölése → Hozzáadás →
Adatsor X értékei: =Munka1!$E$1:$E$41 →
Adatsor Y értékei: =Munka1!$F$1:$F$41 → OK → OK →
Elrendezés/Sorozatok3 → Tervezés/Más diagramtípus →
Pont (X,Y)/Pont görbített vonalakkal → OK


Végül a kapott függvény színét állítsa kékre és adja a diagramnak a „Sűrűséghisz-
togram és sűrűségfüggvény” címet.
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A megoldást végigkövetheti a következő videón.


V I D E Ó


2.4. Gyakorlatok


2.1. gyakorlat. A matematikai statisztika alaptörvényét többféle eloszlással is be-
mutatjuk a következő videóban.


V I D E Ó


Az itt használt program letölthető a következő helyről:


P R O G R A M


Vizsgálja meg Ön is ezzel a programmal néhány esetben a tapasztalati eloszlásfügg-
vény konvergenciáját.


2.2. gyakorlat. Generáljon az { 1, 2, 3, 4, 5 } halmazon diszkrét egyenletes eloszlású
valószínűségi változóra vonatkozó 200 elemű mintarealizációt. Ábrázolja a kapott
mintarealizációhoz tartozó tapasztalati eloszlást, majd a valódi eloszlást vonaldiag-
rammal.


2.3. gyakorlat. Generáljon r = 6 rendű p = 0,6 paraméterű binomiális eloszlású
valószínűségi változóra vonatkozó 200 elemű mintarealizációt. Ebből rajzolja meg a
tapasztalati eloszlás függvényt. Ábrázolja a valódi eloszlásfüggvényt is, majd hason-
lítsa őket össze.
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Útmutatás. A vizsgált valószínűségi változót jelölje ξ. Értékkészlete { 0, 1, . . . ,6 },
így a valódi eloszlásfüggvénynek ezekben a pontokban kell kiszámolni az értékét.
Ismert, hogy ξ eloszlásfüggvénye a k = 1, 2, 3, 4, 5, 6 értékeknél


P(ξ < k) =
k−1∑
i=0


(
r


i


)
pi(1− p)r−i.


Az ábrázolásnál használja fel, hogy Excel-ben


BINOM.ELOSZLÁS(k;r;p;IGAZ) =
k∑
i=0


(
r
i


)
pi(1− p)r−i,


így


BINOM.ELOSZLÁS(k − 1;r;p;IGAZ) = P(ξ < k) (k = 1, 2, 3, 4, 5, 6).


2.4. gyakorlat. Legyen egy dobozban N = 10 darab golyó, melyből M = 5 darab
piros. Visszatevés nélkül kiveszünk véletlenszerűen r = 4 darab golyót a dobozból.
Legyen ξ a kivett piros golyók száma. (Tehát ξ hipergeometrikus eloszlású.) Gene-
ráljon ξ-re vonatkozó 250 elemű mintarealizációt. Ebből rajzolja meg a tapasztalati
eloszlást vonaldiagrammal. Ábrázolja a valódi eloszlást is vonaldiagrammal, majd
hasonlítsa őket össze.


Útmutatás. Ismert, hogy


P(ξ = k) =


(
M
k


)(
N−M
r−k


)(
N
r


) (k = 0, . . . , r),


mely Excel-ben HIPERGEOM.ELOSZLÁS(k;r;M;N) függvénnyel számolható.


2.5. gyakorlat. Generáljon az Ön által készített (vagy a letöltött) programmal
λ = 3,2 paraméterű Poisson-eloszlású valószínűségi változóra vonatkozó 900 elemű
mintarealizációt. Ebből rajzolja meg a tapasztalati eloszlást vonaldiagrammal. Ábrá-
zolja a valódi eloszlást is vonaldiagrammal, majd hasonlítsa őket össze. Ezután ábrá-
zolja a tapasztalati eloszlásfüggvényt azon intervallumon, amelyen a mintarealizáció
elemei elhelyezkednek, majd a valódi eloszlásfüggvényt ugyanezen az intervallumon.


Útmutatás. A vizsgált valószínűségi változót jelölje ξ. Ismert, hogy


P(ξ = k) =
λk


k!
e−λ (k = 0, 1, . . . ),
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mely Excel-ben POISSON(k;λ;HAMIS) függvénnyel számolható. Ha a HAMIS szó
helyett IGAZ szerepel a függvényben, akkor az a


P(ξ 6 k) =
k∑
i=0


λi


i!
e−λ


értékét számolja ki.


2.6. gyakorlat. Egy kísérletet ismételjünk egymástól függetlenül, amíg egy rög-
zített p = 0,3 valószínűségű esemény be nem következik. Legyen ξ a végrehajtott
kísérletek száma. (Tehát ξ geometriai eloszlású valószínűségi változó.) Generáljon az
Ön által készített (vagy a letöltött) programmal ξ-re vonatkozó 700 elemű mintare-
alizációt. Ebből rajzolja meg a tapasztalati eloszlást vonaldiagrammal. Ábrázolja a
valódi eloszlást is vonaldiagrammal, majd hasonlítsa őket össze. Ezután ábrázolja a
tapasztalati eloszlásfüggvényt azon intervallumon, amelyen a mintarealizáció elemei
elhelyezkednek, majd a valódi eloszlásfüggvényt ugyanezen az intervallumon.


Útmutatás. Ismert, hogy


P(ξ = k) = p(1− p)k−1 (k = 1, 2, . . . ).


Excel-ben a hatványozás ^ jellel vagy a HATVÁNY függvénnyel történik. Például 0,73


=0,7^3 vagy HATVÁNY(0,7;3) módon számolható ki. Másrészt


P(ξ 6 k) =
k−1∑
i=1


p(1− p)i−1 = 1− (1− p)k−1 (k = 2, 3, . . . ).


2.7. gyakorlat. Generáljon a ξ valószínűségi változóra vonatkozó 500 elemű min-
tarealizációt, ahol ξ eloszlása
(1) 23 várható értékű és 2 szórású normális;
(2) 5 szabadsági fokú khi-négyzet;
(3) 3 szabadsági fokú t;
(4) 2 és 3 szabadsági fokú F.
Ábrázolja a tapasztalati eloszlásfüggvényt azon az intervallumon, amelyen a min-
tarealizáció elemei elhelyezkednek, majd a valódi eloszlásfüggvényt ugyanezen az
intervallumon.


Útmutatás. (1) m várható értékű és σ szórású normális eloszlású valószínűségi vál-
tozó eloszlásfüggvényének az értéke x ∈ R helyen
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NORM.ELOSZL(x;m;σ;IGAZ)


Itt jegyezzük meg, hogy ha speciálisan m = 0 és σ = 1, azaz standard normális az
eloszlás, akkor NORM.ELOSZL(x;0;1;IGAZ) helyett használható a következő is:


STNORMELOSZL(x) .


(2) Az s szabadsági fokú khi-négyzet eloszlású valószínűségi változó eloszlásfüggvé-
nyének az értéke x > 0 helyen


1-KHI.ELOSZLÁS(x;s) .


(3) Az s szabadsági fokú t-eloszlású valószínűségi változó eloszlásfüggvényének az
értéke x > 0 helyen


1-T.ELOSZLÁS(x;s;1)


illetve x < 0 esetén


T.ELOSZLÁS(−x;s;1) .


Itt jegyezzük meg, hogy ilyen eloszlású ξ esetén, ha x > 0, akkor


P(ξ > x) = T.ELOSZLÁS(x;s;1) (egyszélű eloszlás)


P(|ξ| > x) = T.ELOSZLÁS(x;s;2) (kétszélű eloszlás).


(4) Az s1 és s2 szabadsági fokú F-eloszlású valószínűségi változó eloszlásfüggvényének
az értéke x > 0 helyen


1-F.ELOSZLÁS(x;s1;s2) .


2.8. gyakorlat. Generáljon λ = 4 paraméterű exponenciális eloszlású valószínűségi
változóra vonatkozó 500 elemű mintarealizációt. Rajzolja meg a sűrűséghisztogramot
azon az intervallumon, amelyen a mintarealizáció elemei elhelyezkednek, 10 darab
egyenlő hosszúságú részintervallum esetén. Ugyanezen az intervallumon ábrázolja a
valódi sűrűségfüggvényt is.


Útmutatás. A λ paraméterű exponenciális eloszlású valószínűségi változó eloszlás-
függvényének értéke az x > 0 helyen


EXP.ELOSZLÁS(x;λ;HAMIS) .
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2.9. gyakorlat. Generáljon a ξ valószínűségi változóra vonatkozó 500 elemű min-
tarealizációt, ahol ξ eloszlása
(1) [−5, 4] intervallumon egyenletes;
(2) r = 2 rendű λ = 1 paraméterű gamma;
(3) Cauchy;
(4) s = 6 szabadsági fokú khi-négyzet.
Ábrázolja a tapasztalati eloszlásfüggvényt, illetve a sűrűséghisztogramot 10 darab
egyenlő hosszúságú részintervallum esetén, azon az intervallumon, amelyen a minta-
realizáció elemei elhelyezkednek, majd a valódi eloszlásfüggvényt illetve a sűrűség-
függvényt ugyanezen az intervallumon.


Útmutatás. (2) Az r-edrendű λ paraméterű gamma-eloszlású valószínűségi változó
eloszlásfüggvénye


GAMMA.ELOSZLÁS(x;r;1/λ;IGAZ)


illetve sűrűségfüggvénye


GAMMA.ELOSZLÁS(x;r;1/λ;HAMIS)


függvényekkel számolható, ha x > 0.
(3) Cauchy-eloszlású valószínűségi változó sűrűségfüggvénye


f : R→ R, f(x) =
1


π(1 + x2)
,


illetve eloszlásfüggvénye


F : R→ R, F (x) =
1


π
arctg x+


1


2
.


Itt az arctg(x) az ARCTAN(x) függvénnyel számolható. De azt is felhasználhatjuk,
hogy a Cauchy-eloszlás megegyezik az 1 szabadsági fokú t-eloszlással.
(4) Használja fel, hogy az s szabadsági fokú khi-négyzet eloszlás megegyezik az r = s


2


rendű λ = 1
2
paraméterű gamma-eloszlással.


2.10. gyakorlat. Generáljon a ξ valószínűségi változóra vonatkozó 500 elemű min-
tarealizációt, ahol ξ eloszlása
(1) 3 szabadsági fokú t;
(2) 2 és 3 szabadsági fokú F.
Ábrázolja a sűrűséghisztogramot 10 darab egyenlő hosszúságú részintervallum ese-
tén, azon az intervallumon, amelyen a mintarealizáció elemei elhelyezkednek, majd
a valódi sűrűségfüggvényt ugyanezen az intervallumon.
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Útmutatás. s szabadsági fokú t-eloszlású valószínűségi változó sűrűségfüggvénye


f : R→ R, f(x) =
Γ
(
s+1


2


)
√
sπ Γ


(
s
2


) (
1 + x2


s


) s+1
2


,


illetve s1 és s2 szabadsági fokú F-eloszlású valószínűségi változó sűrűségfüggvénye


f : R→ R, f(x) =


0, ha x 6 0,
Γ( s1+s22 )


Γ( s12 )Γ( s22 )


√
s
s1
1 s


s2
2 xs1−2


(s1x+s2)s1+s2
, ha x > 0,


ahol Γ(x) =
∞∫
0


ux−1e−u du = KITEVŐ(GAMMALN(x)) (x > 0) az úgynevezett gamma-


függvény.
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3. Grafikus illeszkedésvizsgálat


Ebben a fejezetben azt vizsgáljuk, hogyan lehet grafikus úton eldönteni a vizsgált
valószínűségi változóról, hogy milyen eloszláscsaládba tartozik.


3.1. Általános vizsgálat


Legyen r ∈ N, x1, . . . , xr ∈ R és x1 < x2 < · · · < xr. A matematikai statisztika
alaptétele szerint a tapasztalati eloszlásfüggvény nagy elemszámú minta esetén jól
közelíti a valódi eloszlásfüggvényt, azaz ha n a minta elemszáma, akkor


F ∗n(xi) ' F (xi), i = 1, . . . , r,


ahol F a vizsgált valószínűségi változó valódi eloszlásfüggvénye és n nagy. Ebből F
invertálhatóságát feltételezve azt kapjuk, hogy


F−1
(
F ∗n(xi)


)
' xi, i = 1, . . . , r,


azaz yi := F−1
(
F ∗n(xi)


)
jelöléssel az (xi, yi) (i = 1, . . . , r) koordinátájú pontok


körülbelül egy egyenesre esnek.


3.2. Grafikus normalitásvizsgálat


Az előző módszert most speciálisan a normális eloszlásra alkalmazzuk.


3.1. Példa. A minta-01.txt fájlban található mintarealizáció alapján nézze meg,
hogy a vizsgált valószínűségi változó lehet-e normális eloszlású.


Megoldás. Legyen r ∈ N, x1, . . . , xr ∈ R és x1 < x2 < · · · < xr. Jelölje n a mintarea-
lizáció elemeinek a számát és ki az xi-nél kisebb elemek számát a mintarealizációban.
Ekkor F ∗n(xi) = ki


n
. Ha teljesül, hogy a vizsgált valószínűségi változó normális elosz-


lású m várható értékkel és σ szórással, akkor


ki
n
' Φ


(
xi −m
σ


)
, i = 1, . . . , r,


azaz
Φ−1


(
ki
n


)
' 1


σ
xi −


m


σ
, i = 1, . . . , r.


Így yi := Φ−1
(
ki
n


)
jelöléssel az (xi, yi) (i = 1, . . . , r) koordinátájú pontok körülbe-


lül egy olyan egyenesre esnek, melynek 1
σ
a meredeksége és −m


σ
értéknél metszi a
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függőleges tengelyt.
A mintarealizációt másolja egy Excel-munkalap A oszlopába. Vizsgálja meg a


legkisebb és legnagyobb értékét a mintarealizációnak a =MIN(A:A) és =MAX(A:A)


függvényekkel. Azt kapjuk, hogy 2,495 a legkisebb és 8,0063 a legnagyobb érték.
Ennek alapján tekinthetjük például az R következő beosztását: x1 = 3,5; x2 =


= 4; x3 = 4,5; x4 = 5; x5 = 5,5; x6 = 6; x7 = 6,5; x8 = 7; x9 = 7,5. Ezeket az
értékeket írja be a B1-B9 cellákba.


Ezután a C1-C9 cellákban számolja ki az yi = Φ−1
(
ki
n


)
értékeket. Excelben


a Φ(x) értékét INVERZ.STNORM(x) függvénnyel számolhatjuk ki minden x ∈ R
esetén. Ennek alapján a C1 cellába írja be, hogy


=INVERZ.STNORM(DARABTELI(A:A;"<"&B1)/DARAB(A:A))


majd a kitöltőjelre klikkeljen kétszer. Következhet az ábrázolás. Jelölje ki B1-C9
cellatartományt, majd


Beszúrás → Diagramok/Pont → Pont csak jelölőkkel


törölje a vezető rácsokat és a „Sorozatok1” feliratot, majd a vízszintes tengelyen
rögzítse a minimális értéket 3,5-nek, a maximális értéket pedig 7,5-nek.


Amint látható a 9 darab pont nagyon jó közelítéssel egy egyenesen helyezkedik el,
így normális eloszlásúnak tekinthetjük a vizsgált valószínűségi változót.


A továbbiakban ebből lehetőségünk van megbecsülni a normális eloszlás para-
métereit, hiszen az egyenes meredeksége körülbelül 1


σ
illetve körülbelül −m


σ
értéknél


metszi a függőleges tengelyt. Ehhez először azt kell eldönteni, hogy a 9 darab pontra
melyik egyenes illeszkedik a legjobban. Az elfogadott kritérium az úgynevezett leg-
kisebb négyzetek módszere, mely szerint azt az egyenest tekintjük, melytől a pontok
távolságainak négyzetösszege minimális. Ezt lineáris trendvonalnak vagy lineáris
regressziónak is nevezik. Az Excelben ez egyszerűen ábrázolható. Klikkeljen vala-
melyik kék pontra, majd a helyi menüben válassza a Trendvonal felvétele pontot.
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Pipálja ki az Egyenlet látszik a diagramon lehetőséget, majd nyomja meg a Bezárás
gombot.


A lineáris trendvonal meredekségét a MEREDEKSÉG függvénnyel, illetve a függőle-
ges tengelymetszet értékét a METSZ függvénnyel számolhatjuk ki. Ennek alapján σ
becslése


=1/MEREDEKSÉG(C1:C9;B1:B9)


és m becslése


=-METSZ(C1:C9;B1:B9)/MEREDEKSÉG(C1:C9;B1:B9)


Az eredmény σ ' 0,7911 és m ' 5,1902. Ellenőrzésképpen közöljük, hogy a felhasz-
nált mintarealizáció m = 5,2 és σ = 0,8 paraméterű normális eloszlásból származik.
Az egész megoldást végigkövetheti a következő videón.


V I D E Ó


3.3. Grafikus exponencialitásvizsgálat


3.2. Példa. A minta-02.txt fájlban található mintarealizáció alapján vizsgálja
meg, hogy a vizsgált valószínűségi változó lehet-e exponenciális eloszlású.


Megoldás. Az előző megoldás jelöléseit használva, ha teljesül, hogy a vizsgált való-
színűségi változó exponenciális eloszlású λ paraméterrel, akkor


ki
n
' 1− e−λxi , i = 1, . . . , r,


azaz
ln


(
1− ki


n


)
' −λxi, i = 1, . . . , r.
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Így yi := ln
(
1− ki


n


)
jelöléssel az (xi, yi) (i = 1, . . . , r) koordinátájú pontok körülbe-


lül egy olyan egyenesre esnek, melynek −λ a meredeksége és átmegy az origón.
A mintarealizációt másolja egy Excel-munkalap A oszlopába. Vizsgálja meg a


legkisebb és legnagyobb értékét a mintarealizációnak. Azt kapjuk, hogy 2,5002 a
legkisebb és 7,9942 a legnagyobb érték. Így használhatjuk az előző megoldásbeli
beosztást, melyet a B oszlopba írjunk. Ezután a C1 cellába írja be, hogy


=LN(1-DARABTELI(A:A;"<"&B1)/DARAB(A:A))


majd a kitöltőjelre klikkeljen kétszer. Az ábrázolást az előző megoldáshoz hasonlóan
végezheti el.


A kapott ábra azt mutatja, hogy a pontok inkább valamilyen ívelt görbén he-
lyezkednek el, mintsem egy egyenesen, ezért nagy biztonsággal állíthatjuk, hogy a
vizsgált valószínűségi változó az adott mintarealizáció alapján nem exponenciális
eloszlású.


Ha csak az első négy pontot hagyjuk meg, akkor az már jó közelítéssel elhe-
lyezhető egy egyenesen, de ez az egyenes messze halad el az origótól, így pusztán
ezen pontok figyelembevételével is azt állíthatjuk, hogy a minta nem exponenciális
eloszlásból származik.


3.4. Gyakorlatok


3.1. gyakorlat. A minta-02.txt fájlban található mintarealizáció alapján vizsgálja
meg, hogy a vizsgált valószínűségi változó lehet-e egyenletes eloszlású. Ha igen, akkor
a kapott ábra alapján becsülje meg a paramétereket.
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Útmutatás. Ha teljesül, hogy a vizsgált valószínűségi változó egyenletes eloszlású az
[a, b] intervallumon, akkor


ki
n
' xi − a


b− a
=


1


b− a
xi −


a


b− a
, i = 1, . . . , r.


Ha például az x1 = 3; x2 = 3,5; x3 = 4; x4 = 4,5; x5 = 5; x6 = 5,5; x7 =


= 6; x8 = 6,5; x9 = 7; x10 = 7,5 beosztást használjuk, akkor a következő ábrát
kapjuk:


Így nagy valószínűséggel mondhatjuk, hogy a minta egyenletes eloszlásból származik.
A MEREDEKSÉG és METSZ függvények segítségével az a becslése 2,4881 illetve a b
becslése 8,0430. Összehasonlításként közöljük, hogy a vizsgált valószínűségi változó
egyenletes eloszlású volt a [2,5; 8] intervallumon.


3.2. gyakorlat. A minta-03.txt fájlban található mintarealizáció alapján vizsgálja
meg, hogy a vizsgált valószínűségi változó lehet-e exponenciális eloszlású. Ha igen,
akkor a kapott ábra alapján becsülje meg a paramétert.


Útmutatás. A grafikus exponencialitásvizsgálatban leírtak szerint járjon el. Használ-
hatja például az x1 = 0,2; x2 = 0,4; x3 = 0,6; x4 = 0,8; x5 = 1; x6 = 1,2; x7 =


= 1,4; x8 = 1,6 beosztást. Ekkor a kapott pontok nagyon jól illeszkednek egy olyan
egyenesre, amely átmegy az origón. Így nagy biztonsággal állíthatjuk, hogy a min-
tarealizáció exponenciális eloszlásból származik.


A λ paraméter becslésénél továbbra is azt az egyenest keressük, amely a legkisebb
négyzetek módszerével adódik, de most a vizsgálandó egyenesek körét leszűkíthet-
jük azokra, amelyek átmennek az origón. Ezt úgy tehetjük meg, ha a trendvonal
beállításánál kipipáljuk a Metszéspont: 0 opciót.
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A meredekségből tehát látható, hogy λ becslése 3,3976. Összehasonlításképpen kö-
zöljük, hogy a vizsgált valószínűségi változó exponenciális eloszlású volt λ = 3,2


paraméterrel.


3.3. gyakorlat. A minta-04.txt fájlban található mintarealizáció alapján vizsgálja
meg, hogy a vizsgált valószínűségi változó lehet-e normális eloszlású. Ha igen, akkor
a kapott ábra alapján becsülje meg a paramétereket.


Útmutatás. A grafikus normalitásvizsgálatban leírtak szerint járjon el. Használhatja
például a −3-tól 3-ig terjedő egyenletes beosztást 0,5 hosszúságú részintervallumok-
kal. Ekkor a következőt kapjuk:


Ebből egyértelműen látható, hogy a minta nem normális eloszlásból származik.


3.4. gyakorlat. A minta-04.txt fájlban található mintarealizáció alapján vizsgálja
meg, hogy a vizsgált valószínűségi változó lehet-e Cauchy-eloszlású.


Útmutatás. Ha teljesül, hogy a vizsgált valószínűségi változó Cauchy-eloszlású, akkor


ki
n
' 1


π
arctg xi +


1


2
, i = 1, . . . , r,
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azaz
tg


((ki
n
− 1


2


)
π


)
' xi, i = 1, . . . , r.


Így yi := tg
(
(ki
n
− 1


2
)π
)
jelöléssel az (xi, yi) (i = 1, . . . , r) koordinátájú pontok


körülbelül egy olyan egyenesre esnek, melynek 1 a meredeksége és átmegy az origón.
Excelben a tg x az TAN(x) függvénnyel számolható, ahol x radiánban van megadva.


Ismét használjuk a −3-tól 3-ig terjedő egyenletes beosztást 0,5 hosszúságú rész-
intervallumokkal. Ekkor a következőt kapjuk:


A kapott egyenes 1,031 meredekségű, ami jó közelítéssel 1, így nagy valószínűséggel
állítható, hogy a vizsgált valószínűségi változó Cauchy-eloszlású.


3.5. gyakorlat. Generáljon Excel segítségével 3000 elemű mintarealizációt egyenle-
tes, exponenciális, normális illetve Cauchy-eloszlású valószínűségi változóra vonatko-
zóan a korábban ismertetett módszerekkel. Grafikus illeszkedésvizsgálattal igazolja,
hogy az így generált mintarealizációk valóban olyan eloszlásúak, mint aminek az
elmélet szerint kell lennie.
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4. Statisztikák


Ebben a fejezetben azt vizsgáljuk, hogyan lehet a különböző statisztikákat kiszámol-
ni Excelben.


4.1. Példa. A minta-02.txt fájlban található mintarealizáció esetén számolja ki a
következő statisztikákat: minta elemszáma; mintaterjedelem; terjedelemközép; min-
taátlag; tapasztalati szórás; tapasztalati szórásnégyzet; korrigált tapasztalati szórás;
korrigált tapasztalati szórásnégyzet; tapasztalati medián; tapasztalati módusz.


Megoldás. A mintarealizációt másolja az A oszlopba. Az előző statisztikákat a követ-
kező módon számolhatja ki:


Természetesen


VARP(A:A) = SZÓRÁSP(A:A)^2


VAR(A:A) = SZÓRÁS(A:A)^2 .


4.2. Példa. A minta-05.txt fájlban található mintarealizáció esetén számolja ki a
tapasztalati móduszt.


Megoldás. A mintarealizációt másolja az A oszlopba. Ekkor a tapasztalati módusz
értéke a =MÓDUSZ(A:A) függvénnyel számolható ki, amely most 2-vel egyenlő.


4.3. Példa. A minta-02.txt fájlban található mintarealizáció esetén adja meg a
harmadik tapasztalati momentumot, harmadik tapasztalati centrált momentumot,
továbbá a rendezett mintát.
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Megoldás. A mintarealizációt másolja az A oszlopba. A B1 cellába írja a következőt:
=A1^3 . A B1 cella kitöltőjelére klikkeljen kétszer.


A C1 cellába írja a következőt: =(A1-ÁTLAG(A:A))^3 . A C1 cella kitöltőjelére
klikkeljen kétszer.


Ezután a D1 cellába írja a következőt: =ÁTLAG(B:B) . A kapott érték négy tize-
desjegyre kerekítve 186,4503, mely a harmadik tapasztalati momentum.


Az E1 cellába írja a következőt: =ÁTLAG(C:C) . A kapott érték négy tizedesjegyre
kerekítve 0,0787, mely a harmadik tapasztalati centrált momentum.


A rendezett minta megadásához az A oszlopot másolja át az F oszlopba, majd


Adatok → Rendezés és szűrés → Rendezés méret szerint (növekvő) →
Folytatja az aktuális kijelöléssel → Rendezés


Ezután a rendezett mintát az F oszlop tartalmazza.


4.4. Példa. Tekintsük a következő kétdimenziós valószínűségi vektorváltozóra vo-
natkozó mintarealizációt:


(0,12; 1,03) (0,63; 0,13) (0,44; 1,50) (0,50; 1,21) (0,66; 1,73)


(0,81; 1,13) (0,91; 1,73) (0,96; 0,65) (0,41; 1,10) (0,67; 0,01).


Számolja ki a tapasztalati kovarianciát és korrelációs együtthatót.


Megoldás. A rendezett számpárok első elemeit tegye az A oszlopba, a második ele-
meket pedig a B oszlopba. A tapasztalati kovarianciát a KOVAR , míg a tapasztalati
korrelációs együtthatót a KORREL függvénnyel számolhatja ki az alábbiak szerint:
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4.1. Gyakorlatok


4.1. gyakorlat. A minta-02.txt fájlban található mintarealizáció esetén adja meg
a


n∑
i=1


xi,
n∑
i=1


x2
i ,


n∑
i=1


(xi − x)2,
1


n


n∑
i=1


|xi − x|,
n∏
i=1


xi,


értékeket, ahol x1, . . . , xn a mintarealizáció elemeit jelenti, és x = 1
n


∑n
i=1 xi.


Útmutatás. Használjuk rendre a következő függvényeket:
SZUM


NÉGYZETÖSSZEG


SQ


ÁTL.ELTÉRÉS


SZORZAT .


4.2. gyakorlat. A minta-02.txt fájlban található mintarealizáció első 100 elemé-
nek számolja ki a mértani illetve harmonikus közepét.


Útmutatás. Használjuk a MÉRTANI.KÖZÉP és HARM.KÖZÉP függvényeket.


4.3. gyakorlat. A minta-02.txt fájlban található mintarealizáció esetén adja meg
(1) a 3-nál kisebb elemek összegét;
(2) a 3-nál nagyobb de 4-nél kisebb vagy egyenlő elemek összegét;
(3) a 3-nál kisebb elemek számát;
(4) a 3-nál nagyobb de 4-nél kisebb vagy egyenlő elemek számát;
(5) a 3-nál kisebb elemek átlagát;
(6) a 3-nál nagyobb de 4-nél kisebb vagy egyenlő elemek átlagát.


Útmutatás. Ha a mintarealizáció az A oszlopban van, akkor használja rendre a kö-
vetkező függvényeket:
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=SZUMHA(A:A;"<3")


=SZUMHATÖBB(A:A;A:A;">3";A:A;"<=4")


=DARABTELI(A:A;"<3")


=DARABHATÖBB(A:A;">3";A:A;"<=4")


=ÁTLAGHA(A:A;"<3")


=ÁTLAGHATÖBB(A:A;A:A;">3";A:A;"<=4") .


4.4. gyakorlat. Adja meg az I3<ξ64 indikátorváltozóra vonatkozó mintarealizációt,
ha a minta-02.txt fájlban található a ξ-re vonatkozó mintarealizáció.


Útmutatás. A mintarealizációt másolja az A oszlopba. A B1 cellába írja a következőt:
=HA(ÉS(A1>3;A1<=4);1;0) . Ezután a B1 cella kitöltőjelére klikkeljen kétszer.


4.5. gyakorlat. Adja meg a ξ∗10 és ξ∗n−5 értékeit, ahol a ξ-re vonatkozó mintareali-
záció a minta-02.txt fájlban található, továbbá ξ∗1 , . . . , ξ∗n a rendezett mintát jelöli.
A rendezett mintának hányadik eleme a mintarealizáció 5. eleme? A mintarealizáci-
ónak hányadik legnagyobb eleme 7,963?


Útmutatás. A mintarealizációt másolja az A oszlopba. Ekkor
ξ∗k = KICSI(A:A;k)


ξ∗n−k = NAGY(A:A;k + 1)


min{ k : ξ∗k = ξi } = SORSZÁM(ξi;A:A;1)


min{ k : ξ∗n−k = ξi }+ 1 = SORSZÁM(ξi;A:A;0) .


4.6. gyakorlat. A minta-02.txt fájlban található mintarealizáció esetén adja meg
a 30%-os tapasztalati kvantilist, továbbá a tapasztalati alsó illetve felső kvartilist.


Útmutatás. Ha a mintarealizáció az A oszlopban van, akkor a 100t%-os tapasztalati
kvantilis, a tapasztalati alsó illetve felső kvartilis rendre a következő módon számol-
ható ki:
PERCENTILIS(A:A;t) , KVARTILIS(A:A;1) , KVARTILIS(A:A;3) .


4.7. gyakorlat. A minta-01.txt illetve minta-04.txt fájlban található mintarea-
lizációk esetén adja meg a tapasztalati ferdeséget és tapasztalati lapultságot. Ennek
alapján melyik minta származhat normális eloszlásból? Az eredményt vesse össze a
grafikus illeszkedésvizsgálatnál tapasztaltakkal.


Útmutatás. Az eloszlás ferdeségének illetve lapultságának természetes becsléseként
definiáltuk a tapasztalati ferdeséget illetve lapultságot:


1
n


∑n
i=1(ξi − ξ)3


S3
n


illetve
1
n


∑n
i=1(ξi − ξ)4


S4
n


− 3.
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Ezeket a harmadik tapasztalati centrált momentum kiszámolásához hasonlóan hatá-
rozhatjuk meg. A kapott értékek 5 tizedesjegyre kerekítve minta-01 esetén −0,03636


illetve 0,00135 továbbá minta-04 esetén 54,17325 illetve 2952,01016. Mivel ezek az
értékek minta-01 esetén 0-hoz közeliek, míg minta-04 esetén távoliak, ezért az előb-
bi minta származhat normális eloszlásból, de az utóbbi nem. Ez a grafikus illeszke-
désvizsgálatnál tapasztaltakkal is összhangban van.


A tapasztalati ferdeség kiszámolására az Excelben van egy FERDESÉG függvény,
de ez más becslést használ az eloszlás ferdeségére:


n
∑n


i=1(ξi − ξ)3


(n− 1)(n− 2)S∗n
3 .


Excelben a lapultságot csúcsosságnak nevezik, pontosabban a tapasztalati lapult-
ságot a CSÚCSOSSÁG függvénnyel számolhatjuk, de ez is más becslést használ az
eloszlás lapultságára a korábban ismertetetthez képest:


n(n+ 1)
∑n


i=1(ξi − ξ)4


(n− 1)(n− 2)(n− 3)S∗n
4 −


3(n− 1)2


(n− 2)(n− 3)
.


Ezek a statisztikák nagy n esetén körülbelül megegyeznek az előbbi statisztikákkal.
A FERDESÉG és CSÚCSOSSÁG értékei 5 tizedesjegyre kerekítve minta-01 esetén
−0,03638 illetve 0,00436 továbbá minta-04 esetén 54,20035 illetve 2956,93809.


4.8. gyakorlat. Legyenek az x1, . . . , x20 számok a minta-01 első 20 eleme, továbbá
az y1, . . . , y20 számok a minta-02 első 20 eleme. Számolja ki a következő értékeket:


20∑
i=1


xiyi,


20∑
i=1


(xi − yi)2,


20∑
i=1


(x2
i − y2


i ),
20∑
i=1


(x2
i + y2


i ).


Útmutatás. Használja rendre a következő függvényeket:
SZORZATÖSSZEG , SZUMXBŐLY2 , SZUMX2BŐLY2 , SZUMX2MEGY2 .
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5. Intervallumbecslések


Legyen ξ a vizsgált valószínűségi változó, amelyre a mintát vonatkoztatjuk. A ξ


eloszlásának legyen ϑ egy ismeretlen becsülendő paramétere. Intervallumbecslésnél
egy olyan intervallumot adunk meg, amelybe a ϑ valódi értéke nagy valószínűséggel
beleesik. Ezen intervallum alsó és felső végpontját egy-egy statisztika realizációjával
adjuk meg. A becslő intervallumot konfidenciaintervallumnak nevezzük. Ennek a
biztonsági szintje az az érték, amelynél nagyobb vagy egyenlő valószínűséggel telje-
sül, hogy ϑ a konfidenciaintervallumba esik.


5.1. Normális eloszlás paramétereinek becslése


5.1. Példa. A minta-06.txt fájlban található mintarealizációról grafikus illeszke-
désvizsgálattal győződjön meg, hogy normális eloszlásból származik. Tudjuk, hogy a
szórás 0,7. Adjon a várható értékre 0,99 biztonsági szintű konfidenciaintervallumot.


Megoldás. A grafikus illeszkedést hasonlóan csináljuk mint korábban, így itt már
nem részletezzük. Legyen ξ az a valószínűségi változó, amelyre a mintarealizáció
vonatkozik és n a mintaelemeszám. Ismert, hogy 1− α = 0,99, σ = 0,7


τ1 = ξ − σ√
n


Φ−1
(


1− α


2


)
τ2 = ξ +


σ√
n


Φ−1
(


1− α


2


)
jelölésekkel [τ1, τ2] 0,99 biztonsági szintű konfidenciaintervallum a várható értékre.


A mintarealizációt másolja az A oszlopba. Ezután vegye fel az alapadatokat, szá-
molja ki α-t, a mintaelemszámot és a mintaátlagot a következő ábrának megfelelően:


A szórás, α, mintaelemszám és mintaátlag értékeit tartalmazó cellákat nevezze el
rendre szórás, alfa, n, átlag módon. Ehhez lépjen az adott cellára, majd a szer-
kesztőléc mellett balra található név mezőbe írja a megfelelő nevet. Végül üssön
Enter -t.


49



http://tomacstibor.uni-eger.hu/tananyagok/stat/minta-06.txt





Ezután következhet a várható értékre vonatkozó konfidenciaintervallum alsó és
felső végpontjának a kiszámítása. Ehhez tudnunk kell, hogy


Φ−1(x) = INVERZ.STNORM(x) (0 < x < 1).


Így az alsó végpont


=átlag-INVERZ.STNORM(1-alfa/2)*szórás/GYÖK(n)


módon, míg a felső végpont


=átlag+INVERZ.STNORM(1-alfa/2)*szórás/GYÖK(n)


módon számolható. A számolás kicsit egyszerűbben is elvégezhető, ha tudjuk, hogy
Excelben


σ√
n


Φ−1
(


1− α


2


)
= MEGBÍZHATÓSÁG(α;σ;n) .


Ebben az esetben az alsó végpont


=átlag-MEGBÍZHATÓSÁG(alfa;szórás;n)


módon, míg a felső végpont


=átlag+MEGBÍZHATÓSÁG(alfa;szórás;n)


módon számolható. A kapott eredményeket kerekítsük négy tizedesjegyre. A vég-
eredmény a következő ábrán látható:


Ellenőrzésképpen közöljük, hogy a várható érték valódi értéke 15,3.


5.2. Példa. A minta-07.txt fájlban található mintarealizáció normális eloszlásból
származik. (Erről grafikus illeszkedésvizsgálattal meggyőződhet.) Tudjuk, hogy a
várható érték 1251. Adjon a szórásra 0,9 biztonsági szintű konfidenciaintervallumot.
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Megoldás. Legyen ξ1, . . . , ξn a minta. Ismert, hogy 1− α = 0,9, m = 1251


F ∼ Khi(n)


c1 := F−1
(α


2


)
c2 := F−1


(
1− α


2


)
τ1 :=


√∑n
i=1(ξi −m)2


c2


τ2 :=


√∑n
i=1(ξi −m)2


c1


jelölésekkel [τ1, τ2] 0,9 biztonsági szintű konfidenciaintervallum a szórásra.
A mintarealizációt másolja az A oszlopba. A B oszlopot hagyja üresen. Írja be az


alapadatokat (biztonsági szint, várható érték), majd számolja ki a mintaelemszámot
és az α-t. A várható érték, mintaelemszám és α értékeit tartalmazó cellákat nevezze
el rendre m, n, alfa módon.


Ezután a B1 cellába írja be, hogy =m , majd a kitöltőjelre klikkeljen kétszer. Erre
azért van szükség, mert így a


∑n
i=1(ξi −m)2 realizációja


SZUMXBŐLY2(A:A;B:B)


módon kiszámolható. Most számolja ki c1 és c2 értékeit. Ehhez tudnunk kell, hogy
F ∼ Khi(n) esetén


F−1(x) = INVERZ.KHI(1− x;n) (0 < x < 1).


Így c1 = INVERZ.KHI(1-alfa/2;n) és c2 = INVERZ.KHI(alfa/2;n) . A c1 és c2


értékeket tartalmazó cellákat nevezze el az egyszerűség kedvéért rendre c_1 és c_2
módon. Ezután következhet a szórásra vonatkozó konfidenciaintervallum alsó és felső
végpontjának a kiszámítása. Az alsó végpont


=GYÖK(SZUMXBŐLY2(A:A;B:B)/c_2)


módon, míg a felső végpont


=GYÖK(SZUMXBŐLY2(A:A;B:B)/c_1)


módon számolható. A kapott eredményeket kerekítsük négy tizedesjegyre. A vég-
eredmény a következő ábrán látható:
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Ellenőrzésképpen közöljük, hogy a szórás valódi értéke 3,2.


5.2. Valószínűség becslése


5.3. Példa. Egy ismeretlen p valószínűségű esemény n = 55 kísérletből k = 39 alka-
lommal következett be. Adjon p-re 0,98 biztonsági szintű konfidenciaintervallumot.


Megoldás. Legyen ξ a figyelt esemény indikátorváltozója. Ekkor ξ az esemény relatív
gyakoriságát, azaz k


n
-et jelenti. Az 1− α = 0,98


τ1 :=
1


n
max


{
z ∈ N :


z∑
i=0


(
n


i


)
ξ
i
(1− ξ)n−i < α


2


}


τ2 :=
1


n
min


{
z ∈ N :


z∑
i=0


(
n


i


)
ξ
i
(1− ξ)n−i > 1− α


2


}


jelölésekkel [τ1, τ2] 0,98 biztonsági szintű konfidenciaintervallum p-re.
Írja be az alapadatokat (n, k, biztonsági szint), majd számolja ki az α-t. Az n,


k és α értékeit tartalmazó cellákat nevezze el rendre n, k, alfa módon.
Ezután következhet a p-re vonatkozó konfidenciaintervallum alsó és felső vég-


pontjának a kiszámítása. Ehhez szükség van a KRITBINOM függvényre, melynek
jelentése


min


{
z ∈ N :


z∑
i=0


(
n


i


)
ξ
i
(1− ξ)n−i > x


}
= KRITBINOM(n;ξ;x) x ∈ (0, 1).


Ebből következően


max


{
z ∈ N :


z∑
i=0


(
n


i


)
ξ
i
(1− ξ)n−i < x


}
= KRITBINOM(n;ξ;x)-1 .


Így az alsó végpont


=(KRITBINOM(n;k/n;alfa/2)-1)/n
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módon, míg a felső végpont


=KRITBINOM(n;k/n;1-alfa/2)/n


módon számolható. A kapott eredményeket kerekítsük négy tizedesjegyre. A vég-
eredmény a következő ábrán látható:


Ellenőrzésképpen közöljük, hogy a feladatban megadott k = 39 gyakoriság, egy
p = 0,72 paraméterű karakterisztikus eloszlásból származó minta generálása révén
adódott.


5.3. Gyakorlatok


5.1. gyakorlat. A minta-08.txt fájlban található mintarealizáció normális elosz-
lásból származik. Adjon a szórásra 0,95 biztonsági szintű konfidenciaintervallumot.


Útmutatás. Legyen n a mintarealizáció elemeinek a száma. Ekkor 1− α = 0,95


F ∼ Khi(n− 1)


τ1 := Sn


√
n


F−1
(
1− α


2


)
τ2 := Sn


√
n


F−1
(
α
2


)
jelölésekkel [τ1, τ2] 0,95 biztonsági szintű konfidenciaintervallum a szórásra. A kapott
intervallum alsó illetve felső végpontja négy tizedesjegyre kerekítve 1,9081 illetve
2,8465. Ellenőrzésképpen közöljük, hogy a valódi szórás 2,4.


5.2. gyakorlat. Oldjuk meg az előző feladatot annak ismeretében, hogy a várható
érték 14. Melyik módszer ad jobb becslést?


Útmutatás. A normális eloszlás szórásának becslésére vonatkozó példa megoldását
használjuk. A kapott intervallum alsó illetve felső végpontja négy tizedesjegyre ke-
rekítve 1,9012 illetve 2,8245.
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Ennek az intervallumnak a hossza 0,9233, míg az előbb kapott intervallum hossza
0,9384, azaz 0,0151-del hosszabb. Tehát a várható érték ismeretében egy kicsit jobb
becslést kaptunk.


5.3. gyakorlat. A minta-09.txt fájlban található mintarealizáció normális elosz-
lásból származik. Adjon a várható értékre 0,94 biztonsági szintű konfidenciainter-
vallumot.


Útmutatás. Ha ξ1, . . . , ξn a minta, akkor 1− α = 0,94


F ∼ t(n− 1)


τ1 := ξ − S∗n√
n
F−1


(
1− α


2


)
τ2 := ξ +


S∗n√
n
F−1


(
1− α


2


)
jelölésekkel [τ1, τ2] 0,94 biztonsági szintű konfidenciaintervallum a várható értékre.
A számoláshoz tudnunk kell, hogy F ∼ t(s) esetén


F−1(x) = -INVERZ.T(2x;s) ha 0 < x < 1
2
,


F−1(x) = INVERZ.T(2− 2x;s) ha 1
2
6 x < 1.


Most x = 1 − α
2
> 1


2
és 2 − 2x = α, ezért F−1


(
1− α


2


)
= INVERZ.T(α;n− 1) . A


kapott intervallum alsó illetve felső végpontja négy tizedesjegyre kerekítve 4,2918
illetve 4,8270. Ellenőrzésképpen közöljük, hogy a valódi várható érték 4,6.


5.4. gyakorlat. Oldjuk meg az előző feladatot annak ismeretében, hogy a szórás
0,8. Melyik módszer ad jobb becslést?


Útmutatás. A normális eloszlás várható értékének becslésére vonatkozó példa meg-
oldását használjuk. A kapott intervallum alsó illetve felső végpontja négy tizedes-
jegyre kerekítve 4,2585 illetve 4,8604. Ennek az intervallumnak a hossza 0,6019, míg
az előbb kapott intervallum hossza 0,5352, azaz 0,0667-del rövidebb. Tehát a szórás
ismeretében rosszabb becslést kaptunk.


5.5. gyakorlat. A minta-03.txt fájlban található mintarealizációról a grafikus il-
leszkedésvizsgálatnál láttuk, hogy exponenciális eloszlásból származik. Ennek a min-
tarealizációnak az első 100 elemét a minta-10.txt fájl tartalmazza. Ebből adjunk
az eloszlás λ paraméterére 0,9 biztonsági szintű konfidenciaintervallumot.
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Útmutatás. Ha ξ1, . . . , ξn a minta, akkor 1− α = 0,9


F ∼ Gamma(n; 1)


τ1 :=
1


nξ
F−1


(α
2


)
τ2 :=


1


nξ
F−1


(
1− α


2


)
jelölésekkel [τ1, τ2] 0,9 biztonsági szintű konfidenciaintervallum λ-ra. A számoláshoz
tudnunk kell, hogy F ∼ Gamma(r;λ′) esetén


F−1(x) = INVERZ.GAMMA(x;r;1/λ′) (0 < x < 1).


A kapott intervallum alsó illetve felső végpontja négy tizedesjegyre kerekítve 2,6750
illetve 3,7197. Ellenőrzésképpen közöljük, hogy λ valódi értéke 3,2.


5.6. gyakorlat. Egy esemény 10 000 kísérletből 2562 alkalommal következett be.
Adjon az esemény valószínűségére 0,99 biztonsági szintű konfidenciaintervallumot.


Útmutatás. Először oldjuk meg a gyakorlatot úgy, ahogy azt egy korábbi hasonló
példában tettük. A kapott intervallum alsó illetve felső végpontja négy tizedesjegyre
kerekítve 0,2449 illetve 0,2675. Ellenőrzésképpen közöljük, hogy a feladatban meg-
adott gyakoriság, egy p = 0,26 paraméterű karakterisztikus eloszlásból származó
minta generálása révén adódott.


Mivel a kísérletek száma most nagy, ezért a számolásnál a Moivre–Laplace-tételt
is alkalmazhatjuk. Eszerint, ha n a kísérletek száma és ξ az ismeretlen p valószínűségű
esemény relatív gyakorisága, akkor 1− α = 0,99


c := Φ−1
(


1− α


2


)
τ1 :=


ξ + c2


2n
− c√


n


√
ξ(1− ξ) + c2


4n


1 + c2


n


τ2 :=
ξ + c2


2n
+ c√


n


√
ξ(1− ξ) + c2


4n


1 + c2


n


jelölésekkel [τ1, τ2] 0,99 biztonsági szintű konfidenciaintervallum p-re. Az így kapott
intervallum alsó illetve felső végpontja négy tizedesjegyre kerekítve 0,2451 illetve
0,2676. Ennek és az előző intervallumnak a hossza gyakorlatilag megegyezik, így
hasonlóan jó mindkét becslés.
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A számolás tovább egyszerűsíthető, ha figyelembe vesszük, hogy most 1
n


= 0,0001


elhanyagolhatóan kicsi 1√
n


= 0,01-hoz képest. Ekkor


τ1 ' ξ − c√
n


√
ξ(1− ξ)


τ2 ' ξ +
c√
n


√
ξ(1− ξ).


Az így kapott intervallum alsó illetve felső végpontja négy tizedesjegyre kerekítve
0,2450 illetve 0,2674.


5.7. gyakorlat. A minta-11.txt fájlban található mintarealizáció [7, b] intervallu-
mon egyenletes eloszlásból származik. Adjon b-re 0,95 biztonsági szintű konfidencia-
intervallumot.


Útmutatás. Ha ξ1, . . . , ξn a minta, akkor a = 7, 1− α = 0,95


F ∼ Gamma(n; 1)


c1 := F−1
(α


2


)
c2 := F−1


(
1− α


2


)
τ1 := a+


(
ec1


n∏
i=1


(ξi − a)


) 1
n


τ2 := a+


(
ec2


n∏
i=1


(ξi − a)


) 1
n


jelölésekkel [τ1, τ2] 0,95 biztonsági szintű konfidenciaintervallum b-re. A számoláshoz
használja a KITEVŐ és SZORZAT függvényeket. A kapott intervallum alsó illetve
felső végpontja két tizedesjegyre kerekítve 13,25 illetve 17,86. Ellenőrzésképpen kö-
zöljük, hogy b valódi értéke 15.
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6. Paraméteres hipotézisvizsgálatok


Grafikus illeszkedésvizsgálatnál azt néztük meg, hogy lehet-e például normális el-
oszlású a vizsgált valószínűségi változó. Tehát egy feltételezésről, hipotézisről dön-
töttünk. A hipotézisvizsgálatokban, vagy más néven statisztikai próbákban szintén a
statisztikai mezőre vonatkozó hipotézisekről döntjük el a mintarealizáció alapján,
hogy igaz vagy sem, de ennek nem kell feltétlenül az eloszlásra vonatkoznia. Lehet
például az a hipotézis, hogy egy valószínűségi változó várható értéke megfelel az
előírásnak, vagy két valószínűségi változó független, vagy a várható értékeik meg-
egyeznek stb. Ha a hipotézis ismert eloszláscsaládból származó valószínűségi változók
paramétereire vonatkozik, akkor paraméteres hipotézisvizsgálatról beszélünk.


Azt a feltételezést, amelyről döntést akarunk hozni, nullhipotézisnek nevezzük
és H0-val jelöljük. Ha H0-t elutasítjuk, akkor egy azzal ellentétes állítást fogadunk
el, melyet ellenhipotézisnek nevezünk és H1-gyel jelölünk. Általában H0 és H1 közül
az egyik mindig bekövetkezik, de ez nem mindig van így (lásd például az úgyne-
vezett egyoldali ellenhipotéziseket). Döntésünk lehet helyes vagy hibás a következő
táblázatnak megfelelően:


H0-t elfogadjuk H0-t elutasítjuk


H0 igaz helyes döntés elsőfajú hiba


H1 igaz másodfajú hiba helyes döntés


Ha H0 teljesülése esetén az elsőfajú hiba valószínűsége maximum α lehet, akkor ezt
a számot a próba terjedelmének, az 1−α számot pedig a próba szintjének nevezzük.
A statisztikai próba menete a következő:


1. Megadunk egy H0 teljesülése esetén ismert eloszlású τ statisztikát, mely lénye-
gesen másképpen viselkedik H0 illetve H1 teljesülése esetén. Az ilyen statiszti-
kát próbastatisztikának nevezzük. (Ha nincs ilyen, akkor a sejtésünk legyen H1


és ezután H0-t úgy választjuk meg, hogy már legyen hozzá próbastatisztika.)


2. Rögzített α ismeretében megadunk egy K ⊂ R halmazt úgy, hogy H0 teljesü-
lése esetén a τ ∈ K esemény valószínűsége maximum (vagy ha lehet, pontosan)
α legyen. A τ ∈ K eseményt kritikus tartománynak, míg az ellenkezőjét elfo-
gadási tartománynak nevezzük.


3. Ha a mintarealizáció alapján teljesül τ ∈ K, akkor H0-t elutasítjuk, azaz H1-
gyet fogadjuk el, míg τ 6∈ K esetben H0-t elfogadjuk a H1 ellenhipotézissel
szemben.
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Ekkor α terjedelmű próbát kapunk. A K megválasztása τ -hoz nem egyértelmű. A
lehetséges esetekből úgy kell választani, hogy a másodfajú hiba valószínűsége minél
kisebb legyen. Ezért ugyanazon nullhipotézis esetén a különböző ellenhipotézisekkel
szemben más és más kritikus tartomány a megfelelő.


A gyakorlatban a próbastatisztikát nem nekünk kell kitalálni, hanem már ismert
statisztikai próbák közül választunk a feladat feltételeinek és a célnak megfelelően.
A következőkben tárgyalt statisztikai próbákra teljesülnek a következők:


• Torzítatlan, azaz H0-t nagyobb valószínűséggel utasítjuk el, ha H1 igaz, mint
amikor H0 igaz.


• Konzisztens, azaz a minta elemszámának növelésével a másodfajú hiba való-
színűsége 0-hoz tart.


Előfordulhat, hogy különböző szinteken különböző döntéseket hozunk ugyanazzal
a próbával. Ennek a kellemetlen tulajdonságnak az az oka, hogy α csökkentésével
a másodfajú hiba valószínűsége nő. Ilyenkor a konzisztenciát kihasználva, növeljük
meg a minta elemszámát úgy, hogy a másodfajú hiba valószínűsége kellően lecsök-
kenjen.


6.1. Egymintás u-próba


ξ ∈ Norm(m;σ), m ismeretlen, σ ismert, ξ1, . . . , ξn a ξ-re vonatkozó minta, m0 ∈ R
rögzített.


H0 : m = m0


u =
ξ −m0


σ


√
n


H1 kritikus tartomány


m 6= m0 2− 2Φ(|u|) < α


m < m0 Φ(u) < α


m > m0 1− Φ(u) < α


6.1. Példa. A minta-12.txt fájlban található mintarealizáció normális eloszlásból
származik. Tudjuk, hogy a szórás 2. Teljesülhet-e, hogy a várható érték nagyobb
13,8-nél? Döntsön 0,99 szinten.


Megoldás. A mintarealizáció átlaga három tizedesjegyre kerekítve 13,982. A kérdés
az, hogy 13,8-től csak véletlenül nagyobb, vagy szignifikánsan, azaz van valami oka.
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Egymintás u-próba alkalmazható, ahol H0 : m = 13,8 és H1 : m > 13,8. A szint
0,99, azaz α = 0,01. Ezt kell összehasonlítani 1− Φ(u) értékével. Excelben


1− Φ(u) = Z.PRÓBA(A:A;m0;σ) ,


ahol a mintarealizáció az A oszlopban van. Tehát másoljuk a mintarealizációt az A


oszlopba, majd egy cellába írjuk a következőt:


=Z.PRÓBA(A:A;13,8;2) .


Ennek az értéke hat tizedesjegyre kerekítve 0,004685, amitől nagyobb az α. Tehát
a kritikus tartományban van a próbastatisztika, azaz H0-t elutasítjuk és ezzel a
H1-gyet elfogadjuk. Tehát 0,99 szinten a várható érték nagyobb 13,8-nél.


6.2. Kétmintás u-próba


ξ ∈ Norm(m1;σ1), η ∈ Norm(m2;σ2) függetlenek, m1,m2 ismeretlenek, σ1, σ2


ismertek, ξ1, . . . , ξn1 a ξ-re vonatkozó, η1, . . . , ηn2 az η-ra vonatkozó minta.


H0 : m1 = m2


u =
ξ − η√
σ2
1


n1
+


σ2
2


n2


H1 kritikus tartomány


m1 6= m2 2− 2Φ(|u|) < α


m1 < m2 Φ(u) < α


m1 > m2 1− Φ(u) < α


6.2. Példa. A minta-14.txt fájlban található mintarealizáció normális eloszlásból
származik, melynek szórása 2. A minta-15.txt fájlban található mintarealizáció
szintén normális eloszlásból származik, melynek szórása 3. Teljesülhet-e, hogy a két
minta várható értéke megegyezik? Döntsön 0,98 szinten.


Megoldás. Kétmintás u-próba alkalmazható H0 : m1 = m2 és H1 : m1 6= m2 hipoté-
zisekkel. Az u próbastatisztika értéke körülbelül 4,34, melyből 2− 2Φ(|u|) értéke öt
tizedesjegy pontossággal 0,00001. Mivel α = 0,02, ezért az ellenhipotézist fogadjuk
el, azaz a két várható érték nem egyezik meg.
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6.3. Egymintás t-próba


ξ ∈ Norm(m;σ), ahol m,σ ismeretlenek, ξ1, . . . , ξn a ξ-re vonatkozó minta, n > 2,
m0 ∈ R rögzített.


H0 : m = m0


t =
ξ −m0


S∗n


√
n


F ∼ t(n− 1)


H1 kritikus tartomány


m 6= m0 2− 2F (|t|) < α


m < m0 F (t) < α


m > m0 1− F (t) < α


6.3. Példa. A minta-12.txt fájlban található mintarealizáció normális eloszlásból
származik. Teljesülhet-e, hogy a várható érték egyenlő 14-gyel? Döntsön 0,99 szinten,
ha a szórást nem ismerjük.


Megoldás. A mintarealizáció átlaga eltér 14-től. Kérdés, hogy ez véletlen vagy szig-
nifikáns eltérés.


Egymintás t-próba alkalmazható, ahol H0 : m = 14 és H1 : m 6= 14. A szint 0,99,
azaz α = 0,01. Ezt kell összehasonlítani 2− 2F (|t|) értékével. Excelben


2− 2F (|t|) = T.PRÓBA(A:A;B:B;2;1) ,


ahol az A oszlopban van a mintarealizáció, és a B oszlop minden olyan cellájában
az m0 értéke van, amely mellett található a mintarealizációnak egy eleme. Eszerint
tehát másoljuk a mintarealizációt az A oszlopba, majd a B1 cellába írjuk be, hogy
14 (most ez az m0). Ezután a B1 cella kitöltőjelére klikkeljünk kétszer. Ezzel a
mintarealizáció minden tagja mellé 14 kerül. Már csak egy üres cellába az előbb
említett módon ki kell számolni a 2 − 2F (|t|) értékét. Ez most négy tizedesjegyre
kerekítve 0,7998 lesz. Ettől kisebb α, így a nullhipotézist fogadjuk el. Tehát a várható
érték 14.


6.4. F-próba


ξ ∈ Norm(m1;σ1), η ∈ Norm(m2;σ2) függetlenek, m1,m2, σ1, σ2 ismeretlenek,
ξ1, . . . , ξn1 a ξ-re vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó minta, n1 > 2, n2 >


> 2.
H0 : σ1 = σ2
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F =
S∗


2


ξ,n1


S∗
2


η,n2


F ∼ F(n1 − 1;n2 − 1)


H1 kritikus tartomány


σ1 6= σ2 2 min{F (F),1− F (F) } < α


σ1 < σ2 F (F) < α


σ1 > σ2 1− F (F) < α


6.4. Példa. A minta-12.txt és minta-14.txt fájlban található mintarealizációk
normális eloszlásból származnak. Teljesülhet-e, hogy a két minta szórása megegye-
zik? Döntsön 0,99 szinten.


Megoldás. F-próba alkalmazható H0 : σ1 = σ2 és H1 : σ1 6= σ2 hipotézisekkel. Ha az
A illetve a B oszlopokba rakjuk a két mintát, akkor


2 min{F (F),1− F (F) } = F.PRÓBA(A:A;B:B) ,


amely most négy tizedesjegyre kerekítve 0,6588. Az α = 0,01 ettől kisebb, azaz a
nullhipotézist fogadjuk el. Tehát a szórások megegyeznek.


6.5. Kétmintás t-próba


ξ ∈ Norm(m1;σ1), η ∈ Norm(m2;σ2) függetlenek, m1,m2, σ1, σ2 ismeretlenek,
σ1 = σ2, ξ1, . . . , ξn1 a ξ-re vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó minta,
n1 > 2, n2 > 2.


H0 : m1 = m2


t = ξ−η√
n1S2


ξ,n1
+n2S2


η,n2


√
n1n2(n1+n2−2)


n1+n2


F ∼ t(n1 + n2 − 2)


H1 kritikus tartomány


m1 6= m2 2− 2F (|t|) < α


m1 < m2 F (t) < α


m1 > m2 1− F (t) < α


6.5. Példa. A minta-12.txt és minta-14.txt fájlban található mintarealizációk
származhatnak-e azonos normális eloszlásból? Döntsön 0,99 szinten.
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Megoldás. Az előző példában láttuk, hogy a szórások megegyeznek. Ezért a várható
értékek egyezésére alkalmazhatunk kétmintás t-próbát H0 : m1 = m2 és H1 : m1 6=
= m2 hipotézisekkel. Ha az A illetve a B oszlopokba rakjuk a két mintát, akkor


2− 2F (|t|) = T.PRÓBA(A:A;B:B;2;2) ,


amely most gyakorlatilag 0. Így α = 0,01 ettől nagyobb, azaz az ellenhipotézist
fogadjuk el. Tehát a várható értékek különböznek, vagyis nem azonos normális el-
oszlásból származik a két minta.


6.6. Scheffé-módszer


ξ ∈ Norm(m1;σ1), η ∈ Norm(m2;σ2) függetlenek, m1,m2, σ1, σ2 ismeretlenek,
ξ1, . . . , ξn1 a ξ-re vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó minta, 2 6 n1 6


6 n2.
H0 : m1 = m2


ζi = ξi −
√


n1


n2
ηi + 1√


n1n2


n1∑
k=1


ηk − η (i = 1, . . . , n1)


Speciálisan n1 = n2 esetén ζi = ξi − ηi teljesül.


t =
ζ


S∗ζ,n1


√
n1


F ∼ t(n1 − 1)


H1 kritikus tartomány


m1 6= m2 2− 2F (|t|) < α


m1 < m2 F (t) < α


m1 > m2 1− F (t) < α


n1 = n2 esetén a módszer akkor is alkalmazható, ha a minták nem függetlenek, de
csak akkor, ha ξ − η normális eloszlású.


6.6. Példa. Egy iskolában új módszert akarnak kipróbálni a gyerekek probléma-
megoldó képességeinek javítására. A kísérlet elején kitöltetnek 50 gyerekkel egy ilyen
képességet mérő tesztet. A kapott eredményeket %-ban, a diákok névsorával meg-
egyező sorrendben rögzítették a minta-20.txt fájlban. Egy éven keresztül alkal-
mazzák a módszert ezeken a diákokon. A tesztet az egy év leteltével megismétlik.
A kapott eredményeket ismét a diákok névsorával megegyező sorrendben leírták a
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minta-21.txt fájlban. Ennek alapján döntsön 0,99 szinten arról, hogy a módszer
sikeresnek mondható-e.


Megoldás. Az első illetve második teszt eredményeit másolja az A illetve B oszlop-
ba. Mivel a két minta nem tekinthető függetlennek, ezért a különbség mintát kell
megvizsgálni, hogy normális eloszlású-e. A C1 cellába írja be, hogy =A1-B1 , majd a
kitöltőjelre klikkeljen kétszer. Így a C oszlopban megjelenik a különbség minta. Erre
grafikus normalitásvizsgálatot végzünk a korábban ismertetett módon.


Ebből kapjuk, hogy a különbség minta normális eloszlásúnak tekinthető. Így alkal-
mazhatjuk a várható értékek összehasonlítására a Scheffé-módszert. Az ellenhipoté-
zis legyen az, hogy a módszer sikeres, azaz a második minta várható értéke nagyobb
mint az elsőé. Így az F (t) értékét kell kiszámolni, melyet =T.PRÓBA(A:A;B:B;1;1)


módon lehet megtenni, ha az első minta átlaga kisebb. Ez most teljesül, így kap-
juk, hogy F (t) = 0,000161 hat tizedesjegyre kerekítve. Ettől α nagyobb, tehát az
ellenhipotézist fogadjuk el, azaz a módszer sikeresnek tekinthető.


6.7. Példa. A minta-06.txt és minta-08.txt fájlokban normális eloszlású függet-
len minták vannak. Döntsön a várható értékeik egyezéséről 0,98 szinten.


Megoldás. A minta-06-ot illetve minta-08-at másolja az A illetve B oszlopba. Először
F-próbát csináljon. Ennek az lesz az eredménye, hogy a szórások nem egyeznek
meg. Ezért a kétmintás t-próba nem alkalmazható, így marad a Scheffé-módszer. A
ζ1, . . . , ζn1 minta elkészítéséhez tegye a következőket.


Egyelőre a C és D oszlopokat hagyja üresen. Számolja ki az első illetve második
minta elemszámát. Kapjuk, hogy ez 456 illetve 50. Mivel a második minta elem-
száma kisebb, ezért ez lesz a ξ-re vonatkozó mintarealizáció. Külön számolja ki az


1√
n1n2


n1∑
k=1


ηk − η értékét


=SZUM(A1:A50)/GYÖK(50*456)-ÁTLAG(A:A)
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módon. A cella neve legyen például konst . Ezután a ζ1 értékét számolja ki a C1


cellába:


=B1-GYÖK(50/456)*A1+konst .


Klikkeljen kétszer a C1 cella kitöltőjelére. Ezzel a C oszlopban elkészült a ζ1, . . . , ζn1


minta. A Scheffé-módszer szerint erre kell alkalmazni az egymintás t-próbát m0 =


= 0 választással. Tehát a D1 cellába írja, hogy 0, majd klikkeljen kétszer a D1 cella
kitöltőjelére. Ekkor


2− 2F (|t|) = T.PRÓBA(C:C;D:D;2;1) .


Ennek értéke most gyakorlatilag 0, tehát α nagyobb. Így a várható értékek nem
egyeznek meg. Kiszámolva az átlagokat, az elsőé nagyobb, tehát az egyoldali ellen-
hipotézisek esetén azt a döntést hoznánk, hogy az első minta várható értéke nagyobb.


6.7. Khi-négyzet próba


ξ ∈ Norm(m;σ), ahol m,σ ismeretlenek, ξ1, . . . , ξn a ξ-re vonatkozó minta, n > 2.


H0 : σ = σ0


χ2 =
S2
n


σ2
0


n


F ∼ Khi(n− 1)


H1 kritikus tartomány


σ 6= σ0 2 min{F (χ2),1− F (χ2) } < α


σ < σ0 F (χ2) < α


σ > σ0 1− F (χ2) < α


6.8. Példa. Egy alkatrész valamelyik paraméterére vonatkozó normális eloszlású
minta a minta-07.txt fájlban található. Előzetes vizsgálat kimutatta, hogy a vár-
ható érték megfelel az előírásnak. A selejtarány alacsonyan tartása miatt a szórás
nem lehet nagyobb 3-nál. Eleget tesznek-e a legyártott alkatrészek ennek a feltétel-
nek? Döntsön 0,98 szinten.


Megoldás. Legyen az ellenhipotézis az, hogy nem felel meg a feltételnek, azazH1: σ >


> 3. Az 1 − F (χ2) értékét kell kiszámolni. A mintát másolja az A oszlopba. Ekkor
χ2 = VARP(A:A)*DARAB(A:A)/9 . Ezt a cellát nevezze el khi -nek. Ezután


64



http://tomacstibor.uni-eger.hu/tananyagok/stat/minta-07.txt





1− F (χ2) = KHI.ELOSZLÁS(khi;DARAB(A:A)-1) .


Ennek értéke 0,0003 négy tizedesjegyre kerekítve. Ettől nagyobb az α, tehát az
ellenhipotézist fogadjuk el. Így a döntésünk az, hogy a gyártmány nem felel meg a
szórásra vonatkozó feltételnek.


6.8. Statisztikai próba az exponenciális eloszlás paraméterére


ξ ∈ Exp(λ), ahol λ ismeretlen, ξ1, . . . , ξn a ξ-re vonatkozó minta, λ0 ∈ R+ rögzített.


H0 : λ = λ0


γ = λ0nξ


F ∼ Gamma(n; 1)


H1 kritikus tartomány


λ 6= λ0 2 min{F (γ),1− F (γ) } < α


λ < λ0 1− F (γ) < α


λ > λ0 F (γ) < α


6.9. Példa. Az egészségügyi miniszter hoz egy rendeletet, miszerint a háziorvosi
rendelőkben az orvosoknak minden beteggel átlagosan 5 percnél többet kell foglal-
koznia. Egy adott rendelőben feljegyeznek néhány beteggel való konzultáció idejét
percben. A mintát a minta-22.txt fájl tartalmazza, mely exponenciális eloszlású.
Ez alapján betartja-e az itteni orvos a rendeletet? Hozzon döntést 0,99 szinten.


Megoldás. A mintaátlag 7,07 perc, tehát úgy tűnik, hogy az orvos betartja a ren-
deletet. Kérdés, hogy ez csak véletlen, vagy szignifikánsan nagyobb a konzultáció
idő 5 percnél. Legyen az az ellenhipotézis, hogy az orvos betartja a rendeletet, azaz
E ξ = 1


λ
> 5. Így tehát H1 : λ < 0,2. Az 1−F (γ) értékét kell összehasonlítani α-val.


Másolja a mintát az A oszlopba. Ekkor


1− F (γ) = 1-GAMMA.ELOSZLÁS(0,2*SZUM(A:A);DARAB(A:A);1;IGAZ) ,


amely most 0,001 három tizedesjegyre kerekítve. Ettől α nagyobb, ezért az ellenhi-
potézist fogadjuk el, miszerint az orvos betartja a rendeletet.
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6.9. Statisztikai próba valószínűségre


ξ ∈ Bin(1; p), p ismeretlen, 0 < p0 < 1 rögzített és ξ1, . . . , ξn a ξ-re vonatkozó minta.


H0 : p = p0


F−1(x) = min
{
z ∈ N :


z∑
i=0


(
n
i


)
pi0(1− p0)n−i > x


}
.


Ha min{np0, n(1− p0) } > 10, akkor


F−1(x) ' np0 −
1


2
+
√
np0(1− p0)Φ−1(x).


H1 kritikus tartomány


p 6= p0 nξ < F−1
(
α
2


)
vagy nξ > F−1


(
1− α


2


)
p < p0 nξ < F−1(α)


p > p0 nξ > F−1(1− α)


Az előbbi kritikus tartományok végpontjaira (kritikus értékek) további feltételek
kellenek:


H1 feltétel


p 6= p0 1 6 F−1
(
α
2


)
< np0 < F−1


(
1− α


2


)
6 n− 1


p < p0 1 6 F−1(α) < np0


p > p0 np0 < F−1(1− α) 6 n− 1


Ezen feltételek mindig teljesíthetők α és n alkalmas megválasztásával.


6.10. Példa. A tejiparban hasznos lehetne egy olyan eljárás, melynek révén na-
gyobb arányban születne üszőborjú, mint bikaborjú, hiszen ekkor több fejőstehenet
nevelhetnének fel azonos születésszám mellett. Egy kutató javasol egy módszert erre.
Az állításának ellenőrzésére elvégeznek 100 ilyen eljárást, melynek révén 61 darab
üszőborjú született. Ennek alapján döntsön 0,99 szinten arról, hogy hatásos-e a
módszer.


Megoldás. Jelentse ξ az eljárás révén üszőborjú születésének indikátorváltozóját és
p annak valószínűségét, hogy egy ilyen módszer alkalmazásával üszőborjú születik.
Ekkor tehát n = 100 és nξ = 61. A módszer akkor hatékony, ha p > 1


2
. Alkalmazzuk


az előbb ismertetett statisztikai próbát p0 = 1
2
választással. Tehát


H0 : p =
1


2
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H1 : p >
1


2


hipotézisekről döntünk. A szint 0,99, így a kritikus érték


F−1(1− α) = F−1(0,99) = min
{
z ∈ N :


z∑
i=0


(
100
i


)
(1


2
)100 > 0,99


}
.


A feltétel az, hogy ez az érték 51 és 99 közé essen. Excelben


min
{
z ∈ N :


z∑
i=0


(
n
i


)
pi(1− p)n−i > x


}
= KRITBINOM(n;p;x) ,


azaz F−1(0,99) =KRITBINOM(100;1/2;0,99) módon számolható ki. Így kapjuk,
hogy F−1(0,99) = 62. Erre teljesülnek a feltételek, és nξ = 61 < 62 így a nullhipo-
tézist fogadjuk el, azaz a módszer nem hatékony.


Azonban, ha 0,95 szinten döntenénk, akkor F−1(0,95) = 58 miatt már az ellen-
hipotézist fogadnánk el, hiszen nξ = 61 > 58. Így a válaszunk a szint függvénye.
Ezért tanácsos további kísérleteket végezni.


6.11. Példa. Tegyük fel, hogy az előző feladatban további 100 esetet megvizsgál-
nak, és azt kapják, hogy a most már összesen 200 esetből 125 alkalommal született
üszőborjú. Így is döntsön 0,99 szinten arról, hogy hatásos-e a módszer. Kell-e újabb
kísérleteket végezni?


Megoldás. Ekkor F−1(0,99) = 116 (a feltétel az, hogy ez az érték 101 és 199 közé
essen, ami teljesül), így a módszert hatékonynak mondhatjuk, hiszen 125 > 116.
Az F−1 monoton növekvő, így ennél kisebb szinten is ugyanígy döntenénk. Ezért
további kísérletekre nincs szükség.


Megjegyezzük, hogy a számoláshoz min{np0, n(1 − p0) } > 10 miatt a közelítő
formulát is használhatjuk:


F−1(0,99) ' 200 · 1
2
− 1


2
+
√


200 · 1
2
· (1− 1


2
)Φ−1(0,99) ' 115,9


egy tizedesjegyre kerekítve. Mivel ez az elfogadási tartomány felső határa, ezért
célszerű fölfelé kerekíteni, azaz 116-ot kapunk, mint az előbb.


6.10. Gyakorlatok


6.1. gyakorlat. Egy gépsoron csavarokat készítenek. Az előírás az, hogy a csavarok
hossza 14mm legyen. Néhány hosszát lemérik. A minta-12.txt fájlban található
a mintarealizáció, mely normális eloszlásból származik és tudjuk, hogy a szórás 2.
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Eleget tesznek-e a csavarok a hosszúságra vonatkozó előírásnak, vagy állítani kell a
gép pontosságán? Döntsön 0,99 szinten.


Útmutatás. Használjon egymintás u-próbát H0 : m = 14 és H1 : m 6= 14 hipotézisek-
kel. Könnyen látható, hogy


2− 2Φ(|u|) = 2 min{ 1− Φ(u),Φ(u) },


így


2− 2Φ(|u|) = 2*MIN(Z.PRÓBA(A:A;14;2);1-Z.PRÓBA(A:A;14;2))


módon számolható.


6.2. gyakorlat. Egy kereskedő egy malomtól nagy tételben lisztet rendel 1 kg-os
kiszerelésben. A megvásárolt tételből 100 zacskót lemérnek grammban. A mintarea-
lizáció a minta-13.txt fájlban található. Tudjuk, hogy a minta normális eloszlásból
származik, melynek 10 gramm a szórása. Döntsön 0,99 szinten, hogy a kereskedő
elfogadja-e a szállítmányt.


Útmutatás. Használjon egymintás u-próbát H0 : m = 1000 nullhipotézissel. A keres-
kedő csak akkor nem fogadja el a szállítmányt, ha a H1 : m < 1000 ellenhipotézis
teljesül. A Φ(u) értéke négy tizedesjegyre kerekítve 0,1442, melytől kisebb α, így
elfogadjuk a nullhipotézist. Tehát a szállítmányt átveheti a kereskedő.


6.3. gyakorlat. Oldja meg az előző gyakorlatot úgy is, ha nem ismerjük a szórást.


Útmutatás. Használjon egymintás t-próbát az előző hipotézisekkel. Excelben, ha ξ 6
6 m0, akkor


F (t) = T.PRÓBA(A:A;B:B;1;1) ,


ahol az A oszlopban van a mintarealizáció, és a B oszlop minden olyan cellájában az
m0 értéke van, amely mellett található a mintarealizációnak egy eleme.


6.4. gyakorlat. Egy kórháznak olyan fájdalomcsillapítóra van szüksége, amely 12
percen belül hat. Egy bizonyos fajtát kipróbálnak néhány betegen. A hatás elérését
percben mérik. A minta-14.txt fájlban található a mintarealizáció, mely normális
eloszlásból származik. Döntsön 0,99 szinten, hogy megvegye-e a szert a kórház.


Útmutatás. Használjon egymintás t-próbát H0 : m = 12 és H1 : m > 12 hipotézisek-
kel. Excelben, ha ξ > m0, akkor
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1− F (t) = T.PRÓBA(A:A;B:B;1;1) ,


ahol az A oszlopban van a mintarealizáció, és a B oszlop minden olyan cellájában az
m0 értéke van, amely mellett található a mintarealizációnak egy eleme.


6.5. gyakorlat. Két fájdalomcsillapító injekció hatásosságát mérik. Mindkettőt ki-
próbálják több betegen. Percben mérik a hatásának elérését. Az első fájdalomcsil-
lapítóra vonatkozó mintarealizáció a minta-14.txt fájlban található. Ez normális
eloszlásból származik, melynek szórása 2. A második fájdalomcsillapítóra vonatkozó
mintarealizáció a minta-15.txt fájlban található. Ez szintén normális eloszlásból
származik, melynek szórása 3. Melyik szer tekinthető hatásosabbnak? Döntsön 0,99
szinten.


Útmutatás. Használjon kétmintás u-próbát.


6.6. gyakorlat. Az előző gyakorlatot oldja meg a szórások ismerete nélkül is.
Változott-e a döntése?


Útmutatás. Használjon F-próbát, majd Scheffé-módszert.


6.7. gyakorlat. Két gépsor által gyártott csavarokat ellenőrzik. A csavarokból min-
tát vesznek és ezeket lemérik mm-ben. Az első illetve második gépre vonatkozó minta
a minta-06.txt illetve minta-08.txt fájlokban található, melyek normális elosz-
lásúak. Ezekből egymintás t-próbákkal megállapították, hogy mindkét gép eleget
tesz a hosszúságra vonatkozó előírásoknak. A gépek pontosságát így már csak a
szórásuk határozza meg. Döntsön 0,98 szinten arról, hogy melyik gépsor tekinthető
pontosabbnak.


Útmutatás. Használjon F-próbát. A minta-06 korrigált tapasztalati szórása kisebb
a minta-08 korrigált tapasztalati szórásánál, ezért a „második gép pontosabb az
elsőnél” hipotézist biztosan elutasítjuk. Most vizsgáljuk az „első gép pontosabb a
másodiknál” hipotézist, mint ellenhipotézist. Ekkor az F (F) értékét kell összehason-
lítani α-val. A korrigált tapasztalati szórások előbbi relációja mellett – ha az első
gép adatai az A oszlopban, míg a második gép adatai a B oszlopban vannak –, Ex-
celben F (F) = F.PRÓBA(A:A;B:B)/2 . Ennek értéke gyakorlatilag 0, így tehát azt
állíthatjuk, hogy az első gép pontosabb a másodiknál.


6.8. gyakorlat. Két különböző márkájú golflabdát tesztelnek. Egy golfozó ugyanaz-
zal az ütővel mindkét márkájú labdából elüt néhányat. Az ütéstávolságokat lemérik
méterben. Az első ill. második márkára vonatkozó minta a minta-16.txt illetve
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minta-17.txt fájlokban található, melyek normális eloszlásúak. Melyik labdamár-
ka tekinthető jobbnak 0,99 szinten, ha csak az ütőtávolság várható értékét vesszük
alapul?


Útmutatás. Először F-próbát alkalmazzon, melynek az lesz az eredménye, hogy a
szórások egyformának tekinthetők 0,99 szinten. Így a várható értékre kétmintás t-
próba alkalmazható.


Először legyen az az ellenhipotézis, hogy a labdamárkák különböző minőségűek.
Ekkor a 2− 2F (|t|) értékét kell kiszámolni, amely Excelben


T.PRÓBA(A:A;B:B;2;2) ,


ahol az A oszlopban az első márkára, míg a B oszlopban a második márkára vonatko-
zó adatok vannak. Ebből azt fogjuk kapni, hogy különbözőek a labdák. Ezután már
fölösleges az egyoldali ellenhipotézisre is megcsinálni a próbát, elég csak a mintaát-
lagok viszonyát megvizsgálni. Mivel az első minta átlaga nagyobb, így azt kapjuk,
hogy az első labdamárka jobb.


6.9. gyakorlat. Egy lőszergyártó cég azt állítja, hogy sikerült kifejlesztenie egy
mesterlövő puskához egy olyan új lőszert, amellyel nagyobb a találati pontosság, mint
a hagyományossal. Ennek ellenőrzésére ugyanakkora távolságból lőnek egy célra a
hagyományos és az új lőszerrel is. A találat távolságát a célponttól mm-ben mérik. A
hagyományos illetve új lőszerre kapott minták a minta-18.txt illetve minta-19.txt
fájlokban vannak, melyek normális eloszlásúak. Döntsön 0,99 szinten arról, hogy
igaz-e a gyár állítása.


Útmutatás. A minta-18-at illetve a minta-19-et másolja az A illetve B oszlopba. Elő-
ször F-próbát alkalmazzon, melynek az lesz az eredménye, hogy a szórások egyformá-
nak tekinthetők 0,99 szinten. Így a várható értékre kétmintás t-próba alkalmazható.
Legyen az az ellenhipotézis, hogy az új lőszernek nagyobb a találati pontossága.
Ekkor az 1 − F (t) értékét kell α = 0,01-dal összehasonlítani. Mivel az első minta
átlaga nagyobb, ezért Excelben


1− F (t) = T.PRÓBA(A:A;B:B;1;2) .


Ettől nagyobb az α, ezért az ellenhipotézist fogadjuk el. Tehát a gyár állítása igaz.


6.10. gyakorlat. A minta-13.txt fájlban egy normális eloszlásból származó min-
tarealizáció található. Döntsön 0,99 szinten arról, hogy a szórás értéke 10.


Útmutatás. Használjon khi-négyzet próbát.
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6.11. gyakorlat. A minta-10.txt fájlban egy exponenciális eloszlásból származó
mintarealizáció található. Döntsön 0,99 szinten arról, hogy a paraméter értéke 2,3.


6.12. gyakorlat. Egy dobókockával 1000 dobásból 186 alkalommal dobtunk hatost.
Döntsön 0,99 szinten arról, hogy a hatos dobásának a valószínűsége 1


6
.


6.13. gyakorlat. Az ötös lottó 3000 sorsolásából 190 alkalommal húzták ki az 1
számot. Valaki azt állítja, hogy ez gyanúsan sok, valami csalás van a dologban.
Döntsön 0,99 szinten arról, hogy igaza van-e az illetőnek.


Útmutatás. Rendes esetben annak a valószínűsége, hogy egy lottó ötösben szerepel-


jen az 1 szám (89
4 )


(90
5 )


= 5
90
. Legyen p a valódi valószínűsége ennek az eseménynek. Ekkor


az illető állítása H1 : p > 5
90
. A kritikus érték 196, melytől a gyakoriság kisebb, azaz


nem esik a kritikus tartományba. Így nincs igaza az illetőnek, ez a gyakoriság még
nem gyanúsan sok. Másrészt például 0,9 szinten már azt kapnánk, hogy H1 igaz, így
biztosabb válaszhoz további sorsolásokra lesz szükség.
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7. Nemparaméteres hipotézisvizsgálatok


Ebben a fejezetben 1− α ismét a próba szintjét jelenti.


7.1. Tiszta illeszkedésvizsgálat


A1, . . . , Ar teljes eseményrendszer, p1, . . . , pr ∈ R+, p1 + · · ·+ pr = 1.


H0 : P(Ai) = pi ∀i ,


ahol P a valódi valószínűség. %i(> 10) az Ai gyakorisága n kísérlet után.


χ2 =
r∑
i=1


(%i − npi)2


npi
, F ∼ Khi(r − 1)


Kritikus tartomány: 1− F (χ2) < α.


7.1. Példa. Egy dobókockával 400-szor dobtunk, és a következő gyakoriságok jöttek
ki:


1 2 3 4 5 6
69 50 57 64 63 97


Döntsön 0,99 szinten arról, hogy szabályos-e a kocka.


Megoldás. Legyen az a nullhipotézis, hogy a dobókocka szabályos, azaz npi = 400
6


minden i ∈ { 1, 2, 3, 4, 5, 6 } esetén. Az A1-A6 cellákba írja be rendre a 69, 50, 57,
64, 63, 97 gyakoriságokat, melyek mindegyike nagyobb 10-nél, így alkalmazható a
próba. A B1 cellába írja be, hogy =400/6 . Ezután a B1 cella kitöltőjelére klikkeljen
kétszer. Ekkor


1− F (χ2) = KHI.PRÓBA(A1:A6;B1:B6) .


A kijött érték 0,0014 négy tizedesjegyre kerekítve, ami kisebb α = 0,01-nál, így
elutasítjuk a nullhipotézist, azaz a dobókocka cinkelt.


A tiszta illeszkedésvizsgálat alkalmazható valószínűségi változó eloszlásának tesz-
telésére is.


ξ-re vonatkozó minta ξ1, . . . , ξn.


H0 : ξ eloszlásfüggvénye F0
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a0 = −∞ < a1 < a2 < · · · < ar−1 < ar =∞


%i =
n∑
z=1


Iξz∈[ai−1,ai) > 10


pi = P(ai−1 6 ξ < ai) = F0(ai)− F0(ai−1) (azaz P ∈ PH0)


χ2 =
r∑
i=1


(%i − npi)2


npi
, F ∼ Khi(r − 1)


Kritikus tartomány: 1− F (χ2) < α.


7.2. Példa. A minta-23.txt fájlban található mintarealizáció alapján döntse el
0,99 szinten, hogy a vizsgált valószínűségi változó lehet-e λ = 1 paraméterű Poisson-
eloszlású.


Megoldás. Legyen az a nullhipotézis, hogy a vizsgált valószínűségi változó λ = 1


paraméterű Poisson-eloszlású. A mintarealizáció elemeit másolja az A oszlopba. A
B1-B3 cellákba írja be rendre a 0, 1, 2 számokat, majd a C1 cellába, hogy


=POISSON(B1;1;HAMIS) .


A C1 kitöltőjelére klikkeljen kétszer. Végül a C4 cellába írja be, hogy


=1-SZUM(C1:C3) .


Ezzel a C oszlopban megjelentek a


pi = P(ai−1 6 ξ < ai) = F0(ai)− F0(ai−1)


értékek, ahol a0 = −∞, a1 = 1, a2 = 2, a3 = 3, a4 =∞ és F0 a λ = 1 paraméterű
Poisson-eloszlás eloszlásfüggvénye. Mivel p4 = 0,0803 négy tizedesjegyre kerekítve,
ezért az utolsó intervallum további felbontására nincs szükség.


A D1 cellába írja be, hogy =DARABTELI(A:A;B1) , majd a kitöltőjelre klikkeljen
kétszer. A D4 cellát javítsa ki =DARABTELI(A:A;">=3") módon. A kapott gya-
koriságok mindegyike nagyobb 10-nél, így alkalmazható a próba. Az E oszlopban
számolja ki az npi értékeket. Írja az E1 cellába, hogy =DARAB(A:A)*C1 , majd a
kitöltőjelre klikkeljen kétszer. Ekkor


1− F (χ2) = KHI.PRÓBA(D1:D4;E1:E4) .


A kijött érték 0,3017 négy tizedesjegyre kerekítve, ami nagyobb α = 0,01-nál, így
elfogadjuk a nullhipotézist.
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7.2. Becsléses illeszkedésvizsgálat


ξ-re vonatkozó minta ξ1, . . . , ξn és minden ϑ = (ϑ1, . . . , ϑv) ∈ Θ ⊂ Rv esetén Fϑ


eloszlásfüggvény.


H0 : ξ eloszlásfüggvénye Fϑ valamely ϑ ∈ Θ esetén


a0 = −∞ < a1 < a2 < · · · < ar−1 < ar =∞


%i =
n∑
z=1


Iξz∈[ai−1,ai) > 10


ϑ̂i a ϑi maximum likelihood becslése H0 feltételezésével.


p̂i = P(ϑ̂1,...,ϑ̂v)(ai−1 6 ξ < ai) = F(ϑ̂1,...,ϑ̂v)(ai)− F(ϑ̂1,...,ϑ̂v)(ai−1)


χ2 =
r∑
i=1


(%i − np̂i)2


np̂i
, F ∼ Khi(r − 1− v)


Kritikus tartomány: 1− F (χ2) < α.


7.3. Példa. A minta-24.txt fájlban található mintarealizáció alapján döntse el
0,99 szinten, hogy a vizsgált valószínűségi változó lehet-e normális eloszlású.


Megoldás. A nullhipotézis legyen az, hogy a vizsgált valószínűségi változó normális
eloszlású. Tudjuk, hogy ennek teljesülése esetén a várható érték illetve a szórás
maximum likelihood becslése a mintaátlag illetve a tapasztalati szórás. A következő
táblázatot fogjuk elkészíteni:


A mintarealizációt másolja az A oszlopba. A mintaátlagot, tapasztalati szórást és
a mintarealizáció elemeinek a számát számolja ki a C1, C2 illetve C3 cellákba az
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=ÁTLAG(A:A) , =SZÓRÁSP(A:A) illetve =DARAB(A:A) függvényekkel. Rendre ne-
vezze el a cellákat m , szigma illetve n módon.


A D oszlopba kerülnek az ai osztópontok. Figyelembe véve m̂ és σ̂ értékét, gya-
korlati szempontból −∞ helyett −1000 illetve∞ helyett 1000 írható. Az a0, . . . , a10


helyére írja a −1000, 6, 7, . . . ,14, 1000 számokat a D2:D12 cellatartományba. Az E2


cellába számolja ki a %1 gyakoriságot:


=DARABHATÖBB(A:A;">="&D2;A:A;"<"&D3) .


Az F oszlopba kerülnek az np̂i értékei. Ehhez vegyük figyelembe, hogy most


p̂i = F(m̂,σ̂)(ai)− F(m̂,σ̂)(ai−1),


ahol F(m̂,σ̂) ∼ Norm(m̂; σ̂). Így tehát az F2 cellába írjuk be, hogy


=n*(NORM.ELOSZL(D3;m;szigma;IGAZ)-NORM.ELOSZL(D2;m;szigma;IGAZ)) .


Ha ezekből kitöltenénk az E és F oszlopokat, majd erre alkalmaznánk a KHI.PRÓBA


függvényt úgy, mint az előző példában, akkor a kapott érték r − 1 = 9 szabadsági
fokkal lenne kiszámolva. De ez most nem jó, mert a két becsléssel (v = 2) kettővel
csökkent a szabadsági fok. Így ki kell számolni a χ2 statisztikát, majd az 1− F (χ2)


értékét r− 1− v = 7 szabadsági fokkal. Ehhez a G oszlopban számolja ki a (%i−np̂i)2
np̂i


értékeket. A G2 cellába írja be, hogy


=(E2-F2)^2/F2 .


A táblázat első sora alapján töltse ki a hiányzó cellákat. Jelölje ki az E2:G2 cellatar-
tományt, majd a kitöltőjelet húzza le a 11. sorig. Látható, hogy a %i gyakoriságok
mindegyike nagyobb 10-nél, így alkalmazható a próba. Számolja ki az 1 − F (χ2)


értékét a C4 cellába:


=KHI.ELOSZLÁS(SZUM(G:G);7) .


A kapott érték 0,6064 négy tizedesjegyre kerekítve, ami nagyobb α = 0,01-nál, így
elfogadjuk a nullhipotézist. Tehát a mintarealizáció normális eloszlásból származik.


7.3. Függetlenségvizsgálat


A1, . . . , Ar és B1, . . . , Bs két teljes eseményrendszer.


H0 : P(Ai ∩Bj) = P(Ai) P(Bj) ∀i, j ,


ahol P a valódi valószínűség. A kontingencia táblázat
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B1 B2 . . . Bs


A1 %11 %12 . . . %1s k1


A2 %21 %22 . . . %2s k2


...
...


... . . . ...
...


Ar %r1 %r2 . . . %rs kr


l1 l2 . . . ls n


melyben %ij > 10 minden i, j esetén.


χ2 =
r∑
i=1


s∑
j=1


(%ij − 1
n
kilj)


2


1
n
kilj


, F ∼ Khi((r−1)(s−1))


Kritikus tartomány: 1− F (χ2) < α.


7.4. Példa. A következő táblázat 200 ember haj- és szemszínét tartalmazza:


szőke haj barna haj fekete haj
kék szem 42 28 3


barna szem 17 89 21


Ebből a mintából döntse el 0,99 szinten, hogy független-e az embereknél a hajnak
és a szemnek a színe, vagy van valamilyen genetikai kapcsolat a kettő között.


Megoldás. A nullhipotézisünk az lesz, hogy független a szem- és hajszín. Mivel a
%ij gyakoriságok nagyobbak 10-nél, ezért alkalmazható a próba. Először készítse el
a kontingencia táblázatot. Az előző táblázat értékeit gépelje be az A1:C2 cellatar-
tományba, majd számolja ki a perem-gyakoriságokat. A D1 cellába írja be, hogy
=SZUM(A1:C1) , majd a kitöltőjelet húzza le a 2. sorig. Ezután az A3 cellába írja
be, hogy =SZUM(A1:A2) , majd a kitöltőjelet húzza jobbra a D oszlopig.


Ennek alapján elkészítjük az 1
n
kilj táblázatát. Ehhez szükség lesz az Excel relatív


és abszolút hivatkozásának a fogalmára. Amikor egy cellába például azt írja, hogy
=A1 , majd a kitöltőjelet lehúzza a következő celláig, akkor abban =A2 jelenik meg.
Ez az úgynevezett relatív hivatkozás. Ha ezt a hatást nem akarja, akkor a sor számát
abszolúttá kell tenni úgy, hogy a sorszám elé $ jelet kell gépelni: =A$1 . Ekkor már
hiába húzza a kitöltőjelet le vagy fel, a sorszám nem változik. De ha jobbra vagy balra
húzza, akkor az oszlop azonosítója változni fog, mert az még relatív. Értelemszerűen
ezt is abszolúttá lehet tenni egy elé írt $ jellel: =$A$1 . Ha mindkét azonosítót
egyszerre akarja abszolútra változtatni, akkor a kurzorrar lépjen az A1 szövegre és
nyomja meg az F4 funkcióbillentyűt. Ekkor automatikusan megjelennek a $ jelek
mindkét azonosító előtt. A cellára való hivatkozást abszolúttá lehet tenni úgy is,
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hogy nevet adunk a cellának és ezzel hivatkozunk rá. Ezt már eddig is csináltuk. Ez
a megoldás azért is szerencsés, mert ezzel átláthatóbbak lesznek a képletek.


Mindezek alapján az F1 cellába írja a következőt:


=$D1*A$3/$D$3 .


A kitöltőjelet húzza jobbra a H oszlopig, majd le a 2. sorig. Ezután


1− F (χ2) = KHI.PRÓBA(A1:C2;F1:H2) .


Most 1 − F (χ2) ' 2,102 · 10−10 < α = 0,01, melyből következően elutasítjuk a
nullhipotézist, azaz a szem- és hajszín között van genetikai kapcsolat.


Függetlenségvizsgálat alkalmazható valószínűségi változók függetlenségének tesz-
telésére is.


(ξ, η)-ra vonatkozó minta (ξ1, η1), . . . , (ξn, ηn)


H0 : ξ és η független


a0 = −∞ < a1 < a2 < · · · < ar−1 < ar =∞


b0 = −∞ < b1 < b2 < · · · < bs−1 < as =∞


ki =
n∑
z=1


Iξz∈[ai−1,ai) lj =
n∑
z=1


Iηz∈[bj−1,bj)


%ij =
n∑
z=1


Iξz∈[ai−1,ai) Iηz∈[bj−1,bj) > 10


χ2 =
r∑
i=1


s∑
j=1


(%ij − 1
n
kilj)


2


1
n
kilj


, F ∼ Khi((r−1)(s−1))


Kritikus tartomány: 1− F (χ2) < α.


7.5. Példa. A minta-25.txt fájlban található (ξ, η)-ra vonatkozó mintarealizáció
alapján döntse el 0,99 szinten, hogy ξ és η függetlenek-e.
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Megoldás. Legyen az a nullhipotézis, hogy ξ és η független.


Ctrl+A-val jelölje ki a teljes mintát, majd Ctrl+C -vel tegye a vágólapra. Nyisson
egy Excel munkalapot és álljon az A1 cellára. Ezután Ctrl+V -vel az A oszlopba
kerül a ξ-re vonatkozó mintarealizáció, míg a B oszlopba kerül az η-ra vonatkozó
mintarealizáció. Lépjen az A oszlop azonosítójára, majd nevezze el xi -nek. Ezután
lépjen a B oszlop azonosítójára, majd nevezze el eta -nak.


Mindkét mintában tekinthető −∞ 0-nak és∞ 1000-nek. Legyen a1 = 0,13, a2 =


= 0,3, a3 = 0,5 és b1 = 0,1, b2 = 0,2, b3 = 0,3, b4 = 0,5, b5 = 1. Az ai osztópontokat
írja a D2-D6 cellákba, míg a bi osztópontokat az E1-K1 cellákba.


Számolja ki a %ij gyakoriságokat. Az E2 cellába gépelje a következőt:


=DARABHATÖBB(xi;">="&$D2;xi;"<"&$D3;eta;">="&E$1;eta;"<"&F$1) .


A kitöltőjelet húzza jobbra a J oszlopig, majd lefelé az 5. sorig. Látjuk, hogy minden
gyakoriság nagyobb 10-nél, ezért alkalmazhatjuk a próbát. Ha ez nem teljesülne,
akkor az osztópontokon kellene változtatni.


Határozza meg a perem-gyakoriságokat. A K2-be írja be, hogy =SZUM(E2:J2) ,
majd a kitöltőjelet húzza le az 5. sorig. Ezután az E6 cellába gépelje be, hogy
=SZUM(E2:E5) , majd a kitöltőjelet húzza jobbra a K oszlopig.


Most következhet az 1
n
kilj táblázata. Az E8 cellába gépelje be, hogy


=$K2*E$6/$K$6 ,


a kitöltőjelet húzza jobbra a J oszlopig, majd lefelé az 11. sorig. Ezután


1− F (χ2) = KHI.PRÓBA(E2:J5;E8:J11) .


Most 1− F (χ2) ' 0,3317 > α = 0,01, melyből következően elfogadjuk a nullhipoté-
zist, azaz ξ és η független.
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7.4. Homogenitásvizsgálat


Legyenek a ξ és η független valószínűségi változókra vonatkozó minták ξ1, . . . , ξn1


illetve η1, . . . , ηn2 .
H0 : ξ és η azonos eloszlású


c0 = −∞ < c1 < c2 < · · · < cr−1 < cr =∞


ki =
n∑
z=1


Iξz∈[ci−1,ci) > 10, lj =
n∑
z=1


Iηz∈[cj−1,cj) > 10


χ2 = n1n2


r∑
i=1


(
ki
n1
− li


n2


)2


ki + li
, F ∼ Khi(r − 1)


Kritikus tartomány: 1− F (χ2) < α.
A feladatok megoldásánál érdemes felhasználni, hogy a homogenitásvizsgálat


megegyezik az alábbi kontingencia táblázatra vonatkozó függetlenségvizsgálattal:


k1 l1 k1 + l1


k2 l2 k2 + l2
...


...
...


kr lr kr + lr


n1 n2 n1 + n2


7.6. Példa. A minta-26.txt illetve minta-27.txt fájlban található mintarealizá-
ciókról döntse el 0,99 szinten, hogy származhatnak-e azonos eloszlásból.


Megoldás. A nullhipotézis jelentse azt, hogy a két mintarealizáció azonos eloszlásból
származik. A minta-26-ot illetve minta-27-et másolja az A illetve B oszlopba.


Mindkét mintában tekinthető −∞ −2000-nek illetve a∞ 2000-nek. Legyen c1 =


= −2, c2 = −1, c3 = −0,5, c4 = 0,5, c5 = 1, c6 = 2. A ci osztópontokat írja a
D2-D9 cellákba. Az E2 cellába gépelje a következőt:


=DARABHATÖBB(A:A;">="&$D2;A:A;"<"&$D3) .
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A kitöltőjelet húzza jobbra eggyel, majd le a 8. sorig. A kijött gyakoriságok mind-
egyike nagyobb 10-nél, ezért a próba alkalmazható. Most következnek a perem-
gyakoriságok. A G2 cellába írja be, hogy =E2+F2 , majd a kitöltőjelet húzza le a
8. sorig. Az E9 cellába írja be, hogy =SZUM(E2:E8) , majd a kitöltőjelet húzza jobb-
ra a G oszlopig.


A perem-gyakoriságokból pontosan úgy készítjük el a nullhipotézis teljesülése
esetén várható gyakoriságokat, mint a függetlenségvizsgálatban. Ez most megfelel a
(ki+li)nj
n1+n2


táblázatnak. Az I2 cellába írja be, hogy


=$G2*E$9/$G$9 ,


a kitöltőjelet húzza jobbra eggyel, majd le a 8. sorig. Ezután


1− F (χ2) = KHI.PRÓBA(E2:F8;I2:J8) .


Most 1− F (χ2) ' 4 · 10−31 < α = 0,01, melyből következően elutasítjuk a nullhipo-
tézist, azaz a két mintarealizáció különböző eloszlásból származik.


7.5. Kétmintás előjelpróba


(ξ, η)-ra vonatkozó minta (ξ1, η1), . . . , (ξn, ηn).


H0 : P(ξ > η) = 1
2


B =
n∑
i=1


Iξi>ηi , F−1(x) = min


{
z ∈ N :


z∑
i=0


(
n


i


)(
1


2


)n
> x


}
n > 20 esetén F−1(x) ' 1


2
(n− 1 +


√
nΦ−1(x)).


H1 kritikus tartomány


P(ξ > η) 6= 1
2


B < F−1
(
α
2


)
vagy B > F−1


(
1− α


2


)
P(ξ > η) < 1


2
B < F−1(α)


P(ξ > η) > 1
2


B > F−1(1− α)


7.7. Példa. Migrénes fejfájásra kifejlesztenek egy új fájdalomcsillapítót. Tesztelés-
nél 50 páciensből 35-nél bizonyult az új gyógyszer tartósabb hatásúnak, mint a régi
gyógyszere. Ennek alapján döntsön 0,99 szinten arról, hogy jobb-e az új gyógyszer.


Megoldás. Legyen ξ illetve η egy adott páciensnél az új illetve a régi gyógyszer
hatásának az ideje. Vizsgáljuk a


H0 : P(ξ > η) = 1
2
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H1 : P(ξ > η) > 1
2


hipotéziseket. A feladat szerint n = 50, B = 35 és 1−α = 0,99. Így a már korábban
megismert KRITBINOM függvénnyel


F−1(1− α) = KRITBINOM(50;1/2;0,99) ,


melynek most 33 az értéke. Ettől B nagyobb, ezért a H1 ellenhipotézist fogadjuk el,
miszerint az emberek több mint felénél az új gyógyszer huzamosabb ideig hat, mint
a régi.


7.6. Kolmogorov – Szmirnov-féle kétmintás próba


ξ és η folytonos eloszlásfüggvényű független valószínűségi változók, az ezekre vonat-
kozó minták ξ1, . . . , ξn illetve η1, . . . , ηn (n > 30).


H0 : ξ és η azonos eloszlású


ξ-re illetve η-ra vonatkozó mintákhoz tartozó tapasztalati eloszlásfüggvények F ∗n


illetve G∗n.
D =


√
n
2


sup
x∈R
|F ∗n(x)−G∗n(x)|


K(z) = 1 + 2
∞∑
i=1


(−1)ie−2i2z2


Kritikus tartomány: K(D) > 1− α.
A gyakorlatban D kiszámolásához elég csak a két tapasztalati eloszlásfüggvény


összes szakadási pontjában megvizsgálni a differenciákat. Tehát, ha


x1 := ξ1, . . . , xn := ξn, xn+1 := η1, . . . , x2n := ηn,


akkor
sup
x∈R
|F ∗n(x)−G∗n(x)| = max


i=1,...,2n
|F ∗n(xi)−G∗n(xi)|.


Számolásnál még azt is vegyük figyelembe, hogy K határeloszlást jelent, így R+-on
monoton növekvő.


7.8. Példa. Excelben számolja ki adott z > 1 esetén K(z) értékét.


Megoldás. A B1 cellába írja be, hogy z = , majd a C1 cellába egy konkrét z ér-
téket, például most legyen 1. A C1 cellát nevezze el z -nek. Ezután az A oszlopba
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számolja ki a (−1)ie−2i2z2 értékeket, ahol i a sor száma. Egy cella sorának a számát
a SOR függvénnyel, míg az exponenciális függvényt a KITEVŐ függvénnyel kapja
meg. Tehát az A1 cellába írja a következőt:


=(-1)^SOR(A1)*KITEVŐ(-2*SOR(A1)^2*z^2)


Az A1 cella kitöltőjelét húzza le a 19. sorig. Amint látni fogja, az A19 cella értéke már
0 lesz, pontosabban olyan kicsi szám, amit az Excel már nem tud ábrázolni. Mivel
e−2i2z2 monoton csökkenő i-ben, ezért biztos, hogy i > 19 esetén az Excel mindig 0-t
írna ki. Ezért a szummázásban ezek a tagok már nem jelentenek számottevő értéket.


Most számolja ki K(z) értékét. A B2 cellába írja be, hogy K(z) = , majd a C2


cellába, hogy


=1+2*SZUM(A:A) .


Mivel most a z értékéhez 1 van írva, ezért a K(1)-et kapjuk meg, ami négy tizedes-
jegyre kerekítve 0,7300.


Mivel e−2i2z2 monoton csökkenő z-ben is, ezért z növelésével a szummázásban
számottevő tagok száma nem nőhet. Így az A oszlopban tetszőleges z > 1 esetben
sem kell újabb szumma tagokat számolni.


7.9. Példa. A minta-25.txt fájlban található ξ-re (első oszlopban) illetve η-ra
(második oszlopban) vonatkozó mintarealizációk alapján döntse el 0,99 szinten, hogy
ξ és η azonos eloszlású-e, ha tudjuk, hogy mindkét valószínűségi változónak folytonos
az eloszlásfüggvénye.


Megoldás. Legyen az a nullhipotézis, hogy ξ és η azonos eloszlású. A ξ-re illetve η-ra
vonatkozó mintarealizációt másolja az A illetve B oszlopba.
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A DARAB függvénnyel ellenőrizheti, hogy a közös mintaelemszám n = 500 > 30.
Tehát alkalmazhatjuk a Kolmogorov – Szmirnov-féle kétmintás próbát.


Az A oszlopot nevezze el xi -nek, a B oszlopot pedig eta -nak. A C1 cellába írja
be, hogy


=ABS(DARABTELI(xi;"<"&A1)/500-DARABTELI(eta;"<"&A1)/500) .


Ez |F ∗n(x1) − G∗n(x1)|, ahol x1 = ξ1. A kitöltőjelet húzza jobbra eggyel, majd a
kitöltőjelre klikkeljen kétszer. Ezzel |F ∗n(xi) − G∗n(xi)| értékeit kapta meg a C osz-
lopban i = 1, . . . , n esetekre, míg a D oszlopban i = n + 1, . . . ,2n esetekre, ahol
x1 = ξ1, . . . , xn = ξn, xn+1 = η1, . . . , x2n = ηn. Mivel


D =
√


n
2


max
i=1,...,2n


|F ∗n(xi)−G∗n(xi)|,


ezért ez Excelben


D = GYÖK(500/2)*MAX(C:D)


módon számolható. Ennek értéke most 0,7906 négy tizedesjegyre kerekítve. Tehát
K monoton növekedéséből és az előző feladat megoldásából kapjuk, hogy K(D) 6


6 K(1) ' 0,73 < 0,99 = 1 − α. Így tehát elfogadjuk a hullhipotézist, azaz ξ és η
azonos eloszlású.


7.7. Kolmogorov – Szmirnov-féle egymintás próba


Legyen ξ folytonos eloszlásfüggvényű valószínűségi változó, az erre vonatkozó minta
ξ1, . . . , ξn (n > 30).


H0 : ξ eloszlásfüggvénye F


F ∗n a tapasztalati eloszlásfüggvény.


D =
√
n sup
x∈R
|F ∗n(x)− F (x)|


K(z) = 1 + 2
∞∑
i=1


(−1)ie−2i2z2


Kritikus tartomány: K(D) > 1− α.
A D kiszámolásához vegyük figyelembe, hogy most egy lépcsős és egy folytonos


függvény értékeinek abszolút eltérését vizsgáljuk. Így nem elég csak a lépcsők jobb
végpontjaiban megnézni ezeket az értékeket, úgy mint a kétmintás esetben. Ezt meg
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kell tenni a bal végpontokban is. Máshol viszont nem kell, mert F monoton növekedő.
Az összes lépcsőfok bal végpontját megkapjuk az


F̃ ∗n(xi) :=
1


n


n∑
k=1


Iξk6xi


képlettel, ahol xi befutja a mintarealizáció összes elemét.


Így kapjuk, hogy


sup
x∈R
|F ∗n(x)− F (x)| = max


i=1,...,n
max{ |F ∗n(xi)− F (xi)|, |F̃ ∗n(xi)− F (xi)| }


7.10. Példa. Tudjuk, hogy a minta-27.txt fájlban található mintarealizáció egy
folytonos eloszlásfüggvényű valószínűségi változóra vonatkozik. Döntse el 0,99 szin-
ten, hogy származhat-e Cauchy-eloszlásból.


Megoldás. Legyen az a nullhipotézis, hogy a mintarealizáció Cauchy-eloszlásból szár-
mazik. Másoljuk a mintarealizációt az A oszlopba. A DARAB függvénnyel meggyő-
ződhet róla, hogy n = 730 > 30, tehát a Kolmogorov – Szmirnov-féle egymintás
próba alkalmazható. Tekintve, hogy a Cauchy-eloszlás eloszlásfüggvénye F (x) =


= 1
π


arctg x+ 1
2
, így a B1 cellába írja be, hogy


=ABS(DARABTELI(A:A;"<"&A1)/730-ARCTAN(A1)/PI()-1/2) ,


míg a C1 cellába, hogy


=ABS(DARABTELI(A:A;"<="&A1)/730-ARCTAN(A1)/PI()-1/2) .


Jelölje ki a B1:C1 cellatartományt, és klikkeljen kétszer a kitöltőjelre. Ezzel a B


oszlopban megkapta az |F ∗n(xi)−F (xi)|, míg a C oszlopban a |F̃ ∗n(xi)−F (xi)| értékeit.
Így kapjuk, hogy


D = GYÖK(730)*MAX(B:C) ,
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amelynek most 3,4344 az értéke négy tizedesjegyre kerekítve. A K(z) értékeire vo-
natkozó feladat megoldásából ellenőrizheti, hogy K(3,4344) ' 1 > 1−α = 0,99. Így
elutasítjuk a nullhipotézist, azaz a mintarealizáció nem Cauchy-eloszlásból szárma-
zik.


7.8. Gyakorlatok


7.1. gyakorlat. Egy genetikai törvény szerint, ha az egyik szülő A, a másik B
vércsoportú, akkor a gyerekeik A, AB vagy B vércsoportú lehet 1 : 2 : 1 arány-
ban. 300 ilyen vizsgált gyerek 30%-a volt A, 45%-a AB és a többi B vércsoportú.
Alátámasztják-e ezek az adatok ezt a genetikai törvényt 0,99 szinten?


Útmutatás. A feladatot tiszta illeszkedésvizsgálattal oldja meg. Legyen az a null-
hipotézis, hogy az adatok alátámasztják a genetikai törvényt. Ekkor 1 − F (χ2) '
' 0,1054 > 0,01 = α, azaz a nullhipotézist elfogadjuk.


7.2. gyakorlat. A minta-27.txt fájlban található mintarealizációról döntse el 0,99
szinten, hogy származhat-e standard normális eloszlásból.


Útmutatás. A feladatot tiszta illeszkedésvizsgálattal oldja meg. Legyen az a nullhi-
potézis, hogy standard normális eloszlásból származik a mintarealizáció. Az osztó-
pontok legyenek a0 = −∞, a1 = −2, a2 = −1, a3 = 0, a4 = 1, a5 = 2, a6 =∞. A
számolásnál −∞ helyére írható pl. -1000, illetve∞ helyére 1000. Ekkor 1−F (χ2) '
' 0,8337 > 0,01 = α, azaz a nullhipotézist elfogadjuk.


7.3. gyakorlat. A minta-22.txt fájlban található mintarealizációról egy korábbi
példa kapcsán azt állítottuk, hogy az exponenciális eloszlású. Igazoljuk ezt az állítást
becsléses illeszkedésvizsgálattal 0,99 szinten.


Útmutatás. Legyen az a nullhipotézis, hogy exponenciális eloszlásból származik a
mintarealizáció. Az osztópontok legyenek a0 = −∞, a1 = 2, a2 = 4, a3 = 6, a4 =


= 10, a5 =∞. A számolásnál −∞ helyére írható pl. 0, illetve ∞ helyére 1000. A λ


paraméter maximum likelihood becslése 1/ξ. A szabadsági fok 5 − 1 − 1 = 3 lesz.
Mindezek figyelembevételével kapjuk, hogy 1− F (χ2) ' 0,8597 > 0,01 = α, azaz a
nullhipotézist elfogadjuk.


7.4. gyakorlat. Televízióban az „A” márkájú fogkrémet hetente 1 órát, a „B” márká-
jú fogkrémet 25 percet illetve a „C” márkájú fogkrémet egyáltalán nem reklámozzák.
Arra vagyunk kíváncsiak, hogy hatással vannak-e a fogkrémfogyasztási szokásokra
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a reklámok. Ennek érdekében megkérdeztek 610 embert arról, hogy a három már-
ka közül melyiket használja, és hogy hetente hány órát tölt tévénézéssel. A kapott
eredményeket a következő táblázat tartalmazza.


„A” „B” „C”
5 óránál kevesebb 80 64 60
5–15 óra között 75 70 60


15 óra felett 90 65 46


Ebből a mintából döntsön 0,99 szinten a feltett kérdésre vonatkozóan.


Útmutatás. Végezzen függetlenségvizsgálatot az adott kontingencia táblázat alap-
ján. Ekkor 1 − F (χ2) ' 0,3958 > 0,01 = α, azaz elfogadhatjuk a nullhipotézist,
miszerint a vizsgált szempontok függetlenek egymástól. Tehát ezen adatok alapján
a fogkrémfogyasztási szokásokra nincsenek hatással a reklámok.


7.5. gyakorlat. A minta-28.txt fájlban található (ξ, η)-ra vonatkozó mintareali-
záció alapján döntse el 0,99 szinten, hogy ξ és η függetlenek-e.


Útmutatás. Végezzen függetlenségvizsgálatot. Mindkét mintában tekinthető −∞
−1000-nek és∞ 1000-nek. Legyen például a1 = −1, a2 = 0, a3 = 2 és b1 = −1, b2 =


= 1, b3 = 2. Ekkor 1 − F (χ2) ' 0 < 0,01 = α, melyből következően ξ és η nem
függetlenek.


7.6. gyakorlat. Két cinkelt kockával dobunk. Az egyikre illetve másikra vonatkozó
minta a minta-29.txt illetve minta-30.txt fájlokban található. Döntse el 0,99
szinten, hogy azonosan vannak-e „cinkelve” a kockák.


Útmutatás. Végezzen homogenitásvizsgálatot. Legyen c0 = 1, c1 = 2, c2 = 3, c3 =


= 4, c4 = 5, c5 = 6, c6 = 7. Ekkor 1 − F (χ2) ' 0,2322 > 0,01 = α, melyből
következően a két mintarealizáció azonos eloszlásból származik, azaz a két kocka
azonos módon van „cinkelve”.


7.7. gyakorlat. Egy sportszergyár a legújabb gerelyt teszteli. 22 gerelyhajító dobott
a régivel és az újjal is, akik közül 15 dobott nagyobbat az újjal. Döntse el 0,99 szinten,
hogy 1


2
-nél nagyobb valószínűséggel jobb-e az új gerely a réginél. A számolásnál


alkalmazzon folytonossági korrekciót.


Útmutatás. Végezzen kétmintás előjelpróbát. Azt kapjuk, hogy


F−1(0,99) ' 1


2


(
21 +


√
22Φ−1(0,99)


)
' 15,9558 > 15 = B,
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tehát az ellenhipotézist nem fogadjuk el, azaz 1
2
-nél nem nagyobb valószínűséggel


jobb az új gerely a réginél.


7.8. gyakorlat. A minta-26.txt illetve minta-27.txt fájlokban található folyto-
nos eloszlású valószínűségi változókra vonatkozó mintarealizációkról homogenitás-
vizsgálattal már korábban megállapítottuk, hogy nem azonos eloszlásból származ-
nak. Mutassa ki ugyanezt Kolmogorov – Szmirnov-féle kétmintás próbával is.


Útmutatás. A minta-27-ben több elem található, ezért először a végéből töröljön
annyit, hogy a mintaelemek száma megegyezzen. A D statisztika értékére négy tize-
desjegyre kerekítve 2,2326-ot kapunk. Felhasználva a K függvény értékeire korábban
gyártott Excel-táblázatot, K(2,2326) ' 0,9999 > 0,99 = 1 − α adódik, azaz a két
eloszlás valóban nem egyezik meg.


7.9. gyakorlat. A minta-27.txt fájlban található mintarealizációról korábban tisz-
ta illeszkedésvizsgálattal beláttuk, hogy standard normális eloszlásból származik.
Mutassa ki ugyanezt Kolmogorov – Szmirnov-féle egymintás próbával is.


Útmutatás. A D statisztika értékére négy tizedesjegyre kerekítve 0,7618-at kapunk,
továbbá K(0,7618) ' 0,3927 < 0,99 = 1−α adódik, így elfogadjuk a nullhipotézist,
azaz a minta standard normális eloszlásból származik.
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8. Regressziószámítás


Az η, ξ1, . . . , ξk valószínűségi változók esetén adjuk meg a legjobb


η ' g(ξ1, . . . , ξk)


közelítést adó g függvényt. Ezt úgy értjük, hogy az


E
(
η − g(ξ1, . . . , ξk)


)2


értékét kell minimalizálni. Ez az úgynevezett legkisebb négyzetek elve. Az így kapott
g függvényt regressziós felületnek nevezzük. Ha g lineáris, akkor k = 1 illetve k = 2


esetén a g függvényt (elsőfajú) regressziós egyenesnek illetve (elsőfajú) regressziós
síknak nevezzük. A regressziós felület továbbá ξ1, . . . , ξk ismeretében η megbecsül-
hető lesz.


8.1. Lineáris regresszió


Sok esetben a regressziós felület meghatározása igen bonyolult. Ilyenkor azzal egy-
szerűsíthetjük a feladatot, hogy E


(
η − g(ξ1, . . . , ξk)


)2 minimumát csak a


g(x1, . . . , xk) = a0 + a1x1 + · · ·+ akxk (a0, a1, . . . , ak ∈ R)


alakú – azaz lineáris – függvények között keressük. Ezt a típusú regressziószámítást
lineáris regressziónak nevezzük. A feladat megoldásában szereplő a0, . . . , ak kons-
tansokat a lineáris regresszió együtthatóinak nevezzük. k = 1 illetve k = 2 esetén
a lineáris regresszióval kapott g függvényt másodfajú regressziós egyenesnek illetve
másodfajú regressziós síknak nevezzük.


A lineáris regresszió együtthatóinak értékét a gyakorlatban kellő információ hiá-
nyában nem tudjuk kiszámolni. Így ekkor az (η, ξ1, . . . , ξk)-ra vonatkozó minta alap-
ján kell ezeket megbecsülni. Legyen ez a minta


(ηi, ξi1, . . . , ξik) i = 1, . . . , n.


Bevezetjük a következő jelöléseket:


a := (a0, . . . , ak)
>


Y := (η1, . . . , ηn)>
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X :=



1 ξ11 . . . ξ1k


1 ξ21 . . . ξ2k


...
... . . . ...


1 ξn1 . . . ξnk


 .


Az E(η − a0 − a1ξ1 − · · · − akξk)2 várható értéket az


1


n


n∑
i=1


(ηi − a0 − a1ξi1 − · · · − akξik)2


átlaggal becsüljük, így az a becslése azon vektor, amely mellett ez az átlag minimális.
Bizonyítható, hogy az a-ra vonatkozó


X>Y = X>Xa


úgynevezett normálegyenlet â = (â0, . . . , âk)
>-val jelölt megoldása szolgáltatja a


lineáris regresszió együtthatóinak becslését. Ebből, ha X>X invertálható mátrix,
akkor


â = (â0, . . . , âk)
> = (X>X)−1X>Y.


Ezután az η ' â0 + â1ξ1 + · · · + âkξk közelítést fogjuk használni. Speciálisan k = 1


esetén a lineáris regresszió együtthatóinak becslése


â0 = η − Covn(η, ξ1)


S2
ξ1,n


ξ1,


â1 =
Covn(η, ξ1)


S2
ξ1,n


,


ahol Covn(η, ξ1) a tapasztalati kovarianciája az (η, ξ1)-re vonatkozó mintának. Ennek
alapján a továbbiakban az η ' â0 + â1ξ1 közelítést fogjuk használni. A grafikus
illeszkedésnél pontosan ezt a közelítést alkalmaztuk.


8.1. Példa. Jelentse η a talajvízszintet mm-ben és ξ1 az őszi csapadék mennyiségét
cm-ben. Az (η, ξ1)-re vonatkozó elmúlt 18 évi mérésből származó mintarealizáci-
ót a minta-31.txt fájl tartalmazza. Ez alapján becsülje meg a lineáris regresszió
együtthatóit. A becsült másodfajú regressziós egyenest ábrázolja a mintarealizáció-
val együtt. Becsülje meg a talajvízszintet, ha az őszi csapadék 29,6 cm.


Megoldás. Ctrl+A és Ctrl+C segítségével tegye a vágólapra a minta tartalmát. Nyis-
son meg egy üres munkalapot Excelben, lépjen az A2 cellára, és Ctrl+V segítségével
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illessze be a mintarealizációt.


Az â1, â0 együtthatók kiszámolásához jelölje ki a D2:E2 cellatartományt, majd
gépelje be a következőt:


=LIN.ILL(A2:A19;B2:B19) .


Végül nyomja meg a Shift+Ctrl+Enter billentyűket. Ezt az úgynevezett tömbkép-
leteknél, mint ez is, mindig így kell csinálni. Ennek hatására D2 fogja â1 értékét,
illetve E2 fogja â0 értékét tartalmazni. Megjegyezzük, hogy ebben az esetben a kö-
vetkezőképpen is számolhatott volna:


â1 = KOVAR(A2:A19;B2:B19)/VARP(B2:B19)


â0 = ÁTLAG(A2:A19)-a_1*ÁTLAG(B2:B19)


ahol az â1 értékét tartalmazó cella neve a_1. Most következik a grafikon. Jelölje ki
az η-ra vonatkozó mintát (A2:A19), majd


Beszúrás → Diagramok/Pont/Pont csak jelölőkkel


Lépjen a diagramterületre, majd helyi menüből (jobb egérgomb) válassza az Adatok
kijelölése pontot.


Szerkesztés → Adatsor X értékei: =Munka1!$B$2:$B$19 → OK → OK


Ezzel megjelentek a mintarealizáció pontjai. Következzen a másodfajú regressziós
egyenes becslésének a meghúzása (az Excel ezt trendvonalnak nevezi). Lépjen rá
valamelyik kék jelölő pontra. Helyi menüből válassza a Trendvonal felvétele pontot.
Válassza ki a lineáris típust, majd Bezárás.


Az E4 cellába írja be a 29,6 értéket, majd az E5 cellába, hogy


=TREND(A2:A19;B2:B19;E4) .


A kapott érték 3,38 két tizedesjegyre kerekítve. Tehát 29,6 cm csapadék lehullása
után az adatok alapján 3,38mm-re becsüljük a talajvízszintet. Megjegyezzük, hogy
a 3,38 értéket =E2+D2*E4 módon is megkaphatjuk.
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8.2. Példa. Jelentse η a Duna egy árhullámának tetőző vízállását Budapesten cm-
ben, ξ1 az árhullámot kiváltó csapadék mennyiségét mm-ben és ξ2 a Duna vízállását
Budapestnél az esőzés kezdetekor cm-ben. Az (η, ξ1, ξ2)-re vonatkozó elmúlt 26 évi
mérésből származó mintarealizációt a minta-32.txt fájl tartalmazza. Ez alapján
becsülje meg a lineáris regresszió együtthatóit. Az idén az árhullámot kiváltó csapa-
dék 102mm volt, illetve a Duna vízállása Budapestnél az esőzés kezdetekor 648 cm
volt. Ezekből az adatokból becsülje meg, hogy a Duna árhullámának tetőző vízállása
Budapesten hány cm lesz.


Megoldás. Nyissa meg a minta-32.txt fájlt, majd Ctrl+A és Ctrl+C segítségével
tegye a vágólapra a tartalmát. Nyisson meg egy üres munkalapot Excelben, lépjen
az A1 cellára, és Ctrl+V segítségével illessze be a mintarealizációt. Az â2, â1, â0


együtthatók kiszámolásához jelölje ki a E2:G2 cellatartományt, majd gépelje be a
következőt:


=LIN.ILL(A1:A26;B1:C26) .


Végül nyomja meg a Shift+Ctrl+Enter billentyűket. Ennek hatására az â2, â1, â0


értékek rendre megjelennek az E2, F2, G2 cellákban. Az E5 cellába gépelje be a 102
értéket, az F5 cellába a 648 értéket, majd az E7 cellába, hogy


=TREND(A1:A26;B1:C26;E5:F5) .


A kapott érték 800 cm kerekítve. Tehát az adatok alapján a Duna árhullámának
becsült tetőző vízállása Budapesten 800 cm lesz.
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8.3. Példa. Az előző példát oldja meg a LIN.ILL illetve TREND függvények haszná-
lata nélkül is, csak a normálegyenlet segítségével.


Megoldás. Használja az előző munkalapot. Jelölje ki a B oszlopot, majd helyi menüből
válassza a Beszúrás pontot. A B1 cellába írja be, hogy 1, majd a kitöltőjelre klikkeljen
kétszer. Nevezze el a B1:D26 tömböt X-nek, illetve az A1:A26 tömböt Y-nak. Ezután
jelölje ki a K1:K3 tömböt, írja a szerkesztőlécbe, hogy


=MSZORZAT(INVERZ.MÁTRIX(MSZORZAT(TRANSZPONÁLÁS(X);X));MSZORZAT(TRANSZPONÁLÁS(X);Y)) ,


majd nyomja meg a Shift+Ctrl+Enter billentyűket. Ennek hatására az â0, â1, â2


értékek rendre megjelennek az K1, K2, K3 cellákban.


Végül a K5 cellába írja be, hogy =K1+K2*F5+K3*G5 . Az ábrán láthatjuk, hogy pon-
tosan azokat az eredményeket kaptuk, mint az előbb.


8.2. Fixpontos lineáris regresszió


A lineáris regresszió feladata tovább szűkíthető, ha tudjuk, hogy a keresett lineáris
függvény áthalad egy rögzített ponton.


Legyenek t0, . . . , tk ∈ R rögzített konstansok. Az E
(
η−g(ξ1, . . . , ξk)


)2 minimumát
keressük azon


g(x1, . . . , xk) = a0 + a1x1 + · · ·+ akxk (a0, a1, . . . , ak ∈ R)


92







függvények között, melyekre teljesül, hogy g(t1, . . . , tk) = t0, azaz a g függvény
áthalad a (t1, . . . , tk, t0) úgynevezett fixponton. Ez azzal ekvivalens, hogy


g(x1, . . . , xk) = t0 + a1(x1 − t1) + · · ·+ ak(xk − tk) (a1, . . . , ak ∈ R).


Ez az úgynevezett fixpontos lineáris regresszió. A megoldást adó g függvényt k =


= 1 illetve k = 2 esetén fixpontos regressziós egyenesnek illetve fixpontos regressziós
síknak nevezzük.


A fixpontos lineáris regresszió együtthatóira az (η, ξ1, . . . , ξk) valószínűségi vek-
torváltozóra vonatkozó (ηi, ξi1, . . . , ξik), i = 1, . . . , n minta alapján becslést adha-
tunk.


Ha t0 = · · · = tk = 0 (azaz y = g(x1, . . . , xk) átmegy az origón), akkor


Y := (η1, . . . , ηn)>


X ′ :=



ξ11 . . . ξ1k


ξ21 . . . ξ2k


... . . . ...
ξn1 . . . ξnk



jelölésekkel


(â1, . . . , âk)
> = (X ′>X ′)−1X ′>Y.


Ezután az η ' â1ξ1 + · · ·+ âkξk közelítést fogjuk használni.
Tetszőleges t0, . . . , tk ∈ R esetén az előző becslési eljárást hajtsuk végre az (η −


− t0, ξ1 − t1, . . . , ξk − tk)-ra vonatkozó mintára. Az így kapott â1, . . . , âk értékekkel
az η − t0 ' â1(ξ1 − t1) + · · ·+ âk(ξk − tk), azaz


η ' t0 + â1(ξ1 − t1) + · · ·+ âk(ξk − tk)


közelítést fogjuk használni.


8.4. Példa. Jelentse η egy vizsgált ellenálláson átfolyó áram erősségét Amperben,
illetve ξ1 az ellenállásra adott feszültséget Voltban. Az (η, ξ1)-re vonatkozó 10 mé-
résből származó mintarealizációt a minta-33.txt fájl tartalmazza. Természetesen
ξ1 = 0 esetén η = 0. Ez alapján becsülje meg a fixpontos lineáris regresszió a1


együtthatóját. A kapott egyenest ábrázolja a mintarealizációval együtt. Adjon becs-
lést arra, hogy mekkora lesz az áramerősség 12V ráadott feszültség esetén.


Megoldás. Nyissa meg a minta-33.txt fájlt, majd Ctrl+A és Ctrl+C segítségével
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tegye a vágólapra a tartalmát. Nyisson meg egy üres munkalapot Excelben, lépjen
az A1 cellára, és Ctrl+V segítségével illessze be a mintarealizációt. Az â1 kiszámo-
lásához a D1 cellába gépelje be a következőt:


=LIN.ILL(A1:A10;B1:B10;HAMIS) .


A kapott érték 0,0254 négy tizedesjegyre kerekítve, így a továbbiakban az η '
' 0,0254ξ1 közelítést lehet használni. (Vagyis az ellenállás becslése R ' 1


0,0254
'


' 39,4Ohm.) Most következik a grafikon. Jelölje ki az η-ra vonatkozó A1:A10mintát,
majd


Beszúrás → Diagramok/Pont/Pont csak jelölőkkel


Lépjen a diagramterületre, majd helyi menüből (jobb egérgomb) válassza az Adatok
kijelölése pontot.


Szerkesztés → Adatsor X értékei: =Munka1!$B$1:$B$10 → OK → OK


Ezzel megjelentek a mintarealizáció pontjai. Következzen a fixpontos regressziós
egyenes becslésének a meghúzása. Tudjuk, hogy t0 = t1 = 0, azaz most az origó a
fixpont. Lépjen rá valamelyik kék jelölő pontra. Helyi menüből válassza a Trendvonal
felvétele pontot. Válassza ki a lineáris típust, a Metszéspontot pipálja ki, állítsa 0-ra
(ez a t0 értéke), majd Bezárás. (Az ábra csak akkor helyes, ha t1 = 0, mert annak
értékét nem lehet állítani.) A D2 cellába írja be, hogy


=TREND(A1:A10;B1:B10;12;HAMIS) .


A kapott érték 0,30 két tizedesjegyre kerekítve. Tehát 12V feszültség esetén az
átfolyó áram erősségét 0,3A-ra becsüljük.
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8.5. Példa. Az (η, ξ1, ξ2)-re vonatkozó mintarealizációt a minta-34.txt fájl tar-
talmazza. Ez alapján becsülje meg a fixpontos lineáris regresszió a1, a2 együtthatóit
(t1, t2, t0) = (2


5
, 3


4
,1) fixpont esetén. Ebből adjon becslést η-ra, ha ξ1 = 1,3 és ξ2 = 7,5.


Megoldás. Nyissa meg a minta-34.txt fájlt, majd Ctrl+A és Ctrl+C segítségével
tegye a vágólapra a tartalmát. Nyisson meg egy üres munkalapot Excelben, lépjen
az A2 cellára, és Ctrl+V segítségével illessze be a mintarealizációt. A t0 = 1, t1 =


= 0,4, t2 = 0,75 értékeket írja be rendre a G2, H2, I2 cellákba. A D2 cellába írja be,
hogy =A2-G$2 . A kitöltőjelet húzza F2-ig, majd a kitöltőjelre klikkeljen kétszer.


Az â2, â1 kiszámolásához jelölje ki a H5:I5 tartományt, gépelje be a következőt:


=LIN.ILL(D2:D16;E2:F16;HAMIS) ,


majd nyomja meg a Shift+Ctrl+Enter billentyűket. A kapott értékek 1,9983 és
0,3312 négy tizedesjegyre kerekítve, így a továbbiakban az


η ' 1 + 0,3312(ξ1 − 0,4) + 1,9983(ξ2 − 0,75)


közelítést lehet használni. Az x1 − t1 = 1,3 − 0,4 és x2 − t2 = 7,5 − 0,75 értékeket
gépelje a H8 és I8 cellákba, majd az I10-be, hogy


=G2+TREND(D2:D16;E2:F16;H8:I8;HAMIS) .


A kapott érték 14,79 két tizedesjegyre kerekítve. Tehát η ' 14,79, ha ξ1 = 1,3 és
ξ2 = 7,5.


8.3. Nemlineáris regresszió


A lineáris regressziós közelítés sokszor nagyon durva becslést adhat. A mintareali-
zációt jelentő pontok ábrázolásával k = 1 esetén, jól szemléltethető ez a probléma.
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Látszik, hogy ebben az esetben „hiba” lenne lineáris regressziót alkalmazni. Ilyenkor
érdemes megtippelni, hogy milyen típusú függvény közelíti jobban a kapcsolatot a
lineárisnál (hatvány, exponenciális, logaritmus, stb.), majd a regressziós függvény
keresését le kell szűkíteni erre a csoportra.


Néhány esetben valamilyen transzformációval ez a keresés visszavezethető a li-
neáris esetre. Most csak ilyen esetekkel foglalkozunk k = 1 esetén.


8.3.1. Polinomos regresszió


Ebben az esetben a regressziós függvényt


y = a0 + a1x+ a2x
2 + · · ·+ arx


r (a0, . . . , ar ∈ R+)


alakban keressük. Ekkor az a0, . . . , ar együtthatókat az η, ξ1, ξ
2
1 , . . . , ξ


r
1 között végre-


hajtott lineáris regresszió adja.


8.6. Példa. Az (η, ξ1)-re vonatkozó mintarealizációt a minta-35.txt fájl tartal-
mazza. Ez alapján becsülje meg a másodfokú polinomos regressziós függvényt. A
kapott parabolát ábrázolja a mintarealizációval együtt.


Megoldás. Nyissa meg a minta-35.txt fájlt, majd Ctrl+A és Ctrl+C segítségével
tegye a vágólapra a tartalmát. Nyisson meg egy üres munkalapot Excelben, lépjen
az A2 cellára, és Ctrl+V segítségével illessze be a mintarealizációt. A C2 cellába írja
be, hogy =B2^2 , majd a kitöltőjelre klikkeljen kétszer. Az â2, â1, â0 kiszámolásához
jelölje ki az E2:G2 tartományt, gépelje be a következőt:


=LIN.ILL(A2:A11;B2:C11) ,


majd nyomja meg a Shift+Ctrl+Enter billentyűket. A kapott értékek −4,3773,
15,6534 és −7,2032 négy tizedesjegyre kerekítve, így a másodfokú polinomos reg-
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ressziós függvény becslése:


y = −4,3773x2 + 15,6534x− 7,2032.


Most következik a grafikon. Jelölje ki az η-ra vonatkozó mintát (A2:A11), majd


Beszúrás → Diagramok/Pont/Pont csak jelölőkkel


Lépjen a diagramterületre, majd helyi menüből (jobb egérgomb) válassza az Adatok
kijelölése pontot.


Szerkesztés → Adatsor X értékei: =Munka1!$B$2:$B$11 → OK → OK


Ezzel megjelentek a mintarealizáció pontjai. Következzen a másodfokú polinomos
regressziós függvény becslésének a megrajzolása. Lépjen rá valamelyik kék jelölő
pontra. Helyi menüből válassza a Trendvonal felvétele pontot. Válassza ki a Polino-
miális (Sorrend:2) típust, majd Bezárás.


8.3.2. Hatványkitevős regresszió


Ebben az esetben a regressziós függvényt


y = axb (a ∈ R+, b ∈ R)


alakban keressük. Ez azzal ekvivalens, hogy ln y = ln a+ b lnx, így ekkor ln η és ln ξ1


között lineáris regressziót végrehajtva, a kapott a0, a1 együtthatókra teljesül, hogy
a0 = ln a, a1 = b, azaz a = ea0 , b = a1.


8.7. Példa. Az (η, ξ1)-re vonatkozó mintarealizációt a minta-36.txt fájl tartal-
mazza. Ez alapján becsülje meg a hatványkitevős regressziós függvényt. A kapott
függvényt ábrázolja a mintarealizációval együtt.
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Megoldás. Nyissa meg a minta-36.txt fájlt, majd Ctrl+A és Ctrl+C segítségével
tegye a vágólapra a tartalmát. Nyisson meg egy üres munkalapot Excelben, lépjen
az A2 cellára, és Ctrl+V segítségével illessze be a mintarealizációt. A C2 cellába
írja be, hogy =LN(A2) , a kitöltőjelet húzza a D2 celláig, majd a kitöltőjelre klik-
keljen kétszer. Az â1, â0 kiszámolásához jelölje ki az F2:G2 tartományt, gépelje be a
következőt:


=LIN.ILL(C2:C21;D2:D21) ,


majd nyomja meg a Shift+Ctrl+Enter billentyűket. Ekkor a = KITEVŐ(G2) =
3,0982 és b = a1 = 3,4833 négy tizedesjegyre kerekítve, így a hatványkitevős reg-
ressziós függvény becslése:


y = 3,0982x3,4833.


Most következik a grafikon. Jelölje ki az η-ra vonatkozó mintát (A2:A21), majd


Beszúrás → Diagramok/Pont/Pont csak jelölőkkel


Lépjen a diagramterületre, majd helyi menüből (jobb egérgomb) válassza az Adatok
kijelölése pontot.


Szerkesztés → Adatsor X értékei: =Munka1!$B$2:$B$21 → OK → OK


Ezzel megjelentek a mintarealizáció pontjai. Következzen a hatványkitevős regresszi-
ós függvény becslésének a megrajzolása. Lépjen rá valamelyik kék jelölő pontra. He-
lyi menüből válassza a Trendvonal felvétele pontot. Válassza ki a Hatványos típust,
majd Bezárás.
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8.3.3. Exponenciális regresszió


Ebben az esetben a regressziós függvényt


y = abx (a, b ∈ R+)


alakban keressük. Ez azzal ekvivalens, hogy ln y = ln a+ (ln b)x, így ekkor ln η és ξ1


között lineáris regressziót végrehajtva, a kapott a0, a1 együtthatókra teljesül, hogy
a0 = ln a, a1 = ln b, azaz a = ea0 , b = ea1 .


8.8. Példa. Az (η, ξ1)-re vonatkozó mintarealizációt a minta-37.txt fájl tartal-
mazza. Ez alapján becsülje meg az exponenciális regressziós függvényt. A kapott
függvényt ábrázolja a mintarealizációval együtt. Becsülje meg ebből η értékét, ha
ξ1 = 5.


Megoldás. Nyissa meg a minta-37.txt fájlt, majd Ctrl+A és Ctrl+C segítségével
tegye a vágólapra a tartalmát. Nyisson meg egy üres munkalapot Excelben, lépjen az
A2 cellára, és Ctrl+V segítségével illessze be a mintarealizációt. Az előző megoldás
logikáját is lehet követni, de Excelben erre az esetre van külön függvény. A b̂, â


kiszámolásához jelölje ki a D2:E2 tartományt, gépelje be a következőt:


=LOG.ILL(A2:A11;B2:B11) ,


majd nyomja meg a Shift+Ctrl+Enter billentyűket. Ekkor b = 3,0495 és a = 4,8127


négy tizedesjegyre kerekítve, így az exponenciális regressziós függvény becslése:


y = 4,8127 · 3,0495x.


Ezután az E4 cellába írja be, hogy


=NÖV(A2:A11;B2:B11;5) .


A kapott 1269,14 érték az η becslése ξ1 = 5 esetén. Most következik a grafikon.
Jelölje ki az η-ra vonatkozó mintát (A2:A11), majd


Beszúrás → Diagramok/Pont/Pont csak jelölőkkel


Lépjen a diagramterületre, majd helyi menüből (jobb egérgomb) válassza az Adatok
kijelölése pontot.


Szerkesztés → Adatsor X értékei: =Munka1!$B$2:$B$11 → OK → OK
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Ezzel megjelentek a mintarealizáció pontjai. Következzen az exponenciális regresszi-
ós függvény becslésének a megrajzolása. Lépjen rá valamelyik kék jelölő pontra.
Helyi menüből válassza a Trendvonal felvétele pontot. Válassza ki a Exponenciális
típust, majd Bezárás.


8.3.4. Logaritmikus regresszió


Ebben az esetben a regressziós függvényt


y = a+ b lnx (a, b ∈ R)


alakban keressük. Így ekkor η és ln ξ1 között lineáris regressziót végrehajtva, a =


= a0, b = a1.


8.3.5. Hiperbolikus regresszió


Ebben az esetben a regressziós függvényt


y =
1


a+ bx
(a, b ∈ R)


alakban keressük. Ez azzal ekvivalens, hogy y−1 = a+ bx, így ekkor η−1 és ξ1 között
lineáris regressziót végrehajtva, a = a0, b = a1.


8.4. Gyakorlatok


8.1. gyakorlat. Az (η, ξ1, ξ2, ξ3) valószínűségi vektorváltozóra vonatkozó mintareali-
zációt a minta-38.txt fájl tartalmazza. Ez alapján becsülje meg a lineáris regresszió
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együtthatóit, majd ebből η értékét, ha ξ1 = 6,3, ξ2 = 0,7, ξ3 = 0,9.


8.2. gyakorlat. Az (η, ξ1)-re vonatkozó mintarealizációt a minta-39.txt fájl tar-
talmazza. Ez alapján becsülje meg a (t1, t0) = (0, 3) fixpontos lineáris regresszió
a1 együtthatóját. A kapott egyenest ábrázolja a mintarealizációval együtt. Adjon
becslést arra, hogy mekkora lesz η, ha ξ1 = 1,6.


Útmutatás. Nézze át a fixpontos lineáris regressziónál található példákat. Az ábrá-
zolásnál a trendvonal felvételénél a metszéspontot állítsa 3-ra.


8.3. gyakorlat. Az (η, ξ1, ξ2, ξ3) valószínűségi vektorváltozóra vonatkozó mintarea-
lizációt a minta-38.txt fájl tartalmazza. Ez alapján becsülje meg a (t1, t2, t3, t0) =


= (1, 1, 1, 1) fixpontos lineáris regresszió együtthatóit, majd ebből η értékét, ha
ξ1 = 6,3, ξ2 = 0,7, ξ3 = 0,9.


8.4. gyakorlat. Oldja meg az exponenciális regresszióra vonatkozó példát LOG.ILL


és NÖV függvények nélkül.


Útmutatás. Használja fel az exponenciális regresszió és a lineáris regresszió kapcso-
latát.


8.5. gyakorlat. Az (η, ξ1)-re vonatkozó mintarealizációt a minta-40.txt fájl tar-
talmazza. Ez alapján becsülje meg a logaritmikus regressziós függvényt. A kapott
függvényt ábrázolja a mintarealizációval együtt. Becsülje meg ebből η értékét, ha
ξ1 = 5,3.


Útmutatás. Használja fel a logaritmikus regresszió és a lineáris regresszió kapcso-
latát. A trendvonal felvételénél a logaritmikus pontot jelölje ki. Az eredményt a
következő ábra mutatja.


8.6. gyakorlat. Az (η, ξ1)-re vonatkozó mintarealizációt a minta-41.txt fájl tar-
talmazza. Ez alapján becsülje meg a hiperbolikus regressziós függvényt. A kapott
függvényt ábrázolja a mintarealizációval együtt. Becsülje meg ebből η értékét, ha
ξ1 = 4,2.
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Útmutatás. Használja fel a hiperbolikus regresszió és a lineáris regresszió kapcsolatát.
Az eredményt a következő ábra mutatja.


A becsült görbe egyenlete y = 1
2,8347+5,0766x


. A trendvonal ábrázolásánál vegyen fel
sűrűn pontokat a görbén és folytonos vonallal húzza azokat össze, úgy, ahogy azt a
tapasztalati és valódi eloszlásfüggvény egy diagramon való ábrázolásánál tettük.


102







9. Összefoglaló


9.1. Eloszlások generálása


9.1.1. Egyenletes eloszlásból származtatott eloszlások


Itt az η, η0, η1, η2, . . . független, a [0, 1] intervallumon egyenletes eloszlású valószínű-
ségi változókat jelent.


• Diszkrét egyenletes eloszlás
Ha m ∈ N, akkor [mη] + 1 diszkrét egyenletes eloszlású az { 1, . . . ,m } halma-
zon.


• Karakterisztikus eloszlás
Ha 0 < p < 1, akkor Iη<p karakterisztikus eloszlású p paraméterrel.


• Binomiális eloszlás
Ha r ∈ N és 0 < p < 1, akkor


∑r
i=1 Iηi<p r-edrendű p paraméterű binomiális


eloszlású.


• Hipergeometrikus eloszlás
Legyen r,M,N ∈ N, M < N , továbbá r 6 min{M,N −M }. Ekkor


ξ0 ≡ 0, ξi :=


ξi−1 + 1, ha ηi <
M−ξi−1


N−i+1
,


ξi−1, különben,
(i = 1, . . . , r)


jelöléssel


P(ξr = k) =


(
M
k


)(
N−M
r−k


)(
N
r


) (k = 0, . . . , r),


azaz ξr hipergeometrikus eloszlású N,M, r paraméterekkel.


• Poisson-eloszlás
Ha λ > 0, akkor


min
{
s :


s∏
i=0


ηi < e−λ
}


Poisson-eloszlású λ paraméterrel.


• Geometriai eloszlás
Ha 0 < p < 1, akkor min { s : ηs < p } geometriai eloszlású p paraméterrel.
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• Folytonos egyenletes eloszlás
Ha a, b ∈ R, a < b, akkor a + (b − a)η az [a, b] intervallumon egyenletes
eloszlású.


• Exponenciális eloszlás
Ha λ > 0, akkor − ln η


λ
exponenciális eloszlású λ paraméterrel.


• Gamma-eloszlás
Ha λ > 0 és r ∈ N, akkor − 1


λ


∑r
i=1 ln ηi r-edrendű λ paraméterű gamma-


eloszlású.


• Normális eloszlás
Ha m ∈ R és σ > 0, akkor


m+ σ
√
−2 ln η1 cos(2πη2)


normális eloszlású m várható értékkel és σ szórással.


9.1.2. Normális eloszlásból származtatott eloszlások


Itt az η, ηi (i ∈ N) független standard normális eloszlású valószínűségi változókat
jelent.


• Khi-négyzet eloszlás
Ha s ∈ N, akkor


∑s
i=1 η


2
i khi-négyzet eloszlású s szabadsági fokkal.


• t-eloszlás
Ha s ∈ N, akkor η


√
s∑s
i=1 η


2
i
t-eloszlású s szabadsági fokkal.


• Cauchy-eloszlás
η1
η2


Cauchy-eloszlású.


• F-eloszlás
Ha s1, s2 ∈ N, akkor s2


∑s1
i=1 η


2
i


s1
∑s1+s2
i=s1+1 η


2
i


F-eloszlású s1 és s2 szabadsági fokkal.


9.2. Grafikus illeszkedésvizsgálat


Legyen x1, . . . , xr ∈ R és x1 < x2 < · · · < xr. Jelölje n a mintarealizáció elemeinek
a számát és ki az xi-nél kisebb elemek számát a mintarealizációban.
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• Normalitásvizsgálat
Ha teljesül, hogy a vizsgált valószínűségi változó normális eloszlású m vár-


ható értékkel és σ szórással, akkor yi := Φ−1


(
ki
n


)
jelöléssel az (xi, yi) (i =


= 1, . . . , r) koordinátájú pontok körülbelül egy olyan egyenesre esnek, melynek
1
σ
a meredeksége és −m


σ
értéknél metszi a függőleges tengelyt.


• Exponencialitásvizsgálat
Ha teljesül, hogy a vizsgált valószínűségi változó exponenciális eloszlású λ para-


méterrel, akkor yi := ln


(
1− ki


n


)
jelöléssel az (xi, yi) (i = 1, . . . , r) koordiná-


tájú pontok körülbelül egy olyan egyenesre esnek, melynek −λ a meredeksége
és átmegy az origón.


9.3. Intervallumbecslések


Legyen a ξ valószínűségi változóra vonatkozó minta ξ1, . . . , ξn, és 1−α a becsülendő
paraméterre vonatkozó [τ1, τ2] konfidenciaintervallum biztonsági szintje.


• ξ ∈ Norm(m;σ)


m az ismeretlen becsülendő paraméter, σ ismert
τ1 = ξ − σ√


n
Φ−1


(
1− α


2


)
τ2 = ξ + σ√


n
Φ−1


(
1− α


2


)
• ξ ∈ Norm(m;σ)


m ismert, σ az ismeretlen becsülendő paraméter
F ∼ Khi(n)


τ1 =


√∑n
i=1(ξi−m)2


F−1(1−α
2 )


τ2 =


√∑n
i=1(ξi−m)2


F−1(α2 )


• ξ ∈ Norm(m;σ)


m ismeretlen, σ az ismeretlen becsülendő paraméter
n > 2, F ∼ Khi(n− 1)


τ1 = Sn
√


n


F−1(1−α
2 )


τ2 = Sn
√


n


F−1(α2 )


• ξ ∈ Norm(m;σ)


m az ismeretlen becsülendő paraméter, σ ismeretlen
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n > 2, F ∼ t(n− 1)


τ1 = ξ − S∗
n√
n
F−1


(
1− α


2


)
τ2 = ξ + S∗


n√
n
F−1


(
1− α


2


)
• ξ ∈ Exp(λ)


λ az ismeretlen becsülendő paraméter
F ∼ Gamma(n; 1)


τ1 =
1


nξ
F−1


(
α
2


)
τ2 =


1


nξ
F−1


(
1− α


2


)
• ξ ∈ Bin(1; p)


p az ismeretlen becsülendő paraméter
τ1 = 1


n
max


{
z ∈ N :


∑z
i=0


(
n
i


)
ξ
i
(1− ξ)n−i < α


2


}
τ2 = 1


n
min


{
z ∈ N :


∑z
i=0


(
n
i


)
ξ
i
(1− ξ)n−i > 1− α


2


}
Nagy n-re:
c = Φ−1


(
1− α


2


)
τ1 =


ξ + c2


2n
− c√


n


√
ξ(1− ξ) + c2


4n


1 + c2


n


' ξ − c√
n


√
ξ(1− ξ)


τ2 =
ξ + c2


2n
+ c√


n


√
ξ(1− ξ) + c2


4n


1 + c2


n


' ξ +
c√
n


√
ξ(1− ξ)


• ξ az [a, b] intervallumon egyenletes eloszlású
a ismert, b az ismeretlen becsülendő paraméter
F ∼ Gamma(n; 1), c1 = F−1


(
α
2


)
, c2 = F−1


(
1− α


2


)
τ1 = a+


(
ec1
∏n


i=1(ξi − a)
) 1
n


τ2 = a+
(
ec2
∏n


i=1(ξi − a)
) 1
n


9.4. Paraméteres hipotézisvizsgálatok


A következőkben 1− α a próba szintjét jelenti.


• Egymintás u-próba
ξ ∈ Norm(m;σ), m ismeretlen, σ ismert, ξ1, . . . , ξn a ξ-re vonatkozó minta,
m0 ∈ R rögzített.
H0 : m = m0


u =
ξ −m0


σ


√
n
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H1 kritikus tartomány


m 6= m0 2− 2Φ(|u|) < α


m < m0 Φ(u) < α


m > m0 1− Φ(u) < α


• Kétmintás u-próba
ξ ∈ Norm(m1;σ1), η ∈ Norm(m2;σ2) függetlenek, m1,m2 ismeretlenek,
σ1, σ2 ismertek, ξ1, . . . , ξn1 a ξ-re vonatkozó, η1, . . . , ηn2 az η-ra vonatkozó min-
ta.
H0 : m1 = m2


u =
ξ − η√
σ2
1


n1
+


σ2
2


n2


H1 kritikus tartomány


m1 6= m2 2− 2Φ(|u|) < α


m1 < m2 Φ(u) < α


m1 > m2 1− Φ(u) < α


• Egymintás t-próba
ξ ∈ Norm(m;σ), m,σ ismeretlenek, ξ1, . . . , ξn a ξ-re vonatkozó minta, n > 2,
m0 ∈ R rögzített.
H0 : m = m0


t =
ξ −m0


S∗n


√
n és F ∼ t(n− 1)


H1 kritikus tartomány


m 6= m0 2− 2F (|t|) < α


m < m0 F (t) < α


m > m0 1− F (t) < α


• Kétmintás t-próba
ξ ∈ Norm(m1;σ1), η ∈ Norm(m2;σ2) függetlenek, m1,m2, σ1, σ2 ismeretle-
nek, σ1 = σ2, ξ1, . . . , ξn1 a ξ-re vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó
minta, n1 > 2, n2 > 2.
H0 : m1 = m2


t = ξ−η√
n1S2


ξ,n1
+n2S2


η,n2


√
n1n2(n1+n2−2)


n1+n2
és F ∼ t(n1 + n2 − 2)
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H1 kritikus tartomány


m1 6= m2 2− 2F (|t|) < α


m1 < m2 F (t) < α


m1 > m2 1− F (t) < α


• Scheffé-módszer
ξ ∈ Norm(m1;σ1), η ∈ Norm(m2;σ2) függetlenek, m1,m2, σ1, σ2 ismeretle-
nek, ξ1, . . . , ξn1 a ξ-re vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó minta,
2 6 n1 6 n2.
H0 : m1 = m2


ζi = ξi −
√


n1


n2
ηi + 1√


n1n2


∑n1


k=1 ηk − η (i = 1, . . . , n1)


(n1 = n2 esetén ζi = ξi − ηi)
t = ζ


S∗
ζ,n1


√
n1 és F ∼ t(n1 − 1)


H1 kritikus tartomány


m1 6= m2 2− 2F (|t|) < α


m1 < m2 F (t) < α


m1 > m2 1− F (t) < α


n1 = n2 esetén a módszer akkor is alkalmazható, ha a minták nem függetlenek,
de csak akkor, ha ξ − η normális eloszlású.


• F-próba
ξ ∈ Norm(m1;σ1), η ∈ Norm(m2;σ2) függetlenek, m1,m2, σ1, σ2 ismeretle-
nek, ξ1, . . . , ξn1 a ξ-re vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó minta
(n1 > 2, n2 > 2).
H0 : σ1 = σ2


F =
S∗


2


ξ,n1


S∗
2


η,n2


és F ∼ F(n1 − 1;n2 − 1)


H1 kritikus tartomány


σ1 6= σ2 2 min{F (F),1− F (F) } < α


σ1 < σ2 F (F) < α


σ1 > σ2 1− F (F) < α


• Khi-négyzet próba
ξ ∈ Norm(m;σ),m,σ ismeretlenek, ξ1, . . . , ξn a ξ-re vonatkozó minta (n > 2).
H0 : σ = σ0
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χ2 =
S2
n


σ2
0


n és F ∼ Khi(n− 1)


H1 kritikus tartomány


σ 6= σ0 2 min{F (χ2),1− F (χ2) } < α


σ < σ0 F (χ2) < α


σ > σ0 1− F (χ2) < α


• Statisztikai próba az exponenciális eloszlás paraméterére
ξ ∈ Exp(λ), λ ismeretlen, ξ1, . . . , ξn a ξ-re vonatkozó minta, λ0 ∈ R+ rögzített.
H0 : λ = λ0


γ = λ0nξ és F ∼ Gamma(n; 1)


H1 kritikus tartomány


λ 6= λ0 2 min{F (γ),1− F (γ) } < α


λ < λ0 1− F (γ) < α


λ > λ0 F (γ) < α


• Statisztikai próba valószínűségre
ξ ∈ Bin(1; p), p ismeretlen, 0 < p0 < 1 rögzített és ξ1, . . . , ξn a ξ-re vonatkozó
minta.
H0 : p = p0


F−1(x) = min
{
z ∈ N :


∑z
i=0


(
n
i


)
pi0(1− p0)n−i > x


}
min{np0, n(1− p0) } > 10 esetén
F−1(x) ' np0 − 1


2
+
√
np0(1− p0)Φ−1(x)


H1 kritikus tartomány


p 6= p0 nξ < F−1
(
α
2


)
vagy nξ > F−1


(
1− α


2


)
p < p0 nξ < F−1(α)


p > p0 nξ > F−1(1− α)


feltétel


p 6= p0 1 6 F−1
(
α
2


)
< np0 < F−1


(
1− α


2


)
6 n− 1


p < p0 1 6 F−1(α) < np0


p > p0 np0 < F−1(1− α) 6 n− 1


9.5. Nemparaméteres hipotézisvizsgálatok


A következőkben 1− α a próba szintjét jelenti.
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• Tiszta illeszkedésvizsgálat valószínűségre
A1, . . . , Ar teljes eseményrendszer, p1, . . . , pr ∈ R+, p1 + · · ·+ pr = 1.
H0 : P(Ai) = pi ∀i , ahol P a valódi valószínűség
%i(> 10) az Ai gyakorisága n kísérlet után


χ2 =
r∑
i=1


(%i − npi)2


npi
és F ∼ Khi(r − 1)


Kritikus tartomány: 1− F (χ2) < α


• Tiszta illeszkedésvizsgálat eloszlásfüggvényre
ξ-re vonatkozó minta ξ1, . . . , ξn


H0 : ξ eloszlásfüggvénye F0


a0 = −∞ < a1 < a2 < · · · < ar−1 < ar =∞


%i =
n∑
z=1


Iξz∈[ai−1,ai) > 10


pi = P(ai−1 6 ξ < ai) = F0(ai)− F0(ai−1), azaz P ∈ PH0


χ2 =
r∑
i=1


(%i − npi)2


npi
és F ∼ Khi(r − 1)


Kritikus tartomány: 1− F (χ2) < α


• Becsléses illeszkedésvizsgálat
ξ-re vonatkozó minta ξ1, . . . , ξn


Fϑ eloszlásfüggvény minden ϑ = (ϑ1, . . . , ϑv) ∈ Θ ⊂ Rv esetén.
H0 : ξ eloszlásfüggvénye Fϑ valamely ϑ ∈ Θ esetén
a0 = −∞ < a1 < a2 < · · · < ar−1 < ar =∞


%i =
n∑
z=1


Iξz∈[ai−1,ai) > 10


ϑ̂i a ϑi maximum likelihood becslése H0 feltételezésével
p̂i = P(ϑ̂1,...,ϑ̂v)(ai−1 6 ξ < ai) = F(ϑ̂1,...,ϑ̂v)(ai)− F(ϑ̂1,...,ϑ̂v)(ai−1)


χ2 =
r∑
i=1


(%i − np̂i)2


np̂i
és F ∼ Khi(r − 1− v)


Kritikus tartomány: 1− F (χ2) < α


• Függetlenségvizsgálat eseményrendszerekre
A1, . . . , Ar és B1, . . . , Bs két teljes eseményrendszer.
H0 : P(Ai ∩Bj) = P(Ai) P(Bj) ∀i, j , ahol P a valódi valószínűség.
A kontingencia táblázat
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B1 B2 . . . Bs


A1 %11 %12 . . . %1s k1


A2 %21 %22 . . . %2s k2


...
...


... . . . ...
...


Ar %r1 %r2 . . . %rs kr


l1 l2 . . . ls n


%ij > 10 minden i, j esetén


χ2 =
r∑
i=1


s∑
j=1


(%ij − 1
n
kilj)


2


1
n
kilj


és F ∼ Khi((r−1)(s−1))


Kritikus tartomány: 1− F (χ2) < α


• Függetlenségvizsgálat valószínűségi változókra
(ξ, η)-ra vonatkozó minta (ξ1, η1), . . . , (ξn, ηn)


H0 : ξ és η független
a0 = −∞ < a1 < a2 < · · · < ar−1 < ar =∞
b0 = −∞ < b1 < b2 < · · · < bs−1 < as =∞


ki =
n∑
z=1


Iξz∈[ai−1,ai) lj =
n∑
z=1


Iηz∈[bj−1,bj)


%ij =
n∑
z=1


Iξz∈[ai−1,ai) Iηz∈[bj−1,bj) > 10


χ2 =
r∑
i=1


s∑
j=1


(%ij − 1
n
kilj)


2


1
n
kilj


és F ∼ Khi((r−1)(s−1))


Kritikus tartomány: 1− F (χ2) < α


• Homogenitásvizsgálat
ξ és η független valószínűségi változók, az ezekre vonatkozó minták ξ1, . . . , ξn1


illetve η1, . . . , ηn2 .
H0 : ξ és η azonos eloszlású
c0 = −∞ < c1 < c2 < · · · < cr−1 < cr =∞


ki =
n∑
z=1


Iξz∈[ci−1,ci) > 10 lj =
n∑
z=1


Iηz∈[cj−1,cj) > 10


χ2 = n1n2


r∑
i=1


(
ki
n1
− li


n2


)2


ki + li
és F ∼ Khi(r − 1)


Kritikus tartomány: 1− F (χ2) < α


• Kétmintás előjelpróba
(ξ, η)-ra vonatkozó minta (ξ1, η1), . . . , (ξn, ηn)
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H0 : P(ξ > η) = 1
2


B =
n∑
i=1


Iξi>ηi


F−1(x) = min
{
z ∈ N :


∑z
i=0


(
n
i


)
(1


2
)n > x


}
n > 20 esetén F−1(x) ' 1


2
(n− 1 +


√
nΦ−1(x))


H1 kritikus tartomány


P(ξ > η) 6= 1
2


B < F−1
(
α
2


)
vagy B > F−1


(
1− α


2


)
P(ξ > η) < 1


2
B < F−1(α)


P(ξ > η) > 1
2


B > F−1(1− α)


• Kolmogorov – Szmirnov-féle kétmintás próba
ξ és η folytonos eloszlásfüggvényű független valószínűségi változók, az ezekre
vonatkozó minták ξ1, . . . , ξn illetve η1, . . . , ηn (n > 30)


H0 : ξ és η azonos eloszlású
ξ-re illetve η-ra vonatkozó mintákhoz tartozó tapasztalati eloszlásfüggvények
F ∗n illetve G∗n
D =


√
n
2


maxi=1,...,2n |F ∗n(xi)−G∗n(xi)|,
ahol x1 = ξ1, . . . , xn = ξn, xn+1 = η1, . . . , x2n = ηn


K(z) = 1 + 2
∑∞


i=1(−1)ie−2i2z2


Kritikus tartomány: K(D) > 1− α


• Kolmogorov – Szmirnov-féle egymintás próba
ξ folytonos eloszlásfüggvényű valószínűségi változó, az erre vonatkozó minta
ξ1, . . . , ξn (n > 30)


H0 : ξ eloszlásfüggvénye F
F ∗n a tapasztalati eloszlásfüggvény
F̃ ∗n(x) = 1


n


∑n
k=1 Iξk6x


D =
√
nmaxi=1,...,n max{ |F ∗n(xi)− F (xi)|, |F̃ ∗n(xi)− F (xi)| }


K(z) = 1 + 2
∑∞


i=1(−1)ie−2i2z2


Kritikus tartomány: K(D) > 1− α


9.6. Regressziószámítás


Az η, ξ1, . . . , ξk valószínűségi változókra adjuk meg azt az η ' g(ξ1, . . . , ξk) közelí-
tést adó g függvényt, melyre E


(
η − g(ξ1, . . . , ξk)


)2 minimális. Az ilyen tulajdon-
ságú g függvényt (regressziós függvény) a gyakorlatban csak becsülni tudjuk az
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(η, ξ1, . . . , ξk) valószínűségi vektorváltozóra vonatkozó


(ηi, ξi1, . . . , ξik), i = 1, . . . , n


minta alapján. Legyen ez a becslés ĝ. Ezután az η ' ĝ(ξ1, . . . , ξk) közelítést fogjuk
használni.


• Lineáris regresszió
A regressziós függvényt csak a


g(x1, . . . , xk) = a0 + a1x1 + · · ·+ akxk (a0, . . . , ak ∈ R)


alakú függvények között keressük. Ekkor az


η ' â0 + â1ξ1 + · · ·+ âkξk


közelítést fogjuk használni, ahol â0, . . . , âk rendre a0, . . . , ak becslései.


• Fixpontos lineáris regresszió
Legyenek t0, . . . , tk ∈ R rögzített konstansok. A regressziós függvényt


g(x1, . . . , xk) = t0 + a1(x1 − t1) + · · ·+ ak(xk − tk) (a1, . . . , ak ∈ R)


alakban keressük. Ekkor az


η ' t0 + â1(ξ1 − t1) + · · ·+ âk(ξk − tk)


közelítést fogjuk használni, ahol â1, . . . , âk rendre a1, . . . , ak becslései.


A (t1, . . . , tk, t0) pontot fixpontnak nevezzük, mert a kapott g biztosan ráillesz-
kedik.


• Polinomos regresszió
k = 1 és a regressziós függvényt


y = a0 + a1x+ a2x
2 + · · ·+ arx


r (a0, . . . , ar ∈ R+)


alakban keressük. Az a0, . . . , ar együtthatókat az η, ξ1, ξ
2
1 , . . . , ξ


r
1 között vég-


rehajtott lineáris regresszió adja.
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• Hatványkitevős regresszió
k = 1 és a regressziós függvényt


y = axb (a ∈ R+, b ∈ R)


alakban keressük. Ez azzal ekvivalens, hogy


ln y = ln a+ b lnx,


így ekkor ln η és ln ξ1 között lineáris regressziót végrehajtva, a kapott a0, a1


együtthatókra teljesül, hogy


a = ea0 , b = a1 .


• Exponenciális regresszió
k = 1 és a regressziós függvényt


y = abx (a, b ∈ R+)


alakban keressük. Ez azzal ekvivalens, hogy


ln y = ln a+ (ln b)x,


így ekkor ln η és ξ1 között lineáris regressziót végrehajtva, a kapott a0, a1


együtthatókra teljesül, hogy


a = ea0 , b = ea1 .


• Logaritmikus regresszió
k = 1 és a regressziós függvényt


y = a+ b lnx (a, b ∈ R)


alakban keressük. Így ekkor η és ln ξ1 között lineáris regressziót végrehajtva,


a = a0, b = a1 .
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• Hiperbolikus regresszió
k = 1 és a regressziós függvényt


y =
1


a+ bx
(a, b ∈ R)


alakban keressük. Ez azzal ekvivalens, hogy


y−1 = a+ bx,


így ekkor η−1 és ξ1 között lineáris regressziót végrehajtva,


a = a0, b = a1 .


9.7. Excel függvények


Képlet bevitele
Minden képletet = jellel kell kezdeni. Ha a képlet egyértékű eredményt ad, akkor
nyomjon Enter -t.


Tömbképlet bevitele
Ha a képlet eredménye tömb (például egy mátrix inverze), akkor először jelöl-
je ki a megfelelő méretű tömböt, gépelje be a képletet (előtte =), majd nyomjon
Ctrl+Shift+Enter -t.


Tömbképlet javítása
Ha egy tömbképletet javítani akar, akkor jelölje ki a tömbképletre vonatkozó tömböt,
F2, javítás, majd Ctrl+Shift+Enter.


Műveletek
+ összeadás
- kivonás
* szorzás
/ osztás
^ hatványozás


Relációk
= egyenlő
< kisebb
> nagyobb
<= kisebb vagy egyenlő


115







>= nagyobb vagy egyenlő
<> nem egyenlő


Konstansok
e = KITEVŐ(1)


π = PI()


9.7.1. Logikai függvények


HA(feltétel;ha igaz;ha hamis)


ÉS(feltétel1;feltétel2;...)


VAGY(feltétel1;feltétel2;...)


9.7.2. Elemi függvények


|x| = ABS(x) x ∈ R
[x] = INT(x) x ∈ R
signx = ELŐJEL(x) x ∈ R
lnx = LN(x) x > 0


loga x = LOG(x;a) x > 0, a > 0, a 6= 1
√
x = GYÖK(x) x > 0


xa = HATVÁNY(x;a) = x^a


ex = KITEVŐ(x) x ∈ R
sinx = SIN(x) x ∈ R
cosx = COS(x) x ∈ R
tg x = TAN(x) x ∈ R, x 6= k π


2
, ahol k páratlan egész


arcsinx = ARCSIN(x) x ∈ [−1, 1]


arccosx = ARCCOS(x) x ∈ [−1, 1]


arctg x = ARCTAN(x) x ∈ R∑r
i=0 aix


k+im = SERIESSUM(x;k;m;A:A) , ahol az A oszlopban vannak az a0, . . . , ar


valós számok (x ∈ R, k,m ∈ N)
1
2


ln
(


1+x
1−x


)
= FISHER(x) −1 < x < 1


e2x−1
e2x+1


= INVERZ.FISHER(x) x ∈ R


ln Γ(x) = ln
∞∫
0


ux−1e−u du = GAMMALN(x) x > 0


Γ(x) =
∞∫
0


ux−1e−u du = KITEVŐ(GAMMALN(x)) x > 0
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9.7.3. Mátrixok


MDETERM(tömb) A tömb-ben található n× n típusú mátrix determinánsa
TRANSZPONÁLÁS(tömb) A tömb-ben található m× n típusú mátrix transzponáltja,
mely egy n×m méretű tömbben helyezkedik el (tömbképlet!).
INVERZ.MÁTRIX(tömb) A tömb-ben található n×n típusú mátrix inverze, mely egy
n× n méretű tömbben helyezkedik el (tömbképlet!).
MSZORZAT(tömb1;tömb2) A tömb1-ben található m× n típusú mátrix és a tömb2-
ben található n × k típusú mátrix szorzata, mely egy m × k méretű tömbben he-
lyezkedik el (tömbképlet!).


9.7.4. Kombinatorika


m! = FACT(m) m ∈ N
m!! = FACTDOUBLE(m) m ∈ N (m!! az ún. szemifaktoriális, amely 1 · 3 · . . . ·m, ha
m páratlan, illetve 2 · 4 · . . . ·m, ha m páros.)(
m
k


)
= KOMBINÁCIÓK(m;k) m ∈ N, k = 0, . . . ,m


m!
(m−k)!


= VARIÁCIÓK(m;k) m ∈ N, k = 0, . . . ,m
(k1+k2+···+kr)!
k1!·k2!·...·kr! = MULTINOMIAL(k1;k2;...;kr) k1, k2, . . . , kr ∈ N


9.7.5. Pszeudo-véletlen szám generálása


VÉL() [0, 1) intervallumon egyenletes eloszlású pszeudo-véletlen szám
RANDBETWEEN(a;b) (a, b ∈ N, a < b) diszkrét egyenletes eloszlású pszeudo-véletlen
szám az { a, a+ 1, . . . , b } halmazon


9.7.6. Statisztikák


Legyen a ξ valószínűségi változóra vonatkozó x1, . . . , xn mintarealizáció az A oszlop-
ban. Jelölje x∗1, . . . , x∗n a rendezett mintarealizációt. Ekkor


x∗1 = MIN(A:A)


x∗n = MAX(A:A)


x∗k = KICSI(A:A;k) k = 1, . . . , n


x∗n−k = NAGY(A:A;k + 1) k = 0, . . . , n− 1


min{ k : x∗k = xi } = SORSZÁM(xi;A:A;1) i = 1, . . . , n


min{ k : x∗n−k = xi }+ 1 = SORSZÁM(xi;A:A;0) i = 1, . . . , n


n = DARAB(A:A)


ξ = ÁTLAG(A:A)
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Sn = SZÓRÁSP(A:A)


S2
n = VARP(A:A)


S∗n = SZÓRÁS(A:A)


S∗n
2 = VAR(A:A)


tapasztalati medián = MEDIÁN(A:A)


tapasztalati módusz = MÓDUSZ(A:A)


100t%-os tapasztalati kvantilis = PERCENTILIS(A:A;t) 0 6 t 6 1


tapasztalati alsó kvartilis = KVARTILIS(A:A;1)


tapasztalati felső kvartilis = KVARTILIS(A:A;3)


tapasztalati ferdeség = FERDESÉG(A:A)


tapasztalati lapultság (csúcsosság) = CSÚCSOSSÁG(A:A)∑n
i=1 xi = SZUM(A:A)∑n
i=1 x


2
i = NÉGYZETÖSSZEG(A:A)∑n


i=1(xi − ξ)2 = SQ(A:A)
1
n


∑n
i=1 |xi − ξ| = ÁTL.ELTÉRÉS(A:A)∏n


i=1 xi = SZORZAT(A:A)
n
√∏n


i=1 xi = MÉRTANI.KÖZÉP(A:A) xi > 0 (i = 1, . . . , n)(
1
n


∑n
i=1


1
xi


)−1


= HARM.KÖZÉP(A:A) xi > 0 (i = 1, . . . , n)∑
xi<a


xi = SZUMHA(A:A;"<a") a ∈ R∑
a<xi6b


xi = SZUMHATÖBB(A:A;A:A;">a";A:A;"<=b") a, b ∈ R
1
n


∑
xi<a


xi = ÁTLAGHA(A:A;"<a") a ∈ R
1
n


∑
a<xi6b


xi = ÁTLAGHATÖBB(A:A;A:A;">a";A:A;"<=b") a, b ∈ R∑n
i=1 Ixi<a = DARABTELI(A:A;"<a") a ∈ R∑n
i=1 Ia<xi6b = DARABHATÖBB(A:A;">a";A:A;"<=b") a, b ∈ R


Legyen a (ξ, η) kétdimenziós valószínűségi vektorváltozóra vonatkozó mintarea-
lizáció (x1, y1), . . . , (xn, yn). Az A oszlop i-edik sorában legyen xi, illetve a B oszlop
i-edik sorában legyen yi. Ekkor


Covn(ξ, η) = KOVAR(A:A;B:B)


Corrn(ξ, η) = KORREL(A:A;B:B)∑n
i=1 xiyi = SZORZATÖSSZEG(A:A;B:B)∑n
i=1(xi − yi)2 = SZUMXBŐLY2(A:A;B:B)∑n
i=1(x2


i − y2
i ) = SZUMX2BŐLY2(A:A;B:B)∑n


i=1(x2
i + y2


i ) = SZUMX2MEGY2(A:A;B:B)
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9.7.7. Eloszlások


• Binomiális eloszlás (r-edrendű p paraméterű)(
r
k


)
pk(1− p)r−k = BINOM.ELOSZLÁS(k;r;p;HAMIS)


r ∈ N, k = 0, . . . , r, 0 < p < 1


• Hipergeometrikus eloszlás
(Mk )(N−M


r−k )
(Nr )


= HIPERGEOM.ELOSZLÁS(k;r;M;N)


r,M,N ∈ N, M < N, r 6 min{M,N −M }, k = 0, . . . , r


• Poisson-eloszlás (λ paraméterű)
λk


k!
e−λ = POISSON(k;λ;HAMIS) λ > 0, k = 0, 1, . . .


9.7.8. Eloszlásfüggvények


• Binomiális eloszlás (r-edrendű p paraméterű)∑k
i=0


(
r
i


)
pi(1− p)r−i = BINOM.ELOSZLÁS(k;r;p;IGAZ)


r ∈ N, k = 0, . . . , r, 0 < p < 1


• Poisson-eloszlás (λ paraméterű)∑k
i=0


λi


i!
e−λ = POISSON(k;λ;IGAZ) λ > 0, k = 0, 1, . . .


• Exponenciális eloszlás (λ paraméterű)
F (x) = 1− e−λx = EXP.ELOSZLÁS(x;λ;IGAZ) λ > 0, x > 0


• Gamma-eloszlás (r-edrendű λ paraméterű)
F (x) = GAMMA.ELOSZLÁS(x;r;1/λ;IGAZ) r, λ > 0, x > 0


• Standard normális eloszlás
Φ(x) = 1√


2π


x∫
−∞


e−
t2


2 dt = STNORMELOSZL(x) x ∈ R


• Normális eloszlás (m és σ paraméterű)
F (x) = Φ


(
x−m
σ


)
= NORM.ELOSZL(x;m;σ;IGAZ)


m,x ∈ R, σ > 0


• Khi-négyzet eloszlás (s szabadsági fokú)
F (x) = 1-KHI.ELOSZLÁS(x;s) s ∈ N, x > 0


• t-eloszlás (s szabadsági fokú)
F (x) = 1-T.ELOSZLÁS(x;s;1) s ∈ N, x > 0


F (x) = T.ELOSZLÁS(−x;s;1) s ∈ N, x < 0


P(|ξ| > x) = 2− 2F (x) = T.ELOSZLÁS(x;s;2) s ∈ N, x > 0
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• F-eloszlás (s1 és s2 szabadsági fokú)
F (x) = 1-F.ELOSZLÁS(x;s1;s2) s1, s2 ∈ N, x > 0


9.7.9. Sűrűségfüggvények


• Exponenciális eloszlás (λ paraméterű)
f(x) = λe−λx = EXP.ELOSZLÁS(x;λ;HAMIS) λ > 0, x > 0


• Gamma-eloszlás (r-edrendű λ paraméterű)
f(x) = GAMMA.ELOSZLÁS(x;r;1/λ;HAMIS) r, λ > 0, x > 0


• Khi-négyzet eloszlás (s szabadsági fokú)
f(x) = GAMMA.ELOSZLÁS(x;s/2;2;HAMIS) x > 0


• Standard normális eloszlás
ϕ(x) = 1√


2π
e−


x2


2 = NORM.ELOSZL(x;0;1;HAMIS) x ∈ R


• Normális eloszlás (m és σ paraméterű)
f(x) = 1


σ
ϕ
(
x−m
σ


)
= NORM.ELOSZL(x;m;σ;HAMIS)


m,x ∈ R, σ > 0


9.7.10. Inverz eloszlásfüggvények


• Normális eloszlás (m és σ paraméterű)
F−1(x) = INVERZ.NORM(x;m;σ) m ∈ R, σ > 0, 0 < x < 1


• Standard normális eloszlás
Φ−1(x) = INVERZ.STNORM(x) 0 < x < 1


• Khi-négyzet eloszlás (s szabadsági fokú)
F−1(x) = INVERZ.KHI(1− x;s) s ∈ N, 0 < x < 1


• t-eloszlás (s szabadsági fokú)
F−1(x) = -INVERZ.T(2x;s) s ∈ N, 0 < x < 0,5


F−1(x) = INVERZ.T(2− 2x;s) s ∈ N, 0,5 6 x < 1


• Gamma-eloszlás (r-edrendű λ paraméterű)
F−1(x) = INVERZ.GAMMA(x;r;1/λ) r, λ > 0, 0 < x < 1


• F-eloszlás (s1 és s2 szabadsági fokú)
F−1(x) = INVERZ.F(1− x;s1;s2) s1, s2 ∈ N, 0 < x < 1
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9.7.11. Grafikus illeszkedésvizsgálat


MEREDEKSÉG(tömb_yi;tömb_xi) Az (xi, yi), i = 1, . . . , r pontokra illesztett lineáris
trendvonal meredeksége.
METSZ(tömb_yi;tömb_xi) Az (xi, yi), i = 1, . . . , r pontokra illesztett lineáris trend-
vonal függőleges tengelymetszete.


9.7.12. Intervallumbecslés


σ√
n
Φ−1


(
1− α


2


)
= MEGBÍZHATÓSÁG(α;σ;n) 0 < α < 1, σ > 0, n ∈ N


S∗
n√
n
F−1


(
1− α


2


)
' MEGBÍZHATÓSÁG(α;S∗n;n) F ∼ t(n−1), 0 < α < 1, σ > 0, n ∈


∈ N. A becslés annál pontosabb, minél nagyobb az n.
min


{
c ∈ N :


∑c
i=0


(
n
i


)
pi(1− p)n−i > x


}
= KRITBINOM(n;p;x) n ∈ N, 0 < p <


< 1, 0 < x < 1


9.7.13. Paraméteres hipotézisvizsgálatok


A ξ-re illetve η-ra vonatkozó mintarealizációk az A illetve B oszlopokban vannak.


• Egymintás u-próba
1− Φ(u) = Z.PRÓBA(A:A;m0;σ)


2− 2Φ(|u|) = 2*MIN(Z.PRÓBA(A:A;m0;σ);1-Z.PRÓBA(A:A;m0;σ))


• Egymintás t-próba
A ξ-re vonatkozó mintarealizáció minden tagja mellett szerepeljen m0 értéke
a B oszlopban.
2− 2F (|t|) = T.PRÓBA(A:A;B:B;2;1)


F (t) = T.PRÓBA(A:A;B:B;1;1) ha ξ 6 m0


1− F (t) = T.PRÓBA(A:A;B:B;1;1) ha ξ > m0


• F-próba
2 min{F (F),1− F (F) } = F.PRÓBA(A:A;B:B)


F (F) = F.PRÓBA(A:A;B:B)/2 , ha S∗2ξ,n1
6 S∗


2


η,n2


1− F (F) = F.PRÓBA(A:A;B:B)/2 , ha S∗2ξ,n1
> S∗


2


η,n2


• Kétmintás t-próba
2− 2F (|t|) = T.PRÓBA(A:A;B:B;2;2)


F (t) = T.PRÓBA(A:A;B:B;1;2) ha ξ 6 η


1− F (t) = T.PRÓBA(A:A;B:B;1;2) ha ξ > η
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• Scheffé-módszer azonos mintaelemszámra
2− 2F (|t|) = T.PRÓBA(A:A;B:B;2;1)


F (t) = T.PRÓBA(A:A;B:B;1;1) ha ξ 6 η


1− F (t) = T.PRÓBA(A:A;B:B;1;1) ha ξ > η


• Scheffé-módszer különböző mintaelemszámra
Az ζ-ra vonatkozó mintarealizáció a C oszlopban van, és minden tagja mellett
szerepeljen 0 a D oszlopban.
2− 2F (|t|) = T.PRÓBA(C:C;D:D;2;1)


F (t) = T.PRÓBA(C:C;D:D;1;1) ha ξ 6 η


1− F (t) = T.PRÓBA(C:C;D:D;1;1) ha ξ > η


• Statisztikai próba az exponenciális eloszlás paraméterére
F (γ) = GAMMA.ELOSZLÁS(λ0*SZUM(A:A);DARAB(A:A);1;IGAZ)


• Statisztikai próba valószínűségre
min


{
z ∈ N :


∑z
i=0


(
n
i


)
pi0(1− p0)n−i > x


}
= KRITBINOM(n;p0;x)


9.7.14. Nemparaméteres hipotézisvizsgálatok


• Tiszta illeszkedésvizsgálat
1− F (χ2) = KHI.PRÓBA(%i tartománya;npi tartománya)


• Becsléses illeszkedésvizsgálat
Σi := (%i−np̂i)2


np̂i


1− F (χ2) = =KHI.ELOSZLÁS(SZUM(Σi tartománya);r − 1− v)


• Függetlenségvizsgálat
1− F (χ2) = KHI.PRÓBA(%ij tartománya;kilj/n tartománya)


• Homogenitásvizsgálat
νij :=


(ki+li)nj
n1+n2


1− F (χ2) = KHI.PRÓBA(ki, lj tartománya;νij tartománya)


• Kétmintás előjelpróba
F−1(x) = KRITBINOM(n;1/2;x)


9.7.15. Regressziószámítás


• Lineáris regresszió
eta: η-ra vonatkozó mintarealizációt tartalmazó n× 1 méretű tömb.
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xi: (ξ1, . . . , ξk)-ra vonatkozó mintarealizációt tartalmazó n× k méretű tömb.
x: x1, . . . , xk számokat tartalmazó 1× k méretű tömb.
(âk, âk−1, . . . , â0) = LIN.ILL(eta;xi) (1× (k + 1) méretű tömbképlet!)
â0 + â1x1 + · · ·+ âkxk = TREND(eta;xi;x)


• Fixpontos lineáris regresszió
eta-t: (η − t0)-ra vonatkozó mintarealizációt tartalmazó n× 1 méretű tömb.
xi-t: (ξ1 − t1, . . . , ξk − tk)-ra vonatkozó mintarealizációt tartalmazó n × k


méretű tömb.
x-t: x1 − t1, . . . , xk − tk számokat tartalmazó 1× k méretű tömb.
(âk, âk−1, . . . , â1) = LIN.ILL(eta-t;xi-t;HAMIS) (1×k méretű tömbképlet!)
â1(x1 − t1) + · · ·+ âk(xk − tk) = TREND(eta-t;xi-t;x-t;HAMIS)


• Exponenciális regresszió
eta: η-ra vonatkozó mintarealizációt tartalmazó n× 1 méretű tömb.
xi: ξ1-re vonatkozó mintarealizációt tartalmazó n× 1 méretű tömb.
(̂b, â) = LOG.ILL(eta;xi) (1× 2 méretű tömbképlet!)


â · b̂x = NÖV(eta;xi;x)
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Bevezetés


Ez a tananyag az Eszterházy Károly Katolikus Egyetem „Gazdasági számítások ma-
tematikai alapjai” című tantárgyának első két féléves anyagát tartalmazza. Hang-
súlyozni szeretnénk, hogy ez nem gazdasági számításokat jelent, hanem az ezekhez
szükséges matematikai eszközök áttekintését.


A tananyag négy fejezetből áll. Az első a középiskolában tanult elemi matematika
néhány fontos részét összegzi. Ezekre részletesen nem térünk ki sem az előadáson,
sem a gyakorlati órákon. Ezt a fejezetet a hallgatónak önállóan kell feldolgozni.


A második fejezet tárgya a matematikai analízis, mely az első félévben kerül ismer-
tetésre. A harmadik és negyedik fejezetben valószínűségszámítást és lineáris algebrát
tanulunk, mely a második félév anyaga.


A további félévekben operációkutatást és statisztikát fognak tanulni, amely szintén
a gazdasági számítások matematikai alapjaihoz tartozik, de ezekről ebben a tan-
anyagban nem esik szó.
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1. fejezet


Elemi matematika


Ebben a fejezetben átismételjük a középiskolában tanult matematika azon részeit,
amelyek szükségesek a további fejezetek megértéséhez és az ott található feladatok
megoldásához.


1.1. Számírás


Tízezer alatt a számjegyeket egybe kell írni, de tízezertől ezres csoportosítás kell,
csoportosító jel a szóköz. Pl. 8997, 9999, 10 000, 4 217 626. Ha egy táblázat valamely
oszlopában szerepel tízezer vagy annál nagyobb szám és tízezer alatti szám is, akkor
annak érdekében, hogy a számjegyek egymás alá kerüljenek, tízezer alatt is kell az
ezres csoportosítás.


Pl. helyes: 10 826
8 543 helytelen: 10 826


8543


A számok szöveges kiírásánál 2000 után ezres csoportosítás kell, csoportosítójel a
kötőjel. Például
ezernyolcszázkilencvenkilenc
kettőezer-ötszáznegyvennyolc
egymillió-kettőszázhuszonháromezer-ötszázhatvanhat.


Tizedes törtekben tizedes vesszőt írunk (és nem pontot), mely előtt és után nincs
szóköz. Pl. 13,723. Végtelen szakaszos tizedes törtekben az ismétlődő szakaszt fö-
léhúzzuk, kivéve, ha a szakasz egyetlen szám. Ekkor pontot teszünk az ismétlődő
szám fölé. Pl. 12,231 illetve 14,7̇.


Tizedes törtek kiolvasása: pl. 23,12 huszonhárom egész tizenkét század, vagy 0,1234
nulla egész ezerkettőszázharmincnégy tízezred.
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1.2. Halmazok


Az elem, halmaz és az elem eleme a halmaznak fogalmakat nem definiáljuk. Ezek
úgynevezett alapfogalmak. Az x elem eleme a H halmaznak jelölése: x ∈ H . Az x


elem nem eleme a H halmaznak jelölése: x ̸∈ H .


Az üreshalmaz olyan halmaz, melynek nincs egyetlen eleme sem. Jele: ∅ .


Az A halmaz részhalmaza a B halmaznak ha minden A-beli elem eleme B-nek is.
Jele: A ⊂ B . Az ∅ minden halmaznak részhalmaza.


Halmaz megadásánál a halmaz elemeit { } jelek között soroljuk fel. Pl. {1,2,3}. Egy
halmaz az elem tulajdonságaival is megadható. Pl. {x ∈ R : 3 < x < 5} azon valós
számokból álló halmazt jelöli, melyek 3-nál nagyobbak de 5-nél kisebbek.


Halmazműveletek


Az A és B halmazok uniója azon elemek halmaza, melyek A-nak vagy B-nek elemei.
Jele: A ∪B .
Az A és B halmazok metszete azon elemek halmaza, melyek A-nak és B-nek is
elemei. Jele: A ∩B .
Az A és B halmazok különbsége azon elemek halmaza, melyek A-nak elemei, de
B-nek nem. Jele: A \B .
Legyen A ⊂ H. Az A-nak H-ra vonatkozó komplementere azon elemek halmaza,
melyek H-nak elemei, de A-nak nem. Jele: A .


Számhalmazok


N = {1, 2, 3, . . . } természetes számok halmaza


Z = {. . . ,−3,−2,−1, 0, 1, 2, 3, . . . } egész számok halmaza


Q = {m
n


: m,n ∈ Z, n ̸= 0} racionális számok halmaza


R valós számok halmaza


Korlátos számhalmazok


H ⊂ R felülről korlátos, ha van olyan K szám, melynél nincs nagyobb H-beli szám.
Ekkor K-t a H felső korlátjának nevezzük. A H felső korlátai közül a legkisebbet a
H pontos felső korlátjának nevezzük.


H ⊂ R alulról korlátos, ha van olyan k szám, melynél nincs kisebb H-beli szám.
Ekkor k-t a H alsó korlátjának nevezzük. A H alsó korlátai közül a legnagyobbat a
H pontos alsó korlátjának nevezzük.


H ⊂ R korlátos, ha alulról is és felülről is korlátos.
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Intervallumok


Legyen a, b ∈ R és a < b. Bevezetjük a következő jelöléseket:


(a, b) := {x ∈ R : a < x < b} (korlátos nyílt intervallum)


(a,∞) := {x ∈ R : a < x} (felülről nem korlátos nyílt intervallum)


(−∞, a) := {x ∈ R : x < a} (alulról nem korlátos nyílt intervallum)


[a, b] := {x ∈ R : a ⩽ x ⩽ b} (zárt intervallum)


[a, b) := {x ∈ R : a ⩽ x < b} (félig zárt félig nyílt intervallum)


(a, b] := {x ∈ R : a < x ⩽ b} (félig nyílt félig zárt intervallum)


1.3. Függvények


Függvényeknek az egyértelmű hozzárendeléseket nevezzük. Egy függvény kölcsönö-
sen egyértelmű, ha a fordított hozzárendelés is egyértelmű. Azon elemek halmazát,
melyekhez a függvény rendel valamit, a függvény értelmezési tartományának ne-
vezzük. Az értelmezési tartomány elemeihez rendelt elemek halmazát a függvény
értékkészletének nevezzük. Ha egy függvény értelmezési tartománya és értékkészlete
is valós számokból áll, akkor valós függvényről beszélünk.


Ha az f -fel jelölt függvény értelmezési tartománya A és az értékkészlete vagy annál
bővebb halmaz B, akkor azt f : A → B módon jelöljük. Kiolvasása: „ef át bébe
képező függvény”. Az x ∈ A-hoz rendelt B-beli elemet f(x) -szel jelöljük. (Az f(x)


kiolvasása: „ef iksz”.)


példa


1 7→ 4, 2 7→ 5, 2 7→ 6, 3 7→ 6 nem függvény, mert 2-höz két különböző értéket is
rendel.


1 7→ 4, 2 7→ 4, 3 7→ 5 függvény, de nem kölcsönösen egyértelmű, mert az 1-hez és
2-höz ugyanazt rendeli. Értelmezési tartománya {1,2,3}, értékkészlete {4,5}.


1 7→ 4, 2 7→ 5, 3 7→ 6 kölcsönösen egyértelmű függvény. Értelmezési tartománya
{1,2,3}, értékkészlete {4,5,6}.
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1.4. Zárójelek


Ha negatív szám előjele előtt műveleti jel van, akkor a negatív számot zárójelbe kell
tenni. Például 5(−2) vagy 3 + (−2) · (−5).


Több tagú összegek szorzása esetén az összeget mindig zárójelbe kell tenni. A szorzás
végrehajtásánál az első tényező minden tagjával össze kell szorozni a második tényező
minden tagját. Például


(n2 + n− 2)(n− 1) = n3 − n2 + n2 − n− 2n+ 2 = n3 − 3n+ 2.


Ennek fordított végrehajtása az ún. kiemelés. Például


x3 + x2 + x− 3 = x3 + 2x2 + 3x− x2 − 2x− 3 = x(x2 + 2x+ 3)− (x2 + 2x+ 3)


= (x2 + 2x+ 3)(x− 1).


Összeg négyzetre emelésére sokszor van szükség:
(a+ b)2 = a2 + 2ab+ b2


Másik sokszor hasznos képlet a két tag különbségének és összegének szorzata:
(a− b)(a+ b) = a2 − b2


Gyakori, hogy az f függvény ismeretében ki kell számolni az f(x + 1) képletét.
Például, ha f(x) = 5x2+2x−1


5+x−2x2 , akkor


f(x+ 1) = 5(x+1)2+2(x+1)−1
5+(x+1)−2(x+1)2


= 5(x2+2x+1)+2x+2−1
5+x+1−2(x2+2x+1)


= 5x2+10x+5+2x+1
5+x+1−2x2−4x−2


= 5x2+12x+6
−2x2−3x+4


.


1.5. Törtek


A 0-val való osztás nem megengedett művelet!


a


b
+


c


d
=


ad+ cb


bd
, bd ̸= 0 Pl. 3


4
+ 5


7
= 3·7+5·4


4·7 = 21+20
28


= 41
28


a


b
− c


d
=


ad− cb


bd
, bd ̸= 0 Pl. n+1


n
− n+2


n+3
= (n+1)(n+3)−(n+2)n


n(n+3)
= n2+n+3n+3−(n2+2n)


n2+3n
=


= n2+n+3n+3−n2−2n
n2+3n


= 2n+3
n2+3n


a


b
· c
d
=


ac


bd
, bd ̸= 0 Pl. 3


4
· 5
7
= 3·5


4·7 = 15
28


a
b
c
d


=
ad


bc
, bcd ̸= 0 Pl.


3
4
5
7


= 3·7
4·5 = 21


20


1
c
d


=
d


c
, cd ̸= 0 Pl.


1
5
7


= 7
5
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a+ b


c
=


a


c
+


b


c
, c ̸= 0 Pl. n2+5n


n3 = n2


n3 +
5n
n3 = 1


n
+ 5


n2


a


b
=


a
c
b
c


, bc ̸= 0 Pl. 2n2−3n+2
5n2+2n+1


=
2n2−3n+2


n2


5n2+2n+1


n2


=
2− 3


n
+ 2


n2


5+ 2
n
+ 1


n2


a


b
=


ac


bc
, bc ̸= 0 Pl. 2√


3−
√
2
= 2(


√
3+


√
2)


(
√
3−


√
2)(


√
3+


√
2)


= 2(
√
3+


√
2)


√
3
2−


√
2
2 = 2(


√
3+


√
2)


3−2
= 2(


√
3 +


√
2)


1.6. Abszolút érték


Az x szám abszolút értéke x, ha x ⩾ 0 és −x, ha x < 0. Az x szám abszolút értékének
a jele |x|. Pl. |5| = 5 és | − 5| = −(−5) = 5.


Az a és b számok távolságán az |a − b| számot értjük. Így |x| az x távolsága 0-tól.
∣∣∣a
b


∣∣∣ = |a|
|b|


, b ̸= 0 illetve |ab| = |a| · |b|


példa


Hozzuk egyszerűbb alakra az
∣∣∣ 1−n2−2n
3n2+2n+1 + 1


3


∣∣∣ kifejezést, ahol n ∈ N.


∣∣∣ 1−n2−2n
3n2+2n+1 + 1


3


∣∣∣ =
∣∣∣ 3(1−n2−2n)+1·(3n2+2n+1)


3(3n2+2n+1)


∣∣∣ =
∣∣∣ 3−3n2−6n+3n2+2n+1


9n2+6n+3


∣∣∣ =


=
∣∣∣ 4−4n
9n2+6n+3


∣∣∣ = |4−4n|
|9n2+6n+3| =


−(4−4n)
9n2+6n+3 = 4n−4


9n2+6n+3 ,


mert 4− 4n ⩽ 0 és 9n2 + 6n+ 3 > 0 minden n ∈ N esetén.


1.7. Hatványozás, gyökvonás


Egy a valós szám első hatványa a1 := a, második hatványa a2 := a1 · a, harmadik
hatványa a3 := a2 · a, és így tovább, n-edik hatványa (n ∈ N) an := an−1 · a.


Mivel a ̸= 0 esetén an−1 = an


a
teljesül, ezért ebből lehetőségünk van kiterjeszteni


a hatvány fogalmát 0 és negatív egész kitevők esetén is. Legyen a0 := a1


a
= 1,


a−1 := a0


a
= 1


a
, a−2 := a−1


a
= 1


a2
, és így tovább a−n := 1


an
(n ∈ N).


Vegyük észre, hogy a 00 kifejezést nem tudjuk értelmezni, mert azt 00 = 01


0
módon


kellene megtennünk, ami értelmetlen kifejezés.


Egy nemnegatív a szám m-edik gyökén (m ∈ N páros) azt a nemnegatív számot
értjük, melynek m-edik hatványa a. Pl. 4 második gyöke (vagy négyzetgyöke) 2.


Egy a szám m-edik gyökén (m ∈ N páratlan) azt a számot értjük, melynek m-edik
hatványa a. Pl. −8 harmadik gyöke (vagy köbgyöke) −2.
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Az a m-edik gyökét m
√
a módon jelöljük. Az a négyzetgyökét


√
a-val jelöljük.


A hatvány fogalma kiterjeszthető racionális kitevőkre is, ha figyelembe vesszük, hogy
(am)n = amn (m,n ∈ Z). Az m helyére k


n
írva (k ∈ Z, n ∈ N), az adódik, hogy a


k
n


olyan szám, melynek n-edik hatványa ak, azaz a
k
n =


n
√
ak módon értelmezhető. Ez a


definíció azonban csak akkor lesz minden k ∈ Z, n ∈ N esetén értelmezett, ha a > 0.
Ezért csak pozitív számnak értelmezünk tört kitevőjét.


Végül értelmezzük egy pozitív szám irracionális kitevőjű hatványát. Ha a > 0 és r
irracionális, akkor legyen


ar := {aq : q ∈ Q, q < r} pontos alsó korlátja, ha 0 < a ⩽ 1, illetve
ar := {aq : q ∈ Q, q < r} pontos felső korlátja, ha a > 1.


A következőkben felsoroljuk a hatványozás tulajdonságait. Ahová feltételt nem ír-
tunk, azokban az azonosságokban szereplő betűk helyére minden olyan szám beír-
ható, amelyre az egyenlőség mindkét oldala értelmezett.


0x = 0, x > 0 Pl. 0π = 0 ; 03 = 0


x0 = 1, x ̸= 0 Pl. 50 = 1 ; π0 = 1 ; (−2)0


1x = 1, x ∈ R Pl. 1−π = 1 ; 13,4 = 1


ax · ay = ax+y Pl. 25 · 27 = 212


ax · bx = (ab)x Pl. 25 · 35 = 65


(ax)y = axy Pl. (32)5 = 310


ax


ay
= ax−y Pl. 25


27
= 25−7 = 2−2


ax


bx
=


(a
b


)x


Pl. 45


25
=


(
4
2


)5
= 25 = 32


1


ax
= a−x =


(
1


a


)x


Pl. 1
23


= 2−3 =
(
1
2


)3 ; 3−2 = 1
32


= 1
9


x
√
a = a


1
x


x
√
ay = a


y
x Pl. 3


√
45 = 4


5
3


√
ay = a


y
2 Pl.


√
35 = 3


5
2


1
x
√
ay


= a−
y
x Pl. 1


3√
45


= 4−
5
3
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1√
ay


= a−
y
2 Pl. 1√


35
= 3−


5
2


x
√
a


x
√
b =


x
√
ab Pl. 3


√
2 3
√
4 = 3


√
2 · 4 = 2


√
x2 = |x| Pl.


√
(−5)2 = | − 5| = 5


x


√
y
√
a = xy


√
a = a


1
xy Pl. 3


√
5
√
10 = 15


√
10 = 10


1
15


x
√
a


x
√
b
= x


√
a


b
Pl.


√
1
5
=


√
1√
5
= 1√


5


a =
√
a2 =


3
√
a3 =


4
√
a4 = . . . (a ⩾ 0)


Gyakori hiba, hogy tagonként vonnak gyököt, pl.
√
2 + 7 =


√
2 +


√
7 ≈ 4,06, ami


természetesen nem igaz. Helyesen
√
2 + 7 =


√
9 = 3. Azaz először az összeadást kell


végrehajtani, csak ezután a gyökvonást!


példa


√
n2 + 2n− 1 + n


3
√
n3 + n2 + 5 + 4


√
5n4 + 3


=


=


√
n2 + 2n− 1 + n


n
3
√
n3 + n2 + 5 + 4


√
5n4 + 3


n


=


√
n2 + 2n− 1√


n2
+


n


n
3
√
n3 + n2 + 5


3
√
n3


+
4
√
5n4 + 3
4
√
n4


=


=


√
n2 + 2n− 1


n2
+ 1


3


√
n3 + n2 + 5


n3
+


4


√
5n4 + 3


n4


=


√
1 +


2


n
− 1


n2
+ 1


3


√
1 +


1


n
+


5


n3
+ 4


√
5 +


3


n4


1.8. Logaritmus


Legyen a > 0, a ̸= 1 és b > 0. Ekkor loga b (ejtsd: „á alapú logaritmus bé”) azt a
c számot jelenti, melyre ac = b. Azaz pl. 2log2 3 = 3. A következőkben felsoroljuk a
logaritmus alapvető tulajdonságait.


loga a = 1, a > 0, a ̸= 1 Pl. log3 3 = 1


loga(b
c) = c loga b, a > 0, a ̸= 1, b > 0, c ∈ R Pl. log3 52 = 2 log3 5
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loga(b
c) = c loga |b|, a > 0, a ̸= 1, b ̸= 0, c páros egész Pl. log3(−5)2 = 2 log3 5


loga b+ loga c = loga(bc), a > 0, a ̸= 1, b > 0, c > 0 Pl. log2 3 + log2 5 = log2 15


loga b− loga c = loga
b


c
, a > 0, a ̸= 1, b > 0, c > 0 Pl. log2 3− log2 5 = log2


3
5


loga b =
logc b


logc a
, a > 0, a ̸= 1, b > 0, c > 0, c ̸= 1 Pl. log2 3 = log4 3


log4 2


A 10-es alapú logaritmus lg-vel szoktuk jelölni. Tehát pl. lg 100 = log10 10
2 =


= 2 log10 10 = 2.


12







2. fejezet


Matematikai analízis


2.1. Számsorozatok


Azokat a valós függvényeket, melyek értelmezési tartománya N, számsorozatoknak
nevezzük. Egy számsorozat n-hez rendelt tagját an (vagy bn, cn stb.) módon jelöl-
jük. (Ejtsd: „á en, bé en, cé en”.) A továbbiakban magát a számsorozatot is an, bn,
cn stb. módon jelöljük.


Monotonitás


Az an számsorozat
• monoton nő, ha an ⩽ an+1,
• szigorúan monoton nő, ha an < an+1,
• monoton csökken, ha an ⩾ an+1,
• szigorúan monoton csökken, ha an > an+1


minden n ∈ N esetén.


példa


an = 3n+2
4n−1 esetén an − an+1 = 3n+2


4n−1 − 3(n+1)+2
4(n+1)−1 = 11


(4n−1)(4n+3) > 0, így an > an+1,
azaz an szigorúan monoton csökkenő.


Részsorozat


Legyen cn olyan szigorúan monoton növekvő számsorozat, melynek értékkészlete
természetes számokból áll és legyen an tetszőleges sorozat. Ekkor a bn = acn sorozatot
az an sorozat egy részsorozatának nevezzük.
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példa


1
4n2+2 az 1


n sorozat részsorozata, 5n
√
5n az n


√
n sorozat részsorozata.


Konvergens számsorozatok


Az an számsorozatot nullsorozatnak nevezzük, ha bármely r > 0 esetén legfeljebb
véges sok n ∈ N létezik, melyre an távolsága 0-tól nagyobb mint r, azaz |an| > r.


példa


an = 1
n vagy an = (−1)n


n nullsorozatok.


Az an számsorozatot konvergensnek nevezzük, ha van olyan a ∈ R, hogy az an − a
nullsorozat. Ezt az a számot az an sorozat határértékének nevezzük. Jele: an → a .
Kiolvasása: „an konvergál a-hoz” vagy „an tart a-hoz” vagy „an határértéke a”.


példa


5n+1
n → 5, mert 5n+1


n − 5 = 1
n nullsorozat.


Konvergens sorozatnak nem lehet két különböző határértéke.


Egy sorozat pontosan akkor nullsorozat, ha konvergens és határértéke 0.


Egy sorozat pontosan akkor nullsorozat, ha abszolút értéke nullsorozat.


Ha az an sorozat értékkészlete korlátos és bn → 0, akkor anbn → 0.


példa


(−1)n 1
n → 0, mert |(−1)n 1


n | =
1
n → 0.


sinn
n → 0, mert −1 ⩽ sinn ⩽ 1 és 1


n → 0.


Határátmeneti szabályok


Ha a, b, k ∈ R, an → a és bn → b, akkor
• an + k → a+ k
• kan → ka
• akn → ak (amennyiben értelmezettek ezek a kifejezések)
• an + bn → a+ b
• an − bn → a− b
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• anbn → ab
• an


bn
→ a


b
(amennyiben értelmezettek ezek a kifejezések)


• abnn → ab (amennyiben értelmezettek ezek a kifejezések).


példa


5n2+3n+2
7n2−4n−1 =


5+3· 1
n+2·( 1


n )
2


7−4· 1
n−( 1


n )
2 → 5+3·0+2·02


7−4·0−02 = 5
7


3n+2
4n2+5n−1 =


3· 1
n+2·( 1


n )
2


4+5· 1
n−( 1


n )
2 → 3·0+2·02


4+5·0−02 = 0
4 = 0


√
1+2n


1+
√
n


=


√
1
n+2√
1
n+1


→
√
0+2√
0+1


=
√
2


√
n+ 1−


√
n = (


√
n+1−√


n)(
√
n+1+


√
n)√


n+1+
√
n


= 1√
n+1+


√
n
=


√
1
n√


1+ 1
n+1


→
√
0√


1+0+1
= 0


2 = 0


Legyen a ∈ R, an → a és r > 0. Egy természetes számot az r-hez tartozó küszöb-
számnak nevezzük, ha minden attól nagyobb n ∈ N esetén an távolsága a-tól, kisebb
r-nél, azaz |an − a| < r.


Bármely küszöbszámnál nagyobb természetes szám is küszöbszám.


példa


Legyen an = 4n+1
5n+3 . Számoljuk ki az r = 0,01-hez tartozó küszöbszámot.


Mivel 4n+1
5n+3 =


4+ 1
n


5+3· 1
n


→ 4
5 , így


|an − a| =
∣∣∣∣
4n+ 1


5n+ 3
− 4


5


∣∣∣∣ =
7


25n+ 15
< 0,01


700 < 25n+ 15


685 < 25n


685


25
= 27,4 < n


Így minden 27 < n esetén teljesül, hogy |an − a| < 0,01. Tehát 27 küszöbszám.


Legyen an = 5n+4
3n3+7n2−1 . Számoljuk ki az r = 0,03-hoz tartozó küszöbszámot.


Mivel 5n+4
3n3+7n2−1 =


5·( 1
n )


2
+4·( 1


n )
3


3+7· 1
n−( 1


n )
3 → 0


3 = 0, így


|an − a| =
∣∣∣∣


5n+ 4


3n3 + 7n2 − 1
− 0


∣∣∣∣ =
5n+ 4


3n3 + 7n2 − 1
⩽


5n+ 4n


3n3 + 0− n3
=


9


2n2
< 0,03


300 < 2n2


150 < n2


√
150 ≈ 12,25 < n


Így minden 12 < n esetén teljesül, hogy |an − a| < 0,03. Tehát 12 küszöbszám.
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Nevezetes konvergens számsorozatok


1
n
→ 0


qn → 0, ha −1 < q < 1


példa


3n+2+2n−2


4+5n =
9·3n+ 1


4 ·2n
4+5n =


9·( 3
5 )


n
+ 1


4 ·( 2
5 )


n


4·( 1
5 )


n
+1


→ 9·0+ 1
4 ·0


4·0+1 = 0
1=0.


Bizonyítható, hogy az
(
1 + 1


n


)n sorozat konvergens. A határértéke viszont nem fe-
jezhető ki a szokásos algebrai műveletek véges sokszori alkalmazásával, hasonlóan
mint a π. Ezt a határértéket e -vel (ejtsd: „é”) fogjuk jelölni (e ≈ 2,718 . . . ).
(
1 + 1


n


)n → e


(
1 + p


n


)n → ep, ahol p ∈ R. (Ejtsd: „é a péediken” vagy „é ad pé”.)


példa
(
1 + 5


n


)n → e5


(
5n+2
5n−1


)2n+1


=






(
1+


2
5
n


)n


(
1+


− 1
5


n


)n






2+ 1
n


→
(


e
2
5


e−
1
5


)2+0


= e
6
5


(
n+1
2n


)5n
=


(1+ 1
n )5n


25n =
(


1
25


)n ((
1 + 1


n


)n)5


→ 0 · e5 = 0


Konvergens sorozat részsorozata


Ha an → a, akkor an minden részsorozata a-hoz konvergál.


példa


1
4n2+2 → 0, mert az 1


n részsorozata,
(
1 + 4


n2


)n2


→ e4, mert az
(
1 + 4


n


)n részsorozata.


Divergens számsorozatok


Ha egy számsorozat nem konvergens, akkor azt divergensnek nevezzük. Két speciális
típusú divergens sorozatot részletezünk.
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Azt mondjuk, hogy az an számsorozat végtelenbe divergál, ha bármely k ∈ R esetén
véges sok n-re lesz an < k. Jele: an → ∞ Kiolvasása: „an divergál végtelenbe” vagy
„an tart végtelenbe” vagy „an határértéke végtelen”.


Azt mondjuk, hogy az an számsorozat mínusz végtelenbe divergál, ha bármely k ∈ R
esetén véges sok n-re lesz an > k. Jele: an → −∞ Kiolvasása: „an divergál mínusz
végtelenbe” vagy „an tart mínusz végtelenbe” vagy „an határértéke mínusz végtelen”.


Nevezetes divergens számsorozatok


n → ∞


qn → ∞, ha q > 1


Határátmeneti szabályok


• Ha an → ∞ és k > 0, akkor kan → ∞, akn → ∞ és k + an → ∞.
• Ha an → ∞ és k < 0, akkor kan → −∞ és k + an → ∞.
• Ha an → −∞ és k > 0, akkor kan → −∞ és k + an → −∞.
• Ha an → −∞ és k < 0, akkor kan → ∞ és k + an → −∞.
• Ha an → ∞ és bn → ∞, akkor an + bn → ∞, anbn → ∞ és abnn → ∞.
• Ha an → ∞ és bn konvergens, akkor an + bn → ∞.
• Ha an → ∞ és bn → b > 0, akkor anbn → ∞.
• Ha an → ∞ és bn → b < 0, akkor anbn → −∞.
• |an| → ∞ pontosan akkor, ha 1


an
→ 0.


példa


5n2+3n+2
7n−4 =


5n+3+2· 1
n


7−4· 1
n


→ ∞,


32n+1+1
5n−1+7 = 3·9n+1


1
5 ·5n+7


=
3( 9


5 )
n
+( 1


5 )
n


1
5+7( 1


5 )
n → ∞.


Divergens sorozat részsorozata


∞-be divergáló sorozat minden részsorozata ∞-be divergál.


példa


45n
2+2 → ∞, mert a 4n részsorozata.
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g y a k o r l ó f e l a d at o k


Vizsgálja meg a következő sorozatok monotonitását.


1. n+4
2n+3


2. n−1
2−3n


3. 3n+10
n2+1


4. 3n2−4
2n2+1


Számolja ki a következő sorozatok határértékét.


5. 12n3−5n2+8
3n3+2n+7


6. −4n5+3n3−5
3n5+4n4+n3+9


7. 2n2+2
n3+5n−3


8. 2n3+5n2+n+2
−5n3+2n2+6


9.
1
n
+ 3


n3
2
n
+ 5


n3


10. n2+1
2n


− 3n2


6n+1
11. (n+1)5


3n5 12. 2n


√
2n+3
5n−4


13. 3n2−2
4n+5


14. −2n2+n+1
3n+2


15. 3n3+4n2−n+2
3n2+n+7


16. 6n4−3n2+1
−n2+n−7


17. 6n2−5n+1 18.
3√n3+2n−1


n+2
19.


√
n2+1+n
3√n6+1


20. √
n2+2−n 21. n2(


√
n4−1−n2) 22. √


n+3−
√
n−1 23. √


n(
√
n−1−


√
n)


24.
√


n+
√
n−
√


n−
√
n


Adjon meg 0,001-hez tartozó küszöbszámot a következő sorozatok esetén.


25. (−1)n


n
26. n+2


n+1
27. −6n


n+7
28. 3n+2


4n+2
29. 2


n2+6
30. 3n+2


n2+5
31. sinn


n
32. 1


n3+5


33. n2+2
n2+n+1


34. 6n2+n+2
n2+n+2


35.
√


n2+3
2n3−1


36. 6 −
(
1
2


)n 37. 5 + (−1)n


5n
38. 6n3+n2−2n+1


n3+n−1


Számolja ki a következő sorozatok határértékét.


39. √
n2+6n+1−


√
n2+5n+3 40. 100


1,01n
41. (


√
2+1)n(


√
2−1)2n 42. (−2)n+4n+1


3n+7n−2 43. 5n−1+32n−2


1+6n


44.
√
32n−1+23n+1


8n+1+7n−2 45.
(
3n+4
3n−5


)n 46.
(
5n−1
5n+3


)n+2 47.
(
7n−1
7n+4


)n−5 48.
(


6n2−1
6n2+3


)2n2+4


49.
(


3n2+7
3n2−5


)4n2−1


50.
(
1− 1


n2


)2n 51.
(


n+2
2n+1


)2n+1 52.
(


3n3−1
2n3+5


)4n3−1


53.
(
2n−1
3n


)n


54.
(


n2+3
3n2


)4n2


2.2. Sorok


Akhilleusz és a teknős versenyt futnak. Akhilleusz tízszer gyorsabb a teknősnél, így
10 méter előnyt ad. Az ókori görögök szerint ekkor Akhilleusz sohasem éri utol a
teknőst, ugyanis amíg 10 métert fut Akhilleusz, addig a teknős 1 métert. Ekkor
a teknősnek 1 méter az előnye. Amíg ezt az 1 métert lefutja Akhilleusz, addig a
teknős 0,1 métert fut, így a teknősnek ekkor 0,1 méter az előnye. Ezt a végtelenségig
folytathatjuk, így a teknős mindig Akhilleusz előtt lesz. A tapasztalat azonban ezzel
ellentétes. Hol a hiba? Írjuk le sorban az előbb említett előnyöket:


10 1 0,1 0,01 0,001 . . .
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Az ókori görögök szerint ezen számok összege végtelen. Ellenőrizzük ezt az állítást.
Jelöljük a számok összegét x-szel. Ekkor


10x = 100 + 10 + 1 + 0,1 + 0,01 + . . .︸ ︷︷ ︸
x


= 100 + x,


melyből x = 100
9


, azaz Akhilleusz a kiindulási pontjától 100
9


méternél utoléri a teknőst.
Az ókori görögök állítása ezek szerint hamis. Végtelen sok pozitív szám összege lehet
véges.


Hogyan lehet értelmezni végtelen sok szám összegét? Legyenek az összeadandó szá-
mok az an számsorozat tagjai. Vagyis a kérdés, hogy hogyan értelmezzük az


a1 + a2 + a3 + · · ·+ an + · · ·


összeget? Az sn = a1 + a2 + · · · + an sorozatot az an sorozatból képzett sornak
nevezzük. Ha sn → s, ahol s ∈ R, s = ∞ vagy s = −∞, akkor az s határértéket


az an sorozatból képzett sor összegének nevezzük. Jele:
∞∑
n=1


an . Kiolvasása: „az an


sorozatból képzett sor összege” vagy „szumma n megy 1-től végtelenig an”. Ha az sn


sorozatnak nincs határértéke, akkor azt mondjuk, hogy
∞∑
n=1


an nem létezik.


Az a1+a2+a3+ · · ·+an+ · · · végtelen sok tagból álló összeget a
∞∑
n=1


an sorösszegként


értelmezzük.


Például az Akhilleusz és a teknős eseténél tárgyalt x egyenlő a
∞∑
n=1


10 · 0,1n−1 sor-


összeggel, melyről később a mértani sornál látni fogjuk, hogy 100
9


.


Ha az összeadás nem a1-től indul, hanem ak-tól, akkor az


ak + ak+1 + ak+2 + · · ·+ an + · · ·


összeg a
∞∑
n=1


an+k−1 sorösszeggel egyenlő és
∞∑
n=k


an módon jelöljük. Pl.
∞∑
n=3


1
n4 =


=
∞∑
n=1


1
(n+2)4


.


példa


an = 1
n(n+1) =


1
n − 1


n+1 esetén


sn =


(
1


1
− 1


2


)
+


(
1


2
− 1


3


)
+ · · ·+


(
1


n
− 1


n+ 1


)
= 1− 1


n+ 1
→ 1,


így
∞∑


n=1


1
n(n+1) = 1.
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Határozzuk meg a
∞∑


n=1


1
4n2+8n+3 sorösszeget. Ehhez először a nevezőt gyöktényezős


alakban írjuk fel, majd a törtet ún. elemi törtekre bontjuk:


1


4n2 + 8n+ 3
=


1


(2n+ 1)(2n+ 3)
=


a


2n+ 1
+


b


2n+ 3
=


(2a+ 2b)n+ (3a+ b)


(2n+ 1)(2n+ 3)
,


melyből látható, hogy 2a+2b = 0 és 3a+b = 1. Ebből kapjuk, hogy a = 1
2 és b = − 1


2 .


Így 1
4n2+8n+3 =


1
2


2n+1 −
1
2


2n+3 , melyből


sn =


( 1
2


3
−


1
2


5


)
+


( 1
2


5
−


1
2


7


)
+ · · ·+


( 1
2


2n+ 1
−


1
2


2n+ 3


)
=


1
2


3
−


1
2


2n+ 3
→ 1


6
.


Tehát
∞∑


n=1


1
4n2+8n+3 = 1


6 .


Nevezetes sorok


Mértani sor


∞∑
n=1


qn = q
1−q


, ha −1 < q < 1


példa
∞∑


n=1
0,1n = 0,1


1−0,1 = 1
9


∞∑
n=1


(
1
7n + 5


3n


)
=


∞∑
n=1


(
1
7


)n
+ 5


∞∑
n=1


(
1
3


)n
=


1
7


1− 1
7


+ 5 ·
1
3


1− 1
3


= 8
3


Hiperharmonikus sor


∞∑
n=1


1
nc ∈ R, ha c > 1


Itt a sorösszeg meghatározására nem tanulunk módszert, de példaként megemlítjük,


hogy
∞∑
n=1


1
n2 = π2


6
.


∞∑
n=1


1
nc = ∞, ha c ⩽ 1 (c = 1 esetén harmonikus sorról beszélünk.)


Konvergenciakritériumok


Ha an nem nullsorozat, akkor sn divergens.
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Ha an → a > 0 vagy an → ∞, akkor
∞∑
n=1


an = ∞.


Ha an → a < 0 vagy an → −∞, akkor
∞∑
n=1


an = −∞.


példa


∞∑
n=1


5n+2
3n−1 = ∞, mert 5n+2


3n−1 → 5
3 > 0.


Majoráns kritérium


Ha |an| ⩽ bn és
∞∑
n=1


bn ∈ R, akkor
∞∑
n=1


an ∈ R.


példa


n+1
2n3+2n+1 ⩽ n+n


2n3 = 1
n2 és


∞∑
n=1


1
n2 ∈ R, ezért


∞∑
n=1


n+1
2n3+2n+1 ∈ R.


Minoráns kritérium


Ha an ⩾ bn és
∞∑
n=1


bn = ∞, akkor
∞∑
n=1


an = ∞.


példa


n+1
2n2+2n+1 ⩾ n


2n2+2n2+n2 = 1
5n és


∞∑
n=1


1
5n = 1


5


∞∑
n=1


1
n = ∞, így


∞∑
n=1


n+1
2n2+2n+1 = ∞.


Gyökkritérium


Tegyük fel, hogy n
√


|an| → a.


• Ha a < 1, akkor
∞∑
n=1


an ∈ R.


• Ha a > 1 vagy a = ∞, akkor
∞∑
n=1


|an| = ∞.


példa


an =
(
n+1
3n


)n esetén n
√
|an| = n+1


3n → 1
3 < 1, így


∞∑
n=1


(
n+1
3n


)n ∈ R.
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Hányadoskritérium


Tegyük fel, hogy
∣∣∣an+1


an


∣∣∣ → a.


• Ha a < 1, akkor
∞∑
n=1


an ∈ R.


• Ha a > 1 vagy a = ∞, akkor
∞∑
n=1


|an| = ∞.


példa


an = nn


n! esetén
∣∣∣an+1


an


∣∣∣ =
(
1 + 1


n


)n → e > 1, így
∞∑


n=1


nn


n! = ∞.


Az n! (ejtsd: „en faktoriális”) az 1-től n-ig terjedő egészek szorzatát jelenti.


g y a k o r l ó f e l a d at o k


Határozza meg a következő sorösszegeket.


1.
∞∑
n=1


1
9n2−3n−2


2.
∞∑
n=5


3
n2−5n+4


3.
∞∑
n=3


3
n2−n−2


4.
∞∑
n=1


1
n3+3n2+2n


5.
∞∑
n=1


2n+1
n2(n+1)2


6.
∞∑
n=1


(
√
n+1−


√
n) 7.


∞∑
n=1


2n


(2n+1)(2n+1+1)
8.


∞∑
n=2


n2−n−1
n!


9.
∞∑
n=1


n−1
n!


10.
∞∑
n=1


1
52n+1


11.
∞∑
n=2


−1
62n+5 12.


∞∑
n=1


1+(−1)n


3·5n+1 13.
∞∑
n=1


(
1
5n


− 2
5n+1


)
14.


∞∑
n=1


1+(−1)n


10n
15.


∞∑
n=1


(−3)n+2n


8·6n


16.
∞∑
n=1


6
n
2


2n·3n+1 17.
∞∑
n=1


cos(nπ)
3n


18.
∞∑
n=1


cos( 2nπ
3 )


2n
19.


∞∑
n=1


sin(nπ
2 )+cos(nπ)


4n+3


Valamelyik konvergenciakritériummal döntse el, hogy az alábbi sorösszegek végesek
vagy végtelenek.


20.
∞∑
n=1


(
n−1
n


)n 21.
∞∑
n=1


n+1
2n+3


22.
∞∑
n=1


1,01n 23.
∞∑
n=1


5n−n2


2n2+4n+1
24.


∞∑
n=1


n+3
n2+5n


25.
∞∑
n=1


2n−2
n4+n2+1


26.
∞∑
n=2


1
2
√
n−1


27.
∞∑
n=1


sin(n)
2n2+n+1


28.
∞∑
n=1


3√n+1
3√n2+n+1


29.
∞∑
n=2


n+1
3√n4+3n+4


30.
∞∑
n=1


5n2


3nn!
31.


∞∑
n=1


3nn!
nn 32.


∞∑
n=1


0,1n


n!
33.


∞∑
n=1


n!
(2n)!


34.
∞∑
n=1


e−n


(2n+1)!
35.


∞∑
n=1


n!
ennn


36.
∞∑
n=1


n!21−n 37.
∞∑
n=1


1
n!


(
n
3


)n 38.
∞∑
n=1


(2n)!
nn 39.


∞∑
n=1


3n+4


nn 40.
∞∑
n=1


(
2n+1
3n+1


)4n+1


2.3. Függvények határértéke és folytonossága


Legyen H ⊂ R és x ∈ R. Az x számot a H torlódási pont jának nevezzük, ha minden
r > 0 esetén az (x− r, x+ r) nyílt intervallumban a H-nak végtelen sok eleme van.
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példa


H = (1,2) esetén minden x ∈ [1,2] torlódási pont.
H = [0,5] ∪ {6} esetén minden x ∈ [0,5] torlódási pont.
H = { 1


n : n ∈ N} esetén csak a 0 torlódási pont.


Legyen H ⊂ R, x0 (ejtsd: „iksz nulla”) a H torlódási pontja, y ∈ R vagy y = ∞ vagy
y = −∞ és f : H → R. Azt mondjuk, hogy f -nek x0-ban y a határértéke, ha minden
x0-hoz konvergáló H \{x0}-beli értékeket felvevő xn sorozat esetén f(xn) → y. Jele:
lim
x→x0


f(x) = y . Kiolvasása: „limesz x tart x0-hoz f(x) egyenlő y” vagy „f x0-beli


határértéke y”. Ha y ∈ R, akkor azt mondjuk, hogy f -nek x0-ban véges a határértéke.


y = |sign(x)|
1


y = 1
|x|


y = − 1
|x|


lim
x→0


| sign(x)| = 1 lim
x→0


1
|x| = ∞ lim


x→0


−1
|x| = −∞


(sign az ún. szignum vagy előjel függvény, mely pozitív számhoz 1-gyet, negatív
számhoz −1-gyet és 0-hoz 0-t rendel.)


Legyen H ⊂ R, x0 ∈ H és f : H → R. Azt mondjuk, hogy az f függvény x0-ban
folytonos, ha minden x0-hoz konvergáló H-beli értékeket felvevő xn sorozat esetén
f(xn) → f(x0).


Legyen H ⊂ R, x0 ∈ H a H egy torlódási pontja és f : H → R. Az f pontosan
akkor folytonos x0-ban, ha lim


x→x0


f(x) = f(x0).


Egy valós függvényt folytonosnak nevezzük, ha az értelmezési tartományának min-
den pontjában folytonos. Folytonos függvények például: abszolútérték-függvény, re-
ciprok függvény, minden trigonometrikus függvény, logaritmus függvények, exponen-
ciális függvények.


Legyen H ⊂ R, x0 ∈ H és f : H → R. Azt mondjuk, hogy az f függvény x0-ban
balról folytonos, ha minden x0-hoz konvergáló H ∩ (−∞, x0]-beli értékeket felvevő
xn sorozat esetén f(xn) → f(x0). Az f x0-ban jobbról folytonos, ha minden x0-hoz
konvergáló H ∩ [x0,∞)-beli értékeket felvevő xn sorozat esetén f(xn) → f(x0).


Legyen H ⊂ R, x0 ∈ H a H egy torlódási pontja és f : H \ {x0} → R. Ha létezik
g : H → R függvény, mely x0-ban folytonos és f(x) = g(x) minden x ∈ H \ {x0}
esetén, akkor lim


x→x0


f(x) = g(x0).


példa


lim
x→1


x2−1
x−1 = lim


x→1


(x−1)(x+1)
x−1 = lim


x→1
(x+ 1) = 1 + 1 = 2
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lim
x→0


√
1+x−√


1+2x
x = lim


x→0


(
√
1+x−√


1+2x)(
√
1+x+


√
1+2x)


x(
√
1+x+


√
1+2x)


= lim
x→0


−1√
1+x+


√
1+2x


=


= −1√
1+0+


√
1+2·0 = − 1


2


Legyen H ⊂ R felülről nem korlátos, y ∈ R vagy y = ∞ vagy y = −∞ és f : H → R.
Azt mondjuk, hogy f -nek végtelenben y a határértéke, ha minden végtelenbe diver-
gáló H-beli értékeket felvevő xn sorozat esetén f(xn) → y. Jele: lim


x→∞
f(x) = y .


Kiolvasása: „limesz x tart végtelenbe f(x) egyenlő y” vagy „f végtelenben vett ha-
tárértéke y”.


példa


lim
x→∞


x(
√
9x2+1−3x) = lim


x→∞
x(


√
9x2+1−3x)(


√
9x2+1+3x)√


9x2+1+3x
= lim


x→∞
x√


9x2+1+3x
=


= lim
x→∞


1√
9+( 1


x )
2
+3


= 1√
9+02+3


= 1
6


lim
x→∞


5x+1−4
3x+2+1 = lim


x→∞
5( 5


3 )
x−4( 1


3 )
x


9+( 1
3 )


x = ∞


y


lim
x→∞


f(x) = ∞ lim
x→∞


f(x) = −∞ lim
x→∞


f(x) = y ∈ R


Legyen H ⊂ R alulról nem korlátos, y ∈ R vagy y = ∞ vagy y = −∞ és f : H → R.
Azt mondjuk, hogy f -nek mínusz végtelenben y a határértéke, ha minden mínusz
végtelenbe divergáló H-beli értékeket felvevő xn sorozat esetén f(xn) → y. Jele:
lim


x→−∞
f(x) = y . Kiolvasása: „limesz x tart mínusz végtelenbe f(x) egyenlő y” vagy


„f mínusz végtelenben vett határértéke y”.


y


lim
x→−∞


f(x) = ∞ lim
x→−∞


f(x) = −∞ lim
x→−∞


f(x) = y ∈ R


Könnyen látható, hogy lim
x→−∞


f(x) = lim
x→∞


f(−x) .
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példa


lim
x→−∞


6x+2
3√x3+1


= lim
x→∞


6(−x)+2
3
√


(−x)3+1
= lim


x→∞
−6x+2
3√1−x3


= lim
x→∞


−6+2· 1x
3
√
( 1


x )
3−1


= −6+2·0
3√03−1


= 6.


g y a k o r l ó f e l a d at o k


Számolja ki a következő határértékeket.


1. lim
x→2


x−2
|x|−2


2. lim
x→−3


x2−9
x+3


3. lim
x→9


x−9√
x−3


4. lim
x→0


√
x+3−


√
3


x
5. lim


x→0


√
x2+4−2


x
6. lim


x→1


(x−1)
√
2−x


x2−1


7. lim
x→0


√
1−x2−1
2x


8. lim
x→5


√
x−1−2
x−5


9. lim
x→1


x2−
√
x√


x−1
10. lim


x→0


√
1+x−


√
1+2x


x
11. lim


x→0


5x√
1+x−


√
1−x


12. lim
x→0


√
1+x+x2−1


x
13. lim


x→2


√
x2+x+3−


√
x2−2x+9


x2−3x+2
14. lim


x→0


√
1+x−


√
1+x2


√
1+x−1


15. lim
x→0


√
1+5x−


√
1−3x


x2+2x


16. lim
x→1


x
3
2−


√
x√


x−1
17. lim


x→1


x2−2x+1
x3−x


18. lim
x→4


x2−6x+8
x2−5x+4


19. lim
x→1


3x2+12x−15
10x−2x2−8


20. lim
x→0


(
1


sinx
− 1


tg x


)


21. lim
x→0


1+sinx−cosx
1−sinx−cosx


22. lim
x→π


6


sin(x−π
6
)


√
3


2
−cosx


23. lim
x→π


2


cos x
2
−sin x


2


cosx
24. lim


x→0


√
1+tg x−


√
1−tg x


sinx


25. lim
x→0


(
1


sin2 x
− 1


tg2 x


)
26. lim


x→∞
x2+3x+2
x2−3x+2


27. lim
x→∞


−3x2−6x+1
x+2


28. lim
x→∞


(
x2−1
x2+1


)x−1
x+1


29. lim
x→−∞


6x+2
3√x3+1


30. lim
x→∞


√
x2+3x


3√x3−2x2
31. lim


x→∞


√
x2+5+ 4√2x2+1


3√x+3
32. lim


x→∞
6 3√x+1+


√
7x+1√


3x+2+
√
2x


33. lim
x→∞


3√x2−6+
√
2


10√x7+2000−x
34. lim


x→∞
(
√
x2+2−x) 35. lim


x→∞
(
√
x2+5x−x) 36. lim


x→∞
(
√
x2+2x−


√
x2+x)


37. lim
x→∞


x(
√
x2+2x−2


√
x2+x+x) 38. lim


x→∞


(
x+1
x−2


)2x−1 39. lim
x→∞


(
5x2−π
5x2+


√
2


)4x2+2


40. lim
x→∞


(
x+1
2x−1


)x 41. lim
x→∞


(
4x2+2
6x2−4


)x2


42. lim
x→∞


(
3x2−x+1
2x2+x+1


)x


2.4. Differenciálszámítás


Érintő meghatározása


Az f függvény görbéjéhez húzzunk érintőt az
(
x0, f(x0)


)
koordinátájú pontban,


illetve húzzunk szelő egyenest az
(
x0, f(x0)


)
és


(
x, f(x)


)
koordinátájú pontokon


keresztül, ahol x ̸= x0.


Az x közelítésekor x0-hoz, a szelő is közeledik az érintőhöz, így a tangens függ-
vény folytonossága miatt, a szelő meredeksége (azaz az x tengellyel bezárt szögének
tangense) is közeledik az érintő meredekségéhez. Pontosabban fogalmazva az érintő
meredeksége


lim
x→x0


f(x)− f(x0)


x− x0


.
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x0 x


f(x0)


f(x)


y


szel
ő


érintő


y = f(x)


példa


Az f : R → R, f(x) = x2 függvény görbéjének a (3,9) koordinátájú pontban húzott
érintőjének a meredeksége


lim
x→3


x2 − 32


x− 3
= lim


x→3


(x− 3)(x+ 3)


x− 3
= lim


x→3
(x+ 3) = 6.


Differenciálhányados


Legyen H ⊂ R és x ∈ R. Az x számot a H belső pont jának nevezzük, ha van olyan
r > 0, hogy (x− r, x+ r) ⊂ H.


példa


H = (1,2) esetén minden x ∈ (1,2) belső pont.
H = [0,5] ∪ {6} esetén minden x ∈ (0,5) belső pont.
H = { 1


n : n ∈ N} esetén nincs belső pont.


Legyen H ⊂ R, x0 a H egy belső pontja és f : H → R. Azt mondjuk, hogy f az x0


pontban differenciálható, ha létezik a


lim
x→x0


f(x)− f(x0)


x− x0


véges határérték. Ezt a határértéket az f függvény x0-beli differenciálhányadosának
nevezzük és f ′(x0) módon jelöljük. Kiolvasása: „f x0-beli differenciálhányadosa”
vagy „f deriváltja az x0 helyen” vagy „f derivált x0”.


Ezek szerint f ′(x0) az f függvény görbéjének az
(
x0, f(x0)


)
koordinátájú pontjában


húzott érintőjének a meredeksége.


Legyen D azon számok halmaza, melyekben az f differenciálható. Azt a függvényt,
mely minden D-beli x0-hoz hozzárendeli az f ′(x0) értéket, az f derivált jának nevez-
zük, és f ′ módon jelöljük.
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példa


f : R → R, f(x) = x2 esetén az f deriváltja az x helyen 2x, azaz f ′(x) = 2x. Ezt
(x2)′ = 2x módon jelöljük. Kiolvasása: „x2 deriváltja 2x”.


Alapderiváltak


(k)′ = 0, ahol k ∈ R
(x)′ = 1


(xk)′ = kxk−1, ahol k ∈ R
(ex)′ = ex


(ax)′ = ax ln a, ahol a > 0 és a ̸= 1


(lnx)′ = 1
x


(ahol lnx = loge x az ún. természetes alapú logaritmus)
(loga x)


′ = 1
x ln a


, ahol a > 0 és a ̸= 1


(sinx)′ = cosx


(cosx)′ = − sinx


(tg x)′ = 1
cos2 x


(ctg x)′ = − 1
sin2 x


Deriválási szabályok
(
kf(x)


)′
= kf ′(x)


(
f(x) + g(x)


)′
= f ′(x) + g′(x)


(
f(x)− g(x)


)′
= f ′(x)− g′(x)


(
f(x)g(x)


)′
= f ′(x)g(x) + f(x)g′(x)


(
f(x)


g(x)


)′


=
f ′(x)g(x)− f(x)g′(x)


g2(x)(
f
(
g(x)


))′
= f ′(g(x)


)
g′(x)


példa


(5x2)′ = 5(x2)′ = 5 · 2x2−1 = 10x


(log3 x+ sinx)′ = (log3 x)
′ + (sinx)′ = 1


x ln 3 + cosx


(ctg x− 2x)′ = (ctg x)′ + (−2x)′ = (ctg x)′ − (2x)′ = −1− ctg2 x− 2x ln 2


(ex sinx)′ = (ex)′ sinx+ ex(sinx)′ = ex sinx+ ex cosx
(


x
sin x


)′
= (x)′ sin x−x(sin x)′


sin2 x
= sin x−x cos x


sin2 x


(sin 3x)′ = (cos 3x)(3x)′ = (cos 3x)3x ln 3
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(
xsin x


)′
=


(
eln x sin x


)′
= eln x sin x(lnx sinx)′ = eln x sin x


(
(lnx)′ sinx + lnx(sinx)′


)
=


= xsin x
(
1
x sinx+ lnx cosx


)


Második derivált


Ha az f függvénynek létezik a deriváltja és az f ′ függvénynek is létezik a deriváltja,
akkor az (f ′)′ függvényt f ′′ módon fogjuk jelölni és az f második derivált jának
nevezzük.


példa


f : R → R, f(x) = x3 esetén f ′(x) = 3x2, így f ′′(x) = (3x2)′ = 6x. Ezt (x3)′′ =
= (3x2)′ = 6x módon jelöljük.


g y a k o r l ó f e l a d at o k


Határozza meg a következő függvények deriváltját.


1. x5+
4√
x3+7x4+


5
x2 2. 6x7+5


√
πx3+


√
2
x


3. (2 cosx+1)(x2+6·3x) 4. (lnx+ctg x)(5+2x) 5. 6π2 tg x+6√
2 cosx


6. π cosx−3 sinx+
√
x


x2+7 lnx
7. 7x


2+6+π 8. cos(
√
x+x2) 9. sin(x7+1) 10. cos2 x 11. (x2+e) sin6 x


12. 2sin
√
x 13. ln(x23ln x) 14. tg


√
2x2+1
6
√
x


15. 2 ln2 tg x 16. ln ln lnx 17. sin2(ctg 3√x)


18.
√


6 cos4 x
7
√
x+π


19.
3√
x7+ctg x2


π2+2
20. 2


3√2+π ln 86 21. log6
tg2 x


2x+
√
2


22. π
7
√


3
√√


x+
7


x23sin x 23. xx


24. (sinx)x 25. (sinx)cos x 26. (lnx)2
√
x 27. (x2)


1
x 28. logx cosx


2.5. Függvényvizsgálat


Monotonitás, helyi szélsőértékhely


Legyen H ⊂ R, a, b ∈ R, a < b, (a, b) ⊂ H és f : H → R. Azt mondjuk, hogy az f
függvény az (a, b) intervallumon


• monoton nő, ha f(x1) ⩽ f(x2),
• szigorúan monoton nő, ha f(x1) < f(x2),
• monoton csökken, ha f(x1) ⩾ f(x2),
• szigorúan monoton csökken, ha f(x1) > f(x2)


minden x1, x2 ∈ (a, b), x1 < x2 esetén.


Legyen H ⊂ R és f : H → R. Azt mondjuk, hogy x0 ∈ H az f helyi minimumhelye,
ha van olyan r > 0, hogy minden x ∈ (x0 − r, x0 + r) ∩ H esetén f(x0) ⩽ f(x).
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Azt mondjuk, hogy x0 ∈ H az f helyi maximumhelye, ha van olyan r > 0, hogy
minden x ∈ (x0 − r, x0 + r) ∩ H esetén f(x0) ⩾ f(x). A helyi maximum- illetve
minimumhelyeket összefoglalóan helyi szélsőértékhelyeknek nevezzük.


helyi
minimumhely


helyi
maximumhely


Konvex illetve konkáv függvények


Egy síkidomot konvexnek nevezzük, ha abban két pont nem tud „elbújni” egymás
elől, pontosabban, ha a síkidom bármely két pontját összekötő szakasz minden pont-
ját tartalmazza. Ez a fogalom átvihető függvényekre is az ún. epigráf segítségével.


Legyen H ⊂ R, a, b ∈ R, a < b, (a, b) ⊂ H és f : H → R. Az f függvény (a, b)
intervallumra vonatkozó epigráf ján azon (x, y) koordinátájú pontok mértani helyét
értjük, melyekre teljesül, hogy x ∈ (a, b) és y > f(x).


Az f függvényt az (a, b) intervallumon konvexnek nevezzük, ha f -nek az (a, b) in-
tervallumra vonatkozó epigráfja konvex síkidom.


Ha −f az (a, b) intervallumon konvex, akkor azt mondjuk, hogy f az (a, b) interval-
lumon konkáv.


a b


y = f(x)


f epigráfja


a b


konvex függvény


a b


konkáv függvény


Inflexiós pont


Legyen H ⊂ R és f : H → R. Az x0 ∈ H számot az f inflexiós helyének nevezzük, ha
létezik olyan r > 0, hogy (x0−r, x0+r) ⊂ H és f az (x0−r, x0) intervallumon konvex,
míg az (x0, x0+r) intervallumon konkáv, vagy fordítva, az (x0−r, x0) intervallumon
konkáv és az (x0, x0 + r) intervallumon konvex.
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inflexiós pont


Függvényvizsgálat deriváltakkal


Legyen H ⊂ R, a, b ∈ R, a < b, (a, b) ⊂ H és f : H → R. Tegyük fel, hogy f az
(a, b) intervallum minden pontjában differenciálható.


• Ha f ′(x) > 0 minden x ∈ (a, b) esetén, akkor f szigorúan monoton nő az (a, b)
intervallumon.


• Ha f ′(x) < 0 minden x ∈ (a, b) esetén, akkor f szigorúan monoton csökken az
(a, b) intervallumon.


példa


f(x) = 2x3 − 9x2 + 12x esetén f ′(x) = 6x2 − 18x + 12, melynek gyökei 1 és 2, így
f ′(x) < 0 pontosan akkor, ha x ∈ (1,2). Tehát f az (1,2) intervallumon szigorúan
monoton csökken.


Legyen H ⊂ R, x0 ∈ H, r > 0, (x0 − r, x0 + r) ⊂ H és f : H → R. Tegyük fel, hogy
f differenciálható az (x0 − r, x0 + r) intervallum minden pontjában és f ′(x0) = 0.


• Ha f ′(x) > 0 minden x ∈ (x0−r, x0) esetén és f ′(x) < 0 minden x ∈ (x0, x0+r)
esetén, akkor f -nek x0 helyi maximumhelye.


• Ha f ′(x) < 0 minden x ∈ (x0−r, x0) esetén és f ′(x) > 0 minden x ∈ (x0, x0+r)
esetén, akkor f -nek x0 helyi minimumhelye.


példa


f(x) = x2 − 2x + 3 esetén f ′(x) = 2x − 2, melynek gyöke 1, továbbá f ′(x) < 0, ha
x < 1, míg f ′(x) > 0, ha x > 1. Így f -nek 1 helyi minimumhelye.


Adott kerületű téglalapok közül melyiknek legnagyobb a területe? Legyen a kerület
k, a téglalap egyik oldala pedig x hosszúságú. Ekkor a terület az x függvényében
f(x) = x(k2 − x) = k


2x− x2. Mivel f ′(x) = k
2 − 2x, melynek gyöke k


4 és f ′(x) > 0, ha
x < k


4 és f ′(x) < 0, ha x > k
4 , ezért f -nek k


4 helyi maximumhelye. Vagyis a terület
x = k


4 esetén a legnagyobb. Ekkor a téglalap négyzet.


Legyen H ⊂ R, a, b ∈ R, a < b, (a, b) ⊂ H és f : H → R. Tegyük fel, hogy f az
(a, b) intervallum minden pontjában kétszer differenciálható.
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• Ha f ′′(x) > 0 minden x ∈ (a, b) esetén, akkor f konvex az (a, b) intervallumon.
• Ha f ′′(x) < 0 minden x ∈ (a, b) esetén, akkor f konkáv az (a, b) intervallumon.


példa


f(x) = x4 − 6x3 + 12x2 esetén f ′′(x) = 12x2 − 36x+ 24, melynek gyökei 1 és 2, így
f ′′(x) < 0 pontosan akkor, ha x ∈ (1,2). Tehát f az (1,2) intervallumon konkáv.


Legyen H ⊂ R, x0 ∈ H, r > 0, (x0−r, x0+r) ⊂ H és f : H → R. Tegyük fel, hogy f
kétszer differenciálható az (x0−r, x0+r) intervallum minden pontjában és f ′′(x0) =
= 0. Ha f ′′(x1) > 0 minden x1 ∈ (x0 − r, x0) és f ′′(x2) < 0 minden x2 ∈ (x0, x0 + r)
esetén, vagy fordítva, f ′′(x1) < 0 minden x1 ∈ (x0 − r, x0) és f ′′(x2) > 0 minden
x2 ∈ (x0, x0 + r) esetén, akkor f -nek x0 inflexiós helye.


példa


f(x) = x4− 6x3+12x2 esetén f ′′(x) = 12x2− 36x+24, melynek gyökei 1 és 2. Mivel
f ′′(x) > 0, ha x < 1, és f ′′(x) < 0, ha x ∈ (1,2), ezért f -nek az 1 inflexiós helye.
Hasonlóan látható, hogy a 2 is inflexiós hely.


g y a k o r l ó f e l a d at o k


1. Melyik az adott sugarú körbe írt téglalapok közül a legnagyobb területű?


2. Adott oldalú téglalap sarkaiból mekkora oldalú négyzeteket kell kivágni, hogy a fennmaradó
részt felül nyitott dobozzá hajtogatva, a keletkezett doboz térfogata a lehető legnagyobb legyen?


3. Adott felszínű, felül nyitott hengerek közül melyiknek legnagyobb a térfogata?


4. Egy egyenes körkúp alapkörének sugara r, a kúp magassága m. Határozzuk meg a kúpba írható
legnagyobb térfogatú henger térfogatát.


5. Egyenlő szélességű három deszkából csatornát készítünk. Az oldalak milyen hajlásszöge mellett
lesz a csatorna keresztmetszete a legnagyobb területű?


6. Bontsa fel 8-at két pozitív összeadandóra úgy, hogy az összeadandók köbeinek összege minimális
legyen.


7. Adott térfogatú szabályos háromszög alapú egyenes hasábok közül mekkorák annak az élei,
amelynek a legkisebb a felszíne?


8. A 20 cm alkotójú, kúp alakú tölcsérek közül mekkora a maximális térfogatúnak a magassága?


9. Egy α középponti szöghöz tartozó körcikkből kúppalástot sodrunk. Az α-nak milyen választása
mellett lesz az így meghatározott kúp térfogata maximális?


10. Határozza meg egy adott sugarú gömbbe írható maximális felszínű körhenger magasságát és
alapkörének sugarát.
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11. Határozza meg egy adott sugarú gömbbe írható maximális térfogatú körhenger magasságát
és alapkörének sugarát.


Vizsgálja meg a következő függvényeket monotonitás, szélsőértékhely, konvexitás,
konkávitás és inflexiós hely szempontjából.


12. x3−5x2+3x−5 13. x4−12x3+48x2−50 14. (x2−1)3 15. 1
1−x2 16. x


x2−1
17. x2


x2−1
18. x3


3−x2


19. x3


(2x+1)2
20. 10x


1+x2 21. 6x
1+x3 22. xex 23. x2e−x 24. x2e−x2 25. cosx+sinx 26. x+sinx


27. 2x2−lnx


2.6. Integrálszámítás


Határozatlan integrál


Ha egy nyílt intervallumon értelmezett valós f függvény minden pontban differen-
ciálható, akkor az f függvényt az f ′ primitív függvényének nevezzük.


példa


x2 a 2x primitív függvénye, mert (x2)′ = 2x. De 2x-nek az x2+1 is primitív függvénye,
mert (x2 + 1)′ = 2x.


Ha f -nek F primitív függvénye, azaz F ′ = f , akkor f -nek az összes primitív függ-
vénye előáll F + c alakban, ahol c ∈ R. Ezt a továbbiakban


∫
f(x) dx = F (x) + c, c ∈ R


módon jelöljük. Kiolvasása: „f határozatlan integrálja F + c” vagy „integrál f(x) dé
iksz egyenlő F (x) + c”.


Alapintegrálok


Legyen c ∈ R.
∫
k dx = kx+ c, k ∈ R


∫
xk dx = xk+1


k+1
+ c, k ̸= −1


∫
1
x


dx = ln |x|+ c
∫
ax dx = ax


ln a
+ c, a > 0, a ̸= 1,


∫
ex dx = ex + c


32







∫
sinx dx = − cosx+ c


∫
cosx dx = sinx+ c


∫
1


cos2 x
dx = tg x+ c


∫
1


sin2 x
dx = − ctg x+ c


Integrálási szabályok
∫
kf(x) dx = k


∫
f(x) dx


példa
∫
5x2 dx = 5


∫
x2 dx = 5x3


3 + c, c ∈ R


∫ (
f(x) + g(x)


)
dx =


∫
f(x) dx+


∫
g(x) dx


példa
∫
(x2 + 2x) dx = x3


3 + 2x


ln 2 + c, c ∈ R


∫
f ′(x)g′


(
f(x)


)
dx = g


(
f(x)


)
+ c, c ∈ R.


A g′ speciális választása esetén a következőket kapjuk:


∫
f ′(x)fk(x) dx = fk+1(x)


k+1
+ c, k ̸= −1, c ∈ R


példa
∫
cosx sin2 x dx =


∫
(sinx)′(sinx)2 dx = sin3 x


3 + c, c ∈ R


∫ f ′(x)
f(x)


dx = ln |f(x)|+ c, c ∈ R


példa
∫
tg x dx = −


∫ (cos x)′


cos x dx = − ln | cosx|+ c, c ∈ R


∫
f ′(x)af(x) dx = af(x)


ln a
+ c, a > 0, a ̸= 1, c ∈ R


példa
∫
x3x


2


dx = 1
2


∫
(x2)′3x


2


dx = 1
2
3x


2


ln 3 + c, c ∈ R


33







∫
f ′(x) sin f(x) dx = − cos f(x) + c, c ∈ R


példa
∫
sin 2x dx = 1


2


∫
(2x)′ sin 2x dx = − 1


2 cos 2x+ c, c ∈ R


∫
f ′(x) cos f(x) dx = sin f(x) + c, c ∈ R


példa
∫


cos ln x
x dx =


∫
(lnx)′ cos lnx dx = sin lnx+ c, c ∈ R


∫ f ′(x)
cos2 f(x)


dx = tg f(x) + c, c ∈ R


példa
∫


1
cos2 5x dx = 1


5


∫ (5x)′


cos2 5x dx = 1
5 tg 5x+ c, c ∈ R


∫ f ′(x)
sin2 f(x)


dx = − ctg f(x) + c, c ∈ R


példa
∫


1
x sin2 ln x


dx =
∫ (ln x)′


sin2 ln x
dx = − ctg lnx+ c, c ∈ R


A következő ún. parciális integrálás a függvények szorzatának deriváltjából bizonyít-
ható be.
∫
f ′(x)g(x) dx = f(x)g(x)−


∫
f(x)g′(x) dx


példa


f ′(x) = ex és g(x) = x esetén f(x) = ex és g′(x) = 1, így
∫


xex dx = xex −
∫


ex dx = xex − ex + c, c ∈ R.


f ′(x) = 1 és g(x) = lnx esetén f(x) = x és g′(x) = 1
x , így


∫
lnx dx = x lnx−


∫
x · 1


x
dx = x lnx−


∫
1 dx = x lnx− x+ c, c ∈ R.


∫
ex cosx dx = ? Legyen f ′(x) = ex és g(x) = cosx. Ekkor f(x) = ex és g′(x) =


= − sinx, így
∫
ex cosx dx = ex cosx+


∫
ex sinx dx. Most legyen f ′(x) = ex és g(x) =


= sinx. Ekkor f(x) = ex és g′(x) = cosx, így
∫
ex sinx dx = ex sinx−


∫
ex cosx dx.


A két eredményből kapjuk, hogy
∫


ex cosx dx = ex cosx+


∫
ex sinx dx = ex cosx+ ex sinx−


∫
ex cosx dx,


melyből
∫
ex cosx dx = 1


2 (e
x cosx+ ex sinx) + c, c ∈ R.
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Határozott integrál


Legyen a, b ∈ R, a < b és f : [a, b] → R korlátos értékkészletű függvény. Ha f(x) ⩾ 0
minden x ∈ [a, b] esetén, akkor az f a-tól b-ig vett integrálján azon síkidom területét
értjük, mely pontjainak (x, y) koordinátáira teljesül, hogy x ∈ [a, b] és 0 ⩽ y ⩽ f(x).


Jele:
b∫
a


f(x) dx Kiolvasása: „f ától béig vett integrálja” vagy „integrál a-tól b-ig


f(x) dx”.


Feltételezzük az f függvényről, hogy az előbb említett terület létezik. Annak tisztá-
zása, hogy ez pontosan mit is jelent, sokkal mélyebb matematikai hátteret igényel,
melynek kiépítése most nem feladatunk.


a b


T
b∫
a


f(x) dx = T


y = f(x)


példa


5∫
1


3 dx = 3(5 − 1) = 12,
1∫
0


x dx = 1·1
2 = 1


2 illetve
1∫


−1


√
1− x2 dx = π


2 (az utolsó


integrál az origó középpontú egység sugarú félkör területe).


Hogyan lehetne általánosítani az integrál fogalmát olyan esetre, amikor a függvény
felvehet negatív értékeket is? Ehhez először a már definiált nemnegatív f függvényre
vonatkozó integrál egy egyszerű tulajdonságát vegyük észre, amely a következő ábra
alapján kézenfekvő:


a b


k


y = f(x)


T1


T2


a b


y = f(x) − k


T1


b∫


a


f(x) dx = T1 + T2 =


b∫


a


(
f(x)− k


)
dx+ k(b− a).


Függetlenül attól, hogy f felvehet-e negatív értékeket vagy sem, az f(x)−k sohasem


negatív. Így
b∫
a


(
f(x)− k


)
dx minden esetben értelmezett.
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Legyen a, b ∈ R, a < b, f : [a, b] → R korlátos értékkészletű függvény és k az f
értékkészletének egy alsó korlátja. Ekkor az f a-tól b-ig vett integrálját a következő
formulával definiáljuk:


b∫


a


f(x) dx =


b∫


a


(
f(x)− k


)
dx+ k(b− a).


példa


2∫
−1


x dx =
2∫


−1


(
x− (−1)


)
dx+ (−1)


(
2− (−1)


)
=


2∫
−1


(x+ 1) dx− 3 = 3·3
2 − 3 = 1,5.


A határozott integrálnak megemlítjük még két fontos tulajdonságát:


a < b < c esetén
c∫
a


f(x) dx =
b∫
a


f(x) dx+
c∫
b


f(x) dx


b∫
a


(
f(x) + g(x)


)
dx =


b∫
a


f(x) dx+
b∫
a


g(x) dx


Az integrálok fenti számítása azon alapszik, hogy a kapott síkidomnak kiszámítot-
tuk a területét. Ezt csak szakaszokkal és körívekkel határolt síkidomok esetén tudjuk
megtenni eddigi középiskolai ismereteink alapján. De valójában már a kör területét
sem tudjuk, csak becsületszóra megtanították nekünk a képletét. A matematikában
fordítva lesz a menetrend. Nem a területszámítást használjuk fel az integrálszámítás-
ban, hanem az integrálszámítást a területszámításban. Ehhez azonban szükségünk
lesz az integrál területtől független számítására. Erre vonatkozik a következő tétel.


Newton–Leibniz-tétel


b∫
a


f(x) dx = F (b)− F (a) ahol F primitív függvénye f -nek.


Hasznos jelölésnek fog bizonyulni a következő: [F (x)]ba = F (b)− F (a) .


példa


∫
x dx = x2


2 + c, (c ∈ R) így
2∫


−1


x dx =
[
x2


2


]2
−1


= 22


2 − (−1)2


2 = 1,5


∫
cos 2x dx = 1


2


∫
(2x)′ cos 2x dx = 1


2 sin 2x+ c, (c ∈ R) így
π
4∫


0


cos 2x dx =


[
1


2
sin 2x


]π
4


0


=
1


2
sin


π


2
− 1


2
sin 0 =


1


2
· 1− 1


2
· 0 =


1


2
.
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g y a k o r l ó f e l a d at o k


Számítsa ki a következő függvények határozatlan integrálját.


1. 3x2−4
√
x+2√


x
2. ex


ex+1
3. ctg x 4. 4√1−4x 5. x+2


2x−1
6. sinx cosx 7. cos3 x 8. x(x2−1)


9. 1−2x
x2−x+1


10. x2


4√1−x3
11. sin3 x 12. sinx


1+cosx
13. 1


x lnx
14. ln5 x


x
15. 1


1+sinx


16. 1−cosx
1+cosx


17. 1+ex−1 18. tg2 x 19. ctg2 x 20. cos 2x
sin2 2x


21. 1+cosx−cos3 x
sin2 x


22. sin 2x
1+sin2 x


23. 1
cosx


24. sin2 x
cosx


25. 1
sin 2x


26. 1
x+


√
x


27. 1
x+2 3√x


28. ex+1
ex+e−x+2


29. 1
x ln2 x logx 2


30. e3x+1 31. x sinx2 32. sinx
3√
cos2 x


33. x√
1+x2 34. x2


3√1−x3
35. x 4√2−3x2


36. xe−x2 37. ex
3√1+ex


38. sin 8x 39. ctg x
√
ln sinx 40. cos3 x sin4 x 41. xex 42. xe2x


43. x2e−x 44. x2 cosx 45. e−x sinx 46. x3
√
1+x2 47. cos lnx 48. ln2 x


Számítsa ki a következő határozott integrálokat.


49.
π
2∫
0


cos 5x dx 50.
π
2∫


−π
4


cosx√
1+sinx


dx 51.
π∫
0


cosx
3√1−cos2 x


dx


52. Számítsa ki az f(x) = −2x2+16x−24 és g(x) = x2−8x+12 függvények görbéi által közrezárt
síkidom területét.
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3. fejezet


Valószínűségszámítás


Egyes jelenségeknél az összes körülmény figyelembevétele lehetetlen vagy igen nehéz.
Ennek több oka is lehet. Például az, hogy a jelenség hátterében álló körülmények
közül néhány a tudomány mai állása szerint még nem ismert, vagy nem tudjuk mér-
ni, vagy számuk túl nagy és kapcsolatuk nagyon bonyolult. Ilyenkor a figyelembe
vett körülmények összessége nem határozza meg egy esemény bekövetkezésének ele-
gendő okát. Ezeket véletlen eseményeknek nevezzük. Például amikor dobókockával
játszunk, nem vesszük figyelembe a dobásnál fellépő összes körülményt – hogy milyen
helyzetből indult, milyen impulzust kapott, a légellenállást, az ütközést, a súrlódást
stb. –, csak azt a tényt, hogy feldobtuk. Ezért számunkra a kockajáték kimenetele
véletlenszerű.


Ha egy véletlen kimenetelű jelenség sokszor megismétlődhet, akkor véletlen tömeg-
jelenségről beszélünk. Az ilyen típusú jelenségekről a véletlenszerűségük ellenére is
áttekintést nyerhetünk. Például a radioaktív bomlás esetén minden egyes atommag
bomlása véletlennek tekinthető, mégis sok milliárd atommag esetében már előre meg
tudjuk mondani, hogy egy meghatározott időn belül hány százalékuk fog elbomla-
ni. Ez a bomlás úgynevezett exponenciális törvénye, melyet a valószínűségszámítás
segítségével írhatunk le.


A valószínűségszámítás a véletlen tömegjelenségek matematikai modellezése.


3.1. Véletlen események


Az események matematikai modellezését halmazok segítségével oldjuk meg. Például
amikor dobókockával játszunk, alapvetően hat különböző esemény következhet be.
Vagy az egyes, vagy a kettes, vagy a hármas, vagy a négyes, vagy az ötös, vagy a
hatos oldal lesz felül. Ezeket azonosítsuk a következő halmazokkal:


{1}, {2}, {3}, {4}, {5}, {6}.


Ezek lesznek az ún. elemi események. De más eseményekről is beszélhetünk. Példá-
ul páros számot dobunk. Ennek feleltessük meg {2,4,6} halmazt. Ezt az eseményt
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összetett eseménynek nevezzük, mert felbontható több elemi esemény uniójára:


{2,4,6} = {2} ∪ {4} ∪ {6}.


Az is esemény, hogy nem hatost dobunk. Az ehhez tartozó halmaz a


{6} = {1,2,3,4,5}.


Ezt a hatos dobás ellentett eseményének nevezzük. Eseménynek tekinthető az is,
hogy egytől hatig valamilyen egész szám fog kijönni. Mivel ez minden esetben bekö-
vetkezik, ezért ezt biztos eseménynek nevezzük és Ω-val fogjuk jelölni. Tehát ekkor


Ω = {1,2,3,4,5,6}.


Végül azt is eseménynek fogjuk tekinteni, ami sohasem következhet be. Például,
hogy hatosnál nagyobbat dobunk. Ezt lehetetlen eseménynek nevezzük, és az üres
halmazzal fogjuk azonosítani.


Látható, hogy minden esemény a biztos esemény egy részhalmaza. Az események
rendszerét A-val jelöljük, mely tehát az Ω összes részhalmazaiból álló halmaz egy
részhalmaza. Az események rendszerének, azaz A-nak a tulajdonságai közül hármat
emelünk ki:


• A biztos esemény eleme A-nak.
• Egy esemény ellentettje is esemény.
• Események uniója is esemény.


Eseményaxiómák


Legyen Ω egy nem üres halmaz és A az Ω összes részhalmazaiból álló halmaz egy
olyan részhalmaza, melyre teljesülnek a következők:


1. axióma. Ω ∈ A.
2. axióma. Ha A ∈ A, akkor A ∈ A.
3. axióma. Ha A1, A2, . . . , An, . . . ∈ A, akkor A1 ∪ A2 ∪ · · · ∪ An ∪ · · · ∈ A.


Ekkor az A elemeit eseményeknek nevezzük.


Mivel Ω = ∅, ezért az 1. és 2. axióma miatt az üreshalmaz is esemény. Az Ω-t biztos
eseménynek, az ∅-t lehetetlen eseménynek nevezzük. A 3. axióma szerint események
uniója is esemény, másrészt az axiómák és a de Morgan-féle azonosság segítségével
bizonyítható, hogy események metszete is esemény.


Az A ∪B esemény akkor következik be, ha legalább az egyik bekövetkezik.


Az A ∩B esemény akkor következik be, ha mindkettő egyszerre bekövetkezik.


Az A \B = A ∩B esemény azt jelenti, hogy A bekövetkezik, de B nem.


Ha A ∩B = ∅, akkor azt mondjuk, hogy az A és B események egymást kizáróak.


39







Egy A ̸= ∅ eseményt elemi eseménynek nevezzük, ha az csak A = A ∪ ∅ = ∅ ∪ A
módon írható fel két különböző esemény uniójaként.


Ha egy esemény nem lehetetlen és nem elemi, akkor azt összetett eseménynek ne-
vezzük.


Ha az A1, A2, . . . , An, . . . események páronként egymást kizáróak, és uniójuk a biztos
esemény, akkor ezt teljes eseményrendszernek nevezzük.


példa


Egy dobókockát kétszer feldobunk. Ha a dobott számok összege 2, akkor feldobjuk
mégegyszer. Ekkor a biztos eseményt a következő halmazzal reprezentálhatjuk:


Ω = {(1,1,1), (1,1,2), . . . , (1,1,6),
(1,2), (1,3), . . . , (1,6),


(2,1), (2,2), . . . , (2,6),


(3,1), (3,2), . . . , (3,6),


...
(6,1), (6,2), . . . , (6,6)}.


Egy pénzérmével addig dobunk, amíg írást nem kapunk. Ekkor a biztos esemény:


Ω = {írás, (fej, írás), (fej, fej, írás), . . . , (fej, fej, . . . , fej, írás), . . .}.


Egy műhelyben három gép dolgozik. Egy adott pillanatban megvizsgáljuk, hogy me-
lyik működik és melyik rossz. Ekkor a biztos esemény:


Ω = {(jó, jó, jó), (jó, jó, rossz), (jó, rossz, jó), (jó, rossz, rossz),
(rossz, jó, jó), (rossz, jó, rossz), (rossz, rossz, jó), (rossz, rossz, rossz)}.


g y a k o r l ó f e l a d at o k


1. Az utolsó példában leírt megfigyelésben legyen


A1 := {(rossz, jó, jó), (rossz, jó, rossz), (rossz, rossz, jó), (rossz, rossz, rossz)},


A2 := {(jó, rossz, jó), (jó, rossz, rossz), (rossz,rossz, jó), (rossz, rossz, rossz)},


A3 := {(jó, jó, rossz), (jó, rossz, rossz), (rossz, jó, rossz), (rossz, rossz, rossz)},


amelyek sorrendben azt jelentik, hogy az első, a második, illetve a harmadik gép rossz. Fejezze ki
az A1, A2, A3 eseményekkel a következőket:


a) csak az első rossz,
b) mindhárom rossz,
c) egyik sem rossz,
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d) az első és második jó,
e) az első és második rossz, a harmadik jó,
f) csak egy gép rossz,
g) legfeljebb egy gép rossz,
h) legfeljebb két gép rossz,
i) legalább egy gép rossz.


2. Jelentse az A esemény azt, hogy éppen fúj a szél, illetve B azt, hogy esik az eső. Mondja el
szavakkal, mit jelentenek a következő események: B, A ∪ B, A ∩ B, A ∩ B, A ∪ B, A ∪ B, A \ B,
(A \B) ∪ (B \A), A ∪B, A ∩B.


3. Bizonyítsa be, hogy az A∩B, A\B, B \A, A∩B események teljes eseményrendszert alkotnak.


3.2. Valószínűség


A modellalkotás következő lépése valamilyen tapasztalati törvényszerűség megfigye-
lése az eseményekkel kapcsolatosan. Ilyet először Jacob Bernoulli (1654–1705) svájci
matematikus publikált. Egy dobókockát dobott fel többször egymásután. A hatos
dobások számának és az összdobások számának arányát, azaz a hatos dobás relatív
gyakoriságát ábrázolta a dobások számának függvényében:


Bernoulli azt tapasztalta, hogy a hatos dobás relatív gyakorisága a dobások számá-
nak növelésével egyre kisebb mértékben ingadozik 1


6
körül. Más véletlen kimenetelű


kísérlet eseményeire is hasonló a tapasztalat, azaz a kísérletek számának növelésé-
vel a figyelt esemény bekövetkezésének relatív gyakorisága egyre kisebb mértékben
ingadozik egy konstans körül.


Ezt a konstanst a figyelt esemény valószínűségének fogjuk nevezni. A továbbiakban
P (A) jelölje az A esemény valószínűségét. Maga a P egy függvény, amely minden
eseményhez hozzárendel egy számot. Könnyen látható, hogy minden esemény való-
színűsége nemnegatív valós szám, a biztos esemény valószínűsége 1, illetve egyszerre
be nem következő események uniójának valószínűsége az események valószínűségei-
nek összege.


Valószínűségaxiómák


Legyen P : A → R olyan függvény, melyre teljesülnek a következők:
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4. axióma. P (A) ⩾ 0 minden A ∈ A esetén.
5. axióma. P (Ω) = 1.
6. axióma. Ha az A1, A2, . . . , An, . . . ∈ A páronként egymást kizáró események,
akkor P (A1 ∪ A2 ∪ · · · ∪ An ∪ · · · ) = P (A1) + P (A2) + · · ·+ P (An) + · · ·


Ekkor az (Ω,A, P ) hármast valószínűségi mezőnek nevezzük, a P függvényt pedig
valószínűségnek. Az előzőekben felsorolt hat axióma az úgynevezett Kolmogorov-féle
axiómarendszer.


Adott A esetén több olyan valószínűség is lehet, melyre teljesülnek a 4., 5. és 6.
axiómák. Hogy melyik az igazi, erre a matematikai statisztika keresi a választ.


A valószínűség legfontosabb tulajdonságai :


P (∅) = 0.


P (A) = 1− P (A).


P (A ∪B) = P (A) + P (B)− P (A ∩B).


P (A \B) = P (A)− P (A ∩B).


Ha B ⊂ A, akkor P (A \B) = P (A)− P (B).


Ha A ⊂ B, akkor P (A) ⩽ P (B).


P (A) ⩽ 1.


Klasszikus valószínűségi mező


Klasszikus valószínűségi mezőről beszélünk, ha az elemi események száma véges és
valószínűségeik megegyeznek.


Például a szabályos kockajáték klasszikus valószínűségi mezőt határoz meg, mert hat
elemi esemény van, és a szimmetria miatt minden oldalára egyforma valószínűséggel
eshet a kocka.


Ha egy klasszikus valószínűségi mezőben egy A esemény k darab elemi eseményből
áll és összesen n darab elemi esemény van, akkor P (A) = k


n
.


Kombinatorika


A klasszikus valószínűségi mezőkre vonatkozó példákban k és n értékét legtöbbször
ún. kombinatorikai eszközökkel számolhatjuk ki.


Először bevezetünk néhány jelölést, amire szükségünk lesz:


Az n! := 1 · 2 · . . . · n (ejtsd: „n faktoriális”), ahol n ∈ N. Kényelmi okokból még
bevezetjük a 0! := 1 jelölést is.
(
n
k


)
:= n!


k!·(n−k)!
(ejtsd: „n alatt a k”), ahol n, k ∈ N és k ⩽ n. Ez az ún. binomiális


együttható.
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Ismétlés nélküli permutációk száma


Hányféle ötjegyű számot lehet előállítani az 1, 3, 5, 7, 9 számjegyekből, ha ezekből
mindegyiket fel kell használni?
Megoldás: Az első számjegyet ötféleképpen, a következőt négy, aztán három, majd
kettő, végül az utolsót már csak egyféleképpen lehet kiválasztani. Így a megoldás
5! = 120.


Általánosan: n db elemet n! -féleképpen lehet sorbaállítani úgy, hogy minden elemet
pontosan egyszer használunk fel.


Ismétléses permutációk száma


Hányféle hétjegyű számot lehet előállítani az 1, 1, 3, 3, 3, 5, 5 számjegyekből, ha
ezekből mindegyiket fel kell használni?
Megoldás: Ezt a hét db számjegyet 7!-féleképpen állíthatjuk sorba, de ezekben egy
eset 2! · 3! · 2!-szor ismétlődik. Így a megoldás: 7!


2!·3!·2! = 210.


Általánosan: Ha n db elemből k1, k2, . . . , kr db azonos van (k1 + k2 + · · ·+ kr = n),


akkor ezek mindegyikének felhasználásával
n!


k1 · k2 · . . . · kr
különböző sorbaállítást


kaphatunk.


Ismétlés nélküli kombinációk száma


Ötöslottón hányféle számötöst sorsolhatnak ki?
Megoldás: Az első számot 90-féleképpen húzhatják, a következőt 89, majd 88 stb. az
ötödiket 86-féleképpen húzhatják ki. Azonban így azokat az eseteket is beleszámol-
tuk, amikor ugyanazt a számötöst húzták, csak más sorrendben. Egy konkrét szám-
ötöst 5!-féleképpen húzhatnak ki, így a megoldás 90·89·88·87·86


5!
=


(
90
5


)
= 43 949 268.


Általánosan: Ha n db különböző elemből k darabot (0 ⩽ k ⩽ n) kell kiválasztani
úgy, hogy egy elemet maximum csak egyszer választhatjuk és a sorrend nem számít,
akkor ezt


(
n
k


)
módon tehetjük meg.


Ismétléses kombinációk száma


10 db postaládába akarunk elhelyezni 15 db egyforma szórólapot. Hányféleképpen
tehetjük ezt meg?
Megoldás: A gondolatmenet hosszú, itt csak a végeredményt közöljük:


(
10+15−1


15


)
=


=
(
24
15


)
= 1307 504.


Általánosan: Ha n db különböző elemből k darabot kell kiválasztani úgy, hogy egy
elemet többször is választhatjuk és a sorrend nem számít, akkor ezt


(
n+k−1


k


)
módon


tehetjük meg.
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Ismétlés nélküli variációk száma


Egy 8 fős brigádból 5 embert kell kiválasztani 5 különböző munkára. Hányféleképpen
tehetjük ezt meg? (Feltesszük, hogy bármely munkára bárki kiválasztható.)
Megoldás: Az első munkára 8 ember közül választhatunk, a másodikra 7 stb. az
ötödikre 4 ember közül választhatunk. Így a megoldás: 8 ·7 ·6 ·5 ·4 =


(
8
5


)
·5! = 6720.


Általánosan: Ha n db különböző elemből k darabot (0 ⩽ k ⩽ n) kell kiválasztani
úgy, hogy egy elemet maximum csak egyszer választhatjuk és a sorrend is számít,
akkor ezt


(
n
k


)
· k! módon tehetjük meg.


Ismétléses variációk száma


Egy TOTÓ-tipposzlopot hányféleképpen tölthetünk ki?
Megoldás: 14 db meccsre kell tippelni, egyre 3-féleképpen (1, 2, x). Így a megoldás
314 = 4782 969.


Általánosan: Ha n db különböző elemből k darabot kell kiválasztani úgy, hogy egy
elemet többször is választhatjuk és a sorrend számít, akkor ezt nk módon tehetjük
meg.


példa


Visszatérve a klasszikus valószínűségi mezőhöz, számoljuk ki annak a valószínűségét,
hogy a TOTÓ-ban tízes találatot érünk el egy tipposzloppal.


Megoldás: Mint azt az előbb láttuk, Ω elemeinek a száma 314. Másrészt a tízes találat
(
13


10


)
· 23 · 3


esetben következhet be, ugyanis a 10 találatot az első 13 mérkőzésből kell elérni, ami(
13
10


)
· 23 esetben lehetséges, és még a pótmérkőzésre 3-féleképpen tippelhetünk. Így a


megoldás (
13
10


)
· 23 · 3
314


≈ 0,001435.


Geometriai valószínűségi mező


Legyen Ω egy geometriai alakzat, melynek mértéke pozitív valós szám. Ha annak a
valószínűsége, hogy egy Ω-ból kiválasztott pont egy A ⊂ Ω halmazba esik, arányos az
A mértékével, akkor geometriai valószínűségi mezőről beszélünk. (A halmaz mértéke
a geometriai alakzattól függően hosszúságot, területet vagy térfogatot jelent.)


Az egyes elemi események itt az Ω ponthalmaz egy-egy pontjának véletlenszerű
kiválasztását jelentik, amelyeknek a valószínűsége külön-külön nulla, hiszen a pont


44







mértéke nulla. Ebből látható, hogy ha egy esemény valószínűsége nulla, abból nem
következik, hogy a lehetetlen eseményről van szó.


Ha egy geometriai valószínűségi mezőben az Ω mértéke m(Ω) és az A esemény mér-


téke m(A), akkor P (A) = m(A)
m(Ω)


.


példa


Egységnyi hosszúságú szakaszon véletlenszerűen kiválasztunk két pontot. Mi a való-
színűsége, hogy a két pont távolsága kisebb egy adott h < 1 hosszú szakasznál?


Megoldás: Tekintsük az egyik végpontját az egységnyi hosszúságú szakasznak. A vá-
lasztott P1 illetve P2 pontoknak ettől a végponttól való távolsága legyen x illetve
y. Ekkor x ∈ [0,1] és y ∈ [0,1] teljesül. Legyen Ω = [0,1] × [0,1]. A feladatban leírt
kísérletet úgy is modellezhetjük, hogy erre az eseménytérre, mely most egy egységnyi
oldalhosszúságú négyzet, „rádobunk” egy geometriai pontot. A pontnak meg fog felel-
ni egy rendezett számpár, a koordinátái. Az első koordináta legyen x, a második y. A
kérdés az A := {(x, y) ∈ Ω : |y − x| < h} esemény valószínűsége. Az ábrán láthatjuk
az eseményteret, melyben a satírozott rész jelöli az A halmazt.


Felírva az A és az Ω területeinek a hányadosát, kapjuk a kérdéses valószínűséget:
P (A) = 2h− h2.


Buffon–féle tűprobléma : Egy vízszintes síklapon párhuzamos egyeneseket húzunk egy-
mástól 2 egységnyi távolságra. Mi a valószínűsége, hogy egy egységnyi hosszúságú tűt
ráejtve erre a lapra, az elmetszi valamelyik egyenest?


Megoldás: Legyen y a tű középpontjának a távolsága a hozzá legközelebb eső egye-
nestől, x pedig a tű és az egyenes által bezárt szög mértéke radiánban. Így x ∈ [0, π


2 ]
és y ∈ [0,1]. Legyen Ω = [0, π


2 ]× [0,1]. Ekkor az előző feladathoz hasonlóan járhatunk
el. Mivel adott x szögnél pontosan y ⩽ 1


2 sinx teljesülése esetén metszi az egyenest a
tű, ezért a kérdés az A := {(x, y) ∈ Ω : y ⩽ 1


2 sinx} esemény valószínűsége. Az ábrán
láthatjuk az eseményteret, melyben a satírozott rész jelöli az A halmazt.


Az Ω területe
π


2
, az A területe pedig


π
2∫


0


1


2
sinx dx =


1


2
, ezért P (A) =


1


π
.
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g y a k o r l ó f e l a d at o k


1. Dobjunk fel két kockát egyszerre. Mennyi annak a valószínűsége, hogy a dobott számok összege
hét?


2. Mennyi a valószínűsége, hogy ötös lottón kettes találatot érünk el?


3. Egy dobozban 7 piros és 5 fekete golyó van. Ha visszatevés nélkül kivesszük mind a 12 golyót,
mennyi annak a valószínűsége, hogy feketét húzunk utoljára?


4. Mennyi annak a valószínűsége, hogy 10 kockával dobva pontosan öt darab hatost dobunk?


5. Egy dobozban 5 piros golyó van. Hány feketét kell hozzátenni, hogy fekete golyó húzásának a
valószínűsége nagyobb legyen 0,9-nél?


6. Ketten megbeszélik, hogy este 8 és 9 óra között találkoznak. Megállapodnak abban, hogy egyik
a másikra maximum 15 percet vár. Mi a valószínűsége annak, hogy a találkozó létrejön?


7. Egy egységnyi oldalú négyzet két átellenes oldalán találomra kiválasztunk egy-egy pontot.
Mekkora annak a valószínűsége, hogy ezek távolsága


√
5
2 -nél kisebb?


8. Egy egységnyi hosszúságú szakaszon kiválasztunk két pontot. Ezek a szakaszt három részre
osztják. Mekkora a valószínűsége, hogy ezen három szakaszból háromszög szerkeszthető?


9. Két számot kiválasztunk a (0,1) intervallumban. Mi a valószínűsége annak, hogy ezek négyzet-
összege egynél nagyobb lesz?


10. Válasszunk véletlenszerűen egy pontot a (0,1) szakaszon, és egyet a (0,2) szakaszon. A kivá-
lasztott pontok legyenek P1 és P2. Mennyi a valószínűsége, hogy az OP1, OP2 és egy egységnyi
hosszúságú szakaszból háromszög alkotható, ha az O pont az origót jelöli?


3.3. Feltételes valószínűség


Kétszer dobunk egymás után egy kockával. Azt tippeljük a dobások előtt, hogy
elsőre 1-est és másodikra 2-est, vagy elsőre 2-est és másodikra 3-ast dobunk, azaz
bekövetkezik az A = {(1,2), (2,3)} esemény. Ekkor P (A) = 2


36
. Végezzük el az első


dobást, és tegyük fel, hogy bekövetkezik a B = {(1, i) : i = 1,2, . . . ,6} esemény,
azaz 1-est dobunk. Kérdés, hogy ilyen feltétellel mi az A esemény valószínűsége?
A B feltétellel az A csak úgy következhet be, ha másodikra 2-est dobunk, azaz
bekövetkezik az A ∩B esemény. Másrészt a biztos esemény szerepét most átvette a
B. Klasszikus valószínűségi mezőről van szó, így a valószínűség


|A ∩B|
|B|


=
|A ∩B|
|Ω|


:
|B|
|Ω|


=
P (A ∩B)


P (B)
=


1
36
6
36


=
1


6
,


ahol az abszolút érték jel a halmaz elemeinek a számát jelenti. A kapott eredményt
terjesszük ki tetszőleges valószínűségi mezőre.
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Legyenek A és B események és P (B) ̸= 0. Ekkor a


P (A | B) :=
P (A ∩B)


P (B)


hányadost az A esemény B-re vonatkozó feltételes valószínűségének nevezzük. Tehát
P (A | B) azt adja meg, hogy mennyi az A esemény bekövetkezésének a valószínűsége,
feltéve, hogy B bekövetkezik.


A feltételes valószínűség tulajdonságai :


P (A | B) = 0, ha A ∩B = ∅


P (A | B) = 1, ha B ⊂ A


P (A | B) = 1− P (A | B)


P (A ∪B | C) = P (A | C) + P (B | C)− P (A ∩B | C)


P (A \B | C) = P (A | C)− P (A ∩B | C)


példa


Két kockával dobunk. Mennyi a valószínűsége, hogy a dobott számok összege 7, fel-
téve, hogy a dobott számok összege páratlan?


Megoldás: Jelentse A azt az eseményt, hogy a dobott számok összege 7, B pedig azt,
hogy páratlan. Ekkor A ⊂ B miatt A ∩B = A, így


P (A | B) =
P (A ∩B)


P (B)
=


P (A)


P (B)
.


Mivel P (A) = 6
62 = 1


6 és P (B) = 1
2 , ezért P (A | B) = 1


3 .


Legyen P (A) = 1
4 , P (A | B) = 1


4 és P (B | A) = 1
2 . Számítsuk ki a P (A ∪ B) és a


P (A | B) valószínűségeket.


Megoldás: Mivel P (B | A) = P (A∩B)
P (A) = 1


2 , ezért P (A ∩ B) = 1
2 · 1


4 = 1
8 . Másrészt


P (A | B) = P (A∩B)
P (B) = 1


4 , ezért P (B) = 1
8/


1
4 = 1


2 . Mindezekből P (A ∪ B) = P (A) +


+ P (B)− P (A ∩B) = 1
4 + 1


2 − 1
8 = 5


8 , továbbá


P (A | B) =
P (A ∩B)


P (B)
=


P (A ∪B)


P (B)
=


1− P (A ∪B)


1− P (B)
=


1− 5
8


1− 1
2


=
3


4
.


Teljes valószínűség tétele


Legyen B1, B2, . . . , Bn teljes eseményrendszer, P (Bi) ̸= 0 minden i ∈ {1,2, . . . , n}
esetén, továbbá A egy tetszőleges esemény. Ekkor


P (A) =
n∑


i=1


P (A | Bi)P (Bi) .
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Bayes tétele


Legyen B1, B2, . . . , Bn teljes eseményrendszer, A egy tetszőleges esemény, továbbá
P (B1), P (B2), . . . , P (Bn), P (A) valószínűségek közül egyik sem nulla. Ekkor minden
k ∈ {1,2, . . . , n} esetén


P (Bk | A) =
P (A | Bk)P (Bk)
n∑


i=1


P (A | Bi)P (Bi)
.


Ha valamely A eseményt mint okozatot tekintjük, amit a B1, . . . , Bn okok válthat-
nak ki, akkor ismerve az okok valószínűségeit és hatásukat az okozat bekövetkezésére,
azaz a P (A | Bi) valószínűségeket tudva, a teljes valószínűség tétele értelmében az
okozat valószínűsége meghatározható. Másfelől, ha az A okozat már bekövetkezett,
akkor a Bayes-tétellel következtethetünk arra, hogy egy kiválasztott ok milyen va-
lószínűséggel szerepelt az A létrejöttében.


példa


Két doboz mindegyikében 100-100 darab csavar van. Az első dobozban 10 db selejtes,
a másodikban 6. A dobozok közül egyenlő valószínűséggel kiválasztjuk valamelyiket,
amelyből találomra kiveszünk egy csavart. Mennyi annak a valószínűsége, hogy ez a
csavar jó?


Megoldás: Jelölje B1 azt az eseményt, hogy az első dobozból húzunk, míg B2 azt,
hogy a másodikból, illetve A azt, hogy a kiválasztott csavar jó. Ekkor B1 és B2 teljes
eseményrendszert alkot, így a teljes valószínűség tétele értelmében


P (A) = P (A | B1)P (B1) + P (A | B2)P (B2) =
90


100
· 1
2
+


94


100
· 1
2
= 0,92.


Egy üzemben három gép dolgozik. Az első a termelés 25%-át adja, és 5%-os se-
lejtaránnyal dolgozik. A második 35%-ot termel, 4%-os selejtaránnyal, végül a har-
madik 40%-ot ad 2%-os selejttel. A termékek közül kiválasztunk egyet véletlenszerűen,
és azt tapasztaljuk, hogy az selejtes. Mi a valószínűsége, hogy az első gép gyártotta?


Megoldás: Jelentse A azt, hogy selejtes terméket választottunk, Bi pedig azt, hogy
az i-edik gép gyártotta (i = 1,2,3). Ekkor a Bayes-tétel értelmében a kérdéses való-
színűség


P (B1 | A) =
P (A | B1)P (B1)
3∑


i=1


P (A | Bi)P (Bi)


=
0,25 · 0,05


0,25 · 0,05 + 0,35 · 0,04 + 0,4 · 0,02
.


g y a k o r l ó f e l a d at o k


1. Három kockával dobunk. Mekkora a valószínűsége, hogy az egyik kockával hatost dobunk,
feltéve, hogy a dobott számok összege 12?
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2. Egy asztalnál négyen kártyáznak. A 32 lapos magyar kártyát egyenlően szétosztják egymás
között. Ha az egyik kiválasztott játékosnak nem jutott ász, mennyi a valószínűsége annak, hogy az
utána következő sem kapott?


3. Tegyük fel, hogy az A és B eseményekre P (A) = 0,7 és P (B) = 0,8 teljesül. Bizonyítsa be,
hogy ekkor 0,625 ⩽ P (A | B).


4. Tegyük fel, hogy P (A | B) = 0,7, P (A | B) = 0,3 és P (B | A) = 0,6. Mivel egyenlő P (A)?


5. 100 darab műszer között előfordulhat 0, 1, 2, 3 vagy 4 hibás. Ezek előfordulásának valószínűsége
rendre 1


6 , 5
12 , 1


4 , 1
12 , 1


12 . Feltételezve, hogy bármelyik műszert egyenlő valószínűséggel vehetjük meg,
mennyi annak a valószínűsége, hogy kifogástalan műszert veszünk?


6. Néhány doboz mindegyikében 600-600 darab golyó van. Az elsőben 2 golyó piros, és a többi
dobozban mindig 5-tel több a piros golyók száma, mint az előzőben volt. Az utolsó dobozban csak
3 golyó nem piros. Valamelyik dobozból egy golyót kiveszünk. Mennyi a valószínűsége, hogy pirosat
választunk?


7. Tegyük fel, hogy valamely üzemből kikerülő áru 0,75 valószínűséggel első osztályú. A kikerült
terméket vizsgálatnak vetik alá. Annak valószínűsége, hogy a vizsgálat során egy első osztályú
terméket nem első osztályúnak minősítenek 0,02. Annak valószínűsége viszont, hogy egy nem első
osztályút első osztályúnak minősítenek 0,05. Mennyi a valószínűsége, hogy egy olyan termék, amely
a vizsgálaton első osztályú minősítést kapott, valóban első osztályú?


3.4. Események függetlensége


Jelentse A azt az eseményt, hogy dobókockával nem dobunk 3-nál nagyobbat, vagyis
A = {1,2,3}, másrészt B jelentse azt, hogy 3-ast vagy 4-est dobunk, tehát B = {3,4}.
Ekkor P (A | B) = 1


2
és P (A) = 3


6
, vagyis A-nak a valószínűsége, függetlenül attól,


hogy B bekövetkezett-e vagy sem, mindig 1
2
.


A továbbiakban, ha P (A) = P (A | B) teljesül, akkor azt mondjuk, hogy A független
B-től. Könnyű ellenőrizni, hogy B is független A-tól, hiszen P (B) = P (B | A) = 1


3
.


A függetlenségnek ez a tulajdonsága általánosan is igaz, vagyis P (A)P (B) ̸= 0 esetén
P (A) = P (A | B) pontosan akkor teljesül, ha P (B) = P (B | A). Azaz A pontosan
akkor független B-től, ha B független A-tól. Ezért röviden csak azt mondjuk, hogy
az A és B események egymástól függetlenek.


Ha P (A)P (B) ̸= 0, akkor a függetlenség fogalma ekvivalens azzal, hogy P (A∩B) =
= P (A)P (B). Ezért a továbbiakban ezt fogadjuk el a függetlenség definíciójának:


Azt mondjuk, hogy az A és B események függetlenek, ha


P (A ∩B) = P (A)P (B) .


példa


Egy dobozban 2 fehér és 4 fekete golyó van. Visszatevés nélkül kiveszünk négy go-
lyót. Jelentse A azt az eseményt, hogy az első kihúzott golyó fekete. A B esemény


49







jelentse azt, hogy az utolsónak kivett golyó fekete. Ekkor az A és B események nem
függetlenek, mert P (A) = 4


6 , P (B) = 4
6 , P (A∩B) = 4·3


6·5 , azaz P (A∩B) ̸= P (A)P (B).


Antal és Béla céltáblára lőnek. Antal 0,8 valószínűséggel találja el a céltáblát, Béla
pedig 0,5-del. A lövések egymástól függetlenek. Ha Antal és Béla egy-egy lövést adnak
le, akkor mennyi a valószínűsége annak, hogy legalább az egyikőjük talál?


Megoldás: Az A esemény jelentse azt, hogy Antal talál, illetve B azt, hogy Béla talál.
Ekkor P (A ∪B) = P (A) + P (B)− P (A ∩B) = P (A) + P (B)− P (A)P (B) = 0,9.


g y a k o r l ó f e l a d at o k


1. Egy urnában 4 egyforma papírlap található. Mindegyikre három számjegy van írva egymás
mellé. Az elsőn 000, a másodikon 011, a harmadikon 101 és a negyediken 110 olvasható. Húzzunk
ki egy lapot. Jelentse Ai azt az eseményt, hogy olyan lapot húztunk, amelynek i-edik számjegye
1-es (i = 1,2,3). Mutassa meg, hogy az A1, A2, A3 események közül bármely kettő független.


2. Egy kockát és két pénzdarabot dobunk fel egyszerre. Mennyi a valószínűsége, hogy a kockán
6-ost, az egyik pénzérmén írást s a másikon fejet dobunk?


3.5. Eloszlás


Egy játékban 10 forintot nyerünk, ha egy pénzérme a fej oldalára esik, ellenkező eset-
ben pedig 5 forintot veszítünk. Ebben a kísérletben a biztos esemény Ω = {fej, írás}.
Az előbbi játékszabály leírható egy olyan függvénnyel, amely a fejhez 10-et rendel,
míg az íráshoz −5-öt. A továbbiakban egy ilyen függvényt – amely tehát egy Ω-n
értelmezett valósértékű függvény – valószínűségi változónak fogunk nevezni.


Egy valószínűségi változót diszkrét valószínűségi változónak nevezzük, ha van olyan
számsorozat, melynek az értékkészlete megegyezik a valószínűségi változó értékkész-
letével.


Ha ξ (ejtsd: kszí) diszkrét valószínűségi változó és Rξ az értékkészlete, akkor ξ
eloszlásán a


k 7→ P (ξ = k), k ∈ Rξ


függvényt értjük.


Csak diszkrét valószínűségi változó esetén definiálunk eloszlást. Más típusú való-
színűségi változókat az úgynevezett eloszlásfüggvénnyel, illetve sűrűségfüggvénnyel
fogjuk jellemezni, melyekről később esik szó.


Ha ξ diszkrét valószínűségi változó és Rξ az értékkészlete, akkor


∑


k∈Rξ


P (ξ = k) = 1 .
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Másrészt, ha nemnegatív számok összege 1, akkor van olyan diszkrét valószínűségi
változó, melynek ezek a számok alkotják az eloszlás értékkészletét.


példa


Húzunk egy lapot egy 32 lapos magyar kártyából. Adjuk meg a lap értékének eloszlá-
sát. (Számozott lap értéke az adott szám, alsó kettőt, felső hármat, a király négyet,
az ász 11-et ér.)


Megoldás: Egy lap lehetséges értékei 2,3,4,7,8,9,10,11, ezért P (ξ = k) = 4
32 minden


k ∈ {2,3,4,7,8,9,10,11} esetén.


Egy dobozban 9 fehér és 6 fekete golyó van. Hármat kiveszünk visszatevés nélkül.
Legyen ξ a kihúzott fehérek száma. Adjuk meg az eloszlását.


Megoldás: P (ξ = 0) =
(63)
(153 )


= 20
455 , P (ξ = 1) =


9·(62)
(153 )


= 135
455 , P (ξ = 2) =


(92)·6
(153 )


=


= 216
455 , P (ξ = 3) =


(93)
(153 )


= 84
455 .


Legyen 0 < p < 1 és q = 1−p. Alkothatnak-e a qpk−1, (k = 1,2, . . .) számok eloszlást?


Megoldás:
∞∑
k=1


qpk−1 = q
1−p = 1, így létezik olyan diszkrét valószínűségi változó,


amelynek ezek a számok alkotják az eloszlását. (Például, ha q annak a valószínűségét
jelenti, hogy egy esemény egy kísérletben bekövetkezik, és ξ azt jelenti, hogy a figyelt
esemény hányadik kísérletben következett be először, akkor ξ eloszlása ilyen. Ezt az
eloszlást – mivel ezek a számok geometriai sorozatot alkotnak – geometriai eloszlásnak
nevezzük.)


g y a k o r l ó f e l a d at o k


1. Két kockával dobunk. A dobott számok különbségének abszolútértéke valószínűségi változó.
Határozzuk meg az eloszlását.


2. Legyen a ξ valószínűségi változó értékkészlete a nemnegatív egész számok halmaza. A {ξ = k}
esemény valószínűsége arányos 1


k! -sal. Határozzuk meg az eloszlást.


3. Adja meg az ötös lottó jokerszámában a nullák számának eloszlását. (A jokerszám hatjegyű,
melynek a számjegyeit visszatevéses módszerrel húzzák ki.)


3.6. Eloszlásfüggvény


A ξ valószínűségi változó eloszlásfüggvénye


Fξ : R → R, Fξ(x) := P (ξ < x) .


Az eloszlásfüggvény monoton növekvő, ∞-ben 1, −∞-ben 0 a határértéke, továbbá
minden pontban balról folytonos.


51







Ha egy tetszőleges F : R → R függvény monoton növekvő, ∞-ben 1, −∞-ben 0 a
határértéke, továbbá minden pontban balról folytonos, akkor létezik olyan valószí-
nűségi változó, amelynek F az eloszlásfüggvénye.


Ha a, b ∈ R és a < b, akkor P (a ⩽ ξ < b) = Fξ(b)− Fξ(a) .


Ha ξ eloszlásfüggvénye x0-ban folytonos, akkor P (ξ = x0) = 0.


példa


Egy dobozban 9 fehér és 6 fekete golyó van. Hármat kiveszünk visszatevés nélkül.
Legyen ξ a kihúzott fehérek száma. Ekkor


{ξ < x} =







∅, ha x ⩽ 0,
{ξ = 0}, ha 0 < x ⩽ 1,
{ξ = 0} ∪ {ξ = 1}, ha 1 < x ⩽ 2,
{ξ = 0} ∪ {ξ = 1} ∪ {ξ = 2}, ha 2 < x ⩽ 3,
Ω, ha x > 3,


ezért


Fξ(x) =







0, ha x ⩽ 0,
20
455 , ha 0 < x ⩽ 1,
20+135


455 , ha 1 < x ⩽ 2,
20+135+216


455 , ha 2 < x ⩽ 3,
1, ha x > 3.


Létezik-e olyan valószínűségi változó, amelynek az alábbi F az eloszlásfüggvénye?


F : R → R, F (x) =


{
0, ha x < 1,
x−1
x+1 , ha x ⩾ 1.


Megoldás: Az F értelmezési tartománya R, másrészt x−1
x+1 = 1 − 2


x+1 miatt az F
monoton növekvő és ∞-ben 1 a határértéke. Mivel F (x) = 0, ha x < 1, ezért F -nek
−∞-ben 0 a határértéke. Könnyen látható, hogy F minden pontban folytonos. Tehát
ez eloszlásfüggvény.


Az első példában definiált diszkrét valószínűségi változó eloszlásfüggvényének min-
den Rξ-beli pontban szakadási helye van, azaz nem folytonos. Ez nem csak ennél az
esetnél van így. Diszkrét valószínűségi változó eloszlásfüggvényének pontosan azok-
ban a pontokban van szakadási helye, amelyek benne vannak a valószínűségi változó
értékkészletében.


g y a k o r l ó f e l a d at o k


1. Három kockával dobunk egyszerre. Számítsa ki a dobott számok összegének eloszlásfüggvényét
az x = 5,2 helyen.
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2. Vizsgálja meg a következő függvényeket. Melyik lehet eloszlásfüggvény?


F : R → R, F (x) =


{
0, ha x < 1,
2x−1
x+1 , ha x ⩾ 1,


F : R → R, F (x) =


{
0, ha x < 0,
x3


1+x2 , ha x ⩾ 0.


3. Két kockával dobunk. A dobott számok különbségének abszolútértéke valószínűségi változó.
Határozza meg az eloszlásfüggvényét.


4. Ketten megbeszélik, hogy este 8 és 9 óra között találkoznak. Mi a várakozási idő eloszlásfügg-
vénye?


3.7. Sűrűségfüggvény


A fizikában egy test tömegsűrűségét úgy adják meg, hogy a test tömegét elosztják
a térfogatával. Most is ilyen jellegű fogalmat határozunk meg, csak valószínűségi
változóra.


Legyen x ∈ R és ε > 0. Ekkor annak a valószínűsége, hogy egy ξ valószínűségi
változó az [x, x+ ε) intervallumban legyen


P (x ⩽ ξ < x+ ε) = Fξ(x+ ε)− Fξ(x).


Most ez lesz az adott intervallum „tömege”. Ezt kell elosztani az intervallum „térfo-
gatával”, azaz a hosszával, mely ε. Így a sűrűség


Fξ(x+ ε)− Fξ(x)


ε
.


Ebből az x pontban a sűrűséget úgy kaphatjuk meg, hogy az ε konvergál 0-hoz. Az
x-beli sűrűséget jelöljük fξ(x)-szel. Tehát


fξ(x) = lim
ε→0


Fξ(x+ ε)− Fξ(x)


ε
= F ′


ξ(x).


A ξ valószínűségi változót folytonosnak nevezzük, ha az eloszlásfüggvénye folytonos
és véges sok ponttól eltekintve differenciálható. Ekkor a ξ sűrűségfüggvénye


fξ(x) := F ′
ξ(x)


azon x pontokban, ahol Fξ differenciálható. A nem differenciálható pontokban a
sűrűségfüggvény tetszőleges nemnegatív értéket felvehet.
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példa


Legyen


F : R → R, F (x) :=







0, ha x ⩽ 0,
x, ha 0 < x ⩽ 1,
1, ha x > 1.


Ez az előző fejezet értelmében eloszlásfüggvény, azaz létezik olyan ξ valószínűségi
változó, melyre Fξ = F teljesül. Ekkor a ξ folytonos valószínűségi változó, mert Fξ


csak két pontban nem differenciálható, továbbá


fξ : R → R, fξ(x) =


{
1, ha 0 < x < 1,
0 különben.


Diszkrét valószínűségi változó nem lehet folytonos, ugyanis az eloszlásfüggvénye nem
minden pontban folytonos.


Létezik olyan valószínűségi változó, amely nem diszkrét és nem folytonos, de mi a
továbbiakban ilyen esetekkel nem foglalkozunk.


Ha ξ folytonos, akkor P (ξ = x) = 0 és


Fξ(x) =


x∫


−∞


fξ(t) dt


teljesül minden x ∈ R esetén, ahol
x∫


−∞
fξ(t) dt := lim


y→−∞


x∫
y


fξ(t) dt ún. improprius


integrál.


Ha ξ folytonos valószínűségi változó, a, b ∈ R és a < b, akkor


P (a ⩽ ξ < b) =


b∫


a


fξ(x) dx és
∞∫


−∞


fξ(x) dx = 1


ahol
∞∫


−∞
fξ(x) dx := lim


y→∞


y∫
−∞


fξ(x) dx szintén improprius integrál.


Ha az f : R → [0,∞) függvényre
∞∫


−∞
fξ(x) dx = 1 teljesül, akkor létezik olyan foly-


tonos valószínűségi változó, melynek f a sűrűségfüggvénye.


példa


Legyen a ξ folytonos valószínűségi változó eloszlásfüggvénye


Fξ(x) :=


{
0, ha x < 1,
x−1
x+1 , ha x ⩾ 1.
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Határozzuk meg a sűrűségfüggvényét.


Megoldás: Korábban láttuk, hogy Fξ valóban eloszlásfüggvény. Így


fξ(x) = F ′(x) = (0)′ = 0, ha x < 1 és


fξ(x) = F ′(x) =
(


x−1
x+1


)′
= x+1−(x−1)


(x+1)2 = 2
(x+1)2 , ha x ⩾ 1.


Legyen


f : R → R, f(x) :=


{
x+ 1


2 , ha 0 < x < 1,
0 különben.


Lehet-e ez sűrűségfüggvény? Ha igen, határozzuk meg az eloszlásfüggvényt.


Megoldás: f nemnegatív, továbbá


∞∫


−∞


f(x) dx =


1∫


0


(
x+


1


2


)
dx =


[
x2


2
+


x


2


]1


0


=
12


2
+


1


2
= 1,


tehát f sűrűségfüggvény. Így


F (x) =


x∫


−∞


f(t) dt =
x∫


0


(
t+


1


2


)
dt =


[
t2


2
+


t


2


]x


0


=
x2 + x


2
,


ha 0 ⩽ x < 1, illetve


F (x) =


x∫


−∞


f(t) dt =
x∫


−∞


0dt = 0,


ha x < 0 és


F (x) =


x∫


−∞


f(t) dt =
1∫


−∞


f(t) dt+
x∫


1


f(t) dt =


=


1∫


0


(
t+


1


2


)
dt+


x∫


1


0 dt =
[
t2


2
+


t


2


]1


0


+ 0 = 1,


ha x ⩾ 1.


g y a k o r l ó f e l a d at o k


1. Legyen


f : R → R, f(x) :=







x, ha 0 < x < 1,
2− x, ha 1 < x < 2,
0 különben.


Ez sűrűségfüggvény-e, és ha igen, mi a hozzátartozó eloszlásfüggvény? Ha ξ sűrűségfüggvénye f ,
határozza meg a P (−1 ⩽ ξ < 5) értékét.
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2. Legyen a ξ folytonos valószínűségi változó eloszlásfüggvénye


Fξ : R → R, Fξ(x) :=







0, ha x ⩽ 0,
1− cosx, ha 0 < x ⩽ π


2 ,
1 ha x > π


2 .


Határozza meg ξ sűrűségfüggvényét.


3.8. Várható érték


Egy játékban 6 forintot nyerünk, ha kockán 6-ost dobunk. Minden más esetben
annyi forintot veszítünk, amennyit a kocka mutat. Érdemes-e játszani ezt a játékot,
azaz hosszú távon átlagban egy játékban nyerünk vagy vesztünk? Például, ha ötször
játszunk és a dobássorozat eredménye 2, 6, 1, 2, 3, akkor játékonként átlagban


−2 + 6− 1− 2− 3


5
= −2


5


forintot nyertünk, azaz 2
5


forintot vesztettünk. A valószínűség tárgyalásakor leírt
tapasztalat szerint a relatív gyakoriság a valószínűség körül ingadozik. Így, ha ezt a
játékot n-szer játszottuk, ahol n nagy szám, akkor például 6-ost körülbelül n · 1


6
-szor


dobtunk. Ebből következően n dobás után játékonként átlagban körülbelül


−1 · n · 1
6
− 2 · n · 1


6
− 3 · n · 1


6
− 4 · n · 1


6
− 5 · n · 1


6
+ 6 · n · 1


6


n
= −3


2


forint a nyereség, azaz 1,5 forint a veszteség. Vagyis hosszú távon ezt a játékot nem
érdemes játszani.


Természetesen, ha „cinkeljük” a kockát, azaz nem egyforma valószínűséggel eshet
a kocka minden oldalára, akkor változik a helyzet. Ha például 1


2
valószínűséggel


dobunk 6-ost, a többi oldalára pedig 1
10


valószínűséggel esik a kocka, akkor az átlagos
nyeremény hosszú távon


−1 · n · 1
10


− 2 · n · 1
10


− 3 · n · 1
10


− 4 · n · 1
10


− 5 · n · 1
10


+ 6 · n · 1
2


n
=


3


2
,


vagyis ekkor már érdemes játszani. Általánosítva, ha pi valószínűséggel dobunk a
kockán i-t, akkor az eredmény


(−1) · p1 + (−2) · p2 + (−3) · p3 + (−4) · p4 + (−5) · p5 + 6 · p6,


melyet a nyeremény várható értékének nevezünk. Ezt általánosítjuk a következőkben.


Ha a ξ diszkrét valószínűségi változónak az értékkészlete {x1, x2, . . .}, akkor az


E(ξ) :=
∑


i


xiP (ξ = xi)
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összeget a ξ várható értékének nevezzük.


Ha ξ folytonos, akkor P (ξ = x) = 0 minden valós x esetén, ezért az előző definíció
ekkor nem alkalmazható közvetlenül. Analóg formulát azonban nyerhetünk, ha ξ-t
kis intervallumokon az intervallum alsó végpontjával helyettesítjük. Tehát


∑


i


xiP (xi ⩽ ξ < xi+1) =
∑


i


xi


xi+1∫


xi


fξ(x) dx ≈
∞∫


−∞


xfξ(x) dx


ahol · · · < x−2 < x−1 < x0 < x1 < x2 < · · · alulról és felülről nem korlátos sorozat.
Vagyis ha ξ folytonos valószínűségi változó, akkor az


E(ξ) :=


∞∫


−∞


xfξ(x) dx


számot a ξ várható értékének nevezzük.


Ha ξ és η valószínűségi változók és a, b ∈ R, akkor


E(aξ + bη) = aE(ξ) + bE(η) és E(aξ + b) = aE(ξ) + b .


Ha a ξ diszkrét valószínűségi változó értékkészlete {x1, x2, . . .}, akkor


E(ξ2) =
∑


i


x2
iP (ξ = xi) .


Ha a ξ folytonos valószínűségi változó, akkor


E(ξ2) =


∞∫


−∞


x2fξ(x) dx .


példa


Dobókockajátékban a ξ valószínűségi változó értéke legyen az a szám, amit a kocka
mutat. Határozzuk meg ξ, illetve ξ2 várható értékét.


Megoldás: Mivel a ξ értékkészlete {1,2,3,4,5,6}, ezért


E(ξ) =


6∑


i=1


xiP (ξ = xi) =


6∑


i=1


i · 1
6
= 3,5


és


E(ξ2) =


6∑


i=1


xi
2P (ξ = xi) =


6∑


i=1


i2 · 1
6
=


91


6
.


Legyen a ξ folytonos valószínűségi változó sűrűségfüggvénye


fξ : R → R, fξ(x) :=


{
2x ha 0 < x < 1,
0 különben.
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Határozzuk meg ξ, illetve ξ2 várható értékét.


Megoldás: Az fξ sűrűségfüggvény, mert egyrészt nemnegatív, másrészt


∞∫


−∞


fξ(x) dx =


1∫


0


2x dx =
[
x2


]1
0
= 1.


Így


E(ξ) =


∞∫


−∞


xfξ(x) dx =


1∫


0


2x2 dx =


[
2


3
x3


]1


0


=
2


3
,


E(ξ2) =


∞∫


−∞


x2fξ(x) dx =


1∫


0


2x3 dx =


[
1


2
x4


]1


0


=
1


2
.


g y a k o r l ó f e l a d at o k


1. Ketten megállapodnak, hogy este 8 és 9 óra között találkoznak. Mi a várakozási idő, illetve a
várakozási idő négyzetének várható értéke?


2. Két kockát feldobunk. Mi a dobott számok összegének, illetve a dobott számok abszolút elté-
résének várható értéke?


3. Egy gép egy indításra p valószínűséggel indul be. Várhatóan hányadik indításra fog beindulni
a gép? (Pontosabban ha ξ azt jelenti, hogy a gép hányadikra indult be, akkor kérdés a ξ várható
értéke.)


3.9. Szórásnégyzet


Egy szerencsejátékban akkor nyerünk, ha egy pénzérmével írást dobunk, ellenkező
esetben veszítünk. Bár ekkor a tét nagyságától függetlenül a nyeremény várható ér-
téke mindig 0, mégis például százezer forintos tétnél jobban meggondolnánk, hogy
játsszuk-e ezt a játékot. Nyilván azért, mert ekkor igaz, sokat lehet nyerni, de veszí-
teni is. Hiszen minél nagyobb a tét, annál nagyobb a nyeremény eltérése, szóródása
a várható értéktől.


A szórás mértékét a négyzetes eltérések várható értékével fogjuk jellemezni, ezért
ezt nem szórásnak, hanem szórásnégyzetnek fogjuk nevezni.


A ξ valószínűségi változó szórásnégyzete


D2(ξ) := E ((ξ − Eξ)2)


illetve szórása


D(ξ) :=


√
E
((


ξ − E(ξ)
)2)


.
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A szórásnégyzet tulajdonságai :


D2(ξ) = E(ξ2)− E2(ξ) ahol E2(ξ) :=
(
E(ξ)


)2.


D(aξ + b) = |a|D(ξ) ahol a, b ∈ R


példa


Adjuk meg az előző fejezet példáiban definiált valószínűségi változók szórásnégyzeteit,
illetve szórásait.


Megoldás: Az első példában E(ξ) = 3,5 és E(ξ2) = 91
6 , amelyből következik, hogy


D2(ξ) = 91
6 − 3,52 ≈ 2,9167 és D(ξ) ≈ 1,7078.


A másodikban E(ξ) = 2
3 és E(ξ2) = 1


2 , ezért D2(ξ) = 1
2−


(
2
3


)2
= 1


18 és D(ξ) ≈ 0,2357.


g y a k o r l ó f e l a d at o k


Adja meg az előző fejezet feladataiban definiált valószínűségi változók szórásnégy-
zeteit, illetve szórásait.


3.10. Nevezetes eloszlások


Binomiális eloszlás


Legyen egy dobozban egy piros és két fekete golyó. Vegyünk ki véletlenszerűen egy
golyót, majd tegyük vissza. Ezt ismételjük meg tízszer. Legyen ξ azon esetek száma,
amikor pirosat vettünk ki. Ez egy úgynevezett visszatevéses mintavétel. ξ a piros
golyó húzásának az ún. gyakorisága. Határozzuk meg ξ eloszlását.


A ξ értékkészlete {0,1, . . . ,10}. Annak a valószínűsége, hogy például az első k darab
húzáskor pirosat választunk, a többinél pedig nem, a húzások függetlensége miatt(
1
3


)k ·
(
2
3


)10−k. Másrészt
(
10
k


)
-féleképpen fordulhat elő, hogy pontosan k-szor húztunk


piros golyót. Így


P (ξ = k) =


(
10


k


)
·
(
1


3


)k


·
(
2


3


)10−k


.


Legyen {0,1, . . . , n} egy ξ diszkrét valószínűségi változó értékkészlete, melynek el-
oszlása


P (ξ = k) =


(
n


k


)
pk(1− p)n−k


ahol 0 < p < 1. Ekkor ξ-t n-edrendű p paraméterű binomiális eloszlású valószínűségi
változónak nevezzük.
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Az előző példában tehát ξ 10-edrendű 1
3


paraméterű binomiális eloszlású valószínű-
ségi változó.


Általánosan is igaz, hogy egy p valószínűségű esemény gyakorisága n db kísérlet
végrehajtása után n-edrendű p paraméterű binomiális eloszlású.


Ha a ξ egy n-edrendű p paraméterű binomiális eloszlású valószínűségi változó, akkor


E(ξ) = np és D2(ξ) = np(1− p) .


Vagyis az előző példában a piros golyó húzásszámának várható értéke 10 · 1
3
≈ 3,33,


illetve szórása
√


10 · 1
3
· 2
3
≈ 1,49.


Poisson-eloszlás


Legyen {0,1,2, . . .} egy ξ valószínűségi változó értékkészlete, melynek eloszlása


P (ξ = k) =
λk


k!
e−λ


ahol λ > 0 konstans. Ekkor ξ-t Poisson-eloszlású valószínűségi változónak nevezzük.


Ha ξ Poisson-eloszlású valószínűségi változó λ > 0 paraméterrel, akkor


E(ξ) = D2(ξ) = λ .


Nagy n és kis p esetén, λ = np paraméterű Poisson-eloszlás jól közelíti az n-edrendű
p paraméterű binomiális eloszlást.


példa


Ha n = 1000 lövést adunk le egy célra, és minden lövés egymástól függetlenül p =
= 0,004 valószínűséggel talál, akkor mi annak a valószínűsége, hogy 3-szor találunk
célba?


Megoldás: Mivel a találatok száma binomiális eloszlású, ezért


P (ξ = 3) =


(
1000


3


)
0,0043 · 0,996997,


de most használhatjuk a Poisson-eloszlással való közelítést. λ = np = 4, ezért


P (ξ = 3) ≈ 43


3!
e−4 ≈ 0,1954.


Egy félkilós kalácsban átlagban 80 mazsolaszem található. Mi a valószínűsége annak,
hogy egy 5 dekagrammos szeletben nincs mazsola?


Megoldás: Egy szeletben a mazsolaszemek száma (jelöljük ξ-vel) Poisson-eloszlásúnak
tekinthető. Egy szeletben az átlagos számuk 8, tehát λ = 8. Így P (ξ = 0) = 80


0! e
−8 =


= e−8.
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Egyenletes eloszlás


Legyen ξ folytonos valószínűségi változó, továbbá a < b valós számok. Ha ξ sűrűség-
függvénye


fξ : R → R, fξ(x) =


{
1


b−a
, ha a < x < b,


0 egyébként,


akkor ξ-t egyenletes eloszlású valószínűségi változónak nevezzük az (a, b) intervallu-
mon.


Az egyenletes eloszlás a geometriai valószínűségi mezőre jellemző. Legyen például
(Ω,A, P ) olyan geometriai valószínűségi mező, amelyben Ω = (a, b). Ekkor a


ξ : Ω → R, ξ(ω) := ω


az (a, b) intervallumon egyenletes eloszlású valószínűségi változó.


Az (a, b) intervallumon egyenletes eloszlású ξ valószínűségi változó eloszlásfüggvénye


Fξ : R → R, Fξ(x) =







0, ha x ⩽ a,
x−a
b−a


, ha a < x < b,
1, ha x ⩾ b.


Egyenletes eloszlású valószínűségi változó sűrűség- és eloszlásfüggvénye.


Ha ξ az (a, b) intervallumon egyenletes eloszlású valószínűségi változó, akkor


E(ξ) =
a+ b


2
és D2(ξ) =


(b− a)2


12
.


példa


Mekkora valószínűséggel vesz fel egy (−
√
3,
√
3) intervallumon egyenletes eloszlású


ξ valószínűségi változó olyan értéket, amely a várható értéktől a szórásnál nagyobb
értékkel tér el?
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Megoldás: Mivel E(ξ) = −
√
3+


√
3


2 = 0 és D(ξ) = 2
√
3√


12
= 1, ezért


P
(
|ξ − E(ξ)| > D(ξ)


)
= P (|ξ| > 1) = P


(
{ξ > 1} ∪ {ξ < −1}


)
=


= P (ξ > 1) + P (ξ < −1) = 1− Fξ(1) + Fξ(−1) =


= 1− 1 +
√
3


2
√
3


+
−1 +


√
3


2
√
3


≈ 0,4226.


Exponenciális eloszlás


Legyen ξ folytonos valószínűségi változó és λ > 0 valós szám. Ha ξ sűrűségfüggvénye


fξ : R → R, fξ(x) =


{
0, ha x ⩽ 0,
λe−λx, ha x > 0,


akkor ξ-t λ paraméterű exponenciális eloszlású valószínűségi változónak nevezzük.


Vizsgáljuk egy olyan alkatrész élettartamát, amely bármikor meghibásodhat, füg-
getlenül attól, hogy milyen régen állítottuk üzembe. Pontosabban, ha az alkatrész
x ideig működőképes maradt, akkor a következő y ideig ugyanakkora eséllyel fog
működni, mintha most állították volna üzembe. Ezt a tulajdonságot örökifjú tulaj-
donságnak nevezzük. Képlettel tehát minden x, y > 0 esetén


P (ξ ⩾ x+ y | ξ ⩾ x) = P (ξ ⩾ y)


teljesül, ahol ξ az élettartamot jelenti. Bizonyítható, hogy az ilyen alkatrész élettar-
tama exponenciális eloszlású.


Ha adott idő alatt egy esemény bekövetkezéseinek a száma Poisson-eloszlású, akkor
két ilyen esemény bekövetkezése között eltelt idő exponenciális eloszlású.


Ha ξ λ > 0 paraméterű exponenciális eloszlású valószínűségi változó, akkor az elosz-
lásfüggvénye


Fξ : R → R, Fξ(x) =


{
0, ha x ⩽ 0,
1− e−λx, ha x > 0.


Exponenciális eloszlású valószínűségi változó sűrűség- és eloszlásfüggvénye.
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Ha ξ λ > 0 paraméterű exponenciális eloszlású valószínűségi változó, akkor


E(ξ) =
1


λ
és D2(ξ) =


1


λ2
.


példa


Annak a valószínűsége, hogy egy benzinkútnál a tankolásra 6 percnél többet kell
várni, a tapasztalatok szerint 0,1. Mennyi a valószínűsége, hogy 3 percen belül sorra
kerülünk, feltételezve, hogy a várakozási idő exponenciális eloszlású?


Megoldás: Jelentse ξ a várakozási időt. Ekkor


P (ξ > 6) = 0,1


1− Fξ(6) = 0,1


Fξ(6) = 0,9


1− e−6λ = 0,9


e−6λ = 0,1


−6λ = ln 0,1


λ = −1


6
ln 0,1.


Ebből P (ξ < 3) = Fξ(3) = 1− e
1
2 ln 0,1 = 1−


√
0,1 ≈ 0,6838.


Normális eloszlás


Gauss a XIX. század elején a mérési hibák eloszlását tanulmányozva jutott el a
következő eloszláshoz:


Legyen ξ olyan folytonos valószínűségi változó, melynek sűrűségfüggvénye


fξ : R → R, fξ(x) =
1√
2π


e−
x2


2 .


Ekkor ξ-t standard normális eloszlású valószínűségi változónak nevezzük. Az előző
sűrűségfüggvényt φ -vel (ejtsd: fí) szokás jelölni.


A standard normális eloszlás eloszlásfüggvényét Φ -vel jelöljük. Tehát


Φ(x) =
1√
2π


x∫


−∞


e−
t2


2 dt.


Φ nem elemi függvény, azaz nem lehet felírni az eddig megismert ún. elemi függvé-
nyek és az alapműveletek véges sokszori alkalmazásával.


Φ(−x) = 1− Φ(x) minden x ∈ R esetén, továbbá Φ szigorúan monoton növekvő.
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Ez lehetővé teszi, hogy Φ értékeit táblázatba rendezzük, melyben elég a nemnegatív
x-ek helyettesítési értékeit megadni (lásd a 83. oldalon található táblázatot).


Legyen ξ standard normális eloszlású valószínűségi változó, m ∈ R és σ > 0 (ejtsd:
szigma). Ekkor a σξ+m valószínűségi változót m és σ paraméterű normális eloszlású
valószínűségi változónak nevezzük.


A standard normális eloszlás megegyezik az m = 0 és σ = 1 paraméterű normális
eloszlással.


Normális eloszlású valószínűségi változó sűrűség- és eloszlásfüggvénye.


Legyen ξ m és σ paraméterű normális eloszlású valószínűségi változó. Ekkor minden
x ∈ R esetén


Fξ(x) = Φ


(
x−m


σ


)
E(ξ) = m és D2(ξ) = σ2


példa


Egy gyár izzókat készít. Ezek élettartama normális eloszlású valószínűségi változó
1170 óra várható értékkel és 100 óra szórással. Hány órás működésre szóljon a garan-
cia, ha a gyár legfeljebb 5% garanciaigényt kíván kielégíteni?


Megoldás: Jelentse ξ egy izzó élettartamát órában mérve. Ha t órára vállalnak ga-
ranciát, akkor


P (ξ < t) ⩽ 0,05


Fξ(t) ⩽ 0,05


Φ


(
t− 1170


100


)
⩽ 0,05


1− Φ


(
1170− t


100


)
⩽ 0,05


0,95 ⩽ Φ


(
1170− t


100


)
.


Mivel Φ szigorúan monoton növekvő, és a táblázat alapján Φ(1,64) ≈ 0,95, ezért


1,64 ⩽
1170− t


100


t ⩽ 1006.


Tehát legfeljebb 1006 órára szóljon a garancia.
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g y a k o r l ó f e l a d at o k


1. 100 alkatrész között 9 selejtes van. Visszatevéses módszerrel kiválasztunk egy 50 elemű mintát.
Mi a valószínűsége, hogy lesz selejtes alkatrész a mintában? Mennyi a selejtesek számának várható
értéke és szórása?


2. Annak a valószínűsége, hogy egy üzemben a nyersanyagellátás valamely napon zavartalan,
0,75. Mekkora a valószínűsége, hogy 6 napon keresztül csak 3 napon át lesz a nyersanyagellátás
zavartalan? Mennyi lesz 6 nap alatt a zavartalan ellátású napok számának várható értéke?


3. Egy gép által gyártott termékek között naponta átlagosan 12 darab lesz selejtes, szórása
√
11,88.


Hány terméket készít a gép naponta?


4. Egy augusztusi éjszakán átlagban 10 percenként észlelhető csillaghullás. A megfigyelések szerint
az észlelt csillaghullások száma időben Poisson-eloszlású. Mennyi annak a valószínűsége, hogy egy
negyedóra alatt két csillaghullást látunk?


5. Egy 500 oldalas könyvben 200 sajtóhiba van. Mekkora a valószínűsége, hogy 10 véletlenszerű-
en kiválasztott lapon nem lesz sajtóhiba, ha feltételezzük, hogy a sajtóhibák száma egy oldalon
Poisson-eloszlású?


6. A ξ egyenletes eloszlású valószínűségi változó, és E(ξ) = D2(ξ) = 4. Írja fel ξ eloszlásfüggvényét.


7. Egy szövőgép 400 szállal dolgozik. Az egyes szálak élettartama, tehát az az idő, amíg a szál
el nem szakad, exponenciális eloszlású, átlagban 150 óra. A szakadások egymástól függetlenek.
Mennyi a valószínűsége, hogy a gép fonalszakadás miatt 3 órán belül megáll?


8. Egy cukorcsomagoló gép 10 dkg várható tömegű csomagokat készít 5 gramm szórással. Mekkora
annak a valószínűsége, hogy egy vásárolt csomagban 11 dkg-nál több cukrot kapunk, ha feltesszük,
hogy a töltött tömeg normális eloszlású?


3.11. A nagy számok törvénye


Csebisev-egyenlőtlenség


Ha ξ valószínűségi változó, akkor


P
(
|ξ − E(ξ)| ⩾ ε


)
⩽


D2(ξ)


ε2


illetve


P
(
|ξ − E(ξ)| < ε


)
⩾ 1− D2(ξ)


ε2


bármilyen ε > 0 esetén.


példa


Egy gyárban szögeket készítenek, melyeket egy automata gép csomagol. Egy csomag-
ban a szögek számának várható értéke 1000, szórása 10. A szögek számának eloszlását
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nem ismerjük. Legfeljebb mekkora a valószínűsége annak, hogy egy csomagban a szö-
gek száma a várható értéktől 20-szal vagy annál többel tér el?


Megoldás: Jelölje ξ a szögek számát. Ekkor a Csebisev-egyenlőtlenség alapján


P
(
|ξ − 1000| ⩾ 20


)
⩽


102


202
= 0,25.


A nagy számok Bernoulli-féle törvénye


Legyen n db kísérlet végrehajtása után ϱn egy adott A esemény gyakorisága, azaz
a bekövetkezéseinek a száma. Ekkor a ϱn


n
hányadost az A relatív gyakoriságának


nevezzük.


Alkalmazzuk a Csebisev-egyenlőtlenséget az A relatív gyakoriságára. Ekkor a követ-
kező törvényt kapjuk:


Legyen p := P (A) és q := 1− p. Ekkor minden ε > 0 esetén


P
(∣∣∣ϱn


n
− p


∣∣∣ ⩾ ε
)
⩽


pq


nε2
⩽


1


4nε2


illetve


P
(∣∣∣ϱn


n
− p


∣∣∣ < ε
)
⩾ 1− pq


nε2
⩾ 1− 1


4nε2
.


Ez a törvény azt állítja, hogy egy esemény relatív gyakorisága az esemény valószí-
nűségének adott környezetén kívül annál kisebb valószínűséggel fordulhat elő, minél
több kísérletet végeztünk. Tehát pontosan a valószínűség tárgyalásakor leírt tapasz-
talatot fejezi ki.


példa


Hány dobást kell végeznünk egy szabályos kockával, hogy a 6-os dobás valószínűségét
a 6-os relatív gyakorisága legalább 0,9 valószínűséggel 0,01-nél kisebb hibával megkö-
zelítse? Mi van akkor, ha a kocka cinkelt, azaz a 6-os dobásnak a valószínűségét nem
ismerjük?


Megoldás: Szabályos kocka esetén a 6-os dobásának valószínűsége 1
6 . Így a nagy szá-


mok törvénye alapján


P


(∣∣∣∣
ϱn
n


− 1


6


∣∣∣∣ < 0,01


)
⩾ 1−


1
6 · 5


6


n · 0,012
⩾ 0,9.


Ebből n ⩾ 13 889, vagyis legalább 13 889-szer kell dobni. Ha a kocka cinkelt, akkor


P
(∣∣∣ϱn


n
− p


∣∣∣ < 0, 01
)
⩾ 1− 1


4n · 0,012
⩾ 0,9,


melyből n ⩾ 25 000 adódik.
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g y a k o r l ó f e l a d at o k


1. A tapasztalatok szerint egy üzemben a termékek 95%-a hibátlan. Az üzemnek meghatározott
idő alatt százezer darab terméket kell készíteni. Legalább mennyi a valószínűsége, hogy a legyártott
termékek közül 93 000 és 97 500 közé esik a hibátlan termékek száma?


2. Egy célpontra 200 lövést adnak le. A találat valószínűsége minden lövésnél 0,4. Milyen határok
közé fog esni legalább 0,9 valószínűséggel a találatok száma?


3. Valamely társadalmi rétegben meg akarjuk határozni a szeszfogyasztók arányát. Hány megfi-
gyelést kell végezni ahhoz, hogy a kapott arány a valódi aránytól 0,95 valószínűséggel legfeljebb
0,01-dal térjen el?


3.12. Moivre–Laplace-tétel


Korábban láttuk, hogy a binomiális eloszlás bizonyos feltételekkel jól közelíthető
Poisson-eloszlással. A Moivre – Laplace-tétel azt állítja, hogy n-edrendű binomiális
eloszlás eloszlásfüggvénye nagy n-re jól közelíthető normális eloszlással.


Legyen ξ egy n-edrendű p paraméterű binomiális eloszlású valószínűségi változó és
q := 1− p. Ekkor minden x ∈ R esetén


lim
n→∞


P


(
ξ − np
√
npq


< x


)
= Φ(x)


teljesül. A gyakorlatban ez azt jelenti, hogy nagy n esetén


P (ξ < x) ≈ Φ


(
x− np
√
npq


)
.


példa


Ha n = 1000 lövést adunk le egy célra, és minden lövés egymástól függetlenül p = 0,11
valószínűséggel talál, akkor mi annak a valószínűsége, hogy 100-nál kevesebbszer ta-
lálunk célba?


Megoldás: Legyen ξ a találat gyakorisága, ami binomiális eloszlású. Ebből követke-
zően


P (ξ < 100) =


99∑


k=0


(
1000


k


)
· 0,11k · 0,891000−k,


amit nehéz kiszámolni. De alkalmazhatjuk a Moivre – Laplace-tételt, mely szerint


P (ξ < 100) ≈ Φ


(
100− 110√
110 · 0,89


)
≈ Φ(−1,01) = 1− Φ(−1,01) ≈ 0,1562.


Egy gyárból kikerülő termékek 1%-a selejtes. Ha 500 darab terméket vásárolunk, mi
a valószínűsége, hogy ezek között a selejtesek száma 7 és 14 között lesz?


Megoldás:


P (7 ⩽ ξ ⩽ 14)≈Φ


(
14− 500 · 0,01√
500 · 0,01 · 0,99


)
− Φ


(
7− 500 · 0,01√
500 · 0,01 · 0,99


)
≈ 0,184.
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g y a k o r l ó f e l a d at o k


1. Egy szabályos dobókockával 100-szor dobva, mi a valószínűsége, hogy a hatos dobások száma
15 és 20 közé esik?


2. Egy alkatrész élettartama exponenciális eloszlású, átlagban másfél év. Mi a valószínűsége, hogy
2000 ilyen alkatrész között 1000-nél kevesebb lesz azok száma, melyek élettartama egy évnél keve-
sebb?


68







4. fejezet


Lineáris algebra


4.1. Mátrixok


Ha sok számadattal dolgozunk, akkor az áttekinthetőség miatt célszerű ezeket táb-
lázatba rendezni.


Mátrixnak nevezünk m · n darab aij (i = 1, . . . ,m; j = 1, . . . , n) módon jelölt valós
számok alábbi táblázatba rendezését:






a11 a12 . . . a1n
a21 a22 . . . a2n
...


... . . . ...
am1 am2 . . . amn






Azt mondjuk, hogy ez a mátrix m× n típusú, mert m sorból és n oszlopból áll.
Az aij -vel jelölt szám az i-edik sorban és a j-edik oszlopban található. A fenti


mátrixot részletes kiírása helyett a következő módokon is szokták jelölni : (aij)m×n


vagy Am×n illetve ha a típus máshonnan kiderül, esetleg nem fontos, akkor A .


Az An×n mátrixot n-edrendű négyzetes mátrixnak nevezzük. Ebben az ún. főátlót
az a11, a22, . . . , ann számok alkotják.


Például a 

1 2 3
4 5 6
7 8 9






mátrix rendje 3 és a főátlójának az elemei 1, 5, 9.


A háromszögmátrix olyan négyzetes mátrix, melynek a főátlója felett vagy alatt
csupa 0 áll. Például 



1 0 0
4 5 0
7 8 9



 vagy




1 2 3
0 5 6
0 0 9



 .
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Az átlós mátrix olyan négyzetes mátrix, melynek a főátlója felett és alatt csupa 0
áll. Például 



1 0 0
0 5 0
0 0 9



 .


Az n-edrendű egységmátrix olyan n-edrendű átlós mátrix, melynek főátlójában csupa
1 áll. Jele: En . Például a harmadrendű egységmátrix


E3 :=




1 0 0
0 1 0
0 0 1



 .


Ha egy tetszőleges A mátrix sorait rendre felcseréljük az oszlopaival, akkor a mátrix
transzponáltját kapjuk. Jele: A⊤ . Például


(
1 2 3
4 5 6


)⊤


=




1 4
2 5
3 6






Nyilván egy m×n típusú mátrix transzponáltja n×m típusú. Egyszerű tulajdonság
még, hogy


(A+B)⊤ = A⊤ +B⊤


Az n× 1 típusú mátrixot oszlopvektornak nevezzük. Például


1
2
3






Az 1× n típusú mátrixot sorvektornak nevezzük. Például
(
1 2 3


)


Ha egy m× n típusú mátrix minden eleme 0, akkor azt m× n típusú nullmátrixnak
nevezzük. Jele: Om×n . Például a 2× 3 típusú nullmátrix


O2×3 =


(
0 0 0
0 0 0


)


4.2. Műveletek mátrixokkal


Összeadás, kivonás, számmal való szorzás


(aij)m×n + (bij)m×n := (aij + bij)m×n


(aij)m×n − (bij)m×n := (aij − bij)m×n


k · (aij)m×n := (k · aij)m×n, ahol k ∈ R
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példa
(
1 2 3
4 5 6


)
+


(
4 5 6
7 8 9


)
=


(
5 7 9
11 13 15


)


(
9 8 7
6 5 4


)
−


(
1 2 3
4 5 6


)
=


(
8 6 4
2 0 −2


)


2 ·
(
1 2 3
4 5 6


)
=


(
2 4 6
8 10 12


)


−−−Am×n := (−1) ·Am×n. Ezt a mátrixot az Am×n mátrix ellentettjének nevezzük.


Nyilván −−−Am×n +Am×n = Om×n.


Mátrixok szorzása


Két mátrix akkor szorozható össze, ha az első mátrix oszlopainak a száma meg-
egyezik a második mátrix sorainak a számával, azaz Am×n ·Bn×p alakú szorzatokat
értelmezünk. Ekkor az eredmény m×p típusú mátrix lesz, melynek az i-edik sorában
és j-edik oszlopában levő elemet a következő képlettel kell kiszámolni:


ai1 · b1j + ai2 · b2j + · · ·+ ain · bnj


azaz az A mátrix i-edik sorának az elemeit rendre megszorozzuk a B mátrix j-edik
oszlopának az elemeivel, majd ezeket összeadjuk (sor-oszlop kompozíció).


Példaként végezzük el a következő szorzást:
(
1 2
3 4


)
·
(
1 2 3
4 5 6


)
.


A számolást célszerű az alábbiak szerint végezni:


1 2 3
4 5 6


1 2 1 · 1 + 2 · 4 = 9 1 · 2 + 2 · 5 = 12 1 · 3 + 2 · 6 = 15
3 4 3 · 1 + 4 · 4 = 19 3 · 2 + 4 · 5 = 26 3 · 3 + 4 · 6 = 33


Tehát (
1 2
3 4


)
·
(
1 2 3
4 5 6


)
=


(
9 12 15
19 26 33


)
.


Megmaradnak a számoknál jól ismert asszociatív és disztributív tulajdonságok:


(A ·B) ·C = A · (B ·C)


(A+B) ·C = A ·C+B ·C
A · (B+C) = A ·B+A ·C
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Másrészt a kommutatív tulajdonság itt nem teljesül általában, azaz A ·B ̸= B ·A.


Érdekes tulajdonság, hogy a szorzás és transzponálás sorrendjének felcserélésekor a
tényezők sorrendje is felcserélődik, azaz


(A ·B)⊤ = B⊤ ·A⊤ .


Jól ismert, hogy a · 1 = a minden a ∈ R esetén. A négyzetes mátrixok világában az
1 szerepét az egységmátrix veszi át, ugyanis bizonyítható, hogy


An×n · En = En ·An×n = An×n .


Mátrixok inverze


Számok reciproka az 1 segítségével definiált. Ugyanis az a ̸= 0 szám reciprokán azt
az a−1-gyel jelölt számot értjük, melyre teljesül, hogy a · a−1 = 1. (Ebből lehet
definiálni az osztást is. Legyen a


b
:= a · b−1, ahol b ̸= 0. Nyilván ebből következik,


hogy b−1 = 1
b
.)


Mivel a négyzetes mátrixok körében van egység, ezért itt is lehet definiálni reciprokot,
de ezt inverznek fogjuk nevezni.


Egy n-edrendű A négyzetes mátrix inverzén egy olyan n-edrendű A−1-gyel jelölt
négyzetes mátrixot értünk, melyre teljesül, hogy


A ·A−1 = A−1 ·A = En .


példa


Számítsuk ki a
(
0 1
2 3


)
mátrix inverzét.


Megoldás: Legyen
(
a b
c d


)
:=


(
0 1
2 3


)−1


, azaz
(
a b
c d


)
·
(
0 1
2 3


)
=


(
1 0
0 1


)
. Ebből


a következő egyenletrendszert kapjuk:


2b = 1


a+ 3b = 0


2d = 0


c+ 3d = 1


Ennek megoldása a = − 3
2 , b = 1


2 , c = 1, d = 0. Tehát


(
0 1
2 3


)−1


=


(
− 3


2
1
2


1 0


)
.
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g y a k o r l ó f e l a d at o k


1. 3 ·
(
0 −4 7
9 1 −2


)
+ 2 ·




2 1
4 −1
7 5






⊤


= ?


2.
(
1 8 1
7 −2 3


)
·




1 3 1 −1
3 0 4 0
2 0 −3 5



 = ?


3.
(
5 2
0 3


)−1


= ?


4.
(
4 12
2 6


)−1


= ?


A számoknál csak nullától különböző esetben van reciprok. A négyzetes mátrixoknál
viszont nem igaz, hogy csak a nullmátrixnak nincs inverze (lásd az utolsó példát).
Ahhoz, hogy az inverz létezéséhez megismerjük a feltételt, meg kell ismerkednünk a
determináns fogalmával.


4.3. Determináns


Minden An×n négyzetes mátrixhoz hozzá fogunk rendelni egy számot, amit a mátrix
determinánsának nevezünk és detAn×n módon jelölünk.


Az elsőrendű mátrix determinánsa:


detA1×1 = det(a11) := a11


Tetszőleges n-edrendű (n ⩾ 2) mátrix determinánsa:


detAn×n = det






a11 a12 . . . a1n
a21 a22 . . . a2n
...


... . . . ...
an1 an2 . . . ann



 :=


n∑


j=1


(−1)1+ja1j detA1j


ahol az Aij egy olyan (n − 1)-edrendű mátrix, amit úgy kapunk, hogy az An×n


i-edik sorát és j-edik oszlopát töröljük. Az Aij determinánsát az An×n mátrix aij
eleméhez tartozó aldeterminánsának nevezzük.


Például


A :=




1 2 3
4 5 6
7 8 9



 esetén A12 :=


(
4 6
7 9


)
.
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A determinánsoknál szokás még a következő jelölés is :
∣∣∣∣∣∣∣∣∣


a11 a12 . . . a1n
a21 a22 . . . a2n
...


... . . . ...
an1 an2 . . . ann


∣∣∣∣∣∣∣∣∣
:= det






a11 a12 . . . a1n
a21 a22 . . . a2n
...


... . . . ...
an1 an2 . . . ann






A determináns fogalma ún. rekurzív módon lett megadva. Ez esetünkben azt jelenti,
hogy egy n-edrendű mátrix determinánsát (n−1)-edrendű mátrixok determinánsai-
nak segítségével definiáltuk. Vagyis egy másodrendű mátrix determinánsa meghatá-
rozható elsőrendű mátrixok determinánsaival, ami már definiált, így a másodrendű
eset is definiált. Ebből definiáltá vált a harmadrendű eset is, és így tovább. Példaként
meghatározzuk a másod- illetve harmadrenű esetet:


∣∣∣∣
a11 a12
a21 a22


∣∣∣∣ = a11a22 − a12a21


∣∣∣∣∣∣


a11 a12 a13
a21 a22 a23
a31 a32 a33


∣∣∣∣∣∣
= a11


∣∣∣∣
a22 a23
a32 a33


∣∣∣∣− a12


∣∣∣∣
a21 a23
a31 a33


∣∣∣∣+ a13


∣∣∣∣
a21 a22
a31 a32


∣∣∣∣


példa
∣∣∣∣
1 2
3 4


∣∣∣∣ = 1 · 4− 2 · 3 = −2


∣∣∣∣∣∣


1 2 3
4 5 6
7 8 9


∣∣∣∣∣∣
= 1 ·


∣∣∣∣
5 6
8 9


∣∣∣∣− 2 ·
∣∣∣∣
4 6
7 9


∣∣∣∣+ 3 ·
∣∣∣∣
4 5
7 8


∣∣∣∣ = 1 · (5 · 9− 6 · 8)− 2 · (4 · 9− 6 · 7) +


+ 3 · (4 · 8− 5 · 7) = 0


Kifejtési tétel


A determinánst definíció alapján úgy kell kiszámolni, hogy az első sor minden elemét
megszorozzuk a hozzátartozó aldeterminánssal és még −1-gyel is, ha a sor- és oszlop-
indexek összege páratlan, majd a kapott számokat össze kell adni. Ezt a determináns
első sor szerinti kifejtésnek szokták nevezni.


A kifejtési tétel azt állítja, hogy a determináns értéke nem csak az első sor szerinti
kifejtéssel jön ki. Bármelyik sorral vagy oszloppal történő kifejtés során ugyanazt
kapjuk. Tehát az i-edik sor szerinti kifejtéssel


∣∣∣∣∣∣∣∣∣


a11 a12 . . . a1n
a21 a22 . . . a2n
...


... . . . ...
an1 an2 . . . ann


∣∣∣∣∣∣∣∣∣
=


n∑


j=1


(−1)i+jaij detAij minden i = 1, 2, . . . , n esetén,
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illetve a j-edik oszlop szerinti kifejtéssel
∣∣∣∣∣∣∣∣∣


a11 a12 . . . a1n
a21 a22 . . . a2n
...


... . . . ...
an1 an2 . . . ann


∣∣∣∣∣∣∣∣∣
=


n∑


i=1


(−1)i+jaij detAij minden j = 1, 2, . . . , n esetén.


példa


Számolja ki a következő determinánst definíció szerint, a 2. sor szerint kifejtve, illetve
a 3. oszlop szerint kifejtve: ∣∣∣∣∣∣


1 2 3
4 0 0
5 6 7


∣∣∣∣∣∣
= ?


Megoldás: Definíció szerint
∣∣∣∣∣∣


1 2 3
4 0 0
5 6 7


∣∣∣∣∣∣
= 1 ·


∣∣∣∣
0 0
6 7


∣∣∣∣− 2 ·
∣∣∣∣
4 0
5 7


∣∣∣∣+ 3 ·
∣∣∣∣
4 0
5 6


∣∣∣∣ = 16


2. sor szerint kifejtve
∣∣∣∣∣∣


1 2 3
4 0 0
5 6 7


∣∣∣∣∣∣
= −4 ·


∣∣∣∣
2 3
6 7


∣∣∣∣+ 0 ·
∣∣∣∣
1 3
5 7


∣∣∣∣− 0 ·
∣∣∣∣
1 2
5 6


∣∣∣∣ = 16


3. oszlop szerint kifejtve
∣∣∣∣∣∣


1 2 3
4 0 0
5 6 7


∣∣∣∣∣∣
= 3 ·


∣∣∣∣
4 0
5 6


∣∣∣∣− 0 ·
∣∣∣∣
1 2
5 6


∣∣∣∣+ 7 ·
∣∣∣∣
1 2
4 0


∣∣∣∣ = 16


Az előző példában a 2. sor szerint kifejtve kellett a legkevesebbet számolni, mert két
tag is 0 volt, hiszen a 2. sorban két 0 szerepel. A számolásnál éppen ezért célszerű
olyan sort vagy oszlopot választani, amiben minél több 0 szerepel.


Determináns elemi tulajdonságai


Az n-edrendű mátrix determinánsának kiszámolásakor n! tagú összeget kell kiszá-
molnunk, melyben a tagok egyenként n tényezős szorzatok. Ez például n = 5 esetén
120 tagot jelent, tagonként 5 tényezővel. Ez rengeteg számolást jelent.


Ezt a számolást lehet egyszerűsíteni, ha figyelembe vesszük a determinánsok elemi
tulajdonságait :


1. Ha egy négyzetes mátrix valamelyik sorában vagy oszlopában csak 0 szerepel,
akkor a determinánsa is 0.


2. Ha A négyzetes mátrix, akkor detA = detA⊤.
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3. Háromszögmátrix determinánsa a főátló elemeinek szorzata.


4. Ha egy négyzetes mátrix valamelyik sorának vagy oszlopának minden elemét szo-
rozzuk egy c konstanssal, akkor a kapott mátrix determinánsa az eredeti mátrix
determinánsának c-szerese.


5. Ha egy négyzetes mátrix két sorát vagy két oszlopát felcseréljük, akkor a kapott
mátrix determinánsa az eredeti mátrix determinánsának −1-szerese.


6. Ha egy négyzetes mátrix két sora vagy két oszlopa megegyezik, akkor a mátrix
determinánsa 0.


7. Ha egy négyzetes mátrix valamelyik sorához hozzáadjuk egy másik sorának egy
konstansszorosát, vagy valamelyik oszlopához hozzáadjuk egy másik oszlopának
egy konstansszorosát, akkor a kapott mátrix determinánsa megegyezik az eredeti
mátrix determinánsával.


példa


∣∣∣∣∣∣


1 2 3
4 5 6
7 8 9


∣∣∣∣∣∣
=


∣∣∣∣∣∣


1 2 3
4 5 6
3 0 −3


∣∣∣∣∣∣
=


∣∣∣∣∣∣


4 2 0
4 5 6
3 0 −3


∣∣∣∣∣∣
=


=


∣∣∣∣∣∣


4 2 0
0 3 6
3 0 −3


∣∣∣∣∣∣
=


∣∣∣∣∣∣


4 2 0
6 3 6
0 0 −3


∣∣∣∣∣∣
=


∣∣∣∣∣∣


0 2 0
0 3 6
0 0 −3


∣∣∣∣∣∣
= 0


Itt rendre a következő átalakításokat végeztük:


1. A 3. sorhoz hozzáadtuk az 1. sor −4-szeresét.
2. Az 1. sorhoz hozzáadtuk a 3. sort.
3. A 2. sorhoz hozzáadtuk az 1. sor −1-szeresét.
4. Az 1. oszlophoz hozzáadtuk a 3. oszlopot.
5. Az 1. oszlophoz hozzáadtuk a 2. oszlop −2-szeresét.


Az utolsó determináns azért 0, mert az első oszlopában csak 0 van.


g y a k o r l ó f e l a d at o k


1.
∣∣∣∣
1997 18
560 −1


∣∣∣∣ = ?


2.


∣∣∣∣∣∣


−12 −27 −34
−1 −10 −8
15 26 27


∣∣∣∣∣∣
= ?


3.


∣∣∣∣∣∣∣∣


1 1 1 1
1 2 3 4
1 3 6 10
1 4 10 20


∣∣∣∣∣∣∣∣
= ?
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4.


∣∣∣∣∣∣∣∣


−1 −1 2 1
4 5 −6 −3
4 5 −5 −4
1 6 3 −3


∣∣∣∣∣∣∣∣
= ?


5.


∣∣∣∣∣∣∣∣


−2 3 1 −2
2 3 0 1
1 −2 0 0
−3 4 −3 2


∣∣∣∣∣∣∣∣
= ?


4.4. Inverz mátrix kiszámítása determinánsok segít-
ségével


Most térjünk vissza arra a kérdésre, hogy egy négyzetes mátrixnak mikor létezik az
inverze. Bizonyítható a következő tétel :


Egy n-edrendű A négyzetes mátrixnak pontosan akkor létezik az inverze, ha a de-
terminánsa nem 0, és ekkor


A−1 =
1


detA


(
(−1)i+j detAij


)⊤
n×n


.


példa


A =


(
0 1
2 3


)
esetén detA = −2, detA11 = 3, detA12 = 2, detA21 = 1 és detA22 =


= 0. Így (
0 1
2 3


)−1


=
1


−2


(
3 −2
−1 0


)⊤
=


(
− 3


2
1
2


1 0


)
.


g y a k o r l ó f e l a d at o k


1.




1 2 3
2 4 5
3 5 6






−1


= ?


2.




1 2 3
1 3 4
1 4 3






−1


= ?


3.




−1 0 −1
2 1 0
−3 −1 −4






−1


= ?


4.






4 0 −2
2 1 3
−6 −1 −1






−1


= ?
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4.5. Lineáris egyenletrendszerek


A lineáris egyenletrendszer általános alakja


a11x1 + a12x2 + · · ·+ a1nxn = b1


a21x1 + a22x2 + · · ·+ a2nxn = b2
...


am1x1 + am2x2 + · · ·+ amnxn = bm


ahol aij és bi (i = 1, . . . ,m, j = 1, . . . , n) adott valós számokat, míg x1, . . . , xn isme-
retlen valós számokat jelölnek. Az aij számokat együtthatóknak nevezzük. Feltesszük,
hogy az (aij)m×n ún. együttható mátrix minden oszlopában van nullától különböző
szám.


Azt mondjuk, hogy az előző egyenletrendszernek (α1, α2, . . . , αn) rendezett szám
n-es megoldása, ha a következő egyenlőségek mindegyike teljesül :


a11α1 + a12α2 + · · ·+ a1nαn = b1


a21α1 + a22α2 + · · ·+ a2nαn = b2
...


am1α1 + am2α2 + · · ·+ amnαn = bm


példa


5x1 + 3x2 = 2


4x1 + 2x2 = 1


egyenletrendszernek (− 1
2 ,


3
2 ) rendezett számpár megoldása, mert


5 ·
(
−1


2


)
+ 3 · 3


2
= 2


4 ·
(
−1


2


)
+ 2 · 3


2
= 1


egyenlőségek teljesülnek.


Gauss-elimináció


Lineáris egyenletrendszer egyik megoldási módja az ún. Gauss-elimináció. Tekintsük
a


a11x1 + a12x2 + · · ·+ a1nxn = b1


a21x1 + a22x2 + · · ·+ a2nxn = b2
...


am1x1 + am2x2 + · · ·+ amnxn = bm
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lineáris egyenletrendszert, ahol az (aij)m×n együttható mátrix minden oszlopában
van nullától különböző szám. Feltesszük még, hogy a11 ̸= 0, ami az egyenletek
felcserélésével mindig elérhető.


Osszuk el az 1. egyenletet a11-gyel, majd vonjuk ki az 1. egyenlet a21-szeresét a 2.,
a31-szeresét a 3., és így tovább, az am1-szeresét az m. egyenletből. Ekkor a következő
egyenletrendszert kapjuk:


x1 + c12x2 + · · ·+ c1nxn = b′1
c22x2 + · · ·+ c2nxn = b′2


...
cm2x2 + · · ·+ cmnxn = b′m


Ismételjük meg az eljárást a


c22x2 + · · ·+ c2nxn = b′2
...


cm2x2 + · · ·+ cmnxn = b′m


egyenletrendszerrel. Az eljárást addig folytassuk, amíg elfogynak az egyenletek, vagy
az egyenletrendszer további egyenleteinek bal oldalán minden együttható 0. Az utol-
só lépés után a következő egyenletrendszert kapjuk:


x1 + d12x2 + d13x3 + · · ·+ d1rxr + · · ·+ d1nxn = b∗1
x2 + d23x3 + · · ·+ d2rxr + · · ·+ d2nxn = b∗2


...
xr + · · ·+ drnxn = b∗r


0 = b∗r+1


0 = b∗r+2


...
0 = b∗m


Az eredeti egyenletrendszer pontosan akkor oldható meg, ha


b∗r+1 = b∗r+2 = · · · = b∗m = 0.


Megoldható esetben a megoldások az előbbi egyenletrendszer segítségével adhatók
meg:


x1 + d12x2 + · · ·+ d1rxr = b∗1 − (d1,r+1xr+1 + · · ·+ d1nxn)


x2 + · · ·+ d2rxr = b∗2 − (d2,r+1xr+1 + · · ·+ d2nxn)


...
xr = b∗r − (dr,r+1xr+1 + · · ·+ drnxn)


Ebben az utolsó egyenletből xr, az előtte lévőből xr−1, és így tovább, az elsőből x1


kifejezhető. Ha r = n, akkor egy megoldás van. Ha r < n, akkor az xr+1, . . . , xn


értékei tetszőlegesek lehetnek, így végtelen sok megoldást kapunk.
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példa


Oldjuk meg az
2x1 + 4x2 + 8x3 = 62


5x1 + x2 + 2x3 = 29


3x1 − x2 + x3 = 10


lineáris egyenletrendszert!


Megoldás: Osszuk el az 1. egyenletet 2-vel. Ezután vonjuk ki az 1. egyenlet 5-szörösét
a 2., illteve 3-szorosát a 3. egyenletből :


x1 + 2x2 + 4x3 = 31


−9x2 − 18x3 = −126


−7x2 − 11x3 = −83


A 2. egyenletet osszuk el −9-cel, majd 7-szeresét adjuk a 3. egyenlethez. Végül a 3.
egyenletet elosztjuk 3-mal:


x1 + 2x2 + 4x3 = 31


x2 + 2x3 = 14


x3 = 5


Tehát x3 = 5, melyből x2 = 14−2 ·5 = 4 és x1 = 31−2 ·4−4 ·5 = 3. Így a megoldás
a (3, 4, 5) rendezett számhármas.


Oldjuk meg az
x1 + x2 + x3 = 3


x1 + 2x2 − 3x3 = 1


x1 − x2 − 3x3 = −1


2x1 − x2 − 2x3 = 1


lineáris egyenletrendszert!


Megoldás: Alkalmazva a Gauss-eliminációt, a következőt kapjuk:


x1 + x2 + x3 = 3


x2 − 4x3 = −2


x3 = 1


0 = 1


Mivel az utolsó egyenlőség nem igaz, ezért nincs megoldás.


Oldjuk meg az
x2 − x3 − x4 = −1


x1 − 4x2 + 2x3 = −1


2x1 − 3x2 − x3 − 5x4 = −7


3x1 − 7x2 + x3 − 5x4 = −8


lineáris egyenletrendszert!


Megoldás: Alkalmazva a Gauss-eliminációt, a következőt kapjuk:


x1 − 4x2 + 2x3 = −1


x2 − x3 − x4 = −1


0 = 0


0 = 0
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Ebből x2 = x3 + x4 − 1, továbbá x1 = 4x2 − 2x3 − 1 = 4(x3 + x4 − 1) − 2x3 − 1 =
= 2x3 + 4x4 − 5, ahol x3 és x4 tetszőleges. Tehát az összes megoldás felírható


(2x3 + 4x4 − 5, x3 + x4 − 1, x3, x4)


alakban. Például x3 = x4 = 0 választással (−5,−1, 0, 0) egy megoldás.


Cramer-szabály


Tekintsük az
a11x1 + a12x2 + · · ·+ a1nxn = b1


a21x1 + a22x2 + · · ·+ a2nxn = b2
...


an1x1 + an2x2 + · · ·+ annxn = bn


lineáris egyenletrendszert. Tehát most ugyanannyi egyenlet van, mint amennyi is-
meretlen. Feltesszük, hogy az (aij)m×n együttható mátrix minden oszlopában van
nullától különböző szám.


Jelöljük D-vel az együttható mátrix determinánsát, Dj-vel pedig annak a mátrix-
nak a determinánsát, amit úgy kapunk, hogy az együttható mátrix j-edik oszlopát
kicseréljük a


b1
b2
...
bn


oszlopra. Ilyen jelölésekkel a Cramer-szabály a következőt állítja:


Ha D ̸= 0, akkor az előző lineáris egyenletrendszernek pontosan egy megoldása van:


x1 =
D1


D
, x2 =


D2


D
, . . . , xn =


Dn


D
.


példa


Oldjuk meg Cramer-szabállyal a következő lineáris egyenletrendszert:


x1 + 4x2 + 2x3 = 5


−3x1 + 2x2 + x3 = −1


4x1 − x2 − x3 = 2


Megoldás: Ekkor


D =


∣∣∣∣∣∣


1 4 2
−3 2 1
4 −1 −1


∣∣∣∣∣∣
= −7


D1 =


∣∣∣∣∣∣


5 4 2
−1 2 1
2 −1 −1


∣∣∣∣∣∣
= −7
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D2 =


∣∣∣∣∣∣


1 5 2
−3 −1 1
4 2 −1


∣∣∣∣∣∣
= 0


D3 =


∣∣∣∣∣∣


1 4 5
−3 2 −1
4 −1 −2


∣∣∣∣∣∣
= −14


Tehát x1 = −7
−7 = 1, x2 = 0


−7 = 0, x3 = −14
−7 = 2.


g y a k o r l ó f e l a d at o k


Oldjuk meg a következő lineáris egyenletrendszereket:


1. 2x1 + x2 + x3 = 2


x1 + 3x2 + x3 = 5


x1 + x2 + 5x3 = −7


2x1 + 3x2 − 3x3 = 14


2. x1 + x2 + 2x3 + 3x4 = 1


3x1 − x2 − x3 − 2x4 = −4


2x1 + 3x2 − x3 − x4 = −6


x1 + 2x2 + 3x3 − x4 = −4


3. 2x1 + x2 − x3 + x4 = 1


3x1 − 2x2 + 2x3 − 3x4 = 2


5x1 + x2 − x3 + 2x4 = −1


2x1 − x2 + x3 − 3x4 = 4


4. x1 − 2x2 + 3x3 − 4x4 = 4


x2 − x3 + x4 = −3


x1 + 3x2 − 3x4 = 1


7x2 + 3x3 + x4 = −3


5. 2x1 + x2 = 9


3x1 + 2x2 = 14


x1 + x2 + 3x3 + 4x4 = 10


2x1 − x2 + 2x3 + 3x4 = 11


6. x1 + 2x2 + 3x3 − x4 = 1


3x1 + 2x2 + x3 − x4 = 1


2x1 + 3x2 + x3 + x4 = 1


2x1 + 2x2 + 2x3 − x4 = 1


5x1 + 5x2 + 2x3 = 2
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Standard normális eloszlás táblázata


x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x)
0,00 0,5000 0,45 0,6736 0,90 0,8159 1,35 0,9115 1,80 0,9641 2,50 0,9938
0,01 0,5040 0,46 0,6772 0,91 0,8186 1,36 0,9131 1,81 0,9649 2,52 0,9941
0,02 0,5080 0,47 0,6808 0,92 0,8212 1,37 0,9147 1,82 0,9656 2,54 0,9945
0,03 0,5120 0,48 0,6844 0,93 0,8238 1,38 0,9162 1,83 0,9664 2,56 0,9948
0,04 0,5160 0,49 0,6879 0,94 0,8264 1,39 0,9177 1,84 0,9671 2,58 0,9951


0,05 0,5199 0,50 0,6915 0,95 0,8289 1,40 0,9192 1,85 0,9678 2,60 0,9953
0,06 0,5239 0,51 0,6950 0,96 0,8315 1,41 0,9207 1,86 0,9686 2,62 0,9956
0,07 0,5279 0,52 0,6985 0,97 0,8340 1,42 0,9222 1,87 0,9693 2,64 0,9959
0,08 0,5319 0,53 0,7019 0,98 0,8365 1,43 0,9236 1,88 0,9699 2,66 0,9961
0,09 0,5359 0,54 0,7054 0,99 0,8389 1,44 0,9251 1,89 0,9706 2,68 0,9963


0,10 0,5398 0,55 0,7088 1,00 0,8413 1,45 0,9265 1,90 0,9713 2,70 0,9965
0,11 0,5438 0,56 0,7123 1,01 0,8438 1,46 0,9279 1,91 0,9719 2,72 0,9967
0,12 0,5478 0,57 0,7157 1,02 0,8461 1,47 0,9292 1,92 0,9726 2,74 0,9969
0,13 0,5517 0,58 0,7190 1,03 0,8485 1,48 0,9306 1,93 0,9732 2,76 0,9971
0,14 0,5557 0,59 0,7224 1,04 0,8508 1,49 0,9319 1,94 0,9738 2,78 0,9973


0,15 0,5596 0,60 0,7257 1,05 0,8531 1,50 0,9332 1,95 0,9744 2,80 0,9974
0,16 0,5636 0,61 0,7291 1,06 0,8554 1,51 0,9345 1,96 0,9750 2,82 0,9976
0,17 0,5675 0,62 0,7324 1,07 0,8577 1,52 0,9357 1,97 0,9756 2,84 0,9977
0,18 0,5714 0,63 0,7357 1,08 0,8599 1,53 0,9370 1,98 0,9761 2,86 0,9979
0,19 0,5753 0,64 0,7389 1,09 0,8621 1,54 0,9382 1,99 0,9767 2,88 0,9980


0,20 0,5793 0,65 0,7422 1,10 0,8643 1,55 0,9394 2,00 0,9772 2,90 0,9981
0,21 0,5832 0,66 0,7454 1,11 0,8665 1,56 0,9406 2,02 0,9783 2,92 0,9982
0,22 0,5871 0,67 0,7486 1,12 0,8686 1,57 0,9418 2,04 0,9793 2,94 0,9984
0,23 0,5910 0,68 0,7517 1,13 0,8708 1,58 0,9429 2,06 0,9803 2,96 0,9985
0,24 0,5948 0,69 0,7549 1,14 0,8729 1,59 0,9441 2,08 0,9812 2,98 0,9986


0,25 0,5987 0,70 0,7580 1,15 0,8749 1,60 0,9452 2,10 0,9821 3,00 0,99865
0,26 0,6026 0,71 0,7611 1,16 0,8770 1,61 0,9463 2,12 0,9830
0,27 0,6064 0,72 0,7642 1,17 0,8790 1,62 0,9474 2,14 0,9838
0,28 0,6103 0,73 0,7673 1,18 0,8810 1,63 0,9484 2,16 0,9846
0,29 0,6141 0,74 0,7704 1,19 0,8830 1,64 0,9495 2,18 0,9854


0,30 0,6179 0,75 0,7734 1,20 0,8849 1,65 0,9505 2,20 0,9861
0,31 0,6217 0,76 0,7764 1,21 0,8869 1,66 0,9515 2,22 0,9868
0,32 0,6255 0,77 0,7794 1,22 0,8888 1,67 0,9525 2,24 0,9875
0,33 0,6293 0,78 0,7823 1,23 0,8907 1,68 0,9535 2,26 0,9881
0,34 0,6331 0,79 0,7852 1,24 0,8925 1,69 0,9545 2,28 0,9887


0,35 0,6368 0,80 0,7881 1,25 0,8944 1,70 0,9554 2,30 0,9893
0,36 0,6406 0,81 0,7910 1,26 0,8962 1,71 0,9564 2,32 0,9898
0,37 0,6443 0,82 0,7939 1,27 0,8980 1,72 0,9573 2,34 0,9904
0,38 0,6480 0,83 0,7967 1,28 0,8997 1,73 0,9582 2,36 0,9909
0,39 0,6517 0,84 0,7995 1,29 0,9015 1,74 0,9591 2,38 0,9913


0,40 0,6554 0,85 0,8023 1,30 0,9032 1,75 0,9599 2,40 0,9918
0,41 0,6591 0,86 0,8051 1,31 0,9049 1,76 0,9608 2,42 0,9922
0,42 0,6628 0,87 0,8078 1,32 0,9066 1,77 0,9616 2,44 0,9927
0,43 0,6664 0,88 0,8106 1,33 0,9082 1,78 0,9625 2,46 0,9931
0,44 0,6700 0,89 0,8133 1,34 0,9099 1,79 0,9633 2,48 0,9934
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1. fejezet


Mivel foglalkozik a
valószínűségszámítás?


Feltehetőleg a „valószínűségszámítás” szó hallatán sokan megijednek. Pedig ez a tudo-
mány egy nagyon egyszerű megfigyelésen alapul.


1.1. Egy kis papírmunka


Hogy megtapasztalja ezt a jelenséget, nincs is másra szükség, mint egy dobókockára,
néhány kockás lapra, egy ceruzára, egy számológépre és némi szabadidőre.


Ezekkel az eszközökkel egy véletlen eseménynek az úgynevezett relatív gyakoriságát
fogjuk ábrázolni. Esetünkben legyen a megfigyelt esemény az, hogy a dobókockával ha-
tost dobunk. Ennek a relatív gyakorisága annyit jelent, hogy több dobást megismételve
a kockával, mennyi a hatos dobások száma az összes dobások számához viszonyítva, az-
az a hatos dobások száma osztva az összes dobások számával. Például, ha 10 dobásból
3-szor dobunk hatost, akkor a relatív gyakoriság értéke 3


10 .
A feladat az lesz, hogy 100-szor dobjon egymásután egy dobókockával, majd ez


alapján ábrázolja a hatos dobás relatív gyakoriságát a dobások számának függvényében.
Ehhez először írja fel az egész számokat 1-től 100-ig egy kockás lapra.


3







1
2
3
4
5
6
7


1 0 0


...


Ehhez ragasszon össze több lapot. Ezután dobja fel egymásután a kockát 100-szor és
közben jegyezze fel, hogy mely dobásokra kapott hatost.


Fontos szabály, hogy abban a szerencsétlen esetben, amikor élére esik a kocka
(például a szőnyeg szélén áll meg), a dobást ne vegye bele a számításba,
hanem meg kell ismételni.


Például, ha a 3., 7., 9. stb. dobások hatosok voltak, akkor a 3, 7, 9, stb. számok mellé
tegyen X jeleket:


1
2
3
4
5
6
7
8
9


1 0
X


X


X


1 0 0


...


A következő oszlopba azt írja fel, hogy az egyes dobásszámokból hányszor következett
be, hogy hatost dobott. Az előző esetben például, az 1. első dobás nem hatos, így a 0
kerül bejegyzésre. A 2. dobás szintén nem hatos, így oda is 0 kerül. A 3. dobás hatos,
így a 0 értékét meg kellett növelni eggyel, ezért ide 1 kerül. Ez folytatódik egészen a
6. dobásig. A 7. dobás ismételten hatos volt, ezért ide megint eggyel nagyobb számot,
vagyis 2-t kell írni. Ezt folytassa a 100. dobásig.
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1
2
3
4
5
6
7
8
9


1 0
X


X


X


3
3
2
2
1
1
1
1
0
0


1 0 0


...
1 6


A most beírt számokat nevezzük a hatos dobás gyakoriságának. Ezután rátérünk a
relatív gyakoriság kiszámolására. Minden gyakoriság érték mellé írja be a relatív gya-
koriságokat is, vagyis ossza el az addigi dobások számával. A felírás megkönnyítése
érdekében, ha egy érték két tizedesjegynél többet tartalmaz, akkor azt kerekítse két
tizedesjegyre.


1
2
3
4
5
6
7
8
9


1 0
X


X


X


3
3
2
2
1
1
1
1
0
0


0,3
0,33
0,25
0,29
0,17
0,2
0,25
0,33
0
0


1 0 0


...
1 6 0,16


Ezután az első sorba írjon egész számokat 1-től 100-ig a következő ábra szerint. Ehhez
ismét ragasztania kell még hozzá néhány lapot:


1
2
3
4
5
6
7
8
9


1 0
X


X


X


3
3
2
2
1
1
1
1
0
0


0,3
0,33
0,25
0,29
0,17
0,2
0,25
0,33
0
0


0 1 2 3 4 5 6 7 8 9 10 . . . 100
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Utolsó lépésként ábrázolja minden dobáshoz a hozzá tartozó relatív gyakoriságot. Ha
például a 3. dobásnál a relatív gyakoriság 0,33, akkor abban a sorban, a 33 jelű oszlop-
ban a négyzetet satírozza be.


1
2
3 X 1


0
0


0,33
0
0


0 1 . . . 32 33 34


Ha mindezzel készen van, akkor jöhet a megfigyelés. Forgassa el a lapot 90 fokkal,
így a relatív gyakoriságot a dobások számának függvényében tanulmányozhatja. Mit
tapasztal a relatív gyakoriság viselkedésében, a dobások számának növekedésével?


Amint látható, a dobássorozat elején még elég nagy az ingadozás, de a végére ez lecsil-
lapodik. Ez az egyre jobban csillapodó ingadozás egy bizonyos érték körül figyelhető
meg.


Próbálja meg kitalálni, hogy a kék vonal milyen értéknél van meghúzva! Induljon ki ab-
ból a feltételezésből, hogy a dobókocka szabályos. Ezalatt nem geometriai értelemben
vett szabályosságot értünk, hanem azt, hogy egy olyan középpontosan szimmetrikus
tárgy, melynek hat oldala van, továbbá a geometriai középpontja egybeesik a tömeg-
középpontjával. Ilyenkor egyik oldalt sem tünteti ki semmilyen fizikai paramétere a
másikhoz képest. Ebből már nem nehéz kitalálni, hogy a keresett érték 1


6 . Ezt az érté-
ket a hatos dobás valószínűségének fogjuk nevezni.


A relatív gyakoriságnak az előzőekben látott viselkedését a nagy számok Bernoulli-
féle törvényének nevezzük, amely tehát a következő:
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Egy véletlen esemény relatív gyakorisága, a kísérletek számának növelésével,
egyre kisebb mértékben ingadozik egy az eseményre jellemző érték körül,
amely értéket az esemény valószínűségének nevezünk.


1.2. Számoljunk számítógéppel!


Feltehetőleg most azon mérgelődik, hogy miért kellett végig szenvedni egy csomó szá-
molást, amikor mindezt könnyedén megoldhatta volna számítógéppel is. Ez teljes mér-
tékben igaz, de tapasztalatom szerint, egyszer meg kell csinálni az előbbi módszerrel a
kísérletet ahhoz, hogy megértsük a relatív gyakoriságot és annak viselkedését.


Hogy ne legyen hiányérzete, a dobásokat értékelje ki számítógépen, az Excel nevű
programmal is. Nyisson meg egy Excel munkalapot, majd az A oszlop azon számú
soraiba írjon X betűt, amelyekre a dobások értéke hatos volt. Ezután a B1 cellába írja
a következőt:


=DARABTELI(A$1:A1;"X")/SOR(A1)


Ezután nyomja meg az Enter gombot, majd lépjen vissza a B1 cellára. Egérrel fogja
meg a cella kitöltőjelét és húzza le a 100. sorig. (A kitöltőjel, a kijelölt cella jobb alsó
sarkában látható kis négyzet.) Ezzel megkapja a relatív gyakoriság értékeit minden
dobásszámhoz. Ezután már csak az ábrázolás maradt. Ehhez jelölje ki a B oszlopot,
majd válassza a következő menüpontot: Beszúrás / Diagramok / Pont. A következőhöz
hasonló ábrát fog kapni:


0


0,05


0,1


0,15


0,2


0,25


0,3


0,35


0 10 20 30 40 50 60 70 80 90 100


VIDEÓ
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2. fejezet


A véletlen modellezése
számítógépen


Az előző kísérlet még tanulságosabb lehetne, ha nem csak 100, hanem például 1000
dobást csináltunk volna. Azonban ez már tényleg túl sok időt venne el még akkor is,
ha utána a dobások eredményét számítógéppel elemeznénk ki.


Ilyen esetekben a számítógép nem csak a számoláshoz hívható segítségül, hanem a
dobásokat is végrehajthatja helyettünk. Persze nem ténylegesen, hanem csak model-
lezve a véletlen dobást. Ennek a matematikai háttere nagyon bonyolult, ezt most nem
fogjuk részletezni. Nekünk elég annyit tudni, hogy vannak olyan számítógépes algo-
ritmusok, amelyek képesek véletlen számsorozatok generálását imitálni. Ezek azonban
nem fizikai értelemben vett valódi véletlen számot állítanak elő, hiszen ezek mögött
bonyolult matematikai függvények állnak. Ezért ezeket álvéletlennek nevezzük.


Érdekesség kedvéért megemlítjük, hogy a https://www.random.org/ címről valódi
véletlen számsorozatokat is letölthet, amely az atmoszférikus háttérsugárzást használja
fizikai generátorként.


A véletlen számok között kiemelt szerepe van azoknak, amelyek csak a [0, 1] in-
tervallumból kerülhetnek ki, és annak a valószínűsége, hogy egy tetszőleges 𝑥 ∈ [0, 1]
esetén a véletlen szám 𝑥-nél kisebb, pontosan 𝑥-szel egyenlő. Az ilyen véletlen szá-
mokat a [0, 1] intervallumon egyenletes eloszlásúnak nevezzük. Ilyet Excelben a VÉL()
függvénnyel tudunk generálni.


Ebből könnyen készíthetünk olyan véletlen számot, amely az 1, 2, 3, 4, 5, 6 számok
közül kerül ki egyenlő eséllyel. Ehhez a VÉL() értékét meg kell szorozni 6-tal, hozzá kell
adni 1-et, majd az így kapott törtnek a tizedesjegyeit el kell hagyni:


=INT(6*VÉL()+1)


Erre az Excelben van egy másik függvény is, a VÉLETLEN.KÖZÖTT(1;6).


2.1. feladat. Modellezzen 1000 kockadobást, majd ábrázolja a hatos dobás relatív
gyakoriságát!
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Megoldás. Írja a következőt az A1 cellába:


=VÉLETLEN.KÖZÖTT(1;6)


Az A1 cella kitöltőjelét húzza le az 1000. sorig. Ezután a B1 cellába írja a következőt:


=DARABTELI(A$1:A1;6)/SOR(A1)


Nyomja meg az Enter gombot, majd lépjen vissza a B1 cellára. Kattintson kétszer a B1
cella kitöltőjelére, amellyel megkapja minden dobás után a 6 dobás relatív gyakorisá-
gát. Ezután ábrázolja a relatív gyakoriságot a dobások számának függvényében. Ehhez
jelölje ki a B oszlopot, majd válassza a következő menüpontot: Beszúrás / Diagramok
/ Pont. A következőhöz hasonló ábrát fog kapni:


0


0,05


0,1


0,15


0,2


0,25


0,3


0,35


0,4


0,45


0 100 200 300 400 500 600 700 800 900 1000


VIDEÓ


2.2. feladat. Vizsgálja meg, hogy a VÉL() függvény valóban egyenletes eloszlású-e a
[0, 1] intervallum.


Megoldás. Ehhez azt kell megvizsgálni, hogy a VÉL() függvénnyel generált számok
közül, az 𝑥 ∈ [0, 1] értékénél kisebbek relatív gyakorisága 𝑥 körül ingadozik-e. Nézzük
ezt meg mondjuk 1000 szám esetén. Ehhez írja az A1 cellába, hogy


=VÉL()


Enter után lépjen vissza az A1-re, majd a kitöltőjelet húzza le az 1000. sorig. Írjon a
C1 cellába egy tetszőleges 𝑥 számot, például 0,5. Ezután a B1 cellába írja a következőt:


=DARABTELI(A$1:A1;"<"&C$1)/SOR(A1)


Enter után lépjen vissza a B1-re, majd a kitöltőjelre kattintson kétszer. Ezzel megkapja
az összes relatív gyakoriság értékét. Ezután ábrázolja a relatív gyakoriságot a dobá-
sok számának függvényében. Ehhez jelölje ki a B oszlopot, majd válassza a következő
menüpontot: Beszúrás / Diagramok / Pont.


VIDEÓ
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3. fejezet


Klasszikus valószínűségi mező


Szabályos kocka feldobása esetén könnyen látható, hogy nem csak a hatos, hanem az
összes többi oldalra is 1


6 valószínűséggel eshet a kocka.


Ha egy kísérletnek csak véges sok kimenetele lehetséges, továbbá minden
kimenetel ugyanakkora valószínűséggel következhet be, akkor klasszikus va-
lószínűségi mezőről beszélünk.


Klasszikus valószínűségi mezőben egy esemény valószínűségét úgy tudjuk
meghatározni, hogy először megnézzük, hányféleképpen következhet be az
esemény, majd azt elosztjuk az összes lehetséges kimenetelek számával.


3.1. feladat. Egy szabályos kockával dobva, mi a valószínűsége, hogy páros számot
dobunk?


Megoldás. Mivel a kockával 3-féleképpen dobhatunk páros számot az összesen 6 eset-
ből, ezért a valószínűség 3


6 = 0,5.


3.2. feladat. Két szabályos kockát feldobva, mi a valószínűsége, hogy a dobott számok
összege 7?


A következőkben ezt a feladatot kétféleképpen is megoldjuk. Azonban két különböző
eredményt fogunk kapni, amely természetesen nem lehetséges. Gondolkodjunk el azon,
vajon melyik megoldás jó és melyik rossz, vagy esetleg mindkettő rossz?


I. megoldás. Az első esetben tegyük fel, hogy a két kocka külsőre teljesen egyforma,
külső szemlélő nem tud közöttük különbséget tenni. Ebben az esetben csak annyit tu-
dunk a dobás után megállapítani, hogy az egyik kockán például egyes, a másikon pedig
hatos van. Ezt az esetet jelöljük {1, 6} módon. Ekkor az összes lehetséges kimenetele
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a kísérletnek:
{1, 1} {1, 2} {1, 3} {1, 4} {1, 5} {1, 6}


{2, 2} {2, 3} {2, 4} {2, 5} {2, 6}
{3, 3} {3, 4} {3, 5} {3, 6}


{4, 4} {4, 5} {4, 6}
{5, 5} {5, 6}


{6, 6}


Ez összesen 21 eset. Másrészt ezekből azon esetek, amikor az összeg 7:


{1, 6} {2, 5} {3, 4}


Vagyis 3 esetben következik be a figyelt esemény. Így a valószínűség 3
21 = 1


7 .


II. megoldás. A második esetben tegyük fel, hogy az egyik kocka fekete alapon fehér
pöttyös, míg a másik fehér alapon fekete pöttyös. Így nem csak azt tudjuk megmondani
a dobás után, hogy például az egyiken egyes a másikon pedig hatos van, hanem azt
is, hogy a fekete alapún van egyes és a fehér alapún hatos, vagy fordítva. Az előbbit
jelöljük (1, 6), míg az utóbbit (6, 1) módon. Ekkor az összes lehetséges kimenetele a
kísérletnek:


(1, 1) (1, 2) (1, 3) (1, 4) (1, 5) (1, 6)
(2, 1) (2, 2) (2, 3) (2, 4) (2, 5) (2, 6)
(3, 1) (3, 2) (3, 3) (3, 4) (3, 5) (3, 6)
(4, 1) (4, 2) (4, 3) (4, 4) (4, 5) (4, 6)
(5, 1) (5, 2) (5, 3) (5, 4) (5, 5) (5, 6)
(6, 1) (6, 2) (6, 3) (6, 4) (6, 5) (6, 6)


Ez összesen 36 eset. Másrészt ezekből azon esetek, amikor az összeg 7:


(1, 6) (2, 5) (3, 4) (4, 3) (5, 2) (6, 1)


Vagyis 6 esetben következik be a figyelt esemény. Így a valószínűség 6
36 = 1


6 .


Összegezve tehát a két megoldást, 1
7 a valószínűség, ha a kockákat nem tudjuk


megkülönböztetni, míg 1
6 , ha meg tudjuk őket különböztetni.


Az világos, hogy mindkét eredmény nem lehet jó, hiszen egy kis festék nem vál-
toztathat a valószínűségen. Ahhoz, hogy meg tudjuk állapítani, melyik megoldás jó
illetve melyik rossz, azt kell látni, hogy a kockák megkülönböztethetősége illetve nem
megkülönböztethetősége csak rajtunk múlik, azaz szubjektív tényező. Ettől függetlenül
a kockák önálló tárgyak. Így az első megoldásban a {1, 6} eset kétszer akkora eséllyel
következhet be, mint például az {1, 1}. Vagyis az első megoldásban nem klasszikus
valószínűségi mezőt kapunk, így a valószínűséget sem számolhatjuk a „kedvező per az
összes eset” képlettel. A második esetben viszont a szimmetria miatt minden kimene-
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tel azonos eséllyel következhet be, azaz klasszikus valószínűségi mező. Tehát a második
megoldás jó, azaz a helyes eredmény 1


6 .
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4. fejezet


Feltételes valószínűség


Szabályos kockával dobjunk 10-szer. Tegyük fel például, hogy a következő számokat
kapjuk:


1, 5, 4, 5, 5, 6, 4, 2, 2, 6.


Jelölje 𝐴 azt az eseményt, hogy maximum hármast dobunk, és 𝐵 azt, hogy páros
számot dobunk. Amikor az 𝐴 és 𝐵 események egyszerre következnek be, jelöljük 𝐴𝐵


módon, ami most azt jelenti, hogy kettest dobunk. 𝐵 ellenkezőjét 𝐵-vel fogjuk jelölni,
ami ebben az esetben azt jelenti, hogy páratlan számot dobunk.


Az 𝐴, 𝐵, 𝐴𝐵, 𝐵 események relatív gyakoriságait jelöljük rendre 𝑟(𝐴), 𝑟(𝐵), 𝑟(𝐴𝐵),
és 𝑟( 𝐵 ) módon. Ekkor


𝑟(𝐴) = 3
10 , 𝑟(𝐵) = 6


10 , 𝑟(𝐴𝐵) = 2
10 , 𝑟( 𝐵 ) = 4


10 .


Ezen jelölések bevezetése után, térjünk rá a feltételes valószínűség fogalmára. Emlékez-
zen vissza, volt egy fontos feltételünk a dobókocka kísérlet végrehajtásánál. Abban az
esetben, amikor élére esik a kocka, a dobást ne vegyük számításba. Most ezt a felté-
telt tovább bővítjük. Akkor se vegyük számításba a dobást, amikor nem páros számot
dobunk, azaz nem a 𝐵 esemény következik be:


̸ 1, ̸ 5, 4, ̸ 5, ̸ 5, 6, 4, 2, 2, 6


Így már csak hat érvényes dobásunk van. Ebben a módosított kísérletben az 𝐴 esemény
nem 3-szor, hanem csak kétszer következett be, így a relatív gyakorisága 2


6 . Ezt jelöljük
𝑟(𝐴 | 𝐵)-vel. Tehát most


𝑟(𝐴 | 𝐵) = 2
6 .


Ez a relatív gyakoriság pontosan olyan tulajdonságot fog mutatni, mint az eredeti
relatív gyakoriság, azaz sok kísérlet esetén egy bizonyos érték körül fog ingadozni. Ezt az
értéket nevezik az 𝐴 esemény 𝐵-re vonatkozó feltételes valószínűségének, továbbá 𝑃 (𝐴 |
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| 𝐵) módon szokták jelölni. Az eredeti kísérletben az 𝐴 valószínűségének a szokásos
jelölése 𝑃 (𝐴).


Az 𝑟(𝐴 | 𝐵) = 2
6 úgy jött ki, hogy a nevezőben csak a 𝐵 bekövetkezéseinek a


számát, azaz 𝐵 gyakoriságát írtuk, míg a számlálóba az 𝐴-nak azon bekövetkezéseit
írtuk, amikor 𝐵 is bekövetkezett, hiszen a többit töröltük. Így teljesül a következő:


𝑟(𝐴 | 𝐵) = 𝑟(𝐴𝐵)
𝑟(𝐵) .


Ebből már következik, hogy


𝑃 (𝐴 | 𝐵) = 𝑃 (𝐴𝐵)
𝑃 (𝐵)


Még egy fontos és hasznos összefüggést fogunk megmutatni. Mivel az előzőek miatt


𝑟(𝐴) = 𝑟(𝐴𝐵) + 𝑟(𝐴𝐵 ) = 𝑟(𝐴 | 𝐵)𝑟(𝐵) + 𝑟(𝐴 | 𝐵 )𝑟( 𝐵 ),


így
𝑃 (𝐴) = 𝑃 (𝐴 | 𝐵)𝑃 (𝐵) + 𝑃 (𝐴 | 𝐵 )𝑃 ( 𝐵 )


Az utóbbi összefüggés az úgynevezett teljes valószínűség tételének egy speciális esete.


4.1. feladat. Excellel modellezzen 1000 dobást egy szabályos dobókockával! Az előző
jelöléseket használva, számolja ki az 𝑟(𝐴 | 𝐵) értékét!


Megoldás. Írja az A1 cellába:


=VÉLETLEN.KÖZÖTT(1;6)


Enter után lépjen vissza az A1 cellára, majd a kitöltőjelet húzza le az 1000. sorig. Ezzel
megvan az 1000 dobás. Ezután a B1 cellába írjon 1-et, ha a 𝐵 esemény teljesül, azaz
párosat dobtunk, ellenkező esetben írjon 0-t. Ehhez írja be a B1-be a következőt:


=HA(VAGY(A1=2;A1=4;A1=6);1;0)


Enter után lépjen vissza a B1 cellára, majd a kitöltőjelre kattintson kétszer. Ezzel
minden érvényes dobás után 1, míg az érvénytelenek után 0 áll.


A C1 cellába írjon 1-et, ha az 𝐴𝐵 esemény teljesül, azaz háromnál kisebbet és
párosat dobtunk, ami azt jelenti hogy kettest dobtunk. Ellenkező esetben írjon be 0-t.
Ehhez írja be a C1-be a következőt:


=HA(A1=2;1;0)


Enter után lépjen vissza a C1 cellára, majd a kitöltőjelre kattintson kétszer. Ezzel
minden kettes dobás után 1, ellenkező esetben 0 áll. Végül a D1 cellába ezt írja:
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=SZUM(C:C)/SZUM(B:B)


Ezzel megkaptuk 𝑟(𝐴 | 𝐵) értékét.


4.2. feladat. Egymás mellé teszünk egy zöld és egy kék dobozt. A zöld dobozban 5
piros és 3 fekete golyó, míg a kék dobozban 2 piros és 4 fekete golyó van.


A zöld dobozból átteszünk egy golyót a kék dobozba, majd ezután a kékből húzunk
egy golyót. Mi a valószínűsége, hogy a kék dobozból piros golyót húzunk ki?


Megoldás. Vezessük be a következő jelöléseket:
𝐵 : a zöld dobozból piros golyót teszünk át a kék dobozba.
𝐵 : a zöld dobozból fekete golyót teszünk át a kék dobozba.
𝐴 : a kék dobozból piros golyót húzunk.


Ekkor
𝑃 (𝐵) = 5


8 és 𝑃 ( 𝐵 ) = 3
8 .


Ha a zöld dobozból piros golyót tettünk át, akkor a kék dobozban már 3 piros golyó
lesz az összesen 7 golyóból, azaz


𝑃 (𝐴 | 𝐵) = 3
7 ,


illetve, ha a zöld dobozból fekete golyót tettünk át, akkor a kék dobozban 2 piros golyó
lesz az összesen 7 golyóból, azaz


𝑃 (𝐴 | 𝐵) = 2
7 .


Így a teljes valószínűség tétele szerint


𝑃 (𝐴) = 𝑃 (𝐴 | 𝐵)𝑃 (𝐵) + 𝑃 (𝐴 | 𝐵 )𝑃 ( 𝐵 ) = 3
7 · 5


8 + 2
7 · 3


8 = 21
56 = 0,375.


4.3. feladat. Az előző feladatban szereplő dobozok mellé teszünk még egy szürkét is,
amelyben 3 piros és 3 fekete golyó van.
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A zöld dobozból átteszünk egy golyót a kék dobozba, ezután a kékből átteszünk egyet
a szürkébe, végül a szürkéből húzunk egy golyót. Mi a valószínűsége, hogy a szürke
dobozból piros golyót húzunk ki?


Megoldás. Vezessük be a következő jelöléseket:
𝐴 : a kék dobozból piros golyót teszünk át a szürke dobozba.
𝐴 : a kék dobozból fekete golyót teszünk át a szürke dobozba.
𝐶 : a szürke dobozból piros golyót húzunk.


Felhasználva az előző feladat eredményét:


𝑃 (𝐴) = 21
56 és 𝑃 ( 𝐴 ) = 1 − 21


56 = 35
56 .


Ha a kék dobozból piros golyót tettünk át, akkor a szürke dobozban már 4 piros golyó
lesz az összesen 7 golyóból, azaz


𝑃 (𝐶 | 𝐴) = 4
7 ,


illetve, ha a kék dobozból fekete golyót tettünk át, akkor a szürke dobozban 3 piros
golyó lesz az összesen 7 golyóból, azaz


𝑃 (𝐶 | 𝐴) = 3
7 .


Így a teljes valószínűség tétele szerint


𝑃 (𝐶) = 𝑃 (𝐶 | 𝐴)𝑃 (𝐴) + 𝑃 (𝐶 | 𝐴 )𝑃 ( 𝐴 ) = 4
7 · 21


56 + 3
7 · 35


56 = 189
392 ≈ 0,48.
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5. fejezet


Nyerjünk a lottón!


Magyarországon többféle lottójátékot is játszanak, de talán a legnépszerűbb, az 1957
óta üzemelő ötöslottó.


Ennek lényege, hogy az 1, 2, 3, . . . , 90 számokból kisorsolnak ötöt visszatevés nélküli
módszerrel. Ez azt jelenti, hogy miután kisorsolnak egy számot, azt már nem teszik
vissza a számokat tartalmazó urnába. Így biztosan öt különböző számot kapunk. Ezek
a számok növekvő sorrendbe állítva alkotják az adott játékban a nyerő lottóötöst.


A játékosnak a húzás előtt egy szelvényen meg kell tippelni öt szám megjelölésével
a nyerő lottóötöst. Egy játékos több szelvénnyel is játszhat. Egy szelvény 225 forintba
kerül. Négy esetben nyerhetünk: ha az ötből 2, 3, 4 vagy 5 számot találunk el.


A Szerencsejáték Zrt. a szelvényekből befolyt összeg 54%-át nyereségként elkönyveli.
A fennmaradó 46% képezi az úgynevezett nyereményalapot, amit a nyerő szelvények
tulajdonosai között osztanak el. A 2 találatos szelvények kapják a nyereményalap 35%-
át, a 3 találatosok a 18%-át, a 4 találatosok a 17%-át, végül az 5 találatosok a 30%-át.


Ha egy nyereményosztályban az adott héten nem volt nyerő szelvény, akkor annak
a nyereményét átviszik a következő hétre. Ha a következő héten sincs abban a nyere-
ményosztályban nyertes, akkor a halmozódás tovább folytatódik a rákövetkező hétre.
Ezt maximum egy évig lehet folytatni. Utána a teljes felhalmozott összeget hozzáte-
szik a nyereményalaphoz, és szétosztják a többi nyereményosztályban az előzőekben
ismertetett arányokban. Természetesen ennek a halmozódásnak az öt találatos nyere-
ményosztályban legnagyobb a valószínűsége.


Mindezek alapján, ha például azt akarjuk kiszámítani, hogy egy adott játékban
mennyit fognak fizetni az öttalálatos szelvényre, akkor a következő képlettel tehetjük
meg:


0,3 · 0,46 · 225𝑆 + 𝐻


𝑇
,
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ahol 𝑆 az adott húzásban résztvevő szelvények száma, 𝐻 a halmozott nyeremény és 𝑇


az öttalálatos szelvények száma. Ha 𝑇 = 0, akkor a következő hétre átvitt nyeremény
összege 0,3 · 0,46 · 225𝑆 + 𝐻, vagyis a következő húzásnál már ennyi lesz a 𝐻 értéke.


5.1. feladat. Határozza meg az összes lottóötösök számát!


Megoldás. Az első húzáskor az urnában 90 szám van, így 90 lehetőségünk van az első
szám kiválasztására. A második húzásnál már csak 89 számból választhatunk, hiszen a
kihúzott számokat nem tesszük vissza az urnába. Így a második számot 89-féleképpen
választhatjuk ki. Ebből már következik, hogy az első két szám kiválasztása 90·89 módon
történhet. Ebből nem nehéz kitalálni, hogy az öt szám kiválasztására 90 · 89 · 88 · 87 · 86
lehetőség van. Ez azonban még nem a helyes eredmény, hiszen például a 12, 24, 35,
64, 78 lottóötöst többször is beleszámoltuk. Pontosan annyiszor, ahányféleképpen ezt
az öt számot sorba tudjuk rendezni, azaz 5 · 4 · 3 · 2 · 1 esetben. Ez minden lottóötösre
igaz, így a helyes eredményhez az előző eredményt el kell osztani 5 · 4 · 3 · 2 · 1-gyel :


90 · 89 · 88 · 87 · 86
5 · 4 · 3 · 2 · 1 .


A matematikában ezt a hányadost
(︀90


5


)︀
módon jelöljük és 90 alatt az 5-nek olvassuk.


Ezt Excellel könnyen kiszámíthatjuk a


=KOMBINÁCIÓK(90;5)


függvénnyel. A kapott érték 43 949 268.


5.2. feladat. Tegyük fel, adok Önnek 225 forintot, hogy adjon fel egy lottószelvényt.
Ha a szelvény nyer, akkor Öné a nyeremény. Nekem csak annyi kikötésem van, hogy a
következő két lottóötösből kell választania:


1, 2, 3, 4, 5 vagy 24, 31, 54, 71, 78.


Melyiket választja és miért?


Megoldás. Sok diáknak feltettem már ezt a kérdést a valószínűségszámítás órákon,
és csak elenyésző százalékban választották az 1, 2, 3, 4, 5 lottóötöst. Ezen diákok a
következőképpen érvelnek:


Minden lottóötöst ugyanakkora valószínűséggel sorsolhatnak ki, így tulaj-
donképpen mindegy melyiket választjuk. Ugyanakkor, szinte biztosan nem
tippelne senki az 1, 2, 3, 4, 5 számokra, így ha mégis kisorsolják, akkor
nagy eséllyel nem kell osztozni a nyereményen senkivel.


A 24, 31, 54, 71, 78 számokat választókat a miértről faggatva, a legtöbbször a következő
választ kaptam:
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Tapasztalat szerint sokkal ritkábban húznak ki „szabályos” lottóötöst, ami
arra utal, hogy a valószínűsége is kisebb. Ezért inkább a „szabálytalant”
választom.


Vajon helyes-e ez a gondolatmenet? Ami a tapasztalatot illeti, leellenőrizhetjük, mert
itt megtalál minden lottóötöst, amit 1957 óta kihúztak: http://www.szerencsejatek.
hu/xls/otos.html. Ez valóban alátámasztja azt a véleményt, hogy sokkal ritkábban
húznak ki „szabályos” lottóötöst, vagyis a kihúzásának a valószínűsége is kisebb. Tehát
a magyarázat helytálló. De ebből a tényből az is következik, hogy az 1, 2, 3, 4, 5
lottóötös kihúzása kisebb valószínűséggel történhet meg, mint a 24, 31, 54, 71, 78
lottóötösé?


A válaszhoz tegyük fel, hogy azoknak a diákoknak van igazuk, akik azt mond-
ják, hogy mindegy melyik lottóötössel játszanak, mert minden lottóötöst ugyanakko-
ra eséllyel sorsolnak ki. Ekkor a játék úgy is játszható elviekben, hogy a lottóötösök
mindegyikét felírjuk egy-egy ping-pong labdára, majd azokból becsukott szemmel egyet
kisorsolunk. Természetesen, így a választásra nincs hatással az, ha a labdák különböző
színűek. Ezért azt is megtehetjük sorsolás előtt, hogy a „szabálytalan” lottóötösöket
fehér labdára, míg a „szabályosokat” pirosra írjuk. Az így elkészült 43 949 268 darab
labdát szórjuk ki egy nagy focipályára. A focipályát felülről nézzük meg. Vajon mit
fogunk látni a labdák színeloszlását tekintve? Természetesen azt, hogy a labdák döntő
többsége fehér, és csak elenyésző részük piros. Ebből következik, hogy találomra kivá-
lasztva egy labdát, az csak kis valószínűséggel lesz piros, azaz kisebb a valószínűsége
annak, hogy „szabályos” lottóötöst választunk. Másrészt viszont az 1, 2, 3, 4, 5 szá-
mok csak egy labdán szerepelnek (bár az piros), csakúgy, mint a 24, 31, 54, 71, 78
számok is (ami fehér). Így mindkettő ugyanakkora eséllyel sorsolható ki. Azaz az előző
kérdésünkre a válasz:


Abból, hogy „szabályos” lottóötös kihúzásának a valószínűsége kisebb mint
„szabálytalané”, még nem következik, hogy az 1, 2, 3, 4, 5 lottóötös kihúzá-
sának kisebb a valószínűsége, mint a 24, 31, 54, 71, 78 lottóötösé.


Persze ettől még nem állíthatjuk, hogy minden lottóötös ugyanakkora valószínűséggel
húzható ki, csak annyit mondhatunk, hogy a megfigyelt tény nem mond ennek ellent.
Tehát még mindig nyitott a kérdés:


Minden lottóötös ugyanakkora valószínűséggel húzható ki?


Ezt a kérdést feltéve a diákoknak a „szabályos” lottóötösök körüli téveszmék tisztázása
után, szinte kivétel nélkül mindenki amellett szokott szavazni, hogy minden lottóötös
valószínűsége megegyezik.


Ennek indoklásához induljunk ki abból a jóhiszemű feltételezésből, hogy az urnában
található számokat rejtő golyók, külső jegyeiket tekintve teljesen egyformák. Azaz az
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első húzásnál bármely golyó (és így bármely szám) ugyanakkora eséllyel választható ki.
Ezután a második golyó a megmaradó 89-ből megint csak egyforma eséllyel húzható,
és így tovább. Ezzel a feltételezéssel, ha annak a valószínűségét akarjuk kiszámítani,
hogy a kihúzott számok sorrendben például a 31, 24, 78, 54, 71, akkor ugyanazt kell
kapnunk, mintha akármelyik más kimenetelt kérdeztük volna. Jelöljük ezt a közös
valószínűséget 𝑝-vel. Korábban már láttuk, hogy 90 · 89 · 88 · 87 · 86 ilyen számötös van,
így 90 · 89 · 88 · 87 · 86 · 𝑝 = 1. Másrészt egy lottóötös 5 · 4 · 3 · 2 · 1 = 120-féle sorrendben
húzható ki, így a kihúzásának valószínűsége 120𝑝, ami a következővel egyezik meg:


120 : (90 · 89 · 88 · 87 · 86) = 1 :
(︂


90
5


)︂
= 1 : 43 949 268 = 0,000000022753507521445.


Összegezve tehát, azoknak van igazuk, akik azt mondják, hogy teljesen mindegy melyik
lottóötöst írják a lottószelvényre. Ez azt jelenti, hogy az ötöslottó klasszikus valószí-
nűségi mezővel írható le.


5.3. feladat. Mi a valószínűsége annak, hogy egy ötöslottó szelvénnyel játszva, hármas
találatunk lesz a héten? Általánosítsa a feladatot!


Megoldás. A hármas találathoz az kell, hogy az általunk megtippelt 5 számból hármat
húzzanak ki, míg a maradék két számot az általunk be nem jelölt 85 darab számból
kell kiválasztani. Ez


(︀5
3


)︀(︀85
2


)︀
lottóötös esetén teljesül. Mivel az összes lottóötösök száma(︀90


5


)︀
és klasszikus a valószínűségi mező, ezért a valószínűség(︀5


3


)︀(︀85
2


)︀(︀90
5


)︀ .


Általánosítva, annak valószínűsége, hogy 𝑡 találatunk lesz:(︀5
𝑡


)︀(︀ 85
5−𝑡


)︀(︀90
5


)︀ .


A képlet 𝑡 = 0 és 𝑡 = 5 esetén úgy marad érvényben, ha bevezetjük az
(︀


𝑛
0


)︀
=


(︀
𝑛
𝑛


)︀
:= 1


jelölést. Excellel számolva a következőket kapjuk:


találatok száma valószínűség
0 0,746349563774305
1 0,230354803634045
2 0,0224736393789312
3 0,000812300218515585
4 0,0000096702406966141
5 0,000000022753507521445
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5.4. feladat. Mi a valószínűsége annak, hogy egy ötöslottó szelvénnyel játszva, nem
nyerünk semmit?


Megoldás. Akkor nem nyerünk, ha 0 vagy 1 találatunk van, így az előző táblázatban
csak az ezekhez tartozó valószínűségeket kell összeadni:(︀5


0


)︀(︀85
5


)︀(︀90
5


)︀ +
(︀5


1


)︀(︀85
4


)︀(︀90
5


)︀ = 0,97670436740835.


Ebből már azt is kiszámolhatjuk, hogy mennyi a nyerésre az esélyünk:


1 −
(︀5


0


)︀(︀85
5


)︀(︀90
5


)︀ −
(︀5


1


)︀(︀85
4


)︀(︀90
5


)︀ = 1 − 0,97670436740835 = 0,02329563259165.


5.5. feladat. Néhány évvel ezelőtt Bulgáriában kétszer egymásután ugyanazokat a
lottószámokat húzták ki. Mekkora ennek ötöslottó esetén a valószínűsége?


Megoldás. Sokszor kapom erre a következő rossz megoldást: 1
(90


5 ) · 1
(90


5 ) . Vajon milyen
gondolatmenettel kaphatjuk ezt a megoldást és miért rossz? Ezzel szemben a helyes
megoldás 1


(90
5 ) = 0,000000022753507521445. Indokolja az eredményt!


Ez ugyanannyi, mint az 5 találat valószínűsége. Mégis az a tapasztalat, hogy 5
találatos szelvény minden évben több is van, míg eddig az ötöslottóban ehhez hasonló
eset nem történt. Mi lehet a magyarázata ennek a látszólagos ellentmondásnak?


5.6. feladat. Mi a valószínűsége, hogy egy kihúzott lottóötösben a legnagyobb és
legkisebb lottószám különbsége 10? Általánosítsa a feladatot!


Megoldás. Először azt számoljuk ki, hogy hány olyan lottóötös van, amelyben a legki-
sebb szám az 1, a legnagyobb pedig a 11. A maradék 3 lottószám a 2, 3, . . . , 10 számok
közül kerülhet ki. Ez


(︀9
3


)︀
módon lehetséges, tehát ennyi ilyen lottóötös van. Ugyan-


ennyi olyan lottóötös van, amelyben a legkisebb a 2, a legnagyobb pedig a 12. Mivel
a legkisebb szám helyére 80-féle számot választhatunk, ezért azon lottóötösök száma,
melyekben a legnagyobb és legkisebb különbsége 10,


80
(︂


9
3


)︂
.


Így a kérdéses valószínűség


80
(︀9


3


)︀(︀90
5


)︀ = 0,00015290357054411.


Általánosítva, annak a valószínűsége, hogy a kihúzott legnagyobb és legkisebb lottó-
szám különbsége 𝑘,


(90 − 𝑘)
(︀


𝑘−1
3


)︀(︀90
5


)︀ ,
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ahol a 𝑘 lehetséges értékei 4, 5, . . . , 89.


5.7. feladat. Mekkora a legnagyobb valószínűséggel egy kihúzott lottóötösben a leg-
nagyobb és legkisebb lottószám különbsége?


Megoldás. Az előző feladat megoldása alapján azt kell megtalálni, hogy a lehetséges
𝑘 értékek közül melyikre lesz a


(90 − 𝑘)
(︂


𝑘 − 1
3


)︂
értéke maximális. A megoldást Excel használatával könnyen megtalálhatja. Írja be
az A1 cellába a 4 számot, míg az A2-be az 5 számot. Ezután jelölje ki az A1:A2
cellatartományt, majd a kitöltőjelet húzza le a 86. sorig. Ezzel az A oszlopba beírta az
összes lehetséges 𝑘 értéket. Következő lépésként a B1 cellába írja a következőt:


=(90-A1)*KOMBINÁCIÓK(A1-1;3)


majd Enter. Végül visszalépve a B1 cellára, kattintson kétszer a kitöltőjelre. Ezzel a B
oszlopban megkaptuk az összes (90−𝑘)


(︀
𝑘−1


3


)︀
értékeket. Itt gyorsan leellenőrizheti, hogy


a 68 mellett szerepel a legnagyobb érték, nevezetesen 1 053 910. Akár ábrázolhatja az
értékeket grafikonon is. Ehhez jelölje ki az A és B oszlopokat, majd válassza a Beszúrás
/ Diagramok / Pont menüpontot.


0


200000


400000


600000


800000


1000000


4 14 24 34 44 54 64 74 84


Jól látható, hogy a maximum érték 64 és 74 között van. Ezt a részt kinagyítva a
következőt láthatja:
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1000000


1010000


1020000


1030000


1040000


1050000


1060000


64 65 66 67 68 69 70 71 72 73 74


Ebből már jól látható, hogy 68-nál van a maximum.


5.8. feladat. Hány olyan lottóötös van, amelyben növekvő sorrendben a negyedik szám
a 80? Általánosítsa a feladatot!


Megoldás. A megoldáshoz csak azt kell meghatározni, hogy az 1, 2, . . . , 79 számok
közül hányféleképpen tudunk kiválasztani hármat, illetve a 81, 82, . . . , 90 számok közül
hányféleképpen tudunk kiválasztani egyet. Ez alapján a válasz(︂


79
3


)︂(︂
10
1


)︂
.


Ebből már nem nehéz az általánosítás. Annak a valószínűsége, hogy növekvő sorrendben
a 𝑗-edik lottószám az 𝑖 : (︂


𝑖 − 1
𝑗 − 1


)︂(︂
90 − 𝑖


5 − 𝑗


)︂
.


Vegye észre, hogy ennek a képletnek csak 0 ≤ 𝑖 − 𝑗 ≤ 85 esetén van értelme, ellenkező
esetben az eredmény 0, ahol tehát 𝑖 = 1, 2, . . . , 90 és 𝑗 = 1, 2, 3, 4, 5.


5.9. feladat. Készítsen Excellel táblázatot, amely az előző feladat eredményeit összeg-
zi ! A táblázat eredményeit ábrázolja grafikonon is!


Megoldás. A B1 cellától az F1 celláig írja be a számokat 1-től 5-ig. Ezek jelentik majd
az előző képletben a 𝑗 értékét. Ezután A2-től A91-ig írja be 1-től 90-ig a számokat.
Ezek jelentik majd az előző képletben az 𝑖 értékét. A B2 cellába írja a következőt:


=HA(ÉS(0<=$A2-B$1;$A2-B$1<=85);KOMBINÁCIÓK($A2-1;B$1-1)*KOMBINÁCIÓK(90-$A2;5-B$1);0)


Az Enter megnyomása után lépjen vissza a B2 cellára. A kitöltőjelet húzza az F2-ig,
engedje el az egeret, majd a kitöltőjelet húzza a 91. sorig. Ezzel megkapja az előző
feladat összes eredményét:
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1 2 3 4 5 1 2 3 4 5


1 2 441 626 0 0 0 0 46 135 751 595 980 936 540 624 360 148 995


2 2 331 890 109 736 0 0 0 47 123 410 567 686 934 605 652 740 163 185


3 2 225 895 211 990 3 741 0 0 48 111 930 539 560 930 741 681 030 178 365


4 2 123 555 307 020 10 965 86 0 49 101 270 511 680 924 960 709 136 194 580


5 2 024 785 395 080 21 420 340 1 50 91 390 484 120 917 280 736 960 211 876


6 1 929 501 476 420 34 860 840 5 51 82 251 456 950 907 725 764 400 230 300


7 1 837 620 551 286 51 045 1 660 15 52 73 815 430 236 896 325 791 350 249 900


8 1 749 060 619 920 69 741 2 870 35 53 66 045 404 040 883 116 817 700 270 725


9 1 663 740 682 560 90 720 4 536 70 54 58 905 378 420 868 140 843 336 292 825


10 1 581 580 739 440 113 760 6 720 126 55 52 360 353 430 851 445 868 140 316 251


11 1 502 501 790 790 138 645 9 480 210 56 46 376 329 120 833 085 891 990 341 055


12 1 426 425 836 836 165 165 12 870 330 57 40 920 305 536 813 120 914 760 367 290


13 1 353 275 877 800 193 116 16 940 495 58 35 960 282 720 791 616 936 320 395 010


14 1 282 975 913 900 222 300 21 736 715 59 31 465 260 710 768 645 956 536 424 270


15 1 215 450 945 350 252 525 27 300 1 001 60 27 405 239 540 744 285 975 270 455 126


16 1 150 626 972 360 283 605 33 670 1 365 61 23 751 219 240 718 620 992 380 487 635


17 1 088 430 995 136 315 360 40 880 1 820 62 20 475 199 836 691 740 1 007 720 521 855


18 1 028 790 1 013 880 347 616 48 960 2 380 63 17 550 181 350 663 741 1 021 140 557 845


19 971 635 1 028 790 380 205 57 936 3 060 64 14 950 163 800 634 725 1 032 486 595 665


20 916 895 1 040 060 412 965 67 830 3 876 65 12 650 147 200 604 800 1 041 600 635 376


21 864 501 1 047 880 445 740 78 660 4 845 66 10 626 131 560 574 080 1 048 320 677 040


22 814 385 1 052 436 478 380 90 440 5 985 67 8 855 116 886 542 685 1 052 480 720 720


23 766 480 1 053 910 510 741 103 180 7 315 68 7 315 103 180 510 741 1 053 910 766 480


24 720 720 1 052 480 542 685 116 886 8 855 69 5 985 90 440 478 380 1 052 436 814 385


25 677 040 1 048 320 574 080 131 560 10 626 70 4 845 78 660 445 740 1 047 880 864 501


26 635 376 1 041 600 604 800 147 200 12 650 71 3 876 67 830 412 965 1 040 060 916 895


27 595 665 1 032 486 634 725 163 800 14 950 72 3 060 57 936 380 205 1 028 790 971 635


28 557 845 1 021 140 663 741 181 350 17 550 73 2 380 48 960 347 616 1 013 880 1 028 790


29 521 855 1 007 720 691 740 199 836 20 475 74 1 820 40 880 315 360 995 136 1 088 430


30 487 635 992 380 718 620 219 240 23 751 75 1 365 33 670 283 605 972 360 1 150 626


31 455 126 975 270 744 285 239 540 27 405 76 1 001 27 300 252 525 945 350 1 215 450


32 424 270 956 536 768 645 260 710 31 465 77 715 21 736 222 300 913 900 1 282 975


33 395 010 936 320 791 616 282 720 35 960 78 495 16 940 193 116 877 800 1 353 275


34 367 290 914 760 813 120 305 536 40 920 79 330 12 870 165 165 836 836 1 426 425


35 341 055 891 990 833 085 329 120 46 376 80 210 9 480 138 645 790 790 1 502 501


36 316 251 868 140 851 445 353 430 52 360 81 126 6 720 113 760 739 440 1 581 580


37 292 825 843 336 868 140 378 420 58 905 82 70 4 536 90 720 682 560 1 663 740


38 270 725 817 700 883 116 404 040 66 045 83 35 2 870 69 741 619 920 1 749 060


39 249 900 791 350 896 325 430 236 73 815 84 15 1 660 51 045 551 286 1 837 620


40 230 300 764 400 907 725 456 950 82 251 85 5 840 34 860 476 420 1 929 501


41 211 876 736 960 917 280 484 120 91 390 86 1 340 21 420 395 080 2 024 785


42 194 580 709 136 924 960 511 680 101 270 87 0 86 10 965 307 020 2 123 555


43 178 365 681 030 930 741 539 560 111 930 88 0 0 3 741 211 990 2 225 895


44 163 185 652 740 934 605 567 686 123 410 89 0 0 0 109 736 2 331 890


45 148 995 624 360 936 540 595 980 135 751 90 0 0 0 0 2 441 626


Ebben a táblázatban például a 7. sorban és a 4. oszlopban található 1660 azt jelenti,
hogy ennyi darab olyan lottóötös létezik, amelyben növekvő sorrendben a 4. lottószám
a 7.


Minden sorban keresse meg a legnagyobb értéket! Ezek pirossal lettek kiemelve.
Ezután minden oszlopban keresse meg a legnagyobb értéket! Ezeket szürke háttérrel
láthatja.


A grafikon elkészítéséhez jelölje ki a B2:B91 cellatartományt, majd válassza a Be-
szúrás / Diagramok / Pont menüpontot. Ezzel azon lottóötösök számát ábrázolta 𝑖


függvényében, melyekben az 𝑖 lottószám növekvő sorrendben az első helyen szerepel.
Ezután a rajzterületen a helyi menüben válassza az Adatok kijelölése / Hozzáadás
menüpontot. Itt az Adatsor Y értékeinek megadásához jelölje ki a C2:C91 cellatarto-
mányt. Ezután OK / OK. Ezzel azon lottóötösök számát ábrázolta 𝑖 függvényében,
melyekben az 𝑖 lottószám növekvő sorrendben a második helyen szerepel. Ezt folytassa
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az F oszlopig. A következő grafikont kapja:


0 18 36 54 72 90


1. lottószám


2. lottószám


3. lottószám


4. lottószám


5. lottószám


VIDEÓ


5.10. feladat. Értelmezze az előző táblázatban a pirossal kiemelt számokat!


Megoldás. A pirossal kiemelt számok alapján a következők igazak:


– Az 1, 2, . . . , 18 lottószámok a legnagyobb valószínűséggel egy lottóötösben, nö-
vekvő sorrendben az 1. helyen szerepelhetnek.


– A 19, 20, . . . , 36 lottószámok a legnagyobb valószínűséggel egy lottóötösben, nö-
vekvő sorrendben a 2. helyen szerepelhetnek.


– A 37, 38, . . . , 54 lottószámok a legnagyobb valószínűséggel egy lottóötösben, nö-
vekvő sorrendben a 3. helyen szerepelhetnek.


– Az 55, 56, . . . , 72 lottószámok a legnagyobb valószínűséggel egy lottóötösben, nö-
vekvő sorrendben a 4. helyen szerepelhetnek.


– A 73, 74, . . . , 90 lottószámok a legnagyobb valószínűséggel egy lottóötösben, nö-
vekvő sorrendben az 5. helyen szerepelhetnek.


5.11. feladat. Egy „feltaláló” az előző feladat megoldását tapasztalati úton felismerte.
Ezen felbuzdulva, készített egy szerkezetet, amellyel olyan lottóötösöket lehetett kisor-
solni, melyben sorrendben a legkisebb az 1, 2, . . . , 18, a következő a 19, 20, . . . , 36, a
harmadik a 37, 38, . . . , 54, a negyedik az 55, 56, . . . , 72 és végül az ötödik a 73, 74, . . . , 90
számok közül kerül ki. A szerkezetet azzal a reklámmal tudta eladni, hogy az ilyen szám-
ötösöknek nagyobb a valószínűsége a kihúzásra. Érdemes-e megvenni ezt a szerkezetet,
vagy legalábbis ilyen lottóötössel játszani?
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Megoldás. Természetesen nem érdemes pénzt áldozni erre a szerkezetre. Korábban
láttuk, hogy minden lottóötösnek ugyanakkora a valószínűsége, bárhogyan is osztá-
lyozzuk őket. Egyébként ez a szerkezet 185 = 1 889 568 darab lottóötöst tud kisorsolni
a lehetséges 43 949 268-ból.


5.12. feladat. Értelmezze az előző táblázatban a szürke háttérrel kiemelt számokat!


Megoldás. Egy lottóötösben legnagyobb valószínűséggel, növekvő sorrendben az első
helyen az 1, a második helyen a 23, a harmadik helyen a 45 és 46, a negyedik helyen a
68, végül az ötödik helyen a 90 állhat.


5.13. feladat. Pár évvel ezelőtt készült egy riport a sajtóban arról, hogy valaki talált
egy jó lottó szisztémát. Eszerint egy lottóötösben a páros lottószámok száma 0, 1, 2,
3, 4 vagy 5 lehet. Vagyis minden héten hat szelvénnyel kell játszani úgy, hogy egy
szelvényen ne legyen páros, egy szelvényen pontosan egy páros szám legyen és így
tovább, a hatodik szelvényen mindegyik szám páros legyen. Van-e értelme ennek a
logikának? Hová vezetne a szisztéma „tökéletesítése”?


Megoldás. Ez a rendszer a lottóötösöket hat osztályra bontja a kettővel való osz-
tás maradéka szerint. Mivel bármely lottóötösnek ugyanakkora a valószínűsége, ezért
mindegy, hogy mely osztályból vagy osztályokból vesszük ki ezeket, így a szisztéma ér-
telmetlen. Természetesen azért valamennyivel nő a valószínűség, hiszen most nem egy,
hanem hat szelvénnyel játszunk, de ennek semmi köze az osztályokhoz.


A szisztémát úgy „tökéletesíthetjük”, ha az alapnak tekintett kettőt növeljük. Pél-
dául a hárommal való osztás maradékát figyeljük. Eszerint lehet például egy lottóötös-
ben egy olyan szám, amely hárommal osztható, három olyan szám, amely hárommal
osztva 1 maradékot ad és egy olyan, amely hárommal osztva 2 maradékot ad. Hány
ilyen osztály létezik? A választ az ismétléses kombinációk számával lehet megadni:(︀3+5−1


5


)︀
= 21. Ha a 𝑘-val való osztás maradékai szerint osztályozunk, akkor az osztá-


lyok száma
(︀


𝑘+5−1
5


)︀
. A legtökéletesebb osztályozást akkor kapjuk, amikor 𝑘 = 86. Ebből


azt kapjuk, hogy minden lottószámot meg kell játszani.


5.14. feladat. Ha az előző szisztéma legtökéletesebb verzióját játszanánk, azaz min-
den lottóötöst megtennénk, akkor mennyit buknánk? A konkrét számolás kedvéért
tegyük fel, hogy rajtunk kívül még 5 millió szelvény játszik, melyek közül egyik sem
lesz 5 találatos, a telitalálatos osztályban 2 milliárd forint a halmozódás, míg a többi
nyereményosztályban nincs halmozódás.


Megoldás. Technikailag ez megoldható egy kombinációs szelvénnyel, melyen be kell
jelölnünk mind a 90 számot. Ezért a pénztáros el fog tőlünk kérni


43 949 268 · 225 = 9 888 585 300,
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azaz közel 10 milliárd forintot (vagy inkább az elmeosztályt hívja telefonon -). A
nyereményalap


0,46 · 225(43 949 268 + 5 000 000) = 5 066 249 238 forint.


Ehhez még hozzáadódik a 2 milliárd forintos halmozódás. Tehát a kiosztásra kerülő
teljes nyeremény


7 066 249 238 forint.


Természetesen ezt nem mind mi kapjuk, hiszen a többiek között is lesznek nyertesek.
Így a veszteségünk több, mint


2 822 336 062 forint.


Tehát ebben az esetben körülbelül 3 milliárd forintot bukunk.


5.15. feladat. Az előző feladat feltételeivel, mennyit fizetnek egy négytalálatos szel-
vényre, ha rajtunk kívül még 40 ilyen szelvény van? Ha mi nem játszottunk volna,
akkor mennyit fizetne?


Megoldás. A nyereményalapból a négytalálatosokra jutó összeg:


0,17 · 5 066 249 238 = 861 262 370 forint.


Az összes négytalálatos szelvények száma


40 +
(︂


5
4


)︂(︂
85
1


)︂
= 465,


így egy négytalálatos szelvényre


861 262 370 : 465 = 1 852 177 forintot


fognak fizetni. Ha nem játszottunk volna, akkor


0,17 · 0,46 · 225 · 5 000 000 : 40 = 2 199 375 forint


lett volna a nyeremény.
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6. fejezet


Három ajtó, melyiket válasszam?


Ezt a játékot Monty Hall-dilemmának is nevezik, mert Monty Hall „Let’s make a deal”
című tévés vetélkedőjében játszották.


Ebben a televíziós vetélkedőben adott három ajtó:


A három ajtó közül az egyik mögött autó, a másik kettő mögött kecske található,
például így:
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A játékos a becsukott ajtók közül kiválaszt egyet,


majd a játékvezető a másik kettő közül kinyit egy olyat, ami mögött kecske van.


A játékos ezután még egyszer dönthet: Az eredetileg kiválasztott ajtónál marad, vagy
inkább a másik ajtóra tippel. Persze mi most tudjuk a játékvezetővel együtt, hogy nem
érdemes változtatni, de ezzel a játékos nincs tisztában.


A kérdés a következő:


Vajon mikor nagyobb a valószínűsége annak, hogy nyer a játékos? Ha vál-
toztat az első döntésén, vagy ha kitart mellette? Esetleg teljesen mindegy,
mert maradnak az esélyek?


Marilyn Savant – akinek az IQ-ja 228, ami a valaha mért legnagyobb érték – a
váltás mellett érvelt.


Azonban a legtöbb matematikus nem tartotta jónak a magyarázatot. Ilyen vélemények
hangoztak el :


„Hivatásos matematikusként mélységesen elszomorít, mennyire alacsony az
átlagemberek matematikai műveltsége. Ne súlyosbítsa a helyzetet, vallja be,
hogy tévedett !”
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„Hát ezt elszúrta, de nagyon! Miután a műsorvezető felfedi az egyik kecskét,
a játékos 1 : 2-höz eséllyel nyerhet. Akár meggondolja magát, akár nem, az
esély nem változik. Erre az országra amúgy is nagyon jellemző a matema-
tikai analfabetizmus, felesleges, hogy erre még a legmagasabb IQ birtokosa
is rátegyen egy lapáttal ! Szégyellje magát!”


„Óriásit téved a vetélkedős feladattal kapcsolatban, mindamellett remélem,
hogy ez a vita ráirányítja a figyelmet matematikaoktatásunk elképesztő hi-
ányosságaira. Tévedése beismerésével valamelyest Ön is kivehetné részét
e szánalmas állapot felszámolásából. Hány ingerült matematikus kell még,
hogy végre meggondolja magát?!”


Savant magyarázatát még korunk legnagyobb matematikusa, Erdős Pál sem fogadta el
elsőre.


Akkor hát mi az igazság? Csináljuk azt, amit Erdős is tett. Játszunk sokszor, és nézzük
meg mi történik az egyik taktika, és mi a másik esetében. A következő videóban 9
játékot játszunk úgy, hogy nem változtatunk az első tippen:


VIDEÓ
Amint láthattuk, 9 játékban 3-szor nyertünk. Most nézzük meg mi történik a 9 játék
alatt, ha változtatunk a tippen:


VIDEÓ
Tehát most 6-szor nyertünk. Azaz kétszerese annak, mint amikor maradtunk az ere-
deti választásunknál. Ez azt sejteti, hogy Marilyn Savantnak van igaza. Persze ez még
lehetett véletlen is. A videón látható játékkal Ön is játszhat a következő weblapon:


Monty Hall-dilemma
A kísérlet meggyőzőbb lenne, ha az arányt nagyobb számú játék esetén is megnézhet-
nénk. Ehhez az Excelt hívjuk segítségül. Írja az A1 cellába:


=VÉLETLEN.KÖZÖTT(1;3)
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Jelentse ez a kiválasztott ajtó számát. Írja a B1 cellába a következőt:


=VÉLETLEN.KÖZÖTT(1;3)


Jelentse ez a nyerő ajtó számát. A C1 cellába aszerint írjon 1-et vagy 0-t, hogy változ-
tatás nélkül nyerünk-e vagy sem. Nyilván, ha A1=B1, azaz a kiválasztott és a nyerő
ajtó sorszáma ugyanaz, akkor nyerünk. Tehát a C1 cellába ezt írja:


=HA(A1=B1;1;0)


A D1 cellába aszerint írjon 1-et vagy 0-t, hogy változtatással nyerünk-e vagy sem. Ha
rossz ajtót választunk, akkor a játékvezető kénytelen a másik rossz ajtót kinyitni. Így a
változtatással pont a nyerő ajtót találjuk meg. Vagyis ebben az esetben akkor nyerünk,
ha A1 és B1 értéke különböző, illetve akkor veszítünk, ha megegyezik. Tehát a D1
cellába ezt írja:


=HA(A1=B1;0;1)


Jelölje ki az A1:D1 cellatartományt, majd az 1000. sorig húzza le a kitöltőjelet. Így
1000 játékot modelleztünk mindkét taktikával. Az E1 cellába írja a következőt:


=SZUM(C:C)


Ezzel az 1000-ből azon játékok számát kapjuk, amelyben változtatás nélkül nyertünk
volna. Az F1 cellába ezt írja:


=SZUM(D:D)


Ezzel az 1000-ből azon játékok számát kapjuk, amelyben változtatással nyertünk volna.
Végül a G1 cellába kerüljön ez:


=F1/E1


Ez adja meg, hogy körülbelül hányszorosa a nyerés esélyének abban az esetben, amikor
változtatunk, ahhoz képest, mint amikor nem változtatunk. Az F9 billentyűt meg-
nyomva, az 1000 kísérletet újra végrehajtja az Excel, így újabb arányt fog számolni.
Ezt tetszőleges számban megismételheti. Közben figyelje a G1 cella értékét.


VIDEÓ
Elég jól megfigyelhető, hogy az arány 2 körül ingadozik, azaz a tapasztalat azt mutatja,
hogy körülbelül kétszer akkora az esélye annak, hogy nyerünk, ha változtatunk, ahhoz
képest, mint amikor nem változtatunk. Ezt a vizsgálati módszert egyébként Monte
Carlo-módszernek nevezik.


Most térjünk rá az elméleti magyarázatra, bár ha jól figyelt, akkor az Excel mun-
kalap elkészítésekor, már megkaptuk a magyarázatot.
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Ha nem változtat: abban az esetben nyer, ha eltalálta a nyerő ajtót, melynek 1
3 a va-


lószínűsége.


Ha változtat: abban az esetben nyer, ha elsőre nem találta el a nyerő ajtót, hiszen
ekkor a játékvezető a másik rossz ajtót nyitja ki, így amire változtat a játékos,
ott biztosan autó van. Ennek valószínűsége 2


3 .


Összegezve tehát, igaza volt Marilyn Savantnak, azaz megváltoztatva a tip-
pünket, kétszeresére nő az esélyünk a nyerésre.


Amint láttuk, az ember első reakciójához képest (ami az, hogy a változtatás nem be-
folyásolhatja a valószínűséget) meglepő a valóság, ugyanakkor nagyon egyszerű a ma-
gyarázat. Akkor miért váltott ki Savant érvelése ekkora ellenállást a matematikusok
körében? Nos, Savant eredeti magyarázata meglehetősen körülményes és nehezen ért-
hető volt, ugyanakkor a matematikusok első gondolata, miszerint nem változik a való-
színűség, annyira nyilvánvalónak tűnt számukra, hogy nem vették a fáradtságot Savant
magyarázatának értelmezésére. Tisztelet a kivételnek.


6.1. feladat. A játék paraméterein változtatva, hogyan változik a valószínűség? Pró-
báljuk meg általánosítani a feladatot!


Legyen 𝑛 ≥ 1 azon ajtók száma, melyek mögött autó van. Legyen 𝑚 ≥ 2 azon
ajtók száma, melyek mögött kecske van. A játékos az 𝑛 + 𝑚 csukott ajtóból választ
egyet, majd a játékvezető 𝑘 darab ajtót kinyit, melyek mögött kecske van. Ezután a
játékos eldöntheti, hogy marad-e az eredeti választásánál vagy változtat. Érdemes-e
változtatni?


Megoldás. Ha nem változtat, akkor el kell találni egy nyerő ajtót a nyeréshez, melynek
esélye:


𝑛


𝑛 + 𝑚
.


Most tekintsük azt az esetet, amikor változtat a játékos. Vezessük be a következő
jelöléseket:


𝐴 : a játékos nyer
𝐵 : elsőre nyerő ajtót választ
𝐵 : elsőre nem nyerő ajtót választ


Ekkor a teljes valószínűség tétele szerint:


𝑃 (𝐴) = 𝑃 (𝐴 | 𝐵)⏟  ⏞  
𝑛−1


𝑛+𝑚−(𝑘+1)


𝑃 (𝐵)⏟  ⏞  
𝑛


𝑛+𝑚


+ 𝑃 (𝐴 | 𝐵)⏟  ⏞  
𝑛


𝑛+𝑚−(𝑘+1)


𝑃 ( 𝐵 )⏟  ⏞  
𝑚


𝑛+𝑚


= 𝑛


𝑛 + 𝑚
· 𝑛 + 𝑚 − 1


𝑛 + 𝑚 − 𝑘 − 1⏟  ⏞  
𝑆>1


>
𝑛


𝑛 + 𝑚
.


Tehát nagyobb eséllyel nyer a játékos, ha változtat a döntésén! Speciálisan, ha 𝑛 = 1
és 𝑘 = 𝑚 − 1, akkor 𝑆 = 1+𝑚−1


1+𝑚−𝑚
= 𝑚, azaz az eredeti valószínűség 𝑚-szeresével nyer,
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ha változtat. Másrészt, ha 𝑘 rögzített, akkor 𝑛 + 𝑚 növelésével 𝑆 közelít 1-hez, vagyis
a változtatással egyre kisebb mértékben nő a valószínűség a változtatással.


Következzen az utolsó feladat:


6.2. feladat. Mi a helyzet, ha a játékos több ajtót is választhat?


Ezt a kérdést nem válaszoljuk meg, mindenkinek legyen ez otthoni fejtörő!
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Előszó


Ma már a világ minden felsőoktatási intézményében ismert és standardként használt
kiadványszerkesztő eszköz a TEX-rendszer. Ennek része a LATEX magas szintű dokumen-
tumleíró nyelv is. Ez a könyv ennek a világába vezeti be az Olvasót. Az itt ismertetett
tananyag alapjait az egri Eszterházy Károly Katolikus Egyetem Matematikai és In-
formatikai Intézetének „Számítógépes szöveg- és kiadványszerkesztés” című előadásai és
gyakorlatai képezik, de azt jelentősen kibővítve. Ennek a könyvnek elérhető egy jóval
kisebb terjedelmű kivonatos verziója is LATEX LAPOK címmel.


A könyvet próbáltam gyakorlatias oldalról megközelíteni, de nem mindig lehet meg-
kerülni az elméletet. Így van ez a „Bevezetés” című fejezettel is, ahol az Olvasó sok olyan
dologgal találkozhat, amit még a gyakorlatban nem próbált ki. Erre azért van szükség,
mert a későbbiekben az itt bevezetett fogalmakat gyakran fogjuk használni.


Szeretném felhívni a figyelmet a könyvben található videókra és az Eszterházy Ká-
roly Katolikus Egyetem LATEX-kurzusára, melyek jelentősen megkönnyíthetik az önálló
tanulást.


Ha egy könyvben található példát nem tud reprodukálni a saját telepített rendsze-
rén, akkor valószínűleg abban egy olyan kód szerepel, amihez szükség van egy csomagra
vagy egy csomagfrissítésre, amely az Ön gépére még nincs telepítve.


Reményeim szerint a LATEX megismerése után az Olvasó természetesnek veszi majd,
hogy szakdolgozatának vagy bármely más jellegű publikációjának, dokumentumának
elkészítéséhez ezt a rendszert használja. Ha észrevétele, megjegyzése van, kérem írjon
a következő címre:


tomacs.tibor@gmail.com


A LATEX-rendszert használók többmilliós táborának jelmondatával kívánok az Ol-
vasónak sok türelmet és kitartó munkát a tanuláshoz!


Happy LATEXing!
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A szerzőről


A TEX-rendszerrel az 1990-es évek elején az egri Eszterházy Károly Katolikus Egye-
tem (akkori nevén Ho Si Minh Tanárképző Főiskola) oktatójaként találkoztam először.
Egy kollégám, Rimán János mutatta meg az Eberhard Mattes által kifejlesz-
tett emTEX nevű TEX-disztribúciót, amit MS-DOS, OS/2 és Windows 3.1 operációs
rendszereken lehetett telepíteni. Ezen belül a Plain TEX makrócsomagot használtam,
pontosabban annak Járai Antal és Járai Zoltán által újraimplementált verzióját
(JATEX), ami magyar specifikus eszközökkel bővítette ki az eredeti rendszert. Szer-
kesztésre a KEDIT editort használtam.


Több cikket, egy könyvet és a doktori disszertációmat is ezzel a rendszerrel írtam.
Ezeken keresztül megtapasztalhattam a Plain TEX korlátait, ami egy összetettebb do-
kumentum megírását rendkívül kényelmetlenné teszi. A Plain TEX hátránya az is, hogy
tipográfiai ismeretek nélkül használva, nagy eséllyel kifogásolható kimenetet eredmé-
nyez. Emiatt mai szemmel már rengeteg formai hibát látok az akkor írt műveimben.


Ezek érlelték bennem a gondolatot, hogy a strukturált művekre jóval alkalmasabb
LATEX makrócsomagra térjek át, amely a helyes tipográfiára is sokkal nagyobb hang-
súlyt fektet. A váltásra a végső lökést 2004-ben egy konferenciakiadvány elkészítésére
való felkérés adta. Első lépésként búcsút vettem az akkorra már elavultnak számító
emTEX-től, és a MiKTeX-re tértem át, szerkesztőként pedig a WinEdt programot vá-
lasztottam. (Ma már leginkább a TeX Live és TeXstudio párosítást használom.) A kon-
ferenciakiadvány elkészítésére elég szűk határidő volt, így a LATEX megismerése is csak
a legfontosabb dolgokra korlátozódott. De ezek sem szakkönyveken keresztül, hanem
mások tanácsaira hagyatkozva történtek, így a különböző problémák megoldásainak
helyessége is sokszor kétséges volt.


Ezután 2005-ben felkérést kaptam az Annales Mathematicae et Informaticae folyó-
irat műszaki szerkesztésére. Ehhez már nem volt elég az addigi LATEX tapasztalatom,
sokkal mélyebb és hitelesebb tudásra volt szükségem. Először Wettl Ferenc, Mayer
Gyula és Szabó Péter LATEX kézikönyv [18] című leírását olvastam el. Ez nagyon
jó kiindulási alapot adott, sok dolgot helyretett és kijavított a korábbi ismereteimben.
Azóta rengeteg külföldi lektorált szakkönyvön rágtam át magam, továbbá a tipográfia
mesterségébe is igyekeztem minél jobban elmélyülni. Az utóbbit Gyurgyák János
Szerzők és szerkesztők kézikönyve [5] című leírása alapozta meg.


A felhasználói szinten túl, a fejlesztői munkában is aktívan részt veszek. A követ-
kező csomagoknak és osztályoknak vagyok a szerzője és fejlesztője: bookcover, fgruler,
huaz, hulipsum, numspell, thesis-ekf. Ezek a csomagok a Comprehensive TeX Archive
Network (CTAN) oldalról érhetők el, de részét képezik a TeX Live és MiKTeX disztri-
búcióknak is.


2025-ben átvettem a babel csomag magyar nyelvi moduljának (babel-hungarian)
karbantartását, mivel a szerzője, Szabó Péter 2019-től már nem foglalkozik a fejleszté-
sével illetve hibajavítással.
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https://ctan.org/pkg/emtex

https://www.kedit.com/

https://miktex.org

https://www.winedt.com
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https://ami.uni-eszterhazy.hu

https://www.ctan.org/pkg/bookcover

https://www.ctan.org/pkg/fgruler

https://www.ctan.org/pkg/huaz

https://www.ctan.org/pkg/hulipsum

https://www.ctan.org/pkg/numspell

https://www.ctan.org/pkg/thesis-ekf

https://ctan.org/author/tomacs

https://ctan.org/author/tomacs

https://ctan.org/pkg/babel

https://ctan.org/pkg/babel-hungarian





A szerzőről 15


A LATEX Windowson történő használatához kifejlesztettem egy könnyen és gyor-
san telepíthető kompakt keretrendszert TeXfireplace néven, amely egyszerre telepíti a
MiKTeX és TeXstudio programokat, továbbá néhány fontos kiegészítő eszközt.


2009-től átvettem az Eszterházy Károly Katolikus Egyetem Matematikai és Infor-
matikai Intézetében a LATEX oktatását. Ennek a kurzusnak az elsődleges célja, hogy a
hallgatók LATEX-ben tudják megírni a TDK illetve szakdolgozataikat.


Elkötelezett híve vagyok a LATEX népszerűsítésének és oktatásának. Ebben a témá-
ban írt könyveim a latex-tutorial-hu oldalról tölthetők le. Ezekhez számos kiegészítő
feladat és videó is készült, melyek az előbbi könyvekből, illetve a honlapomról is elér-
hetőek.


Tómács Tibor
egyetemi docens



https://tibortomacs.github.io/texfireplace/

https://tibortomacs.github.io/latex-tutorial-hu

https://tomacstibor.uni-eszterhazy.hu/latex.html





Jelölések


A LATEX-ben a szerkesztés során ún. parancsokat kell használni. Ezek általános leírására
a következő példában látható jelölést vezetjük be:
\textbf{⟨szöveg⟩}
A ⟨ ⟩ jelek közé írt rész helyére olyan kódot kell beírni, melyet az adott parancs ma-
gyarázatánál adunk meg. Például ebben az esetben a ⟨szöveg⟩ helyére beírt betűket ez
a parancs félkövéren fogja kiszedni. Példakódot a következő módon jelöljük:


\textbf{ABC}


Ennek eredménye így lesz jelölve:


ABC


A szerkesztési lehetőségeket ún. csomagokkal lehet bővíteni. Például az \euro parancs
az eurosym csomag betöltésével használható, amit így fogunk jelölni :
\euro ∈ eurosym


A csomagokat többféle opcióval is be lehet tölteni. Például az \ontoday parancs csak a
babel csomag magyar opciójával használható, amit így fogunk jelölni :
\ontoday ∈ [magyar]babel


A kódokban a következő példán látható módon ki fogjuk emelni az ún. kommenteket.
\title{Cím} % Itt kell beírni a címet!


Ha valamit parancssorba kell írni, azt a következő példán látható módon fogjuk jelölni :
latex dokumentum.tex


Egy program menüjére Menü Almenü Alalmenü formában utalunk, míg annak egy
gombját Gomb módon jelöljük. A billentyűzet egy nyomógombjára Billentyű módon
utalunk. Ha egyszerre több billentyűt kell megnyomni, akkor közéjük + jelet teszünk.
Például Ctrl + N . A linkeket ilyen színű szöveggel jelöljük, míg a videókat a


Å
ikonra kattintva nézheti meg. Ha egy kód mellett Ð jelet lát a margón, akkor arra
kattintva – internetes böngészőben a The TeXLive.net Server illetve az segít-
ségével – megnézheti a teljes fordítható kódot (Minimal Working Example) és annak
eredményét.
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1. fejezet


Bevezetés


Donald Ervin Knuth stanfordi matematikus 1977-ben egy olyan számítógépes prog-
ramot fejlesztett ki, amely a nyomdászat minden tudását képes modellezni. Tette mind-
ezt azért, hogy A számítógép-programozás művészete című könyvét
megfelelő formába önthesse. A programot a görög τέχνη (jelenté-
se: művészet, mesterség; kiejtése: techné) szó első három betűjéből
TEX-nek keresztelte el, ami egyúttal a text (szöveg) szóra is utal. Így
a kiejtése nem teksz, hanem tekh vagy tek, mint a technika szóban.
A TEX márkajelet egy egyszerű szövegfájlba TeX módon kell beírni.


D. E. Knuth1


Számítástechnikai hasonlattal, a TEX nevezhető a nyomdászat
assemblerének is, mellyel minden tipográfiai feladat megoldható.
Ezzel azonban csak fáradságos úton, sok száz elemi parancs hasz-
nálatával tudunk dolgozni. Ezért szükség volt olyan makrócsomag
létrehozására, mely magasabb szintű programozási nyelven, könnyebben kezelhető.


Az első ilyen makrócsomagot Knuth írta, és Plain TEX-nek nevezte el. Ennek a
dokumentációját is elkészítette The TEXbook címmel [6]. Egy másik makrócsomagot
Michael Spivak fejlesztett ki, melyet az American Mathematical Society (AMS)
támogatott, és AMS-TEX-nek neveztek el. Ez a fő hangsúlyt a matematikai képletek
tipográfiájára helyezte. Magyar nyelven a Plain TEX és az AMS-TEX használatáról [3]
ad rövid áttekintést. További két makrócsomag még az OpTEX és ConTEXt.


Leslie B. Lamport amerikai informatikus a Great American
Concurrency Book című könyvéhez az 1980-as évek elején tervezett
makrócsomagot LATEX néven (ejtsd: latekh vagy latek). 1989-ben
a stanfordi TEX-találkozó után létrejött egy munkacsoport, mely
a LATEX újraírását és kiterjesztését tűzte ki célul. 1994-ben jelent
meg a LATEX2ε (ejtsd: latekh kettő e vagy latek kettő e), ami az
AMS-TEX tudását is magába olvasztotta. A LATEX2ε folyamatosan
bővül ún. csomagokkal, melyek bizonyos speciális feladatok elvégzé-
sét könnyítik meg. Mára a LATEX2ε (a továbbiakban röviden csak
LATEX) vált a legnépszerűbb makrócsomaggá. Már elérhető a LATEX3L. B. Lamport2


is, amely a fejlesztők számára egy programozási nyelv, a felhasználók közvetlenül nem
találkoznak vele. A LATEX márkajelet egyszerű szövegfájlba LaTeX módon kell beírni.


Amikor TEX-rendszerről beszélünk, akkor ezalatt az egész rendszert értjük, ami
magába foglalja a Plain TEX, AMS-TEX, OpTEX, ConTEXt, LATEX makrócsomagokat,


1Forrás: https://alchetron.com/Donald-Knuth
2Forrás: https://alchetron.com/Leslie-Lamport
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fontkészleteket és számos olyan dolgot, amit itt nem részletezünk, például a METAFONT


nevű programot is, mely betűkészletek létrehozására alkalmas.
Évente sok ezer könyv, cikk, oktatási segédanyag, szakdolgozat, doktori disszer-


táció stb. jelenik meg LATEX-ben. Egyes tudományokban, mint a matematika, fizika,
informatika, stb., a használata szabvánnyá vált, a legtöbb tudományos folyóirat csak
ebben fogad el kéziratot. Magyarországon például a Typotex Kiadó minden kiadványa
LATEX-rendszerben készül.


1.1. A LATEX koncepciója és jellemzői


A számítógépes szövegszerkesztő programok megjelenésével a szerzők a dokumentum
megírásától annak tördeléséig mindent maguk végeznek. Azonban a legtöbben a tipog-
ráfiához és a nyomdai szedéshez nem értenek, így sok
olyan mű készül, amely nem felel meg a legalapvetőbb
formai követelményeknek sem.


A TEX szimbóluma3


A LATEX koncepciója szerint, a szerző a tipográfusi
munka jelentős részét a LATEX-re bízza, a szedési mun-
kát pedig a TEX végzi el. Ettől függetlenül természete-
sen a végső forma minden apró részlete befolyásolható,
sőt saját stílusállomány is írható, de ez csak tipográfiai
tudással és a LATEX mélyebb ismeretével ajánlott.


A teljes TEX-rendszer – így a LATEX is – ingyenes és
nyílt forráskódú program. A LATEX segítségével professzionális tipográfia érhető el, be-
leértve a matematikai képleteket is.


Az irodalomjegyzékek, tartalomjegyzékek, szójegyzékek, lábjegyzetek és kereszthi-
vatkozások automatikusan számozódnak, sőt a számok előtti határozott névelők (az 1.,
a 2.) is automatikusan kezelhetők.


A mai számítógépes programok közül a LATEX tudja a bekezdéseket a legoptimá-
lisabban tördelni. Minden operációs rendszeren hozzáférhető, továbbá egy rendszeren
megírt mű egy másik rendszeren is ugyanazt az eredményt adja, nincs áttördelési effek-
tus. Egy kiadónak vagy egy nyomdának talán ez az egyik legfontosabb feltétel. Nagy
terjedelmű dokumentum forrása és az eredményt jelentő pdf fájl is csekély méretű, így
internetes publikálásra ideális.


Ha a TEX-et a nyomdászat assemblerének neveztük, akkor a LATEX egy magas szin-
tű dokumentumleíró nyelvnek is tekinthető. A dokumentum LATEX-forrása egy szöveges
állomány, mely együtt tartalmazza a kiadvány szövegét és a LATEX parancsait, hason-
lóan egy html dokumentumhoz, csak ott nem parancsok, hanem tagek vannak. Így a
szerkesztés során nem azt látja amit a végén kap. Ez a kezdő felhasználónak hátrány,
de a gyakorlat megszerzése után már előnyként fogja élvezni, mert ezáltal vizuális szer-
kesztésre nincs szükség, csak a tartalomra kell figyelni.


A dokumentum LATEX-forrását a szerkesztés után konvertálni kell pdf fájlba. Ehhez
a konvertáláshoz lesz majd szükség a TEX-rendszerre.


Sajnos a tipográfiai szabályoknak megfelelő új stílus kialakítása bonyolult, ezért a
kezdő felhasználónak a már meglévők használata ajánlott. További hátrány, hogy leírás
nélkül nem lehet boldogulni. A hibák megtalálása, javítása adott esetben nehéz lehet,
de ez a gyakorlat megszerzésével illetve megfelelő editor használatával könnyebbé válik.


3Tervezte Duane Bibby (CTAN lion drawing by Duane Bibby; https://ctan.org/lion).
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1.2. TEX-disztribúciók


A TEX-rendszer minden géptípuson és minden operációs rendszeren hozzáférhető. Az
egyik legnépszerűbb TEX-disztribúció, a Linuxon és Windowson is egyaránt működő
TeX Live. Ennek van egy MacTeX nevű telepítő csomagja, amely Mac OS-re telepíti
a TeX Live rendszert. Másik TEX-disztribúció a szintén népszerű MiKTeX. Ez először
csak Windowson működött, de ma már telepíthető Linuxra és Mac OS-re is.


1.3. LATEX-editorok


A szerkesztett dokumentum forrása egy szöveges állomány, ami bármelyik editoron
létrehozható. Azonban célszerű olyat használni, amely a LATEX-re lett optimalizálva
(automatikus parancs kiegészítő LATEX-parancsokhoz, pdf és forrás közötti szinkronizá-
lás, automatikus hibakereső, parancssori programokhoz rendelt ikonok, stb.). Számos
ilyen szerkesztő létezik: TeXworks, Kile, TeXnicCenter, WinEdt, Texmaker, TeXstu-
dio, stb. A legjobbnak a TeXstudiót tartom, ezért ebben a könyvben ennek a telepítése
és használata lesz bemutatva.


1.4. LATEX használata online (Overleaf)


Az (https://www.overleaf.com) weboldal regisztrálás után internetes bön-
gészőben ad szerkesztési lehetőséget, továbbá a végeredményt jelentő pdf fájlt egy szer-
veren található TeX Live rendszer generálja. A rendszer előnyei :


– Saját gépre nem kell telepíteni TEX-disztribúciót illetve LATEX-editort,
– a dokumentumokat felhőben tárolja,
– a kezelése könnyű és gyorsan átlátható,
– jól dokumentált,
– az alapszolgáltatások ingyenesek,
– az ingyenes verzióban egy másik felhasználóval megosztható a dokumentumunk


(prémium tagság esetén többel is),
– rengeteg sablont tartalmaz.


Vannak hátrányai is az használatának:


– Csak online használható,
– nem a legfrissebb TeX Live rendszerrel dolgozik,
– a TeX Live rendszerbe integrált dokumentációja a csomagoknak (texdoc) nem


elérhető,
– a szerkesztő funkciói szegényesek a TeXstudióhoz képest,
– nagyobb terjedelmű dokumentumokat (mint például ez a könyv is) még a prémi-


um verzióban sem lehet pdf-be konvertálni a fordítási idő korlátozása miatt,
– a menü és a dokumentáció nem érhető el magyar nyelven.


1.5. Terminál, parancssor


Ez a szakasz nem tartozik a TEX-rendszer leírásához, csak arra térünk ki, hogy a
továbbiakban többször emlegetett parancssor beviteléhez hogyan indítsa el a terminált.



https://www.overleaf.com
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Ehhez Windows esetén nyissa meg a „Futtatás” ablakot a ¯ + R gombokkal, írja be,
hogy
cmd


majd Enter . Linux esetén Ctrl + Alt + T .
Sok esetben a terminálban először be kell lépni abba a mappába, ahol éppen dol-


gozunk. Például, ha ez Windows esetén a
D:\dokumentumok\LaTeX próba


mappa, akkor parancssorba írja be, hogy
cd /d "D:\dokumentumok\LaTeX próba"


majd Enter . Linux esetén, ha a mappa például
~/Dokumentumok/LaTeX próba


akkor parancssorba írja be, hogy
cd ~/'Dokumentumok/LaTeX próba'


majd Enter .


1.6. Telepítés


A TeX Live rendszernek érdemes a teljes verzióját telepíteni, ugyanis a munkánk során
szükségessé váló hiányzó csomagok telepítése körülményes.


MiKTeX esetén elég a basic verziót telepíteni, mert a munkánk során szükségessé
váló hiányzó csomagok telepítése automatikusan a háttérben történik.


LATEX-editorként a TeXstudio telepítése lesz bemutatva, de más editor is választható
igény szerint.


1.6.1. TeX Live és TeXstudio telepítése Windowsra


1. lépés: TeX Live telepítése. Töltse le a TeX Live telepítésvezérlőjét innen (vagy
innen). Futtassa a fájlt, majd kövesse az utasításokat: Install → Next → Install


→ Install . A telepítés akkor fejeződik be sikeresen, ha megjelenik a „Welcome to
TeX Live! ” felirat. Ezután Close → Close .


Telepítési hibák elhárítása


(A) Ha az előző módszerrel nem sikerül a telepítés, akkor elképzelhető, hogy
a telepítő szerveren szinkronizálási problémák miatt nem a legfrissebb telepítő
fájlok találhatóak. Ebben az esetben az előbb letöltött install-tl-windows.exe
fájlt ne közvetlenül, hanem az
install-tl-windows.exe -select-repository


parancssorral futtassa. (Természetesen előtte a terminálban lépjen be abba a
mappába, ahol az install-tl-windows.exe található.) Ekkor a telepítés elején ki
kell választani a Specific mirror... gomb segítségével egy másik telepítő szervert.
(B) A leggyakrabban előforduló hiba okozója a Windows-fiók nevében található
ékezetes betű vagy szóköz. Ezt a következő módon lehet megoldani. Nyissa meg
a „Futtatás” ablakot a ¯ + R gombokkal, írja be, hogy
notepad



https://mirror.ctan.org/systems/texlive/tlnet/install-tl-windows.exe

https://ctan.math.washington.edu/tex-archive/systems/texlive/tlnet/install-tl-windows.exe
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majd Enter . A megjelenő ablakba másolja be a következő sorokat:
rmdir /S /Q C:\texlive
md C:\tlinst
cd /d C:\tlinst
curl -L -o inst.zip ^
https://mirror.ctan.org/systems/texlive/tlnet/install-tl.zip
tar -xf inst.zip -C C:\tlinst
for /f %%i in ('dir /B /A:D C:\tlinst') do set inst=C:\tlinst\%%i
start /min %inst%\install-tl-windows.bat


Mentse el egy bat kiterjesztésű fájlba, majd futtassa.
Ugyanezt elérheti úgy is, ha letölti az install-tl.zip fájlt innen (vagy innen),
kicsomagolja egy olyan helyre, aminek az elérési útvonalában nincs ékezetes betű
és szóköz, majd futtatja az install-tl-windows.bat fájlt.
(C) Ha így sem sikerül a telepítés, akkor töltse le a texlive.iso fájlt, amely tartal-
mazza az összes csomagot, majd kattintson rá kétszer. A megjelenő fájlkezelőben
futtassa az install-tl-windows.bat fájlt. Ezzel a módszerrel nem a legfrissebb
csomagok települnek, így ajánlott az utólagos frissítés (lásd az 1.7.1. alszakasz-
ban).
(D) Ha van elég hely a merevlemezen, nem szakad meg az internetes kapcsolat, és
a telepítés látszólag rendben zajlik, de a végén mégsem jut el a „Welcome to TeX
Live! ” feliratig, annak az is oka lehet, hogy a vírusirtó nem engedi valamelyik
fájl bemásolását. Ebben az esetben kapcsolja ki a vírusirtót a telepítés idejére.


2. lépés: TeXstudio telepítése. Töltse le a TeXstudio telepítőjét, indítsa el a tele-
pítő fájlt, majd kövesse az utasításokat.
A TeXstudio néhány praktikus beállításához mentse le a user.txsprofile fájlt,
majd azt a TeXstudio Beállítások Profil betöltése menüpontjával töltse be. Néhány
további beállítási lehetőségről az 1.10. szakaszban lesz szó.


3. lépés: A gép újraindítása. A TeX Live elérési útja a %PATH% környezeti változó-
ban bizonyos esetekben akkor fog frissülni, ha újraindítja a számítógépet.


4. lépés: Telepítés ellenőrzése. Indítsa el a TeXstudiót, majd válassza ki a követ-
kező menüpontot: Súgó LaTeX-telepítés ellenőrzése . Ha a pdflatex.exe elérési útja
látható a 2. sorban, akkor a telepítés rendben van.


Å
Videó: TEX-rendszer telepítése Windowsra


1.6.2. TeX Live és TeXstudio telepítése Ubuntu Linuxra


1. lépés: TeX Live telepítése. A legújabb TeX Live telepítéséhez töltse le az install-
tl-unx.tar.gz fájlt és csomagolja ki. Ha szerverhiba miatt nem sikerül a letöltés,
akkor próbálja ezt a linket. A kicsomagolt mappában nyissa meg a terminált.
Parancssorba írja be a következőt:
sudo ./install-tl


majd Enter . Amikor választani kell a TeX Live telepítési lehetőségei közül, akkor
írja be, hogy
I



https://mirror.ctan.org/systems/texlive/tlnet/install-tl.zip

https://ctan.math.washington.edu/tex-archive/systems/texlive/tlnet/install-tl.zip

https://mirrors.ctan.org/systems/texlive/Images/texlive.iso

https://www.texstudio.org/

https://tibortomacs.github.io/latex-tutorial-hu/user.txsprofile

https://youtu.be/havBZUoA1ho

https://mirror.ctan.org/systems/texlive/tlnet/install-tl-unx.tar.gz

https://mirror.ctan.org/systems/texlive/tlnet/install-tl-unx.tar.gz

https://ctan.math.washington.edu/tex-archive/systems/texlive/tlnet/install-tl-unx.tar.gz
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majd Enter . Várjon a telepítés végéig.
A TeX Live kényelmes használatához meg kell adni a pdflatex program elérési
útvonalát. Tegyük fel például, hogy ez az
/usr/local/texlive/2025/bin/x86_64-linux


mappa. Írja parancssorba a következőt:
sudo gedit /etc/environment


majd Enter . Az environment fájlban ki kell egészíteni a
PATH="⟨útvonalak⟩"
sort erre:
PATH="/usr/local/texlive/2025/bin/x86_64-linux:⟨útvonalak⟩"
Mentse az environment fájlt, majd lépjen ki a gedit programból. Ubuntu ese-
tén a gyökér PATH más, mint a normál PATH, ezért még ezt is be kell állítani.
Parancssorba írja be:
sudo gedit ~/.bashrc


Enter , majd a .bashrc fájlban írja be a következő sort az első sorba:
alias sudo='sudo env PATH=$PATH'


Mentse a .bashrc fájlt, majd lépjen ki a gedit programból. Végül indítsa újra a
számítógépet!


2. lépés: TeXstudio telepítése. A legújabb TeXstudio telepítéséhez töltse le a TeX-
studio honlapjáról a megfelelő telepítőfájlt, majd indítsa el. A másik lehetőség a
következő parancsok használata:
sudo add-apt-repository ppa:sunderme/texstudio
sudo apt-get remove texstudio-d*
sudo apt-get update
sudo apt-get install texstudio


Természetesen minden parancs után Enter . A TeXstudio néhány praktikus be-
állításához mentse le a user.txsprofile fájlt, majd azt a TeXstudio Beállítások


Profil betöltése menüpontjával töltse be. Néhány további beállítási lehetőségről az
1.10. szakaszban lesz szó.


3. lépés: Telepítés ellenőrzése. Indítsa el a TeXstudiót, majd válassza ki a követ-
kező menüpontot: Súgó LaTeX-telepítés ellenőrzése . Ha a pdflatex.exe elérési útja
látható a 2. sorban, akkor a telepítés rendben van.


1.6.3. MiKTeX és TeXstudio telepítése Windowsra


1. lépés: MiKTeX telepítése. Menjen a MiKTeX honlapjára, válassza ki a Win-
dows / Installer ablakot, majd kattintson a Download gombra. Töltse le a tele-
pítőfájlt, majd indítsa el. Indítás után kövesse az utasításokat.


2. lépés: TeXstudio telepítése. Töltse le a TeXstudio telepítőjét, indítsa el a tele-
pítő fájlt, majd kövesse az utasításokat.
A TeXstudio néhány praktikus beállításához mentse le a user.txsprofile fájlt,
majd azt a TeXstudio Beállítások Profil betöltése menüpontjával töltse be. Néhány
további beállítási lehetőségről az 1.10. szakaszban lesz szó.


3. lépés: Strawberry Perl telepítése. Amennyiben a forrásfájlok fordítását a ké-
sőbb ismertetett latexmk fordításvezérlővel szeretné elvégezni, akkor szükség lesz



https://www.texstudio.org/

https://www.texstudio.org/

https://tibortomacs.github.io/latex-tutorial-hu/user.txsprofile

https://miktex.org/download

https://www.texstudio.org/

https://tibortomacs.github.io/latex-tutorial-hu/user.txsprofile
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még egy Perl futtatóra is. A TeX Live tartalmaz ilyen futtatót, ezért ott nem
kellett külön telepíteni. A MiKTeX esetében viszont szükség van rá. Ehhez men-
jen a Strawberry Perl honlapjára, válassza ki a Recommended version ablakban
a megfelelő verziót. Töltse le a telepítőfájlt, majd indítsa el. Indítás után kövesse
az utasításokat.


4. lépés: A gép újraindítása. A MiKTeX és a Strawberry Perl elérési útja a %PATH%
környezeti változóban bizonyos esetekben akkor fog frissülni, ha újraindítja a
számítógépet.


5. lépés: MiKTeX frissítése. Ajánlott a MiKTeX csomagjainak a frissítése. Ehhez
a Windowson menjen a Start MiKTeX MiKTeX Console menüpontra. Először egy
figyelmeztető ablak jelenik meg, hogy frissítenie kell a rendszert. Az OK megnyo-
mása után: Updates → Check for updates → Update now → OK .
Ugyanezt elvégezheti parancssorban is:
miktex packages update
echo []>"%APPDATA%\MiKTeX\miktex\config\issues.json"


Természetesen minden parancs után Enter .
6. lépés: Alapértelmezett fontkészlet telepítése. A MiKTeX előbb ismertetett


telepítésekor az ún. basic verzió települ, amelyben T1 belső kódolás esetén az
alapértelmezett fontkészlet bittérképes, azaz a PDF kinagyításával a betűk szélei
„recések” lesznek. Ezt célszerű átállítani, azaz az alapértelmezett fontkészletnek
vektorgrafikus típust választani. Ehhez a Windowson menjen a Start MiKTeX


MiKTeX Console menüpontra, majd Packages . Ezután válassza ki a cm-super sort,
majd kattintson a ++ jelre (Install). Ezután OK → Close . Ugyanezt elvégezheti
parancssorban is:
miktex packages install cm-super


7. lépés: Telepítés ellenőrzése. Indítsa el a TeXstudiót, majd válassza ki a követ-
kező menüpontot: Súgó LaTeX-telepítés ellenőrzése . Ha a pdflatex.exe elérési útja
látható a 2. sorban, akkor a telepítés rendben van.


1.6.4. MiKTeX és TeXstudio telepítése Ubuntu Linuxra


1. lépés: MiKTeX telepítése. Futtassa a következő parancsot a terminálban:
curl -fsSL https://miktex.org/download/key |
sudo tee /usr/share/keyrings/miktex-keyring.asc > /dev/null


Az előző két sort egy sorba gépelje be. (Itt csak helyhiány miatt látható két
sorban.) A következő parancsot szintén egy sorba kell begépelni :
echo "deb [signed-by=/usr/share/keyrings/miktex-keyring.asc]
https://miktex.org/download/ubuntu ⟨típus⟩ universe" |
sudo tee /etc/apt/sources.list.d/miktex.list


A ⟨típus⟩ helyére focal, jammy vagy noble kerül aszerint, hogy az Ubuntu 20.04
LTS, 22.04 LTS vagy 24.04 LTS verziójára telepít. Végül futtassa a következő két
parancsot:
sudo apt-get update
sudo apt-get install miktex


Ezután nyissa meg a MiKTeX Console programot: Finish private setup → OK →
OK .



https://strawberryperl.com
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2. lépés: TeXstudio telepítése. A legújabb TeXstudio telepítéséhez töltse le a TeX-
studio honlapjáról a megfelelő telepítőfájlt, majd indítsa el. A másik lehetőség a
következő parancsok használata:
sudo add-apt-repository ppa:sunderme/texstudio
sudo apt-get remove texstudio-d*
sudo apt-get update
sudo apt-get install texstudio


Természetesen minden parancs után Enter . A TeXstudio néhány praktikus be-
állításához mentse le a user.txsprofile fájlt, majd azt a TeXstudio Beállítások


Profil betöltése menüpontjával töltse be. Néhány további beállítási lehetőségről az
1.10. szakaszban lesz szó.


3. lépés: A gép újraindítása. A környezeti változók bizonyos esetekben akkor fog-
nak frissülni, ha újraindítja a számítógépet.


4. lépés: Telepítés ellenőrzése. Indítsa el a TeXstudiót, majd válassza ki a követ-
kező menüpontot: Súgó LaTeX-telepítés ellenőrzése . Ha a pdflatex.exe elérési útja
látható a 2. sorban, akkor a telepítés rendben van.


5. lépés: MiKTeX frissítése. A rendszer már az első két lépés után is működőké-
pes, de ajánlott a MiKTeX csomagjainak a frissítése. Ehhez a MiKTeX Console
programban Updates → Check for updates → Update now → OK .


6. lépés: Alapértelmezett fontkészlet telepítése. A MiKTeX előbb ismertetett
telepítésekor az ún. basic verzió települ, amelyben T1 belső kódolás esetén az
alapértelmezett fontkészlet bittérképes, azaz a PDF kinagyításával a betűk szélei
„recések” lesznek. Ezt célszerű átállítani, azaz az alapértelmezett fontkészletnek
vektorgrafikus típust választani. Ehhez a MiKTeX Console programban Packages ,
válassza ki a cm-super sort, majd kattintson a ++ jelre (Install). Ezután OK →
Close . Ugyanezt elvégezheti parancssorban is:
miktex packages install cm-super


1.6.5. TeXfireplace telepítése Windowsra


A TeXfireplace a LATEX Windowson történő használatához biztosít egy könnyen és
gyorsan telepíthető kompakt keretrendszert, amit ennek a könyvnek a szerzője készített.
A telepítő a következő programok legfrissebb verzióit tölti le és telepíti :


MiKTeX (hordozható, basic verzió)
Perl A MiKTeX Perl szkriptjeinek a futtatásához (pl. latexmk).
Python/Pygments/latexminted A minted csomag használatához.
TeXstudio Hordozható verzió, módosított alapbeállításokkal. Alapértelmezetten a


latexmk automatizálja a LATEX dokumentumok fordításának folyamatát.


1.7. LATEX-csomagok frissítése


A LATEX-rendszert folyamatosan bővítik újabb csomagokkal, illetve a meglévőket fris-
sítik. Ezért célszerű ezeket néha letölteni illetve frissíteni a meglévő rendszerünkön.



https://www.texstudio.org/

https://www.texstudio.org/

https://tibortomacs.github.io/latex-tutorial-hu/user.txsprofile

https://tibortomacs.github.io/texfireplace/
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1.7.1. TeX Live frissítése


Ez a TeX Live Shell segítségével oldható meg, mely Windowson a Start TeX Live
TLShell TeX Live Manager menüvel érhető el, míg Linuxon a következő parancssorral :
sudo tlshell


A megnyitott ablakban: Updatable → Update all .
A TeX Live Manager és a csomagok frissítését parancssorból is elvégezheti. Windows


esetén
tlmgr update -self -all -reinstall-forcibly-removed


illetve Linux esetén
sudo tlmgr update -self -all -reinstall-forcibly-removed


Amennyiben a frissítés alapértelmezett szervere nem elérhető, az előbbi parancs hibát
fog jelezni. Ekkor az előzőeket egészítse még ki a következő kapcsolóval is, amely keres
egy működő tükörszervert:
-repository ctan


A frissítés során a frissített csomagokról biztonsági másolat készül. Ha ezt például
helytakarékossági célokból nem szeretné, akkor adja ki Windows esetén a
tlmgr option autobackup 0


illetve Linux esetén a
sudo tlmgr option autobackup 0


parancsot. A TeX Live minden évben új verzióval jön ki, melynek pontos dátumáról
a TeX Live honlapjáról értesülhet. Ennek telepítését az 1.6. szakaszban leírtak szerint
végezheti el. Az előző verziót nem kell eltávolítani, csak ha helytakarékossági okokból
muszáj.


1.7.2. MiKTeX frissítése


A MiKTeX Console programban Updates → Check for updates → Update now → OK .
Ugyanezt elvégezheti parancssorban is:
miktex packages update


1.7.3. TeXfireplace frissítése


A TeXfireplace részét képező MiKTeX LATEX-csomagjainak, illetve a TeXstudio frissí-
téséhez használja a Start TeXfireplace TeXfireplace update menüt.


1.8. Fontosabb fájlkiterjesztések
tex A Plain TEX és LATEX forrásfájlt jelentő szöveges állomány kiterjesztése.
bib Bibliográfiai adatbázist tartalmazó szöveges állomány kiterjesztése.
dvi (Device Independent) Dokumentumformátum, melyben csak arra vonatkozó in-


formációkat találunk, hogy a különböző fontok, képek hová kerüljenek. Raszter
információkat nem tartalmaz, így közvetlenül ebből nem nyomtathatunk. Képer-
nyőn megjeleníteni a MiKTeX részét képező YAP (Yet Another Preview), vagy
a TeX Live részét képező dviout programok képesek.
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ps (PostScript) Dokumentumformátum, mely a nyomdászathoz lett optimalizálva.
eps (Encapsulated PostScript) Postscript alapú vektorgrafikus képformátum.
pdf (Portable Document Format) A postscript továbbfejlesztése, mely nemcsak nyom-


tatásra, hanem monitoron való megjelenésre is optimális. Vektorgrafikus képfor-
mátum is lehet.


1.9. A TEX-rendszer fontosabb programjai


Az itt ismertetett programok TeXstudióból vezérelhetők, de parancssorból is futtatha-
tók. Utóbbi esetben először nyisson egy terminál ablakot, majd lépjen abba a mappába,
ahol a lefordítandó tex fájl van. A parancssori használatot csak a teljesség kedvéért írjuk
le, a TeXstudióban ezek sokkal egyszerűbben elérhetők. A programok áttekintéséhez
tegyük fel, hogy a LATEX forrásfájlnak a dokumentum.tex nevet adta.


pdftex Plain TEX forrásból készít pdf fájlt. Használata parancssorból
pdftex dokumentum.tex


A tex, latex és pdflatex fordítók (lásd később) is ennek a fordítónak a speci-
ális kapcsolóival érhetők el. Ezen fordítók motorja ASCII kódolású, így az ettől
különböző kódolású forrásfájlok feldolgozásához szükség van olyan csomagokra,
melyek a nem ASCII karaktereket parancsokra konvertálja (vagy eleve az ilyen
karaktereket parancsként gépeljük be, ami a forrás olvashatóságát rontja). Ezen
fordítók másik közös tulajdonsága, hogy csak a TeX-rendszerben telepített TFM
(TeX Font Metric) és Type 1 típusú fontkészletek érhetők el.


tex Plain TEX forrásból készít dvi fájlt. Használata parancssorból
tex dokumentum.tex


mely a következő parancssor rövidítése:
pdftex -output-format=dvi dokumentum.tex


latex Ez egy ún. LATEX-fordító, mely LATEX forrásból készít dvi kiterjesztésű fájlt.
Kereszthivatkozások, jegyzékek esetén többször kell futtatni. Használata TeX-
studióban Eszközök Parancsok LaTeX , parancssorból
latex dokumentum.tex


mely a következő parancssor rövidítése:
pdftex -output-format=dvi -progname=latex dokumentum.tex


Szintaxis hiba esetén a fordítás egy hibaüzenettel leáll. Ha megnyomja az Enter


gombot, akkor folytatja a fordítást a következő hibáig. Ha azt akarja, hogy a
hibáknál ne álljon le a fordítás, csak naplózza azokat a dokumentum.log fájlba,
akkor használja a latex program -interaction=nonstopmode kapcsolóját:
latex -interaction=nonstopmode dokumentum.tex


A TeXstudio alapbeállítások esetén használja ezt a kapcsolót.
pdflatex LATEX-fordító, mely LATEX forrásból pdf kiterjesztésű fájlt készít. A TeXstu-


dióban ez az alapértelmezett fordító.


 Ebben a könyvben alapesetben a pdflatex fordító használatát feltételezzük. Az ettől
való eltérést mindig feltüntetjük.
Kereszthivatkozások, jegyzékek esetén többször kell futtatni. Használata TeXstu-
dióban Eszközök Parancsok PDFLaTeX , parancssorból
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pdflatex dokumentum.tex


mely a következő parancssor rövidítése:
pdftex -output-format=pdf -progname=latex dokumentum.tex


Az -interaction=nonstopmode kapcsoló itt is használható, melyet a TeXstudio is
használ alapbeállítások esetén.


lualatex és xelatex LATEX-fordítók, melyek LATEX forrásból pdf kiterjesztésű fájlt
készítenek. Bővebben erről a két fordítóról és a használatukról a 25. fejezetben
olvashat.


biber A bib kiterjesztésű fájlbeli bibliográfiai adatbázist kezeli a biblatex csomag
használata mellett. Használata során, először a dokumentum.tex fájlt fordítsa a kí-
vánt formátumba (pdf, dvi), utána TeXstudióban Eszközök Parancsok Biber vagy
parancssorban
biber dokumentum


A dokumentum.tex fájlt ezután ismét fordítsa le kétszer.
texindy A xindy egy rugalmas tárgymutató készítő rendszer (2014 óta nem fejlesztik).


A texindy ennek egy LATEX-specifikus parancsa. A névsorba rendezés során a meg-
adott nyelv szabályait követi. Használata során, először a dokumentum.tex fájlt
fordítsa a kívánt formátumba (pdf, dvi), utána TeXstudióban Eszközök Parancsok


TexIndy vagy parancssorban
texindy dokumentum.idx


A dokumentum.tex fájlt ezután ismét fordítsa le pdf-be vagy dvi-be. A texindy-
nek van néhány fontos kapcsolója is, továbbá az indextools csomaggal együtt
könnyebben is használható, melyekről a tárgymutató készítésekor még lesz szó.


upmendex A texindy-nél modernebb tárgymutató készítő rendszer, mely a névsorba
rendezés során a megadott nyelv szabályait követi. Használata során először a
dokumentum.tex fájlt fordítsa a kívánt formátumba (pdf, dvi), utána parancssor-
ban
upmendex dokumentum.idx


A dokumentum.tex fájlt ezután ismét fordítsa le pdf-be vagy dvi-be. Az upmendex
az indextools csomaggal együtt könnyebben is használható, melyekről a tárgy-
mutató készítésekor lesz szó.


dvips Ezzel dvi kiterjesztésű fájlokat tud konvertálni ps-be. Használata TeXstudióban
Eszközök Parancsok DVI >PS , parancssorból
dvips -o dokumentum.ps dokumentum.dvi


ps2pdf Ezzel ps kiterjesztésű fájlokat lehet konvertálni pdf-be. Használata TeXstudi-
óban Eszközök Parancsok PS >PDF , parancssorból
ps2pdf dokumentum.ps


latexmk Ez egy ún. fordításvezérlő. Meghívja a latexmk.pl Perl szkriptet, mely a
LATEX forrásfájlt a megfelelő külső programok használatával a megfelelő szám-
ban lefordítja. Ezzel egy menetben kaphat végeredményt. A megfelelő kapcsoló
használatával ki tudjuk választani, hogy a latexmk melyik fordítót használja.
Ha pdflatex fordítóra van szüksége, akkor TeXstudióban használja az Eszközök


Parancsok Latexmk menüpontot. Parancssorból
latexmk -pdf dokumentum
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Ha latex fordítóra van szüksége, akkor az előbbi -pdf kapcsolót hagyja el vagy
cserélje a -dvi kapcsolóra.
Ha nem akarja, hogy a fordítás minden hiba után leálljon, csak naplózza azokat,
akkor használja a latexmk program -silent kapcsolóját, melyet a TeXstudio is
használ alapbeállítások esetén.
Ha a latexmk programmal történő fordítás során keletkező munkafájlokat akarja
törölni, akkor TeXstudióban Eszközök Segédfájlok törlése illetve parancssorban
latexmk -pdf -c


vagy
latexmk -c


aszerint, hogy fordításnál használta-e vagy sem a -pdf kapcsolót. Ha nemcsak
a munkafájlokat, hanem a végeredményt jelentő pdf, ps, dvi fájlokat is törölni
akarja, akkor -c helyett használja a -C kapcsolót.


latexdiff Két tex fájl közötti különbséget egy harmadikban mutatja meg. Például, ha
a dokumentum.tex és a dokumentum-rev.tex közötti különbséget akarja megnézni,
akkor parancssorban
latexdiff dokumentum.tex dokumentum-rev.tex > dokumentum-diff.tex


A generált dokumentum-diff.tex lefordításával megnézhető a különbség.
SyncTeX (Synchronize TeXnology) Nagyobb terjedelmű dokumentum esetén rengeteg


munkát meg lehet spórolni, ha a tex fájl adott pozíciójából a pdf fájl megfelelő
pozíciójába tud ugrani és viszont. Ezt a célt szolgálja a SyncTeX program. A
működéséhez használja a pdflatex, latex illetve latexmk programok -synctex=1
kapcsolóját. Természetesen dvi fájl generálása esetén ennek csak akkor van értel-
me, ha azt konvertálja a dvips és ps2pdf programok segítségével pdf-be.
A TeXstudio alapbeállítások esetén használja ezeket a kapcsolókat. Ha a fordítás
befejeződött, akkor tartsa nyomva a Ctrl billentyűt, majd az egér bal gombjával
kattintson a tex fájlban a megfelelő szövegrészre. Ekkor a TeXstudio átugrik a
pdf fájl megfelelő részére. Ez visszafelé is működik.


texdoc A TEX-rendszer dokumentációját kezelő program. Ha egy csomag útmutatóját
szeretné elolvasni, akkor TeXstudióban használja a Súgó Csomagleírások menüt,
vagy parancssorban
texdoc ⟨csomagnév⟩
Előfordulhat, hogy parancssorral nem a megfelelő leírást kapja. Például
texdoc wrapstuff


a kínai dokumentációt találja meg. Ilyenkor először listázza ki a találatokat:
texdoc --list ⟨csomagnév⟩
Ezután ki kell választani a megfelelő sorszámot.


1.10. TeXstudio beállítások


1. Ha tárgymutatót készít vagy biblatex-het használ az irodalomjegyzékhez, akkor
célszerű az alapértelmezett fordítót pdflatex-ről átállítani latexmk-ra:
Beállítások A TeXstudio beállításai Fordítás Alapértelmezett fordító: Latexmk


2. A latexmk használata még rugalmasabbá válik például az auto-pst-pdf vagy az
indextools csomagok esetén, ha használja a -shell-escape kapcsolót. Ehhez a
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következő beállítást kell elvégezni: Beállítások A TeXstudio beállításai Parancsok


Latexmk latexmk -gg -pdf -silent -synctex=1 -shell-escape % majd OK .
✓ Speciális beállítások megjelenítése
Fordítás A bibliográfia ellenőrzése és frissítése fordítás előtt


3. Ha a pdf-et szeretné külön ablakban megjeleníteni, és nem a forrás mellett, akkor:
Beállítások A TeXstudio beállításai Fordítás PDF megjelenítő: Belső PDF néző (ablakban)


4. A TeXstudio a megnyitott zárójelet automatikusan bezárja, azaz pl. ha { jelet
gépel be, akkor {} fog megjelenni. Ha ezt nem akarja, akkor tegye a következőt:
Beállítások A TeXstudio beállításai ✓ Speciális beállítások megjelenítése
Haladó szerkesztő Zárójelpárok automatikus bezárása


5. A TeXstudio a listájában nem szereplő parancsokat kiemeli színes háttérrel. Ha
ezt nem akarja, akkor:
Beállítások A TeXstudio beállításai Szerkesztő Helyesírás


6. Ha egy parancs fölé viszi az egeret, akkor egy súgóablak jelenik meg az adott
parancsról, ami kezdőknek hasznos, de a gyors munkában zavaró. Ha ezt a szol-
gáltatást ki akarja kapcsolni, akkor tegye a következőt:
Beállítások A TeXstudio beállításai ✓ Haladó beállítások megjelenítése
Haladó szerkesztő Szöveg buboréksúgójának megjelenítése a szerkesztőben


7. A TeXstudio tudását szkriptekkel bővítheti :
Makrók Makrók szerkesztése Hozzáadás


Név (nevezze el a szkriptet)
Típus Szkript (gépelje be a szkriptet)


– Általam használt szkriptek
– A TeXstudio készítőinek szkriptgyűjteménye



https://tibortomacs.github.io/latex-tutorial-hu/scripts.html

https://github.com/texstudio-org/texstudio/wiki/Scripts





2. fejezet


Az első lépések


2.1. A LATEX alapfogalmai


2.1.1. Parancs


A LATEX-ben a dokumentum formázását parancsokkal végezzük. A parancs \ (back-
slash) jellel kezdődik, majd ezt követi a parancs neve, melyben ékezetes betű, szám és
szóköz nem szerepelhet, továbbá kis- és nagybetű között különbséget tesz. Például


\LaTeX


LATEX


2.1.2. Kötelező argumentum


Vannak olyan parancsok, amelyek csak bizonyos paraméterek megadásával működnek.
Ezeket a paramétereket a parancs argumentumába kell beírni { } jelek közé. Például a


\textit{szöveg}


a „szöveg” szót dőlten szedi ki. Kapcsos zárójelek nélkül a parancs paramétere a soron
következő első szóköztől különböző karakter lesz, feltéve, hogy az 1 bájtos kódolású.
Több bájtos kódolású karakterek például UTF-8 kódolás esetén az ékezetes betűk.
Tehát


\textit szöveg


a „szöveg” szóban csak az s betűt szedi dőlten. De ha a forrásfájl UTF-8 kódolású,
akkor például


\textit és még valami


esetén hibát kapunk. Egy parancsnak több paramétere is lehet. Például
\setcounter{page}{1}


az oldalszámot 1-re állítja.


2.1.3. Opcionális argumentum


Egy parancsnak lehet opciója is, amit nem kötelező megadni. Ha nem adja meg, ak-
kor az alapopció lép érvénybe. Az opciókat a parancs opcionális argumentumában kell
megadni [ ] jelek között. Például egy listaelem bevezethető az
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\item


paranccsal, ami az alapértelmezett jelet teszi ki a listaelem elé, de írhat
\item[-]


parancsot is, amely egy kötőjelet tesz a listaelem elé. Előfordulhat, hogy egy parancsnak
opciója és paramétere is van. Például az


\includegraphics[width=3cm]{abra.jpg}


parancs betölti az abra.jpg képet 3 cm szélességben. Valamikor több opció is megad-
ható. Ekkor az opciókat vesszővel kell elválasztani. Például


\includegraphics[width=3cm,angle=90]{abra.jpg}


parancs betölti az abra.jpg képet 3 cm szélességben 90 fokkal elforgatva.


2.1.4. Környezet


A \begin, \end parancspárt környezetnek nevezzük, a kettő közötti rész pedig a környe-
zet belseje. Ezen parancsok argumentumában kell a környezet nevét megadni. Például
itemize környezet alatt a \begin{itemize}, \end{itemize} parancspárt értjük, ami
számozatlan listát készít :


\begin{itemize}
\item Listaelem
\item Listaelem


\end{itemize}


2.1.5. Blokk


Vannak olyan parancsok, melyek az utánuk lévő részre valamilyen hatást fejtenek ki.
Például az \itshape parancs a soron következő szöveget dőlten szedi ki. Ha azt akarja,
hogy csak egy adott részre terjedjen ki a hatása, akkor blokkba kell zárni. Blokk kapcsos
zárójelekkel adható meg. Például


Ez egy {\itshape nem túl izgalmas} példa.


esetben csak a „nem túl izgalmas” lesz kiszedve dőlten. Kapcsos zárójelek helyett hasz-
nálhatja a
\begingroup
\endgroup


parancsokat is, de ezt inkább stílus- illetve osztályfájlok írásánál célszerű használni.
Blokkot határoz meg egy környezet is. Például


\begin{itemize}
\itshape
\item Listaelem


\end{itemize}


esetén az \itshape csak az itemize környezeten belül hat. Blokkok egymásba ágyaz-
hatók, de nem keresztezhetik egymást. Például


\begin{itshape}
\begin{ttfamily}
szöveg


\end{ttfamily}
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\end{itshape}


helyes, de helytelen a következő:
\begin{itshape}
\begin{ttfamily}
szöveg


\end{itshape}
\end{ttfamily}


Tulajdonképpen egy paraméteres parancs kötelező argumentuma is blokk, pontosabban
a parancs nevét követő (nem környezettel megadott) blokk tartalma lesz a parancs
paramétere. Minden 1 bájtos kódolású karakter blokknak számít, ezért például a


\textit szöveg


a „szöveg” szóban csak az s betűt szedi dőlten, de
\textit{szöveg}


esetén a teljes „szöveg” szó lesz dőlt. Ez csak a kötelező argumentum esetén van így.
Opcionális argumentumnál kötelező megadni a szögletes zárójeleket a blokk határain.


2.1.6. Deklarációs parancs


Ha egy parancs önmagában nem jelenít meg semmit, nincs se kötelező se opcionális
argumentuma, ugyanakkor az utána található részre hatással van, akkor azt deklarációs
parancsnak nevezzük. Ilyen például az előbb említett \itshape parancs is. Minden
deklarációs parancsnak van környezet változata is. Például az alábbi két kód ekvivalens:


Ez egy {\itshape nem túl izgalmas} példa.
Ez egy \begin{itshape}nem túl izgalmas\end{itshape} példa.


2.1.7. Komment


Ha a forrásállományba ún. kommentet akar elhelyezni, vagyis amit a LATEX-fordító
figyelmen kívül hagy, akkor azon szöveg elejére írjon % jelet. A komment vége sortörés.
Például


% Ez a szöveg nem jelenik meg fordítás után!
Ez megjelenik, % de ez megint nem!


Ha több sorból álló részt akar „kikommentezni”, akkor használja a comment csomag
comment környezetét. Például


Ez megjelenik,
\begin{comment}
de ez nem,
és ez sem!
\end{comment}
Ez ismét megjelenik!


2.1.8. Dokumentumosztály, preambulum, dokumentumtest


A LATEX forrásfájl szerkezete a következő séma szerint épül fel :
\documentclass[⟨opciók⟩]{⟨dokumentumosztály⟩}
⟨preambulum⟩
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\begin{document}
⟨dokumentumtest⟩
\end{document}


Elsőként egy dokumentumosztályt kell betölteni a \documentclass paranccsal, ami a
dokumentum alapstílusát határozza meg. Például az article dokumentumosztályt 12pt
opcióval így kell betölteni :


\documentclass[12pt]{article}


Az ezt követő részt a document környezetig preambulumnak nevezzük. Ide kerülhet-
nek azok a parancsok, melyek az egész dokumentumra hatással vannak, de megjele-
nítendő szöveget nem tartalmazhat. A document környezet belsejét dokumentumtest-
nek nevezzük, mely minden megjelenítendő szöveget és parancsokat tartalmaz. Az
\end{document} parancs után írt szöveget vagy parancsokat a LATEX-fordító figyelmen
kívül hagyja.


2.1.9. Csomag


A dokumentumosztály képességeit, stílusát csomagokkal bővítheti. Ezeket a preambu-
lumban kell betölteni a
\usepackage[⟨opciók⟩]{⟨csomag neve⟩}
paranccsal. Például


\usepackage[a5paper]{geometry}


az oldalt A5 méretre állítja. Ha nincs opció vagy alapopciókat használ, akkor a szögletes
zárójelek nem kellenek. Például


\usepackage{listings}


esetén programkódokat tud megjeleníteni. Ha több opciót is betölt, akkor azokat vessző-
vel kell elválasztani. Például


\usepackage[paperwidth=105mm,paperheight=75mm]{geometry}


esetén az oldal szélessége 105mm és az oldal magassága 75mm lesz. Ha alapopciókkal
több csomagot is betölt, akkor az a következő módon is megtehető:
\usepackage{⟨csomag1⟩,⟨csomag2⟩,⟨csomag3⟩,...}
Például


\usepackage{listings,fancyhdr}


betölti a listings és a fancyhdr csomagokat, amit így is meg lehetett volna tenni:
\usepackage{listings}
\usepackage{fancyhdr}


2.2. Fontosabb standard dokumentumosztályok


Korábban láttuk, hogy elsőként egy dokumentumosztályt kell betölteni, ami a doku-
mentum alapstílusát határozza meg:
\documentclass[⟨opciók⟩]{⟨dokumentumosztály⟩}
Itt három standard dokumentumosztályt említünk meg, melyek a legtöbb esetben meg-
felelnek az igényeinknek.
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article Előadások, meghívók, kisebb jelentések, programdokumentációk, publikációk
stb. készítéséhez. Főbb opciói :
10pt, 11pt, 12pt A dokumentum alap betűmérete. Alapopció: 10pt
a4paper, a5paper, b5paper, letterpaper Lapméret. Alapopció az angoloknál szok-


ványos levélpapír méret: letterpaper. Fontos, hogy bármelyik méretet is
választja, a fizikai lapméret minden esetben A4 lesz, amennyiben az alapbe-
állításokkal telepítette a TEX-rendszert. Ezek az opciók csak a kiválasztott
lapméretnek megfelelő margókat állítják be. Ha fizikailag is be akarja állítani
a lapméretet, akkor a geometry csomagot kell használnia (lásd az 5.1. sza-
kaszt).


oneside, twoside Egy- illetve kétoldalas szedés. Alapopció: oneside.
onecolumn, twocolumn Egy- illetve kéthasábos szedés. Alapopció: onecolumn.
notitlepage, titlepage Címlap nincs, van. Alapopció: notitlepage.
draft Jelzi a sorvégi túlcsordulásokat és az ábráknak csak a doboza jelenik meg.
final Nem jelzi a sorvégi túlcsordulásokat és az ábrákat megjeleníti. Ez alapopció.


report Beszámolók, értekezések, diplomamunkák készítéséhez használható. Az opciói
ugyanazok, mint az article esetében. Alapértékek: 10pt, letterpaper, oneside,
titlepage, final. A részek és fejezetek ebben az osztályban mindig új oldalon
kezdődnek. Erre vonatkozó opciók:
openright A részek és fejezetek páratlan sorszámú oldalon kezdődjenek, s ennek


érdekében akár üres oldalt is hagyjon.
openany A részek és fejezetek nyitó oldalszáma bármilyen lehet, nem csak párat-


lan.
book Könyvek írásához. Opciói megegyeznek a report dokumentumosztályéval. Alap-


értékek: 10pt, letterpaper, twoside, titlepage, openright, final.


2.3. Az első dokumentum elkészítése


Nyissa meg a TeXstudiót és abban egy új dokumentumot Fájl Új . Írja be a követke-
zőket:


\documentclass{article}
\begin{document}
Hello World!
\end{document}


Ezt mentse el Fájl Mentés . A megjelenő ablakban a mentés előtt hozzon létre egy új
mappát az előzetesen kiválasztott helyen az Új mappa gombbal. Lépjen be a létrehozott
mappába, majd a fájl nevének megadása után Mentés . Fontos, hogy ezt minden doku-
mentum esetén tegye meg, azaz minden dokumentum külön mappában legyen, ugyanis
egy dokumentumhoz több fájl is fog tartozni.


Fordítsa le az így elkészített forrásfájlt Eszközök Fordítás és megjelenítés . Ez alapeset-
ben a pdflatex fordítót használja. Fordítás után megjelenik a pdf, melyen a „Hello
World!” mondat látható 10 pt betűmérettel és a lap alján oldalszámozás van. A lap
mérete A4 lesz, de a margók az angoloknál szabványos levélpapír mérethez lesznek
igazítva.


Az article dokumentumosztálynak az alap betűméretre három opciója van (10pt,
11pt, 12pt), a lapméretre pedig többek között van egy a4paper opciója. Az előbb azért
jelent meg a dokumentum 10 pt betűmérettel, mert a 10pt alapopció. Így ha például át
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akar térni A4 lapméretnek megfelelő margókra és 12 pt betűméretre, akkor az 1. sort
egészítse ki az alábbi módon:


\documentclass[a4paper,12pt]{article}
\begin{document}
Hello World!
\end{document}


Most írjon ékezetes betűket is a forrásba. Például a 3. sort javítsa ki így:
\documentclass[a4paper,12pt]{article}
\begin{document}
Sándor Petőfi is a famous Hungarian poet.
\end{document}


A TeXstudio alaphelyzetben UTF-8 kódolású fontokat használ, ugyanakkor 2018-tól a
LATEX alapesetben szintén UTF-8 kódolású fájlokat kezel. Emiatt az előző példa anélkül
is tökéletesen működik, hogy feltüntette volna a forrásban a kódolás típusát. Azonban,
ha a TeXstudio nyugat-európai ISO 8859-1 (Latin-1) vagy kelet-európai ISO 8859-2
(Latin-2) kódolásra van beállítva, akkor az inputenc csomagot be kell tölteni latin1
illetve latin2 opcióval. Az inputenc használata nélkül ugyanazt a hatást érheti el,
mintha betöltené azt utf8 opcióval.


A továbbiakban mindig azt fogjuk feltételezni, hogy a forrásfájlok UTF-8 kódolással
vannak elkészítve!


Ékezetes betű nemcsak billentyűzetről vihető be, hanem parancsként is. Például,
ha az „a” betűre egy vesszőt akar tenni ékezetként (azaz „á” betűt szeretne), akkor
használhatja a \'{a} parancsot. (Bővebben lásd a 4.1.2. alszakaszban.) Javítsa ki a
3. sort az alábbi módon:


\documentclass[a4paper,12pt]{article}
\begin{document}
S\'{a}ndor Pet\H{o}fi is a famous Hungarian poet.
\end{document}


Természetesen így nagyon körülményes ékezetes betűket begépelni, ráadásul a forrás
is olvashatatlan. Ez a megoldás csak akkor indokolt, ha egy ékezetes betű nincs a
billentyűzeten, vagy ha egy olyan fájlba ír ékezetes betűket, aminek a felhasználójáról
nem lehet tudni, hogy a saját forrását milyen kódolással fogja szerkeszteni.


A pdflatex fordító az ékezetes betűket alapesetben két karakterként kezeli – alap-
betű és a rátett ékezet –, ami néhány problémát fog okozni:


– Ékezetes betűket tartalmazó szótagok után nem tud elválasztani a sor végén.
– Az elkészült pdf-ben nem lehet rákeresni ékezetes betűket tartalmazó szavakra.
– Ha a pdf fájból ékezetes betűket tartalmazó szöveget másol ki, akkor az ékezetes


betűk rosszul fognak megjelenni.
Mindezek kiküszöbölésére szükség lesz a fontenc csomag betöltésére T1 opcióval, amely
az úgynevezett T1 belső kódolást aktiválja (bővebben lásd a 24.2. szakaszban). Ezt írja
a 2. sorba:


\documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\begin{document}
Sándor Petőfi is a famous Hungarian poet.
\end{document}
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Ez még mindig nem elég a helyes elválasztás beállításához, hiszen a LATEX nem tudja,
hogy milyen nyelvű a dokumentum. Jelen esetben angol, amit a babel csomag english
opciójával kell a forrásban közölni (lásd a 3. sorban):


Ð \documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\usepackage[english]{babel}
\begin{document}
Sándor Petőfi is a famous Hungarian poet.
\end{document}


Ezzel tetszőleges angol nyelvű szöveg kiszedhető, melyben az angol elválasztási szabá-
lyok és egyéb angol tipográfiai elemek érvényesülnek. Az így elkészült forrást mentheti
sablonként is Fájl Sablon készítése , aminek az az előnye, hogy bármikor visszatölthető,
nem kell ezeket a sorokat újból beírni.


Alakítsa át a forrást magyar nyelvre. Az english opciót javítsa magyar opcióra és
írjon be magyarul valamilyen szöveget:


\documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\usepackage[magyar]{babel}
\begin{document}
Magyar nyelvű szöveg.
\end{document}


A babel csomag magyar opciója betölti a magyar.ldf fájlt, amely a magyar tipográfia
megvalósításáért felelős. A magyar.ldf első verzióját Bíró Árpád és Bérces Jó-
zsef készítették. A ma használatos jóval nagyobb tudású verziót Szabó Péter írta,
de 2025-től Tómács Tibor a fájl karbantartója. Az új magyar.ldf úgy van beállít-
va kompatibilitási okok miatt, hogy alapesetben a régivel legyen egyenértékű néhány
szükséges módosítást leszámítva (lásd [11]). Ahhoz, hogy az új elemek is érvényesül-
hessenek, a babel betöltése előtt át kell állítani a magyar.ldf alapbeállításait (lásd a
3. sorban):


Ð \documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\begin{document}
Magyar nyelvű szöveg.
\end{document}


Próbaképpen fordítsa le a forráskódot. Ezzel a kóddal tetszőleges magyar nyelvű szöveg
kiszedhető. Ezt ismét elmentheti sablonként.


Ezen a ponton érdemes kipróbálni a hibakezelést. Például a \begin{document} pa-
rancsot írja át rosszra, mondjuk így: \Begin{document}. Ezután fordítsa le a forráskó-
dot. Ekkor egy hibaüzenetet kap, mert a \Begin parancs nincs definiálva:


Undefined control sequence. \Begin


Ezt a hibaüzenetet a TeXstudio is kiírja a naplópanelen és a hibás sorra ugrik. Ezután
a hibás kódot javítsa vissza jóra. Ismét lefordítva már nem kap hibaüzenetet.


Mielőtt bezárná a TeXstudiót, még egy feladatot el kell végezni. A munka ele-
jén megnyitott mappában a tex és pdf fájlokon kívül néhány munkafájl is létrejött.
Többek között egy log kiterjesztésű naplófájl is, ami az esetlegesen rosszul begépelt



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe1.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe2.html
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forráskódból származó hibákat is rögzíti. A munka végeztével ezeket érdemes törölni,
amit TeXstudióból könnyen megtehet: Eszközök Segédfájlok törlése .


A TeXstudio rengeteg kényelmi szolgáltatást biztosít, melyek segítségével sokkal
gyorsabban állíthatja elő a LATEX-forrást. Ezeket ebben a könyvben nem tárgyaljuk,
hiszen a TeXstudio újabb verzióinak kiadásával megváltozhatnak. Ezért ezeket a funk-
ciókat célszerű önállóan felfedezni és megtanulni a használatukat.


Å
Videó: Az első LATEX-dokumentum készítése



https://youtu.be/fHkw4Q4inEA





3. fejezet


A dokumentum nyelve


3.1. A babel csomag


A dokumentum nyelvét a babel csomag opciójaként lehet beállítani, amely többek
között a következő nyelvek tipográfiáját ismeri : bulgarian, croatian, czech, danish,
dutch, english, esperanto, estonian, finnish, french, ngerman, greek, hebrew, magyar,
icelandic, irish, italian, latin, polish, portuges, romanian, russian, scottish,
serbian, slovak, slovene, spanish, swedish, turkish, ukrainian, welsh. Például, ha
angolul ír, akkor a következő kód megfelelő:


\documentclass{article}
\usepackage[T1]{fontenc}
\usepackage[english]{babel}
\begin{document}
English text
\end{document}


Egy dokumentumon belül több nyelven is írhat. Ilyenkor a használt nyelveket a babel
csomag opciójában vesszővel elválasztva kell felsorolni. Az utolsó lesz az alapértelmezett
nyelv. Az alapnyelvről egy másik nyelvre a
\selectlanguage{⟨nyelv⟩}
paranccsal térhet át. Ha csak pár bekezdés erejéig akar áttérni ideiglenesen egy másik
nyelvre, akkor használja a
\begin{otherlanguage}{⟨nyelv⟩}
⟨szöveg⟩
\end{otherlanguage}


környezetet. Ha csak egy bekezdésre akar áttérni, akkor lehet használni a
\foreignlanguage{⟨nyelv⟩}{⟨szöveg⟩}
parancsot. Például a következő kódban az alapnyelv a német, amelybe beszúrtunk egy
angol nyelvű részletet is :


\documentclass{article}
\usepackage[T1]{fontenc}
\usepackage[english,ngerman]{babel}
\begin{document}
Deutsch Text
\foreignlanguage{english}{English text}
\end{document}
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Azt is láttuk, hogy magyar nyelv esetén a magyar.ldf alapbeállításait át kell állítani a
babel csomag betöltése előtt a


\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}


paranccsal. A defaults=hu-min csak egy a magyar.ldf lehetséges opciói közül. Későb-
biekben még foglalkozunk egyéb opciókkal is. Ha egyszerre több opciót használ, akkor
azokat vesszővel kell elválasztani, továbbá a defaults=hu-min mindig az első legyen a
sorban. A \PassOptionsToPackage{⟨opciók⟩}{magyar.ldf} helyett használható a
\def\magyarOptions{⟨opciók⟩}
parancs is, de szintén csak a babel előtt. A két megoldás között annyi a különb-
ség, hogy a \PassOptionsToPackage{⟨opciók⟩}{magyar.ldf} parancsot többször kiadva,
mindegyik opció érvényesülni fog, míg a második megoldást többször alkalmazva, csak
az utolsónak beírt \def\magyarOptions{⟨opciók⟩} opciói érvényesülnek.


3.2. A szavak elválasztása
A LATEX alapból sorkizártan szedi a szöveget, így a sorvégi szavak elválasztása hosszabb
szövegek esetén elkerülhetetlen. Amikor beállította a nyelvet, akkor a szavak nagy részét
helyesen el fogja tudni választani a LATEX, de teljesen ezt nem lehet automatizálni.
Például a „karóra” szó esetében kétféle szótagolás is lehetséges, aszerint, hogy mit jelent:
kar-ó-ra vagy ka-ró-ra.


Ebben a szakaszban leírtakat ne az összes forrásbeli szóra alkalmazza. Egyrészt fe-
lesleges, másrészt a forrást olvashatatlanná tenné. Csak a dokumentum megírásának
legvégén nézze meg a sorvégi elválasztásokat, és a helytelen eseteket javítsa!


Ha azt tapasztalja, hogy egy adott szó rosszul lett elválasztva, akkor alkalmazhatja
az \- ún. puha elválasztójelet. Például


Már nem volt a szarkánál a kar\-ó\-ra, mikor felrepült a ka\-ró\-ra.


Ebben az esetben az adott szót csak a \- módon megjelölt helyeken lehet elválasztani.
Ha a „karóra” összetett szóként szerepel a szövegben, azaz a szótagolása kar-ó-ra, akkor
kar\-ó\-ra helyett ez is írható:


kar`_óra


Ekkor a `_ jel mutatja, hogy hol van a szóösszetétel határa, így a LATEX helyesen tudja
elválasztani.


Amennyiben a dokumentumban van egy többször is használatos szó, amit a LATEX
rosszul választ el, akkor célszerű még a preambulumban beállítani a helyes elválasz-
tást, nem mindig az adott helyen megadni puha elválasztójelekkel. Például, ha szükség
van magyar nyelvű környezetben a „significance” angol szó elválasztására, akkor ezt
a magyar szabályok szerint sig-ni-fi-can-ce módon kellene megtenni, azonban az an-
gol szabályok szerint sig-nif-i-cance a helyes. Ilyenkor a preambulumban megadhatjuk
ennek a szónak a helyes szótagolását:
\hyphenation{sig-nif-i-cance}


Ezután már ezt a szót minden esetben helyesen választja el. A \hyphenation parancsba
több szó is beírható, melyeket szóközzel kell elválasztani. Például


\hyphenation{sig-nif-i-cance tél-a-pó}


A magyarban még további gond is van. Gondoljon a „mennyi” szó elválasztására:
meny-nyi. Másrészt például a „magánnyomozó” szó elválasztása: ma-gán-nyo-mo-zó.
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Vagyis az nny jelenthet kettőzött többjegyű betűt és n+ny kapcsolatot is. A LATEX
alapesetben a szavakat nem tudja elválasztani kettőzött többjegyű betűnél. Ha a bekez-
dés törése viszont optimálisabb lenne így elválasztva a szót, akkor írjon ezen kettőzött
többjegyű betű elé egy fordított aposztrófjelet az AltGr + 7 gombokkal:


me`nnyi


Ekkor, ha a magyar nyelv aktív, a LATEX tudni fogja, hogy a ` jelet követő nny elvá-
lasztható ny-ny módon, ha arra szükség van.


Ha egy szóban kettőzött többjegyű betű van, akkor a \hyphenation parancsban
nem adható meg annak az elválasztása, azaz például helytelen a következő kód:


\hyphenation{i-dő-hosz-szab-bí-tás} % HELYTELEN!


Ugyanis ebben az esetben a helytelenül írt „időhoszszabbítás” szó elválasztását adtuk
meg. A helyes megoldás a következő:


\hyphenation{i-dő-hosszab-bí-tás} % HELYES!


Ezután pedig időho`sszabbítás módon beírva mindenképpen jó elválasztást kapunk.
Ha egy szóban kötőjel van, akkor azt a LATEX csak a kötőjelnél tudja elválasztani.


Ha ezt felül akarja bírálni, és a magyar nyelv aktív, akkor a kötőjel elé rakjon fordított
aposztrófjelet :


egyszer`-kétszer


Ekkor a kötőjelnél és minden szótagnál el tud választani. Amennyiben nem aktív a
magyar nyelv, akkor az előző megoldás helyett használja a hyphenat csomag \hyp{}
parancsát. Például


electromagnetic\hyp{}endioscopy


Ha kötőjelnél választ el, akkor a kötőjelet a következő sor elején nem ismétli meg. Ha
mégis szükség van erre, mert ki akarja hangsúlyozni a kötőjel szerepét, akkor használja
a `| kódot, ami az ún. fontos kötőjelet jelenti. De ez csak akkor fog működni, ha a
magyar nyelv aktív. Például


nátrium`|klorid


A magyar.ldf alapbeállítás esetén egy szót csak akkor hajlandó elválasztani automa-
tikusan egy lehetséges ponton, ha az elválasztás előtt és után is legalább 2 betű van
a szóban. Például a „fáraó” szót csak „fá-raó” módon választja el, mert „fára-ó” esetén
az elválasztás után csak egy betű van. Az „arany” eszerint soha nem lesz elválasztva,
mert az egyetlen lehetséges „a-rany” elválasztás esetén az elválasztás előtt csak egy betű
van. Ha ezt a korlátozást fel akarja oldani, akkor használja a magyar.ldf hyphenmins=11
opcióját:
\PassOptionsToPackage{defaults=hu-min,hyphenmins=11}{magyar.ldf}


Ebben az első 1 számjegy azt jelenti, hogy ennyi betűnek kell lenni legalább a szóban
az elválasztás előtt, míg a második 1 számjegy azt jelenti, hogy ennyi betűnek kell lenni
legalább a szóban az elválasztás után.


Szükség lehet egy adott szó elválasztásának a tiltására is. Ekkor az adott szót tegye
az \mbox parancs argumentumába. Például


\mbox{Fazekas} Mihály


Ha a teljes dokumentumban tiltani akarja az elválasztást, akkor a preambulumba írja
a következőket:
\hyphenpenalty10000
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\tolerance10000


Ha egy mód van rá, ezt a megoldást kerülje, hiszen így a sorkizárás miatt nem lehet
optimálisan tördelni a bekezdéseket!


Amennyiben a jobb olvashatóság kedvéért az oldalak utolsó sorában le akarja tiltani
a szavak elválasztását (pontosabban a szóelválasztással végződő sorok után le akarja
tiltani az oldaltörést), akkor használja a következő parancsot:
\brokenpenalty10000


Ennek a módszernek a hátránya, hogy az oldaltörések optimalizálását nehezíti.
Ha szeretné megnézni, hogy egy szót hogyan tud elválasztani a LATEX, akkor hasz-


nálja a
\showhyphens{⟨szólista⟩}
parancsot, amelybe azoknak a szavaknak a listája kerül szóközökkel elválasztva, me-
lyek elválasztási pontjaira kíváncsi. A fordítás után a naplófájlban nézheti meg az
eredményt, illetve TeXstudio használata esetén a naplópanelen.


A szakasz elején szó volt róla, hogy csak a dokumentum megírása után kell ellen-
őrizni a sorvégi elválasztásokat, és a helytelen eseteknél kell korrigálni az ismertetett
módszerekkel. Ezt a munkát – főleg nagy terjedelmű dokumentum esetén – jelentősen
megkönnyíti a következő módszer. A preambulumba írja be a
\tracingparagraphs1


parancsot, majd fordítsa le a dokumentumot. Ezután, ha például a tex fájl neve
dokumentum.tex, akkor futtassa a következőt parancssorban:
findhyph dokumentum.log


Ez létrehoz egy dokumentum.hyph fájlt, amiben listázásra kerülnek az elválasztott sza-
vak az elválasztásuk módjával együtt.


3.3. Sorvégi túlcsordulás


Ha a LATEX nem tudja megoldani sorvégén egy szó elválasztását, akkor ún. sorvégi
túlcsordulás jöhet létre, melyre a következő üzenetet figyelmeztet a naplófájlban:


Overfull \hbox (...pt too wide) in paragraph at lines ...
TeXstudio használata esetén ez a naplópanelen látható. Ha a pdf-ben is be akarja jelölni
a túlcsordulási pontokat, akkor gépelje a következőt a preambulumba:
\setlength{\overfullrule}{5pt}


Túlcsordulás akkor is létrejöhet, ha a sorvégi szót el tudja választani a LATEX, de egyet-
len megoldás esetén sem lesznek a sorban a szóközök optimálisak. Ilyen esetben a
legjobb megoldás a szöveg átfogalmazása. Kényelmesebbnek tűnő lehetőség a
\sloppy


parancs használata, ami után a túlcsordulások úgy szűnnek meg, hogy az adott sorban
a szóközök túl nagyok lesznek. Ez a megoldás leginkább csak keskeny oszlopokba íráskor
indokolt. A \sloppy hatása a
\fussy


paranccsal szüntethető meg.
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3.4. A magyar.ldf aktív karakterei
Láttuk, hogy amennyiben a magyar nyelv aktív, akkor a fordított aposztrófjelnek pa-
rancs szerepe van bizonyos esetekben. Ezeken kívül még akkor is aktívvá válik, amikor
angol nyitó idézőjelet akar írni. Később látni fogjuk, hogy angol nyelv esetében `` mó-
don kell nyitó idézőjelet írni. Viszont, ha a magyar nyelv aktív, akkor a magyar.ldf ezt
átalakítja magyar nyitó idézőjellé :


\documentclass{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[english,magyar]{babel}
\begin{document}
``idézet'' {\selectlanguage{english} ``idézet''}
\end{document}


„idézet” “idézet”


 Később látni fogjuk, hogy a fordított aposztófjel aktív szerepe kikapcsolható. Ebben az
esetben az előző megoldás a magyar nyitó idézőjelre nem fog működni! Ezért inkább a
4.3.7. alszakaszban leírtakat alkalmazza.


Magyar nyelv esetén is írhat közvetlenül (azaz az angol nyelv aktívvá tétele nélkül)
angol nyitó idézőjelet `' módon ( AltGr + 7 és Shift + 1 ) :


\documentclass{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\begin{document}
`'idézet''
\end{document}


“idézet”


Egy adott helyen ki is lehet kapcsolni a fordított aposztrófjel aktív szerepét úgy, hogy
elé kell tenni a \string parancsot. Ezzel a megoldással is lehet magyar nyelv esetén
közvetlenül angol nyitó idézőjelet írni :


\documentclass{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\begin{document}
\string`\string`idézet''
\end{document}


“idézet”


Bizonyos csomagokkal nem kompatibilis a fordított aposztrófjel aktív szerepe (pl. a
kottaírásra alkalmas musixtex esetén). Ilyenkor a magyar.ldf active=onlycs opciójával
ezt ki lehet kapcsolni :
\PassOptionsToPackage{defaults=hu-min,active=onlycs}{magyar.ldf}


Ekkor a fordított aposztrófjel már nem működik a korábban leírtak szerint, helyette
használja a
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\shu`


parancsot. Például
időho\shu`sszabbítás


A magyar tipográfia megköveteli, hogy a kettőspont, pontosvessző, kérdőjel és fel-
kiáltójel előtt rövid szóköz, ún. spácium álljon. A forrásfájlban ezen jelek előtt nem
kell külön gondoskodni a spáciumról, mert a magyar.ldf ezen jelek aktívvá tételével
ezt automatikusan megoldja. Sajnos ez néha kompatibilitási problémákhoz vezethet.
Ekkor használja a magyar.ldf activespace=none opcióját:
\PassOptionsToPackage{defaults=hu-min,activespace=none}{magyar.ldf}


Ebben az esetben az előző tipográfiai követelmény nem teljesül, ezért ezt a megoldást
csak végső esetben alkalmazza.







4. fejezet


Alapvető formai elemek


4.1. Karakterek


4.1.1. Foglalt karakterek


Vannak olyan billentyűzetről beírható karakterek, melyek közvetlenül nem jeleníthetők
meg, mert a forrásállományban speciális jelentésük van:


\ (backslash) parancsok ezzel kezdődnek
% kommentek ezzel kezdődnek
{ } blokkok, illetve parancsok argumentumainak határai
$ matematikai mód határolójele
& táblázatoknál kell
# (hash mark) változót tartalmazó parancs definiálásához kell
_ alsó index
^ felső index
~ törhetetlen szóköz


Ha ezeket meg akarja a pdf-ben jeleníteni, akkor a következő parancsokat használhatja:


\ \textbackslash vagy \char\string`\\ (` a fordított aposztrófjel AltGr + 7 )
% \%
{ \{
} \}
$ \$
& \&
# \#
_ \_
^ \textasciicircum vagy \char\string`\^
~ \textasciitilde vagy \char\string`\~


Az előző parancsokban a \string elhagyható, ha a ` jel nem aktív.


4.1.2. Ékezetes betűk


Korábban már volt róla szó, hogy a forrásállomány kódolásának beállítása után ékezetes
betű közvetlenül a billentyűzetről is bevihető. De mi van akkor, ha olyan stílusfájlt ír,
melyben a kódlap kiválasztását a felhasználóra bízza, vagy olyan ékezetes betűre van
szükség, amely nincs a billentyűzeten? Ilyenkor használhatja az ékezet parancsokat.
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ó \'{o}
ő \H{o}
ö \"{o}


ò \`{o}
ô \^{o}
õ \~{o}


ō \={o}
ȯ \.{o}
ŏ \u{o}


ǒ \v{o}
o̊ \r{o}
o̧ \c{o}


ǫ \k{o}
o. \d{o}
o
¯


\b{o}


�oo \t{oo}


Természetesen az o betű bármire kicserélhető, kivéve a két ékezetes angol betűt: i és
j. Ezekre nem szabad másik ékezetet rakni, mert pl. \H{i} eredménye i̋. Ezért az i és
j betűknek van ékezet nélküli verziója is, amiket \i és \j parancsokkal érhet el : ı, ȷ.
Ezzel már le tudja írni az ı̋ betűt \H{\i} módon. Ez alól a két gyakrabban előforduló í
és ï betűk kivételt képeznek, ezek így is írhatók: \'{i}, \"{i}.


A \k parancs csak T1 belső kódkészlet esetén érhető el. Ezen belső kódkészlet esetén
a \v parancs az L, l, d, t betűk esetében más ékezetet jelent: Ľ ľ ď ť. A TeXstudióban
minden ékezet parancs elérhető innen: Oldalpanel Szimbólumok Speciális .


4.1.3. Speciális betűk


Œ \OE
œ \oe


Å \AA
Æ \AE


æ \ae
ß \ss


Ø \O
ø \o


ı \i
ȷ \j


Ł \L
ł \l


További, csak T1 belső kódkészlet esetén használható speciális betűk:


Ð \DH
ð \dh


Ð \DJ
đ \dj


Ŋ \NG
ŋ \ng


Þ \TH
þ \th


4.1.4. Kerning


A kerning vagy más néven alávágás célja két egymás melletti betű igazítása oly módon,
hogy a betűközök optikailag egyformának tűnjenek. A következő példán keresztül ez
érthetővé válik. Az első sor kerning segítségével készült, a második pedig anélkül:


AVATÁR
AVATÁR


A kerning a LATEX-ben automatikusan működik. Ha le akarja tiltani adott helyen egy
adott betűre, akkor azt tegye kapcsos zárójelek közé. Az előző példa második sora
például így írható:


{A}V{A}T{Á}R


4.1.5. Ligatúrák


Ligatúra a betűknek a szokásosnál szorosabb összekötése. A legismertebbek a következő
ún. f-ligatúrák:


ff fi fl ffi ffl


ff fi fl ffi ffl
A LATEX alapból kezeli a ligatúrákat, létrejöttükért külön nem kell parancsot kiadni.
Ha le akar tiltani egy helyen egy ligatúrát, akkor a betűk közé tegyen {} jelet :


f{}f f{}i f{}l f{}f{}i f{}f{}l
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ff fi fl ffi ffl


4.1.6. Különleges karakterek


Itt felsorolunk néhány érdekes karaktert. Bővebben erről a symbols-a4.pdf-ben olvas-
hat, amit a
texdoc symbols-a4


parancssorba írásával találhat meg, vagy TeXstudióban Súgó Csomagleírások , ahol be
kell írni a symbols-a4 szót.


e \euro ∈ eurosym
£ \pounds
¢ \textcent
℗ \textcircledP
® \textregistered
© \textcopyright
« \textcopyleft
† \dag
‡ \ddag
∗ \textasteriskcentered
• \textbullet
◦ \textopenbullet


␣ \textvisiblespace
¡ !`
¿ ?`
‰ \textperthousand
‱ \textpertenthousand
℃ \textcelsius
l \textleaf
§ \S
¶ \P
№ \textnumero
※ \textreferencemark
5˙ 5\.{}


A wasysym csomag is sok szimbólumot tartalmaz. Ezek elérhetők a TeXstudióból is :
Oldalpanel Szimbólumok Egyéb szöveg és Oldalpanel Szimbólumok wasysym . További lehe-
tőség még többek között az utfsym, fontawesome, fontawesome5, simpleicons és pifont
csomagok használata. Utóbbival úgynevezett PostScript jeleket írathat ki a
\ding{⟨kódszám⟩} ∈ pifont


paranccsal. A ⟨kódszám⟩ helyére 33-tól 254-ig írhatunk számokat, melyeknek a hatása
a következő táblázatban látható:


✁ 33
✂ 34
✃ 35
✄ 36
☎ 37
✆ 38
✇ 39
✈ 40
✉ 41
☛ 42
☞ 43
✌ 44
✍ 45
✎ 46
✏ 47


✐ 48
✑ 49
✒ 50
✓ 51
✔ 52
✕ 53
✖ 54
✗ 55
✘ 56
✙ 57
✚ 58
✛ 59
✜ 60
✝ 61
✞ 62


✟ 63
✠ 64
✡ 65
✢ 66
✣ 67
✤ 68
✥ 69
✦ 70
✧ 71
★ 72
✩ 73
✪ 74
✫ 75
✬ 76
✭ 77


✮ 78
✯ 79
✰ 80
✱ 81
✲ 82
✳ 83
✴ 84
✵ 85
✶ 86
✷ 87
✸ 88
✹ 89
✺ 90
✻ 91
✼ 92


✽ 93
✾ 94
✿ 95
❀ 96
❁ 97
❂ 98
❃ 99
❄ 100
❅ 101
❆ 102
❇ 103
❈ 104
❉ 105
❊ 106
❋ 107


● 108
❍ 109
■ 110
❏ 111
❐ 112
❑ 113
❒ 114
▲ 115
▼ 116
◆ 117
❖ 118
◗ 119
❘ 120
❙ 121
❚ 122
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❛ 123
❜ 124
❝ 125
❞ 126
❡ 161
❢ 162
❣ 163
❤ 164
❥ 165
❦ 166
❧ 167
♣ 168
♦ 169
♥ 170
♠ 171
① 172
② 173


③ 174
④ 175
⑤ 176
⑥ 177
⑦ 178
⑧ 179
⑨ 180
⑩ 181
❶ 182
❷ 183
❸ 184
❹ 185
❺ 186
❻ 187
❼ 188
❽ 189
❾ 190


❿ 191
➀ 192
➁ 193
➂ 194
➃ 195
➄ 196
➅ 197
➆ 198
➇ 199
➈ 200
➉ 201
➊ 202
➋ 203
➌ 204
➍ 205
➎ 206
➏ 207


➐ 208
➑ 209
➒ 210
➓ 211
➔ 212
→ 213
↔ 214
↕ 215
➘ 216
➙ 217
➚ 218
➛ 219
➜ 220
➝ 221
➞ 222
➟ 223
➠ 224


➡ 225
➢ 226
➣ 227
➤ 228
➥ 229
➦ 230
➧ 231
➨ 232
➩ 233
➪ 234
➫ 235
➬ 236
➭ 237
➮ 238
➯ 239
➱ 241
➲ 242


➳ 243
➴ 244
➵ 245
➶ 246
➷ 247
➸ 248
➹ 249
➺ 250
➻ 251
➼ 252
➽ 253
➾ 254


4.2. Szóközök


Forrásállományban egy szóközt a Space billentyű lenyomásával tehet. Több szóköz
egymás után a forrásállományban csak egy szóközt jelent a végeredményben, viszont
a sor elején található szóköz a végeredményben nem jelenik meg. Szintén szóköznek
számít a végeredményben, ha a forrásállományban sortörés van. Ez csak akkor nem
igaz, ha a sor végén egy % jel van úgy, hogy közvetlenül előtte nincs szóköz. Például


Egy, kettő, három,
né%
gy, öt, %
hat.


Egy, kettő, három, négy, öt, hat.


Ha egy parancsnak nincs argumentuma, akkor általában az utána található szóközt
nem jeleníti meg. Például


\LaTeX kézikönyv


LATEXkézikönyv


Ha ez nem kívánatos eredményt ad, akkor vagy lezárjuk kapcsos zárójelekkel a parancs
hatását, vagy \␣ paranccsal kikényszerítjük a szóközt (a ␣ jel a szóközt jelenti) :


\LaTeX{} kézikönyv, {\LaTeX} kézikönyv, \LaTeX\ kézikönyv.


LATEX kézikönyv, LATEX kézikönyv, LATEX kézikönyv.


Van olyan eset is, amikor egy szóköz után nem szabad sort törni. Például ha azt írjuk,
hogy IV. Béla, akkor a pont után nem lehet sortörés. Ennek érdekében a pont után
ún. törhetetlen szóközt kell rakni. Forrásban ~ a törhetetlen szóköz jele:


IV.~Béla
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Ezt érdemes megtenni minden olyan pont után, amikor az nem mondat végét jelzi. Így
az ilyen pontok nem kerülhetnek a sor végére. Vigyázat, ha már valahová tett törhetet-
len szóközt, akkor utána ne tegyen még egy szóközt, mert az két szóközt eredményez,
és a törhetetlenség is megszűnik:


IV.~ Béla (Így helytelen!)


IV. Béla (Így helytelen!)


A törhetetlen szóköznek van egy olyan változata is, ami a normál szóköz méretének
a fele. Ezt mértékszám és mértékegység között, illetve számok ezres csoportosításánál
szoktuk használni. Forrásban \, a törhetetlen feles szóköz jele:


5\,cm, 14\,216\,123


5 cm, 14 216 123


4.3. Központozás


4.3.1. Pont, vessző, kettőspont, pontosvessző, kérdőjel, felkiál-
tójel


Ezek elé ne, de utána tegyen szóközt! Kivétel, ha utána záró idézőjel vagy ) jel van.
Angol nyelvű szövegben a mondat végi pont után nagyobb térköz kell, mint két szó
között. Ezt a LATEX megoldja, ha a babel csomag english opciója van bekapcsolva.
Viszont, ha egy mondat nagybetűre végződik, akkor azt rövidítésnek tekinti, így az azt
követő pont után nem hagy ki nagyobb térközt. Ennek az a megoldása, hogy az ilyen
pont elé tegye a \@ parancsot. Például


Ð Catch your HBO favorites whenever you want, wherever you are --
it's every episode of every season of the best of HBO\@.
More channels to watch. All available in HD\@.


Catch your HBO favorites whenever you want, wherever you are – it’s every episode
of every season of the best of HBO. More channels to watch. All available in HD.


4.3.2. Kötőjel


A kötőjel forrásállományban - jellel adható meg. Például
levegő-mintavétel; elő- vagy utótag; betűtípus és -méret;
egy-két ember; 5-6 éves lehet; tudod-e;


levegő-mintavétel ; elő- vagy utótag; betűtípus és -méret; egy-két ember; 5-6 éves
lehet; tudod-e;


4.3.3. Nagykötőjel


A nagykötőjel (angolul en dash) forrásállományban -- (két kötőjel) módon adható meg.
Például



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe14.html
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lásd 15--21.~oldalakon; kelet--nyugati; az orosz TU--154 repülő;
brazil--magyar meccs;


lásd 15–21. oldalakon; kelet–nyugati ; az orosz TU–154 repülő; brazil–magyar meccs;


A szerzőpárok neveit is nagykötőjellel kötjük össze, de ebben az esetben a nagykötőjel
elé és után is törhetetlen feles szóközt kell rakni. Például


Bolzano\,--\,Weierstrass-tétel


A magyar nyelv használata esetén a \,--\, helyett használható a `-- kód is, azaz az
előző kód így is írható:


Bolzano`--Weierstrass-tétel


Bolzano –Weierstrass-tétel


4.3.4. Gondolatjel, kvirtmínusz


A gondolatjel forrásállományban -- (két kötőjel) módon adható meg. Gondolatjel előtt
és után is szóköz áll, kivéve, ha írásjel követi. Például


Ilyen korán -- legalábbis hétvégén -- nem szokott felkelni.


Ilyen korán – legalábbis hétvégén – nem szokott felkelni.


Sokszor vitatkoztak -- legtöbbször semmiségekért --,
de szerették egymást.


Sokszor vitatkoztak – legtöbbször semmiségekért –, de szerették egymást.


Gondolatjelként az angolban a kvirtmínusz vagy más néven az „em dash” (—) jel is
használható, de ez előtt és után nem szabad szóközt rakni. Magyarban tilos a haszná-
lata. A kvirtmínusz forrásban --- (három kötőjel) módon írandó.


4.3.5. Zárójelek


Zárójelek előtt és után is szóköz áll, kivéve, ha írásjel követi.


4.3.6. Hármaspont


A hármaspont forrásállományban a \dots paranccsal adható meg. Ehelyett soha ne
használjon három darab pontot egymás után írva. Például


A \dots\ jó, de a ... nem. (\dots várom a párom \dots\ üres a polc\dots)


A . . . jó, de a ... nem. (. . . várom a párom . . . üres a polc. . . )


4.3.7. Idézőjel


Idézőjelként soha ne használja a forrásban a " Shift + 2 jelet ! Ez tipográfiai hiba. Az
idézőjel és a belső idézőjel nyelvenként változó. Belső idézőjel akkor kell, ha idézet van
az idézeten belül. Magyar szöveg esetén a következőt kell tenni:
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,,szöveg >>szöveg<< szöveg'' vagy
\textqq{szöveg \textqq{szöveg} szöveg} ∈ [magyar]babel


„szöveg »szöveg« szöveg” vagy „szöveg »szöveg« szöveg”


Tehát a nyitó külső idézőjel a forrásban két vessző, míg a záró külső idézőjel a forrásban
két aposztrófjel Shift + 1 . A nyitó belső idézőjel >> és a záró belső idézőjel << a
forrásban. A \textqq{szöveg} parancs esetén arra kell ügyelni, hogy a szöveg nem
állhat több bekezdésből.


Angol szövegben a brit szabályok szerint ezt kell tenni:
`text ``text'' text'


‘text “text” text’


Tehát a nyitó külső idézőjel a forrásban egy fordított aposztrófjel AltGr + 7 , míg a záró
külső idézőjel a forrásban egy aposztrófjel Shift + 1 . A nyitó belső idézőjel a forrásban
két fordított aposztrófjel, míg a záró belső idézőjel a forrásban két aposztrófjel.


Az amerikai szabályok szerint fordítva van a sorrend. Azaz a nyitó külső idézőjel a
forrásban két fordított aposztrófjel, míg a záró külső idézőjel a forrásban két aposzt-
rófjel. A nyitó belső idézőjel a forrásban egy fordított aposztrófjel, míg a záró belső
idézőjel a forrásban egy aposztrófjel :
``text `text' text''


“text ‘text’ text”


Az előzőeken kívül létezik egy univerzális megoldás is. Töltse be a csquotes csoma-
got autostyle opcióval. Ez a csomag a következő nyelvek idézőjeleit ismeri : croatian,
danish, dutch, english, finnish, french, german, greek, italian, norwegian, polish, por-
tuguese, russian, spanish, swedish. A magyart 2019. májusától ismeri (v5.2e), így ettől
régebbi verzió használata esetén a csquotes csomag betöltése után a preambulumba
gépelje a következőt:


\DeclareQuoteStyle{magyar}{,,}{''}{>>}{<<}


Ezután az
\enquote{⟨szöveg⟩ \enquote{⟨szöveg⟩} ⟨szöveg⟩} ∈ csquotes


kód az érvényben lévő nyelvnek megfelelően használja az idézőjelet (külsőt és a belsőt
is). Ha közvetlenül belső idézőjelet akar megjeleníteni, akkor használja az
\enquote*{⟨szöveg⟩} ∈ csquotes


parancsot. Az \enquote és \enquote* parancsok argumentumában használható több
bekezdésből álló szöveg is.


Minden típusú idézőjel elérhető parancsként is. Ezeket soroljuk fel a következőkben,
jelezve az alapvonalhoz viszonyított elhelyezkedését is.


‚ \quotesinglbase
’ \textquoteright
‘ \textquoteleft
„ \quotedblbase


” \textquotedblright
“ \textquotedblleft
› \guilsinglright
‹ \guilsinglleft


» \guillemotright
« \guillemotleft


Tehát magyar idézőjel a következő módon is írható:
\quotedblbase{}szöveg\textquotedblright{}
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4.4. Betűváltozatok


4.4.1. Osztályozás


A betűváltozatokat családjuk, testességük és alakjuk szerint osztályozzuk.


Család (family)
1. Antikva (roman)


\textrm{⟨szöveg⟩}
{\rmfamily ⟨szöveg⟩}


2. Groteszk (sans serif)
\textsf{⟨szöveg⟩}
{\sffamily ⟨szöveg⟩}


3. Írógép (typewriter)
\texttt{⟨szöveg⟩}
{\ttfamily ⟨szöveg⟩}


Az írógép betűváltozat esetén a szavakat nem választja el a LATEX, mert azt legtöbbször
programkódok írására használják. Ez a korlátozás feloldható a hyphenat csomag htt
opciójával vagy az írógép betűtípusra állítás után beírt


\hyphenchar\font=\defaulthyphenchar


kóddal. A családok jellemzői:


talpas vonalvastagság betűszélesség


antikva igen változó változó
groteszk nem állandó változó
írógép igen állandó állandó


Alapesetben az antikva család az alapértelmezett. Például
antikva \textrm{antikva} \textsf{groteszk} \texttt{írógép}


antikva antikva groteszk írógép


Testesség (series)
1. Normál (medium)


\textmd{⟨szöveg⟩}
{\mdseries ⟨szöveg⟩}


2. Félkövér (boldface)
\textbf{⟨szöveg⟩}
{\bfseries ⟨szöveg⟩}


Alapesetben a normál testesség az alapértelmezett. Például
normál \textmd{normál} \textbf{félkövér}


normál normál félkövér


Alak (shape)
1. Álló (upright)
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\textup{⟨szöveg⟩}
{\upshape ⟨szöveg⟩}


2. Kis/nagybetű (upper/lower case)
\textulc{⟨szöveg⟩}
{\ulcshape ⟨szöveg⟩}


3. Döntött (slanted)
\textsl{⟨szöveg⟩}
{\slshape ⟨szöveg⟩}


4. Dőlt (italics)
\textit{⟨szöveg⟩}
{\itshape ⟨szöveg⟩}


5. Kiskapitális (small caps)
\textsc{⟨szöveg⟩}
{\scshape ⟨szöveg⟩}


Alapesetben az álló alak az alapértelmezett. Például
álló \textup{álló} \textsl{döntött} \textit{dőlt} \textsc{Kiskapitális}


álló álló döntött dőlt Kiskapitális


Ha az aktuális fontkészlet támogatja, akkor két alak kombinálható is. Például, ha a T1
belső kódkészlet használata esetén alapértelmezett European Computer Modern font-
készletről áttérünk a Latin Modern fontkészletre az lmodern csomag betöltésével, akkor
elérhető a döntött kiskapitális alak is :


{\slshape\scshape Döntött kiskapitális}


Döntött kiskapitális


Fontos, hogy ebben az esetben az \upshape illetve \textup parancsok csak az álló alakot
állítják vissza, a kiskapitális alakot nem befolyásolják. Például


{\slshape\scshape Döntött kiskapitális. \upshape Álló kiskapitális.}


Döntött kiskapitális. Álló kiskapitális.


Ha az előző példában nem a döntött alakot akarja visszaállítani, hanem a kis/nagybetűs
alakot, akkor használja a \textulc vagy \ulcshape parancsot. Például


{\slshape\scshape Döntött kiskapitális. \ulcshape Döntött kis/nagybetűs.}


Döntött kiskapitális. Döntött kis/nagybetűs.


Korábban láttuk, hogy az \upshape illetve \textup parancsok a döntött vagy dőlt kis-
kapitálisból álló kiskapitálist generálnak. Ugyanakkor álló kiskapitálisból álló kis/nagy-
betűs alakot kapunk. Például


{\scshape Álló kiskapitális. \upshape Álló kis/nagybetűs.}


Álló kiskapitális. Álló kis/nagybetűs.


Ha az alapértelmezett alakra akar visszatérni (álló kis/nagybetűs), akkor használja a
{\normalshape ⟨szöveg⟩}
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parancsot, amely ekvivalens az \upshape\ulcshape kóddal. Például
{\slshape\scshape Döntött kiskapitális. \normalshape Álló kis/nagybetűs.}


Döntött kiskapitális. Álló kis/nagybetűs.


Nemcsak két alak, hanem a család, testesség és alak is kombinálható. Például
\textit{\textbf{\textsf{szöveg}}}


szöveg


Amikor vissza akar arra térni az alap betűváltozatra, akkor használja a
\textnormal{⟨szöveg⟩}
{\normalfont ⟨szöveg⟩}
parancsokat. A \textup, \textsl, \textit stb. parancsokat több bekezdésre nem lehet
alkalmazni. Az \upshape, \slshape, \itshape stb. deklarációs parancsok, így használ-
hatók környezetként is. Például


{\bfseries ⟨szöveg⟩}
és


\begin{bfseries}⟨szöveg⟩\end{bfseries}
hatása ugyanaz. A fonttípusok beállításáról a 24. fejezetben olvashat részletesebben.


4.4.2. Kurzív kiegyenlítés


Ha egy dőlt vagy döntött betűs szöveget egy álló betűs szöveg követ, akkor közéjük
kicsivel nagyobb szóközt kell tenni, különben a ferdén álló betű nagyon rádőlne az
állóra. Ezt nevezik kurzív kiegyenlítésnek. Ennek illusztrálására a következő mondatot
először kurzív kiegyenlítés nélkül, majd pedig kurzív kiegyenlítéssel szedtük ki:


„Éhes zsiráf fogyasztja épp ízes uzsonnáját.”
„Éhes zsiráf fogyasztja épp ízes uzsonnáját.”


A \textit és \textsl parancsok a kurzív kiegyenlítést automatikusan elvégzik, így a
következő két megoldás helyes eredményt ad:


Éhes \textit{zsiráf} fogyasztja épp ízes uzsonnáját.\\
Éhes \textsl{zsiráf} fogyasztja épp ízes uzsonnáját.


Azonban ezek deklarációs párjai, az \itshape és az \slshape parancsok, illetve ezek
környezetes verziói nem kezelik ezt a problémát. Így ezt a felhasználónak kell megoldani
a \/ paranccsal :


Éhes {\itshape zsiráf\/} fogyasztja épp ízes uzsonnáját.\\
Éhes {\slshape zsiráf\/} fogyasztja épp ízes uzsonnáját.


4.4.3. Kiemelés


Amikor egy szót, vagy gondolatot ki akar emelni, használja az
\emph{⟨szöveg⟩}, {\em ⟨szöveg⟩}, \begin{em}⟨szöveg⟩\end{em}
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parancsokat illetve környezetet. (Az első megoldás több bekezdésre nem használható.)
Standard dokumentumosztályok esetén ezek figyelik az aktuális betűváltozatot, és asze-
rint emelnek ki. Álló alak esetén dőlt, nem álló alak esetén álló alakra vált. Az \emph a
kurzív kiegyenlítést automatikusan elvégzi, de az \em parancs, illetve az em környezet
nem. Ekkor ezt a \/ paranccsal nekünk kell megoldani. Például


Éhes \emph{zsiráf} fogyasztja épp ízes uzsonnáját.\\
Éhes {\em zsiráf\/} fogyasztja épp ízes uzsonnáját.


Kiemelésre lehetőleg ne használja a félkövér típust, mert az a címekre van fenntartva.
Az \emph illetve \em parancsok stílusát a következő paranccsal lehet beállítani :
\DeclareEmphSequence{⟨1. szint⟩,⟨2. szint⟩,⟨3. szint⟩,...}
A szintek hatásai halmozódnak. Például


\DeclareEmphSequence{\sffamily,\slshape,\rmfamily}
\emph{Első, \emph{második, \emph{harmadik}}} szint.


Első, második, harmadik szint.


Az írógépek korában betűritkítással emeltek ki. Ez LATEX-ben is megoldható:
\so{⟨szöveg⟩} ∈ soul


Ha a telepített soul csomagjának verziója 3.0-nál régebbi, akkor soul helyett használjon
soulutf8 csomagot. Például


Ð \so{Ritkított szöveg, ami állhat akár több bekezdésből is.}


R i t k í t o t t s z ö v e g , a m i á l l h a t t ö b b s o r b ó l , v a g y a k á r t ö b b
b e k e z d é s b ő l i s .


További kiemelési lehetőségek alá- illetve áthúzással :


szöveg \underline{szöveg}
szöveg \uline{szöveg} ∈ ulem
szöveg \uuline{szöveg} ∈ ulem
::::::
szöveg \uwave{szöveg} ∈ ulem
szöveg \sout{szöveg} ∈ ulem


////////szöveg \xout{szöveg} ∈ ulem
����szöveg \cancel{szöveg} ∈ cancel
XXXXszöveg \bcancel{szöveg} ∈ cancel
����XXXXszöveg \xcancel{szöveg} ∈ cancel


Az ulem csomag használata esetén az \emph parancs aláhúzással fog kiemelni. Ha ezt
nem akarja, akkor használja az ulem csomag normalem opcióját.


Szavak, kifejezések kiemelésére alkalmas lehet csupa nagybetűvel, vagy nagybetűs
szövegben csupa kisbetűvel szedésük.
\MakeUppercase{⟨szöveg⟩}
A ⟨szöveg⟩-et csupa nagybetűvel szedi ki.
\MakeLowercase{⟨szöveg⟩}
A ⟨szöveg⟩-et csupa kisbetűvel szedi ki.
\MakeTextUppercase{⟨szöveg⟩} ∈ textcase


A ⟨szöveg⟩-et csupa nagybetűvel szedi ki, de a matematikai képletek betűin nem vál-
toztat.
\MakeTextLowercase{⟨szöveg⟩} ∈ textcase


A ⟨szöveg⟩-et csupa kisbetűvel szedi ki, de a matematikai képletek betűin nem változtat.



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe15.html
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\NoCaseChange{⟨szöveg⟩} ∈ textcase


Nem változtat a betűkön.


4.5. Betűméretek
A T1 belső kódkészlet alapból a European Computer Modern fontkészlet tölti be, mely-
ben a betűméret csak a következő értékeket veheti fel pt-ben mérve: 5, 6, 7, 8, 9,
10, 10.95, 12, 14.4, 17.28, 20.74, 24.88, 29.86, 35.83. Ez a korlátozás feloldható az
anyfontsize csomaggal. Az anyfontsize csomagnál nagyobb tudású a fix-cm, de en-
nek betöltése még a \documentclass parancs előtt történik


\RequirePackage{fix-cm}


módon. A European Computer Modern fontkészlet helyett használhat mást is. Eh-
hez töltse be például az lmodern, mlmodern, pxfonts, kpfonts, txfonts, newtxtext,
times, lxfonts, bera, cyklop csomagok valamelyikét a fontenc csomag előtt. Az ezek-
ben található fontok minden méretben használhatók. Új fontok betöltéséről bővebben
a 24. fejezetben olvashat.


4.5.1. Alapbetűméret


Az alapbetűméret a dokumentumosztály opcióinál állítható be. A standard article,
report és book osztályok esetén három méret adható meg: 10pt, 11pt és 12pt. Ha ettől
különböző méretet szeretne, akkor írja a preambulumba a fontenc csomag betöltése
után, hogy
\usepackage[fontsize=⟨betűméret⟩]{scrextend}
vagy
\usepackage[fontsize=⟨betűméret⟩]{fontsize}
Ha az alapértelmezett European Computer Modern fontkészletet használja, akkor ne
felejtse el feloldani a méretkorlátozást az anyfontsize csomaggal. A dokumentum tet-
szőleges pontján is át lehet állítani az alapbetűméretet:
\KOMAoptions{fontsize=⟨betűméret⟩} ∈ scrextend


vagy
\changefontsizes{⟨betűméret⟩} ∈ scrextend


vagy
\changefontsize{⟨betűméret⟩} ∈ fontsize


Egy másik lehetőség tetszőleges alapbetűméret beállítására az 5.3. szakaszban tárgyalt
geometry csomag mag opciója.


4.5.2. Betűméretet beállító deklarációs parancsok


A következő parancsok az alapbetűmérettől függően állítanak be betűméretet:


szöveg {\tiny szöveg}
szöveg {\scriptsize szöveg}
szöveg {\footnotesize szöveg}
szöveg {\small szöveg}
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szöveg {\normalsize szöveg}
szöveg {\large szöveg}
szöveg {\Large szöveg}
szöveg {\LARGE szöveg}


szöveg {\huge szöveg}


szöveg {\Huge szöveg}


alapbetűméret
10pt 11pt 12pt


\tiny 5 pt 6 pt 6 pt
\scriptsize 7 pt 8 pt 8 pt
\footnotesize 8 pt 9 pt 10 pt
\small 9 pt 10 pt 10.95 pt
\normalsize 10 pt 10.95 pt 12 pt
\large 12 pt 12 pt 14.4 pt
\Large 14.4 pt 14.4 pt 17.28 pt
\LARGE 17.28 pt 17.28 pt 20.74 pt
\huge 20.74 pt 20.74 pt 24.88 pt
\Huge 24.88 pt 24.88 pt 24.88 pt


Ezek deklarációs parancsok, így használhatók környezetként is. Például a
{\large szöveg}


és
\begin{large}szöveg\end{large}


kódok hatása ugyanaz.


4.5.3. Relatív betűméretek


Tetszőleges relatív betűméret is beállítható:
\scalefont{⟨arányszám⟩} ∈ scalefnt


ahol az ⟨arányszám⟩ azt adja meg, hogy az alapbetűméretnek hányszorosát szeretné.
Például


{\scalefont{2.5}szöveg}


esetén a szöveg az alapbetűméret 2,5-szeresével jelenik meg.


4.5.4. Abszolút betűméretek


Abszolút betűméretet a következő paranccsal érhet el :
\fontsize{⟨betűméret⟩}{⟨sortávolság⟩}\selectfont
Például 25 pontos szöveget 30 pontos sortávolsággal így lehet írni :


\fontsize{25}{30}\selectfont
Ez egy hosszú mondat, hogy ne férjen ki egy sorban!


Ez egy hosszú mondat, hogy ne férjen ki egy
sorban!
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Ha a sortávolságot meg akarja hagyni alapméreten, akkor ⟨sortávolság⟩ helyére
\the\baselineskip


parancsot írja.


4.6. Térközök
A LATEX minden nyomdászatban használatos mértékegységet ismer. Most csak néhá-
nyat sorolunk fel :


pt pont
mm milliméter
cm centiméter
in inch, 1 in = 25,4mm = 72,27 pt
ex Az aktuális betűalakzatban az x betű magassága, amit általában függőleges méretek


megadásához használnak.
em Az aktuális betűalakzat által definiált méret, amit általában vízszintes méretek


megadásához használnak. (Régebben az aktuális M betű szélességét jelentette,
de ez ma már nem igaz.)


4.6.1. Fix méretű vízszintes térközök


Vízszintes helykihagyás méretét a következő paranccsal adhatja meg:
\hspace{⟨térköz mérete⟩}
A ⟨térköz mérete⟩ lehet negatív is. Például


AAA\hspace{1cm}BBB OOOO\hspace{-5mm}oooo


AAA BBB OOOOoooo


Ez a parancs egy sor elejére vagy végére kerülve nem hagyja ki az adott méretű helyet.
\hspace*{⟨térköz mérete⟩}
Ez a parancs ugyanazt tudja, mint a \hspace, de a sor elején és végén is kihagyja
az adott méretű helyet. Ha azt akarja, hogy az adott helykihagyásnál ne lehessen sort
törni (törhetetlen köz), akkor használja vízszintes üzemmódban a következő parancsot:
\kern⟨térköz mérete⟩
További vízszintes méretű helykihagyások:
\␣ % = \hspace{0.33333em} (6/18em) ␣ a szóközt jelöli
\enskip % = \hspace{0.5em}
\quad % = \hspace{1em}
\qquad % = \hspace{2em}
\, = \thinspace % = \kern0.16667em (3/18em)
\! = \negthinspace % = \kern-0.16667em (-3/18em)
\: = \medspace % = \kern0.2222em (4/18em)
\negmedspace % = \kern-0.2222em (-4/18em)
\; = \thickspace % = \kern0.2777em (5/18em)
\negthickspace % = \kern-0.2777em (-5/18em)
~ % = \kern0.33333em (6/18em)
\enspace % = \kern0.5em
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4.6.2. Rugalmas méretű vízszintes térközök


Rugalmas térköz lehet például egy „rugó”, melynek erejét a következő paranccsal ad-
hatja meg.
\stretch{⟨rugóerő⟩}
Ennek működése a következő példán érthetővé válik:


A\hspace{\stretch{1}}B\hspace{\stretch{2}}C


A B C


Ekkor az A és B betűk közötti távolság aránya a B és C betűk közötti távolsághoz 1 : 2.
A ⟨rugóerő⟩ lehet törtszám is. További parancsok:
\fill % = \stretch{1}
\hfill % = \hspace{\fill}


A következő négy parancs hatása megegyezik a \hfill hatásával, de a térközt kitölti
az alábbi módokon:
A\hrulefill B
C\dotfill D
E\rightarrowfill F
G\leftarrowfill H


A B C . . . . . . . . . . . . . . . D E−−−−−−−−−−−−−→F G←−−−−−−−−−−−−−H


Az előbbiek általánosításaként, például = jelekkel a következő módon lehet kitölteni a
térközt:
A\leaders\hbox{=}\hfill B


A============================================= B


Rugalmas térköz a következő módon is megadható:
\hspace{⟨térköz mérete⟩ plus ⟨plusz⟩ minus ⟨mínusz⟩}
Például


A\hspace{12pt plus 4pt minus 2pt}B


A B


Ekkor az A és B betűk távolsága 12 pt, ha az adott sor tördelése megengedi, de ha az
optimális tördelés azt megkívánja, ez a méret változhat 12 − 2 = 10-től 12 + 4 = 16
pontig.


4.6.3. Fix méretű függőleges térközök


Függőleges helykihagyás méretét a következő paranccsal adhatja meg:
\vspace{⟨térköz mérete⟩}
Ekkor a függőleges helykihagyás mérete a ⟨térköz mérete⟩ + az aktuális sortávolság. A
⟨térköz mérete⟩ lehet negatív is. Ez a parancs csak akkor működik, ha a TEX függőleges
módban van. Ez elérhető pl., ha a szöveg és a \vspace között legalább egy üres sor van.
A térköz az oldal tetején és alján elnyelődik. A
\vspace*{⟨térköz mérete⟩}
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parancs ugyanazt tudja, mint a \vspace, de az oldal tetején és alján is kihagyja az
adott méretű térközt.


Ha a \vspace illetve \vspace* parancsokban megadott ⟨térköz mérete⟩ nagyobb,
mint amekkora hely még van a szövegtükör aljáig, akkor a különbség nem jelenik meg a
következő oldal tetején. Amennyiben erre lenne szükség (pl. egy olyan feladatsor esetén,
amelyben a feladatok után adott méretű helyet szeretnénk kihagyni a megoldásnak,
akár oldaltöréssel is), akkor használja az
\xvspace{⟨térköz mérete⟩}


parancsot, amit a preambulumban kell definiálni a következő módon:
\newlength{\vspacex}
\newcommand{\xvspace}[1]{%
\par
\ifdim\dimexpr\pagegoal-\pagetotal<#1


\setlength{\vspacex}{\dimexpr#1+\pagetotal-\pagegoal}%
\pagebreak
\vspace*{\vspacex}


\else
\vspace*{#1}


\fi
}


További parancsok:
\lower⟨térköz mérete⟩\hbox{⟨szöveg⟩}


A ⟨térköz mérete⟩ azt adja meg, hogy a ⟨szöveg⟩ mennyivel legyen lejjebb, mint az alap-
vonal.
\textsuperscript{⟨szöveg⟩}


A ⟨szöveg⟩ felső indexbe kerül \scriptsize méretben.
\textsubscript{⟨szöveg⟩}


A ⟨szöveg⟩ alsó indexbe kerül \scriptsize méretben. Például
xxx\lower0.5ex\hbox{xxx}
17\textsuperscript{h}
H\textsubscript{2}O


xxxxxx 17h H2O


4.6.4. Rugalmas méretű függőleges térközök


A rugalmas méret pontosan úgy adható meg itt is, mint vízszintes esetben, csak \vspace
parancsban. További parancsok:
\smallskip % = \vspace{3pt plus 1pt minus 1pt}
\medskip % = \vspace{6pt plus 2pt minus 2pt}
\bigskip % = \vspace{12pt plus 4pt minus 4pt}
\vfill % = \vspace{\fill}
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4.6.5. Sortávolság


A sortávolság automatikusan lesz beállítva, de ha ezen változtatni akar, akkor használ-
hatja a
\linespread{⟨szorzó⟩}
parancsot, ami az alapértelmezett sortávolságot megszorozza a ⟨szorzó⟩ értékével. Az
írógépeknél használt másfeles illetve kettes sorközhöz tartozó szorzó függ az alap be-
tűmérettől :


10 pt 11 pt 12 pt


másfeles 1.25 1.213 1.241
kettes 1.667 1.618 1.665


Másfeles sorköz a
\onehalfspacing ∈ setspace


paranccsal, illetve kettes sorköz a
\doublespacing ∈ setspace


paranccsal állítható be. De pl. a normál sortávolság háromszorosa is beállítható a
\setstretch{3} ∈ setspace


paranccsal. A setspace és hyperref csomagok együttes használatánál a setspace előbb
legyen betöltve.


4.7. Törések


4.7.1. Sortörések


A LATEX automatikusan végzi a sortöréseket, de adott esetben ki is kényszerítheti azt:
\\


Új sort kezd sorkizárás nélkül.
\\[⟨méret⟩]
Ugyanaz mint a \\ de a következő sor távolsága ⟨méret⟩-tel megnő. Például


\\[2mm]


\\*


Ugyanaz mint a \\ de nem enged meg oldaltörést.
\\*[⟨méret⟩]
Ugyanaz mint \\[⟨méret⟩] de nem enged meg oldaltörést.
\linebreak


Új sort kezd sorkizárással.
\nolinebreak


A sortörést letiltja az adott helyen.
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4.7.2. Oldaltörések


A LATEX maga végzi az oldaltöréseket. Ha azt akarja, hogy a telített oldalak alja egy-
máshoz igazított legyen, akkor használja a
\flushbottom


parancsot. Ennek hatása a
\raggedbottom


paranccsal szüntethető meg. Az oldaltörést adott esetben ki is kényszerítheti :
\newpage


Új oldalt (illetve kéthasábos szedésnél új hasábot) kezd. Az utolsó sort vízszintesen,
azután pedig az oldalt (vagy hasábot) függőlegesen feltölti térközzel.
\clearpage


A \newpage parancstól annyiban különbözik, hogy kéthasábos szedésnél is új oldalt
kezd, másrészt az új oldal kezdése előtt megjeleníti az ún. úszó objektumokat (lásd a
11. fejezetben).
\cleardoublepage


Ugyanaz mint a \clearpage, de kétoldalas szedésnél a dokumentum megjelenítését csak
a következő páratlan oldalon folytatja.
\pagebreak


Oldalt tör oldalkitöltéssel.
\nopagebreak


Letiltja az oldaltörést.
\enlargethispage{⟨térköz⟩}
Az aktuális oldal függőleges méretét ⟨térköz⟩-zel megnöveli, de az élőláb helyzetét nem
igazítja hozzá. Például


\enlargethispage{3mm}


\enlargethispage*{⟨térköz⟩}
Ugyanaz mint * nélkül, de az extra térközök elhagyásával maximalizálja az adott oldalra
írható szövegmennyiséget.


Å
Videó: Betűtípusok és -méretek, térközök, törések


4.8. Bekezdések


Új bekezdés esetén a forrásállományban hagyni kell egy üres sort, vagy ki kell adni a
\par


parancsot. (Gyakori hiba, hogy új bekezdés helyett sortörést alkalmaznak. Ez tipográ-
fiai hiba, kerülje!)



https://youtu.be/WLT4_Wj-HqE
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Minden bekezdés behúzással kezdődik, kivéve az ún. fejezetnyitó bekezdést. Ha
ezeket is behúzással szeretné kezdeni, akkor töltse be az indentfirst csomagot, vagy
a magyar.ldf afterindent=force-yes opcióját:
\PassOptionsToPackage{defaults=hu-min,afterindent=force-yes}{magyar.ldf}


Alaphelyzetben a bekezdések sorkizártak, azaz a sorok a bal margónál kezdődnek és a
jobb margónál végződnek, kivéve az első sor elejét és az utolsó sor végét.


További parancsok:
\indent


Kikényszeríti az adott bekezdés elején a behúzást.
\noindent


Letiltja az adott bekezdés elején a behúzást.
\setlength{\parindent}{⟨térköz⟩}
A bekezdés behúzásának mértékét átállítja ⟨térköz⟩ méretre.
\setlength{\parskip}{⟨térköz⟩}
Két bekezdés közötti térközt megnöveli ⟨térköz⟩ mérettel. Például


\setlength{\parskip}{5pt}


\hangindent=⟨térköz⟩
\hangafter=⟨szám⟩
Ez a két parancs csak a soron következő bekezdésre hat. Ha a ⟨térköz⟩ értéke pozitív,
akkor a bekezdés bal margója ⟨térköz⟩ értékkel megnő. Ha a ⟨térköz⟩ értéke negatív,
akkor a bekezdés jobb margója a ⟨térköz⟩ abszolút értékével nő meg. Ha a ⟨szám⟩ értéke
0, akkor a \hangindent parancs a bekezdés minden sorára vonatkozik. Ha a ⟨szám⟩
értéke pozitív egész, akkor a \hangindent parancs a bekezdés első ⟨szám⟩ darab sorára
nem vonatkozik. Ha a ⟨szám⟩ értéke negatív egész, akkor a \hangindent parancs csak
a bekezdés első −⟨szám⟩ darab sorára vonatkozik. Tehát például


\hangindent=2cm
\hangafter=-3


esetén a következő bekezdés első 3 sorának bal margója megnő 2 cm-rel, illetve
\hangindent=-2cm
\hangafter=3


esetén a következő bekezdés jobb margója megnő 2 cm-rel, kivéve az első 3 sort.
\parfillskip=⟨térköz1⟩ plus ⟨térköz2⟩
A bekezdések utolsó sorának vége és a jobb margó közötti távolság minimum ⟨térköz1⟩,
maximum ⟨térköz1⟩ + ⟨térköz2⟩ lesz.


4.8.1. Bekezdések balra zárása


Ilyenkor a bekezdést kezdő sor is a bal margónál kezdődik és nincs a jobb oldalon
kiegyenlítés, így szóelválasztások sincsenek. Megvalósítása:
\begin{flushleft}
⟨szöveg⟩
\end{flushleft}


vagy
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{\raggedright ⟨szöveg⟩\par}
A két megoldás között az a különbség, hogy a flushleft környezet függőleges térközöket
helyez a szöveg elejére és végére.


4.8.2. Bekezdések jobbra zárása


Képzeljen el egy balra zárt szöveget, de most minden sort toljon el úgy, hogy a sorvégek
a jobb margóhoz kerüljenek. Ez a jobbra zárás. Megvalósítása:
\begin{flushright}
⟨szöveg⟩
\end{flushright}


vagy
{\raggedleft ⟨szöveg⟩\par}
A két megoldás között az a különbség, hogy a flushright környezet függőleges térkö-
zöket helyez a szöveg elejére és végére.


4.8.3. Bekezdések középre zárása


Képzeljen el egy balra zárt szöveget, de most minden sort toljon el középre. Ez a középre
zárás. Megvalósítása:
\begin{center}
⟨szöveg⟩
\end{center}


vagy
{\centering ⟨szöveg⟩\par}
A két megoldás között az a különbség, hogy a centering környezet függőleges térközöket
helyez a szöveg elejére és végére. Például


Ð \begin{center}
Ez egy hosszabb szöveg, ami középre van zárva,
így szóelválasztások sincsenek benne.
De a sortörések pontjait mi is meg tudjuk adni:\\
Ez külön sorba kerül.\\ Ez is külön sorba kerül.
\end{center}


Ez egy hosszabb szöveg, ami középre van zárva, így szóelválasztások sincsenek
benne. De a sortörések pontjait mi is meg tudjuk adni:


Ez külön sorba kerül.
Ez is külön sorba kerül.


4.8.4. Többsoros idézetek


Ha többsoros idézetet akar kiemelni, akkor használja a quotation környezetet:


Ð \begin{quotation}
,,Örökös vigyora nemegyszer tévedésbe ejtette azokat, akik kissé
könnyelműen, a külsejük után ítélik meg embertársaikat, és ezért
a vigyorgó Jimmyt felületesen kezelték, vagy kicsúfolták. Az ilyen
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emberek, felépülésük után, sokat gondolkodtak a látszat megtévesztő
benyomásairól, és elhatározták, hogy a jövőben senkiről sem vonnak
le következtetéseket alapos tájékozódás híján.''\\
\hspace*{\fill}(Rejtő Jenő)
\end{quotation}


„Örökös vigyora nemegyszer tévedésbe ejtette azokat, akik kissé
könnyelműen, a külsejük után ítélik meg embertársaikat, és ezért a vi-
gyorgó Jimmyt felületesen kezelték, vagy kicsúfolták. Az ilyen emberek,
felépülésük után, sokat gondolkodtak a látszat megtévesztő benyomásai-
ról, és elhatározták, hogy a jövőben senkiről sem vonnak le következteté-
seket alapos tájékozódás híján.”


(Rejtő Jenő)


4.8.5. Versek


Versszakokat a verse környezettel formázhatunk:


Ð \begin{verse}
\textbf{Szabó Lőrinc: Szél hozott, szél visz el} (részlet)


Köd előttem, köd mögöttem,\\
isten tudja, honnan jöttem,\\
szél hozott, szél visz el,\\
minek kérdjem: mért visz el?


Sose néztem, merre jártam,\\
a felhőknek kiabáltam,\\
erdő jött: jaj, be szép!\\
-- megcibáltam üstökét.
\end{verse}


Szabó Lőrinc: Szél hozott, szél visz el (részlet)


Köd előttem, köd mögöttem,
isten tudja, honnan jöttem,
szél hozott, szél visz el,
minek kérdjem: mért visz el?


Sose néztem, merre jártam,
a felhőknek kiabáltam,
erdő jött: jaj, be szép!
– megcibáltam üstökét.


4.8.6. Párbeszédek


Egy szereplő által mondott szöveget új bekezdésben, gondolatjellel kezdje. A gondo-
latjel után a szokásosnál nagyobb, rugalmatlan és törhetetlen szóközt kell hagyni. Ezt
valósítja meg a
\mond ∈ [magyar]babel
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parancs. A kimondott szövegbe gondolatjelek közt leírást is ékelhet, melyet ponttal
kell lezárni. A kimondott szöveg végére szükség esetén ki kell tenni a kérdőjelet vagy a
felkiáltójelet, de a pontot tilos. Például


Ð Egy deszkán találta magát, amely a tenger hullámain zötykölődött.
\mond Hol a Titanic? -- kérdezte, de nem kapott választ.
\mond Ez nem lehet -- szólalt meg ismét. -- Öt perce még a kabinomban
voltam.


Egy deszkán találta magát, amely a tenger hullámain zötykölődött.
– Hol a Titanic? – kérdezte, de nem kapott választ.
– Ez nem lehet – szólalt meg ismét. – Öt perce még a kabinomban voltam.


A magyar.ldf fájl defaults=hu-min opciója aktiválja a mond=yes opciót is, amely defi-
niálja a \mond parancsot. Enélkül \mond helyett a következő írható:
\par--\enspace


4.9. Tabulálás
Szöveg tabulálása a tabbing környezettel és abban a következő parancsok használatával
oldható meg:
\= \\ \> \kill \+ \- \`


Ezek használata a következő példákon érthetővé válik:


Ð \begin{tabbing}
0000000000000 \= 1111111111111\\


\> 11111111 \= 222222222\\
\> \> 222222 \\


00000000 \=\\
\> 111111 \> 222222


\end{tabbing}


0000000000000 1111111111111
11111111 222222222


222222
00000000


111111 222222


Ð \begin{tabbing}
0000 \= 1111 \= 2222\kill
0 \> 1 \> 2\\
00 \> 11 \> 22\\
000 \> 111 \> 222\\
0000 \> 1111 \> 2222
\end{tabbing}


0 1 2
00 11 22
000 111 222
0000 1111 2222
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Ð \begin{tabbing}
0000 \= 1111 \= 2222 \= 3333\+\+\\


2222222222\\
222222\-\\


111111111111\\
111111\-\\


0000000 \` Ez a sor végére kerül!
\end{tabbing}


0000 1111 2222 3333
2222222222
222222


111111111111
111111


0000000 Ez a sor végére kerül !


4.10. Lábjegyzetek


Ahová lábjegyzetet szeretne írni, ott adja ki a
\footnote{⟨lábjegyzet szövege⟩}
parancsot. Ez eggyel megnöveli a lábjegyzet sorszámát. Ha a
\footnote[⟨szám⟩]{⟨lábjegyzet szövege⟩}
parancsot használja, akkor a lábjegyzet száma nem nő, hanem az a szám íródik ki,
amit a ⟨szám⟩ opcióban adott meg.


A \footnote előtt nem lehet szóköz. Ha a jegyzet egy adott szóra vonatkozik, akkor
a parancsot közvetlenül a szó után írjuk, ha egy mondatra vagy mondatrészre, akkor
az azt lezáró írásjel után. A lábjegyzet teljes mondatokból áll. Így nagybetűvel kell
kezdeni és mondatzáró írásjellel befejezni.


A magyar.ldf fájl defaults=hu-min opciója a lábjegyzetek fölé nem tesz vízszintes
vonalat. Ha mégis szeretne tenni, akkor írja be a következőt:
\footnotestyle{rule=fourth} ∈ [magyar]babel


Az article osztályban a lábjegyzet sorszámozása folyamatos, míg report és book ese-
tén fejezetenként 1-től kezdődik. Ha azt akarja, hogy oldalanként elölről kezdődjön a
számozás, akkor használja a következő parancsot a preambulumban:
\MakePerPage{footnote} ∈ perpage


Elvileg ugyanezt valósítja meg a \footnotestyle{reset=page} ∈ [magyar]babel pa-
rancs is, de nem ajánlom a használatát, mert valamikor hibás számozást eredményez.


A lábjegyzetek számozását átállíthatja csillagosra a következő paranccsal :
\footnotestyle{mark=stars-max} ∈ [magyar]babel


Visszaállítani arab számozásra így lehet:
\footnotestyle{mark=arabic} ∈ [magyar]babel


Ha a szerkesztő szeretne a műhöz megjegyzéseket írni lábjegyzetben, akkor használja
a következő parancsot:
\editorfootnote{⟨szerkesztő megjegyzése⟩} ∈ [magyar]babel
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Ez csillagos számozást használ és oldalanként újra indul.
Szintek (rész, fejezet, szakasz stb. lásd később) címében tipográfiailag helytelen


lábjegyzetet használni. Ha mégis szükség van rá, akkor nem használható a \footnote
parancs, mert a fejléc és tartalomjegyzék hibás lesz. Ehelyett használja a
\headingfootnote{⟨lábjegyzet szövege⟩} ∈ [magyar]babel


parancsot. További parancsok:
\footnotemark


Megnöveli egyel a lábjegyzet számát és az adott helyre kiteszi a lábjegyzet jelét.
\footnotemark[⟨szám⟩]
A lábjegyzet számát változatlanul hagyja és az adott helyre kiteszi a lábjegyzet jelét,
amit a ⟨szám⟩ értéke ad meg.
\value{footnote}


A lábjegyzet aktuális számát adja meg, ami beírható az előző parancsba a ⟨szám⟩
helyére.
\footnotetext{⟨lábjegyzet szövege⟩}
Szöveget ír a lábjegyzetbe, de nem változtatja meg a lábjegyzet számát és az adott
helyre nem teszi ki a lábjegyzet jelét.
\footnotetext[⟨szám⟩]{⟨lábjegyzet szövege⟩}
Szöveget ír a lábjegyzetbe ⟨szám⟩ alatt, de nem változtatja meg a lábjegyzet számát és
az adott helyre nem teszi ki a lábjegyzet jelét.


Ha egy lábjegyzetre többször is hivatkozni szeretne, akkor használja a 85. oldalon
található megoldást.


A lábjegyzet az oldalnak csak bizonyos százalékát foglalhatja el, így lehetséges, hogy
egy hosszabb lábjegyzet több oldalon jelenik meg. Ha ezt a megoldást le akarja tiltani,
akkor ki kell adni a következő parancsot:
\interfootnotelinepenalty=10000


4.11. Széljegyzetek


Széljegyzeteket a
\marginpar{⟨széljegyzet⟩}
paranccsal írhat. A széljegyzetek alapértelmezésben a lapok bekötésének oldalával el-
lentétes ún. külső margóra kerülnek. Kétoldalas szedésnél a páros oldalakon a külső
margó bal oldalra esik, páratlanakon pedig jobb oldalra. Egyoldalas szedésnél a külső
margó mindig jobb oldalon van.


Ha azt akarja, hogy a külső margóval ellentétes ún. belső margóra kerüljön a szél-
jegyzet, akkor adja ki a
\reversemarginpar


parancsot. Alapértelmezésre visszatérni a
\normalmarginpar


paranccsal lehet.
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Kétoldalas szedés esetén a széljegyzetek hol bal, hol jobb oldalon lesznek. Ha azt
akarja, hogy a bal oldalra kerülve a széljegyzet másképpen nézzen ki, mint jobb oldalon,
használhatja a következőt:
\marginpar[⟨széljegyzet bal oldalon⟩]{⟨széljegyzet jobb oldalon⟩}
Például, ha azt akarja, hogy a széljegyzet szövege bal oldalon jobbra legyen igazítva,
akkor használja a következő kódot:


\marginpar[\raggedleft széljegyzet]{széljegyzet}


Ha egy bekezdés elejére ír széljegyzetet, akkor a \marginpar parancs elé kell tenni egy
\leavevmode parancsot, különben a széljegyzet és a bekezdés első sora között szintkü-
lönbség lép fel. Ez azért van így, mert a \marginpar nem kezd új bekezdést.


A \marginpar parancs használata bizonyos esetekben nem lehetséges. Ilyen eset
például a később ismertetett dobozokban való használata. Ekkor lehet megoldás a
\marginnote ∈ marginnote parancs, amire ezek a korlátozások nem vonatkoznak. Ez
a parancs ugyanúgy használható mint a \marginpar.


4.12. Színek kezelése


4.12.1. Színmodellek és paraméterek


Színek kezelésére az xcolor csomag használható. Ez sok színmodellt ismer, itt csak
néhányat említünk:


RGB használatakor három paramétert kell megadni vesszővel elválasztva, mindhárom 0
és 255 közötti egész szám. Az első a vörös, a második a zöld, a harmadik a kék
mennyiségét jelenti.


rgb használatakor három paramétert kell megadni vesszővel elválasztva, mindhárom
0 és 1 közötti törtszám. Az első a vörös, a második a zöld, a harmadik a kék
mennyiségét jelenti.


HTML paramétere a szín hatjegyű hexadecimális kódja. (Lásd például itt.) Az első két
számjegy az RGB kód első paramétere 16-os számrendszerben, a következő két
számjegy az RGB kód második paramétere 16-os számrendszerben, végül az utolsó
két számjegy az RGB kód harmadik paramétere 16-os számrendszerben. Például,
ha a szín RGB kódja 186,85,211, akkor a HTML kódja BA55D3.


cmyk használatakor négy paramétert kell megadni vesszővel elválasztva, mindegyik 0 és
1 közötti törtszám. Az első a cián, a második a magenta, a harmadik a sárga, a
negyedik a fekete mennyiségét jelenti.


gray a szürke skálát jelenti. Itt egy paramétert kell megadni, mely 0 és 1 közötti tört
szám (0 = fekete, 1 = fehér).


wave esetén a paraméter a szín hullámhossza nanométerben. A hullámhossz értéke 363
és 814 közötti törtszám.


Az RGB, rgb és HTML paletták lényegüket tekintve ugyanazt jelentik, csak a három alap-
szín mennyiségének megadási módja más-más. A monitor színkeverése az RGB paletta
szerint történik, de a nyomdában cmyk palettát használnak. Ezért, ha a szerkesztett
dokumentumot elektronikus publikációnak szánja, azaz monitoron kell majd elolvasni,
akkor az xcolor csomag által kikevert színeket is ennek megfelelően kell előállítani.
Ehhez használja az xcolor csomag rgb opcióját. Ha a dokumentum nyomdába kerül,
akkor használja az xcolor csomag cmyk opcióját.
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4.12.2. Színnevek


Az xcolor csomagban vannak előre definiált színek is, pontosabban, bizonyos paramé-
terű színekre adott néven is hivatkozhat. Ezek a következők:


XXX black
XXX blue
XXX brown
XXX cyan
XXX darkgray


XXX gray
XXX green
XXX lightgray
XXX lime
XXX magenta


XXX olive
XXX orange
XXX pink
XXX purple
XXX red


XXX teal
XXX violet
XXX white
XXX yellow


Mi is megadhatunk színneveket a következő paranccsal :
\definecolor{⟨színnév⟩}{⟨modell⟩}{⟨színparaméter⟩} ∈ xcolor


Például
\definecolor{halvanyszurke}{gray}{0.8}
\definecolor{macibarna}{RGB}{128,64,0}


Arra is lehetőség van, hogy két adott nevű szín összekeveréséből adjon meg újabb
színnevet:
⟨színnév1⟩!⟨szám⟩!⟨színnév2⟩
azt jelenti, hogy ⟨szám⟩% ⟨színnév1⟩ színhez (100− ⟨szám⟩)% ⟨színnév2⟩ színt keverünk.
Például


green!30!yellow


esetén 30% zöldhöz kevertünk 70% sárgát. Ha fehérrel akar keverni más színt, akkor
egyszerűbb a kód:
⟨színnév1⟩!⟨szám⟩ = ⟨színnév1⟩!⟨szám⟩!white
Például


green!30


esetén 30% zöldhöz kevertünk 70% fehéret. Ezzel a technikával akár több adott nevű
szín összekeveréséből is megadhat újabb színnevet. Például


green!30!yellow!20!black


esetén 30% zöldhöz kevertünk 20% sárgát, a maradék 50% pedig fekete.
Színnevet definiálhat korábban definiált színnévvel is a következő két kód valame-


lyikével, melyek ekvivalensek egymással :
\colorlet{⟨új színnév⟩}{⟨régi színnév⟩} ∈ xcolor
\definecolor{⟨új színnév⟩}{named}{⟨régi színnév⟩} ∈ xcolor


Például
\colorlet{piros}{red!80}
\definecolor{fekete}{named}{black}


Amennyiben egy színnév komplementerét szeretné megadni, akkor egy kötőjelet kell
elé írni. Így például a -yellow a sárga komplementer színét jelenti.


4.12.3. Színes szöveg


Szövegek színezéséhez a következő parancsokat használhatja:
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\textcolor[⟨modell⟩]{⟨színparaméter⟩}{⟨egy bekezdés⟩} ∈ xcolor
\textcolor{⟨színnév⟩}{⟨egy bekezdés⟩} ∈ xcolor
{\color[⟨modell⟩]{⟨színparaméter⟩}⟨több bekezdés⟩} ∈ xcolor
{\color{⟨színnév⟩}⟨több bekezdés⟩} ∈ xcolor


Például


Ð \colorlet{piros}{red!80}
\textcolor{piros}{Piros szöveg.}
\textcolor[RGB]{0,255,0}{Zöld szöveg.}
{\color{black!50} Szürke szöveg.}


Piros szöveg. Zöld szöveg. Szürke szöveg.


4.12.4. Átlátszóság


Szövegek aktuális színének átlátszóságát a következő parancsokkal állíthatja be:
\texttransparent{⟨paraméter⟩}{⟨egy bekezdés⟩} ∈ transparent
\transparent{⟨paraméter⟩}⟨több bekezdés⟩ ∈ transparent


A ⟨paraméter⟩ értéke egy 0 és 1 közötti szám. A 0 jelenti a teljesen átlátszót az 1 pedig
a nem átlátszót. Például


\color{red}\texttransparent{0.5}{Szöveg}


4.12.5. Szöveg kiemelése színes háttérrel


Ehhez az xcolor csomag mellett használja a soul csomagot is. Ekkor a következő
parancsokat használhatja:
\sethlcolor{⟨színnév⟩} ∈ soul
\hl{⟨szöveg⟩} ∈ soul


Ha a telepített soul csomagjának verziója 3.0-nál régebbi, akkor soul helyett használjon
soulutf8 csomagot. A \sethlcolor parancs megadja a kiemelés színét. Alapértelmezése
yellow. A \hl színezi ki a ⟨szöveg⟩ hátterét, ami akár több sorból, vagy akár több
bekezdésből is állhat. Például


Ð \hl{Ez egy fontos szöveg, azért van kiemelve!}


Ez egy fontos szöveg, azért van kiemelve!


Ha soulutf8 csomagot kénytelen használni és az xcolor csomagot valamilyen paletta
opcióval töltötte be (rgb, cmyk, stb.), akkor az előző kód hibás eredményt ad. Ennek
megoldásához a következő kódot írja be a soulutf8 betöltése után (forrás itt) :


\usepackage{regexpatch}
\makeatletter
\xpatchcmd*{\SOUL@ulunderline}{\dimen@}{\SOUL@dimen}{}{}
\newdimen\SOUL@dimen
\makeatother
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4.12.6. Szöveg kiemelése színes aláhúzással


Ehhez az xcolor csomag mellett használja a soul csomagot is. Ekkor a következő
parancsokat használhatja:
\setul{⟨mélység⟩}{⟨vonalvastagság⟩} ∈ soul
\setulcolor{⟨színnév⟩} ∈ soul
\ul{⟨szöveg⟩} ∈ soul


Ha a telepített soul csomagjának verziója 3.0-nál régebbi, akkor soul helyett hasz-
náljon soulutf8 csomagot. A \setul parancs ⟨mélység⟩ paramétere beállítja, hogy az
aláhúzás mennyivel legyen az alapvonal alatt, a ⟨vonalvastagság⟩ pedig, hogy milyen
vastag legyen a vonal. A \setulcolor parancs ⟨színnév⟩ paramétere megadja az aláhú-
zás színét. Alapértelmezése black. Az \ul parancs húzza alá a ⟨szöveg⟩ részt, ami akár
több sorból, vagy akár több bekezdésből is állhat. Például


Ð \setul{1pt}{1pt}
\setulcolor{blue}
\ul{Ez egy fontos szöveg, azért van aláhúzva kékkel!}


Ez egy fontos szöveg, azért van aláhúzva kékkel !


Ha soulutf8 csomagot kénytelen használni, az \ul paranccsal ugyanaz a probléma amit
a \hl parancsnál ismertettünk, és a megoldása is ugyanaz.


4.12.7. Szöveg kiemelése színes áthúzással


Ehhez az xcolor csomag mellett használja a soul csomagot is. Ekkor a következő
parancsokat használhatja:
\setstcolor{⟨színnév⟩} ∈ soul
\st{⟨szöveg⟩} ∈ soul


Ha a telepített soul csomagjának verziója 3.0-nál régebbi, akkor soul helyett használjon
soulutf8 csomagot. A \setstcolor parancs ⟨színnév⟩ paramétere megadja az áthúzás
színét. Alapértelmezése black. Az \st parancs húzza át a ⟨szöveg⟩ részt, ami akár több
sorból, vagy akár több bekezdésből is állhat. Például


Ð \setstcolor{blue}
\st{Ez a szöveg át van húzva kékkel.}


Ez a szöveg át van húzva kékkel.


Ha soulutf8 csomagot kénytelen használni, az \st paranccsal ugyanaz a probléma amit
a \hl parancsnál ismertettünk, és a megoldása is ugyanaz.


4.12.8. Színes lapok


A lap háttérszíne így adható meg:
\pagecolor[⟨modell⟩]{⟨színparaméter⟩} ∈ xcolor
\pagecolor{⟨színnév⟩} ∈ xcolor


Alapállapotba visszatérni a következő paranccsal lehet:
\nopagecolor ∈ xcolor
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4.13. Dátumtípusok
Ha a dokumentum fordításának dátuma 2025. június 17., akkor


2025 \number\year
6 \number\month
17 \number\day
2025. június 17. \today (ha a magyar nyelv aktív)
June 17, 2025 \today (ha az angol nyelv aktív)
2025-06-17 \emitdate{a}{\today} ∈ [magyar]babel
2025. június 17. \emitdate{b}{\today} ∈ [magyar]babel
2025. jún. 17. \emitdate{c}{\today} ∈ [magyar]babel
2025. VI. 17. \emitdate{d}{\today} ∈ [magyar]babel
2025. 06. 17. \emitdate{e}{\today} ∈ [magyar]babel
2025. június \emitdate{f}{\today} ∈ [magyar]babel
2025. június 17 \emitdate{g}{\today} ∈ [magyar]babel
2025 június \emitdate{h}{\today} ∈ [magyar]babel


Rögzített dátumok esetén:


1848-03-15 \emitdate{a}{1848-3-15} ∈ [magyar]babel
1848. március 15. \emitdate{b}{1848-3-15} ∈ [magyar]babel
1848. márc. 15. \emitdate{c}{1848-3-15} ∈ [magyar]babel
1848. III. 15. \emitdate{d}{1848-3-15} ∈ [magyar]babel
1848. 03. 15. \emitdate{e}{1848-3-15} ∈ [magyar]babel
1848. március \emitdate{f}{1848-3-15} ∈ [magyar]babel
1848. március 15 \emitdate{g}{1848-3-15} ∈ [magyar]babel
1848 március \emitdate{h}{1848-3-15} ∈ [magyar]babel


A következő parancs kiírja, hogy a fordítás időpontja a hét melyik napjára esik.
\weekday ∈ eukdate


Csak angol verziója van. Ha magyarul akarja használni, akkor írja be a következőt a
preambulumba az eukdate csomag betöltése után:


Ð \makeatletter
\renewcommand\weekday{%
\ifcase\theeuk@date szombat\or vasárnap\or hétfő\or
kedd\or szerda\or csütörtök\or péntek\fi}
\makeatother


A következő parancs kiírja, hogy a fordítás dátumához képest ⟨nap⟩ múlva mi a dátum.
\DayAfter[⟨nap⟩] ∈ advdate


A ⟨nap⟩ alapértéke 1.


4.14. Számírás
Az 5 vagy annál több jegyű egész számokat ezres csoportosítással kell leírni. A csopor-
tosítás jobbról balra történik. Nem kell csoportosítani a 4 jegyű egész számokat, kivéve
abban az esetben, ha egy táblázat olyan oszlopában található, amelyben szerepel 4-nél
több jegyű egész szám is. Így lehet elérni, hogy a megfelelő számjegyek mindig egymás
alatt legyenek.
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A csoportosító jel a magyarban a feles törhetetlen szóköz (\,) vagy a pont, az
angolban pedig a vessző. Tehát például


Helyesen 1\,234\,567 vagy 1.234.567, de 9999.


Helyesen 1 234 567 vagy 1.234.567, de 9999.


Az ezres csoportosítás automatizálható a
\num{⟨szám⟩} ∈ siunitx


paranccsal. Például


Ð \num{1234567}


1 234 567


A \num parancs csak a 4-nél több jegyű egész számokra alkalmazza az ezres csoporto-
sítást. Ha az előzőekben leírt kivétel esetén szükséges a 4 jegyű számok ezres csopor-
tosítása is, akkor alkalmazza az siunitx csomag group-minimum-digits=4 opcióját. Ha
ezt az opciót csak egy blokkon belül lokálisan szeretné bekapcsolni, akkor használja a
következő parancsot a blokk elején:
\sisetup{group-minimum-digits=4}


Ha ezres csoportosítójelnek nem az alapértelmezett feles törhetetlen szóközt, hanem
például a pontot szeretné, akkor használja az siunitx csomag group-separator={.}
opcióját. Ekkor


Ð \num{1234567}


1.234.567


Lehetőség van egész számok automatikus kibetűzésére is a
\numspell{⟨szám⟩} ∈ numspell
\Numspell{⟨szám⟩} ∈ numspell
\anumspell{⟨szám⟩} ∈ numspell
\Anumspell{⟨szám⟩} ∈ numspell


parancsokkal. Például


Ð \numspell{1234567}\\
\Numspell{1234567}\\
\anumspell{1234567}\\
\Anumspell{1234567}


egymillió-kétszázharmincnégyezer-ötszázhatvanhét
Egymillió-kétszázharmincnégyezer-ötszázhatvanhét
az egymillió-kétszázharmincnégyezer-ötszázhatvanhét
Az egymillió-kétszázharmincnégyezer-ötszázhatvanhét


Ha sorszámot kell kibetűzni, akkor használja az
\ordnumspell{⟨szám⟩} ∈ numspell
\Ordnumspell{⟨szám⟩} ∈ numspell
\aordnumspell{⟨szám⟩} ∈ numspell
\Aordnumspell{⟨szám⟩} ∈ numspell


parancsokat. Például
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Ð \ordnumspell{1234567}\\
\Ordnumspell{1234567}\\
\aordnumspell{1234567}\\
\Aordnumspell{1234567}


egymillió-kétszázharmincnégyezer-ötszázhatvanhetedik
Egymillió-kétszázharmincnégyezer-ötszázhatvanhetedik
az egymillió-kétszázharmincnégyezer-ötszázhatvanhetedik
Az egymillió-kétszázharmincnégyezer-ötszázhatvanhetedik


A \numspell, \Numspell, \ordnumspell és \Ordnumspell parancsok ismerik az angol,
német, francia, olasz és magyar nyelvet is. Ha a babel csomaggal ezen nyelvek valame-
lyikét töltötte be, akkor a számok betűzése is eszerint a nyelv szerint történik. Ellenkező
esetben angolul. Például


Ð \documentclass{article}
\usepackage[T1]{fontenc}
\usepackage[english,ngerman]{babel}
\usepackage{numspell}
\begin{document}
\numspell{1234567}\\
\selectlanguage{english}\numspell{1234567}
\end{document}


eine Million zweihundertvierunddreißigtausendfünfhundertsiebenundsechzig
one million, two hundred and thirty-four thousand, five hundred and sixty-seven


4.15. Mértékegységek


Mértékszám és mértékegység közé mindig feles törhetetlen szóközt kell tenni. Például


Ð 123\,cm 1200\,km 50\,\% 1000\,Ft 500\,\$ 10\,\AA


123 cm 1200 km 50% 1000Ft 500 $ 10Å


vagy


Ð 20\,\textcelsius
1\,\textperthousand
5\,\textpertenthousand


20℃ 1‰ 5‱


Ez alól a szabály alól egy kivétel van, amikor szöget írunk fokban, percben és
másodpercben. Ekkor nincs a mértékszám után térköz. Ennek írását legkönnyebben az
\ang{⟨fok⟩;⟨perc⟩;⟨másodperc⟩} ∈ siunitx


paranccsal oldhatja meg. Például


Ð \ang{1;;} \ang{2;3;} \ang{4;5;6}


1◦ 2◦3′ 4◦5′6′′


A mértékszám és mértékegység közötti térköz automatizálható az



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe20.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe21.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe22.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe23.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe24.html





4.15. Mértékegységek 75


\qty[⟨opció⟩]{⟨szám⟩}{⟨mértékegység⟩} ∈ siunitx


paranccsal. Például


Ð \qty{1}{\meter}
\qty{2}{\centi\meter}
\qty{3}{\angstrom}
\qty{4}{\ohm}
\qty{5}{\percent}
\qty{6}{\degreeCelsius}


1m 2 cm 3Å 4Ω 5% 6 ◦C


Itt nemcsak a mértékegység jelét, hanem a nevét is be lehet írni. Azaz például \angstrom
az \AA helyett, vagy \percent a \% helyett. Az elérhető mértékegységek nevei a siunitx
csomag leírásában megtalálhatóak. Nézzünk még néhány példát:


Ð \qty{1}{\centi\meter\tothe{2}}\\
\qty{1}{\coulomb\per\mole}\\
\qty[per-mode=symbol]{1}{\coulomb\per\mole}\\
\qty[per-mode=fraction]{1}{\coulomb\per\mole}\\
\qty[per-mode=fraction]{1}{\meter\per\second\tothe{2}}


1 cm2


1Cmol−1


1C/mol
1 C


mol


1 m
s2


Az siunitx csomag használata esetén tizedes törtek beírásánál a tizedesvessző és a
tizedes pont használata is megengedett, de mindkét esetben a kimenetben tizedes pont
lesz. Azaz például


Ð \qty{10.7}{\centi\meter} = \qty{0,107}{\meter}


10.7 cm = 0.107m


Ahhoz, hogy tizedesvessző legyen a kimenetben, használja az


Ð output-decimal-marker={,}


opciót. Ekkor az előző kód kimenete


10,7 cm = 0,107m
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5. fejezet


Oldalak kinézete


5.1. Oldalak szerkezete és méretei


Egy oldal szerkezete a következő ábrán látható. Főbb részei : szövegtükör, margók,
fejléc, lábléc, széljegyzet.


1


2


3


4


5


6


7


8


9 10


11


12


13


fejléc


szövegtükör


lábléc


sz
él


je
gy


ze
t


Az ábrán jelölt méreteket a geometry csomag opcióival állíthatja be:


1 paperwidth=⟨méret⟩ Oldal szélessége.
2 paperheight=⟨méret⟩ Oldal magassága.
3 textwidth=⟨méret⟩ Szövegtükör szélessége.
4 textheight=⟨méret⟩ Szövegtükör magassága.
5 inner=⟨méret⟩ Belső margó szélessége. A belső margó a lapok kötése felőli margó.


Egyoldalas dokumentum esetén ez a bal margót, míg kétoldalas dokumentum
esetén páratlan oldalon a bal, illetve páros oldalon a jobb margót jelenti.


6 outer=⟨méret⟩ Külső margó (belső margóval ellentétes oldalon) szélessége.
7 top=⟨méret⟩ Felső margó magassága.
8 bottom=⟨méret⟩ Alsó margó magassága.
9 headheight=⟨méret⟩ Fejléc magassága.
10 headsep=⟨méret⟩ Fejléc és szövegtükör távolsága.
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11 footskip=⟨méret⟩ Lábléc magassága.
12 marginparwidth=⟨méret⟩ Széljegyzet területének szélessége.
13 marginparsep=⟨méret⟩ Széljegyzet és szövegtükör távolsága.


Alapértelmezésben a szövegtükör méretei az oldal méreteinek 70%-a, az alsó margó a
felső másfélszerese, egyoldalas szedés esetén a belső és külső margó megegyezik, illetve
kétoldalas szedés esetén a külső margó a belső másfélszerese.


Ha ISO szabvány méretet akar (A0–A6, B0–B6, C0–C6), akkor az a0paper, . . . ,
a6paper, b0paper, . . . , b6paper, c0paper, . . . , c6paper opciók valamelyikét kell betöl-
teni. A B sorozatban létezik JIS (Japanese Industrial Standards) szabvány is, ezek a
b0j, . . . , b6j opciókkal érhetők el. Például


\usepackage[b5paper]{geometry}


Ha ugyanezt a méretet szeretné, de 90 fokkal elforgatva, akkor használja a landscape
opciót is :


\usepackage[b5paper,landscape]{geometry}


Ha egyedi méreteket akar, akkor például a következőt kell tenni:
\usepackage[paperwidth=105mm,paperheight=75mm]{geometry}


Fontos, hogy ezek fizikailag is beállítják a lap méretét, nem úgy, mint a standard
dokumentumosztályok lapméretre vonatkozó opciói, melyek csak a margókra vannak
hatással. A geometry csomag opcióit parancsban is meg lehet adni:
\geometry{⟨opciók⟩} ∈ geometry


Például
\geometry{paperwidth=105mm,paperheight=75mm}


Ha egy dokumentumon belül az oldal geometriáját néhány oldal erejéig át akarja állí-
tani, akkor használja a
\newgeometry{⟨opciók⟩} ∈ geometry


parancsot. Ezzel a lap méretét nem lehet átállítani, csak az azon belüli méreteket
(margók, lábléc, stb.). Például


\newgeometry{inner=20mm,outer=10mm}


Az alapgeometria visszaállítása:
\restoregeometry ∈ geometry


5.2. Lapméret megváltoztatása dokumentumon belül


Említettük, hogy a lapméret nem állítható át dokumentumon belül a \newgeometry
paranccsal. Ha mégis szükség lenne rá, akkor használhatja a következőt az átállítási
pont előtt:
\newstocksize{layoutsize={⟨szélesség⟩,⟨magasság⟩},⟨egyéb opciók⟩} ∈ stocksize


Ezután a lapméret szélessége illetve magassága ⟨szélesség⟩ illetve ⟨magasság⟩méretű lesz.
A szélesség és magasság megadása helyett szabványos lapméret is megadható. Például
B5 méret esetén a layoutsize opció helyett használja a


layout=b5paper


opciót. Az ⟨egyéb opciók⟩ nélkül
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– a szövegtükör mérete az oldalméret 70%-a,
– a bal és jobb oldali margók egyenlőek egyoldalas szedés esetén,
– a külső margó másfélszerese a belső margónak kétoldalas szedés esetén,
– az alsó margó a felsőnek a másfélszerese,
– minden más paraméter megegyezik az eredeti oldal paramétereivel.


Ha ezek nem felelnek meg, akkor az ⟨egyéb opciók⟩ helyén a geometry csomag opcióival
állíthatja be a megfelelő paramétereket. Visszatérni az eredeti lapméretre a
\restorestocksize ∈ stocksize


paranccsal lehet.


5.3. Oldalak nagyítása/kicsinyítése


A geometry csomag mag=⟨nagyítás⟩ opciójával a dokumentumot nagyítani/kicsinyíteni
is tudja, ahol a ⟨nagyítás⟩ értéke ezrelékben megadott egész szám. Ez az opció a később
tárgyalt hyperref csomag használatakor csak akkor működik jól, ha a hyperref előbb
van betöltve, mint a geometry.


Például a mag=1500 opcióval másfélszeres nagyítást érhet el, illetve a mag=500 felére
kicsinyít. Ilyenkor a fontok mérete és bármilyen mértékegységgel megadott hosszméret
is megváltozik a mag értékének ezredszeresére.


Ha valamely mértékegységgel megadott hosszméretet nem akarja, hogy a nagyí-
tás során megváltozzon, akkor a mértékegység elé tegye a true szót (truemm, truecm,
truept). Ha nagyításnál a beállított szabványos oldalméretet nem akarja, hogy változ-
zon, akkor használja a truedimen opciót. Például


\usepackage[mag=500,truedimen,a4paper]{geometry}


Ezzel be lehet állítani tetszőleges alapbetűméretet, hiszen, ha például az előző esetben
az alap betűméret 12 pt volt, akkor a végeredmény alap betűmérete 6 pt lesz, miközben
az oldal maradt A4-es méretű.


A következő példában a dokumentum szélessége 150mm, magassága 250mm, min-
den margó 20mm, az alapbetűméret 13 pt. A beírt két sor, az aktuális sortávolságnál
2 cm-rel nagyobb távolságra vannak egymástól.


\documentclass{article}
\usepackage[
mag=1300,
paperwidth=150truemm,
paperheight=250truemm,
inner=20truemm,
outer=20truemm,
top=20truemm,
bottom=20truemm]{geometry}


\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\begin{document}
Első sor.
\par\vspace{2truecm}
Második sor.
\end{document}
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5.4. Többhasábos szedés


Kéthasábos szedés a dokumentumosztály twocolumn opciójával is lehetséges, de az ered-
mény több szempontból is kifogásolható, melyeket most nem részletezünk. Helyette
használhatja a multicol csomag multicols környezetét:
\begin{multicols}{⟨hasábszám⟩} ∈ multicol
⟨szöveg⟩
\end{multicols}


A ⟨hasábszám⟩ maximum 10 lehet. A hasábok közötti távolság 10 pt. Ennek átállítása
például 1 cm-re:
\setlength{\columnsep}{1cm} ∈ multicol


A hasábok közötti vonalvastagság 0 pt. Ennek átállítása például 1 pt-ra:
\setlength{\columnseprule}{1pt} ∈ multicol


5.5. Oldal elforgatása


Ha egy oldal tartalma megkívánja (például egy széles táblázat), szükség lehet az álló
tájolású oldal tartalmának elforgatására. Erre szolgál az lscape csomag landscape
környezete. Hatása:


– új oldalt nyit ;
– a szövegtükör és széljegyzet tartalmát elforgatja 90 fokkal, de a fej- és a láblécet


nem;
– a végén visszavált normál módra, de előtte új oldalt nyit.


Ez a megoldás a pdf nézőben az oldalt fizikailag nem forgatja el, csak a szövegtükör és
a széljegyzet tartalmát.


Ha az lscape helyett a pdflscape csomag landscape környezetét használja, akkor
ugyanazt az eredményt kapja, de a pdf nézőben az oldal fizikailag is el lesz forgatva,
aminek a hatására a szövegtükör és a széljegyzet vízszintesen fog elhelyezkedni a pdf
nézőben, de a fej- és lábléc függőlegesen.


Ha a szövegtükör és széljegyzet tartalmával együtt a fej- és lábléc tartalmát is el
akarja forgatni, továbbá szeretné a pdf nézőben az oldalt fizikailag is elforgatni, akkor
továbbra is használja landscape környezetet, de az lscape vagy pdflscape csomagok
betöltése helyett írja a következőket a preambulumba:


\usepackage{stocksize}
\makeatletter
\newlength{\original@layoutwidth}
\newlength{\original@textwidth}
\setlength{\original@layoutwidth}{\Gm@layoutwidth}
\setlength{\original@textwidth}{\textwidth}
\newenvironment{landscape}{}{}
\AddToHook{env/landscape/before}{
\newstocksize{
layoutsize = {\Gm@layoutheight,\original@layoutwidth},
text = {\textheight,\original@textwidth},
}}


\AddToHook{env/landscape/after}{\restorestocksize}
\makeatother
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Ekkor az elforgatott oldalon a szövegtükör méretei felcserélődnek a normál oldalhoz
képest. A bal és jobb oldali margók egyenlőek egyoldalas szedés esetén, illetve a külső
margó másfélszerese a belső margónak kétoldalas szedés esetén, továbbá az alsó margó
másfélszerese a felső margónak. Minden más paraméter változatlan marad.


Ha azt szeretné, hogy az elforgatott oldal minden margója rendre megegyezzen
a normál oldal margóival, akkor text={...} helyett használja a keepmargins opciót.
Ekkor az elforgatott oldalon a szövegtükör ezekhez fog igazodni, ezért a méretei nem
feltétlenül egyeznek meg a normál oldal szövegtükrének elforgatásával kapott méretek-
kel. Egyéb igény esetén a text={...} és keepmargins opciók helyett a margók és egyéb
paraméterek beállítására a geometry csomag opcióit használhatja.


5.6. Vágójelek nyomdai előkészítéshez


Egy pdf dokumentumot a nyomdában először a dokumentum méreténél nagyobb lapra
nyomtatják ki, utána pedig levágják a széleit a megfelelő méretre. Ezzel lehet garantálni
a margók illetve a függőleges és a vízszintes irányok pontosságát. Ehhez a nyomdai
előkészítés során vágójeleket kell elhelyezni a lapra.


Ezt a munkát könnyen elvégezheti a geometry csomaggal. Például, ha azt akarja,
hogy a vágás utáni méret 176mm széles és 250mm magas legyen, akkor a geometry
csomagot a következő opciókkal töltse be (kiegészítve a margókra és egyéb méretekre
vonatkozó opciókkal) :


\usepackage[
paperwidth = 206mm, % papír szélessége 176mm + 30mm
paperheight = 280mm, % papír magassága 250mm + 30mm
layoutwidth = 176mm, % vágás után a szélesség
layoutheight = 250mm, % vágás után a magasság
layoutoffset = 15mm,
showcrop, % mutassa a vágójeleket
% ... % egyéb opciók helye
]{geometry}


A layoutoffset=15mm azt jelenti, hogy a pdf oldalon a felső vízszintes vágójelek a lap
tetejétől, illetve a bal oldali függőleges vágójelek a lap bal szélétől 15mm távolságokra
helyezkedjenek el. Ahhoz, hogy az alsó és a jobb oldali vágójelek is ráférjenek a lapra,
a papír szélességének és magasságának a layoutoffset értékének legalább a duplájával
nagyobbnak kell lenni, mint a vágás utáni méretnek. Ezért van megadva a papírméret-
nek 30mm-rel nagyobb érték, mint a vágás utáni méretek.


Az előbbi helyett standard méreteket is használhat. Például
\usepackage[
paper = a4paper, % nyomtatás A4-es papírra
layout = b5paper, % vágás után B5 lesz a lapméret
layoutoffset = 15mm,
showcrop, % mutassa a vágójeleket
% ... % egyéb opciók helye
]{geometry}


Ha a pdf nem tartalmaz vágójeleket, és ennek pótlására a forrást nem szeretné vagy nem
áll módjában szerkeszteni az előző módszerrel, akkor készítse el a következő tartalmú
tex fájlt, tegye mellé a vágójelekkel ellátandó pdf fájlt, majd fordítsa le a tex fájlt.
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\documentclass{minimal}
\usepackage{pdfpages,tikz}
\setlength{\paperwidth}{⟨pdf szélessége⟩+30mm}
\setlength{\paperheight}{⟨pdf magassága⟩+30mm}
\begin{document}
\AddToShipoutPictureFG{\begin{tikzpicture}[overlay]
\draw ([yshift= 15mm] current page.south west) -- +(10mm,0);
\draw ([xshift= 15mm] current page.south west) -- +(0,10mm);
\draw ([yshift= 15mm] current page.south east) -- +(-10mm,0);
\draw ([xshift=-15mm] current page.south east) -- +(0,10mm);
\draw ([yshift=-15mm] current page.north west) -- +(10mm,0);
\draw ([xshift= 15mm] current page.north west) -- +(0,-10mm);
\draw ([yshift=-15mm] current page.north east) -- +(-10mm,0);
\draw ([xshift=-15mm] current page.north east) -- +(0,-10mm);
\node at ([yshift=-5mm] current page.north) {⟨információ⟩};
\end{tikzpicture}}
\includepdf[noautoscale,pages=1-]{⟨pdf fájl⟩}
\end{document}


Fordítás után a kapott pdf megegyezik az eredetivel, de ki lesz bővítve vágójelekkel.


5.7. Méretek ellenőrzése


A szerkesztés folyamata alatt szükség lehet az oldal méreteinek ellenőrzésére. Erre
több csomag is lehetőséget ad, melyek közül talán az fgruler a legpraktikusabb. Ha
ezt betölti, akkor minden oldal előterében megjelenik egy vízszintes és egy függőleges
vonalzó, melynek a kezdőpontja a lap bal felső sarkában lesz. Ha csak egy adott oldal
adott pozíciójába akar ilyet helyezni, akkor akkor tegye a következőt:
\documentclass{article}
\usepackage[type=none]{fgruler}
\begin{document}
\fgruler{upperleft}{⟨jobbra⟩}{⟨lefelé⟩}
\end{document}


A ⟨jobbra⟩ helyére azt a távolságot kell beírni, amennyivel el akarja tolni jobbra a
vonalzót a bal felső sarokhoz viszonyítva. A ⟨lefelé⟩ helyére azt a távolságot kell beírni,
amennyivel el akarja tolni lefelé a vonalzót a bal felső sarokhoz viszonyítva. Például
ezen az oldalon a következő szerepel :


\fgruler{upperleft}{0cm}{0cm}


Ezzel a csomaggal szövegbe is helyezhet vonalzót. Például
szöveg \ruler{rightup}{10cm} szöveg


szöveg
1 2 3 4 5 6 7 8 9 100 cm


szöveg


Arra is lehetőség van, hogy ellenőrzés céljából az oldal elemeit (szövegtükör, széljegyzet,
lábléc, fejléc) láthatóvá tegye vonalakkal. Ehhez használja a showframe opcióját a cso-
magnak. Az fgruler csomag rengeteg további lehetőséget ad vonalzók megjelenítésére,
többek között például angol vonalzót is tud rajzolni, amelyben inch a mértékegység
centiméter helyett. Ezek áttekintésére olvassa el a csomag dokumentációját.
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További lehetőségek:
– Az eso-pic csomag grid opcióval. Ekkor minden oldal 5mm-es közökkel rácsvo-


nalasan jelenik meg.
– A geometry csomag showframe opciója, vagy a showframe csomag, amely hasonló


feladatot lát el, mint az fgruler csomag showframe opciója.
– A layout csomag \layout parancsa, amely megadja az adott dokumentum min-


den méretét.







6. fejezet


Kereszthivatkozások


Ha több oldalból áll a dokumentum, akkor célszerű feltüntetni az oldalszámokat. De
a fejezeteket, szakaszokat is számozzuk. Ez például a 6. fejezet, amely a 83. oldalon
kezdődik. További számozott elemek: listák, ábrák, táblázatok, matematikai képletek
és tételek, irodalomjegyzék elemei, stb. Az ilyen számozott elemekre sok esetben hivat-
kozunk. Ezek az ún. kereszthivatkozások. Ezeket nem érdemes a forrásban konkrétan
beírni, hiszen egy ilyen szám a szerkesztés során változhat, így állandóan javítanunk
kellene, ami egy idő után sok hibát eredményezne. Erre az a megoldás, hogy a LATEX-re
bízzuk a számozott elemeknél és a kereszthivatkozásoknál a megfelelő számok beírását.


6.1. Címkék


Ha egy számozott elemre hivatkozni kell, akkor először meg kell címkézni a
\label{⟨címke⟩}
paranccsal. A ⟨címke⟩ tetszőleges lehet, de azért érdemes néhány tanácsot megfogadni.
Célszerű először arra utalni, hogy milyen típusú elemre hivatkozunk (fejezet, szakasz,
ábra, táblázat, stb.). Ezzel a későbbi keresés a címkék között jóval könnyebb lesz.
Ezután érdemes valamilyen írásjelet tenni. Az általános ajánlás erre a kettőspont, de
látni fogjuk, hogy a magyarban ez nem feltétlenül a legjobb megoldás. Végül a címkében
az elem tartalmára kell utalni, és semmiképpen sem a számára, mert ezzel pont az
automatikus kereszthivatkozás lényegét sértenénk. Sok érthetetlen hibát megelőzhet,
ha a címkében nem használ ékezetes betűket, szóközt és aktív karaktereket (magyarban
ilyen a fordított aposztróf jel, kettőspont, kérdőjel, felkiáltójel és a pontosvessző).


Például, a későbbiekben látni fogjuk, hogy egy számozott listát a enumerate kör-
nyezettel hozhat létre, melyben minden listaelemet \item paranccsal indítunk:


\begin{enumerate}
\item Ez egy listaelem.
\item Ez egy másik listaelem.
\end{enumerate}


Ha a 2. listaelemre akar hivatkozni, akkor a kódban a 3. sort így módosítsa:
\item\label{lista-proba} Ez egy másik listaelem.


1. Ez egy listaelem.


2. Ez egy másik listaelem.
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A címkében a prefix a lista, ami arra utal hogy ez egy listaelemre vonatkozik. Azután
nem az általánosan tanácsolt kettőspont került, mert a magyarban ez aktív karak-
ter, ami bizonyos esetekben gondokat okozhat. A kötőjel megfelel kettőspont helyett.
Ezután jön maga a név, ami most proba.


6.2. Hivatkozás címkézett elemekre


Címkével ellátott elemre alapesetben a
\ref{⟨címke⟩}
paranccsal tud hivatkozni. Az előző példát folytatva:


Lásd \ref{lista-proba}.~listaelemet.


Lásd 2. listaelemet.


Helyesebb a mondat, ha a sorszám elé határozott névelőt rakunk: „az 1.”, „a 2.”, stb.
Amint látjuk a magyarban a névelő függ a sorszámtól. Ezt a problémát is megoldja a
magyar.ldf. Ilyenkor használja az
\aref{⟨címke⟩} ∈ [magyar]babel
\Aref{⟨címke⟩} ∈ [magyar]babel


vagy rómaitól különböző számozás esetén az ezzel egyenértékű
\az{\ref{⟨címke⟩}} ∈ [magyar]babel
\Az{\ref{⟨címke⟩}} ∈ [magyar]babel


parancsokat, attól függően, hogy a sorszám előtti névelőt kis vagy nagy kezdőbetűvel
szeretné. Amennyiben betölti még a huaz csomagot is, akkor az előbbi két parancspár
minden esetben ekvivalens. Például


Ð Lásd \aref{lista-proba}.~listaelemet.\\
\Aref{lista-proba}.~listaelemben olvasható.


Lásd a 2. listaelemet.
A 2. listaelemben olvasható.


Amikor címkézünk egy elemet, akkor nemcsak az adott sorszámot tudja a LATEX, hanem
azt is, hogy az adott elem melyik oldalon található. Adott címkéhez tartozó oldalszámot
a következő paranccsal írathatja ki :
\pageref{⟨címke⟩}
Ennek is vannak névelős verziói :
\apageref{⟨címke⟩} ∈ [magyar]babel
\Apageref{⟨címke⟩} ∈ [magyar]babel


vagy rómaitól különböző oldalszámozás esetén az ezzel egyenértékű
\az{\pageref{⟨címke⟩}} ∈ [magyar]babel
\Az{\pageref{⟨címke⟩}} ∈ [magyar]babel


Amennyiben betölti még a huaz csomagot is, akkor az előbbi két parancspár minden
esetben ekvivalens. Például


Ð \Aref{lista-proba}.~listaelemet \apageref{lista-proba}.~oldalon találjuk.


A 2. listaelemet a 83. oldalon találjuk.



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe27.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe28.html
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A \pageref{⟨címke⟩} eredménye az az oldalszám, ahol a \label{⟨címke⟩} parancs
ki lett adva, míg a \ref{⟨címke⟩} parancs eredménye a \label{⟨címke⟩} kiadásakor
aktuális
\@currentlabel


tartalma, ami alapesetben az adott elem sorszáma. Ezt át is lehet definiálni. Például


Ð \section{Nagy számok törvénye}
\makeatletter
\def\@currentlabel{,,Nagy számok törvénye''}
\makeatother
\label{sec-nszt}
\Az{\ref{sec-nszt}} című szakaszban


1. Nagy számok törvénye
A „Nagy számok törvénye” című szakaszban


Ha egy lábjegyzetre többször is hivatkozni szeretne, akkor használja a
\footref{⟨címke⟩}
parancsot. Például


Szöveg\footnote{\label{footnote-proba}Lábjegyzet szövege.}
szöveg\footref{footnote-proba}


Szöveg1 szöveg1


1Lábjegyzet szövege.


Létezik még ezeken kívül is hivatkozási forma (egyenlet, irodalomjegyzék), de ezeket
majd az adott fejezetekben tárgyaljuk.


Å
Videó: Bekezdések, lábjegyzetek, színek, kereszthivatkozások



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe29.html

https://youtu.be/HwiqrgNBBHM
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Listák


7.1. Számozatlan listák


Számozatlan listákra az itemize környezet használható. Minden listaelemet \item pa-
rancs vezet be.
\begin{itemize}
\item ⟨listaelem⟩
\item ⟨listaelem⟩


\end{itemize}


E környezetek négy szint mélységig ágyazhatók egymásba. Például


Ð Lista előtti szöveg.
\begin{itemize}
\item Listaelem az első szinten.
\begin{itemize}
\item Listaelem a második szinten.
\item Újabb listaelem a második szinten.


\end{itemize}
\item Egy másik listaelem az első szinten.
\item Egy újabb listaelem az első szinten.


\end{itemize}
Lista utáni szöveg.


Lista előtti szöveg.


– Listaelem az első szinten.


• Listaelem a második szinten.
• Újabb listaelem a második szinten.


– Egy másik listaelem az első szinten.


– Egy újabb listaelem az első szinten.


Lista utáni szöveg.


A magyar.ldf fájl defaults=hu-min opciója megváltoztatja az alapértelmezett felsoro-
lásjeleket. Ha ezt nem akarja, akkor használja a labelitems=unchanged opciót is :
\PassOptionsToPackage{defaults=hu-min,labelitems=unchanged}{magyar.ldf}
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7.1.1. Felsorolásjelek megváltoztatása


Ha csak egy adott listaelem jelét akarja megváltoztatni, akkor azt az \item parancs
opciójában teheti meg:
\item[⟨jel⟩] ⟨listaelem⟩
Például


Ð \begin{itemize}
\item[\textasteriskcentered] Listaelem.
\item[\textbullet] Listaelem.
\item Listaelem.


\end{itemize}


∗ Listaelem.


• Listaelem.


– Listaelem.


Ha egy adott lista adott szintjének a jelét akarja megváltoztatni, akkor használja a
következőt:
\begin{itemize}[⟨jel⟩] ∈ paralist
\item ⟨listaelem⟩
\item ⟨listaelem⟩


\end{itemize}


Például


Ð \begin{itemize}[\textasteriskcentered]
\item Listaelem.
\item Listaelem.


\end{itemize}


∗ Listaelem.


∗ Listaelem.


Ha a felsorolás alapértelmezett jeleit szeretné megváltoztatni, akkor a következőket írja
be:
\renewcommand{\labelitemi}{⟨1. szintjel⟩}
\renewcommand{\labelitemii}{⟨2. szintjel⟩}
\renewcommand{\labelitemiii}{⟨3. szintjel⟩}
\renewcommand{\labelitemiv}{⟨4. szintjel⟩}
vagy
\setdefaultitem{⟨1. szintjel⟩}{⟨2. szintjel⟩}{⟨3. szintjel⟩}{⟨4. szintjel⟩} ∈ paralist


Utóbbi esetben, ha egy szint jelét nem akarja átdefiniálni, akkor annak helyét hagyja
üresen. Például, ha a pifont csomag betöltése után azt írja be, hogy


Ð \renewcommand{\labelitemi}{\ding{42}}
\renewcommand{\labelitemii}{\ding{43}}


vagy
\setdefaultitem{\ding{42}}{\ding{43}}{}{}


akkor az utána következő



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe31.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe32.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe33.html
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\begin{itemize}
\item Listaelem.
\begin{itemize}
\item Listaelem.
\begin{itemize}
\item Listaelem.
\begin{itemize}


\item Listaelem.
\end{itemize}


\end{itemize}
\end{itemize}


\end{itemize}


kód eredménye


☛ Listaelem.


☞ Listaelem.
◦ Listaelem.


∗ Listaelem.


7.1.2. Számozatlan listák extra függőleges térközök nélkül


Az itemize környezet minden listaelem között hagy egy extra függőleges térközt. Ha ezt
nem akarja, akkor használja a paralist csomag compactitem környezetét. Ezt pontosan
úgy kell használni, mint az előzőekben ismertetett itemize környezetet.
\begin{compactitem}[⟨jel⟩] ∈ paralist
\item[⟨jel⟩] ⟨listaelem⟩
\item[⟨jel⟩] ⟨listaelem⟩


\end{compactitem}


Például


Ð Lista előtti szöveg.
\begin{compactitem}
\item Listaelem.
\item Egy másik listaelem.


\end{compactitem}
Lista utáni szöveg.


Lista előtti szöveg.
– Listaelem.
– Egy másik listaelem.


Lista utáni szöveg.


7.2. Leíró listák


A leíró listákra, azaz a szótárszerű felsorolásokra a description környezet való. Min-
den listaelemet \item[⟨címke⟩] parancs előz meg. E környezetek hat szint mélységig
ágyazhatók egymásba.



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe34.html
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\begin{description}
\item[⟨címke⟩] ⟨listaelem⟩
\item[⟨címke⟩] ⟨listaelem⟩


\end{description}


Például


Ð \begin{description}
\item[Címke] szöveg szöveg szöveg szöveg szöveg szöveg szöveg


szöveg szöveg szöveg szöveg szöveg szöveg
\item[Másik címke] szöveg szöveg szöveg szöveg szöveg szöveg szöveg


szöveg szöveg szöveg szöveg szöveg szöveg
\end{description}


Címke. szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg
szöveg szöveg


Másik címke. szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg
szöveg szöveg szöveg


Alaphelyzetben a címke félkövér betűtípusú, továbbá a magyarban még egy pont is
kerül a címke után. Ezt átállíthatja például dőltre és kettőspontra a következő parancs
beírásával:


\renewcommand{\descriptionlabel}[1]
{\hspace{\labelsep}\normalfont\itshape#1:}


Alapesetben a címke után nincs semmilyen jel. Ha a magyar.ldf fájl defaults=hu-min
opciója esetén is ezt szeretné, akkor használja a postdescription=unchanged opciót is :
\PassOptionsToPackage{defaults=hu-min,postdescription=unchanged}{magyar.ldf}


Ha a listaelemek közötti extra függőleges térközt meg akarja szüntetni, akkor használja
a paralist csomag compactdesc környezetét a description helyett.
\begin{compactdesc} ∈ paralist
\item[⟨címke⟩] ⟨listaelem⟩
\item[⟨címke⟩] ⟨listaelem⟩


\end{compactdesc}


Ennek használata pontosan megegyezik a description környezettel. Például


Ð \begin{compactdesc}
\item[Címke] szöveg ...
\item[Másik címke] szöveg ...


\end{compactdesc}


Címke. szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg
szöveg szöveg


Másik címke. szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg
szöveg szöveg szöveg


7.3. Számozott listák


Számozott listákra az enumerate környezet való. Minden listaelemet \item parancs előz
meg.
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\begin{enumerate}
\item ⟨listaelem⟩
\item ⟨listaelem⟩


\end{enumerate}


E környezetek négy szint mélységig ágyazhatók egymásba. A szintek számozása a
magyar.ldf fájl defaults=hu-min opciója esetén: arab számok, latin ábécé kisbetűi,
görög ábécé kisbetűi, latin ábécé nagybetűi. Például


Ð Lista előtti szöveg.
\begin{enumerate}
\item Listaelem az első szinten.
\begin{enumerate}
\item Listaelem a második szinten.
\item Újabb listaelem a második szinten.


\end{enumerate}
\item Egy másik listaelem az első szinten.


\end{enumerate}
Lista utáni szöveg.


Lista előtti szöveg.


1. Listaelem az első szinten.


a) Listaelem a második szinten.


b) Újabb listaelem a második szinten.


2. Egy másik listaelem az első szinten.


Lista utáni szöveg.


Ha a magyar.ldf fájl defaults=hu-min opciója mellett használja a labelenums=hu-A
opciót is
\PassOptionsToPackage{defaults=hu-min,labelenums=hu-A}{magyar.ldf}


módon, akkor a szintek számozása: nagy római számok, arab számok, latin ábécé
nagybetűi, latin ábécé kisbetűi. Ha a labelenums=unchanged opciót használja, akkor
a magyar.ldf nem változtatja meg az eredeti számozás stílusát.


7.3.1. Számozott listák számozási stílusának megváltoztatása


Ha számozott listában egy adott listaelemet nem számozni, hanem csak egy jellel sze-
retné ellátni, akkor ezt az \item parancs opciójában adhatja meg:
\item[⟨jel⟩] ⟨listaelem⟩
Ekkor a számozás nem növekszik. Például


Ð \begin{enumerate}
\item Listaelem.
\item[---] Listaelem.
\item Listaelem.
\item[---] Listaelem.
\item Listaelem.


\end{enumerate}
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1. Listaelem.


— Listaelem.


2. Listaelem.


— Listaelem.


3. Listaelem.


Ha csak egy adott lista adott szintjének számozását akarja megváltoztatni, akkor hasz-
nálja a következőt:
\begin{enumerate}[⟨címke⟩] ∈ paralist
\item ⟨listaelem⟩
\item ⟨listaelem⟩


\end{enumerate}


A ⟨címke⟩ bármilyen karaktert tartalmazhat, de ötnek a számozási stílus beállítása a
feladata:


1 arab számozás
i kis római számozás
I nagy római számozás
a latin ábécé kisbetűi szerinti számozás (alfanumerikus)
A latin ábécé nagybetűi szerinti számozás (alfanumerikus)


Ezekből a betűkből a ⟨címke⟩ csak egyet tartalmazhat. Ha ezen öt karakter valamelyikét
nem számozási stílus jeleként, hanem tényleges betűként akarja bevinni, akkor tegye
kapcsos zárójelek közé. Például


Ð \begin{enumerate}[\bfseries I. {axióma}.]
\item Listaelem.
\item Listaelem.


\end{enumerate}


I. axióma. Listaelem.


II. axióma. Listaelem.


Ð \begin{enumerate}[\itshape(i)]
\item Listaelem.
\item Listaelem.


\end{enumerate}


(i) Listaelem.


(ii) Listaelem.


A négy szint mindegyike rendelkezik egy ún. számlálóval :


enumi 1. szint számlálójának a neve
enumii 2. szint számlálójának a neve
enumiii 3. szint számlálójának a neve
enumiv 4. szint számlálójának a neve


Egy számláló megjelenítése többféleképpen lehetséges:
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\arabic{⟨számláló⟩}
Arab számmal (1, 2, 3, . . . ).
\roman{⟨számláló⟩}
Kis római számmal (i, ii, iii, . . . ).
\Roman{⟨számláló⟩}
Nagy római számmal (I, II, III, . . . ).
\alph{⟨számláló⟩}
Latin ábécé kisbetűivel (a, b, c, . . . ).
\Alph{⟨számláló⟩}
Latin ábécé nagybetűivel (A, B, C, . . . ).
\greek{⟨számláló⟩} ∈ moreenum


Görög ábécé kisbetűivel (α, β, γ, . . . ).
\Greek{⟨számláló⟩} ∈ moreenum


Görög ábécé nagybetűivel (A, B, Γ, . . . ).


Tehát például
\Roman{enumii}


kiírja az adott lista éppen aktuális második szintjének a számát nagy római számmal.
Ha az első szint alapértelmezett számozását át akarja állítani nagy római számo-


zásra, akkor ezt a következő kóddal teheti meg:
\renewcommand{\theenumi}{\Roman{enumi}}


Még azt is be lehet állítani, hogy ez a szám hogyan jelenjen meg. Például, ha azt akarja,
hogy félkövér legyen és utána álljon egy pont, akkor tegye ezt:


\renewcommand{\labelenumi}{\bfseries\theenumi.}


Próbálja ki a következő kódot:


Ð \renewcommand{\theenumi}{\arabic{enumi}}
\renewcommand{\theenumii}{\alph{enumii}}
\renewcommand{\theenumiii}{\roman{enumiii}}
\renewcommand{\theenumiv}{\Alph{enumiv}}
\renewcommand{\labelenumi}{\theenumi.}
\renewcommand{\labelenumii}{\itshape(\theenumii)}
\renewcommand{\labelenumiii}{\theenumiii.}
\renewcommand{\labelenumiv}{\theenumiv.}


Ezután írjon egy számozott listát:
\begin{enumerate}
\item Listaelem.
\begin{enumerate}
\item Listaelem.
\begin{enumerate}
\item Listaelem.
\begin{enumerate}


\item Listaelem.
\end{enumerate}


\end{enumerate}
\end{enumerate}
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\end{enumerate}


1. Listaelem.


(a) Listaelem.


i. Listaelem.
A. Listaelem.


Egy másik példa:


Ð \renewcommand{\theenumi}{\arabic{enumi}}
\renewcommand{\theenumii}{\arabic{enumii}}
\renewcommand{\theenumiii}{\arabic{enumiii}}
\renewcommand{\labelenumi}{\theenumi.}
\renewcommand{\labelenumii}{\theenumi.\theenumii.}
\renewcommand{\labelenumiii}{\theenumi.\theenumii.\theenumiii.}


Ezután írjon egy számozott listát:
\begin{enumerate}
\item Listaelem.
\begin{enumerate}
\item Listaelem.
\begin{enumerate}
\item Listaelem.


\end{enumerate}
\end{enumerate}


\end{enumerate}


1. Listaelem.


1.1. Listaelem.


1.1.1. Listaelem.


Ehhez hasonló eredmény érhető el, ha betölti a paralist csomagot pointedenum opci-
óval.


A számlálókat megjelenítő parancsok sora újakkal is bővíthető. Például a pifont
csomag betöltése után a következő kód


Ð \newcommand{\dingI}[1]
{\ifcase\value{#1}\or\ding{172}\or\ding{173}\or\ding{174}\or\ding{175}%
\or\ding{176}\or\ding{177}\or\ding{178}\or\ding{179}\or\ding{180}\or%
\ding{181}\else\ding{109}\fi}


egy \dingI{⟨számláló⟩} parancsot definiál, amely a számlálót a következő módon jeleníti
meg: ①,②,. . . ,⑩,❍,❍,. . . . Egy másik példa, szintén a pifont csomag betöltése után:


\newcommand{\dingII}[1]
{\ifcase\value{#1}\or\ding{182}\or\ding{183}\or\ding{184}\or\ding{185}%
\or\ding{186}\or\ding{187}\or\ding{188}\or\ding{189}\or\ding{190}\or%
\ding{191}\else\ding{108}\fi}


egy \dingII{⟨számláló⟩} parancsot definiál, amely a számlálót a következő módon jele-
níti meg: ❶,❷,. . . ,❿,●,●,. . . . Ezután az első két szintet állítsa így át:


\renewcommand{\theenumi}{\dingI{enumi}}
\renewcommand{\theenumii}{\dingII{enumii}}
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\renewcommand{\labelenumi}{\theenumi}
\renewcommand{\labelenumii}{\theenumii}


Most próbáljon ki egy számozott listát:
\begin{enumerate}
\item Listaelem.
\begin{enumerate}
\item Listaelem.
\item Listaelem.


\end{enumerate}
\item Listaelem.
\end{enumerate}


① Listaelem.


❶ Listaelem.


❷ Listaelem.


② Listaelem.


Van egy másik lehetőség is a szintek számozási stílusának globális átalakítására:
\setdefaultenum{⟨1. szintjel⟩}{⟨2. szintjel⟩}{⟨3. szintjel⟩}{⟨4. szintjel⟩} ∈ paralist


Ha egy szint számozási stílusát nem akarja átdefiniálni, akkor annak helyét hagyja
üresen. Az ⟨n. szintjel⟩ bármilyen karaktert tartalmazhat, de ötnek a számozási stílus
beállítása a feladata:


1 arab számozás
i kis római számozás
I nagy római számozás
a latin ábécé kisbetűi szerinti számozás (alfanumerikus)
A latin ábécé nagybetűi szerinti számozás (alfanumerikus)


Ezekből a betűkből az ⟨n. szintjel⟩ csak egyet tartalmazhat. Ha ezen öt karakter vala-
melyikét nem számozási stílus jeleként, hanem tényleges betűként akarja bevinni, akkor
tegye kapcsos zárójelek közé. Például


Ð \setdefaultenum{\bfseries I. {axióma.}}{\itshape (a)}{}{}


esetén a
\begin{enumerate}
\item Listaelem.
\begin{enumerate}
\item Listaelem.
\begin{enumerate}
\item Listaelem.
\begin{enumerate}


\item Listaelem.
\end{enumerate}


\end{enumerate}
\end{enumerate}


\end{enumerate}


kód eredménye
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I. axióma. Listaelem.


(a) Listaelem.


α) Listaelem.
A) Listaelem.


7.3.2. Hivatkozás számozott listaelemre


A kereszthivatkozásoknál láttuk, hogy hogyan lehet hivatkozni egy listaelemre.


Ð \begin{enumerate}
\item Ez egy listaelem.
\item\label{lista-masik} Ez egy másik listaelem.


\end{enumerate}
\Aref{lista-masik}.~listaelem miatt \dots


1. Ez egy listaelem.


2. Ez egy másik listaelem.


A 2. listaelem miatt . . .


Mi történik akkor, ha a második szint egy elemére akarunk hivatkozni?


Ð \begin{enumerate}
\item Ez egy listaelem.
\begin{enumerate}
\item\label{lista-2.szint} Ez egy listaelem a 2. szinten.


\end{enumerate}
\end{enumerate}
\Aref{lista-2.szint}.~listaelem miatt \dots


1. Ez egy listaelem.


a) Ez egy listaelem a 2. szinten.


Az 1a. listaelem miatt . . .


Látjuk, hogy nemcsak az adott listaelem száma jelenik meg, hanem előtte az is, hogy
melyik listaelem alatt helyezkedik el. Ez a listaelem ún. prefixe. Ezek a prefixek átál-
líthatók. Például
\makeatletter
\renewcommand{\p@enumii}{\theenumi} % 2. szint prefixe
\renewcommand{\p@enumiii}{\p@enumii(\theenumii)} % 3. szint prefixe
\renewcommand{\p@enumiv}{\p@enumiii\theenumiii-} % 4. szint prefixe
\makeatother


hatására a hivatkozások alakja (magyar nyelv esetén alapesetben):


1. szinten: 1
2. szinten: 1a
3. szinten: 1(a)α
4. szinten: 1(a)α-A



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe44.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe45.html





96 7. fejezet. Listák


7.3.3. Számozott listák extra függőleges térközök nélkül


Ha nem akarja, hogy a listaelemek között legyen extra függőleges térköz, akkor az
enumerate környezet helyett használja a paralist csomag compactenum környezetét.
Használata pontosan megegyezik az enumerate környezettel.
\begin{compactenum} ∈ paralist
\item ⟨listaelem⟩
\item ⟨listaelem⟩


\end{compactenum}


Például


Ð Lista előtti szöveg.
\begin{compactenum}
\item Listaelem az első szinten.
\begin{compactenum}
\item Listaelem a második szinten.


\end{compactenum}
\end{compactenum}
Lista utáni szöveg.


Lista előtti szöveg.
1. Listaelem az első szinten.


a) Listaelem a második szinten.
Lista utáni szöveg.


7.3.4. Sorfolytonos számozott listák


Erre a paralist csomag inparaenum környezete használható:
\begin{inparaenum}[⟨címke⟩] ∈ paralist
\item ⟨listaelem⟩
\item ⟨listaelem⟩


\end{inparaenum}


A ⟨címke⟩ pontosan úgy állítható be, mint az enumerate környezet leírásánál (alapbe-
állítás: 1.). Például


Ð Szöveg
\begin{inparaenum}
\item szöveg
\item szöveg


\end{inparaenum}


Szöveg 1. szöveg 2. szöveg


Ð Szöveg
\begin{inparaenum}[\itshape (a)]
\item szöveg
\item szöveg


\end{inparaenum}


Szöveg (a) szöveg (b) szöveg
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Å
Videó: Listák


7.4. Lista paramétereinek beállítása az enumitem cso-
maggal


Ezt a szakaszt akkor érdemes elolvasni, ha a listákra vonatkozó korábbi leírásokat
már áttekintette. Ezekben többféle beállítási lehetőségről volt szó. Most az enumitem
csomagot mutatjuk be, amellyel ezek a beállítások és még számos további beállítás
kényelmesen megadható.


7.4.1. Korlátozások


Az enumitem csomag használatakor három korlátozást érdemes figyelembe venni.
1. A paralist csomaggal nem használható együtt.
2. A magyar.ldf fájl defaults=hu-min opciójának együttes használata esetén a szá-


mozott listák 3. szintjén nem jelennek meg a címkék. Ennek az az oka, hogy
ebben az esetben ezen a szinten a számláló a görög ábécé kisbetűi, amit nem
kezel alapesetben az enumitem. Megoldásként az enumitem betöltése után írja be
a következőket a preambulumba:
\usepackage{moreenum}
\setlist[enumerate,3]{label=\textit{\greek*)}}


Másik lehetőség a probléma megoldására, hogy a defaults=hu-min után hasz-
nálja még a labelenums=unchanged vagy labelenums=hu-A opciót is, melyek nem
használnak számlálóhoz görög ábécét.


3. A magyar.ldf fájl defaults=hu-min opciójának együttes használata esetén a leíró
listák címkéi körül elállítódnak a vízszintes térközök. Megoldásként az enumitem
betöltése után írja be a következőt a preambulumba:
\renewcommand{\descriptionlabel}[1]{{\normalfont\bfseries#1}.}


Másik lehetőség a probléma megoldására, hogy a defaults=hu-min után használja
még a postdescription=unchanged opciót is.


7.4.2. Listák globális formázása


Listák globális beállításaihoz használja a következő parancsot:
\setlist[⟨opciók⟩]{⟨formázás⟩} ∈ enumitem


Opciók nélkül használva, a megadott ⟨formázás⟩ minden lista minden szintjére vonat-
kozik. Ha a ⟨formázás⟩ csak bizonyos listakörnyezetek bizonyos szintjeire vonatkozik,
akkor ezeket a környezetneveket és szintszámokat kell megadni opcióként. Például


\setlist[enumerate,itemize,1,2]{⟨formázás⟩}
Ha szintszámokat nem ad meg, akkor ⟨formázás⟩ a megadott listakörnyezetek minden
szintjére vonatkozik. Például


\setlist[enumerate,itemize]{⟨formázás⟩}
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Ha listakörnyezetet nem ad meg, akkor ⟨formázás⟩ a megadott szintekre vonatkozik
minden listakörnyezet esetén. Például


\setlist[1,2]{⟨formázás⟩}


Most rátérünk a ⟨formázás⟩-ban megadható paraméterekre.


Térközök megadása ♦ A 7.1. ábrán egy adott lista adott szintjének térközeit megadó
paraméterek vannak feltüntetve.


listát követő szöveg


topsep (+ partopsep)


2. listaelem
címke


itemindentlabelindent itemsep + parsep


1. listaelem 2. bekezdés
leftmargin rightmargin


listparindent parsep


1. listaelem 1. bekezdéscímke


labelwidth labelsep topsep (+ partopsep)


listát megelőző szöveg


labelsep*


7.1. ábra. Lista paraméterek


Az ábrán a partopsep azért van zárójelben, mert annak értéke csak akkor adódik
hozzá a topsep értékéhez, ha az adott szintet létrehozó környezet \begin parancsa előtt
van egy üres sor a forrásban.


Például
\setlist[enumerate,1]{topsep=3pt,partopsep=0pt}


Ha nem adta meg az összes térközt beállító paramétert, akkor a hiányzókat az alapbe-
állítás vagy a korábbi beállítások alapján határozza meg.


A leftmargin, itemindent, labelsep, labelwidth, labelindent és labelsep* para-
méterek nem függetlenek egymástól, hiszen


labelsep = labelsep*+ itemindent
és


leftmargin = labelindent+ labelwidth+ labelsep*.


Ezért ezeknek a paramétereknek (kivétel a labelsep*) értékként megadható a ! jel,
ami azt jelenti, hogy annak értékét a megadottak alapján számolja ki. Például


\setlist[enumerate,1]{labelindent=1cm,labelwidth=1cm,labelsep*=1cm,
itemindent=1cm,leftmargin=!}


vagy
\setlist[enumerate,1]{labelindent=0cm,labelwidth=1cm,labelsep=1cm,


leftmargin=0cm,itemindent=!}


Kompakt listához a következő két paraméterrel lehet nullázni a függőleges térközöket:
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noitemsep Lenullázza a parsep és itemsep értékét. Például
\setlist[enumerate]{noitemsep}


nosep Lenullázza minden függőleges térköz méretét a listában. Például
\setlist{nosep}


Címkék formázása ♦ A következők a lista címkéinek beállítására szolgálnak.


align=⟨irány⟩ A címke igazítása a címkének fenntartott labelwidth széles doboz bal
vagy jobb oldalához. Ennek megfelelően lehet az ⟨irány⟩ left vagy right. Alap-
érték right.


start=⟨szám⟩ Számozott lista első elemének sorszáma. Alapértéke 1.
label=⟨parancs⟩ Számozott illetve számozatlan lista címkéjének formázása. Például


\setlist[itemize,1]{label=\ddag}
\setlist[enumerate,1]{label=\textbf{\Roman{enumi}.}}


A példában a \Roman{enumi} helyett írható \Roman* is, ugyanis a csillagos verzió
mindig az aktuális számlálóra vonatkozik. Természetesen \Roman helyett írható
\arabic, \alph, stb. parancs is (lásd a 91. oldalon). Például
\setlist[enumerate,2]{label=\textit{(\alph*)}}


A pifont csomag karakterei (lásd a 46. oldalon) is felhasználhatók számlálónak.
Ehhez az aktuális számláló értékét \value{⟨számláló⟩} módon lehet beírni a \ding
parancsba. Például
\setlist[enumerate,1]{start=172,label=\ding{\value{enumi}}}


Azért 172 a kezdőérték, mert \ding{172} eredménye ①, \ding{173} eredménye
②, stb. A \value parancsnak is van csillagos verziója, ami az aktuális számlálót
tartalmazza. Így az előző kód ekvivalens a következővel :
\setlist[enumerate,1]{start=172,label=\ding{\value*}}


label*=⟨parancs⟩ Ugyanaz mint a label, de ebben az esetben a címke kiegészül az előző
szint címkéjével. Például
\setlist[itemize]{label*=\textbullet}
\setlist[enumerate]{label*=\arabic*.}


esetén az itemize szintjeinek címkéi rendre •, ••, ••• és ••••, míg az enumerate
szintjeinek címkéi rendre 1., 1.1., 1.1.1. és 1.1.1.1., ahol az 1 helyére a listaelemnek
megfelelő szám kerül.


ref=⟨parancs⟩ Az adott számozott listaelemre történő kereszthivatkozás formázása. Pél-
dául a moreenum csomag betöltése után
\setlist[enumerate,3]{label=\textit{\greek*)},


ref=\theenumi\theenumii\greek*}


font=⟨parancs⟩ A címke fonttípusát állítja be. Elsősorban leíró lista esetén használható.
Például
\setlist[description]{font=\normalfont\itshape}


style=⟨stílusnév⟩ Leíró lista címkéjének a stílusa. A ⟨stílusnév⟩ a következők lehetnek:
standard Ez az alapbeállítás. Ekkor a címke csak egysoros lehet. A lista tartalma


a címke sorában kezdődik.
unboxed Annyiban különbözik a standard értéktől, hogy ekkor a címke lehet több-


soros is.
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nextline Annyiban különbözik az unboxed értéktől, hogy ekkor a lista tartalma
a címkét követő sorban kezdődik.


Kiegészítő beállítások ♦ Néhány további beállítási lehetőség:


first=⟨kód⟩ Az adott listakörnyezetben az első \item parancs előtt fejti ki a ⟨kód⟩-ot.
after=⟨kód⟩ Az adott listakörnyezetben a listát lezáró \end parancs előtt fejti ki a


⟨kód⟩-ot. Például
\setlist[enumerate,1]{first=\item[]\hrulefill,after=\item[]\hrulefill}


7.4.3. Listák lokális formázása


Egy adott lista helyi formázására a listakörnyezet opciójában van lehetőség:
\begin{⟨listakörnyezet neve⟩}[⟨formázás⟩]
\item ...
\end{⟨listakörnyezet neve⟩}
A ⟨formázás⟩ pontosan úgy használható, mint a globális beállításoknál. Például


\begin{itemize}[nosep,label=\textbullet]
\item szöveg


\end{itemize}


Címkék rövid megadása ♦ Az enumitem csomag shortlabels opciója lehetőséget
ad a címkék rövid megadására. Ilyenkor számozatlan listák esetén például


\begin{itemize}[label=\ddag]


helyett írható ez is :
\begin{itemize}[\ddag]


Számozott lista számozása is rövidíthető. Például
\begin{enumerate}[label=\roman*)]


helyett használható a következő is :
\begin{enumerate}[i)]


A számozott lista címkéjének rövid megadása bármilyen karaktert tartalmazhat, de
ötnek a számozási stílus beállítása a feladata:


1 arab számozás
i kis római számozás
I nagy római számozás
a latin ábécé kisbetűi szerinti számozás (alfanumerikus)
A latin ábécé nagybetűi szerinti számozás (alfanumerikus)


Ezekből a betűkből a rövidített megadás csak egyet tartalmazhat. Ha ezen öt karakter
valamelyikét nem számozási stílus jeleként, hanem tényleges betűként akarja bevinni,
akkor tegye kapcsos zárójelek közé. Például


Ð \begin{enumerate}[\bfseries I. {axióma}.,align=left,nosep]
\item Listaelem.
\item Listaelem.


\end{enumerate}



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe49.html
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I. axióma. Listaelem.
II. axióma. Listaelem.


Ð \begin{enumerate}[\itshape(i),nosep]
\item Listaelem.
\item Listaelem.


\end{enumerate}


(i) Listaelem.
(ii) Listaelem.


Folytatólagos számozott listák ♦ A resume paraméterrel lehetőség van arra, hogy
az adott számozott lista első sorszáma folytatása legyen az előző számozott listának.
Például


Ð \begin{enumerate}
\item Listaelem
\item Listaelem


\end{enumerate}
Szöveg
\begin{enumerate}[resume]
\item Lista folytatása


\end{enumerate}


1. Listaelem


2. Listaelem


Szöveg


3. Lista folytatása


7.4.4. Sorfolytonos listák


Ha sorfolytonos listákat akar használni, akkor az enumitem csomagot inline opció-
val töltse be. Ezután a sorfolytonos lista megjelenítése enumerate*, itemize* vagy
description* környezettel lehetséges aszerint, hogy számozott, számozatlan vagy le-
író listát szeretne. Például


Ð \begin{enumerate*}
\item Listaelem
\item Listaelem


\end{enumerate*}


1. Listaelem 2. Listaelem


7.4.5. Új listakörnyezet definiálása


Saját listakörnyezet is definiálható a következő paranccsal :
\newlist{⟨listanév⟩}{⟨listatípus⟩}{⟨maximális szintszám⟩} ∈ enumitem



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe50.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe51.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe52.html
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A ⟨listatípus⟩ lehet enumerate, itemize vagy description aszerint, hogy számozott,
számozatlan vagy leíró listát szeretnénk definiálni. A ⟨maximális szintszám⟩ azt adja
meg, hogy a definiált listát hány szint mélységig lehessen egymásba ágyazni. Ezzel
a paranccsal ⟨maximális szintszám⟩ darab számláló is létrejön ⟨listanév⟩i, ⟨listanév⟩ii,
⟨listanév⟩iii, ⟨listanév⟩iv, ⟨listanév⟩v, stb. néven, melyek a különböző szintek számlálói
lesznek. Például


\newlist{steps}{enumerate}{2}


definiál egy steps nevű számozott listakörnyezetet, amely maximum két szint mélységig
ágyazható egymásba. Ezután ennek beállítása a \setlist paranccsal pontosan úgy
történhet, mint a többi listakörnyezet esetén. Például


\setlist[steps,1]{label=\textbf{\arabic*. lépés.},align=left}
\setlist[steps,2]{label=(\alph*)}


Az első szint számlálója stepsi a másodiké pedig stepsii lesz.







8. fejezet


Képek


Képek beillesztése esetén használja a graphicx csomagot. A képeket helyezze a forrásál-
lományt tartalmazó mappába, vagy ami még praktikusabb, annak egy almappájába. A
dokumentum forrásának hordozhatósága miatt célszerű a képeknek és az almappáknak
is olyan nevet adni, amiben nincs ékezetes betű és szóköz.


Ha a forrásállomány fordítását a latex fordító végzi, akkor eps képeket kell használ-
ni. Ha pdflatex a fordító (TeXstudióban ez az alapbeállítás), akkor eps, jpg, png vagy
pdf képeket is használhat. Ha eps képet tölt be, akkor azt a pdflatex fordító először
pdf formátumra konvertálja, majd azt hívja meg.


8.1. Kép beillesztése


Amikor a forrásállomány azon pontjához ér, ahol meg kell jeleníteni a képet, használja
a következő parancsot:
\includegraphics[⟨opciók⟩]{⟨képfájl⟩} ∈ graphicx


A ⟨képfájl⟩ megadásakor a kiterjesztést nem kell megadni. Azaz például, ha az abra.jpg
képet kell beilleszteni, akkor


\includegraphics{abra}


Fontos, hogy ebben az esetben az abra.jpg fájlnak az aktuális mappában kell elhelyez-
kednie. Ha az aktuális mappa egy almappájában van a kép, például a grafikonok nevű
almappában, akkor a következő kódot lehet használni :


\includegraphics{grafikonok/abra}


Gyakori hiba, hogy a teljes elérési utat megadják. Például
\includegraphics{C:/minta/grafikonok/abra.jpg} % ÍGY SOHA!


Ez rossz megoldás, hiszen ekkor a forrás csak ezen az útvonalon fog lefordulni, azaz
nem lesz hordozható.


Arra is van lehetőség, hogy az almappa nevét nem minden egyes \includegraphics
parancsban adjuk meg. Ekkor használjuk a
\graphicspath{{⟨almappa⟩/}} ∈ graphicx


parancsot. Például, ha az almappa neve grafikonok, akkor
\graphicspath{{grafikonok/}}


Ebben az esetben a grafikonok almappában található abra.jpg fájl a következő kóddal
is megjeleníthető:
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\includegraphics{abra}


Ezzel a forrás nagyon rugalmassá válik, hiszen az almappa esetleges átnevezésekor a
forrásban csak egy helyen kell javítani. Ha több almappába is tett képeket, például az
előzőn kívül a geometria nevűbe is, akkor ezt kell beírni :


\graphicspath{{grafikonok/}{geometria/}}


Értelemszerű változtatással további almappákat is beírhat. A különböző almappákba
ne tegyen azonos nevű fájlokat.


Sajnos ennek a megoldásnak van egy veszélye. Ugyanis a fordító a képet először
az aktuális mappában keresi, majd a telepített csomagok között, és csak utolsónak a
\graphicspath-ban megadott almappá(k)ban. Például a notes nevű csomag tartalmaz
egy info.pdf nevű képfájlt. Így, ha van egy saját info.pdf képfájlja a grafikonok nevű
almappában, akkor a


\graphicspath{{grafikonok/}}
\includegraphics{info}


kód a notes csomagban található képet fogja betölteni, nem a felhasználóét. Ez csak
egy módon védhető ki biztosan, ha minden képnek ad egy olyan egyedi prefixet, ami
biztosan nem lehet a telepített csomagok között. Ez lehet egy számsor vagy egy név is,
például tomacs-info.pdf. A magam részéről nem kedvelem ezt a megoldást, ezért nem
használom a \graphicspath parancsot.


Az \includegraphics parancsnak többek között a következő opciói vannak:


width=⟨szélesség⟩ A kép szélessége (például width=5cm).
height=⟨magasság⟩ A kép magassága (például height=5cm). A width és a height együt-


tes megadásával a képet torzíthatjuk is.
scale=⟨arányszám⟩ Nagyítás/kicsinyítés mértéke (például scale=2).
trim=⟨bal⟩ ⟨lent⟩ ⟨jobb⟩ ⟨fent⟩ A képen meghatároz egy keretet. Ezután a kép pozi-


cionálása a keret levágása után maradó képre történik, de az egész kép meg
fog jelenni, azaz tényleges vágás nem történik. Például, ha azt írjuk be, hogy
trim=10mm 11mm 12mm 13mm, akkor a keret bal oldalon 10, alul 11, jobb oldalon 12
és felül 13mm széles lesz.


clip Ha a trim mellé ezt is betöltjük, akkor tényleges vágás történik.
page=⟨oldal⟩ Többoldalas pdf fájl esetén az oldal kiválasztása (például page=5).
angle=⟨fok⟩ Kép forgatásának szöge fokban. A pozitív érték az óra járásával ellentétes


irány.
origin=⟨origó⟩ Forgatás középpontja. Az ⟨origó⟩ értékei a következők lehetnek: tl, t,


tr, l, c, r, bl, b, br (alapérték: bl). Ezek magyarázata a következő ábrán látható:


bl


l


tl


b


t


br


r


tr


c


A következő példában a kép szélességét 3 cm-re állítjuk és elforgatjuk 90 fokkal az
óra járásával megegyező irányban a középpontja körül :


\includegraphics[width=3cm,angle=-90,origin=c]{abra}


Körbenyírjuk a képet 10mm-rel majd lekicsinyítjük a felére:
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\includegraphics[trim=10mm 10mm 10mm 10mm,clip,scale=0.5]{abra}


A többoldalas abra.pdf fájlból az 5. oldalt jeleníti meg képként 10 cm magasan:
\includegraphics[height=10cm,page=5]{abra}


8.2. Hát- illetve előtérbe illesztés


Háttérképet egy adott oldalon a graphicx után betöltött eso-pic csomaggal tud beil-
leszteni a következő paranccsal :
\AddToShipoutPictureBG*{⟨háttér⟩} ∈ eso-pic


Például
\AddToShipoutPictureBG*{%
\AtPageLowerLeft{%
\setlength{\unitlength}{1mm}%
\put(10,20){%
\includegraphics[width=15cm]{hatter}%


}%
}%


}


a hatter nevű 15 cm széles képet az adott oldal háttereként helyezi el úgy, hogy a kép bal
alsó sarka az oldal bal alsó sarkához, mint origóhoz viszonyított (10, 20) koordinátájú
pontban van, ahol egy egység 1mm. 2020. októbere után telepített rendszerekben a \put
parancsba közvetlenül is beírható hosszúság vagy hosszúságparancs, így a következő kód
az előzővel ekvivalens lesz:


\AddToShipoutPictureBG*{%
\AtPageLowerLeft{%
\put(10mm,20mm){%
\includegraphics[width=15cm]{hatter}%


}%
}%


}


Ha a kép bal alsó sarkát az oldal bal alsó sarkába, azaz az origóba akarja helyezni,
akkor a \put parancs felesleges:


\AddToShipoutPictureBG*{%
\AtPageLowerLeft{%
\includegraphics[width=15cm]{hatter}%


}%
}


Az \AtPageLowerLeft parancs helyezi az origót az oldal bal alsó sarkához. Ehelyett a
következő parancsokat használva az origó máshová is átrakható:


\AtPageUpperLeft origó az oldal bal felső sarkában,
\AtTextUpperLeft origó a szövegtükör bal felső sarkában,
\AtTextLowerLeft origó a szövegtükör bal alsó sarkában,
\AtPageCenter origó az oldal közepén.


Az előző kódok * nélkül az adott képet minden oldalon megjeleníti háttérként. Így lehet
például vízjelet készíteni. Ennek hatása a
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\ClearShipoutPictureBG ∈ eso-pic


paranccsal szüntethető meg. Természetesen kép helyett bármilyen szöveg is hasonlóan
beilleszthető háttérként.


Ha az előtérbe akar helyezni valamit (például egy pecsétet), akkor az előző paran-
csokban a BG (background) betűk helyére írjon FG (foreground) betűket.


8.3. Külső pdf oldalak beszúrása
Ha külső pdf fájlból szeretne oldalakat beilleszteni, akkor használja az
\includepdf[⟨opciók⟩]{⟨pdf fájl⟩} ∈ pdfpages


parancsot. Például
\includepdf[pages={3,8-11,15}]{doc.pdf}


a doc.pdf 3, 8, 9, 10, 11, 15 sorszámú oldalait szúrja be, ahol a doc.pdf ugyanabban a
mappában van, ahol a LATEX forrásfájl. Ha a pdf más mappában található, akkor meg
kell adni a relatív útvonalat, hasonlóan mint a képeknél. A következő


\includepdf[pages=-]{doc.pdf}


a doc.pdf minden oldalát beszúrja. A következő
\includepdf[pages=last-1]{doc.pdf}


a doc.pdf minden oldalát beszúrja fordított sorrendben.
Amennyiben az előbbi példában a doc.pdf belső vagy külső linkeket tartalmaz (ke-


reszthivatkozások, url, stb.), akkor azt a forrásfájlba előző módon betöltve és lefordítva,
a kapott pdf fájlban ezek a linkek nem fognak működni. A probléma megoldásához elő-
ször készítsen egy tex kiterjesztésű fájlt ugyanabban a mappában, ahol az előbbi LATEX
forrásfájl is van. A tartalma legyen a következő:


\documentclass{article}
\directlua{require("newpax")}
\directlua{newpax.writenewpax("doc")}
\begin{document}
\end{document}


Fontos, hogy a kódban a doc.pdf fájlnak ne szerepeljen a kiterjesztése. Ha ennek a tex
fájlnak például foo.tex a neve, akkor futtassa a következő parancssort:
lualatex foo.tex


Ez generálni fog egy doc.newpax fájlt, ami tartalmazza a doc.pdf linkjeinek adatait.
Lehetőség van egyszerre több pdf linkjeinek az adatait is kinyerni. Például doc1.pdf és
doc2.pdf esetén az előbbi foo.tex tartalma legyen a következő:


\documentclass{article}
\directlua{require("newpax")}
\directlua{
newpax.writenewpax("doc1")
newpax.writenewpax("doc2")}


\begin{document}
\end{document}


Ebből az előző eljárással megkapja a doc1.newpax és doc2.newpax fájlokat. A newpax
kiterjesztésű fájlok birtokában már be lehet tölteni az eredeti LATEX forrásba ezeket a
pdf fájlokat az \includepdf paranccsal ahogy korábban mutattuk, annyi kiegészítéssel,







8.3. Külső pdf oldalak beszúrása 107


hogy töltse még be a hyperref (lásd a 19.1. szakaszban) és a newpax csomagokat,
továbbá a \documentclass parancs elé gépelje be a következőt:


\DocumentMetadata{uncompress}


Az így kapott forrás úgy tölti be a pdf fájlokat, hogy a bennük található linkek az
általunk készített pdf-ben is működni fognak. Például


\DocumentMetadata{uncompress}
\documentclass{article}
\usepackage{pdfpages,hyperref,newpax}
\newpaxsetup{usefileattributes=true}
\begin{document}
\includepdf[pages=-]{doc1.pdf}
\includepdf[pages=-]{doc2.pdf}
\end{document}


Ebben a példában a
\newpaxsetup{usefileattributes=true}


parancs azt a célt szolgálja, hogy a linkek úgy jelenjenek meg, ahogy az az eredeti
pdf-ben is voltak. Ha ehelyett


\newpaxsetup{usefileattributes=false}


szerepel, akkor a linkek a hyperref csomaggal beállított módon jelennek meg.
Ennek az eljárásnak van egy korlátozása, amely a newpax csomag leírásában nincs


dokumentálva. Ha az előző példában mondjuk a doc1.pdf LATEX-forrásában valamelyik
kereszthivatkozás argumentuma (\label, \ref, \cite, stb.) ékezetes betűt tartalmaz,
akkor a folyamat hibás lesz. Ezt a tömörítetlen pdf speciális karakterkódolása okozza.







9. fejezet


Ábrák készítése


Az itt látható példák működéséhez töltse be a pict2e és xcolor csomagokat. Ha bo-
nyolultabb képelemeket tartalmazó rajzokat szeretne készíteni LATEX-hel, akkor nézze
át a curves, curve2e, xpicture, tikz csomagok valamelyikének a leírását.


A legnagyobb tudású csomag ezek közül a tikz. A dokumentációjában is rengeteg
példa van, de a következő oldalakon is számtalan példát találhat a használatára:


– https://tikz.net/
– https://texample.net//tikz/examples/


9.1. Koordináta-rendszer, referenciapont és vonalvas-
tagság


A rajzot egy képzeletbeli koordináta-rendszerben készítjük el.
\setlength{\unitlength}{⟨hossz⟩}
Ezzel adjuk meg a koordináta-rendszerben az egység hosszát. Alapértéke 1pt.
\begin{picture}(⟨x⟩,⟨y⟩)
\end{picture}


Egy ⟨x⟩ egység széles és ⟨y⟩ egység magas doboz jön létre, melynek a bal alsó sarkában
található az origó, azaz a (0, 0) koordinátájú pont.
\begin{picture}(⟨x⟩,⟨y⟩)(⟨p⟩,⟨q⟩)
\end{picture}


Egy ⟨x⟩ egység széles és ⟨y⟩ egység magas doboz jön létre, melynek a bal alsó sarkában
található a (⟨p⟩, ⟨q⟩) koordinátájú pont.
\put(⟨x⟩,⟨y⟩){⟨képelem⟩}
A picture környezet által létrehozott dobozban a ⟨képelem⟩ úgy kerül megrajzolásra,
hogy annak referenciapontja az (⟨x⟩, ⟨y⟩) koordinátájú pontba kerüljön. A ⟨képelem⟩
akár szöveg is lehet.
\multiput(⟨x⟩,⟨y⟩)(⟨dx⟩,⟨dy⟩){⟨szám⟩}{⟨képelem⟩}
A picture környezet által létrehozott dobozban a ⟨képelem⟩ ⟨szám⟩ darab példánya úgy
kerül megrajzolásra, hogy az első referenciapontja az (⟨x⟩, ⟨y⟩) koordinátájú pontba
kerüljön, minden további pedig az előzőhöz képest (⟨dx⟩, ⟨dy⟩) vektorral legyen eltolva.
\linethickness{⟨vastagság⟩}
A megrajzolt vonalak vastagsága.


108



https://tikz.net/

https://texample.net//tikz/examples/





9.2. Szakaszok, törött vonalak és vektorok 109


9.2. Szakaszok, törött vonalak és vektorok


\line(⟨x⟩,⟨y⟩){⟨v⟩}
Rajzol egy szakaszt, melynek a referenciapontja a kezdőpontja, irányvektora (⟨x⟩, ⟨y⟩)
és a vízszintes vetületének hossza ⟨v⟩. Ha a szakasz függőleges, akkor ⟨v⟩ a szakasz
hosszát jelenti.


Ð 1 \setlength{\unitlength}{1cm}
2 \begin{picture}(2,2)
3 \linethickness{2pt}
4 \put(0,0){\color{red}\line(0,1){2}}
5 \put(0,0){\color{blue}\line(1,0){2}}
6 \put(1,0){\color{green}\line(1,1){1}}
7 \end{picture}


– Az 1. sorban a koordináta-rendszerben az egységet 1 cm-re állítottuk be.
– A 2. és 7. sorban létrehoztunk egy 2 egység széles és 2 egység magas rajzfelületet,


aminek a bal alsó sarkában lesz az origó.
– A 3. sorban a vonalak vastagságát állítottuk 2 pt-ra.
– A 4. sorban húztunk egy piros szakaszt, amelynek a kezdő- azaz a referenciapontja


a (0, 0) pont, irányvektora (0, 1), azaz függőleges, és a hossza 2 egység.
– Az 5. sorban húztunk egy kék szakaszt, amelynek a kezdőpontja a (0, 0) pont,


irányvektora (1, 0), azaz vízszintes, és a hossza 2 egység.
– A 6. sorban húztunk egy zöld szakaszt, amelynek a kezdőpontja az (1, 0) pont,


irányvektora (1, 1), és a vízszintes vetületének a hossza 1 egység.


A következő rajzban a doboz bal alsó sarkának a koordinátája (−1,−1) :
Ð \setlength{\unitlength}{1cm}


\begin{picture}(2,2)(-1,-1)
\linethickness{2pt}
\put(-1,-1){\color{red}\line(0,1){2}}
\put(-1,-1){\color{blue}\line(1,0){2}}
\put(0,0){\color{green}\line(1,1){1}}


\end{picture}


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\multiput(0,0)(0.5,0){5}{\line(0,1){2}}
\multiput(0,0)(0,0.5){5}{\line(1,0){2}}


\end{picture}
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\polyline(⟨x1⟩,⟨y1⟩)(⟨x2⟩,⟨y2⟩)...(⟨xn⟩,⟨yn⟩)
Rajzol egy törött vonalat, mely az adott koordinátájú pontokon halad át.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\linethickness{2pt}
\polyline(0,0)(2,0)(2,2)


\end{picture}


\polygon(⟨x1⟩,⟨y1⟩)(⟨x2⟩,⟨y2⟩)...(⟨xn⟩,⟨yn⟩)
Rajzol egy sokszöget, melynek csúcspontjai az adott koordinátájú pontok.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\linethickness{2pt}
\polygon(0,0)(2,0)(2,2)


\end{picture}


\polygon*(⟨x1⟩,⟨y1⟩)(⟨x2⟩,⟨y2⟩)...(⟨xn⟩,⟨yn⟩)
Rajzol egy teli sokszöget, melynek csúcspontjai az adott koordinátájú pontok.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
{\color{red}\polygon*(0,0)(2,0)(2,2)}


\end{picture}


\vector(⟨x⟩,⟨y⟩){⟨v⟩}
Rajzol egy vektort, melynek a referenciapontja a kezdőpontja, irányvektora (⟨x⟩, ⟨y⟩) és
a vízszintes vetületének hossza ⟨v⟩. Ha a vektor függőleges, akkor ⟨v⟩ a vektor hosszát
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jelenti. Alapesetben a vektornyíl alakja , de ha a pict2e csomagot pstarrows
opcióval tölti be, akkor .


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\linethickness{1pt}
\put(0,0){\vector(0,1){2}}
\put(0,0){\vector(1,0){2}}
\put(2,2){\vector(-1,-1){1}}


\end{picture}


9.3. Körvonalak


\circle{⟨átmérő⟩}
Rajzol egy ⟨átmérő⟩ egység átmérőjű körvonalat, melynek a referenciapontja a közép-
pontja.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\polyline(2,0)(0,0)(0,2)
\put(1,1){\circle{2}}


\end{picture}


\circle*{⟨átmérő⟩}
Rajzol egy ⟨átmérő⟩ egység átmérőjű körlapot, melynek a referenciapontja a középpont-
ja.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\polyline(2,0)(0,0)(0,2)
\put(1,1){\color{yellow}\circle*{2}}


\end{picture}


\arc[⟨szög1⟩,⟨szög2⟩]{⟨sugár⟩}
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Rajzol egy ⟨sugár⟩ egység sugarú körívet ⟨szög1⟩-től ⟨szög2⟩-ig, melynek a referencia-
pontja a középpontja. A ⟨szög1⟩ és ⟨szög2⟩ fokokban van megadva, melyek alapértékei
0 illetve 360.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\polyline(2,0)(0,0)(0,2)
\put(0,0){\arc[0,90]{2}}


\end{picture}


\arc*[⟨szög1⟩,⟨szög2⟩]{⟨sugár⟩}
Rajzol egy ⟨sugár⟩ egység sugarú telített körcikket ⟨szög1⟩-től ⟨szög2⟩-ig, melynek a
referenciapontja a középpontja. A ⟨szög1⟩ és ⟨szög2⟩ fokokban van megadva, melyek
alapértékei 0 illetve 360.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\put(0,0){\color{red}\arc*[45,90]{2}}


\end{picture}


9.4. Lekerekített sarkú téglalapok


\oval[⟨sugár⟩](⟨x⟩,⟨y⟩)[⟨rész⟩]
Rajzol egy ⟨x⟩ egység széles és ⟨y⟩ egység magas lekerekített sarkú téglalapot, melynek
sarkai negyed körök. A referenciapontja a középpont. A ⟨rész⟩ opcióval lehet megadni,
hogy a téglalap melyik része kerüljön megrajzolásra. Lehetséges értékek: t : felső fele;
b : alsó fele; l : bal fele ; r : jobb fele; tl : bal felső negyede; tr : jobb felső negyede; br :
jobb alsó negyede; bl : bal alsó negyede. A sarkokat jelentő negyed köröknek a sugara
a lehetséges legnagyobb olyan érték, amely kisebb vagy egyenlő a ⟨sugár⟩-nál, melynek
alapértéke 20pt. A ⟨sugár⟩ lehet egy szám, amikor is az értéke ⟨sugár⟩ egység, és lehet
egy konkrét hossz is. Ha a ⟨sugár⟩ értéke 0, akkor normál téglalapot kapunk. A ⟨sugár⟩
nemcsak opcióban adható meg, hanem a
\renewcommand{\maxovalrad}{⟨sugár⟩}
paranccsal is.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)(-1,-1)
\linethickness{2pt}
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\put(0,0){\color{red}\oval[10pt](2,2)[t]}
\put(0,0){\color{blue}\oval(2,2)[b]}
\put(0,0){\oval[0](1,1)}


\end{picture}


9.5. Bézier-görbék


\qbezier(⟨x1⟩,⟨y1⟩)(⟨x2⟩,⟨y2⟩)(⟨x3⟩,⟨y3⟩)
Rajzol egy másodfokú Bézier-görbét az adott koordinátájú kontrollpontokkal.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\polyline(0,0)(0,2)(2,1)
\color{red}
\qbezier(0,0)(0,2)(2,1)


\end{picture}


\cbezier(⟨x1⟩,⟨y1⟩)(⟨x2⟩,⟨y2⟩)(⟨x3⟩,⟨y3⟩)(⟨x4⟩,⟨y4⟩)
Rajzol egy harmadfokú Bézier-görbét az adott koordinátájú kontrollpontokkal.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\polyline(0,0)(0,2)(1,2)(2,0)
\color{red}
\cbezier(0,0)(0,2)(1,2)(2,0)


\end{picture}


9.6. Útvonalak


Olyan útvonalakat is megadhatunk és megrajzolhatunk, amelyek szakaszokból, kör-
ívekből és másodfokú Bézier-görbékből áll.
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\moveto(⟨x⟩,⟨y⟩)
Az első útvonalelemnek az (⟨x⟩, ⟨y⟩) koordinátájú pont lesz a referenciapontja.
\lineto(⟨x⟩,⟨y⟩)
A referenciapontból az (⟨x⟩, ⟨y⟩) koordinátájú pontba húz egy szakaszt. A következő
útvonalelemnek az (⟨x⟩, ⟨y⟩) koordinátájú pont lesz a referenciapontja.
\curveto(⟨x2⟩,⟨y2⟩)(⟨x3⟩,⟨y3⟩)(⟨x4⟩,⟨y4⟩)
A referenciapont és az adott három pont, mint kontrollpontok segítségével húz egy
harmadfokú Bézier-görbét. A következő útvonalelemnek az (⟨x4⟩, ⟨y4⟩) koordinátájú
pont lesz a referenciapontja.
\circlearc[⟨n⟩]{⟨x⟩}{⟨y⟩}{⟨sugár⟩}{⟨szög1⟩}{⟨szög2⟩}
Ha ⟨n⟩ értéke 0 (ez az alapérték), akkor húz egy (⟨x⟩, ⟨y⟩) középpontú ⟨sugár⟩ egység
sugarú körívet ⟨szög1⟩-től ⟨szög2⟩-ig, majd a referenciapontot és a körív kezdőpontját
összeköti egy szakasszal. A következő útvonalelemnek a referenciapontja a körív vég-
pontja lesz.


Ha az útvonalnak ez az első eleme, akkor ⟨n⟩ helyére írja az 1 számot. Ebben az eset-
ben a \moveto parancs elhagyható. Ekkor az útvonal kezdőpontja a körív kezdőpontja,
míg a következő útvonalelemnek a referenciapontja a körív végpontja lesz.


Ha ⟨n⟩ értéke 2 akkor úgy módosul az útvonal, hogy a csatlakozási pontban ne
legyen törés.
\closepath


Az útvonal kezdő és végpontját összeköti egy szakasszal.
\strokepath


Megrajzolja a korábban meghatározott útvonalat.
\fillpath


Kitölti az adott útvonallal határolt síkidomot.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(3,3)
\moveto(0,1)
\lineto(0,3)
\lineto(1,3)
\curveto(3,3)(3,2)(2,0)
\strokepath


\end{picture}


Ð \setlength{\unitlength}{1cm}
\begin{picture}(3,3)
\moveto(0,1)
\lineto(0,3)
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\lineto(1,3)
\curveto(3,3)(3,2)(2,0)
\closepath
\strokepath


\end{picture}


Ð \setlength{\unitlength}{1cm}
\begin{picture}(3,3)
\color{red}
\moveto(0,1)
\lineto(0,3)
\lineto(1,3)
\curveto(3,3)(3,2)(2,0)
\fillpath


\end{picture}


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\circlearc[1]{0}{0}{2}{0}{90}
\fillpath


\end{picture}


Ð \setlength{\unitlength}{1cm}
\begin{picture}(3,3)
\moveto(0,1)
\lineto(0,3)
\circlearc{1}{1}{1}{90}{-90}
\strokepath


\end{picture}
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Ð \setlength{\unitlength}{1cm}
\begin{picture}(3,3)
\moveto(0,1)
\lineto(0,3)
\circlearc[2]{1}{1}{1}{90}{-90}
\strokepath


\end{picture}


9.7. Vonalak végeinek és útvonalak csatlakozási pont-
jainak stílusa


\buttcap


Alapértelmezett végpontstílus.


Ð \begin{picture}(100,0)
\linethickness{10pt}
\put(0,0){\line(1,0){100}}
\linethickness{.4pt}
\put(0,0){\color{red}\line(1,0){100}}


\end{picture}


\roundcap


A végponthoz egy félkört illeszt.


Ð \begin{picture}(100,0)
\linethickness{10pt}
\put(0,0){\roundcap\line(1,0){100}}
\linethickness{.4pt}
\put(0,0){\buttcap\color{red}\line(1,0){100}}


\end{picture}
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\squarecap


A végponthoz egy fél négyzetet illeszt.


Ð \begin{picture}(100,0)
\linethickness{10pt}
\put(0,0){\squarecap\line(1,0){100}}
\linethickness{.4pt}
\put(0,0){\buttcap\color{red}\line(1,0){100}}


\end{picture}


\miterjoin


Alapértelmezett csatlakozás.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\linethickness{10pt}
\moveto(0,0)
\lineto(0,2)
\lineto(2,0)
\closepath
\strokepath


\end{picture}


\roundjoin


Lekerekített csatlakozás.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\linethickness{10pt}
\roundjoin
\moveto(0,0)
\lineto(0,2)
\lineto(2,0)
\closepath
\strokepath


\end{picture}
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\beveljoin


Tompaszögű csatlakozás.


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\linethickness{10pt}
\beveljoin
\moveto(0,0)
\lineto(0,2)
\lineto(2,0)
\closepath
\strokepath


\end{picture}


9.8. Betűk elhelyezése ábrában


\framebox(⟨x⟩,⟨y⟩)[⟨pozíció⟩]{⟨szöveg⟩}
Egy ⟨x⟩ egység széles és ⟨y⟩ egység magas bekeretezett doboz jön létre, melynek a bal
alsó sarkában található a referenciapont. A ⟨szöveg⟩ ebben jelenik meg úgy pozicionálva,
ahogy azt a ⟨pozíció⟩ opció megadja. A ⟨pozíció⟩ lehetséges értékei : c (alapérték), t, b,
l, r, tl, tr, br, bl, melyek jelentését következő példán szemléltetjük:


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\put(0,0){\framebox(2,2)[t]{t}}
\put(0,0){\framebox(2,2)[b]{b}}
\put(0,0){\framebox(2,2)[l]{l}}
\put(0,0){\framebox(2,2)[r]{r}}
\put(0,0){\framebox(2,2)[tl]{tl}}
\put(0,0){\framebox(2,2)[tr]{tr}}
\put(0,0){\framebox(2,2)[br]{br}}
\put(0,0){\framebox(2,2)[bl]{bl}}
\put(0,0){\framebox(2,2){c}}


\end{picture}


t


b


l r


tl tr


brbl


c


\makebox(⟨x⟩,⟨y⟩)[⟨pozíció⟩]{⟨szöveg⟩}
Pontosan úgy működik, mint a \framebox parancs, csak a doboz nincs bekeretezve.
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Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\put(0,0){\makebox(2,2)[t]{t}}
\put(0,0){\makebox(2,2)[b]{b}}
\put(0,0){\makebox(2,2)[l]{l}}
\put(0,0){\makebox(2,2)[r]{r}}
\put(0,0){\makebox(2,2)[tl]{tl}}
\put(0,0){\makebox(2,2)[tr]{tr}}
\put(0,0){\makebox(2,2)[br]{br}}
\put(0,0){\makebox(2,2)[bl]{bl}}
\put(0,0){\makebox(2,2){c}}


\end{picture}


t


b


l r


tl tr


brbl


c


Ð \setlength{\unitlength}{1cm}
\begin{picture}(3,2)
\polygon(0,0)(1,2)(3,0)
\put(0,0){\makebox(0,0)[r]{A}}
\put(1,2){\makebox(0,0)[b]{B}}
\put(3,0){\makebox(0,0)[l]{C}}


\end{picture}


A


B


C


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\polygon(0,0)(0,2)(2,2)(2,0)
\put(0,0){\makebox(0,0)[tr]{A}}
\put(0,2){\makebox(0,0)[br]{B}}
\put(2,2){\makebox(0,0)[bl]{C}}
\put(2,0){\makebox(0,0)[tl]{D}}


\end{picture}


A


B C


D


Amint látható, az előző két példában túl közel vannak a betűk a sokszögek csúcsaihoz.
Ezt a problémát a következő szakaszban mutatott módon lehet megoldani.
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9.9. Koordináta megadása hosszmérettel
Az eddigiekben először megadtuk a koordináta-rendszerünkben az egység hosszát, majd
minden koordináta ebben az egységben volt megadva. Ha valamiért szeretne konkrét
hosszt is beírni, akkor 2020. októbere után telepített rendszer esetén ezt nyugodtan
megteheti. Ezelőtt telepített rendszer esetén ehhez a pict2e és xcolor csomagok után
még töltse be a picture csomagot is.


A következő esetben például a betűk túl közel vannak a háromszög csúcsaihoz:


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\polygon(0,0)(1,2)(2,0)
\put(0,0){\makebox(0,0)[r]{A}}
\put(1,2){\makebox(0,0)[b]{B}}
\put(2,0){\makebox(0,0)[l]{C}}


\end{picture}


A


B


C


Ilyenkor például toljuk el a betűket 2 pt távolságra a következőképpen:


Ð \setlength{\unitlength}{1cm}
\begin{picture}(2,2)
\polygon(0,0)(1,2)(2,0)
\put(-2pt,0){\makebox(0,0)[r]{A}}
\put(1,2\unitlength+2pt){\makebox(0,0)[b]{B}}
\put(2\unitlength+2pt,0){\makebox(0,0)[l]{C}}


\end{picture}


A


B


C


Ugyanezt kapnánk a következő módon is:
\begin{picture}(2cm,2cm)
\polygon(0,0)(1cm,2cm)(2cm,0)
\put(-2pt,0){\makebox(0,0)[r]{A}}
\put(1cm,2cm+2pt){\makebox(0,0)[b]{B}}
\put(2cm+2pt,0){\makebox(0,0)[l]{C}}


\end{picture}


A 0-hoz azért nem írtunk mértékegységet, mert a jelentése alapesetben 0 pt, ami meg-
egyezik 0 cm-rel.
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10. fejezet


Táblázatok


A táblázatok elkészítése az egyik legbonyolultabb feladat a LATEX-ben. Két szakaszban
tárgyaljuk ennek menetét. Az elsőben a standard hagyományos eszközöket vesszük át,
a másodikban pedig egy 2021. májusától létező eszközt mutatunk be, a tabularray
csomagot.


10.1. Standard táblázatkezelési eszközök
Nem tárgyaljuk általánosan az ide vonatkozó parancsokat, csak példákon keresztül
tekintjük át a lehetőségeket a teljesség igénye nélkül. A TeXstudio táblázatvarázslója
illetve a LaTeX Tables Generator és LaTeX Complex Table Editor weblapok sokat
segítenek a táblázatok vizuális szerkesztésében.


10.1.1. Példatáblázatok


Kezdjük egy egyszerű példával:


Ð \begin{tabular}{lrrr}
Budapest & 7:00 & 9:30 & 13:15\\
Dömsöd & 7:58 & 10:40 & 14:38\\
\end{tabular}


Budapest 7:00 9:30 13:15
Dömsöd 7:58 10:40 14:38


Tehát táblázat a tabular környezettel készíthető. Ennek paraméterében kell megadni,
hogy hány oszlop van, és a tartalmuk hogyan legyen igazítva. Az előző példában az
lrrr azt jelenti, hogy 4 oszlop van, az első balra (l mint left), a többi 3 pedig jobbra (r
mint right) legyen igazítva. Ha egy oszlopot középre akar igazítani, akkor azt a c (mint
center) betűvel jelezze. A & az ún. tabulátor jel, ami két oszlop elválasztását jelzi. A
\\ sortörést jelöl. A táblázatba vonalakat is húzhat:


Ð \begin{tabular}{|l|rrr|}
\hline
Budapest & 7:00 & 9:30 & 13:15\\
\cline{2-4}
Dömsöd & 7:58 & 10:40 & 14:38\\
\hline
\end{tabular}


121



https://www.tablesgenerator.com/latex_tables

https://www.latex-tables.com/

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe86.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe87.html





122 10. fejezet. Táblázatok


Budapest 7:00 9:30 13:15
Dömsöd 7:58 10:40 14:38


Ahol függőleges vonalat akar húzni, oda a tabular környezet paraméterében rakjon |
jelet az AltGr + W gombokkal. Ahová vízszintes vonalat akar húzni, oda a tabular
környezetben tegyen
\hline


parancsot. Ha egy vízszintes vonalat nem akar teljesen meghúzni, csak például a 2. osz-
loptól a 4. oszlopig, akkor \hline helyett használjon
\cline{2-4}


parancsot. Több \cline is írható egymásután:


Ð \begin{tabular}{|c|c|c|c|}
\hline
1 & 2 & 3 & 4\\
\cline{1-1}
\cline{3-4}
5 & 6 & 7 & 8\\
\hline
\end{tabular}


1 2 3 4
5 6 7 8


A következő példában azt mutatjuk meg, hogyan lehet szabályozni, hogy mi történjen
két oszlop között:


Ð \begin{tabular}{|@{\ 1\,}l@{ = }r@{,}l@{\,mm }|}
\hline
pont & 0 & 35\\
pica & 4 & 22\\
inch & 25 & 4\\
\hline
\end{tabular}


1 pont = 0,35mm
1pica = 4,22mm
1 inch = 25,4 mm


A tabular környezet @{...} opciójában lehet megadni, hogy egy cella elé vagy után
mi kerüljön. A @{} azt eredményezi, hogy nincs semmi, még térköz sem:


Ð \begin{tabular}{@{}lrrr@{}}
\hline
Budapest & 7:00 & 9:30 & 13:15\\
Dömsöd & 7:58 & 10:40 & 14:38\\
\hline
\end{tabular}


Budapest 7:00 9:30 13:15
Dömsöd 7:58 10:40 14:38
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Ð \begin{tabular}{@{}r@{}r@{}}
&12345\\
& 1234\\
+& 123\\
\hline
&13702\\
\end{tabular}


12345
1234


+ 123
13702


Az array csomag definiál egy >{...} opciót is :


Ð \begin{tabular}{c>{\bfseries}cc}
egy & kettő & három\\
egy & kettő & három\\
egy & kettő & három\\
\end{tabular}


egy kettő három
egy kettő három
egy kettő három


Cellákat vízszintesen is összevonhat a
\multicolumn{⟨cellaszám⟩}{⟨cellaforma⟩}{⟨szöveg⟩}
paranccsal. A ⟨cellaszám⟩ az összevont cellák számát jelenti. A ⟨cellaforma⟩ az adott
összevont cellára vonatkozó formázás, amely pontosan úgy történik, mint a tabular
környezet paraméterében. Ez a parancs akkor is célravezető, ha nem összevonni akar,
csak az adott cellának a formázását akarja megváltoztatni, az általánosan megadotthoz
képest. Ilyenkor a ⟨cellaszám⟩ értelemszerűen 1. Például


Ð \begin{tabular}{|l|rr|}
\cline{2-3}
\multicolumn{1}{l|}{}&
\multicolumn{2}{c|}{Év}\\
\cline{2-3}
\multicolumn{1}{l|}{}&
\multicolumn{1}{c}{2002}&
\multicolumn{1}{c|}{2003}\\
\hline
Jövedelem (Ft) & 994\,000 & 1\,231\,500\\
Adó (Ft) & 165\,000 & 194\,950\\
\hline
\end{tabular}


Év
2002 2003


Jövedelem (Ft) 994 000 1 231 500
Adó (Ft) 165 000 194 950
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Vegyük észre, hogy az „Év”-re ráhúzódik a vonal. A szöveg feletti térköz például 2 pt-tal
megnövelhető az array csomag \extrarowheight parancsával a következőképpen:


Ð \setlength{\extrarowheight}{2pt} ∈ array


Ezt írja az előző kód elé, és megkapja a következő javított táblázatot.


Év
2002 2003


Jövedelem (Ft) 994 000 1 231 500
Adó (Ft) 165 000 194 950


Cellák függőleges összevonását a következő paranccsal teheti meg:
\multirow{⟨cellaszám⟩}*{⟨szöveg⟩} ∈ multirow
\multirow{⟨cellaszám⟩}{⟨szélesség⟩}{⟨szöveg⟩} ∈ multirow


Például


Ð \begin{tabular}{|l|c|}
\hline
\multirow{2}*{Egysoros szöveg} & 1\\


& 2\\
\hline
\multirow{3}{3cm}{3\,cm széles szöveg törve} & 3\\
\cline{2-2}


& 4\\
\cline{2-2}


& 5\\
\hline
\end{tabular}


Egysoros szöveg 1
2


3 cm széles
szöveg törve


3
4
5


A következő példában azt mutatjuk meg, hogyan lehet beállítani az egyes oszlopok
szélességét.


Ð \begin{tabular}{|p{2cm}|p{2cm}|p{2cm}|p{2cm}|}
\hline
Ez egy kis tábla, jó lesz vigyázni.\rightskip\fill &
Ez egy kis tábla, jó lesz vigyázni.\leftskip\fill &
Ez egy kis tábla, jó lesz vigyázni.\leftskip\fill\rightskip\fill &
Ez egy kis tábla, jó lesz vigyázni.\\
\hline
\end{tabular}


A következő kód az előzővel azonos hatású az array csomag betöltésével.


Ð \begin{tabular}{|>{\raggedright\arraybackslash}p{2cm}
|>{\raggedleft\arraybackslash}p{2cm}
|>{\centering\arraybackslash}p{2cm}
|p{2cm}|}
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\hline
Ez egy kis tábla, jó lesz vigyázni.&
Ez egy kis tábla, jó lesz vigyázni.&
Ez egy kis tábla, jó lesz vigyázni.&
Ez egy kis tábla, jó lesz vigyázni.\\
\hline
\end{tabular}


Ez egy kis
tábla, jó
lesz
vigyázni.


Ez egy kis
tábla, jó


lesz
vigyázni.


Ez egy kis
tábla, jó


lesz
vigyázni.


Ez egy
kis tábla,
jó lesz
vigyázni.


A következő kód a cella tartalmának függőleges középre igazítására egy példa. A kód
az array csomag betöltése után működik.


Ð \begin{tabular}{|>{\raggedright\arraybackslash}m{16mm}
|>{\raggedleft\arraybackslash}m{16mm}
|>{\centering\arraybackslash}m{16mm}
|m{22mm}|}


\hline
szöveg szöveg szöveg &
szöveg szöveg &
szöveg &
sz ö v e g szöveg szöveg\\
\hline
\end{tabular}


szöveg
szöveg
szöveg


szöveg
szöveg szöveg


sz ö v e g
szöveg szö-
veg


Az előző kódban az oszloptípusokat előre definiálhatja a
\newcolumntype{⟨jel⟩}{⟨definíció⟩} ∈ array


paranccsal, például így:


Ð \newcolumntype{L}{>{\raggedright\arraybackslash}m{16mm}}
\newcolumntype{R}{>{\raggedleft\arraybackslash}m{16mm}}
\newcolumntype{C}{>{\centering\arraybackslash}m{16mm}}
\newcolumntype{M}{m{22mm}}


Ezután az előző táblázat már így is kiszedhető:
\begin{tabular}{|L|R|C|M|}
\hline
szöveg szöveg szöveg &
szöveg szöveg &
szöveg &
sz ö v e g szöveg szöveg\\
\hline
\end{tabular}


A következő példában a táblázat teljes szélessége van megadva (5 cm).


Ð \begin{tabular*}{5cm}{|l@{ -- }l@{\extracolsep{\fill}}r|}
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\hline
FTC & MTK & 1:1\\
Vasas & ETO & 0:0\\
\hline
\end{tabular*}


FTC – MTK 1:1
Vasas – ETO 0:0


Itt a @{\extracolsep{\fill}} az utolsó oszlopot kinyomja az 5 cm széles táblázat szé-
léig.


A táblázatok vonalai alapesetben 0,4 pt vastagok. Ezt átállíthatja az array csomag
betöltése után a következő kóddal például 1 pt-ra:


Ð \setlength{\arrayrulewidth}{1pt}
\begin{tabular}{|c|c|}
\hline
A & B\\
\hline
C & D\\
\hline
\end{tabular}


A B
C D


Az array csomaggal egyetlen függőleges vonalnak a vastagságát is átállíthatja:


Ð \begin{tabular}{|c!{\vrule width 2pt}c|}
A & B\\
C & D
\end{tabular}


A B
C D


Oszlopokat színezhet a colortbl csomaggal:


Ð \begin{tabular}{>{\columncolor{cyan}}c
>{\color{red}\columncolor{green}}c
>{\columncolor{yellow}}c}


egy & kettő & három\\
egy & kettő & három\\
egy & kettő & három\\
\end{tabular}


egy kettő három
egy kettő három
egy kettő három


A colortbl csomaggal sorokat színezhet:


Ð \begin{tabular}{ccc}
\rowcolor{cyan} egy & kettő & három\\
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\rowcolor{green} egy & \color{red}kettő & három\\
\rowcolor{yellow} egy & kettő & három\\
\end{tabular}


egy kettő három
egy kettő három
egy kettő három


A colortbl csomaggal megadhatja egy cella háttérszínét:


Ð \begin{tabular}{|c|c|c|}
\hline
egy & kettő & három\\
\hline
egy & kettő &\cellcolor{red} három\\
\hline
\end{tabular}


egy kettő három
egy kettő három


Egy táblázatot váltott színű sorokkal jeleníthet meg, ha az xcolor csomagot table
opcióval tölti be.


Ð \rowcolors{1}{gray!30}{gray!50}
\begin{tabular}{ccc}
egy & kettő & három\\
egy & kettő & három\\
egy & kettő & három\\
\end{tabular}


egy kettő három
egy kettő három
egy kettő három


A \rowcolors első argumentuma azt adja meg, hogy hányadik sortól kezdje a színezést,
a másik két argumentum pedig a színeket adja meg.


10.1.2. Hosszú táblázatok


Ha a táblázat olyan hosszú, hogy nem fér ki egy oldalon, akkor használja a longtable
csomagot.
\begin{longtable}[⟨pozíció⟩]{⟨oszlopok⟩} ∈ longtable
\endfirsthead ∈ longtable
\endhead ∈ longtable
\endfoot ∈ longtable
\endlastfoot ∈ longtable


A ⟨pozíció⟩ lehet r, l, c (alapérték c). Ezek rendre jobbra, balra illetve középre helyezik
a táblázatot. Az ⟨oszlopok⟩ a szokásos oszlopformázó utasításokat tartalmazzák. Például


\begin{longtable}{ll}
\caption{A táblázat címe} % táblázat címe
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\label{longtable-minta}\\ % kereszthivatkozás esetén
AAA & BBB \\ \hline % fejléc
\endfirsthead
CCC & DDD \\ \hline % táblázattörés utáni fejléc
\endhead
\hline\multicolumn{2}{r}{folyt. a köv. oldalon} % törésnél információ
\endfoot
\hline
\endlastfoot
% ide jönnek a táblázat sorai
\end{longtable}


10.1.3. Kiadói minőségű táblázatok


Az előzőekben tárgyalt táblázatok hagyományos szerkezetűek voltak. Viszont az úgy-
nevezett kiadói minőségű táblázatok tipográfiája egy kicsit más. A legfontosabb kü-
lönbségek:


– A táblázat tetejére és aljára vastagabb vonal kell, mint a köztesek.
– A táblázat két szélén ne legyenek extra térközök, melyek a formátumvezérlő két


szélére írt egy-egy @{} paranccsal megoldható.
– Nincsenek függőleges vonalak.


Mindezek a booktabs csomaggal oldhatók meg. Erre nézzünk most egy példát.


Ð \begin{tabular}{@{}lrr@{}}
\toprule
&\multicolumn{2}{c}{Év}\\
\cmidrule{2-3}
& \multicolumn{1}{c}{2002} & \multicolumn{1}{c}{2003}\\
\midrule
Jövedelem (Ft)& 775\,000 & 1\,166\,500\\
Adó (Ft) & 165\,000 & 194\,950\\
\bottomrule
\end{tabular}


Év


2002 2003


Jövedelem (Ft) 775 000 1 166 500
Adó (Ft) 165 000 194 950


Az előző kódban a \cmidrule{2-3} sor helyett


Ð \cmidrule(lr){2-3}


beírva:


Év


2002 2003


Jövedelem (Ft) 775 000 1 166 500
Adó (Ft) 165 000 194 950
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10.1.4. Táblázatok alapvonalhoz igazítása


A tabular és tabular* környezeteknek nemcsak paramétereik, hanem opcióik is vannak.
Ezekben lehet megadni az alapvonalhoz viszonyított pozíciójukat:
\begin{tabular}[⟨opció⟩]{⟨paraméterek⟩}
\begin{tabular*}{⟨szélesség⟩}[⟨opció⟩]{⟨paraméterek⟩}
Opció nélkül (pontosabban alapopcióval) az igazítás középre történik:


Ð szöveg
\begin{tabular}{|cc|}
\hline X&X\\X&X\\X&X\\X&X\\\hline
\end{tabular}
szöveg


szöveg


X X
X X
X X
X X


szöveg


Ha az ⟨opció⟩ t (mint top) akkor a táblázat teteje kerül az alapvonalhoz:


Ð szöveg
\begin{tabular}[t]{|cc|}
\hline X&X\\X&X\\X&X\\X&X\\\hline
\end{tabular}
szöveg


szöveg
X X
X X
X X
X X


szöveg


Ha az ⟨opció⟩ b (mint bottom) akkor a táblázat alja kerül az alapvonalhoz:


Ð szöveg
\begin{tabular}[b]{|cc|}
\hline X&X\\X&X\\X&X\\X&X\\\hline
\end{tabular}
szöveg


szöveg


X X
X X
X X
X X szöveg


Az utóbbi két illesztésnél zavaró lehet, hogy a szöveg alapvonala nem esik egybe a
táblázat utolsó illetve első sorának alapvonalával. Ezen lehet segíteni a
\firsthline ∈ array
\lasthline ∈ array


parancsokkal:


Ð \begin{tabular}[t]{|cc|}
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\firsthline X&X\\X&X\\X&X\\X&X\\\hline
\end{tabular}
szöveg
\begin{tabular}[b]{|cc|}
\hline X&X\\X&X\\X&X\\X&X\\\lasthline
\end{tabular}


X X
X X
X X
X X


szöveg


X X
X X
X X
X X


10.2. A tabularray csomag
A 2021. májusától létező tabularray csomaggal lehetőség van arra, hogy a standard
megoldásoktól eltérően a táblázat tulajdonságait és a tartalmát teljesen elkülönítve
adjuk meg. Ezzel jelentősen megnövelhetjük a táblázat forrásának átláthatóságát és
rugalmasságát.


10.2.1. Normál tabularray táblázatok


Normál tabularray táblázat készítéséhez a tblr környezetet lehet használni :
\begin{tblr}{⟨opciók⟩} ∈ tabularray
⟨cella 1,1⟩ & ⟨cella 1,2⟩ & ⟨cella 1,3⟩ & ... & ⟨cella 1,m⟩ \\
⟨cella 2,1⟩ & ⟨cella 2,2⟩ & ⟨cella 2,3⟩ & ... & ⟨cella 2,m⟩ \\
...
⟨cella n,1⟩ & ⟨cella n,2⟩ & ⟨cella n,3⟩ & ... & ⟨cella n,m⟩ \\
\end{tblr}


A ⟨cella x,y⟩ a táblázatban az x -edik sor y -adik cellájának a tartalma. Egy cellán belül
lehet sort is törni. Ilyenkor a cella tartalmát kapcsos zárójelek között kell megadni, a
sortörést pedig a \\ paranccsal. Például


\begin{tblr}{hlines,vlines}
egy & kettő & {három\\ négy} \\
öt & {hat\\ hét\\ nyolc} & kilenc \\
\end{tblr}


egy kettő három
négy


öt hat
hét
nyolc


kilenc


Az ⟨opciók⟩ a táblázat paramétereinek a beállítására szolgáló opciók listája vesszővel
elválasztva. A lehetséges ⟨opciók⟩-at funkciójuk szerint csoportosítva adjuk meg.
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Vízszintes vonalakat beállító opciók


Vízszintes vonalakat a következő opcióval lehet húzni és a tulajdonságokat beállítani.
hline{⟨számok⟩}={⟨szám⟩}{⟨oszlopszámok⟩}{⟨htul⟩}


⟨számok⟩ Ezzel adjuk meg, hogy mely sorszámú vízszintes vonalakat húzza meg. Az
1. sorszámú vonal az 1. sor felett van, a 2. sorszámú vonal a 2. sor felett van,
és így tovább, míg az utolsó sorszámú vonal az utolsó sor alatt van. A ⟨számok⟩
helyén lehet


– egyetlen szám;
– vesszővel elválasztott számok (pl. 1,3,4) ;
– „tól-ig” típusú (pl. 1-5) ;
– X kettővel az utolsó előtti ;
– Y eggyel az utolsó előtti ;
– Z utolsó;
– Ezek keverhetőek is (pl. 1,3,6-10,15-Z) ;
– 1-Z helyett írható - is ;
– odd minden páratlan;
– even minden páros.


⟨szám⟩ Adott sorszámú vonal helyén több vonal is húzható. Felülről az 1. megadásánál
a ⟨szám⟩ értéke 1, felülről a 2. megadásánál a ⟨szám⟩ értéke 2, stb.


⟨oszlopszámok⟩ Ezzel adjuk meg, hogy a vízszintes vonalak mely oszlopokat keresztezzék.
Ennek szintaxisa megegyezik a ⟨számok⟩-éval.


⟨htul⟩ A meghúzott vízszintes vonalak tulajdonságainak a listája vesszővel elválasztva.
A lehetséges tulajdonságok:
solid A vonalak folytonosak (alapértelmezett).
dashed A vonalak szaggatottak.
dotted A vonalak pontozottak.
text=⟨kód⟩ A vonalak helyére ⟨kód⟩ kerül.
⟨vastagság⟩ A vonal vastagsága (alapérték 0.4pt).
⟨színnév⟩ A vonal színének a neve.
leftpos=⟨érték⟩ Ha az ⟨érték⟩


-1 a vonalak a cellák tartalmának bal oldalától indulnak, a cellák bal mar-
góját nem keresztezi ;


0 az oszlopokat elválasztó esetlegesen több függőleges vonal esetén a víz-
szintes vonal az utolsó függőleges vonaltól indul;


1 az oszlopokat elválasztó esetlegesen több függőleges vonal esetén a víz-
szintes vonal az első függőleges vonaltól indul (alapérték).


rightpos=⟨érték⟩ Ha az ⟨érték⟩
-1 a vonalak a cellák tartalmának jobb oldaláig tartanak, a cellák jobb


margóját nem keresztezi ;
0 az oszlopokat elválasztó esetlegesen több függőleges vonal esetén a víz-


szintes vonal az első függőleges vonalig tart;
1 az oszlopokat elválasztó esetlegesen több függőleges vonal esetén a víz-


szintes vonal az utolsó függőleges vonalig tart (alapérték).
endpos A leftpos és rightpos opciók nem cellánként hatnak, hanem csak az


elsőre és az utolsóra. (Nem alapértelmezett.)


A hline{⟨számok⟩}={⟨szám⟩}{⟨oszlopszámok⟩}{⟨htul⟩} opcióban a következő rövidítések
használhatók:
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rövidítés
={1}{⟨oszlopszámok⟩}{⟨htul⟩} ={⟨oszlopszámok⟩}{⟨htul⟩}
={1}{-}{⟨htul⟩} ={⟨htul⟩}
={1}{-}{} (elhagyható)
hline{-} hlines


Példák


\begin{tblr}{hlines}
egy & kettő & három \\
négy & öt & hat \\
\end{tblr}


egy kettő három
négy öt hat


\begin{tblr}{hlines={2pt,red}}
egy & kettő & három \\
négy & öt & hat \\
\end{tblr}


egy kettő három


négy öt hat


\begin{tblr}{hline{1,3}={2pt,red},
hline{2}}


egy & kettő & három \\
négy & öt & hat \\
\end{tblr}


egy kettő három
négy öt hat


\begin{tblr}{hline{1,3}={2pt,red},
hline{2}={leftpos=-1,rightpos=-1}}


egy & kettő & három \\
négy & öt & hat \\
\end{tblr}


egy kettő három
négy öt hat


\begin{tblr}{hline{1,3}={2pt,red},
hline{2}={leftpos=-1,rightpos=-1,endpos}}


egy & kettő & három \\
négy & öt & hat \\
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\end{tblr}


egy kettő három
négy öt hat


\begin{tblr}{hline{1,3}={1,3}{2pt,red},
hline{1,3}={2}{1,3}{blue,dashed}}


egy & kettő & három \\
négy & öt & hat \\
\end{tblr}


egy kettő három
négy öt hat


Függőleges vonalakat beállító opciók


Függőleges vonalakat a következő opcióval lehet húzni és a tulajdonságokat beállítani.
vline{⟨számok⟩}={⟨szám⟩}{⟨sorok számai⟩}{⟨vtul⟩}


⟨számok⟩ Ezzel adjuk meg, hogy mely sorszámú függőleges vonalakat húzza meg. Az
1. sorszámú vonal az 1. oszlop előtt van, a 2. sorszámú vonal a 2. oszlop előtt
van, és így tovább, míg az utolsó sorszámú vonal az utolsó oszlop után van. A
⟨számok⟩ szintaxisa megegyezik vízszintes vonalaknál leírtakéval.


⟨szám⟩ Adott sorszámú vonal helyén több vonal is húzható. Balról az 1. megadásánál
a ⟨szám⟩ értéke 1, balról a 2. megadásánál a ⟨szám⟩ értéke 2, stb.


⟨sorok számai⟩ Ezzel adjuk meg, hogy a függőleges vonalak mely sorokat keresztezzék.
Ennek szintaxisa megegyezik a ⟨számok⟩-éval.


⟨vtul⟩ A meghúzott vízszintes vonalak tulajdonságainak a listája vesszővel elválasztva.
A lehetséges tulajdonságok:
solid A vonalak folytonosak (alapértelmezett).
dashed A vonalak szaggatottak.
dotted A vonalak pontozottak.
text=⟨kód⟩ A vonalak helyére ⟨kód⟩ kerül.
⟨vastagság⟩ A vonal vastagsága (alapérték 0.4pt).
⟨színnév⟩ A vonal színének a neve.
abovepos=⟨érték⟩ Ha az ⟨érték⟩


-1 a vonalak a cellák tartalmának felső szélétől indulnak, a cellák felső
margóját nem keresztezi ;


0 a sorokat elválasztó esetlegesen több vízszintes vonal esetén a függőleges
vonal a legalsó vízszintes vonaltól indul (alapérték);


1 a sorokat elválasztó esetlegesen több vízszintes vonal esetén a függőleges
vonal a legfelső vízszintes vonaltól indul.


belowpos=⟨érték⟩ Ha az ⟨érték⟩
-1 a vonalak a cellák tartalmának alsó széléig tartanak, a cellák alsó mar-


góját nem keresztezi ;
0 a sorokat elválasztó esetlegesen több vízszintes vonal esetén a függőleges


vonal a legfelső vízszintes vonalig tart (alapérték);
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1 a sorokat elválasztó esetlegesen több vízszintes vonal esetén a függőleges
vonal a legalsó vízszintes vonalig tart.


A vline{⟨számok⟩}={⟨szám⟩}{⟨sorok számai⟩}{⟨vtul⟩} opcióban a következő rövidítések
használhatók:


rövidítés
={1}{⟨sorok számai⟩}{⟨vtul⟩} ={⟨sorok számai⟩}{⟨vtul⟩}
={1}{-}{⟨vtul⟩} ={⟨vtul⟩}
={1}{-}{} (elhagyható)
vline{-} vlines


Példák


\begin{tblr}{vlines}
egy & kettő & három \\
négy & öt & hat \\
\end{tblr}


egy kettő három
négy öt hat


\begin{tblr}{vlines={2pt,red}}
egy & kettő & három \\
négy & öt & hat \\
\end{tblr}


egy kettő három
négy öt hat


\begin{tblr}{vline{1,4}={2pt,red},vline{2,3}}
egy & kettő & három \\
négy & öt & hat \\
\end{tblr}


egy kettő három
négy öt hat


\begin{tblr}{vline{1,4}={2pt,red},vline{2,3}={abovepos=-1,belowpos=-1}}
egy & kettő & három \\
négy & öt & hat \\
\end{tblr}


egy kettő három
négy öt hat


\begin{tblr}{
vline{1} = {2pt,red},
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vline{1} = {2}{2}{2pt,blue},
vline{4} = {1}{2pt,blue},
vline{4} = {2}{-}{2pt,red},


}
egy & kettő & három \\
négy & öt & hat \\
\end{tblr}


egy kettő három
négy öt hat


Cellákat beállító opciók


A cellák tulajdonságait a következő opcióval lehet beállítani.
cell{⟨sorok számai⟩}{⟨oszlopok számai⟩}={⟨összevonás⟩}{⟨ctul⟩}
A ⟨sorok számai⟩-val megadott sorok, illetve az ⟨oszlopok számai⟩-val megadott oszlo-
pok kereszteződéseiben álló cellák tulajdonságai. A ⟨sorok számai⟩-nak illetve ⟨oszlopok
számai⟩-nak a szintaxisa megegyezik a vízszintes vonalaknál leírt ⟨számok⟩ szintaxisával.
⟨összevonás⟩ Az adott cellát hány sorral és oszloppal vonjuk össze. Az értéke egy maxi-


mum két elemű lista, ahol a listaelemek:
r=⟨szám⟩ Összevonandó sorok száma (alapérték 1).
c=⟨szám⟩ Összevonandó oszlopok száma (alapérték 1).


⟨ctul⟩ Az adott cellák tulajdonságainak a listája vesszővel elválasztva. A lehetséges
tulajdonságok:
l A cella tartalma balra zárt.
r A cella tartalma jobbra zárt.
c A cella tartalma vízszintesen középre zárt.
j A cella tartalma sorkizárt (alapérték).
t A cella alapvonala a tartalma első sorának az alapvonala lesz (alapérték).
b A cella alapvonala a tartalma utolsó sorának az alapvonala lesz.
m A cella alapvonala a tartalmának a középvonala lesz.
h A cella tartalma a cella tetejére kerül.
f A cella tartalma a cella aljára kerül.
⟨szélesség⟩ A cella szélessége margók nélkül (alapérték a cellatartalmának termé-


szetes szélessége.)
⟨színnév⟩ A cella háttérszínének a neve.
fg=⟨színnév⟩ A cella betűszínének a neve.
font={⟨fonttípus⟩} A cella fontjának a típusa. A ⟨fonttípus⟩ egy deklarációs parancs


(pl. font={\bfseries}).
mode=⟨üzemmód⟩Minden cella alapértelmezetten olyan üzemmódban van, amilyen


a környezete (szöveges/matematika). Az ⟨üzemmód⟩ lehetséges értékei :
text Átvált szöveges módra.
math Átvált sorközi matematikai módra.
dmath Átvált kiemelt matematikai módra.


cmd=⟨parancs⟩ A ⟨parancs⟩ egy paraméteres parancs a paramétere nélkül. A cella
tartalma ennek a parancsnak a paraméterébe íródik, és aszerint jelenik meg
(pl. cmd=\fbox).
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preto=⟨szöveg⟩ A cella tartalma elé a ⟨szöveg⟩ lesz helyezve.
appto=⟨szöveg⟩ A cella tartalma után a ⟨szöveg⟩ lesz helyezve.


A cell{⟨sorok számai⟩}{⟨oszlopok számai⟩}={⟨összevonás⟩}{⟨ctul⟩} opcióban a következő
rövidítések használhatók:


rövidítés
={}{⟨ctul⟩} ={⟨ctul⟩}
cell{-}{-} cells


Példák


\begin{tblr}{vlines,hlines,cells={c,font={\itshape}}}
egy & kettő & három \\
négy & öt & hat \\
\end{tblr}


egy kettő három


négy öt hat


\begin{tblr}{vlines,hlines,cell{-}{1,3}={c,font={\itshape}}}
egy & kettő & három \\
négy & öt & hat \\
\end{tblr}


egy kettő három


négy öt hat


\begin{tblr}{cells={c},cell{1}{odd}={yellow},cell{2}{2}={lime}}
egy & kettő & három \\
négy & öt & hat \\
\end{tblr}


egy kettő három
négy öt hat


\begin{tblr}{vlines,hlines,cell{1}{2}={c=2}{c,yellow}}
egy & kettő & \\
három & négy & öt \\
\end{tblr}


egy kettő
három négy öt


\begin{tblr}{vlines,hlines,cell{1}{2}={c=2,r=2}{c,yellow}}
egy & kettő & \\
három & & \\
négy & öt & hat \\
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\end{tblr}


egy
kettő


három
négy öt hat


Sorokat beállító opciók


A sorok tulajdonságait a következő opcióval lehet beállítani.
row{⟨sorok számai⟩}={⟨stul⟩}
A ⟨sorok számai⟩-val megadott sorok tulajdonságai. A ⟨sorok számai⟩-nak a szintaxisa
megegyezik a vízszintes vonalaknál leírt ⟨számok⟩ szintaxisával.


⟨stul>⟩ Az adott sorok tulajdonságainak a listája vesszővel elválasztva. A lehetséges
tulajdonságok:
l A sor minden cellájának tartalma balra zárt.
r A sor minden cellájának tartalma jobbra zárt.
c A sor minden cellájának tartalma középre zárt.
j A sor minden cellájának tartalma sorkizárt (alapérték).
t A sor minden cellájának alapvonala a tartalmuk első sorának az alapvonala


lesz (alapérték).
b A sor minden cellájának alapvonala a tartalmuk utolsó sorának az alapvonala


lesz.
m A sor minden cellájának alapvonala a tartalmuk középvonala lesz.
h A sor minden cellájának tartalma a cella tetejére kerül.
f A sor minden cellájának tartalma a cella aljára kerül.
⟨magasság⟩ A sorok magassága margók nélkül (alapérték a sorok tartalmának


természetes magassága.)
⟨színnév⟩ A sorok háttérszínének a neve.
fg=⟨színnév⟩ A sorok betűszínének a neve.
font={⟨fonttípus⟩} A sorok fontjának a típusa. A ⟨fonttípus⟩ egy deklarációs pa-


rancs (pl. font={\bfseries}).
mode=⟨üzemmód⟩ Minden sor alapértelmezetten olyan üzemmódban van, amilyen


a környezete (szöveges/matematika). Az ⟨üzemmód⟩ lehetséges értékei :
text Átvált szöveges módra.
math Átvált sorközi matematikai módra.
dmath Átvált kiemelt matematikai módra.


cmd=⟨parancs⟩ A ⟨parancs⟩ egy paraméteres parancs a paramétere nélkül. A sorok
celláinak tartalma ennek a parancsnak a paraméterébe íródik, és aszerint
jelenik meg (pl. cmd=\fbox).


preto=⟨szöveg⟩ A sorok celláinak tartalma elé a ⟨szöveg⟩ lesz helyezve.
appto=⟨szöveg⟩ A sorok celláinak tartalma után a ⟨szöveg⟩ lesz helyezve.
abovesep=⟨távolság⟩ A sorok felső margójának a magassága (alapérték 2pt).
abovesep+=⟨távolság⟩ A sorok felső margója ennyivel megnő.
belowsep=⟨távolság⟩ A sorok alsó margójának a magassága (alapérték 2pt).
belowsep+=⟨távolság⟩ A sorok alsó margója ennyivel megnő.
rowsep=⟨távolság⟩ A sorok alsó és felső margójának a magassága (alapérték 2pt).
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rowsep+=⟨távolság⟩ A sorok alsó és felső margója ennyivel megnő.


A row{⟨sorok számai⟩}={⟨stul⟩} opcióban a következő rövidítés használható:


rövidítés
row{-} rows


Például
\begin{tblr}{row{odd}={lime},


rows={c,fg=blue}}
egy & kettő & három \\
négy & öt & hat \\
hét & nyolc & kilenc \\
\end{tblr}


egy kettő három
négy öt hat
hét nyolc kilenc


További rövidítések:
abovesep=⟨távolság⟩
ugyanaz, mint a rows={abovesep=⟨távolság⟩} opció.
belowsep=⟨távolság⟩
ugyanaz, mint a rows={belowsep=⟨távolság⟩} opció.
rowsep=⟨távolság⟩
ugyanaz, mint a rows={rowsep=⟨távolság⟩} opció.


Sor specifikációk ♦ A sorok és vízszintes vonalak beállítása sok esetben gyorsabban
és egyszerűbben történhet az eddigieknél a
rowspec={⟨specifikációk⟩}
opcióval. A ⟨specifikációk⟩ egy felsorolás, amely minden sornak és vízszintes vonalnak
megadja a tulajdonságait. Például


rowspec={|l|rr|}


azt jelenti, hogy a táblázat 3 sorból áll, az elsőnek balra (l), a másodiknak és a har-
madiknak pedig jobbra (r) van igazítva a tartalma. Az első sor alatt és felett, illetve a
harmadik sor alatt van vízszintes vonal (|). A lehetséges ⟨specifikációk⟩ :
Q[⟨stul⟩] Az adott sor cellái ⟨stul⟩ tulajdonságúak. A ⟨stul⟩ leírását lásd a row opciónál.
Q Az adott sor cellái alaptulajdonságúak.
l Ugyanaz, mint Q[l].
r Ugyanaz, mint Q[r].
c Ugyanaz, mint Q[c].
t{⟨szélesség⟩} Ugyanaz, mint Q[t,⟨szélesség⟩].
m{⟨szélesség⟩} Ugyanaz, mint Q[m,⟨szélesség⟩].
b{⟨szélesség⟩} Ugyanaz, mint Q[b,⟨szélesség⟩].
h{⟨szélesség⟩} Ugyanaz, mint Q[h,⟨szélesség⟩].
f{⟨szélesség⟩} Ugyanaz, mint Q[f,⟨szélesség⟩].
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|[⟨htul⟩] Az adott vízszintes vonal ⟨htul⟩ tulajdonságú. A ⟨htul⟩ leírását lásd a vízszintes
vonalaknál.


| Ugyanaz, mint |[].
@{⟨kód⟩} a sor cellái alá vagy felé ⟨kód⟩ kerül. A @{} azt eredményezi, hogy nincs semmi,


még térköz sem.


Például
\begin{tblr}{rowspec={|cc|[2pt,red]Q[c,lime]@{}}}
egy & kettő & három \\
négy & öt & hat \\
hét & nyolc & kilenc \\
\end{tblr}


egy kettő három
négy öt hat


hét nyolc kilenc


A rowspec={⟨specifikációk⟩} opcióhoz új specifikáció a
\NewRowType


paranccsal definiálható, melynek szintaxisa megegyezik a \newcommand szintaxisával,
annyi különbséggel, hogy itt egy betű jelentését adjuk meg, nem egy parancsét. Például


\NewRowType{R}[1][]{Q[red,#1]}


után az R specifikáció ugyanaz lesz, mint Q[red] (sor celláinak háttérszíne piros), il-
letve az R[fg=white] specifikáció ugyanaz lesz, mint Q[red,fg=white] (sor celláinak
háttérszíne piros, betűszíne fehér).


Oszlopokat beállító opciók


Az oszlopok tulajdonságait a következő opcióval lehet beállítani.
column{⟨oszlopok számai⟩}={⟨otul⟩}
Az ⟨oszlopok számai⟩-val megadott oszlopok tulajdonságai. Az ⟨oszlopok számai⟩-nak a
szintaxisa megegyezik a vízszintes vonalaknál leírt ⟨számok⟩ szintaxisával.
⟨otul⟩ Az adott oszlopok tulajdonságainak a listája vesszővel elválasztva. A lehetséges


tulajdonságok:
l Az oszlop minden cellájának tartalma balra zárt.
r Az oszlop minden cellájának tartalma jobbra zárt.
c Az oszlop minden cellájának tartalma középre zárt.
j Az oszlop minden cellájának tartalma sorkizárt (alapérték).
t Az oszlop minden cellájának alapvonala a tartalmuk első sorának az alapvonala


lesz (alapérték).
b Az oszlop minden cellájának alapvonala a tartalmuk utolsó sorának az alap-


vonala lesz.
m Az oszlop minden cellájának alapvonala a tartalmuk középvonala lesz.
h Az oszlop minden cellájának tartalma a cella tetejére kerül.
f Az oszlop minden cellájának tartalma a cella aljára kerül.
⟨szélesség⟩ Az oszlopok szélessége margók nélkül (alapérték az oszlopok tartalmá-


nak természetes szélessége.)
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⟨színnév⟩ Az oszlopok háttérszínének a neve.
fg=⟨színnév⟩ Az oszlopok betűszínének a neve.
font={⟨fonttípus⟩} Az oszlopok fontjának a típusa. A ⟨fonttípus⟩ egy deklarációs


parancs (pl. font={\bfseries}).
mode=⟨üzemmód⟩ Minden oszlop alapértelmezetten olyan üzemmódban van, ami-


lyen a környezete (szöveges/matematika). Az ⟨üzemmód⟩ lehetséges értékei :
text Átvált szöveges módra.
math Átvált sorközi matematikai módra.
dmath Átvált kiemelt matematikai módra.


cmd=⟨parancs⟩ A ⟨parancs⟩ egy paraméteres parancs a paramétere nélkül. Az oszlo-
pok celláinak tartalma ennek a parancsnak a paraméterébe íródik, és aszerint
jelenik meg (pl. cmd=\fbox).


preto=⟨szöveg⟩ Az oszlopok celláinak tartalma elé a ⟨szöveg⟩ lesz helyezve.
appto=⟨szöveg⟩ Az oszlopok celláinak tartalma után a ⟨szöveg⟩ lesz helyezve.
leftsep=⟨távolság⟩ Az oszlopok bal margójának a szélessége (alapérték 6pt).
leftsep+=⟨távolság⟩ Az oszlopok bal margója ennyivel megnő.
rightsep=⟨távolság⟩ Az oszlopok jobb margójának a szélessége (alapérték 6pt).
rightsep+=⟨távolság⟩ Az oszlopok jobb margója ennyivel megnő.
colsep=⟨távolság⟩ Az oszlopok jobb és bal margójának a szélessége (alapérték


6pt).
colsep+=⟨távolság⟩ Az oszlopok jobb és bal margója ennyivel megnő.


A column{⟨oszlopok számai⟩}={⟨otul⟩} opcióban a következő rövidítés használható:


rövidítés
column{-} columns


Például
\begin{tblr}{column{odd}={lime},


columns={c,fg=blue}}
egy & kettő & három \\
négy & öt & hat \\
hét & nyolc & kilenc \\
\end{tblr}


egy kettő három
négy öt hat
hét nyolc kilenc


További rövidítések:
leftsep=⟨távolság⟩
ugyanaz, mint a columns={leftsep=⟨távolság⟩} opció.
rightsep=⟨távolság⟩
ugyanaz, mint a columns={rightsep=⟨távolság⟩} opció.
colsep=⟨távolság⟩
ugyanaz, mint a columns={colsep=⟨távolság⟩} opció.
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Oszlop specifikációk ♦ Az oszlopok és függőleges vonalak beállítása sok esetben
gyorsabban és egyszerűbben történhet az eddigieknél a
colspec={⟨specifikációk⟩}
opcióval. A ⟨specifikációk⟩ egy felsorolás, amely minden oszlopnak és függőleges vonalnak
megadja a tulajdonságait. Például


colspec={|l|rr|}


azt jelenti, hogy a táblázat 3 oszlopból áll, az elsőnek balra (l), a másodiknak és a
harmadiknak pedig jobbra (r) van igazítva a tartalma. Az első oszlop mindkét ol-
dalán, illetve a harmadik oszlop jobb oldalán van függőleges vonal (|). Amennyiben
az ⟨opciók⟩-ban csak a colspec={⟨specifikációk⟩} szerepel, akkor ehelyett írható röviden
⟨specifikációk⟩. Tehát például


\begin{tblr}{colspec={|l|rr|}}


írható
\begin{tblr}{|l|rr|}


módon is. A lehetséges ⟨specifikációk⟩ :


Q[⟨otul⟩] Az adott oszlop cellái ⟨otul⟩ tulajdonságúak. Az ⟨otul⟩ leírását lásd a column
opciónál.


Q Az adott oszlop cellái alaptulajdonságúak.
l Ugyanaz, mint Q[l].
r Ugyanaz, mint Q[r].
c Ugyanaz, mint Q[c].
t{⟨szélesség⟩} Ugyanaz, mint Q[t,⟨szélesség⟩].
m{⟨szélesség⟩} Ugyanaz, mint Q[m,⟨szélesség⟩].
b{⟨szélesség⟩} Ugyanaz, mint Q[b,⟨szélesség⟩].
h{⟨szélesség⟩} Ugyanaz, mint Q[h,⟨szélesség⟩].
f{⟨szélesség⟩} Ugyanaz, mint Q[f,⟨szélesség⟩].
X[⟨otul∗⟩] Az ⟨otul*⟩ ugyanaz, mint az ⟨otul⟩ az oszlopoknál, csak egy módosítással. Itt


a ⟨szélesség⟩ helyett egy arányszámot kell beírni, amely alapesetben 1. Ekkor ez
az oszlop olyan széles lesz, hogy a táblázat teljes szélessége a width (lásd később)
opcióban megadott értékű legyen. Az arányszámnak akkor van jelentősége, ha
több X típusú oszlopot adunk meg. Akkor az így megadott oszlopok szélességei
az adott arányúak lesznek egymáshoz viszonyítva.


X Ugyanaz, mint X[1] vagy X[].
|[⟨vtul⟩] Az adott függőleges vonal ⟨vtul⟩ tulajdonságú. A ⟨vtul⟩ leírását lásd a függő-


leges vonalaknál.
| Ugyanaz, mint |[].
@{⟨kód⟩} az oszlop cellái elé vagy után ⟨kód⟩ kerül. A @{} azt eredményezi, hogy nincs


semmi, még térköz sem.


Például
\begin{tblr}{colspec={|cc|[2pt,red]Q[c,lime]@{}},


cell{2}{2}={red,fg=white}}
egy & kettő & három \\
négy & öt & hat \\
hét & nyolc & kilenc \\
\end{tblr}
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egy kettő három
négy öt hat
hét nyolc kilenc


Amennyiben használ X oszlopspecifikációt, akkor a táblázat szélessége a
width={⟨szélesség⟩}
opcióval adható meg. Enélkül az értéke \linewidth, azaz annak a doboznak a szélessége,
amelyben a táblázat van. Például


\begin{tblr}{colspec={|X[1]|X[2]|X[3]|},hlines}
egy & kettő & három \\
négy & öt & hat \\
hét & nyolc & kilenc \\
\end{tblr}


egy kettő három
négy öt hat
hét nyolc kilenc


\begin{tblr}{colspec={|X[1]|X[2]|X[3]|},width=12cm,hlines}
egy & kettő & három \\
négy & öt & hat \\
hét & nyolc & kilenc \\
\end{tblr}


egy kettő három
négy öt hat
hét nyolc kilenc


A colspec={⟨specifikációk⟩} opcióhoz új oszlopspecifikáció a
\NewColumnType


paranccsal definiálható, melynek szintaxisa megegyezik a \newcommand szintaxisával,
annyi különbséggel, hogy itt egy betű jelentését adjuk meg, nem egy parancsét. Például


\NewColumnType{R}[1][]{Q[red,#1]}


után az R specifikáció ugyanaz lesz, mint Q[red] (sor celláinak háttérszíne piros), il-
letve az R[fg=white] specifikáció ugyanaz lesz, mint Q[red,fg=white] (sor celláinak
háttérszíne piros, betűszíne fehér).


Egyéb opciók


rulesep=⟨távolság⟩ Ha két oszlop vagy sor közé több vonalat húz, akkor ez lesz két vonal
távolsága (alapérték 2pt).


stretch=⟨arányszám⟩ Függőleges széthúzás arányszáma (alapérték 1).
verb Ha cellákba verbatim szöveget is akar írni.
baseline=⟨hová⟩ Hová kerüljön a táblázat alapvonala. A ⟨hová⟩ értékei :


t Táblázat teteje.
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T Táblázat első sorának alapvonala.
b Táblázat alja.
B Táblázat utolsó sorának alapvonala.
m Táblázat közepe.
⟨szám⟩ Táblázat ⟨szám⟩-adik sorának alapvonala.


hspan=even Azok az oszlopok, amelyeknél ez lehetséges, egyenlő szélességűek lesznek.
hspan=minimal A táblázatot a lehető legkisebb szélességre állítja, pl. az összevont osz-


lopok tartalmának több sorba törésével.
vspan=even Azok a sorok, amelyeknél ez lehetséges, egyenlő magasságúak lesznek.


Alapopciók átállítása


Amennyiben az ⟨opciók⟩-ban az alapopciókat meg akarja változtatni, akkor használja a
\SetTblrInner{⟨alapopciók⟩}
lokális hatású parancsot. Ezután


\begin{tblr}{}


ugyanazt fogja jelenteni, mint
\begin{tblr}{⟨alapopciók⟩}


Például
\SetTblrInner{vlines,hlines}


után a táblázatokban alapértelmezetten lesznek függőleges és vízszintes vonalak.


Táblázatadatok


A következő parancsokkal kiírathatjuk a táblázat adatait :
\therownum % az aktuális sor száma
\thecolnum % az aktuális oszlop száma
\therowcount % a táblázat sorainak a száma
\thecolcount % a táblázat oszlopainak a száma


Új táblázatkörnyezet definiálása


A tblr környezet helyett új táblázatkörnyezet is definiálható
\NewTblrEnviron{⟨környezetnév⟩}
\SetTblrInner[⟨környezetnév⟩]{⟨alapopciók⟩}
módon. Ezután a


\begin{⟨környezetnév⟩}{⟨opciók⟩} ... \end{⟨környezetnév⟩}
ugyanazt fogja jelenteni, mint


\begin{tblr}{⟨alapopciók⟩,⟨opciók⟩} ... \end{tblr}


10.2.2. Hosszú tabularray táblázatok


Ha a táblázat olyan hosszú, hogy nem fér ki az adott oldalon, azaz szükség van oldal-
törésre, akkor használja a tabularray csomag longtblr környezetét. Ennek általános
formája a következő:
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\begin{longtblr}[⟨külső specifikációk⟩]{⟨opciók⟩} ∈ tabularray
⟨cella 1,1⟩ & ⟨cella 1,2⟩ & ⟨cella 1,3⟩ & ... & ⟨cella 1,m⟩ \\
⟨cella 2,1⟩ & ⟨cella 2,2⟩ & ⟨cella 2,3⟩ & ... & ⟨cella 2,m⟩ \\
...
⟨cella n,1⟩ & ⟨cella n,2⟩ & ⟨cella n,3⟩ & ... & ⟨cella n,m⟩ \\
\end{longtblr}


Az ⟨opciók⟩ ugyanazok, mint a tblr környezet esetében, de a lehetséges opciók sora
kiegészül még a következőkkel :


rowhead=⟨szám⟩ Oldaltörés esetén a táblázat első ⟨szám⟩ sora megismétlődik minden
oldal tetején. Alapértéke 0.


rowfoot=⟨szám⟩ Oldaltörés esetén a táblázat utolsó ⟨szám⟩ sora megismétlődik minden
oldal alján. Alapértéke 0.


Mivel a hosszú táblázat több oldalra törhető, ezért az úsztatása (lásd a 11. fejezet-
ben) indokolatlan. A táblázat feliratozása a ⟨külső specifikációk⟩ opciólistában adható
meg több más paraméterrel együtt. A ⟨külső specifikációk⟩ opciólistában a listaelemeket
vesszővel kell elválasztani. A lehetséges elemei:


caption={⟨cím⟩} A táblázat címe. Enélkül nincs cím, csak táblázatszámozás.
entry={⟨cím a táblázatok jegyzékében⟩} A táblázat rövid címe, ami a táblázatok jegyzé-


kébe kerül. Enélkül ez megegyezik a ⟨cím⟩-mel.
entry=none Nem kerül be cím a táblázatok jegyzékébe.
label={⟨címke⟩} Kereszthivatkozás esetén ezzel a címkével utalhatunk a táblázatra.
label=none Nem lesz felirata és számozása a táblázatnak.
headsep=⟨távolság⟩ A táblázat címe és a táblázat teteje közötti távolság.
footsep=⟨távolság⟩ A táblázat alja és a contfoot-text (lásd később) közötti távolság.
presep=⟨távolság⟩ A táblázatot (és annak címét, ha van) megelőző szöveget követő füg-


gőleges térköz mérete.
postsep=⟨távolság⟩ A táblázat és az azt követő szöveg közötti függőleges térköz mérete.


A longtblr környezet használata előtt be tudunk állítani még néhány fontos para-
métert.


A táblázatok címében a táblázat számozása nem a magyar tipográfia szerint törté-
nik, még a babel és a caption csomagok használata esetén sem. A következő két sorral
ezt lehet helyretenni.
\DefTblrTemplate{caption-tag}{default}{\thetable.~\tablename}
\DefTblrTemplate{caption-sep}{default}{.\enskip}


A következő kódokkal a cím, címke és az elválasztó fonttípusát állíthatja be:
\SetTblrStyle{caption-text}{font={⟨fonttípus⟩}} % cím fonttípusa
\SetTblrStyle{caption-tag}{font={⟨fonttípus⟩}} % címke fonttípusa
\SetTblrStyle{caption-sep}{font={⟨fonttípus⟩}} % elválasztó fonttípusa


Ha a táblázat több oldalra törik, akkor minden megtört táblázatrész aljára érdemes
egy figyelmeztető feliratot illeszteni a következő kóddal:
\DefTblrTemplate{contfoot-text}{default}{⟨szöveg⟩}
\SetTblrStyle{contfoot}{⟨igazítás⟩,⟨szín⟩,font={⟨fonttípus⟩}}
A ⟨szöveg⟩ lesz a figyelmeztető felirat (pl. „Folytatás a következő oldalon!”). Az ⟨igazítás⟩
lehet c, l vagy r aszerint, hogy a középre, balra vagy jobbra akarja igazítani a ⟨szöveg⟩-
et (alapérték r). A ⟨szín⟩ a ⟨szöveg⟩ színének a neve, illetve a ⟨fonttípus⟩ a ⟨szöveg⟩
fonttípusa. Ha nem akar ilyen figyelmeztetést, akkor írja ezt:
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\DefTblrTemplate{contfoot-text}{default}{}


Alapesetben minden oldaltörés után a táblázat száma és címe ismét megjelenik a lap
tetején. Ilyenkor a cím után érdemes egy figyelmeztetést elhelyezni, hogy ez a táblázat
az előző oldal folytatása.
\DefTblrTemplate{conthead-text}{default}{⟨szöveg⟩}
\SetTblrStyle{conthead-text}{⟨szín⟩,font={⟨fonttípus⟩}}
A ⟨szöveg⟩ lesz a figyelmeztető felirat (pl. „(Folytatás)”). A ⟨szín⟩ a ⟨szöveg⟩ színének
a neve, illetve a ⟨fonttípus⟩ a ⟨szöveg⟩ fonttípusa. Ha nem akar ilyen figyelmeztetést
oldaltörésnél, csak címet, akkor írja ezt:
\DefTblrTemplate{conthead-text}{default}{}


Ha oldaltörésnél nem akarja megismételni a címet, csak a figyelmeztetést szeretné kiírni,
akkor használja a következő kódot.
\DefTblrTemplate{conthead-text}{default}{⟨szöveg⟩}
\SetTblrStyle{conthead}{⟨igazítás⟩,⟨szín⟩,font={⟨fonttípus⟩}}
\DefTblrTemplate{middlehead}{default}{\UseTblrTemplate{conthead}{default}}
\DefTblrTemplate{lasthead}{default}{\UseTblrTemplate{conthead}{default}}


A ⟨szöveg⟩ lesz a figyelmeztető felirat (pl. „(Folytatás)”). Az ⟨igazítás⟩ lehet c, l vagy r
aszerint, hogy a középre, balra vagy jobbra akarja igazítani a ⟨szöveg⟩-et (alapérték r).
A ⟨szín⟩ a ⟨szöveg⟩ színének a neve, illetve a ⟨fonttípus⟩ a ⟨szöveg⟩ fonttípusa.


Ha oldaltörésnél nem akarja megismételni a címet, és figyelmeztetést sem szeretne,
akkor írja be a következő kódot.
\DefTblrTemplate{middlehead}{default}{}
\DefTblrTemplate{lasthead}{default}{}


Magyar nyelvű dokumentum esetén egy tipikus beállítás lehet a következő:
\DefTblrTemplate{caption-tag}{default}{\thetable.~\tablename}
\DefTblrTemplate{caption-sep}{default}{.\enskip}
\SetTblrStyle{caption-tag}{font={\bfseries}}
\SetTblrStyle{caption-sep}{font={\bfseries}}
\DefTblrTemplate{contfoot-text}{default}{Folytatás a következő oldalon!}
\SetTblrStyle{contfoot}{font={\itshape}}
\DefTblrTemplate{middlehead}{default}{}
\DefTblrTemplate{lasthead}{default}{}


Példa


Következik egy példa, ami jól mutatja az eddigiek használatát:


Ð \DefTblrTemplate{caption-tag}{default}{\thetable.~\tablename}
\DefTblrTemplate{caption-sep}{default}{.\enskip}
\SetTblrStyle{caption-tag}{font={\bfseries}}
\SetTblrStyle{caption-sep}{font={\bfseries}}
\DefTblrTemplate{contfoot-text}{default}{Folytatás a következő oldalon!}
\SetTblrStyle{contfoot}{l,font={\itshape}}
\DefTblrTemplate{conthead-text}{default}{A táblázat folytatása\dots}
\SetTblrStyle{conthead}{font={\itshape}}
\DefTblrTemplate{middlehead}{default}{%


\UseTblrTemplate{conthead}{default}}
\DefTblrTemplate{lasthead}{default}{\UseTblrTemplate{conthead}{default}}



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe262.html
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Lásd \az{\ref{tblr-teszt}}.~táblázatban.


\begin{longtblr}[
caption = {A táblázat címe},
label = {tblr-teszt},


]{
colspec = {XXX},
width = 12cm,
rowhead = 1,
row{odd} = {gray},
row{even} = {lightgray},
row{1} = {purple,font={\bfseries}},


}
Oszlopcím 1 & Oszlopcím 2 & Oszlopcím 2 \\
Alpha & Beta & Gamma \\
Delta & Epsilon & Zeta \\
Eta & Theta & Iota \\
Kappa & Lambda & Mu \\
Nu & Xi & Omicron \\
Pi & Rho & Sigma \\
Tau & Upsilon & Phi \\
Chi & Psi & Omega \\
% és így tovább
\end{longtblr}







11. fejezet


Objektumok úsztatása


A táblázatok és képek beillesztésénél előfordulhat, hogy azok az adott oldalon már nem
férnek el, és a következő oldalra való áthelyezésével az oldal alja telítetlen marad. Ennek
megoldására született az úgynevezett „úsztatás”. Ez azt jelenti, hogy az objektum az
optimálisabb oldaltördelés érdekében nem feltétlenül a forrásban megadott helyre kerül,
hanem egy általunk engedélyezett pozícióba: az aktuális oldal tetejére, aljára vagy
külön oldalra. (Bővebben lásd [9].)


11.1. Képek és táblázatok úsztatása
Képek úsztatására a figure, míg táblázatok úsztatására a table környezet használható.
Ezen környezetek opciói :


h Maradjon helyben, ha lehetséges.
t Az aktuális oldal tetejére kerüljön.
b Az aktuális oldal aljára kerüljön.
p Külön oldalra kerüljön.
! Figyelmen kívül hagy minden korlátozást, amely a területre helyezhető úsztatások


számával vagy a terület által elfoglalható maximális mérettel kapcsolatos.


Opciónak ezen jelek bármilyen kombinációja használható. A feldolgozás sorrendje min-
den esetben !htbp. Tehát mindegy, hogy például tb vagy bt van opcióként megadva,
először mindenképpen az oldal tetején próbálja elhelyezni az objektumot és csak azután
alulra. Nézzünk néhány példát:


\begin{figure}
\centering
\includegraphics{fig}
\end{figure}


Mivel itt nem adtunk meg opciót, így az alapérték érvényesül, mely tbp. Ez azt jelenti,
hogy ebben az esetben a képet először megpróbálja az oldal tetejére, ha oda nem
kerülhet, akkor az oldal aljára, ha oda sem, akkor külön lapra tenni.


\begin{figure}[th]
\centering
\includegraphics{fig}
\end{figure}


Ebben az esetben a képet először megpróbálja helybenhagyni, de ha oda nem kerülhet,
akkor az oldal tetejére teszi.
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\begin{figure}[ht!]
\centering
\includegraphics{fig}
\end{figure}


A képet bizonyos korlátozások feloldása mellett próbálja helyben tartani, de ha oda
nem kerülhet, akkor az oldal tetejére teszi. Az esetek nagy részében a saját doku-
mentumaimban ezt az opciót szoktam alkalmazni. Ilyen esetekben célszerűnek tűnik
a tbp alapopciót átállítani ht! értékre. Ezt például figure környezet esetén így lehet
megtenni:
\makeatletter\def\fps@figure{ht!}\makeatother


vagy
\floatplacement{figure}{ht!} ∈ float


Előfordulhat, hogy egy úszó objektum a lap tetejére kerülve az előző téma sorai közé
kerül, ami nem szerencsés. Ilyenkor használja a
\suppressfloats[⟨opció⟩]
parancsot. Az ezután következő úszó objektum nem jelenhet meg az oldal ⟨opció⟩ sze-
rinti helyén, amely t vagy b lehet. Ha az opció nincs megadva, akkor egyik helyen sem
jelenhet meg úszó objektum. A parancs hatása csak egy oldalra korlátozódik és csak a
forráskódban következő úszó objektumra vonatkozik.


Ha azt akarja, hogy egy adott pontig az addig elindított úsztatások befejeződjenek,
akkor ott használja a
\FloatBarrier ∈ placeins


parancsot. Később ismertetjük a hosszabb művek szakaszokkal (section) való tagolását.
Ekkor szerencsés lenne, ha a szakaszokon belül minden úsztatás lezárulna. Ezt valósítja
meg a placeins csomag section opciója. A fejezetek (chapter) esetén ez nem gond, mert
minden fejezet \clearpage paranccsal zárul, ami megjeleníti az addig még függőben
maradt úsztatásokat.


11.2. Úsztatás kéthasábos szedés esetén


Amikor az article, report vagy book standard dokumentumosztályokat twocolumn
opcióval tölti be, akkor kéthasábos szedést kap. Ilyen esetben a figure és table úsztató
környezetek az objektumot egy hasábban helyezik el. Az úsztató környezeteknek létezik
csillagos verziója is, figure* és table*, melyeket pontosan úgy kell használni, mint a
csillag nélküli verziókat, de ekkor az objektum a két hasábot keresztezi. Egyhasábos
szedés, azaz onecolumn opció esetén a csillagos és csillag nélküli úsztató környezetek
között nincs különbség.


Amennyiben a többhasábos szedést a multicol csomag multicols környezetével
oldja meg, akkor az úsztató környezeteknek csak a csillagos verziója használható a
multicols környezeten belül, továbbá annak opciójában nem szerepelhet h betű.


11.3. Úsztatott objektumok feliratozása


Ha a képekre, táblázatokra hivatkozni szeretnénk, célszerű azokat feliratozni, amely
automatikus címkeszámot, címkenevet és címet tartalmaz. Például
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�1. ábra. A LATEX Project logója


A felirat részei az előző példában:


①


1.
②


ábra
③


.
④


A LATEX Project logója
⑤


① címkeszám ② címkenév ③ címke ④ elválasztó ⑤ cím


Ha ilyen objektumokból nagyon sok van, akkor az áttekinthetőség miatt célszerű ezen
címeket táblázat- illetve ábrajegyzékben szerepeltetni oldalszám feltüntetésével, hason-
lóan a tartalomjegyzékhez. Ezen feladatok elvégzésére szolgál a
\caption[⟨jegyzékbe kerülő cím⟩]{⟨cím⟩}
parancs. Az opció alapértéke megegyezik a ⟨cím⟩-mel. Például


Ð \begin{figure}[ht!]
\centering
\includegraphics[width=3cm]{example-image}
\caption{Egy példa}\label{fig-pelda}
\end{figure}
\Aref{fig-pelda}.~ábrán látható \dots


Ennek hatására a képet megjeleníti középen és feliratozza. A címkenév aszerint lesz
„ábra” illetve „táblázat”(illetve a babel csomag english opciója esetén „Figure” illetve
„Table”), hogy figure vagy table környezetbe rakta a \caption parancsot. A figure
környezet címkenevét a \figurename, a table környezet címkenevét a \tablename pa-
rancs tárolja. A címkeszám automatikus, amit a figure környezet esetén a figure,
míg a table környezet esetén a table számláló tárol. (A számlálók kezelését lásd a
22.6. szakaszban.) A megadott cím bekerül a megfelelő jegyzékbe.


Image


1. ábra. Egy példa


Az 1. ábrán látható . . .


Ha nem akar számozást és címkenevet, csak címet, akkor használja a következőt:
\caption*{⟨cím⟩} ∈ caption


Ha nem akar címet adni, elég a számozás és a címkenév, akkor a caption csomag
használata mellett tegye ezt:



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe113.html





150 11. fejezet. Objektumok úsztatása


Ð \begin{figure}[ht!]
\centering
\includegraphics[width=3cm]{example-image}
\caption{}\label{fig-pelda}
\end{figure}


Image


1. ábra


Ha azt akarja, hogy a jegyzékbe más cím kerüljön mint a feliratba, akkor a jegyzékbe
kerülő címet adja meg a \caption parancs opciójaként. Például


\caption[A \TeX\ szimbóluma]{A \TeX\ szimbóluma (tervezte Duane Bibby)}


A felirat az előző példában azért jelent meg a kép alatt, mert a \caption parancsot a
kép betöltése után hívtuk meg. Ha elé írnánk, akkor a kép felett lenne a felirat. Ha a
\caption parancs kiadásának helyétől függetlenül például a táblázatok esetében mindig
a táblázatok felett szeretné a feliratot, akkor használja a következő kódot:
\floatstyle{plaintop}\restylefloat{table} ∈ float


Lábjegyzet elhelyezése a \caption parancs argumentumában a szokott módon nem
lehetséges. Azaz például a következő kód hibás:


\begin{figure}
\centering
\includegraphics[width=3cm]{example-image}
\caption{Kép címe\footnote{Lábjegyzet szövege.}}
\end{figure}


A megoldás a következő:


Ð \begin{figure}
\centering
\includegraphics[width=3cm]{example-image}
\caption[Kép címe jegyzékben]{Kép címe\footnotemark}
\end{figure}
\footnotetext{Lábjegyzet szövege.}


vagy jegyzék használata nélkül
\begin{figure}
\centering
\includegraphics[width=3cm]{example-image}
\caption[]{Kép címe\footnotemark}
\end{figure}
\footnotetext{Lábjegyzet szövege.}


Utóbbi esetben
\caption[]{Kép címe\footnotemark}


helyett a következő is írható:
\caption{Kép címe\protect\footnotemark}



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe114.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe115.html
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Az eddigi módszerekkel a lábjegyzet szövege a normál lábjegyzetekhez hasonlóan a lap
alján jelenik meg. Azonban a magyar tipográfiában elfogadottabb, ha közvetlenül a
felirat alatt van. Ez a
\makeFootnotable{⟨úsztató környezet⟩} ∈ [magyar]babel


paranccsal megoldható a következő példában található módon:


Ð \makeFootnotable{figure}
\begin{figure}
\centering
\includegraphics[width=3cm]{example-image}
\caption{Kép címe\protect\footnote{Lábjegyzet szövege.}}
\end{figure}


A \caption parancs argumentumába írt \url parancs (lásd a 14.4. szakaszban) elé
mindig be kell írni a \protect parancsot, különben hibát kapunk. Például a caption és
url csomagok betöltése után


Ð \begin{figure}
\centering
\includegraphics[width=3cm]{example-image}
\caption{Kép címe\\


\protect\url{https://www.ctan.org/}}
\end{figure}


Å
Videó: Képek és táblázatok


11.4. Úsztatott objektumok feliratainak testreszabása
A feliratok stílusának testreszabásához használja a következő parancsot:
\captionsetup[⟨úsztató környezet⟩]{⟨opciók⟩} ∈ caption


Az ⟨úsztató környezet⟩ lehet például figure, table vagy bármilyen úsztató környezet
neve, amit magunk definiálunk a későbbiekben ismertetett módszerrel. Ennek megadá-
sával az ⟨opciók⟩ által megadott beállítások csak a \captionsetup parancs utáni ⟨úsztató
környezet⟩ nevű úsztatott környezetekre vonatkoznak.


Ha az ⟨úsztató környezet⟩ nincs megadva, akkor az ⟨opciók⟩ által megadott beállítások
az összes olyan úsztatott környezetre vonatkoznak, amely a \captionsetup parancs után
van.


Több \captionsetup esetén a megadott ⟨opciók⟩ nem írják egymást felül, hanem
összefűződnek, azaz mindegyik érvényesülni fog.


A \captionsetup hatása lokális, azaz ha például egy úsztató környezetben van a
\caption előtt, akkor az adott beállítás csak arra az egy \caption-re vonatkozik.


A következőkben az ⟨opciók⟩ közül sorolunk fel néhányat. A teljes leírást megtalálja
a caption csomag dokumentációjában.


format=⟨formázásnév⟩ A címke, elválasztó és cím elrendezését adja meg. Alapesetben
két ⟨formázásnév⟩ van definiálva:
plain (alapopció) A felirat normál bekezdésként jelenik meg.



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe264.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe260.html

https://youtu.be/twIcgnrJ1lY
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hang Többsoros felirat esetén a második sortól annyival lesz beljebb tolva, mint
a címke és az elválasztó szélessége.


indention=⟨hossz⟩ Többsoros felirat esetén a második sortól kezdve a sorok alapértelme-
zett behúzását a ⟨hossz⟩ értékével növeli meg. A ⟨hossz⟩ lehet negatív is. Emlékez-
tetőül, a második sortól kezdve a sorok alapértelmezett behúzása format=plain
esetén 0pt, míg format=hang esetén a címke és az elválasztó szélessége.


labelformat=⟨formázásnév⟩ A címke felépítése. Több ⟨formázásnév⟩ is definiált alapból,
most csak kettőt említünk meg:
original (alapopció) Ha a babel csomag magyar opcióval, a magyar.ldf pedig


defaults=hu-min opcióval van betöltve, továbbá a címkenév nem üres, ak-
kor a címke felépítése címkeszám.␣címkenév (például 1. ábra).
Ha a babel csomag english opcióval van betöltve, továbbá a címkenév nem
üres, akkor a címke felépítése címkenév␣címkeszám (például Figure 1).
Ha a címkenév üres, akkor nyelvtől függetlenül a címke felépítése címkeszám
lesz. (Ennek majd a subcaption csomagnál lesz jelentősége, ahol az alfelira-
tokban a címkenév üres.)


parens A címkeszám zárójelben lesz.
empty A címke és az elválasztó nem jelenik meg.
További ⟨formázásnév⟩ is definiálható a \DeclareCaptionLabelFormat paranccsal


(lásd később).
labelsep=⟨elválasztásnév⟩ Az elválasztó típusa. Néhány előre definiált ⟨elválasztásnév⟩ :


period Az elválasztó egy pont és utána egy szóköz. Ha a babel csomag magyar
opcióval van betöltve, akkor ez az alapopció.


colon Az elválasztó egy kettőspont és utána egy szóköz. Ha a babel csomag
english opcióval van betöltve, akkor ez az alapopció.


none Nincs elválasztó.
space Az elválasztó egy szóköz.
newline Az elválasztó egy sortörés. (A format=hang opcióval együtt nem használ-


ható.)
justification=⟨igazításnév⟩ A sorigazítás típusa. Néhány előre definiált ⟨igazításnév⟩ :


justified (alapopció) A felirat sorkizárt.
centering A felirat középre zárt.
centerlast A felirat sorkizárt, kivéve a bekezdés utolsó sorát, ami középre zárt.
centerfirst A felirat sorkizárt, kivéve a bekezdés első sorát, ami középre zárt.
raggedright A felirat balra zárt.
raggedleft A felirat jobbra zárt.


singlelinecheck (alapopció) Ha a felirat egyetlen sorból áll, akkor az mindig közép-
re lesz igazítva, még akkor is, ha például a justification=raggedright opciót
használjuk.


singlelinecheck=false Az egysoros feliratok is úgy lesznek igazítva, mint a többsoro-
sak.


font={⟨fonttípus1⟩,⟨fonttípus2⟩,...} A felirat fonttípusa. Alapból definiált ⟨fonttípus⟩ ér-
tékek:
scriptsize A felirat elé \scriptsize parancsot illeszt be.
footnotesize A felirat elé \footnotesize parancsot illeszt be.
small A felirat elé \small parancsot illeszt be.
normalsize A felirat elé \normalsize parancsot illeszt be.
large A felirat elé \large parancsot illeszt be.
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Large A felirat elé \Large parancsot illeszt be.
smaller Egy szinttel csökkenti a fontméretet. Ha például az aktuális beállítás


font=small, akkor a font=smaller ugyanaz, mint a font=footnotesize.
larger Egy szinttel megnöveli a fontméretet. Ha például az aktuális beállítás


font=small, akkor a font=larger ugyanaz, mint a font=normalsize.
normalfont A felirat elé \normalfont parancsot illeszt be.
up A felirat elé \upshape parancsot illeszt be.
it A felirat elé \itshape parancsot illeszt be.
sl A felirat elé \slshape parancsot illeszt be.
sc A felirat elé \scshape parancsot illeszt be.
md A felirat elé \mdseries parancsot illeszt be.
bf A felirat elé \bfseries parancsot illeszt be.
rm A felirat elé \rmfamily parancsot illeszt be.
sf A felirat elé \sffamily parancsot illeszt be.
tt A felirat elé \ttfamily parancsot illeszt be.
normalcolor A felirat elé \normalcolor ∈ xcolor parancsot illeszt be.
color=⟨színnév⟩ A felirat elé \color{⟨színnév⟩} ∈ xcolor parancsot illeszt be.
singlespacing A felirat elé \singlespacing ∈ setspace parancsot illeszt be.
onehalfspacing A felirat elé \onehalfspacing ∈ setspace parancsot illeszt be.
doublespacing A felirat elé \doublespacing ∈ setspace parancsot illeszt be.
stretch=⟨sorköz⟩ A felirat elé \setstretch{⟨sorköz⟩} ∈ setspace parancsot il-


leszt be.
normal (alapopció) \normalfont\normalsize parancsokat illeszt be a felirat elé.


Ha az xcolor csomag be van töltve, akkor még a \normalcolor parancsot is
beilleszti. Ha a setspace csomag be van töltve, akkor még a \singlespacing
parancsot is beilleszti.


font+={⟨fonttípus1⟩,⟨fonttípus2⟩,...} A font opcióhoz hasonlóan működik, de ez nem
írja felül a korábbi fontbeállítást, hanem hozzáadódik.


labelfont={⟨fonttípus1⟩,⟨fonttípus2⟩,...} A címke és az elválasztó fonttípusa. A definiált
⟨fonttípus⟩ értékek ugyanazok, mint a font={⟨fonttípus1⟩,⟨fonttípus2⟩,...} esetében.


labelfont+={⟨fonttípus1⟩,⟨fonttípus2⟩,...} A labelfont opcióhoz hasonlóan működik, de
ez nem írja felül a korábbi fontbeállítást, hanem hozzáadódik.


textfont={⟨fonttípus1⟩,⟨fonttípus2⟩,...} A cím fonttípusa. A definiált ⟨fonttípus⟩ értékek
ugyanazok, mint a font={⟨fonttípus1⟩,⟨fonttípus2⟩,...} esetében.


textfont+={⟨fonttípus1⟩,⟨fonttípus2⟩,...} A textfont opcióhoz hasonlóan működik, de
ez nem írja felül a korábbi fontbeállítást, hanem hozzáadódik.


width=⟨szélesség⟩ A felirat dobozának szélessége ⟨szélesség⟩ lesz, továbbá a doboz középre
lesz igazítva. Például width=10cm.


margin=⟨margó⟩ A felirat dobozának bal széle a szövegtükör bal szélétől, illetve a felirat
dobozának jobb széle a szövegtükör jobb szélétől ⟨margó⟩ távolságra lesz. Például
margin=1cm.


margin={⟨balmargó⟩,⟨jobbmargó⟩} A felirat dobozának bal széle a szövegtükör bal szélé-
től ⟨balmargó⟩ távolságra lesz, illetve a felirat dobozának jobb széle a szövegtükör
jobb szélétől ⟨jobbmargó⟩ távolságra lesz. Például margin={1cm,2cm}.


twoside (alapopció) Kétoldalas szedés esetén a margin={⟨balmargó⟩,⟨jobbmargó⟩} opci-
óban a páros oldalakon a bal és jobb margó felcserélődik. Más szavakkal, ekkor a
⟨balmargó⟩ a belső margót, a ⟨jobbmargó⟩ pedig a külső margót jelenti.
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oneside Kétoldalas szedés esetén a margin={⟨balmargó⟩,⟨jobbmargó⟩} opcióban a pá-
ros oldalakon a bal és jobb margó nem cserélődik fel. Más szavakkal, ekkor a
⟨balmargó⟩ egy- és kétoldalas szedés esetén is minden oldalon a bal margót, a
⟨jobbmargó⟩ pedig a jobb margót jelenti.


skip=⟨hossz⟩ Az úsztatott objektum és a felirat függőleges távolsága ⟨hossz⟩ lesz, mely-
nek alapértéke 10pt.


list=⟨logikai érték⟩ A ⟨logikai érték⟩ alapesetben true. Ekkor a ⟨jegyzékbe kerülő cím⟩
bekerül a megfelelő jegyzékhez tartozó fájlba, amennyiben a jegyzéket megjelenítő
parancs ki van adva (lásd a 17.6. szakaszban). Hogy ténylegesen is megjelenik-e a
jegyzékben, azt még az is befolyásolja, hogy a jegyzék szintmélysége nem kisebb-e
mint az adott bejegyzés szintje. Ha a ⟨logikai érték⟩ false, akkor a ⟨jegyzékbe kerülő
cím⟩ nem kerül be a megfelelő jegyzékhez tartozó fájlba.


listformat=⟨formázásnév⟩ Azt szabályozza, hogy a címkeszám milyen formátumban
kerüljön be a megfelelő jegyzékhez tartozó fájlba, azon belül is a \numberline
parancsba (lásd a 17.6. szakaszban). Ha a babel csomag magyar opcióval van
betöltve, és például az ábra címkeszáma 1, akkor alapesetben a következő lesz
beírva a lof kiterjesztésű fájl megfelelő pontján:
\numberline{1.}


Érdemes tudni, hogy a magyar.ldf defaults=hu-min opciója átdefiniálja a stan-
dard \numberline parancsot úgy, hogy amennyiben az argumentuma nem pontra
végződik, akkor még egy pontot is rak a végére, ezzel biztosítva azt a magyar
szabályt, hogy sorszám után pont kell. Mivel ebben az esetben a caption csomag
tesz pontot a szám után, ezért a magyar.ldf ezen nem változtat, azaz az ábrák
jegyzékében „1.” formátumban jelenik meg a címkeszám.
A ⟨formázásnév⟩ lehetséges értékei :
subsimple (angol nyelvű dokumentumokban alapopció) Ekkor csak a címkeszám


kerül a \numberline argumentumába. A magyar.ldf defaults=hu-min opci-
ója esetén az átdefiniált \numberline miatt, mivel most nincs pont az ar-
gumentum végén, ezért még ez kiegészül egy ponttal, így a jegyzékben lesz
pont a címkeszám után.


simple Annyiban különbözik a subsimple opciótól, hogy a címkeszám elé berakja
még az ún. prefixét is. A prefixet a
\p@⟨úsztató környezet⟩
parancs tárolja, amely általában üres. Ha subcaption csomagot használ (lásd
később), akkor az alfeliratok címkeszámainak prefixe a
\p@sub⟨úsztató környezet⟩
parancsban található.


subparens A címkeszám kerek zárójelbe rakva kerül a \numberline argumentumá-
ba. A magyar.ldf defaults=hu-min opciója esetén az átdefiniált \numberline
miatt, mivel most nincs pont az argumentum végén, ezért még ez kiegészül
egy ponttal. Így például amikor a címkeszám 1, a jegyzékben „(1).” fog meg-
jelenni „(1)” helyett. A probléma a subparens átdefiniálásával megoldható
(lásd később).


parens Annyiban különbözik a subparens opciótól, hogy a kerek zárójelbe tett
címkeszám elé berakja még a prefixet. Magyar nyelvű dokumentum esetén
hasonló a gond mint a subparens esetében. A probléma a parens átdefiniá-
lásával megoldható (lásd később).
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empty Nem rak semmit a \numberline argumentumába. A magyar.ldf használata
esetén defaults=hu-min opcióval, az átdefiniált \numberline miatt, mivel
most nincs pont az argumentum végén, ezért még ez kiegészül egy ponttal,
azaz a címkeszám helyén a jegyzékben egy pont fog megjelenni. A probléma
az empty átdefiniálásával megoldható (lásd később).


További ⟨formázásnév⟩ is definiálható a \DeclareCaptionListFormat paranccsal
(lásd később).


További stílusbeállító parancsok:
\DeclareCaptionLabelFormat{⟨formázásnév⟩}{⟨formázáskód⟩} ∈ caption


A \captionsetup parancs labelformat=⟨formázásnév⟩ opciójában deklarálható ezzel egy
új ⟨formázásnév⟩, aminek a hatását a ⟨formázáskód⟩ adja meg. A ⟨formázáskód⟩-ban a
címkenévre a #1 kóddal, míg a címkeszámra a #2 kóddal kell utalni. Ez a parancs csak
preambulumban adható ki. Például


\DeclareCaptionLabelFormat{fbox}{\fbox{#2.~#1}}


esetén a \captionsetup parancs labelformat=fbox opciója a címkét bekeretezi.
A következő két parancs abban segít, hogy egy formázás másképpen viselkedjen, ha


vagy a címkenév vagy a címkeszám hiányzik.
\bothIfFirst{⟨arg1⟩}{⟨arg2⟩} ∈ caption


Ha ⟨arg1⟩ nem üres, akkor kifejti először az ⟨arg1⟩-et, majd az ⟨arg2⟩-t. Ha ⟨arg1⟩ üres,
akkor nem csinál semmit.
\bothIfSecond{⟨arg1⟩}{⟨arg2⟩} ∈ caption


Ha ⟨arg2⟩ nem üres, akkor kifejti először az ⟨arg1⟩-et, majd az ⟨arg2⟩-t. Ha ⟨arg2⟩ üres,
akkor nem csinál semmit. Például magyar nyelvű dokumentum esetén a \captionsetup
parancs labelformat=original opciója a következő módon van deklarálva:


\DeclareCaptionLabelFormat{original}{#2\bothIfSecond{.~}{#1}}


\DeclareCaptionListFormat{⟨formázásnév⟩}{⟨formázáskód⟩} ∈ caption


A \captionsetup parancs listformat=⟨formázásnév⟩ opciójában deklarálható ezzel egy
új ⟨formázásnév⟩, aminek a hatását a ⟨formázáskód⟩ adja meg. A ⟨formázáskód⟩-ban a
címkeszám prefixére a #1 kóddal, míg a címkeszámra a #2 kóddal kell utalni. Ez a
parancs csak preambulumban adható ki. Például


\DeclareCaptionListFormat{brace}{[#2]}


hatására a \captionsetup parancs labelformat=brace opciója a címkeszámot szögletes
zárójelbe rakva írja a \numberline argumentumába. A magyar.ldf defaults=hu-min
opciója esetén még ez kiegészül egy ponttal. Így például amikor a címkeszám 1, a
jegyzékben „[1].” fog megjelenni „[1]” helyett. Ezt a következő kóddal lehet megoldani:


\makeatletter
\newcommand\hudot{.}
\def\magyar@numberline#1\vfuzz{\hb@xt@\@tempdima{#1\hudot\hfil}}
\makeatother


Ha a később ismertetett tocloft csomagot is használja, akkor az előző helyett a követ-
kezőket írja be:


\makeatletter
\newcommand\hudot{.}
\def\magyar@numberline#1\vfuzz{%
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\hb@xt@\@tempdima{\@cftbsnum #1\@cftasnum\hudot\hfil}\@cftasnumb}
\makeatother


Ezután az előbbi brace formázásnevet így kell definiálni :
\DeclareCaptionListFormat{brace}{[#2]\protect\def\protect\hudot{}}


Ezzel a technikával lehetővé válik a subparens, parens és empty formázásnevek javítása
magyar.ldf használata esetén. Ehhez a következőt kell beírni az opciók megadása előtt:


\DeclareCaptionListFormat{subparens}{(#2)\protect\def\protect\hudot{}}
\DeclareCaptionListFormat{parens}{#1(#2)\protect\def\protect\hudot{}}
\DeclareCaptionListFormat{empty}{\protect\def\protect\hudot{}}


11.5. Saját úsztatott objektumok létrehozása
Alaphelyzetben a táblázatokat és az ábrákat lehet úsztatni saját címkével és jegyzékkel.
De saját úsztató környezetet is definiálhat. Például ha azt szeretné, hogy az úsztató
környezet neve legyen graph, a címkenév legyen „grafikon” és a jegyzék címe legyen
„Grafikonok jegyzéke”, akkor a következőt írja a preambulumba:
\DeclareCaptionType{graph}[grafikon][Grafikonok jegyzéke] ∈ caption


ami ezzel egyenértékű:
\DeclareFloatingEnvironment{graph}[grafikon][Grafikonok jegyzéke] ∈ newfloat


Ezután pontosan úgy használhatók a graph és graph* környezetek, mint a figure és
figure* illetve table és table*. A graph környezet címkenevét a \graphname parancs,
a címkeszámot pedig a graph számláló tárolja.


Arra ügyelni kell, hogy olyan környezetnevet válasszon, ami még nem foglalt. Példá-
ul az előző esetben, ha graph helyett graf környezetet definiál, akkor hibát kap. Ennek
az a magyarázata, hogy a graf környezet definiálásánál egy \endgraf parancs is létre-
jön, ami az \end{graf} kiadásakor fejtődik ki. De \endgraf parancs már létezik, így
hibás lesz a fordítás. Ha ilyet tapasztal, akkor válasszon másik környezetnevet.


11.6. Úsztatás mellőzése
Ha egy objektum helyét az úsztatás kikapcsolásával a felhasználó szeretné „kisakkozni”,
akkor az úsztató környezetnek használja a H opcióját, amely a float csomag betöltésével
válik elérhetővé. Például


\begin{figure}[H]
\centering
\includegraphics{fig}
\caption{2002-es statisztika}\label{fig-2002stat}
\end{figure}


Ilyenkor az objektum biztosan ott jelenik meg, ahol a kód szerint kell lennie. De így az
oldalak telítettsége nem feltétlenül lesz megfelelő, ezért ez a megoldás sok kísérletezést
igényel, vagyis nem kényelmes.


Felmerül a kérdés, hogy ha valamit nem akar úsztatni, akkor miért kell mégis úsztató
környezetbe tenni? A válasz az, hogy a \caption parancs az úsztató környezetből tudja,
hogy milyen címkenevet és -számot kell adnia. Másik lehetőség a
\captionof{⟨környezet⟩}[⟨cím jegyzékben⟩]{⟨cím⟩} ∈ caption
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használata, amit nem kell úsztatott környezetbe rakni, mert a címkenevet és -számot a
⟨környezet⟩ megadása miatt tudja. Például az előző kóddal azonos hatású a következő:


\begin{center}
\begin{minipage}{\linewidth}
\centering
\includegraphics{fig}
\captionof{figure}{2002-es statisztika}\label{fig-2002stat}
\end{minipage}
\end{center}


A minipage környezet azért kell, hogy a kép és a felirat között megakadályozza az
oldaltörést. A \centering parancs középre igazít, ezért a center környezet csak azért
kell, hogy a függőleges térközöket beállítsa.


11.7. Több objektum egy úsztató környezetben


Ha egy úsztató környezetben két ábrát akar elhelyezni, mindkettőt saját felirattal,
akkor ezt megteheti a következő minta alapján:


\begin{figure}
\centering
\begin{minipage}[t]{5cm}
\centering
\includegraphics[width=4cm]{example-image-a}
\caption{Egyik ábra címe}\label{fig-pelda-a}


\end{minipage}
\begin{minipage}[t]{5cm}
\centering
\includegraphics[width=3cm]{example-image-b}
\caption{Másik ábra címe}\label{fig-pelda-b}


\end{minipage}
\end{figure}


A
1. ábra. Egyik ábra címe


B
2. ábra. Másik ábra címe


Egy úsztató környezetben több objektumot csoportosíthat úgy is, hogy legyen egy
főfelirata és mindegyik objektumnak egy alfelirata. Például


A
(a) Egyik ábra címe


B
(b) Másik ábra címe


1. ábra. A két ábra főcíme
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Ehhez töltse be a subcaption csomagot (ami egyúttal betölti a caption csomagot is),
majd az úsztató környezetben az egyes objektumokat illessze a következő parancsba:
\subcaptionbox[⟨jegyzékcím⟩]{⟨cím⟩}[⟨szélesség⟩][⟨poz.⟩]{⟨objektum⟩} ∈ subcaption
\subcaptionbox*{⟨cím⟩}[⟨szélesség⟩][⟨poz.⟩]{⟨objektum⟩} ∈ subcaption


A csillagos verzió esetén a cím nem kerül be a jegyzékbe, továbbá számozása sem lesz
az objektumnak.


⟨jegyzékcím⟩ A jegyzékbe bekerülő cím. Alapértéke a ⟨cím⟩.
⟨cím⟩ Az ⟨objektum⟩ címe, ami az ⟨objektum⟩ alatt fog megjelenni. A ⟨cím⟩ előtt a fel-


iratban csak a címkeszám jelenik meg, címkenév nincs.
⟨szélesség⟩ Az ⟨objektum⟩ és az alatta elhelyezkedő felirata részére fenntartott doboz


szélessége. Alapértéke az ⟨objektum⟩ szélessége.
⟨poz.⟩ Az ⟨objektum⟩ pozíciója a részére fenntartott dobozban. Alapértéke c, ami középre


illeszt. Balra illesztés esetén l, jobbra illesztés esetén pedig r az értéke.


Hivatkozás esetén a ⟨cím⟩ paraméter végére kell beírni a \label{⟨hivatkozásnév⟩} pa-
rancsot. Erre hivatkozni a \ref{⟨hivatkozásnév⟩} vagy
\subref{⟨hivatkozásnév⟩} ∈ subcaption


parancsokkal lehet. Utóbbi parancs az objektum (alapesetben kis alfanumerikus) cím-
keszámát eredményezi. Természetesen \subcaptionbox* esetén értelmetlen a \subref
használata. Az éppen aktuális objektum címkeszámát a
sub⟨úsztató környezet neve⟩ ∈ subcaption


számláló tárolja, azaz például a figure környezet esetén a subfigure.
A \ref{⟨hivatkozásnév⟩} esetén az objektum címkeszáma előtt megjelenik a prefixe


is, ami alapesetben az úsztató objektum címkeszáma. A prefixet a
\p@sub⟨úsztató környezet neve⟩ ∈ subcaption


parancs tárolja, azaz például a figure környezet esetén a \p@subfigure.
A subcaption csomagot az amsmath vagy mathtools csomaggal együtt használva


a \subref parancs nem működik ennek a könyvnek a megírásakor aktuális verziókkal
(lásd https://tex.stackexchange.com/questions/746029/new-conflict-of-sub
caption-and-amsmath). A hiba orvoslásáig használja a következő javító kódot:


\usepackage{etoolbox}
\makeatletter
\patchcmd\caption@subtypehook{\let\label\subcaption@label}
{\let\label\subcaption@label\let\ltx@label\subcaption@label}{}{\fail}
\makeatother


Ha a feliratok stílusát szeretné testre szabni, akkor a következő parancs pontosan úgy
használható, mint a 11.4. szakaszban:
\captionsetup[⟨hatókör⟩]{⟨opciók⟩} ∈ subcaption


– Ha a ⟨hatókör⟩ nincs megadva, akkor minden úsztató környezet fő- és alfelirataira
vonatkozik. Például
\captionsetup{labelfont=bf}


– Ha a ⟨hatókör⟩ egy úsztató környezet neve, akkor csak azon úsztató környezet fő-
és alfelirataira vonatkozik. Például
\captionsetup[figure]{labelfont=bf}



https://tex.stackexchange.com/questions/746029/new-conflict-of-subcaption-and-amsmath

https://tex.stackexchange.com/questions/746029/new-conflict-of-subcaption-and-amsmath
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– Ha a ⟨hatókör⟩ helyére sub van írva, akkor minden úsztató környezet alfelirataira
vonatkozik. Például
\captionsetup[sub]{labelfont=bf}


– Ha a ⟨hatókör⟩ helyére sub⟨úsztató környezet⟩ van írva, akkor csak az ⟨úsztató kör-
nyezet⟩ nevű úsztató környezet alfelirataira vonatkozik. Például
\captionsetup[subfigure]{labelfont=bf}


Több \captionsetup esetén a megadott opciók összefűzése nem a kiadás, hanem a
⟨hatókör⟩ típusa szerinti sorrendben történik a következő módon:


1. A caption csomag alapbeállításai.
2. \captionsetup{⟨opciók⟩}
3. \captionsetup[⟨úsztató környezet⟩]{⟨opciók⟩}
4. A subcaption csomag alapbeállításai, amely minden úsztató környezet alfelirata-


ira vonatkozik:
\captionsetup[sub]{margin=0pt,font+=smaller,labelformat=parens,


labelsep=space,skip=6pt,list=false}


5. \captionsetup[sub]{⟨opciók⟩}
6. \captionsetup[sub⟨úsztató környezet⟩]{⟨opciók⟩}


Tehát például
\captionsetup[sub]{⟨opciók1⟩}
\captionsetup{⟨opciók2⟩}


után az opciók sorrendje
– főfeliratokra: caption csomag alapbeállításai, ⟨opciók2⟩
– alfeliratokra: caption csomag alapbeállításai, ⟨opciók2⟩, subcaption csomag alap-


beállításai, ⟨opciók1⟩.


Példák


Ð \begin{figure}[ht!]
\centering
\subcaptionbox{Egyik ábra címe\label{abra-egyik}}
[5cm]{\includegraphics[width=3cm]{example-image-a}}%


\subcaptionbox{Másik ábra címe\label{abra-masik}}
[5cm]{\includegraphics[width=3cm]{example-image-b}}


\caption{A két ábra főcíme}\label{abra-mindketto}
\end{figure}
Lásd \az{\ref{abra-egyik}}.~ábrán.
Lásd \az{\ref{abra-mindketto}}.~ábra \subref{abra-masik} részét.


A
(a) Egyik ábra címe


B
(b) Másik ábra címe


1. ábra. A két ábra főcíme


Lásd az 1a. ábrán. Lásd az 1. ábra b részét.



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe116.html
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Ð \begin{figure}[ht!]
\centering
\subcaptionbox*{Egyik ábra címe}
[5cm]{\includegraphics[width=3cm]{example-image-a}}%


\subcaptionbox*{Másik ábra címe}
[5cm]{\includegraphics[width=3cm]{example-image-b}}


\caption{A két ábra főcíme}\label{abra-mindketto}
\end{figure}
Lásd \az{\ref{abra-mindketto}}.~ábrán.


A
Egyik ábra címe


B
Másik ábra címe


1. ábra. A két ábra főcíme


Lásd az 1. ábrán.


A következő példában először állítsuk át a figure környezetbeli objektumok cím-
keszámozását nagy alfanumerikusra, továbbá a prefixet úgy, hogy az ábra címkeszáma
után egy perjel álljon:


Ð \renewcommand{\thesubfigure}{\Alph{subfigure}}
\makeatletter
\renewcommand{\p@subfigure}{\thefigure/}
\makeatother


Ezután
\begin{figure}[ht!]
\centering
\subcaptionbox{Egyik ábra címe\label{abra-egyik}}
[5cm]{\includegraphics[width=3cm]{example-image-a}}%


\subcaptionbox{Másik ábra címe\label{abra-masik}}
[5cm]{\includegraphics[width=3cm]{example-image-b}}


\caption{A két ábra főcíme}\label{abra-mindketto}
\end{figure}
Lásd \az{\ref{abra-egyik}}.~ábrán.


A
(A) Egyik ábra címe


B
(B) Másik ábra címe


1. ábra. A két ábra főcíme


Lásd az 1/A. ábrán.


A következő példa nagyon hasonló eredményt ad az előzőhöz, csak a hivatkozás
formája lesz más.



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe117.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe118.html
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Ð \renewcommand{\thesubfigure}{(\Alph{subfigure})}
\captionsetup[sub]{labelformat=original}


Ezután
\begin{figure}[ht!]
\centering
\subcaptionbox{Egyik ábra címe\label{abra-egyik}}
[5cm]{\includegraphics[width=3cm]{example-image-a}}%


\subcaptionbox{Másik ábra címe\label{abra-masik}}
[5cm]{\includegraphics[width=3cm]{example-image-b}}


\caption{A két ábra főcíme}\label{abra-mindketto}
\end{figure}
Lásd \az{\ref{abra-egyik}}~ábrán.


A
(A) Egyik ábra címe


B
(B) Másik ábra címe


1. ábra. A két ábra főcíme


Lásd az 1(A) ábrán.


A következő esetben először azt állítjuk be, hogy minden úsztató környezet fő- és
alfeliratainak címkeneve félkövér legyen, továbbá minden úsztató környezet alfelirata-
inak címkeneve körül eltűnjön a zárójel és utána az elválasztó egy pont és egy szóköz
legyen.


Ð \captionsetup{labelfont=bf}
\captionsetup[sub]{labelformat=original,labelsep=period}


Ezután
\begin{figure}[ht!]
\centering
\subcaptionbox{Egyik ábra címe\label{abra-egyik}}
[5cm]{\includegraphics[width=3cm]{example-image-a}}%


\subcaptionbox{Másik ábra címe\label{abra-masik}}
[5cm]{\includegraphics[width=3cm]{example-image-b}}


\caption{A két ábra főcíme}\label{abra-mindketto}
\end{figure}


A
a. Egyik ábra címe


B
b. Másik ábra címe


1. ábra. A két ábra főcíme



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe119.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe120.html





12. fejezet


Objektumok körbefuttatása


Objektumok szöveggel történő körbefuttatására több lehetőség is van. Itt három meg-
oldást mutatunk a wrapstuff, wrapfig2 és a floatflt csomagokkal.


12.1. A wrapstuff csomag


\begin{wrapstuff}[⟨opciók⟩] ∈ wrapstuff
⟨objektum⟩
\end{wrapstuff}


vagy
\wrapstuffset{⟨opciók⟩} ∈ wrapstuff
\begin{wrapstuff}
⟨objektum⟩
\end{wrapstuff}


Ez új bekezdést nyit, majd az ezután beírt szöveggel lesz az ⟨objektum⟩ körbefuttatva.
Például


Ð \begin{wrapstuff}
\includegraphics[width=3cm]{example-image.pdf}
\end{wrapstuff}
,,Hirdetését olvastam és közlöm önnel, hogy ...


„Hirdetését olvastam és közlöm önnel, hogy elveszett életked-
vének becsületes megtalálója vagyok. Hat évig Bostonban mint a
villamosszék áramelindítója működtem, amíg egy alkalommal ka-
ucsukkézelőm miatt rövidzárlat történt, és az elítélt áramhiány
következtében nem szenderült jobblétre, illetve a rosszabb létben,


Image


a szender mellőzésével életben maradt. Sajnos, kivégzés nem lehetséges áldozat nélkül,
és így nyugalmas állásomból nyomban röpítettek. Legyen szabad ennyit a kaucsuk-
manzsettámról.” (Rejtő Jenő: Piszkos Fred közbelép, részlet)


A wrapstuff környezet és az azt követő szöveg közé üres sor is rakható, az nem befo-
lyásolja az eredményt. A lehetséges ⟨opciók⟩ :


r Az ⟨objektum⟩ a jobb margónál helyezkedik el (alapopció).
l Az ⟨objektum⟩ a bal margónál helyezkedik el.
i Az ⟨objektum⟩ a belső margónál helyezkedik el.
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o Az ⟨objektum⟩ a külső margónál helyezkedik el.
c Az ⟨objektum⟩ vízszintesen középen helyezkedik el.
ratio=⟨arányszám⟩ Az ⟨arányszám⟩ egy 0 és 1 közötti szám, amely azt határozza meg,


hogy az ⟨objektum⟩ középpontja vízszintesen a bal margótól milyen arányban he-
lyezkedjen el a szövegtükör szélességéhez képest. A c a ratio=0.5 rövidítése. Az
i illetve o opcióval együtt használva a belső illetve a külső margóhoz viszonyít a
bal margó helyett.


top=⟨szám⟩ A ⟨szám⟩ határozza meg, hogy a körbefuttatás során hány sor legyen az
⟨objektum⟩ fölött. Alapértéke 0.


lines=⟨szám⟩ A ⟨szám⟩ határozza meg, hogy a körbefuttatás során hány sor legyen az
⟨objektum⟩ mellett. Alapesetben a wrapstuff csomag automatikusan határozza
meg a ⟨szám⟩ értékét.


width=⟨szélesség⟩ Ha az ⟨objektum⟩ egysoros, akkor a ⟨szélesség⟩ az ⟨objektum⟩ természetes
szélessége lesz, ilyenkor ezt nem kell megadni. Ha az ⟨objektum⟩ többsoros, akkor
ezt az opciót mindenképpen be kell állítani.


height=⟨magasság⟩ Alapesetben a ⟨magasság⟩ az ⟨objektum⟩ természetes magassága. Et-
től eltérni ezzel az opcióval lehet.


column Ha a körbefuttatás során két oszlopba kell rendezni a szöveget (például c opció
esetén), akkor az oszlopok úgy lesznek elrendezve, mint a többhasábos szedés ese-
tén. Azaz az első oszlop is sorfolytonosan olvasható és a második is. (Alapopció.)


column=false Ha a körbefuttatás során két oszlopba kell rendezni a szöveget (például c
opció esetén), akkor az oszlopok nem úgy lesznek elrendezve, mint a többhasábos
szedés esetén, hanem csak meg lesznek szakítva a sorok az ⟨objektum⟩ által.


column=par Ha a körbefuttatás során két oszlopba kell rendezni a szöveget (például c
opció esetén), akkor az oszlopok bekezdésenként úgy lesznek elrendezve, mint a
többhasábos szedés esetén. Azaz az első oszlop is sorfolytonosan olvasható és a
második is minden bekezdésen belül.


leftsep=⟨hossz⟩ Az ⟨objektum⟩-nak fenntartott hely (a width opcióval) és a körbefutó
szöveg távolsága az ⟨objektum⟩ bal oldalán. A ⟨hossz⟩ alapértéke 1em.


rightsep=⟨hossz⟩ Az ⟨objektum⟩-nak fenntartott hely (a width opcióval) és a körbefutó
szöveg távolsága az ⟨objektum⟩ jobb oldalán. A ⟨hossz⟩ alapértéke 1em.


hsep=⟨hossz⟩ A leftsep és rightsep értékét is ugyanarra a ⟨hossz⟩ értékre állítja be.
abovesep=⟨hossz⟩ Az ⟨objektum⟩-nak fenntartott hely (a height opcióval) és a körbefutó


szöveg távolsága (a sortávolsággal megnövelve) az ⟨objektum⟩ felett. A ⟨hossz⟩
alapértéke 0pt.


belowsep=⟨hossz⟩ Az ⟨objektum⟩-nak fenntartott hely (a height opcióval) és a körbefu-
tó szöveg távolsága (a sortávolsággal megnövelve) az ⟨objektum⟩ alatt. A ⟨hossz⟩
alapértéke 0pt.


vsep=⟨hossz⟩ Az abovesep és belowsep értékét is ugyanarra a ⟨hossz⟩ értékre állítja be.
hoffset=⟨hossz⟩ Az ⟨objektum⟩ ennyivel lesz eltolva vízszintesen a margóra, feltéve, hogy


az valamelyik oldalsó margónál helyezkedik el. (Tehát például c opció esetén
hatástalan.) A ⟨hossz⟩ alapértéke 0pt.


voffset=⟨hossz⟩ Az ⟨objektum⟩ ennyivel lesz eltolva felfelé. A ⟨hossz⟩ alapértéke 0pt.
type=⟨úsztató környezet neve⟩ Az ⟨úsztató környezet neve⟩ lehet a standard figure vagy


table, de bármilyen más általunk definiált úsztató környezet név is beírható.
Ekkor a wrapstuff környezetben hasonlóan használható a \caption parancs, mint
az úsztató környezetekben. Mivel ekkor az ⟨objektum⟩ többsoros lesz, így ebben
az esetben meg kell adni a width opció értékét is.
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Példák


Ð \begin{wrapstuff}[c,top=2,column=false]
\includegraphics[width=3cm]{example-image.pdf}
\end{wrapstuff}
,,Hirdetését olvastam és ajánlatom a következő: ...


„Hirdetését olvastam és ajánlatom a következő: Ön világhírű lehet, ha örökbe-
fogad és nekem ajándékozza vagyonát, azután gyalog, vagy úgynevezett roller nevű
játékgörgőn elzarándokol Kal- kuttába és útközben mindenhol
azt hirdeti, hogy a nyerskoszt csodákat művel! E marhaság-
nak híre menne, nevét megis- mernék a világ mind a négy sar-
kában, mivel így szólna az em- beriség: »No lám csak. . . «. Ér-
tesítsen, hogy melyik vonattal vár egy negyvenöt éves nyugal-


Image


mazott ítéletvégrehajtót (aki úgy érzi, hogy még tartogat számára valamit az élet), és
hetvenkét szabályszerűen végrehajtott, igazolt kivégzést mutathat fel. Az ön embere
vagyok!” (Rejtő Jenő: Piszkos Fred közbelép, részlet)


Ð \begin{wrapstuff}[l,width=3cm]
\centering
\includegraphics[width=3cm]{example-image.pdf}\\
Cím
\end{wrapstuff}
,,Uram! Világhírűvé lenni gyerekjáték! ...


„Uram! Világhírűvé lenni gyerekjáték! Feltaláltam a »Gyerme-
keid játszva gyilkolnak« nevű csörgőre, kereplőre és kisvasútra al-
kalmazható tetszetős gyerekjátékot, mely egyben légyölő. Két légy
súlyától a szerkezet működésbe jön és lecsap! Finanszírozzon Ön,
és nevemet Edisoné mellett, Önét az én nevem mellett emlegeti
az emberiség e találmány révén, amely két legyet pusztít el és egy


Image


Cím
csapásra világhírűvé teszi. . . ” (Rejtő Jenő: Piszkos Fred közbelép, részlet)


Ð \begin{wrapstuff}[width=3cm,type=figure]
\includegraphics[width=3cm]{example-image.pdf}
\caption{Cím}
\end{wrapstuff}
,,Dear M.~Felséges! ...


„Dear M. Felséges! Továbá tisztelt kirájné őnagysága és a sze-
retve tisztelt császári öreganyja felségednek akit én is úgy szere-
tek mint magam privát mamáját ki pedig szegény régen elhunya,
de asz nagy hazudság, hogy csak miattami bánódástól mivel hőn
tisztelt atyámra is büszke lehetek. Hállás köszönést vagyok bátor
amiért a Holkongból érkezett rendőri átírásra felsék nem hatyta


Image


1.1. ábra. Cím
eksz kartárcsát beszárni és ügyemben ovadékot lehelyezett. Azóta nekem elutaszni is
szabad. Lábrahelyeztek. Eszt mekköszönöm kiválló tisztelettel, vagyok bátor. Szíves
érdeklődést van szerencséje felsékednek hoty írjag töpször és őszintén mivel szereti
eszeket.” (Rejtő Jenő: Piszkos Fred közbelép, részlet)
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12.2. A wrapfig2 csomag


\begin{wrapfloat}{⟨környezetnév⟩}[⟨sorszám⟩]{⟨hely⟩}[⟨kinyúlás⟩]{⟨szélesség⟩}
⟨objektum⟩
\end{wrapfloat}


⟨környezetnév⟩ Az ⟨objektum⟩ típusának megfelelő úsztató környezet neve, mint a figure
vagy table, de lehet bármilyen magunk által definiált úsztató környezetnév is
(lásd a 11.5. szakaszban). A wrapfloat környezetben elhelyezett \caption parancs
ennek megfelelően írja ki a címet.


⟨sorszám⟩ A wrapfig2 kiszámolja, hogy az ⟨objektum⟩ magassága hány sornak felel meg
és ennek megfelelően történik a szöveg körbefuttatása. Ha valamiért ezt rosszul
számolja ki, akkor opcionálisan itt lehet azt megadni a ⟨sorszám⟩ segítségével,
hogy hány sort húzzon beljebb, ahol az ⟨objektum⟩ el fog helyezkedni.


⟨hely⟩ Ez határozza meg, hogy hol helyezkedjen el az ⟨objektum⟩. A lehetséges értékek:


l (left) Bal margónál, úsztatás nélkül.
L (left) Bal margónál, úsztatással.
r (right) Jobb margónál, úsztatás nélkül.
R (right) Jobb margónál, úsztatással.
i (inner) Belső margónál, úsztatás nélkül. A belső margó egyoldalas szedés esetén


mindig a bal margó, míg kétoldalas szedés esetén a páratlan oldalakon a bal,
a páros oldalakon pedig a jobb margó.


I (inner) Belső margónál, úsztatással.
o (outer) Külső margónál, úsztatás nélkül. A külső margó egyoldalas szedés esetén


mindig a jobb margó, míg kétoldalas szedés esetén a páratlan oldalakon a
jobb, a páros oldalakon pedig a bal margó.


O (outer) Külső margónál, úsztatással.


⟨kinyúlás⟩ Opcionálisan ezzel lehet megadni, hogy az ⟨objektum⟩ mennyire lógjon ki a
margóra (pl. 1cm). Negatív hossz is megadható. Az alapértéke 0pt.


⟨szélesség⟩ Az ⟨objektum⟩ részére lefoglalt terület szélessége a \columnsep hosszúságpa-
rancs aktuális értékével megnövelve.


A körbefuttatás első sora a wrapfloat környezet utáni szöveg első sora lesz. Például
\begin{wrapfloat}{figure}{R}{4cm}
\centering
\includegraphics[width=3cm]{example-image}
\caption{Példa}
\end{wrapfloat}


A wrapfloat környezetnek létezik egy csillagos verziója is :
\begin{wrapfloat}{⟨környezetnév⟩}[⟨sorszám⟩]{⟨hely⟩}[⟨kinyúlás⟩]{⟨szélesség⟩}*
Ezt akkor lehet használni, ha a ⟨sorszám⟩ opciót is megadjuk. Ekkor a wrapfig2 ál-
tal kiszámolt sorok számát, ami az ⟨objektum⟩ magasságának felel meg, megnöveli a
⟨sorszám⟩ értékével, ami lehet negatív is. Az így kapott szám lesz azon sorok száma,
amiket beljebb húz az ⟨objektum⟩ elhelyezéséhez. A többi paramétert pontosan úgy kell
használni, mint a csillag nélküli esetben.


A két standard úsztató környezet, a figure és table esetén van egy rövidített ver-
zió is :
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\begin{wrapfloat}{figure}⟨...⟩
⟨objektum⟩
\end{wrapfloat}


egyenértékű a következővel :
\begin{wrapfigure}⟨...⟩
⟨objektum⟩
\end{wrapfigure}


illetve
\begin{wrapfloat}{table}⟨...⟩
⟨objektum⟩
\end{wrapfloat}


egyenértékű a következővel :
\begin{wraptable}⟨...⟩
⟨objektum⟩
\end{wraptable}


12.3. A floatflt csomag


A floatflt csomag floatingfigure környezete ábrákra lett kitalálva, de a caption
csomag \captionof parancsával táblázatokra, vagy bármely saját úsztatott objektumra
is alkalmazható. Például


\begin{floatingfigure}[r]{4cm}
\centering
\includegraphics[width=3cm]{example-image}
\caption{Egy példa}\label{fig-pelda}
\end{floatingfigure}


Opciók:


r Jobbra helyezi az objektumot.
l Balra helyezi az objektumot.
p (alapopció) Páratlan oldalon jobbra, páros oldalon pedig balra, azaz a külső margóhoz


helyezi az objektumot.


Ha azt akarja, hogy az alapopció r legyen, akkor a floatflt csomagot rflt opció-
val töltse be. Ha azt akarja, hogy az alapopció l legyen, akkor a floatflt csomagot
lflt opcióval töltse be. A belső margóhoz való helyezéshez nem rendeltek opciót, de a
következő kóddal ez is megoldható:


\begin{floatingfigure}{4cm}
\ifodd\value{page}\global\oddpagesfalse\else\global\oddpagestrue\fi
\centering
\includegraphics[width=3cm]{example-image}
\caption{Egy példa}\label{fig-pelda}
\end{floatingfigure}


A floatingfigure környezet paraméterének megadott 4cm egy olyan doboz szélessége,
melybe a \centering parancs miatt a képet középre teszi. A környező szöveg ettől a
doboztól oldalról 12 pt távolságra lesz. Ha ezt át akarja állítani például 5mm-re, akkor
adja ki a
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\setlength{\figgutter}{5mm} ∈ floatflt


parancsot. A floatingfigure környezet csak akkor működik, ha ír utána szöveget,
hiszen ezzel lesz az objektum körbefuttatva. Ez a szöveg új bekezdésnek számít. Ha ezt
nem akarja, akkor írjon elé \noindent parancsot.


A floatflt csomagnak létezik három hibája, amire érdemes odafigyelni. Bizonyos
esetekben a floatingfigure környezetbe zárt objektum függőlegesen nem jól pozicio-
nál. Ilyenkor a floatingfigure környezet elé írja be a következő kódot:


\par\mbox{}\vspace{-\baselineskip}


Amásik hiba, hogy ha a floatingfigure környezet után nincs szöveg, vagy az objek-
tum nem fér ki az oldal alján, akkor az objektum nem jelenik meg a dokumentumban.
Ez súlyos hibája a csomagnak, ezért erre különösen figyeljen.


A harmadik hiba a floatflt csomag floatingtable környezetével kapcsolatos. Ez-
zel táblázatokat tudunk körbefuttatni szöveggel, a szélesség megadása nélkül, mert
azt a táblázat méretéből veszi át. Azonban sok esetben rosszul pozicionál a táblázat,
mely egy egyszerű kóddal általánosan nem orvosolható. Így ennek használatát tanácsos
kerülni.







13. fejezet


Dobozok


A doboz a dokumentum olyan része, melynek a tartalma nem törhető el a sor végén
vagy a lap alján, azaz sem függőlegesen, sem vízszintesen. Ilyenek a képek, táblázatok,
az úszó objektumok, de doboz például egy betű vagy egy vonal is. Háromféle dobozt
fogunk megkülönböztetni :


– Egysoros doboz: egysoros, balról jobbra feltöltődő doboz.
– Bekezdésdoboz: akár több sorból álló doboz.
– Vonaldoboz: állítható méretű vonal.


A doboz méreteire a következő szóhasználatot vezetjük be:


alapvonal


doboz


szélesség


magasság


mélység


A magasság és mélység összegét teljes magasságnak nevezzük.


13.1. Egysoros dobozok
Egysoros doboz készítéséhez a következő parancs használható:
\makebox[⟨doboz szélessége⟩][⟨szöveg pozíciója⟩]{⟨szöveg⟩}
Ha a ⟨szöveg pozíciója⟩ c, akkor középre helyezi a szöveget a dobozban (alapopció), ha
l, akkor balra, ha r, akkor jobbra és s esetén széthúzza/összenyomja a teljes dobozszé-
lességre. Ha a szélességet és pozíciót nem adja meg, akkor a doboz szélessége a szöveg
szélességével fog megegyezni:


\makebox{szöveg}


szöveg


Az így kapott „szöveg” szó nem elválasztható, hiszen a LATEX dobozként kezeli. Egy
másik példa:


Ð \makebox[5cm][s]{szöveg szöveg}\\
\makebox[5cm][s]{s z ö v e g}
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szöveg szöveg
s z ö v e g


Egysoros doboz be is keretezhető a következő paranccsal :
\framebox[⟨doboz szélessége⟩][⟨szöveg pozíciója⟩]{⟨szöveg⟩}
Ezt pontosan úgy kell használni, mint a \makebox parancsot. Például


Ð \framebox{szöveg}\\
\framebox[5cm][s]{szöveg szöveg}\\
\framebox[5cm][s]{s z ö v e g}


szöveg
szöveg szöveg
s z ö v e g


A keret vonalvastagsága, mely alapesetben 0,4 pt, a következő paranccsal állítható be
például 1 pt-ra:
\setlength{\fboxrule}{1pt}


A keret és a szöveg távolsága, mely alapesetben 3 pt, a következő paranccsal állítható
be például 2 pt-ra:
\setlength{\fboxsep}{2pt}


Ha a \makebox parancsot opciók nélkül használja, akkor elég csak
\mbox{⟨szöveg⟩}
parancsot írni. Hasonlóan, ha a \framebox parancsot opciók nélkül használja, akkor
csak
\fbox{⟨szöveg⟩}
parancsot kell írni.


Színes egysoros dobozok is előállíthatók. Ezeket néhány példán mutatjuk meg:


Ð \colorbox{red}{szöveg} ∈ xcolor


szöveg


\colorbox[RGB]{128,0,128}{szöveg} ∈ xcolor


szöveg


Ð \fcolorbox{red}{yellow}{szöveg} ∈ xcolor


szöveg


\fcolorbox[RGB]{0,64,128}{192,192,192}{szöveg} ∈ xcolor


szöveg


Ezeknél a keretet pontosan úgy lehet beállítani, mint a \framebox esetén.
A következő parancs egy olyan egysoros dobozt készít, amely az alapvonaltól ma-


gasabban/alacsonyabban helyezkedik el :
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\raisebox{⟨emelés⟩}{⟨szöveg⟩}
Például


Ð AAA\raisebox{4pt}{BBB}CCC\raisebox{-4pt}{DDD}


AAABBBCCCDDD


Az ⟨emelés⟩-ben használhatók még a
\width
\height
\depth
\totalheight


hosszúságparancsok is, melyek a ⟨szöveg⟩ által létrehozott doboz szélességét, magassá-
gát, mélységét és teljes magasságát jelentik. Például


Ð AAA\raisebox{0.5\height}{BBB}CCC\raisebox{-\height}{DDD}


AAABBBCCC
DDD


13.2. Bekezdésdobozok


Bekezdésdobozokba akár többsoros vagy több bekezdésnyi szöveget is rakhat a követ-
kező paranccsal illetve környezettel :
\parbox[⟨pozíció⟩][⟨magasság⟩][⟨szöveg pozíció⟩]{⟨szélesség⟩}{⟨szöveg⟩}
vagy
\begin{minipage}[⟨pozíció⟩][⟨magasság⟩][⟨szöveg pozíció⟩]{⟨szélesség⟩}
⟨szöveg⟩
\end{minipage}


⟨pozíció⟩ azt szabályozza, hogy a doboz hogyan helyezkedjen el a környezet alapvona-
lához képest. Alapértéken a doboz közepe az illeszkedési pont, t esetén a doboz
felső sorának alapvonala, illetve b esetén az alsó sor alapvonala.


⟨magasság⟩ a doboz teljes magassága.
⟨szöveg pozíció⟩ akkor használható, ha a magasság is meg van adva. Azt adja meg, hogy a


szöveg a dobozban függőlegesen hogyan helyezkedjen el. Értékei t, b, c, s, melyek
rendre a szöveget a doboz tetejéhez, aljához, függőlegesen középre rakja, illetve
széthúzza a doboz teljes magasságában. Az s opció csak akkor működik, ha a
szövegbe rugalmas függőleges térközöket rakunk (például \medskip).


⟨szélesség⟩ a doboz szélessége.
⟨szöveg⟩ a doboz tartalma.


Például


Ð SZÖVEG
\begin{minipage}[t][2cm][s]{5cm}
szöveg szöveg szöveg szöveg szöveg szöveg
\par\medskip
szöveg szöveg szöveg szöveg
\end{minipage}
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SZÖVEG szöveg szöveg szöveg szöveg
szöveg szöveg


szöveg szöveg szöveg szöveg


Egy bekezdésdobozt be is lehet keretezni, amihez nincs szükség újabb parancsra, hi-
szen a bekezdésdoboz berakható egy egysoros keretezett dobozba, mivel az már egy
egységnek, doboznak számít:


Ð SZÖVEG
\fbox{\begin{minipage}[t][2cm][s]{5cm}
szöveg szöveg szöveg szöveg szöveg szöveg
\par\medskip
szöveg szöveg szöveg szöveg
\end{minipage}}


SZÖVEG szöveg szöveg szöveg szöveg
szöveg szöveg


szöveg szöveg szöveg szöveg


A \parbox parancsnak illetve a minipage környezetnek van egy kellemetlen tulajdon-
sága, amit az alábbi példán illusztrálunk:


\fbox{\begin{minipage}{6cm}
szöveg szöveg szöveg szöveg szöveg szöveg
\end{minipage}}


szöveg szöveg szöveg szöveg szö-
veg szöveg


Itt az adott betűtípus és -méret miatt a 6 cm szélesség nem optimális, így az első sorban
a szóközök mérete túl nagy. Ennek a problémának egy lehetséges megoldása a varwidth
környezet:
\begin{varwidth}[⟨pozíció⟩][⟨magasság⟩][⟨szöveg pozíció⟩]{⟨szélesség⟩} ∈ varwidth
⟨szöveg⟩
\end{varwidth}


Ez pontosan úgy működik, mint a minipage környezet, de a doboz szélessége azt a
⟨szélesség⟩ értékénél nem nagyobb maximális értéket veszi fel, amely esetén még opti-
mális a tördelés. Az előző kódot például nézzük meg varwidth környezettel :


\fbox{\begin{varwidth}{6cm}
szöveg szöveg szöveg szöveg szöveg szöveg
\end{varwidth}}


szöveg szöveg szöveg szöveg szö-
veg szöveg


Itt már megfelelő méretűek a szóközök az első sorban, de ennek érdekében a doboz
szélességét 6 cm-ről csökkenteni kellett valamennyivel. A varwidth környezet akkor is
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használható, ha a töréspontokat mi adjuk meg, így a doboz szélessége nem ismert.
Ekkor a ⟨szélesség⟩ helyére írja a \textwidth parancsot. Például


Ð \fbox{\begin{varwidth}{\textwidth}
szöveg\\
szöveg szöveg\\
szöveg szöveg szöveg
\end{varwidth}}


szöveg
szöveg szöveg
szöveg szöveg szöveg


13.3. Vonaldobozok


Vonaldobozokat a következő paranccsal készíthet:
\rule[⟨emelés⟩]{⟨szélesség⟩}{⟨magasság⟩}
Ez egy ⟨szélesség⟩ szélességű és ⟨magasság⟩ magasságú téglalapot rajzol, melynek az alja
az alapvonaltól az ⟨emelés⟩ mértékével lesz feljebb. Például


xxxxx\rule[1ex]{2cm}{2mm}


xxxxx


x\rule[0.5ex]{3cm}{1pt}x


x x


x\rule[-0.5ex]{3cm}{1pt}x


x x


13.4. Dobozok nyújtása, tükrözése


Dobozok nyújtása a következő paranccsal oldható meg:
\scalebox{⟨x⟩}[⟨y⟩]{⟨doboz⟩} ∈ graphicx


⟨doboz⟩ A nyújtandó doboz. Ennek helyére egyszerű szöveg is kerülhet, amit ekkor
dobozként kezel.


⟨x⟩ A vízszintes nyújtás szorzó (lehet negatív is).
⟨y⟩ A függőleges nyújtás szorzó (lehet negatív is), melynek alapértéke ⟨x⟩.
Például


Ð szöveg
\scalebox{1.5}{\fbox{szöveg}}
\scalebox{1.5}[1]{\fbox{szöveg}}
\scalebox{-1}[1]{szöveg}
\scalebox{1}[-1]{szöveg}
\scalebox{-1}[-1]{szöveg}
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szöveg szöveg szöveg szöveg szöveg szöveg


Amint látjuk ezzel tükrözni is tudunk. A függőleges tengelyű tükrözésre külön parancs
is létezik:
\reflectbox{⟨doboz⟩} ∈ graphicx


amely egyenértékű a \scalebox{-1}[1]{⟨doboz⟩} paranccsal.


13.5. Dobozok átméretezése


\resizebox{⟨szélesség⟩}{⟨magasság⟩}{⟨doboz⟩} ∈ graphicx
\resizebox*{⟨szélesség⟩}{⟨magasság⟩}{⟨doboz⟩} ∈ graphicx


⟨doboz⟩ Az átméretezett doboz. Ennek helyére egyszerű szöveg is kerülhet, amit ekkor
dobozként kezel.


⟨szélesség⟩ Az átméretezett doboz szélessége.
⟨magasság⟩ Az átméretezett doboz magassága. Ez a \resizebox esetén az alapvonaltól


mért magasságot, míg \resizebox* esetén a teljes magasságot jelenti.


Ha ⟨szélesség⟩ vagy ⟨magasság⟩ helyén ! jel van, akkor azt a méretet a másikhoz ará-
nyosan állítja be. Például


Ð szöveg
\resizebox{!}{0.5cm}{szöveg}
\resizebox*{!}{0.5cm}{szöveg}
\resizebox{3cm}{0.5cm}{szöveg}


szöveg szöveg szöveg szöveg


13.6. Dobozok forgatása
Dobozokat a következő paranccsal forgathat:
\rotatebox[origin=⟨centrum⟩]{⟨szög⟩}{⟨doboz⟩} ∈ graphicx


⟨doboz⟩ Elforgatandó doboz. Ennek helyére egyszerű szöveg is kerülhet, amit ekkor
dobozként kezel.


⟨szög⟩ Forgatás szöge fokban. Pozitív érték esetén az óra járásával ellentétes irányban
forgat.


⟨centrum⟩ Forgatás középpontja, ami a tl, t, tr, l, c, r, Bl, B, Br, bl, b, br értékeket
veheti fel (alapérték Bl). Ezek magyarázata a következő ábrán található:


bl


Bl


l


tl


b


B


t


br


Br


r


tr


c


alapvonal
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Például


Ð szöveg
\rotatebox[origin=c]{90}{\fbox{szöveg}}
\rotatebox{90}{\fbox{szöveg}}
\rotatebox[origin=bl]{60}{\fbox{szöveg}}
\rotatebox[origin=Br]{-60}{szöveg}


szöveg


sz
öv
eg sz
öv
eg


sz
öv
eg


szöveg


13.7. Dobozok transzformálása a pdf-trans csomaggal
A pdf-trans csomagot rendhagyó módon nem a \usepackage, hanem az \input pa-
ranccsal kell betölteni, azaz


\input{pdf-trans}


módon. Ezzel rengeteg transzformálási módot elérhetünk. A csomag hátránya, hogy
csak pdflatex fordítóval működik.


13.7.1. Tükrözés


\boxflipx\hbox{⟨doboz⟩}
A ⟨doboz⟩ függőleges szimmetriatengelyére történő tükrözése. A doboz magassága, mély-
sége, szélessége nem változik. Például


szöveg \boxflipx\hbox{szöveg}


szöveg szöveg


\boxflipy\hbox{⟨doboz⟩}
A ⟨doboz⟩ vízszintes szimmetriatengelyére történő tükrözése. A doboz magassága, mély-
sége, szélessége nem változik. Például


szöveg \boxflipy\hbox{szöveg}


szöveg szöveg


\boxflipxy\hbox{⟨doboz⟩}
A ⟨doboz⟩ szimmetria-középpontjára történő tükrözése. A doboz magassága, mélysége,
szélessége nem változik. Például


szöveg \boxflipxy\hbox{szöveg}


szöveg szöveg


\boxflipbase\hbox{⟨doboz⟩}
A ⟨doboz⟩ alapvonalára történő tükrözése. A magasság és mélység értéke felcserélődik,
a szélesség változatlan marad. Például
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szöveg \boxflipbase\hbox{szöveg}


szöveg szöveg


13.7.2. Eltolás


\boxbaselineat{⟨százalék⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ mélysége a teljes magasságnak a ⟨százalék⟩% lesz. A teljes magasság és a
szélesség nem változik. Például


szöveg
\boxbaselineat{0}\hbox{szöveg}
\boxbaselineat{50}\hbox{szöveg}
\boxbaselineat{100}\hbox{szöveg}


szöveg szöveg szöveg szöveg


\boxtranslate{⟨jobbra⟩}{⟨felfelé⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ tartalmának eltolása a megadott mértékekben. A doboz méretei nem változ-
nak. Emiatt a tartalom ki fog „lógni” a dobozból. Például


\setlength{\fboxsep}{0pt}
\fbox{szöveg}
\fbox{\boxtranslate{0mm}{2mm}\hbox{szöveg}}
\fbox{\boxtranslate{2mm}{0mm}\hbox{szöveg}}
\fbox{\boxtranslate{2mm}{2mm}\hbox{szöveg}}
\fbox{\boxtranslate{-2mm}{-2mm}\hbox{szöveg}}


szöveg szöveg szöveg szöveg
szöveg


\boxmoveright{⟨jobbra⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ tartalmának eltolása jobbra a megadott mértékben. A doboz szélessége az
eltolás mértékével nő, a többi méret nem változik. Emiatt, ha a ⟨jobbra⟩ értéke negatív,
akkor a tartalom ki fog „lógni” a dobozból. Például


\setlength{\fboxsep}{0pt}
\fbox{szöveg}
\fbox{\boxmoveright{5pt}\hbox{szöveg}}
\fbox{\boxmoveright{-5pt}\hbox{szöveg}}


szöveg szövegszöveg


\boxraise{⟨felfelé⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ tartalmának eltolása felfelé. A doboz szélessége nem változik. A doboz magas-
sága az eredeti magasság és a ⟨felfelé⟩ összege, kivéve, ha ez az összeg negatív. Ekkor
a magasság 0pt lesz. A doboz mélysége az eredeti mélység és a ⟨felfelé⟩ különbsége,
kivéve, ha ez a különbség negatív. Ekkor a mélység 0pt lesz. Például


\setlength{\fboxsep}{0pt}
\fbox{szöveg}
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\fbox{\boxraise{1pt}\hbox{szöveg}}
\fbox{\boxraise{5mm}\hbox{szöveg}}
\fbox{\boxraise{-5pt}\hbox{szöveg}}
\fbox{\boxraise{-5mm}\hbox{szöveg}}


szöveg szöveg
szöveg


szöveg
szöveg


13.7.3. Döntés


\boxslantbbl{⟨szög1⟩}{⟨szög2⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ függőleges tengelyének ⟨szög1⟩ fokkal történő jobbra irányuló döntése, a víz-
szintes tengelyének pedig ⟨szög2⟩ fokkal történő felfelé irányuló döntése. Az eredeti
doboz alapvonalának bal végpontja marad az alapvonalon. A doboz méretei igazodnak
a tartalomhoz. Például


szöveg \boxslantbbl{45}{-15}\hbox{szöveg}


szöveg szöveg


\boxslantbbr{⟨szög1⟩}{⟨szög2⟩}\hbox{⟨doboz⟩}
Ugyanaz mint az előbb, de most az eredeti doboz alapvonalának jobb végpontja marad
az alapvonalon. Például


szöveg \boxslantbbr{45}{-15}\hbox{szöveg}


szöveg
szöveg


\boxslantx{⟨szög⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ függőleges tengelyének ⟨szög⟩ fokkal történő jobbra irányuló döntése. A doboz
méretei változatlanok maradnak, nem igazodik a tartalomhoz. Emiatt a tartalom ki fog
„lógni” a dobozból. Például


szöveg \boxslantx{45}\hbox{szöveg} szöveg


szöveg szöveg szöveg


\setlength{\fboxsep}{0pt}
\fbox{\boxslantx{45}\hbox{szöveg}}


szöveg


\boxslanty{⟨szög⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ vízszintes tengelyének ⟨szög⟩ fokkal történő felfelé irányuló döntése. A doboz
méretei változatlanok maradnak, nem igazodik a tartalomhoz. Emiatt a tartalom ki
fog „lógni” a dobozból. Például


\setlength{\fboxsep}{0pt}
\fbox{\boxslanty{20}\hbox{szöveg}}
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szöv
eg


13.7.4. Forgatás


\boxrevolveleft\hbox{⟨doboz⟩}
A ⟨doboz⟩ forgatása 90◦-kal az óra járásával ellentétes irányban. A forgatás középpontja
az alapvonal bal végpontja, így a mélység 0pt lesz. A többi méret igazodik a tartalom-
hoz. Például


szöveg \boxrevolveleft\hbox{szöveg}


szöveg sz
öv
eg


\boxrevolveright\hbox{⟨doboz⟩}
A ⟨doboz⟩ forgatása 90◦-kal az óra járásával megegyező irányban. A forgatás közép-
pontja az alapvonal jobb végpontja, így a mélység 0pt lesz. A többi méret igazodik a
tartalomhoz. Például


szöveg \boxrevolveright\hbox{szöveg}


szöveg


szöveg
\boxrotatebbl{⟨szög⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ forgatása ⟨szög⟩ fokkal az óra járásával megegyező irányban. A forgatás közép-
pontja az alapvonal bal végpontja. A doboz méretei igazodnak a tartalomhoz. Például


szöveg \boxrotatebbl{20}\hbox{szöveg} \boxrotatebbl{-20}\hbox{szöveg}


szöveg szöveg
szöve


g


\boxrotatebbr{⟨szög⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ forgatása ⟨szög⟩ fokkal az óra járásával megegyező irányban. A forgatás kö-
zéppontja az alapvonal jobb végpontja. A doboz méretei igazodnak a tartalomhoz.
Például


szöveg \boxrotatebbr{20}\hbox{szöveg} \boxrotatebbr{-20}\hbox{szöveg}


szöveg
szöveg


szöve
g


\boxrotate{⟨szög⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ forgatása ⟨szög⟩ fokkal az óra járásával megegyező irányban. A forgatás kö-
zéppontja az alapvonal bal végpontja. A doboz méretei változatlanok maradnak, nem
igazodik a tartalomhoz. Emiatt a tartalom ki fog „lógni” a dobozból. Például
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\setlength{\fboxsep}{0pt}
szöveg
\fbox{szöveg}
\fbox{\boxrotate{20}\hbox{szöveg}}


szöveg szöveg szöveg


\boxrotatec{⟨szög⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ forgatása ⟨szög⟩ fokkal az óra járásával megegyező irányban. A forgatás kö-
zéppontja a ⟨doboz⟩ szimmetria-középpontja. A doboz méretei változatlanok maradnak,
nem igazodik a tartalomhoz. Emiatt a tartalom ki fog „lógni” a dobozból. Például


\setlength{\fboxsep}{0pt}
szöveg
\fbox{szöveg}
\fbox{\boxrotatec{20}\hbox{szöveg}}


szöveg szöveg szöveg


\boxrotatexy{⟨szög⟩}{⟨x⟩}{⟨y⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ forgatása ⟨szög⟩ fokkal az óra járásával megegyező irányban. A forgatás kö-
zéppontja a ⟨doboz⟩ (⟨x⟩, ⟨y⟩) koordinátájú pontja, ahol az origó az alapvonal bal vég-
pontja. A doboz méretei változatlanok maradnak, nem igazodik a tartalomhoz. Emiatt
a tartalom ki fog „lógni” a dobozból. Például


\setlength{\fboxsep}{0pt}
szöveg
\fbox{szöveg}
\fbox{\boxrotatexy{20}{10mm}{5mm}\hbox{szöveg}}


szöveg szöveg
szöveg


13.7.5. Nyújtás


\boxscalex{⟨százalék⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ szélességének változtatása ⟨százalék⟩% mértékben. A magasság és mélység
változatlan marad. Például


szöveg \boxscalex{300}\hbox{szöveg}


szöveg szöveg


\boxscalexto{⟨méret⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ szélességének változtatása ⟨méret⟩-re. A magasság és mélység változatlan
marad. Például


szöveg \boxscalexto{8cm}\hbox{szöveg}


szövegszöveg
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\boxuniscalexto{⟨méret⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ szélességének változtatása ⟨méret⟩-re. A magasság és mélység arányosan vál-
tozik. Például


szöveg \boxuniscalexto{3cm}\hbox{szöveg}


szöveg szöveg
\boxscaley{⟨százalék⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ teljes magasságának változtatása ⟨százalék⟩% mértékben. A szélesség válto-
zatlan marad. Például


szöveg \boxscaley{200}\hbox{szöveg}


szöveg szöveg
\boxscaleyto{⟨méret⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ teljes magasságának változtatása ⟨méret⟩-re. A szélesség változatlan marad.
Például


szöveg \boxscaleyto{8mm}\hbox{szöveg}


szöveg szöveg
\boxuniscaleyto{⟨méret⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ teljes magasságának változtatása ⟨méret⟩-re. A szélesség arányosan változik.
\boxscalehtto{⟨méret⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ magasságának változtatása ⟨méret⟩-re. A mélység arányosan változik, a szé-
lesség változatlan marad.
\boxuniscalehtto{⟨méret⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ magasságának változtatása ⟨méret⟩-re. A mélység és szélesség arányosan vál-
tozik.
\boxscaledpto{⟨méret⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ mélységének változtatása ⟨méret⟩-re. A magasság arányosan változik, a szé-
lesség változatlan marad.
\boxuniscaledpto{⟨méret⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ mélységének változtatása ⟨méret⟩-re. A magasság és szélesség arányosan vál-
tozik.
\boxscalexy{⟨százalék1⟩}{⟨százalék2⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ szélességének ⟨százalék1⟩% illetve a teljes magasságának ⟨százalék2⟩% mér-
tékben történő változtatása. Például


szöveg \boxscalexy{300}{200}\hbox{szöveg}


szöveg szöveg







180 13. fejezet. Dobozok


\boxscalexyto{⟨méret1⟩}{⟨méret2⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ szélességének ⟨méret1⟩ illetve a teljes magasságának ⟨méret2⟩ méretre történő
változtatása. Például


szöveg \boxscalexyto{8cm}{8mm}\hbox{szöveg}


szövegszöveg
\boxextscale{⟨+szélesség⟩}{⟨+magasság⟩}{⟨+mélység⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ szélessége ⟨+szélesség⟩-gel, magassága ⟨+magasság⟩-gal, mélysége ⟨+mélység⟩-
gel nő meg.
\boxextscaleto{⟨szélesség⟩}{⟨magasság⟩}{⟨mélység⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ szélessége ⟨szélesség⟩, magassága ⟨magasság⟩, mélysége ⟨mélység⟩ méretű lesz.
\boxscale{⟨százalék⟩}\hbox{⟨doboz⟩}
A ⟨doboz⟩ minden méretének ⟨százalék⟩% mértékben történő megváltoztatása. Például


szöveg \boxscale{200}\hbox{szöveg}


szöveg szöveg
\boxexts{⟨jobbra⟩}{⟨balra⟩}{⟨felfelé⟩}{⟨lefelé⟩}\hbox{⟨doboz⟩}
A doboz tartalmának megnyújtása az adott irányokba. A doboz eredeti méretei nem
változnak. Emiatt a tartalom ki fog „lógni” a dobozból. Például


\setlength{\fboxsep}{0pt}
\fbox{\boxexts{0mm}{0mm}{3mm}{0mm}\hbox{szöveg}}
\fbox{\boxexts{0mm}{0mm}{0mm}{3mm}\hbox{szöveg}}
\fbox{\boxexts{3mm}{0mm}{0mm}{0mm}\hbox{szöveg}}
\fbox{\boxexts{0mm}{3mm}{0mm}{0mm}\hbox{szöveg}}


szöveg szövegszöveg szöveg


13.7.6. Doboz átméretezése


\boxresizeto{⟨szélesség⟩}{⟨magasság⟩}{⟨mélység⟩}\hbox{⟨doboz⟩}
A doboz méretei az adott értékek lesznek. A doboz tartalmának méretei nem változnak.
Például


\setlength{\fboxsep}{0pt}
szöveg
\fbox{szöveg}
\fbox{\boxresizeto{20mm}{10mm}{5mm}\hbox{szöveg}}


szöveg szöveg szöveg
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\boxextents{⟨bal⟩}{⟨jobb⟩}{⟨fent⟩}{⟨lent⟩}\hbox{⟨doboz⟩}
A doboz mélysége 0pt lesz. A doboz szélessége az eredeti szélesség + ⟨bal⟩ + ⟨jobb⟩,
ha ez az érték pozitív, ellenkező esetben 0pt lesz. A doboz magassága az eredeti teljes
magasság + ⟨fent⟩ + ⟨lent⟩, ha ez az érték pozitív, ellenkező esetben 0pt lesz. A doboz
tartalmának méretei nem változnak, a bal, jobb, felső, alsó margók rendre ⟨bal⟩, ⟨jobb⟩,
⟨fent⟩, ⟨lent⟩ lesznek. Például


\setlength{\fboxsep}{0pt}
szöveg \fbox{szöveg}
\fbox{\boxextents{20mm}{15mm}{10mm}{5mm}\hbox{szöveg}}


szöveg szöveg
szöveg


13.7.7. Egyebek


\boxclip\hbox{⟨doboz⟩}
A doboz tartalmának a dobozon kívüli részeit levágja. Például


\setlength{\fboxsep}{0pt}
\fbox{\boxslantx{45}\hbox{szöveg}}
\boxclip\hbox{\fbox{\boxslantx{45}\hbox{szöveg}}}


szöveg szöveg


\boxsh\hbox{⟨doboz⟩}
Megrajzolja kék színnel a doboz határvonalait és az alapvonalát. Például


\boxsh\hbox{\Huge szöveg}


szöveg
\boxshow{⟨w⟩ w ⟨r⟩ ⟨g⟩ ⟨b⟩ RG}{[⟨x⟩ ⟨y⟩]0 d}{}\hbox{⟨doboz⟩}
Ugyanazt csinálja, mint az előző parancs, de ekkor a vonal színének rgb kódja megad-
ható az ⟨r⟩, ⟨g⟩ illetve ⟨b⟩ paraméterekkel. Az alapvonalat jelző szaggatott vonalban a
vonalak hossza ⟨x⟩pt a szünetek hossza pedig ⟨y⟩pt lesz. A vonalak vastagsága ⟨w⟩pt
lesz. Például


\boxshow{.4 w 1 .5 .5 RG}{[10 5]0 d}{}\hbox{\Huge szöveg}


szöveg
\wd\transbox
\dp\transbox
\ht\transbox


Az eddigi parancsokban a méretek megadásánál ezekkel hivatkozhatunk a ⟨doboz⟩ ere-
deti szélességére, mélységére illetve magasságára.
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\boxinfo\hbox{⟨doboz⟩}
Kiírja a ⟨doboz⟩ méreteit. Például


\boxinfo\hbox{gggggggggggggggggggggggggggggggggggggggggg}


gggggggggggggggggggggggggggggggggggggggggg


\hbox
wd 246.68976pt
ht 5.1654pt
dp 2.33276pt


13.8. Doboz méreteinek nullázása


\smash{⟨szöveg⟩} ∈ mathtools


A létrehozott dobozt megjeleníti, de annak teljes magasságát 0 pt-nak tekinti. Például
\setlength{\fboxsep}{0pt}
\fbox{g} \fbox{\smash{g}}


g g
\smash[t]{⟨szöveg⟩} ∈ mathtools


A létrehozott dobozt megjeleníti, de úgy kezeli, mintha annak magassága 0 pt lenne.
Például


\setlength{\fboxsep}{0pt}
\fbox{g} \fbox{\smash[t]{g}}


g g
\smash[b]{⟨szöveg⟩} ∈ mathtools


A létrehozott dobozt megjeleníti, de úgy kezeli, mintha annak mélysége 0 pt lenne.
Például


\setlength{\fboxsep}{0pt}
\fbox{g} \fbox{\smash[b]{g}}


g g
\llap{⟨szöveg⟩}
A létrehozott dobozt úgy kezeli, mintha annak szélessége 0 pt lenne. A doboz tartalmát
a doboz bal oldalára illeszti. Tehát
⟨doboz1⟩\llap{⟨szöveg⟩}⟨doboz2⟩


esetén a ⟨doboz1⟩ után közvetlenül a ⟨doboz2⟩ van, hiszen a ⟨szöveg⟩ doboz szélessége 0 pt.
A ⟨szöveg⟩ doboz úgy jelenik meg, hogy annak jobb oldala a ⟨doboz1⟩ jobb oldalához
van illesztve. Például


xxxxxxxxxxxxxxx\llap{\rule[0.5ex]{2cm}{0.4pt}}yyyyy
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xxxxxxxxxxxxxxxyyyyy


A \mathllap ∈ mathtools parancs ugyanúgy használható, mint az \llap, csak mate-
matikai módban (lásd később).
\rlap{⟨szöveg⟩}
A létrehozott dobozt úgy kezeli, mintha annak szélessége 0 pt lenne. A doboz tartalmát
a doboz jobb oldalára illeszti. Tehát
⟨doboz1⟩\rlap{⟨szöveg⟩}⟨doboz2⟩


esetén a ⟨doboz1⟩ után közvetlenül a ⟨doboz2⟩ van, hiszen a ⟨szöveg⟩ doboz szélessége
0 pt. A ⟨szöveg⟩ doboz úgy jelenik meg, hogy annak bal oldala a ⟨doboz2⟩ bal oldalához
van illesztve. Például


xxxxxxxxxxxxxxx\rlap{\rule[0.5ex]{2cm}{0.4pt}}yyyyy


xxxxxxxxxxxxxxxyyyyy


A \mathrlap ∈ mathtools parancs ugyanúgy használható, mint az \rlap, csak mate-
matikai módban (lásd később).
\clap{⟨szöveg⟩}
A létrehozott dobozt úgy kezeli, mintha annak szélessége 0 pt lenne. A doboz tartalmát
a doboz közepére illeszti. Tehát
⟨doboz1⟩\clap{⟨szöveg⟩}⟨doboz2⟩


esetén a ⟨doboz1⟩ után közvetlenül a ⟨doboz2⟩ van, hiszen a ⟨szöveg⟩ doboz szélessége
0 pt. A ⟨szöveg⟩ doboz úgy jelenik meg, hogy annak közepe a ⟨doboz1⟩ jobb oldalához
van illesztve. Például


xxxxxxxxxxxxxxx\clap{\rule[0.5ex]{2cm}{0.4pt}}yyyyy


xxxxxxxxxxxxxxxyyyyy


Megjegyezzük, hogy a \clap parancs 2020. októbere előtt telepített TEX-rendszerek
esetén csak a mathtools csomag betöltésével érhető el.


A \mathclap ∈ mathtools parancs ugyanúgy használható, mint az \clap, csak ma-
tematikai módban (lásd később).


13.9. Láthatatlan dobozok


\phantom{⟨szöveg⟩}
A létrehozott doboz úgy viselkedik, mintha láthatatlan betűkkel íródott volna. Például


Ð \noindent Ez most látszik,\\
\phantom{most nem látszik,}
most megint látszik.


Ez most látszik,
most megint látszik.


\vphantom{⟨szöveg⟩}
Létrehoz egy ⟨szöveg⟩ teljes magasságával megegyező teljes magasságú, 0 pt szélességű
ún. gyámfát. A ⟨szöveg⟩ nem jelenik meg. Például
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\setlength{\fboxsep}{0pt}
\fbox{g} \fbox{\vphantom{g}}


g
\hphantom{⟨szöveg⟩}
Létrehoz egy ⟨szöveg⟩ szélességével megegyező szélességű, 0 pt magasságú és 0 pt mély-
ségű dobozt. A ⟨szöveg⟩ nem jelenik meg. Például


\setlength{\fboxsep}{0pt}
\fbox{g} \fbox{\hphantom{g}}


g


13.10. Dobozok halmozása


Dobozok halmozására a stackengine csomagot használhatjuk.
\Shortstack[⟨igazítás⟩]{⟨dobozlista⟩}
A ⟨dobozlista⟩ elemeit egymás alá helyezi úgy, hogy a dobozok függőlegesen egyforma
távolságokra vannak egymástól (alapesetben 3pt), továbbá az utolsó listaelem helyezke-
dik el a környező szöveg alapvonalán. A ⟨dobozlista⟩ elemeit szóközökkel kell elválasztani.
Ha egy listaelem szóközt vagy parancsot tartalmaz, akkor kapcsos zárójelek közé kell
tenni. Az ⟨igazítás⟩ aszerint lehet c, l vagy r, hogy a dobozokat középre, balra vagy
jobbra akarjuk igazítani (alapértéke c). Például


xxxxx
\Shortstack[r]{a bb ccc dddd yyyyy} xxxxx
\Shortstack{a bb ccc dddd yyyyy} xxxxx
\Shortstack[l]{a bb ccc dddd yyyyy} xxxxx


xxxxx yyyyy
dddd
ccc
bb
a


xxxxx yyyyy
dddd
ccc
bb
a


xxxxx yyyyy
dddd
ccc
bb
a


xxxxx


xxxxx \Shortstack{{\LaTeX} {Plain \TeX}} xxxxx


xxxxx Plain TEX
LATEX


xxxxx


\Shortunderstack[⟨igazítás⟩]{⟨dobozlista⟩}
Úgy működik, mint a \Shortstack, de ekkor az első listaelem helyezkedik el a környező
szöveg alapvonalán. Például


xxxxx \Shortunderstack{{\LaTeX} {Plain \TeX}} xxxxx


xxxxx LATEX
Plain TEX


xxxxx
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\def\Sstackgap{⟨távolság⟩}
A \Shortstack és \Shortunderstack parancsokban a dobozok alapesetben 3pt távol-
ságra vannak egymástól. Ezzel a paranccsal ez átállítható ⟨távolság⟩ értékre. Például


\def\Sstackgap{5pt}
xxxxx \Shortstack{a bb ccc dddd yyyyy} xxxxx


xxxxx yyyyy
dddd
ccc
bb
a


xxxxx


\Longstack[⟨igazítás⟩]{⟨dobozlista⟩}
Úgy működik, mint a \Shortstack, de ekkor a dobozok alapvonalai lesznek egymástól
azonos távolságra (alapértéke \normalbaselineskip). Például


xxxxx
\Longstack[r]{a bb ccc dddd yyyyy} xxxxx
\Longstack{a bb ccc dddd yyyyy} xxxxx
\Longstack[l]{a bb ccc dddd yyyyy} xxxxx


xxxxx yyyyy
dddd
ccc
bb
a


xxxxx yyyyy
dddd
ccc
bb
a


xxxxx yyyyy
dddd
ccc
bb
a


xxxxx


\Longunderstack[⟨igazítás⟩]{⟨dobozlista⟩}
Úgy működik, mint a \Longstack, de ekkor az első listaelem helyezkedik el a környező
szöveg alapvonalán. Például


xxxxx \Longunderstack{{\LaTeX} {Plain \TeX}} xxxxx


xxxxx LATEX
Plain TEX


xxxxx


\def\Lstackgap{⟨távolság⟩}
A \Longstack és \Longunderstack parancsokban a dobozok alapvonalai alapesetben
\normalbaselineskip távolságra vannak egymástól. Ezzel a paranccsal ez átállítható
⟨távolság⟩ értékre. Például


\def\Lstackgap{.5\normalbaselineskip}
xxxxx \Longstack{a bb ccc dddd yyyyy} xxxxx


xxxxx yyyyyddddcccbba


xxxxx


\def\useanchorwidth{T}


Alapesetben a halmozott dobozokat tartalmazó doboz szélessége a legszélesebb doboz-
elem szélessége lesz. Ezzel a paranccsal a környező szöveg alapvonalán elhelyezkedő
dobozelem szélességét veszi fel. Például
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xxxxx \Shortunderstack{{\LaTeX} {Plain \TeX}} xxxxx
\def\useanchorwidth{T}%
\Shortunderstack{{\LaTeX} {Plain \TeX}} xxxxx


xxxxx LATEX
Plain TEX


xxxxx LATEX
Plain TEX


xxxxx







14. fejezet


Verbatim, programkód, URL


14.1. Verbatim


A verbatim olyan része a forrásállománynak, melynek egyik része sem értelmeződik,
nem fordítódik le, hanem úgy jelenik meg a dokumentumban, mint a forrásállomány-
ban. Ha a verbatim szöveg nem hosszabb egy input sornál, akkor használja a következő
parancsot:
\verb|⟨verbatim szöveg⟩|
\verb*|⟨verbatim szöveg⟩|
A | határolójel lehet bármely más, szóköztől és *-tól különböző ASCII karakter, ami
nem szerepel a verbatim szövegben. Ha ASCII betű a határolójel, akkor a \verb és
ezen betű közé tegyen szóközt. Például


Ð \verb|\LaTeX\ könyv|\\
\verb+\LaTeX\ kód+


\LaTeX\ könyv
\LaTeX\ kód


Ha \verb helyett \verb* parancsot ír, akkor az eredményben a szóközök helyén ␣ jelenik
meg. Például


Ð \verb*|\LaTeX\ könyv|\\
\verb*+\LaTeX\ kód+


\LaTeX\␣könyv
\LaTeX\␣kód


A \verb illetve \verb* parancsok nem tehetők más parancsok argumentumába. Ha egy
input sornál többet ír be verbatimként, akkor verbatim vagy verbatim* környezetet
használjon. Például


Ð \begin{verbatim}
\LaTeX\ könyv
\LaTeX\ kód
\end{verbatim}


\begin{verbatim*}
\LaTeX\ könyv
\LaTeX\ kód


187
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\end{verbatim*}


\LaTeX\ könyv
\LaTeX\ kód


\LaTeX\␣könyv
\LaTeX\␣kód


Ezek a környezetek nem tehetők parancsok argumentumába.
Mindezeket még rugalmasabban tehetjük meg a fancyvrb csomaggal. A csomag


használatát nem részletezzük, a dokumentációjában mindent megtalál az Olvasó. Csak
egy példán illusztráljuk a tudását (az xcolor csomag használata mellett) :


Ð \begin{Verbatim}[formatcom={\color{cyan}\footnotesize},
showspaces,frame=single,rulecolor=\color{red},numbers=left]
\LaTeX\ könyv
\LaTeX\ kód
\end{Verbatim}


1 \LaTeX\␣könyv
2 \LaTeX\␣kód


A Verbatim környezet nem tehető parancs argumentumába. Sem a verbatim sem a
Verbatim környezetek nem ágyazható egymásba. Például az alábbi kód hibás:


\begin{verbatim}
\begin{verbatim}
...
\end{verbatim}
\end{verbatim}


De a verbatim beágyazható a Verbatim környezetbe vagy fordítva:
\begin{Verbatim}
\begin{verbatim}
...
\end{verbatim}
\end{Verbatim}


Ha valamilyen verbatim parancsot más parancs argumentumába kell tenni, akkor erre
a fancyvrb csomag ad megoldást a következők használatával :
\SaveVerb{⟨név⟩}|⟨verbatim szöveg⟩| ∈ fancyvrb
\UseVerb[⟨opciók⟩]{⟨név⟩} ∈ fancyvrb


Itt a | határolóra hasonló a szabály, mint a \verb parancsnál. Az ⟨opciók⟩ ugyanazok
lehetnek, mint a Verbatim környezetnél. Például, ha széljegyzetbe akarunk verbatim
szöveget tenni, akkor a következőt tehetjük:


\SaveVerb{latex}|\LaTeX\ könyv|
\marginpar{\UseVerb[formatcom={\tiny},showspaces]{latex}}


Lábjegyzetre is jó az előző megoldás, csak ekkor \marginpar helyett a \footnote pa-
rancsot kell beírni. De lábjegyzet esetére a fancyvrb csomag egyszerűbb megoldást is
ad. Ha beírja a
\VerbatimFootnotes ∈ fancyvrb
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parancsot, akkor utána verbatim használható \footnote parancs argumentumában,
azaz például ez a kód is működik:


\footnote{\verb|\LaTeX\ könyv|}


A fancyvrb csomagnak van egy kiterjesztése is, az fvextra csomag, amely számos
új opciót és parancsot definiál, például a breaklines opciót, amely lehetővé teszi a
túl hosszú verbatim sorok megtörését. Az fvextra csomag automatikusan betölti a
fancyvrb csomagot is.


14.2. Verbatim szöveg kiírása fájlba
Ha azt akarja, hogy fordítás közben egy LATEX-kód ne értelmeződjön, hanem egy fájlba
legyen elmentve, akkor használja a filecontents* környezetet overwrite opcióval :
\begin{filecontents*}[overwrite]{⟨fájlnév⟩}
Például


\begin{filecontents*}[overwrite]{pelda.tex}
\LaTeX
\end{filecontents*}


hatására a létrejön egy pelda.tex fájl az aktuális mappában, aminek a tartalma
\LaTeX


lesz. Ha már korábban létezett a pelda.tex fájl, akkor annak tartalmát felülírja és erről
egy figyelmeztetést is kap a konzolon. Ha nem akarja ezt a figyelmeztetést, akkor az
overwrite mellett használja a nowarn opciót is.


További lehetőségeket tartalmaz erre a feladatra a newfile és az answers csomagok.


14.2.1. A newfile csomag


\newoutputstream{⟨streamnév⟩} ∈ newfile
\openoutputfile{⟨fájlnév⟩}{⟨streamnév⟩} ∈ newfile
\begin{writeverbatim}{⟨streamnév⟩} ∈ newfile
\closeoutputstream{⟨streamnév⟩} ∈ newfile


A writeverbatim környezet nem tehető parancs argumentumába. Ezen parancsok hasz-
nálatát a következő kóddal szemléltethetjük:


\newoutputstream{proba}
\openoutputfile{minta.tex}{proba}
AAA
\begin{writeverbatim}{proba}
Ezt verbatimként kimenti a \texttt{minta.tex}-be,
\end{writeverbatim}
BBB
\begin{writeverbatim}{proba}
majd ezt hozzáfűzi.
\end{writeverbatim}
CCC
\closeoutputstream{proba}


Ebben a mentés folyamatának proba nevet adtunk, amely a minta.tex fájlba men-
ti el verbatim szövegként azon writeverbatim környezetek tartalmát, melyek argu-
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mentumában proba szerepel. Ha több ilyen környezet is van, akkor azok tartalmát
összefűzi. Ha korábban már létezett a minta.tex fájl, akkor annak tartalmát elő-
ször törli az \openoutputfile{minta.tex}{proba}. A mentés folyamatát lezárhatjuk a
\closeoutputstream{proba} paranccsal. Így tehát ezt a kódot lefordítva, az eredmény


AAA BBB CCC


lesz, továbbá létrejön egy minta.tex fájl a dokumentum mappájában, melynek tartalma
Ezt verbatimként kimenti a \texttt{minta.tex}-be,
majd ezt hozzáfűzi.


A következő paranccsal egy adott szöveget úgy menthet el egy fájlban, hogy a benne
található parancsokat kifejtse:
\addtostream{⟨streamnév⟩}{⟨szöveg⟩} ∈ newfile


Például
\newoutputstream{proba}
\openoutputfile{minta.tex}{proba}
\addtostream{proba}{\thepage}
\closeoutputstream{proba}


esetén a minta.tex fájlba bekerül az éppen aktuális oldal száma. Ha az \addtostream
parancsban a ⟨szöveg⟩ által tartalmazott parancsok valamelyikét nem akarja kifejteni,
akkor tegyen elé \protect parancsot. Például


\newoutputstream{proba}
\openoutputfile{minta.tex}{proba}
\addtostream{proba}{
\protect\section{Cím}
Aktuális szakaszszám: \thesection}


\closeoutputstream{proba}


esetén a minta.tex fájl tartalma a következő lesz:
\section{Cím}
Aktuális szakaszszám: 14.2


Ha létrehoz egy ⟨fájlnév⟩ fájlt az előző módon, akkor azt egy adott ponton be is töltheti
a forrásfájlba a következő paranccsal :
\input{⟨fájlnév⟩}
Például


\newoutputstream{proba}
\openoutputfile{minta.tex}{proba}
\begin{writeverbatim}{proba}
BBB
\end{writeverbatim}
\closeoutputstream{proba}
AAA
\input{minta.tex}


eredménye


AAA BBB







14.2. Verbatim szöveg kiírása fájlba 191


Az előző kódban az \input{minta.tex} csak a \closeoutputstream{proba} után állhat.
Ha már korábban szükség van a fájl betöltésére, akkor a következő kód használható:
\newinputstream{⟨streamnév⟩} ∈ newfile
\openinputfile{⟨fájlnév⟩}{⟨streamnév⟩} ∈ newfile
\readstream{⟨streamnév⟩} ∈ newfile
\closeinputstream{⟨streamnév⟩} ∈ newfile


ahol a ⟨streamnév⟩ nem ugyanaz, mint output esetén, de a ⟨fájlnév⟩ igen. Például
\newinputstream{probainput}
\openinputfile{minta.tex}{probainput}
\readstream{probainput}
\closeinputstream{probainput}
AAA
\newoutputstream{proba}
\openoutputfile{minta.tex}{proba}
\begin{writeverbatim}{proba}
BBB
\end{writeverbatim}
\closeoutputstream{proba}


eredménye


BBB
AAA


Ennek a megoldásnak a hátránya, hogy az első fordításnál hibát fog jelezni, mert ekkor
még nem találja a minta.tex fájlt, de ez a második fordításnál megszűnik. Ha az első
fordításnál sem szeretne hibát kapni, akkor gépelje be a következőt a preambulum
elejére:
\usepackage{silence}
\ErrorsOff*


Az előbb leírtak jól használhatók például a következő esetben. Az a feladata, hogy
írjon egy példatárat úgy, hogy a megoldások külön kötetben szerepeljenek. A feladatok
számozását automatikusra kell állítani (lásd később), hiszen előfordulhat, hogy már
begépelt két feladat közé kell beékelni egy harmadikat. Ilyenkor a számozások elcsúsz-
nának. A probléma az, hogy ilyen beékelések esetén a megoldásoknál is meg kell keresni
a beszúrási pontot. Ez gyakorlatilag átláthatatlan káoszt és sok hibát okozna egy idő
után. A megoldás az, hogy egy feladat begépelése után ugyanazon forrásállományba
kell gépelni a megoldást is writeverbatim környezetbe. Fordítás után csak a felada-
tok jelennek meg, míg a megoldások forráskódja helyes sorrendben egy külön fájlban
lesznek, melyből a megoldáskötet is elkészíthető.


14.2.2. Az answers csomag


\Opensolutionfile{⟨streamnév⟩}[⟨fájlnév⟩] ∈ answers
\Closesolutionfile{⟨streamnév⟩} ∈ answers
\begin{Filesave}{⟨streamnév⟩} ∈ answers
\Newassociation{⟨verbatim környezet⟩}{⟨környezet⟩}{⟨streamnév⟩} ∈ answers
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Ha a ⟨fájlnév⟩ nincs megadva opcióként, akkor az megegyezik a ⟨streamnév⟩-vel. Például
az előző kóddal azonos hatást érünk el, ha az answers csomagot betöltve, a következő
kódot használja:


\Opensolutionfile{minta}
AAA
\begin{Filesave}{minta}
Ezt verbatimként kimenti a \kodx{minta.tex}-be,
\end{Filesave}
BBB
\begin{Filesave}{minta}
majd ezt hozzáfűzi.
\end{Filesave}
\Closesolutionfile{minta}
CCC


Ha a minta.tex fájlt például a sections almappába akarja menteni, akkor módosítsa
így az előző kód első sorát:


\Opensolutionfile{minta}[sections/minta]


A \Newassociation ∈ answers paranccsal további lehetőségek is vannak. Például
\Newassociation{solution}{megoldas}{megold}
\def\megoldaslabel{\textbf{Megoldás.}}
\Opensolutionfile{megold}
AAA
\begin{solution}
BBB
\end{solution}
\Closesolutionfile{megold}
\input{megold}


Ennek hatására létrejön egy solution és egy megoldas nevű környezet. A solution
környezetbe rakott kód verbatimként kiíródik a megold.tex fájlba, de ennek tartalmát
megoldas környezetbe rakja. Tehát az előző kód hatására a megold.tex tartalma a
következő lesz:


\begin{megoldas}{}
BBB
\end{megoldas}


Fordítás után az eredmény:


AAA


Megoldás. BBB


Az előző kódban, ha a megoldas környezet már korábban definiált volt, akkor azt nem
definiálja felül, de ekkor a \megoldasparams parancsot hatástalanítani kell. Például


\newtheorem{megoldas}{Megoldás}
\Newassociation{solution}{megoldas}{megold}
\def\megoldasparams{}
\Opensolutionfile{megold}
AAA
\begin{solution}
BBB
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\end{solution}
\Closesolutionfile{megold}
\input{megold}


Ennek eredménye:


AAA


1. Megoldás. BBB


14.3. Programkódok
Különböző programnyelvek kódjainak megjelenítésére alkalmas a listings és minted
csomagok.


14.3.1. A listings csomag


\lstinline[⟨opciók⟩]⟨határoló⟩⟨kód⟩⟨határoló⟩ ∈ listings
\begin{lstlisting}[⟨opciók⟩] ∈ listings
⟨kód⟩
\end{lstlisting}
\lstinputlisting[⟨opciók⟩]{⟨kódot tartalmazó fájl⟩} ∈ listings


Az \lstinline sorközi kód esetén alkalmazható, melyben a ⟨határoló⟩ hasonlóan adható
meg, mint a \verb esetén. Ugyanakkor ⟨határoló⟩-ként kapcsos zárójel is használható,
mint a paraméteres parancsokban, kivéve táblázatokban.


Az ⟨opciók⟩ a következő parancsban is megadhatók:
\lstset{⟨opciók⟩} ∈ listings


Vannak olyan opciók, melyek értékében szerepelhetnek a [ illetve ] jelek. Például
language=[Sharp]C. Ez az \lstset parancsba rakható minden gond nélkül


\lstset{language=[Sharp]C}


de az \lstinline, \lstinputlisting parancsok illetve lstlisting környezet opciói közé
már nem. Ebben az esetben az értéket kapcsos zárójelek közé kell tenni. Például


\lstinputlisting[language={[Sharp]C}]{code.pas}


Az lstlisting környezet és \lstinline, \lstinputlisting parancsok nem tehetők pa-
rancs argumentumába.


Az \lstinputlisting parancs használatakor a programkódot tartalmazó fájl legyen
ugyanolyan kódolású, mint a tex forrásállomány.


A listings csomag 1 bájtos kódolást tud kezelni. Így ha Latin-2 kódolással dol-
gozunk, akkor a programkódban található ékezetes betűk jól fognak megjelenni. De
UTF-8 esetén, ha a programkódban ékezetes betűket vannak, akkor a fordítás hibás
lesz. Ekkor listings helyett használja a listingsutf8 csomagot. A csomag betöltése
után írja be a következő kódot:
\lstset{inputencoding=utf8/latin2} ∈ listingsutf8


Ezután a listingsutf8 csomag az \lstinputlisting parancs használatakor ponto-
san úgy működik, mint a listings, csak először az UTF-8 kódolású karaktereket
Latin-2-re konvertálja. Sajnos a listingsutf8 nem működik \lstinline parancs illetve
lstlisting környezet esetén. Ebben az esetben inkább használja a következő kódot:
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\lstset{literate={ö}{{\"o}}1{ü}{{\"u}}1{ó}{{\'o}}1{ő}{{\H o}}1{ú}{{\'u}}1
{ű}{{\H u}}1{é}{{\'e}}1{á}{{\'a}}1{í}{{\'i}}1{Ö}{{\"O}}1{Ü}{{\"U}}1
{Ó}{{\'O}}1{Ő}{{\H O}}1{Ú}{{\'U}}1{Ű}{{\H U}}1{É}{{\'E}}1{Á}{{\'A}}1
{Í}{{\'I}}1}


Ez a magyar ékezetes betűket parancs formátumra konvertálja, ami megoldja a prob-
lémát.


Opciók ♦ Tekintsük át az előbbi parancsok opcióit. Az értékekben szereplő színekre
vonatkozó kódok az xcolor csomag betöltésével működnek.


basicstyle=⟨stílus⟩ Kód fontjai. Például
basicstyle=\small\ttfamily


columns=⟨érték⟩ Ha a kód fontjai változó szélességűek, akkor is van lehetőség a kód
oszlopos elrendezésére. Ekkor az ⟨érték⟩ legyen fixed (alapérték). Ha azt akarja,
hogy minden karakter a természetes szélességében jelenjen meg, akkor az ⟨érték⟩
legyen fullflexible. Mindkét esetben a szóközök számát és méretét rugalmasan
kezeli.


keepspaces Az előző opcióban láttuk, hogy a szóközök száma a végeredményben nem
biztosan annyi, mint a forrásban. Ha ez nem kívánatos eredményt ad, akkor
használjuk ezt az opciót. Ekkor pontosan annyi szóköz lesz, amennyit a forrásba
tettünk és a tabulátorok helyére is szóközöket rak.


breaklines Hosszú sorok törése (soft wrap).
postbreak=\hbox{⟨jel⟩} Hosszú sorok törése utáni jel. Például jobbra mutató piros nyíl


esetén
postbreak=\hbox{\textcolor{red}{\rightarrowfill}}


prebreak=\hbox{⟨jel⟩} Ugyanaz, mint előbb, csak a sorok törése elé tesz egy jelet.
breakindent=⟨hossz⟩ Hosszú sorok törése után, a következő sor behúzásának mértéke.


Például
breakindent=10pt


gobble=⟨szám⟩ A kód sorainak első ⟨szám⟩ darab karakterét nem veszi figyelembe. Az
\lstinline parancsban hatástalan.


backgroundcolor=⟨szín⟩ Háttérszín. Például
backgroundcolor=\color{red}


xleftmargin=⟨hossz⟩ Szövegtükör bal széle és a kód bal széle közötti távolság. Például
xleftmargin=1cm


xrightmargin=⟨hossz⟩ Szövegtükör jobb széle és a kód jobb széle közötti távolság.
linewidth=⟨hossz⟩ Szövegtükör bal széle és a kód jobb széle közötti távolság.
showspaces Szóköz ␣ módon jelölve.
showtabs Tabulátort jelöli.
tabsize=⟨szóközszám⟩ Tabulátor mérete ⟨szóközszám⟩ darab szóköz. Például


tabsize=2


tab=⟨jel⟩ Tabulátor jele. Például
tab=\rightarrowfill
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numbers=⟨típus⟩ Kód sorainak számozása. Ha a ⟨típus⟩ none (alapértelmezés), akkor
nincs számozás, ha left, akkor bal oldalon van számozás, ha right, akkor jobb
oldalon van számozás.


numberstyle=⟨stílus⟩ A sorszámok fontjainak beállítása. A számlálója lstnumber. Pél-
dául
numberstyle=\tiny


numbersep=⟨hossz⟩ A sorszám és a kód távolsága.
stepnumber=⟨egész szám⟩ Például


stepnumber=2


esetén csak minden második sorszám jelenik meg.
firstnumber=⟨egész szám⟩ Például


firstnumber=100


esetén a kód első sorának száma 100. Az ⟨egész szám⟩ helyére last írva, kezdéskor
nem nullázódik a számláló, így ilyenkor az előző kód számozását folytatja.


frame=⟨érték⟩Keretvonalak rajzolása. Az érték a trblTRBL bármilyen részhalmaza lehet.
t : fent, b : lent, r : jobbra, l : balra (a nagybetűk jelentése hasonló, de dupla
vonalat húznak). Lehet még shadowbox és none is az érték. Például, ha fent és bal
oldalon akarunk vonalat húzni, akkor
frame=tl


frameround=⟨érték⟩ Keretsarkok stílusa. Az érték a ttttffff bármilyen négyelemű rész-
halmaza lehet. t : kerekített sarok, f : derékszögű sarok. Sorrend: jobb felső sa-
roktól negatív forgási irányban. Például
frameround=tftf


framerule=⟨hossz⟩ Keret vonalának vastagsága.
framesep=⟨hossz⟩ Keret és kód közötti távolság.
rulesep=⟨hossz⟩ Keret dupla vonalai közötti távolság.
rulecolor=⟨szín⟩ Keret vonalának színe. Például


rulecolor=\color{red}


rulesepcolor=⟨szín⟩ A dupla keretvonalak közötti területnek a színét ezzel állíthatjuk
be.


fillcolor=⟨szín⟩ Keret és kód közötti szín.
literate={⟨mit⟩}{{⟨mire⟩}}⟨szám⟩ A programkódban található ⟨mit⟩ helyére a ⟨mire⟩


LATEX-kód kifejtését teszi úgy, hogy az eredményben ⟨szám⟩ karakternyi helyet
foglal el. Például, ha a kódban található <= helyére ≤, illetve >= helyére ≥ jeleket
akarunk tenni, akkor írjuk ezt:
literate={<=}{{$\leq$}}1{>=}{{$\geq$}}1


escapeinside={⟨innen⟩}{⟨eddig⟩} Például
escapeinside={(*}{*)}


esetén a kódban található
(* \pounds *)


helyén a végeredményben £ lesz, azaz (* és *) jelek közötti LATEX-parancs ki
lesz fejtve. Ez az opció nem használható \lstinline esetén. Ezt a problémát úgy
lehet megoldani, hogy a listings (vagy listingsutf8) csomag betöltése után a
következőket írja a preambulumba:
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\usepackage{etoolbox}
\makeatletter
\patchcmd{\lsthk@TextStyle}{\let\lst@DefEsc\@empty}{}{}{}
\makeatother


language=⟨programnyelv⟩ Programnyelv kulcsszavainak, megjegyzéseinek a kiemelését
tölti be. A definiált nyelvek listája megtalálható a csomag leírásában. Például
language=Delphi


Saját nyelvet így lehet definiálni :
\lstdefinelanguage{⟨név⟩}{⟨opciók⟩}
(⟨opciók⟩ lásd később.) Vannak olyan előre definiált nyelvek, melyeknek több dia-
lektusa van. Például C# esetén így kell betölteni :
language=[Sharp]C


Az előre definiált nyelvek dialektusainak listája megtalálható a csomag leírásában.
Ha korábban betöltött nyelvek kiemelését törölni akarjuk, akkor ezt használja:
language={}


Ha a későbbiekben ismertetett opciókkal is beállít kiemelést, akkor azt a language
opció után tegye, különben a language felülbírálhatja.


keywords=[⟨osztály⟩]{⟨lista⟩} Az ⟨osztály⟩ számú osztályba tartozó kiemelendő kulcssza-
vak listája, mely a ⟨lista⟩-ban van felsorolva, vesszővel elválasztva. Az ⟨osztály⟩
egy pozitív egész szám. Az [1] elhagyható. Például
keywords={begin,end}


vagy
keywords=[2]{procedure,function}


morekeywords=[⟨osztály⟩]{⟨lista⟩} Az ⟨osztály⟩ számú osztály kulcsszavainak listáját ez-
zel lehet bővíteni. Az [1] elhagyható.


keywordstyle=[⟨osztály⟩]⟨stílus⟩ Az ⟨osztály⟩ számú osztály kulcsszavainak stílusa. Az
[1] elhagyható. Például
keywordstyle=[2]\bfseries


comment=[s][⟨stílus⟩]{⟨ettől⟩}{⟨eddig⟩} Megjegyzés kiemelése. Ezzel az opcióval a ko-
rábban beállított megjegyzés stílusok törlődnek. Ha comment helyett morecomment
opciót használ, akkor a korábbi megjegyzés beállítások megmaradnak. Például
comment=[s][\itshape\color{red}]{/*}{*/}


esetén a kódban található /*...*/ részt az adott stílusban jeleníti meg, beleértve
a /* és */ határolójeleket is.


comment=[n][⟨stílus⟩]{⟨ettől⟩}{⟨eddig⟩} Ugyanaz, mint az előbb, de itt a megjegyzések
egymásba ágyazhatók.


comment=[l][⟨stílus⟩]{⟨ettől⟩} Egysoros megjegyzések kiemelése. A korábban beállított
megjegyzés stílusok törlődnek. Ha comment helyett morecomment opciót haszná-
lunk, akkor a korábbi megjegyzés beállítások megmaradnak. Például
comment=[l][\itshape\color{red}]{//}


esetén a // jeltől az adott sor az adott stílusú lesz, beleértve a // jelet is.
commentstyle=⟨stílus⟩ Például, ha


comment=[l]{//}
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módon definiált megjegyzést, akkor alapból dőlt betűvel fog megjelenni. Ezt a
stílust utólag ezzel az opcióval módosíthatja. Például
commentstyle=\itshape\color{green}


delim=[s][⟨stílus⟩]{⟨ettől⟩}{⟨eddig⟩} A határolójelek közötti rész kiemelése. A koráb-
ban beállított delim stílusok törlődnek. Ha delim helyett moredelim opciót hasz-
nálunk, akkor a korábbi delim beállítások megmaradnak. Például
delim=[s][\color{red}]{"}{"}


esetén a kódban található "..." részt az adott stílusban jeleníti meg, beleértve a
" határolójeleket is.


delim=[is][⟨stílus⟩]{⟨ettől⟩}{⟨eddig⟩} Az előzőtől annyiban különbözik, hogy ekkor a
határolójelek nem jelennek meg.


alsoletter={⟨karaktersorozat⟩} Például, ha a \chapter és \section szavakat kulcsszó-
ként akarjuk definiálni, akkor ehhez először a \ karaktert betűre kell állítani az
alsoletter={\\}


opcióval. Ezután a
morekeywords={\\chapter,\\section}


opcióval definiálhatja a kulcsszavakat.
style=⟨stílusnév⟩ Előre definiált stílust hív meg. Stílus definiálása a következő pa-


ranccsal történik:
\lstdefinestyle{⟨stílusnév⟩}{⟨opciók⟩}


title={⟨kódcím⟩} Kód címe sorszám nélkül. Ez nem kerül be a kódok jegyzékébe.
caption={⟨kódcím⟩} Kód címe sorszámmal, címkével. Ha címkének például a „kód” szót


szeretné, akkor használja ezt a parancsot:
\def\lstlistingname{kód}


Ha magyar nyelvű dokumentumot ír, akkor még töltse be a caption csomagot
is. Ezután a cím így jelenik meg: „1. kód. . . . ” vagy „1.1. kód. . . . ”. Ennek a
számlálója lstlisting. A cím bekerül a kódok jegyzékébe.


nolol Számozott kód ne kerüljön be a kódok jegyzékébe.
numberbychapter=false A kódok számozása ne a fejezetszámmal együtt történjen.
label={⟨címke⟩}Kereszthivatkozás címkéje. Ezt a \label parancs helyett kell használni.


A parancs azért nem használható, mert azt a LATEX már a programkód részének
tekintené.


Példák ♦


Ð \begin{lstlisting}[language=Delphi,basicstyle=\footnotesize]
function Trim(s:string):string;
var i:integer;
begin
result:='';
for i:=1 to length(s) do if s[i]<>' '
then result:=result+s[i];
end;
\end{lstlisting}



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe138.html
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function Trim( s : string ) : string ;
var i : i n t e g e r ;
begin
r e s u l t := ' ' ;
for i :=1 to length ( s ) do i f s [ i ]<> ' ␣ '
then r e s u l t := r e s u l t+s [ i ] ;
end ;


A következő példához be kell tölteni az xcolor és caption csomagokat is.


Ð \def\lstlistingname{kód}
\lstset{language=Delphi,basicstyle=\footnotesize,
keywordstyle=\bfseries\color{blue},numbers=left,
frame=tRBl,frameround=tftt}


\begin{lstlisting}[caption={Trim függvény},label={kod-trim}]
function Trim(s:string):string;
var i:integer;
begin
result:='';
for i:=1 to length(s) do if s[i]<>' '
then result:=result+s[i];
end;
\end{lstlisting}
\Aref{kod-trim}.~kódban \dots


1. kód. Trim függvény� �
1 function Trim( s : string ) : string ;
2 var i : i n t e g e r ;
3 begin
4 r e s u l t := ' ' ;
5 for i :=1 to length ( s ) do i f s [ i ]<> ' ␣ '
6 then r e s u l t := r e s u l t+s [ i ] ;
7 end ;�
Az 1. kódban . . .


A magyar.ldf és a listings csomag együttes használata esetén, ha aktív karakter
(:;!?`) van egy címben (\title, \author, \chapter, \section, stb.) vagy egy \label-
ben, akkor a kód betöltésénél hibával leállhat a fordítás. Egy lehetséges megoldás a
magyar.ldf betöltésekor az aktív karakterek kikapcsolása az active=onlycs illetve az
activespace=none opciók beírásával :


\PassOptionsToPackage{defaults=hu-min,active=onlycs,activespace=none}
{magyar.ldf}


Ez nem a legszerencsésebb megoldás, mert ezzel a magyar tipográfiában kötelező kis
szóköz a :;!? jelek előtt nem fog megjelenni. Szerencsésebb (bár körülményesebb) meg-
oldás, hogy a címben szereplő :;!? karakterek elé \kern.1em\string parancsot, míg `
elé \shu parancsot teszünk. A \label parancsban megadott címkében az aktív karak-
tereket törölje vagy cserélje például kötőjelre.



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe139.html
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14.3.2. A minted csomag


Programkódok kiíratására a minted csomag is használható, de ez a listings csomagtól
eltérően egy Python könyvtárat vesz igénybe. Ezért a használatához először telepíteni
kell a Python rendszert. Amennyiben TeXfireplace keretrendszert használ, akkor erre
nincs szükség, mert az alapból tartalmazza. Szintén nincs szükség kiegészítésre
használata esetén.


Ha a babel csomag magyar opcióját használja, akkor lehetséges, hogy a ` jel aktív,
ami a minted csomag esetén bizonyos esetekben problémát jelenthet. Ennek megoldá-
sára használja a magyar.ldf active=onlycs opcióját (lásd a 3.4. szakaszt).


A programkódok kiíratása a következő parancsokkal történhet:
\mintinline[⟨opciók⟩]{⟨nyelv⟩}⟨határoló⟩⟨kód⟩⟨határoló⟩ ∈ minted
\begin{minted}[⟨opciók⟩]{⟨nyelv⟩} ∈ minted
⟨kód⟩
\end{minted}
\inputminted[⟨opciók⟩]{⟨nyelv⟩}{⟨kódot tartalmazó fájl⟩} ∈ minted


Az \mintinline sorközi kód esetén alkalmazható, melyben a ⟨határoló⟩ hasonlóan adha-
tó meg, mint a \verb esetén. Ugyanakkor ⟨határoló⟩-ként kapcsos zárójel is használható,
mint a paraméteres parancsokban. Ez utóbbit kell használni, ha törékeny argumentum-
ba írjuk, például \section parancsba.


A ⟨nyelv⟩ a ⟨kód⟩ programnyelvének a neve. Ezek listája elérhető a Pygments oldalán.
Például


szöveg \mintinline{python}{print(x**2)} szöveg


szöveg print(x**2) szöveg


A ⟨kódot tartalmazó fáj⟩ neve egy parancssorban végrehajtott parancsot generál, így
a kellemetlen helyzeteket elkerülendő érdemes a fájlnévben a szóközöket mellőzni. A
hordozhatóság miatt ékezetes betűket sem érdemes a fájlnévben használni.


A lehetséges ⟨opciók⟩ közül felsorolunk néhányat:


style=⟨stílusnév⟩ Ez határozza meg a kiemelés színösszetételét. Az alapértelmezett
⟨stílusnév⟩ default. A definiált ⟨stílusnév⟩ lista elérhető a Pygments oldalán. Ha
egy ⟨stílusnév⟩ néhány elemét szeretné a LATEX-forrásban átdefiniálni, akkor az
xstring csomag betöltése után ezt például a következő módon teheti meg.
\makeatletter
\AddToHook{cmd/minted@patch@PygmentsStyledef/after}{%
\saveexpandmode%
\fullexpandarg%
\IfStrEq{\mintedtexoptvalueof{style}}{staroffice}{%
\def\PYG@tok@k{\let\PYG@bf\textbf%


\def\PYG@tc##1{\textcolor{red}{##1}}}%
}{}%


\restoreexpandmode}
\makeatother


Ekkor a staroffice stílusnév esetén a kulcsszavak pirossal és félkövéren lesznek
kiszedve. A további átdefiniálási lehetőségek a forrásfájl mappájában generált
_minted mappában található .minted és .style.minted kiterjesztésű fájlok elem-
zésével fedezhetőek fel.



https://www.python.org/

https://tibortomacs.github.io/texfireplace/

https://www.overleaf.com

https://pygments.org/languages/

https://pygments.org/styles/
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formatcom=⟨formázási parancsok⟩ A ⟨formázási parancsok⟩ a kód elején lesznek kifejtve.
Ezzel a kód betűtípusát is be lehet állítani. Például
formatcom=\footnotesize\itshape


fontfamily=⟨érték⟩ Beállítja a fontcsaládot. Lehetséges értékek: tt, courier, helvetica.
Alapértéke tt.


autogobble Ha a kód minden sora szóközökkel kezdődik, akkor a soreleji felesleges
szóközöket eltávolítja.


gobble=⟨szám⟩ Minden sor elején ⟨szám⟩ darab karaktert eltávolít.
baselinestretch=⟨szorzó⟩ A sortávolságot megszorozza a ⟨szorzó⟩ értékével.
linenos Sorok számozása. Ennek számlálója FancyVerbLine, így a sorszámok formázása


a \theFancyVerbLine parancs átdefiniálásával lehetséges. Például
\def\theFancyVerbLine{\textcolor{red}{\tiny\arabic{FancyVerbLine}}}


firstline=⟨szám⟩ A bemeneti kód hanyadik sorától jelenjen meg a kimenetben.
lastline=⟨szám⟩ A bemeneti kód hanyadik soráig jelenjen meg a kimenetben.
firstnumber=⟨szám⟩ Az első sorszám értéke.
numberblanklines=false Az üres sorok nem lesznek számozva.
numbersep=⟨távolság⟩ A sorszámok és a sorok eleje közötti távolság. Alapértéke 12pt.
showspaces A szóközök helyét megjelöli.
space=⟨szóköz jele⟩ A showspaces opció esetén ez lesz a szóköz jele. Alapértéke ␣, azaz


space=\textvisiblespace


tabsize=⟨szám⟩ A tabulátort ⟨szám⟩ darab szóközzel helyettesíti. Alapértéke 8.
xleftmargin=⟨távolság⟩ A kód bal margójának nagysága.
xrightmargin=⟨távolság⟩ A kód jobb margójának nagysága.
frame=single Bekeretezi a kódot.
framerule=⟨vastagság⟩ A keret vastagsága (alapértéke 0.4pt).
framesep=⟨távolság⟩ A keret és a kód közötti távolság (alapértéke \fboxsep).
rulecolor=⟨színnév⟩ A keret színének a neve.
highlightlines={⟨sorszámlista⟩} Kiemeli a megadott sorszámú sorokat. Például


highlightlines={1,3-5}


highlightcolor=⟨színnév⟩ A kiemelt sorok színének a neve (alapértéke LightCyan).
bgcolor=⟨színnév⟩ Háttér színe. Például


bgcolor=lightgray


breaklines Lehetővé teszi a kód túl hosszú sorainak a megtörését bármely szóköznél.
breaksymbolright=\hbox{⟨törésjel⟩} Ezt a jelet használja a breaklines opció a sortörés


jobb oldalán. Alapértéke üres.
breaksymbolleft=\hbox{⟨törésjel⟩} Ezt a jelet használja a breaklines opció a sortörés


bal oldalán. A ⟨törésjel⟩ alapértéke ↪→, aminek a kódja
\tiny\ensuremath{\hookrightarrow}


breakanywhere A breaklines opcióval együtt használva bármely karakternél megtör-
hető a sor, nem csak szóköznél. Ha a kód ékezetes betűket is tartalmaz, akkor
pdflatex fordító esetén nem biztos, hogy működni fog ez az opció. Ha xelatex
vagy lualatex fordítót használ, akkor nincs ilyen gond.


breakanywheresymbolpre=\hbox{⟨törésjel⟩} Ezt a jelet használja a breakanywhere opció
a sortörés bal oldalán. A ⟨törésjel⟩ alapértéke ⌋, aminek a kódja
\,\footnotesize\ensuremath{_\rfloor}
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breakanywheresymbolpost=\hbox{⟨törésjel⟩} Ezt a jelet használja a breakanywhere opció
a sortörés jobb oldalán. Alapértéke üres.


breakafter=⟨karakterek⟩ A breaklines opcióval együtt használva nemcsak szóköznél,
hanem a felsorolt ⟨karakterek⟩ bármelyikénél is megtörhető a sor. Speciális karak-
terek (foglalt karakter illetve az opciót jelölő szögletes zárójelek) esetén egy \
jelet kell elé tenni. Például
breakafter=-/\#


esetén a - / # jelek bármelyike és a szóköz után lehetséges sortörés.
breakafterinrun A breakafter opcióval együtt használva, ha a megadott karakterekből


több is előfordul közvetlenül egymás után egy csoportban, akkor csak a csoport
utolsó karaktere után lehetséges sortörés.


breakaftersymbolpre=\hbox{⟨törésjel⟩} Ezt a jelet használja a breakafter opció a sor-
törés bal oldalán. A ⟨törésjel⟩ alapértéke ⌋, aminek a kódja
\,\footnotesize\ensuremath{_\rfloor}


breakaftersymbolpost=\hbox{⟨törésjel⟩} Ezt a jelet használja a breakafter opció a
sortörés jobb oldalán. Alapértéke üres.


breakbefore=⟨karakterek⟩ Hasonló mint a breakafter, de ekkor nem a megadott karak-
terek után, hanem előttük lehetséges sortörés.


breakbeforeinrun A breakbefore opcióval együtt használva, ha a megadott karakte-
rekből több is előfordul közvetlenül egymás után egy csoportban, akkor csak a
csoport első karaktere előtt lehetséges sortörés.


breakbeforesymbolpre=\hbox{⟨törésjel⟩} Ezt a jelet használja a breakbefore opció a
sortörés bal oldalán. A ⟨törésjel⟩ alapértéke ⌋, aminek a kódja
\,\footnotesize\ensuremath{_\rfloor}


breakbeforesymbolpost=\hbox{⟨törésjel⟩} Ezt a jelet használja a breakbefore opció a
sortörés jobb oldalán. Alapértéke üres.


escapeinside=⟨karakter1⟩⟨karakter2⟩ A megadott karakterek között a LATEX-kódok ki-
fejtődnek. Speciális karakterek (foglalt karakter illetve az opciót jelölő szögletes
zárójelek) esetén egy \ jelet kell elé tenni. Például
escapeinside=\#\%


A megadott két karakter lehet azonos is, például
escapeinside=||


Az escapeinside opciónak nincs hatása sztringeken és kommenteken belül.
texcomments A kommentekben a LATEX-kódok kifejtődnek.
mathescape A kommentekben a matematikai mód elérhető lesz.


További parancsok ♦ Az ⟨opciók⟩ globálisan is megadhatók a következő paranccsal :
\setminted[⟨nyelv⟩]{⟨opciók⟩} ∈ minted


Ha nem adunk meg ⟨nyelv⟩-et, akkor minden programnyelvre vonatkoznak az ⟨opciók⟩.
\setmintedinline[⟨nyelv⟩]{⟨opciók⟩} ∈ minted


Hasonló, mint a \setminted, de csak a \mintinline parancsra hat.
\usemintedstyle[⟨nyelv⟩]{⟨stílusnév⟩} ∈ minted


Ezzel globálisan is megadható a ⟨stílusnév⟩. Ha nem adunk meg ⟨nyelv⟩-et, akkor minden
programnyelvre vonatkozik.
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\newminted[⟨környezetnév⟩]{⟨nyelv⟩}{⟨opciók⟩} ∈ minted


Ennek hatására a
\begin{⟨környezetnév⟩}
⟨kód⟩
\end{⟨környezetnév⟩}


ugyanazt eredményezi, mint
\begin{minted}[⟨opciók⟩]{⟨nyelv⟩}
⟨kód⟩
\end{minted}


Másrészt
\begin{⟨környezetnév⟩*}{⟨további opciók⟩}
⟨kód⟩
\end{⟨környezetnév⟩*}


ugyanazt eredményezi, mint
\begin{minted}[⟨opciók⟩,⟨további opciók⟩]{⟨nyelv⟩}
⟨kód⟩
\end{minted}


A ⟨környezetnév⟩ alapértéke ⟨nyelv⟩code lesz.
\newmintinline[⟨parancsnév⟩]{⟨nyelv⟩}{⟨opciók⟩} ∈ minted


Ennek hatására a
\⟨parancsnév⟩⟨határoló⟩⟨kód⟩⟨határoló⟩


ugyanazt eredményezi, mint
\mintinline[⟨opciók⟩]{⟨nyelv⟩}⟨határoló⟩⟨kód⟩⟨határoló⟩


A ⟨parancsnév⟩ alapértéke ⟨nyelv⟩inline lesz.
\newmintedfile[⟨parancsnév⟩]{⟨nyelv⟩}{⟨opciók⟩} ∈ minted


Ennek hatására a
\⟨parancsnév⟩{⟨kódot tartalmazó fájl⟩}


ugyanazt eredményezi, mint
\inputminted[⟨opciók⟩]{⟨nyelv⟩}{⟨kódot tartalmazó fájl⟩}


A ⟨parancsnév⟩ alapértéke ⟨nyelv⟩file lesz.


Kódok feliratozása ♦ A programkódok feliratozásához használhatja a minted cso-
mag newfloat opcióját. Ekkor betöltődik a newfloat csomag is, melynek a segítségével
létrejön egy listing úsztatott környezet. Ezzel a szokott módon feliratozhat. Ha ma-
gyar nyelvű dokumentumot ír, akkor még töltse be a caption csomagot is. Például


\begin{listing}[ht!]
\def\FancyVerbVspace{0pt}
\caption{Egy példakód}\label{lst-pelda}
\begin{minted}{python}
def boring(args = None):


pass
\end{minted}
\end{listing}
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Az előbbi kódban a 2. sor azért kell, hogy a minted környezet ne növelje meg a listing
környezet által beállított függőleges térközöket.


A listing környezet használatának a hátránya, hogy megakadályozza az oldaltö-
rést, amikor a kód nem fér ki az adott oldalra. Ekkor használhatja a caption csomag
betöltése után a \captionof parancsot. Például


\begingroup
\captionof{listing}{Egy példakód}\label{lst-pelda}
\begin{minted}{python}
def boring(args = None):


pass
\end{minted}
\endgroup


A \captionof csak blokkban használható, ezért vannak a \begingroup és \endgroup
parancsok.


A felirat címkéje „Listing” lesz, ami átdefiniálható így:
\SetupFloatingEnvironment{listing}{name=⟨címke⟩}


A minted illetve listings segítségével megjelenített kódok feliratozására és kerete-
zésére jóval több lehetőséget biztosít a tcolorbox csomag, de ezt itt nem részletezzük.


A minted csomag opciói ♦ A minted csomag betöltésekor a következő opciók hasz-
nálhatók többek között:


highlightmode=immediate A minted csomag 2.9-nél újabb verziója esetén az első fordí-
tás után a programkódok helyén a pdf-ben egy <MINTED> felirat jelenik meg. A
végeredmény csak a második fordítás után lesz látható. Ez kereszthivatkozások
esetén nem jelent gondot, hiszen ekkor amúgy is többször kell fordítani. Ha mégis
szükség lenne az eredmény megjelenésére az első fordítás után, akkor használja
ezt az opciót. Kereszthivatkozások esetén kerülje ezt az opciót, mert jelentősen
megnövelheti a fordítási időt.


newfloat A kódok feliratozásához célszerű betölteni, amely a newfloat csomag segít-
ségével definiál egy listing nevű úsztatott környezetet.


chapter A kódlisták száma új fejezet nyitásakor nullázódik, továbbá a szám elé bekerül
a fejezet száma is egy ponttal elválasztva.


section A kódlisták száma új szakasz nyitásakor nullázódik, továbbá a szám elé bekerül
a szakasz száma is egy ponttal elválasztva.


frozencache A szerkesztés során a minted gyorsítótárat használ. Amikor már nem kell
változtatni a megjelenítendő programkódokon, akkor ezzel az opcióval lehet vég-
legesíteni a gyorsítótárat. Ezzel a programkódok tartalma már nem változtatható,
viszont a fordítás már működni fog Python nélkül is egyetlen futtatással. Ennek
akkor van haszna, ha olyan felhasználóhoz kerül a LATEX-forrás, akinek a gépére
nincs telepítve Python. Ezzel a fordítási idő is jelentősen lecsökken.


Példa ♦ Most tekintsünk egy teljes példát.


Ð \documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min,active=onlycs}{magyar.ldf}
\usepackage[magyar]{babel}
\usepackage{caption}



https://www.overleaf.com/read/nwqyxjkgrqph





204 14. fejezet. Verbatim, programkód, URL


\usepackage[newfloat]{minted}
\SetupFloatingEnvironment{listing}{name=kód}


\begin{document}


\begin{listing}[ht!]
\def\FancyVerbVspace{0pt}
\caption{Egy példakód}\label{lst-pelda}
\begin{minted}[linenos,frame=single]{Delphi}
function Trim(s:string):string;
var i:integer;
begin
result := '';
for i := 1 to length(s) do
if s[i] <> ' ' then result := result + s[i];


end;
\end{minted}
\end{listing}


Lásd \az{\ref{lst-pelda}}.~kódot.


\end{document}


1. kód. Egy példakód


1 function Trim(s:string):string;
2 var i:integer;
3 begin
4 result := '';
5 for i := 1 to length(s) do
6 if s[i] <> ' ' then result := result + s[i];
7 end;


Lásd az 1. kódot.


14.4. URL címek megadása


Az internetcímek is verbatimnak tekinthetők. Ezeket
\url{⟨URL cím⟩} ∈ url


módon lehet megadni, amely meg tudja törni a sor végén az URL címet. A lehetséges
töréspontok megadhatók az \UrlBreaks paranccsal. Például
\def\UrlBreaks{\do\.\do\@\do\\\do\/\do\!\do\_\do\|\do\;\do\>\do\]\do\-}


Ha bármelyik karakternél meg akarja engedni a törést, akkor nincs szükség az előbbi
megoldásra, csak url helyett az xurl csomagot kell használni.


Az URL cím betűtípusát az \UrlFont parancs tárolja. Például, ha azt akarja, hogy
antikva betűkkel jelenjenek meg az URL címek, akkor írja be a következőt:
\def\UrlFont{\rmfamily}
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Ha az \url parancs olyan URL címet tartalmaz, melyben % jel is van, továbbá ez
az \url parancs \caption, \footnote vagy valamilyen bekezdésdobozban helyezkedik
el, akkor a fordítás hibás lesz. Ennek megoldására használja az
\urldef{⟨parancs⟩}\url{⟨URL cím⟩}
kódot a dobozon kívül, majd a dobozba az \url{⟨URL cím⟩} helyett a ⟨parancs⟩-ot kell
írni. Például a


szöveg\footnote{\url{www.google.com/search?client=firefox-b-d&q=%25}}


kód hibával fordulna, de
\urldef{\myurl}\url{www.google.com/search?client=firefox-b-d&q=%25}
szöveg\footnote{\myurl}


hatására a % jelet tartalmazó URL cím hiba nélkül megjelenik a lábjegyzetben.
Ha elektronikus publikációt készít, akkor url helyett a később ismertetésre kerülő


hyperref csomagot kell használni, melynek szintén van \url parancsa. Például
\url{http://www.tug.org}


http://www.tug.org


Ha bármelyik karakternél meg akarja engedni a törést, akkor a hyperref előtt az xurl
csomagot is töltse be. Amennyiben az xurl és a biblatex csomagokat együtt használja,
akkor az xurl-t a biblatex után töltse be.


A hyperref csomag latex fordító esetén nem töri meg a linkeket. Ekkor töltse még
be a hyperref után a breakurl csomagot is.



http://www.tug.org





15. fejezet


Képletek


15.1. Matematikai mód


Ha matematikai képletet akar szerkeszteni, akkor használja a mathtools és amssymb
csomagokat. Ha egy parancs csak ezen két csomag valamelyikének betöltésével érhető
el, akkor azt a továbbiakban már nem fogjuk külön jelezni!


A mathtools az amsmath csomag kiterjesztése. Ezt úgy éri el, hogy a mathtools
először betölti az amsmath csomagot, majd további funkciókkal bővíti, illetve néhány
hibát kijavít. A továbbiakban arra nem fogunk kitérni, hogy az egyes parancsokat az
amsmath vagy a mathtools definiálja. Ehhez olvassa el a csomagok leírásait.


Amennyiben a hyperref csomagot is használja (lásd a 19.1. szakaszban), akkor
azt a mathtools, amsmath, amssymb csomagok után töltse be. A mathtools és amsmath
csomagok a standard dokumentumosztályok opciójában megadott lapméretet fizikailag
is beállítják.


Képletben konstansokat és változókat más betűvel kell szedni, mint folyószöveget.
Ennek magyarázataként figyelje meg a következő két mondatot.


„Ha az a pozitív és z negatív, akkor az az negatív.”
„Ha az a pozitív és z negatív, akkor az az negatív.”


De nem csak erre kell odafigyelni. A képletek szerkesztése, az egyik legösszetettebb
szedői munka. Ezért a LATEX-hel tudatnunk kell, hogy képlet következik.


Ha egy képlet kb. akkora mint egy szó, akkor azt a szövegbe illesztjük, mint például
a sin2 α+cos2 α = 1 esetén. Ez az ún. szövegközi matematikai mód. Ha a képlet nagyobb,
bonyolultabb, vagy fontossága miatt ki kell emelnünk, akkor külön sorba kell szedni,
mint például az


ex =
∞∑


n=0


xn


n!
∀x ∈ R


esetén. Ez az ún. kiemelt matematikai mód.
Szövegközi matematikai mód megadása a következő sorok bármelyikével lehetséges:


$⟨képlet⟩$
\(⟨képlet⟩\)
\begin{math}⟨képlet⟩\end{math}
Például


Ð Bármit is teszünk, $2+2=4$.


Bármit is teszünk, 2 + 2 = 4.
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Kiemelt matematikai mód megadása a következő három sor bármelyikével lehetséges:
\[⟨képlet⟩\]
\begin{displaymath}⟨képlet⟩\end{displaymath}
\begin{equation*}⟨képlet⟩\end{equation*}
Például


Ð Bármit is teszünk, \[2+2=4.\]


Bármit is teszünk,
2 + 2 = 4.


Sokan helytelenül a LATEX-ben a kiemelt matematikai mód megadására a $$⟨képlet⟩$$
kódot használják, ami első ránézésre jónak tűnik. Ugyanakkor több problémát is okoz,
amiért kerülni kell a használatát (lásd például https://texfaq.org/FAQ-dolldoll).


A kiemelt matematikai képletek alaphelyzetben középre igazítva jelennek meg.
Azonban a mathtools csomag fleqn opciójával elérhető, hogy balra legyen igazítva
úgy, hogy a képlet a bal margótól 2,5 em távolságra kezdődjön. Ez az érték átállítható
a következő paranccsal :
\setlength{\mathindent}{⟨térköz⟩}
A fleqn opció globális hatású. Ha lokálisan akarja használni egy adott kiemelt képletre,
akkor azt
\begin{fleqn}[⟨bal margó⟩] ∈ nccmath
⟨kiemelt képlet⟩
\end{fleqn}


környezetbe kell zárni. A ⟨bal margó⟩ alapértéke 0pt. Például
\begin{fleqn}
\[2+2=4\]
\end{fleqn}


A következő parancs makrók írásánál hasznos:
\ensuremath{⟨képlet⟩}
Ez függetlenül attól, hogy az \ensuremath matematikai vagy szöveg módban lett akti-
válva, az argumentumában található képlet mindenképpen matematikai módban lesz.
Például


\newcommand{\kp}{\ensuremath{2\pi}}
A koszinusz \kp\ szerint periodikus, így $\cos(x+\kp)=\cos x$.


A koszinusz 2π szerint periodikus, így cos(x+ 2π) = cos x.


Bizonyos esetekben előfordulhat, hogy egy képletben magyarázó vagy összekötő szöve-
get kell beiktatni. Ilyenkor ideiglenesen ki kell lépnünk a matematikai módból a
\text{⟨szöveg⟩}
paranccsal. Például


\[1+1=2 \text{és} 2+2=4\]


1 + 1 = 2és2 + 2 = 4


Amint látjuk a képletben rosszul jelent meg a szöveg, pedig a forrásban volt szóköz a
szöveg előtt és után. Ennek az a magyarázata, hogy matematikai módban a szóközöket
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a LATEX felülbírálja, mert a nagyon speciális tipográfia miatt ezt nem bízza a szerzőre.
Ilyenkor az a megoldás, hogy a szóközöket szöveg módban kell kiadni:


\[1+1=2\text{ és }2+2=4\]


1 + 1 = 2 és 2 + 2 = 4


De ez még mindig nem tökéletes, mert a képletekben maguktól megjelenő térközök
miatt nem különül el jól a szöveg. Ilyenkor lehet használni a \quad parancsot:


Ð \[1+1=2\quad\text{és}\quad 2+2=4\]


1 + 1 = 2 és 2 + 2 = 4


A szövegközi és a kiemelt matematikai mód között nem csak elrendezésbeli különbség
van. Például


$\frac{31}{54}$
\[\frac{31}{54}\]


31
54


31


54


Amint látjuk a méret sem egyforma. Ha kiemelt matematikai módban olyan betűmé-
rettel és stílusban szeretne valamit megjeleníteni, mintha az szövegközi matematikai
módban lenne, akkor használja a
\textstyle


parancsot, fordított esetben pedig a
\displaystyle


parancsot. Például
$\frac{31}{54} {\displaystyle\frac{31}{54}}$
\[\frac{31}{54} {\textstyle\frac{31}{54}}\]


31
54


31


54
31


54
31
54


Az indexek mindkét matematikai módban ugyanakkorák, hasonlóképpen az index in-
dexe is. Ha nem indexbe ír, de index stílusra akar váltani, akkor használja a
\scriptstyle


parancsot. Index indexe stílusra átváltani a következő paranccsal lehet:
\scriptscriptstyle


Például
$2^x {\scriptstyle 2^x} {\scriptscriptstyle 2^x}$


2x2x2x


A betűméretet változtató deklarációs parancsok matematikai módban kiadva hatásta-
lanok, de szövegmódban kiadva, az utánuk következő képletek méretét is megváltoz-
tatják. Például
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Pitagorasz-tétel: $a^2+b^2=c^2$\\
{\Large Pitagorasz-tétel: $a^2+b^2=c^2$}


Pitagorasz-tétel : a2 + b2 = c2


Pitagorasz-tétel : a2 + b2 = c2


A mathtools csomaggal ez akkor is működik, ha a képlet nagy operátorjeleket (szumma,
produktum stb.) is tartalmaz. Azonban, ha az lmodern fontváltó csomagot használja,
akkor a nagy operátorjelek nem lesznek átméretezhetőek még a mathtools csomaggal
együtt sem. Ezen segít a fixcmex csomag, melyet az lmodern után kell betölteni.


15.2. Matematikai betűváltozatok


Matematikai módban a betűk közötti távolság és a szóközök kezelése másképpen tör-
ténik, mint szövegmódban. Ezért a betűtípusokat nem a \textit, \textrm stb. paran-
csokkal választjuk ki, hanem
\mathit{⟨karakterek⟩}
\mathrm{⟨karakterek⟩}
\mathbf{⟨karakterek⟩}
\mathsf{⟨karakterek⟩}
\mathtt{⟨karakterek⟩}
\mathnormal{⟨karakterek⟩}
Például a numerikus konstansokat álló betűvel kell szedni:


Ð $\mathrm{e}^{\mathrm{i}\pi}+1=0$


eiπ + 1 = 0


A \mathbf parancs nem feltétlenül ad jó eredményt. Ha például címben mindent félkö-
véren akar szedni, mint a következő esetben:


\section*{A $\mathbf{\sum\frac{1}{n}}$ sor tulajdonságai}


A
∑


1
n


sor tulajdonságai


Hibák: Az n nem dőlt, a szummajel és a törtvonal nem félkövér. Ilyenkor használja a
\pmb{⟨karakterek⟩}
parancsot. Például


\section*{A $\pmb{\sum\frac{1}{n}}$ sor tulajdonságai}


A
∑


1
n


∑
1
n


∑
1
n


sor tulajdonságai


A \pmb (poor man’s boldface) az argumentumát többször egymás közelébe nyomtatja,
így érve el a félkövér hatást. Ennek a megoldásnak a gyengéje nagyítva tűnik fel. Például


\[\pmb{\alpha}\]


ααα
A \pmb parancshoz hasonlóan működik a
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\bm{⟨karakterek⟩} ∈ bm


parancs is, ami sokszor jóval szebb eredményt ad. Sok matematikai szimbólumnak és
betűnek van félkövér verziója, ami a
\boldsymbol{⟨karakterek⟩}
paranccsal jelenik meg. Néhány jelnek, mint a szumma vagy integrál, nincs félkövér
verziója. Ilyenkor hatástalan a \boldsymbol. Ebben az esetben használja a következő
kódot a preambulumban:
\usepackage{pdfrender}
\def\boldsymbolx#1{\textpdfrender{TextRenderingMode=2,
LineJoinStyle=1,LineWidth=.3pt}{#1}}


Ezután a \boldsymbolx hasonlóan használható mint a \boldsymbol.


15.3. Kalligrafikus, dupla szárú betűk és fraktúrák


\mathcal{⟨karakterek⟩}
\mathscr{⟨karakterek⟩} ∈ mathrsfs
\mathbb{⟨karakterek⟩}
\mathds{⟨karakterek⟩} ∈ dsfont
\mathds{⟨karakterek⟩} ∈ [sans]dsfont
\mathfrak{⟨karakterek⟩}
Például


$\mathcal{ABCDEFGHIJKLMNOPQRSTUVWXYZ}$\\
$\mathscr{ABCDEFGHIJKLMNOPQRSTUVWXYZ}$\\
$\mathbb{ABCDEFGHIJKLMNOPQRSTUVWXYZ}$\\
$\mathds{ABCDEFGHIJKLMNOPQRSTUVWXYZ}$\\
$\mathfrak{ABCDEFGHIJKLMNOPQRSTUVWXYZ}$


ABCDEFGHIJKLMNOPQRST UVWXYZ
A BC DE FG H I J K L MN OPQRS T U V W X Y Z
ABCDEFGHIJKLMNOPQRSTUVWXYZ
ABCDEFGHIJKLMNOPQRSTUVWXYZ


ABCDEFGHIJKLMNOPQRSTUVWXYZ


Ha a dsfont csomagot sans opcióval töltötte be, akkor
$\mathds{ABCDEFGHIJKLMNOPQRSTUVWXYZ}$


ABCDEFGHIJKLMNOPQRSTUVWXYZ


15.4. Görög betűk


α \alpha
β \beta
γ \gamma
δ \delta
ϵ \epsilon


ζ \zeta
η \eta
θ \theta
ι \iota
κ \kappa


λ \lambda
µ \mu
ν \nu
ξ \xi
π \pi


ρ \rho
σ \sigma
τ \tau
υ \upsilon
ϕ \phi
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χ \chi
ψ \psi
ω \omega
𭟋 \digamma
ε \varepsilon
ϑ \vartheta
κ \varkappa
ϖ \varpi
ϱ \varrho


ς \varsigma
φ \varphi
Γ \Gamma
∆ \Delta
Θ \Theta
Λ \Lambda
Ξ \Xi
Π \Pi
Σ \Sigma


Υ \Upsilon
Φ \Phi
Ψ \Psi
Ω \Omega
Γ \varGamma
∆ \varDelta
Θ \varTheta
Λ \varLambda
Ξ \varXi


Π \varPi
Σ \varSigma
Υ \varUpsilon
Φ \varPhi
Ψ \varPsi
Ω \varOmega


Az upgreek csomaggal a következő alakok is elérhetők:


α \upalpha
β \upbeta
γ \upgamma
δ \updelta
ϵ \upepsilon
ζ \upzeta
η \upeta
θ \uptheta
ι \upiota
κ \upkappa


λ \uplambda
µ \upmu
ν \upnu
ξ \upxi
π \uppi
ρ \uprho
σ \upsigma
τ \uptau
υ \upupsilon
ϕ \upphi


χ \upchi
ψ \uppsi
ω \upomega
ε \upvarepsilon
ϑ \upvartheta
ϖ \upvarpi
ρ \upvarrho
σ \upvarsigma
φ \upvarphi
Γ \Upgamma


∆ \Updelta
Θ \Uptheta
Λ \Uplambda
Ξ \Upxi
Π \Uppi
Σ \Upsigma
Υ \Upupsilon
Φ \Upphi
Ψ \Uppsi
Ω \Upomega


Ha az upgreek csomagot Symbol opcióval tölti be, akkor az előbbi parancsok Adobe
Symbol fontokat használnak.


15.5. Matematikai ékezetek
â \hat{a}
ã \tilde{a}
ā \bar{a}
a⃗ \vec{a}


á \acute{a}
à \grave{a}
ă \breve{a}
ǎ \check{a}


ȧ \dot{a}
ä \ddot{a}...
a \dddot{a}


....
a \ddddot{a}
å \mathring{a}


Ha az ı és ȷ jelekre akar matematikai módban ékezetet tenni, akkor ne a korábban
ismertetett \i és \j, hanem az
\imath
\jmath


parancsokat használja. Például
$\check{\imath}\ddot{\jmath}$


ı̌ȷ̈


15.6. Közönséges matematikai jelek
% \%
⊥ \bot
⊤ \top


¬ \neg
∀ \forall
∃ \exists


∄ \nexists
ℜ \Re
ℑ \Im


∇ \nabla
∂ \partial
ð \eth
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∅ \emptyset
∞ \infty
△ \triangle
□ \square
■ \blacksquare


∠ \angle
∡ \measuredangle
∢ \sphericalangle
♭ \flat
♯ \sharp


♮ \natural
# \#
1◦ 1^\circ
1′ 1' (1^\prime)
1′′ 1''


| | vagy \vert
∥ \| vagy \Vert


15.7. Műveleti jelek


+ +
− -
/ /
± \pm
∓ \mp
· \cdot


× \times
÷ \div
\ \setminus
∩ \cap
∪ \cup
∧ \wedge


∨ \vee
⋆ \star
∗ *
◦ \circ
• \bullet
⊕ \oplus


⊖ \ominus
⊙ \odot
⊘ \oslash
⊗ \otimes


Például
$1+1$


1 + 1


esetén vegyük észre, hogy a kódban nincs szóköz, de az eredményben igen. Ugyanis
az a szabály, hogy a műveleti jelek elé és után is térköz kell. Ezt a LATEX tudja, így
helyettünk is cselekszik. Azonban ehhez tudnia kell, hogy mi számít műveleti jelnek.
Az előbbieket automatikusan annak tekinti, de bármit annak tekint, ha a
\mathbin{⟨karakterek⟩}
parancsba írjuk. Például


$a\mathbin{\dag}ab$


a † ab


A magyarban tipográfiai szabály, hogy a + vagy − jel a sor végére kerülve a következő
sor elején megismétlődjön. Ezt a magyar.ldf automatikusan megoldja. Ha olyan mű-
veleti jelre is szeretné ezt a hatást elérni, amit a magyar.ldf nem kezel, akkor az adott
pontra a ⟨műveleti jel⟩ helyett a következő parancsot írja:
\MathBrk{⟨műveleti jel⟩} ∈ [magyar]babel


15.8. Három pont


1, . . . , n 1,\ldots,n
1 + · · ·+ n 1+\cdots+n
1 · · ·n 1\cdots n


∫
· · ·
∫


\int\dotsi\int
... \vdots
. . . \ddots


Az \ldots az alapvonalra, míg a \cdots illetve integrálok esetén a \dotsi függőlegesen
középre igazítja a három pontot. Több esetben ez automatizálható a
\dots


paranccsal. Például
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$1,\dots,n \quad 1+\dots+n \quad \int\dots\int$


1, . . . , n 1 + · · ·+ n
∫
· · ·
∫


ugyanazt az eredményt adják, de
$1\dots n$ (rossz!)


1 . . . n (rossz!)


esetén nem jó helyen lesznek a pontok.


15.9. Relációjelek
= =
:= \coloneqq
::= \Coloneqq
:= \coloneq
::= \Coloneq
=: \eqqcolon
=:: \Eqqcolon
=: \eqcolon
=:: \Eqcolon
:≈ \colonapprox


::≈ \Colonapprox
:∼ \colonsim
::∼ \Colonsim
:: \dblcolon
: : (arányjel)
.
= \doteq
≡ \equiv
∼ \sim
≃ \simeq
≈ \approx


∼= \cong
< <
> >
≤ \leq
≥ \geq
≦ \leqq
≧ \geqq
⩽ \leqslant
⩾ \geqslant
≪ \ll


≫ \gg
∈ \in
∋ \ni
⊂ \subset
⊃ \supset
⊆ \subseteq
⊇ \supseteq
| \mid
∥ \parallel
⊥ \perp


Ekvivalencia reláció esetén még a modulus jelölése is kell :
$a \bmod m$\\
$a \equiv b \pmod{m}$\\
$a \equiv b \mod{m}$\\
$a \equiv b \pod{m}$


a mod m
a ≡ b (mod m)
a ≡ b mod m
a ≡ b (m)


A nyilak is a relációjelek közé tartoznak:


← \leftarrow
←− \longleftarrow
→ \rightarrow
−→ \longrightarrow
↔ \leftrightarrow
←→ \longleftrightarrow
⇐ \Leftarrow
⇐= \Longleftarrow
⇒ \Rightarrow
=⇒ \Longrightarrow


⇔ \Leftrightarrow
⇐⇒ \Longleftrightarrow
7→ \mapsto
7−→ \longmapsto
↼ \leftharpoonup
↽ \leftharpoondown
⇀ \rightharpoonup
⇁ \rightharpoondown
↑ \uparrow
↓ \downarrow


↕ \updownarrow
⇑ \Uparrow
⇓ \Downarrow
⇕ \Updownarrow
↗ \nearrow
↘ \searrow
↙ \swarrow
↖ \nwarrow


A magyarban tipográfiai szabály, hogy az = jel a sor végére kerülve a következő sor
elején megismétlődjön. Ezt a magyar.ldf automatikusan megoldja. Ha olyan relációjelre
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is szeretné ezt a hatást elérni, amit a magyar.ldf nem kezel, akkor az adott pontra a
⟨relációjel⟩ helyett a
\MathBrk{⟨relációjel⟩} ∈ [magyar]babel


parancsot írja. Relációjeleket negálni (áthúzni) a
\not


paranccsal lehet. Például
$a\not=b$


a ̸= b


Néhány esetben ez nem ad megfelelő eredményt:
$\not\mid \quad \not\parallel \quad \not\downarrow \quad \not\uparrow$


̸| ̸∥ ̸↓ ̸↑


Ezek helyett külön tervezésű negált reláció jelet kell használni :
$\nmid \quad \nparallel \quad \ndownarrow \quad \nuparrow$


∤ ∦ ↚ ↛


A relációjelek körüli térközökre ugyanaz a szabály, mint a műveleti jelekre:
$a=b$


a = b


A LATEX bármit relációjelnek tekint, amit a
\mathrel{⟨karakterek⟩}
parancsba írunk. Például


$a|b$\\ $a\mathrel{|}b$


a|b
a | b


Jelek egymásra helyezésével is készíthet relációjelet a
\stackrel{⟨felül⟩}{⟨alul⟩}
paranccsal. Például


$A\stackrel{f}{\longrightarrow}B$


A
f−→ B


15.10. Matematikai zárójelek
Bal oldali (nyitó) zárójelek


( (
[ [ vagy \lbrack
{ \{ vagy \lbrace


⟨ \langle
⌈ \lceil
⌊ \lfloor


⌜ \ulcorner
⌞ \llcorner
| \lvert


∥ \lVert
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Jobb oldali (csukó) zárójelek


) )
] ] vagy \rbrack
} \} vagy \rbrace


⟩ \rangle
⌉ \rceil
⌋ \rfloor


⌝ \urcorner
⌟ \lrcorner
| \rvert


∥ \rVert


Például
$\lvert-1\rvert$


|−1|


Közönséges matematikai jeleket ne használjon zárójelként. Például
$|-1|$


| − 1|


rossz eredményt ad, mert a program ezt úgy értelmezi, hogy a | jelből kivonjuk az 1-et,
így a − jel körül térközöket hagy.


Amennyiben egy jelet nyitó zárójelként akar értelmezni, akkor tegye elé a
\mathopen


parancsot. Például a \mathopen| ekvivalens az \lvert paranccsal.
Amennyiben egy jelet csukó zárójelként akar értelmezni, akkor tegye elé a


\mathclose


parancsot. Például a \mathclose| ekvivalens az \rvert paranccsal.
A \mathopen és \mathclose parancsok használatára tekintsük a következő esetet:
$]-1, 1[\setminus\{0\}$


]− 1, 1[\{0}


Az eredmény rossz, hiszen a ] jel csukó zárójelként van értelmezve, így az utána talál-
ható − jelet kivonásként értelmezi, másrészt a [ nyitó zárójelként van értelmezve, így
az utána található \ jelet nem tekinti relációnak. A megoldás az, hogy ideiglenesen a ]
jelet nyitó, a [ jelet pedig csukó zárójelként értelmezzük:


$\mathopen]-1, 1\mathclose[\setminus\{0\}$


]−1, 1[ \ {0}


Természetesen, ha egy jel nyitó zárójelként van értelmezve és annak is használja, illetve,
ha egy jel csukó zárójelként van értelmezve és annak is használja, akkor az előbbi
megoldásra nincs szükség. Például a következő kód helyes eredményt ad:


$[-1, 1]\setminus\{0\}$


[−1, 1] \ {0}


Az előbbi zárójelek mérete nem igazodik a képlethez. Például
\[f(\frac{1}{2})=0\]


f(
1


2
) = 0
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Ilyen esetben a nyitó zárójel elé tegye a
\left


míg a csukó zárójel elé
\right


parancsot. Például
\[f\left(\frac{1}{2}\right)=0\]


f


(
1


2


)
= 0


A \left és \right parancsok használatával már azt is megadjuk, hogy melyik a nyitó
és melyik a csukó zárójel, így ezekkel nem szabad együtt használni a \mathopen és
\mathclose parancsokat. Tehát például a következő kód helyes eredményt ad:


\[\left|-\frac{1}{2}\right|\]
∣∣∣∣−


1


2


∣∣∣∣


A \left és \right parancsok nemcsak a méretre hatnak, hanem a zárójeleket övező
térközöket is megnövelik. Ha ezt nem szeretné, akkor a \left és \right helyett használja
az
\mleft ∈ mleftright
\mright ∈ mleftright


parancsokat. Például
\[f\mleft(\frac{1}{2}\mright)=0\]


f


(
1


2


)
= 0


Amennyiben ugyanezt a hatást szeretné elérni a \left és \right parancsok esetében
is, akkor adja ki a preambulumban a
\mleftright ∈ mleftright


parancsot.
Ha egyetlen zárójelre van szükség, melynek méretben igazodni kell a képlethez,


míg a zárójel párját nem akarja megjeleníteni, akkor tudatni kell, hogy hol van a
képlet másik határa, különben nem tudna a méret mihez igazodni. Ezt a határt egy
láthatatlan zárójellel adjuk meg a
\left. \right.


parancsokkal. Például
$\left.\left(1+x^2\right)'\right|_{x=1}=2$


(1 + x2)
′∣∣
x=1


= 2


Ha automatikus méretű zárójelben van egy formula, ami csak több sorban fér el, to-
vábbá az első sorban magasabbak a képletek mint a másodikban, akkor a csukó zárójel
nem lesz megfelelő méretű. Például







15.10. Matematikai zárójelek 217


\dotfill$\left(\frac1{1+\frac12},1, 2,\ldots,\right.$\\
$\left.n-1,n\right)$


. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(


1
1+ 1


2


,1, 2, . . . ,


n− 1, n)


Megoldás
\dotfill$\left(\frac1{1+\frac12},1, 2,\ldots,\right.$\\
$\left.n-1,n\vphantom{\frac1{1+\frac12}}\right)$


. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(


1
1+ 1


2


,1, 2, . . . ,


n− 1, n
)


Néhány esetben nem ad megfelelő eredményt a zárójelek automatikus méretezése. Pél-
dául


$\left\{\{a,b\},\{c,d\}\right\}$


{{a, b}, {c, d}}


A külső zárójeleknek egy picit nagyobbaknak kellene lenniük, de ezt a közbezárt képlet
nem generálja. Ilyenkor rögzített méreteket is használhat. A \left helyett
\bigl \Bigl \biggl \Biggl


illetve \right helyett
\bigr \Bigr \biggr \Biggr


Ezek hatása:
$\Biggl(\biggl(\Bigl(\bigl( (\cdot) \bigr)\Bigr)\biggr)\Biggr)$


((((
(·)
)))


)


Például az előző képlet a következő módon oldható meg helyesen:
$\bigl\{\{a,b\},\{c,d\}\bigr\}$


{
{a, b}, {c, d}


}


Ha egy rögzített méretű zárójelet közönséges matematikai jelként akar használni, akkor
alkalmazza a következő parancsokat:
\big \Big \bigg \Bigg


Például
$\left(1+x^2\right)'\Big|_{x=1}=2$


(1 + x2)
′
∣∣∣
x=1


= 2


Ha egy rögzített méretű zárójelet relációjelként akar használni, akkor alkalmazza a
\bigm \Bigm \biggm \Biggm
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parancsokat. Például
$\left\{\frac{2^{n^2}}{n^2}\bigm| n \text{ egész}\right\}$


{
2n


2


n2


∣∣ n egész
}


Az előbbi rögzített méretű zárójelek a következő séma szerint vannak definiálva:
\makeatletter
\def\⟨név⟩{\bBigg@{⟨méret⟩}}
\def\⟨név⟩m{\mathrel\⟨név⟩}
\def\⟨név⟩l{\mathopen\⟨név⟩}
\def\⟨név⟩r{\mathclose\⟨név⟩}
\makeatother


ahol


⟨név⟩ big Big bigg Bigg
⟨méret⟩ 1 1.5 2 2.5


A 3 illetve 3.5 méretek már nincsenek definiálva, de ezt megteheti a következő kóddal:
\makeatletter
\def\biggg{\bBigg@{3}}
\def\bigggm{\mathrel\biggg}
\def\bigggl{\mathopen\biggg}
\def\bigggr{\mathclose\biggg}
\def\Biggg{\bBigg@{3.5}}
\def\Bigggm{\mathrel\Biggg}
\def\Bigggl{\mathopen\Biggg}
\def\Bigggr{\mathclose\Biggg}
\makeatother


Ezután a \biggg, \bigggm, \bigggl, \bigggr, \Biggg, \Bigggm, \Bigggl, \Bigggr pa-
rancsok hasonlóan használhatók, ahogyan azt a korábbiakban ismertettük.


Definiálhat olyan paraméteres parancsot, mely a paramétert a kiválasztott zárójelbe
teszi. Ehhez használja a
\DeclarePairedDelimiter{⟨parancs⟩}{⟨bal oldali zárójel⟩}{⟨jobb oldali zárójel⟩}
parancsot. Például


\DeclarePairedDelimiter{\abs}{\vert}{\vert}
\[\abs{\frac{a}{b}}\quad
\abs*{\frac{a}{b}}\quad
\abs[\Bigg]{\frac{a}{b}}\]


|a
b
|
∣∣∣a
b


∣∣∣
∣∣∣∣∣
a


b


∣∣∣∣∣


15.11. Matematikai jelek több szerepben
Vannak olyan matematikai jelek, amelyeknek többféle szerepe is lehet. Ezeket a követ-
kező táblázatban foglaljuk össze:
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közönséges mat. jel műveleti jel relációjel írásjel zárójel


\ \backslash \setminus
: : \colon
| | \mid \left| \right|
∥ \| \parallel \left\| \right\|
< < \left\langle
> > \left\rangle
⊥ \bot \perp
† \dag \dagger
‡ \ddag \ddagger


Például
$f\colon A\rightarrow B$ (helyes)\\
$f:A\rightarrow B$ (helytelen)


f : A→ B (helyes)
f : A→ B (helytelen)


A második megoldás azért rossz, mert ott az szerepel, hogy f aránylik az A-hoz.


Ha a magyar.ldf fájlt defaults=hu-min opcióval töltötte be, akkor a vessző mate-
matikai üzemmódban két szám között tizedesvesszőként értelmezett, de egyéb esetben
megmarad az eredeti szerepe. Például


$2,5\cdot2=5$\\
$a,b,c$


2,5 · 2 = 5
a, b, c


Ha két szám között a vesszőt nem tizedesvesszőként használja, akkor a vessző után
tegyen egy szóközt:


$1, 2, 3,\dots$


1, 2, 3, . . .


Ha nem a magyar nyelv van beállítva, akkor a vesszőnek nincs kettős szerepköre.
Ha magyar nyelv esetén sem akarja ezt a kettős szerepkört, akkor töltse még be a
mathhucomma=unchanged opciót is a defaults=hu-min után. Ekkor tizedesvesszőt így
kell írni :


$2{,}5\cdot2=5$


2,5 · 2 = 5


15.12. Esetek szétválasztása


A korábbiakban szóba került az esetek szétválasztása, amikor egy zárójel nem zárójel-
ként funkcionál. Erre többek között a cases környezet használható. Például
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Ð \[f(x)=
\begin{cases}
0, & \text{ha }x\in\mathbb{Q},\\
1, & \text{különben}.
\end{cases}\]


f(x) =


{
0, ha x ∈ Q,
1, különben.


A cases környezet úgy működik, mint egy két oszlopból álló táblázat, melynek mind-
két oszlopában matematikai üzemmódban vagyunk \textstyle stílusban. Ezért volt
szükség a második oszlopban a szöveget \text parancsba írni. További környezetek:


dcases A cases-től annyiban különbözik, hogy mindkét oszlopban matematikai üzem-
módban vagyunk \displaystyle stílusban.


rcases A cases-től annyiban különbözik, hogy a kapcsos zárójel jobb oldalon van.
drcases A dcases-től annyiban különbözik, hogy a kapcsos zárójel jobb oldalon van.


Minden esetszétválasztó környezetnek van csillagos verziója is, amely annyiban külön-
bözik a normál verziótól, hogy a második oszlop szöveg üzemmódban van. Például


Ð \[f(x)=
\begin{cases*}
0, & ha $x$ racionális,\\
1, & ha $x$ irracionális.
\end{cases*}\]


f(x) =


{
0, ha x racionális,
1, ha x irracionális.


15.13. Változó hosszúságú vízszintes jelek
x̂yz \widehat{xyz}


x̃yz \widetilde{xyz}


xyz \overline{xyz}


xyz \underline{xyz}
←−−xyz \overleftarrow{xyz}


xyz←−− \underleftarrow{xyz}
−−→xyz \overrightarrow{xyz}


xyz−−→ \underrightarrow{xyz}
←→xyz \overleftrightarrow{xyz}


xyz←→ \underleftrightarrow{xyz}


fent←−−
lent


\xleftarrow[lent]{fent}


fent−−→
lent


\xrightarrow[lent]{fent}


fent←−→
lent


\xleftrightarrow[lent]{fent}


fent⇐===
lent


\xLeftarrow[lent]{fent}


fent
===⇒
lent


\xRightarrow[lent]{fent}


fent⇐==⇒
lent


\xLeftrightarrow[lent]{fent}
fent←−−↩
lent


\xhookleftarrow[lent]{fent}
fent
↪−−→
lent


\xhookrightarrow[lent]{fent}


fent7−−→
lent


\xmapsto[lent]{fent}


fent
↽−−
lent


\xleftharpoondown[lent]{fent}



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe144.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe145.html
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fent
↼−−
lent


\xleftharpoonup[lent]{fent}


fent−−⇁
lent


\xrightharpoondown[lent]{fent}


fent−−⇀
lent


\xrightharpoonup[lent]{fent}


fent−−⇀↽−−
lent


\xrightleftharpoons[lent]{fent}
fent
↼−−−−⇁
lent


\xleftrightharpoons[lent]{fent}


xxxxxx︸ ︷︷ ︸ \underbrace{xxxxxx}


xxxxxx︸ ︷︷ ︸
n


\underbrace{xxxxxx}_{n}


xxxxxx \underbracket{xxxxxx}


xxxxxx
n


\underbracket{xxxxxx}_{n}


xxxxxx \underbracket[0.4pt][7pt]{xxxxxx}


xxxxxx


n


\underbracket[0.4pt][7pt]{xxxxxx}_{n}


︷ ︸︸ ︷
xxxxxx \overbrace{xxxxxx}


n︷ ︸︸ ︷
xxxxxx \overbrace{xxxxxx}^{n}


xxxxxx \overbracket{xxxxxx}
n


xxxxxx \overbracket{xxxxxx}^{n}


xxxxxx \overbracket[0.4pt][7pt]{xxxxxx}
n


xxxxxx \overbracket[0.4pt][7pt]{xxxxxx}^{n}


15.14. Gyökvonás
Az ⟨n⟩-edik gyök ⟨x⟩ kiírása:
\sqrt[⟨n⟩]{⟨x⟩}
Az opció elhagyásával négyzetgyököt kapunk. Például


$\sqrt{2}\sqrt[3]{5}$
√
2 3
√
5


Lehetőség van az ⟨n⟩ igazítására is :
\uproot{⟨fel⟩}
\leftroot{⟨balra⟩}


⟨fel⟩ egész szám, hatására n felcsúszik ⟨fel⟩
18


em-mel.


⟨balra⟩ egész szám, hatására n balra csúszik ⟨balra⟩
18


em-mel.


Például
$\sqrt[\uproot{1}\leftroot{1}n]{2}$


n
√
2


A következő kód nem ad tökéletes megoldást.
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$\sqrt{x}+\sqrt{y}$
√
x+
√
y


Az y mélysége pozitív, míg az x-nek 0. Így a két gyökjel függőleges mérete nem egyezik
meg. Ezt a következő kóddal lehet megoldani:


$\sqrt{x}+\sqrt{\smash[b]{y}}$
√
x+
√
y


A \smash[b] parancs az y mélységét 0-nak veszi, így a két gyökjel mérete egyforma
lesz. Ugyanennek a problémának egy másik lehetséges megoldása:


$\sqrt{x\mathstrut}+\sqrt{y\mathstrut}$
√
x+


√
y


A \mathstrut olyan 0 pt szélességű doboz (gyámfa), melynek a magassága és mélysége
megegyezik a zárójel magasságával és mélységével.


Amennyiben a kézíráshoz hasonlóan a gyökjelet lezárt véggel, azaz
√


alakban
szeretné használni, akkor írja a preambulumba a mathtools csomag betöltése után a
következőket:


\usepackage{letltxmacro}
\makeatletter
\let\oldr@@t\r@@t
\def\r@@t#1#2{%
\setbox0=\hbox{$\oldr@@t#1{#2\,}$}\dimen0=\ht0
\advance\dimen0-0.2\ht0
\setbox2=\hbox{\vrule height\ht0 depth -\dimen0}%
{\box0\lower0.04em\box2}}
\LetLtxMacro{\oldsqrt}{\sqrt}
\renewcommand*{\sqrt}[2][]{\oldsqrt[#1]{#2}}
\makeatother


15.15. Mátrixok


\begin{⟨mátrix környezet⟩}
⟨elem⟩ & ⟨elem⟩ & ⟨elem⟩ & ... \\
⟨elem⟩ & ⟨elem⟩ & ⟨elem⟩ & ... \\
...
⟨elem⟩ & ⟨elem⟩ & ⟨elem⟩ & ... \\
⟨elem⟩ & ⟨elem⟩ & ⟨elem⟩ & ...
\end{⟨mátrix környezet⟩}
ahol a ⟨mátrix környezet⟩ lehetséges értékei :
matrix Határoló zárójel nincs.
pmatrix A határoló zárójel ( ) alakú.
bmatrix A határoló zárójel [ ] alakú.
Bmatrix A határoló zárójel { } alakú.
vmatrix A határoló zárójel | | alakú.
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Vmatrix A határoló zárójel ∥ ∥ alakú.
Például


Ð \[\begin{pmatrix} a & b\\ c & d \end{pmatrix}
\begin{bmatrix} a & b\\ c & d \end{bmatrix}
\begin{vmatrix} a & b\\ c & d \end{vmatrix}\]


(
a b
c d


)[
a b
c d


] ∣∣∣∣
a b
c d


∣∣∣∣


Ezen mátrixok oszlopai középre vannak igazítva, továbbá az oszlopok maximális száma
10, amit a következő paranccsal lehet átállítani például 20-ra:
\setcounter{MaxMatrixCols}{20}


Szöveg közben az
(
a b
c d


)
helyett szebb az ( a b


c d ) mátrix. Ehhez minden előző mátrix


környezetnek van egy small verziója:


smallmatrix Határoló zárójel nincs.
psmallmatrix A határoló zárójel ( ) alakú.
bsmallmatrix A határoló zárójel [ ] alakú.
Bsmallmatrix A határoló zárójel { } alakú.
vsmallmatrix A határoló zárójel | | alakú.
Vsmallmatrix A határoló zárójel ∥ ∥ alakú.
Például


$\begin{psmallmatrix} a & b\\ c & d \end{psmallmatrix}$


( a b
c d )


Az eddigi mátrix környezetnek van csillagos verziója is, amely esetén opcióban lehet
megadni az oszlopok igazítását jobbra (r) vagy balra (l). Például


Ð \[\begin{bmatrix*}[r] -a & b\\ c & -d \end{bmatrix*}
\begin{vmatrix*}[l] 1.2 & 1\\ 2 & 2.23 \end{vmatrix*}\]


[
−a b
c −d


] ∣∣∣∣
1.2 1
2 2.23


∣∣∣∣


Három pont helyett hosszabb pontsorozatok is kiírhatók
\hdotsfor[⟨sűrűség⟩]{⟨oszlopok⟩}
paranccsal, ahol ⟨sűrűség⟩ a pontsor sűrűsége (alapérték 1) és ⟨oszlopok⟩ a keresztezett
oszlopok száma. Például


Ð \[\begin{pmatrix}
1 & 2 & 3 & \hdotsfor{2} & n\\
2 & 3 & \hdotsfor{2} & n & n+1\\
3 & \hdotsfor{2} & n & n+1 & n+2
\end{pmatrix}\]




1 2 3 . . . . . . . . n
2 3 . . . . n n+ 1
3 . . . . n n+ 1 n+ 2







https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe146.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe147.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe148.html
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\[\begin{pmatrix}
1 & 2 & 3 & \ldots & n\\
0 & 1 & 2 & \ldots & n-1\\
\hdotsfor[0.5]{5}\\
0 & 0 & 0 & \ldots & 1
\end{pmatrix}\]






1 2 3 . . . n
0 1 2 . . . n− 1
. . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 1






A \hdotsfor parancs nem ad jó eredményt, ha a colortbl csomagot is használja. Ebben
az esetben a mathtools csomag betöltése után a preambulumba írja a következőket:


\usepackage{etoolbox}
\makeatletter
\patchcmd{\hdots@for}{\hfill}{\hskip\z@\@plus 1filll}{}{}
\makeatother


15.16. Matematikai jelek egymásra helyezése


Ezekre már láttunk korábban lehetőségeket a változó hosszúságú vízszintes jeleknél és
a relációjeleknél. Az ott leírt parancsok mindegyike reláció típust eredményez. Most
két másik parancsot ismertetünk:
\overset{⟨amit⟩}{⟨amire⟩}
\underset{⟨amit⟩}{⟨ami alá⟩}
Mindkettő típusa meg fog egyezni a második argumentumba írt jel típusával. Például


$a\overset{*}{+}b\underset{\mathrm{d}}{=}c$


a
∗
+ b =


d
c


Egy másik összetettebb példa:


Ð \[P(A)+P(\overline{A})
\underset{\underset{\mathclap{\text{additivitás}}}{\Uparrow}}{=}
P(\Omega)
\overset{\overset{\mathclap{\text{5.~axióma}}}{\Downarrow}}{=}
1
\Longrightarrow P(\overline{A})=1-P(A)\]


P (A) + P (A) =
⇑


additivitás


P (Ω)
5. axióma


⇓
= 1 =⇒ P (A) = 1− P (A)


A \mathclap leírását lásd a 13.8. szakaszban.
Ha közönséges matematikai jelet szeretne építeni \scriptstyle stílusban, akár ket-


tőnél több sorban, akkor használja a
\substack{⟨sor1⟩\\ ⟨sor2⟩\\ ...}



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe149.html
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parancsot, vagy a
\begin{subarray}{⟨igazítás⟩}
⟨sor1⟩\\ ⟨sor2⟩\\ ...
\end{subarray}


környezetet. Az ⟨igazítás⟩ lehet c (középre) l (balra) és r (jobbra). Például


Ð \[\sum_{\substack{i=1,\ldots\\ j\in\mathbb{Z}\\ k=j,\ldots}}a_{ijk}\]
∑


i=1,...
j∈Z


k=j,...


aijk


Ð \[\sum_{\begin{subarray}{l}
i=1,\ldots\\
j\in\mathbb{Z}\\
k=j,\ldots
\end{subarray}}
a_{ijk}\]


∑


i=1,...
j∈Z
k=j,...


aijk


15.17. Matematikai indexek


⟨jel⟩_{⟨alsó⟩} vagy ⟨jel⟩\sb{⟨alsó⟩}
⟨jel⟩^{⟨felső⟩} vagy ⟨jel⟩\sp{⟨felső⟩}
⟨jel⟩_{⟨alsó⟩}^{⟨felső⟩} vagy ⟨jel⟩\sb{⟨alsó⟩}\sp{⟨felső⟩}
Például


$x_{n+1}, x^{n+1}, x_{k}^{n+1}$


xn+1, x
n+1, xn+1


k


A felső indexek lejjebb kerülnek a \cramped parancs használatával. Például
$\cramped{{x^2}^x} {x^2}^x$


x2xx2
x


A később tárgyalt ún. operátorok mind a négy sarkába, vagy alá és fölé is tehet indexet.
\sideset{_{⟨bal alsó⟩}^{⟨bal felső⟩}}{_{⟨jobb alsó⟩}^{⟨jobb felső⟩}}{⟨operátor⟩}
⟨operátor⟩\limits_{⟨alul⟩}^{⟨felül⟩}
Például


$\sideset{_{a}^{b}}{_{c}^{d}}{\prod}$ és $\prod\limits_{1}^{2}$


b


a


∏d


c
és


2∏
1



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe150.html
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Ha ugyanezt nem operátorral szeretné csinálni, akkor az indexelendő jelet átmenetileg
operátorrá kell tenni a
\mathop{⟨jel⟩}
paranccsal. Például


$\sideset{_{a}^{b}}{_{c}^{d}}{\mathop{X}}$ és $\mathop{X}\limits_{1}^{2}$


b
aX


d
c és


2


X
1


Bal alsó és felső index a következő módon is írható:
\prescript{⟨bal felső⟩}{⟨bal alsó⟩}{⟨jel⟩}
Például


$\prescript{14}{2}{C}$


14
2C


15.18. Törtek, binomiális együtthatók


\frac{⟨számláló⟩}{⟨nevező⟩}
\dfrac{⟨számláló⟩}{⟨nevező⟩} = {\displaystyle\frac{⟨számláló⟩}{⟨nevező⟩}}
\tfrac{⟨számláló⟩}{⟨nevező⟩} = {\textstyle\frac{⟨számláló⟩}{⟨nevező⟩}}
Például


$\frac{x^2}{x+1}$


x2


x+1


\binom{⟨fent⟩}{⟨lent⟩}
\dbinom{⟨fent⟩}{⟨lent⟩} = {\displaystyle\binom{⟨fent⟩}{⟨lent⟩}}
\tbinom{⟨fent⟩}{⟨lent⟩} = {\textstyle\binom{⟨fent⟩}{⟨lent⟩}}
Például


$\binom{n+1}{m+1}$
(
n+1
m+1


)


Saját stílusú törteket is létrehozhatunk:
\genfrac{⟨bal⟩}{⟨jobb⟩}{⟨vastagság⟩}{⟨stílus⟩}{⟨fent⟩}{⟨lent⟩}


⟨bal⟩ bal oldali zárójel,
⟨jobb⟩ jobb oldali zárójel,
⟨vastagság⟩ törtvonal vastagsága (ha üres: 0.4pt),
⟨stílus⟩ 0 : \displaystyle, 1 : \textstyle, 2 : \scriptstyle, 3 : \scriptscriptstyle, ha


üresen hagyja, akkor a környezethez alkalmazkodik.


Például
\[\genfrac{\{}{\}}{1pt}{}{n+1}{m+1}\genfrac{[}{]}{0pt}{1}{n+1}{m+1}\]
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{
n+ 1


m+ 1


}[
n+1
m+1


]


Lánctörtek a következő paranccsal írhatók:
\cfrac[⟨igazítás⟩]{⟨számláló⟩}{⟨nevező⟩}
ahol az ⟨igazítás⟩ lehet l (balra), r (jobbra) és c (középre, alapérték). Például


\[\cfrac{1}{1+\cfrac{1}{1+\cfrac{1}{1+\cdots}}}\]


1


1 +
1


1 +
1


1 + · · ·


\[\cfrac[l]{1}{1+\cfrac[l]{1}{1+\cfrac[l]{1}{1+\cdots}}}\]


1


1 +
1


1 +
1


1 + · · ·


Ha egy tört számlálója vagy nevezője túl hosszú, akkor két sorba lehet törni a
\splitfrac{⟨1. sor⟩}{⟨2. sor⟩}
paranccsal. Például


\[a=\frac{\splitfrac{xy+xy+xy+xy+xy+{}}{+xy+xy+xy+xy}}{z}\]


a =


xy + xy + xy + xy + xy +
+ xy + xy + xy + xy


z


A \splitdfrac hasonló a \splitfrac-hoz, de a két sor közötti távolság nagyobb.


15.19. Operátorok, függvények


15.19.1. Nagy operátorok
∑


\sum
∏


\prod
∐


\coprod
⊕


\bigoplus
⊔


\bigsqcup


∫
\int


∫∫
\iint


⋂
\bigcap


⋃
\bigcup


⊙
\bigodot


∮
\oint


∫∫∫
\iiint


∧
\bigwedge


∨
\bigvee


⊗
\bigotimes


⊎
\biguplus


× \bigtimes


Magyar nyelvű dokumentumokban az integrál jelét nem dőlten, hanem álló alakban
szokás írni. Ehhez European Computer Modern vagy Latin Modern fontok használata
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esetén töltse be a cmupint csomagot. Vannak olyan fontváltó csomagok, amelyekben
ez automatikusan vagy opcionálisan megvalósul. Ilyenek például a pxfonts, newtxmath,
newpxmath csomagok.


A \bigtimes operátornak van egy nagyobb verziója is :�
\varprod ∈ pxfonts


A pxfonts csomag az alap fontkészletet is átállítja. Ezen csomag használata nélkül úgy
definiálhatja a \varprod operátort, ha a preambulumba beírja a következőket:


\DeclareSymbolFont{largesymbolsA}{U}{pxexa}{m}{n}
\DeclareMathSymbol{\varprod}{\mathop}{largesymbolsA}{16}


A nagy operátorok más méretben jelennek meg szövegközi illetve kiemelt matematikai
módban. Például


$\sum$ \[\sum\]
∑


∑


15.19.2. „Nolimits” függvények


arccos \arccos
arcsin \arcsin
arctan \arctan
arg \arg
cos \cos
cosh \cosh
cot \cot


coth \coth
csc \csc
deg \deg
dim \dim
exp \exp
hom \hom
ker \ker


lg \lg
ln \ln
log \log
sec \sec
sin \sin
sinh \sinh
tan \tan


tanh \tanh
lim \varliminf
lim \varlimsup
lim−→ \varinjlim
lim←− \varprojlim∫


\int


A „nolimits” függvények indexei mindig a függvény neve mellett jelennek meg. Például
$\log_2x$ \[\log_2x\]


log2 x
log2 x


$\int_a^b$ \[\int_a^b\]
∫ b


a ∫ b


a


A LATEX bármit „nolimits” függvénynek tekint, amit az
\operatorname{⟨karakterek⟩}
parancsba írunk. Például


$\operatorname{tg}(x)$


tg(x)
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15.19.3. „Limits” függvények


det \det
gcd \gcd
inf \inf


inj lim \injlim
lim \lim
lim inf \liminf


lim sup \limsup
max \max
min \min


proj lim \projlim
Pr \Pr
sup \sup


A nagy operátorok (az integráljel kivételével) és a „limits” függvények indexei szövegközi
matematikai módban mellette jelennek meg, de kiemelt matematikai módban alatta és
fölötte. Például


$\sum_{n=1}^\infty a_n$ \[\sum_{n=1}^\infty a_n\]
∑∞


n=1 an
∞∑


n=1


an


$\lim_{n\rightarrow\infty}a_n$ \[\lim_{n\rightarrow\infty}a_n\]


limn→∞ an
lim
n→∞


an


Ha ezen egy adott helyen változtatni akar, akkor a \limits és \nolimits parancsokkal
teheti meg. Például


$\sum\limits_{n=1}^\infty a_n$ \[\sum\nolimits_{n=1}^\infty a_n\]


∞∑
n=1


an
∑∞


n=1
an


A \limits parancs nincs hatással a „nolimits” függvényekre, kivéve az integráljelet :
$\log\limits_2x$ \[\log\limits_2x\]


log2 x
log2 x


$\int\limits_a^b$ \[\int\limits_a^b\]


b∫
a


b∫


a


A integráljel „limits” függvénnyé tehető a mathtools csomag intlimits opciójával. Ez-
után már az integrál is pontosan úgy viselkedik, mint bármelyik más nagy operátorjel.


A LATEX bármit „limits” függvénynek tekint, amit az
\operatorname*{⟨karakterek⟩}
parancsba írunk. Például


$\operatorname*{Min}_{k}$ \[\operatorname*{Min}_{k}\]
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Mink


Min
k


A „limits” függvények körüli térközök hosszú indexek esetén túl naggyá válhatnak.
Például


\[X=\sum_{1\leq i\leq j\leq n}V_{ij}\]


X =
∑


1≤i≤j≤n


Vij


Erre ad megoldást a \smashoperator parancs:
\[X=\smashoperator{\sum_{1\leq i\leq j\leq n}}V_{ij}\]


X =
∑


1≤i≤j≤n


Vij


Az r illetve l opcióval csak a jobb illetve bal oldalon szűnik meg a túl nagy térköz.
Például


\[X=\smashoperator[r]{\sum_{1\leq i\leq j\leq n}}V_{ij}\quad
X=\smashoperator[l]{\sum_{1\leq i\leq j\leq n}}V_{ij}\]


X =
∑


1≤i≤j≤n


Vij X =
∑


1≤i≤j≤n


Vij


A „limits” függvények a következő esetben sem adnak tökéletes eredményt:
\[\limsup_{n\to\infty}\max_{p\geq n}\]


lim sup
n→∞


max
p≥n


A két függvény indexei azért nincsenek egy szintben, mert a függvények dobozának
mélysége különböző. Ezen a problémán segít az \adjustlimits parancs. Például


\[\adjustlimits\limsup_{n\to\infty}\max_{p\geq n}\]


lim sup
n→∞


max
p≥n


15.19.4. Új függvények definiálása


Előfordulhat, hogy olyan függvényre van szükség, amely alapból nem áll rendelkezésre.
Például a magyarban a tangens jele tg, amelynek csak az angol verziója (tan) definiált.
Ilyenkor magunk is gyárthatunk újakat.


Új „nolimits” függvény definiálása ♦ Ez a következő parancsokkal lehetséges:
\newcommand{⟨parancs⟩}{\mathop{\mathrm{⟨jel⟩{}}}\nolimits}
vagy
\DeclareMathOperator{⟨parancs⟩}{⟨jel⟩} % Ez csak preambulumba írható!
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Például
\newcommand{\tg}{\mathop{\mathrm{tg{}}}\nolimits}


vagy
\DeclareMathOperator{\tg}{tg}


után
$\tg^2x$ \[\tg^2x\]


tg2 x
tg2 x


Egy már létező „nolimits” függvény át is definiálható.
\renewcommand{⟨parancs⟩}{\mathop{\mathrm{⟨jel⟩{}}}\nolimits}
Például


\renewcommand{\tan}{\mathop{\mathrm{tg{}}}\nolimits}


után
$\tan^2x$ \[\tan^2x\]


tg2 x
tg2 x


Új „limits” függvény definiálása ♦ Ez a következő parancsokkal lehetséges:
\newcommand{⟨parancs⟩}{\mathop{\mathrm{⟨jel⟩{}}}}
vagy
\DeclareMathOperator*{⟨parancs⟩}{⟨jel⟩} % Ez csak preambulumba írható!


Például
\newcommand{\Min}{\mathop{\mathrm{Min{}}}}


vagy


Ð \DeclareMathOperator*{\Min}{Min}


után
$\Min_{k\in\mathbb{N}}$ \[\Min_{k\in\mathbb{N}}\]


Mink∈N
Min
k∈N


Egy már létező „limits” függvény át is definiálható.
\renewcommand{⟨parancs⟩}{\mathop{\mathrm{⟨jel⟩{}}}}
Például


\renewcommand{\min}{\mathop{\mathrm{Min{}}}}
$\min_{k\in\mathbb{N}}$ \[\min_{k\in\mathbb{N}}\]


Mink∈N
Min
k∈N



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe152.html
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Új nagy operátor definiálása ♦ A rendelkezésre álló nagy operátorok (
∑


,
∏
, stb.)


a matematikai fontkészletekben külön vannak megtervezve a szövegközi illetve a kiemelt
matematikai üzemmód esetére. Ez felhasználói szinten korántsem egyszerű feladat, így
ehelyett meglévő jeleket alakítunk át úgy, hogy az a lehető legjobban utánozza a nagy
operátorok tulajdonságait.


Az alapötlet az, hogy a kiválasztott jelet kinagyítjuk úgy, hogy annak magassága
megegyezzen az éppen aktuális méretű


∏
jel magasságával. Ennek azonban van két


nehézsége.
Az egyik abból fakad, hogy egy karakter dobozának méretei nem feltétlenül egyezik


meg a karakter látható méreteivel. Például a × és ⋓ jeleket egyforma magasságra
kinagyítva és bejelölve a dobozuk határát, a következőt láthatjuk:


×⋓
Az ábra szerint a × doboza fehér margókat tartalmaz minden oldalon, míg az ⋓ doboza
a bal és jobb oldalon margókat tartalmaz de alul és felül kilóg a dobozból.


A másik nehézség, hogy a
∏


doboza másképp viselkedik szövegközi és kiemelt ma-
tematikai módban. Ennek bemutatására mindkét esetben ugyanarra a magasságra na-
gyítva és jelölve a doboz határait a következőt láthatjuk:∏∏


Az ábra szerint szövegközi módban csak bal és jobb oldalon van margó, de kiemelt
módban minden oldalon.


Emiatt, ha például a × és ⋓ jeleket csak simán kinagyítanánk az éppen aktuális
∏


magasságára, akkor egymás után kiírva őket, a következőt kapnánk szövegközi módban:
∏×⋓


Míg kiemelt módban: ∏×⋓
De nemcsak a magassággal van gond, hanem az oldalmargók különbözősége miatt a
jelet övező vízszintes térközök sem lesznek egyezőek.


Tehát minden jel esetén egyedi mértékben kell egyeztetni a doboz margóját az
aktuális


∏
dobozával, ráadásul külön a szöveg és külön a kiemelt módban.


Ehhez a preambulumban a mathtools és amssymb csomagok betöltése után írja be
a következőket:


\usepackage{scalerel,trimclip}
\DeclareRobustCommand{\bigopscale}[5]{%
\scalerel*{\trimbox{%
{#1\width}
{#2\totalheight}
{#3\width}
{#4\totalheight}}
{$#5$}}{\prod}}


\DeclareRobustCommand{\DeclareMathBigOperator}[3][]{%
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\DeclareMathOperator*{#2}{%
\begingroup%
\DeclareKeys{
DL.store = \bigopDL, DR.store = \bigopDR,
DB.store = \bigopDB, DT.store = \bigopDT,
TL.store = \bigopTL, TR.store = \bigopTR,
TB.store = \bigopTB, TT.store = \bigopTT}%


\SetKeys{DL=0,DB=0,DR=0,DT=0,TL=0,TB=0,TR=0,TT=0,#1}%
\mathchoice
{\bigopscale{\bigopDL}{\bigopDB}{\bigopDR}{\bigopDT}{#3}}
{\bigopscale{\bigopTL}{\bigopTB}{\bigopTR}{\bigopTT}{#3}}
{\bigopscale{\bigopTL}{\bigopTB}{\bigopTR}{\bigopTT}{#3}}
{\bigopscale{\bigopTL}{\bigopTB}{\bigopTR}{\bigopTT}{#3}}%
\endgroup}}


Ezután a következő módon definiálhatjuk a \times nagy operátor megfelelőjét például
\BigTimes néven:


\DeclareMathBigOperator
[DL=0.165,DR=0.165,DB=0.09,DT=0.09,TL=0.17,TR=0.17,TB=0.136,TT=0.136]
{\BigTimes}{\times}


Az opcióban szereplő kétbetűs kulcsok első betűje aszerint D vagy T, hogy kiemelt (Dis-
play) vagy szöveg (Text) üzemmódra vonatkozik. A második betű aszerint L, R, B vagy
T, hogy bal (Left), jobb (Right), alsó (Bottom) vagy felső (Top) margóra vonatkozik.
Minden kulcs alapértéke 0. Például a DL=0.165 azt jelenti, hogy kiemelt üzemmódban
a bal margóból vágjuk le a teljes szélesség 0,165-nyi részét, míg a TB=0.136 azt jelenti,
hogy szöveg üzemmódban az alsó margóból vágjuk le a teljes magasság 0,136-nyi részét.


Sajnos ezeket csak kísérletezéssel tudjuk megállapítani. Az ellenőrzéshez a doku-
mentumtestbe írja a következőket:


{\setlength{\fboxsep}{0pt}
\fbox{$\displaystyle\prod$}
\fbox{$\displaystyle\BigTimes$}
\fbox{$\prod$}
\fbox{$\BigTimes$}}


∏×∏×
Amint látható, a \prod és \BigTimes jelek a dobozaikban hasonlóan helyezkednek el
mindkét üzemmódban, tehát a kompenzációs paraméterek megfelelőek. Az ellenőrzés
után az előző kód törölhető.


Ezután már a nagy operátoroknak megfelelően használhatjuk a \BigTimes jelet.
Például


Ð $\prod_{i=1}^{n}A_i \BigTimes_{i=1}^{n}A_i$
\[\prod_{i=1}^{n}A_i \BigTimes_{i=1}^{n}A_i\]


∏n
i=1Ai×n


i=1Ai


n∏


i=1


Ai


n×
i=1


Ai



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe266.html
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Másik példaként tekintsük az ⋓ (\Cup) nagy operátor megfelelőjét. Definiáljuk ezt
például \BigCup néven a következő módon:


\DeclareMathBigOperator[DB=-0.09,DT=-0.15,TT=-0.085]{\BigCup}{\Cup}


Az értékek azért negatívak, mert a jel „kilóg” a neki fenntartott dobozból. A paramé-
terek ellenőrzése:


{\setlength{\fboxsep}{0pt}
\fbox{$\displaystyle\prod$}
\fbox{$\displaystyle\BigCup$}
\fbox{$\prod$}
\fbox{$\BigCup$}}


∏⋓ ∏ ⋓
Használata:


$\prod_{i=1}^{n}A_i \BigCup_{i=1}^{n}A_i$
\[\prod_{i=1}^{n}A_i \BigCup_{i=1}^{n}A_i\]


∏n
i=1Ai⋓n


i=1Ai


n∏


i=1


Ai


n⋓
i=1


Ai


15.19.5. Differenciál operátor, differenciálás


f ′(x), f ′′(x) f'(x), f''(x) (' az aposztrófjel Shift + 1 )
∂f(x, y)


∂y
\frac{\partial f(x,y)}{\partial y}


Az integrálásnál és deriválásnál szokásos differencia operátor jelet nekünk kell definiálni
a preambulumban:


Ð \DeclareMathOperator{\diff}{d\!}


Ezután például
\[\int f(x)\diff x
\quad\text{és}\quad
\frac{\diff f(x)}{\diff x}\]


∫
f(x) dx és


df(x)


dx


15.20. Kommutatív diagramok


Az alábbi példa az amscd csomag CD környezetével készült.


Ð \[\begin{CD}
A @>>> B @<<< C \\
@VVV @AAA @| \\



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe153.html
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D @>f>l> E @= F \\
@VbVjV @AbAjA \\
G @<f<l< H
\end{CD}\]


A −−−→ B ←−−− Cy
x


∥∥∥


D
f−−−→
l


E F


b


yj b


xj


G
f←−−−
l


H


Ettől többet tud az xy csomag, amit itt nem részletezünk.


15.21. Színek használata képletekben


Képletekben a színezéshez ne használjon \color vagy \textcolor parancsot, mert nem
lesznek jók a térközök. Ehelyett a
\mathcolor[⟨modell⟩]{⟨színparaméter⟩}{⟨képlet⟩} ∈ xcolor
\mathcolor{⟨színnév⟩}{⟨képlet⟩} ∈ xcolor


használata javasolt. Például
\[ X = \mathcolor{red}{\sum}_{i=1}^{n} x_i \]


X =
n∑


i=1


xi


15.22. Képletek bekeretezése


Képletek bekeretezésére ugyanúgy használható az \fcolorbox, \framebox és az \fbox
parancsok, mint a hagyományos szövegre. Például


\colorbox{red}{$\sum_{n=1}^\infty$}
\fbox{$\sum_{n=1}^\infty$}
\[\colorbox{red}{$\displaystyle\sum_{n=1}^\infty$}
\quad\text{és}\quad
\fbox{$\displaystyle\sum_{n=1}^\infty$}\]


∑∞
n=1


∑∞
n=1


∞∑


n=1


és
∞∑


n=1


Létezik egy kifejezetten képlet bekeretezésére alkalmas \boxed parancs, melynek a belse-
jében matematikai mód van \displaystyle stílusban. A keret vastagsága és a képlettől
való távolsága ugyanúgy állítható, mint a \framebox esetén. Például
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\boxed{\sum_{n=1}^\infty}
\boxed{\textstyle\sum_{n=1}^\infty}
\[\boxed{\sum_{n=1}^\infty}\]


∞∑


n=1


∑∞
n=1


∞∑


n=1


Hasonló megoldás színes dobozra nincs, de magunk definiálhatunk. Például
\newcommand{\colorboxed}[2]{%
\colorbox{#1}{\ensuremath{\displaystyle #2}}} ∈ xcolor


után
\colorboxed{red}{\sum_{n=1}^\infty}
\colorboxed{red}{\textstyle\sum_{n=1}^\infty}
\[\colorboxed{red}{\sum_{n=1}^\infty}\]


∞∑


n=1


∑∞
n=1


∞∑


n=1


15.23. Kiemelt képletek sorszámozása


A kiemelt képletek sorszámozására használja az equation környezetet. Hivatkozás ese-
tén \ref helyett az \eqref parancs használható:
\begin{equation}\label{⟨címke⟩}
⟨képlet⟩
\end{equation}
\eqref{⟨címke⟩}
A magyar.ldf-ben az \eqref elé automatikus határozott névelő is rakható:
\Az{\eqref{⟨címke⟩}} ∈ [magyar]babel
\az{\eqref{⟨címke⟩}} ∈ [magyar]babel


Amennyiben a képletek római számozásúak, akkor ez nem ad helyes névelőt. Ez a prob-
léma a huaz csomag betöltésével megoldható, ugyanakkor ebben az esetben a következő
parancspár is használható, ami az előzővel egyenértékű:
\Aeqref{⟨címke⟩} ∈ huaz
\aeqref{⟨címke⟩} ∈ huaz


A magyar.ldf szerzője az előbbiek helyett az
\Aref({⟨címke⟩}) ∈ [magyar]babel
\aref({⟨címke⟩}) ∈ [magyar]babel
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megoldást javasolja, de ez nem feltétlenül helyes. Ugyanis az \eqref parancs eredménye
mindig álló betű lesz, még dőlt betűs környezetben is. Ezt viszont az \aref({...}) és
\Aref({...}) parancsok esetén nem teljesül.


Például


Ð \begin{equation}\label{egyenlet-masodfoku}
x^2+2x-3=0
\end{equation}
\Az{\eqref{egyenlet-masodfoku}} miatt \dots


x2 + 2x− 3 = 0 (1)


Az (1) miatt . . .


Ha a számozást bal oldalra szeretné, akkor a mathtools csomagot leqno opcióval töltse
be.


Az előbbi számozást article osztályban kapjuk. Ekkor az egész dokumentumban
folytonos a számozás, azaz új szakasz nyitásakor nem kezdődik ismét 1-től.


Ha report vagy book osztályt használ, akkor a képletszámhoz társul az aktuális
fejezet sorszáma is. Például az 1. fejezet 2. képlete (1.2) számozást kapja. Másrészt
ekkor a képletszám új fejezet nyitásakor újra indul. Tehát például a 2. fejezet 1. képlete
a (2.1) számozást kapja.


Ha az article osztályban ugyanezt a hatást akarja elérni (csak szakasszal fejezet
helyett), akkor használja a következő kódot:
\numberwithin{equation}{section}


Ha menet közben kiderül, hogy az adott képletnek mégsem kell számozás, akkor csak
annyit kell tenni, hogy equation helyett equation* környezetet használ.


Ha egy dokumentumban kevés olyan kiemelt képlet van, amelyre hivatkozik, akkor
számok helyett más egyéni jeleket is használhat a
\tag
\tag*


parancsok segítségével. Például
\begin{equation}\label{egyenlet-masodfoku}
x^2+2x-3=0\tag{A}
\end{equation}


x2 + 2x− 3 = 0 (A)


\begin{equation}\label{egyenlet-masodfoku}
x^2+2x-3=0\tag*{\fbox{A}}
\end{equation}


x2 + 2x− 3 = 0 A


Ha \tag* paranccsal számozott, akkor arra ne az \eqref paranccsal hivatkozzon, mert
az zárójelbe teszi a képletszámot. Helyette a \refeq parancsot alkalmazza.


Láttuk, hogy az alapértelmezett sorszámozás normál betűtípussal zárójelben jelenik
meg. Ha ezen változtatni akar, akkor használja a
\newtagform{⟨név⟩}[⟨formázás⟩]{⟨bal oldali zárójel⟩}{⟨jobb oldali zárójel⟩}
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parancsot. Ahonnan ezt a beállítást aktiválni szeretné, oda írja be a
\usetagform{⟨név⟩}
parancsot. Például


\newtagform{brackets}[\textbf]{[}{]}
\usetagform{brackets}
\begin{equation}\label{egyenlet-Einstein}
E=mc^2
\end{equation}
Lásd \eqref{egyenlet-Einstein}


E = mc2 [1]


Lásd [1]


Visszatérni az alapbeállításhoz a következő paranccsal lehet:
\usetagform{default}


Amennyiben hyperref csomagot is használ, akkor a \tag illetve \tag* parancsok hasz-
nálata equation környezetben, a fordítás során figyelmeztető üzeneteket eredményezhet
(itt nem részletezett okok miatt). Ha ezt el akarja kerülni, akkor a \tag illetve \tag*
parancsokat equation helyett használja equation* környezetben.


15.24. Képletek eltörése


Ha egy képlet nem fér ki egy sorban, akkor meg is lehet törni a multline környezettel.
\begin{multline}\label{⟨címke⟩}
⟨képlet 1. sora⟩\\
⟨képlet 2. sora⟩\\
...
⟨képlet n. sora⟩
\end{multline}


Ebben a környezetben az első sor balra, az utolsó jobbra, a többi pedig középre lesz
igazítva, továbbá a számozás az utolsó sorban jobb oldalon lesz.


Ha a mathtools csomagot fleqn opcióval töltötte be, hogy a kiemelt képletek balra
legyenek igazítva, akkor a középre igazított sorok a bal oldalra igazodnak.


Ha a mathtools csomagot leqno opcióval töltötte be, hogy a számozás a bal oldalon
legyen, akkor a számozás az első sor bal oldalán lesz.


Ha egy sort a bal oldalra akar igazítani, akkor tegye a
\shoveleft{⟨képlet sora⟩}
parancsba. Ha jobb oldalra akarja tenni, akkor használja a
\shoveright{⟨képlet sora⟩}
parancsot. Egyéni képletjelölésre itt is használhatóak a \tag illetve \tag* parancsok.
Ha nem akar képletszámozást, akkor a multline* környezetet használja. Például


Ð \begin{multline}\label{egyenlet-pelda}
1+8+27+64=\\
=1+3+5+7+{}\\
+9+11+13+{}\\
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+15+17+19
\end{multline}


1 + 8 + 27 + 64 =


= 1 + 3 + 5 + 7 +


+ 9 + 11 + 13 +


+ 15 + 17 + 19 (1)


Ð \begin{multline}\label{egyenlet-pelda}
1+8+27+64=\\
\shoveleft{=1+3+5+7+{}}\\
+9+11+13+{}\\
+15+17+19
\end{multline}


1 + 8 + 27 + 64 =


= 1 + 3 + 5 + 7 +


+ 9 + 11 + 13 +


+ 15 + 17 + 19 (1)


Ð \begin{multline}\label{egyenlet-pelda}
1+8+27+64=\\
=1+3+5+7+{}\\
\shoveright{+9+11+13+{}}\\
+15+17+19
\end{multline}


1 + 8 + 27 + 64 =


= 1 + 3 + 5 + 7 +


+ 9 + 11 + 13 +


+ 15 + 17 + 19 (1)


Ha a megtört képletet adott pontokon illeszteni is szeretné egymáshoz, akkor használ-
ható a split környezet.
\begin{equation}\label{⟨címke⟩}
\begin{split}
⟨képlet 1. sora⟩ & ⟨képlet 1. sora⟩\\
⟨képlet 2. sora⟩ & ⟨képlet 2. sora⟩\\
...
⟨képlet n. sora⟩ & ⟨képlet n. sora⟩
\end{split}
\end{equation}


A split hasonlóan működik, mint egy táblázat. A tabulálást itt is a & jellel, míg a
sortörést a \\ paranccsal végezze. A multline környezettel ellentétben ez nem bizto-
sít kiemelt matematika környezetet, így erről külön kell gondoskodni. Ezért van az
előző kódban equation környezetbe zárva. De természetesen lehetett volna equation*
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környezetbe is tenni, amivel számozás nélküli esetet kapunk. Az egyenlet számozása
függőlegesen középre lesz igazítva. Ha a mathtools csomagot tbtags opcióval tölti be,
akkor a képletszám az utolsó sorban jelenik meg. Ha még a leqno opciót is használja,
hogy a számozás a bal oldalon legyen, akkor a képletszámozás az első sor bal oldalán
lesz. Például


Ð \begin{equation}\label{egyenlet-pelda}
\begin{split}
100 &=1+8+27+64=\\


&=1+3+5+7+9+{}\\
&\phantom{{}=}+11+13+15+17+19


\end{split}
\end{equation}


100 = 1 + 8 + 27 + 64 =


= 1 + 3 + 5 + 7 + 9 +


+ 11 + 13 + 15 + 17 + 19


(1)


Ha a megtört képletben egy olyan részt akar bekeretezni, amely tabulátorjelet tar-
talmaz, akkor a korábban ismertetett \boxed parancs helyett az \Aboxed parancsot
használja. Például


Ð \begin{equation*}
\begin{split}
\Aboxed{100 &=1+8+27+64}=\\


&=1+3+5+7+9+{}\\
&\phantom{{}=}+11+13+15+17+19


\end{split}
\end{equation*}


100 = 1 + 8 + 27 + 64 =


= 1 + 3 + 5 + 7 + 9 +


+ 11 + 13 + 15 + 17 + 19


15.25. Több képlet egymás alatt


Ha több kiemelt képletet ír egymás alá, akkor nem ad jó eredményt a \[...\], a
displaymath, az equation* vagy az equation környezetek egymás utáni alkalmazása,
mert túl nagy lesz közöttük a függőleges térköz. Ilyenkor használja a gather környezetet.
\begin{gather}
⟨1. képlet⟩\label{⟨címke 1⟩}\\
⟨2. képlet⟩\label{⟨címke 2⟩}\\
...
⟨n. képlet⟩\label{⟨címke n⟩}
\end{gather}


Egyéni képletjelölésre itt is használhatóak a \tag illetve \tag* parancsok. Ha nem akar
képletszámozást, akkor a gather* környezetet használja. Ha csak egy sort nem akar
számozni, akkor annak végére tegye a



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe159.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe160.html





15.25. Több képlet egymás alatt 241


\notag


parancsot. Például


Ð \begin{gather}
x+y \label{egyenlet-pelda-a}\\
x^2+xy+y^2\label{egyenlet-pelda-b}
\end{gather}


x+ y (1)
x2 + xy + y2 (2)


Ð \begin{gather}
x+y \notag\\
x^2+xy+y^2\label{egyenlet-pelda}
\end{gather}


x+ y


x2 + xy + y2 (1)


A gather* környezet ún. részformulaképző változata a gathered környezet. Ez azt
jelenti, hogy úgy működik mint a gather*, de szövegközi matematikai módba, equation
vagy equation* környezetbe kell rakni. A gathered környezetnek opciója is van, aminek
az értéke c (alapérték), t vagy b lehet, attól függően, hogy az alapvonalat középre, fentre
vagy alulra akarja igazítani. Nézzünk néhány példát:


Ð \[\left.\begin{gathered}
x+y\\
x^2+xy+y^2
\end{gathered}\right\}\]


x+ y


x2 + xy + y2


}


Ð \begin{equation}\label{egyenlet-pelda}
\left.\begin{gathered}
x+y\\
x^2+xy+y^2
\end{gathered}\right\}
\end{equation}


x+ y


x2 + xy + y2


}
(1)


Ð \[\left.\begin{gathered}
x+y\\
x^2+xy+y^2
\end{gathered}\right\}
\quad\text{és}\quad
\left.\begin{gathered}
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2x+y\\
x^2+3xy+y^2
\end{gathered}\right\}\]


x+ y


x2 + xy + y2


}
és


2x+ y


x2 + 3xy + y2


}


Ð szöveg
$\begin{gathered}
x+y\\
x^2+xy+y^2
\end{gathered}$
szöveg


szöveg
x+ y


x2 + xy + y2
szöveg


szöveg
$\begin{gathered}[t]
x+y\\
x^2+xy+y^2
\end{gathered}$
szöveg


szöveg x+ y


x2 + xy + y2
szöveg


szöveg
$\begin{gathered}[b]
x+y\\
x^2+xy+y^2
\end{gathered}$
szöveg


szöveg
x+ y


x2 + xy + y2 szöveg


A gathered helyett használhatók még az lgathered illetve rgathered környezetek is,
melyek csak annyiban különböznek a gathered-től, hogy a sorok nem középre, hanem
balra illetve jobbra igazítottak. Például


Ð \[\left.\begin{rgathered}
x+y\\
x^2+xy+y^2
\end{rgathered}\right\}\]


x+ y


x2 + xy + y2


}
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15.26. Több képlet egymás alatt illesztéssel


Egymás alatti képletekben lehetnek olyan elemek, amelyeket egymáshoz kell illeszteni.
Erre több környezet is lehetőséget ad. Az align környezetben az igazítás a táblázatoknál
tanultak szerinti r@{}lr@{}l..., ahol az első oszlop előtti, utolsó oszlop utáni, illetve
az l és r oszlopok közötti távolságok egyenletesen oszlanak el.
\begin{align}
⟨1. sor jobbra⟩&⟨balra⟩ & ⟨jobbra⟩&⟨balra⟩ & ⟨jobbra⟩ ... \label{⟨címke 1⟩}\\
⟨2. sor jobbra⟩&⟨balra⟩ & ⟨jobbra⟩&⟨balra⟩ & ⟨jobbra⟩ ... \label{⟨címke 2⟩}\\
...
⟨n. sor jobbra⟩&⟨balra⟩ & ⟨jobbra⟩&⟨balra⟩ & ⟨jobbra⟩ ... \label{⟨címke n⟩}
\end{align}


Például


Ð \begin{align}
x&=y+z & y&=bd & z&=bc \label{egyenlet-pelda-a}\\
b&=10 & 2c&=56 & d&=44 \label{egyenlet-pelda-b}
\end{align}


x = y + z y = bd z = bc (1)
b = 10 2c = 56 d = 44 (2)


A \tag, \tag*, \notag parancsok itt is ugyanúgy használhatók, mint a gather kör-
nyezetben. Az align* környezet pontosan azt csinálja, mint az align, de nem tesz ki
képletszámokat.


Ð \begin{align*}
x&=y+z=\\
&=bd+bc=\\
&=1000
\end{align*}


x = y + z =


= bd+ bc =


= 1000


Ð \begin{align*}
x&=y+z= && \text{a definícióból}\\
&=bd+bc= && \text{mivel }ac=b\\
&=1000 && \text{behelyettesítve}
\end{align*}


x = y + z = a definícióból
= bd+ bc = mivel ac = b


= 1000 behelyettesítve


Ð \begin{align*}
x&=y+z= & \text{a definícióból}\\
&=bd+bc= & \text{mivel }ac=b\\
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&=1000 & \text{behelyettesítve}
\end{align*}


x = y + z = a definícióból
= bd+ bc = mivel ac = b


= 1000 behelyettesítve


Az align* környezet ún. részformulaképző változata az aligned környezet. Ez azt je-
lenti, hogy úgy működik mint az align*, de szövegközi matematikai módba, equation
vagy equation* környezetbe kell rakni. A aligned környezetnek opciója is van, aminek
az értéke c (alapérték), t vagy b lehet, attól függően, hogy az alapvonalat középre,
fentre vagy alulra akarja igazítani. Nézzünk néhány példát:


Ð szöveg
$\begin{aligned}
x&=y+z & y&=bd & z&=bc\\
b&=10 & 2c&=56 & d&=44
\end{aligned}$
szöveg


szöveg
x = y + z y = bd z = bc


b = 10 2c = 56 d = 44
szöveg


szöveg
$\begin{aligned}[t]
x&=y+z & y&=bd & z&=bc\\
b&=10 & 2c&=56 & d&=44
\end{aligned}$
szöveg


szöveg x = y + z y = bd z = bc


b = 10 2c = 56 d = 44


szöveg


szöveg
$\begin{aligned}[b]
x&=y+z & y&=bd & z&=bc\\
b&=10 & 2c&=56 & d&=44
\end{aligned}$
szöveg


szöveg
x = y + z y = bd z = bc


b = 10 2c = 56 d = 44 szöveg


\begin{equation}\label{egyenlet-pelda}
\left.\begin{aligned}
x&=y+z & y&=bd & z&=bc\\
b&=10 & 2c&=56 & d&=44
\end{aligned}\right\}
\end{equation}
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x = y + z y = bd z = bc


b = 10 2c = 56 d = 44


}
(1)


Ð \[\left.\begin{aligned}
x&=y+z\\
b&=10
\end{aligned}\right\}
\quad\text{és}\quad
\left.\begin{aligned}
y&=bd\\
2c&=56
\end{aligned}\right\}\]


x = y + z


b = 10


}
és


y = bd


2c = 56


}


Ð \vspace{\baselineskip}
\[\left\{\begin{aligned}
\noalign{\vspace{-\baselineskip}}


v&=s\\
v'_{x}&=1\\
v'_{y}&=2\\
\end{aligned}\right.\]


{ v = s


v′x = 1


v′y = 2


A flalign és flalign* környezetek pontosan azt teszik, mint az align és align* kör-
nyezetek, de az első oszlop előtti és az utolsó oszlop utáni térköz szélessége 0 pt. Például


Ð \begin{flalign*}
x&=y+z & y&=bd & z&=bc\\
b&=10 & 2c&=56 & d&=44
\end{flalign*}


x = y + z y = bd z = bc


b = 10 2c = 56 d = 44


Az alignat környezetben is r@{}l r@{}l ... az illesztés, de itt csak az első oszlop előt-
ti és utolsó oszlop utáni térközök oszlanak meg egyenletesen, másrészt azt is meg kell
adni paraméterként, hogy hány r@{}l oszloppár van. Ezt úgy lehet kiszámolni, hogy a
& tabulátorjelek számához hozzáadunk 1-et, majd osztjuk 2-vel. A \tag, \tag*, \notag
parancsok itt is ugyanúgy használhatók, mint a gather környezetben. Az alignat* kör-
nyezet pontosan azt csinálja, mint az alignat, de nem tesz ki képletszámokat. Például


Ð \begin{alignat}{3}
1&=1 &\qquad 2&=2 &\qquad 2&=1+1 \label{egyenlet-pelda-a}\\
3&=3 & 3&=1+2& 3&=1+1+1 \label{egyenlet-pelda-b}
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\end{alignat}


1 = 1 2 = 2 2 = 1 + 1 (1)
3 = 3 3 = 1 + 2 3 = 1 + 1 + 1 (2)


Ezzel lineáris egyenletrendszerek felírása is megoldható. Például


Ð \begin{alignat*}{3}
13&x+{} & 4&y & &=9\\
3&x-{} & 12&y+{} & 23z&=14
\end{alignat*}


13x+ 4y = 9


3x− 12y + 23z = 14


Ð \begin{alignat*}{4}
13&x+{} & 4&y & &={} & 9&\\
3&x-{} & 12&y+{} & 23z&={} & 14&
\end{alignat*}


13x+ 4y = 9


3x− 12y + 23z = 14


Lineáris egyenletrendszer jóval könnyebben is megvalósítható a \systeme ∈ systeme
parancs segítségével. Ennek általános leírását lásd a systeme csomag leírásában, most
csak néhány példával illusztráljuk a működését.


Ð \[\systeme{2a-3b+4c=2, a+8b+5c=8, -a+2b+c=-5}\]





2a− 3b+ 4c = 2


a+ 8b+ 5c = 8


−a+ 2b+ c = −5


Ð \[\systeme[delim={.,\rbrace}]{2a-3b+4c=2, a+8b+5c=8, -a+2b+c=-5}\]


2a− 3b+ 4c = 2


a+ 8b+ 5c = 8


−a+ 2b+ c = −5







Ð \[\systeme[eq sep = ;]{1,5x-0,45y=0,7; x-0,8y=1,4}\]
{
1,5x− 0,45y = 0,7


x− 0,8y = 1,4


Ð \[\systeme{(2\+\sqrt2)x-(1\-\sqrt2)y=1, x+(1\+\sqrt2)y=-1}\]
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https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe179.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe180.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe181.html
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{
(2 +


√
2)x− (1−


√
2)y = 1


x+ (1 +
√
2)y = −1


Ð \[\systeme[sort={x,y}]{mx-y=3, x-m^2y=1}\]
{
mx− y = 3


x−m2y = 1


Ð \[\systeme{x+y=125@(L_1), x-y=12@(L_2)}\]
{
x+ y = 125 (L1)


x− y = 12 (L2)


Visszatérve az alignat* környezetre, annak most egy ún. részformulaképző válto-
zatát, az alignedat környezetet ismertetjük. Ez azt jelenti, hogy úgy működik mint
az alignat*, de szövegközi matematikai módba, equation vagy equation* környezetbe
kell rakni. A alignedat környezetnek opciója is van, aminek az értéke c (alapérték),
t vagy b lehet, attól függően, hogy az alapvonalat középre, fentre vagy alulra akarja
igazítani. Nézzünk néhány példát:


Ð \begin{equation}\label{egyenlet-pelda}
\left.\begin{alignedat}{2}
11&x-{} & 4y&=7\\
&x-{} & y&=0


\end{alignedat}\right\}
\end{equation}


11x− 4y = 7


x− y = 0


}
(1)


Ð \[\left.\begin{alignedat}{2}
11&x-{} & 4y&=7\\
&x-{} & y&=0


\end{alignedat}\right\}
\Rightarrow
x=y=1\]


11x− 4y = 7


x− y = 0


}
⇒ x = y = 1


Ð szöveg
$\begin{alignedat}{2}
11&x-{} & 4y&=7\\
&x-{} & y&=0


\end{alignedat}$
szöveg



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe182.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe183.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe184.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe185.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe186.html
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szöveg
11x− 4y = 7


x− y = 0
szöveg


szöveg
$\begin{alignedat}[t]{2}
11&x-{} & 4y&=7\\
&x-{} & y&=0


\end{alignedat}$
szöveg


szöveg 11x− 4y = 7


x− y = 0


szöveg


szöveg
$\begin{alignedat}[b]{2}
11&x-{} & 4y&=7\\
&x-{} & y&=0


\end{alignedat}$
szöveg


szöveg
11x− 4y = 7


x− y = 0 szöveg


Az eqnarray környezetben három oszlop van, az első jobbra, a második középre, a
harmadik balra zárt. Az oszlopok közötti távolság felét a
\arraycolsep


hosszúságparancs tárolja. Itt a \tag és \tag* nem használható, továbbá \notag helyett
a
\nonumber


működik. Az eqnarray* környezet pontosan azt csinálja, mint az eqnarray, de nem tesz
ki képletszámokat.


Ð \begin{eqnarray}
2x=2y & \Rightarrow & x=y \label{egyenlet-pelda}\\
6z=600 & \Rightarrow & z=100\nonumber
\end{eqnarray}


2x = 2y ⇒ x = y (1)
6z = 600 ⇒ z = 100


Ezt a környezetet gyakran használják tévesen a következő esetben:
\begin{eqnarray*}
1+3 &=& 4\\
1+3+5 &=& 9
\end{eqnarray*}


1 + 3 = 4 Ez rossz példa!
1 + 3 + 5 = 9 Így soha!



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe187.html





15.26. Több képlet egymás alatt illesztéssel 249


Amint látható, itt az egyenlőségjel nem relációjelként van kezelve, hanem csak berakja
középre, körülötte túl nagy térközzel. Ez a környezet nem az ilyen feladatokra lett
kitalálva. A helyes megoldása:


Ð \begin{align*}
1+3 &=4\\
1+3+5 &=9
\end{align*}


1 + 3 = 4


1 + 3 + 5 = 9


Általánosságban elmondható, hogy az eqnarray környezet használatát kerülni kell (lásd
https://tug.org/TUGboat/tb33-1/tb103madsen.pdf).


Ha az illesztett képletek száma nyílt, azaz csak függőlegesen elhelyezett három pont-
tal lehet jelölni, akkor a következő példákban látható megoldásokat alkalmazza:


Ð \begin{align*}
a_1 &= b_1 \\
\shortvdotswithin{=}
a_n &= b_n
\end{align*}


a1 = b1...
an = bn


Ð \begin{alignat*}{3}
A&+ B &&= C &&+ D \\
\MTFlushSpaceAbove
&\vdotswithin{+} &&\vdotswithin{=} &&\vdotswithin{+}
\MTFlushSpaceBelow
C &+ D &&= Y &&+K
\end{alignat*}


A+B = C +D...
...


...
C +D = Y +K


Szöveget is elhelyezhet illesztett képletek sorai között. Erre az
\intertext{⟨szöveg⟩}
\shortintertext{⟨szöveg⟩}
parancsok használhatók, melyek a következő környezetekben működnek: align, align*,
flalign, flalign*, alignat, alignat*. Például


Ð \begin{align*}
f(x) &=\int4x\ln x\,\mathrm{d}x=
\shortintertext{parciális integrálás után}


&=2x^2\ln x-x^2+C=\\
&=x^2\left(2\ln x-1\right)+C


\end{align*}



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe188.html

https://tug.org/TUGboat/tb33-1/tb103madsen.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe189.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe190.html

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe191.html
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f(x) =


∫
4x lnx dx =


parciális integrálás után
= 2x2 ln x− x2 + C =


= x2 (2 lnx− 1) + C


Az \intertext annyiban különbözik a \shortintertext parancstól, hogy ott nagyobb
a képletek és szöveg közötti térköz.


15.27. Részformulák számozása
Ha az illesztett képletekben részformulák vannak és azokat szeretné számozni, akkor
használhatja a subequations környezetet, amelybe a következő környezetek ágyazha-
tók: gather, align, flalign, alignat, eqnarray. Például


Ð \begin{subequations}
\begin{align}
x&=ac+bc \label{reszformula-pelda-a}\\
y&>dc \label{reszformula-pelda-b}
\end{align}
\end{subequations}


x = ac+ bc (1a)
y > dc (1b)


Ha a részformulák számozásának stílusát át akarja állítani például (1/a) alakúra, akkor
a mathtools csomag betöltése után másolja be a következő kódot:


Ð \usepackage{etoolbox}
\patchcmd{\subequations}{\alph}{/\alph}{}{}


15.28. Oldaltörés többsoros képletekben
Alapértelmezésben a többsoros képletek közben nem megengedett az oldaltörés. Ezt a
preambulumba írt
\allowdisplaybreaks


paranccsal oldhatja fel. Ekkor az oldaltörés automatikusan történik. Adott helyen úgy
kényszeríthet ki oldaltörést, ha \\ helyett
\displaybreak\\


parancsot ír. Adott helyen letilthatja az oldaltörést, ha \\ helyett \\* parancsot ír.


15.29. Táblázat matematikai módban
Táblázatot matematikai módban tabular helyett array környezettel kell készíteni, ami-
nek használata megegyezik a tabular környezettel, de a cellák tartalmát nem kell külön
matematikai módba rakni. Hasonlóan használható a tabularray csomag tblr környe-
zete is (lásd a 10.2. szakaszban.) Például



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe192.html
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Ð \[A\to
\begin{array}{|c|c|}
\hline
a_{11} & a_{12}\\
\hline
a_{21} & a_{22}\\
\hline
\end{array}\]


A→ a11 a12
a21 a22


Ð \[\begin{array}[t]{|ccc|}
\hline
1 & 2 & 3\\
4 & 5 & 6\\
7 & 8 & 9\\
\hline
\end{array}
\begin{array}[b]{|cc|}
\hline
\alpha & \beta\\
\gamma & \delta\\
\hline
\end{array}\]


1 2 3
4 5 6
7 8 9


α β
γ δ


15.30. Számolás LATEX segítségével


Számolni is lehetséges LATEX-ben az
\fpeval{⟨képlet⟩}
parancs segítségével, amelynek a neve a „floating point evaluation” azaz „lebegő pontos
értékelés” kifejezésre utal. Ez a parancs 2022. júniusa után telepített rendszerekben
alapból elérhető, míg korábbi verziókban az xfp csomag betöltésével használható. A
⟨képlet⟩ a következőket tartalmazhatja:


+ - * / ^ () műveleti jelek, hatványozás, zárójelek. Például 23 · 5+2,2
2


\fpeval{(2^3)*(5+2.2)/2}


28.8


⟨x⟩e⟨n⟩ normálalak. Például 2,2 · 10−1 + 3,3 · 102
\fpeval{2.2e-1+3.3e2}



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe194.html
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330.22


sign(⟨x⟩) sqrt(⟨x⟩) abs(⟨x⟩) exp(⟨x⟩) ln(⟨x⟩) előjel, négyzetgyök, abszolút érték,
természetes alapú exponenciális illetve logaritmus függvények. Például


√
ln(2)


\fpeval{sqrt(ln(2))}


0.8325546111576978


fact(⟨n⟩) faktoriális. Például 5!
\fpeval{fact(5)}


120


sin(⟨x⟩) cos(⟨x⟩) tan(⟨x⟩) cot(⟨x⟩) sec(⟨x⟩) csc(⟨x⟩) trigonometrikus függvények,
ahol az ⟨x⟩ radiánban van megadva. Például sin 2
\fpeval{sin(2)}


0.9092974268256817


sind(⟨x⟩) cosd(⟨x⟩) tand(⟨x⟩) cotd(⟨x⟩) secd(⟨x⟩) cscd(⟨x⟩) trigonometrikus függ-
vények, ahol az ⟨x⟩ fokban van megadva. Például sin 20◦


\fpeval{sind(20)}


0.3420201433256687


asin(⟨x⟩) acos(⟨x⟩) atan(⟨x⟩) acot(⟨x⟩) asec(⟨x⟩) acsc(⟨x⟩) inverz trigonometrikus
függvények, ahol az eredményt radiánban kapjuk. Például arcsin(−0,2)
\fpeval{asin(-.2)}


-0.2013579207903308


asind(⟨x⟩) acosd(⟨x⟩) atand(⟨x⟩) acotd(⟨x⟩) asecd(⟨x⟩) acscd(⟨x⟩) inverz trigono-
metrikus függvények, ahol az eredményt fokban kapjuk. Például arcsin(−0,2)
\fpeval{asind(-.2)} (fok)


-11.53695903281549 (fok)


min(⟨x1⟩,⟨x2⟩,...) számok minimuma. Például min{5, 2, 7}
\fpeval{min(5,2,7)}


2


max(⟨x1⟩,⟨x2⟩,...) számok maximuma. Például max{5, 2, 7}
\fpeval{max(5,2,7)}


7


trunc(⟨x⟩) levágja a tizedesjegyeket (azaz 0 felé egészre kerekít). Például
\fpeval{trunc(5.21)}, \fpeval{trunc(-5.21)}


5, -5


trunc(⟨x⟩,⟨n⟩) az első ⟨n⟩ darab tizedesjegyet meghagyja, a többit levágja (azaz 0 felé
⟨n⟩ tizedesjegyre kerekít). Például
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\fpeval{trunc(5.21,1)}, \fpeval{trunc(-5.21,1)}


5.2, -5.2


floor(⟨x⟩) lefelé egészre kerekít (azaz az egészrész függvény). Például
\fpeval{floor(5.21)}, \fpeval{floor(-5.21)}


5, -6


floor(⟨x⟩,⟨n⟩) lefelé ⟨n⟩ tizedesjegyre kerekít. Például
\fpeval{floor(5.21,1)}, \fpeval{floor(-5.21,1)}


5.2, -5.3


ceil(⟨x⟩) felfelé egészre kerekít. Például
\fpeval{ceil(5.21)}, \fpeval{ceil(-5.21)}


6, -5


ceil(⟨x⟩,⟨n⟩) felfelé ⟨n⟩ tizedesjegyre kerekít. Például
\fpeval{ceil(5.21,1)}, \fpeval{ceil(-5.21,1)}


5.3, -5.2


round(⟨x⟩) a legközelebbi egészre kerekít. Például
\fpeval{round(5.51)}, \fpeval{round(-5.5)}


6, -6


round(⟨x⟩,⟨n⟩) a legközelebbi ⟨n⟩ tizedesjegyre kerekít. Például
\fpeval{round(5.56,1)}


5.6


rand() (pszeudo) véletlen szám 0 és 1 között egyenletes eloszlás szerint (azaz a [0, 1]
intervallum tetszőleges p hosszúságú részintervallumába p valószínűséggel eshet).
Például
\fpeval{rand()}


0.7790313711999643


randint(⟨m⟩,⟨n⟩) (pszeudo) véletlen egész szám, amely egyenlő valószínűséggel bár-
milyen érték lehet ⟨m⟩ és ⟨n⟩ között (beleértve a határokat is). Például
\fpeval{randint(1,6)}


4


pi deg a π értéke illetve 1◦ értéke radiánban.
mm cm em ex ... az adott mértékegység pontban kifejezve. Például


\fpeval{mm}, \fpeval{2cm}


2.845275590551181, 56.90551181102362
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Ez hosszúságparancsok esetén is működik, azaz az aktuális hosszúságot kiírja
pontban. Például
\fpeval{\textwidth}


403.1072692871094


ami így számolható át centiméterbe:
\fpeval{\textwidth/cm}


14.16760016589536


(⟨x1⟩,⟨x2⟩,...,⟨xn⟩) vektorok kezelése. Például
\fpeval{(1,2,3)*2.1 + (1,1,1)}


(3.1, 5.2, 7.3)


= != < <= > >= relációk. Ha a relációval megadott logikai kifejezés igaz, akkor 1, el-
lenkező esetben pedig 0 értékkel tér vissza. Például
\fpeval{2<2.1}, \fpeval{2>2.1}


1, 0


! && || Logikai műveletek: negálás, és, vagy. Például
\fpeval{!(2<2.1)}, \fpeval{(2<2.1)&&(2>2.1)}, \fpeval{(2<2.1)||(2>2.1)}


0, 0, 1


⟨logikai kifejezés⟩ ? ⟨ha igaz⟩ : ⟨ha hamis⟩ feltétel vizsgálata. Például
\fpeval{sin(10)>0 ? sin(10) : 10*sin(10)}


-5.440211108893698


Amennyiben a számolt értéket meg akarja jeleníteni a dokumentumban, akkor magyar
nyelv esetén felmerül a következő probléma. Például


\[\frac{\sin(3,5)}{2} + 2\cdot 10^{-3}
= \fpeval{sin(3.5)/2 + 2e-3}\]


sin(3,5)


2
+ 2 · 10−3 = −0.1733916138448099


Amint látható, az eredményben tizedesvessző helyett tizedespont van. Ezt a következő
módon lehet megoldani. Először definiálunk egy \tocomma parancsot, ami a pontot
vesszőre cseréli (forrás):


\ExplSyntaxOn
\cs_new:Npn \mich_convert_tocomma:n #1
{
\exp_args:Ne \tl_to_str:n
{ \str_map_function:nN {#1} \__mich_convert_tocomma:n }


}
\cs_new:Npn \__mich_convert_tocomma:n #1
{



https://tex.stackexchange.com/questions/553280/simple-replace-dot-by-comma-after-fpeval
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\int_compare:nNnTF { `#1 } = { `. }
{ , }
{ #1 }


}
\cs_generate_variant:Nn \mich_convert_tocomma:n {e}
\cs_set_eq:NN \tocomma \mich_convert_tocomma:e
\ExplSyntaxOff


Ezután
\[\frac{\sin(3,5)}{2} + 2\cdot 10^{-3}
= \tocomma{\fpeval{sin(3.5)/2 + 2e-3}}\]


sin(3,5)


2
+ 2 · 10−3 = −0,1733916138448099


Ugyanez a hatás az xstring csomag \StrSubstitute parancsának használatával egy-
szerűbben is elérhető:


\[\frac{\sin(3,5)}{2} + 2\cdot 10^{-3}
= \StrSubstitute{\fpeval{sin(3.5)/2 + 2e-3}}{.}{,}\]


15.31. HTML-ben képletek írása LATEX szintaxissal
Erre alkalmas a MathJax nevű JavaScript. Egy példát is megnézhet itt : kattintson ide!



http://docs.mathjax.org/en/latest/

https://tibortomacs.github.io/latex-tutorial-hu/mathjax-pelda.html





16. fejezet


További formai elemek


16.1. Görög betűk
Görög betűkre legtöbbször képletek írásakor van szükség. Ezt az esetet a 15.4. sza-
kaszban tárgyaljuk. Ha latin betűs környezetben szeretne görög betűket írni, de nem
képletben, akkor ehhez a T1 belső kódkészlet elé töltse be az LGR-t is :
\usepackage[LGR,T1]{fontenc}


Ezután használja a következő kódot:
{\fontencoding{LGR}\selectfont ⟨görög betűk⟩}
Például


Ð {\fontencoding{LGR}\selectfont abcdefghijklmnopqrstuxyz}


αβςδεφγηιθκλμνοπχρστυξψζ


A következő kóddal egyéb fontkészletet is használhat:
{\fontencoding{LGR}\fontfamily{⟨font⟩}\selectfont ⟨görög betűk⟩}
ahol a ⟨font⟩ értékei a következők lehetnek például: artemisia, gfsbaskerville, bodoni,
complutum, udidot, neohellenic, porson, solomos, txr, mak, llcmss. Például


Ð {\fontencoding{LGR}\fontfamily{gfsbaskerville}\selectfont
abcdefghijklmnopqrstuxyz}\\
{\fontencoding{LGR}\fontfamily{solomos}\selectfont
abcdefghijklmnopqrstuxyz}


αβςδεφγηιθκλμνοπχρστυξψζ


αβςδεφγηιθκλµνοπχρστυξψζ


A textgreek csomaggal görög betű a neve alapján is kiíratható:


α \textalpha
β \textbeta
γ \textgamma
δ \textdelta
ε \textepsilon
ζ \textzeta
η \texteta
θ \texttheta


ι \textiota
κ \textkappa
λ \textlambda
µ \textmu
μ \textmugreek
ν \textnu
ξ \textxi
ο \textomikron


π \textpi
ρ \textrho
σ \textsigma
τ \texttau
υ \textupsilon
φ \textphi
χ \textchi
ψ \textpsi


ω \textomega
Α \textAlpha
Β \textBeta
Γ \textGamma
Δ\textDelta
Ε \textEpsilon
Ζ \textZeta
Η \textEta
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Θ \textTheta
Ι \textIota
Κ \textKappa
Λ \textLambda
Μ\textMu
Ν \textNu


Ξ \textXi
Ο \textOmikron
Π \textPi
Ρ \textRho
Σ \textSigma
Τ \textTau


Υ \textUpsilon
Φ \textPhi
Χ \textChi
Ψ \textPsi
Ω \textOmega
ς \textvarsigma


ϕ \straightphi
θ \scripttheta
θ \straighttheta
ϵ \straightepsilon


16.2. Cirill betűk


Latin betűs szövegben néha szükség lehet cirill betűkre is. Ehhez a T1 belső kódkészlet
elé töltse be a T2C-t is :
\usepackage[T2C,T1]{fontenc}


Ekkor a T1 lesz az alapértelmezett. A T2C cirill betűi :


А \CYRA
Б \CYRB
В \CYRV
Г \CYRG
Д \CYRD
Е \CYRE
Ё \CYRYO
Ж \CYRZH
З \CYRZ
И \CYRI
Й \CYRISHRT
К \CYRK
Л \CYRL
М \CYRM
Н \CYRN
О \CYRO
П \CYRP
Р \CYRR
С \CYRS
Т \CYRT
У \CYRU
Ф \CYRF
Х \CYRH
Ц \CYRC
Ч \CYRCH
Ш \CYRSH
Щ \CYRSHCH
Ъ \CYRHRDSN


Ы \CYRERY
Ь \CYRSFTSN
Э \CYREREV
Ю \CYRYU
Я \CYRYA
а \cyra
б \cyrb
в \cyrv
г \cyrg
д \cyrd
е \cyre
ё \cyryo
ж \cyrzh
з \cyrz
и \cyri
й \cyrishrt
к \cyrk
л \cyrl
м \cyrm
н \cyrn
о \cyro
п \cyrp
р \cyrr
с \cyrs
т \cyrt
у \cyru
ф \cyrf
х \cyrh


ц \cyrc
ч \cyrch
ш \cyrsh
щ \cyrshch
ъ \cyrhrdsn
ы \cyrery
ь \cyrsftsn
э \cyrerev
ю \cyryu
я \cyrya
Ҽ \CYRABHCH
Ҿ \CYRABHCHDSC
Ӡ \CYRABHDZE
Ҟ \CYRKHCRS
Қ \CYRKDSC
� \CYRMDSC
Ң \CYRNDSC
Ө \CYROTLD
Ҧ \CYRPHK
Ҏ \CYRRTICK
Ҭ \CYRTDSC
Һ \CYRSHHA
Ҕ \CYRGHK
Ҳ \CYRHDSC
Џ \CYRDZHE
S \CYRDZE
Ҵ \CYRTETSE
Ҷ \CYRCHRDSC


Ҍ \CYRSEMISFTSN
Ә \CYRSCHWA
I \CYRII
J \CYRJE
Ӏ \CYRpalochka
ҽ \cyrabhch
ҿ \cyrabhchdsc
ӡ \cyrabhdze
ҟ \cyrkhcrs
қ \cyrkdsc
¨ \cyrmdsc
ң \cyrndsc
ө \cyrotld
ҧ \cyrphk
ҏ \cyrrtick
ҭ \cyrtdsc
һ \cyrshha
ҕ \cyrghk
ҳ \cyrhdsc
џ \cyrdzhe
s \cyrdze
ҵ \cyrtetse
ҷ \cyrchrdsc
ҍ \cyrsemisftsn
ә \cyrschwa
i \cyrii
j \cyrje
ҩ \cyrabhha


Az T2C cirill betűit az alábbi paranccsal jelenítheti meg:
{\fontencoding{T2C}\selectfont ⟨cirill betűk⟩}
Például


Ð {\fontencoding{T2C}\selectfont
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\CYRR\'\cyru\cyrs\cyrs\cyrk\cyri\cyrishrt\ \cyrt\cyre\cyrk\cyrs\cyrt}


Ру́сский текст


Ezek elérhetők TeXstudióból is : Oldalpanel Szimbólumok Cirill .


16.3. Gótikus írás
A latin és cirill betűkön kívül még sokféle áll rendelkezésre. Például gótikus az yfonts
csomaggal írható:


Ð {\frakfamily Und da er ihn fand, sprach er zu ihm:
Glaubest du an den Sohn Gottes? 36.~Er antwortete und sprach:
Herr, welcher ist's \dots\ Du hast ihn gesehen, und der mit dir
redet, der ist's. 38.~Er aber sprach: Herr, ich glaube; und
betete ihn an.}


Und da er ihn fand, spraĚ er zu ihm: GlaubeĆ du an den Sohn Gottes? 36. Er antwortete und spraĚ: Herr,


welĚer iĆ’s . . . Du haĆ ihn gesehen, und der mit dir redet, der iĆ’s. 38. Er aber spraĚ: Herr, iĚ glaube;


und betete ihn an.


16.4. Iniciálék


16.4.1. Latin iniciálé


Írja a következőket a preambulumba


Ð \usepackage{anyfontsize,lettrine}
\setcounter{DefaultLines}{4}


majd a dokumentumtestbe
\lettrine{K}{ezdetben} teremté Isten az eget és a földet. A föld pedig
kietlen és puszta vala, és setétség vala a mélység színén, és az Isten
Lelke lebeg vala a vizek felett. És monda Isten: Legyen világosság: és
lőn világosság. És látá Isten, hogy jó a világosság; és elválasztá Isten
a világosságot a setétségtől. És nevezé Isten a világosságot nappalnak,
és a setétséget nevezé éjszakának: és lőn este és lőn reggel, első nap.


Kezdetben teremté Isten az eget és a földet. A föld pedig kietlen és puszta
vala, és setétség vala a mélység színén, és az Isten Lelke lebeg vala a vizek
felett. És monda Isten: Legyen világosság: és lőn világosság. És látá Isten,
hogy jó a világosság; és elválasztá Isten a világosságot a setétségtől. És


nevezé Isten a világosságot nappalnak, és a setétséget nevezé éjszakának: és lőn este
és lőn reggel, első nap.


Ha ékezetes betűt használ iniciálénak, akkor azt parancsként írja be. Például
\lettrine{\'{E}}{s} monda Isten


16.4.2. Díszes latin iniciálé


Írja a következőket a preambulumba
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Ð \input Zallman.fd
\usepackage{anyfontsize,lettrine}
\setcounter{DefaultLines}{4}
\renewcommand{\LettrineFontHook}{\usefont{U}{Zallman}{xl}{n}}


majd a dokumentumtestbe
\lettrine{K}{ezdetben} teremté Isten az eget és a földet. A föld pedig
kietlen és puszta vala, és setétség vala a mélység színén, és az Isten
Lelke lebeg vala a vizek felett. És monda Isten: Legyen világosság: és
lőn világosság. És látá Isten, hogy jó a világosság; és elválasztá Isten
a világosságot a setétségtől. És nevezé Isten a világosságot nappalnak,
és a setétséget nevezé éjszakának: és lőn este és lőn reggel, első nap.


K
ezdetben teremté Isten az eget és a földet. A föld pedig kietlen és puszta
vala, és setétség vala a mélység színén, és az Isten Lelke lebeg vala a vizek
felett. És monda Isten: Legyen világosság: és lőn világosság. És látá Isten,
hogy jó a világosság; és elválasztá Isten a világosságot a setétségtől. És


nevezé Isten a világosságot nappalnak, és a setétséget nevezé éjszakának: és lőn este
és lőn reggel, első nap.


Ha ékezetes betűt használ iniciálénak, akkor azt parancsként írja be. Például
\lettrine{\'{E}}{s} monda Isten


A Zallman mintázat helyére a következő mintázatok is beírhatók: Acorn, AnnSton,
ArtNouv, ArtNouvc, Carrickc, Eichenla, Eileen, EileenBl, Elzevier, GotIn, GoudyIn,
Kinigcap, Konanur, Kramer, MorrisIn, Nouveaud, Romantik, Rothdn, RoyalIn, Sanremo,
Starburst, Typocaps.


16.4.3. Gótikus iniciálé


Írja a következőket a preambulumba


Ð \usepackage{yfonts,anyfontsize,lettrine}
\setcounter{DefaultLines}{4}
\renewcommand{\LettrineTextFont}{}


majd a dokumentumtestbe
{\frakfamily\fraklines\lettrine{U}nd da er ihn fand, sprach er zu ihm:
Glaubest du an den Sohn Gottes? 36.~Er antwortete und sprach:
Herr, welcher ist's \dots\ Du hast ihn gesehen, und der mit dir
redet, der ist's. 38.~Er aber sprach: Herr, ich glaube; und
betete ihn an. Und Jesus sprach: Ich bin zum Gerichte auf diese
Welt kommen, auf da\ss, die da nicht sehen, sehend werden, und
die da sehen, blind werden. Und solches höreten etliche der
Pharis\"{a}er, die bei ihm waren, und sprachen zu ihm: Sind wir denn
auch blind?\par}


U
nd da er ihn fand, spraĚ er zu ihm: GlaubeĆ du an den Sohn Gottes? 36. Er antwortete und spraĚ:


Herr, welĚer iĆ’s . . . Du haĆ ihn gesehen, und der mit dir redet, der iĆ’s. 38. Er aber spraĚ:


Herr, iĚ glaube; und betete ihn an. Und Jesus spraĚ: IĚ bin zum GeriĚte auf diese Welt kommen,


auf daȷ, die da niĚt sehen, sehend werden, und die da sehen, blind werden. Und solĚes hŽreten etliĚe


der PharisŁer, die bei ihm waren, und spraĚen zu ihm: Sind wir denn auĚ blind?


A \par parancs nélkül az iniciálé alá nem folyik be a szöveg.
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16.4.4. Díszes gótikus iniciálé


Írja a következőket a preambulumba


Ð \usepackage{yfonts,anyfontsize,lettrine}
\setcounter{DefaultLines}{4}
\renewcommand{\LettrineTextFont}{}
\renewcommand{\LettrineFontHook}{\usefont{U}{yinit}{m}{n}}


majd a dokumentumtestbe
{\frakfamily\fraklines\lettrine{U}nd da er ihn fand, sprach er zu ihm:
Glaubest du an den Sohn Gottes? 36.~Er antwortete und sprach:
Herr, welcher ist's \dots\ Du hast ihn gesehen, und der mit dir
redet, der ist's. 38.~Er aber sprach: Herr, ich glaube; und
betete ihn an. Und Jesus sprach: Ich bin zum Gerichte auf diese
Welt kommen, auf da\ss, die da nicht sehen, sehend werden, und
die da sehen, blind werden. Und solches höreten etliche der
Pharis\"{a}er, die bei ihm waren, und sprachen zu ihm: Sind wir denn
auch blind?\par}


U
nd da er ihn fand, spraĚ er zu ihm: GlaubeĆ du an den Sohn Gottes? 36. Er antwortete und


spraĚ: Herr, welĚer iĆ’s . . . Du haĆ ihn gesehen, und der mit dir redet, der iĆ’s. 38. Er aber


spraĚ: Herr, iĚ glaube; und betete ihn an. Und Jesus spraĚ: IĚ bin zum GeriĚte auf diese Welt


kommen, auf daȷ, die da niĚt sehen, sehend werden, und die da sehen, blind werden. Und solĚes


hŽreten etliĚe der PharisŁer, die bei ihm waren, und spraĚen zu ihm: Sind wir denn auĚ blind?


Az yinit fontcsalád csak bittérképes (nem skálázható) verzióban érhető el, így az
eredmény kinagyítva recés szélű iniciálét eredményez. Amennyiben pdflatex helyett
xelatex vagy lualatex fordítót használ (lásd a 25. fejezetet), akkor elérhető a vektor-
grafikus (skálázható) verzió is :


Ð \documentclass[a4paper,12pt]{article}
\usepackage[german]{babel}
\usepackage{fontspec}
\usepackage{yfonts,lettrine}
\setcounter{DefaultLines}{4}
\renewcommand{\LettrineTextFont}{}
\newfontface\Yinit{Yinit}
\renewcommand\LettrineFontHook{\Yinit}
\begin{document}
{\frakfamily\fraklines\lettrine{U}nd da er ihn fand, ... \par}
\end{document}


U


nd da er ihn fand, spraĚ er zu ihm: GlaubeĆ du an den Sohn Gottes? 36. Er antwortete und spraĚ:


Herr, welĚer iĆ’s . . . Du haĆ ihn gesehen, und der mit dir redet, der iĆ’s. 38. Er aber spraĚ:


Herr, iĚ glaube; und betete ihn an. Und Jesus spraĚ: IĚ bin zum GeriĚte auf diese Welt kommen,


auf daȷ, die da niĚt sehen, sehend werden, und die da sehen, blind werden. Und solĚes hŽreten etliĚe


der PharisŁer, die bei ihm waren, und spraĚen zu ihm: Sind wir denn auĚ blind?


Ez a vektorgrafikus iniciálé közvetlenül nem érhető el pdflatex fordítóval, de ha nem
fontként, hanem képként tölti be, akkor megoldható a probléma. Az iniciálé képként
történő mentéséhez készítse el a következő fájlt például yinit-U.tex néven:


\documentclass[border={-.28pt 0pt .05pt 0pt}]{standalone}
\usepackage{fontspec}
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\newfontface\Yinit{Yinit}
\begin{document}
\Yinit U
\end{document}


Fordítsa le a fájlt a következő parancssorral
lualatex yinit-U.tex


vagy TeXstudióban Eszközök Parancsok LuaLaTeX . A kapott yinit-U.pdf fájlt tegye
a forrásfájl mappájába, majd az alszakasz elején mutatott példában a \lettrine{U}
helyére írja a következőt:


\lettrine[image]{yinit-U}


16.5. Betűk kontúrozása és árnyékolása


A betűk kontúrozására a contour csomag használható outline opcióval. Ez automati-
kusan betölti a color csomagot is, ami az xcolor-nak egy kisebb tudású verziója. Ha
ki akarja használni az xcolor lehetőségeit, akkor azt is töltse be. A
\contourlength{⟨méret⟩} ∈ contour


paranccsal a kontúr vastagságát állíthatja be, ahol a ⟨méret⟩ alapértéke 0.03em. A
kontúrozás parancsa:
\contour{⟨színnév⟩}{⟨szöveg⟩} ∈ contour


Például


Ð \contourlength{1pt}
\contour{blue}{\Huge\bfseries\color{white}SZÖVEG}


SZÖVEGSZÖVEG
Szöveg árnyékolásához használja a
\shadowtext{⟨szöveg⟩} ∈ shadowtext


parancsot. Például


Ð \shadowtext{Árnyékolt szöveg}


Árnyékolt szövegÁrnyékolt szöveg


A korábban ismertetett xcolor csomaggal az árnyék színe is beállítható:
\shadowcolor{⟨szín⟩} ∈ shadowtext


Például


Ð \shadowcolor{blue!40!white}
\shadowtext{Árnyékolt szöveg}


Árnyékolt szövegÁrnyékolt szöveg


Az árnyék távolsága a következő parancsokkal állítható be:
\shadowoffset{⟨távolság⟩} ∈ shadowtext
\shadowoffsetx{⟨távolság⟩} ∈ shadowtext
\shadowoffsety{⟨távolság⟩} ∈ shadowtext
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Például


Ð \shadowoffset{2pt}
\shadowtext{Árnyékolt szöveg}


Árnyékolt szövegÁrnyékolt szöveg


Ð \shadowoffsetx{4pt}
\shadowoffsety{2pt}
\shadowtext{Árnyékolt szöveg}


Árnyékolt szövegÁrnyékolt szöveg


16.6. Alá- és föléhúzás egyszerre


Ð \overunderline{Egy érdekes kiemelés}


Egy érdekes kiemelésEgy érdekes kiemelés


Az \overunderline parancs alapból nincs definiálva. A használatához írja a preambu-
lumba a következőket:
\usepackage{calc}
\usepackage[outline]{contour}
\newlength{\ruleht}
\newlength{\rulesep}
\newcommand{\overunderline}[1]{%
\leavevmode
\begingroup


\setbox1=\hbox{#1}%
\setbox2=\hbox{m}%
\contourlength{1pt}% kontúrvastagság
\setlength{\ruleht}{0.4pt}% vonalvastagság
\setlength{\rulesep}{1.2pt}% a vonalak és az "m" betű távolsága
\rlap{\rlap{\rule[-\rulesep-\ruleht]{\wd1}{\ruleht}}%


\rule[\ht2+\rulesep]{\wd1}{\ruleht}}%
\contour{white}{\copy1}%


\endgroup
}


16.7. Díszítő elemek
A pgfornament csomag sok olyan díszítő elemet tartalmaz, amit az oldalak illetve szö-
vegrészletek díszítésére használhatunk. Itt csak egy példát mutatunk, a csomag útmu-
tatójában részletes leírást és sok további példát találhat.


Ð \begin{center}
\pgfornament[ydelta=-.5em,color=cyan]{97}
{\Large\bfseries Cím}
\pgfornament[symmetry=v,ydelta=-.5em,color=cyan]{97}
\end{center}
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Cím


A pgfornament csomag v1.3-nál korábbi verzióiban (2024. augusztus 14. előtti telepítés)
a \pgfornament parancs egy felesleges szóközt generál a díszítés után. Ez korrigálható
a következő kóddal:


\AddToHook{cmd/pgf@ornament/after}{\unskip}


16.8. Vonalazott lapok


Ha vonalazott lapot szeretne előállítani, akkor írja preambulumba a következőket:


Ð \usepackage{picture,xcolor,atbegshi}
\AtBeginShipout{%
\AtBeginShipoutUpperLeft{%
{\color{blue}%
\put(\dimexpr 1in+\oddsidemargin,


-\dimexpr 1in+\topmargin+\headheight+\headsep+\topskip)%
{%
\vtop to\dimexpr\vsize+\baselineskip{
\hrule
\leaders\vbox to\baselineskip{\hrule width\hsize\vfill}\vfill


}%
}%


}}%
}


16.9. Négyzetrácsos lapok


Ha négyzetrácsos lapot szeretne előállítani, akkor írja preambulumba a következőket:


Ð \usepackage{tikz,eso-pic}
\AddToShipoutPicture{%
\begin{tikzpicture}[remember picture,overlay]
\tikzset{normal lines/.style={black!20,very thin}}
\node at ([yshift=2mm] current page.south west){
\begin{tikzpicture}[remember picture,overlay]
\draw[style=normal lines,step=5mm](0,0)grid(\paperwidth,\paperheight);
\end{tikzpicture}};
\end{tikzpicture}}


16.10. Az oldal két pontjának összekötése vonallal


Ehhez töltse be a preambulumba a következőket:


Ð \usepackage{tikz}
\newcommand{\Node}[2]{\tikz[remember picture,inner sep=0pt,outer sep=0pt,


baseline=(#1.base)]\node(#1){#2};}
\newcommand{\Draw}[4][]{\tikz[remember picture,overlay]


\draw[#1](#3)#2(#4);\ignorespaces}
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Ezután például
Először \Node{A}{innen} húzunk egy piros nyilat a következő egyenlet
egyenlőségjeléhez.
\[5x^2+2x\Node{B}{${}={}$}5.\]
Most \Node{C}{\fbox{innen}} húzunk egy kék nyilat az előző ,,innen''
szóhoz. Végül pedig \Node{D}{ettől} a ponttól húzunk egy rózsaszínű
nyilat az egyenlőségjelhez, illetve egy zöld nyilat a következő
táblázat első sorának második oszlopához.
\begin{center}
\begin{tabular}{|c|c|}
\hline
1 & \Node{E}{ide} \\
\hline
2 & 3 \\
\hline
\end{tabular}
\end{center}
\Draw[->,color=red]{to[out=-30,in=130]}{A}{B}
\Draw[>->.>,>=stealth,color=blue]{to[bend left]}{C}{A}
\Draw[<.-.>,color=green,>=latex,line width=4pt,opacity=.5]{to}{D}{E}
\Draw[->,color=pink,line width=2pt]{--+(0mm,3mm)-|}{D}{B}


Először innen húzunk egy piros nyilat a következő egyenlet egyenlőségjeléhez.


5x2 + 2x = 5.


Most innen húzunk egy kék nyilat az előző „innen” szóhoz. Végül pedig ettől a
ponttól húzunk egy rózsaszínű nyilat az egyenlőségjelhez, illetve egy zöld nyilat a
következő táblázat első sorának második oszlopához.


1 ide
2 3


Tehát a következő két parancsot használhatja:
\Node{⟨név⟩}{⟨szöveg⟩}
\Draw[⟨nyíl típusa⟩]{⟨vonal alakja⟩}{⟨név1⟩}{⟨név2⟩}
A \Node kijelöli a pontokat, a \Draw pedig összeköti őket. A ⟨vonal alakja⟩ azt adja meg,
hogy az összekötő vonal milyen alakú legyen:


to Egyenes vonal.
to[bend left] Íves vonal, amely balra kanyarodva indul.
to[bend right] Íves vonal, amely jobbra kanyarodva indul.
to[out=⟨szög⟩,in=⟨szög2⟩] Íves vonal, amely ⟨szög1⟩ fokos szögben indul és ⟨szög2⟩ fokos


szögben érkezik.
--+(⟨koord1⟩mm,⟨koord2⟩mm)-| Törött vonal, amelynek kezdő pontja össze van kötve a


hozzá relatív (⟨koord1⟩mm,⟨koord2⟩mm) koordinátájú ponttal, amit egy vízszintes,
majd egy függőleges vonal követ.


A ⟨nyíl típusa⟩ opciók (alapértelmezésben nincs nyíl, csak vonal):


-> A nyíl ⟨név2⟩ felé mutat.
<- A nyíl ⟨név1⟩ felé mutat.
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<-> A nyíl ⟨név1⟩ és ⟨név2⟩ felé is mutat.
color=⟨szín⟩ A vonal színe.
>=⟨nyílvég⟩ A nyílvég alakja. (Pl. >=latex, >=stealth, stb. Bővebben lásd a tikz csomag


leírásában.)
line width=⟨vastagság⟩ A vonal vastagsága. Alapértéke 0.4pt.
opacity=⟨szám⟩ Átlátszóság értéke. A ⟨szám⟩ egy 0 és 1 közötti érték. Minél kisebb az


érték, annál átlátszóbb. Alapértéke 1.


16.11. A pdf készítésének ideje óra percben


Ennek megjelenítéséhez először írja a következőket a preambulumba:
\newcount\hour \newcount\minute
\hour=\time \divide \hour by 60
\minute=\time
\loop \ifnum \minute > 59 \advance \minute by -60 \repeat
\makeatletter
\def\hourminute{\number\hour:\two@digits{\minute}}
\makeatother


Tegyük fel, hogy a dokumentum fordításának időpontja 754 perc, azaz 12 óra 34 perc.
Ekkor


754 \number\time
12 \number\hour
34 \number\minute
12:34 \hourminute


Az előbb definiált \hourminute parancs helyett használható a következő is :
\currenttime ∈ datetime


16.12. Nem vízszintes alapvonalú szöveg szedése


Írja a preambulumba a következőket:


Ð \usepackage{tikz}
\usetikzlibrary{decorations.text}


Ezután a dokumentumtestbe ezt írja:
% ZÖLD SZÖVEG
\begin{tikzpicture}[baseline=-3pt]
\path [decorate,


decoration={text effects along path,
text={SZ{Ö}VEG},
text effects/.cd,
scale text to path},


text effects={text=green,
character widths={inner xsep=1pt}}]


(0,0) -- (3,2);
\end{tikzpicture}
% KÉK SZÖVEG
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\begin{tikzpicture}[baseline]
\path [decorate,


decoration={text effects along path,
text={SZ{Ö}VEG},
text effects/.cd,
text along path,
scale text to path},


text effects={text=blue,
character widths={inner xsep=0pt}}]


(0,0) -- (3,2);
\end{tikzpicture}
% SÁRGA SZÖVEG
\begin{tikzpicture}[baseline]
\path [decorate,


decoration={text effects along path,
text={SZ{Ö}VEG},
text effects/.cd,
text along path,
scale text to path,
characters={font=\color{yellow},


xslant=0.6666}},
text effects={character widths={inner xsep=0pt}}]


(0,0) -- (3,2);
\end{tikzpicture}
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A következő példához írja be a preambulumba a következőket:


Ð \usepackage{tikz}
\usetikzlibrary{decorations.text}
\usepackage[outline]{contour}


Ezután a dokumentumtestbe ezt írja:
\begin{tikzpicture}[baseline]
\def\mycontour#1{\contour{red}{#1}}
\path[decorate,


decoration={text effects along path,
text={SZ{Ö}VEG},
text effects/.cd,
text along path,
scale text to path,
characters={font=\color{white},


character command=\mycontour,
xslant=0.6666}},


text effects={character widths={inner xsep=0pt}}]
(0,0) -- (3,2);
\end{tikzpicture}
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A következő példához írja be a preambulumba a következőket:


Ð \usepackage{tikz}
\usetikzlibrary{decorations.text}


Ezután a dokumentumtestbe ezt írja:
\begin{tikzpicture}[baseline]
\path [decorate,


decoration={text effects along path,
text={SZ{Ö}VEG SZ{Ö}VEG SZ{Ö}VEG SZ{Ö}VEG SZ{Ö}VEG


SZ{Ö}VEG},
text effects/.cd,
text along path,
scale text to path},


text effects={text=magenta,
character widths={inner xsep=0pt}}]


(0,0)..controls (3,3) and (6,-3)..(9,0);
\end{tikzpicture}
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Ügyeljen arra, hogy az előző példákban az ékezetes betűket kapcsos zárójelek közé kell
tenni. Pl. : SZ{Ö}VEG.


16.13. Lorem ipsum


Az XVI. században egy ismeretlen nyomdász egy latint utánzó összefüggő értelmetlen
szöveget kreált a különböző nyomdai elrendezések bemutatására, amit azért alkalma-
zott, mert az ember önkéntelenül elkezdi olvasni a számára értelmes szöveget, így nem
tudva elvonatkoztatni attól és az elrendezésre koncentrálni. Ezt a nyomdászatban és az
informatikában a mai napig is használják a betűtípusok, a tipográfia és az elrendezés
bemutatására. Nagyszerűsége abban rejlik, hogy ebben a szövegben található betűk és
betűközök kombinációjában láthatóak a legszebben a betűtípusok fontosabb jellemzői.
Az angoléhoz és a magyaréhoz hasonló betűelosztása van, amely szintén segít abban,
hogy az emberek ne a tartalmat figyeljék.


A szöveget Cicero De finibus bonorum et malorum („A legfőbb jóról és rosszról”)
című műve néhány bekezdésének véletlenszerűen összevágott szavaiból alakították ki.
Így tehát nincs értelmes jelentése, sokszor még a szavaknak sem.


Ez a „vak” szöveg az ún. lorem ipsum (röviden: lipsum), amely LATEX-ben egyszerűen
generálható a lipsum csomag segítségével :
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\lipsum[⟨szám1⟩-⟨szám2⟩] ∈ lipsum


Ekkor a lorem ipsum szövege jelenik meg a ⟨szám1⟩-edik bekezdéstől a ⟨szám2⟩-edik
bekezdésig. Az utóbbi maximális értéke 150 lehet. A \lipsum parancs opciójának alap-
értéke: 1-7.
\lipsum[⟨szám⟩] ∈ lipsum


Ekkor a lorem ipsum ⟨szám⟩-adik bekezdése jelenik meg.
A lorem ipsum számos változata ismert különböző nyelveken. A magyar verziót


2016-ban Nagy Viktor és Takács Dávid dolgozták ki, melynek a Lórum ipse címet
adták (lásd http://www.lorumipse.hu/). Ennek a szövegét a hulipsum csomaggal
jeleníthetjük meg LATEX-ben. A csomag betöltése után a \hulipsum parancs ugyanúgy
használható, mint az előbb ismertetett \lipsum. Ha egy komplett strukturált doku-
mentumot (lásd a 17. fejezetet) szeretne létrehozni címmel, szerzővel, tartalomjegyzék-
kel, fejezettel, szakasszal, alszakasszal, al-alszakasszal, paragrafussal, alparagrafussal,
listákkal, ábrával és irodalomjegyzékkel, mindezeket a Lórum ipse szövegével, akkor
használja a
\hulipsumdocument ∈ hulipsum


parancsot.
Az angol verzió a kantlipsum csomaggal érhető el. Ekkor a \kant parancs használ-


ható hasonló opciókkal, mint a \lipsum. A blindtext angol, német, francia és latin
nyelven is ad „vak” szöveget a babel csomag opciójának megfelelően, a
\Blindtext[⟨szám⟩] ∈ blindtext


paranccsal, ahol a ⟨szám⟩ a megjelenítendő bekezdések száma (alapértéke 5). Ezzel a
csomaggal is lehet komplett strukturált dokumentumot létrehozni:
\Blinddocument ∈ blindtext


16.14. Vízjel


Írja a preambulumba a következőket:


Ð \usepackage{draftwatermark,xcolor,anyfontsize}
\SetWatermarkText{⟨szöveg⟩}
\SetWatermarkColor{⟨színnév⟩}
\SetWatermarkFontSize{⟨magasság⟩}
\SetWatermarkAngle{⟨szög⟩}
Ezután a dokumentum minden oldalának közepén, a háttérben megjelenik a ⟨szöveg⟩,
amely ⟨magasság⟩ magas, ⟨színnév⟩ színű és el van forgatva ⟨szög⟩ fokkal. Ugyanerre a
hatásra mutatunk még két lehetséges megoldást:
\usepackage{eso-pic,tikz,graphicx}
\AddToShipoutPictureBG{%
\begin{tikzpicture}[overlay]
\node[rotate=⟨szög⟩,color=⟨színnév⟩] at (current page.center)
{\resizebox{!}{⟨magasság⟩}{⟨szöveg⟩}};
\end{tikzpicture}}


vagy
\usepackage{eso-pic,xcolor,graphicx}
\newsavebox{\mybox}
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\newlength{\myboxheight}
\newlength{\myboxwidth}
\sbox{\mybox}{\rotatebox{⟨szög⟩}{\resizebox{!}{⟨magasság⟩}{%


\color{⟨színnév⟩}⟨szöveg⟩}}}
\settowidth{\myboxwidth}{\usebox{\mybox}}
\settoheight{\myboxheight}{\usebox{\mybox}}
\AddToShipoutPictureBG{\AtPageCenter{%
\hspace{-.5\myboxwidth}\lower.5\myboxheight\hbox{\usebox{\mybox}}}}


16.15. Különleges bekezdések


Érdekes bekezdések készíthetők a shapepar csomaggal. Egyik parancsa
\diamondpar{⟨szöveg⟩} ∈ shapepar


Például


Ð \diamondpar{a á b c d e é f g h i í j k l m n
o ó ö ő p q r s t u ú ü ű v z x y}


♢
a á b


c d e é f g
h i í j k l m n
o ó ö ő p q r s
t u ú ü ű v
z x y
♢


A shapepar csomag segítségével más formájú bekezdések is készíthetők, sőt magunk is
tervezhetünk újakat.


Különleges bekezdések készíthetők a fancypar csomaggal is. Példaként megmuta-
tunk egy részletet Fülig Jimmy leveléből az uralkodóhoz (Rejtő Jenő: Piszkos Fred, a
kapitány):


Ð \NotebookPar{%
\usefont{T1}{frc}{m}{sl}
~\\
Igen tisztelt kiráj úr, kedves mamája és T. neje őfelsége!\\\\
Mai nappal keltfent levelét vettem és kibontám.
Ezennel felelek tisztelettel értesíteni!
Szíves mekhívására, hogy udvarára telepeggyek nyugodt életre,
amit Felség gondtalanít, van szerencsém őszinte sajnálattal.
Mer ott nekem nagy strapa a tétlenség.
Én városi lakós vagyok, ha nem is bejelentett,
ami csak egy üres formalinság.\\
(\dots)\\
Ezzel zárom soraimat alanti tisztelettel felségednek régi barátja,
ma is és a kedves mama őfelségének
és az uralkodó őnacsságának kézcsókkal.\\\\
Kelt most lent: Néhai kollégája:\\
\hspace*{\fill}az eksz Fülig Jimmy, sajátulag.\\}
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I`g´e›nffl ˚tˇi¯sfi˚zˇt´e¨lˇt ˛k˚i˚r`á¯j ˚ú˚rffl, ˛k`e´d‹vfleṡ ”m`a‹m`á¯j´affl `éṡ T. ”n`ej̇´e `ő˝f´e¨lṡfi`é´g´e!


M`a˚iffl ”n`a¯p¯p`a˜l ˛k`e¨lˇt¨f´e›n˚t ˜l´e›vfle¨l´éˇt ”vfleˇtˇt´e›mffl `éṡ ˛k˚i˜bˆo“n˚t´á‹mffl. E˚z´e›n‹n`e¨l
˜f´e¨l´e¨l´e‚kffl ˚tˇi¯sfi˚zˇt´e¨l´eˇtˇt´e¨l `éˇr˚t´eṡfi˚í˚t´e›n˚i! S̊zˇí‹vfleṡ ”m`e‚k˛h˚í‹vˆá¯sfi`á˚r`affl, ˛h`oˆg›y
˚u`d‹vˆa˚r`á˚r`affl ˚t´e¨l´eṗ`e´g´g›y´e‚kffl ”n‹yˇu`g´oˆd˚t `é¨l´eˇtˇr`e, `a‹m˚i˚t F̀e¨lṡfi`é´g `g´o“n`dffl-
˚t´a˜l´a‹n˚í˚t, ”vˆa‹nffl ¯sfi˚z´eˇr`e›n`cṡfi`é›mffl `őşfi˚zˇi‹n˚t´e ¯sfi`a¯j›n`á˜l´a˚tˇt´a˜l. M`eˇrffl `o˘tˇt
”n`e‚k`e›mffl ”n`a`g›y ¯sfi˚tˇr`a¯p`affl `affl ˚t´éˇt¨l´e›n¯sfi`é´g. É”nffl ”vˆá˚r`oşfi˚iffl ˜l´a˛k`óş ”vˆa`g›y´o˝kffl,
˛h`affl ”n`e›mffl ˚i¯s ˜bflej̇´e¨l´e›n˚t´eˇtˇt, `a‹m˚iffl `cṡfi`a˛kffl `e´g›y ˚ü˚r`eṡ ˜f´o˘r‹m`a˜lˇi‹n¯sfi`á`g.
(. . . )
E˚zˇz´e¨l ˚z´á˚r`o“mffl ¯sfi`o˘r`a˚i‹m`a˚t `a˜l´a‹n˚tˇiffl ˚tˇi¯sfi˚zˇt´e¨l´eˇtˇt´e¨l ˜f´e¨lṡfi`é´g´e´d‹n`e‚kffl ˚r`é-
`gˇiffl ˜bˆa˚r`á˚tj̇´affl, ”m`affl ˚i¯s `éṡ `affl ˛k`e´d‹vfleṡ ”m`a‹m`affl `ő˝f´e¨lṡfi`é´g´é›n`e‚kffl `éṡ `a˚z
˚u˚r`a˜l‚k`oˆd`ó `ő“n`a`cṡfi¯sfi`á`g´á‹n`a˛kffl ˛k`éˇz´cṡfi`ó˝k˛k`a˜l.


K`e¨lˇt ”m`oşfi˚t ˜l´e›n˚t: Ǹé‚h`a˚iffl ˛k`o˝l¨l´é´g´á¯j´affl:
`a˚z `e‚k¯sfi˚z F̊ü˜lˇi`g Jˇi‹m‹m‹y, ¯sfi`a¯j´á˚tˇu˜l´a`g.


16.16. Vonalkód


Vonalkód generálásához használhatja a GS1 csomagot. Egyelőre ezzel még csak EAN-8
és EAN-13 szabványú vonalkódok generálhatók, de a későbbiekben várható ezeknek a
kiterjesztése. Használata a következő:
\EANBarcode[module_height=⟨magasság⟩]{⟨szám⟩}
Például


Ð \EANBarcode[module_height=2cm]{ISBN 978-615-5297-19-9}


9 786155 297199


Több szabványt ismer a pst-barcode csomag, de ez csak latex és xelatex fordítókkal
működik alapesetben. Ekkor vonalkód a következő módon állítható elő:
\begin{pspicture}(⟨szélesség⟩in,⟨magasság⟩in)
\psbarcode{⟨szám⟩}{includetext width=⟨szélesség⟩ height=⟨magasság⟩}{⟨típus⟩}
\end{pspicture}
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A ⟨szélesség⟩ illetve a ⟨magasság⟩, a vonalkód szélességének illetve magasságának mér-
tékszáma inch-ben mérve. Például


Ð \begin{pspicture}(1.5in,1in)
\psbarcode{1787-6117}{includetext width=1.5 height=1}{issn}
\end{pspicture}
\hspace{1cm}
\begin{pspicture}(1in,1in)
\psbarcode{01335583}{includetext width=1 height=1}{ean8}
\end{pspicture}


9 771787 611000


ISSN 1787-6117


0133 5583


Ha az előző kódhoz pdflatex fordítót használ, akkor még az auto-pst-pdf csomagot is
töltse be, továbbá használja a -shell-escape kapcsolót a fordításnál. Ha a forrásállo-
mány például a dokumentum.tex, akkor parancssorba írja be, hogy
pdflatex -shell-escape dokumentum.tex


majd Enter . Ha kereszthivatkozásokat is használ, akkor célszerűbb a latexmk program
használata -shell-escape kapcsolóval :
latexmk -pdf -shell-escape dokumentum


majd Enter . TeXstudióból történő fordításhoz alkalmazza az 1.10. szakasz 2. pontjának
beállítását. Ezután Eszközök Parancsok Latexmk .


16.17. QR-kód
QR-kód könnyen generálható a qrcode csomaggal:
\qrcode[height=⟨magasság⟩]{⟨URL cím⟩} ∈ qrcode


Például


Ð \qrcode[height=25mm]{https://www.ctan.org}


16.18. Dátumtípusok automatikus toldalékolása
Tegyük fel, hogy a dokumentum fordításának dátuma 2025. június 17. Ekkor


2025. június 17-én \ontoday ∈ [magyar]babel
2025. június 17-én \ondatemagyar ∈ [magyar]babel
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2025. június 17-én \emitdate[a+an]{g}{\today} ∈ [magyar]babel
2025. június 17-e \emitdate[e]{g}{\today} ∈ [magyar]babel


Rögzített dátumok esetén:


1848. március 15-én \emitdate[a+an]{g}{1848-3-15} ∈ [magyar]babel
1848. március 15-e \emitdate[e]{g}{1848-3-15} ∈ [magyar]babel


16.19. Számok automatikus toldalékolása


Ehhez használja a
\told ∈ [magyar]babel


parancsot. Ha automatikus névelőt is akar elé tenni, akkor pedig az
\atold ∈ [magyar]babel
\Atold ∈ [magyar]babel


parancsokat. A lehetséges toldalékok: a, as, ad, adik, an, at, on, nal, ul, val, hoz, ban,
nak, ba, ra, tol, rol, szor. Például


\atold\ref{sec-a}+at{}\\
\told\ref{sec-a}+as{}\\
\told\ref{sec-a}+ad+szor{}\\
\told(\ref{eq-c})+at


a 3-at
3-as
3-adszor
(1)-et


ahol \ref{sec-a} eredménye 3 és \ref{eq-c} eredménye 1. Az utolsó sorban nem hasz-
nálható a \told\eqref{eq-c}+at parancs!


16.20. Automatikus magyar határozott névelő


Magyar nyelvű dokumentum készítésekor nem csak kereszthivatkozások (lásd a 6. feje-
zetben) esetén lehet hasznos a határozott névelő automatizálása. Például formanyom-
tatványokban bizonyos szavakhoz, kifejezésekhez is célszerű ez az eljárás. Ehhez hasz-
nálja az
\az{⟨szó⟩} ∈ [magyar]babel
\Az{⟨szó⟩} ∈ [magyar]babel


parancsokat, melyek kiírják a ⟨szó⟩-t és előtte a megfelelő határozott névelőt. Az \Az
parancs annyiban különbözik az \az parancstól, hogy a névelő kezdőbetűje nagy. Pél-
dául


\documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\newcommand{\egyetemA}{Eszterházy Károly Katolikus Egyetem}
\newcommand{\egyetemB}{Debreceni Egyetem}
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\begin{document}
\Az{\egyetemA} és \az{\egyetemB} hallgatóinak a száma összesen: \dots
\end{document}


Az Eszterházy Károly Katolikus Egyetem és a Debreceni Egyetem hallgatóinak a
száma összesen: . . .


Megzavarhatja a működést, ha a ⟨szó⟩-ban a makrók kifejtése után kapcsos zárójelek
vagy kifejthető tokenek vannak. Például helytelen eredményt ad a következő:


\documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\usepackage{xcolor}
\newcommand{\egyetem}{Eszterházy Károly Katolikus Egyetem}
\begin{document}
\Az{\textcolor{blue}{\egyetem}} hallgatóinak a száma: \dots % ROSSZ!
\end{document}


A Eszterházy Károly Katolikus Egyetem hallgatóinak a száma: . . .


Ezen a problémán lehet segíteni például az
\az*{⟨szó⟩} ∈ [magyar]babel
\Az*{⟨szó⟩} ∈ [magyar]babel


parancsokkal, melyek a ⟨szó⟩-nak megfelelő névelőt írják ki (kis illetve nagy kezdőbe-
tűvel) de utána nem jelenik meg a ⟨szó⟩. Például


\documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\usepackage{xcolor}
\newcommand{\egyetem}{Eszterházy Károly Katolikus Egyetem}
\begin{document}
\Az*{\egyetem} \textcolor{blue}{\egyetem} hallgatóinak a száma: \dots
\end{document}


Az Eszterházy Károly Katolikus Egyetem hallgatóinak a száma: . . .


Megemlítjük, hogy a huaz csomag betöltésével közvetlenül az
\Az{\textcolor{blue}{\egyetem}}


kód is helyes eredményt ad.
Vannak olyan mássalhangzók, melyek ha magukban állnak, akkor nem „az” hanem


„a” névelőt kell eléjük tenni. Ezek a következők: f, l, ly, m, n, ny, s, sz, r, x, y. Az \az
illetve \Az parancsok ezt is megoldják:


\az{F betű}, \az{fal}


az F betű, a fal


UTF-8 kódolású dokumentum esetén, ha egy szó kezdőbetűje f, l, ly, m, n, ny, s, sz,
r, x vagy y (azaz az előbb említett kivételes mássalhangzók), ugyanakkor a második
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betűje ékezetes (pl. száz, nyúl, főnök), akkor azt \az illetve \Az parancsba rakva hibás
eredményt kapunk. Hasonló a gond azokkal a szavakkal, melyeknek az első betűje éke-
zetes az nem az előbb említett kivételes mássalhangzók valamelyike követi (pl. ágy).
Ezt a gondot a huaz csomag betöltése megoldja.


A magyar.ldf hunnewlabel=yes alapértelmezett opciója valósítja meg, hogy római
számozás esetén is helyes névelőt kapjunk egy kereszthivatkozásnál. Azonban ekkor az
oldalszámozást nem lehet átállítani alfanumerikusra (bár ez egy nagyon ritkán felmerülő
igény). Ha mégis szükség van erre, akkor a defaults=hu-min opció után töltse be a
hunnewlabel=no opciót is. Ekkor azonban a római számozás előtti automatikus névelő
használat nem működik. Ezt a gondot a huaz csomag betöltése megoldja.


16.21. TEX-hel kapcsolatos logók


\TeX, \LaTeX, \LaTeXe
\AmS ∈ amsmath
\METAFONT, \METAPOST ∈ hvlogos
\XeTeX, \XeLaTeX, \LuaTeX, \LuaLaTeX ∈ hvlogos
\BibLaTeX, \LaTeXIII ∈ hvlogos


Ha az amsmath és hvlogos csomagokat együtt használja, akkor az amsmath előbb legyen
betöltve.







17. fejezet


Strukturált művek


Hosszabb, strukturált dokumentumokat a következő módon szoktuk tagolni :
– cím
– kivonat (book osztályban nincs)
– tartalomjegyzék
– úszó objektumok jegyzéke
– főszöveg szintjei


• részek
• fejezetek (article osztályban nincs)
• szakaszok
• alszakaszok
• al-alszakaszok
• paragrafusok
• alparagrafusok
• bármelyiken belül tételszerű bekezdések


– függelék
– bibliográfia
– tárgymutató


17.1. Főcím, címlap, kivonat
A mű címét, szerzőjét és dátumot a következő parancsokkal adhatja meg.
\title{⟨cím⟩}
\author{⟨szerző⟩}
\date{⟨dátum⟩}
\maketitle


A \title, \author és \date parancsok írhatók preambulumba is, de a \maketitle csak
a dokumentumtestbe. A ⟨dátum⟩ alapértéke
\today


ami a fordításkori aktuális dátumot jelenti. Ezen parancsok argumentumaiba lábjegy-
zetek is írhatók a
\thanks{⟨szöveg⟩}
paranccsal. Ez a \footnote-tól függetlenül számoz. A \maketitle a rendelkezésre álló
adatokból elkészíti a címet. Alapesetben a report és book dokumentumosztályok esetén
a cím külön oldalra kerül, míg article esetén nem. Amennyiben a titlepage opcióval
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tölti be az article dokumentumosztályt, akkor ebben az esetben is külön oldalra kerül
a cím.


Ezután nyithat egy abstract környezetet (kivéve a book osztályt), melybe a mű
rövid kivonatát írhatja.


17.2. A főszöveg szintjei
A főszöveg szintjeinek hierarchiáját a következő táblázat foglalja össze:


szintszám


név parancs article book/report


rész \part[⟨rövid cím⟩]{⟨cím⟩} 0 −1
fejezet \chapter[⟨rövid cím⟩]{⟨cím⟩} — 0
szakasz \section[⟨rövid cím⟩]{⟨cím⟩} 1 1
alszakasz \subsection[⟨rövid cím⟩]{⟨cím⟩} 2 2
al-alszakasz \subsubsection[⟨rövid cím⟩]{⟨cím⟩} 3 3
paragrafus \paragraph[⟨rövid cím⟩]{⟨cím⟩} 4 4
alparagrafus \subparagraph[⟨rövid cím⟩]{⟨cím⟩} 5 5


A ⟨cím⟩ az adott szint címe, míg a ⟨rövid cím⟩ az a cím, ami a tartalomjegyzékben
és a fejlécben jelenik meg. Ennek alapértéke a ⟨cím⟩, azaz ha nem adja meg, akkor a
tartalomjegyzékbe és fejlécbe az a cím kerül, ami a szövegbe is.


Ha a szövegben, tartalomjegyzékben és a fejlécben is más-más címet akar kiírni,
akkor használja a 391. vagy a 396. oldalon található megoldások valamelyikét.


A szintek automatikusan sorszámot kapnak a secnumdepth számláló által megadott
szintszámig (article-ben ez 3, a többiben 2.) Ha ezen változtatni akar, például még a
paragrafusokat is szeretné számozni (melynek 4 a szintszáma), akkor írja be a követ-
kezőt a preambulumba:
\setcounter{secnumdepth}{4}


Ha egy számozott szint esetén csak egyetlen szintnek nem akar sorszámot, akkor hasz-
nálja az előző parancsok ún. csillagos változatát (például \section*{⟨cím⟩}). Ilyenkor
a cím nem kerül a tartalomjegyzékbe és a fejlécbe sem.


A részek számozása alapesetben római számozással, a fejezeteké pedig arab szá-
mozással történik. Lehetőség van magyar nyelv esetén arra, hogy a számozás betűzve
jelenjen meg. Ehhez a magyar.ldf fájlt
partnumber=Huordinal,chapternumber=Huordinal


opciókkal kell betölteni. Ekkor például


Ð \part{A rész címe}


Első rész
A rész címe


\chapter{A fejezet címe}


Első fejezet
A fejezet címe
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A szintekre pontosan úgy lehet hivatkozni, mint ahogyan azt az általános esetre leírtuk.
Például


\subsection{Ez az alszakasz címe}\label{subsec-pelda}
...
Lásd \aref{subsec-pelda}.~alszakaszban.


1.1. Ez az alszakasz címe


. . .
Lásd az 1.1. alszakaszban.


A szintek címének megjelenési formáját szabályozhatja is a titlesec csomaggal. Ezt itt
nem részletezzük, csak egy példát említünk, melyben a fejezetcímet középre igazítjuk.
A dokumentumtestbe írja be a következőt:


Ð \titleformat{\chapter}[display]{\normalfont\bfseries\filcenter}
{\huge\thechapter.~\chaptertitlename}{20pt}{\Huge} ∈ titlesec


A book osztályban további három parancs van a könyv szerkezetének kialakítására:


\frontmatter Római számozású oldalak, fejezetek sorszám nélkül.
\mainmatter Arab számozású oldalak 1-től.
\backmatter Fejezetek sorszám nélkül.


Ezek elhelyezkedése a dokumentumtestben:
\begin{document}
⟨cím⟩
\frontmatter
⟨jegyzékek, előszó, bevezetés⟩
\mainmatter
⟨szöveg fő része, függelék⟩
\backmatter
⟨bibliográfia, tárgymutató⟩
\end{document}


A magyar tipográfiában \frontmatter esetén az oldalszámozás nagy római számokkal
történik, míg az angolban kis római számokkal. Ezt a magyar.ldf nem kezeli. A hibát
úgy tudja javítani, hogy a \frontmatter után kiadja a
\pagenumbering{Roman}


parancsot is.


17.3. Fattyúsorok
A tipográfiában a hosszú dokumentumok tördelésének súlyos hibája az úgynevezett
fattyúsor. Két előfordulása van:


özvegysor egy oldal vagy hasáb egy bekezdés utolsó sorával kezdődik;
árvasor egy oldal vagy hasáb utolsó sorában kezdődik egy bekezdés.


Ezek letiltására használja a nowidow csomagot all opcióval. Ezzel azt is be lehet állítani,
hogy az oldal vagy hasáb tetején illetve alján egy bekezdésnek minimum hány sora
legyen, ha az egyáltalán lehetséges. Például ha azt akarja, hogy ez a szám 4 legyen,
akkor használja még a defaultlines=4 opciót is.
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17.4. Fej- és láblécek


17.4.1. Alapbeállítások


Egy hosszabb dokumentumban célszerű, ha minden oldalon találunk utalást arra, hogy
az a dokumentum mely részén van: hányadik oldalon, melyik szinten és melyik al-
szinten. Ezek book osztályban automatikusan megjelennek. A másik két osztályban
(article, report) ehhez adja ki a
\pagestyle{headings}


parancsot. Ennek hatása:
– lábléc üres
– oldalszám a fejléc külső margójánál
– szint információi a fejlécben


• egyoldalas szedésnél minden oldalon a belső margónál
• kétoldalas szedésnél páros oldalon a belső margónál


– alszint információi a fejlécben
• egyoldalas szedésnél nincs
• kétoldalas szedésnél páratlan oldalon a belső margónál.


További oldalstílusok:
\pagestyle{empty}


Üres fej- és lábléc.
\pagestyle{plain}


Üres fejléc, a lábléc közepén oldalszám.
\pagestyle{myheadings}
\markboth{⟨infó1⟩}{⟨infó2⟩}


– lábléc üres
– oldalszám a fejléc külső margójánál
– ⟨infó1⟩ a fejlécben


• egyoldalas szedésnél nincs
• kétoldalas szedésnél páros oldalon a belső margónál


– ⟨infó2⟩ a fejlécben
• egyoldalas szedésnél minden oldalon a belső margónál
• kétoldalas szedésnél páratlan oldalon a belső margónál


– ⟨infó1⟩ és ⟨infó2⟩ bármikor megváltoztatható a \markboth paranccsal. Külön csak
az ⟨infó2⟩ is megadható a
\markright{⟨infó2⟩}
paranccsal.


Ha egy konkrét oldalra vonatkozóan meg akarja az oldalstílust változtatni, akkor az
adott szövegrészhez gépelje be:
\thispagestyle{⟨stílus⟩}
ahol a ⟨stílus⟩ : headings, myheadings, empty vagy plain. A report és book osztályokban
az új részt és az új fejezetet nyitó oldalak plain stílusra váltanak, majd a következő
oldaltól visszatér az eredeti stílusra.


Ha a book vagy report osztályt openright opcióval töltötte be, akkor előfordulhat,
hogy a dokumentumban lesz üres oldal. A magyar tipográfiai szabály előírja, hogy
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ezeken az oldalakon a fej- és láblécnek is üresnek kell lennie. A magyar.ldf ezt nem
oldja meg. Ennek eléréséhez töltse be az emptypage csomagot. Ha mi kényszerítettünk
ki üres oldalt, akkor oda írja be a következő parancsot:
\thispagestyle{empty}


17.4.2. Fej- és láblécek testreszabása


A fej- és láblécek beállításaira a következő parancsok használhatók:
\thepage


Kiírja az aktuális oldalszámot.
\thechapter


Kiírja az aktuális fejezet számát.
\thesection


Kiírja az aktuális szakasz számát.
\thesubsection


Kiírja az aktuális alszakasz számát.
\@chapapp


Kiírja az aktuális fejezet címkéjét: „fejezet” vagy „függelék”.
\leftmark


Ennek eredménye az aktuális oldalon és a korábban kiadott
\markboth{⟨bal⟩}{⟨jobb⟩}
parancsok közül az utolsónak a ⟨bal⟩ argumentuma.
\firstleftmark ∈ extramarks


Ennek eredménye az aktuális oldalon kiadott \markboth{⟨bal⟩}{⟨jobb⟩} parancsok kö-
zül az elsőnek a ⟨bal⟩ argumentuma. Ha nincs ilyen, akkor az utolsónak kiadott ilyen
parancs ⟨bal⟩ argumentuma.
\rightmark


Ennek eredménye az aktuális oldalon kiadott \markboth{⟨bal⟩}{⟨jobb⟩} illetve
\markright{⟨jobb⟩}
parancsok közül az elsőnek a ⟨jobb⟩ argumentuma. Ha nincs ilyen, akkor az utolsó ilyen
parancs ⟨jobb⟩ argumentuma.
\lastrightmark ∈ extramarks


Ennek eredménye az aktuális oldalon és a korábban kiadott \markboth{⟨bal⟩}{⟨jobb⟩}
illetve \markright{⟨jobb⟩} parancsok közül az utolsónak a ⟨jobb⟩ argumentuma.


Alapesetben a \rightmark és \leftmark parancsok az aktuális szint és alszint infor-
mációit tárolják. A headings stílus ezt a következő táblázat szerint teszi :


article report/book


egyoldalas kétoldalas egyoldalas kétoldalas


\leftmark szakasz fejezet
\rightmark szakasz alszakasz fejezet szakasz
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\chaptermark{⟨cím1⟩}
A \chapter[⟨cím1⟩]{⟨cím2⟩} parancs kiadásakor végrehajtódik.
\sectionmark{⟨cím1⟩}
A \section[⟨cím1⟩]{⟨cím2⟩} parancs kiadásakor végrehajtódik.
\subsectionmark{⟨cím1⟩}
A \subsection[⟨cím1⟩]{⟨cím2⟩} parancs kiadásakor végrehajtódik.
\@oddfoot


Ennek tartalma kerül a láblécbe egyoldalas nyomtatás esetén minden oldalon, kétolda-
las nyomtatás esetén a páratlan oldalon.
\@evenfoot


Ennek tartalma kerül a láblécbe kétoldalas nyomtatás esetén a páros oldalon.
\@oddhead


Ennek tartalma kerül a fejlécbe egyoldalas nyomtatás esetén minden oldalon, kétoldalas
nyomtatás esetén a páratlan oldalon.
\@evenhead


Ennek tartalma kerül a fejlécbe kétoldalas nyomtatás esetén a páros oldalon.
\ps@⟨stílusnév⟩
A \pagestyle{⟨stílusnév⟩} illetve \thispagestyle{⟨stílusnév⟩} parancs kiadásakor vég-
rehajtódik.


A következő példában definiálunk egy sajat nevű stílust, melynek a
\pagestyle{sajat}


paranccsal történő bekapcsolása után a következő beállítások érvényesülnek report
vagy book osztály esetén:


– lábléc üres
– oldalszám a fejléc külső margójánál
– fejezet információi a fejlécben


• egyoldalas szedésnél minden oldalon a belső margónál
• kétoldalas szedésnél páros oldalon a belső margónál


– szakasz információi a fejlécben
• egyoldalas szedésnél nincs
• kétoldalas szedésnél páratlan oldalon a belső margónál.


Ð \makeatletter
\def\ps@sajat{%
\def\chaptermark##1{\markboth{%


\thechapter.~\@chapapp.\enspace##1}{}}
\def\sectionmark##1{\markright{\thesection.\enspace##1}}
\def\@oddfoot{}
\def\@evenfoot{}
\def\@oddhead{\rightmark\hfill\thepage}
\def\@evenhead{\thepage\hfill\leftmark}}
\makeatother


A \makeatletter és \makeatother parancsok csak a @ jelet tartalmazó parancsok miatt
kellenek (lásd később).
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A következő kódot beírva a következő beállítások érvényesülnek:


– lábléc üres
– oldalszám a fejléc külső margójánál
– szakasz információi a fejlécben


• egyoldalas szedésnél minden oldalon a belső margónál
• kétoldalas szedésnél páros oldalon a belső margónál


– alszakasz információi a fejlécben
• egyoldalas szedésnél nincs
• kétoldalas szedésnél páratlan oldalon a belső margónál.


Ð \makeatletter
\def\sectionmark#1{\markboth{\thesection.\enspace#1}{}}
\def\subsectionmark#1{\markright{\thesubsection.\enspace#1}}
\def\@oddfoot{}
\def\@evenfoot{}
\def\@oddhead{\rightmark\hfill\thepage}
\def\@evenhead{\thepage\hfill\leftmark}
\makeatother


A következő példában definiált \nouppercase hatástalanítja a \MakeUppercase paran-
csot. A \HeadRule aláhúzza a fejléc tartalmát 0.4 pt vastag vonallal, aminek lénia a
neve. A lénia és a fejléc szövegének alapvonala 1 ex távolságra lesznek. Ezután betölti a
headings stílust. Ebben az \@oddhead, \@evenhead parancsokat átdefiniálja úgy, hogy a
szintinformációk ne csupa nagy betűvel jelenjenek meg (mint ahogy ezt ezen kód nélkül
tenné), továbbá megjelenik a lénia is.


Ð \newcommand{\nouppercase}[1]
{{\let\uppercase\relax\let\MakeUppercase\relax
\expandafter\let\csname MakeUppercase \endcsname\relax#1}}


\newcommand{\HeadRule}[1]
{\lower-1ex\hbox{\makebox[\textwidth]{#1}}%
\llap{\rule{\textwidth}{0.4pt}}}


\pagestyle{headings}
\makeatletter
\def\@oddhead{\HeadRule{\nouppercase{\rightmark}\hfill\thepage}}
\def\@evenhead{\HeadRule{\thepage\hfill\nouppercase{\leftmark}}}
\makeatother


A következő példában szintinformációk nincsenek a fej- és láblécben. Az oldalszám a
külső margónál lesz a fejlécben. Végül a plain stílust hatástalanítja, hogy a rész és
fejezet nyitó oldalakon ne változzon meg az oldalstílus.


Ð \makeatletter
\def\@oddfoot{}
\def\@evenfoot{}
\def\@oddhead{\hfill\thepage}
\def\@evenhead{\thepage\hfill}
\def\ps@plain{}
\makeatother


Az eddigi példákban még érdemes megadni az oldalszám és a szintinformációk betűtí-
pusát. Például \thepage helyett írhatja, hogy {\normalsize\normalfont\thepage} vagy
\leftmark helyett {\footnotesize\sffamily\leftmark}.
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Az oldalszámozás alapesetben arab számokkal történik. Ennek átállítása a következő
parancsokkal történhet:


Arab számozás:
\pagenumbering{arabic}


Kis római számozás:
\pagenumbering{roman}


Nagy római számozás:
\pagenumbering{Roman}


Angol ábécé kis betűivel számozódnak:
\pagenumbering{alpha}


Angol ábécé nagy betűivel számozódnak:
\pagenumbering{Alpha}


Ezek nemcsak az oldalszámozás stílusát változtatják meg, hanem annak értékét is
visszaállítják 1-re. Ha nem akar oldalszámozást, akkor adja ki a következő parancsot:
\pagenumbering{gobble}


Amikor report vagy book osztály esetén a magyar.ldf fájl chapternumber=Huordinal
opcióval van betöltve, akkor a fejlécben a fejezet számozása Huordinal típusú (Első,
Második, stb.). De ha sok fejezet van, akkor például a „Tizenötödik fejezet” kiírása a
címmel együtt már nem biztos, hogy elfér a fejlécben. A következő kód visszaállítja a
fejlécben a fejezet számozását arabra:


\renewcommand{\chaptermark}[1]{%
\markboth{\MakeUppercase{\arabic{chapter}. fejezet. #1}}{}}


Amikor \chapter*, \section* vagy \subsection* parancsokat, azaz számozatlan
szinteket használunk, akkor azok a \leftmark és \rightmark parancsokat nem defi-
niálják át az aktuális címre. Így, ha korábbról ezek a parancsok már tartalmaztak
valamilyen információt, akkor a fejlécben rossz címek jelennek meg. Ilyen esetekben
a \leftmark és \rightmark tartalmát át kell definiálni a \markboth illetve \markright
parancsokkal. Például, ha a számozatlan fejezetben nem akar szintinformációt, akkor
a \chapter*{Számozatlan fejezet címe} után gépelje be a \markboth{}{} parancsot.


Ð \documentclass{book}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}


\begin{document}
\chapter{Számozott fejezet címe}


szöveg\newpage szöveg


\chapter*{Számozatlan fejezet címe}
\markboth{}{}


szöveg\newpage szöveg
\end{document}
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Testreszabás fancyhdr csomaggal


A testreszabáshoz az eddigiek helyett használható a fancyhdr csomag is. Ezt a csomagot
már a babel előtt be kell tölteni. Ennek a csomagnak a használatakor a szintinformációk
az alábbi táblázat szerint töltődnek be:


article report/book


\leftmark szakasz fejezet
\rightmark alszakasz szakasz


Ennek a csomagnak van egy saját stílusa fancy néven. Ennek hatása:
– lábléc közepén az oldalszám
– szint információi a fejlécben


• egyoldalas szedésnél a külső margónál
• kétoldalas szedésnél a belső margónál


– alszint információi a fejlécben
• egyoldalas szedésnél a belső margónál
• kétoldalas szedésnél a külső margónál.


Ezt a stílust testre szabhatja a
\fancyhead[⟨hely⟩]{⟨szöveg⟩}
\fancyfoot[⟨hely⟩]{⟨szöveg⟩}
parancsokkal. A ⟨hely⟩ lehetséges értékei : L, C, R, LE, CE, RE, LO, CO, RO. (Alapopció:
LCR.) A betűk jelentései : L = bal mező, C = közép mező, R = jobb mező, E = páros
oldal, O = páratlan oldal. Tehát például LE a bal mezőt jelenti a páros oldalakon.


Minden testreszabás előtt adja ki a
\fancyhf{}


parancsot, mely a korábban definiált fej- és lábléc beállításokat törli. Lehetőség van a
főszöveget elválasztani egy vonallal, az ún. léniával, a fejléctől és lábléctől. Ezeknek a
vonalaknak a vastagságát a következő parancsokkal állíthatja be:
\renewcommand{\headrulewidth}{⟨vastagság⟩}
Fejléc alatti lénia vastagsága. Alapértéke 0.4pt.
\renewcommand{\footrulewidth}{⟨vastagság⟩}
Lábléc feletti lénia vastagsága. Alapértéke 0pt.


Egy létező stílust átdefiniálhat, vagy egy újat létrehozhat a következő paranccsal :
\fancypagestyle{⟨stílusnév⟩}{⟨stílus⟩}


A következő kódot, ha a dokumentumtestbe írja, akkor onnan kétoldalas szedésnél
a következő beállítások érvényesülnek:


– lénia nincs
– lábléc üres
– oldalszám a fejléc külső margójánál
– szint információi a fejlécben páros oldalon a belső margónál
– alszint információi a fejlécben páratlan oldalon a belső margónál.


Ð \pagestyle{fancy}
\fancyhf{}
\fancyhead[LE,RO]{\normalfont\normalsize\thepage}
\fancyhead[LO]{\sffamily\small\rightmark}
\fancyhead[RE]{\sffamily\small\leftmark}
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\renewcommand{\headrulewidth}{0pt}


A következő kódot, ha a dokumentumtestbe írja, akkor onnan kétoldalas szedésnél a
fejléc üres, a láblécben a külső margónál lesz az oldalszámozás. Amikor fejezetkezdő
oldalra érünk, akkor a report és book osztály plain stílusra vált, így az oldalszám
bekerül középre, ami zavaró lehet ennél a beállításnál. A plain stílus hatástalanítására
alkalmas a \fancypagestyle{plain}{} parancs.


Ð \pagestyle{fancy}
\fancyhf{}
\fancyfoot[LE,RO]{\normalfont\normalsize\thepage}
\renewcommand{\headrulewidth}{0pt}
\fancypagestyle{plain}{}


Ha m/n alakú oldalszámozást szeretne, ahol m az aktuális oldalszám, n pedig az utolsó
oldalé, akkor töltse be a lastpage csomagot, majd írja be a következőket:


Ð \pagestyle{fancy}
\fancyhf{}
\fancyfoot[C]{\normalfont\normalsize\thepage/\pageref{LastPage}}
\renewcommand{\headrulewidth}{0pt}
\fancypagestyle{plain}{}


vagy


Ð \fancypagestyle{sajat}{
\fancyhf{}
\fancyfoot[C]{\normalfont\normalsize\thepage/\pageref{LastPage}}
\renewcommand{\headrulewidth}{0pt}
\fancypagestyle{plain}{}}


Ezután bárhol használható a \pagestyle{sajat} vagy \thispagestyle{sajat} parancs.
Az előző példákban nemcsak oldalszámok és szintinformációk jeleníthetők meg, ha-


nem saját információk is. Ezek betűtípusait tetszőlegesen beállíthatja. Használhatja a
korábban már megismert \nouppercase{⟨szöveg⟩} parancsot is, amit a fancyhdr csomag
alapból definiál, így ezt nem nekünk kell megtenni, mint tettük ezt korábban.


17.5. Tételszerű bekezdések


Sokszor lehet szükség olyan bekezdések írására, melyeknek típuscímet vagy sorszá-
mot kell adni. Ilyen például a matematikában a tétel, bizonyítás, definíció, vagy a
törvénykönyvben a paragrafusok stb. Ezek az ún. tételszerű bekezdések, melyeket a
\newtheorem paranccsal definiált környezetekkel hozhat létre.
\newtheorem{⟨tételnév⟩}{⟨tételcím⟩}
\newtheorem{⟨tételnév⟩}{⟨tételcím⟩}[⟨számlálóős⟩]
\newtheorem{⟨tételnév⟩}[⟨együttnév⟩]{⟨tételcím⟩}


⟨tételnév⟩ Létrejön egy ⟨tételnév⟩ környezet és egy ⟨tételnév⟩ számláló, mely minden újabb
ilyen környezet megnyitásakor növekszik eggyel.


⟨tételcím⟩ Ez lesz a tételszerű bekezdés típuscíme (definíció, megjegyzés stb.). Ezen cím
mellett megjelenik a ⟨tételnév⟩ számláló aktuális értéke is.


⟨számlálóős⟩ Egy már korábban definiált számláló, általában valamelyik szint számlálója
(chapter, section stb.). Ennek változásakor a ⟨tételnév⟩ nevű számláló lenullázó-
dik. A ⟨számlálóős⟩ és a ⟨tételnév⟩ számláló együtt jelenik meg (például 2.1. tétel).
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⟨együttnév⟩ Egy másik tételszerű környezet neve. A ⟨tételnév⟩ és ⟨együttnév⟩ környezetek
számlálói együtt fognak növekedni.


A létrehozott tételszerű környezetet az alábbi módon használhatja:
\begin{⟨tételnév⟩}[⟨egyedi cím⟩]
⟨A bekezdés szövege⟩
\end{⟨tételnév⟩}
Az ⟨egyedi cím⟩ megadása esetén, az a ⟨tételcím⟩ után jelenik meg zárójelben. Hivatkozni
a tételszerű bekezdésekre az általános leírásnak megfelelően lehet. Például


Ð \newtheorem{tetel}{tétel}
...
\begin{tetel}
A tétel szövege.
\end{tetel}
\begin{tetel}[Cauchy]\label{cauchy}
A következő tétel szövege.
\end{tetel}
\Aref{cauchy}.~tételből következően\dots


1. tétel. A tétel szövege.


2. tétel (Cauchy). A következő tétel szövege.


A 2. tételből következően. . .


Ð \newtheorem{tetel}{tétel}[section]
\newtheorem{defin}[tetel]{definíció}
...
\section{Szakasz címe}
\begin{tetel}
A tétel szövege.
\end{tetel}
\begin{defin}
A definíció szövege.
\end{defin}


1. Szakasz címe
1.1. tétel. A tétel szövege.


1.2. definíció. A definíció szövege.


Az eddigi példákból látható, hogy a tételszerű bekezdésekben a cím félkövéren, a szöveg
pedig dőlten jelenik meg. A tételszerű bekezdések stílusait magunk is beállíthatjuk az
ntheorem vagy az amsthm csomaggal. Mi most csak az amsthm csomaggal foglalkozunk.
Ennek használatánál ügyelni kell arra, hogy az amsmath illetve mathtools csomagok
után legyen betöltve. A stílus beállítása a következő paranccsal lehetséges:
\theoremstyle{⟨stílusnév⟩} ∈ amsthm


A ⟨stílusnév⟩ értékei a következők lehetnek:


plain A cím félkövér, a szöveg dőlt. Ez az alapérték.
definition A cím félkövér, a szöveg álló antikva.
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remark A cím dőlt, a szöveg álló antikva.


Ezen stílusokon kívül sajátokat is definiálhat a következő paranccsal :
\newtheoremstyle{⟨sn⟩}{⟨fe⟩}{⟨le⟩}{⟨sz⟩}{⟨be⟩}{⟨cf⟩}{⟨cp⟩}{⟨ct⟩}{⟨cd⟩} ∈ amsthm


⟨sn⟩ Az új stílus neve.
⟨fe⟩ A bekezdés feletti térköz mérete. Üresen hagyva az alapértéket veszi fel.
⟨le⟩ A bekezdés alatti térköz mérete. Üresen hagyva az alapértéket veszi fel.
⟨sz⟩ A szöveg fonttípusa.
⟨be⟩ A behúzás mérete. Ha normál bekezdésnyi méretű behúzást akarunk, akkor ide


írjuk be a \parindent parancsot. Üresen hagyva nincs behúzás.
⟨cf⟩ A cím fontja.
⟨cp⟩ A címet a szövegtől elválasztó írásjel.
⟨ct⟩ A címet a szövegtől elválasztó térköz mérete. Ha a cím után sortörést akarunk,


akkor ide írjuk be a \newline parancsot.
⟨cd⟩ A tétel címének felépítése. Üresen hagyva az alapbeállítás érvényesül. A beállítás-


hoz három parancs használható: \thmname, \thmnumber, \thmnote.


Ezek használatára nézzük a következő példát:


Ð \newtheoremstyle{sajat}{3ex}{3ex}{\slshape}{0pt}{\slshape\bfseries}{.}
{2ex}{\thmnumber{#2}\thmname{. #1}\thmnote{ (#3)}}


\theoremstyle{sajat}
\newtheorem{tetel}{tétel}
\begin{tetel}[Cauchy]
A tétel szövege.
\end{tetel}


1. tétel (Cauchy). A tétel szövege.


Ha egy tételszerű környezetnek nem akar számozást, akkor használja a következőt:
\newtheorem*{⟨tételnév⟩}{⟨tételcím⟩} ∈ amsthm


Például


Ð \newtheorem{tetel}{tétel}[section]
\theoremstyle{definition}
\newtheorem{defin}[tetel]{definíció}
\theoremstyle{remark}
\newtheorem*{megj}{Megjegyzés}
...
\section{Szakasz címe}


\begin{tetel}
A tétel szövege.
\end{tetel}


\begin{defin}
A definíció szövege.
\end{defin}


\begin{megj}
A megjegyzés szövege.
\end{megj}
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1. Szakasz címe
1.1. tétel. A tétel szövege.


1.2. definíció. A definíció szövege.


Megjegyzés. A megjegyzés szövege.


Matematikai tételek, lemmák, következmények bizonyítására van egy előre definiált
proof környezet az amsthm csomagban. Például


Ð \begin{proof}
A bizonyítás szövege.
\end{proof}


Bizonyítás. A bizonyítás szövege.


A az ún. Q.E.D. jel, ami a latin quod erat demonstrandum (ami bizonyítandó volt)
kifejezés rövidítése. A Q.E.D. rövidítést matematikai levezetések végére szokták odaírni.
Ma már ritkábban használják, helyette inkább □ vagy ■ módon jelölik, melyet angol
nyelvterületen sírkőnek (tombstone), illetve halmosnak is neveznek Halmos Pál után,
aki az 1950-es években vezette be a használatát az iff -fel (akkor és csak akkor) együtt.


Ha a bizonyítás kiemelt matematikai képlettel zárul, akkor a képlet utáni sorba
kerül a Q.E.D. jel, ami csúnya:


eiπ + 1 = 0.


Ilyenkor használja a \qedhere parancsot:


Ð \begin{proof}
...
\[\mathrm{e}^{\mathrm{i}\pi}+1=0.\qedhere\]
\end{proof}


eiπ + 1 = 0.


Ez a megoldás természetesen nem ad jó eredményt, ha a képlet jobbról számozott.
Ilyenkor a bizonyítást mindenképpen szöveggel zárja le. Ha a bizonyítás utolsó ele-
me egy többsoros képlet, például align* környezettel megadva, akkor a \qedsymbol
parancsot az utolsó képletsor után írja. Például


Ð \begin{proof}
...
\begin{align*}
a&=2,\\
b&=3.\qedhere
\end{align*}
\end{proof}


a = 2,


b = 3.


Ha a bizonyítás utolsó eleme array környezet, akkor használja a b opcióját, továbbá a
\qedsymbol parancsot az \end{array} után tegye. Például
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Ð \begin{proof}
...
\[\begin{array}[b]{|c|c|c|}
\hline
a&b&c\\
\hline
d&e&f\\
\hline
\end{array}\qedhere\]
\end{proof}


a b c
d e f


A Q.E.D. jelet átdefiniálhatja például ■ jelre az alábbi módon:
\renewcommand{\qedsymbol}{$\blacksquare$}


Ha nem akar Q.E.D. jelet a bizonyítások végén, akkor kézenfekvőnek tűnik annak üresre
való átdefiniálása:


\renewcommand{\qedsymbol}{}


Az amsthm csomag dokumentációja is ezt javasolja. Azonban ennél a megoldásnál, ha
a bizonyítás kiemelt képlettel ér véget, akkor ezután generálódik egy üres sor, ahová
a Q.E.D. jel kerülne, melynek eredményeként a bizonyítás után túl nagy függőleges
térköz keletkezik. Ezen az sem segít, ha a bizonyítást lezáró képletbe kiteszi a \qedhere
parancsot, mert ez üres \qedsymbol esetén hatástalan. A megoldás, ha a Q.E.D. jel
átdefiniálása helyett letiltja annak használatát
\renewcommand{\qed}{}


módon.
A proof környezet opcióval is használható. Például


Ð \begin{tetel}\label{xy}
A tétel szövege.
\end{tetel}
\begin{proof}[\Aref{xy}.~tétel bizonyítása]
A bizonyítás szövege.
\end{proof}


1. tétel. A tétel szövege.


Az 1. tétel bizonyítása. A bizonyítás szövege.


Ha „Bizonyítás” cím helyett például „Megoldás” feliratot akar, akkor használja a
\renewcommand{\proofname}{Megoldás}


parancsot a dokumentumtestben (különben a magyar.ldf felülbírálja).
Ha a „Bizonyítás.” feliratot például „Bizonyítás.” típusúra szeretné átállítani, ak-


kor használja a következő kódot:


Ð \makeatletter
\xpatchcmd{\proof}{\itshape}{\bfseries}{}{} ∈ regexpatch
\makeatother
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A már definiált tételszerű környezeteket nem tudja átdefiniálni a \newtheorem pa-
ranccsal, csak akkor, ha előtte kiadja a következő parancsokat:
\makeatletter
\RenewCommandCopy{\⟨tételnév⟩}{\relax}
\RenewCommandCopy{\c@⟨tételnév⟩}{\relax}
\RenewCommandCopy{\the⟨tételnév⟩}{\relax}
\makeatother


Tételszerű környezet lezárása új bekezdést nyit, függetlenül attól, hogy tett-e üres
sort utána vagy sem. Ezt a hatást felülbírálhatja a következő kóddal:
\makeatletter
\AddToHook{env/⟨tételnév⟩/after}{\@doendpe}
\makeatother


Ekkor az \end{⟨tételnév⟩} után üres sort hagyva új bekezdés indul, ellenkező esetben
nem. Ha nem akar új bekezdést az \end{⟨tételnév⟩} után, ha rak utána üres sort, ha
nem, akkor a következő kódot használja:
\AddToHook{env/⟨tételnév⟩/after}{\everypar{\setbox0\lastbox\everypar{}}}


Ha egy tételszerű környezetet adott jellel szeretne lezárni, úgy mint a bizonyítást
a Q.E.D. jellel, akkor tegye a következőt. Például a tetel nevű környezet definiálása
után írja a preambulumba, hogy


Ð \AddToHook{env/tetel/end}{\pushQED{\qed}%
\def\qedsymbol{$\blacksquare$}\popQED}


vagy az ezzel egyenértékű
\AtEndOfEnv{tetel}{$\blacksquare$} ∈ atendofenv


kódot. Ezzel a tetel környezetet mindig ■ ($\blacksquare$) jel fog lezárni. Ez nem
definiálja át a proof környezet végén található Q.E.D. jelet, tehát ekkor


\begin{tetel}
Szöveg.
\end{tetel}


\begin{proof}
Szöveg.
\end{proof}


1. tétel. Szöveg. ■
Bizonyítás. Szöveg.


17.6. Jegyzékek


17.6.1. Tartalomjegyzék


A dokumentumnak arra a pontjára, ahol a tartalomjegyzéket meg akarja jeleníteni,
adja ki a
\tableofcontents


parancsot. Ha meg akarja változtatni a címet például „Tartalom”-ra, akkor még írja elé
a következőt:
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\def\contentsname{Tartalom}


Ha a \tableofcontents parancs ki van adva, akkor fordításnál a szintcímek és a hoz-
zátartozó oldalszámok egy toc (table of contents) kiterjesztésű fájlba íródnak (a neve
és a könyvtára a forrásállományéval egyezik meg). A fordítás végén ennek a fájlnak a
segítségével ténylegesen megjelenik a tartalomjegyzék.


A tartalomjegyzék mélységét, azaz hogy mely szintek címei jelenjenek meg a tarta-
lomjegyzékben, a tocdepth számláló tartalmazza. Átállítása pl. 4-re:
\setcounter{tocdepth}{4}


Ekkor a 4-es és annál kisebb szintszámú címek jelennek meg a tartalomjegyzékben.
Amikor egy szintnyitó parancsnak a csillagos verzióját alkalmazza, akkor ez a cím


nem lesz sorszámozva, nem kerül az élőfejbe és a tartalomjegyzékbe. Hogy mégis beke-
rüljön a tartalomjegyzékbe az oldalszámmal együtt, a szintnyitó parancs után gépelje
be a következőt:
\addcontentsline{toc}{⟨szint⟩}{⟨cím⟩}
Például


\section*{Előszó}
\addcontentsline{toc}{section}{Előszó}


A hyperref csomag használata esetén, ha \addcontentsline paranccsal írunk a tarta-
lomjegyzékbe, akkor az oldalszám linkje nem fog működni. Ennek javítása az, hogy az
\addcontentsline elé be kell még írni a \phantomsection ∈ hyperref parancsot is.


Oldalszám nélküli feliratok és parancsok is kiírathatók a tartalomjegyzékbe az
\addtocontents{toc}{⟨szöveg⟩}
paranccsal. Ha a ⟨szöveg⟩-ben van olyan parancs, amit kifejtés nélkül szeretne beírni a
toc kiterjesztésű fájlba, akkor tegyen elé egy \protect parancsot. Például


\addtocontents{toc}{\protect\vspace*{10pt}}


Hogy az \addtocontents parancsnak hol lesz hatása a tartalomjegyzékben, attól függ,
hogy a forrásállományban hol adta ki.


Alaphelyzetben a tartalomjegyzékben nem jelennek meg a jegyzékek (tartalom,
táblázatok és ábrák jegyzéke, bibliográfia) továbbá a név- és tárgymutatók. Ha mégis
szükség van rá, a tocbibind csomag mindezeket megjeleníti. Ez a következő dokumen-
tumosztályokkal tud együttműködni: book, report, article, proc, ltxdoc. A lehetséges
opciók:


notbib Az irodalomjegyzék nem jelenik meg a tartalomjegyzékben.
notindex A tárgymutató nem jelenik meg a tartalomjegyzékben.
nottoc A tartalomjegyzék nem jelenik meg a tartalomjegyzékben.
notlot A táblázatok jegyzéke nem jelenik meg a tartalomjegyzékben.
notlof Az ábrák jegyzéke nem jelenik meg a tartalomjegyzékben.
numbib A bibliográfia számozott címet kap.
numindex A tárgymutató számozott címet kap.


17.6.2. Táblázatok jegyzéke


A táblázatok felirataiból is készíthet jegyzéket, melyben a táblázat címkeszáma, címe
és oldalszáma jelenik meg. Ehhez a dokumentum megfelelő pontjára be kell írni a
\listoftables
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parancsot. Ha meg akarja változtatni a címet például „Táblázatlista”-ra, akkor még írja
elé a következőt:
\def\listtablename{Táblázatlista}


Ha a \listoftables parancs ki van adva, akkor fordításnál a table környezetbe írt
\caption parancs, illetve tetszőleges helyre írt \captionof{table} opciója illetve annak
hiányában az argumentuma az aktuális oldalszámmal kiíródik egy lot (list of tables)
kiterjesztésű fájlba (a neve és a könyvtára a forrásállományéval egyezik meg). A fordítás
végén ennek a fájlnak a segítségével ténylegesen megjelenik a táblázatok jegyzéke.


A \caption illetve \captionof parancsokkal megadott feliratok szintszáma 1. Ez
azt jelenti, hogy ezek csak akkor jelennek meg a jegyzékben, ha a tocdepth számláló
értéke legalább 1.


Ha a táblázatok jegyzékébe akar szöveget írni oldalszámmal, akkor használja a
következő parancsot:
\addcontentsline{lot}{table}{⟨szöveg⟩}
Ha a ⟨szöveg⟩-ben van olyan parancs, amit kifejtés nélkül szeretne beírni a lot kiterjesz-
tésű fájlba, akkor tegyen elé egy \protect parancsot. Oldalszám nélküli információ is
kiíratható a jegyzékbe az
\addtocontents{lot}{⟨szöveg⟩\par}
paranccsal. Hogy az \addtocontents parancsnak hol lesz hatása a jegyzékben, az dönti
el, hogy a forrásállományban hol adtuk ki.


Amennyiben report vagy book dokumentumosztályt használ, akkor a \chapter pa-
rancs kiadásakor egy


\addtocontents{lot}{\protect\addvspace{10\p@}}


parancs is végrehajtódik. Így a jegyzékben az új fejezetek első bejegyzése felett lesz
egy extra függőleges térköz. Ennek letiltására használja az etoolbox csomagot és a
következő kódot az első \chapter kiadása előtt:


\makeatletter
\patchcmd{\@chapter}
{\addtocontents{lot}{\protect\addvspace{10\p@}}}{}{}{}


\makeatother


Amennyiben a babel csomag magyar opcióját használja, akkor az előző kód a doku-
mentumtestben legyen.


Ha a subcaption csomaggal alfeliratokat is használ table környezetben, akkor ezek
is bekerülnek a jegyzékbe, feltéve, hogy a tocdepth számláló értéke legalább 2, ugyanis
az alfeliratok szintszáma 2. Az alfeliratok jegyzékbe kerülésének másik feltétele, hogy
az adott alfeliratra a subcaption csomag list=true opciója legyen érvényben. Ehhez
használja a


\captionsetup[sub]{list=true}


vagy
\captionsetup[subtable]{list=true}


kódot. (Első esetben minden típusú alfeliratra, a második esetben csak a táblázatok
alfelirataira lesz hatással.)


Ha a táblázatok jegyzékébe akar szöveget írni oldalszámmal az alfeliratok helyére,
akkor használja a következő parancsot:
\addcontentsline{lot}{subtable}{⟨szöveg⟩} ∈ subcaption
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17.6.3. Ábrák jegyzéke


Ábrák jegyzékének készítéséhez a dokumentum megfelelő pontjára be kell írni a
\listoffigures


parancsot. Ha meg akarja változtatni a címet például „Ábralista”-ra, akkor még írja elé
a következőt:
\def\listfigurename{Ábralista}


Ha a \listoffigures parancs ki van adva, akkor fordításnál a figure környezetbe
írt \caption parancs, illetve tetszőleges helyre írt \captionof{figure} opciója illetve
annak hiányában az argumentuma az aktuális oldalszámmal kiíródik egy lof (list of
figures) kiterjesztésű fájlba (a neve és a könyvtára a forrásállományéval egyezik meg). A
fordítás végén ennek a fájlnak a segítségével ténylegesen megjelenik az ábrák jegyzéke.


A \caption illetve \captionof parancsokkal megadott feliratok szintszáma 1, azaz
csak akkor jelennek meg a jegyzékben, ha a tocdepth számláló értéke legalább 1.


Ha az ábrák jegyzékébe akar szöveget írni oldalszámmal, akkor használja a következő
parancsot:
\addcontentsline{lof}{figure}{⟨szöveg⟩}
Ha a ⟨szöveg⟩-ben van olyan parancs, amit kifejtés nélkül szeretne beírni a lof kiterjesz-
tésű fájlba, akkor tegyen elé egy \protect parancsot. Oldalszám nélküli információ is
kiíratható a jegyzékbe az
\addtocontents{lof}{⟨szöveg⟩\par}
paranccsal. Hogy az \addtocontents parancsnak hol lesz hatása a jegyzékben, az dönti
el, hogy a forrásállományban hol adtuk ki.


Amennyiben report vagy book dokumentumosztályt használ, akkor a \chapter pa-
rancs kiadásakor egy


\addtocontents{lof}{\protect\addvspace{10\p@}}


parancs is végrehajtódik. Így a jegyzékben az új fejezetek első bejegyzése felett lesz
egy extra függőleges térköz. Ennek letiltására használja az etoolbox csomagot és a
következő kódot az első \chapter kiadása előtt:


\makeatletter
\patchcmd{\@chapter}
{\addtocontents{lof}{\protect\addvspace{10\p@}}}{}{}{}


\makeatother


Amennyiben a babel csomag magyar opcióját használja, akkor az előző kód a doku-
mentumtestben legyen.


Ha a subcaption csomaggal alfeliratokat is használ figure környezetben, akkor ezek
is bekerülnek a jegyzékbe, feltéve, hogy a tocdepth számláló értéke legalább 2, ugyanis
az alfeliratok szintszáma 2. Az alfeliratok jegyzékbe kerülésének másik feltétele, hogy
az adott alfeliratra a subcaption csomag list=true opciója legyen érvényben. Ehhez
használja a


\captionsetup[sub]{list=true}


vagy
\captionsetup[subfigure]{list=true}


kódot. (Első esetben minden típusú alfeliratra, a második esetben csak az ábrák alfel-
irataira lesz hatással.)
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Ha az ábrák jegyzékébe akar szöveget írni oldalszámmal az alfeliratok helyére, akkor
használja a következő parancsot:
\addcontentsline{lof}{subfigure}{⟨szöveg⟩} ∈ subcaption


17.6.4. Kódok jegyzéke


A listings illetve listingsutf8 csomagokkal készített programkódok jegyzékének ké-
szítéséhez a dokumentum megfelelő pontjára be kell írni a
\def\lstlistlistingname{Kódok jegyzéke}
\lstlistoflistings


parancsokat. Ekkor fordításnál a számozott kódok felirata az aktuális oldalszámmal
kiíródik egy lol (list of listings) kiterjesztésű fájlba (a neve és a könyvtára a forrásál-
lományéval egyezik meg). A fordítás végén ennek a fájlnak a segítségével ténylegesen
megjelenik a kódok jegyzéke.


A kódfeliratok szintszáma 1, vagyis ezek csak akkor jelennek meg a jegyzékben, ha
a tocdepth számláló értéke legalább 1.


Ha a kódok jegyzékébe akar szöveget írni oldalszámmal, akkor használja a következő
parancsot:
\addcontentsline{lol}{lstlisting}{⟨szöveg⟩}
Ha a ⟨szöveg⟩-ben van olyan parancs, amit kifejtés nélkül szeretne beírni a lol kiterjesz-
tésű fájlba, akkor tegyen elé egy \protect parancsot. Oldalszám nélküli információ is
kiíratható a jegyzékbe az
\addtocontents{lol}{⟨szöveg⟩\par}
paranccsal. Hogy az \addtocontents parancsnak hol lesz hatása a jegyzékben, az dönti
el, hogy a forrásállományban hol adtuk ki.


Ha a minted csomaggal készített kódlistákat, és a feliratozásukhoz newfloat opciót
használt, akkor pontosan azt kell tenni a jegyzék elkészítéséhez, mint a 17.6.5. alsza-
kaszban, csak a ⟨környezet⟩ helyére listing kerül.


17.6.5. Saját úsztatott objektumok jegyzéke


Láttuk a 11.5. szakaszban, hogy a caption vagy newfloat csomaggal saját úsztató
környezetet is létrehozhatunk. Az ilyen ⟨környezet⟩ nevű környezettel úsztatott objek-
tumokból is készíthet jegyzéket a
\listof⟨környezet⟩s
paranccsal. Ennek a jegyzéknek a címét a következő parancs tárolja:
\list⟨környezet⟩name
Ha a \listof⟨környezet⟩s parancs ki van adva, akkor fordításnál a ⟨környezet⟩ környe-
zetbe írt \caption illetve tetszőleges helyre írt \captionof{⟨környezet⟩} opciója illetve
annak hiányában az argumentuma az aktuális oldalszámmal kiíródik egy lo⟨környezet⟩
(list of ⟨környezet⟩) kiterjesztésű fájlba (a neve és a könyvtára a forrásállományéval
egyezik meg). A fordítás végén ennek a fájlnak a segítségével ténylegesen megjelenik a
jegyzék.


A \caption illetve \captionof parancsokkal megadott feliratok szintszáma 1. Ez
azt jelenti, hogy ezek csak akkor jelennek meg a jegyzékben, ha a tocdepth számláló
értéke legalább 1.
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Ha az úsztatott objektum jegyzékébe akar szöveget írni oldalszámmal, akkor hasz-
nálja a következő parancsot:
\addcontentsline{lo⟨környezet⟩}{⟨környezet⟩}{⟨szöveg⟩}
Ha a ⟨szöveg⟩-ben van olyan parancs, amit kifejtés nélkül szeretne beírni a lo⟨környezet⟩
kiterjesztésű fájlba, akkor tegyen elé egy \protect parancsot. Oldalszám nélküli infor-
máció is kiíratható a jegyzékbe az
\addtocontents{lo⟨környezet⟩}{⟨szöveg⟩\par}
paranccsal. Hogy az \addtocontents parancsnak hol lesz hatása a jegyzékben, az dönti
el, hogy a forrásállományban hol adtuk ki.


Legyen például az általunk definiált úsztató környezet neve prog. Ekkor a jegyzék
elkészítéséhez a dokumentum megfelelő pontjára be kell írni a


\listofprogs


parancsot. A jegyzék adatai a loprog (list of progs) kiterjesztésű fájlban vannak. Ha a
jegyzékébe akar szöveget írni, akkor használja a következő parancsokat:


\addcontentsline{loprog}{prog}{⟨szöveg⟩}
\addtocontents{loprog}{⟨szöveg⟩\par}
Ha a subcaption csomaggal alfeliratokat is használ ⟨környezet⟩ környezetben, akkor


ezek is bekerülnek a jegyzékbe, feltéve, hogy a tocdepth számláló értéke legalább 2,
ugyanis az alfeliratok szintszáma 2. Az alfeliratok jegyzékbe kerülésének másik feltétele,
hogy az adott alfeliratra a subcaption csomag list=true opciója legyen érvényben.
Ehhez használja a


\captionsetup[sub]{list=true}


vagy
\captionsetup[sub⟨környezet⟩]{list=true}


kódot. (Első esetben minden típusú alfeliratra, a második esetben csak a ⟨környezet⟩
alfelirataira lesz hatással.)


Ha az úsztatott objektum jegyzékébe akar szöveget írni oldalszámmal az alfeliratok
helyére, akkor használja a következő parancsot:
\addcontentsline{lo⟨környezet⟩}{sub⟨környezet⟩}{⟨szöveg⟩} ∈ subcaption


17.6.6. Új jegyzék készítése


Az eddigieken kívül lehetőség van egyéb számozott elemekből is jegyzéket készíteni,
mint például egyenletekből. Ehhez töltse be a tocloft csomagot, majd használja a
következő kódot:
\newlistof{⟨stílus⟩}{⟨kiterjesztés⟩}{⟨jegyzékcím⟩} ∈ tocloft


Ezután a
\listof⟨stílus⟩ ∈ tocloft


kiírja a ⟨jegyzékcím⟩ című jegyzéket. A ⟨jegyzékcím⟩ kiírása a tocloft csomag esetében
nem a LATEX alapértelmezett metódusával történik, azaz például article dokumen-
tumosztály esetén nem a \section*{⟨jegyzékcím⟩} módon. Amennyiben mégis a LATEX
alapértelmezett metódusát szeretné, akkor használja a tocloft csomag titles opcióját.


Az előző módon definiált jegyzékbe új ⟨cím⟩ bejegyzést a következő paranccsal vi-
hetünk be:
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\addcontentsline{⟨kiterjesztés⟩}{⟨stílus⟩}
{\protect\numberline{\the⟨számláló⟩}⟨cím⟩}


Ezután, amennyiben a \listof⟨stílus⟩ parancs ki van adva, fordításnál a ⟨számláló⟩
nevű számláló értéke, a ⟨cím⟩ és az aktuális oldalszám egy ⟨kiterjesztés⟩ kiterjesztésű
fájlba íródik, majd a következő fordításnál megjelenik a bejegyzés a jegyzékben (ahol
a \listof⟨stílus⟩ parancsot kiadtuk).


Ügyeljen arra, hogy az előző kódban a ⟨cím⟩ előtt ne legyen szóköz. A ⟨számláló⟩
annak a strukturális elemnek a számlálója, amire vonatkozik jegyzék. Például egyenle-
tek esetén equation vagy egy lemma környezettel megadott tételszerű bekezdés esetén
lemma.


Az így megadott bejegyzés szintszáma 1. Ez azt jelenti, hogy ezek csak akkor jelen-
nek meg a jegyzékben, ha a tocdepth számláló értéke legalább 1.


Ha a jegyzékbe szöveget akar írni oldalszámmal, akkor használja a következő pa-
rancsot:
\addcontentsline{⟨kiterjesztés⟩}{⟨stílus⟩}{⟨szöveg⟩}
Ha a ⟨szöveg⟩-ben van olyan parancs, amit kifejtés nélkül szeretne beírni a ⟨kiterjesztés⟩
kiterjesztésű fájlba, akkor tegyen elé egy \protect parancsot. Oldalszám nélküli infor-
máció is kiíratható a jegyzékbe az
\addtocontents{⟨kiterjesztés⟩}{⟨szöveg⟩\par}
paranccsal. Hogy az \addtocontents parancsnak hol lesz hatása a jegyzékben, az dönti
el, hogy a forrásállományban hol adtuk ki.


17.6.7. Jegyzékek stílusának testreszabása a tocloft csomaggal


A stílusbeállításokra több lehetőséget biztosít a tocloft csomag a tartalomjegyzék,
táblázatok jegyzéke, ábrák jegyzéke és a \newlistof parancs által definiált jegyzé-
kek (lásd a 17.6.6. alszakaszt) esetén. Sajnos a táblázatok illetve ábrák jegyzékében a
subcaption csomag által kezelt alfeliratok stílusát nem támogatja. Szintén nem támo-
gatja a listings, caption és newfloat csomagokkal generált jegyzékeket.


A jegyzékek címének kiírása a tocloft csomag esetében nem a LATEX alapértelme-
zett metódusával történik, azaz például article dokumentumosztályban a tartalom-
jegyzék címe nem a


\section*{\contentsname}


paranccsal jelenik meg. Visszatérni a LATEX alapértelmezett módszerére a tocloft cso-
mag titles opciójával lehet.


Alapesetben minden jegyzéknek a tocdepth számláló értéke adja meg a szintmély-
ségét. A tocloft használatával viszont a különböző jegyzékek szintmélységét más-más
számláló tárolja, nevezetesen a
⟨kiterjesztés⟩depth
ahol a ⟨kiterjesztés⟩ az adott jegyzékhez tartozó fájl kiterjesztése, ahová a bejegyzések
kerülnek, azaz toc, lot, lof vagy a \newlistof parancs által definiált ⟨kiterjesztés⟩ (lásd
a 17.6.6. alszakaszt). Ezeknek a számlálóknak a tocdepth kivételével az alapértéke 1.
A ⟨kiterjesztés⟩depth számláló értéke a következő kóddal állítható át ⟨szám⟩-ra:
\setcounter{⟨kiterjesztés⟩depth}{⟨szám⟩}
Például abban az esetben, ha a subcaption csomaggal az alfeliratokat is szeretné be-
rakni az ábrák jegyzékébe, akkor a
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\setcounter{lofdepth}{2}


paranccsal az ábrák jegyzékében a szintmélységet 2-re kell állítani, mert az alfeliratok
szintszáma 2. Ne feledje el, hogy az alfeliratok bekerülésének az ábrák jegyzékébe to-
vábbi feltétele, hogy az adott alfeliratra a subcaption csomag list=true opciója legyen
érvényben (lásd a 17.6.3. alszakaszban).
\def\cftdot{⟨jel⟩} ∈ tocloft


Sok esetben a bejegyzés végét és az oldalszámot egy pontsor köti össze. Ez az ún. vezető.
Ha pontok helyett ⟨jel⟩-et akar, akkor használja az előző kódot. Például


\def\cftdot{$\star$}


esetén a pontok helyett ⋆ jelekből álló vezetőt kapunk.
\def\cftdotsep{⟨valós szám⟩} ∈ tocloft


A vezető sűrűségét adja meg (alapértéke 4.5). Minél kisebb a ⟨valós szám⟩ értéke, annál
sűrűbb lesz. Például


\def\cftdotsep{2}


esetén az alapértelmezettnél sűrűbb vezetőt kapunk. Amennyiben a ⟨valós szám⟩ nagyon
nagy, pl. 5000, akkor eltűnik a vezető.
\cftsetpnumwidth{⟨szélesség⟩} ∈ tocloft


A ⟨szélesség⟩ az oldalszámoknak fenntartott doboz szélessége. Például
\cftsetpnumwidth{1cm}


esetén az oldalszámok 1 cm széles dobozban lesznek elhelyezve.
\def\cftpnumalign{⟨igazítás⟩} ∈ tocloft


Ezzel lehet beállítani, hogy az oldalszámok a részükre fenntartott dobozban hová le-
gyenek igazítva. Lehetséges értékei az ⟨igazítás⟩-nak: l (balra igazít), c (középre igazít),
r (jobbra igazít, ez az alapérték).
\cftsetrmarg{⟨hossz⟩} ∈ tocloft


Ekkor a bejegyzések szövegének jobb széle ⟨hossz⟩ távolságra lesz a szövegtükör jobb
szélétől. A bejegyzés végét és az oldalszámot összekötő jelsorra ez nem vonatkozik, mert
az mindig az oldalszám dobozának jobb széléig húzódik. Például


\cftsetrmarg{2cm}


esetén ez a távolság 2 cm.


A következőkben ismertetett parancsok neveiben használni fogjuk a ⟨típus⟩ jelölést,
ami majd az adott parancs hatókörére utal. Először felsoroljuk a lehetséges ⟨típus⟩
értékeket:


part (rész)
chap (fejezet)
sec (szakasz)
subsec (alszakasz)
subsubsec (al-alszakasz)
para (paragrafus)
subpara (alparagrafus)
tab (táblázat főfelirata)
fig (ábra főfelirata)
⟨stílus⟩ (ami a \newlistof paranccsal van definiálva, ahogy a 17.6.6. alszakaszban)
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\setlength{\cftbefore⟨típus⟩skip}{⟨hossz⟩} ∈ tocloft


A ⟨típus⟩ típusú bejegyzések előtt ⟨hossz⟩ nagyságú függőleges térköz lesz. Például
\setlength{\cftbeforesecskip}{5pt}


esetén minden szakasz címe előtt egy 5 pt nagyságú függőleges térköz lesz a tartalom-
jegyzékben.
\setlength{\cft⟨típus⟩indent}{⟨hossz⟩} ∈ tocloft


A ⟨típus⟩ típusú bejegyzések ⟨hossz⟩ nagyságú behúzással kezdődnek. Például
\setlength{\cftchapindent}{1cm}


esetén a tartalomjegyzékben a fejezetek címei 1 cm behúzással kezdődnek.
\setlength{\cft⟨típus⟩numwidth}{⟨hossz⟩} ∈ tocloft


A bejegyzés számozása egy dobozban van elhelyezve, melynek a bal oldalára van iga-
zítva a szám. Ez a parancs a ⟨típus⟩ típusú bejegyzések esetén ennek a doboznak a
szélességét ⟨hossz⟩ értékre állítja be. Ha nincs számozás, akkor ez a doboz nem foglal
helyet. Ha a ⟨típus⟩ típusú bejegyzés olyan hosszú, hogy sort kell törni, akkor a máso-
dik és az azt követő sorokat az első sorhoz képest ⟨hossz⟩ nagyságú behúzással kezdi.
Például


\setlength{\cftfignumwidth}{1cm}


esetén ez az érték 1 cm lesz az ábrák főfeliratainál az ábrák jegyzékében.
\def\cft⟨típus⟩font{⟨fonttípus⟩} ∈ tocloft


A ⟨típus⟩ típusú bejegyzések fonttípusa ⟨fonttípus⟩ lesz, az oldalszámok kivételével. Pél-
dául


\def\cftsubsecfont{\small\itshape}


esetén minden alszakasz címe \small méretben dőlt betűkkel jelenik meg (kivéve a
hozzátartozó oldalszámot) a tartalomjegyzékben.
\def\cft⟨típus⟩pagefont{⟨fonttípus⟩} ∈ tocloft


A ⟨típus⟩ típusú bejegyzésekhez tartozó oldalszámok fonttípusa ⟨fonttípus⟩ lesz. Például
\def\cftsubsecpagefont{\small\itshape}


esetén minden alszakasz címéhez tartozó oldalszám \small méretben dőlt betűvel jele-
nik meg a tartalomjegyzékben.
\cftpagenumbersoff{⟨típus⟩} ∈ tocloft


A ⟨típus⟩ típusú bejegyzésekhez nem lesznek kiírva az oldalszámok és a vezető.
\cftpagenumberson{⟨típus⟩} ∈ tocloft


A ⟨típus⟩ típusú bejegyzésekhez ki lesznek írva az oldalszámok.
\def\cft⟨típus⟩dotsep{\cftnodots} ∈ tocloft


A ⟨típus⟩ típusú bejegyzésekhez nem lesz vezető. Például
\def\cftsecdotsep{\cftnodots}


esetén minden szakasz címénél eltűnik a vezető a tartalomjegyzékben.
\def\cft⟨típus⟩dotsep{\cftdotsep} ∈ tocloft


A ⟨típus⟩ típusú bejegyzésekhez lesz vezető a \cftdot-ban tárolt jellel és a \cftdotsep-
ben tárolt sűrűséggel. Például


\def\cftchapdotsep{\cftdotsep}
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esetén minden fejezet címénél lesz vezető a tartalomjegyzékben.
\def\cft⟨típus⟩dotsep{⟨valós szám⟩} ∈ tocloft


A ⟨típus⟩ típusú bejegyzésekhez lesz vezető a \cftdot-ban tárolt jellel és ⟨valós szám⟩
sűrűséggel. Például


\def\cftchapdotsep{6.6}


esetén minden fejezet címénél lesz vezető a tartalomjegyzékben 6.6 értékű sűrűséggel.
\def\cft⟨típus⟩aftersnumb{⟨kód⟩} ∈ tocloft


A ⟨típus⟩ típusú bejegyzés számozása egy \cft⟨típus⟩numwidth széles dobozban van
elhelyezve. Ennek a parancsnak a hatására ezen dobozok után kifejtődik a ⟨kód⟩. Ez a
parancs hatástalan, ha a ⟨típus⟩ értéke part. (Magyar nyelvű dokumentumokra további
információk találhatók erről a parancsról a következő al-alszakaszban.) Például


\def\cftchapaftersnumb{\color{red}}


esetén minden fejezet címe piros lesz a tartalomjegyzékben, de előtte a számozás nem.
\def\cft⟨típus⟩aftersnum{⟨kód⟩} ∈ tocloft


A ⟨típus⟩ típusú bejegyzések számozásának fenntartott dobozokban ennek a parancsnak
a hatására a számozás kiírása után kifejtődik a
⟨kód⟩\hfil


kód. A \hfil miatt lesz a számozás balra igazítva a dobozban. Ez a parancs hatás-
talan, ha a ⟨típus⟩ értéke part. (Magyar nyelvű dokumentumokra további információk
találhatók erről a parancsról a következő al-alszakaszban.) Például


\def\cftchapaftersnum{.}


esetén minden fejezet számozása után közvetlenül lesz egy pont a tartalomjegyzékben.
\def\cft⟨típus⟩presnum{⟨kód⟩} ∈ tocloft


A ⟨típus⟩ típusú bejegyzések számozásának fenntartott dobozokban ennek a parancsnak
a hatására a számozás kiírása előtt kifejtődik a ⟨kód⟩. Ez a parancs hatástalan, ha a
⟨típus⟩ értéke part. (Magyar nyelvű dokumentumokra további információk találhatók
erről a parancsról a következő al-alszakaszban.) Például


\def\cftchappresnum{\hfil}


esetén minden fejezet számozása a számára fenntartott doboz közepére lesz illesztve a
tartalomjegyzékben, hiszen a doboz végén is van egy \hfil parancs. Mivel a \hfill
erősebb a \hfil parancsnál, ezért


\def\cftchappresnum{\hfill}


esetén minden fejezet számozása a számára fenntartott doboz jobb oldalához lesz il-
lesztve.


A tocloft csomag használata magyar nyelvű dokumentumokban


A következő parancsok alapesetben nem működnek magyar nyelvű dokumentumokban:
\cft⟨típus⟩aftersnumb
\cft⟨típus⟩aftersnum
\cft⟨típus⟩presnum


Ennek az az oka, hogy a tocloft ezeknek a parancsoknak a használatához átdefi-
niálja a \numberline parancsot. Ugyanakkor a babel csomag magyar opciója (azaz a
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magyar.ldf) szintén átdefiniálja a \numberline parancsot annak érdekében, hogy a szá-
mozások után a jegyzékekben legyen pont, ahogyan azt a magyar tipográfia megköve-
teli. Mivel a magyar.ldf későbbre időzíti a \numberline átdefiniálását, mint a tocloft,
ezért az előző három parancs hatástalan lesz. A probléma egy lehetséges megoldásaként
írja be a következő kódot:


\makeatletter
\newcommand\hudot{.}
\def\magyar@numberline#1\vfuzz{%
\hb@xt@\@tempdima{\@cftbsnum #1\@cftasnum\hudot\hfil}\@cftasnumb}


\makeatother


Ez a magyar.ldf átdefiniálási mechanizmusát úgy alakítja át, hogy a számozások utáni
pont kirakását megtartja, de az előző három parancsot elérhetővé teszi. Ezután a


\cft⟨típus⟩aftersnumb
\cft⟨típus⟩presnum


parancsok pontosan úgy használhatóak, mint ahogyan azt korábban leírtuk. A harma-
dik parancs esetén a használata kiegészül az előző al-alszakaszban írtakhoz képest:
\def\cft⟨típus⟩aftersnum{⟨kód⟩}
A ⟨típus⟩ típusú bejegyzések számozásának fenntartott dobozokban ennek a parancsnak
a hatására a számozás kiírása után kifejtődik a
⟨kód⟩\hudot\hfil


kód. Tehát például
\def\cftchapaftersnum{)}


esetén minden fejezet számozása után lesz egy ) jel és utána egy pont a tartalomjegy-
zékben.
\def\cft⟨típus⟩aftersnum{⟨kód⟩\def\hudot{}}
vagy az ezzel egyenértékű
\def\cft⟨típus⟩aftersnum#1{⟨kód⟩}
hatására a ⟨típus⟩ típusú bejegyzések számozásának fenntartott dobozokban a számozás
kiírása után kifejtődik a
⟨kód⟩\hfil


kód. Tehát például
\def\cftchapaftersnum{)\def\hudot{}}


vagy
\def\cftchapaftersnum#1{)}


esetén minden fejezet számozása után lesz egy ) jel a tartalomjegyzékben. Természete-
sen ekkor a ) jel után már nem lesz pont.


17.6.8. Jegyzékek készítésének elvi alapjai


Ebben az alszakaszban megvizsgáljuk, hogy amikor egy jegyzéket készítünk a koráb-
ban ismertetett módokon, akkor a háttérben hogyan valósul ez meg. Ennek ismerete
lehetőséget ad arra, hogy magunk is készíthessünk tetszőleges jegyzékeket tetszőleges
stílusban. Tekintsük az ehhez szükséges parancsokat.
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\@starttoc{⟨kiterjesztés⟩}
Ez először megvizsgálja, hogy létezik-e a \jobname.⟨kiterjesztés⟩ fájl, ahol \jobname a
forrásfájl neve tex kiterjesztés nélkül. Ha létezik, akkor betölti és kifejti annak tartal-
mát, ha nem létezik, akkor pedig létrehozza azt. Mindezek után megnyitja írásra.


Ennek segítségével lehet elkészíteni a jegyzék megjelenítéséhez szükséges parancsot.
Például, ha egy dokumentum.tex fájlban a \tableofcontents parancsot használja az
article dokumentumosztály esetén, akkor a következők történnek:


1. Először kiadja a \section*{\contentsname} parancsot, ami kiírja a tartalomjegy-
zék címét, majd gondoskodik a megfelelő fejlécről, végül kiadja a \@starttoc{toc}
parancsot.


2. Ez utóbbi először létrehozza a dokumentum.toc nevű fájlt és megnyitja azt írásra.
A forrásfájl további részeiben a később ismertetett módon a dokumentum.toc fájl-
ba bekerülnek a tartalomjegyzék elkészítéséhez szükséges parancsok és adatok.


3. A következő fordításnál, amikor a \@starttoc{toc} kerül kifejtésre, akkor az be-
tölti a dokumentum.toc fájlt és kifejti annak tartalmát. Ha ekkor a tartalomjegyzék
többoldalas, akkor az első fordításnál megállapított oldalszámok már nem lesz-
nek feltétlenül megfelelőek. Ugyanakkor ebben a fordítási folyamatban már az új
oldalszámokkal kerülnek be az adatok a dokumentum.toc fájlba, így vélhetőleg a
következő fordításnál már helyes oldalszámok jelennek meg. Ha mégsem, akkor
további fordításokra van szükség. Amennyiben a latexmk programot használja
fordításra, akkor az automatikusan gondoskodik a megfelelő számú fordításról.


A ⟨kiterjesztés⟩ lehetséges értékei : toc (tartalomjegyzék), lot (táblázatok jegyzéke),
lof (ábrák jegyzéke), lol (kódok jegyzéke listings csomaggal), lo⟨környezet⟩ (lásd a
17.6.5. alszakaszt). Új jegyzék készítése esetén (lásd a 17.6.6. alszakaszt) a ⟨kiterjesztés⟩
a \newlistof paranccsal van definiálva. De tetszőlegesen is megadhatunk egy új jegy-
zékhez tartozó ⟨kiterjesztés⟩ kiterjesztést.
\addtocontents{⟨kiterjesztés⟩}{⟨bejegyzés⟩}
Ennek hatására, ha ki van adva a \@starttoc{⟨kiterjesztés⟩} és így meg van nyitva írásra
a \jobname.⟨kiterjesztés⟩ fájl, akkor ebbe a fájlba egy új sorba beírja a ⟨bejegyzés⟩-t
kifejtve. Ha a ⟨bejegyzés⟩-ben valamit kifejtetlenül szeretne beírni a fájlba, akkor az elé
kell tenni a \protect parancsot.
\addcontentsline{⟨kiterjesztés⟩}{⟨stílus⟩}{⟨bejegyzés⟩}
Ez a következővel egyenértékű:


\addtocontents{⟨kiterjesztés⟩}{%
\protect\contentsline{⟨stílus⟩}{⟨bejegyzés⟩}{\thepage}{}}


Vagyis, ha ki van adva a \@starttoc{⟨kiterjesztés⟩} és így meg van nyitva írásra a
\jobname.⟨kiterjesztés⟩ fájl, akkor ebbe a fájlba egy új sorba beírja a következőt:


\contentsline{⟨stílus⟩}{⟨bejegyzés⟩ kifejtve}{\thepage kifejtve}{}


ahol a \thepage kifejtése a megfelelő oldalszám. Az előbbi kódban a ⟨bejegyzés⟩ standard
(de nem kötelező) alakja


\protect\numberline{\the⟨számláló⟩}⟨szöveg⟩
ahol a ⟨szöveg⟩ előtt tilos szóközt rakni. Például, amikor kiadja a


\section{⟨cím⟩}
parancsot, akkor az egyúttal kifejti az


\addcontentsline{toc}{section}







17.6. Jegyzékek 301


{\protect\numberline{\thesection}⟨cím⟩}
kódot is, melynek hatására, ha a \tableofcontents parancs ki van adva, és így meg van
nyitva írásra a \jobname.toc fájl, akkor ebbe a fájlba egy új sorba beírja a következőt:


\contentsline{section}{\numberline{\thesection kifejtve}⟨cím⟩ kifejtve}
{\thepage kifejtve}{}


ahol a \thesection kifejtése a megfelelő szakaszszám. Másik példaként tekintsük a
figure környezetben kiadott


\caption{⟨felirat⟩}
parancsot, ami kifejti az


\addcontentsline{lof}{caption}
{\protect\numberline{\thecaption}\protect\ignorespaces ⟨felirat⟩}


kódot is, melynek hatására, ha a \listoffigures parancs ki van adva, és így meg van
nyitva írásra a \jobname.lof fájl, akkor ebbe a fájlba egy új sorba beírja a következőt:


\contentsline{caption}
{\numberline{\thecaption kifejtve}\ignorespaces ⟨felirat⟩ kifejtve}
{\thepage kifejtve}{}


ahol a \thecaption kifejtése a megfelelő ábraszám. Az \ignorespaces parancsnak az
a szerepe, hogy a ⟨felirat⟩ kifejtése előtti szóközt elnyelje, így a \caption{Felirat} és
\caption{ Felirat} ugyanazt fejtik ki az ábrák jegyzékében. Mivel a \section esetében
nem volt a kódban \ignorespaces, ezért például


\section{ Szakaszcím}


esetén lesz egy extra szóköz a tartalomjegyzékben a „Szakaszcím” előtt.
\numberline{⟨szám⟩}
Ennek hatása a következővel egyezik meg:


\hb@xt@\@tempdima{⟨szám⟩\hfil}
Ez egy \@tempdima szélességű dobozba helyezi a ⟨szám⟩-ot balra igazítva a \hfil pa-
ranccsal. A \@tempdima értéke a ⟨stílus⟩ definíciójában van megadva (lásd később).


A magyar.ldf defaults=hu-min opciója átdefiniálja a standard \numberline paran-
csot úgy, hogy amennyiben az argumentuma nem pontra végződik, akkor még egy
pontot is rak a végére, ezzel biztosítva azt a magyar szabályt, hogy sorszám után pont
kell. Tehát ekkor a \numberline{1} és \numberline{1.} kimenete is „1.” lesz.
\contentsline{⟨stílus⟩}{⟨bejegyzés⟩ kifejtve}{\thepage kifejtve}{⟨leírás⟩}
Ennek hatása a következő:


\gdef\@contentsline@destination{⟨leírás⟩}%
\l@⟨stílus⟩{⟨bejegyzés⟩ kifejtve}{\thepage kifejtve}


A ⟨leírás⟩-nak csak a hyperref csomagban van szerepe, ezen kívül általában üres.
Az eddigieket összegezve tehát, ha például kiadja a
\section{⟨cím⟩}


parancsot, akkor amennyiben a \tableofcontents parancs is ki van adva, és így be-
kerül a bejegyzés a \jobname.toc fájlba, akkor ennek beolvasásakor a következő kerül
kifejtésre:


\l@section{\numberline{\thesection kifejtve}⟨cím⟩ kifejtve}{\thepage kifejtve}
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Mindezek alapján, hogy adott ⟨stílus⟩ nevű stílusban megadott bejegyzések hogyan
nézzenek ki a végeredményben, az
\l@⟨stílus⟩
parancsban van meghatározva. Ez a parancs a következő ⟨stílus⟩ értékek esetén van
definiálva alapesetben:


– part, chapter, section, subsection, subsubsection, paragraph, subparagraph
– table, figure
– subtable, subfigure ∈ subcaption
– lstlisting ∈ listings
– Ha a caption vagy newfloat csomaggal definiálunk egy ⟨környezet⟩ nevű úsztató


környezetet, akkor egyúttal egy ⟨környezet⟩ nevű ⟨stílus⟩ értéket is definiálunk.
Ha emellett még a subcaption csomag is be van töltve, akkor egy sub⟨környezet⟩
nevű ⟨stílus⟩ érték is definiálódik.


– Új jegyzék készítése esetén (lásd a 17.6.6. alszakaszt) a \newlistof parancs szintén
definiál egy ⟨stílus⟩ értéket.


Alapesetben kétféle módon szokták definiálni az \l@⟨stílus⟩ parancsot:
\def\l@⟨stílus⟩#1#2{⟨definiáló kód⟩}
ahol a ⟨definiáló kód⟩-ban szerepelnie kell a #1 és #2 változóknak. A #1 helyén a bejegyzés
tartalma fog megjelenni (ami az \addcontentsline harmadik argumentumának kifej-
tése), míg #2 helyén az oldalszám lesz. A ⟨kód⟩-ban még meg kell adni a \@tempdima
értékét, ami a \numberline doboz szélessége, és azt is, hogy legyen-e egy pontsor (az
ún. vezető), amely összeköti a bejegyzés végét az oldalszámmal. Végül azt is meg kell
adni, hogy az adott ⟨stílus⟩-nak mi a szintszáma (azaz csak akkor jelenjen meg a jegy-
zékben a bejegyzés, ha a tocdepth számláló értéke legalább akkora, mint ez a szint-
szám). Ezzel a technikával vannak definiálva az \l@part, \l@chapter, illetve article
dokumentumosztály esetén az \l@section parancsok.


A másik standard módszer az \l@⟨stílus⟩ definiálására:
\def\l@⟨stílus⟩{\@dottedtocline{⟨szintszám⟩}{⟨behúz1⟩}{⟨behúz2⟩}}
Ebben az esetben az


\l@⟨stílus⟩{⟨bejegyzés⟩ kifejtve}{\thepage kifejtve}


hatása a következő:
\@dottedtocline{⟨szintszám⟩}{⟨behúz1⟩}{⟨behúz2⟩}


{⟨bejegyzés⟩ kifejtve}{\thepage kifejtve}


Ha ilyen stílusban viszünk be egy bejegyzést egy jegyzékbe, akkor annak szintszáma
⟨szintszám⟩ lesz (azaz csak akkor jelenik meg a jegyzékben, ha a tocdepth számláló érté-
ke legalább ⟨szintszám⟩), másrészt a bejegyzés ⟨behúz1⟩ nagyságú behúzással kezdődik.
Ha a bejegyzés olyan hosszú, hogy sort kell törni, akkor a második és az azt követő
sorokat az első sorhoz képest ⟨behúz2⟩ nagyságú behúzással kezdi, továbbá a \@tempdima
értékét is ⟨behúz2⟩-re állítja. A bejegyzés végét az oldalszámmal összekötő vezető egy
pontsor lesz.


Tulajdonképpen a \@dottedtocline egy előre megtervezett séma, amely az előbb
említett három paraméterrel variálható, a negyedik helyén a bejegyzés tartalma fog
megjelenni (ami az \addcontentsline harmadik argumentumának kifejtése), míg az
ötödik helyén az oldalszám lesz. Konkrétan a \@dottedtocline a következő módon van
definiálva:


\def\@dottedtocline#1#2#3#4#5{%
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\ifnum #1>\c@tocdepth \else
\vskip \z@ \@plus.2\p@
{\leftskip #2\relax \rightskip \@tocrmarg \parfillskip -\rightskip
\parindent #2\relax\@afterindenttrue
\interlinepenalty\@M
\leavevmode
\@tempdima #3\relax
\advance\leftskip \@tempdima \null\nobreak\hskip -\leftskip
{#4}\nobreak
\leaders\hbox{$\m@th


\mkern \@dotsep mu\hbox{.}\mkern \@dotsep
mu$}\hfill


\nobreak
\hb@xt@\@pnumwidth{\hfil\normalfont \normalcolor #5%


\kern-\p@\kern\p@}%
\par}%


\fi}


Természetesen nem kötelező a \@dottedtocline parancs használatához ragaszkodni,
tetszőleges parancsban definiált sémát is lehet alkalmazni, csak arra kell ügyelni, hogy
az így definiált parancs utolsó két paramétere az legyen, mint a \@dottedtocline ese-
tében, másrészt még az is fontos, hogy az \l@⟨stílus⟩ definíciójában már ne szerepeljen
a parancs utolsó két paramétere, mert az a kifejtésnél „csapódik” hozzá.


Új ⟨stílus⟩ érték definiálására vagy a már meglévők átdefiniálására több lehetőség
is van. Vagy felhasználjuk a meglévő sémákat, vagy újakat készítünk vagy a régieket
részlegesen átalakítjuk.


Példa ♦ Definiálunk egy sajat nevű stílust, melynek a szintszáma 1.


Ð \makeatletter
\def\l@sajat{\@dottedtocline{1}{2em}{3em}}
\makeatother


Ezután az
\addcontentsline{toc}{sajat}{⟨szöveg⟩}


hatására megjelenik a ⟨szöveg⟩ a tartalomjegyzékben oldalszámmal együtt sajat stílus-
ban, feltéve, hogy a tocdepth számláló értéke legalább 1. A ⟨szöveg⟩ 2 em behúzással
kezdődik. Ha a ⟨szöveg⟩ olyan hosszú, hogy sort kell törni, akkor a második és az azt
követő sorokat az első sorhoz képest 3 em behúzással kezdi. A ⟨szöveg⟩ végét és az ol-
dalszámot pontsor köti össze.


Példa ♦ A már létező chapter stílust definiáljuk át.


Ð \makeatletter
\def\l@chapter{\@dottedtocline{0}{0em}{2em}}
\makeatother


Ezután, amikor kiadjuk a
\chapter{Fejezetcím}


parancsot, akkor az egyúttal kifejti az
\addcontentsline{toc}{chapter}


{\protect\numberline{\thechapter}Fejezetcím}
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kódot is, melynek hatására a fejezet címe megjelenik a tartalomjegyzékben az újra
definiált chapter stílusban.


Példa ♦ Készítünk egy \nodottedtocline új sémát a \@dottedtocline átalakításával,
amely pontosan úgy működik, mint a \@dottedtocline, de vezető nélkül.


Ð \makeatletter
\let\nodottedtocline\@dottedtocline
\patchcmd{\nodottedtocline}{\hbox{.}}{}{}{} ∈ etoolbox
\makeatother


Az előbbi kódban a \@dottedtocline parancsot bemásoltuk a \nodottedtocline-ba,
majd a \nodottedtocline definiáló kódjából töröltük a \hbox{.} kódot, ami a pont-
sor (vezető) elemeit jelentette. Ezzel pontosan úgy lehet definiálni vagy átdefiniálni
stílusokat mint a \@dottedtocline segítségével, de ekkor nem lesz vezető.


Példa ♦ Készítünk egy \itshapetocline új sémát a \@dottedtocline átalakításával,
amely pontosan úgy működik, mint a \@dottedtocline, de a bejegyzés dőlt betűvel
lesz szedve.


Ð \makeatletter
\let\itshapetocline\@dottedtocline
\patchcmd{\itshapetocline}{#4}{\itshape#4}{}{} ∈ etoolbox
\makeatother


Korábban említettük, hogy a \@dottedtocline negyedik paramétere jelenti a bejegy-
zést, így a #4 lett kijavítva az \itshape#4 kódra.


Példa ♦ Átdefiniáljuk a chapter stílust úgy, hogy az eredeti verzióhoz képest csak a
bejegyzés színe változzon feketéről kékre. Ezt nem lehet megtenni a \@dottedtocline
segítségével, hiszen az \l@chapter nem ezzel volt eredetileg definiálva. Most közvet-
lenül az \l@chapter kódjában változtatunk. Mivel eredetileg félkövérrel vannak ki-
szedve a fejezetek címei a tartalomjegyzékben, ezért a \bfseries kódot kell kijavítani
\bfseries\color{blue}-ra:


Ð \makeatletter
\patchcmd{\l@chapter}{\bfseries}


{\bfseries\color{blue}}{}{} ∈ etoolbox, xcolor
\makeatother


Példa ♦ A subsection stílust alakítjuk úgy át, hogy a régi beállításait megtartsa, de
ne legyen vezetője. Ehhez először definiálunk egy új sémát a régiből vezető nélkül, majd
a subsection stílust átdefiniáljuk az új sémával, de a régi paraméterekkel.


Ð \makeatletter
\let\nodottedtocline\@dottedtocline
\patchcmd{\nodottedtocline}{\hbox{.}}{}{}{} ∈ etoolbox
\patchcmd{\l@subsection}{\@dottedtocline}{\nodottedtocline}{}{}
\makeatother


Példa ♦ Következzen egy teljes példa arra, hogyan lehet például az egyenletszámokból
jegyzéket készíteni a tocloft csomag használata nélkül.
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Ð \documentclass[10pt,a4paper]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\usepackage{mathtools,etoolbox}


\makeatletter
\newcommand{\listofequations}{
\section*{Egyenletek jegyzéke}
\@starttoc{loe}}


\newcommand{\l@equation}{\@dottedtocline{0}{0pt}{2em}}
\newcommand{\Numberline}[1]{\makebox[\@tempdima][l]{#1}}
\newcommand{\equnumtoloe}{%
\addcontentsline{loe}{equation}{\protect\Numberline{(\theequation)}}}


\apptocmd{\incr@eqnum}{\equnumtoloe}{}{}
\makeatother


\addtocontents{loe}{egyenletszám\hfill oldalszám%
\par\vspace{-3mm}\noindent\hrulefill\par\medskip}


\begin{document}
\listofequations


\begin{equation}\label{a}
1+1=2
\end{equation}


\begin{equation}\label{b}
2+1=3
\end{equation}


\begin{align}
3+1&=4\label{c}\\
4+1&=5\label{d}
\end{align}
\end{document}


A magyar.ldf a \numberline-t átdefiniálja úgy, hogy az argumentuma után pontot rak,
de ez az egyenletek számozásánál, mivel azokat zárójelbe rakjuk, nem kívánatos hatású.
Ezért kell a \Numberline, ami ezt nem teszi. Az amsmath csomagban az \incr@eqnum
növeli az egyenletszámot, ezért illesztettük be utána a jegyzékbe írást.


17.7. Végjegyzetek


Lehetőség van lábjegyzetek helyett ún. végjegyzeteket is készíteni, amely nem minden
oldal alján jelenik meg, hanem az általunk megadott külön oldalon, például minden
fejezet végén. Ehhez a \footnote parancs helyett használja az
\endnote{⟨szöveg⟩} ∈ endnotes


parancsot. Ahol a végjegyzetet meg akarja jeleníteni, írja be a következőt:
\theendnotes ∈ endnotes
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17.8. Bibliográfia


A bibliográfia címe article osztályban „Hivatkozások”, melyet a \refname parancs
tárol, report és book osztályban „Irodalomjegyzék”, melyet a \bibname parancs tárol.
Átdefiniálásuk például „Irodalom”-ra:
\renewcommand{\refname}{Irodalom}
\renewcommand{\bibname}{Irodalom}


Az átdefiniálást a dokumentumtestben kell megtenni, különben a magyar.ldf felülbí-
rálja.


17.8.1. Bibliográfia készítése környezettel


Bibliográfiát thebibliography környezettel lehet készíteni, a bibliográfiai elemeket pe-
dig a \bibitem paranccsal adhatja meg.
\begin{thebibliography}{⟨példacímke⟩}
\bibitem[⟨címke⟩]{⟨kulcs⟩} ⟨elemleírás⟩
...
\end{thebibliography}


⟨példacímke⟩ A bibliográfiai elemek címkéi közül a legszélesebb.
⟨címke⟩ Ezzel adhatja meg, hogy a bibliográfiai elem milyen szöveggel legyen azonosítva.


Elhagyása esetén automatikus sorszám lesz a címke.
⟨kulcs⟩ A bibliográfiai elemre


\cite[⟨szöveg⟩]{⟨kulcs⟩}
paranccsal lehet hivatkozni a dokumentumban. Ilyenkor az adott ponton az adott
elem címkéje [ ] jelek között jelenik meg. Egyszerre több kulcsot is megadhat,
ezeket vesszővel kell elválasztani. A ⟨szöveg⟩-ben például megadhatja, hogy melyik
oldalra hivatkozik.


Magyar nyelvű dokumentumban a hivatkozások elé automatikus névelőt is rakhat az
\acite[⟨szöveg⟩]{⟨kulcs⟩} ∈ [magyar]babel
\Acite[⟨szöveg⟩]{⟨kulcs⟩} ∈ [magyar]babel


vagy az ezzel egyenértékű
\az{\cite[⟨szöveg⟩]{⟨kulcs⟩}} ∈ [magyar]babel
\Az{\cite[⟨szöveg⟩]{⟨kulcs⟩}} ∈ [magyar]babel


parancsokkal. Ugyanezek a parancsok a huaz csomag betöltésével is használhatóak.
Például


Ð Lásd \cite{PlainTeX} és \cite[134.~oldal]{LaTeX}\dots
Lásd \cite{PlainTeX,LaTeX}\dots
Lásd \acite{PlainTeX,LaTeX} könyvekben\dots


\begin{thebibliography}{2}
\bibitem{PlainTeX} Bujdosó Gyöngyi, Fazekas Attila:


\TeX\ kezdőlépések, Budapest, 1997, Tertia Kiadó.
\bibitem{LaTeX} Wettl Ferenc, Mayer Gyula, Szabó Péter:


\LaTeX\ kézikönyv, Budapest, 2004, Panem Könyvkiadó.
\end{thebibliography}
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Lásd [1] és [2, 134. oldal]. . . Lásd [1, 2]. . . Lásd az [1, 2] könyvekben. . .


Hivatkozások
[1] Bujdosó Gyöngyi, Fazekas Attila: TEX kezdőlépések, Budapest, 1997, Tertia Ki-


adó.


[2] Wettl Ferenc, Mayer Gyula, Szabó Péter: LATEX kézikönyv, Budapest, 2004, Pa-
nem Könyvkiadó.


Ð Lásd \cite{PlainTeX} és \cite[134.~oldal]{LaTeX}\dots
Lásd \cite{PlainTeX,LaTeX}\dots
Lásd \acite{PlainTeX,LaTeX} könyvekben\dots


\begin{thebibliography}{Bujdosó 1997}
\bibitem[Bujdosó 1997]{PlainTeX} Bujdosó Gyöngyi, Fazekas Attila:


\TeX\ kezdőlépések, Budapest, 1997, Tertia Kiadó.
\bibitem[Wettl 2004]{LaTeX} Wettl Ferenc, Mayer Gyula, Szabó Péter:


\LaTeX\ kézikönyv, Budapest, 2004, Panem Könyvkiadó.
\end{thebibliography}


Lásd [Bujdosó 1997] és [Wettl 2004, 134. oldal]. . . Lásd [Bujdosó 1997, Wettl
2004]. . . Lásd a [Bujdosó 1997, Wettl 2004] könyvekben. . .


Hivatkozások
[Bujdosó 1997] Bujdosó Gyöngyi, Fazekas Attila: TEX kezdőlépések, Budapest, 1997,


Tertia Kiadó.


[Wettl 2004] Wettl Ferenc, Mayer Gyula, Szabó Péter: LATEX kézikönyv, Budapest,
2004, Panem Könyvkiadó.


A natbib csomaggal arra is lehetőség van, hogy címke nélküli bibliográfiát készítsen.
Ennek a csomagnak a használata esetén a \cite parancs automatikus névelővel csak a
huaz csomag használata esetén működik megfelelően. A natbib csomag általános leírása
helyett csak egy példát mutatunk a használatára. Írja a következőket a preambulumba:


Ð \usepackage{natbib}
\setcitestyle{aysep={},citesep={,},open={},close={}}
\setlength{\bibsep}{0pt}


Ezután a dokumentumtestbe írja ezt:
Lásd \cite{PlainTeX} és \cite[134.~oldal]{LaTeX}\dots
Lásd \cite{PlainTeX,LaTeX}\dots
Lásd \cite{PlainTeX,LaTeX} könyvekben\dots


\begin{thebibliography}{}
\bibitem[Bujdosó(1997)]{PlainTeX} Bujdosó Gyöngyi, Fazekas Attila:
\TeX\ kezdőlépések, Budapest, 1997, Tertia Kiadó.
\bibitem[Wettl(2004)]{LaTeX} Wettl Ferenc, Mayer Gyula, Szabó Péter:
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\LaTeX\ kézikönyv, Budapest, 2004, Panem Könyvkiadó.
\end{thebibliography}


Lásd Bujdosó 1997 és Wettl 2004, 134. oldal. . . Lásd Bujdosó 1997, Wettl 2004. . . Lásd
Bujdosó 1997, Wettl 2004 könyvekben. . .


Hivatkozások
Bujdosó Gyöngyi, Fazekas Attila: TEX kezdőlépések, Budapest, 1997, Tertia Kiadó.
Wettl Ferenc, Mayer Gyula, Szabó Péter: LATEX kézikönyv, Budapest, 2004, Panem


Könyvkiadó.


17.8.2. A biblatex csomag


Lehetőség van bibliográfiát adatbázisból is készíteni, melynek számos előnye van:
– Több dokumentumhoz is használható ugyanaz az adatbázis, mert csak azok a


művek jelennek meg a bibliográfiában, amelyekre valóban történt hivatkozás a
\cite paranccsal. De arra is van lehetőség, hogy az adatbázis minden eleme meg-
jelenjen, függetlenül attól hogy hivatkoztunk-e rá vagy sem.


– A névsorba rendezés és a leghosszabb címke beállítása automatikusan történik.
– A stílus átállítható az adatbázis változtatása nélkül.


Erre a célra használhatja a biblatex csomagot. Az adatbázis elemeit egy bib kiter-
jesztésű fájlba kell írni UTF-8 kódolással. A biblatex csomag az adatbázis elemeinek
névsorba rendezéséhez és egyéb háttérmunkák elvégzéséhez alapesetben a biber prog-
ramot használja.


Ennek az alszakasznak nem célja a biblatex teljes tárgyalása. Ha a teljes dokumen-
tációra kíváncsi, akkor keressen rá a biblatex, biblatex-ext és biber kulcsszavakra a
TeXstudio Súgó Csomagleírások menüjében.


A bib fájl szerkezete ♦ A bib kiterjesztésű fájl tartalma elemtípusokból és mező-
nevekből áll. Az elemtípus határozza meg, hogy az adott elem cikk vagy könyv vagy
valami egyéb. A mezőnév adja meg, hogy az adott elemnek milyen adatát adjuk meg
(szerző, cím, stb.). Ennek szerkezete a következő:
@⟨elemtípus⟩{⟨kulcs⟩,
⟨mezőnév⟩={⟨szöveg⟩},
⟨mezőnév⟩={⟨szöveg⟩},
⟨mezőnév⟩={⟨szöveg⟩},
...
}


Az adott elemre a dokumentumban például a korábban már ismertetett
\cite[⟨szöveg⟩]{⟨kulcs⟩}
paranccsal lehet hivatkozni. Erre a biblatex csomagban más lehetőség is van, amire
később még kitérünk.


Sok ⟨elemtípus⟩ és hozzátartozó ⟨mezőnév⟩ létezik, itt csak néhányat említünk meg
a teljesség igénye nélkül.
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⟨elemtípus⟩ ⟨mezőnév⟩


article
author title journaltitle date volume number pages
issn doi url urldate sortname options langid


book
author title date editor publisher location isbn doi
url urldate sortname options langid


inproceedings
author title booktitle date editor eventdate volume
number organization publisher location isbn pages doi
url urldate sortname options langid


online
author title date url version doi urldate sortname
options langid


Elemtípusok ♦ Az előző táblázatban található elemtípusok leírása:


article Cikk adatainak beviteléhez.
book Könyv adatainak beviteléhez.
inproceedings Konferenciakötetben található cikk adatainak beviteléhez.
online Online forrás adatainak beviteléhez.


Mezőnevek ♦ Az előző táblázatban található mezőnevek leírása és megadási módja:


author Szerző nevének megadása. A neveket az angol szabálynak megfelelően kell meg-
adni, azaz kereszt- majd családnév sorrendben:
author={⟨keresztnév⟩ ⟨családnév⟩ and ⟨keresztnév⟩ ⟨családnév⟩ and


... ⟨keresztnév⟩ ⟨családnév⟩ and others},


Az and csak akkor kell, ha több nevet sorol fel, illetve az and others akkor, ha
nem sorolja fel az összes nevet. Például
author={Donald Ervin Knuth and Leslie Lamport and others},


Későbbiekben látni fogjuk, hogy van olyan beállítási lehetőség, hogy a kereszt-
nevek rövidítve jelenjenek meg. Azaz például „Donald Ervin Knuth” helyett
„D. E. Knuth” legyen a kimenet. Ez a magyar nevek esetében gond lehet, mert
például ilyenkor
author={Gyula Szabó and Ferenc Kovács},


kimenete „G. Szabó és F. Kovács” lesz. Ekkor használja a következő beviteli
formát:
given={⟨keresztnév⟩},
given-i={⟨keresztnév rövidítése⟩},
family={⟨családnév⟩}
Például
author={given={Gyula}, given-i={Gy}, family={Szabó} and


Ferenc Kovács},


kimenete „Gy. Szabó és F. Kovács” lesz rövidített keresztnév beállítás esetén.
booktitle Annak a konferenciakötetnek a címe, amelyben a hivatkozott cikk található.


Például
booktitle={Proceedings of the 10th International Conference on


Applied Informatics},


date A mű kiadásának dátuma. Például
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date={1998},


doi A mű DOI száma (Digital Object Identifier azaz digitális objektumazonosító). Pél-
dául
doi={10.1080/17442508.2017.1366490},


editor Szerkesztő neve. Pontosan úgy kell megadni, mint az author esetében.
eventdate Konferenciakötet esetén a konferencia megrendezésének dátuma. Megadásá-


nak módja:
eventdate={⟨év⟩-⟨hó⟩-⟨nap⟩/⟨év⟩-⟨hó⟩-⟨nap⟩},
Az első dátum a konferencia kezdetét, a második pedig a végét jelenti. Például
eventdate={2018-09-30/2018-10-04},


isbn A könyv vagy konferenciakötet ISBN-száma. Például
isbn={978-615-5621-72-7},


issn A folyóirat vagy konferenciakötet ISSN-száma. Például
issn={1787-5021},


journaltitle Annak a folyóiratnak a neve, amelyben a hivatkozott cikk található.
Például
journaltitle={Annales Mathematicae et Informaticae},


langid Többnyelvű bibliográfia esetén a biblatex csomag autolang=hyphen opciójával
mindig a megadott nyelv szabályai szerinti szóelválasztást alkalmazza. Ha például
a babel csomag magyar opcióval van betöltve és a bib fájlban az egyik elem angol
nyelvű, akkor írja be a következőt:
langid={english},


location A könyv kiadásának helye. Például
location={Eger},


number A folyóirat száma.
options Minden elemhez adhatunk opciókat is ezzel a mezőnévvel. Erre később látunk


majd példát.
organization Konferenciakötet esetében a konferencia szervezőjének neve.


organization={University of Debrecen and
the Eszterházy Károly Catholic University},


pages Cikk első és utolsó oldalszáma a folyóiratban. A következő alakban kell megadni:
pages={⟨első oldalszám⟩-⟨utolsó oldalszám⟩},
Például
pages={135-150},


publisher Könyv kiadójának a neve. Például
publisher={Springer},


sortname A biber nemcsak az angol, hanem a magyar névsorba rendezés szabályait is
ismeri. Így pl. angol nyelvű dokumentumban a Bolyai megelőzi a Bolzano nevet
(hiszen az y előbb van, mint a z ), de magyar esetén fordított lesz a sorrend
(hiszen az l előbb van, mint az ly). Ugyanakkor magyar nyelv esetén például a
Vácszentmiklósi névben a c s betűket a biber tévesen kettős mássalhangzónak
tekinti (azaz csé-nek), így mondjuk a Váczy nevet előbbre sorolja, miközben a
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helyes sorrend fordított, hiszen az sz előbb van, mint a z. Ennek egy lehetséges
megoldása a sortname mezőnév használata. Ebben azt lehet megadni, hogy a
neveket miként sorolja be. Például
author={József Vácszentmiklósi},
sortname={Váctzentmiklósi},


esetében az eredményben Vácszentmiklósi lesz látható, de Váctzentmiklósi -ként
lesz névsorba rendezve. Itt a c betűt követő s helyére t betűt írtunk, ami nagy
eséllyel megoldja a problémát.


title A mű címe. Például
title={Baum--Katz Type Theorems with Exact Threshold},


Bizonyos esetekben a biblatex a címekben az első betűt nagybetűsítheti, illetve
a többit kisbetűsítheti. Ilyenkor pl. a „Baum–Katz Type Theorems with Exact
Threshold ” címet „Baum–katz type theorems with exact threshold ” alakra konver-
tálja. Ha ezt például nevek esetén meg akarja akadályozni, akkor a betűváltoztatás
ellen védendő szót tegye kapcsos zárójelek közé. Ne csak az adott betűt, hanem az
egész szót tegye kapcsos zárójelbe, különben a betűk körüli térközök nem lesznek
megfelelőek. Például
title={{Baum--Katz} Type Theorems with Exact Threshold},


vagy
title={{$p$-adic} Logarithmic Forms and Group Varieties {II}},


Hasonlóan, a címekben szereplő parancsokat is tegye kapcsos zárójelek közé:
title={The {\TeX book}},


url A mű webcíme. Például
url={http://tug.org/texinfohtml/latex2e.html},


urldate A webcím hivatkozáskori dátumának megadása a következő módon történik:
urldate={⟨év⟩-⟨hó⟩-⟨nap⟩},
Például
urldate={2009-01-31},


version Az online forrás verziója.
volume A mű kötetének a száma.


Az előbbi mezőneveket három csoportba soroljuk típusuk szerint:


name list típusú mezőnevek: author, editor.
literal list típusú mezőnevek: organization, publisher.
field típusú mezőnevek: booktitle, date, doi, eventdate, isbn, issn, journaltitle,


location, number, pages, title, url, urldate, version, volume.


Egy példa bib fájlra ♦ Írja a következőket egy UTF-8 kódolású references.bib
fájlba. A bevitelt nagy mértékben megkönnyíti a TeXstudio Bibliográfia menüpontja.


@book{Knuth2001,
author={Donald Ervin Knuth},
title={Deformation modelling tracking animation and applications},
date={2001},
publisher={Springer},
location={Berlin, Heidelberg},
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}
@article{BalkaTomacs2018,
author={Richárd Balka and Tibor Tómács},
title={{Baum--Katz} type theorems with exact threshold},
journaltitle={Stochastics},
volume={90},
number={4},
date={2018},
pages={473-503},
publisher={Taylor \& Francis},
doi={10.1080/17442508.2017.1366490},
}


A bibliográfia megjelenítése ♦ A babel és a biblatex csomagok együttes haszná-
lata esetén be kell még tölteni a csquotes csomagot is, mert a címek idézőjelben fognak
megjelenni, amit az adott nyelvhez a csquotes csomaggal igazít.


A tex kiterjesztésű fájlba a bibliográfia megjelenéséhez a biblatex csomag betöltése
után írja a preambulumba az
\addbibresource{⟨bib fájl neve⟩}
parancsot, majd a dokumentumtestbe a bibliográfia megjelenésének helyére a
\printbibliography[⟨opciók⟩]
parancsot. Néhány lehetséges opció:


title=⟨bibliográfia címe⟩ Ha a bibliográfia címének alapértékét át akarja állítani, akkor
használja ezt az opciót. Például
title=Irodalomjegyzék


heading=⟨stílus⟩ Ha a ⟨stílus⟩ bibintoc, akkor a bibliográfia bekerül a tartalomjegyzék-
be. Ha a ⟨stílus⟩ bibnumbered, akkor a bibliográfia címe számozott fejezet vagy
szakasz lesz és bekerül a tartalomjegyzékbe.


Alapesetben a bib fájlban megadott művekből csak azok fognak megjelenni a bibliográ-
fiában, melyekre \cite paranccsal hivatkozott. Ha olyan elemeket is meg akar jeleníteni
az adatbázisból, melyekre nem hivatkozik a dokumentumban, akkor a megfelelő elemek
kulcsát vesszővel elválasztva be kell írni a \nocite parancsba:
\nocite{⟨kulcs1⟩,⟨kulcs1⟩,...}
Ha minden elemet be akar illeszteni az adatbázisból, akkor használja a
\nocite{*}


parancsot.


Egy példa tex fájlra ♦ Példaként írja a következőket a document.tex fájlba:


Ð \documentclass{article}
\usepackage[T1]{fontenc}
\usepackage[english]{babel}
\usepackage{csquotes}
\usepackage{biblatex}
\addbibresource{references.bib}
\begin{document}



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe228.html
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See \cite[p.~56]{Knuth2001} \dots see \cite{BalkaTomacs2018}
\printbibliography
\end{document}


Ezt a fájlt és az előbbi references.bib fájlt tegye ugyanabba a mappába.


A végeredmény előállítása ♦ Az előző példában úgy tudja előállítani a végered-
ményt, hogy parancssorban kiadja a következő parancsokat:
pdflatex document.tex
biber document
pdflatex document.tex
pdflatex document.tex


TeXstudióban érdemes a végeredményt a latexmk programmal előállítani (lásd a Beve-
zetésben), mert ez automatikusan futtatja a biber és pdflatex programokat a megfelelő
számban és sorrendben. Parancssorban:
latexmk -pdf document


A biblatex csomag opciói ♦ A teljesség igénye nélkül felsoroljuk a biblatex csomag
néhány opcióját:


style=⟨stílusnév⟩ Ezzel lehet megadni a bibliográfia és hivatkozások stílusát. Rengeteg
definiált ⟨stílusnév⟩ van, itt csak néhányat sorolunk fel :
numeric Ez az alapstílus. A bibliográfiai elemek és a hivatkozások számozottak.
alphabetic A bibliográfiai elemek címkéi a szerző és az évszám alapján összeál-


lított rövidítés.
authoryear A bibliográfiai elemek nincsenek címkézve. A hivatkozás a szerző és


az évszám alapján történik.
Minden standard stílusnak van egy kiterjesztett verziója is, amit a név elé tett
ext- elöljáróval érhetünk el : ext-numeric, ext-alphabetic, ext-authoryear stb.


maxnames=⟨szám⟩ Ha ⟨szám⟩-nál több szerzője van a bibliográfiai elemnek, akkor csak a
minnames opció által megadott számú szerzőt tünteti fel, majd utána azt írja ki,
hogy „és mások ” vagy rövidítve „és tsai ”. A ⟨szám⟩ alapértéke 3.


minnames=⟨szám⟩ Lásd a maxnames opciónál. A ⟨szám⟩ alapértéke 1.
giveninits A szerzők keresztnevei rövidítve jelennek meg. Például Donald Ervin Knuth


helyett D. E. Knuth.
abbreviate=false A bibliográfiába automatikusan kerülő szövegek nem lesznek rövi-


dítve („és tsai ” helyett „és mások ”, „Irodalom” helyett „Irodalomjegyzék ”, stb.).
autolang=hyphen Többnyelvű bibliográfia esetén ezzel az opcióval mindig a megadott


nyelv szabályai szerinti szóelválasztást alkalmazza. Ha a babel csomag magyar
opcióval van betöltve és a bib fájlban az egyik elem angol nyelvű, akkor írja be a
következőt:
langid={english},


Például
@book{Knuth2001,
langid={english},
author={Donald Ervin Knuth},
title={Deformation modelling tracking animation and applications},
date={2001},
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publisher={Springer},
address={Berlin, Heidelberg},
}


A biblatex csomag parancsai ♦ A biblatex csomagnak számtalan olyan parancsa
van, amivel a legapróbb részletekig beállíthatja a kimenetet. Amennyiben a rendelke-
zésre álló stílusok közül egyik sem felel meg, akkor legszerencsésebb megoldás, hogy
létrehoz egy saját stílust. Ennek leírására nem vállalkozunk, csak néhány olyan paran-
csot ismertetünk, amivel egy meglévő stílust finomíthat a maga kedvére.
\biblabelsep


Ez határozza meg a címke és a bibliográfiai elem közötti távolságot. Alapértéke a
\labelsep kétszerese. Ha a \labelsep értékre akarja átállítani, akkor használja a kö-
vetkező parancsot:


\setlength{\biblabelsep}{\labelsep}


\bibfont


Ez adja meg a bibliográfia fonttípusát. Átállíthatja például \small méretre a következő
módon:


\renewcommand{\bibfont}{\normalfont\small}


\mkbibnamefamily


Ez adja meg a családnevek fonttípusát. Átállíthatja például kiskapitálisra a következő
módon:


\renewcommand{\mkbibnamefamily}{\scshape}


\mkbibnamegiven


Ez adja meg a keresztnevek fonttípusát. Átállíthatja például kiskapitálisra a következő
módon:


\renewcommand{\mkbibnamegiven}{\scshape}


\DeclareNameAlias{author}{family-given}


Ebben az esetben a bib fájlban található
author={Donald Ervin Knuth},


kimenete „Knuth, Donald Ervin” lesz. Azaz a kimenetben először a családnév, majd a
keresztnév jelenik meg. A kettő közé angolszász szokás szerint vessző kerül.
\revsdnamepunct


Az előző parancs esetén ezen parancs által tárolt jel kerül a család- és keresztnév közé.
Ennek alapértéke vessző. Ha magyar a dokumentum és a bibliográfiai elemek szerzői
magyarok, akkor célszerű ezt átállítani üresre az előző parancs használata mellett:


\DeclareNameAlias{author}{family-given}
\renewcommand{\revsdnamepunct}{}


Ilyenkor például a bib fájlbeli
author={Gyula Szabó},


kimenete „Szabó Gyula” lesz.
\DeclareEntryOption[⟨opció⟩]{⟨opciónév⟩}[⟨alapérték⟩]{⟨definíció⟩}
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Az általános leírás helyett egy konkrét példán szemléltetjük a működését:
\DeclareEntryOption[boolean]{hunname}[true]{%


\DeclareNameAlias{author}{family-given}%
\renewcommand{\revsdnamepunct}{}}


Ez létrehoz egy logikai típusú hunname nevű opciót, melynek alapértéke igaz (true).
Ezen opció hatására az adott mezőben elhelyezett szerzők nevei család- és keresztnév
sorrendben jelennek meg úgy, hogy közöttük nincs semmilyen jel. Az opció a bib fájlban
a következő módon adható meg:


options={hunname},


Több opció használata esetén, azokat vesszővel kell elválasztani. Az előző példát akkor
célszerű használni, amikor magyar a dokumentum, de a bibliográfiában van magyar és
pl. orosz szerző is. Ilyenkor az előző opciót a magyar szerzőjű műhöz beírva, a család-
és keresztnevek jó sorrendben fognak megjelenni. Például


@book{KolmogorovFomin1981,
author={Andrej Nyikolajevics Kolmogorov and


Szergej Vasziljevics Fomin},
title={A függvényelmélet és a funkcionálanalízis elemei},
publisher={Műszaki Könyvkiadó},
location={Budapest},
date={1981},
}
@book{KatonaRecskiSzabo2006,
options={hunname},
author={Gyula Katona and András Recski and Csaba Szabó},
title={A számítástudomány alapjai},
publisher={Typotex},
location={Budapest},
date={2006},
}


\DeclareFieldFormat[⟨opció⟩]{⟨field típusú mezőnév⟩}{⟨formázás⟩}
A ⟨field típusú mezőnév⟩ formázását adja meg. A formázásban #1 módon utaljon a ⟨field
típusú mezőnév⟩ tartalmára. Az ⟨opció⟩ tartalmazza azon elemtípusokat, melyekben a
megadott ⟨field típusú mezőnév⟩-re vonatkozik a formázás. Opció megadása nélkül min-
den olyan elemtípusra fog vonatkozni, melyekben a ⟨field típusú mezőnév⟩ még nincs
formázva. A ⟨formázás⟩-ban nem szerepelhet szóköz. Például


\DeclareFieldFormat{title}{\textit{#1}}


esetén minden olyan elemtípusnál dőlt betűvel fog megjelenni a cím, ahol az még nincs
formázva. Így például a book elemtípusnál dőlt betű lesz, de az article-nél nem.


\DeclareFieldFormat[article,book]{title}{\textit{#1}}


esetén az article és book elemtípusnál dőlt betű lesz a cím, minden másnál marad az
eredeti formázás.
\DeclareFieldFormat*{⟨field típusú mezőnév⟩}{⟨formázás⟩}
Úgy működik, mint az előző parancs, de ez minden elemtípusra kihatással van. Például


\DeclareFieldFormat*{title}{\textit{#1}}


esetén minden elemtípusnál dőlt betűvel fog megjelenni a cím.
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\DeclareFieldFormat{titlecase}{\MakeSentenceCase{#1}}


A title, journaltitle és booktitle mezőnevek esetén az első betűt nagybetűsíti, a
többit pedig kisbetűsíti. Ha ez például nevek esetén nem kívánatos hatással van, akkor
azt kapcsos zárójelbe kell rakni. Ne csak a betűt, hanem az egész szót tegye kapcsos
zárójelbe, hogy a betűk körüli térközök helyesek maradjanak. Például


title={{Baum--Katz} Type Theorems with Exact Threshold},


eredménye Baum–Katz type theorems with exact threshold.
booktitle={{$p$-adic} Logarithmic Forms and Group Varieties},


eredménye p-adic logarithmic forms and group varieties.
\add⟨jel⟩
Bibliográfiai elemek formázásánál szóköz vagy írásjel beszúrása. A ⟨jel⟩ helyére a kö-
vetkezők írhatók:


space szóköz
nbspace törhetetlen szóköz
thinspace törhető fél szóköz
nbthinspace törhetetlen fél szóköz
dot pont
comma vessző
semicolon pontosvessző
colon kettőspont


\newunitpunct


Az egységek közötti elválasztójel. Alapértéke pont és utána egy törhető szóköz. Átállí-
tása például vesszőre és utána egy törhető szóközre:


\renewcommand{\newunitpunct}{\addcomma\addspace}


\multinamedelim


A szerzők illetve szerkesztők nevei közötti jel, kivéve az utolsó név előtti jelet. Átállítása
például gondolatjelre:


\renewcommand{\multinamedelim}{\addnbthinspace--\addnbthinspace}


\finalnamedelim


A szerzők illetve szerkesztők nevei esetén az utolsó név előtti jel. Átállítása például
vesszőre és utána egy törhető szóközre:


\renewcommand{\finalnamedelim}{\addcomma\addspace}


\labelnamepunct


A szerzők illetve szerkesztők neveinek listája után álló jel. Átállítása például kettős-
pontra és utána egy törhető szóközre:


\renewcommand{\labelnamepunct}{\addcolon\addspace}


\DeclareBibliographyDriver{⟨elemtípus⟩}{⟨formázás⟩}
Az ⟨elemtípus⟩ kimenetelét formázza. A ⟨formázás⟩-ban a következő parancsok segítenek:


\printnames{⟨name list típusú mezőnév⟩}
A ⟨name list típusú mezőnév⟩ tartalmának megjelenítése.
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\printlist{⟨literal list típusú mezőnév⟩}
A ⟨literal list típusú mezőnév⟩ tartalmának megjelenítése.
\printfield{⟨field típusú mezőnév⟩}
A ⟨field típusú mezőnév⟩ tartalmának megjelenítése.
\ifnameundef{⟨name list típusú mezőnév⟩}{⟨igaz⟩}{⟨hamis⟩}
Ha az ⟨elemtípus⟩-ban meg van adva a ⟨name list típusú mezőnév⟩, akkor ⟨igaz⟩,
ellenkező esetben ⟨hamis⟩ az eredmény.
\iflistundef{⟨literal list típusú mezőnév⟩}{⟨igaz⟩}{⟨hamis⟩}
Ha az ⟨elemtípus⟩-ban meg van adva a ⟨literal list típusú mezőnév⟩, akkor ⟨igaz⟩,
ellenkező esetben ⟨hamis⟩ az eredmény.
\iffieldundef{⟨field típusú mezőnév⟩}{⟨igaz⟩}{⟨hamis⟩}
Ha az ⟨elemtípus⟩-ban a ⟨field típusú mezőnév⟩ adott, akkor ⟨igaz⟩, ellenkező esetben
⟨hamis⟩ az eredmény.
\newunit


A \newunitpunct-ban megadott jel kiíratása.
\setunit*{⟨jel⟩}
A ⟨jel⟩ kiírása, amennyiben előtte a \printnames, \printlist vagy \printfield
parancsban adott mezőnév az ⟨elemtípus⟩-ban meg van adva.
\usebibmacro{finentry}


Az ⟨elemtípus⟩-t lezáró parancs.


Például
\DeclareBibliographyDriver{book}{%
\printnames{author}%
\labelnamepunct%
\printfield{title}%
\newunit
\printlist{publisher}%
\newunit
\printlist{location}%
\newunit
\printfield{date}
\usebibmacro{finentry}}


Hivatkozás egy bibliográfiai elemre ♦ Egy adott bibliográfiai elemre a következő
módokon lehet hivatkozni:
\cite[⟨szöveg⟩]{⟨kulcs⟩}
\cite[⟨oldalszám⟩]{⟨kulcs⟩}
\cite[⟨kezdő oldalszám⟩-⟨utolsó oldalszám⟩]{⟨kulcs⟩}
ahol a ⟨kulcs⟩ a bib fájlban megadott azonosítója a bibliográfiai elemnek. Például


\cite[Theorem~5]{Kolmogorov},
\cite[122]{Kolmogorov},
\cite[32-45]{Kolmogorov}
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eredménye, ha angol nyelvű a dokumentum, számozott a stílus és a Kolmogorov kulcshoz
a 4 sorszám tartozik:


[4, Theorem 5], [4, page 122], [4, pages 32–45]


Ha magyar nyelvű a dokumentum, akkor változik az eredmény. Például
\cite[5.~tétel]{Kolmogorov},
\cite[122]{Kolmogorov},
\cite[32-45]{Kolmogorov}


[4, 5. tétel.], [4, 122. oldal], [4, 32–45. oldal]


Látható, hogy ebben az esetben van egy apró probléma, nevezetesen, hogy az „5. tétel”
után van egy pont. Ennek megoldására a következő két lehetőséget ajánlom. Az egyik,
hogy írja a következőt a preambulumba:
\def\citeoptnorm#1{\begingroup\def\mkbibordinal##1{##1}#1\endgroup}


Ezután
\citeoptnorm{\cite[5.~tétel]{Kolmogorov}},
\cite[122]{Kolmogorov},
\cite[32-45]{Kolmogorov}


eredménye


[4, 5. tétel], [4, 122. oldal], [4, 32–45. oldal]


A másik lehetőség a következő. Írja a preambulumba, hogy
\DefineBibliographyExtras{magyar}{\DeclareFieldFormat{postnote}{#1}}


Ekkor a \cite opciójába már csak egyszerű szöveg kerülhet, nem ismeri fel az oldal-
számokat. Így például


\cite[5.~tétel]{Kolmogorov},
\cite[122.~oldal]{Kolmogorov},
\cite[32--45.~oldal]{Kolmogorov}


eredménye


[4, 5. tétel], [4, 122. oldal], [4, 32–45. oldal]


Amennyiben angol nyelvű dokumentum esetén szeretné, hogy a \cite opciójában az
oldalszámokat egyszerű szövegként kezelje, akkor írja a következőt a preambulumba:
\DeclareFieldFormat{postnote}{#1}


A \cite használatára az előző példák eredményei számozott stílus esetére vonatkoztak.
Ha más stílust választ, az eredmény is más lehet. Ezeket itt nem részletezzük, ehhez
nézze át a biblatex dokumentációját. Vannak még további lehetőségek is a hivatko-
zásra. Ezekből hármat említünk meg:
\citeauthor{⟨kulcs⟩}
\citetitle{⟨kulcs⟩}
\citeyear{⟨kulcs⟩}
Az első a mű szerzőjét, a második a mű címét, a harmadik pedig a mű kiadásának évét
adja eredményül.
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Egy magyar nyelvű példa biblatex használatára ♦ Egy tex fájlba másolja be a
következőket:


Ð \documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}


\usepackage{csquotes}
\usepackage[autolang=hyphen,giveninits,abbreviate=false]{biblatex}


\setlength{\biblabelsep}{\labelsep}
\renewcommand{\mkbibnamefamily}{\scshape}
\renewcommand{\mkbibnamegiven}{\scshape}
\DeclareFieldFormat*{title}{\textit{#1}}
\DeclareFieldFormat[article]{journaltitle}{#1}
\DeclareFieldFormat[article]{pages}{#1}
\renewcommand{\finalnamedelim}{\addcomma\addspace}
\renewcommand{\labelnamepunct}{\addcolon\addspace}
\renewcommand{\newunitpunct}{\addcomma\addspace}
\DeclareEntryOption[boolean]{hunname}[true]{%
\DeclareNameAlias{author}{family-given}%
\renewcommand{\revsdnamepunct}{}}


\DefineBibliographyExtras{magyar}{\DeclareFieldFormat{postnote}{#1}}
\addbibresource{references.bib}


\begin{document}


\cite{KatonaRecskiSzabo2006} --
\cite[1.~tétel]{KatonaRecskiSzabo2006} --
\citeauthor{Knuth2001} \citeyear{Knuth2001} --
\cite{BalkaTomacs2018,KatonaRecskiSzabo2006,Knuth2001,


KolmogorovFomin1981}


\printbibliography


\end{document}


A references.bib fájl tartalma:
@book{KolmogorovFomin1981,
author={Andrej Nyikolajevics Kolmogorov and


Szergej Vasziljevics Fomin},
title={A függvényelmélet és a funkcionálanalízis elemei},
publisher={Műszaki Könyvkiadó},
location={Budapest},
date={1981},
}


@book{KatonaRecskiSzabo2006,
options={hunname},
author={given={Gyula}, given-i={Gy}, family={Katona} and


András Recski and



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe227.html
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given={Csaba}, given-i={Cs}, family={Szabó}},
title={A számítástudomány alapjai},
publisher={Typotex},
location={Budapest},
date={2006},
}


@book{Knuth2001,
langid={english},
author={Donald Ervin Knuth},
title ={Deformation modelling tracking animation and applications},
date={2001},
publisher={Springer},
location={Berlin, Heidelberg},
}


@article{BalkaTomacs2018,
langid={english},
author={Richárd Balka and Tibor Tómács},
title={Baum--Katz type theorems with exact threshold},
journaltitle={Stochastics},
volume={90},
number={4},
pages={473-503},
date={2018},
publisher={Taylor \& Francis},
doi={10.1080/17442508.2017.1366490},
}


[2] – [2, 1. tétel] – Knuth 2001 – [1, 2, 3, 4]
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[1] R. Balka, T. Tómács: Baum–Katz type theorems with exact thresh-


old, Stochastics 90.4 (2018), 473–503, doi: 10.1080/17442508.2017.
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[2] Katona Gy., Recski A., Szabó Cs.: A számítástudomány alapjai,
Budapest: Typotex, 2006.


[3] D. E. Knuth: Deformation modelling tracking animation and applica-
tions, Berlin, Heidelberg: Springer, 2001.


[4] A. N. Kolmogorov, S. V. Fomin: A függvényelmélet és a funkcionál-
analízis elemei, Budapest: Műszaki Könyvkiadó, 1981.


Å
Videó: Irodalomjegyzék készítése biblatex csomaggal



https://youtu.be/2p6m1pLILrw
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17.9. Tárgymutató


A tárgymutató a műben előforduló fontosabb fogalmaknak névsorba rendezett jegyzéke,
melyben minden tárgyszó mellett megtalálható annak az oldalnak a száma, ahol az
szóba kerül. Erre több eszköz is van. A következő két alszakaszban a texindy illetve
az upmendex programok használatát ismertetjük a teljesség igénye nélkül. Bármelyiket
választhatja, bár a texindy 2014 óta nincs fejlesztve, így az esetleges hibák nem lesznek
már javítva benne nagy valószínűséggel. Mindkét programot az indextools csomag
segítségével fogjuk használni, így egy menetben lehet majd a forrást lefordítani, továbbá
rugalmasabb beállítási lehetőségeket biztosít.


A két alszakasz egymástól függetlenül olvasható, nem utal egyik a másikra. Erre
azért volt szükség, hogy ha valaki csak az egyik programot akarja használni, annak ne
kelljen mindkét alszakaszt elolvasni. Emiatt több átfedés is lesz bennük.


17.9.1. Az indextools és texindy együttes használata


Előkészületek ♦ Írja be a preambulumba a következőket:
\usepackage[texindy]{indextools}
\makeindex[⟨opciók⟩]
A lehetséges ⟨opciók⟩ :


options=-C utf8 -L ⟨nyelv⟩ A texindy kapcsolóit adja meg. A ⟨nyelv⟩ magyar illetve
angol esetén hungarian illetve english. Saját stílus is megadható egy xdy kiter-
jesztésű fájlban (részletesebben lásd a 324. oldalon). Ha például ez a user.xdy,
akkor ennek betöltéséhez használni kell még az -M user kapcsolót is. Például
options=-C utf8 -L hungarian -M user


name=⟨fájlnév⟩ Annak a fájlnak a neve kiterjesztés nélkül, amibe elmenti a tárgyszavakat
a megfelelő oldalszámokkal. (A ⟨fájlnév⟩-ben ne legyen ékezetes betű és szóköz.)
Alapértéke a \jobname, ami az aktuális tex fájl neve. Mentésnél a fájl kiterjesztése
idx lesz, azaz például name=nevmutato esetén a nevmutato.idx fájlba kerülnek a
tárgyszavak az oldalszámokkal. Ennek akkor van jelentősége, ha a tárgymutatón
kívül például névmutatót is akarunk készíteni. Erre később látunk majd példát.


title=⟨cím⟩ A tárgymutató címe. Alapértéke az \indexname, aminek eredménye magyar
dokumentum esetén „Tárgymutató”, angol esetén „Index”.


columns=⟨hasábszám⟩ A tárgymutató hány hasábbal legyen kiszedve. Alapértéke 2.
columnsep=⟨hasábköz⟩ A hasábok távolsága egymástól. Alapértéke 35pt.
columnseprule A hasábok vonallal legyenek egymástól elválasztva.
intoc A tárgymutató címe kerüljön be a tartalomjegyzékbe.


Például
\usepackage[texindy]{indextools}
\makeindex[options=-C utf8 -L hungarian,name=nevmutato,


title=Névmutató,columns=1]
\makeindex[options=-C utf8 -L hungarian]


esetén két idx kiterjesztésű fájl készül. Az egyik a nevmutato.idx, a másik pedig példá-
ul dokumentum.tex esetén dokumentum.idx. A nevmutato.idx-be kerülő tárgyszavak és
oldalszámok „Névmutató” cím alatt jelennek meg a végeredményben egyhasábos sze-
déssel, míg a dokumentum.idx-be kerülő tárgyszavak és oldalszámok „Tárgymutató” cím
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alatt jelennek meg a végeredményben kéthasábos szedéssel, feltéve, hogy az \indexname
Tárgymutató-ként van definiálva.


Tárgyszavak bevitele ♦ A tárgymutatót az
\index[⟨fájlnév⟩]{⟨tárgyszó⟩}
paranccsal bővítheti a dokumentumtestben, ahol a ⟨fájlnév⟩ alapértéke a \jobname, azaz
a tex fájl neve kiterjesztés nélkül. A tárgyszó a ⟨fájlnév⟩.idx fájlba kerül, feltéve, hogy
valamelyik \makeindex parancsban meg volt adva a name=⟨fájlnév⟩ opció. Például


...
\makeindex[options=-C utf8 -L hungarian,name=nevmutato,title=Névmutató]
\makeindex[options=-C utf8 -L hungarian]
...
\begin{document}
...
Kolmogorov\index[nevmutato]{Andrej Nyikolajevics Kolmogorov (1903--1987)}
1933-ban a következő axiómákat mondta ki:
...
A szórásnégyzetet\index{szórásnégyzet} a következőképpen értelmezzük:
...


esetén a nevmutato.idx fájlba kerül az „Andrej Nyikolajevics Kolmogorov (1903–1987)”
tárgyszó a megfelelő oldalszámmal, illetve a „szórásnégyzet” a dokumentum.idx-be, fel-
téve, hogy a tex fájl neve dokumentum.tex volt.


A tárgymutatóba kerülő tárgyszó formázható is a következő módokon:


⟨csoport⟩!⟨tárgyszó⟩ Ekkor a ⟨tárgyszó⟩ a ⟨csoport⟩-hoz lesz besorolva. Például
\index{eloszlás!normális}.


⟨csoport⟩!⟨alcsoport⟩!⟨tárgyszó⟩ Ekkor a ⟨tárgyszó⟩ a ⟨csoport⟩-hoz, azon belül pedig az
⟨alcsoport⟩-hoz lesz besorolva. Például
\index{eloszlás!normális!standard}.


⟨besorolás⟩@⟨tárgyszó⟩ Ekkor a ⟨tárgyszó⟩ úgy sorolódik betűrendbe, mint a ⟨besorolás⟩
szó. Például
\index{gamma-eloszlás@$\Gamma$-eloszlás}
esetén a „Γ-eloszlás” tárgyszó kerül a tárgymutatóba, de „gamma-eloszlás”-ként
sorolódik betűrendbe. Az előzőekben a ⟨csoport⟩, ⟨alcsoport⟩ és ⟨tárgyszó⟩ is lehet
⟨besorolás⟩@⟨tárgyszó⟩ alakú. Például
\index{eloszlás!gamma@$\Gamma$}
\index{gamma-eloszlás@$\Gamma$-eloszlás!sűrűségfüggvény}.
Magyar nyelvű dokumentumok esetén például NY (New York) az NY betűhöz
sorolódik be N helyett. Ennek elkerüléséhez használhatja a következő trükköt:
\index{NXZ (New York)@NY (New York)}.
Ekkor a problémás Y-t az XZ-hez soroljuk be, amivel már a tárgyszó NY helyett
az N csoportba kerül, és azon belül is jó eséllyel a megfelelő sorrendben.


⟨tárgyszó⟩|⟨oldalszámformázás⟩ A texindy használata esetén az ⟨oldalszámformázás⟩ he-
lyére textbf vagy textit írható aszerint, hogy az oldalszámozást félkövér vagy
dőlt betűtípussal szeretnénk. Például
\index{eloszlás|textbf}
esetén félkövér betűtípussal jelenik meg az oldalszám az „eloszlás” tárgyszó után.
A ⟨tárgyszó⟩ helyére bármilyen korábban ismertetett verzió beírható:
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\index{eloszlás!normális|textbf}
\index{gamma-eloszlás@$\Gamma$-eloszlás|textbf}
\index{gamma-eloszlás@$\Gamma$-eloszlás!sűrűségfüggvény|textbf}.
Amennyiben a textbf és textit ⟨oldalszámformázás⟩ típusokon kívül más típust
is definiálni akar, akkor az a saját stílust tartalmazó xdy kiterjesztésű fájlban
tehető meg (lásd a 324. oldalon).


A tárgyszavak a végeredményben névsorban fognak megjelenni, továbbá a kezdőbe-
tűknek megfelelő csoportokra lesznek bontva. A csoportok előtt alapértelmezésben a
megfelelő betű áll címként. Ha a tárgyszó számmal kezdődik, akkor az első, alapértel-
mezésben cím nélküli csoporthoz lesz besorolva, még az A betűs csoport elé.


Ha a tárgyszó képlet, mindig adjon meg besorolást. Például \index{alfa@$\alpha$}.
Ha nem az A betűs csoporthoz, hanem az elé akarja besorolni, akkor az alfa elé még
írjon például egy 0-t : \index{0alfa@$\alpha$}.


Az \index parancsban négy speciális jel van, melyek nem jelennek meg a kiírásnál :
@ ! | ". Ha ezeket meg akarja jeleníteni, akkor eléjük kell írni egy " jelet.


A showidx csomagot az indextools után betöltve, a LATEX minden tárgyszót feltün-
tet a szöveg bal margóján, ami hasznos ellenőrzési lehetőséget nyújt. Természetesen a
szerkesztés befejezése után, a végleges verzióban ez feleslegessé válik.


A tárgymutató kiírása ♦ Ahová el akarja helyezni a tárgymutatót, írja be a
\printindex[⟨fájlnév⟩]
parancsot, ahol a ⟨fájlnév⟩ alapértéke a \jobname, azaz a tex fájl neve kiterjesztés nélkül.
Ennek hatására a ⟨fájlnév⟩.idx fájlba került tárgyszavak jelennek meg névsorba szedve
az adott cím alatt.


Amennyiben szeretne egy bevezető szöveget a tárgymutató elején, akkor használja
a következő parancsot a \printindex előtt:
\indexprologue{⟨szöveg⟩}


Korábban már volt róla szó, hogy amennyiben a tárgyszó számmal kezdődik, ak-
kor az első csoporthoz lesz besorolva, az A betűs csoport elé. Ha ennek a csoportnak
szeretne címet adni, akkor használja a \printindex előtt a
\newcommand{\lettergroupDefault}[1]{⟨csoportcím⟩}
parancsot. Például


\newcommand{\lettergroupDefault}[1]{\par\textbf{Jelölések}\par}


Amennyiben a többi csoport jelölőjét akarja formázni, akkor használja a \printindex
előtt a
\newcommand{\lettergroup}[1]{⟨csoportjelölő⟩}
parancsot. Például, ha be akarja keretezni a csoportjelölőket, akkor


\newcommand{\lettergroup}[1]{\par\fbox{\textbf{#1}}\par\nopagebreak}


Magyar dokumentum esetén a hosszú magánhangzók rövid magánhangzóként sorolód-
nak be. Így például az „Álmos” tárgyszó az A betűs csoporthoz lesz besorolva. Ez
indokolja, hogy az A betűs csoport jelölője legyen „A, Á”, az E betűs csoport jelö-
lője „E, É” stb. Ez alapesetben nem így van, de a következő kód \printindex előtti
használatával megoldható:


\newcommand{\lettergroup}[1]{%
\def\letter{#1}%
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\def\Letter{A}\ifx\letter\Letter\def\letter{A, Á}\fi
\def\Letter{E}\ifx\letter\Letter\def\letter{E, É}\fi
\def\Letter{I}\ifx\letter\Letter\def\letter{I, Í}\fi
\def\Letter{O}\ifx\letter\Letter\def\letter{O, Ó}\fi
\def\Letter{Ö}\ifx\letter\Letter\def\letter{Ö, Ő}\fi
\def\Letter{U}\ifx\letter\Letter\def\letter{U, Ú}\fi
\def\Letter{Ü}\ifx\letter\Letter\def\letter{Ü, Ű}\fi
\par\textbf{\letter}\par\nopagebreak}


Stílusfájl ♦ A \makeindex opcióinál említettük, hogy saját stílusfájl is írható xdy
kiterjesztéssel. Ezt célszerű a tex fájl preambulumában megtenni a következő kóddal:
\begin{filecontents*}[overwrite]{⟨fájlnév⟩.xdy}
⟨beállítások⟩
\end{filecontents*}


A kód úgy működik, hogy fordításkor létrejön egy ⟨fájlnév⟩.xdy fájl ⟨beállítások⟩ tarta-
lommal. Ezt a fájlt mi is létrehozhatjuk és megszerkeszthetjük, ilyenkor természetesen
nincs szükség az előbbi kódra. Ahhoz, hogy a texindy betöltse ezt a fájlt, használja a
texindy program -M ⟨fájlnév⟩ kapcsolóját (lásd a \makeindex parancs options=... opci-
ójánál). A ⟨beállítások⟩ részleteire itt nem térünk ki, csak néhány érdekességet említünk
meg.


A kimenetben a tárgyszó és az oldalszám között egy vessző lesz elhelyezve. Ez
alapbeállítások esetén paranccsal nem definiálható át, mert a stílusfájlban direkt módon
van beírva. Ha ezt át akarja állítani, akkor írja a következő kódot a ⟨beállítások⟩ helyére:
(markup-locclass-list :open "⟨elválasztó⟩ " :sep ", ")


Az eredeti beállításban az ⟨elválasztó⟩ helyén egy vessző van. Ha azt szeretné, hogy az
oldalszám a tartalomjegyzékhez hasonlóan jelenjen meg, azaz egy pontsorral ki legyen
tolva a hasáb széléig, akkor az ⟨elválasztó⟩ helyére írja be a \dotfill parancsot. Ha csak
egy szokásosnál szélesebb szóközt szeretne, akkor az ⟨elválasztó⟩ helyére írja be a \quad
parancsot.


A tárgyszavak formázásánál láttuk, hogy az oldalszámok stílusa beállítható példá-
ul \index{eloszlás|textbf} módon. A texindy esetén a | jel után csak textbf vagy
textit lehet, de az xdy fájlban új típusok is definiálhatók. Például, ha írógép betűtí-
pussal szeretnénk, akkor ehhez a következő módon lehet definiálni a texttt típust a
⟨beállítások⟩-ban:
(define-attributes ("texttt"))
(markup-locref :attr "texttt" :open "\texttt{" :close "}")


Másik példa, amikor az oldalszám félkövér dőlt típus. Ehhez következő módon defini-
álhatja a bfit típust a ⟨beállítások⟩-ban:
(define-attributes ("bfit"))
(markup-locref :attr "bfit" :open "\textbf{\textit{" :close "}}")


Amennyiben hyperref csomagot is használ (lásd a 19.1. szakaszt), akkor felmerülhet
az igény, hogy az oldalszámok linkként jelenjenek meg. Ehhez a ⟨beállítások⟩-ba írja a
következőket:
(markup-locref :attr "default" :open "\hyperpage{" :close "}")
(markup-locref :attr "textbf" :open "\hyperindexformat{\textbf}{" :close "}")
(markup-locref :attr "textit" :open "\hyperindexformat{\textit}{" :close "}")
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A texindy egy hibája ♦ Egy programozási hiba miatt a texindy a magyar nyelvű
dokumentumokban nem szedi külön csoportba a dz, dzs, gy, ly és ty betűket. Mi-
vel a program fejlesztője 2014 óta inaktív, ezért a hiba javítása nem valószínű. Ezért
e könyv szerzője készített egy hungarian-utf8-fix.xdy fájlt, amit a tex fájl mellé kell
letölteni. Ahhoz, hogy a texindy betöltse ezt a fájlt, használja a texindy program
-M hungarian-utf8-fix kapcsolóját (lásd a \makeindex parancs options=... opciójá-
nál). A következő példában ennek használatát is megnézheti.


Egy magyar nyelvű példa tárgymutató készítésére ♦ A következő kódot másolja
például egy dokumentum.tex nevű fájlba és töltse le mellé a hungarian-utf8-fix.xdy fájlt :


Ð \documentclass[a4paper,12pt]{report}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}


\usepackage[texindy]{indextools}
\makeindex[options=-C utf8 -L hungarian -M hungarian-utf8-fix -M user,


name=nevmutato,title=Névmutató,columns=1,intoc]
\makeindex[options=-C utf8 -L hungarian -M hungarian-utf8-fix -M user,


intoc]


\begin{filecontents*}{user.xdy}
(markup-locclass-list :open "\dotfill " :sep ", ")
\end{filecontents*}


\newcommand{\lettergroupDefault}[1]{\par\textbf{Jelölések}\par}
\newcommand{\lettergroup}[1]{%
\def\letter{#1}%
\def\Letter{A}\ifx\letter\Letter\def\letter{A, Á}\fi
\def\Letter{E}\ifx\letter\Letter\def\letter{E, É}\fi
\def\Letter{I}\ifx\letter\Letter\def\letter{I, Í}\fi
\def\Letter{O}\ifx\letter\Letter\def\letter{O, Ó}\fi
\def\Letter{Ö}\ifx\letter\Letter\def\letter{Ö, Ő}\fi
\def\Letter{U}\ifx\letter\Letter\def\letter{U, Ú}\fi
\def\Letter{Ü}\ifx\letter\Letter\def\letter{Ü, Ű}\fi
\par\textbf{\letter}\par\nopagebreak}


\begin{document}
\tableofcontents


\chapter{Bevezetés}
Kolmogorov\index[nevmutato]{Andrej Nyikolajevics Kolmogorov (1903--1987)}
1933-ban a következő axiómákat mondta ki: \dots\\
A szórásnégyzetet\index{szórásnégyzet} a következőképpen
értelmezzük: \dots\\
A szórásnégyzet jele $D^2\xi$\index{0 d négyzet kszi@$D^2\xi$}.\\
Az exponenciális eloszlás\index{eloszlás!exponenciális} \dots\\
A normális eloszlás\index{eloszlás!normális} \dots\\
A $\Gamma$-eloszlás\index{eloszlás!gamma@$\Gamma$}
eloszlás-\index{gamma-eloszlás@$\Gamma$-eloszlás!eloszlásfüggvénye}



https://tibortomacs.github.io/latex-tutorial-hu/hungarian-utf8-fix.xdy

https://tibortomacs.github.io/latex-tutorial-hu/hungarian-utf8-fix.xdy

https://www.overleaf.com/read/kqwkngvwmjzq
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illetve sűrűségfüggvénye%
\index{gamma-eloszlás@$\Gamma$-eloszlás!sűrűségfüggvénye} \dots\\
A gyenge kompaktsági tétel\index{gyenge kompaktsági tétel} miatt \dots


\indexprologue{Ebben a fejezetben a könyvben megemlített
matematikusok neveit gyűjtöttük össze betűrendbe szedve.}
\printindex[nevmutato]


\printindex
\end{document}


A forrásfájl lefordítása pdf-be ♦ A fordítás során először létrejön egy vagy több
idx kiterjesztésű fájl, melyben a tárgyszavak lesznek a megfelelő oldalszámokkal, majd
a texindy programmal az adatok névsorba rendezve bekerülnek egy ind kiterjesztésű
fájlba. A fordításhoz szükség van a pdflatex program -shell-escape kapcsolójára. Ha
a forrásállomány például a dokumentum.tex, akkor parancssorba írja be, hogy
pdflatex -shell-escape dokumentum.tex


majd Enter . Ha kereszthivatkozásokat illetve biblatex-et is használ, akkor célszerűbb a
latexmk program használata -shell-escape kapcsolóval :
latexmk -pdf -shell-escape dokumentum


majd Enter . TeXstudióból történő fordításhoz alkalmazza az 1.10. szakasz 2. pontjának
beállítását. Ezután Eszközök Parancsok Latexmk .


17.9.2. Az indextools és upmendex együttes használata


Előkészületek ♦ Írja be a preambulumba a következőket:
\usepackage[upmendex]{indextools}
\makeindex[⟨opciók⟩]
Ha a hyperref csomagot is használja (lásd a 19.1. szakaszt), akkor azt az indextools
után töltse be. A lehetséges ⟨opciók⟩ :
name=⟨fájlnév⟩ Annak a fájlnak a neve kiterjesztés nélkül, amibe elmenti a tárgyszavakat


a megfelelő oldalszámokkal. (A ⟨fájlnév⟩-ben ne legyen ékezetes betű és szóköz.)
Alapértéke a \jobname, ami az aktuális tex fájl neve. Mentésnél a fájl kiterjesztése
idx lesz, azaz például name=nevmutato esetén a nevmutato.idx fájlba kerülnek a
tárgyszavak az oldalszámokkal. Ennek akkor van jelentősége, ha a tárgymutatón
kívül például névmutatót is akarunk készíteni. Erre később látunk majd példát.


title=⟨cím⟩ A tárgymutató címe. Alapértéke az \indexname, aminek eredménye magyar
dokumentum esetén „Tárgymutató”, angol esetén „Index”.


columns=⟨hasábszám⟩ A tárgymutató hány hasábbal legyen kiszedve. Alapértéke 2.
columnsep=⟨hasábköz⟩ A hasábok távolsága egymástól. Alapértéke 35pt.
columnseprule A hasábok vonallal legyenek egymástól elválasztva.
intoc A tárgymutató címe kerüljön be a tartalomjegyzékbe.
options=-s ⟨stílusfájl⟩ Ezzel az upmendex betölti a ⟨stílusfájl⟩.ist fájlt, amelyben meg


lehet határozni a tárgymutató stílusát. A stílus beállítását lásd a 328. oldalon.


Például
\usepackage[upmendex]{indextools}
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\makeindex[options=-s user,name=nevmutato,title=Névmutató,columns=1]
\makeindex[options=-s user]


esetén két idx kiterjesztésű fájl készül. Az egyik a nevmutato.idx, a másik pedig példá-
ul dokumentum.tex esetén dokumentum.idx. A nevmutato.idx-be kerülő tárgyszavak és
oldalszámok „Névmutató” cím alatt jelennek meg a végeredményben egyhasábos sze-
déssel, míg a dokumentum.idx-be kerülő tárgyszavak és oldalszámok „Tárgymutató” cím
alatt jelennek meg a végeredményben kéthasábos szedéssel, feltéve, hogy az \indexname
Tárgymutató-ként van definiálva. A stílusleírást a user.ist fájlban kell majd megadni.


Tárgyszavak bevitele ♦ A tárgymutatót az
\index[⟨fájlnév⟩]{⟨tárgyszó⟩}
paranccsal bővítheti a dokumentumtestben, ahol a ⟨fájlnév⟩ alapértéke a \jobname, azaz
a tex fájl neve kiterjesztés nélkül. A tárgyszó a ⟨fájlnév⟩.idx fájlba kerül, feltéve, hogy
valamelyik \makeindex parancsban meg volt adva a name=⟨fájlnév⟩ opció. Például


...
\makeindex[options=-s user,name=nevmutato,title=Névmutató]
\makeindex[options=-s user]
...
\begin{document}
...
Kolmogorov\index[nevmutato]{Andrej Nyikolajevics Kolmogorov (1903--1987)}
1933-ban a következő axiómákat mondta ki:
...
A szórásnégyzetet\index{szórásnégyzet} a következőképpen értelmezzük:
...


esetén a nevmutato.idx fájlba kerül az „Andrej Nyikolajevics Kolmogorov (1903–1987)”
tárgyszó a megfelelő oldalszámmal, illetve a „szórásnégyzet” a dokumentum.idx-be, fel-
téve, hogy a tex fájl neve dokumentum.tex volt.


A tárgymutatóba kerülő tárgyszó formázható is a következő módokon:


⟨csoport⟩!⟨tárgyszó⟩ Ekkor a ⟨tárgyszó⟩ a ⟨csoport⟩-hoz lesz besorolva. Például
\index{eloszlás!normális}.


⟨csoport⟩!⟨alcsoport⟩!⟨tárgyszó⟩ Ekkor a ⟨tárgyszó⟩ a ⟨csoport⟩-hoz, azon belül pedig az
⟨alcsoport⟩-hoz lesz besorolva. Például
\index{eloszlás!normális!standard}.


⟨besorolás⟩@⟨tárgyszó⟩ Ekkor a ⟨tárgyszó⟩ úgy sorolódik betűrendbe, mint a ⟨besorolás⟩
szó. Például
\index{gamma-eloszlás@$\Gamma$-eloszlás}
esetén a „Γ-eloszlás” tárgyszó kerül a tárgymutatóba, de „gamma-eloszlás”-ként
sorolódik betűrendbe. Az előzőekben a ⟨csoport⟩, ⟨alcsoport⟩ és ⟨tárgyszó⟩ is lehet
⟨besorolás⟩@⟨tárgyszó⟩ alakú. Például
\index{eloszlás!gamma@$\Gamma$}
\index{gamma-eloszlás@$\Gamma$-eloszlás!sűrűségfüggvény}.
Magyar nyelvű dokumentumok esetén például NY (New York) az NY betűhöz
sorolódik be N helyett. Ennek elkerüléséhez használhatja a következő trükköt:
\index{NXZ (New York)@NY (New York)}.
Ekkor a problémás Y-t az XZ-hez soroljuk be, amivel már a tárgyszó NY helyett
az N csoportba kerül, és azon belül is jó eséllyel a megfelelő sorrendben. Néhány
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szakirodalom az
\index{N\empty Y (New York)}
megoldást javasolja, amivel valóban az N csoportba kerül. Azonban ez mégsem jó
megoldás, mert a csoporton belül nem lesz jó a sorrend, ugyanis második betűnek
nem az Y, hanem az \empty parancs lesz regisztrálva, ami minden más betű előtt
áll a sorban. Így például a Nap elé lesz besorolva az NY (New York).


⟨tárgyszó⟩|⟨oldalszámformázás⟩ Ezzel lehet megadni, hogy a ⟨tárgyszó⟩-hoz tartozó ol-
dalszám milyen formában jelenjen meg. Az ⟨oldalszámformázás⟩ bármilyen para-
méteres formázó parancs neve lehet a \ jel nélkül. Például
\index{eloszlás|textbf}
esetén félkövér betűtípussal jelenik meg az oldalszám az „eloszlás” tárgyszó után.
A ⟨tárgyszó⟩ helyére bármilyen korábban ismertetett verzió beírható:
\index{eloszlás!normális|textbf}
\index{gamma-eloszlás@$\Gamma$-eloszlás|textbf}
\index{gamma-eloszlás@$\Gamma$-eloszlás!sűrűségfüggvény|textbf}.


A tárgyszavak a végeredményben névsorban fognak megjelenni, továbbá a kezdőbetűk-
nek megfelelő csoportokra lesznek bontva. Ha a tárgyszó nem betűvel kezdődik, akkor
az első csoporthoz lesz besorolva, még az A betű elé.


Az \index parancsban négy speciális jel van, melyek nem jelennek meg a kiírásnál :
@ ! | ". Ha ezeket meg akarja jeleníteni, akkor eléjük kell írni egy " jelet.


A showidx csomagot az indextools után betöltve, a LATEX minden tárgyszót feltün-
tet a szöveg bal margóján, ami hasznos ellenőrzési lehetőséget nyújt. Természetesen a
szerkesztés befejezése után, a végleges verzióban ez feleslegessé válik.


A tárgymutató kiírása ♦ Ahová el akarja helyezni a tárgymutatót, írja be a
\printindex[⟨fájlnév⟩]
parancsot, ahol a ⟨fájlnév⟩ alapértéke a \jobname, azaz a tex fájl neve kiterjesztés nélkül.
Ennek hatására a ⟨fájlnév⟩.idx fájlba került tárgyszavak jelennek meg névsorba szedve
az adott cím alatt.


Amennyiben szeretne egy bevezető szöveget a tárgymutató elején, akkor használja
a következő parancsot a \printindex előtt:
\indexprologue{⟨szöveg⟩}


Stílusfájl ♦ A \makeindex opcióinál említettük, hogy saját stílusfájl írható ist kiter-
jesztéssel. Ezt célszerű a tex fájl mappájában elhelyezni. Ahhoz, hogy az upmendex
betöltse ezt a fájlt, használja az upmendex program -s ⟨stílusfájl⟩ kapcsolóját (lásd a
\makeindex parancs options=... opciójánál).


A stílusfájlban először a magyar nyelvet állítsa be a következő kóddal:
icu_locale "hu"
icu_attributes "strength:primary"


A kimenetben a tárgyszó és az oldalszám között egy vessző lesz elhelyezve. Ez a magyar
tipográfiában kevésbé elfogadott. Jobb megoldás, ha az oldalszám a hasáb széléig van
kitolva egy pontsorral. Ehhez használja a következő kódot:
delim_0 " \\dotfill "
delim_1 " \\dotfill "
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delim_2 " \\dotfill "


A delim_0 a csoport főszintjét, a delim_1 a csoport első alszintjét és delim_2 a csoport
második alszintjét jelenti. Arra ügyelni kell, hogy a stílusfájlban a LATEX-parancsok
nevei előtt \\ jel legyen.


Alapesetben a csoportok címei nem jelennek meg. Ennek átállítása a következő
kóddal lehetséges:
lethead_flag 2


A 2 azt jelenti, hogy a csoportcímekben csak az első betű lesz nagy (Cs, Ly, stb.). Ha
csupa nagybetűt szeretne, akkor 2 helyett 1 kell a kódban. Kisbetű esetén -1 kell.


A nem betűvel kezdődő tárgyszavak az A betű elé lesznek besorolva, melynek címe
az előző beállítás esetén „Symbols”. Ezt a következő kóddal lehet például „Jelölések”
címre változtatni :
symbol "Jelölések"


A csoportokat bevezető cím formázását például félkövér betűtípusra lehet állítani
a következő kóddal:
lethead_prefix "\\textbf{"
lethead_suffix "}\\nopagebreak\n"


Az \n itt nem LATEX-parancs, hanem a stílusfájlban sortörést jelent.
Magyar dokumentum esetén a hosszú magánhangzók rövid magánhangzóként so-


rolódnak be. Így például az „Álmos” tárgyszó az A betűs csoporthoz lesz besorolva.
Ez indokolja, hogy az A betűs csoport jelölője legyen „A, Á”, az E betűs csoport je-
lölője „E, É” stb. Ez alapesetben nem így van, de a következő kód \printindex előtti
használatával megoldható:


\newcommand{\indexheadHU}[1]{
\def\headHU{#1}
\def\speccharHU{A}\ifx\headHU\speccharHU\def\headHU{A, Á}\fi
\def\speccharHU{E}\ifx\headHU\speccharHU\def\headHU{E, É}\fi
\def\speccharHU{I}\ifx\headHU\speccharHU\def\headHU{I, Í}\fi
\def\speccharHU{O}\ifx\headHU\speccharHU\def\headHU{O, Ó}\fi
\def\speccharHU{Ö}\ifx\headHU\speccharHU\def\headHU{Ö, Ő}\fi
\def\speccharHU{U}\ifx\headHU\speccharHU\def\headHU{U, Ú}\fi
\def\speccharHU{Ü}\ifx\headHU\speccharHU\def\headHU{Ü, Ű}\fi
\textbf{\headHU}}


Ezután a stílusfájlba az előbbi helyett ezt kell írni :
lethead_prefix "\\indexheadHU{"
lethead_suffix "}\\nopagebreak\n"


Egy magyar nyelvű példa tárgymutató készítésére ♦ A következő kódot másolja
például egy dokumentum.tex nevű fájlba:


Ð \documentclass[a4paper,12pt]{report}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}


\usepackage[upmendex]{indextools}
\makeindex[options=-s user,name=nevmutato,title=Névmutató,



https://www.overleaf.com/read/nzjmmmsqmqxc





330 17. fejezet. Strukturált művek


columns=1,intoc]
\makeindex[options=-s user,intoc]


\newcommand{\indexheadHU}[1]{
\def\headHU{#1}
\def\speccharHU{A}\ifx\headHU\speccharHU\def\headHU{A, Á}\fi
\def\speccharHU{E}\ifx\headHU\speccharHU\def\headHU{E, É}\fi
\def\speccharHU{I}\ifx\headHU\speccharHU\def\headHU{I, Í}\fi
\def\speccharHU{O}\ifx\headHU\speccharHU\def\headHU{O, Ó}\fi
\def\speccharHU{Ö}\ifx\headHU\speccharHU\def\headHU{Ö, Ő}\fi
\def\speccharHU{U}\ifx\headHU\speccharHU\def\headHU{U, Ú}\fi
\def\speccharHU{Ü}\ifx\headHU\speccharHU\def\headHU{Ü, Ű}\fi
\textbf{\headHU}}


\begin{document}
\tableofcontents


\chapter{Bevezetés}
Kolmogorov\index[nevmutato]{Andrej Nyikolajevics Kolmogorov (1903--1987)}
1933-ban a következő axiómákat mondta ki: \dots\\
A szórásnégyzetet\index{szórásnégyzet} a következőképpen
értelmezzük: \dots\\
A szórásnégyzet jele $D^2\xi$\index{$D^2\xi$}.\\
Az exponenciális eloszlás\index{eloszlás!exponenciális} \dots\\
A normális eloszlás\index{eloszlás!normális} \dots\\
A $\Gamma$-eloszlás\index{eloszlás!gamma@$\Gamma$}
eloszlás-\index{gamma-eloszlás@$\Gamma$-eloszlás!eloszlásfüggvénye}
illetve sűrűségfüggvénye%
\index{gamma-eloszlás@$\Gamma$-eloszlás!sűrűségfüggvénye} \dots\\
A gyenge kompaktsági tétel\index{gyenge kompaktsági tétel} miatt \dots


\indexprologue{Ebben a fejezetben a könyvben megemlített
matematikusok neveit gyűjtöttük össze betűrendbe szedve.}
\printindex[nevmutato]


\printindex
\end{document}


A dokumentum.tex mappájában készítsen egy user.ist fájlt a következő tartalommal:
icu_locale "hu"
icu_attributes "strength:primary"
delim_0 " \\dotfill "
delim_1 " \\dotfill "
delim_2 " \\dotfill "
lethead_flag 2
symbol "Jelölések"
lethead_prefix "\\indexheadHU{"
lethead_suffix "}\\nopagebreak\n"


A forrásfájl lefordítása pdf-be ♦ A fordítás során először létrejön egy vagy több
idx kiterjesztésű fájl, melyben a tárgyszavak lesznek a megfelelő oldalszámokkal, majd
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az upmendex programmal az adatok névsorba rendezve bekerülnek egy ind kiterjesztésű
fájlba. A fordításhoz szükség van a pdflatex program -shell-escape kapcsolójára. Ha
a forrásállomány például a dokumentum.tex, akkor parancssorba írja be, hogy
pdflatex -shell-escape dokumentum.tex


majd Enter . Ha kereszthivatkozásokat illetve biblatex-et is használ, akkor célszerűbb a
latexmk program használata -shell-escape kapcsolóval :
latexmk -pdf -shell-escape dokumentum


majd Enter . TeXstudióból történő fordításhoz alkalmazza az 1.10. szakasz 2. pontjának
beállítását. Ezután Eszközök Parancsok Latexmk .


17.10. Függelék
A függelék elejére írja be az \appendix parancsot. Ennek hatására a szakasz- illetve
fejezetszámlálók lenullázódnak és a számozásuk alfabetikusra vált (A, B, C, . . . ). A
magyar.ldf fájl defaults=hu-min opciója ezen alfabetikus sorszámok után nem tesz
pontot report és book osztályokban (A függelék, B függelék, . . . ). Ezt a tipográfiát
felülbírálhatja az appendixdot=yes opcióval (A. függelék, B. függelék, . . . ).


Az \appendix nem írja ki tartalomjegyzékbe, hogy „Függelék”, és article osztály-
ban folyószövegbe sem kerül címként ez a felirat. Ha ezt mégis meg akarja tenni, akkor
másolja be a következő kódot:


\let\oldappendix\appendix
\def\appendix{\oldappendix
\ifdefined\chapter
\addtocontents{toc}{\bigskip\noindent\textbf{Függelék}\par}\else
\section*{Függelék}\addcontentsline{toc}{section}{Függelék}\fi}


17.11. Hosszabb művek szervezése
Hosszú művet nem kell egyetlen fájlban megírni. Használhat egy főfájlt, ami betölti
az egyes fejezeteket vagy szakaszokat tartalmazó alfájlokat. Például egy bevezetes.tex
alfájlt következőképpen olvashatja be a főfájlba:
\input{bevezetes}


vagy
\include{bevezetes}


Mindkét esetben elhagyható a .tex kiterjesztés. Ha más az alfájl kiterjesztése, akkor
azt ki kell írni. Ha az aktuális mappán belül a bevezetes.tex fájlt például a fejezetek
nevű almappába teszi, akkor a beolvasása a következőképpen történik:
\input{fejezetek/bevezetes}


vagy
\include{fejezetek/bevezetes}


Az \include nemcsak beolvassa az adott fájlt, mint az \input, hanem annak tartalmát
új oldalon is kezdi, továbbá az utolsó oldalt \clearpage paranccsal zárja, így az utána
következő szöveg is új oldalon kezdődik, továbbá a még függőben lévő úsztatásokat
lezárja.







18. fejezet


Könyvborító


18.1. A könyvborító részei
A következő képen egy levehető könyvborító részeit láthatja. Amennyiben a borító a
könyv gerincére van ragasztva, akkor általában nincsenek fülei.


HÁTSÓ FÜL GERINC ELSŐ FÜL


HÁTSÓ BORÍTÓ ELSŐ BORÍTÓ


Amikor nyomtatáshoz készítünk elő egy borítót, meg kell adni néhány jelet ahhoz, hogy
tudjuk, hol kell vágni illetve hajtani a papírt. Ezek a jelölések egy speciális területet
határoznak meg a lapon, amit kifutónak nevezünk (lásd a következő ábrán a szürke
részt). A borító háttérszínének vagy -képének ki kell terjedni a kifutóra, mert így a
vágás során fellépő apró pontatlanságok nem lesznek láthatóak a borító szélein.
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Ha a könyvborító levehető, akkor célszerű az első borító és az első fül, illetve a hátsó
borító és a hátsó fül között egy-egy ráhajtási területet hagyni (lásd az előző ábrán a
fekete sávokat). Ennek akkor van jelentősége, ha a könyvtábla vastag, mert ekkor a
könyvre hajtva a borítót, a könyv összecsukott állapotában ez a rész látszatos lesz a
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könyvtábla élein. Ebben az esetben a háttérszínt vagy -képet ne csak az első illetve
hátsó borító külső széléig vigyük. Ezeket ki kell terjeszteni erre a ráhajtó részre is,
hasonlóan mint a kifutóra, különben egy az élekkel nem feltétlenül párhuzamos csík
jelenhet meg a ráhajtáson az apróbb vágási és hajtási pontatlanságok miatt, ami a
könyv összecsukott állapotában esztétikailag kifogásolható eredményt adna.


18.2. A bookcover dokumentumosztály
Könyvborító készítéséhez a bookcover dokumentumosztály használható, melynek leg-
fontosabb opciói a következők:


coverheight=⟨hossz⟩ A borító magassága (alapértéke 240mm).
coverwidth=⟨hossz⟩ Az első- illetve hátsó borító szélessége (alapértéke 170mm).
spinewidth=⟨hossz⟩ A gerinc szélessége (alapértéke 5mm).
flapwidth=⟨hossz⟩ A fülek szélessége (alapértéke 0mm).
wrapwidth=⟨hossz⟩ A ráhajtások szélessége (alapértéke 0mm).
bleedwidth=⟨hossz⟩ A kifutó vastagsága (alapértéke 5mm).
marklength=⟨hossz⟩ A vágó- illetve hajtogatójelek hossza (alapértéke 10mm).
markthick=⟨hossz⟩ A vágó- illetve hajtogatójelek vastagsága (alapértéke 0.4pt).
markcolor=⟨színnév⟩ A vágó- illetve hajtogatójelek színe (alapértéke red).
10pt, 11pt, 12pt Alapbetűméret (alapérték 10pt).
trimmed Megmutatja a vágás utáni eredményt.


Egy könyvborító létrehozásához használja a bookcover környezetet a dokumentumtest-
ben:
\begin{bookcover}
⟨könyvborító elem 1⟩
⟨könyvborító elem 2⟩
...


\end{bookcover}


Minden ⟨könyvborító elem⟩ egy bookcoverelement környezettel adható meg:
\begin{bookcoverelement}{⟨elemtípus⟩}{⟨kiválasztott rész⟩}[⟨bal⟩,⟨alul⟩,⟨jobb⟩,⟨felül⟩]
⟨könyvborító elem tartalma⟩


\end{bookcoverelement}


Például
\begin{bookcover}
\begin{bookcoverelement}{color}{bg whole}
blue


\end{bookcoverelement}
\begin{bookcoverelement}{normal}{front}[,,,5cm]
\centering\bfseries\huge Book title\par


\end{bookcoverelement}
\end{bookcover}


Minden bookcoverelement környezet egy réteget hoz létre a könyvborítón, melyek egy-
másra kerülnek. A legelső bookcoverelement környezet tartalma lesz legalul és az utolsó
bookcoverelement környezet tartalma lesz legfelül.


A ⟨bal⟩, ⟨alul⟩, ⟨jobb⟩ és ⟨felül⟩ a ⟨kiválasztott rész⟩margóit jelentik. Ha ezek helyén semmi
sincs vagy szóköz áll, akkor ezek értékei 0mm lesznek.
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A ⟨könyvborító elem tartalma⟩ függ attól, hogy milyen ⟨elemtípus⟩-ra vonatkozik. Mivel
a bookcover dokumentumosztály betölti az xcolor és graphicx csomagokat is, ezért az
abban definiált színneveket, parancsokat, opciókat stb. itt is használhatja.


A ⟨kiválasztott rész⟩-ek a következők lehetnek:


back flap hátsó fül
back hátsó borító
spine gerinc
front első borító
front flap első fül
back and flap hátsó borító és hátsó fül
back and spine hátsó borító és gerinc
front and spine első borító és gerinc
front and flap első borító és első fül
back and flap and spine hátsó borító, hátsó fül és gerinc
front and flap and spine első borító, első fül és gerinc
whole without front flap minden, kivéve az első fület
whole without back flap minden, kivéve a hátsó fület
whole without flaps minden, kivéve a két fület
whole minden


Ha a kiválasztott rész neve elé bg␣ kerül, akkor az kiterjed a kifutóra is. Például bg back.


Az ⟨elemtípus⟩-ok a következők lehetnek:


color Ezzel lehet megadni a ⟨kiválasztott rész⟩ színét. Ekkor a ⟨könyvborító elem tartal-
ma⟩ a következők lehetnek (többet használva vesszővel kell őket elválasztani):
color=⟨színnév⟩ A ⟨kiválasztott rész⟩ színe.
top color=⟨színnév⟩ A ⟨kiválasztott rész⟩ tetejének a színe.
bottom color=⟨színnév⟩ A ⟨kiválasztott rész⟩ aljának a színe.
middle color=⟨színnév⟩ A ⟨kiválasztott rész⟩ közepének a színe.
inner color=⟨színnév⟩ A ⟨kiválasztott rész⟩ belsejének a színe.
outer color=⟨színnév⟩ A ⟨kiválasztott rész⟩ külsejének a színe.
ball color=⟨színnév⟩ Labdaárnyék színe.
shading angle=⟨szög⟩ Az árnyékolás iránya fokban.
opacity=⟨szám⟩ Átlátszóság mértéke, ahol a ⟨szám⟩ 0 és 1 közötti törtszám


lehet. 0 esetén teljesen átlátszó, 1 esetén nem átlátszó.
Például
\begin{bookcoverelement}{color}{bg whole}
top color=white, bottom color=blue!50!black, shading angle=60


\end{bookcoverelement}


picture Ezzel lehet egy rész háttérképét megadni. A kép szélessége és magassága
a ⟨kiválasztott rész⟩ szélességével és magasságával fog megegyezni. A ⟨könyvborító
elem tartalma⟩ a képfájl neve, ha kell a relatív elérési úttal együtt. Például
\begin{bookcoverelement}{picture}{bg whole}
./pictures/background.png


\end{bookcoverelement}


normal Ennek az ⟨elemtípus⟩-nak nincs specifikus tartalma és tulajdonsága. Bármilyen
szöveg, kép stb. rakható bele. Például
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\begin{bookcoverelement}{normal}{front}[,,,5cm]
\centering
{\bfseries\huge Könyv címe}\\[5mm]
\includegraphics[width=6cm]{fig.png}\par


\end{bookcoverelement}


center Ugyanaz, mint a normal ⟨elemtípus⟩, de ennek tartalma a ⟨kiválasztott rész⟩
közepéhez lesz igazítva függőlegesen és vízszintesen is. Például
\begin{bookcoverelement}{center}{spine}
\rotatebox[origin=c]{90}{\bfseries\Large Könyv címe}


\end{bookcoverelement}


Példa a bookcover dokumentumosztály használatára


Ð \documentclass[
coverwidth=15cm,
coverheight=20cm,
spinewidth=25mm,
flapwidth=6cm,
wrapwidth=5mm,
]{bookcover}


\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\usepackage{hulipsum}
\usepackage[outline]{contour}
\contourlength{1pt}


\begin{document}


\begin{bookcover}


\begin{bookcoverelement}{color}{bg whole}
black


\end{bookcoverelement}


\begin{bookcoverelement}{picture}{bg whole without flaps}
bookcover-bg.jpg


\end{bookcoverelement}


\begin{bookcoverelement}{center}{front}
\includegraphics{bookcover-cards.pdf}


\end{bookcoverelement}


\begin{bookcoverelement}{normal}{front}[,,,5cm]
\centering
\color{yellow!60!black}\sffamily\bfseries
\resizebox{!}{5mm}{\contour{black}{Szabó Rozália}}\\[26mm]
\resizebox{!}{8mm}{\contour{black}{SZERENCSEJÁTÉKOK}}\par


\end{bookcoverelement}



https://www.overleaf.com/read/mbryzsbcddcq
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\begin{bookcoverelement}{center}{spine}
\rotatebox[origin=c]{90}{%
\color{yellow!60!black}\huge\sffamily\bfseries
\contour{black}{Szabó Rozália -- Szerencsejátékok}}


\end{bookcoverelement}


\begin{bookcoverelement}{normal}{back}[2cm,2cm,2cm,2cm]
\color{white}\hulipsum[1]


\end{bookcoverelement}


\begin{bookcoverelement}{normal}{front flap}[1cm,1cm,1cm,2cm]
\color{white}\hulipsum[2]
\vfill
{\centering\includegraphics{bookcover-dice.pdf}\par}


\end{bookcoverelement}


\begin{bookcoverelement}{normal}{back flap}[1cm,2cm,1cm,2cm]
\color{white}\hulipsum[2]


\end{bookcoverelement}


\end{bookcover}


\end{document}


Szabó RozáliaSzabó Rozália


SZERENCSEJÁTÉKOKSZERENCSEJÁTÉKOK
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Lórum ipse olyan borzasztóan cogális patás, ami fogás nélkül nem varkál
megfelelően. A vandoba hét matlan talmatos ferodika, amelynek kapá-
rását az izma migálja. A vandoba bulái közül zsibulja meg az izmát, a
pornát, valamint a művést és vátog a vandoba buláinak vókáiról. Vókája
a raktil prozása két emen között. Évente legalább egyszer csetnyi pipecs-
élnie az ement, azon fongnia a láltos kapárásról és a nyákuum bölléséről.
A vandoba ninti és az emen elé redőzi a szamlan radalmakan érvést. Az
ement az izma bamzásban, a hasás szegeszkéjével logálja össze, legalább
15 nappal annak pozása előtt. Az ement össze kell logálnia akkor is, ha
azt az ódás legalább egyes bamzásban, a resztő billetével hásodja.


A vezvetben évente több
mint enség gészet reg-
nető emteskedés szombó-
dik, ennek legalább a 90
toruma bojtos volna a vo-
lásoknál. A gatos lelőlés
ehelyett végző videm és
kozásokban, gazságos mo-
hos fölcsökön arosít a fa-
vájára. Oda latolják a di-
kéket is, ami a molyvás föl-
deren dingos emteskedés-
nek eshent, érzeg (vagyis
volás) során viszont men-
tő alva lehetne. Az eren
lanyóshoz mintegy szövel
köbméternyi radócot kell
zsibálnia, ami a hajgó ro-
dás kedő mendiájával te-
tekező. A kolangan salat
szerint a rekvásba gyüge a
ságó és jogály, a zsörzes, a
lelők torpulása, a visztikus
és feres emteskedés, a pa-
ró és a tehet. Ezeket az al-
vákat életben, ahol a duz-
zadt ciszti kantatok miatt
szinte fetes boros könyve-
dést nednie, fel is bővítik.
Ágyémban a kítő fornyé-
kos videm 55 toruma a ce-
lók alá házik.


A vezvetben évente több
mint enség gészet reg-
nető emteskedés szombó-
dik, ennek legalább a 90
toruma bojtos volna a vo-
lásoknál. A gatos lelőlés
ehelyett végző videm és
kozásokban, gazságos mo-
hos fölcsökön arosít a fa-
vájára. Oda latolják a di-
kéket is, ami a molyvás föl-
deren dingos emteskedés-
nek eshent, érzeg (vagyis
volás) során viszont men-
tő alva lehetne. Az eren
lanyóshoz mintegy szövel
köbméternyi radócot kell
zsibálnia, ami a hajgó ro-
dás kedő mendiájával te-
tekező. A kolangan salat
szerint a rekvásba gyüge a
ságó és jogály, a zsörzes, a
lelők torpulása, a visztikus
és feres emteskedés, a pa-
ró és a tehet. Ezeket az al-
vákat életben, ahol a duz-
zadt ciszti kantatok miatt
szinte fetes boros könyve-
dést nednie, fel is bővítik.
Ágyémban a kítő fornyé-
kos videm 55 toruma a ce-
lók alá házik.


További példákat a következő címen találhat:


https://tibortomacs.github.io/bookcovertemplates



https://tibortomacs.github.io/bookcovertemplates





19. fejezet


Elektronikus publikáció


19.1. A hyperref csomag


Az elkészült dokumentumot átalakíthatja elektronikus publikációvá is. Ehhez töltse be
a hyperref csomagot. Ekkor az elkészült pdf fájlban automatikusan készül vázlatfa
(bookmarks) és kis vázlatképek (thumbnails), továbbá linkké válnak a hivatkozások,
URL címek.


Ügyeljen arra, hogy a setspace és indextools csomagokat a hyperref előtt, míg a
babel és geometry csomagokat a hyperref után töltse be.


Parancsok ♦ A hyperref csomag néhány hasznos parancsa:
\url{⟨URL cím⟩}
Ezzel internetcímet adhat meg. Ez a parancs nem rakható parancsok argumentumaiba.
\nolinkurl{⟨URL cím⟩}
Olyan internetcím megadása, amely nem válik linkké.
\ref*{⟨címke⟩}
\pageref*{⟨címke⟩}
Ugyanaz, mint a \ref és \pageref parancsok, de ezek nem generálnak linket.
\href{⟨URL cím⟩}{⟨szöveg⟩}
A pdf-ben a ⟨szöveg⟩ jelenik meg, melyre kattintva betölti az ⟨URL cím⟩-et. Ez a parancs
nem rakható parancsok argumentumaiba.
\href{mailto:⟨email⟩}{⟨szöveg⟩}
Email-cím megadása. Az eredményben a ⟨szöveg⟩ felirat jelenik meg linkként.
\href{run:⟨fájl⟩}{⟨szöveg⟩}
Ennek helyén a ⟨szöveg⟩ felirat jelenik meg linkként. Erre kattintva betölti a külső
⟨fájl⟩-t, amely nem lehet exe, bat, zip és más hasonló önállóan futtatható illetve tömö-
rített állomány.
\hyperref[⟨címke⟩]{⟨szöveg⟩}
Ennek helyén a ⟨szöveg⟩ felirat jelenik meg linkként. Erre kattintva a \label{⟨címke⟩}-
vel létrehozott címkére ugrik.
\hyperlink[⟨címke⟩]{⟨szöveg1⟩}
Ennek helyén a ⟨szöveg1⟩ felirat jelenik meg linkként. Erre kattintva a
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\hypertarget[⟨címke⟩]{⟨szöveg2⟩}
által megcímkézett ⟨szöveg2⟩-re ugrik.
\hyperlink{page.⟨oldalszám⟩}{⟨szöveg⟩}
Ennek hatására a ⟨szöveg⟩ felirat jelenik meg linkként, amelyre kattintva az adott
⟨oldalszám⟩-ra ugrik. Az ⟨oldalszám⟩-ot abban a típusban kell megadni, ahogy a \thepage
be van állítva, azaz például arab számozás esetén


\hyperlink{page.3}{lásd a 3.~oldalon}


vagy nagy római számozás esetén
\hyperlink{page.III}{lásd a III.~oldalon}


\phantomsection


Ha \addcontentsline paranccsal ír a tartalomjegyzékbe, akkor az oldalszám linkje nem
működik. Ennek javításaként a \addcontentsline elé be kell írni a \phantomsection
parancsot.


Hasznos lehet még a NoHyper környezet használata, melyben hatástalanná válik a
hyperref csomag.


Opciók ♦ A hyperref csomag néhány opciója:
unicode (2021-től alapopció.) Enélkül a vázlatfában és a pdf információkban csak 1


bájtos kódolású fontok lehetnek. Ez az opció lehetővé teszi több bájtos fontok
elhelyezését is. Ennek hatására például helyesen jelennek meg az ő Ő ű Ű betűk,
továbbá lehetőség lesz például matematikai karakterek bevitelére is (lásd később).


bookmarks=false Ne készüljön vázlatfa. Alaphelyzetben készül.
bookmarksopen Alaphelyzetben a vázlatfában csak a legfelső szint látszik. Ezzel az op-


cióval minden szint nyitott lesz.
bookmarksopenlevel=⟨szintszám⟩ A vázlatfa az adott ⟨szintszám⟩-ig nyitott.
bookmarksnumbered A vázlatfában a címek legyenek számozottak.
linktocpage A jegyzékekben az oldalszámok legyenek a linkek. Alaphelyzetben a címek


a linkek.
breaklinks Linkek sorvégi törésének engedélyezése. (pdflatex fordító esetén alapop-


ció.) Ha bármelyik karakternél meg akarja engedni a törést, akkor a hyperref
mellett az xurl csomagot is töltse be.


colorlinks A linkek színes karakterrel legyenek kiemelve. Alaphelyzetben színes keret-
tel jelennek meg.


hidelinks A linkek ne legyenek színnel vagy kerettel kiemelve.
hyperfootnotes=false A lábjegyzet jelölője ne legyen link.
pdfpagemode=FullScreen A pdf megnyitásakor csak a lap jelenik meg a teljes képernyőn,


a lehető legnagyobb nagyításban.
pdfstartview=⟨érték⟩ Ha az ⟨érték⟩ Fit, akkor a pdf megnyitásakor az ablakban a lehető


legnagyobb nagyítást alkalmazza. Ha FitH, akkor a pdf megnyitásakor az ablak
teljes szélességére nagyít. Ha FitV, akkor a pdf megnyitásakor az ablak teljes
magasságára nagyít.


linkcolor=⟨szín⟩ A \ref által létrehozott link színe.
pagecolor=⟨szín⟩ A \pageref által létrehozott link színe.
citecolor=⟨szín⟩ A \cite által létrehozott link színe.
urlcolor=⟨szín⟩ Az \url és \href által létrehozott link színe.
runcolor=⟨szín⟩ A run: protokoll linkjének a színe.
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allcolors=⟨szín⟩ Minden link színe.
linkbordercolor=⟨szín⟩ A \ref által létrehozott link keretének színe.
citebordercolor=⟨szín⟩ A \cite által létrehozott link keretének színe.
urlbordercolor=⟨szín⟩ Az \url és \href által létrehozott link keretének színe.
runbordercolor=⟨szín⟩ A run: protokoll link keretének a színe.
allbordercolors=⟨szín⟩ Minden link keretének színe.
pdfborder={0 0 ⟨szám⟩} A link keretének vastagsága ⟨szám⟩ pont (ha ez 0, akkor nincs


keret).


A hyperref csomag opciói a
\hypersetup{⟨opció1⟩,⟨opció1⟩,...}.
paranccsal is megadhatók. Például


\hypersetup{bookmarks=false,colorlinks}


Előfordulhat, hogy például egy szakasz címében olyan karakter szerepel, ami nem jele-
nik meg a pdf vázlatfájában. Például


\section{$\sigma$-gyűrű}


esetén a könyvjelzőben csak „-gyűrű” fog megjelenni, a σ nem. Ezt oldja meg a követ-
kező kódban a \texorpdfstring parancs a hyperref csomag unicode opciójával együtt
használva:


\section{\texorpdfstring{$\sigma$}{\textsigma}-gyűrű}


A \textsigma helyett \sigma is írható, amennyiben a unicode mellett még a psdextra
opcióját is használja a hyperref csomagnak. Az UTF-8 kódolású σ karakter közvetlenül
a hexadecimális kódjával is megadható:


\section{\texorpdfstring{$\sigma$}{\unichar{"03C3}}-gyűrű}


Az UTF-8 kódolású karakterek hexadecimális kódjait lásd itt. Az előző megoldások
még nem teljesen tökéletesek, mert így a σ nem félkövéren jelenik meg a címben. Ezen
segít a \section parancs opciója és az előzőek kombinálása:


\section[\texorpdfstring{$\sigma$}{\textsigma}-gyűrű]
{$\boldsymbol{\sigma}$-gyűrű}


Ekkor a σ a szövegben félkövéren, a tartalomjegyzékben pedig normál módban fog
megjelenni, továbbá a pdf könyvjelzőjében is látható. Általánosan, a
\section[\texorpdfstring{⟨tartalomjegyzék⟩}{⟨vázlatfa⟩}]{⟨szöveg⟩}
kóddal a cím különböző módon adható meg a tartalomjegyzékben, a vázlatfában és a
szövegben.


A hyperref csomag korlátai ♦ A hyperref nem támogatja a linken belüli oldaltö-
rést. Pontosabban, ha egy link szövege nem fér ki az oldal végén és emiatt oldaltörés
történik, akkor hibás eredményt kapunk. Ennek kivédésére például a link szövegét rak-
hatjuk \mbox parancsba, de ezzel megnöveljük a sorvégi túlcsordulás esélyét. Másik
lehetőség az oldaltörés miatti probléma javítása a következő kóddal a preambulumban:


\usepackage{xpatch}
\makeatletter
\xpatchcmd\@outputpage
{\vfil\color@hbox}
{\vfil\pdfrunninglinkoff\color@hbox}{}{}



http://www.utf8-chartable.de/
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\xpatchcmd\@outputpage
{{\@thehead}\color@endbox}
{{\@thehead}\color@endbox\pdfrunninglinkon}{}{}


\xpatchcmd\@outputpage
{\footskip\color@hbox\normalcolor}
{\footskip\color@hbox\normalcolor\pdfrunninglinkoff}{}{}


\xpatchcmd\@outputpage
{{\@thefoot}\color@endbox}
{{\@thefoot}\pdfrunninglinkon\color@endbox}{}{}


\makeatletter


Ez csak pdflatex fordítóval működik. Ha xelatex vagy lualatex fordítót használunk,
akkor még ki kell egészíteni a következőkkel :


\usepackage{iftex}
\ifxetex
\DeclareRobustCommand\pdfrunninglinkoff{\special{pdf:nolink}}
\DeclareRobustCommand\pdfrunninglinkon{\special{pdf:link}}
\fi
\ifluatex
\DeclareRobustCommand\pdfrunninglinkoff{\pdfextension linkstate 1}
\DeclareRobustCommand\pdfrunninglinkon{\pdfextension linkstate 0}
\fi


Az előbbi megoldás abban az esetben nem működik, ha a linkben az oldaltörés láb-
jegyzetben történik.


Egy másik nemvárt viselkedés akkor jelentkezik, ha két oldal ugyanazt az oldal-
számot kapja. Például a következő esetben a címoldal oldalszáma 1, igaz a számozás
rejtett, majd a következő oldalszám is 1, de az már látható az eredményben:


\documentclass{report}
\usepackage{hyperref}
\author{Szerző}
\title{Cím}
\begin{document}
\maketitle
\tableofcontents
\chapter{Fejezetcím}
\end{document}


Lefordítva pdflatex-hel a következő figyelmeztetést fogja kapni:
destination with the same identifier (name{page.1})
has been already used, duplicate ignored


Megoldásként a \maketitle parancs helyett használja a következő kódot:
\hypersetup{pageanchor=false}
\maketitle
\hypersetup{pageanchor}


19.2. Fájlok csatolása pdf-be


Korábban volt szó arról, hogy a \href{run:⟨fájl⟩}{⟨szöveg⟩} paranccsal külső ⟨fájl⟩ tölt-
hető be. Ehhez azonban fizikailag jelen kell lennie a ⟨fájl⟩-nak a pdf mellett. Viszont
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lehetőség van arra is, hogy csatolja ezeket a fájlokat a pdf-hez, így külön fájlokra már
nem lesz szükség a betöltésükhöz. Ehhez két csomag áll rendelkezésre: attachfile2
(amely az attachfile bővített verziója) és az embedfile.
\textattachfile[⟨opció⟩]{⟨fájl⟩}{⟨szöveg⟩} ∈ attachfile2


Ennek helyén a ⟨szöveg⟩ felirat jelenik meg linkként. Erre kattintva betölti a pdf-hez
csatolt ⟨fájl⟩-t, amely nem lehet exe, bat, zip és más hasonló önállóan futtatható illetve
tömörített állomány. A ⟨fájl⟩ neve ne tartalmazzon ékezetes betűket és szóközöket. A
⟨fájl⟩-nak fordításkor nem kell a tex forrásállomány mappájában lennie, de ekkor meg
kell adni a relatív elérési utat is. Például


\textattachfile{./files/adatok.txt}{adatok}


A ⟨szöveg⟩ link színe megadható globálisan
\attachfilesetup{color=⟨színnév⟩} ∈ attachfile2


módon. A color=⟨színnév⟩ opció lokálisan is megadható a \textattachfile parancsban.
Arra ügyeljen, hogy a színkezeléshez ekkor be kell még töltenie az xcolor csomagot is.
A ⟨fájl⟩ neve megjelenik linkként a pdf nézőben a csatolmányoknál is. A ⟨fájl⟩-hoz
kapcsolódó leírást is megadhatjuk a
description={⟨leírás⟩}
opcióval. Ilyenkor az ékezetek helyes kezeléséhez be kell még tölteni a hyperref csoma-
got unicode opcióval. Például


\textattachfile[description={Mérési adatok}]{./files/adatok.txt}{adatok}


Másik lehetőség fájlok csatolására:
\embedfile[⟨opció⟩]{⟨fájl⟩} ∈ embedfile


Ennek hatására a ⟨fájl⟩ neve megjelenik linkként a pdf nézőben a csatolmányoknál.
A pdf-ben link nem jelenik meg. Itt a ⟨fájl⟩ megadására ugyanazok a szabályok érvé-
nyesek, mint az attachfile2 csomag esetén. Néhány hasznos opciója az \embedfile
parancsnak:


desc={⟨leírás⟩} Leírás megadása. Az ékezetek helyes kezeléséhez be kell még tölteni a
hyperref csomagot unicode opcióval.


filespec=⟨fájlnév⟩A csatolt ⟨fájl⟩ a pdf néző csatolmányok listájában ⟨fájlnév⟩-en jelenik
meg.







20. fejezet


Szakdolgozat készítése


A thesis-ekf osztály olyan szakdolgozatok megírására alkalmas, amely megfelel az
Eszterházy Károly Katolikus Egyetem szabályzatának. Az oldal- és fontparaméterek
beállításán túl a megfelelő címoldal elkészítését is elvégzi. A formai követelmények a
következők:


– A4-es lap- és 12 pt betűméret;
– a margó a kötés oldalon 30mm, a többi 25mm;
– oldalszámozás a láblécben arab számozással ;
– a fejezetcímek középre, a további szintek címei balra igazítva;
– a főszöveg antikva betűcsaláddal kiszedve;
– sorkizárt igazítás, másfeles sortávolság.


Ebben a dokumentumosztályban a geometry, hyperref és graphicx csomagok automa-
tikusan betöltődnek, így ezeket nem szabad ismét betölteni ! A lehetséges opciók:


twoside Ha a szakdolgozatot kétoldalasan szeretné kinyomtatni, akkor ezt az opciót
alkalmazza! Ne használja egyoldalas nyomtatáshoz illetve elektronikus verzióhoz!


tocnopagenum Ennek hatására a tartalomjegyzéknek nem lesz oldalszámozása. Ha köz-
vetlenül a címoldalt követően van elhelyezve a tartalomjegyzék, akkor az első
számozott oldal csak ezután következik.


A címoldal a \maketitle paranccsal hozható létre. Ehhez előtte az adatokat a következő
parancsokkal lehet megadni:
\logo{⟨képbetöltés⟩}
A logó betöltéséhez kell használni. Például


\logo{\includegraphics{eszterhazy-logo-hu}}


Ha nem adja meg, akkor az Eszterházy Károly Katolikus Egyetem logója fog automa-
tikusan megjelenni. Ha nem akar logót, akkor írja be a \logo{} parancsot.
\institute{⟨intézmény neve⟩}
Ezzel adja meg az intézmény nevét. Ha az Eszterházy Károly Katolikus Egyetem logóját
használja, akkor az egyetem nevét nem kell feltüntetni, mert azt a logó már tartalmazza.
Ekkor elég csak az intézet neve. Például


\institute{Matematikai és Informatikai Intézet}


\title{⟨dolgozat címe⟩}
Ezzel adja meg a dolgozat címét.
\author{⟨név⟩\\⟨szak⟩}
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Ezzel adja meg a szerző nevét és szakját. Például
\author{Tóth István\\matematika BSc}


\supervisor{⟨név⟩\\⟨beosztás⟩}
Ezzel adja meg a témavezető nevét és beosztását. Például


\supervisor{Dr. Nagy János\\egyetemi docens}


\city{⟨város⟩}
Ezzel adja meg a város nevét, ahol az intézmény található. Például


\city{Eger}


\date{⟨évszám⟩}
Ezzel adja meg a dolgozat leadásának évét. Az évszám után ne tegyen pontot! Az
⟨évszám⟩ alapértéke az aktuális évszám.


Egy példa a használatra:


Ð \documentclass[twoside]{thesis-ekf}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}


\begin{document}
\institute{Matematikai és Informatikai Intézet}
\title{A szakdolgozat címe}
\author{Szerző neve\\szak}
\supervisor{Tanár neve\\beosztás}
\city{Eger}
\date{2025}
\maketitle


\tableofcontents


\chapter{Fejezet címe}
\section{Szakasz címe}


\begin{thebibliography}{1}
\bibitem{cimke} \textsc{Szerző}: Cím, Kiadó, Hely, évszám.
\end{thebibliography}
\end{document}


A legegyszerűbb, ha a thesis-ekf-templates.zip sablont használja.


Å
Videó: Szakdolgozat készítése az Eszterházy Károly Katolikus Egyetem sablonjával



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe257.html

https://tibortomacs.github.io/latex-tutorial-hu/thesis-ekf-templates.zip

https://youtu.be/MoGqrPIOnjY





21. fejezet


Prezentációk


Prezentáció készítéséhez a beamer dokumentumosztályt javasoljuk. Ennek jellemzői:


– Oldalméret: 128mm × 96mm (4 : 3 arány). Az aspectratio=169 opció esetén
160mm× 90mm (16 : 9 arány).


– Alap betűméret: 11 pt. Opcióban a következő további méretek adhatók meg: 8pt
9pt 10pt 12pt 14pt 17pt 20pt.


– Alap betűtípus: álló, normál, groteszk.
– Főszöveg balra zárt, új bekezdés elején nincs behúzás.
– Keret (lásd később) tartalmának függőleges pozíciója: közép. Opcióban másik két


lehetőség: t (fent), b (lent).
– Betöltődnek a graphicx, amsthm, xcolor, enumerate, hyperref csomagok.


21.1. Témák
A beamer sok ún. témát tartalmaz, melyek mindegyike egy-egy tipográfiai beállítást,
stílust jelent. Ha az alapértelmezett témától el akar térni, akkor azok betöltése a pre-
ambulumban történik.


21.1.1. Teljes témák


Célszerű először egy teljes témát választani, amely beállítja a szerkezetet, színeket és
a betűtípust is. Ennek betöltése:
\usetheme[⟨opciók⟩]{⟨név⟩}
Ha ebben valamilyen részletet meg akar változtatni, akkor alkalmazhat egy később is-
mertetett belső vagy külső szerkezeti, szín- vagy betűtípus témát is. A ⟨név⟩ a következő
listaelemek valamelyike lehet:


Oldalsáv nélkül
Bergen Nincsenek ⟨opciók⟩
Boadilla Elérhető ⟨opciók⟩ : secheader (fejléc bekapcsolása)
Madrid Elérhető ⟨opciók⟩ : secheader (fejléc bekapcsolása)
AnnArbor Nincsenek ⟨opciók⟩
CambridgeUS Nincsenek ⟨opciók⟩
EastLansing Nincsenek ⟨opciók⟩
Pittsburgh Nincsenek ⟨opciók⟩
Rochester Elérhető ⟨opciók⟩ : height=⟨magasság⟩ (keretcím magassága)
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Fa navigációval
Antibes Nincsenek ⟨opciók⟩
JuanLesPins Nincsenek ⟨opciók⟩
Montpellier Nincsenek ⟨opciók⟩
Oldalsávval
Berkeley Elérhető ⟨opciók⟩ :


hideallsubsections (oldalsávon nincs alszakasz cím)
hideothersubsections (oldalsávon csak az aktuális alszakasz címe)
left (oldalsáv bal oldalon)
right (oldalsáv jobb oldalon)
width=⟨szélesség⟩ (oldalsáv szélessége)


PaloAlto Elérhető ⟨opciók⟩ : lásd Berkeley
Goettingen Elérhető ⟨opciók⟩ : lásd Berkeley
Marburg Elérhető ⟨opciók⟩ : lásd Berkeley
Hannover Elérhető ⟨opciók⟩ : lásd Berkeley, de nincs left és right


Mini keret a fejlécben
Berlin Elérhető ⟨opciók⟩ : compress (egysoros a mini keret)
Ilmenau Elérhető ⟨opciók⟩ : compress (egysoros a mini keret)
Dresden Elérhető ⟨opciók⟩ : compress (egysoros a mini keret)
Darmstadt Nincsenek ⟨opciók⟩
Frankfurt Nincsenek ⟨opciók⟩
Singapore Nincsenek ⟨opciók⟩
Szeged Nincsenek ⟨opciók⟩
Fejlécben az aktuális szakasz és alszakasz címe
Copenhagen Nincsenek ⟨opciók⟩
Luebeck Nincsenek ⟨opciók⟩
Malmoe Nincsenek ⟨opciók⟩
Warsaw Nincsenek ⟨opciók⟩


21.1.2. Belső témák


Azt szabályozza, hogy a belső szerkezeti elemekből (címoldal, listák, tömbök, tételsze-
rű környezetek, képek, táblázatok, lábjegyzetek, irodalomjegyzék) mi jelenjen meg és
milyen geometriával. Ennek betöltése:
\useinnertheme[⟨opciók⟩]{⟨név⟩}
A ⟨név⟩ a következő listaelemek valamelyike lehet:


circles Nincsenek ⟨opciók⟩
rectangles Nincsenek ⟨opciók⟩
rounded Elérhető ⟨opciók⟩ : shadow (árnyékolt tömbök)
inmargin Nincsenek ⟨opciók⟩


21.1.3. Külső témák


Azt szabályozza, hogy a külső szerkezeti elemekből (fej- és lábléc, oldalsávok, logó,
keret címe) mi jelenjen meg és milyen geometriával. Ennek betöltése:
\useoutertheme[⟨opciók⟩]{⟨név⟩}
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A ⟨név⟩ a következő listaelemek valamelyike lehet:


infolines Nincsenek ⟨opciók⟩
miniframes Elérhető ⟨opciók⟩ :


footline=authorinstitute (láblécben: szerző, intézet)
footline=authortitle (láblécben: szerző, cím)
footline=institutetitle (láblécben: intézet, cím)
footline=authorinstitutetitle (láblécben: szerző, intézet, cím)
subsection=false (alszakasz címet ne mutassa)


smoothbars Elérhető ⟨opciók⟩ :
subsection=false (alszakasz címet ne mutassa)


sidebar Elérhető ⟨opciók⟩ :
hideallsubsections (tartalomban nincs alszakasz cím)
hideothersubsections (tartalomban csak az aktuális alszakasz cím)
left (oldalsáv bal oldalon)
right (oldalsáv jobb oldalon)
width=⟨szélesség⟩ (oldalsáv szélessége)
height=⟨magasság⟩ (keretcím magassága)


split Nincsenek ⟨opciók⟩
shadow Nincsenek ⟨opciók⟩
tree Elérhető ⟨opciók⟩ : hooks („faágak” behúzása)
smoothtree Nincsenek ⟨opciók⟩


21.1.4. Színtémák


Belső és külső szerkezeti elemek színvilágát állítja be. Ennek betöltése:
\usecolortheme[⟨opciók⟩]{⟨név⟩}
A ⟨név⟩ a következő listaelemek valamelyike lehet:


structure Elérhető ⟨opciók⟩ : named=⟨színnév⟩ (strukturális elemek előterének színe)
sidebartab Nincsenek ⟨opciók⟩
Teljes színtémák
albatross Elérhető ⟨opciók⟩ : overlystylish
beetle Nincsenek ⟨opciók⟩
crane Nincsenek ⟨opciók⟩
dove Nincsenek ⟨opciók⟩
fly Nincsenek ⟨opciók⟩
monarca Nincsenek ⟨opciók⟩
seagull Nincsenek ⟨opciók⟩
wolverine Nincsenek ⟨opciók⟩
beaver Nincsenek ⟨opciók⟩
spruce Nincsenek ⟨opciók⟩
Belső elemek színtémái
lily Nincsenek ⟨opciók⟩
orchid Nincsenek ⟨opciók⟩
rose Nincsenek ⟨opciók⟩
Külső elemek színtémái
whale Nincsenek ⟨opciók⟩
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seahorse Nincsenek ⟨opciók⟩
dolphin Nincsenek ⟨opciók⟩


21.1.5. Betűtípus témák


Belső és külső szerkezeti elemek betűtípusait állítja be. Ennek betöltése:
\usefonttheme[⟨opciók⟩]{⟨név⟩}
A ⟨név⟩ a következő listaelemek valamelyike lehet:


serif Elérhető ⟨opciók⟩ :
stillsansserifmath
stillsansserifsmall
stillsansseriflarge
stillsansseriftext
onlymath


structurebold Elérhető ⟨opciók⟩ :
onlysmall
onlylarge


structureitalicserif Elérhető ⟨opciók⟩ : lásd structurebold
structuresmallcapsserif Elérhető ⟨opciók⟩ : lásd structurebold


21.2. Keretek
A beamer-ben a prezentáció keretek sorozatából, a keretek pedig diák sorozatából áll.
Egy keretnek címet és alcímet is adhat. Ha egy keret több diából álló diasorozatot
tartalmaz, akkor az adott keretben egymásután fognak megjelenni a diasorozat tagjai.
Ha egy keret tartalma nem fér el egy dián, akkor az széttörhető több keretre is. Az
eredeti keret címe és alcíme megjelenik minden „megtört” kereten. Az ilyen megtört
keretekben csak egy-egy dia szerepelhet. Minden keretet frame környezetbe kell rakni:
\begin{frame}[⟨opció⟩]{⟨keret címe⟩}{⟨keret alcíme⟩}
⟨keret tartalma⟩
\end{frame}


vagy
\begin{frame}[⟨opció⟩]
\frametitle{⟨keret címe⟩}
\framesubtitle{⟨keret alcíme⟩}
⟨keret tartalma⟩
\end{frame}


Az első esetben a {⟨keret címe⟩} illetve {⟨keret acíme⟩} elhagyható. A második esetben
a \frametitle{⟨keret címe⟩} illetve \framesubtitle{⟨keret acíme⟩} szintén elhagyható.
A frame környezet opciói


t, b, c A keret tartalma függőlegesen felülre, alulra, középre igazított. (Alapopció c.)
plain A keretben a fejléc, lábléc és az oldalsávok nem jelennek meg.
shrink=⟨kicsinyítés⟩ Aktiválja a t opciót és a keret tartalmát ⟨kicsinyítés⟩% mértékben


kicsinyíti. A ⟨kicsinyítés⟩ alapértéke 0.
fragile Alapesetben verbatim szöveg vagy kód nem írható a keretbe. Ezt a korlátozást


oldja fel ez az opció.
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squeeze Listák függőleges extra térközök nélkül jelennek meg.
allowframebreaks=⟨kitöltés⟩ A kitöltés egy 0 és 1 közötti szám, alapértéke 1. A keretet


kitöltés arányú telítettség után több keretre töri. A keret ezen opció esetén a
\framebreak paranccsal közvetlenül is megtörhető. Ez az opció nem támogatja a
keretben több dia használatát.
Ha aktiválja az allowframebreaks opciót, akkor alapesetben a keret címe után
megjelenik a megtört keret sorszáma nagy római számokkal. Például ha a keret
címe „Példa”, akkor a megjelenő címek az egymást követő kereteken:


Példa I → Példa II → Példa III → . . .


Ennek átállítására nézzünk néhány példát:
\setbeamertemplate{frametitle continuation}[from second]
[\insertcontinuationcountroman.]


Példa → Példa II. → Példa III. → . . .


\setbeamertemplate{frametitle continuation}[from second]
[\insertcontinuationcount.]


Példa → Példa 2. → Példa 3. → . . .


\setbeamertemplate{frametitle continuation}[from second][(folyt.)]


Példa → Példa (folyt.) → Példa (folyt.) → . . .


21.3. Egy keretben több dia
Emlékeztetünk arra, hogy a frame környezet allowframebreaks opcióval nem támogatja
a kereten belüli több dia használatát. A keret tartalmának több dián való megjelení-
tésére a legegyszerűbb megoldás a \pause parancs használata. Vigyázat, ez a parancs
nem használható az amsmath illetve mathtools csomagok által definiált környezetekben,
mint például az align. Például


\begin{frame}{Példa}
Ez látható a keret 1. diáján.\par\pause
Ez látható a keret 2. diáján.\par\pause
Ez látható a keret 3. diáján.
\end{frame}


21.3.1. Overlay specifikációk


Ennél bonyolultabb diasorozatok is létrehozhatók az úgynevezett overlay specifikációk
használatával. A beamer sok standard parancsot kiegészít overlay specifikációval. Példá-
ul listák esetén az \item parancsot. A használata és működése megérthető a következő
példán:


\begin{frame}{Példa}
\begin{itemize}
\item<1-2> 1. listaelem
\item<2> 2. listaelem
\item<3> 3. listaelem
\item<3-4> 4. listaelem
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\end{itemize}
\end{frame}


Tehát az overlay specifikációt a < és > jelek közé rakjuk. Egyszerre több overlay speci-
fikációt is beírhat, amiket vesszővel kell elválasztani. Például


<0> Egyetlen dián sem látható.
<1> Az 1. dián látható.
<1-3> Az 1–3. diákon látható.
<1-3,5-6> Az 1–3. és 5–6. diákon látható.
<1,5> Az 1. és 5. diákon látható.
<3-> A 3. diától az utolsóig látható.
<-3> Az 1–3. diákon látható.
<-2,4-6,8-> A 3. és 7. dia kivételével minden dián látható.


Ún. léptető overlay specifikációk is írhatók a számok helyére. Ezek egy beamerpauses
nevű számlálót használnak, melynek a kezdeti értéke a keret elején 1.


Az egyik léptető overlay specifikáció a +(⟨szám⟩), ahol a ⟨szám⟩ bármilyen egész
érték lehet, akár negatív is. Ennek hatása:


– A +(⟨szám⟩) helyére a beamerpauses + ⟨szám⟩ értékét írja. A +(0) helyett írható
egyszerűen csak + jel is.


– Az overlay specifikációt lezáró > jel után a beamerpauses értékét 1-gyel megnöveli.
(Akkor is csak 1-gyel nő az érték, ha több + is szerepel az overlay specifikációk
között.)


A következő példák mindegyikében tételezzük fel, hogy az overlay specifikáció kifejtése
előtt a beamerpauses értéke 2. Ekkor


<+(1)> = <3>
<+(-1)> = <1>
<+(-2)> = <0>
<+(-4)> = <-2> = <-+>
<+(0)> = <+> = <2>
<+-+(2)> = <2-4>


Ezen példák mindegyike után a beamerpauses értéke 3-ra nő.
A másik ilyen léptető specifikáció a pont. Ennek használatánál ügyeljen arra, hogy


a beamerpauses értéke már legalább 2 legyen. Ennek hatása:
– A pont helyére a beamerpauses értékénél 1-gyel kisebbet ír.
– Az overlay specifikációt lezáró > jel után a beamerpauses értéke változatlan marad.


Például a következő két kód ekvivalens:
\begin{frame}{Példa}
\begin{itemize}
\item<+-> 1. listaelem
\item<.-> 2. listaelem
\item<+-> 3. listaelem
\item<.-> 4. listaelem
\end{itemize}
\end{frame}


és
\begin{frame}{Példa}
\begin{itemize}
\item<1-> 1. listaelem
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\item<1-> 2. listaelem
\item<2-> 3. listaelem
\item<2-> 4. listaelem
\end{itemize}
\end{frame}


Az overlay specifikációval ellátott parancsoknak lehet alapspecifikációjuk is. Például
az \item az alapspecifikációja <1->, azaz \item ekvivalens az \item<1-> paranccsal. A
többi parancs alapspecifikációját az adott parancs tárgyalásánál közöljük.


21.3.2. Diasorozat átlátszósága


Arra is lehetőség van, hogy a keret diáin halványan megjelenjen a kerethez tartozó
minden más dia erre engedélyezett tartalma. Ezt a következő módon állíthatja be:
\setbeamercovered{transparent=⟨szám⟩}
Ezután a keretben a diákon ⟨szám⟩% intenzitással látható a többi dia tartalma.


21.3.3. Overlay specifikációval rendelkező parancsok


\uncover<⟨spec⟩>{⟨szöveg⟩}
vagy
\begin{uncoverenv}<⟨spec⟩>⟨szöveg⟩\end{uncoverenv}
Csak a megadott diákon fog megjelenni a szöveg, a többin csak foglalja a helyet, illetve
a transparent értékének megfelelően látjuk. (<⟨spec⟩> alapértéke <1->.)
\visible<⟨spec⟩>{⟨szöveg⟩}
vagy
\begin{visibleenv}<⟨spec⟩>⟨szöveg⟩\end{visibleenv}
Ugyanaz mint az uncover, csak a transparent pozitívra állítása erre a parancsra nem
hat. (<⟨spec⟩> alapértéke <1->.) Az \invisible parancs illetve invisibleenv környezet
az előbbihez hasonlóan használható, de a hatása azzal ellentétes. Erre sem hat a pozitív
transparent érték.
\only<⟨spec⟩>{⟨szöveg⟩}
vagy
\begin{onlyenv}<⟨spec⟩>⟨szöveg⟩\end{onlyenv}
Ugyanaz mint a visible, de a helyet nem foglalja el a <⟨spec⟩>-en kívül eső diákon.
\alt<⟨spec⟩>{⟨szöveg1⟩}{⟨szöveg2⟩}
A megadott diákon fog megjelenni a ⟨szöveg1⟩, a többin a ⟨szöveg2⟩. A transparent
pozitívra állítása erre a parancsra nem hat. (<⟨spec⟩> alapértéke <1->.)
\begin{altenv}<⟨spec⟩>{⟨start1⟩}{⟨vége1⟩}{⟨start2⟩}{⟨vége2⟩}
⟨szöveg⟩
\end{altenv}


A megadott diákon ez fog megjelenni: ⟨start1⟩ ⟨szöveg⟩ ⟨vége1⟩. A többin ez fog megje-
lenni: ⟨start2⟩ ⟨szöveg⟩ ⟨vége2⟩. A transparent pozitívra állítása erre a parancsra nem
hat. (<⟨spec⟩> alapértéke <1->.)
\temporal<⟨spec⟩>{⟨szöveg előtt⟩}{⟨szöveg⟩}{⟨szöveg után⟩}
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A megadott diák előtt fog megjelenni a ⟨szöveg előtt⟩, a megadott diákon fog megjelenni
a ⟨szöveg⟩ és a megadott diák után fog megjelenni a ⟨szöveg után⟩. (<⟨spec⟩>-nek itt nincs
alapértéke, kötelező megadni.) Például


\begin{frame}{Példa}
\temporal<3-4>{1., 2. dia}{3., 4. dia}{5., 6., \dots dia}\\
\temporal<3,5>{1., 2., 4. dia}{3., 5. dia}{6., 7., \dots dia}\\
\temporal<2>{1. dia}{2. dia}{3., 4., \dots dia}
\end{frame}


\begin{overlayarea}{⟨szélesség⟩}{⟨magasság⟩}
\only<⟨spec1⟩>{⟨szöveg1⟩}
\only<⟨spec2⟩>{⟨szöveg2⟩}
...
\end{overlayarea}


A keret minden diáján lefoglal egy ⟨szélesség⟩ és ⟨magasság⟩ méretű dobozt, melyben
a <⟨spec1⟩>, <⟨spec2⟩>, stb. overlay specifikációknak megfelelően kerül be a ⟨szöveg1⟩,
⟨szöveg2⟩, stb.
\begin{overprint}[⟨szélesség⟩]
\onslide<⟨spec1⟩>⟨szöveg1⟩
\onslide<⟨spec2⟩>⟨szöveg2⟩
...
\end{overprint}


A keret minden diáján lefoglal egy ⟨szélesség⟩ széles dobozt, melynek alapértéke a szö-
vegtükör szélessége. A doboz magassága a ⟨szöveg1⟩, ⟨szöveg2⟩, stb. által meghatározott
dobozok természetes magasságai közül a legnagyobb. A <⟨spec1⟩>, <⟨spec2⟩>, stb. overlay
specifikációk között nem lehet átfedés. A dobozban a <⟨spec1⟩>, <⟨spec2⟩>, stb. overlay
specifikációknak megfelelően kerül be a ⟨szöveg1⟩, ⟨szöveg2⟩, stb.


A következő parancsok is rendelkeznek overlay specifikációval : \textbf, \textit,
\textsl, \textrm, \textsf, \textcolor, \color. Az alapspecifikáció <1->. Például


\begin{frame}{1. példa}
\textbf<1>{Ez félkövér az 1. dián, a többin normál.}\\
\textcolor<2>{red}{Ez a 2. dián piros, a többin fekete.}\\
\textcolor<3>[RGB]{43,52,223}{Ez a 3. dián kék, a többin fekete.}
\end{frame}


\begin{frame}{2. példa}
\begin{itemize}
\item\textcolor<+>{red}{1. listaelem}
\item\textcolor<+>{red}{2. listaelem}
\item\textcolor<+>{red}{3. listaelem}
\end{itemize}
\end{frame}


21.4. Diaváltás látványeffektekkel


Amikor egy keret következő diájára, vagy a következő keret első diájára váltunk, ak-
kor az eddigiekben csak annyi történt, hogy az előző dia képe egyszerűen átváltott az
újra. Ezeket a váltásokat látványosabbá is teheti különböző effektekkel. Sajnos nem
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minden pdf néző támogatja ezeket az effekteket, ezért idegen gépen nem biztos, hogy
fog működni. Például az Adobe Reader esetén működnek, de csak akkor, ha teljes kép-
ernyős üzemmódba váltunk, ahogy ez egy prezentáció bemutatásánál szokásos. Ezeket
az effekteket a következő parancsok frame környezetbe írásával érheti el :
\transblindshorizontal<⟨spec⟩>[⟨opció⟩]
\transblindsvertical<⟨spec⟩>[⟨opció⟩]
\transboxin<⟨spec⟩>[⟨opció⟩]
\transboxout<⟨spec⟩>[⟨opció⟩]
\transcover<⟨spec⟩>[⟨opció⟩]
\transdissolve<⟨spec⟩>[⟨opció⟩]
\transfade<⟨spec⟩>[⟨opció⟩]
\transglitter<⟨spec⟩>[⟨opció⟩]
\transreplace<⟨spec⟩>[⟨opció⟩]
\transsplitverticalin<⟨spec⟩>[⟨opció⟩]
\transsplitverticalout<⟨spec⟩>[⟨opció⟩]
\transsplithorizontalin<⟨spec⟩>[⟨opció⟩]
\transsplithorizontalout<⟨spec⟩>[⟨opció⟩]
\transwipe<⟨spec⟩>[⟨opció⟩]
Ezekben a parancsokban az overlay specifikáció alapértéke <1->. A lehetséges opciók:


duration=⟨idő⟩ Ennyi másodpercig tart az effekt.
direction=⟨szög⟩ Ennyi fokos szögben megy végbe az effekt. A ⟨szög⟩ lehetséges értékei


0, 90, 180, 270, illetve \transglitter esetén még lehet 315 is.


Az eddigiekben diaváltás mindig gombnyomásra történt. Ez bizonyos idő megadásával
automatizálható is, de ez is csak teljes képernyős üzemmódban lehetséges, a következő
paranccsal :
\transduration<⟨spec2⟩>{⟨idő⟩}
Az overlay specifikáció alapértéke <1->. Az ⟨idő⟩ helyére annyi másodpercet kell írni,
ameddig a specifikációkkal megadott diákat látni akarjuk gomb megnyomása nélkül.


21.5. A prezentáció tagolása


21.5.1. Címoldal


A prezentáció első oldala a címoldal, melynek elkészítéséhez szükséges adatokat a kö-
vetkező parancsokkal adhatja meg a preambulumban.
\title[⟨rövid cím⟩]{⟨cím⟩}
\subtitle[⟨rövid alcím⟩]{⟨alcím⟩}
\author[⟨rövid név⟩]{⟨név⟩}
\institute[⟨intézet rövid neve⟩]{⟨intézet⟩}
\date[⟨rövid dátum⟩]{⟨dátum⟩}
\logo{\includegraphics[⟨opció⟩]{⟨képfájl⟩}}
\titlegraphic{\includegraphics[⟨opció⟩]{⟨képfájl⟩}}
Ezután a címoldal a dokumentumtestben a következőképpen hozható létre:
\begin{frame}[plain]
\titlepage
\end{frame}


vagy
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\maketitle


ami a
\begin{frame}
\titlepage
\end{frame}


kóddal ekvivalens.


21.5.2. A főszöveg tagolása


A beamer-ben a szöveg tagolása az article osztályhoz hasonló, de nincs paragrafus és
alparagrafus. Ha nagyon hosszú prezentációt készít, akkor szükség lehet a több részre
való bontásra. Új részt a
\part[⟨rész rövid címe⟩]{⟨rész címe⟩}
parancs kereten kívüli kiadásával indíthat. Az opcióban megadott cím alapesetben a
rész címével egyezik meg. Ez így még nem jelenik meg sehol, csak a pdf néző könyvjel-
zői között (a rövid cím), ha az aktiválva van, illetve a navigációs sávban (legtöbbször a
rövid cím), ha az úgy van beállítva. Ha azt akarja, hogy az előző parancs kiadásakor egy
külön keret jöjjön létre a címmel, akkor használhatja az \AtBeginPart, \insertpart,
\insertpartnumber és \insertromanpartnumber parancsokat. Például írja be a követke-
zőket a preambulumba:


\AtBeginPart{
\begin{frame}[plain]
\begin{center}
{\Large\insertromanpartnumber. rész\\[10mm]}
{\large\insertpart\\}
\end{center}
\end{frame}}


Ezután a
\part{A rész címe}


parancs kiadása egy keretet generál a rész sorszámával és címével. Új szakaszt a
\section[⟨szakasz rövid címe⟩]{⟨szakasz címe⟩}
parancs kereten kívüli kiadásával indíthat. Az opcióban megadott cím alapesetben a
szakasz címével egyezik meg. Ez így még nem jelenik meg sehol, csak a pdf néző könyv-
jelzői között (a rövid cím), ha az aktiválva van, illetve a navigációs sávban (legtöbbször
a rövid cím), ha az úgy van beállítva. Ha azt akarja, hogy az előző parancs kiadá-
sakor egy külön keret jöjjön létre a címmel, akkor használhatja az \AtBeginSection,
\insertsection és \insertsectionnumber parancsokat. Például írja be a következőket
a preambulumba:


\AtBeginSection{
\begin{frame}[plain]
\begin{center}
{\Large\insertsectionnumber. \insertsection\\}
\end{center}
\end{frame}}


Ezután a
\section{Szakasz címe}
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parancs kiadása egy keretet generál a szakasz sorszámával és címével. Értelemszerű
változtatásokkal hasonlóan járhat el az alszakasz és al-alszakasz esetében is.


21.5.3. Tartalomjegyzék


A rész, szakasz, alszakasz, al-alszakasz tartalmi felosztást linkek formájában megjelenít-
heti egy külön keretben is. Ha nem használt \part parancsot, akkor például a címoldal
után beírhatja a következő kódot:


\begin{frame}[plain]{Tartalomjegyzék}
\tableofcontents
\end{frame}


Ha használt \part parancsot, akkor az előző kód csak akkor hatásos, ha a \part parancs
kiadása után van. Ekkor a hatása nem az egész tartalomjegyzék, hanem csak az adott
részé. Ha azt akarja, hogy minden rész tartalma még a \part parancs előtt megjelenjen
például a címoldal után közvetlenül, akkor a következőt teheti :


\begin{frame}[plain]{I. rész tartalomjegyzéke}
\tableofcontents[part=1]
\end{frame}


\begin{frame}[plain]{II. rész tartalomjegyzéke}
\tableofcontents[part=2]
\end{frame}


Ha a tartalomjegyzéket tartalmazó keretben az első szakaszt kivéve minden szakasz
címe elé egy \pause parancs hatását akarja elérni, akkor használja a \tableofcontents
parancs pausesections opcióját. Ha a pausesubsections opciót használja, akkor azt
a hatást érjük el, mintha a tartalomjegyzéket tartalmazó keretben az első alszakaszt
kivéve minden alszakasz és al-alszakasz címe elé egy \pause parancsot írnánk.


Ha a tartalomjegyzékben nem akar például al-alszakasz címeket, vagy az éppen
nem aktuális címeket csak halványan akarja megjeleníteni, akkor lehet használni a
\tableofcontents alábbi opcióit :


sectionstyle=⟨stílus⟩
subsectionstyle=⟨stílus⟩
subsubsectionstyle=⟨stílus⟩


ahol a ⟨stílus⟩ lehet: show (mutat), hide (rejt), shaded (halványan). Például
\tableofcontents[subsubsectionstyle=hide]


esetén a tartalomjegyzékben nem szerepelnek az al-alszakasz címek. Ha egy adott sza-
kaszhoz készít al-tartalomjegyzéket, akkor a stílusokat kombinálhatja is.


sectionstyle=⟨stílus1⟩/⟨stílus2⟩
⟨stílus1⟩ Aktuális szakasz címének stílusa.
⟨stílus2⟩ Többi szakasz címének stílusa.


subsectionstyle=⟨stílus1⟩/⟨stílus2⟩
⟨stílus1⟩ Aktuális alszakasz címének stílusa.
⟨stílus2⟩ Többi alszakasz címének stílusa.


subsectionstyle=⟨stílus1⟩/⟨stílus2⟩/⟨stílus3⟩
⟨stílus1⟩ Aktuális alszakasz címének stílusa.
⟨stílus2⟩ Aktuális szakasz többi alszakasz címének stílusa.
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⟨stílus3⟩ Többi alszakasz címének stílusa (hide esetén nemcsak ezen alszakasz
címek, hanem azok al-alszakasz címei sem jelennek meg a tartalomjegyzék-
ben).


subsubsectionstyle=⟨stílus1⟩/⟨stílus2⟩
⟨stílus1⟩ Aktuális al-alszakasz címének stílusa.
⟨stílus2⟩ Többi al-alszakasz címének stílusa.


subsubsectionstyle=⟨stílus1⟩/⟨stílus2⟩/⟨stílus3⟩
⟨stílus1⟩ Aktuális al-alszakasz címének stílusa.
⟨stílus2⟩ Aktuális alszakasz többi al-alszakasz címének stílusa.
⟨stílus3⟩ Többi al-alszakasz címének stílusa.


subsubsectionstyle=⟨stílus1⟩/⟨stílus2⟩/⟨stílus3⟩/⟨stílus4⟩
⟨stílus1⟩ Aktuális al-alszakasz címének stílusa.
⟨stílus2⟩ Aktuális alszakasz többi al-alszakasz címének stílusa.
⟨stílus3⟩ Aktuális szakasz többi al-alszakasz címének stílusa.
⟨stílus4⟩ Többi al-alszakasz címének stílusa.


Például a következő kódot használva az adott szakasz al-tartalomjegyzékét kapjuk:
\section{...}
...
\section{...}
\begin{frame}[plain]
\tableofcontents[sectionstyle=show/hide,subsectionstyle=show/show/hide]
\end{frame}


21.5.4. Irodalomjegyzék


Irodalomjegyzéket pontosan úgy készíthet egy kereten belül, mint a nyomtatott do-
kumentumok esetében. Annyi csak a különbség, hogy a \bibitem parancsnak itt lehet
adni overlay specifikációt (alap <1->). Például


\begin{frame}[plain]{Irodalomjegyzék}
\begin{thebibliography}{12}
\bibitem<+->{Salomaa1973} A.~Salomaa, ...
\bibitem<+->{Dijkstra1982} E.~Dijkstra, ...
...
\end{thebibliography}
\end{frame}


21.6. Tartalmi elemek


21.6.1. Listák


A beamer betölti az enumerate csomagot. Ez nem kompatibilis a paralist csomaggal,
így azt ne töltse be. Ezért nem használhatja a compactenum és compactitem listakör-
nyezeteket sem. Ha a listákat függőleges extra térközök nélkül akarja, akkor a frame
környezetet squeeze opcióval töltse be. A standard környezetek használhatók: itemize,
enumerate, description. Ezen környezeteknek nincs, de az \item parancsnak van over-
lay specifikációja, melynek alapértéke <1->. Például


\begin{frame}
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\begin{itemize}
\item<+-> 1. listaelem
\item<+-> 2. listaelem
\item<+-> 3. listaelem
\end{itemize}
\end{frame}


Ha az alap overlay specifikációt egy adott listában át akarja állítani például <+-> ér-
tékre, akkor azt az alábbi módon teheti meg. (Ez ekvivalens az előző kóddal.)


\begin{frame}
\begin{itemize}[<+->]
\item 1. listaelem
\item 2. listaelem
\item 3. listaelem
\end{itemize}
\end{frame}


Ha az alap overlay specifikációt egy adott keret minden listájára át akarja állítani
például <+-> értékre, akkor azt az alábbi módon teheti meg.


\begin{frame}[<+->]
\begin{itemize}
\item 1. listaelem
\item 2. listaelem
\end{itemize}
\begin{enumerate}
\item 1. listaelem
\item 2. listaelem
\end{enumerate}
\end{frame}


Ha a keretnek kell például t opció, akkor az előző kódban az 1. sort így módosítsa:
\begin{frame}[<+->][t]


Ha az \item parancsban egyszerre használ overlay specifikációt és opciót, akkor azt
ebben a sorrendben tegye. Például


\item<+->[--]


Ha egy adott számozott lista adott szintjének számozását akarja megváltoztatni, akkor
használhatja a
\begin{enumerate}[⟨stílus⟩]
környezetnyitást, pontosan úgy, mint például az article osztályban. Ha az enumerate
környezetnél az opción túl még az alap overlay specifikációt is be akarja állítani például
<+-> értékre, akkor azt így lehet megtenni:


\begin{enumerate}[<+->][⟨stílus⟩]


21.6.2. Többhasábos terület


\begin{columns}[⟨opció⟩]
\begin{column}{⟨1. oszlop szélessége⟩}
⟨1. oszlop tartalma⟩
\end{column}
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\begin{column}{⟨2. oszlop szélessége⟩}
⟨2. oszlop tartalma⟩
\end{column}
...
\end{columns}


Az opciók:


totalwidth=⟨szélesség⟩ A többhasábos terület teljes szélessége.
b Az oszlopok alsó sorainak alapvonalát igazítja össze.
c Az oszlopok vertikális közepét igazítja össze.
t Az oszlopok felső sorainak alapvonalát igazítja össze.
T Az oszlopok felső sorainak tetejét igazítja össze.


21.6.3. Tömbök, tételszerű környezetek


A tömbök a keret olyan részei, amelyek saját fejrésszel és címmel rendelkeznek. Létre-
hozásuk:
\begin{block}<⟨spec⟩>{⟨tömb címe⟩}
⟨szöveg⟩
\end{block}


Az alap overlay specifikáció <1->. Ha ezt át akarja állítani egy adott keret tömbjeire
vonatkozólag, akkor pontosan úgy kell eljárni, mint a listák esetében. Két speciális
tömb is van, melyek alapvetően a színezésben térnek el : alertblock és exampleblock
környezetek, melyek használata az előzőhöz hasonló.


A beamer-ben a tételszerű környezetek tömbként viselkednek, ahol a cím a tételszerű
környezet címe. Mivel az amsthm csomag alapból betöltődik, ezért a proof környezet is
használható. A tételszerű környezeteket definiálni és használni pontosan úgy kell, mint
azt taglaltuk a normál esetben illetve az amsthm csomag tárgyalásánál, két különbséggel.


Az egyik különbség, hogy a definiált tételszerű környezetek overlay specifikációval
is használhatók (alapérték <1->). Ha ezt át akarja állítani egy adott keret tételszerű
környezeteire vonatkozólag, akkor pontosan úgy kell eljárni, mint a listák esetében. A
másik különbség, hogy a tétel számozása alapesetben nem jelenik meg. Ez átállítható
a
\setbeamertemplate{theorems}[numbered]


preambulumba írásával, de magyar nyelv esetén ekkor nem kapunk jó eredményt, mert
az erre vonatkozó angol tipográfiát a magyar.ldf nem állítja át. Ha magyar nyelv esetén
mégis szeretne tételszámozást, akkor használhatja a következő megoldást:
\setbeamertemplate{theorems}[default]
\newtheorem{tetel}{\inserttheoremnumber. tétel}


21.6.4. Dobozok


Dobozok pontosan úgy használhatók a beamer-ben, mint normál esetben, de itt még
kiegészül két bekezdésdobozzal. Ezek ismertetése előtt pár szót a beamer színkezeléséről.
A beamer előre definiál saját elnevezésű színösszeállításokat, és mi is készíthetünk ilyet.
Például
\setbeamercolor{sajat szin}{fg=blue,bg=yellow}
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sajat szin néven definiál egy olyan színösszeállítást, amelyben a háttér sárga, az előtér,
azaz a tartalom pedig kék. Az egyik beamer bekezdésdoboz a következő:
\begin{beamercolorbox}[⟨opció⟩]{⟨színösszeállítás⟩}
⟨doboz tartalma⟩
\end{beamercolorbox}


Az opciók:


wd=⟨szélesség⟩ Doboz szélessége (alapérték \textwidth).
dp=⟨mélység⟩ Doboz mélysége.
ht=⟨magasság⟩ Doboz magassága.
left doboz tartalma balra zárt.
right Doboz tartalma jobbra zárt.
center Doboz tartalma középre zárt.
sep=⟨távolság⟩ Doboz tartalma körüli extra tér nagysága.
shadow Doboz árnyékolt.
shadow=false Doboz nem árnyékolt.
rounded Doboz sarkai kerekítettek.
rounded=false Doboz sarkai nem kerekítettek.


Például
\setbeamercolor{sajat szin}{fg=blue,bg=yellow}


után
\begin{frame}
\begin{beamercolorbox}[wd=6cm,shadow,rounded,center]{sajat szin}
Doboz tartalma
\end{beamercolorbox}
\end{frame}


A másik beamer által definiált bekezdésdoboz kerekített sarkú és adhatunk neki címet
egy fejrészben:
\begin{beamerboxesrounded}[⟨opció⟩]{⟨cím⟩}
⟨doboz tartalma⟩
\end{beamerboxesrounded}


Az opciók:


width=⟨szélesség⟩ Doboz szélessége (alapérték \textwidth).
shadow=true Doboz árnyékolt.
shadow=false Doboz nem árnyékolt.
lower=⟨színösszeállítás⟩ Doboz tartalmának színösszeállítása.
upper=⟨színösszeállítás⟩ Doboz fejrészének színösszeállítása.


Például
\setbeamercolor{sajat szin1}{fg=white,bg=blue}
\setbeamercolor{sajat szin2}{fg=black,bg=yellow}


után
\begin{frame}
\begin{beamerboxesrounded}[upper=sajat szin1,lower=sajat szin2]{Cím}
Doboz tartalma
\end{beamerboxesrounded}
\end{frame}
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21.6.5. Háttér


A háttér színe a következő kóddal állítható be:
\setbeamercolor{background canvas}{bg=⟨színnév⟩}
Lehetőség van többszínű háttér készítésére is :
\setbeamertemplate{background canvas}
[vertical shading][top=⟨színnév⟩,middle=⟨színnév⟩,bottom=⟨színnév⟩]
A top, middle és bottom opciók mellett használható még a midpoint opció is, amivel
azt lehet megadni, hogy hol legyen a függőleges pozíciója a middle-ben megadott szín
középszintjének. Ez egy 0 és 1 közötti arányszám, ahol 0 jelenti a legalsó szintet, 1
pedig a legfelsőt. Például
\setbeamertemplate{background canvas}
[vertical shading][midpoint=0.3,middle=yellow]


Ha háttérképet akar a diáknak, akkor a preambulumba írja a következőt:
\setbeamertemplate{background canvas}
{\includegraphics[width=\paperwidth]{⟨kép⟩}}
Ekkor a ⟨kép⟩ minden dia hátterén megjelenik. Ha ugyanezt egyetlen keret diáira akarja
elérni, akkor ezt kell tenni:


{\setbeamertemplate{background canvas}
{\includegraphics[width=\paperwidth]{⟨kép⟩}}
\begin{frame}
...
\end{frame}}


21.6.6. Képek


A képek beillesztése, hasonlóan a normál esethez, történhet az \includegraphics pa-
ranccsal, de itt van overlay specifikációja, melynek alapértéke <1->.
\includegraphics<⟨spec⟩>[⟨opció⟩]{⟨kép⟩}
A nem jelölt diákon nem foglalja a helyet a kép. Ez azért van így, hogy könnyebben
lehessen egy képsorozatból animációt csinálni. Például


\includegraphics<+>[width=5cm]{figure0}
\includegraphics<+>[width=5cm]{figure1}
\includegraphics<+>[width=5cm]{figure2}
\includegraphics<+>[width=5cm]{figure3}


21.6.7. Animáció


Az előző kód már tekinthető animációnak, de ha sok képből áll, akkor a kód is sok sorból
áll, ami kényelmetlen. Ez a probléma megoldható az xmpmulti csomaggal. Tegyük fel,
hogy az animáció a fig-0.png, fig-1.png, fig-2.png, . . . , fig-20.png képekből áll.
Ekkor a
\multiinclude[<+>][format=jpg,graphics={width=5cm}]{fig} ∈ xmpmulti


kód ekvivalens ezzel :
\includegraphics<+>[width=5cm]{fig-0}
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\includegraphics<+>[width=5cm]{fig-1}
\includegraphics<+>[width=5cm]{fig-2}
...
\includegraphics<+>[width=5cm]{fig-20}


Ez a megoldás kódírás szempontjából már kényelmes, de a prezentáció használata még
nem az, hiszen minden képváltáshoz léptetni kell a számítógépen. Ez a gond megoldható
például a korábban már ismertetett \transduration paranccsal is, de sokkal szebb
megoldást ad az
\animategraphics[⟨opció⟩]{⟨sebesség⟩}{⟨alapnév⟩}{⟨első⟩}{⟨utolsó⟩} ∈ animate


parancs. Ez a kód egy képsorozatot videóként fog lejátszani, feltéve, hogy ez a funkció a
pdf nézőben támogatott. Az Adobe Reader ilyen, de a SumatraPDF vagy a TeXstudio
beépített pdf-nézője nem. Ezt a parancsot csak olyan keretben használja, ahol egyetlen
dia van.


⟨sebesség⟩ Pozitív egész, ennyi kép/másodperc sebességgel játssza le.
⟨alapnév⟩ Például ha a képfájlok sorra fig0.png, fig1.png, . . . , fig20.png, akkor ide


fig kerül.
⟨első⟩ Az előző példában ide 0 kerül.
⟨utolsó⟩ Az előző példában ide 20 kerül.


A lehetséges opciók:


autoplay Az oldal megnyitásakor automatikusan indul a lejátszás.
loop A lejátszás végén automatikusan újraindul.
width=⟨szélesség⟩ A képek szélessége.
height=⟨magasság⟩ A képek magassága.
controls Lejátszó gombok jelenjenek meg.
buttonsize=⟨gombméret⟩ Lejátszó gombok mérete.
buttonbg=⟨szín⟩ Lejátszó gombok hátterének a színe.
buttonfg=⟨szín⟩ Lejátszó gombok vonalának a színe. A ⟨szín⟩ megadása szürke skálával


vagy rgb palettával történhet. Például
buttonbg=0.8 vagy buttonbg=0.36:0.08:0.88 (Ha a magyar.ldf-fet használjuk,
akkor a kettőspont aktívvá tételét ki kell kapcsolni, különben a buttonbg és
buttonfg opciók nem használhatók, csak szürke skálával.)


Az \animategraphics parancs természetesen nem csak a beamer dokumentumosztály-
ban használható, de akkor az animate mellett töltse be a graphicx csomagot is.


Animált gif közvetlenül nem építhető pdf-be. Ilyenkor a gif fájlt konvertálni kell
png képekből álló sorozatba, amely már az előző módon megjeleníthető pdf-ben is.
A konvertáláshoz használhatja például az ImageMagick programot. Telepítés után a
következő parancssorral végezheti a konvertálást:
convert -coalesce ⟨fájlnév⟩.gif ⟨fájlnév⟩.png


21.6.8. Videó


Videó is lejátszható a prezentáció egy keretén belül a következő paranccsal :
\movie[⟨opció⟩]{⟨poszter⟩}{⟨videófájl⟩} ∈ multimedia


Ügyeljen arra, hogy a videó lejátszása idegen gépen nem feltétlenül fog működni (pél-
dául, ha a lejátszáshoz szükséges codec nincs telepítve rá).



https://imagemagick.org
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Csak a lejátszás történik a pdf fájlon belül, a videó fájl nem épül be a pdf-be. Így
vetítéskor a videó fájlt be kell másolni a pdf fájl mellé.


A másik ami gondot jelenthet, hogy a pdf néző program biztonsági kockázatnak
tarthatja a videók lejátszását. Ezt külön be kell állítani vetítés előtt.


Amíg nem indul el a videó, a ⟨poszter⟩ látható a videónak kijelölt területen, hacsak
nem adta meg a poster opciót (lásd később). Erre kattintva indul a lejátszás. A ⟨poszter⟩
lehet szöveg és \includegraphics paranccsal betöltött kép is.


A lehetséges opciók:


width=⟨szélesség⟩ A videó szélessége.
height=⟨magasság⟩ A videó magassága.
poster Amíg a videó nem indul el, nem a ⟨poszter⟩ látható, hanem a videó első képkoc-


kája. Erre kattintva indul a lejátszás.
showcontrols Mutatja a videó alatt a navigációs sávot.
start=⟨idő⟩ A videó lejátszási kezdőpontjának megadása. Például start=5s azt jelenti,


hogy a lejátszási kezdőpont az 5. másodperc.
duration=⟨idő⟩ A videóból milyen hosszú részt játsszon le. Például duration=25s azt


jelenti, hogy 25 másodpercnyi részt játszik le.


Például
\movie[width=8cm,height=6cm,showcontrols,poster]{}{video.avi}


Arra is lehetőség van a label opció és \hyperlinkmovie ∈ multimedia parancs együttes
használatával, hogy a videónak különböző időintervallumait játssza le egy-egy linkre
kattintással. Ezeknek a linkeknek ugyanazon a dián kell lenniük, mint ahol a videó van.
Például
\begin{frame}
\movie[label=cimke,width=8cm,height=6cm,showcontrols,poster]{}{video.avi}
\par\medskip
\hyperlinkmovie[start=5s,duration=10s]{cimke}{5--15\,sec}
\par
\hyperlinkmovie[start=20s,duration=25s]{cimke}{20--45\,sec}
\end{frame}


Ha a videót nem a pdf fájlban, hanem csak egy linkre kattintva, külső alkalmazással
akarja lejátszani, akkor nincs szükség a multimedia csomagra:
\href{run:⟨videófájl⟩}{⟨link szövege⟩}
Ez a parancs természetesen csak akkor működik, ha a gépen az avi-hoz külső alkalmazás
van rendelve.


21.6.9. Nagyítás


Lehetőség van arra, hogy a dia egy adott területét kinagyítsa a \framezoom paranccsal.
Például a
\framezoom<1><2>[border=3](1cm,2cm)(4cm,3cm)


parancsot a keret elejére írva a következő történik. Az 1. dián meg fog jelenni egy 3 pixel
vastag keret egy 4 cm × 3 cm méretű téglalap körül, melynek a bal felső sarka 1 cm
távolságra van a szövegtükör bal oldalától és 2 cm-re a szövegtükör tetejétől. A kijelölt
terület linkként működik, rákattintva a 2. diához jutunk, melyen az előbbi kijelölt részt
láthatjuk a teljes dia méretére kinagyítva. A 2. dia teljes területe is linkként működik,
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rákattintva visszajutunk az 1. diára. (A linkek akkor fognak helyesen működni, ha teljes
képernyős üzemmódban van a pdf néző.) Például


\begin{frame}
\framezoom<2><3>[border=3](1cm,0.5cm)(5cm,3.75cm)
\framezoom<2><4>[border=3](6.2cm,0.2cm)(4.5cm,3.375cm)
\framezoom<2><5>[border=3](2cm,5cm)(4cm,3cm)
\includegraphics[width=\textwidth]{pic}
\end{frame}


létrehoz egy 5 diából álló keretet. Az 1. dián betölt egy pic.jpg képet, majd a máso-
dikon kijelöli a nagyítandó részeket. Ezekre kattintva megnézhetjük a nagyítást.


21.6.10. Kereszthivatkozások, nyomógombok


Próbálja ki a következő kódot:
\begin{frame}{Példa}
\begin{itemize}
\item<+-> 1. listaelem
\item<+-> 2. listaelem
\begin{equation}\label{egyenlet}
a^2+b^2=c^2
\end{equation}
\end{itemize}
\end{frame}


\begin{frame}
\eqref{egyenlet}
\end{frame}


Azt fogja tapasztalni, hogy az \eqref{egyenlet} által létrehozott linkre kattintva nem
az egyenlethez ugrik a prezentáció, azaz nem a „Példa” című keret 2. diájához, hanem
az 1. diájához. Ennek a problémának a megoldására kapott a \label parancs is overlay
specifikációt, melynek alapértéke <1> (ezért ugrik a link az előző esetben az 1. diára).
Így az előző kód helyesen:


\begin{frame}{Példa}
\begin{itemize}
\item<+-> 1. listaelem
\item<+-> 2. listaelem
\begin{equation}\label<2>{egyenlet}
a^2+b^2=c^2
\end{equation}
\end{itemize}
\end{frame}


\begin{frame}
\eqref{egyenlet}
\end{frame}


Ha egy keret adott diájára akar hivatkozni, akkor használja a frame környezet label
opcióját:


\begin{frame}[label=cimke]{Példa}
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\begin{itemize}
\item<+-> 1. listaelem
\item<+-> 2. listaelem
\end{itemize}
\end{frame}


\begin{frame}
\ref{cimke<2>}
\end{frame}


Ekkor a \ref{cimke<2>} létrehoz egy keretszámot tartalmazó linket, melyre kattintva
a keret 2. diájára ugrik. Ha \ref helyett a \hiperlink parancsot használja, akkor a
link szövegét mi adhatjuk meg. Például


\begin{frame}[label=cimke]{Példa}
\begin{itemize}
\item<+-> 1. listaelem
\item<+-> 2. listaelem
\end{itemize}
\end{frame}


\begin{frame}
\hyperlink{cimke<2>}{Az előző keret 2. diájára ugrás.}
\end{frame}


Linknek nemcsak szöveg, hanem nyomógomb is megadható:
\beamerbutton{⟨gomb szövege⟩}
\beamergotobutton{⟨gomb szövege⟩}
\beamerskipbutton{⟨gomb szövege⟩}
\beamerreturnbutton{⟨gomb szövege⟩}
Például az előző kód második keretét javítsa ki erre:


\begin{frame}
\hyperlink{cimke<2>}{\beamerreturnbutton{Előző keret 2. diája}}
\end{frame}


A nyomógombok szimbólumait az
\insertgotosymbol
\insertskipsymbol
\insertreturnsymbol


parancsok átdefiniálásával változtathatja meg. A gomb színeit és a szöveg betűtípusát
is átállíthatja. Például
\renewcommand{\insertgotosymbol}{$\ggg$}
\setbeamercolor{button}{fg=black,bg=yellow}
\setbeamercolor{button border}{fg=red}
\setbeamerfont{button}{family=\rmfamily,shape=\itshape,series=\bfseries}


21.6.11. Keret ismétlése


Ha egy keretet label opcióval töltötte be, akkor lehetőség van az \againframe pa-
ranccsal a keret tartalmát egy másik ponton is megjeleníteni, esetleg más overlay spe-
cifikációval, más opcióval. Például
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\begin{frame}[<+>][label=cimke]{Példa}
\begin{itemize}
\item 1. listaelem
\item 2. listaelem
\item 3. listaelem
\end{itemize}
\end{frame}
\againframe<2->[<+->][t]{cimke}







22. fejezet


A LATEX programozása


22.1. ASCII kódolás és kategória kódok


A pdflatex illetve latex fordítók először a forrás minden karakterét megvizsgálják,
és ha az benne van a következő két táblázatban – azaz ún. ASCII karakter –, akkor
megtartja, de ha nincs, akkor egy megfelelő parancsot ír be a helyére, ami már csak
ASCII karaktereket tartalmaz. Például az Ő karakter helyére berakja a \H{O} parancsot.
Ha a forrásfájl UTF-8 kódolású, akkor ezt 2018-tól alapesetben elvégzi a LATEX, illetve
korábban az inputenc csomag utf8 opcióval konvertált. Ha más kódolású a forrás,
akkor használja az inputenc csomagot a kódolásnak megfelelő opcióval.


Az ASCII kódolás 8 bites, de ebből az első 0, és csak a többi hetet variálja. Így
ASCII kódolású karakterekből 27 = 128 darab van.


Nyomtatható karakterek decimális ASCII-kódjai


karakter kód karakter kód karakter kód karakter kód
szóköz 32 8 56 P 80 h 104


! 33 9 57 Q 81 i 105
" 34 : 58 R 82 j 106
# 35 ; 59 S 83 k 107
$ 36 < 60 T 84 l 108
% 37 = 61 U 85 m 109
& 38 > 62 V 86 n 110
' 39 ? 63 W 87 o 111
( 40 @ 64 X 88 p 112
) 41 A 65 Y 89 q 113
* 42 B 66 Z 90 r 114
+ 43 C 67 [ 91 s 115
, 44 D 68 \ 92 t 116
- 45 E 69 ] 93 u 117
. 46 F 70 ^ 94 v 118
/ 47 G 71 _ 95 w 119
0 48 H 72 ` 96 x 120
1 49 I 73 a 97 y 121
2 50 J 74 b 98 z 122
3 51 K 75 c 99 { 123
4 52 L 76 d 100 | 124
5 53 M 77 e 101 } 125
6 54 N 78 f 102 ~ 126
7 55 O 79 g 103


365
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Vezérlő karakterek decimális ASCII-kódjai


leírás utalás kód
lezáró nulla ^^@ 0
fejléc kezdete ^^A 1
szöveg kezdete ^^B 2
szöveg vége ^^C 3
adatátvitel vége ^^D 4
vizsgálat ^^E 5
visszaigazolás ^^F 6
csengetés ^^G 7
visszalépés ^^H 8
vízszintes tabulátor ^^I 9
új sor ^^J 10
függőleges tabulátor ^^K 11
lapdobás ^^L 12
kocsi vissza ^^M 13
karakterkészlet váltása ^^N 14
karakterkészlet visszaállítása ^^O 15
nyers adat következik ^^P 16
eszközvezérlés 1 ^^Q 17
eszközvezérlés 2 ^^R 18
eszközvezérlés 3 ^^S 19
eszközvezérlés 4 ^^T 20
negatív visszaigazolás ^^U 21
szinkron üresjárat ^^V 22
adatátviteli blokk vége ^^W 23
mégsem ^^X 24
adathordozó vége ^^Y 25
helyettesítő karakter ^^Z 26
feloldójel ^^[ 27
állományelválasztó ^^\ 28
csoportelválasztó ^^] 29
rekordelválasztó ^^^ 30
egységelválasztó ^^_ 31
törlés ^^? 127


Nem csak vezérlő karakterekre lehet utalni ^^ után szereplő valamilyen karakterrel.
Általánosságban, ha a karakter decimális ASCII-kódja x és a karakterre utalásban a
^^ után álló karakter decimális ASCII-kódja y, akkor


x =


{
y + 64, ha y = 0, 1, . . . ,63,


y − 64, ha y = 64, 65, . . . ,127,


illetve


y =


{
x+ 64, ha x = 0, 1, . . . ,63,


x− 64, ha x = 64, 65, . . . ,127.


Például a szóköz decimális ASCII-kódja x = 32, így y = 32 + 64 = 96, amely a `
karakternek az ASCII-kódja. Tehát a szóközre a ^^` jelsorozattal utalhatunk. A ^^I-
ben az I decimális ASCII-kódja y = 73, így x = 73−64 = 9, ami a vízszintes tabulátor
decimális ASCII-kódja. Tehát a ^^I a vízszintes tabulátorra utal.


Egy ASCII-kódolású karakter decimális ASCII-kódját a következő kód tárolja:
`\⟨karakter⟩
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ahol a ⟨karakter⟩ lehet utalás is. Ha ezt ki is akarja íratni a dokumentumában, akkor
elé kell tenni a \number parancsot. Amennyiben a ` karakter aktív – ahogyan az a
magyar.ldf használatakor is van –, ezen jel elé tegye ki a \string parancsot. Például
az A betű ASCII-kódja


\number\string`\A


65


A „vízszintes tabulátor” ASCII-kódja
\number\string`\^^I


9


A LATEX-ben minden ASCII-kódolású karakternek van egy úgynevezett kategória
kódja is, amellyel ezeket 16 különböző osztályba soroljuk:


0 Parancsot bevezető karakter (alapesetben a \ jel).
1 Blokk nyitó karakter (alapesetben a { jel).
2 Blokk csukó karakter (alapesetben a } jel).
3 Sorközi matematikai módváltó karakter (alapesetben a $ jel).
4 Tabulátort jelölő karakter (alapesetben a & jel).
5 Sorvégét jelölő karakter (alapesetben a 13 ASCII-kódú „kocsi vissza” vezérlőkarak-


ter).
6 Makróparamétert jelölő karakter (alapesetben a # jel).
7 Felső indexet jelölő karakter (alapesetben a ^ jel).
8 Alsó indexet jelölő karakter (alapesetben a _ jel).
9 Figyelmen kívül hagyható karakter (plain TEX-ben ilyen a „lezáró nulla” vezérlőka-


rakter, LATEX-ben nincs ilyen).
10 Szóközt jelölő karakter (alapesetben a 9 és 32 ASCII-kódú karakterek, azaz a „víz-


szintes tabulátor” vezérlőkarakter és a szóköz).
11 Betűt jelölő karakter (alapesetben az a-tól z-ig, illetve A-tól Z-ig terjedő karakterek).
12 Egyéb karakterek (alapesetben a 10, 33, 34, 39, 40–64, 91, 93, 96, 124 ASCII-kódú


karakterek).
13 Aktív karakter, amely parancsot bevezető karakter nélkül, önmagában is parancs-


nak minősül (alapesetben a 1–8, 11, 12, 14–31, 126 ASCII-kódú karakterek, azaz
három kivételével az összes vezérlőkarakter és a ~ jel).


14 Kommentet jelölő karakter (alapesetben a % jel).
15 Érvénytelen karakter, amely fordítási hibát eredményez (alapesetben a 0 és 127


ASCII-kódú karakterek).


Az ASCII-kód ugyan 8 bites, de alapesetben az első bit mindig 0, és csak a következő 7
bitet variálja, így jön ki az összesen 27 = 128 darab karakter, melyek decimális kódjai 0-
tól 127-ig terjednek. A kiterjesztett ASCII-kódolás használja az első bitet is, így ebben
már 28 = 256 karakter szerepel 0-tól 255-ig terjedő decimális kódokkal. A LATEX a 128
és 255 közötti ASCII-kódú karakterekhez a 13 kategóriakódot rendeli.


Egy karakter kategóriakódját a következő kód tárolja:
\catcode⟨karakter ASCII-kódja⟩
ahol a ⟨karakter ASCII-kódja⟩ megadható decimális, oktális és hexadecimális formában
is. Ha oktális formát használ, akkor a ' jelet, míg ha hexadecimális formát használ,
akkor a " jelet kell elé gépelni. Ha a kategóriakódot ki akarja íratni a dokumentumában,
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akkor a \catcode elé kell írni a \number parancsot. Például a „törlés” vezérlőkarakter
kategóriakódját (15) a következő sorok bármelyike kiírja:


\number\catcode127
\number\catcode\string`\^^?
\number\catcode'177
\number\catcode"7F


Ha egy karakter kategóriakódját át szeretné állítani, akkor használja a
\catcode⟨karakter ASCII-kódja⟩=⟨kategóriakód⟩
parancsot, ahol a ⟨karakter ASCII-kódja⟩, hasonlóan az előzőekben leírtakkal, megad-
ható decimális, oktális és hexadecimális formában is. Például a „vízszintes tabulátor”
vezérlőkarakter a következő sorok bármelyikével a 10 kategóriakóddal lesz ellátva:


\catcode9=10
\catcode\string`\^^I=10
\catcode'11=10
\catcode"9=10


Az eddigi példákban azért szerepelt a \string parancs, hogy a magyarban aktív ` ka-
rakter szerepét ideiglenesen kikapcsolja. Valójában az történik, hogy a \string után
álló karakter 12 kategóriakódot kapja erre az egy esetre. Ha a \string után parancs
áll, akkor a parancsot bevezető karakter és a parancsszó minden karaktere is 12 kate-
góriakódot kapja erre az egy esetre. Tehát például


\string\TeX\TeX


esetén az első \ jel és az azt követő T e X betűk mindegyike 12 kategóriakóddal fognak
szerepelni a fordítás során, de a második \ jel már ismét 0 kategóriakódú, így az utána
következő karaktereket már parancsnak tekinti. Tehát az előző kód eredménye


\TeXTEX


22.2. Kontrollszó, token, makró


A kontrollszó (control sequence) olyan karaktersorozat, melyet egyetlen egységként ke-
zel a TEX. Ilyen például a parancs, számláló, paraméter. A TEX a beolvasott szöveges
állomány feldolgozásának első lépéseként a szöveget ún. tokenekre bontja. Ekkor a TEX
minden kontrollszót egyetlen tokenként kezel, az összes többi karaktert pedig egyetlen
tokenként továbbítja. A felesleges szóközök illetve megjegyzések nem kerülnek további
feldolgozásra. A beolvasott karaktereket kategorizálja és minden karakterhez hozzáren-
deli a kategóriakódját.


A makró egy névvel ellátott programkód. Amikor ezt a nevet meghívjuk, akkor a
TEX az adott programkódot végrehajtja. A makró neve a \ jelen kívül (pontosabban 0
belső kódolású karakteren kívül) bármilyen karaktert, sőt még szóközt is tartalmazhat.


Ha egy makrónév csak az angol ábécé betűiből és az @ karakterből áll szóközök nél-
kül, akkor azt parancsnévnek nevezzük. Egy parancsnévvel ellátott makrót úgy lehet
futtatni, hogy a parancsnév elé kell tenni a \ jelet (pontosabban 0 belső kódolású ka-
raktert). Az így kapott karaktersorozatot parancsnak nevezzük. Például a bfseries egy
parancsnév, amit a \bfseries parancs beírásával lehet végrehajtani. Belső parancsnak
nevezzük azokat a parancsokat, melyek neve tartalmaz @ karaktert.
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Bármely makró futtatható úgy, hogy a makró nevét a \csname és \endcsname pa-
rancsok közé írjuk.


Ha kíváncsi arra, hogy egy parancs hogyan lett definiálva, akkor azt írja be a
\ShowCommand{⟨parancs⟩}
kódba. Ezután a tex fájlt lefordítva a log fájlba kiíródik a ⟨parancs⟩ definíciója. Másik
lehetőség a
\meaning⟨parancs⟩
használata, amely a pdf-be írja be a ⟨parancs⟩ definícióját.
\ShowEnvironment{⟨környezet⟩}
A log fájlba kiíródik a \begin{⟨környezet⟩ és \end{⟨környezet⟩ parancsok definíciói.


22.3. Belső parancsok


A 22.2. szakaszban említett belső parancsok egy egyszerű LATEX forrásállományban
nem használhatók, csak osztály- (.cls) és csomagfájlokban (.sty). Ha mégis szeretne egy
belső parancsot használni egyszerű LATEX forrásállományban (.tex), akkor azt zárja a
\makeatletter és \makeatother parancsok közé. Ezen parancsok nem kerülhetnek új
parancsot leíró makróba. Például helytelen:


\def\hacsillag#1#2{\makeatletter\@ifstar{#1}{#2}\makeatother}% ROSSZ KÓD!


A következő kód a helyes:
\makeatletter
\def\hacsillag#1#2{\@ifstar{#1}{#2}}
\makeatother


Ügyeljen arra, hogy a \makeatletter és \makeatother parancsok nem szerepelhetnek
osztály- és csomagfájlokban.


22.4. Hosszúságparancsok


Vannak olyan parancsok, melyek hosszméreteket hordoznak. Ezek az ún. hosszúság-
parancsok. Ilyen például a \textwidth (szövegtükör szélessége), a \textheight vagy
a \pagegoal (szövegtükör magassága), illetve a \pagetotal (aktuális pozíció alapvo-
nalának és az első sor alapvonalának a távolsága). A hosszúságparancsok kezelésére a
következő parancsok használhatók:
\newlength{⟨új hosszúságparancs⟩}
Új hosszúságparancs definiálása. Ennek alapértéke 0pt. Például


\newlength{\sajathossz}


\setlength{⟨hosszúságparancs⟩}{⟨hossz⟩}
A ⟨hosszúságparancs⟩ értéke ⟨hossz⟩ lesz. Például


\setlength{\sajathossz}{2cm}


esetén az előbb definiált \sajathossz értéke 2cm lesz.
\setlength{⟨hosszúságparancs⟩}{⟨hossz⟩ plus ⟨hossz1⟩ minus ⟨hossz2⟩}
A hosszúságparancs beállítása rugalmas méretre. Például
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\setlength{\sajathossz}{15pt plus 7pt minus 3pt}


\setlength{⟨hosszúságparancs⟩}{⟨más hosszúságparancs⟩}
A ⟨hosszúságparancs⟩ átveszi a ⟨más hosszúságparancs⟩ értékét. Például


\setlength{\sajathossz}{\textwidth}


\setlength{⟨hosszúságparancs⟩}{⟨szorzó⟩⟨más hosszúságparancs⟩}
A ⟨hosszúságparancs⟩ a ⟨más hosszúságparancs⟩ értékének ⟨szorzó⟩ szorosát veszi át. Ha
rugalmas hosszt szoroztunk, akkor az rugalmatlanná válik. Például


\setlength{\sajathossz}{0.3\textwidth}


\settowidth{⟨hosszúságparancs⟩}{⟨szöveg⟩}
A ⟨hosszúságparancs⟩ felveszi a ⟨szöveg⟩ szélességét.
\settoheight{⟨hosszúságparancs⟩}{⟨szöveg⟩}
A ⟨hosszúságparancs⟩ felveszi a ⟨szöveg⟩ magasságát (az alapvonal fölötti rész magassá-
ga).
\settodepth{⟨hosszúságparancs⟩}{⟨szöveg⟩}
A ⟨hosszúságparancs⟩ felveszi a ⟨szöveg⟩ mélységét (az alapvonal alatti rész magassága).
\addtolength{⟨hosszúságparancs⟩}{⟨hossz⟩}
A ⟨hosszúságparancs⟩ értékét ⟨hossz⟩-al megnöveli. A ⟨hossz⟩ lehet negatív is, ami csök-
kenést eredményez. (Rugalmas hosszúságok is összeadhatók.)
\the⟨hosszúságparancs⟩
megadja a ⟨hosszúságparancs⟩ aktuális értékét pt-ban mérve. Például


\the\textwidth


Nézzünk egy összetettebb példát:
\newlength{\hossz}
\newlength{\melyseg}
\settoheight{\hossz}{vizsga}
\settodepth{\melyseg}{vizsga}
A vizsga szó magassága \the\hossz, mélysége \the\melyseg,
ezek összege pedig \addtolength{\hossz}{\melyseg}\the\hossz.


A vizsga szó magassága 7.96234pt, mélysége 2.33276pt, ezek összege pedig 10.2951pt.


\uselengthunit{⟨mértékegység⟩}\printlength{⟨hosszúságparancs⟩} ∈ printlen


Megadja a ⟨hosszúságparancs⟩ aktuális értékét ⟨mértékegység⟩-ben mérve. Például
\uselengthunit{cm}\printlength{\paperwidth}


A \setlength illetve \addtolength parancsokban a ⟨hossz⟩ megadása történhet szá-
molással is, melyhez a
\dimexpr ⟨dim kifejezés⟩ \relax


vagy a
\dimeval{⟨dim kifejezés⟩}
parancs használható. Egy ⟨dim kifejezés⟩ egy vagy több tagból áll, amelyeket össze kell
adni vagy ki kell vonni. Összeadás ill. kivonás jele a szokásos (+ ill. -). Egy tag egy
tényezőből áll, opcionálisan szorozva vagy osztva numerikus értékkel, amely egy egész
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számot jelent. A szorzás ill. osztás jele a programozásban megszokott (* ill. /). Egy
tényező lehet egy dimenzió típusú mennyiség (azaz vagy egy hosszúságparancs vagy egy
mértékegységgel megadott hosszúság, pl. 12mm) vagy egy zárójelben lévő részkifejezés,
ami ugyanúgy épül fel, mint a ⟨dim kifejezés⟩. Például


(\textwidth*2 + 15pt)/2 + 12pt*3 - 5mm/2


esetén a tényezők
(\textwidth*2 + 15pt)
12pt
5mm


illetve a tagok
(\textwidth*2 + 15pt)/2
12pt*3
5mm/2


ahol a \textwidth*2 + 15pt részkifejezésben a tényezők
\textwidth
15pt


és a tagok
\textwidth*2
15pt


A numerikus tényezővel történő szorzás-osztás csak utólag történhet, azaz pl. 12pt*3 jó,
de 3*12pt nem. Ugyanakkor \textwidth*2 helyett írható 2\textwidth, de 2*\textwidth
nem! A 2\textwidth alakban 2 helyett írható törtszám is, pl. 2.5\textwidth jó, de
vigyázat, \textwidth*2.5 már nem jó. A zárójelek bizonyos esetekben elhagyhatók.
Például


((\textwidth*2 + 15pt)*2)/3


helyett írható a következő is :
(\textwidth*2 + 15pt)*2/3


Ha a számolt hossz értékét ki akarja íratni, akkor a
\the\dimexpr ⟨dim kifejezés⟩ \relax


parancs használható, de a \dimeval{⟨kifejezés⟩} önmagában is megjeleníti az ered-
ményt!


A korábban említett numerikus érték megadható számolással is a következő parancsok
valamelyikével :
\numexpr ⟨num kifejezés⟩ \relax


vagy
\inteval{⟨num kifejezés⟩}
Ezek a ⟨num kifejezés⟩ legközelebbi egészre kerekített értékével térnek vissza. Ebben a
⟨num kifejezés⟩ pontosan úgy épül fel, mint a ⟨dim kifejezés⟩, annyi különbséggel, hogy itt
egy tényező lehet egy numerikus típusú mennyiség (azaz vagy egy \value paranccsal
megadott számláló értéke, melyről később lesz szó, vagy egy egész szám) vagy egy
zárójelben lévő részkifejezés, ami ugyanúgy épül fel, mint a ⟨num kifejezés⟩. Például


(\value{section}*2 + 15)/2 + 12*3 - 5/2
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A numerikus tényezővel történő szorzás-osztás csak utólag történhet, azaz például a
\value{section}*2 jó, de 2*\value{section} nem!


Ha a számolt numerikus értékét ki akarja íratni, akkor a
\the\numexpr ⟨num kifejezés⟩ \relax


parancs használható, de az \inteval{⟨num kifejezés⟩} önmagában is megjeleníti az ered-
ményt!


Most következzen egy összetettebb példa:
\newlength{\sajathossz}
\setlength{\sajathossz}{\dimeval{
(\textwidth*2 + 15pt)/\inteval{(\value{section}*2 + 15)/2 + 12*3}
+ 12pt*3 - 5mm/2}}


22.5. Szóközök méretének beállítása
A következő képlet mutatja, hogy a TEX hogyan határozza meg a szóközök méretét:


szóköz mérete =







n plus
f


1000
pn minus


1000


f
mn, ha f < 2000,


x plus
f


1000
px minus


1000


f
mx, ha f ≥ 2000,


ahol alapesetben


n = 0.333333em (6/18 em)
x = 0.444444em (8/18 em)


pn = px = 0.166666em (3/18 em)
mn = mx = 0.111111em (2/18 em)


továbbá az f az ún. szóköztényező, melynek értéke 1000-re állítódik minden vízszintes
lista elején, nem karakteres doboz után, matematikai formula után és vízszintes lista
után. A képletben a plus és minus úgy értendő, mint ahogyan azt a rugalmas térközök
megadásánál láttuk.


Minden karakternek van egy ún. szóköztényező kódja (g), amely az előző f -től füg-
gően állítja be az új f értékét a következő szabály szerint:


f =







előző f, ha g = 0,


1000, ha az előző f < 1000 < g,


g, minden más esetben.


Alapesetben minden betű és számkarakter esetén g = 1000, kivéve a nagybetűket,
amelyeknél g = 999. A pont, kérdőjel és felkiáltójel esetén g = 3000, kettőspontnál
g = 2000, pontosvesszőnél g = 1500 és vesszőnél g = 1250.


Például x. esetén az x előtt (azaz a vízszintes lista elején) f = 1000, az x után
f = g = 1000, és a pont után f = g = 3000. Mivel ez nagyobb 2000-nél, ezért ezen
pont utáni szóköz mérete


x plus
3000


1000
px minus


1000


3000
mx.
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Ugyanakkor X. esetén az X előtt (azaz a vízszintes lista elején) f = 1000, az X után
f = g = 999, és a pont után g = 3000 miatt f = 1000. Mivel ez kisebb 2000-nél, ezért
ezen pont utáni szóköz mérete


n plus
1000


1000
pn minus


1000


1000
mn.


Egy ⟨karakter⟩ szóköztényező kódja (g) a következő kóddal állítható át ⟨szám⟩ ér-
tékre:
\sfcode`⟨karakter⟩ ⟨szám⟩
Egy adott ponton a szóköztényező (f) a következő kóddal állítható át ⟨szám⟩ értékre:
\spacefactor=⟨szám⟩
ahol a ⟨szám⟩ maximális értéke 32767. Az n, pn, mn értékeit a következő módon állít-
hatja be rendre ⟨n⟩, ⟨pn ⟩, ⟨mn ⟩ értékekre:
\spaceskip=⟨n⟩ plus ⟨pn ⟩ minus ⟨mn ⟩
Az x, px, mx értékeit a következő módon állíthatja be rendre ⟨x⟩, ⟨px ⟩, ⟨mx ⟩ értékekre:
\xspaceskip=⟨x⟩ plus ⟨px ⟩ minus ⟨mx ⟩
Ha \spaceskip=0pt, akkor n, pn, mn nem változik, illetve, ha \xspaceskip=0pt, akkor
x, px, mx nem változik.


22.6. Számlálók
A LATEX számlálói egész számokat tárolnak. A beépített számlálók a következők:


part rész sorszáma
chapter fejezet sorszáma
section szakasz sorszáma
subsection alszakasz sorszáma
subsubsection al-alszakasz sorszáma
paragraph paragrafus sorszáma
subparagraph alparagrafus sorszáma
tocdepth mi kerül a tartalomjegyzékbe
secnumdepth szintek számozásának mélysége
page oldalszám
equation egyenlet sorszáma
figure ábra sorszáma
table táblázat sorszáma
enumi lista 1. szintjének sorszáma
enumii lista 2. szintjének sorszáma
enumiii lista 3. szintjének sorszáma
enumiv lista 4. szintjének sorszáma
footnote lábjegyzet sorszáma
mpfootnote lábjegyzet sorszáma minipage környezetben


A \newtheorem paranccsal létrehozott tételszerű környezet is generál egy számlálót. Pél-
dául, ha a lemma tételszerű környezetet definiáltuk, akkor annak számozására létrejön
egy lemma számláló is.


A számlálók kezelésére használt parancsok:
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\newcounter{⟨új számláló⟩}
Új számlálót definiál. Alapértéke 0.
\newcounter{⟨új számláló⟩}[⟨számláló⟩]
Új számlálót definiál. Alapértéke 0. Ha a ⟨számláló⟩ értéke megváltozik, akkor az ⟨új
számláló⟩ értéke lenullázódik.
\setcounter{⟨számláló⟩}{⟨szám⟩}
A ⟨számláló⟩ értéke ⟨szám⟩ lesz. A ⟨szám⟩ megadható a \numexpr illetve \inteval pa-
rancsokkal is (lásd a 371. oldalon).
\addtocounter{⟨számláló⟩}{⟨szám⟩}
A ⟨számláló⟩ értékét megnöveli a ⟨szám⟩ értékével, ami lehet negatív is.
\stepcounter{⟨számláló⟩}
A ⟨számláló⟩ értékét megnöveli 1-gyel.
\refstepcounter{⟨számláló⟩}
A ⟨számláló⟩ értékét megnöveli 1-gyel, továbbá, ha ezután helyezünk el egy címkét a
\label paranccsal, akkor egy erre való hivatkozás a \ref paranccsal, a ⟨számláló⟩ itteni
értékét írja ki.
\value{⟨számláló⟩}
A ⟨számláló⟩ értékének átadására használható. Például


\setcounter{secnumdepth}{\value{tocdepth}}


hatására a secnumdepth felveszi a tocdepth aktuális értékét.
\multiply\value{⟨számláló⟩} by ⟨szám⟩
A ⟨számláló⟩ értékét megszorozza a ⟨szám⟩-mal.
\divide\value{⟨számláló⟩} by ⟨szám⟩
A ⟨számláló⟩ értékét elosztja a ⟨szám⟩-mal és veszi az egész részét.
\arabic{⟨számláló⟩}
A ⟨számláló⟩ értékének kiírása arab számozással.
\Roman{⟨számláló⟩}
A ⟨számláló⟩ értékének kiírása nagy római számozással.
\roman{⟨számláló⟩}
A ⟨számláló⟩ értékének kiírása kis római számozással.
\Alph{⟨számláló⟩}
A ⟨számláló⟩ értékének kiírása nagy alfanumerikus számozással.
\alph{⟨számláló⟩}
A ⟨számláló⟩ értékének kiírása kis alfanumerikus számozással.
\greek{⟨számláló⟩} ∈ moreenum


A ⟨számláló⟩ értékének kiírása a görög ábécé kisbetűivel (α, β, γ, . . . ).
\Greek{⟨számláló⟩} ∈ moreenum


A ⟨számláló⟩ értékének kiírása a görög ábécé nagybetűivel (A, B, Γ, . . . ).
\fnsymbol{⟨számláló⟩}
A ⟨számláló⟩ értékének kiírása szimbólumokkal: ∗, †, ‡, §, ¶, ∥, ∗∗, ††, ‡‡.
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\the⟨számláló⟩
Ez a parancs a ⟨számláló⟩ létrehozásakor definiálódik, ami a ⟨számláló⟩ értékét arab
számozással írja ki. Átdefiniálható például a következőképpen:


\renewcommand{\thepage}{\roman{page}}


vagy
\renewcommand{\thesubsection}{\thesection.\arabic{subsection}}


\@addtoreset{⟨számláló1⟩}{⟨számláló2⟩}
\counterwithin*{⟨számláló1⟩}{⟨számláló2⟩}
Mindkét parancs esetén, ha a ⟨számláló2⟩ értéke megváltozik, akkor a ⟨számláló1⟩ értéke
lenullázódik.
\counterwithin[⟨számtípus⟩]{⟨számláló1⟩}{⟨számláló2⟩}
\numberwithin[⟨számtípus⟩]{⟨számláló1⟩}{⟨számláló2⟩} ∈ amsmath


Mindkét parancs esetén, ha a ⟨számláló2⟩ értéke megváltozik, akkor a ⟨számláló1⟩ értéke
lenullázódik, továbbá a \the⟨számláló1⟩ hatása \the⟨számláló2⟩.⟨számtípus⟩{⟨számláló1⟩}
lesz, ahol a ⟨számtípus⟩ egy olyan parancs, ami a szám típusát adja meg (\arabic,
\roman, \Roman). A ⟨számtípus⟩ opció alapértéke \arabic.
\counterwithout[⟨számtípus⟩]{⟨számláló1⟩}{⟨számláló2⟩}
Ezután a ⟨számláló1⟩ értéke nem nullázódik le, ha megváltozik a ⟨számláló2⟩, továbbá
a \the⟨számláló1⟩ hatása ⟨számtípus⟩{⟨számláló1⟩} lesz, ahol a ⟨számtípus⟩ egy olyan
parancs, ami a szám típusát adja meg (\arabic, \roman, \Roman). A ⟨számtípus⟩ opció
alapértéke \arabic.
\counterwithout*{⟨számláló1⟩}{⟨számláló2⟩}
Ugyanaz a hatása, mint a * nélküli verzió esetén, de ebben az esetben nem változik a
\the⟨számláló1⟩ kifejtése.


Néhány példa:
\newcounter{szamA}
\newcounter{szamB}
\numberwithin{szamB}{szamA}
\stepcounter{szamA}
\setcounter{szamB}{2}
\theszamB;
\stepcounter{szamA}
\theszamB


1.2; 2.0


\newcounter{egyik}
\newcounter{masik}
\newcounter{szorzat}
\setcounter{egyik}{5}
\setcounter{masik}{2}
\setcounter{szorzat}{\value{egyik}}
\Roman{egyik} és \Roman{masik} szorzata
\multiply\value{szorzat}by\value{masik}\Roman{szorzat}.


V és II szorzata X.
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\newcounter{szamA}
\newcounter{szamB}
\newcounter{szamC}
\setcounter{szamA}{2015}
\setcounter{szamB}{44}
\setcounter{szamC}{\value{szamA}}
\multiply\value{szamC} by \value{szamB}
\divide\value{szamC} by 100
$\theszamC=\left[\theszamA\cdot\frac{\theszamB}{100}\right]$


886 =
[
2015 · 44


100


]


22.7. Vezérlő utasítások


22.7.1. Feltételes utasítások


\if⟨kód⟩⟨igaz⟩\else⟨hamis⟩\fi
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a ⟨kód⟩ eredményében az első két ka-
rakter megegyezik-e vagy sem. Például


\if11(a)\else(b)\fi


(a)


\def\parancs{11}
\if\parancs(a)\else(b)\fi
\def\parancs{12}
\if\parancs(a)\else(b)\fi


(a) (b)


Az előző példában \def (lásd a 22.8. szakaszban) definiál egy \parancs parancsot,
melynek eredménye először 11 utána 12.


Az \if...\else...\fi típusú utasításokban az \else... rész elhagyható, ha nem
vizsgálja azt az esetet, amikor a feltétel nem teljesül. Például


\if11(a)\fi
\if12(b)\fi(c)


(a)(c)


\ifx⟨kód1⟩⟨kód2⟩⟨igaz⟩\else⟨hamis⟩\fi
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a ⟨kód1⟩ és ⟨kód2⟩ eredménye ugyanaz-e
vagy sem. Például


\def\parancsA{aaa}
\def\parancsB{aaa}
\def\parancsC{ccc}
\ifx\parancsA\parancsB(a)\else(b)\fi
\ifx\parancsA\parancsC(c)\else(d)\fi
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(a)(d)


\ifx\@onlypreamble\@notprerr⟨igaz⟩\else⟨hamis⟩\fi
Aszerint ⟨igaz⟩ vagy ⟨hamis⟩ az eredmény, hogy ez a kód a dokumentumtestben vagy a
preambulumban van.
\ifnum⟨numerikus feltétel⟩⟨igaz⟩\else⟨hamis⟩\fi
Az eredmény aszerint lesz ⟨igaz⟩ vagy ⟨hamis⟩, hogy a ⟨numerikus feltétel⟩ teljesül-e vagy
sem. Például


\ifnum\value{page}>10(a)\else(b)\fi


(a)


\ifodd⟨egész szám⟩⟨igaz⟩\else⟨hamis⟩\fi
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy az ⟨egész szám⟩ értéke páratlan vagy
páros. Például


\ifodd\value{page}(a)\else(b)\fi


(a)


\ifdim⟨hosszúság feltétel⟩⟨igaz⟩\else⟨hamis⟩\fi
Az eredmény aszerint lesz ⟨igaz⟩ vagy ⟨hamis⟩, hogy a ⟨hosszúság feltétel⟩ teljesül-e vagy
sem. Például


\ifdim 1in<2cm(a)\else(b)\fi


(b)


\ifdim\textwidth<\textheight(a)\else(b)\fi


(a)


\ifmmode⟨igaz⟩\else⟨hamis⟩\fi
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy matematikai módban vagyunk-e vagy
sem. Például


$2\ifmmode^4\else\textsuperscript5\fi$
2\ifmmode^4\else\textsuperscript5\fi


24 25


\ifpdf⟨igaz⟩\else⟨hamis⟩\fi ∈ iftex


Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a fordítás eredménye pdf vagy dvi.
\ifpdftex⟨igaz⟩\else⟨hamis⟩\fi ∈ iftex


Az eredmény akkor ⟨igaz⟩, ha a fordító latex vagy pdflatex.
\ifxetex⟨igaz⟩\else⟨hamis⟩\fi ∈ iftex


Az eredmény akkor ⟨igaz⟩, ha a fordító xelatex.
\ifluatex⟨igaz⟩\else⟨hamis⟩\fi ∈ iftex
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Az eredmény akkor ⟨igaz⟩, ha a fordító lualatex.
\iftutex⟨igaz⟩\else⟨hamis⟩\fi ∈ iftex


Az eredmény akkor ⟨igaz⟩, ha a fordító xelatex vagy lualatex.
\ifdefined⟨parancs⟩⟨igaz⟩\else⟨hamis⟩\fi
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a ⟨parancs⟩ definiált vagy sem. Például


(\ifdefined\section a\else b\fi)


(a)


\ifdefined\date⟨nyelv⟩⟨igaz⟩\else⟨hamis⟩\fi
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a babel vagy polyglossia csomaggal
betöltötte-e a ⟨nyelv⟩-et vagy sem.
\if@twoside⟨igaz⟩\else⟨hamis⟩\fi
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a dokumentumosztályt twoside opcióval
töltötte-e be vagy sem.
\ifcase⟨egész szám⟩⟨0⟩\or⟨1⟩\or⟨2⟩\or...\or⟨n⟩\else⟨n+⟩\fi
Ha az ⟨egész szám⟩ értéke például 2, akkor az eredmény ⟨2⟩, míg ha n-nél nagyobb,
akkor ⟨n+⟩. Például


\ifcase\value{page} nulla\or egy\or kettő\else sok\fi


sok


\newcounter{szam}\setcounter{szam}{7}
\ifcase\value{szam}\or
hétfő\or kedd\or szerda\or csütörtök\or péntek\or szombat\or vasárnap\fi


vasárnap


Új \if...\else...\fi típusú parancs definiálása


\newif\if⟨név⟩
ennek alapértéke hamis, vagyis ezután
\if⟨név⟩⟨igaz⟩\else⟨hamis⟩\fi
eredménye ⟨hamis⟩. Igaz értékre a következő módon állíthatja:
\⟨név⟩true
(Ez lokális hatású, ami azt jelenti, hogy ezt egy blokkban megadva, a hatása nem
érvényesül a blokkon kívül. Blokkon kívül akkor lesz hatása, azaz akkor válik globálissá,
ha elé teszi a \global parancsot.) Ezután


\if⟨név⟩⟨igaz⟩\else⟨hamis⟩\fi
eredménye ⟨igaz⟩. Visszaállítása hamisra:
\⟨név⟩false
(Ez lokális hatású. Globális használathoz tegye elé a \global parancsot.) Például


\newif\ifproba
\ifproba(a)\else(b)\fi
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\probatrue
\ifproba(c)\else(d)\fi
\probafalse
\ifproba(e)\else(f)\fi


(b)(c)(f)


Egyéb típusú feltételes utasítások


\@ifnextchar⟨karakter⟩{⟨igaz⟩}{⟨hamis⟩}
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a következő első karakter ⟨karakter⟩
vagy sem. Például


(\@ifnextchar c{a}{b}c)


(ac)


\@ifstar{⟨igaz⟩}{⟨hamis⟩}
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a következő első karakter * vagy sem.
Ha *, akkor azt elnyeli. Például


(\@ifstar{a}{b}*) (\@ifstar{a}{b}x)


(a) (bx)


\@ifundefined{⟨parancsnév⟩}{⟨igaz⟩}{⟨hamis⟩}
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a ⟨parancsnév⟩ nem definiált vagy defi-
niált. Például, mivel a \section definiált


(\@ifundefined{section}{a}{b})


(b)


\@ifclassloaded{⟨osztály⟩}{⟨igaz⟩}{⟨hamis⟩}
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy az ⟨osztály⟩ dokumentumosztályt töl-
tötte be vagy sem. Csak preambulumban használható!
\IfClassLoadedTF{⟨osztály⟩}{⟨igaz⟩}{⟨hamis⟩}
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy az ⟨osztály⟩ dokumentumosztályt töl-
tötte be vagy sem. A preambulumban és a dokumentumtestben is használható! Ez a
parancs 2021. novembere után telepített rendszerekben érhető el.
\IfClassLoadedWithOptionsTF{⟨osztály⟩}{⟨opciók⟩}{⟨igaz⟩}{⟨hamis⟩}
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy az ⟨osztály⟩ dokumentumosztályt töl-
tötte be vagy sem a megadott ⟨opciók⟩-kal. A preambulumban és a dokumentumtestben
is használható! Ez a parancs 2021. novembere után telepített rendszerekben érhető el.
\@ifpackageloaded{⟨csomag⟩}{⟨igaz⟩}{⟨hamis⟩}
Aszerint ⟨igaz⟩ vagy ⟨hamis⟩ az eredmény, hogy a ⟨csomag⟩ be volt-e korábban töltve
vagy sem. Csak preambulumban használható!
\IfPackageLoadedTF{⟨csomag⟩}{⟨igaz⟩}{⟨hamis⟩}
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Aszerint ⟨igaz⟩ vagy ⟨hamis⟩ az eredmény, hogy a ⟨csomag⟩ be volt-e korábban töltve
vagy sem. A preambulumban és a dokumentumtestben is használható! Ez a parancs
2021. novembere után telepített rendszerekben érhető el.
\IfPackageLoadedWithOptionsTF{⟨csomag⟩}{⟨opciók⟩}{⟨igaz⟩}{⟨hamis⟩}
Aszerint ⟨igaz⟩ vagy ⟨hamis⟩ az eredmény, hogy a ⟨csomag⟩ be volt-e korábban tölt-
ve vagy sem a megadott ⟨opciók⟩-kal. A preambulumban és a dokumentumtestben is
használható! Ez a parancs 2021. novembere után telepített rendszerekben érhető el.
\IfLanguageName{⟨nyelv⟩}{⟨igaz⟩}{⟨hamis⟩} ∈ iflang


Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a ⟨nyelv⟩ aktív vagy sem.
\IfFileExists{⟨fájl⟩}{⟨igaz⟩}{⟨hamis⟩}
Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a ⟨fájl⟩ létezik-e vagy sem.
\InputIfFileExists{⟨fájl⟩}{⟨igaz⟩}{⟨hamis⟩}
Ha a ⟨fájl⟩ létezik, akkor az eredmény ⟨igaz⟩, majd beolvassa a ⟨fájl⟩-t, különben az
eredmény ⟨hamis⟩.


Az ifthen csomag használata


\ifthenelse{⟨feltétel⟩}{⟨igaz⟩}{⟨hamis⟩} ∈ ifthen


Az eredmény aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a ⟨feltétel⟩ igaz vagy hamis.
\isodd{⟨szám⟩} ∈ ifthen


Az értéke aszerint igaz vagy hamis, hogy a ⟨szám⟩ értéke páratlan vagy páros.
\lengthtest{⟨hosszúság feltétel⟩} ∈ ifthen


Az értéke aszerint igaz vagy hamis, hogy a ⟨hosszúság feltétel⟩ igaz vagy hamis.
\equal{⟨szöveg1⟩}{⟨szöveg2⟩} ∈ ifthen


Az értéke aszerint lesz igaz vagy hamis, hogy a ⟨szöveg1⟩ és ⟨szöveg2⟩ megegyezik-e vagy
sem.
\not ⟨feltétel⟩ ∈ ifthen


Az értéke aszerint igaz vagy hamis, hogy a ⟨feltétel⟩ hamis vagy igaz.
⟨feltétel1⟩\and⟨feltétel2⟩ ∈ ifthen


Az értéke csak akkor igaz, ha a ⟨feltétel1⟩ és ⟨feltétel2⟩ is igaz.
⟨feltétel1⟩\or⟨feltétel2⟩ ∈ ifthen


Az értéke csak akkor igaz, ha a ⟨feltétel1⟩ vagy ⟨feltétel2⟩ valamelyike igaz.
\(⟨feltétel⟩\) ∈ ifthen


Feltételek zárójelezése.
\newboolean{⟨logikai kapcsoló⟩} ∈ ifthen


Új logikai kapcsoló definiálása. Alapértéke false (hamis).
\setboolean{⟨logikai kapcsoló⟩}{⟨logikai érték⟩} ∈ ifthen


Beállítja a ⟨logikai kapcsoló⟩ értékét. A ⟨logikai érték⟩ lehet false (hamis) vagy true
(igaz).
\boolean{⟨logikai kapcsoló⟩} ∈ ifthen


A ⟨logikai kapcsoló⟩ értékét adja meg.
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Az előző parancsok használatára nézzünk néhány példát:
\newcounter{szam}
\setcounter{szam}{2}
\ifthenelse{\value{szam}<2}{(a)}{(b)}
\ifthenelse{\isodd{szam}}{(c)}{(d)}


(b)(d)


\ifthenelse{\lengthtest{\textwidth<\textheight}}{(a)}{(b)}


(a)


\ifthenelse{\equal{haj}{háj}}{(a)}{(b)}


(b)


\newcounter{szam}
\setcounter{szam}{2}
\ifthenelse{
\(\not\value{szam}<2\and\value{szam}<11\)\or\isodd{\value{szam}}}
{$2\geq\mathtt{szam}<11$ vagy páratlan}
{Nem igaz, hogy $2\geq\mathtt{szam}<11$ vagy páratlan}


2 ≤ szam < 11 vagy páratlan


\newboolean{kapcsolo}
\ifthenelse{\boolean{kapcsolo}}{(a)}{(b)}
\setboolean{kapcsolo}{true}
\ifthenelse{\boolean{kapcsolo}}{(c)}{(d)}
\setboolean{kapcsolo}{false}
\ifthenelse{\boolean{kapcsolo}}{(e)}{(f)}


(b) (c) (f)


22.7.2. Ciklusok


A következő parancsok belső ciklus utasítások:
\@whilenum⟨numerikus feltétel⟩\do{⟨kód⟩}
Mindaddig végrehajtja a ⟨kód⟩-ot, amíg a ⟨numerikus feltétel⟩ fennáll. Például


\newcounter{szam}
\@whilenum\theszam<10\do{\stepcounter{szam}\theszam\ }


1 2 3 4 5 6 7 8 9 10


\@for\parancs:={⟨lista1⟩,⟨lista2⟩,...}\do{⟨kód⟩}
A listaelemeken végrehajtja a ⟨kód⟩-ot. Például


\@for\mitcsinal:={felkel,lenyugszik}\do{A Nap \mitcsinal. }


A Nap felkel. A Nap lenyugszik.
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A \@for parancs dokumentumtestben való használata összeakad a magyar.ldf fájl
defaults=hu-min opciójával. (Preambulumban nincs gond.) Egy lehetséges megoldás,
ha a dokumentumtestben újra definiálja a \@for parancsot:


\makeatletter
\long\def\@for#1:=#2\do#3{%
\expandafter\def\expandafter\@fortmp\expandafter{#2}%
\ifx\@fortmp\@empty \else
\expandafter\@forloop#2,\@nil,\@nil\@@#1{#3}\fi}
\makeatother


A \@for parancs helyett használható a következő is :
\renewcommand{\do}[1]{⟨kód⟩}
\docsvlist{⟨lista1⟩,⟨lista2⟩,...} ∈ etoolbox


ahol a ⟨kód⟩-ba a listaelemek helyére #1 kerül. Például
\renewcommand{\do}[1]{A Nap #1. }
\docsvlist{felkel,lenyugszik}


A Nap felkel. A Nap lenyugszik.


A következő ciklus utasítások minden korlátozás nélkül használhatók:
\loop⟨kód1⟩⟨feltétel⟩⟨kód2⟩\repeat
Kifejti a ⟨kód1⟩ kódot, majd megvizsgálja, hogy teljesül-e a ⟨feltétel⟩. Ha igen, akkor
kifejti a ⟨kód2⟩ kódot, majd kezdi az egészet elölről. Ha a ⟨feltétel⟩ nem teljesül, akkor
a ciklus lezárul. A ⟨feltétel⟩ egy \if-fel kezdődő kód, de ezt a ⟨kód2⟩ után nem \fi-vel,
hanem a \repeat paranccsal zárjuk. Például


\newcounter{szam}
\loop\theszam\ifnum\value{szam}<9\stepcounter{szam}\repeat


0123456789


\whiledo{⟨numerikus feltétel⟩}{⟨kód⟩} ∈ ifthen


Mindaddig végrehajtja a ⟨kód⟩-ot, amíg a ⟨numerikus feltétel⟩ fennáll. Például
\newcounter{szam}\setcounter{szam}{2}
\whiledo{\value{szam}<5}{\theszam\stepcounter{szam}}


234


22.8. Makrók definiálása


22.8.1. A \newcommand parancs


A LATEX már meglévő parancsai mellé sajátokat is definiálhat a \newcommand paranccsal.
\newcommand{⟨parancs⟩}{⟨kód⟩}
Ekkor a ⟨parancs⟩ hatása ⟨kód⟩ lesz. Például


\newcommand{\EKKE}{Eszterházy Károly Katolikus Egyetem}


után
\EKKE
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Eszterházy Károly Katolikus Egyetem


Paraméteres parancsok is definiálhatók:
\newcommand{⟨parancs⟩}[⟨paraméterek száma⟩]{⟨kód⟩}
A ⟨paraméterek száma⟩maximum 9 lehet. A ⟨kód⟩-ban például a 2. paraméterre #2módon
utalhat. Például


\newcommand{\ora}[2]{#1\textsuperscript{\underline{#2}}}


után
\ora{12}{45}


1245


Opcionális parancs is definiálható:
\newcommand{⟨parancs⟩}[⟨paraméterek száma⟩][⟨alapérték⟩]{⟨kód⟩}
Ekkor az első paraméter opcióvá minősül, melynek alapértéke ⟨alapérték⟩. Például


\newcommand{\ora}[2][12]{#1\textsuperscript{\underline{#2}}}


után
\ora{45}, \ora[13]{45}


1245, 1345


Ha létező parancsot akarunk \newcommand-dal átdefiniálni, akkor a fordítás ezt jelzi és
leáll. Ez azért hasznos, mert így elkerülhető a véletlen átdefiniálás.


Ha szándékosan akar átdefiniálni, akkor a \renewcommand-dal tegye, melyet pontosan
úgy kell használni, mint a \newcommand-ot.


Ha csak abban az esetben akar egy parancsot definiálni, ha az még nem léte-
zik, ugyanakkor, ha létezik, akkor nincs szándékában átdefiniálni, akkor használja a
\providecommand parancsot, amit pontosan úgy kell használni, mint a \newcommand-ot.


Ezeknek a parancsoknak van egy csillagos verziója is : \newcommand* \renewcommand*
\providecommand*. Ezeket akkor használja, ha olyan argumentumos parancsot definiál,
melynek argumentuma nem állhat több bekezdésből, azaz nem tartalmazhat üres sort
vagy \par parancsot. A használatuk módja megegyezik a nem csillagos parancsokéval.
Például


\newcommand*{\bfbox}[1]{\begingroup\normalfont\bfseries\{#1\}\endgroup}
\bfbox{szöveg\par szöveg}


esetén hibát kapunk, mert a \bfbox argumentumában \par parancs van.


Hivatkozás belső definíció argumentumára ♦ Egy parancs definíciójában lehet
másik parancsot definiálni. Hogy a külső és belső definíciók argumentumaira való hi-
vatkozások ne keveredjenek össze, az utóbbiakat ##1, ##2, stb. módon jelöljük. Például


\newcommand{\irogep}[1]{\renewcommand{\emph}[1]{\underline{##1}}%
\texttt{#1}}


\irogep{Ki van \emph{emelve}.}


Ki van emelve.
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Példák ♦ A következő példában a \greekalph{⟨számláló⟩} parancsot definiáljuk, ha-
sonlóan az \alph{⟨számláló⟩} parancshoz:


\newcommand{\greekalph}[1]{\ensuremath{%
\ifcase\value{#1}\or\alpha\or\beta\or\gamma\or\delta%
\or\varepsilon\or\zeta\or\eta\or\vartheta\or\iota\or\kappa%
\or\lambda\or\mu\or\nu\or\xi\or\varphi\or\varpi\or\varrho%
\or\varsigma\or\tau\or\upsilon\or\chi\or\psi\or\omega\fi}}


Ekkor például
\newcounter{szam}
\setcounter{szam}{4}
\greekalph{szam}


δ


Korábban említettük, hogy maximum csak 9 paraméter lehet. Ha valamiért mégis több-
re van szükség, akkor a következő példában leírtak szerint járhat el :


\newcommand{\vektor}[9]{%
\newcommand{\koordA}{#1}\newcommand{\koordB}{#2}%
\newcommand{\koordC}{#3}\newcommand{\koordD}{#4}%
\newcommand{\koordE}{#5}\newcommand{\koordF}{#6}%
\newcommand{\koordG}{#7}\newcommand{\koordH}{#8}%
\newcommand{\koordI}{#9}\vektorfolyt}
\newcommand{\vektorfolyt}[2]{%
\newcommand{\koordJ}{#1}\newcommand{\koordK}{#2}%
$(\koordA,\koordB,\koordC,\koordD,\koordE,\koordF,
\koordG,\koordH,\koordI,\koordJ,\koordK)$}


Ezután a \vektor parancsnak 9 + 2 = 11 paramétere lesz. Például
A \vektor{1}{2}{3}{4}{5}{6}{7}{8}{9}{10}{11}
második koordinátája \koordB.


A (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11) második koordinátája 2.


22.8.2. A \def parancs


Új parancsokat a Plain TEX-ben is használható \def paranccsal is létrehozhat, de ez
nem jelzi, ha létező parancsot definiál át.


\def\ora#1#2{#1\textsuperscript{\underline{#2}}}
\ora{12}{45}


1245


\def\ora(#1.#2){#1\textsuperscript{\underline{#2}}}
\ora(12.45)


1245


\def\FirstUppercase#1{\MakeUppercase#1}
\FirstUppercase{tamási} \FirstUppercase{{á}ron}
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Tamási Áron


A \def által definiált argumentumos parancs argumentumában csak egy bekezdés áll-
hat, úgy, mint a \newcommand* esetében. Ha ezt a korlátozást fel akarja oldani, akkor a
\def elé írja be a \long parancsot is. A belső definíciókban itt is ##1, ##2, stb. hivat-
kozásokat használunk.


A \def parancs esetén van még egy lehetőség, amivel különleges paraméterű paran-
csot definiálhatunk. Ennek megismeréséhez tekintsük a következő példát:


\def\foo#1#2#{1-#2-2-#1-3-}


Ebben a #2 után nem közvetlenül kezdjük el a \foo definiálását a { } jelek között,
hanem előtte van még egy # jel. Ennek hatására a definícióban a 2. paraméter nem egy
blokk lesz, hanem az 1. paraméter és az azt követő első { jel közötti kód. Tehát ezután
például a


\foo{44}55 66{77}


kifejtésében az első paraméter a \foo utáni 1. blokk, azaz 44, míg a 2. paraméter az
ezt követő első { jelig tartó kód, azaz 55 66. Így a kifejtés


1-55 66-2-44-3-77


Ha egyparaméteres parancsot definiálunk így, akkor a paraméter a parancs neve és az
azt követő első { jel közötti kód. Például


\def\foo#1#{1-#1-2-}
\foo abc def{33}


esetén a paraméter abc def. Így a kifejtése


1-abc def-2-33


Ugyanerre egy másik érdekes példa:
\def\foo#1#{1-#1}
\foo\textbf{33}


Ekkor a paraméter a \textbf parancs lesz, így a kifejtése ugyanaz lesz, mint ennek:
1-\textbf{33}


azaz


1-33


Most nézzünk egy alkalmazást:
\def\seefilename#1{\fbox{\texttt{#1}}}
\def\includegraphics#1#{\seefilename}
\includegraphics[width=5cm,angle=90]{kep.pdf}


Az \includegraphics úgy van átdefiniálva, hogy a paraméter [width=5cm,angle=90]
lesz. De a paraméter nem szerepel sehol a kifejtésben, azaz eltűnik. Így a kifejtése
ugyanaz lesz, mint ennek:


\seefilename{kep.pdf}


Ennek a kifejtése pedig
\fbox{\texttt{kep.pdf}}
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kep.pdf


Ezzel a trükkel ideiglenesen el lehet a dokumentumból tüntetni a képeket és csak a
képek fájlnevei jelennek meg bekeretezve a kép helyén. Ugyanez egyszerűbben:


\def\includegraphics#1#{}
\includegraphics[width=5cm,angle=90]{kep.pdf}


Ebben a \includegraphics úgy van átdefiniálva, hogy a paraméterét nyelje el. Így a
kifejtése


{kep.pdf}


kep.pdf


A következő példában definiált \ora parancs második paramétere opcionális, melynek
00 az alapértéke:


\makeatletter
\def\@ora#1[#2]{#1\textsuperscript{#2}\ }
\def\ora#1{\@ifnextchar[{\@ora#1}{\@ora#1[00]}}
\makeatother
\ora{11}
\ora{11}[15]


1100 1115


A következő példában definiált \eredmeny parancs első paramétere opcionális, melynek
alapértéke a második paraméter:


\makeatletter
\def\@eredmeny[#1]#2{\textbf{#1}\,:\,\textbf{#2}}
\def\@@eredmeny#1{\@eredmeny[#1]{#1}}
\def\eredmeny{\@ifnextchar[{\@eredmeny}{\@@eredmeny}}
\makeatother
\eredmeny{1}\\
\eredmeny[5]{0}


1 :1
5 :0


A következő makrókkal nem nekünk kell az összeget kiszámolni :
\newcounter{szumma}
\def\szummatag#1{\addtocounter{szumma}{#1}#1}
\def\szumma{\theszumma\setcounter{szumma}{0}}


Ezután például
\szummatag{1234} és \szummatag{367} összege \theszumma.


1234 és 367 összege 1601.


vagy
\begin{tabular}{@{}r@{}r@{}}
&\szummatag{12345}\\
&\szummatag{1234}\\
+&\szummatag{123}\\
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\hline
&\szumma
\end{tabular}


12345
1234


+ 123
13702


A következő példában egy \ifdivisible{⟨szám1⟩}{⟨szám2⟩}{⟨igaz⟩}{⟨hamis⟩} paran-
csot definiálunk, amelynek az eredménye aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a ⟨szám1⟩
osztható-e ⟨szám2⟩-vel.


\newcounter{checknum}
\def\ifdivisible#1#2#3#4{%
\setcounter{checknum}{#1}%
\divide\value{checknum}by#2\relax%
\multiply\value{checknum}by#2\relax%
\ifnum\value{checknum}=#1\relax#3\else#4\fi}


Ekkor például
\ifdivisible{20449}{143}{Osztható!}{Nem osztható!}


Osztható!


A következőkben definiálunk egy \lentounit{⟨hossz⟩} parancsot, amelynek az eredmé-
nye a ⟨hossz⟩ mértéke centiméterben.


\newlength{\unit}
\setlength{\unit}{1cm}
\def\lentounit#1{\strip@pt\dimexpr#1*\p@/\unit}


Ekkor például
1\,inch = \lentounit{1in}\,cm


1 inch = 2.54 cm


A következő példa Donald Ervin Knuth-tól származik (lásd [6]) :
\newif\ifprime \newif\ifunknown
\newcount\n \newcount\p \newcount\d \newcount\a
\def\primes#1{2,~3\n=#1 \advance\n by-2 \p=5
\loop\ifnum\n>0 \printifprime\advance\p by2 \repeat}
\def\printp{, \number\p \advance\n by -1 }
\def\printifprime{\testprimality \ifprime\printp\fi}
\def\testprimality{{\d=3 \global\primetrue
\loop\trialdivision \ifunknown\advance\d by2 \repeat}}
\def\trialdivision{\a=\p \divide\a by\d
\ifnum\a>\d \unknowntrue\else\unknownfalse\fi
\multiply\a by\d
\ifnum\a=\p \global\primefalse\unknownfalse\fi}


Ez definiálja a \primes{⟨szám⟩} parancsot, amely kiírja az első ⟨szám⟩ darab prímszá-
mot, ahol a ⟨szám⟩ értéke legalább 2. Például az első 50 prím így listázható ki :


\primes{50}
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2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89,
97, 101, 103, 107, 109, 113, 127, 131, 137, 139, 149, 151, 157, 163, 167, 173, 179, 181,
191, 193, 197, 199, 211, 223, 227, 229


22.8.3. Az \edef és \noexpand parancsok


Ha azt akarja, hogy a parancs definíciójában szereplő makró a definiálás pillanatában
érvényes értékek szerint fejtődjön ki, akkor \edef-et használjon. Például


\newcounter{szam}
\def\szamkiir{\theszam}
\edef\kiirszam{\theszam}
\setcounter{szam}{1}
\szamkiir\kiirszam


10


Ha azt akarja, hogy az \edef használatakor egy makró ne a definiáláskori értékekkel
fejtődjön ki, akkor írjon elé \noexpand parancsot. Például


\newcounter{szam}
\edef\kiirszam{\noexpand\theszam\theszam}
\setcounter{szam}{1}
\kiirszam


10


22.8.4. Az \expandafter parancs


Egy parancs \edef-fel történő definiálásában láttuk, hogy egy makró azonnali kifejtését
a \noexpand paranccsal lehet megakadályozni. Egy meghívott makró szabályozására egy
másik parancs az
\expandafter


Ez átugorja a következő tokent, veszi az azt követőt (ha ez egy argumentumos makró,
akkor veszi az argumentumokat is) majd egy mélységben kifejti. Ezután visszatér az
átugrott tokenre és a kifejtett rész elé teszi. Például


\def\a{\b}
\def\b{c}
\a
\string\a
\expandafter\string\a


Ekkor az \a kifejtése (teljes mélységben) c. A \string\a esetén a \string-et követő
\ jel meg fog jelenni a pdf-ben, majd utána egy a betű. Az \expandafter\string\a
esetén az \expandafter átugorja az utána található \string parancsot, majd az azt
követő \a parancsot kifejti egy mélységben, ami \b. Ezután elé teszi az átugrott \string
parancsot. Tehát most a \string\b fog kifejtődni, ami \b. Tehát az előző kód eredménye


c\a\b
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A következő példa a geometry csomag \newgeometry parancsára vonatkozik, amely a
lap geometriájára vonatkozó beállításokat várja kifejtett állapotban. Például


\newgeometry{top=3cm}


Ha a top=3cm egy parancsban van tárolva, akkor ez a parancs közvetlenül nem írható be
a \newgeometry-ba, mert értelmezés előtt nem fejti ki a \newgeometry. Azaz a következő
kód hibát fog jelezni :


\def\foo{top=3cm}
\newgeometry{\foo} % ROSSZ KÓD!


A megoldás a következő:
\def\foo{top=3cm}
\expandafter\newgeometry\expandafter{\foo}


A megoldásban az első \expandafter azért kell, mert különben a \newgeometry a követ-
kező \expandafter-t tekintené argumentumnak, ami hibát eredményezne. Az előző kód
működése a következő: Az első \expandafter átugorja a rákövetkező \newgeometry-t
majd kifejti egy szint mélységig az utána található második \expandafter-t. Ez átugorja
az utána található { tokent és kifejti egy szint mélységben a rákövetkező \foo parancsot,
ami top=3cm. Ezután a második \expandafter ez elé teszi a { tokent. Ezzel a második
\expandafter kifejtődött egy szint mélységig, amelynek {top=3cm az eredménye. Most
visszatér az első \expandafter-hez, hiszen az még csak ezután tudja az előbb kapott
eredmény elé tenni az átugrott \newgeometry-t. Tehát ekkor \newgeometry{top=3cm az
eredmény. Még ezután van egy } token, tehát még azt a végére rakja. Így ekkor a


\newgeometry{top=3cm}


helyes kód fejtődik ki.
A következő példában tegyük fel, hogy van egy definiált \foo parancs, amit szeret-


nénk bővíteni valamikor egy új kóddal. Elsőre következő tűnhet jó megoldásnak:
\def\foo{a}
\def\foo{\foo b}
\foo


De ebben az esetben a \foo kifejtésekor egy végtelen ciklus alakul ki, így a fordítás
hibával leáll. A kód javítása a következő módon lehetséges:


\def\foo{a}
\expandafter\def\expandafter\foo\expandafter{\foo b}
\foo


Kezdetben a \foo kifejtése az a betű, de a második sor után már bővül egy b betű-
vel, azaz ekkor ab az eredmény. Nézzük meg miért. Az első \expandafter kifejtésekor
átugorja a \def parancsot, majd kifejti az azt követő \expandafter-t. Ez átugorja az
utána levő \foo parancsot, majd kifejti az azt követő \expandafter-t. Ez átugorja az
utána található { tokent, majd kifejti az utána levő \foo parancsot, ami most az „a”
betű. Ezután a harmadik \expandafter ez elé teszi az átugrott { tokent. A második
\expandafter ez elé teszi az átugrott \foo parancsot, majd az első \expandafter ez elé
teszi az átugrott \def parancsot. Tehát most itt tart a fordítás:


\def\foo{a


Az ezután található b} kódot még hozzáfűzi, így ez fog a második körben lefordulni :
\def\foo{ab}


Ennek hatására a \foo kifejtése ab lesz.
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A következő példában tegyük fel, hogy az \aa, \bb és \cc parancsok korábbról már
definiáltak. Ekkor


\def\b{\bb}
\def\c{\cc}


után
\expandafter\expandafter\expandafter\aa\expandafter\b\c


ekvivalens a következővel :
\aa\bb\cc


Nézzük meg miért. Az első \expandafter kifejtésekor átugorja az utána található
\expandafter-t, majd az azután található \expandafter-t fejti ki. Ez átugorja az utá-
na található \aa parancsot, majd kifejti az azután álló \expandafter-t. Ez átugorja az
utána álló \b parancsot, majd kifejti egy szintű mélységben a rákövetkező \c parancsot,
ami \cc. Ezután a negyedik \expandafter ez elé teszi az átugrott \b parancsot, a har-
madik \expandafter ez elé teszi az átugrott \aa parancsot, végül az első \expandafter
ez elé teszi az átugrott második \expandafter-t. Most tehát itt tart a fordítás:


\expandafter\aa\b\cc


A következő menetben az \expandafter kifejtésekor átugorja az utána található \aa
parancsot, majd az azután található \b-t fejti ki egy szinten, ami \bb. Ezután ez elé
teszi az átugrott \aa-t :


\aa\bb


Az ezután található \cc-t még utána rakja. Tehát a harmadik fordulóban már ezt fogja
kifejteni :


\aa\bb\cc


Az utolsó példa elemzését az Olvasóra bízzuk. Tegyük fel, hogy az \aa, \bb, \cc és \dd
parancsok korábbról már definiáltak. Ekkor


\def\b{\bb}
\def\c{\cc}
\def\d{\dd}


után
\expandafter\expandafter\expandafter\expandafter
\expandafter\expandafter\expandafter\aa
\expandafter\expandafter\expandafter\b
\expandafter\c\d


ekvivalens a következővel :
\aa\bb\cc\dd


22.8.5. Parancsok másolása


Ha egy definiált parancsnak szeretne másik nevet is adni, akkor használja a \let pa-
rancsot. Például, ha azt szeretné, hogy az \oldLaTeX parancs hatása ugyanaz legyen,
mint a \LaTeX parancsnak, akkor ezt kell beírni :


\let\oldLaTeX\LaTeX


Ennek leginkább akkor van haszna, ha egy definiált parancsot az eredeti kifejtésének
segítségével szeretné átdefiniálni. Ilyenkor az eredeti parancsot menteni kell új néven és
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az átdefiniálásnál azt kell felhasználni. A következő kód például átdefiniálja a \LaTeX
parancsot úgy, hogy a LATEX logó kékkel legyen kiszedve:


\usepackage{xcolor}
\let\oldLaTeX\LaTeX
\def\LaTeX{\begingroup\color{blue}\oldLaTeX\endgroup}


Egy másik alkalmazásként a következő példában azt mutatjuk meg, hogyan lehet meg-
oldani, hogy a \section parancs kiadásakor ne a rövid cím kerüljön a fejlécbe. Írja a
következő kódot a preambulumba:


\let\oldsectionmark\sectionmark
\def\hdrsection#1{%
\def\sectionmark##1{%
\oldsectionmark{#1}%
\let\sectionmark\oldsectionmark}}


Ezután, ha egy \section parancs kiadása előtt beírja a
\hdrsection{Szakaszcím fejlécben}


parancsot, akkor a fejlécbe a rövid cím helyett a „Szakaszcím fejlécben” kerül. Értelem-
szerű módosítással alkalmazható ugyanez a \chapter illetve \subsection parancsokra
is. Ugyanennek a problémának egy másik megoldását lásd a 396. oldalon.


Az előző módszer nem működik, ha a másolandó parancsnak van opcionális argu-
mentuma vagy \DeclareRobustCommand paranccsal volt definiálva (lásd később). Ekkor
a \let helyett használja a \NewCommandCopy parancsot (vagy a letltxmacro csomag
\LetLtxMacro parancsát). Például a következő kód átdefiniálja a \section parancsot
úgy, hogy a címet csupa nagybetűvel írja ki, de a tartalomjegyzékben változatlanul
hagyja:


\makeatletter
\NewCommandCopy{\old@section}{\section}
\def\@szakasz[#1]#2{\old@section[#1]{\MakeUppercase{#2}}}
\def\@@szakasz#1{\old@section*{\MakeUppercase{#1}}}
\def\@@@szakasz#1{\@szakasz[#1]{#1}}
\def\section{\@ifnextchar[{\@szakasz}{\@ifstar{\@@szakasz}{\@@@szakasz}}}
\makeatother


Ha ezután valahol vissza akarja állítani a \section eredeti jelentését, akkor a
\makeatletter
\NewCommandCopy{\section}{\old@section}
\makeatother


parancs nem fog működni, mert az első argumentumában definiált parancs van. Ekkor
használja a \RenewCommandCopy parancsot.


\makeatletter
\RenewCommandCopy{\section}{\old@section}
\makeatother


22.8.6. Lokális és globális hatás


A \newcommand, \renewcommand, \providecommand, \def, \edef, \let és \LetLtxMacro
hatása lokális. Ez azt jelenti, hogy egy blokkban ezekkel definiált parancs nem érvé-
nyesül a blokkon kívül. Például
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\def\foo{A}
{\def\foo{B}\foo}
\foo


B A


Ha \def helyett \global\def-et, vagy annak rövid verzióját, \gdef-et ír, akkor globális
lesz a hatás, azaz annak hatásköre blokkon kívül is megmarad. Például


\def\foo{A}
{\gdef\foo{B}\foo}
\foo


B B


Az \edef globális megfelelője a \global\edef illetve az \xdef. A \let globális megfele-
lője a \global\let. A \LetLtxMacro globális megfelelője a \GlobalLetLtxMacro. (Utób-
bihoz kell a letltxmacro csomag.)


22.8.7. Makrónév definiálása


Abban az esetben, ha már a definiálandó makró nevét is valamilyen makróval kell gene-
rálni vagy olyan karaktereket tartalmaz, amely egy parancs nevében nem szerepelhet,
akkor \def\⟨makrónév⟩ kód nem alkalmas a definiálásra. Helyette használja a
\@namedef{⟨makrónév⟩}
vagy a vele ekvivalens
\expandafter\def\csname ⟨makrónév⟩\endcsname
kódot. A második esetben azért van ott az \expandafter, mert különben a \def a létező
\csname parancsot akarná átdefiniálni. A \csname és \endcsname a makrónév határait
jelöli ki. Ha az argumentumba több bekezdés is kerülhet, akkor az előző kódok elé kell
tenni a \long parancsot. Ha globális hatást akar, akkor a \global parancsot kell ezek
elé rakni. Az így definiált makrót a
\@nameuse{⟨makrónév⟩}
vagy a vele ekvivalens
\csname ⟨makrónév⟩\endcsname
módon lehet meghívni. Ha a ⟨makrónév⟩ nem definiált, akkor nem kapunk figyelmezte-
tést vagy hibaüzenetet. Például


\makeatletter
\@namedef{félkövér}#1{\textbf{#1}}
\@nameuse{félkövér}{szöveg}
\makeatother


szöveg


\makeatletter
\newcounter{foo}
\stepcounter{foo}
\@namedef{foo\thefoo}#1{\textbf{#1}}
\stepcounter{foo}
\@namedef{foo\thefoo}#1{\textit{#1}}







22.8. Makrók definiálása 393


\@nameuse{foo1}{szöveg}
\@nameuse{foo2}{szöveg}
\makeatother


szöveg szöveg


22.8.8. Mozgó argumentum, gyenge és erős parancsok


Bizonyos parancsok argumentumai a LATEX futása közben a dokumentum más részein
is megjelenhetnek. Ilyen például a \section parancs, melynek argumentuma kiíródik
a tartalomjegyzékbe és a fejlécbe is. Az ilyen argumentumot mozgó argumentumnak
nevezzük. A mozgatás során előfordulhat, hogy egy ilyen argumentumba írt parancs idő
előtt vagy rosszul hajtódik végre. Az ilyen parancsokat gyenge (fragile) parancsoknak
nevezzük. Ha egy parancs semmilyen mozgó argumentumban sem okoz problémát,
akkor azt erős (robust) parancsnak nevezzük. Ha egy gyenge parancsot kell beírni mozgó
argumentumba, akkor tegye elé a \protect parancsot.


Az eddig ismertetett eljárások gyenge parancsokat definiálnak. Erős parancs defini-
álására például a
\DeclareRobustCommand{⟨parancs⟩}[⟨paraméterek száma⟩][⟨alapérték⟩]{⟨kód⟩}
parancs használható, amit pontosan úgy kell használni, mint a \newcommand-ot, de ez
hiba helyett csak figyelmeztető üzenetet küld, ha létező parancsot definiál át. Ennek
a parancsnak is van csillagos verziója, amit akkor lehet használni, ha a ⟨kód⟩ biztosan
csak egy bekezdést generál. Ha a \def paranccsal szeretne erős parancsot definiálni,
akkor elé kell tenni a \protected parancsot. A korábban már említett


\NewCommandCopy{⟨új parancs⟩}{⟨régi parancs⟩}
parancs funkciója ugyanaz, mint a


\let⟨új parancs⟩⟨régi parancs⟩
parancsnak, de itt a régi és az új parancs is erős.


22.8.9. A \NewDocumentCommand parancs


A \newcommand-nál jóval rugalmasabb a
\NewDocumentCommand{⟨parancs⟩}{⟨argumentum specifikáció⟩}{⟨kód⟩}
parancs, mellyel erős parancsok definiálhatók. Ennek teljes dokumentációja a következő
parancssorral érhető el :
texdoc usrguide


A használatához 2020. októbere előtt telepített rendszerek esetén be kell tölteni az
xparse csomagot. Az ⟨argumentum specifikáció⟩-ban kell megadni a ⟨parancs⟩ argumentu-
mainak számát, típusát, sorrendjét. Az argumentumokba írt paraméterekre – hasonlóan
az eddigiekhez – #1, #2, . . . ,#9 módon lehet hivatkozni a ⟨kód⟩-ban. Az argumentumok
típusát jelző legfontosabb specifikációk:


m Kötelező argumentum, amely vagy egyetlen token, vagy több token { és } jelek
között. Például
\NewDocumentCommand{\ora}{ m }{#1\textsuperscript{\underline{h}}}
\NewDocumentCommand{\Ora}{ m m }{#1\textsuperscript{\underline{#2}}}
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\ora{13} \Ora{13}{45}


13h 1345


r⟨token1⟩⟨token2⟩ Hasonló mint az m, de ekkor a határolójelek ⟨token1⟩ és ⟨token2⟩
lesznek { és } helyett. Például
\NewDocumentCommand{\ora}{ m r() }{#1\textsuperscript{\underline{#2}}}
\ora{13}(45)


1345


v Verbatim argumentum. Ezzel hasonló parancsokat lehet definiálni, mint a \verb, de
itt a { és } is lehetnek határolójelek. Például
\NewDocumentCommand{\myverb}{ v }{\texttt{\color{red}#1}}
\myverb{\LaTeX}
\myverb|\LaTeXe|


\LaTeX \LaTeXe


O{⟨alapérték⟩} Opcionális argumentum, amit [ és ] jelek között kell megadni. Ha nem
adja meg, akkor az ⟨alapérték⟩ lép érvénybe. Például
\NewDocumentCommand{\ora}{ m O{00} }


{#1\textsuperscript{\underline{#2}}}
\ora{13} \ora{13}[45]


1300 1345


o Opcionális argumentum, amit [ és ] jelek között kell megadni. Nincs alapértéke,
azaz ekvivalens az O{} specifikációval.


D⟨token1⟩⟨token2⟩{⟨alapérték⟩} Opcionális argumentum, amit ⟨token1⟩ és ⟨token2⟩ jelek
között kell megadni. Ha nem adja meg, akkor az ⟨alapérték⟩ lép érvénybe. Például
\NewDocumentCommand{\ora}{ m D(){00} }


{#1\textsuperscript{\underline{#2}}}
\ora{13} \ora{13}(45)


1300 1345


d⟨token1⟩⟨token2⟩ Opcionális argumentum, amit ⟨token1⟩ és ⟨token2⟩ jelek között kell
megadni. Nincs alapértéke, azaz ekvivalens a D⟨token1⟩⟨token2⟩{} specifikációval.


E{⟨token⟩}{{⟨alapérték⟩}} Opcionális argumentum, amit ⟨token⟩{ és } jelek között kell
megadni. (Pontosabban a ⟨token⟩ utáni token lesz az opció.) Ha nem adja meg,
akkor az ⟨alapérték⟩ lép érvénybe. Például
\NewDocumentCommand{\ora}{ m E{:}{{00}} }


{#1\textsuperscript{\underline{#2}}}
\ora{13} \ora{13}:{45} \ora{13}:h


1300 1345 13h


Ha az ⟨alapérték⟩ egyetlen token, akkor nem kell dupla kapcsos zárójelek közé
tenni. Az E{⟨token1⟩}{{⟨alapérték1⟩}}E{⟨token2⟩}{{⟨alapérték2⟩}} ekvivalens a kö-
vetkezővel : E{⟨token1⟩⟨token2⟩}{{⟨alapérték1⟩}{⟨alapérték2⟩}}. Ez nemcsak kettő,
hanem több paraméterrel is megtehető hasonló módon.
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e{⟨token⟩} Opcionális argumentum, amit ⟨token⟩{ és } jelek között kell megadni. (Pon-
tosabban a ⟨token⟩ utáni token lesz az opció.) Nincs alapértéke, azaz ekvivalens az
E{⟨token⟩}{} specifikációval. Az e{⟨token1⟩}e{⟨token2⟩} ekvivalens a következővel :
e{⟨token1⟩⟨token2⟩}. Ez nemcsak kettő, hanem több paraméterrel is megtehető
hasonló módon.


s Ezzel lehet egy parancs csillagos verzióját definiálni. Ekkor a ⟨kód⟩-ban elhelyezett
\IfBooleanTF{#⟨n⟩}{⟨igaz⟩}{⟨hamis⟩}
\IfBooleanT{#⟨n⟩}{⟨igaz⟩}
\IfBooleanF{#⟨n⟩}{⟨hamis⟩}
parancsok valamelyikének használatával a ⟨parancs⟩ csillagos verziója esetén az
⟨igaz⟩, ellenkező esetben pedig a ⟨hamis⟩ fejtődik ki. Itt ⟨n⟩ azt jelöli, hogy az s
hanyadik (legtöbbször első) paraméter. Például
\NewDocumentCommand{\ora}{ s m m }


{\IfBooleanTF{#1}{#2\textsuperscript{\underline{#3}}}{#2:#3}}
\ora{13}{45}
\ora*{13}{45}


13:45 1345


t⟨token⟩ Ez pontosan úgy használható, mint az s specifikáció, de ekkor * helyett ⟨token⟩
használható. Például
\NewDocumentCommand{\ora}{ t! m m }


{\IfBooleanTF{#1}{#2\textsuperscript{\underline{#3}}}{#2:#3}}
\ora{13}{45}
\ora!{13}{45}


13:45 1345


Hasonlóan a \newcommand* parancshoz, ezen specifikációkkal egy bekezdésből álló argu-
mentumok definiálhatók. Ha bármelyik elé még egy + jelet is ír, akkor az argumentum
több bekezdésből is állhat (+m, +r(), +O{1}, +v, stb.). Például


\NewDocumentCommand{\foo}{ +m }{\color{red}#1}
\foo{szöveg\par szöveg}


Amennyiben az argumentumba írt kód elején és végén található szóközöket nem akarja
figyelembe venni, akkor a specifikáció elé írja be a
>{\TrimSpaces}


kódot. Például
\NewDocumentCommand{\myframebox}{ m }{\fbox{#1}}
\NewDocumentCommand{\mytrimframebox}{ >{\TrimSpaces}m }{\fbox{#1}}
\myframebox{ szöveg }
\mytrimframebox{ szöveg }


szöveg szöveg


Ha egy kódban tesztelni szeretné, hogy az ⟨n⟩-edik argumentum, amit o, d vagy e
specifikációval definiáltunk, üres-e vagy sem, akkor használja a következő parancsokat:
\IfNoValueTF{#⟨n⟩}{⟨üres⟩}{⟨nem üres⟩}
\IfNoValueT{#⟨n⟩}{⟨üres⟩}
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\IfNoValueF{#⟨n⟩}{⟨nem üres⟩}
vagy
\IfValueTF{#⟨n⟩}{⟨nem üres⟩}{⟨üres⟩}
\IfValueT{#⟨n⟩}{⟨nem üres⟩}
\IfValueF{#⟨n⟩}{⟨üres⟩}
Az m, r, v specifikációkkal definiált ⟨n⟩-edik argumentum tesztelése arra, hogy üres-e
vagy sem:
\IfBlankTF{#⟨n⟩}{⟨üres⟩}{⟨nem üres⟩}
\IfBlankT{#⟨n⟩}{⟨üres⟩}
\IfBlankF{#⟨n⟩}{⟨nem üres⟩}
Ha létező parancsot akar \NewDocumentCommand-dal átdefiniálni, akkor a fordítás hibával
leáll. Ha szándékosan akar átdefiniálni egy parancsot, akkor a
\RenewDocumentCommand


paranccsal tegye. Ha csak abban az esetben akar egy parancsot definiálni, ha az még
nem létezik, ugyanakkor, ha létezik, akkor nincs szándékában átdefiniálni, akkor hasz-
nálja a
\ProvideDocumentCommand


parancsot. Ha egy parancsot minden esetben akar definiálni, akár létezik már akár nem,
akkor használja a
\DeclareDocumentCommand


parancsot. Ezeket pontosan úgy kell használni, mint a \NewDocumentCommand parancsot.
Amennyiben erős helyett gyenge parancsot akar definiálni, mint a \newcommand,


akkor az előző parancsok neveiben a Document elé be kell szúrni a Expandable szót:
\NewExpandableDocumentCommand
\RenewExpandableDocumentCommand
\ProvideExpandableDocumentCommand
\DeclareExpandableDocumentCommand


Ezeket pontosan úgy kell használni, mint a \NewDocumentCommand parancsot.


Mutatunk egy összetett példát, ami a \section parancsot úgy definiálja át, hogy
külön rövid cím kerülhessen a tartalomjegyzékbe és a fejlécbe:


\NewCommandCopy{\oldsection}{\section}
\let\oldsectionmark\sectionmark
\RenewDocumentCommand{\section}{ s O{#3} m O{#2} }{%
\IfBooleanTF{#1}{\oldsection*{#3}}{%
\IfNoValueTF{#4}{\oldsection[#2]{#3}}{%
\def\sectionmark##1{}\oldsection[#2]{#3}%
\let\sectionmark\oldsectionmark\sectionmark{#4}}}}


Fontos, hogy az \oldsectionmark parancs bevezetése nélkül az utolsó előtti sort blokkba
kellene zárni, ami azért nem jó megoldás, mert akkor a környező térközök nem lesznek
megfelelőek. Ezután a \section parancsot a következő módon lehet használni :
\section[⟨tartalomjegyzék⟩]{⟨szöveg⟩}[⟨fejléc⟩]
A ⟨tartalomjegyzék⟩ alapértéke ⟨szöveg⟩, illetve a ⟨fejléc⟩ alapértéke ⟨tartalomjegyzék⟩. En-
nek hatására a ⟨szöveg⟩ jelenik meg szakaszcímként a szövegben, ⟨tartalomjegyzék⟩ jelenik
meg szakaszcímként a tartalomjegyzékben és ⟨fejléc⟩ jelenik meg szakaszcímként a fej-
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lécben. Értelemszerű módosításokkal hasonlóan át lehet definiálni a \chapter illetve
\subsection parancsokat is.


22.8.10. Az etoolbox csomag


Erős parancsok definiálására használható eszköz az etoolbox csomag. Itt csak megem-
lítünk néhány lehetőséget a teljesség igénye nélkül.
\newrobustcmd{⟨parancs⟩}[⟨paraméterek száma⟩][⟨alapérték⟩]{⟨kód⟩} ∈ etoolbox


Ez pontosan úgy használható, mint a \DeclareRobustCommand, de ez hibával leáll a
fordítás során, ha létező parancsot definiál át. Ennek is van csillagos verziója ugyanazzal
a céllal, mint a \newcommand* esetén. A definiált \⟨parancs⟩ erős lesz, de a védelmi
mechanizmusa más, mint a \DeclareRobustCommand parancs esetén.
\renewrobustcmd{\⟨parancs⟩}[⟨paraméterek száma⟩][⟨alapérték⟩]{⟨kód⟩} ∈ etoolbox


A létező \⟨parancs⟩-ot lehet ezzel átdefiniálni. Az átdefiniált parancs erős lesz. Ennek
is van csillagos verziója.
\providerobustcmd{⟨parancs⟩}[⟨paraméterek száma⟩][⟨alapérték⟩]{⟨kód⟩} ∈ etoolbox


Korábban még nem definiált \⟨parancs⟩ esetén ugyanazt csinálja, mint a \newrobustcmd.
Ha \⟨parancs⟩ már létezik, akkor nem csinál semmit. Ennek is van csillagos verziója.
\robustify{⟨parancs⟩} ∈ etoolbox


A \⟨parancs⟩-ot átalakítja az ε-TEX védelmi mechanizmusával ellátott erős paranccsá.
Ha van a \⟨parancs⟩-nak argumentuma, azt ebben nem szabad megadni.
\protecting{⟨kód⟩} ∈ etoolbox


A ⟨kód⟩-ban található gyenge parancsok mindegyikét ellátja \protect előtaggal.
\csdef{⟨makrónév⟩} ∈ etoolbox


Azt csinálja, mint a \@namedef{⟨makrónév⟩}, de ez erős parancs.
\csgdef{⟨makrónév⟩} ∈ etoolbox


Ugyanaz, mint a \csdef, de globális hatású.
\csedef{⟨makrónév⟩} ∈ etoolbox


Az \edef\⟨makrónév⟩ helyett kell használni, ha a ⟨makrónév⟩-re ugyanaz vonatkozik,
mint a \@namedef esetében. Ez erős parancs.
\csxdef{⟨makrónév⟩} ∈ etoolbox


Ugyanaz, mint a \csedef, de globális hatású.
\cslet{⟨makrónév⟩}{⟨parancs⟩} ∈ etoolbox


Ugyanaz a funkciója, mint a \let parancsnak, de itt a ⟨makrónév⟩-re ugyanaz vonat-
kozik, mint a \@namedef esetében. Ez erős parancs. Globális hatáshoz elé kell tenni a
\global parancsot.
\letcs{⟨parancs⟩}{⟨makrónév⟩} ∈ etoolbox


Hasonló, mint a \cslet, de ebben a második argumentum a ⟨makrónév⟩.
\csletcs{⟨makrónév1⟩}{⟨makrónév2⟩} ∈ etoolbox


Hasonló, mint a \cslet, de ebben mindkét argumentum egy makrónév.
\undef⟨parancs⟩ ∈ etoolbox


A ⟨parancs⟩-ot definiálatlanná teszi. Ez erős parancs.
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\gundef⟨parancs⟩ ∈ etoolbox


Ugyanaz, mint az \undef, de globális hatású.


22.8.11. Létező parancs bővítése


Egy létező parancsot a \g@addto@macro globális hatású belső paranccsal lehet bővíteni.
Például


\def\EKKE{Eszterházy Károly}
\EKKE\\
\makeatletter
\g@addto@macro\EKKE{ Katolikus Egyetem}
\makeatother
\EKKE


Eszterházy Károly
Eszterházy Károly Katolikus Egyetem


Hasonló feladatra alkalmas az
\apptocmd{⟨parancs⟩}{⟨kód⟩}{⟨sikeres⟩}{⟨sikertelen⟩} ∈ etoolbox


parancs, amely a ⟨parancs⟩ definíciójának végéhez fűzi a ⟨kód⟩-ot. Ha ez sikeresen meg-
történt, akkor még kifejti a ⟨sikeres⟩ kódot is, ellenkező esetben pedig a ⟨sikertelen⟩
kódot. Például


\def\EKKE{Eszterházy Károly}
\EKKE\\
\apptocmd{\EKKE}{ Katolikus Egyetem}{}{}
\EKKE


Eszterházy Károly
Eszterházy Károly Katolikus Egyetem


Létező parancs definíciójának az elejére is tudunk kódot fűzni a
\pretocmd{⟨parancs⟩}{⟨kód⟩}{⟨sikeres⟩}{⟨sikertelen⟩} ∈ etoolbox


paranccsal. Például
\def\EKKE{Katolikus Egyetem}
\EKKE\\
\pretocmd{\EKKE}{Eszterházy Károly }{}{}
\EKKE


Katolikus Egyetem
Eszterházy Károly Katolikus Egyetem


22.8.12. Létező parancs egy részletének cseréje


Erre a következő parancs ad lehetőséget:
\patchcmd{⟨parancs⟩}{⟨mit⟩}{⟨mire⟩}{⟨sikeres⟩}{⟨sikertelen⟩} ∈ etoolbox


Ez a ⟨parancs⟩ definíciójában szereplő első ⟨mit⟩ kódot kicseréli a ⟨mire⟩ kódra. Ha ez
sikeresen megtörtént, akkor még kifejti a ⟨sikeres⟩ kódot is, ellenkező esetben pedig a
⟨sikertelen⟩ kódot. Például
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\def\EKKE{Eszterházy Károly Főiskola}
\EKKE\\
\patchcmd{\EKKE}{Főiskola}{Katolikus Egyetem}{}{}
\EKKE


Eszterházy Károly Főiskola
Eszterházy Károly Katolikus Egyetem


\xpatchcmd*{⟨parancs⟩}{⟨mit⟩}{⟨mire⟩}{⟨sikeres⟩}{⟨sikertelen⟩} ∈ regexpatch


Ez a ⟨parancs⟩ definíciójában szereplő összes ⟨mit⟩ kódot kicseréli a ⟨mire⟩ kódra. Ha
ez sikeresen megtörtént, akkor még kifejti a ⟨sikeres⟩ kódot is, ellenkező esetben pe-
dig a ⟨sikertelen⟩ kódot. Arra ügyelni kell, hogy – eltérően az etoolbox csomagtól –
amennyiben a ⟨parancs⟩ definíciója tartalmaz @ karaktert, akkor az \xpatchcmd paran-
csot \makeatletter és \makeatother közé kell zárni. Például


\def\EKKE{Eszterházy Károly Katolikus Egyetem}
\EKKE\\
\xpatchcmd*{\EKKE}{E}{\textbf{E}}{}{}
\xpatchcmd*{\EKKE}{K}{\textbf{K}}{}{}
\EKKE


Eszterházy Károly Katolikus Egyetem
Eszterházy Károly Katolikus Egyetem


22.8.13. Új verbatim parancs


Láttuk korábban, hogy verbatim típusú parancsot definiálni a \NewDocumentCommand
paranccsal lehetséges. Egy másik lehetőség a newverbs csomag használata. Például
\newverbcommand{\myverb}{\color{red}\rmfamily}{}


Ezután a \myverb parancs pontosan úgy használható, mint a \verb. Például
\myverb|# # \| \myverb*|# # \|


# # \ #␣#␣\


22.8.14. Új overlay specifikációval rendelkező parancs


Ha beamer osztályt használ prezentáció készítéséhez, akkor saját overlay specifikáci-
óval rendelkező parancsokat is definiálhat. Erre használhatja a \newcommand<> illetve
\renewcommand<> parancsokat. Ezek pontosan úgy működnek, mint a <> jel nélküli ver-
ziók, csak ha a definícióban n darab paraméter van (n = 0, 1, . . . ,9), akkor az kibővül
egy n+ 1-edikkel, melyben az overlay specifikáció adható meg. Például


\newcommand<>{\textblue}[1]{\textcolor#2{blue}{#1}}


vagy
\newcommand<>{\blue}{\color#1{blue}}


Az így definiált \textblue illetve \blue parancsok overlay specifikációinak alapértéke
<1->. Használatuk:
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\textblue<⟨spec⟩>{⟨szöveg⟩}
\blue<⟨spec⟩>⟨szöveg⟩


22.8.15. Új kulcs=érték típusú opcióval rendelkező parancs


Ilyen parancs például a következő:
\includegraphics[width=5cm]{imagefile}


Szokás ilyenkor a width=5cm opcióban a width-et kulcsnak, az 5cm-t pedig a kulcs érté-
kének nevezni.


Ilyen típusú parancsot 2022. június 20. után telepített/frissített TEX-rendszer ese-
tén csomag használata nélkül definiálhatunk, melyhez a következő parancsok ismerete
szükséges:
\DeclareKeys[⟨család⟩]{⟨deklarációs lista⟩}
Ezzel a lokális hatású paranccsal tud kulcs=érték típusú opciókat deklarálni.


⟨család⟩ A deklarált opciók ebbe az családba fognak tartozni. Alapértéke annak a fájl-
nak a neve kiterjesztés nélkül, amelyben a \DeclareKeys parancs végrehajtódik.
Az új kulcs=érték típusú opcióval rendelkező parancs definíciójában az opci-
ók deklarálását érdemes egy blokkon belül megtenni, mert így a lokális hatás
miatt nem keveredik más családdal. Ilyenkor elég az alapérték használata, azaz
\DeclareKeys{⟨deklarációs lista⟩}.


⟨deklarációs lista⟩ A deklarált opciók listája vesszővel elválasztva. A listaelemek szinta-
xisa:
⟨kulcs⟩.⟨típus⟩ = ⟨érték⟩
⟨kulcs⟩ A kulcs neve, melyben az angol ábécé betűi, számok és szóközök lehetnek.
⟨típus⟩ A lehetséges típusok:


code Ekkor az ⟨érték⟩ egy kód, amely a \SetKeys[⟨család⟩]{⟨opciók⟩} (lásd ké-
sőbb) parancs kiadásakor kifejtődik. Ebben a kódban a ⟨kulcs⟩ értékére
#1-ként kell utalni. Arra ügyeljen, hogy amennyiben ez egy paraméteres
parancs definíciójában szerepel, akkor #1 helyett ##1 kell, hogy ne ke-
veredjenek a változók. Ha a kód független a ⟨kulcs⟩ értékétől, akkor az
opciók megadásánál a ⟨kulcs⟩-nak nem kell adni értéket, azaz a ⟨kulcs⟩
illetve ⟨kulcs⟩=bármi ugyanazt jelenti.


if Ekkor létrejön egy \if⟨érték⟩ feltétel. A ⟨kulcs⟩ értéke true vagy false
lehet. Az opciók megadásánál ⟨kulcs⟩=true helyett írható röviden ⟨kulcs⟩
is. Ezután az
\if⟨érték⟩ ⟨igaz⟩\else ⟨hamis⟩\fi
kifejtése aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a ⟨kulcs⟩ értéke true vagy
false.


store Ekkor az ⟨érték⟩ egy még nem definiált parancs. A ⟨kulcs⟩ értéke ebben
a parancsban lesz tárolva a \SetKeys[⟨család⟩]{⟨opciók⟩} (lásd később)
parancs kiadásakor.


usage Ez akkor használható, ha ez előtt a ⟨kulcs⟩ már deklarálva volt az
előző három ⟨típus⟩ valamelyikével. Ha az ⟨érték⟩ helyére preamble kerül,
akkor a ⟨kulcs⟩ értékének a megadása csak preambulumban lehetséges.
A másik lehetséges ⟨érték⟩ a load, de erről a 23. fejezetben lesz szó.
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\SetKeys[⟨család⟩]{⟨opciók⟩}
Ezzel lehet megadni a ⟨család⟩ néven deklarált opciók értékeit az ⟨opciók⟩-ban. Hatása
lokális és többször is kiadható. Elsőnek meg kell adni az alapértelmezett értékeket. Ha
egy használatakor egy opció értékét nem adja meg, akkor a korábban felvett értéke
marad. A ⟨család⟩ alapértéke annak a fájlnak a neve kiterjesztés nélkül, amelyben a
\SetKeys parancs végrehajtódik. Az új kulcs=érték típusú opcióval rendelkező parancs
definíciójában az opciók deklarálását és ennek a parancsnak a megadását érdemes egy
blokkon belül megtenni, mert így a lokális hatás miatt nem keveredik más családdal.
Ilyenkor elég az alapérték használata, azaz \SetKeys{⟨opciók⟩}.


Mindezek könnyebben megérthetők a következő példán keresztül.


Ð \newcommand\userframebox[2][]{%
\begingroup
\DeclareKeys{
sep.code = \setlength{\fboxsep}{##1},
line width.code = \setlength{\fboxrule}{##1},
style.store = \userframeboxstyle,
inline.if = userframeboxinline }


\SetKeys{sep=3pt,line width=0.5pt,style=\bfseries,inline,#1}%
\ifuserframeboxinline\else\begin{center}\fi
\fbox{\userframeboxstyle#2}%
\ifuserframeboxinline\else\end{center}\fi
\endgroup}


Ez definiál egy \userframebox parancsot, melynek következő a hatása:
\userframebox{szöveg1}
\userframebox[sep=5pt,style=\itshape]{szöveg2}
\userframebox[style=\huge,inline=false]{szöveg3}
\userframebox[line width=2pt]{szöveg4}


szöveg1 szöveg2


szöveg3
szöveg4


Amennyiben régebbi a TEX-rendszere és még nincs definiálva a kernelben \SetKeys,
akkor használhatja a következő csomagok valamelyikét: xkeyval, expkv, expkv-def,
expkv-cs, simplekv. Most csak az utóbbival foglalkozunk. A használatához a következő
parancsok ismerete szükséges:
\setKVdefault[⟨család⟩]{⟨kulcs1⟩=⟨érték1⟩,⟨kulcs2⟩=⟨érték2⟩,...} ∈ simplekv


Ez ⟨család⟩ néven deklarálja a ⟨kulcs1⟩, ⟨kulcs2⟩ stb. kulcsokat, rendre ⟨érték1⟩, ⟨érték2⟩
stb. alapértelmezett értékekkel. A ⟨család⟩, ⟨kulcs1⟩, ⟨kulcs2⟩ stb. csak angol betűket
tartalmazhat, de a kulcsokban lehetnek szóközök is. Ha az ⟨érték1⟩, ⟨érték2⟩ stb. vala-
melyike true vagy false, akkor az adott kulcs logikai kulcsként funkcionál. Az =true
el is hagyható. Az előbbi parancs után
\useKV[⟨család⟩]{⟨kulcs1⟩} ∈ simplekv
\useKV[⟨család⟩]{⟨kulcs2⟩}



https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe261.html
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...


eredményei rendre ⟨érték1⟩, ⟨érték2⟩ stb. Ha például a ⟨kulcs1⟩ logikai kulcs, akkor
\ifboolKV[⟨család⟩]{⟨kulcs1⟩}{⟨igaz⟩}{⟨hamis⟩} ∈ simplekv


eredménye aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy az ⟨érték1⟩ true vagy false. A kulcsok
alapértékei átállíthatók a
\setKV[⟨család⟩]{⟨kulcs1⟩=⟨érték1⟩,⟨kulcs2⟩=⟨érték2⟩,...} ∈ simplekv


paranccsal. Ha valamelyik kulcs nem szerepel az opciók között, akkor annak megmarad
az éppen aktuális értéke. Például


\newcommand\userframebox[2][]{%
\setKVdefault[frame]{sep=3pt,line width=0.5pt,style=\bfseries,inline}%
\setKV[frame]{#1}%
\setlength{\fboxsep}{\useKV[frame]{sep}}%
\setlength{\fboxrule}{\useKV[frame]{line width}}%
\ifboolKV[frame]{inline}{}{\begin{center}}%
\fbox{\useKV[frame]{style}#2}%
\ifboolKV[frame]{inline}{}{\end{center}}}


definiál egy \userframebox parancsot, melynek hatása pontosan az lesz, mint az előző
példában.


22.9. Környezetek definiálása


22.9.1. A \newenvironment parancs


A LATEX már meglévő környezetei mellé sajátokat is definiálhat a \newenvironment
paranccsal :
\newenvironment{⟨név⟩}[⟨argumentumszám⟩][⟨alapérték⟩]{⟨nyitókód⟩}{⟨végkód⟩}


⟨név⟩ A környezet neve.
⟨argumentumszám⟩ Az argumentumok száma. Az ⟨n⟩-edik argumentumra #⟨n⟩ hivatko-


zik, ahol ⟨n⟩ = 1,2, . . . ,9.
⟨alapérték⟩ Az első argumentum alapértéke. Ha ez adott, akkor az első argumentum


opció lesz.
⟨nyitókód⟩ A környezet megnyitásakor hajtódik végre.
⟨végkód⟩ A környezet bezárásakor hajtódik végre. Ebben nem lehetnek #⟨n⟩ hivatkozá-


sok, azaz a környezet argumentumai.


A ⟨név⟩ környezetet nem definiálhatja, ha már létezik ilyen környezet, vagy létezik
\⟨név⟩ parancs. Viszont definiálható, ha már létezik ⟨név⟩ számláló. Ha egy már létező
környezetet akar átdefiniálni, akkor azt a \renewenvironment paranccsal teheti meg.
Ennek használata megegyezik a \newenvironment használatával.


Amikor a \newenvironment paranccsal definiál például egy ⟨név⟩ környezetet, akkor
tulajdonképpen két parancsot definiál :


\⟨név⟩ = \begin{⟨név⟩}
\end⟨név⟩ = \end{⟨név⟩}


Ez a magyarázata, hogy a ⟨végkód⟩-ban miért nem lehet #⟨n⟩ hivatkozás.


Példák ♦ Tekintsünk néhány példát.
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\newenvironment{rend}[1][Napirend]
{\noindent\textbf{#1}\\[2mm]\begin{tabular}{|r|p{5cm}|}\hline}
{\\\hline\end{tabular}\par}


Ezután
\begin{rend}
6:30 & Kelés után reggeli torna, mosakodás és étkezés.\\
7:30 & Munkába indulás.\\
\dots & \dots
\end{rend}


Napirend


6:30 Kelés után reggeli torna,
mosakodás és étkezés.


7:30 Munkába indulás.
. . . . . .


illetve
\begin{rend}[Óraterv]
8:00 & Hetes jelentése, napló beírása.\\
8:02 & Házi feladat ellenőrzése, értékelése.\\
\dots & \dots
\end{rend}


Óraterv
8:00 Hetes jelentése, napló beírá-


sa.
8:02 Házi feladat ellenőrzése, ér-


tékelése.
. . . . . .


\newenvironment{rend}[1]
{\noindent\textbf{#1}\\[2mm]\begin{tabular}{|r|p{5cm}|}\hline}
{\\\hline\end{tabular}\par}


Ezután
\begin{rend}{Óraterv}
8:00 & Hetes jelentése, napló beírása.\\
8:02 & Házi feladat ellenőrzése, értékelése.\\
\dots & \dots
\end{rend}


Óraterv
8:00 Hetes jelentése, napló beírá-


sa.
8:02 Házi feladat ellenőrzése, ér-


tékelése.
. . . . . .
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22.9.2. A \NewDocumentEnvironment parancs


Talán a legrugalmasabb megoldás környezet definiálására a
\NewDocumentEnvironment{⟨név⟩}{⟨argumentum specifikáció⟩}{⟨nyitókód⟩}{⟨végkód⟩}
parancs, melynek használatához 2020. októbere előtt telepített rendszerek esetén be
kell tölteni az xparse csomagot. Az ⟨argumentum specifikáció⟩-ban pontosan úgy lehet
megadni az argumentumokat, mint a \NewDocumentCommand parancs esetén. Az argu-
mentumokra – ellentétben a \newenvironment paranccsal – nemcsak a ⟨nyitókód⟩-ban,
hanem a ⟨végkód⟩-ban is lehet hivatkozni. Az argumentumokat a \begin{⟨név⟩} után
kell megadni. A ⟨név⟩ végére * is írható, így egy környezet csillagos verziója is defi-
niálható. Ha a környezet belsejét (testét) is argumentumként akarja kezelni, akkor az
⟨argumentum specifikáció⟩-ban utolsóként írja be a b (illetve több bekezdés esetén a +b)
specifikációt. Például


\NewDocumentEnvironment{teszt}{ m O{\today} +b }
{\fbox{\parbox{4cm}{\textbf{#1}\par#3\par(#2)}}}{}


\NewDocumentEnvironment{teszt*}{ m O{\today} +b }
{\fbox{\parbox{4cm}{\underline{#1}\par#3\par(#2)}}}{}


után
\begin{teszt}{Cím}
Szöveg\par Szöveg
\end{teszt}
\begin{teszt}{Cím}[tegnap]
Szöveg\par Szöveg
\end{teszt}


Cím
Szöveg
Szöveg
(2025. június 17.)


Cím
Szöveg
Szöveg
(tegnap)


illetve
\begin{teszt*}{Cím}
Szöveg\par Szöveg
\end{teszt*}
\begin{teszt*}{Cím}[tegnap]
Szöveg\par Szöveg
\end{teszt*}


Cím
Szöveg
Szöveg
(2025. június 17.)


Cím
Szöveg
Szöveg
(tegnap)


Ha létező környezetet akar \NewDocumentEnvironment-tel definiálni, akkor a fordítás hi-
bával leáll. Ha át akar definiálni egy környezetet, akkor a \RenewDocumentEnvironment-
tel tegye. Ha csak abban az esetben akar egy környezetet definiálni, ha az még nem
létezik, ugyanakkor, ha létezik, akkor nincs szándékában átdefiniálni, akkor használja
a \ProvideDocumentEnvironment parancsot. Ha egy környezetet minden esetben akar
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definiálni, akár létezik már akár nem, akkor használja a \DeclareDocumentEnvironment
parancsot. Ezeket pontosan úgy kell használni, mint a \NewDocumentEnvironment pa-
rancsot.


22.9.3. Új verbatim típusú környezet


Az előző módszerekkel verbatim típusú környezetet nem tud definiálni, mert az ehhez
szükséges parancsok nem tehetők más parancs argumentumába. Példaként elemezze,
hogy a következő kód, a fancyvrb csomag betöltése után, miért nem működhet:


\newenvironment{frameverb}
{\begin{Verbatim}[frame=single]}{\end{Verbatim}} % ROSSZ KÓD!


Az ilyen jellegű problémákra ad megoldást a \DefineVerbatimEnvironment ∈ fancyvrb
parancs. Használatára példaként itt van az előző kód helyes változata:


\DefineVerbatimEnvironment{frameverb}{Verbatim}{frame=single}


Verbatim környezetbe Verbatim környezet nem ágyazható be, de az előbb definiált
frameverb környezet már beágyazható Verbatim környezetbe, vagy fordítva.


Programkód környezet definiálásához használja a
\lstnewenvironment ∈ listings


parancsot, melynek használata megegyezik a \newenvironment használatával. Például
\lstnewenvironment{delphi}[1][]
{\lstset{language=Delphi,numbers=left,numberstyle=\tiny,#1}}{}


Ezután a
\begin{delphi}[⟨opció⟩]
...
\end{delphi}


és
\begin{lstlisting}[language=Delphi,numbers=left,numberstyle=\tiny,⟨opció⟩]
...
\end{lstlisting}


kódok hatása ugyanaz.


22.9.4. Új comment típusú környezet


Tegyük fel, hogy definiált egy megjegyzes tételszerű környezetet. Ha a dokumentumnak
egy olyan verzióját akarja előállítani, amelyből a megjegyzések hiányoznak, akkor azt
kell megoldani, hogy a megjegyzes környezet úgy viselkedjen, mint a comment csomag
comment környezete, azaz, hogy ennek a környezetnek a tartalmát a LATEX-fordító fi-
gyelmen kívül hagyja. Ezt tudja elérni az \excludecomment ∈ comment paranccsal, a
következő módon:


\renewenvironment{megjegyzes}{}{}
\excludecomment{megjegyzes}


Tegyük fel, hogy az előző példában a megjegyzes környezet együtt számozódik egy
tetel tételszerű környezettel. Ekkor a dokumentum eredeti verziójában és az előző
kóddal ellátott verzióban a tételek számozása nem fog megegyezni, hiszen a kiiktatott
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megjegyzéseknél a sorszám nem emelkedik. Ha ezt nem szeretné, akkor a megoldás a
\processcomment ∈ comment parancs:


\renewenvironment{megjegyzes}{}{}
\processcomment{megjegyzes}{\stepcounter{tetel}\def\ThisComment##1{}}{}{}


Ha ezen felül még a megjegyzések helyét például egy — jellel akarja megjelölni, akkor
ez a megoldás:


\renewenvironment{megjegyzes}{}{}
\processcomment{megjegyzes}
{\stepcounter{tetel}\def\ThisComment##1{}}{---}{}


Ugyanez a hatás a comment csomag nélkül is elérhető a következő módon:
\RenewDocumentEnvironment{megjegyzes}{ +b }{\stepcounter{tetel}---}{}


22.9.5. Új overlay specifikációval rendelkező környezet


A beamer dokumentumosztályban saját overlay specifikációval rendelkező környezete-
ket is definiálhat. Erre használhatja a \newenvironment<> illetve \renewenvironment<>
parancsokat. Ezek pontosan úgy működnek, mint a <> jel nélküli verziók, csak ha a de-
finícióban n darab paraméter van (n = 0, 1, . . . ,9), akkor az kibővül egy n+ 1-edikkel,
melyben az overlay specifikáció adható meg. Például


\newenvironment<>{boldornormal}
{\begin{altenv}#1{\begin{bfseries}}{\end{bfseries}}{}{}}{\end{altenv}}


Az így definiált boldornormal környezet overlay specifikáció alapértéke <1->. Haszná-
lata:


\begin{boldornormal}<⟨spec⟩>
⟨szöveg⟩
\end{boldornormal}


22.9.6. Új listakörnyezet


Saját listakörnyezet is definiálható a következő paranccsal :
\newlist{⟨listanév⟩}{⟨listatípus⟩}{⟨maximális szintszám⟩} ∈ enumitem


A ⟨listatípus⟩ lehet enumerate, itemize vagy description aszerint, hogy számozott,
számozatlan vagy leíró listát szeretnénk definiálni. A ⟨maximális szintszám⟩ azt adja
meg, hogy a definiált listát hány szint mélységig lehessen egymásba ágyazni. Ezzel
a paranccsal ⟨maximális szintszám⟩ darab számláló is létrejön ⟨listanév⟩i, ⟨listanév⟩ii,
⟨listanév⟩iii, ⟨listanév⟩iv, ⟨listanév⟩v, stb. néven, melyek a különböző szintek számlálói
lesznek. Például


\newlist{steps}{enumerate}{2}


definiál egy steps nevű számozott listakörnyezetet, amely maximum két szint mélységig
ágyazható egymásba. Ezután ennek beállítása a \setlist paranccsal pontosan úgy
történhet, mint a többi listakörnyezet esetén (lásd a 7.4. szakaszban). Például


\setlist[steps,1]{label=\textbf{\arabic*. lépés.},align=left}
\setlist[steps,2]{label=(\alph*)}


Az első szint számlálója stepsi a másodiké pedig stepsii lesz.
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22.10. Kapcsok


A kapcsok olyan pontok a parancsok vagy környezetek kódjában, ahová további kódokat
tudunk utólag beszúrni. Minden ilyen kapocsnak egyedi neve van.
\AddToHook{⟨kapocsnév⟩}{⟨kód⟩}
A ⟨kapocsnév⟩ nevű kapocshoz beszúrja a ⟨kód⟩-ot. Ha ugyanahhoz a ⟨kapocsnév⟩-hez
többször is beszúr kódokat az \AddToHook paranccsal, akkor ezek a kódok nem írják
egymást felül, hanem az adott sorrendben lesznek összefűzve.
\AddToHookNext{⟨kapocsnév⟩}{⟨kód⟩}
Ugyanazt csinálja, mint az \AddToHook, de ezután csak az első ⟨kapocsnév⟩ nevű kapocs-
nál fejti ki a ⟨kód⟩-ot, utána törlődik.
\RemoveFromHook{⟨kapocsnév⟩}
A ⟨kapocsnév⟩ nevű kapocshoz beszúrt kódokat eltávolítja.


A kapcsok kezeléséről az itt leírtaktól többet is megtudhat a következő parancssor
segítségével megnyitott pdf fájlokból:
texdoc lthooks ltpara ltshipout ltfilehook ltcmdhooks-code


22.10.1. Környezetkapcsok


A ⟨környezet⟩ nevű környezethez tartozó kapcsok a következők:
env/⟨környezet⟩/before
env/⟨környezet⟩/begin
env/⟨környezet⟩/end
env/⟨környezet⟩/after
Megjegyezzük, hogy az


\AddToHook{env/⟨környezet⟩/before}{⟨kód⟩}
\AddToHook{env/⟨környezet⟩/begin}{⟨kód⟩}
\AddToHook{env/⟨környezet⟩/end}{⟨kód⟩}
\AddToHook{env/⟨környezet⟩/after}{⟨kód⟩}


parancsok rendre ekvivalensek a következőkkel :
\BeforeBeginEnvironment{⟨környezet⟩}{⟨kód⟩} ∈ etoolbox
\AtBeginEnvironment{⟨környezet⟩}{⟨kód⟩} ∈ etoolbox
\AtEndEnvironment{⟨környezet⟩}{⟨kód⟩} ∈ etoolbox
\AfterEndEnvironment{⟨környezet⟩}{⟨kód⟩} ∈ etoolbox


Ezeknek a kapcsoknak a helye a következő kóddal szemléltethető:
\AddToHook{env/⟨környezet⟩/before}{⟨kód1⟩}
\AddToHook{env/⟨környezet⟩/begin}{⟨kód2⟩}
\AddToHook{env/⟨környezet⟩/end}{⟨kód3⟩}
\AddToHook{env/⟨környezet⟩/after}{⟨kód4⟩}
⟨kód5⟩
\begin{⟨környezet⟩}
⟨kód6⟩
\end{⟨környezet⟩}


Ennek eredménye ugyanaz lesz, mintha a következőt használta volna:
⟨kód5⟩
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⟨kód1⟩{⟨kód2⟩\begin{⟨környezet⟩}
⟨kód6⟩⟨kód3⟩
\end{⟨környezet⟩}}⟨kód4⟩


Például
\AddToHook{env/center/begin}{\bfseries}
\begin{center}
Első
\end{center}
\AddToHook{env/center/begin}{\itshape}
\begin{center}
Második
\end{center}


Első


Második


\AddToHook{env/center/begin}{\bfseries}
\begin{center}
Első
\end{center}
\RemoveFromHook{env/center/begin}
\begin{center}
Második
\end{center}


Első


Második


\AddToHook{env/center/begin}{\itshape}
\AddToHookNext{env/center/begin}{\bfseries}
\begin{center}
Első
\end{center}
\begin{center}
Második
\end{center}


Első


Második


22.10.2. Dokumentumtest-kapcsok


A document környezet nagyon speciális, ezért érdemes külön erre a környezetre kifej-
lesztett kapcsokat használni :
begindocument/before
begindocument
begindocument/end
enddocument
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Megjegyezzük, hogy az
\AddToHook{begindocument/before}{⟨kód⟩}
\AddToHook{begindocument}{⟨kód⟩}
\AddToHook{enddocument}{⟨kód⟩}
parancsok rendre ekvivalensek a következőkkel :
\AtEndPreamble{⟨kód⟩} ∈ etoolbox
\AtBeginDocument{⟨kód⟩}
\AtEndDocument{⟨kód⟩}
Ezeknek a kapcsoknak a helye a következő kóddal szemléltethető:


\AddToHook{begindocument/end}{⟨kód1⟩}
\AddToHook{begindocument/before}{⟨kód2⟩}
\AddToHook{begindocument}{⟨kód3⟩}
\AddToHook{enddocument}{⟨kód4⟩}
⟨kód5⟩
\begin{document}
⟨kód6⟩
\end{document}


Ennek eredménye ugyanaz lesz, mintha a következőt használta volna:
⟨kód5⟩
⟨kód2⟩
\begin{document}
⟨kód3⟩⟨kód1⟩⟨kód6⟩
⟨kód4⟩
\end{document}


22.10.3. Parancskapcsok


cmd/⟨parancsnév⟩/before
A \⟨parancsnév⟩ parancsot definiáló kód előtt.
cmd/⟨parancsnév⟩/after
A \⟨parancsnév⟩ parancsot definiáló kód után.


Például
\newcommand{\EKKE}{Katolikus}
1. \EKKE\\
\AddToHook{cmd/EKKE/before}{Eszterházy Károly }
2. \EKKE\\
\AddToHook{cmd/EKKE/after}{ Egyetem}
3. \EKKE


1. Katolikus
2. Eszterházy Károly Katolikus
3. Eszterházy Károly Katolikus Egyetem


22.10.4. Oldalkapcsok


shipout/before
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Minden oldal befejezése után, a következő oldal megkezdésekor.
shipout/firstpage


Az első oldal megkezdésekor, még az oldalparaméterek beállítása előtt.
shipout/lastpage


Az utolsó oldal megkezdésekor, még az oldalparaméterek beállítása előtt.
shipout/foreground


Minden oldal előtere. Például
\AddToHook{shipout/foreground}{\put(⟨hossz1⟩,-⟨hossz2⟩){⟨kód⟩}}


kiadása után minden oldal előterében megjelenik a ⟨kód⟩ által létrehozott doboz, mely-
nek bal alsó sarka ⟨hossz1⟩ távolságra van az oldal bal szélétől és ⟨hossz2⟩ távolságra
van az oldal tetejétől.
shipout/background


Minden oldal háttere.


22.10.5. Bekezdéskapcsok


para/before


A bekezdések eleje, még mielőtt áttérne horizontális módba.
para/begin


A bekezdések eleje, miután horizontális módba lépett.
para/end


A bekezdések vége, még mielőtt áttérne vertikális módba.
para/after


A bekezdések vége, miután vertikális módba lépett.


22.10.6. Fájlkapcsok


file/before


Minden fájl betöltése előtt.
file/⟨fájlnév⟩/before
A ⟨fájlnév⟩ nevű fájl betöltése előtt. A ⟨fájlnév⟩-ben a kiterjesztést is meg kell adni.
Fontos, hogy


\AddToHook{file/⟨fájlnév⟩/before}{⟨kód1⟩}
\AddToHook{file/before}{⟨kód2⟩}


esetén a ⟨fájlnév⟩ nevű fájl betöltése előtt először a ⟨kód2⟩ érvényesül és csak utána a
⟨kód1⟩. Azaz először az összes fájlra vonatkozó kódokat fejti ki és csak utána a ⟨fájlnév⟩
fájlra vonatkozókat.
file/after


Minden fájl betöltése után.
file/⟨fájlnév⟩/after
A ⟨fájlnév⟩ nevű fájl betöltése után. A ⟨fájlnév⟩-ben a kiterjesztést is meg kell adni.
Fontos, hogy
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\AddToHook{file/after}{⟨kód1⟩}
\AddToHook{file/⟨fájlnév⟩/after}{⟨kód2⟩}


esetén a ⟨fájlnév⟩ nevű fájl betöltése után először a ⟨kód2⟩ érvényesül és csak utána a
⟨kód1⟩. Azaz először a ⟨fájlnév⟩ fájlra vonatkozó kódokat fejti ki és csak utána az összes
fájlra vonatkozókat.


Az \include parancshoz tartozó kapcsok


include/before


Amikor egy fájlt betölt az \include parancs, akkor közvetlenül a fájl betöltése előtt és
után végrehajt egy \clearpage parancsot. Ez a kapocs az \include parancs esetén a
fájl betöltése előtt, de a \clearpage parancs után helyezkedik el.
include/⟨fájlnév⟩/before
Ugyanaz a helye, mint az előző kapocsnak, de csak a ⟨fájlnév⟩ nevű fájl esetén.
include/end


Minden \include parancs esetén a fájl betöltése után, de még a \clearpage parancs
előtt.
include/⟨fájlnév⟩/end
Ugyanaz a helye, mint az előző kapocsnak, de csak a ⟨fájlnév⟩ nevű fájl esetén.
include/after


Minden \include parancs esetén a fájl betöltése és a második \clearpage parancs után.
include/⟨fájlnév⟩/after
Ugyanaz a helye, mint az előző kapocsnak, de csak a ⟨fájlnév⟩ nevű fájl esetén.


Csomagkapcsok


package/before


Csomagbetöltés előtt.
package/⟨csomagnév⟩/before
Ugyanaz a helye, mint az előző kapocsnak, de csak a ⟨csomagnév⟩ nevű csomag betöl-
tésekor. A ⟨csomagnév⟩-ben a kiterjesztést nem szabad megadni, azaz például geometry
és nem geometry.sty.
package/after


Csomagbetöltés után.
package/⟨csomagnév⟩/after
Ugyanaz a helye, mint az előző kapocsnak, de csak a ⟨csomagnév⟩ nevű csomag betöl-
tésekor.


Dokumentumosztály-kapcsok


class/before


Dokumentumosztály betöltése előtt.
class/⟨osztálynév⟩/before
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Ugyanaz a helye, mint az előző kapocsnak, de csak az ⟨osztálynév⟩ nevű dokumen-
tumosztály betöltésekor. Az ⟨osztálynév⟩-ben a kiterjesztést nem szabad megadni, azaz
például aricle és nem article.cls.
class/after


Dokumentumosztály betöltése után.
class/⟨osztálynév⟩/after
Ugyanaz a helye, mint az előző kapocsnak, de csak az ⟨osztálynév⟩ nevű dokumentum-
osztály betöltésekor.


22.11. Csomag betöltésének megakadályozása
Amikor egy dokumentumosztály betölt egy olyan csomagot, amit a felhasználó nem
szeretne, akkor ezt a \documentclass parancs kiadása előtt a következő kóddal akadá-
lyozhatja meg:
\RequirePackage{scrlfile}
\PreventPackageFromLoading{⟨csomag⟩}
Amennyiben több csomag betöltését is meg akarja akadályozni, akkor a ⟨csomag⟩ he-
lyére a csomagok neveit sorolja fel vesszővel elválasztva.


Ha a preambulum egy adott pontján a letiltott csomagot mégis szeretné betölteni,
akkor ezt a következő módon teheti meg:
\ResetPreventPackageFromLoading
\RequirePackage{⟨csomag⟩}







23. fejezet


Stílusfájlok írása


Saját dokumentumosztályokat és csomagokat is összeállíthat. Akkor készítsen csoma-
got, ha az több dokumentumosztállyal is működik. Ellenkező esetben dokumentumosz-
tályt írjon. Arra is lehetőség van, hogy ezeket a fájlokat a hivatalos TEX-disztribúciók
részévé tegye. Erre vonatkozólag itt talál információt: dtxtut.pdf. A beadás itt lehet-
séges: https://ctan.org/upload.


23.1. Csomag készítése


Csomag írásánál a következőket vegye figyelembe:
– A csomag forrásfájlja legyen sty kiterjesztésű, és rakja a tex kiterjesztésű főfájl


könyvtárába.
– A csomag forrásfájlja csak ascii karaktereket tartalmazzon, így az ékezetes be-


tűket parancsként gépelje be. Ez azért kell, hogy bármilyen kódolású főfájlba be
lehessen tölteni a \usepackage paranccsal.


– A csomag forrásfájljába minden olyan parancs írható, amely a főfájl preambu-
lumában szerepelhet, egyedül a \usepackage helyett használjon \RequirePackage
parancsot. A \RequirePackage annyiban különbözik a \usepackage-tól, hogy az
a dokumentumosztály betöltése elé is kerülhet.


– A belső parancsok csomagban a \makeatletter és \makeatother parancsok nélkül
is működnek.


Egy sty kiterjesztésű fájl szerkezete a következő:
\NeedsTeXFormat{LaTeX2e}[⟨dátum1⟩]
\ProvidesPackage{⟨csomagnév⟩}[⟨dátum2⟩ ⟨verzió⟩ ⟨leírás⟩]
⟨tartalom⟩
\endinput


A ⟨dátum1⟩ a csomag használatához szükséges LATEX verzió dátuma éééé/hh/nn formá-
tumban, pl. 1999/12/01. A ⟨csomagnév⟩ az sty kiterjesztésű fájl nevével egyezik meg.
Ebben lehetőleg csak az angol ábécé betűit és számokat használjon. Tehát, ha pl. a
fájl neve sajat.sty, akkor a ⟨csomagnév⟩ helyére sajat kerül. A ⟨dátum2⟩ a csomag
publikálásának dátuma ugyanolyan formátumban, mint az előbb. A ⟨verzió⟩ a csomag
verziószáma, pl. v1.0. A ⟨leírás⟩ a csomag céljának pár szavas leírása parancsok hasz-
nálata nélkül, ASCII karakterekkel.


Csomagnak opciókat is adhat. Legyen például a sajat.sty tartalma:
\NeedsTeXFormat{LaTeX2e}[1999/12/01]
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\ProvidesPackage{sajat}[2025/06/17 v1.0 Ez a csomag csak egy pelda]
\DeclareOption{⟨opció1⟩}{⟨kód1⟩}
\DeclareOption{⟨opció2⟩}{⟨kód2⟩}
\ExecuteOptions{⟨opció1⟩}
\ProcessOptions\relax
\endinput


Ekkor a sajat csomagnak két opciója lesz: ⟨opció1⟩ (alapopció) és ⟨opció2⟩. Ha az
⟨opció2⟩ opciót használja, akkor a ⟨kód2⟩ kód lesz érvényben. Viszont akár kiadja akár
nem az ⟨opció1⟩ opciót, a ⟨kód1⟩ mindenképpen érvényben lesz. Ha az \ExecuteOptions
parancsban több opciót is megad alapopcióként, akkor azokat vesszővel kell elválasz-
tani :
\ExecuteOptions{⟨opció1⟩,⟨opció2⟩,...}
Egy csomag opciója örökíthető a saját csomagunkra is a
\PassOptionsToPackage{⟨opció⟩}{⟨csomag⟩}
paranccsal. Legyen például a sajat.sty tartalma:


\NeedsTeXFormat{LaTeX2e}[1999/12/01]
\ProvidesPackage{sajat}[2025/06/17 v1.0 Ez a csomag csak egy pelda]
\DeclareOption{hidelinks}{\PassOptionsToPackage{hidelinks}{hyperref}}
\ProcessOptions\relax
\RequirePackage{hyperref}
\endinput


Ekkor a sajat csomag opciójaként használható a hyperref csomagnak a hidelinks
opciója.


Egy opciónak értéket (számláló, hossz, sztring, logikai érték) is adhat. Ezek úgyne-
vezett kulcs=érték típusú opciók. Például a geometry és a hyperref csomagokban is
vannak ilyen opciók:


\usepackage[width=150mm]{geometry}
\usepackage[linktocpage=false,linkcolor=blue]{hyperref}


A kulcs=érték típusú opciók 2022. június 20. után telepített/frissített TEX-rendszer
esetén csomag használata nélkül definiálhatók, melyhez a következő parancsok ismerete
szükséges:
\DeclareKeys[⟨csomagnév⟩]{⟨deklarációs lista⟩}
Ezzel a lokális hatású paranccsal tud kulcs=érték típusú opciókat deklarálni, ahol a
⟨csomagnév⟩ a csomagfájl neve kiterjesztés nélkül és a ⟨deklarációs lista⟩ a deklarált
opciók listája vesszővel elválasztva. A listaelemek szintaxisa:
⟨kulcs⟩.⟨típus⟩ = ⟨érték⟩


⟨kulcs⟩ A kulcs neve, melyben az angol ábécé betűi, számok és szóközök lehetnek.
⟨típus⟩ A lehetséges típusok:


code Ekkor az ⟨érték⟩ egy kód, amely a \SetKeys[⟨csomagnév⟩]{⟨opciók⟩} (lásd
később) parancs kiadásakor kifejtődik. Ebben a kódban a ⟨kulcs⟩ értékére
#1-ként kell utalni. Ha a kód független a ⟨kulcs⟩ értékétől, akkor az opci-
ók megadásánál a ⟨kulcs⟩-nak nem kell adni értéket, azaz a ⟨kulcs⟩ illetve
⟨kulcs⟩=bármi ugyanazt jelenti.


if Ekkor létrejön egy \if⟨érték⟩ feltétel. A ⟨kulcs⟩ értéke true vagy false lehet.
Az opciók megadásánál ⟨kulcs⟩=true helyett írható röviden ⟨kulcs⟩ is. Ezután
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\if⟨érték⟩ ⟨igaz⟩\else ⟨hamis⟩\fi
kifejtése aszerint ⟨igaz⟩ vagy ⟨hamis⟩, hogy a ⟨kulcs⟩ értéke true vagy false.


store Ekkor az ⟨érték⟩ egy még nem definiált parancs. A ⟨kulcs⟩ értéke ebben
a parancsban lesz tárolva a \SetKeys[⟨csomagnév⟩]{⟨opciók⟩} (lásd később)
parancs kiadásakor.


usage Ez akkor használható, ha ez előtt a ⟨kulcs⟩ már deklarálva volt az előző
három ⟨típus⟩ valamelyikével. Ha az ⟨érték⟩ helyére preamble kerül, akkor a
⟨kulcs⟩ értékének a megadása csak preambulumban lehetséges. Ha az ⟨érték⟩
helyére load kerül, akkor a ⟨kulcs⟩ értékének a megadása csak a csomag
betöltésekor a \usepackage opciójában lehetséges.


\SetKeys[⟨csomagnév⟩]{⟨opciók⟩}
Ezzel lehet megadni a deklarált opciók értékeit az ⟨opciók⟩-ban. Hatása lokális és több-
ször is kiadható, akár a tex fájlban is. Elsőnek meg kell adni az alapértelmezett érté-
keket. Ha egy használatakor egy opció értékét nem adja meg, akkor a korábban felvett
értéke marad.
\ProcessKeyOptions


A \DeclareKeys és \SetKeys kiadása után írja ezt a parancsot. Ezzel a csomagopciók
elérhetővé válnak a betöltésükkor a \usepackage opciójában.


Legyen például a sajat.sty tartalma:
\NeedsTeXFormat{LaTeX2e}[1999/12/01]
\ProvidesPackage{sajat}[2025/06/17 v1.0 Ez a csomag csak egy pelda]


\DeclareKeys[sajat]{
redemph.if = sajat@redemph,
redemph.usage = load,
institute.store = \Institute,
parindent.code = \setlength\parindent{#1},
no hyphen.code = \hyphenpenalty10000\tolerance10000 }


\SetKeys[sajat]{redemph=false,institute=EKKE,parindent=0pt}
\ProcessKeyOptions


\RequirePackage{xcolor}
\ifsajat@redemph\DeclareEmphSequence{\color{red}\itshape,\upshape}\fi
\endinput


Ezután, ha a dokumentumban alapopciókkal tölti be a sajat.sty csomagot
\usepackage{sajat}


módon, akkor az alapopciók által megadott kódok érvényesülnek, azaz az \emph parancs
nem lesz átdefiniálva, az \Institute parancs kifejtése „EKKE” lesz, a bekezdések előtti
behúzás mértéke 0 pt és lesznek sorvégi szóelválasztások. De ha például így tölti be


\usepackage[redemph,institute={Eszterházy Károly Katolikus Egyetem},
parindent=5pt,no hyphen]{sajat}


akkor az \emph parancs dőlt piros betűkkel emel ki, az \Institute parancs kifejtése
„Eszterházy Károly Katolikus Egyetem” lesz, a bekezdések előtti behúzás mértéke 5 pt
és nem lesznek sorvégi szóelválasztások. Ugyanezek az opciók a


\SetKeys[sajat]{⟨opciók⟩}
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parancsban is megadhatók a sajat csomag betöltése után a redemph opciót kivéve.


Lehetőség van arra, hogy adott esetben a fordításnál valamilyen figyelmeztetést
küldjön a felhasználónak:
\PackageWarning{⟨csomagnév⟩}{⟨figyelmeztetés⟩}
Azt is megteheti, hogy adott esetben a fordítás leálljon egy hibaüzenettel :
\PackageError{⟨csomagnév⟩}{⟨hibaüzenet⟩}{⟨segítség⟩}
Az üzenetek szövegében a \MessageBreak paranccsal tud sort törni.
\AtEndOfPackage{⟨kód⟩}
A csomagfájlban ezt a parancsot bárhol is adja ki, a ⟨kód⟩ a fájl végén lesz végrehajtva.
Többször kiadva ezt a parancsot, a megadott kódokat egymás után fejti ki.


Amennyiben régebbi a TEX-rendszere és még nincs definiálva a kernelben \SetKeys,
akkor kulcs=érték típusú opciók definiálásához használhatja a kvoptions csomagot.
Legyen például a sajat.sty tartalma:
\NeedsTeXFormat{LaTeX2e}[1999/12/01]
\ProvidesPackage{sajat}[2025/06/17 v1.0 Ez a csomag csak egy pelda]
\RequirePackage{kvoptions}
\SetupKeyvalOptions{family=sajat,prefix=sajat@}
\DeclareVoidOption{⟨opció1⟩}{⟨kód1⟩}
\DeclareBoolOption[true]{⟨opció2⟩}
\DeclareComplementaryOption{⟨opció3⟩}{⟨opció2⟩}
\DeclareStringOption[⟨kód4⟩]{⟨opció4⟩}
\ProcessKeyvalOptions{sajat}
\ifsajat@⟨opció2⟩ ⟨kód2 igaz⟩\else⟨kód2 hamis⟩\fi
\endinput


Ez a kód az alábbiak szerint működik:


opció hatása
⟨opció1⟩ ⟨kód1⟩


⟨opció2⟩, ⟨opció2⟩=true, ⟨opció3⟩=false (alapopció) ⟨kód2 igaz⟩
⟨opció3⟩, ⟨opció3⟩=true, ⟨opció2⟩=false ⟨kód2 hamis⟩


⟨opció4⟩=⟨kód5⟩ (alapopció ⟨opció4⟩=⟨kód4⟩) \def\sajat@⟨opció4⟩{⟨kód5⟩}


Ezután, ha a dokumentumban alapopciókkal tölti be a sajat.sty csomagot
\usepackage{sajat}


akkor az alapopciók által megadott kódok érvényesülnek:
– ⟨kód2 igaz⟩
– \sajat@⟨opció4⟩ eredménye ⟨kód4⟩.


Ha például így tölti be
\usepackage[⟨opció1⟩,⟨opció2⟩=false,⟨opció4⟩=⟨kód5⟩]{sajat}


akkor a következő kódok érvényesülnek:
– ⟨kód1⟩
– ⟨kód2 hamis⟩
– \sajat@⟨opció4⟩ eredménye ⟨kód5⟩.


A sajat csomag bármelyik opciója a
\setkeys{sajat}{⟨opciók⟩}
parancsban is aktiválható, kivéve az ⟨opció2⟩.
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23.2. Dokumentumosztály készítése
Dokumentumosztály esetén hasonló az eljárás, mint a csomagnál, csak a dokumentum-
osztály forrásfájljának kiterjesztése cls és a \ProvidesPackage helyett \ProvidesClass
parancsot kell használni. Célszerű egy létező dokumentumosztályt betölteni alapnak a
\LoadClass paranccsal. Nézzük a következő példát. Legyen a sajat.cls tartalma:
\NeedsTeXFormat{LaTeX2e}[1999/12/01]
\ProvidesClass{sajat}[2025/06/17 v1.0 Ez az osztaly csak egy pelda]


\DeclareKeys[sajat]{
⟨opció⟩.if = sajat@⟨opció⟩,
⟨opció⟩.usage = load }


\SetKeys[sajat]{⟨opció⟩}
\ProcessKeyOptions


\ifsajat@⟨opció⟩ ⟨kód igaz⟩\else⟨kód hamis⟩\fi


\LoadClass[12pt,a4paper]{article}
\RequirePackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\RequirePackage[magyar]{babel}
\endinput


Ezután, ha a dokumentumban például
\documentclass[⟨opció⟩=false]{sajat}


módon tölti be a sajat.cls osztályfájlt, akkor egy 12 pt-os alap betűméretű, A4-es ol-
dalméretű, magyar tipográfiájú dokumentumot kap az article osztálynak megfelelően,
amelyben a ⟨kód hamis⟩ lesz kifejtve.


Egy dokumentumosztály opciója örökíthető a saját dokumentumosztályunkra is.
Ezt hasonlóan lehet, mint a csomagok esetében, csak ekkor \PassOptionsToPackage
helyett \PassOptionsToClass parancsot kell használni. Legyen például a sajat.cls tar-
talma:


\NeedsTeXFormat{LaTeX2e}[1999/12/01]
\ProvidesClass{sajat}[2025/06/17 v1.0 Ez az osztaly csak egy pelda]
\DeclareKeys[sajat]{
11pt.code = \PassOptionsToClass{11pt}{article},
11pt.usage = load,
12pt.code = \PassOptionsToClass{12pt}{article},
12pt.usage = load }


\ProcessKeyOptions
\LoadClass[a4paper]{article}
\endinput


Ekkor a sajat dokumentumosztály opciójaként használható az article dokumentum-
osztály 11pt és 12pt opciói.


Lehetőség van arra, hogy adott esetben a fordításnál valamilyen figyelmeztetést
küldjön a felhasználónak:
\ClassWarning{⟨osztálynév⟩}{⟨figyelmeztetés⟩}
Azt is megteheti, hogy adott esetben a fordítás leálljon egy hibaüzenettel :
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\ClassError{⟨osztálynév⟩}{⟨hibaüzenet⟩}{⟨segítség⟩}
Az üzenetek szövegében a \MessageBreak paranccsal tud sort törni.
\AtEndOfClass{⟨kód⟩}
Az osztályfájlban ezt a parancsot bárhol is adja ki, a ⟨kód⟩ a fájl végén lesz végrehajtva.
Többször kiadva ezt a parancsot, a megadott kódokat egymás után fejti ki.







24. fejezet


Fontok kiválasztása


Ebben a fejezetben tárgyalt fontkiválasztási metódus csak a latex illetve pdflatex for-
dítók használatának esetére vonatkozik.


A betűváltozatok osztályozásáról a 4.4.1. alszakaszban volt szó. Most azt vizsgáljuk,
hogy az alapbeállításoktól eltérő fontokat hogyan választhatjuk ki. Ebben segítségére
lehet még a The LATEX Font Catalogue internetes oldal és az fntguide.pdf fájl is.


A LATEX fontbetöltési mechanizmusa 2020. februárjától megváltozott (a neve NFSS,
ami a „New Font Selection Scheme” rövidítése), így az itt leírtak jó része csak az ezután
telepített vagy frissített rendszerek esetén működik (lásd ltnews31.pdf).


24.1. LATEX fontkatalógus
Ebben a szakaszban összefoglaljuk a TEX-rendszerekben installált latin fontcsaládokat
és a használatukhoz szükséges kódokat. Ezen kódok megértéséhez szüksége lesz ezen
fejezet további szakaszainak tanulmányozására is. Az elérhető fontkészletek folyamato-
san bővülnek, így a következő listák sem lehetnek teljesek. A listák a következő linkekre
kattintva érhetők el : antikva; groteszk; írógép; egyéb.


24.2. A forrásfájl fontkódolása és a LATEX belső kód-
készlete


A forrásfájlban található ASCII karaktereknek (lásd a 22.1. szakaszban) minden font-
kódolás esetén ugyanaz a kódszámuk. Például az O karakter ASCII és UTF-8 kódja is
79. A nem ASCII karakterek egy jó részét az inputenc csomag (a forrásfájl kódolásának
megfelelő opcióval) – illetve UTF-8 kódolás esetén 2018-tól a LATEX már e nélkül is –
parancs alakra konvertálja. Például az Ő karakter helyére berakja a \H{O} parancsot. Ha
egy nem ASCII karakternek nincs parancs megfelelője, akkor a fordítás hibával leáll.


Alapesetben a LATEX a pdf-ben antikva, normál vastagságú, álló, 10 pt nagyságú
fontokat jelenít meg, melyhez a cmr10 nevű fontkészletet használja. A fontkészletekben
minden karakternek van egy kódszáma. Ha egy ASCII karaktert kell beilleszteni a pdf-
be, akkor az ASCII kódnak megfelelő kódú karaktert választja a fontkészletből. Tehát
például az O betű helyére – aminek az ASCII kódja 79 – a cmr10 fontkészletbeli 79 kódú
O betűt illeszti. Azonban nem minden esetben felel meg a cmr10 fontkészlet kódolása
az ASCII-nek. Például a < karakter ASCII kódja 60, ugyanakkor a cmr10 fontkészlet 60
kódú karaktere a ¡, ami meglepő eredményhez vezet:
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http://www.tug.dk/FontCatalogue/

http://mirrors.ctan.org/macros/latex/base/fntguide.pdf

https://www.latex-project.org/news/latex2e-news/ltnews31.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-fontkatalogus-antikva.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-fontkatalogus-groteszk.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-fontkatalogus-irogep.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-fontkatalogus-egyeb.pdf
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\documentclass{article}
\begin{document}
<O
\end{document}


¡O


A LATEX úgynevezett belső kódkészlete fogja azt meghatározni, hogy egy nem ASCII
karakternek megfelelő parancsnak a pdf-ben a fontkészlet melyik kódszámú karakte-
re feleljen meg. Alapesetben a LATEX az OT1 jelű belső kódkészletet használja, amely
olyan fontkészletekhez lett kitalálva, amelyek nem tartalmaznak ékezetes karaktereket.
A cmr10 is ilyen. Így ékezetes betűk esetén nem egy fontkészletbeli elem lesz hoz-
zárendelve, hanem kettő: az alapbetű és az ékezet külön. Például az Ő betű helyére
beillesztett \H{O} parancs azt fogja jelenteni az OT1 belső kódkészlet szerint, hogy a
cmr10 fontkészletben 125 decimális számmal kódolt ˝ karaktert tegye a 79 decimális
számmal kódolt O karakterre. Az eredmény: Ő.


\documentclass{article}
\begin{document}
Ő
\end{document}


Ő


Az ékezetes karakterek két karakterből történő összerakása a pdf-ben néhány gondot
okoz:


– Ékezetes betűket tartalmazó szótagok után nem tud elválasztani a sor végén.
– Az elkészült pdf-ben nem lehet rákeresni ékezetes betűket tartalmazó szavakra.
– Ha a pdf fájból ékezetes betűket tartalmazó szöveget másol ki, akkor az ékezetes


betűk rosszul fognak megjelenni.
További probléma, hogy az alapértelmezett fontcsaládok nem mindegyike tartalmaz
külön ékezetkaraktereket, így például a következő eset hibás eredményt produkál:


\documentclass{article}
\begin{document}
\ttfamily Ő
\end{document}


}O


Ennek az az oka, hogy az itt használt cmtt10 fontkészletben a 125 decimális számmal
kódolt helyen nem ékezet, hanem } van, így ezt teszi az O karakterre.


A megoldás az, hogy a LATEX-ben telepített fontkészletek közül olyat kell használni,
amelyben vannak ékezetes karakterek. Ilyen például az ecrm1000. Ebben 142 kóddal
az Ő karakter található. Ráadásul ebben a fontkészletben a kódszámok összhangban
vannak az ASCII kódolással, így például a < karakter sem fog rosszul megjelenni. Még
azt kell megoldani, hogy az Ő karakterből keletkező \H{O} parancs ne azt a metódust
kövesse, mint az OT1 belső kódkészlettel, hanem a 142 kódú karaktert rendelje hozzá.
Ezt csinálja a T1 jelű belső kódkészlet. Erre áttérni a fontenc csomag T1 opciójával le-
het. A LATEX úgy van beállítva, hogy T1 belső kódkészletre áttérve, alapból az ecrm1000
fontkészletet használja. Így a megoldáshoz elég a következő:


\documentclass{article}
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\usepackage[T1]{fontenc}
\begin{document}
Ő<
\end{document}


Ő<


Ráadásul ekkor már a családváltás sem okoz hibás eredményt:
\documentclass{article}
\usepackage[T1]{fontenc}
\begin{document}
\ttfamily Ő
\end{document}


Ő


Általánosan a következő kóddal állíthatjuk be a belső kódkészletet a preambulumban:


\usepackage[⟨kódolás⟩]{fontenc}
A ⟨kódolás⟩ alapértéke OT1. Egyszerre több kódolás is beírható. Ilyenkor ezeket
vesszővel kell elválasztani, és az utolsó lesz az alapértelmezett.


24.3. Globális beállítás


A pdf-ben használt fontkészlet kiválasztásához öt információra van szükség:


– Belső kódolás kódja (alapérték: OT1).
– Család kódja (alapérték: cmr).
– Testesség kódja (alapérték: m).
– Alak kódja (alapérték: n).
– Betűméret (alapérték: 10pt).


A család-, testesség- és alakkód lehetséges értékeit megtalálja a 24.1. szakaszban. A
betűméret beállítását lásd a 4.5. szakaszban.


Hacsak a forráskódban nincs erre más irányú utasítás, a LATEX-fordító a belső kódo-
lás és a családkód alapján betölt egy fd (font definition) kiterjesztésű fájlt. Alapesetben
OT1 a belső kódolás és cmr a családkód, így az ot1cmr.fd fájlt tölti be. Ezután lesz szük-
ség a testesség- és alakkódra, illetve a betűméretre, melyek alapesetben m, n és 10pt.
Az ot1cmr.fd fájlban ezekre vonatkozóan azt az utasítást fogja találni a LATEX-fordító,
hogy a cmr10 nevű fontkészletet használja.


Ha áttérünk T1 belső kódolásra, akkor az ot1cmr.fd helyett a t1cmr.fd fájlt tölti
be, melyben az m, n és 10pt értékekhez az ecrm1000 fontkészlet van társítva.


24.3.1. Család


\renewcommand{\rmdefault}{⟨család⟩}
Az antikva családkód alapértéke legyen ⟨család⟩. Az \rmfamily és \textrm ezt aktiválja.
A ⟨család⟩ alapértéke cmr (Computer Modern Roman).
\renewcommand{\sfdefault}{⟨család⟩}
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A groteszk családkód alapértéke legyen ⟨család⟩. Az \sffamily és \textsf ezt aktiválja.
A ⟨család⟩ alapértéke cmss (Computer Modern Sans Serif).
\renewcommand{\ttdefault}{⟨család⟩}
Az írógép családkód alapértéke legyen ⟨család⟩. Az \ttfamily és \texttt ezt aktiválja.
A ⟨család⟩ alapértéke cmtt (Computer Modern Typewriter).
\renewcommand{\familydefault}{⟨család⟩}
Az alapértelmezett családkód legyen ⟨család⟩. A \normalfont és \textnormal ezt a
családkódot aktiválja. A ⟨család⟩ alapértéke \rmdefault. Lehet még \sfdefault és
\ttdefault.


24.3.2. Testesség


\DeclareFontSeriesDefault[⟨családtípus⟩]{md}{⟨testesség⟩}
Ezzel lehet beállítani, hogy a ⟨testesség⟩ legyen a normál testességkód alapértéke, azaz az
\mdseries és \textmd ezt a testességkódot aktiválja, ha az aktuális család a ⟨családtípus⟩.
A ⟨családtípus⟩ lehetséges értékei rm, sf vagy tt aszerint, hogy az \rmfamily (\textrm),
\sffamily (\textsf), \ttfamily (\texttt) parancsok közül melyikkel van deklarálva.
Mindhárom esetben a ⟨testesség⟩ alapértéke m (normál). Például


\DeclareFontSeriesDefault[rm]{md}{lc}


esetén
\rmfamily\mdseries


az lc testességkódot aktiválja. Megjegyezzük, hogy a
\DeclareFontSeriesDefault[⟨családtípus⟩]{md}{⟨testesség⟩}


kód ekvivalens a
\renewcommand{\mdseries@⟨családtípus⟩}{⟨testesség⟩}


kóddal.


\DeclareFontSeriesDefault{md}{⟨testesség⟩}
Ezzel lehet beállítani, hogy a ⟨testesség⟩ legyen a normál testességkód alapértéke minden
családtípus esetén, azaz az \mdseries és \textmd ezt a testességkódot aktiválja minden
esetben. Ez a kód ekvivalens a


\renewcommand{\mddefault}{⟨testesség⟩}
kóddal. Alapesetben az \mddefault értékét (alapértéke m, azaz normál) az \mdseries
és \textmd parancsok akkor veszik figyelembe, ha a családtípus nem az \rmfamily,
\textrm, \sffamily, \textsf, \ttfamily, \texttt parancsok valamelyikével lett meg-
adva. Ha az \mdseries illetve \textmd parancsok azt érzékelik, hogy az \mddefault ér-
téke megváltozott, mert a korábbi kóddal átállítottuk, akkor lokálisan az \mdseries@rm,
\mdseries@sf, \mdseries@tt értékei az \mddefault értékét veszik fel.


\DeclareFontSeriesDefault[⟨családtípus⟩]{bf}{⟨testesség⟩}
Ezzel lehet beállítani, hogy a ⟨testesség⟩ legyen a félkövér testességkód alapértéke, azaz a
\bfseries és \textbf ezt a testességkódot aktiválja, ha az aktuális család a ⟨családtípus⟩.
A ⟨családtípus⟩ lehetséges értékei rm, sf vagy tt aszerint, hogy az \rmfamily (\textrm),
\sffamily (\textsf), \ttfamily (\texttt) parancsok közül melyikkel van deklarálva.
Mindhárom esetben a ⟨testesség⟩ alapértéke bx (kiterjesztett félkövér). Például
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\DeclareFontSeriesDefault[rm]{bf}{eb}


esetén
\rmfamily\bfseries


az eb testességkódot aktiválja. Megjegyezzük, hogy a
\DeclareFontSeriesDefault[⟨családtípus⟩]{bf}{⟨testesség⟩}


kód ekvivalens a
\renewcommand{\bfseries@⟨családtípus⟩}{⟨testesség⟩}


kóddal.


\DeclareFontSeriesDefault{bf}{⟨testesség⟩}
Ezzel lehet beállítani, hogy a ⟨testesség⟩ legyen a félkövér testességkód alapértéke min-
den családtípus esetén, azaz a \bfseries és \textbf ezt a testességkódot aktiválja
minden esetben. Ez a kód ekvivalens a


\renewcommand{\bfdefault}{⟨testesség⟩}
kóddal. Alapesetben a \bfdefault értékét (alapértéke b, azaz félkövér) a \bfseries
és \textbf parancsok akkor veszik figyelembe, ha a családtípus nem az \rmfamily,
\textrm, \sffamily, \textsf, \ttfamily, \texttt parancsok valamelyikével lett meg-
adva. Ha a \bfseries illetve \textbf parancsok azt érzékelik, hogy a \bfdefault érté-
ke megváltozott, mert a korábbi kóddal átállítottuk, akkor lokálisan a \bfseries@rm,
\bfseries@sf, \bfseries@tt értékei a \bfdefault értékét veszik fel.


\renewcommand{\seriesdefault}{⟨testesség⟩}
Az alapértelmezett testességkód legyen ⟨testesség⟩. A \normalfont és \textnormal ezt
a testességkódot aktiválja. A ⟨testesség⟩ alapértéke \mddefault.


24.3.3. Alak


\renewcommand{\updefault}{⟨alak⟩}
Az álló alakkód alapértéke legyen ⟨alak⟩. Az \upshape és \textup ezt az alakkódot
aktiválja. Az ⟨alak⟩ alapértéke up (álló).
\renewcommand{\ulcdefault}{⟨alak⟩}
A kis/nagybetűs alakkód alapértéke legyen ⟨alak⟩. Az \ulcshape és \textulc ezt az
alakkódot aktiválja. Az ⟨alak⟩ alapértéke ulc (kis/nagybetűs).
\renewcommand{\sldefault}{⟨alak⟩}
A döntött alakkód alapértéke legyen ⟨alak⟩. Az \slshape és \textsl ezt az alakkódot
aktiválja. Az ⟨alak⟩ alapértéke sl (döntött).
\renewcommand{\itdefault}{⟨alak⟩}
A dőlt alakkód alapértéke legyen ⟨alak⟩. Az \itshape és \textit ezt az alakkódot
aktiválja. Az ⟨alak⟩ alapértéke it (dőlt).
\renewcommand{\scdefault}{⟨alak⟩}
A kiskapitális alakkód alapértéke legyen ⟨alak⟩. Az \scshape és \textsc ezt az alakkódot
aktiválja. Az ⟨alak⟩ alapértéke sc (kiskapitális).
\renewcommand{\shapedefault}{⟨alak⟩}
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Az alapértelmezett alakkód legyen ⟨alak⟩. A \normalfont és \textnormal ezt az alakot
aktiválja. Az ⟨alak⟩ alapértéke n (normál, álló kis/nagybetűs). Lehet még \sldefault,
\itdefault és \scdefault. Az alapérték azért n és nem \updefault, mert az \upshape
és \textup parancsok dőlt vagy döntött kiskapitális esetén csak az álló alakot kell
hogy visszaállítsák, a kis/nagybetűs alakot nem, míg a \normalfont és \textnormal az
alapértelmezett alakra tér vissza.
\DeclareFontShapeChangeRule{⟨alak1⟩}{⟨alak2⟩}{⟨alak3⟩}{⟨alak4⟩}
Ha az aktuális alakkód ⟨alak1⟩ és ezt akarjuk kombinálni az ⟨alak2⟩ alakkóddal, akkor
az ⟨alak3⟩ lesz aktív, ha azt az aktuális fontkészlet támogatja, különben az ⟨alak4⟩.
Ha az ⟨alak4⟩ sem támogatott, akkor az ⟨alak2⟩ válik aktívvá. Ha egy ⟨alak1⟩–⟨alak2⟩
párhoz nincs definiálva ⟨alak3⟩ illetve ⟨alak4⟩ kimenet a \DeclareFontShapeChangeRule
paranccsal, akkor az ⟨alak2⟩ válik aktívvá. Számos alakváltó szabály van előre definiálva:


⟨alak1⟩ ⟨alak2⟩ ⟨alak3⟩ ⟨alak4⟩
n it it sl
n sl sl it
n ulc n
n up n
it sl sl it
it sc scit scsl
it ulc it
it up n
sl it it sl
sl sc scsl scit
sl ulc sl
sl up n
sc it scit scsl
sc sl scsl scit
sc sw scsw sw
sc ulc n
sc up n


scit it scit
scit sl scsl scit


⟨alak1⟩ ⟨alak2⟩ ⟨alak3⟩ ⟨alak4⟩
scit sw scsw sc
scit sc scit
scit ulc it
scit up sc
scsl it scit scsl
scsl sl scsl
scsl sw scsw sc
scsl sc scsl
scsl ulc sl
scsl up sc
scsw it scit scsw
scsw sl scsl
scsw sw scsw
scsw sc scsw
scsw ulc sw
scsw up sc
sw sc scsw
sw ulc sw
sw up n


Például alapesetben egy dokumentum kezdésekor a \normalfont lép érvénybe, ami
a \shapedefault értékét, azaz az n alakkódot aktiválja. Vagyis ekkor ⟨alak1⟩ = n. Ha
ezután kiadjuk az \upshape parancsot, akkor az aktiválja az \updefault értékét, ami
alapesetben up. Vagyis ekkor ⟨alak2⟩ = up. Az előző táblázatból kiolvasható, hogy
ekkor ⟨alak3⟩ = n, tehát ez az alakkód válik aktívvá. Ebben az esetben az ⟨alak4⟩ nincs
definiálva, mert n alakkód minden fontkészletben megtalálható.


Másik példaként elemezzük ki, hogy mi történik, ha alapesetben kiadjuk az \scshape
parancsot egy üres dokumentum elején. Az előbb már láttuk, hogy ekkor ⟨alak1⟩ = n.
Az \scshape aktiválja az \scdefault értékét, ami alapesetben sc, azaz ⟨alak2⟩ = sc. A
táblázatban nincs ilyen variáció, ezért ekkor az ⟨alak2⟩ = sc válik aktívvá. Ha ezután
kiadunk egy másik alakváltó parancsot, például \itshape, akkor annak értelmezésekor
már ⟨alak1⟩ = sc és ⟨alak2⟩ = it (hiszen az \itshape aktiválja az \itdefault értékét,
ami alapesetben it). Így a táblázat alapján először az ⟨alak3⟩ = scit alakkódot próbálja
aktiválni, ha az az adott fontkészletben definiált. Ha nem, akkor az ⟨alak4⟩ = scsl lép
érvénybe. Ha ez sem támogatott, akkor az ⟨alak2⟩ = it aktiválódik.
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24.4. Lokális beállítás


A következő parancsokkal egy adott helyen ideiglenesen áttérhetünk az alapbeállítá-
soktól különböző fontokra is.
\fontencoding{⟨kódolás⟩}
\fontfamily{⟨család⟩}
\fontseries{⟨testesség⟩}
\fontshape{⟨alak⟩}
\selectfont


Ezután az adott paraméterekkel töltődik be a kódolás, család, testesség és alak. A
kódolást a fontenc csomag opciójában is be kell tölteni, kivéve, ha a kódjel OT1, T1
vagy U. Az előző öt parancs egyben is megadható:
\usefont{⟨kódolás⟩}{⟨család⟩}{⟨testesség⟩}{⟨alak⟩}
Például


\documentclass{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\begin{document}
{\usefont{T1}{qzc}{m}{it},,Lenni vagy nem lenni: az itt a kérdés\dots''}
(William Shakespeare)
\end{document}


„Lenni vagy nem lenni : az itt a kérdés. . . ” (William Shakespeare)


24.5. Testességek kombinálása


Korábban láttuk, hogy a különböző alakok kombinálhatóak, ha azt az aktuális font-
készlet támogatja. Ez a testességre is igaz. Például


{\usefont{T1}{antt}{c}{n} szöveg 1 \bfseries szöveg 2}


szöveg 1 szöveg 2


Itt a „szöveg 1” testességkódja c, másrészt, mivel a család \usefont paranccsal van
deklarálva, ezért a \bfseries a b testességkódot aktiválja. A „szöveg 2” testességkódja
ezek kombinálásával bc lesz. A kombinálási szabályokat a
\DeclareFontSeriesChangeRule{⟨testesség1⟩}{⟨testesség2⟩}{⟨testesség3⟩}{⟨testesség4⟩}
paranccsal adhatjuk meg, ami csak a preambulumban adható ki. Ha az aktuális tes-
tességkód ⟨testesség1⟩ és ezt akarjuk kombinálni a ⟨testesség2⟩ testességkóddal, akkor a
⟨testesség3⟩ lesz aktív, ha azt az aktuális fontkészlet támogatja, különben a ⟨testesség4⟩.
Ha a ⟨testesség4⟩ sem támogatott, akkor a ⟨testesség2⟩ válik aktívvá.


Ha a ⟨testesség1⟩–⟨testesség2⟩ variációhoz nincs ⟨testesség3⟩ illetve ⟨testesség4⟩ kime-
net definiálva a \DeclareFontSeriesChangeRule paranccsal, akkor a ⟨testesség2⟩ válik
aktívvá.


Rengeteg testességeket kombináló szabály van előre definiálva. Ezeket itt terjedelmi
okok miatt nem részletezzük.
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24.6. Családkód deklarálása


24.6.1. Több családkód összevonása új kóddal


Akár több családkód is összevonható egy új kód alatt. Új családkód a következő pa-
ranccsal deklarálható:
\DeclareFontFamily{⟨kódolás⟩}{⟨új családkód⟩}{}
Ezután az ⟨új családkód⟩ alatt egy adott testességhez és alakhoz a következő módon
rendelhetünk egy korábban már definiált család-, testesség- és alakkódot:
\DeclareFontShape{⟨kódolás⟩}{⟨új családkód⟩}{⟨új testességkód⟩}{⟨új alakkód⟩}


{<->ssub*⟨család⟩/⟨testesség⟩/⟨alak⟩}{}
Fontos, hogy a ⟨kódolás⟩ ugyanaz legyen, mint a ⟨család⟩-hoz tartozó belső kódkészlet.
Például


\DeclareFontFamily{T1}{myrm}{}
\DeclareFontShape{T1}{myrm}{m}{n} {<->ssub*clm/m/n}{}
\DeclareFontShape{T1}{myrm}{b}{sc}{<->ssub*fnc/b/sc}{}


Ezután
\usefont{T1}{myrm}{m}{n} szöveg
\usefont{T1}{myrm}{b}{sc} szöveg


és
\usefont{T1}{clm}{m}{n} szöveg
\usefont{T1}{fnc}{b}{sc} szöveg


kódok ugyanazt eredményezik:


szöveg SZÖVEG


24.6.2. Új családkód deklarálása


Az előző alszakasz azt mutatta meg, hogyan lehet új családkódot létrehozni korábban
definiáltak segítségével. De ezeket a családkódokat hogyan definiálták? Ennek illusztrá-
lására nézzük meg, hogy T1 belső kódkészlettel az lmr családkód hogyan van definiálva
m testességkód és n alakkód esetén (lásd a t1lmr.fd fájlban):


\DeclareFontFamily{T1}{lmr}{}
\DeclareFontShape{T1}{lmr}{m}{n}{%


<-5.5> ec-lmr5 <5.5-6.5> ec-lmr6
<6.5-7.5> ec-lmr7 <7.5-8.5> ec-lmr8
<8.5-9.5> ec-lmr9 <9.5-11> ec-lmr10
<11-15> ec-lmr12 <15-> ec-lmr17}{}


Eszerint, ha az lmr család aktív m testességkóddal és n alakkóddal, akkor 5.5pt betűmé-
ret alatt az ec-lmr5, 5.5pt és 6.5pt közötti betűméret esetén az ec-lmr6, és így tovább,
15pt betűméret fölött az ec-lmr17 néven installált fontkészletet fogja betölteni. Azért
töltenek be a különböző mérettartományokban más-más fontkészleteket, mert egy font
5 pt méretben lehet, hogy jól néz ki, de kinagyítva 20 pt méretre már nem biztos, hogy
a legideálisabb. Ennek illusztrálására nézzük meg a „szöveg” kiszedését különböző font-
készletekkel és méretekben:
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fontkészlet méret (pt)


ec-lmr5 20 szöveg
ec-lmr17 20 szöveg
ec-lmr5 5 szöveg


ec-lmr17 5 szöveg


Vannak olyan installált fontok is, amelyeknek nincsenek variációik a különböző mére-
tekre. Ilyenkor a <-> kód azt jelenti, hogy minden méret esetén ugyanazt használja.
Például


\DeclareFontFamily{T1}{aur}{}
\DeclareFontShape{T1}{aur}{m}{n}{<-> AuriocusKalligraphicus}{}
\DeclareFontShape{T1}{aur}{m}{sl}{<-> AuriocusKalligraphicusSlant}{}
\DeclareFontShape{T1}{aur}{bx}{n}{<-> AuriocusKalligraphicusBold}{}
\DeclareFontShape{T1}{aur}{bx}{sl}{<-> AuriocusKalligraphicusBoldSlant}{}


Ha a fontnevek elé például azt írja, hogy [1.2], akkor az adott fontot kinagyítja 1,2-
szeresére. Azaz, ha például 10pt-os betűmérettel tölti be, akkor valójában 12pt méret-
ben fog megjelenni:


\DeclareFontFamily{T1}{aur}{}
\DeclareFontShape{T1}{aur}{m}{n}{<-> [1.2] AuriocusKalligraphicus}{}


24.7. Fontváltó csomagok
A következő táblázat első oszlopában fontváltó csomagokat tüntettünk fel. A további
oszlopokból azt lehet megtudni, hogy az adott csomag milyen kódú fontcsaládokat tölt
be az antikva, groteszk és írógép betűcsaládok helyére, továbbá, hogy a matematikai
fontokat is átállítja-e. Érdemes elolvasni a csomagok leírásait is, mert egyesekhez opciók
is tartoznak.


csomag antikva groteszk írógép mat.
anttor antt - - ✓


arev fav fav fvm ✓


bera fve fvs fvm -
cmbright - cmbr cmtl ✓


cyklop cyklop - - -
kpfonts jkp jkpss jkptt ✓


lmodern lmr lmss lmtt ✓


lxfonts - llcmss llcmtt ✓


mlmodern mlmr mlmss mlmtt ✓


newpxtext,newpxmath zpllf qhv npxtt ✓


newtxtext,newtxmath ntxtlf qhv ntxtt ✓


pxfonts pxr pxss pxtt ✓


stix stix - - ✓


tgadventor - qag - -
tgbonum qbk - - -
tgchorus qzc - - -
tgcursor - - qcr -


Folytatás a következő oldalon!
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csomag antikva groteszk írógép mat.
tgheros - qhv - -
tgpagella qpl - - -
tgschola qcs - - -
tgtermes qtm - - -
times ptm phv pcr -
txfonts txr txss txtt ✓


24.8. Fontok információi és tesztelése


Ha arra kíváncsi, hogy egy bizonyos család adott testesség, alak és méret esetén melyik
fontkészletet tölti be, akkor használja a következő kódot:
{\fontsize{⟨fontméret⟩}{\the\baselineskip}
\usefont{⟨belső kód⟩}{⟨család⟩}{⟨testesség⟩}{⟨alak⟩}
\xdef\thisfont{\fontname\font}}
\thisfont


Például
{\fontsize{16}{\the\baselineskip}
\usefont{T1}{lmr}{m}{n}
\xdef\thisfont{\fontname\font}}
\thisfont


ec-lmr17 at 16.0pt


Az éppen aktuális font adatainak kiírására használja a következő kódot:
\makeatletter
\xdef\thisfont{%


\f@encoding/\f@family/\f@series/\f@shape/\f@size/\fontname\font}
\makeatother
{\usefont{OT1}{cmr}{m}{n}\thisfont}


Arra is lehetőség van, hogy egy család adott testesség, alak és méret esetén betöltött
fontjaiban megtervezett összes karaktert megnézzük egy táblázatban. Ehhez használja
a következő kódot tartalmazó fájlt :
\documentclass{article}
\usepackage[⟨belső kód⟩]{fontenc}
\begin{document}
\input{fntproof}
\fontsize{⟨fontméret⟩}{\the\baselineskip}
\usefont{⟨belső kód⟩}{⟨család⟩}{⟨testesség⟩}{⟨alak⟩}
\initcurrentfont
\fonttable
\end{document}


Például
\documentclass{article}
\usepackage[T1]{fontenc}
\begin{document}
\input{fntproof}
\fontsize{12}{\the\baselineskip}
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\usefont{T1}{lmr}{m}{n}
\initcurrentfont
\fonttable
\end{document}


lefordítása után, a kapott táblázatban megnézheti az ec-lmr12 nevű fontban megter-
vezett összes karaktert. (Ugyanis T1 belső kódkészlet, lmr család, m testesség, n alak és
12pt méret esetén ezt a fontot tölti be.)


Minden karakterhez tartozik egy kódszám is, melyeket a táblázat első és utolsó
soraiból és oszlopaiból tudhatunk meg. A kódszám megadható decimális, oktális és
hexadecimális értékkel is. A táblázat csak az oktális és hexadecimális kódokat tartal-
mazza. Például a K karakter oktális kódja 113, míg a hexadecimális kódja 4B. Ebből
a decimális kódja 1 · 82 + 1 · 81 + 3 · 80 = 75.


Egy karakter a kódszámával is meghívható
\symbol{⟨decimális kód⟩}
\symbol{'⟨oktális kód⟩}
\symbol{"⟨hexadecimális kód⟩}
vagy
\char⟨decimális kód⟩
\char'⟨oktális kód⟩
\char"⟨hexadecimális kód⟩
módon. Tehát például


\usefont{T1}{lmr}{m}{n}
\symbol{75}
\symbol{'113}
\symbol{"4B}


K K K


A következő kóddal a karakterek decimális kódjait írathatjuk ki:
\documentclass{article}
\usepackage[⟨belső kód⟩]{fontenc}
\def\FONT{\fontsize{⟨fontméret⟩}{\the\baselineskip}%
\usefont{⟨belső kód⟩}{⟨család⟩}{⟨testesség⟩}{⟨alak⟩}}
\usepackage[a4paper,margin={1cm,1cm},landscape]{geometry}
\usepackage[T1]{fontenc}
\usepackage{multicol,amsmath,xcolor}
\setlength{\columnseprule}{.4pt}
\pagestyle{empty}
\newcounter{currchar}
\renewcommand{\ttdefault}{lmtt}
\renewcommand{\familydefault}{\ttdefault}
\newlength{\fontht}
\newlength{\fonthtd}
\newlength{\fonthtnext}
\newlength{\fonthtnextd}
\settoheight{\fontht}{\FONT\char0}
\settodepth{\fonthtd}{\FONT\char0}
\addtolength{\fontht}{\fonthtd}
\loop
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\ifnum\value{currchar}<255
\stepcounter{currchar}
\settoheight{\fonthtnext}{\FONT\char\arabic{currchar}}
\settodepth{\fonthtnextd}{\FONT\char\arabic{currchar}}
\addtolength{\fonthtnext}{\fonthtnextd}
\ifdim\fonthtnext>\fontht\setlength{\fontht}{\fonthtnext}\fi
\repeat
\addtolength{\fontht}{5pt}
\setcounter{currchar}{0}
\begin{document}
\noindent{\FONT\xdef\thisfont{\fontname\font}}%
\kern1em\framebox{\thisfont}
\begin{multicols}{10}
\noindent
\loop
\ifnum\value{currchar}<256
\phantom{\rule{0pt}{\fontht}}%
\kern1em\smash{\FONT\char\arabic{currchar}}\hfill
{\footnotesize\color{blue}\arabic{currchar}}\kern1em\\
\stepcounter{currchar}
\repeat
\end{multicols}
\end{document}







25. fejezet


LuaLATEX és X ELATEX


A LuaLATEX a pdfLATEX kiterjesztett változata, amely a Lua-t beágyazott szkriptnyelv-
ként használja. Futtatása TeXstudióban Eszközök Parancsok LuaLaTeX , parancssorból
lualatex dokumentum.tex


Együttműködik a latexmk-val is a következő parancssorral :
latexmk -lualatex dokumentum


Hosszútávon érdemes megfontolni a pdflatex fordítóról való áttérést a lualatex hasz-
nálatára, mely számos előnnyel jár.


A X ELATEX név az eXtended LATEX kifejezésre utal. Kiejtése „zílatekh”. Ez is egy
LATEX fordító, mely a forrást xdv-be (extended dvi), majd az xdvipdfmx programmal az
xdv-t pdf-be konvertálja. Ezután az xdv fájlt törli. Használata TeXstudióban Eszközök


Parancsok XeLaTeX , parancssorból
xelatex dokumentum.tex


Együttműködik a latexmk-val is a következő parancssorral :
latexmk -xelatex dokumentum


A xelatex használata ma már nem javasolt, mert úgy tűnik, hogy 2020-ban megrekedt
a fejlesztése.


25.1. Jellemzőik


– Ezekkel nemcsak a TEX-rendszer saját TFM (TeX Font Metric) és Type 1 fontjai,
hanem akár külső TrueType és OpenType fontok is betölthetők. A külső fontok
használata esetén számolni kell azzal, hogy a dokumentum nem lesz hordozható,
hiszen más gépen nem biztos, hogy a forrás által használt fontok telepítve vannak.
Ez a probléma úgy oldható meg, hogy a használt fontkészletek fájljait a forrásfájl
mellé kell tenni, és onnan kell betölteni.


– Csak UTF-8 kódolású forráskóddal működnek.
– Minden karakter tömbnek számít, így például a következő kód lefordítása nem


generál hibát (ellentétben a pdflatex-hel, lásd a 30. oldalon):
\textit és


– A forrásfájlban az inputenc és fontenc csomagok helyett a fontspec csomagot
kell betölteni.
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https://www.luatex.org

http://www.lua.org

http://xetex.sourceforge.net
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– Alapból a Latin Modern belső fontkészletet tölti be TU belső kódkészlettel. (Ez a
kódkészlet latex és pdflatex fordítók esetén nem használható.)


– Matematika fontok kezelése a mathspec vagy unicode-math csomagokkal lehetsé-
ges. Az amsmath, amssymb, mathtools csomagokat ezek előtt kell betölteni.


– Képek eps, pdf, jpg, png formátumban is betölthetőek. (A lualatex az eps képe-
ket először pdf-be konvertálja, majd azt tölti be, pont úgy, mint a pdflatex.)


– Az f{}f nem akadályozza meg a ligatúrát. Helyette: f\mbox{}f.


25.2. Fontok betöltése


Korábban láttuk, hogy a fontokat három családba oszthatjuk: antikva, groteszk, írógép.
Ezeket rendre a
\setmainfont ∈ fontspec
\setsansfont ∈ fontspec
\setmonofont ∈ fontspec


parancsokkal töltheti be. Például
\documentclass{article}
\usepackage{fontspec}
\setmainfont{Times New Roman}
\setsansfont{Arial}
\setmonofont{Courier New}
\begin{document}
Times New Roman \textsf{Arial} \texttt{Courier New}
\end{document}


Ha nem telepített fontot akar betölteni, akkor a fontfájlt rakja a forrásfájl mellé és a
fájl nevét a kiterjesztésével együtt írja a font neve helyére. Például


\setmainfont{NotePlanner.ttf}


Ha ideiglenesen át akar térni egy ezektől különböző betűcsaládra, akkor használja a
\fontspec ∈ fontspec


parancsot. Például
\documentclass{article}
\usepackage{fontspec}
\setmainfont{Times New Roman}
\setsansfont{Arial}
\setmonofont{Courier New}
\begin{document}
Times New Roman \textsf{Arial} \texttt{Courier New}
{\fontspec{Book Antiqua} Book Antiqua}
Times New Roman
\end{document}


A TEX-rendszerből nem csak a Latin Modern fontkészlet tölthető be. Használhatóak
például még az előző parancsokkal a következő fonttípusok is, melyek közül az első
három a Computer Modern fontkészletet tölti be:


CMU Serif
CMU Sans Serif
CMU Typewriter Text
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TeX Gyre Termes
TeX Gyre Adventor
TeX Gyre Bonum
TeX Gyre Chorus
TeX Gyre Cursor
TeX Gyre Heros
TeX Gyre Pagella
TeX Gyre Schola


Például
\documentclass{article}
\usepackage{fontspec}
\setmainfont{TeX Gyre Termes}
\setsansfont{TeX Gyre Adventor}
\setmonofont{TeX Gyre Cursor}
\begin{document}
...
\end{document}


Az elérhető fontok neveit kilistázhatja a következő parancssorral :
luafindfont -x "*"


25.3. Lua szkript használata lualatex fordítóval


A lualatex fordító nagy előnye a külső fontok használatán túl, hogy Lua szkriptek
ágyazhatók be a forrásfájlba. Például


Ð \documentclass{article}
\usepackage{fontspec,luacode}


\begin{luacode}
function rows(n)
for i = 0, n do
x = 0.1 * i
y = math.sin(x)
z = math.cos(x)
tex.sprint(x .. " & " .. y .. " & " .. z .. " \\\\")


end
end
\end{luacode}


\def\sincostable#1{%
\begin{tabular}{lll}
$x$ & $\sin(x)$ & $\cos(x)$ \\ \hline
\directlua{rows(#1)}


\end{tabular}}


\begin{document}
\sincostable{10}
\end{document}



http://www.lua.org

https://tibortomacs.github.io/latex-tutorial-hu/latex-mwe/mwe263.html
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25.4. A fordító detektálása
Ha figyelmeztetni akarja a felhasználót, hogy pdflatex, xelatex vagy lualatex fordítót
kell alkalmaznia, akkor rendre használja a
\RequirePDFTeX ∈ iftex
\RequireXeTeX ∈ iftex
\RequireLuaTeX ∈ iftex


parancsokat. Ha olyan forrást akar, amely többféle fordítóval is használható, akkor
alkalmazza az
\iftutex ∈ iftex


feltételes utasítást. Például
\documentclass{article}
\usepackage{iftex}
\iftutex
\usepackage{fontspec}


\else
\usepackage[T1]{fontenc}


\fi
\begin{document}
...
\end{document}


esetén, ha xelatex vagy lualatex a fordító, akkor a fontspec csomagot tölti be, míg
ellenkező esetben a fontenc csomagot.







26. fejezet


További információk


26.1. A TeX Live és a MiKTeX pdf tömörítési szintje


Ha ugyanazt a forrásfájlt TeX Live illetve MiKTeX rendszeren is lefordítja pdflatex
fordítóval, akkor azt fogja tapasztalni, hogy bár a két pdf kinézetre teljesen egyforma,
de TeX Live esetében kisebb méretű a fájl. Ennek az az oka, hogy a két rendszer
alapbeállításaiban a pdf tömörítési szintje különböző értékre van beállítva. Ha ezt el
akarja kerülni, akkor a forrásfájlba közvetlenül a dokumentumosztály betöltése után
írja be a következőket:


\pdfcompresslevel=9
\pdfobjcompresslevel=2


26.2. A generált pdf verziószáma


A pdflatex fordítóval generált pdf verziószáma alapértelmezésben 1.5. Ha ezt például
1.7-re szeretnénk módosítani, akkor a dokumentumosztály betöltése után írja be a
következőket:


\pdfmajorversion=1 % Ezt nem kötelező beírni, mert ez az alapértelmezés.
\pdfminorversion=7


A másik lehetőség, amely minden fordító esetén működik, hogy a dokumentumosztály
betöltése előtt(!) írja be a következőt:


\DocumentMetadata{pdfversion=1.7}


26.3. Ha a magyar nem alapnyelvként van beállítva


Próbálja ki a következő kódot, melyben nem a magyar az alapnyelv.
\documentclass{book}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar,english]{babel}
\begin{document}
\chapter{Title}
Text\newpage Text
\end{document}
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Az eredmény 2. oldalán „1. CHAPTER” jelenik meg „CHAPTER 1.” helyett. Megol-
dásként a defaults=hu-min után töltse be a classmod=unchanged opciót is.


26.4. Rendszerparancsok végrehajtása fordítás közben


Néha szükség lehet a tex fájl pdf-be konvertálása közben terminálon futtatható rend-
szerparancsok végrehajtására. Erre használható a
\ShellEscape{⟨rendszerparancs⟩} ∈ shellesc


parancs. Ennek használatára nézzük a következő összetett példát:
\documentclass{article}
\usepackage{graphicx,listings,shellesc}
\begin{document}


\begin{filecontents*}[overwrite]{minta.tex}
\documentclass{article}
\usepackage{lipsum}
\begin{document}
\lipsum[1-5]


\end{document}
\end{filecontents*}


\lstinputlisting{minta.tex}


\ShellEscape{pdflatex minta.tex}
\ShellEscape{del minta.tex} % unix rendszereken 'del' helyett 'rm'
\ShellEscape{del minta.log} % unix rendszereken 'del' helyett 'rm'
\ShellEscape{del minta.aux} % unix rendszereken 'del' helyett 'rm'


\begin{center}
\fbox{\includegraphics[width=10cm]{minta}}
\end{center}


\end{document}


Ennek lefordításához szükség van a fordító -shell-escape kapcsolójára is. Ha a forrás-
állomány például a dokumentum.tex, akkor parancssorba írja be, hogy
pdflatex -shell-escape dokumentum.tex


majd Enter . Ha kereszthivatkozásokat is használ, akkor célszerűbb a latexmk program
használata -shell-escape kapcsolóval :
latexmk -pdf -shell-escape dokumentum


majd Enter . TeXstudióból történő fordításhoz alkalmazza az 1.10. szakasz 2. pontjának
beállítását. Ezután Eszközök Parancsok Latexmk .


Az előző kód először a filecontents* környezet tartalmát kiírja egy minta.tex fájl-
ba, majd annak tartalmát megjeleníti verbatim szövegként. Ezután futtatja a következő
rendszerparancsokat:
pdflatex minta.tex
del minta.tex
del minta.log
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del minta.aux


Ez először a minta.tex fájlt konvertálja minta.pdf-be, majd törli a minta.tex fájlt, to-
vábbá a fordításkor keletkező minta.log és minta.aux munkafájlokat. (Ha Windows he-
lyett unix rendszeren dolgozik, akkor del helyett írjon rm rendszerparancsot.) Végül egy
10 cm széles bekeretezett dobozban középre illesztve megjelenik képként a minta.pdf
fájl. A kapott eredmény:


\documentclass { a r t i c l e }
\usepackage { l ipsum}
\begin {document}


\ l ipsum [1−5]
\end{document}


Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Ut purus elit,
vestibulum ut, placerat ac, adipiscing vitae, felis. Curabitur dictum gravida
mauris. Nam arcu libero, nonummy eget, consectetuer id, vulputate a, magna.
Donec vehicula augue eu neque. Pellentesque habitant morbi tristique senectus
et netus et malesuada fames ac turpis egestas. Mauris ut leo. Cras viverra
metus rhoncus sem. Nulla et lectus vestibulum urna fringilla ultrices. Phasellus
eu tellus sit amet tortor gravida placerat. Integer sapien est, iaculis in, pretium
quis, viverra ac, nunc. Praesent eget sem vel leo ultrices bibendum. Aenean
faucibus. Morbi dolor nulla, malesuada eu, pulvinar at, mollis ac, nulla. Cur-
abitur auctor semper nulla. Donec varius orci eget risus. Duis nibh mi, congue
eu, accumsan eleifend, sagittis quis, diam. Duis eget orci sit amet orci dignissim
rutrum.


Nam dui ligula, fringilla a, euismod sodales, sollicitudin vel, wisi. Morbi
auctor lorem non justo. Nam lacus libero, pretium at, lobortis vitae, ultricies et,
tellus. Donec aliquet, tortor sed accumsan bibendum, erat ligula aliquet magna,
vitae ornare odio metus a mi. Morbi ac orci et nisl hendrerit mollis. Suspendisse
ut massa. Cras nec ante. Pellentesque a nulla. Cum sociis natoque penatibus et
magnis dis parturient montes, nascetur ridiculus mus. Aliquam tincidunt urna.
Nulla ullamcorper vestibulum turpis. Pellentesque cursus luctus mauris.


Nulla malesuada porttitor diam. Donec felis erat, congue non, volutpat at,
tincidunt tristique, libero. Vivamus viverra fermentum felis. Donec nonummy
pellentesque ante. Phasellus adipiscing semper elit. Proin fermentum massa
ac quam. Sed diam turpis, molestie vitae, placerat a, molestie nec, leo. Mae-
cenas lacinia. Nam ipsum ligula, eleifend at, accumsan nec, suscipit a, ipsum.
Morbi blandit ligula feugiat magna. Nunc eleifend consequat lorem. Sed lacinia
nulla vitae enim. Pellentesque tincidunt purus vel magna. Integer non enim.
Praesent euismod nunc eu purus. Donec bibendum quam in tellus. Nullam cur-
sus pulvinar lectus. Donec et mi. Nam vulputate metus eu enim. Vestibulum
pellentesque felis eu massa.


Quisque ullamcorper placerat ipsum. Cras nibh. Morbi vel justo vitae lacus
tincidunt ultrices. Lorem ipsum dolor sit amet, consectetuer adipiscing elit. In
hac habitasse platea dictumst. Integer tempus convallis augue. Etiam facilisis.
Nunc elementum fermentum wisi. Aenean placerat. Ut imperdiet, enim sed
gravida sollicitudin, felis odio placerat quam, ac pulvinar elit purus eget enim.
Nunc vitae tortor. Proin tempus nibh sit amet nisl. Vivamus quis tortor vitae
risus porta vehicula.


Fusce mauris. Vestibulum luctus nibh at lectus. Sed bibendum, nulla a fau-
cibus semper, leo velit ultricies tellus, ac venenatis arcu wisi vel nisl. Vestibulum
diam. Aliquam pellentesque, augue quis sagittis posuere, turpis lacus congue
quam, in hendrerit risus eros eget felis. Maecenas eget erat in sapien mattis
porttitor. Vestibulum porttitor. Nulla facilisi. Sed a turpis eu lacus commodo
facilisis. Morbi fringilla, wisi in dignissim interdum, justo lectus sagittis dui, et
vehicula libero dui cursus dui. Mauris tempor ligula sed lacus. Duis cursus enim
ut augue. Cras ac magna. Cras nulla. Nulla egestas. Curabitur a leo. Quisque
egestas wisi eget nunc. Nam feugiat lacus vel est. Curabitur consectetuer.


1


26.5. Szöveg másolása pdf-ből


Ha pdf-ből kimásolva egy szövegrészt, majd azt egy editorba beszúrva rossz karakte-
reket kapunk, és valamiért fontos, hogy ez ne így legyen, akkor a forrásfájlban töltse
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be a cmap csomagot a preambulum elején és az upquote csomagot a preambulum vé-
gén. 2021. júniusa után telepített rendszerekben a cmap csomag betöltésére már nincs
szükség.


26.6. Hasznos csomagok


afterpage Megadhatja, hogy egy oldal befejezése után mi történjen.
calc Számoláshoz alkalmas.
comma Számlálók ezres csoportosítása.
dirtree Könyvtárszerkezet megjelenítéséhez. Például


\renewcommand*\DTstylecomment{\color{blue}}
\dirtree{%
.1/images\DTcomment{képek helye}.
.2/sources.
}


bookcover Könyvborító készítéséhez.
empheq Többsoros képlet keretezésére.
fancypar Bekezdések hátterének beállítása.
fancytooltips Hivatkozások külön ablakban bukkanjanak fel.
fp Fixpontos aritmetikánál használható, maximum 18 számjegyig.
hfoldsty Régi típusú számok.
keystroke Billentyűzet rajzolására.
lwarp LATEX konvertálása HTML formátumba
menukeys Programleírások esetén a menü leírására.
minitoc Al tartalomjegyzékek létrehozására.
moresize A relatív betűméretek listája bővül.
numspell Maximum 66 jegyű nemnegatív egész szám betűzése.
pdfcomment A pdf-ben felbukkanó megjegyzések írása.
pdfmarginpar A pdf-ben felbukkanó megjegyzések írása.
picinpar Képek körbefuttatására.
prettyref A \ref parancs tudását bővíti.
pst-3d 3D árnyékoláshoz (csak latex fordítóval működik).
pst-3dplot 3D rajzokhoz (csak latex fordítóval működik).
pst-fr3d 3D dobozhoz (csak latex fordítóval működik).
pst-text Görbén vezetett szöveghez (csak latex fordítóval működik).
refcheck A pdf-be írja a kereszthivatkozások label-jeit széljegyzetként. Azt is mutatja,


hogy melyekre hivatkoztunk, melyekre nem.
relsize Aktuális betűmérethez viszonyított relatív betűméret használata.
rotating Objektumok elforgatása.
selectp A dokumentumnak csak bizonyos oldalai jelennek meg.
sepnum Számok automatikus ezres csoportosítása.
seqsplit Hosszú karakterlánc választható el bárhol, elválasztó jel nélkül. Például a π


értékét íratjuk ki nagyon sok tizedesjeggyel.
shadethm Tételszerű környezetek árnyékolására.
sidecap A kép címét a kép oldalára lehet rakni.
sketch A tikz csomagot kiegészíti 3D lehetőségekkel.
splitindex Több tárgymutató is készíthető egy dokumentumban.
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spot Különlegesen lehet kiemelni.
subfigure Számozott képeknél alszámozás esetén.
stringstrings Sztringek kezelése
sverb Például \begin{demo}{Cím}$\frac12$\end{demo}
tablists Sorfolytonos számozott listákhoz.
tcolorbox Színes dobozok készítése.
tdclock A pdf-ben az aktuális időpont írható ki, azaz nem a fordítás időpontja. Ez


csak Adobe esetén jelenik meg jól.
tex4ht LATEX konvertálása HTML illetve XML formátumba
textpos Szöveget az adott oldal tetszőleges pozíciójába rakhatunk.
tocloft Tartalomjegyzék stílus készítés.
todonotes Dokumentumban megjegyzéseket lehet ezzel készíteni.
tram Szöveg hátterét kipontozza.
umoline Többsoros szöveg aláhúzásához.
varioref A \ref parancs tudását bővíti.
venndiagram Egyszerűen rajzolhatunk Venn-diagramokat.
vwcol Többhasábos szedést lehet csinálni úgy, hogy a hasábok különböző szélesek le-


gyenek.
xargs Többopciós parancsok definiálásának megkönnyítése
xstring Sztringek kezelése







27. fejezet


LATEX-kurzus videókkal


Ez a fejezet az Eszterházy Károly Katolikus Egyetem LATEX-kurzusának anyagát tar-
talmazza, amely önálló tanulásra is felhasználható. Minden leckéhez ikonokkal jelölt
linkek tartoznak:


P A leckéhez tartozó pdf. A gyakorlatok esetében ez az előállítandó dokumentum
kimenete.


B A leckéhez tartozó dokumentum megoldásának LATEX-forrása zip fájlba csoma-
golva.


� Amennyiben az oldalon van regisztrációja, akkor ezzel a linkkel közvet-
lenül is betöltheti oda a lecke megoldásának LATEX-forrását.


Å A lecke itt tekinthető meg videón.


A kurzus anyaga
Bevezető Å


Telepítés Å


Tananyag Å


Az első dokumentum elkészítése B � Å


1. gyakorlat – bekezdések, központozás, betűméretek, betűtípusok, igazítások, listák,
térközök P B � Å


2. gyakorlat – számozott listák testreszabása, táblázatok, úsztatás, kereszthivatkozá-
sok, lábjegyzetek P B � Å


3. gyakorlat – URL címek, képek, úsztatás, kereszthivatkozások P B � Å


4. gyakorlat – saját úsztatott környezetek készítése, dobozok, többhasábos szedés, szí-
nek kezelése P B � Å


5. gyakorlat – matematikai képletek P B � Å


6. gyakorlat – verbatim, programkódok szintaxis kiemelése (highlight) P B � Å
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https://www.overleaf.com

https://youtu.be/ldKMxEN1vmA

https://youtu.be/Xr-654ESQjg

https://youtu.be/ia1QDkvwj5A

https://tibortomacs.github.io/latex-tutorial-hu/alap.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/alap.zip

https://youtu.be/w_vjzYGm99M

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak01.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak01.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak01.zip

https://youtu.be/R83gVW_dY0s

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak02.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak02.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak02.zip

https://youtu.be/GtmcOxP4rTs

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak03.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak03.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak03.zip

https://youtu.be/kij_uI9xyVA

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak04.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak04.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak04.zip

https://youtu.be/HvnXs7STVms

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak05.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak05.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak05.zip

https://youtu.be/jUSPd05D-xw

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak06.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak06.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak06.zip

https://youtu.be/6OMoBeA7MAw
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7. gyakorlat – strukturált dokumentum készítése article dokumentumosztályban, té-
telszerű környezetek P B � Å


8. gyakorlat – strukturált dokumentum készítése report dokumentumosztályban, oldal
geometriája, tartalomjegyzék, fej- és lábléc, irodalomjegyzék, hivatkozás iroda-
lomra P B � Å


9. gyakorlat – szakdolgozat thesis-ekf dokumentumosztályban P B � Å
Az Eszterházy Károly Katolikus Egyetem szakdolgozatsablonja B �


10. gyakorlat – prezentáció készítése beamer dokumentumosztályban P B �


Beadandó feladat az Eszterházy Károly Katolikus Egyetem hallgatói részére P



https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak07.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak07.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak07.zip

https://youtu.be/95ok-74oP_E

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak08.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak08.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak08.zip

https://youtu.be/DqGqkW4B-1Y

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak09.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak09.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak09.zip

https://youtu.be/LzhrRYfgei4

https://tibortomacs.github.io/latex-tutorial-hu/thesis-ekf-templates.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/thesis-ekf-templates.zip

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak10.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak10.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak10.zip

https://tomacstibor.uni-eszterhazy.hu/tananyagok/LaTeX_beadando_feladatok.pdf





28. fejezet


Linkek


28.1. A könyvben található videók


– TEX-rendszer telepítése Windowsra
– Az első LATEX-dokumentum készítése
– Betűtípusok és -méretek, térközök, törések
– Bekezdések, lábjegyzetek, színek, kereszthivatkozások
– Listák
– Képek és táblázatok
– Irodalomjegyzék készítése biblatex csomaggal
– Szakdolgozat készítése az Eszterházy Károly Katolikus Egyetem sablonjával


28.2. Sablonok


– LaTeX Templates
– TeXample.net
– Magyar nyelvű dokumentumalap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
– Szakdolgozat – thesis-ekf . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
– Prezentáció . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
– Curriculum Vitae . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
– Levél . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
– Angol nyelvű cikk article osztállyal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
– Angol nyelvű cikk amsart osztállyal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
– Annales Mathematicae et Informaticae folyóirat cikksablonja . . . . . . . . . .
– Könyvborítók


28.3. TEX-rendszerek


– TeX Live (svn – source – tlnet-archive – bug – bug report: tex-live@tug.org)
– MacTeX TeX Live alapú rendszer Macintoshra
– Overleaf Online működő TeX Live alapú rendszer
– MiKTeX (github – ctan.org)
– TeXfireplace MiKTeX-alapú rendszer Windowsra
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https://youtu.be/havBZUoA1ho

https://youtu.be/fHkw4Q4inEA

https://youtu.be/WLT4_Wj-HqE

https://youtu.be/HwiqrgNBBHM

https://youtu.be/O-uK8a8hAEM

https://youtu.be/twIcgnrJ1lY

https://youtu.be/2p6m1pLILrw

https://youtu.be/MoGqrPIOnjY

http://www.latextemplates.com/

https://texample.net/

https://tibortomacs.github.io/latex-tutorial-hu/alap.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/alap.zip

https://tibortomacs.github.io/latex-tutorial-hu/thesis-ekf-templates.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/thesis-ekf-templates.zip&main_document=thesis-ekf-template-mat-inf.tex

https://tibortomacs.github.io/latex-tutorial-hu/prezentaciokeszites.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/prezentaciokeszites.zip

https://tibortomacs.github.io/latex-tutorial-hu/curriculum_vitae.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/curriculum_vitae.zip

https://tibortomacs.github.io/latex-tutorial-hu/letter.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/letter.zip

https://tibortomacs.github.io/latex-tutorial-hu/article-template.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/article-template.zip

https://tibortomacs.github.io/latex-tutorial-hu/amsart-template.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/amsart-template.zip

https://ami.uni-eszterhazy.hu/amipaper.zip

https://www.overleaf.com/docs?snip_uri=https://ami.uni-eszterhazy.hu/amipaper.zip

https://tibortomacs.github.io/bookcovertemplates

https://www.tug.org/texlive/

https://tug.org/svn/texlive/

https://ctan.org/tex-archive/systems/texlive/

https://www.texlive.info/tlnet-archive/

https://tug.org/pipermail/tex-live/

mailto:tex-live@tug.org

https://tug.org/mactex/

https://www.overleaf.com/

https://miktex.org/

https://github.com/MiKTeX/miktex

https://ctan.org/tex-archive/systems/win32/miktex

https://tibortomacs.github.io/texfireplace/
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28.4. TEX-hez fejlesztett editorok
– TeXstudio (Sourceforge, GitHub)
– Texmaker
– WinEdt (shareware)
– Kile
– TeXworks
– TeXnicCenter (Sourceforge)
– LyX „Rich text” szerkesztő felületet biztosít, amely félig „Amit látsz, azt kapod”


típusú rendszer. Más szerkesztő által létrehozott LATEX-forrást nem tudja kezelni.
– JabRef A BibTEX használatát segítő editor.
– Editorok összehasonlítása


28.5. LATEX oldalak
– TeX Users Group
– The Comprehensive TeX Archive Network
– The LaTeX Project
– BME Math LaTeX (A magyar.ldf legújabb verziója itt jelenik meg elsőnek.)


28.6. Leírások
– The TeXbook
– LaTeX2e: An unofficial reference manual
– LaTeX Wikibook
– Dickimaw LaTeX Books
– TeXdoc Online
– TeX tips
– TeX FAQ – Frequently Asked Question List for TeX
– Learn LATEX.org
– Egy nem túl rövid bevezető a LaTeX2e használatába avagy LaTeX2e 78 percben
– Magyar nyelvű műszaki-tudományos tipográfia
– Magyar nyelvű szöveg szedése MagyarLATEX-hel
– LaTeX – platformfüggetlen általános célú dokumentum készítő rendszer (videó1,


videó2, videó3, videó4)


28.7. LATEX fórumok
– TeX - LaTeX Stack Exchange
– LaTeX Community


28.8. LATEX fontok
– The LATEX Font Catalogue
– Detexify - LaTeX symbol classifier
– The Comprehensive LaTeX Symbol List



https://www.texstudio.org/

https://sourceforge.net/projects/texstudio/

https://github.com/texstudio-org/texstudio

https://www.xm1math.net/texmaker/

https://www.winedt.com/

https://kile.sourceforge.io/

https://tug.org/texworks/

https://www.texniccenter.org/

https://sourceforge.net/projects/texniccenter/

https://www.lyx.org/WebHu.Home

https://www.jabref.org/

https://en.wikipedia.org/wiki/Comparison_of_TeX_editors

https://tug.org/

https://ctan.org/

https://www.latex-project.org/

https://math.bme.hu/latex/

https://mirrors.ctan.org/systems/knuth/dist/tex/texbook.tex

https://latexref.xyz/

https://en.wikibooks.org/wiki/LaTeX

https://www.dickimaw-books.com/latex/

https://texdoc.org/index.html

http://tex.tips/

https://texfaq.org/

https://www.learnlatex.org/en/

https://math.bme.hu/latex/dl/latex78.pdf

https://www.math.bme.hu/~pts/pts_diploma_final.pdf

https://www.math.bme.hu/latex/magyarldf-doc.pdf

https://videotorium.hu/hu/recordings/details/194,LaTeX_-_platformfuggetlen_altalanos_celu_dokumentum_keszito_rendszer_I.

https://videotorium.hu/hu/recordings/details/195,LaTeX_-_platformfuggetlen_altalanos_celu_dokumentum_keszito_rendszer_II.

https://videotorium.hu/hu/recordings/details/196,LaTeX_-_platformfuggetlen_altalanos_celu_dokumentum_keszito_rendszer_III.

https://videotorium.hu/hu/recordings/details/197,LaTeX_-_platformfuggetlen_altalanos_celu_dokumentum_keszito_rendszer_IV.

https://tex.stackexchange.com/

https://latex.org/forum/

https://tug.org/FontCatalogue/

https://detexify.kirelabs.org/classify.html

https://ctan.org/tex-archive/info/symbols/comprehensive/symbols-a4.pdf
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28.9. Segédprogramok
– TikzEdt (Tikz csomag használatát segítő WYSIWYG/text editor)
– Asymptote: The Vector Graphics Language (TeX Live tartalmazza)
– Ghostscript, GSview
– Sumatra PDF
– MathJax (HTML oldalakon képletek jeleníthetők meg LATEX-parancsokkal. Itt


egy példa.)
– LaTeX Tables Generator (LATEX táblázat online)
– LaTeX Complex Table Editor (LATEX táblázat online)
– Equation Editor (LATEX egyenletszerkesztő online)



http://www.tikzedt.org/

https://asymptote.sourceforge.io/

https://www.ghostscript.com/

https://www.sumatrapdfreader.org/free-pdf-reader

https://docs.mathjax.org/en/latest/

https://tibortomacs.github.io/latex-tutorial-hu/mathjax-pelda.html

https://www.tablesgenerator.com/latex_tables

https://www.latex-tables.com/

https://editor.codecogs.com/
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LAT
E
X-kurzus videókkal


Ez a könyv a L
A
T
E
X magas szintű dokumentumleíró nyelv világába vezeti be az


Olvasót. Az itt ismertetett tananyag alapjait az egri Eszterházy Károly Katolikus


Egyetem Matematikai és Informatikai Intézetének „Számítógépes szöveg- és kiad-
ványszerkesztés” című előadásai és gyakorlatai képezik.


A könyv kifejezetten a kezdők számára készült. Amennyiben ettől többet is


szeretne tudni a rendszer használatáról, akkor olvassa el Tómács Tibor: L
A
T
E
X című


könyvét.


Az alábbiakban ismertetjük az Eszterházy Károly Katolikus Egyetem L
A
T
E
X-


kurzusának anyagát, amely önálló tanulásra is felhasználható. Minden leckéhez


ikonokkal jelölt linkek tartoznak:


P A leckéhez tartozó pdf. A gyakorlatok esetében ez az előállítandó dokumen-


tum kimenete.


B A leckéhez tartozó dokumentum megoldásának L
A
T
E
X-forrása zip fájlba cso-


magolva.


÷ Amennyiben az Overleaf oldalon van regisztrációja, akkor ezzel a linkkel


közvetlenül is betöltheti oda a lecke megoldásának L
A
T
E
X-forrását.


Å A lecke itt tekinthető meg videón.


A kurzus anyaga


Bevezető Å


Telepítés Å


Tananyag Å


Az első dokumentum elkészítése B ÷ Å


1. gyakorlat – bekezdések, központozás, betűméretek, betűtípusok, igazítások, lis-


ták, térközök P B ÷ Å


2. gyakorlat – számozott listák testreszabása, táblázatok, úsztatás, kereszthivatko-


zások, lábjegyzetek P B ÷ Å


3. gyakorlat – URL címek, képek, úsztatás, kereszthivatkozások P B ÷ Å


4. gyakorlat – saját úsztatott környezetek készítése, dobozok, többhasábos szedés,


színek kezelése P B ÷ Å
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https://tibortomacs.github.io/latex-tutorial-hu/latex.pdf

https://www.overleaf.com

https://youtu.be/ldKMxEN1vmA

https://youtu.be/Xr-654ESQjg

https://youtu.be/ia1QDkvwj5A

https://tibortomacs.github.io/latex-tutorial-hu/alap.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/alap.zip

https://youtu.be/w_vjzYGm99M

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak01.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak01.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak01.zip

https://youtu.be/R83gVW_dY0s

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak02.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak02.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak02.zip

https://youtu.be/GtmcOxP4rTs

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak03.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak03.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak03.zip

https://youtu.be/kij_uI9xyVA

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak04.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak04.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak04.zip

https://youtu.be/HvnXs7STVms





5. gyakorlat – matematikai képletek P B ÷ Å


6. gyakorlat – verbatim, programkódok szintaxis kiemelése (highlight) P B ÷ Å


7. gyakorlat – strukturált dokumentum készítése article dokumentumosztály-


ban, tételszerű környezetek P B ÷ Å


8. gyakorlat – strukturált dokumentum készítése reportdokumentumosztályban,


oldal geometriája, tartalomjegyzék, fej- és lábléc, irodalomjegyzék, hivatko-


zás irodalomra P B ÷ Å


9. gyakorlat – szakdolgozat thesis-ekf dokumentumosztályban P B ÷ Å
Az Eszterházy Károly Katolikus Egyetem szakdolgozatsablonja B ÷


10. gyakorlat – prezentáció készítése beamer dokumentumosztályban P B ÷


Beadandó feladat az Eszterházy Károly Katolikus Egyetem hallgatóinak P
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https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak05.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak05.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak05.zip

https://youtu.be/jUSPd05D-xw

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak06.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak06.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak06.zip

https://youtu.be/6OMoBeA7MAw

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak07.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak07.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak07.zip

https://youtu.be/95ok-74oP_E

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak08.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak08.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak08.zip

https://youtu.be/DqGqkW4B-1Y

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak09.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak09.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak09.zip

https://youtu.be/LzhrRYfgei4

https://tibortomacs.github.io/latex-tutorial-hu/thesis-ekf-templates.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/thesis-ekf-templates.zip

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak10.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak10.zip

https://www.overleaf.com/docs?snip_uri=https://tibortomacs.github.io/latex-tutorial-hu/latex-gyak10.zip

https://tomacstibor.uni-eszterhazy.hu/tananyagok/LaTeX_beadando_feladatok.pdf





Mi a LAT
E
X és hogyan kell telepíteni?


Donald Ervin Knuth 1977-ben egy olyan számítógépes programot fejlesztett ki,


amely a nyomdászat minden tudását képes modellezni. A programot T
E
X-nek


keresztelte el, melynek kiejtése „tekh” vagy „tek”, mint a „technika” szóban.


A T
E
X segítségével minden megoldható, ami egy kiadvány elkészítése során


felmerülhet, de csak fáradságos úton, elemi parancsok használatával tudunk vele


dolgozni. Ezért szükség volt olyan makrócsomag létrehozására, amely magasabb


szintű programozási nyelven, jóval könnyebben kezelhető. Egy ilyen makrócso-


mag a L
A
T
E
X (kiejtése „latekh” vagy „latek”), amely egy magas szintű általános doku-


mentumleíró nyelvnek tekinthető. Ennek első publikus verzióját Leslie B. Lamport


készítette. A L
A
T
E
X folyamatosan és rendkívül dinamikusan fejlődő rendszer.


A kiadvány L
A
T
E
X-forrása egy szöveges állomány, amely együtt tartalmazza


a kiadvány szövegét és a formázáshoz szükséges L
A
T
E
X parancsokat. Így a szer-


kesztés során nem azt látja, amit a végén lefordítva pdf fájlban kap. Ez a kezdő


felhasználónak hátrány, de a gyakorlat megszerzése után már előnyként fogja él-


vezni, mert ezáltal vizuális szerkesztésre nincs szükség, csak a tartalomra kell


figyelni.


A L
A
T
E
X ingyenes és nyílt forráskódú program, melynek segítségével professzi-


onális tipográfia érhető el, beleértve a matematikai képleteket is. Az irodalom-


jegyzékek, tartalomjegyzékek, szójegyzékek, lábjegyzetek és kereszthivatkozások


automatikusan számozódnak. A mai programok közül a L
A
T
E
X tudja a bekezdé-


seket a legoptimálisabban tördelni. Minden operációs rendszeren hozzáférhető,


továbbá egy rendszeren megírt mű egy másik rendszeren is ugyanazt az ered-


ményt adja, nincs áttördelési effektus.


Évente sok ezer könyv, cikk, oktatási segédanyag, szakdolgozat, doktori disz-


szertáció stb. jelenik meg L
A
T
E
X-ben. Egyes tudományokban, mint a matematika,


fizika, informatika, stb., a használata szabvánnyá vált, a legtöbb tudományos


folyóirat csak ebben fogad el kéziratot. Magyarországon például a Typotex Kiadó


minden kiadványa L
A
T
E
X rendszerben készül.


T
E
X-rendszerek


A dokumentum L
A
T
E
X-forrásának pdf formátumba konvertálásához egy úgyneve-


zett T
E
X-rendszerre lesz szükségünk. Ilyen rendszer a TeX Live (https://www.tu


g.org/texlive) illetve a MiKTeX (https://miktex.org).


A szerkesztett dokumentum forrása egy szöveges állomány, amit bármely edi-


toron létrehozhat. Azonban sokkal könnyebb a szerkesztés, ha olyan editoron dol-


gozik, amely a L
A
T
E
X-re lett optimalizálva. Számos ilyen létezik, de véleményem


szerint a TeXstudio (https://www.texstudio.org) a legjobb.
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https://www.tug.org/texlive

https://www.tug.org/texlive

https://miktex.org

https://www.texstudio.org





Telepítés Windowsra


A TeX Live telepítéséhez töltse le a telepítésvezérlőjét (https://mirror.ctan.or


g/systems/texlive/tlnet/install-tl-windows.exe), futtassa, majd kövesse az


utasításokat. Ha szerverhiba miatt nem sikerül a letöltés, akkor próbálja ezt a


linket : https://ctan.math.washington.edu/tex-archive/systems/texlive/tlnet/i


nstall-tl-windows.exe. A telepítés kb. egy-két óráig tart. A TeXstudio telepítéséhez


töltse le a telepítőjét (https://www.texstudio.org), indítsa el a telepítő fájlt, majd


kövesse az utasításokat.


Windowson egy másik lehetőség a TeXfireplace (https://tibortomacs.github


.io/texfireplace/) kompakt keretrendszer, amely egyszerre telepíti a MiKTeX


rendszert és a TeXstudiót, továbbá számos olyan kiegészítőt, amely megkönnyíti


a rendszer használatát. Ennek telepítése kb. 5-10 perc.


Telepítés Linuxra


A TeX Live telepítéséhez töltse le a telepítésvezérlőjét (http://mirror.ctan.org/


systems/texlive/tlnet/install-tl-unx.tar.gz). Ha szerverhiba miatt nem sikerül a


letöltés, akkor próbálja ezt a linket : https://ctan.math.washington.edu/tex-archi


ve/systems/texlive/tlnet/install-tl-unx.tar.gz. A kicsomagolt mappában nyissa


meg a terminált. Parancssorba írja be a következőt:


sudo ./install-tl


Amikor választani kell a TeX Live telepítési lehetőségei közül, akkor írja be, hogy


I


Várjon a telepítés végéig. A TeX Live kényelmes használatához meg kell adni a


pdflatex program elérési útvonalát. Tegyük fel például, hogy ez az


/usr/local/texlive/2023/bin/x86_64-linux


mappa. Ekkor írja parancssorba a következőt:


sudo gedit /etc/environment


Az environment fájlban ki kell egészíteni a


PATH="útvonalak"


sort erre:


PATH="/usr/local/texlive/2023/bin/x86_64-linux:útvonalak"


Természetesen az útvonalak helyére azt kell írni, ami az environment fájlban


eredetileg volt. Mentse az environment fájlt, majd lépjen ki a gedit programból.


Ubuntu esetén a gyökér PATH más, mint a normál PATH, ezért még ezt is be kell


állítani. Parancssorba írja be, hogy
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https://mirror.ctan.org/systems/texlive/tlnet/install-tl-windows.exe

https://mirror.ctan.org/systems/texlive/tlnet/install-tl-windows.exe

https://ctan.math.washington.edu/tex-archive/systems/texlive/tlnet/install-tl-windows.exe

https://ctan.math.washington.edu/tex-archive/systems/texlive/tlnet/install-tl-windows.exe

https://www.texstudio.org

https://tibortomacs.github.io/texfireplace/

https://tibortomacs.github.io/texfireplace/

http://mirror.ctan.org/systems/texlive/tlnet/install-tl-unx.tar.gz

http://mirror.ctan.org/systems/texlive/tlnet/install-tl-unx.tar.gz

https://ctan.math.washington.edu/tex-archive/systems/texlive/tlnet/install-tl-unx.tar.gz

https://ctan.math.washington.edu/tex-archive/systems/texlive/tlnet/install-tl-unx.tar.gz





sudo gedit ~/.bashrc


majd a .bashrc fájlban írja be a következő sort az első sorba:


alias sudo='sudo env PATH=$PATH'


Mentse a .bashrc fájlt és indítsa újra a számítógépet!


A TeXstudio telepítéséhez töltse le a telepítőjét (https://www.texstudio.org),


indítsa el a telepítő fájlt, majd kövesse az utasításokat.


A LAT
E
X használata online


Az Overleaf (https://www.overleaf.com) weboldal regisztrálás után internetes


böngészőben ad szerkesztési lehetőséget, továbbá a végeredményt jelentő pdf fájlt


egy szerveren található TeX Live rendszer generálja. A rendszer előnyei :


• Saját gépre nem kell telepíteni T
E
X-rendszert illetve L


A
T
E
X-editort,


• a dokumentumokat felhőben tárolja,


• a kezelése könnyű és gyorsan átlátható,


• jól dokumentált,


• az alapszolgáltatások ingyenesek,


• az ingyenes verzióban egy másik felhasználóval megosztható a dokumen-


tumunk, prémium tagság esetén többel is,


• rengeteg sablont tartalmaz, bár sokat lelkes amatőrök készítettek, így ezek


nem biztos, hogy megfelelnek minden tipográfiai követelménynek.


Vannak hátrányai is az Overleaf használatának:


• Nagyobb terjedelmű dokumentumot még prémium verzióban sem lehet


pdf-be konvertálni a fordítási idő korlátozása miatt,


• nem a legfrissebb TeX Live rendszerrel dolgozik,


• a szerkesztő funkciói szegényesek a TeXstudióhoz képest.
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https://www.texstudio.org

https://www.overleaf.com





Az első LAT
E
X dokumentum


elkészítése


Először hozzon létre egy mappát, amibe majd a forrásfájlt elmenti. Fontos, hogy


minden dokumentum külön mappában legyen, mert egy dokumentumhoz több


fájl is fog tartozni.


Ezután TeXstudióban nyisson meg egy új dokumentumot a Fájl Új menüvel.


Írja be a következőket:


\documentclass{article}
\begin{document}
Helló, világ!
\end{document}


Mentse el a forrásfájlt a Fájl Mentés menüvel a korábban létrehozott mappában.


Ennek kiterjesztése tex lesz. Az így elkészült forrásfájlt konvertálja pdf fájlba az


Eszközök Fordítás és megjelenítés menüvel vagy az F5 billentyűvel. A végeredmény


megjelenik a TeXstudióban. Az elkészült pdf fájl abban a mappában lesz, ahol a


forrásfájl is található, de emellett további úgynevezett munkafájlok is generálódtak.


A következőkben megismerkedünk az előző kód részleteivel. Ennek kapcsán


megemlítünk néhány fontos fogalmat, ami a L
A
T
E
X használatánál nélkülözhetetlen.


Parancs


A L
A
T
E
X alapvető eleme az úgynevezett parancs. Minden parancs \ fordított per-


jellel (backslash) kezdődik, amit a parancs neve követ. A parancs neve néhány


kivételtől eltekintve általában csak az angol ábécé betűiből állhat, továbbá lehet


kis- és nagybetű is. Ilyen parancs például az előző kód első sorában található


\documentclass. A parancs nevében nem mindegy, hogy kis- vagy nagybetű áll,


azaz például \Documentclass nem írható \documentclass helyett.


Dokumentumosztály, argumentum


A \documentclass paranccsal kell megadni, hogy milyen osztályba soroljuk a szer-


kesztett kiadványt. A dokumentumosztály nevét a \documentclass parancs argu-


mentumában kell megadni, amit a parancs után kell írni kapcsos zárójelek, azaz


{ és } közé. Jelen esetben az article dokumentumosztályt használjuk, amit tehát


\documentclass{article} módon adunk meg.
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Környezet


Az előző kód második sorában a \begin parancs áll. Ezzel kezdünk el valamit.


Most például a dokumentum szövegét szeretnénk elkezdeni, amit a \begin pa-


rancs argumentumába írt document szóval tehetünk meg, azaz a \begin{document}
paranccsal. A dokumentum végét az \end{document} jelzi. Minden \begin paran-


csot le kell zárni egy \end paranccsal. Egy ilyen párost környezetnek nevezünk.


A környezet neve a \begin és \end parancsok argumentuma, azaz például a


\begin{document} \end{document} páros a document környezet, melybe a doku-


mentum szövege kerül minden olyan további paranccsal együtt, amely a szöveg


formázását határozza meg.


Opció


A \documentclass{article} parancs hatására a dokumentum fő szövege 10 pt be-


tűmérettel fog megjelenni. Ez azért van így, mert az article dokumentumosztály-


ban ez az alapbeállítás. De ez a dokumentumosztály elérhetővé teszi még a 11 pt


és 12 pt méreteket is. Ha például a 12 pt betűméretre szeretnénk áttérni, akkor


ezt az úgynevezett opcionális argumentumban kell megadni szögletes zárójelek,


azaz [ és ] között az alábbi módon:


\documentclass[12pt]{article}
\begin{document}
Helló, világ!
\end{document}


Az article dokumentumosztálynak más opciói is vannak. Például az a4paper op-


ció az A4 papírmérethez igazítja a margókat. Ez nem alapopció, ezért ha aktiválni


akarja, akkor be kell írni az opciók közé. Ha több opciót is megad, akkor azokat


vesszővel kell elválasztani. Például


\documentclass[12pt,a4paper]{article}
\begin{document}
Helló, világ!
\end{document}


Csomag, nyelv


A betöltött dokumentumosztály képességeit úgynevezett csomagokkal lehet kiegé-


szíteni. Egy csomagot a \usepackage paranccsal lehet betölteni a \documentclass
után, de még a \begin{document} előtt. A csomag nevét a \usepackage argumen-


tumában kell megadni. Például a babel csomag segítségével lehet megadni a


dokumentum nyelvét. A következő kód 2. sorában betöltjük a babel csomagot.
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\documentclass[12pt,a4paper]{article}
\usepackage{babel}
\begin{document}
Helló, világ!
\end{document}


A nyelvet a babel csomag opciójaként kell megadni. Például magyar nyelvre így


lehet beállítani :


\documentclass[12pt,a4paper]{article}
\usepackage[magyar]{babel}
\begin{document}
Helló, világ!
\end{document}


Ugyanez angol esetén:


\documentclass[12pt,a4paper]{article}
\usepackage[english]{babel}
\begin{document}
Hello, World!
\end{document}


A magyar nyelvi beállítások esetén van még egy kiegészítési lehetőség, amit a


babel betöltése előtt kell megadni:


\documentclass[12pt,a4paper]{article}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\begin{document}
Helló, világ!
\end{document}


Ezzel a magyar nyelv „finomabb” tipográfiai beállításai is aktiválódnak.


Fordítók, belső kódolás


A L
A
T
E
X forrásfájl pdf fájlba konvertálásához három úgynevezett fordító áll a ren-


delkezésünkre:


• pdflatex
• xelatex
• lualatex


A legtöbb L
A
T
E
X editor, így a TeXstudio esetén is az alapértelmezett fordító a


pdflatex. Ez a Donald Ervin Knuth által 1977-ben létrehozott eredeti fordító


továbbfejlesztett verziója. Mi is ezt fogjuk használni.


A pdflatex fordító használata esetén alapbeállítás szerint a pdf fájlban talál-


ható ékezetes betűk két karakterként jelennek meg, külön az alapbetű és külön a


rátett ékezet. Ez elsőre nem tűnik gondnak, de valójában több problémát is okoz.
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Például hosszabb szöveg esetén a sorvégi szavak elválasztásánál megakadályozza


azon szótagok elválasztását, melyekben ékezetes betű szerepel. Így egy bekezdés


tördelése nem lesz ideális. Ahhoz, hogy ez ne így legyen, az úgynevezett belső
kódolást kell átállítani. Ehhez a fontenc csomagot kell betölteni T1 opcióval :


\documentclass[12pt,a4paper]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\begin{document}
Helló, világ!
\end{document}


Bemeneti kódolás


Ahhoz, hogy a belső kódolás felismerje, hogy milyen betűt írtunk a forrásfájlunk-


ba, ahhoz az úgynevezett bemeneti kódolás típusát kell tudnia a pdflatex fordí-


tónak. A pdflatex alapesetben azt feltételezi, hogy UTF-8 a bemeneti kódolás.


Mivel a TeXstudio – mint a legtöbb L
A
T
E
X editor – alapesetben UTF-8 kódolásra


van állítva, ezért a kimenet helyes lesz, vagyis ezzel külön nincs teendőnk.


Hibakezelés


Ezen a ponton érdemes kipróbálni a hibakezelést. Például a \begin{document}
parancsot írja át rosszra, mondjuk így: \Begin{document}. Ezután fordítsa le a


forráskódot (azaz konvertálja pdf-be). Ekkor egy hibaüzenetet kap, mert a \Begin
parancs nincs definiálva:


Undefined control sequence. \Begin


Ezt a hibaüzenetet a TeXstudio is kiírja a naplópanelen és a hibás sorra ugrik. Ez-


után a hibás kódot javítsa vissza jóra. Ismét lefordítva már nem kap hibaüzenetet.


A forrás és a pdf szinkronizálása


Nagyobb terjedelmű dokumentum esetén sok munkát meg lehet spórolni, ha a


forrásfájl adott pozíciójából a pdf fájl megfelelő pozíciójába tud ugrani és viszont.


Ezt a célt szolgálja a SyncTeX program. A pdf-be konvertálás után TeXstudióban


tartsa nyomva a Ctrl billentyűt, majd az egér bal gombjával kattintson a forrás-


fájlban a megfelelő szövegrészre. Ekkor a TeXstudio átugrik a pdf fájl megfelelő


részére. Ez visszafelé is működik.
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Munkafájlok törlése


Mielőtt bezárná a TeXstudiót, még egy feladatot el kell végezni. A munka elején


megnyitott mappában a tex és pdf fájlokon kívül néhány munkafájl is létrejött.


Többek között egy log kiterjesztésű naplófájl is, ami az esetlegesen rosszul begé-


pelt forráskódból származó hibákat is rögzíti. A munka végeztével ezeket érdemes


törölni, amit TeXstudióból könnyen megtehet : Eszközök Segédfájlok törlése .


A TeXstudio rengeteg kényelmi szolgáltatást biztosít, melyek segítségével sok-


kal gyorsabban állíthatja elő a L
A
T
E
X-forrást. Ezeket ebben a jegyzetben nem tár-


gyaljuk, hiszen a TeXstudio újabb verzióinak kiadásával megváltozhatnak. Ezért


ezeket a funkciókat célszerű önállóan felfedezni és megtanulni a használatukat.


Sablonok


Összegzésként, érdemes a következő sablonokat használni egy dokumentum el-


készítésénél kiindulási alapként:


LAT
E
X-sablon magyar nyelvű dokumentumokhoz


\documentclass[12pt,a4paper]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\begin{document}
Helló, világ!
\end{document}


LAT
E
X-sablon angol nyelvű dokumentumokhoz


\documentclass[12pt,a4paper]{article}
\usepackage[T1]{fontenc}
\usepackage[english]{babel}
\begin{document}
Hello, World!
\end{document}
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A LAT
E
X alapfogalmai


Az első dokumentum elkészítésekor pár fogalomra már kitértünk, most nézzük


egy kicsit részletesebben is.


Parancs


A L
A
T
E
X-ben a dokumentum formázása parancsokkal történik. A parancs \ fordított


perjellel (backslash) kezdődik, majd ezt követi a parancs neve, melyben ékezetes


betű, szám és szóköz nem szerepelhet, továbbá kis- és nagybetű között különbsé-


get tesz. Például a


\Large


parancs az utána írt szöveget a normál betűméretnél nagyobbal szedi ki.


Kötelező argumentum


Vannak olyan parancsok, amelyek csak bizonyos paraméterek megadásával mű-


ködnek. Ezeket a paramétereket a parancs argumentumába kell beírni { és } jelek


közé. Például a


\textit{szöveg}


a „szöveg” szót dőlten szedi ki. Egy parancsnak több paramétere is lehet. Például


\setcounter{page}{1}


az oldalszámot 1-re állítja.


Opcionális argumentum


Egy parancsnak lehet opciója is, amit nem kötelező megadni. Ha nem adja meg, ak-


kor az alapopció lép érvénybe. Az opciókat a parancs opcionális argumentumában


kell megadni [ és ] jelek között. Például egy listaelem bevezethető az


\item


paranccsal, ami az alapértelmezett jelet teszi ki a listaelem elé, de írhat


\item[-]
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parancsot is, amely egy kötőjelet tesz a listaelem elé. Előfordulhat, hogy egy


parancsnak opciója és paramétere is van. Például az


\includegraphics[width=3cm]{abra.jpg}


parancs betölti az abra.jpg képet 3 cm szélességben. Valamikor több opció is


megadható. Ekkor az opciókat vesszővel kell elválasztani. Például


\includegraphics[width=3cm,angle=90]{abra.jpg}


parancs betölti az abra.jpg képet 3 cm szélességben 90 fokkal elforgatva.


Környezet


A \begin, \end parancspárt környezetnek nevezzük, a kettő közötti rész pedig a kör-


nyezet belseje. Ezen parancsok argumentumában kell a környezet nevét megadni.


Például itemize környezet alatt a \begin{itemize}, \end{itemize} parancspárt ért-


jük, ami számozatlan listát készít :


\begin{itemize}
\item Listaelem
\item Listaelem


\end{itemize}


Blokk


Vannak olyan parancsok, melyek az utánuk lévő részre valamilyen hatást fejtenek


ki. Például az \itshape parancs a soron következő szöveget dőlten szedi ki. Ha azt


akarja, hogy csak egy adott részre terjedjen ki a hatása, akkor blokkba kell zárni.


Blokk kapcsos zárójelekkel adható meg. Például


Ez egy {\itshape nem túl izgalmas} példa.


esetben csak a „nem túl izgalmas” lesz kiszedve dőlten. Blokkot határoz meg egy


környezet is. Például


\begin{itemize}
\itshape
\item Listaelem


\end{itemize}


esetén az \itshape csak az itemize környezeten belül hat.


Deklarációs parancs


Ha egy parancs önmagában nem jelenít meg semmit, nincs se kötelező se opcio-


nális argumentuma, ugyanakkor az utána található részre hatással van, akkor azt
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deklarációs parancsnak nevezzük. Ilyen például az előbb említett \itshape parancs


is. A deklarációs parancsok az utánuk következő szóközt elnyelik. Például


AAA\itshape BBB


eredménye


AAABBB


Komment


Ha a forrásállományba úgynevezett kommentet akar elhelyezni, vagyis amit a for-


dító figyelmen kívül hagy, akkor azon szöveg elejére írjon % jelet. A komment vége


sortörés. Például


% Ez a szöveg nem jelenik meg fordítás után!
Ez megjelenik, % de ez megint nem!


Ez megjelenik,


A forrásfájl szerkezete


A L
A
T
E
X forrásfájl szerkezete a következő séma szerint épül fel :


\documentclass[opciók]{dokumentumosztály}
preambulum
\begin{document}
dokumentumtest
\end{document}


Elsőként egy dokumentumosztályt kell betölteni a \documentclass paranccsal, ami


a dokumentum alapstílusát határozza meg. Például az article dokumentumosz-


tályt 12pt opcióval így kell betölteni :


\documentclass[12pt]{article}


Az ezt követő részt a \begin{document}parancsig preambulumnak nevezzük. Ide ke-


rülhetnek azok a parancsok, melyek az egész dokumentumra hatással vannak, de


megjelenítendő szöveget nem tartalmazhat. A \begin{document} és \end{document}
közötti részt dokumentumtestnek nevezzük, mely minden megjelenítendő szöveget


és parancsot tartalmaz. Az \end{document} után írt szöveget a fordító figyelmen


kívül hagyja.


Fontosabb standard dokumentumosztályok


article Előadások, meghívók, kisebb jelentések, programdokumentációk, publi-


kációk stb. készítéséhez. Főbb opciói :
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10pt, 11pt, 12pt A dokumentum alap betűmérete. Alapopció: 10pt.


a4paper, b5paper, letterpaper Lapméret. Alapopció: letterpaper. Bárme-


lyik méretet is választja, a fizikai lapméret minden esetben A4 lesz,


amennyiben az alapbeállításokkal telepítette a T
E
X-rendszert. Ezek az


opciók csak a kiválasztott lapméretnek megfelelő margókat állítják be.


Ha fizikailag is be akarja állítani a lapméretet, akkor a geometry csoma-


got kell használnia (lásd később).


oneside, twoside Egy- illetve kétoldalas szedés. Alapopció: oneside.


report Beszámolók, értekezések, diplomamunkák készítéséhez használható. Az


opciói ugyanazok, mint az article esetében. Alapértékek: 10pt, letterpaper,


oneside. A részek és fejezetek ebben az osztályban mindig új oldalon kez-


dődnek.


book Könyvek írásához. Opciói megegyeznek a report dokumentumosztályéval.


Alapértékek: 10pt, letterpaper, twoside.


Csomag


A dokumentumosztály képességeit, stílusát csomagokkal bővítheti. Ezeket a pre-


ambulumban kell betölteni a


\usepackage[opciók]{csomag neve}


paranccsal. Például


\usepackage[a5paper]{geometry}


az oldalt A5 méretre állítja. Ha nincs opció vagy alapopciókat használ, akkor a


szögletes zárójelek nem kellenek. Például


\usepackage{listings}


esetén programkódokat tud megjeleníteni. Ha több opciót is betölt, akkor azokat


vesszővel kell elválasztani. Például


\usepackage[paperwidth=105mm,paperheight=75mm]{geometry}


esetén az oldal szélessége 105 mm és az oldal magassága 75 mm lesz. Ha alapop-


ciókkal több csomagot is betölt, akkor az a következő módon is megtehető:


\usepackage{csomag1,csomag2,csomag3,...}


Például


\usepackage{listings,fancyhdr}


betölti a listings és a fancyhdr csomagokat, amit így is meg lehetett volna tenni:


\usepackage{listings}
\usepackage{fancyhdr}
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Ha egy parancs csak akkor használható, ha előtte betölt egy csomagot, akkor azt


majd külön jelezzük. Például az \euro parancs az eurosym csomag betöltésével


használható, amit így fogunk jelölni :


\euro % \usepackage{eurosym}
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Alapvető formai elemek


Szóközök


Forrásállományban egy szóközt a Space billentyű lenyomásával tehet. Több szó-


köz egymás után a forrásállományban csak egy szóközt jelent a végeredményben,


viszont a sor elején található szóköz a végeredményben nem jelenik meg. Szintén


szóköznek számít a végeredményben, ha a forrásállományban sortörés van. Ez


csak akkor nem igaz, ha a sor végén egy % jel van úgy, hogy közvetlenül előtte


nincs szóköz. Például


Egy, kettő, három,
né%
gy, öt, %
hat.


Egy, kettő, három, négy, öt, hat.


Ha egy parancsnak nincs argumentuma, akkor általában az utána található szó-


közt nem jeleníti meg. Például


\LaTeX kézikönyv


LATEXkézikönyv


Ha ez nem kívánatos eredményt ad, mint itt is, akkor \␣ paranccsal kikényszerít-


heti a szóközt (a ␣ jel a szóközt jelenti) :


\LaTeX\ kézikönyv


LATEX kézikönyv


Van olyan eset is, amikor egy szóköz után nem szabad sort törni. Például ha azt


írja, hogy IV. Béla, akkor a pont után nem lehet sortörés. Ennek érdekében a pont


után ún. törhetetlen szóközt kell rakni. Forrásban ~ a törhetetlen szóköz jele:


IV.~Béla


Ezt érdemes megtenni minden olyan pont után, amikor az nem a mondat végét


jelenti. Így az ilyen pontok nem kerülhetnek a sor végére. Vigyázat, ha már vala-


hová tett törhetetlen szóközt, akkor utána ne tegyen még egy szóközt, mert az két


szóközt eredményez, és a törhetetlenség is megszűnik:


IV.~ Béla (Így helytelen!)
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IV. Béla (Így helytelen!)


A törhetetlen szóköznek van egy olyan változata is, ami a normál szóköz méreté-


nek a fele. Ezt mértékszám és mértékegység között, illetve számok ezres csopor-


tosításánál szoktuk használni. Forrásban \, a törhetetlen feles szóköz jele:


5\,cm, 14\,216\,123


5 cm, 14 216 123


Foglalt karakterek


Vannak olyan billentyűzetről beírható karakterek, melyek közvetlenül nem jele-


níthetők meg, mert a forrásállományban speciális jelentésük van:


\ parancsok ezzel kezdődnek


% kommentek ezzel kezdődnek


{ } blokkok, illetve parancsok argumentumainak határai


$ matematikai mód határolójele


& táblázatoknál kell


# változót tartalmazó parancs definiálásához kell


_ alsó index


^ felső index


~ törhetetlen szóköz


Ha ezeket meg akarja a pdf-ben jeleníteni, akkor a következő parancsokat hasz-


nálja :


\ \textbackslash
% \%
{ \{
} \}
$ \$


& \&
# \#
_ \_
^ \textasciicircum
~ \textasciitilde


Ékezetes betűk


Ékezetes betű közvetlenül a billentyűzetről is bevihető. Ha olyan ékezetes betű-


re van szüksége, amely nincs a billentyűzeten, akkor használhatja a következő


parancsokat:


ó \'{o}
ő \H{o}
ö \"{o}


ò \`{o}
ô \^{o}
õ \~{o}


ō \={o}
ȯ \.{o}
ŏ \u{o}


ǒ \v{o}
o̊ \r{o}
o̧ \c{o}


ǫ \k{o}
o
.


\d{o}
o


¯


\b{o}


Az o betű helyére természetesen bármilyen más betű írható.
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Különleges karakterek


Felsorolunk néhány gyakrabban használatos karakter:


£ \pounds
† \dag
‡ \ddag


‗ \textasteriskcentered
• \textbullet
§ \S


e \euro % \usepackage{eurosym}
¢ \textcent
® \textregistered
© \textcopyright
◦ \textopenbullet
‰ \textperthousand
№ \textnumero
※ \textreferencemark


Kötőjel


A kötőjel forrásállományban - módon adható meg. Például


levegő-mintavétel; elő- vagy utótag; betűtípus és -méret;
egy-két ember; 5-6 éves lehet; tudod-e;


levegő-mintavétel ; elő- vagy utótag; betűtípus és -méret; egy-két ember; 5-6 éves
lehet; tudod-e;


Nagykötőjel


A nagykötőjel forrásállományban -- módon adható meg. Például


lásd 15--21.~oldalakon; kelet--nyugati; az orosz TU--154 repülő;
brazil--magyar meccs;


lásd 15–21. oldalakon; kelet–nyugati ; az orosz TU–154 repülő; brazil–magyar
meccs;


Gondolatjel


A gondolatjel is nagykötőjel, így forrásállományban -- módon adható meg. Gon-


dolatjel előtt és után is szóköz áll, kivéve, ha írásjel követi. Például


Ilyen korán -- mondta Éva -- nem fogok felkelni!
Sokszor vitatkoztak -- legtöbbször semmiségekért --, de szerették
egymást.
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Ilyen korán – mondta Éva – nem fogok felkelni ! Sokszor vitatkoztak – legtöbbször
semmiségekért –, de szerették egymást.


Hármaspont


A hármaspont forrásállományban a


\dots


paranccsal adható meg. Ehelyett soha ne használjon három darab pontot egymás


után írva. Például


\dots várom a párom \dots\ üres a polc\dots


. . . várom a párom . . . üres a polc. . .


Idézőjel


Idézőjelként soha ne használja a forrásban a " Shift + 2 jelet ! Ez tipográfiai hiba.


Az idézőjel nyelvenként változó. Magyar szöveg esetén a következőt kell tenni :


,,Idézett szöveg.''


„Idézett szöveg.”


Tehát a nyitó idézőjel a forrásban két vessző, míg a záró idézőjel a forrásban Shift +


1 (aposztrófjel) kétszer egymás után. Amerikai angol szövegben ezt kell tenni :


``text text''


“text text”


Tehát a nyitó idézőjel a forrásban a fordított aposztrófjel AltGr + 7 kétszer egymás


után, míg a záró idézőjel a forrásban Shift + 1 (aposztrófjel) kétszer egymás után.


Brit angol szövegben ezt kell tenni :


`text text'


‘text text’


Betűváltozatok


A betűváltozatokat alakjuk, testességük és családjuk szerint osztályozzuk.
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Alak


Álló (upright) \textup{szöveg}, {\upshape szöveg}
Döntött (slanted) \textsl{szöveg}, {\slshape szöveg}
Dőlt (italics) \textit{szöveg}, {\itshape szöveg}
Kiskapitális (small caps) \textsc{szöveg}, {\scshape szöveg}


Testesség


Normál (medium) \textmd{szöveg}, {\mdseries szöveg}
Félkövér (boldface) \textbf{szöveg}, {\bfseries szöveg}


Család


Antikva (roman) \textrm{szöveg}, {\rmfamily szöveg}
Groteszk (sans serif) \textsf{szöveg}, {\sffamily szöveg}
Írógép (typewriter) \texttt{szöveg}, {\ttfamily szöveg}


Az alak, testesség és család keverhetőek. Például


\textit{\textbf{\textsf{szöveg}}}


szöveg


A \text-el kezdődő parancsokat több bekezdésre nem lehet alkalmazni. Amikor


nem alap betűváltozatot használ, de ideiglenesen vissza akar arra térni (álló,


normál, antikva), akkor használja a


\textnormal{szöveg}, {\normalfont szöveg}


parancsokat. Az első több bekezdésre nem használható.


Kiemelés


Amikor egy szót, vagy gondolatot ki akar emelni, használja az


\emph{szöveg}, {\em szöveg}


parancsokat. Az első megoldás több bekezdésre nem használható. Ezek figyelik


az aktuális betűváltozatot, és aszerint emelnek ki. Álló alak esetén dőlt, nem álló


alak esetén álló alakra vált.


Betűméretek


Az alapbetűmérethez relatív betűméretek:


szöveg {\tiny szöveg}
szöveg {\scriptsize szöveg}


szöveg {\footnotesize szöveg}
szöveg {\small szöveg}
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szöveg {\normalsize szöveg}
szöveg {\large szöveg}
szöveg {\Large szöveg}


szöveg {\LARGE szöveg}


szöveg {\huge szöveg}


szöveg {\Huge szöveg}


A 12 pt alapbetűméret esetén – mint ez a dokumentum is – a \huge és \Huge között


nincs különbség, de 10 pt és 11 pt esetén igen.


A szavak elválasztása


A L
A
T
E
X alapból sorkizártan szedi a szöveget, így a sorvégi szavak elválasztása


hosszabb szövegek esetén elkerülhetetlen. Amikor beállította a nyelvet, akkor a


szavak nagy részét helyesen el tudja választani a program, de teljesen nem lehet


automatizálni. Például a „karóra” szó esetében kétféle elválasztás is lehetséges,


aszerint, hogy mit jelent : kar-ó-ra vagy ka-ró-ra. Ha azt tapasztalja, hogy egy


adott helyen egy adott szót rosszul választ el, akkor alkalmazhatja az \- ún. puha
elválasztójelet. Például


Már nem volt a szarkánál a kar\-ó\-ra, mikor felrepült a ka\-ró\-ra.


Ebben az esetben az adott szót csak a \-módon megjelölt helyeken lehet elválaszta-


ni. Ha egy szóban kötőjel van, akkor azt a L
A
T
E
X csak a kötőjelnél tudja elválasztani.


Ha ezt felül akarja bírálni, akkor a kötőjel elé gépeljen fordított aposztrófjelet :


egyszer`-kétszer % \usepackage[magyar]{babel}


Ekkor a kötőjelnél és minden szótagnál el tud választani. Amennyiben nem aktív


a magyar nyelv, akkor az előző megoldás helyett használja a hyphenat csomag


\hyph{} parancsát. Például


electromagnetic\hyp{}endioscopy % \usepackage{hyphenat}


Néha szükség lehet egy adott szó elválasztásának a tiltására is. Ekkor tegye azt az


\mbox parancs argumentumába. Például


\mbox{karóra}


Sortörések


A L
A
T
E
X automatikusan végzi a sortöréseket, de adott esetben ki is kényszerítheti.


Sortörést soha ne alkalmazzon új bekezdés nyitásához!


\\


Új sort kezd sorkizárás nélkül.


\\[hossz]
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Ugyanaz mint a \\ de a következő sor távolsága hossz mérettel megnő. Például


\\[2mm]


Oldaltörések


A L
A
T
E
X maga végzi az oldaltöréseket, de adott esetben ki is kényszerítheti.


\newpage


Új oldalt (illetve többhasábos szedésnél új hasábot) kezd. Az utolsó sort vízszin-


tesen, azután pedig az oldalt (vagy hasábot) függőlegesen feltölti térközzel.


\clearpage


A \newpage parancstól annyiban különbözik, hogy többhasábos szedésnél is új ol-


dalt kezd, másrészt az új oldal kezdése előtt megjeleníti az ún. úszó objektumokat


(lásd később).


Függőleges térközök


Extra függőleges térköz a következő parancsokkal érhető el :


\smallskip
\medskip
\bigskip


A \medskip a \smallskip kétszeresével, míg a \bigskip a \medskip kétszeresével


egyezik meg. Ezek a parancsok akkor működnek, ha a forrásban előttük egy üres


sor van. Ezeket a parancsokat például kiemelten fontos bekezdések elé lehet tenni.


Üres sort soha ne alkalmazzon függőleges térközként, mert a lap alján és tetején


kifejtve tipográfiai hibát eredményez.


Bekezdések


Új bekezdés esetén a forrásállományban hagyni kell egy üres sort, vagy ki kell


adni a


\par


parancsot. Gyakori hiba, hogy új bekezdés helyett sortörést alkalmaznak. Ez ti-


pográfiai hiba, kerülje!


Bekezdések balra zárása


Ilyenkor a bekezdést kezdő sor is a bal margónál kezdődik és nincs a jobb oldalon


kiegyenlítés, így szóelválasztások sincsenek. Megvalósítása:
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\begin{flushleft}
szöveg
\end{flushleft}


Bekezdések jobbra zárása


Képzeljen el egy balra zárt szöveget, de most minden sort toljon el úgy, hogy a


sorvégek a jobb margóhoz kerüljenek. Ez a jobbra zárás. Megvalósítása:


\begin{flushright}
szöveg
\end{flushright}


Bekezdések középre zárása


Képzeljen el egy balra zárt szöveget, de most minden sort toljon el középre. Ez a


középre zárás. Megvalósítása:


\begin{center}
szöveg
\end{center}


Például


\begin{center}
Ez egy hosszabb szöveg, ami középre van zárva,
így szóelválasztások sincsenek benne.
De a sortörések pontjait mi is meg tudjuk adni:\\
Ez külön sorba kerül.\\ Ez is külön sorba kerül.
\end{center}


Ez egy hosszabb szöveg, ami középre van zárva, így szóelválasztások sincsenek
benne. De a sortörések pontjait mi is meg tudjuk adni:


Ez külön sorba kerül.
Ez is külön sorba kerül.


Lábjegyzetek


Ahová lábjegyzetet szeretne írni, ott adja ki a


\footnote{lábjegyzet szövege}


parancsot. A \footnote előtt nem lehet szóköz. Ha a jegyzet egy adott szóra


vonatkozik, akkor a parancsot közvetlenül a szó után írja, ha egy mondatra vagy


mondatrészre, akkor az azt lezáró írásjel után.
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A magyar.ldf fájl defaults=hu-min opciója a lábjegyzetek fölé nem tesz vízszin-


tes vonalat. Ha mégis szeretne tenni, akkor írja be a következőt a preambulumba:


\footnotestyle{rule=fourth}


Színek


Színek kezelésére az xcolor csomag használható. A definiált színnevek a követke-


zők:


XXX black
XXX blue
XXX brown
XXX cyan
XXX darkgray


XXX gray
XXX green
XXX lightgray
XXX lime
XXX magenta


XXX olive
XXX orange
XXX pink
XXX purple
XXX red


XXX teal
XXX violet
XXX white
XXX yellow


Színezéséhez a következő parancsot használhatja :


{\color{színnév}szöveg} % \usepackage{xcolor}


Például


{\color{red}Piros szöveg.} Fekete szöveg.


Piros szöveg. Fekete szöveg.


Ha olyan színre van szükség, amely nincs definiálva az xcolor csomagban, akkor


használja a szín ún. RGB kódját :


{\color[RGB]{red,green,blue}szöveg} % \usepackage{xcolor}


ahol red, green és blue mindegyike 0 és 255 közötti egész szám lehet. Az első a


vörös, a második a zöld, a harmadik a kék mennyiségét jelenti. Például


{\color[RGB]{122,0,67}Színes szöveg.} Fekete szöveg.


Színes szöveg. Fekete szöveg.


Internetcímek


Internetcímek az url csomag következő parancsával adhatók meg:


\url{url cím}


Például


\url{http://www.tug.org}


http://www.tug.org
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Számírás


Az 5 vagy annál több jegyű egész számokat ezres csoportosítással kell leírni.


A csoportosítás jobbról balra történik. Nem kell csoportosítani a 4 jegyű egész


számokat, kivéve abban az esetben, ha egy táblázat olyan oszlopában találha-


tó, amelyben szerepel 4-nél több jegyű egész szám is. Így lehet elérni, hogy a


megfelelő számjegyek mindig egymás alatt legyenek.


A csoportosító jel a magyarban a feles törhetetlen szóköz (\,) vagy a pont, az


angolban pedig a vessző. Tehát például


Helyesen 1\,234\,567 vagy 1.234.567, de 9999.


Helyesen 1 234 567 vagy 1.234.567, de 9999.


Az ezres csoportosítás automatizálható a


\num{szám} % \usepackage{siunitx}


paranccsal. Például


\num{1234567}


1 234 567


A \numparancs csak a 4-nél több jegyű egész számokra alkalmazza az ezres csopor-


tosítást. Ha az előzőekben leírt kivétel esetén szükséges a 4 jegyű számok ezres


csoportosítása is, akkor alkalmazza az siunitx csomag group-minimum-digits=4
opcióját. Ha ezt az opciót csak egy blokkon belül lokálisan szeretné bekapcsolni,


akkor használja a következő parancsot a blokk elején:


\sisetup{group-minimum-digits=4} % \usepackage{siunitx}


Ha ezres csoportosítójelnek nem az alapértelmezett feles törhetetlen szóközt, ha-


nem például a pontot szeretné, akkor az siunitx csomag group-separator={.}
opcióját használja. Ekkor


\num{1234567}


1.234.567


Mértékegységek


Mértékszám és mértékegység közé mindig feles törhetetlen szóközt kell tenni.


Például


123\,cm 1200\,km 50\,\% 1000\,Ft 500\,\$ 10\,\AA


123 cm 1200 km 50% 1000Ft 500 $ 10Å


vagy
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20\,\textcelsius
1\,\textperthousand
5\,\textpertenthousand


20 ℃ 1 ‰ 5 ‱


Ez alól a szabály alól egy kivétel van, amikor szöget írunk fokban, percben és má-


sodpercben. Ekkor nincs a mértékszám után térköz. Ennek írását legkönnyebben


az


\ang{fok;perc;másodperc} % \usepackage{siunitx}


paranccsal oldhatja meg. Például


\ang{1;;} vagy \ang{2;3;} vagy \ang{4;5;6}


1◦ vagy 2◦3′ vagy 4◦5′6′′


Ugyan ez az siunitx csomag nélkül így oldható meg:


$1^\circ$ vagy $2^\circ3'$ vagy $4^\circ5'6''$


Teljes példa


Betűtípus és -méret, térköz, törés, bekezdés, lábjegyzet, szín


\documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\usepackage{xcolor}
\footnotestyle{rule=fourth}


\begin{document}


\begin{flushright}
\footnotesize\em
,,A jó matematikus nem halmozza az élvezeteket,\\
hanem élvezi a halmazokat.''
\end{flushright}


A halmazelmélet fiatal tudományág, létrejötte a XIX.~század második
felére tehető, ami nem véletlen, hiszen a halmazok vizsgálatához
nagyfokú absztrakció szükséges. Ekkorra értek el a matematikai kutatások
olyan szintet, hogy az ilyen absztrakció szükségessé és lehetővé vált.


A matematikusok figyelme a halmazok elemeiről a halmazokra irányult.
Olyan problémák vezettek ide, melyeket bizonyos halmazokra anélkül
sikerült megoldani, hogy azokat az egyes halmazelemekre vonatkoztatták
volna (pl.~biztosítási matematika, kinetikus gázelmélet).
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A legdöntőbb momentum az volt, amikor a végtelen sorok vizsgálata közben
felismerték, hogy a véges halmazok tulajdonságaival nem rendelkeznek
törvényszerűen a \emph{végtelen halmazok} is.


A ma \emph{naiv halmazelméletnek} nevezett rendszer megalkotója
\textsc{Georg Cantor} (1845--1918) volt, akitől a halmaz fogalmának az
alábbi körülírása származik: ,,A halmaz meghatározott, különböző,
képzeletünkben vagy gondolatainkban fölfogott dolgok összessége. A
kérdéses dolgok a halmaz elemei.''


A továbbiakban az alapvető halmazelméleti fogalmakat -- részhalmaz,
halmazok egyenlősége, műveletek, számosság stb.~-- ismertnek tételezzük
fel, hiszen az analízis tárgyalásakor ezeket az olvasó megismerte.


A végtelen halmazok elméletének kezdettől fogva voltak bírálói, de addig
szilárd elmélet volt, míg logikai ellentmondásokat nem fedeztek fel
benne. Egyike ezeknek a Russell-féle antinómia\footnote{Több alakja is
ismert, az itt olvasható verzió talán a legnépszerűbb.}:
\emph{\color{blue}A falu borbélya az a férfi a faluban, aki azokat és
csak azokat a férfiakat borotválja meg a faluban, akik nem maguk
borotválkoznak. Kérdés, hogy borotválkozik-e a borbély?}


\end{document}
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Oldalak kinézete


Oldalak szerkezete és méretei


Egy oldal szerkezete a következő ábrán látható. Főbb részei : szövegtükör, margók,


fejléc, lábléc, széljegyzet.


1


2


3


4


5


6


7


8


9 10


11


12


13


fejléc


szövegtükör


lábléc


sz
él


je
gy


ze
t


Az ábrán számokkal jelölt méreteket a geometry csomag opcióival állíthatja be,


melyek a következők:


1 paperwidth=méret Oldal szélessége.


2 paperheight=méret Oldal magassága.


3 textwidth=méret Szövegtükör szélessége.


4 textheight=méret Szövegtükör magassága.


5 inner=méret Belső margó szélessége. A belső margó a lapok kötése felőli


margó. Egyoldalas dokumentum esetén ez a bal margót, míg kétoldalas


dokumentum esetén páratlan oldalon a bal, illetve páros oldalon a jobb


margót jelenti.


6 outer=méret Külső margó (belső margóval ellentétes oldalon) szélessége.


7 top=méret Felső margó magassága.


8 bottom=méret Alsó margó magassága.


9 headheight=méret Fejléc magassága.
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10 headsep=méret Fejléc és szövegtükör távolsága.


11 footskip=méret Lábléc magassága.


12 marginparwidth=méret Széljegyzet területének szélessége.


13 marginparsep=méret Széljegyzet és szövegtükör távolsága.


Ha szabványos méretet akar (A0–A6, B0–B6), akkor az a0paper, . . . , a6paper,


b0paper, . . . , b6paper opciók valamelyikét kell betölteni. Például


\usepackage[b5paper]{geometry}


Ha ugyanezt a méretet szeretné, de 90 fokkal elforgatva, akkor a landscape opciót


is használja :


\usepackage[b5paper,landscape]{geometry}


Ha egyedi méreteket akar, akkor például a következőt kell tenni :


\usepackage[paperwidth=105mm,paperheight=75mm]{geometry}


Ezek fizikailag is beállítják a lap méretét, nem úgy, mint a standard dokumentum-


osztályok lapméretre vonatkozó opciói, melyek csak a margókra vannak hatással.


Többhasábos szedés


Többhasábos szedés esetén használja a multicol csomag multicols környezetét :


\begin{multicols}{hasábszám} % \usepackage{multicol}
szöveg
\end{multicols}


A hasábszám maximum 9 lehet. A hasábok közötti távolság 10 pt. Ennek átállítása


például 1 cm-re:


\setlength{\columnsep}{1cm}


A hasábok közötti vonalvastagság 0 pt. Ennek átállítása például 1 pt-ra:


\setlength{\columnseprule}{1pt}


Teljes példa


Oldal méretei, többhasábos szedés


\documentclass[12pt]{article}
\usepackage[a4paper, top=25mm, bottom=25mm,


outer=25mm, inner=30mm]{geometry}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
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\usepackage{multicol}


\begin{document}


Ez a dokumentum A4 lapméretű, továbbá minden margó 25\,mm, kivéve a
belsőt, amely 30\,mm. A következőkben egy kéthasábos szedést láthatunk.


\begin{multicols}{2}
A hosszúság, terület, térfogat, ívhossz, felszín, egyszerű alakzatokra
már az ókori görögök által definiáltak és számolhatóak voltak.


A sokszögek területének és a poliéderek térfogatának fogalmát először
\textsc{Peano} és \textsc{Jordan} terjesztették ki a sík illetve a tér
részhalmazainak egy nagyobb rendszerére a XIX.~század végén. Eszerint
egy síkbeli korlátos halmaz külső mértéke legyen az őt lefedő véges sok
sokszögből álló alakzatok területének pontos alsó korlátja, belső
mértéke pedig a benne fekvő véges sok sokszögből álló alakzatok
területének pontos felső korlátja. Ha ezek egyenlőek, akkor a halmazt
mérhetőnek, ezen közös értéket pedig a halmaz mértékének nevezzük.
Térfogat esetén hasonló az eljárás.


Ez a mértékfogalom egyszerű, de az integrálás céljára nem megfelelő. Az
általánosítás területén a fő lépést \textsc{Lebesgue} tette meg a
XX.~század elején. Az általa alkotott mérték és integrál előnye a
nagyobb általánosság, az integrál és a határátmenet felcserélhetősége.
\end{multicols}


\end{document}


36LAT
E
X LAP


O
K 6


©
T
ó
m


á
c
s


T
i
b
o
r


O
l
d


a
l
a
k


k
i
n


é
z
e
t
e







Listák


Számozatlan listák


Számozatlan listákra az itemize környezet használható. Minden listaelemet \item
parancs vezet be.


\begin{itemize}
\item listaelem
\item listaelem


\end{itemize}


E környezetek négy szint mélységig ágyazhatók egymásba. Például:


Lista előtti szöveg.
\begin{itemize}
\item Listaelem az első szinten.
\begin{itemize}


\item Listaelem a második szinten.
\item Újabb listaelem a második szinten.


\end{itemize}
\item Egy másik listaelem az első szinten.


\end{itemize}
Lista utáni szöveg.


Lista előtti szöveg.


– Listaelem az első szinten.


• Listaelem a második szinten.
• Újabb listaelem a második szinten.


– Egy másik listaelem az első szinten.


Lista utáni szöveg.


Számozatlan listák extra térközök nélkül


Az itemize környezet minden listaelem között hagy egy extra függőleges térközt.


Ha ezt nem akarja, akkor használja a paralist csomag compactitem környezetét.


Ezt pontosan úgy kell használni, mint az előzőekben ismertetett itemize környe-


zetet.
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\begin{compactitem} % \usepackage{paralist}
\item listaelem
\item listaelem


\end{compactitem}


Például


Lista előtti szöveg.
\begin{compactitem}
\item Listaelem az első szinten.


\begin{compactitem}
\item Listaelem a második szinten.
\item Újabb listaelem a második szinten.


\end{compactitem}
\item Egy másik listaelem az első szinten.


\end{compactitem}
Lista utáni szöveg.


Lista előtti szöveg.
– Listaelem az első szinten.


• Listaelem a második szinten.
• Újabb listaelem a második szinten.


– Egy másik listaelem az első szinten.
Lista utáni szöveg.


Leíró listák


A leíró listákra, azaz a szótárszerű felsorolásokra a description környezet va-


ló. Minden listaelemet \item[címke] parancs előz meg. E környezetek hat szint


mélységig ágyazhatók egymásba.


\begin{description}
\item[címke] listaelem
\item[címke] listaelem


\end{description}


Például


\begin{description}
\item[Címke] szöveg szöveg szöveg szöveg szöveg szöveg szöveg


szöveg szöveg szöveg szöveg szöveg szöveg
\item[Másik címke] szöveg szöveg szöveg szöveg szöveg szöveg szöveg


szöveg szöveg szöveg szöveg szöveg szöveg
\end{description}
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Címke. szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg
szöveg szöveg szöveg


Másik címke. szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg szöveg
szöveg szöveg szöveg szöveg


Számozott listák


Számozott listákra az enumerate környezet való. Minden listaelemet \item parancs


előz meg.


\begin{enumerate}
\item listaelem
\item listaelem


\end{enumerate}


E környezetek négy szint mélységig ágyazhatók egymásba. Például:


Lista előtti szöveg.
\begin{enumerate}
\item Listaelem az első szinten.
\begin{enumerate}


\item Listaelem a második szinten.
\item Újabb listaelem a második szinten.


\end{enumerate}
\item Egy másik listaelem az első szinten.


\end{enumerate}
Lista utáni szöveg.


Lista előtti szöveg.


1. Listaelem az első szinten.


a) Listaelem a második szinten.


b) Újabb listaelem a második szinten.


2. Egy másik listaelem az első szinten.


Lista utáni szöveg.


Számozott listák extra térközök nélkül


Ha nem akarja, hogy a listaelemek között legyen extra függőleges térköz, akkor az


enumerate környezet helyett használja a paralist csomag compactenum környezetét.


Használata pontosan megegyezik az enumerate környezettel.


\begin{compactenum} % \usepackage{paralist}
\item listaelem
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\item listaelem
\end{compactenum}


Például


Lista előtti szöveg.
\begin{compactenum}
\item Listaelem az első szinten.
\begin{compactenum}


\item Listaelem a második szinten.
\item Újabb listaelem a második szinten.


\end{compactenum}
\item Egy másik listaelem az első szinten.


\end{compactenum}
Lista utáni szöveg.


Lista előtti szöveg.
1. Listaelem az első szinten.


a) Listaelem a második szinten.
b) Újabb listaelem a második szinten.


2. Egy másik listaelem az első szinten.
Lista utáni szöveg.


Teljes példa


Listák


\documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}


\begin{document}


\begin{enumerate}
\item Hány olyan tompaszögű háromszög van, melyben a szögek mérőszáma
fokokban három különböző egész szám?
\begin{enumerate}
\item Adjon részletes indoklást!
\item Szerkessze meg az egyik megoldást!


\end{enumerate}
\item Mi a feltétele annak, hogy egy derékszögű háromszög
súlyvonalaiból, mint oldalakból szerkesztett háromszög derékszögű
legyen?
\begin{enumerate}
\item Adjon részletes indoklást!
\item Oldja meg úgy is a feladatot, ha az egyik oldalról tudjuk,
hogy 3\,cm hosszú!
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\end{enumerate}
\item Két ikerprímszám összege osztható 12-vel, ha a prímszámok 3-nál
nagyobbak.
\begin{enumerate}


\item Írja le az ikerprímszám definícióját!
\item Bizonyítsa be az állítást!


\end{enumerate}
\end{enumerate}


\end{document}
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Kereszthivatkozások


Egy dokumentumban sok olyan elem lehet, amit számozunk és hivatkozunk is rá.


Ezek az ún. kereszthivatkozások. Természetesen ezeket nem érdemes a forrásban


konkrétan beírni, hiszen egy ilyen szám a szerkesztés során még változhat, így


állandóan javítani kellene, ami egy idő után sok hibát eredményezne. Erre az a


megoldás, hogy a L
A
T
E
X-re bízzuk a számozott elemeknél és a kereszthivatkozá-


soknál a megfelelő számok beírását.


Ha egy számozott elemről kiderül, hogy hivatkozni kell rá, akkor először ezt


az elemet címkézze meg a


\label{címke}


paranccsal. A címke tetszőleges lehet, de azért érdemes kerülni az ékezetes betűket,


szóközt és aktív karaktereket (magyarban ilyen a fordított aposztróf jel, kettőspont,


kérdőjel, felkiáltójel és a pontosvessző). Például


\begin{enumerate}
\item Ez egy listaelem.
\item Ez egy másik listaelem.
\end{enumerate}


esetén, ha a 2. listaelemre akar hivatkozni, akkor a kódban a 3. sort így módosítsa:


\item\label{lista-proba} Ez egy másik listaelem.


1. Ez egy listaelem.


2. Ez egy másik listaelem.


Címkével ellátott elemre a


\ref{címke}


paranccsal tud hivatkozni. Az előző példát folytatva:


Lásd \ref{lista-proba}.~listaelemet.


Lásd 2. listaelemet.


Helyesebb lenne a mondat, ha a sorszám elé határozott névelőt rakna: „az 1.”,


„a 2.”, stb. A magyarban a névelő függ a sorszámtól. Ezt a problémát megoldja a


babel csomag magyar opciója. Ilyenkor használja az


\aref{címke} % \usepackage[magyar]{babel}
\Aref{címke} % \usepackage[magyar]{babel}
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vagy rómaitól különböző számozás esetén az ezekkel egyenértékű


\az{\ref{címke}} % \usepackage[magyar]{babel}
\Az{\ref{címke}} % \usepackage[magyar]{babel}


parancsokat, attól függően, hogy a sorszám előtti névelőt kis vagy nagy kezdőbe-


tűvel szeretné:


Lásd \aref{lista-proba}.~listaelemet.
\Aref{lista-proba}.~listaelemben olvasható.


Lásd a 2. listaelemet. A 2. listaelemben olvasható.


Amikor megcímkéz egy elemet, akkor nem csak az adott sorszámot tudja a L
A
T
E
X,


hanem azt is, hogy az adott elem melyik oldalon található. Adott címkéhez tartozó


oldalszámot a


\pageref{címke}


paranccsal írathatja ki. Ennek névelős verziói :


\apageref{címke} % \usepackage[magyar]{babel}
\Apageref{címke} % \usepackage[magyar]{babel}


melyek rómaitól különböző oldalszámozás esetén ezekkel egyenértékűek:


\az{\pageref{címke}} % \usepackage[magyar]{babel}
\Az{\pageref{címke}} % \usepackage[magyar]{babel}


Például


\Aref{lista-proba}.~listaelemet
\apageref{lista-proba}.~oldalon találjuk.


A 2. listaelemet a 42. oldalon találjuk.


Létezik még ezeken kívül is hivatkozási forma (egyenlet, irodalomjegyzék), de


ezeket majd az adott fejezetekben tárgyaljuk.
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Képek


Képek beillesztése esetén használja a graphicx csomag következő parancsát :


\includegraphics[opciók]{képfájl} % \usepackage{graphicx}


A képfájl megadásakor a kiterjesztést nem kell megadni. Azaz például, ha az


abra.jpg képet kell beilleszteni, akkor


\includegraphics{abra}


Fontos, hogy ebben az esetben a képfájlnak az aktuális a könyvtárban kell lennie.


Azonban praktikusabb, ha a képfájlokat az aktuális mappa egy almappájába teszi.


Ennek az almappának célszerű olyan nevet adni, amelyben nincs ékezetes betű


és szóköz. Például, ha a grafikonok nevű almappába helyezi az abra.jpg képet,


akkor a következő módon jeleníthetjük meg:


\includegraphics{grafikonok/abra}


Gyakori hiba, hogy a teljes elérési utat megadják. Például


\includegraphics{C:/minta/grafikonok/abra.jpg} % ÍGY SOHA!


Ez rossz megoldás, hiszen ekkor a forrás csak ezen az útvonalon fog lefordulni,


azaz nem lesz hordozható.


Az \includegraphics parancs fontosabb opciói :


width=szélesség A kép szélessége (például width=5cm).


height=magasság A kép magassága (például height=5cm). A width és a height együt-


tes megadásával a képet torzíthatjuk is.


angle=fok Kép forgatásának szöge fokban. A pozitív érték az óra járásával ellen-


tétes irány.


origin=origó Forgatás középpontja. Az origó értékei a következők lehetnek: tl,


t, tr, l, c, r, bl, b, br (alapérték: bl). Ezek magyarázata a következő ábrán


látható:


bl


l


tl


b


t


br


r


tr


c


A következő példában a kép szélességét 3 cm-re állítjuk és elforgatjuk 90 fokkal


az óra járásával megegyező irányban a középpontja körül :
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\includegraphics[width=3cm,angle=-90,origin=c]{abra}


Teljes példa


Képek


\documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\usepackage{graphicx,url}


\begin{document}


A következő kép innen tölthető le:
\begin{center}
\url{https://tibortomacs.github.io/latex-tutorial-hu/lion.pdf}
\end{center}
Ez az oroszlán ma már a \LaTeX\ szimbólumává vált. A szélessége legyen
5\,cm!
\begin{center}
\includegraphics[width=5cm]{lion}
\end{center}
Gyakorlásképpen forgassuk el:
\begin{center}
\includegraphics[width=5cm,origin=c,angle=90]{lion}
\includegraphics[width=5cm,origin=c,angle=-90]{lion}
\end{center}


\end{document}


45LAT
E
X LAP


O
K 9


©
T
ó
m


á
c
s


T
i
b
o
r


K
é
p


e
k







Táblázatok


A táblázatok elkészítése az egyik legbonyolultabb feladat a L
A
T
E
X-ben. Nem tár-


gyaljuk általánosan az ide vonatkozó parancsokat, csak példákon keresztül te-


kintjük át a lehetőségeket a teljesség igénye nélkül. Az első példa:


\begin{tabular}{lrrr}
Budapest & 7:00 & 9:30 & 13:15\\
Dömsöd & 7:58 & 10:40 & 14:38\\
\end{tabular}


Budapest 7:00 9:30 13:15
Dömsöd 7:58 10:40 14:38


Tehát táblázat a tabular környezettel készíthető. Ennek paraméterében kell meg-


adni, hogy hány oszlop van, és a tartalmuk hogyan legyen igazítva. Az előző


példában az lrrr azt jelenti, hogy 4 oszlop van, az első balra (l mint left), a többi


3 pedig jobbra (r mint right) legyen igazítva. Ha egy oszlopot középre akar igazí-


tani, akkor azt a c (mint center) betűvel jelezze. A & az ún. tabulátor jel, ami két


oszlop elválasztását jelzi. A \\ sortörést jelöl. A táblázatba vonalakat is húzhat:


\begin{tabular}{|l|rrr|}
\hline
Budapest & 7:00 & 9:30 & 13:15\\
\cline{2-4}
Dömsöd & 7:58 & 10:40 & 14:38\\
\hline
\end{tabular}


Budapest 7:00 9:30 13:15
Dömsöd 7:58 10:40 14:38


Ahol függőleges vonalat akar húzni, oda a tabular környezet paraméterében


rakjon | ( AltGr + W ) jelet. Ahová vízszintes vonalat akar húzni, oda a tabular
környezetben tegyen \hline parancsot. Ha egy vízszintes vonalat nem akar tel-


jesen meghúzni, csak mondjuk a 2. oszloptól a 4. oszlopig, akkor \hline helyett


használjon \cline{2-4} parancsot.


Cellákat vízszintesen is összevonhat a


\multicolumn{cellaszám}{cellaforma}{szöveg}


paranccsal. A cellaszám az összevont cellák számát jelenti. A cellaforma az


adott összevont cellára vonatkozó formázás, amely pontosan úgy történik, mint


a tabular környezet paraméterében. Ez a parancs akkor is célravezető, ha nem
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összevonni akar, csak az adott cellának a formázását akarja megváltoztatni az


általánosan megadotthoz képest. Ilyenkor a cellaszám értelemszerűen 1. Például


\begin{tabular}{|l|rr|}
\cline{2-3}
\multicolumn{1}{l|}{}&\multicolumn{2}{c|}{év}\\ \cline{2-3}
\multicolumn{1}{l|}{}&\multicolumn{1}{c}{2002}&


\multicolumn{1}{c|}{2003}\\ \hline
Jövedelem (Ft) & 994\,000 & 1\,231\,500\\
Adó (Ft) & 165\,000 & 194\,950\\ \hline
\end{tabular}


év
2002 2003


Jövedelem (Ft) 994 000 1 231 500
Adó (Ft) 165 000 194 950


Cellák függőleges összevonását a következő paranccsal teheti meg:


\multirow{cellaszám}*{szöveg} % \usepackage{multirow}
\multirow{cellaszám}{szélesség}{szöveg} % \usepackage{multirow}


Például


\begin{tabular}{|l|c|}
\hline
\multirow{2}*{Egysoros szöveg} & 1\\


& 2\\ \hline
\multirow{3}{3cm}{3\,cm széles szöveg törve} & 3\\ \cline{2-2}


& 4\\ \cline{2-2}
& 5\\ \hline


\end{tabular}


Egysoros szöveg 1
2


3 cm széles
szöveg törve


3
4
5


Teljes példa


Táblázat


\documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}


\begin{document}
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\begin{center}
\begin{tabular}{|l|r|r|r|r|}
\multicolumn{1}{l}{} &
\multicolumn{4}{c}{év}\\
\cline{2-5}
\multicolumn{1}{l|}{} &
\multicolumn{1}{c}{\emph{2008}} &
\multicolumn{1}{c}{\emph{2009}} &
\multicolumn{1}{c}{\emph{2010}} &
\multicolumn{1}{c|}{\emph{2011}}\\
\hline
\emph{jövedelem (Ft)} & 994\,000 & 1\,231\,500 & 1\,525\,410 &
2\,321\,600\\
\emph{járulék (Ft)} & 165\,000 & 194\,950 & 215\,750 &
235\,850\\
\hline
\end{tabular}
\end{center}


\end{document}
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Objektumok úsztatása


A táblázatok és képek beillesztésénél előfordulhat, hogy azok az adott oldalon már


nem férnek el, és a következő oldalra való áthelyezésével az oldal alja telítetlen


marad. Ennek megoldására született az úgynevezett „úsztatás”. Ez azt jelenti,


hogy az objektum nem feltétlenül a forrásban megadott helyre kerül, hanem egy


általunk engedélyezett pozícióba: az aktuális oldal tetejére, aljára vagy külön


oldalra.


Képek és táblázatok úsztatása


Képek úsztatására a figure, míg táblázatok úsztatására a table környezet hasz-


nálható. Ezen környezetek opciói :


h Maradjon helyben, ha lehetséges.


t Az aktuális oldal tetejére kerüljön.


b Az aktuális oldal aljára kerüljön.


p Külön oldalra kerüljön.


! Figyelmen kívül hagy minden korlátozást, amely a területre helyezhető úsztatá-


sok számával vagy a terület által elfoglalható maximális mérettel kapcsola-


tos.


Opciónak ezen jelek bármilyen kombinációja használható. A feldolgozás sorrend-


je minden esetben !htbp. Tehát mindegy, hogy például tb vagy bt van opcióként


megadva, először mindenképpen az oldal tetején próbálja elhelyezni az objektu-


mot és csak azután alulra. Nézzünk néhány példát :


\begin{figure}
\centering
\includegraphics{fig}
\end{figure}


Mivel itt nem adtunk meg opciót, így az alapérték érvényesül, mely tbp. Ez azt


jelenti, hogy ebben az esetben a képet először megpróbálja a lap tetejére, ha oda


nem kerülhet, akkor a lap aljára, ha oda sem, akkor külön oldalra tenni.


\begin{figure}[th]
\centering
\includegraphics{fig}
\end{figure}


Ebben az esetben a képet először megpróbálja helybenhagyni, de ha oda nem


kerülhet, akkor a lap tetejére teszi.
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\begin{figure}[!ht]
\centering
\includegraphics{fig}
\end{figure}


A képet bizonyos korlátozások feloldása mellett, de nem mindenáron próbálja


helyben tartani. Ha oda nem kerülhet, akkor a lap tetejére teszi.


Úsztatott objektumok címkézése


Sokszor előfordul, hogy a képekre, táblázatokra hivatkozni szeretnénk. Ilyenkor


célszerű nekik automatikus sorszámot és címet adni. Ezen feladatok elvégzésére


szolgál a


\caption{cím}


parancs. Például


\begin{figure}[!ht]
\centering
\includegraphics[width=3cm]{example-image}
\caption{Egy példa}\label{fig-pelda}
\end{figure}
\Aref{fig-pelda}.~ábrán látható \dots


Ennek hatására a képet megjeleníti középen és felcímkézi. A címkébe aszerint


kerül „ábra” vagy „táblázat” felirat, hogy figure vagy table környezetbe raktuk


a \caption parancsot. A sorszám automatikus.


Image


1. ábra. Egy példa


Az 1. ábrán látható . . .


Teljes példa


Képek és táblázatok úsztatása


\documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\footnotestyle{rule=fourth}
\usepackage{graphicx,url}
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\begin{document}


\Az{\ref{fig-lion}}.~ábra\footnote{Forrás:
\url{https://tibortomacs.github.io/latex-tutorial-hu/lion.pdf}}
szélessége legyen 5\,cm!


\begin{figure}[ht!]
\centering
\includegraphics[width=5cm]{lion}
\caption{A \LaTeX\ szimbóluma}
\label{fig-lion}
\end{figure}


\begin{table}[ht!]
\centering
\begin{tabular}{|l|r|r|r|r|}
\multicolumn{1}{l}{} & \multicolumn{4}{c}{év}\\
\cline{2-5}
\multicolumn{1}{l|}{} & \multicolumn{1}{c}{\emph{2008}} &
\multicolumn{1}{c}{\emph{2009}}& \multicolumn{1}{c}{\emph{2010}} &
\multicolumn{1}{c|}{\emph{2011}}\\
\hline
\emph{jövedelem (Ft)} & 994\,000 & 1\,231\,500&1\,525\,410&2\,321\,600\\
\emph{járulék (Ft)} & 165\,000 & 194\,950&215\,750&235\,850\\
\hline
\end{tabular}
\caption{A jövedelem és járulékok kimutatása}
\label{tablazat-jovedelem}
\end{table}


\Az{\ref{tablazat-jovedelem}}.~táblázat
\az{\pageref{tablazat-jovedelem}}.~oldalon olvasható.


\end{document}
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Verbatim, programkódok


Verbatim


A verbatim olyan része a forrásállománynak, amely úgy jelenik meg a dokumen-


tumban, mint a forrásállományban. Ha a verbatim szöveg nem hosszabb egy input


sornál, akkor használja a


\verb|verbatim szöveg|
\verb*|verbatim szöveg|


parancsokat. A | határolójel lehet bármely más, szóköztől, *-tól és betűtől külön-


böző jel, ami nem szerepel a verbatim szövegben. Például


\verb|\LaTeX\ könyv|\\
\verb+\LaTeX\ kód+


\LaTeX\ könyv
\LaTeX\ kód


A \verb helyett \verb* parancsot írva, az eredményben a szóközök helyén ␣ jelenik


meg. Például


\verb*|\LaTeX\ könyv|\\
\verb*+\LaTeX\ kód+


\LaTeX\␣könyv
\LaTeX\␣kód


A \verb illetve \verb* parancsok nem tehetők más parancsok argumentumába.


Ha egy input sornál többet kell beírni verbatimként, akkor használja a verbatim
vagy verbatim* környezeteket. Például


\begin{verbatim}
\LaTeX\ könyv
\LaTeX\ kód
\end{verbatim}
\begin{verbatim*}
\LaTeX\ könyv
\LaTeX\ kód
\end{verbatim*}
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\LaTeX\ könyv
\LaTeX\ kód


\LaTeX\␣könyv
\LaTeX\␣kód


Ezek a környezetek nem tehetők parancsok argumentumába.


Programkódok


Különböző programnyelvek kódjainak megjelenítésére alkalmas a listings cso-


mag.


\begin{lstlisting}[opciók] kód \end{lstlisting} % \usepackage{listings}
\lstinputlisting[opciók]{kódot tartalmazó fájl} % \usepackage{listings}


Az opciók a következő parancsban is megadhatók:


\lstset{opciók} % \usepackage{listings}


Tekintsük át az előbbi parancsok néhány hasznos opcióját. Az értékekben szereplő


színekre vonatkozó kódok az xcolor csomag betöltésével működnek.


basicstyle=stílus Kód fontjai (például basicstyle=\small\ttfamily).


breaklines Hosszú sorok törése.


backgroundcolor=szín Háttérszín (például backgroundcolor=\color{red}).


showspaces Szóköz ␣ módon jelölve.


showtabs Tabulátort jelöli.


numbers=típus Kód sorainak számozása. Ha a típus none (alapértelmezés), akkor


nincs számozás, ha left, akkor bal oldalon van számozás, ha right, akkor


jobb oldalon van számozás.


frame=érték Keretvonalak rajzolása. Az érték a trbl bármilyen részhalmaza lehet


(t fent, b lent, r jobbra, l balra). Például, ha fent és bal oldalon akarunk


vonalat húzni, akkor frame=tl.


rulecolor=szín Keret vonalának színe (például rulecolor=\color{red}).


language=programnyelv Programnyelv kulcsszavainak, megjegyzéseinek a kieme-


lését tölti be. Az előre definiált nyelvek listája megtalálható a csomag leírá-


sában. Például language=Delphi.


keywords={lista} A kiemelendő kulcsszavak listája, mely a lista-ban van felso-


rolva, vesszővel elválasztva. Például keywords={begin,end}.


morekeywords={lista} A kulcsszavak listáját ezzel lehet bővíteni.


keywordstyle=stílus A kulcsszavak stílusa. Például keywordstyle=\bfseries.


title={kódcím} Kód címe sorszám nélkül. Ez nem kerül be a kódok jegyzékébe.


caption={kódcím} Kód címe sorszámmal, címkével. Ha címkének például a „kód”


szót szeretné, akkor használja ezt a parancsot : \def\lstlistingname{kód}. Ha


magyar nyelvű dokumentumot ír, akkor még töltse be a caption csomagot


is.


53LAT
E
X LAP


O
K 12


©
T
ó
m


á
c
s


T
i
b
o
r


V
e
r
b


a
t
i
m


,
p


r
o
g


r
a
m


k
ó
d


o
k







label={címke} Kereszthivatkozás címkéje. Ezt a \label parancs helyett kell hasz-


nálni.


Például


\def\lstlistingname{kód}
\lstset{
language=Delphi,
basicstyle=\footnotesize\ttfamily,
keywordstyle=\color{blue},
numbers=left,
frame=trbl,
}


\begin{lstlisting}[caption={Trim függvény},label={kod-trim}]
function Trim(s:string):string;
var i:integer;
begin
result := '';
for i := 1 to length(s) do if s[i] <> ' '


then result := result + s[i];
end;
\end{lstlisting}
\Aref{kod-trim}.~kódban \dots


1. kód. Trim függvény
1 function Trim(s:string ): string;
2 var i:integer;
3 begin
4 result := '';
5 for i := 1 to length(s) do if s[i] <> '␣'
6 then result := result + s[i];
7 end;


Az 1. kódban . . .


Az előző eredmény a következő módon is elérhető. Az alábbi programkódot


mentse el egy trim.pas nevű szövegfájlba a tex kiterjesztésű forrásállomány mellé:


function Trim(s:string):string;
var i:integer;
begin
result := '';
for i := 1 to length(s) do if s[i] <> ' '


then result := result + s[i];
end;


Ezután az lstlisting környezet helyett használja a \lstinputlisting parancsot a


dokumentumban:


\lstinputlisting[caption={Trim függvény},label={kod-trim}]{trim.pas}
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Teljes példa


Programkód


\documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\usepackage{listings,xcolor,caption}


\lstset{
language=Delphi,
basicstyle=\footnotesize\ttfamily,
numbers=left,
backgroundcolor=\color{lightgray},
frame=tlbr,
keywordstyle=\color{blue},
}


\renewcommand{\lstlistingname}{programkód}


\begin{document}


\lstinputlisting[caption=Egy Delphi kód,label=kod-delphi]{prog.pas}


\end{document}


Az előbbi kódban a prog.pas fájl tartalma lehet például a következő:


prog.pas


unit Unit1;


interface


uses
Windows, Messages, SysUtils, Variants, Classes, Graphics, Controls,
Forms, Dialogs, StdCtrls;


type


{ TForm1 }


TForm1 = class(TForm)
Button1: TButton;
Label1: TLabel;
procedure Button1Click(Sender: TObject);


private
{ Private declarations }
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public
{ Public declarations }


end;


var
Form1: TForm1;


implementation


{$R *.dfm}


procedure TForm1.Button1Click(Sender: TObject);
begin
Label1.Caption := 'Helló, világ!';


end;


end.
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Képletek


Matematikai mód


Ha matematikai képletet akar szerkeszteni, akkor használja az amsmath és amssymb
csomagokat. Az amsmath helyett használható annak kiterjesztése, a mathtools cso-


mag is.


Ha egy képlet kb. akkora mint egy szó, akkor azt a szövegbe illesztjük, mint


például a sin2 α + cos2 α = 1 esetén. Ez az ún. szövegközi matematikai mód. Ennek


megadása a következő módon lehetséges:


$képlet$


Például


Bármit is teszünk, $2+2=4$.


Bármit is teszünk, 2 + 2 = 4.


Ha a képlet nagyobb, bonyolultabb, vagy fontossága miatt ki kell emelni, akkor


külön sorba kell szedni, mint például az


ex =
∞∑
n=0


xn


n!
∀x ∈ R


esetén. Ez az ún. kiemelt matematikai mód. Ennek megadása


\[
képlet
\]


vagy


\begin{equation*}
képlet
\end{equation*}


módon lehetséges. Például


Bármit is teszünk,
\[
2+2=4.
\]


Bármit is teszünk,
2 + 2 = 4.
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Előfordulhat, hogy egy képletben magyarázó vagy összekötő szöveget kell beik-


tatni. Ilyenkor ideiglenesen ki kell lépni a matematikai módból a


\text{szöveg}


paranccsal. Például


\[
1+1=2 \text{és} 2+2=4
\]


1 + 1 = 2és2 + 2 = 4


A képletben rosszul jelent meg a szöveg, pedig a forrásban volt szóköz a szöveg


előtt és után. Ennek az a magyarázata, hogy a matematikai módban begépelt


szóközöket a L
A
T
E
X felülbírálja, a nagyon speciális tipográfia miatt nem bízza a


szerzőre. Ilyenkor az a megoldás, hogy a szóközöket szöveg módban adja ki :


\[
1+1=2 \text{ és } 2+2=4
\]


1 + 1 = 2 és 2 + 2 = 4


De ez még mindig nem tökéletes. Ugyanis a képletekben maguktól megjelenő


térközök miatt nem különül el jól a szöveg. Ilyenkor lehet használni a \quad
parancsot :


\[
1+1=2\quad\text{és}\quad 2+2=4
\]


1 + 1 = 2 és 2 + 2 = 4


Műveleti jelek


+ +
− -
/ /
± \pm


∓ \mp
· \cdot
× \times
÷ \div


\ \setminus
∩ \cap
∪ \cup
∧ \wedge


∨ \vee
⋆ \star
∗ *
◦ \circ


Relációjelek


= =
:= :=
=: =:


≡ \equiv
∼ \sim
≃ \simeq


≈ \approx
∼= \cong
< <


> >
≤ \leq
≥ \geq
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≪ \ll
≫ \gg
∈ \in


∋ \ni
⊂ \subset
⊃ \supset


⊆ \subseteq
⊇ \supseteq
: : (arányjel)


| \mid
∥ \parallel
⊥ \perp


A nyilak is a relációjelek közé tartoznak:


← \leftarrow
→ \rightarrow vagy


\to
↔ \leftrightarrow
⇐ \Leftarrow
⇒ \Rightarrow
⇔ \Leftrightarrow
7→ \mapsto


↼ \leftharpoonup
↽ \leftharpoondown
⇀ \rightharpoonup
⇁ \rightharpoondown
↑ \uparrow
↓ \downarrow
↕ \updownarrow
⇑ \Uparrow


⇓ \Downarrow
⇕ \Updownarrow
↗ \nearrow
↘ \searrow
↙ \swarrow
↖ \nwarrow


Relációjeleket negálni (áthúzni) a \not paranccsal lehet. Például


$a\not=b$


a ̸= b


Néhány esetben ez nem ad megfelelő eredményt:


$a\not\mid b$, $a\not\parallel b$


a ̸| b, a ̸∥ b


Ezek helyett külön tervezésű negált reláció jelet kell használni :


$a\nmid b$, $a\nparallel b$


a ∤ b, a ∦ b


Matematikai zárójelek


Bal oldali (nyitó) zárójelek


( (
[ [ vagy \lbrack
{ \{ vagy \lbrace


⟨ \langle
⌈ \lceil
⌊ \lfloor


⌜ \ulcorner
⌞ \llcorner
| \lvert


∥ \lVert


Jobb oldali (csukó) zárójelek


) )
] ] vagy \rbrack
} \} vagy \rbrace


⟩ \rangle
⌉ \rceil
⌋ \rfloor


⌝ \urcorner
⌟ \lrcorner
| \rvert


∥ \rVert


Például
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$\lvert-1\rvert$


|−1|


Közönséges matematikai jeleket ne használjon zárójelként. Például


$|-1|$


| − 1|


rossz eredményt ad, mert a program ezt úgy értelmezi, hogy a | jelből kivonjuk


az 1-et, így a − jel körül térközöket hagy.


Amennyiben egy jelet nyitó zárójelként akar értelmezni, akkor tegye elé a


\mathopen


parancsot. Például a \mathopen| ekvivalens az \lvert paranccsal.


Amennyiben egy jelet csukó zárójelként akar értelmezni, akkor tegye elé a


\mathclose


parancsot. Például a \mathclose| ekvivalens az \rvert paranccsal.


A \mathopen és \mathclose parancsok használatára tekintsük a következő ese-


tet :


$]-1, 1[\setminus\{0\}$


]− 1, 1[\{0}


Az eredmény rossz, hiszen a ] jel csukó zárójelként van értelmezve, így az utána


található − jelet kivonásként értelmezi, másrészt a [ nyitó zárójelként van értel-


mezve, így az utána található \ jelet nem tekinti relációnak. A megoldás az, hogy


ideiglenesen a ] jelet nyitó, a [ jelet pedig csukó zárójelként értelmezzük:


$\mathopen]-1, 1\mathclose[\setminus\{0\}$


]−1, 1[ \ {0}


Természetesen, ha egy jel nyitó zárójelként van értelmezve és annak is használja,


illetve, ha egy jel csukó zárójelként van értelmezve és annak is használja, akkor az


előbbi megoldásra nincs szükség. Például a következő kód helyes eredményt ad:


$[-1, 1]\setminus\{0\}$


[−1, 1] \ {0}


Az előbbi zárójelek mérete nem igazodik a képlethez. Például a következő kód


hibás eredményt ad:


\[f(\frac{1}{2})=0\]


f(
1


2
) = 0


Ilyen esetben a nyitó zárójel elé tegye a
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\left


míg a csukó zárójel elé


\right


parancsot. Például


\[f\left(\frac{1}{2}\right)=0\]


f


(
1


2


)
= 0


A \left és \rightparancsok használatával már azt is megadjuk, hogy melyik a nyi-


tó és melyik a csukó zárójel, így ezekkel nem szabad együtt használni a \mathopen
és \mathclose parancsokat. Tehát például a következő kód helyes eredményt ad:


\[\left|-\frac{1}{2}\right|\] ∣∣∣∣−1


2


∣∣∣∣
Néhány esetben nem ad megfelelő eredményt a zárójelek automatikus méretezése.


Például


$\left\{\{a,b\},\{c,d\}\right\}$


{{a, b}, {c, d}}


A külső zárójeleknek egy picit nagyobbaknak kellene lenniük, de ezt a közbezárt


képlet nem generálja. Ilyenkor rögzített méreteket is használhat. A \left helyett


\bigl \Bigl \biggl \Biggl


illetve \right helyett


\bigr \Bigr \biggr \Biggr


Ezek hatása:


$\Biggl(\biggl(\Bigl(\bigl( (\cdot) \bigr)\Bigr)\biggr)\Biggr)$((((
(·)
))))


Például az előző képlet a következő módon oldható meg helyesen:


$\bigl\{\{a,b\},\{c,d\}\bigr\}${
{a, b}, {c, d}


}
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Közönséges matematikai jelek


% \%
⊥ \bot
⊤ \top
¬ \neg
∀ \forall
∃ \exists
∄ \nexists
ℜ \Re


ℑ \Im
∇ \nabla
∂ \partial
ð \eth
∅ \emptyset
∞\infty
△ \triangle
□ \square


■ \blacksquare
∠ \angle
∡ \measuredangle
∢ \sphericalangle
♭ \flat
♯ \sharp
♮ \natural
# \#


1◦ 1^\circ
1′ 1' (1^\prime)


1′′ 1''
| | vagy \vert
∥ \| vagy \Vert


Indexek, gyökjelek, törtek, binomiális együtthatók


xa x_{a}


xb x^{b}


xba x_{a}^{b}


√
2 \sqrt{2}


3
√
5 \sqrt[3]{5}


a
b


\frac{a}{b}


(
a
b


)
\binom{a}{b}


Kalligrafikus és dupla szárú betűk


ABCDEFGHIJKLMN \mathcal{ABCDEFGHIJKLMN}
ABCDEFGHIJKLMN \mathbb{ABCDEFGHIJKLMN}


Matematikai ékezetek


â \hat{a}
ã \tilde{a}
ā \bar{a}


a⃗ \vec{a}
á \acute{a}
à \grave{a}


ă \breve{a}
ǎ \check{a}
ȧ \dot{a}


ä \ddot{a}
...


a \dddot{a}
....


a \ddddot{a}


Három pont


1, . . . , n 1,\ldots,n
1 + · · ·+ n 1+\cdots+n


1 · · ·n 1\cdots n∫
· · ·
∫


\int\dotsi\int


.


.


. \vdots


.
.
. \ddots


Az \ldots az alapvonalra, míg a \cdots függőlegesen középre teszi a három pontot.


Több esetben ez automatizálható a


\dots


paranccsal. Például
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$1,\dots,n$\\
$1+\dots+n$


1, . . . , n
1 + · · ·+ n


Görög betűk


α \alpha
β \beta
γ \gamma
δ \delta
ϵ \epsilon
ζ \zeta
η \eta
θ \theta
ι \iota
κ \kappa
λ \lambda


µ \mu
ν \nu
ξ \xi
π \pi
ρ \rho
σ \sigma
τ \tau
υ \upsilon
ϕ \phi
χ \chi
ψ \psi


ω \omega
𭟋 \digamma
ε \varepsilon
ϑ \vartheta
κ \varkappa
ϖ \varpi
ϱ \varrho
ς \varsigma
φ \varphi
Γ \Gamma
∆ \Delta


Θ \Theta
Λ \Lambda
Ξ \Xi
Π \Pi
Σ \Sigma
Υ \Upsilon
Φ \Phi
Ψ \Psi
Ω \Omega


Változó hosszúságú vízszintes jelek


x̂z \widehat{xz}
xz \overline{xz}
xz \underline{xz}
−→xz \overrightarrow{xz}


A
f◦g−−→ B A\xrightarrow{f\circ g}B
n︷ ︸︸ ︷


xxxzzz \overbrace{xxxzzz}^{n}
xxxzzz︸ ︷︷ ︸


n


\underbrace{xxxzzz}_{n}


Esetek szétválasztása


Erre a cases környezet használható. Például


\[
f(x)=
\begin{cases}
0, & \text{ha }x\in\mathbb{Q},\\
1, & \text{különben}.
\end{cases}
\]


f(x) =


{
0, ha x ∈ Q,
1, különben.
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Mátrixok


Mátrixokat többek között a következő környezetekkel lehet készíteni : pmatrix,


bmatrix, vmatrix. Ezek belsejében a táblázatokhoz hasonló módon kell megadni a


mátrix elemeit. Például


\[
\begin{pmatrix} a & b\\ c & d \end{pmatrix}
\begin{bmatrix} a & b\\ c & d \end{bmatrix}
\begin{vmatrix} a & b\\ c & d \end{vmatrix}
\] (


a b
c d


) [
a b
c d


] ∣∣∣∣a b
c d


∣∣∣∣
Nagy operátorok


∑
\sum∏
\prod


∫
\int∫∫
\iint


⋂
\bigcap⋃
\bigcup


∮
\oint∫∫∫
\iiint


A nagy operátorok más méretben jelennek meg szövegközi illetve kiemelt mate-


matikai módban. Például


$\sum$
\[
\sum
\]∑ ∑


„Nolimits” függvények


arccos \arccos
arcsin \arcsin
arctan \arctan
arg \arg
cos \cos
cosh \cosh


cot \cot
coth \coth
csc \csc
deg \deg
dim \dim
exp \exp


hom \hom
ker \ker
lg \lg
ln \ln
log \log
sec \sec


sin \sin
sinh \sinh
tan \tan
tanh \tanh
lim \varliminf
lim \varlimsup


A „nolimits” függvények és az integráljel indexei mindig mellette jelennek meg.


Például


64LAT
E
X LAP


O
K 13


©
T
ó
m


á
c
s


T
i
b
o
r


K
é
p


l
e
t
e
k







$\log_2x$
\[
\log_2x
\]


log2 x
log2 x


illetve


$\int_a^b$
\[
\int_a^b
\]∫ b


a ∫ b


a


„Limits” függvények


det \det
inf \inf


lim \lim
lim inf \liminf


lim sup \limsup
max \max


min \min
sup \sup


A nagy operátorok (az integráljel kivételével) és a „limits” függvények indexei


szövegközi matematikai módban mellette jelennek meg, de kiemelt matematikai


módban alatta és fölötte. Például


$\sum_{i=1}^{\infty}a_i:=\lim_{n\to\infty}\sum_{i=1}^{n}a_i$
\[
\sum_{i=1}^{\infty}a_i:=\lim_{n\to\infty}\sum_{i=1}^{n}a_i
\]∑∞


i=1 ai := limn→∞
∑n


i=1 ai


∞∑
i=1


ai := lim
n→∞


n∑
i=1


ai


Új függvények definiálása


Előfordulhat, hogy olyan függvényre van szükség, amely alapból nem áll rendel-


kezésre. Például a magyarban a tangens jele tg, amelynek csak az angol verziója


(tan) definiált. Ilyenkor mi is gyárthatunk újakat. Új „limits” függvény a következő


paranccsal definiálható a preambulumban:


\DeclareMathOperator*{parancs}{jel}
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Például


\DeclareMathOperator*{\Min}{Min}


után


$\Min_{k\in\mathbb{N}}$
\[
\Min_{k\in\mathbb{N}}
\]


Mink∈N
Min
k∈N


Új „nolimits” függvény a következő paranccsal definiálható a preambulumban:


\DeclareMathOperator{parancs}{jel}


Például


\DeclareMathOperator{\tg}{tg}


után


$\tg^2x$
\[
\tg^2x
\]


tg2 x
tg2 x


Differenciálás, differencia operátor


Derivált függvényt a ' ( Shift + 1 ) billentyűvel írhatunk. Például


f'(x), f''(x)


f ′(x), f ′′(x)


Az integrálásnál és deriválásnál szokásos differencia operátor jelet magunknak


kell definiálni a preambulumban:


\DeclareMathOperator{\diff}{d\!}


Ezután például


\[
\int f(x)\diff x\quad\text{és}\quad\frac{\diff f(x)}{\diff x}
\]
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∫
f(x) dx és


df(x)


dx


Matematikai jelek több szerepben


Vannak olyan matematikai jelek, amelyeknek többféle szerepe is lehet. Például


$f\colon A\to B$ (helyes)\\
$f:A\to B$ (helytelen)


f : A→ B (helyes)
f : A→ B (helytelen)


A második megoldás azért rossz, mert ott az szerepel, hogy f aránylik az A-hoz.


Ha a magyar.ldf fájlt defaults=hu-min opcióval töltötte be, akkor a vessző ma-


tematikai üzemmódban két szám között tizedesvesszőként értelmezett, de egyéb


esetben megmarad az eredeti szerepe. Például


$2,5\cdot2=5$\\
$a,b,c$


2,5 · 2 = 5
a, b, c


Ha két szám között a vesszőt nem tizedesvesszőként használja, akkor a vessző


után tegyen egy szóközt:


$1, 2, 3,\dots$


1, 2, 3, . . .


Kiemelt képletek sorszámozása


A kiemelt képletek sorszámozására használja az equation környezetet. Hivatkozás


esetén \ref helyett az \eqref parancs használható:


\begin{equation}\label{címke}
képlet
\end{equation}
\eqref{címke}


Ha automatikus határozott névelőt akar elé tenni, akkor a következőket kell hasz-


nálni :


\Az{\eqref{címke}} % \usepackage[magyar]{babel}
\az{\eqref{címke}} % \usepackage[magyar]{babel}


Például
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\begin{equation}\label{egyenlet-masodfoku}
x^2+2x-3=0
\end{equation}
\Az{\eqref{egyenlet-masodfoku}} miatt \dots


x2 + 2x− 3 = 0 (1)


Az (1) miatt . . .


Több képlet egymás alatt


Ha több kiemelt képletet ír egymás alá, akkor nem ad jó végeredményt a \[...\],


equation* vagy az equation környezetek egymás utáni alkalmazása, mert túl nagy


lesz közöttük a függőleges térköz. Ilyenkor használja a gather környezetet.


\begin{gather}
1. képlet\label{címke 1}\\
2. képlet\label{címke 2}\\
...
n. képlet\label{címke n}
\end{gather}


Ha nem akar képletszámozást, akkor a gather* környezetet használja. Ha csak egy


sort nem akar számozni, akkor annak végére tegye a \notag parancsot. Például


\begin{gather}
x+y \label{egyenlet-pelda-a}\\
x^2+xy+y^2\label{egyenlet-pelda-b}
\end{gather}


x+ y (1)
x2 + xy + y2 (2)


illetve


\begin{gather}
x+y \notag\\
x^2+xy+y^2\label{egyenlet-pelda}
\end{gather}


x+ y


x2 + xy + y2 (1)


Több képlet egymás alatt illesztéssel


Egymás alatti képletekben lehetnek olyan elemek, amelyeket egymáshoz kell il-


leszteni.
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\begin{align}
1. sor jobbra&balra & jobbra&balra & jobbra ... \label{címke 1}\\
2. sor jobbra&balra & jobbra&balra & jobbra ... \label{címke 2}\\
...
n. sor jobbra&balra & jobbra&balra & jobbra ... \label{címke n}
\end{align}


Például


\begin{align}
x&=y+z & y&=bd & z&=bc \label{egyenlet-pelda-a}\\
b&=10 & 2c&=56 & d&=44 \label{egyenlet-pelda-b}
\end{align}


x = y + z y = bd z = bc (1)
b = 10 2c = 56 d = 44 (2)


A \notag parancs itt is ugyanúgy használható, mint a gather környezetben. Az


align* környezet pontosan azt csinálja, mint az align, de nem tesz ki képletszá-


mokat.


\begin{align*}
x&=y+z\\
&=bd+bc\\
&=1000


\end{align*}


x = y + z


= bd+ bc


= 1000


Teljes példa


Képletek


\documentclass[a4paper,12pt]{article}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\usepackage{mathtools,amssymb}


\DeclareMathOperator{\diff}{d\!}
\DeclareMathOperator{\tg}{tg}


\begin{document}


69LAT
E
X LAP


O
K 13


©
T
ó
m


á
c
s


T
i
b
o
r


K
é
p


l
e
t
e
k







Legyen $X$ egy halmaz. Az $\mathcal{A}\subset\mathcal{P}(X)$
halmazrendszert \emph{$\sigma$-algebrának} nevezzük, ha
\begin{enumerate}
\item $X\in\mathcal{A}$,
\item $\overline{A}=X\setminus A\in\mathcal{A}\quad\forall
A\in\mathcal{A}$,
\item $\bigcup_{i=1}^{\infty}A_{i}\in\mathcal{A}$, ha
$A_{i}\in\mathcal{A}\ (i\in\mathbb{N})$.
\end{enumerate}
Ekkor az $(X,\mathcal{A})$ rendezett párt \emph{mérhető térnek}, az
$\mathcal{A}$ elemeit \emph{mérhető halmazoknak} nevezzük.


A $\mu\colon\mathcal{A}\to[0,\infty]$ függvényt \emph{mértéknek}
nevezzük az $(X,\mathcal{A})$ mérhető téren, ha $\mu(\emptyset)=0$ és
\[
\mu\left(\bigcup_{i=1}^{\infty}A_{i}\right)=
\sum_{i=1}^{\infty}\mu(A_{i})
\]
minden $A_{i}\in\mathcal{A}\ (i\in\mathbb{N})$ diszjunkt rendszerre.
Ekkor $(X,\mathcal{A},\mu)$-t \emph{mértéktérnek}, $\mu(A)$-t az $A$
mértékének nevezzük.


Legyen $X$ egy halmaz, $\mathcal{H}\subset\mathcal{P}(X)$,
$\nu\colon\mathcal{H}\to[0,\infty]$ és $\mu$ a $\nu$-höz tartozó külső
mérték. $B\subset X$ pontosan akkor $\mu$-mérhető, ha
\begin{equation}\label{egyenlet-feltetel}
\nu(A)\geq\mu(A\cap B)+\mu(A\setminus B)\quad\forall A\in\mathcal{H}.
\end{equation}
\Az{\eqref{egyenlet-feltetel}} szükségessége triviálisan teljesül. Az
elégséges voltát később látjuk be.


A véges értékkészletű függvényeket \emph{egyszerű függvényeknek}
nevezzük. Ha $X$ egy halmaz és $A\subset X$, akkor az
\[
I_{A}\colon X\to\mathbb{R},\quad I_{A}(x):=
\begin{cases}
1, & \text{ha }x\in A,\\
0, & \text{különben}
\end{cases}
\]
függvényt az $A$ \emph{karakterisztikus függvényének} nevezzük.


A majorált konvergenciatétel a következőt állítja: Legyen
$(X,\mathcal{A},\mu)$ mértéktér és $g,f,f_{n}\colon X\to\mathbb{R}_{b}$
$(n=1, 2, 3,\dots)$ mérhető függvények. Ha $g$ integrálható, $\lvert
f_{n}\rvert\leq g$ $\forall n\in\mathbb{N}$-re és
$\lim_{n\to\infty}f_{n}=f$, akkor
\[
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\lim_{n\to\infty}\int\lvert f_{n}-f\rvert\diff\mu=0
\quad\text{és}\quad
\lim_{n\to\infty}\int f_{n}\diff\mu=\int f\diff\mu.
\]


A tangens függvényt a következő módon definiáljuk:
\[
\tg\colon\mathbb{R}\setminus
\left\{\frac{\pi}{2}+k\pi:k\in\mathbb{Z}\right\}\to\mathbb{R},
\quad
\tg(x):=\frac{\sin(x)}{\cos(x)}.
\]


\end{document}
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Strukturált művek


Hosszabb, strukturált dokumentumokat a következő módon lehet például tagol-


ni :


• cím


• kivonat


• tartalomjegyzék


• főszöveg szintjei


• fejezetek


• szakaszok


• alszakaszok


• al-alszakaszok


• paragrafusok


• alparagrafusok


• bibliográfia


Főcím, címlap, kivonat


A mű címét, szerzőjét és dátumot a következő parancsokkal adhatja meg.


\title{cím}
\author{szerző}
\date{dátum}
\maketitle


A \title, \author és \date parancsok írhatók preambulumba is, de a \maketitle
csak a dokumentumtestbe. A dátum alapértéke a \today parancs, ami a fordítás


idején az aktuális dátumot jelenti. Ezen parancsok argumentumaiba lábjegyzetek


is írhatók a


\thanks{szöveg}


paranccsal. A \maketitle a rendelkezésre álló adatokból elkészíti a címet. Ezután


nyithat egy abstract környezetet (kivéve a book osztályt), melybe a mű rövid


kivonatát írhatja.


A főszöveg szintjei


A főszöveg szintjeinek címeit a következő parancsokkal adhatja meg:
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\chapter{cím}


Fejezet címe (article osztályban nincs).


\section{cím}


Szakasz címe.


\subsection{cím}


Alszakasz címe.


\subsubsection{cím}


Al-alszakasz címe.


\paragraph{cím}


Paragrafus címe.


\subparagraph{cím}


Alparagrafus címe.


Ha egy számozott szint esetén csak egyetlen szintnek nem akar sorszámot, akkor


használja az előző parancsok ún. csillagos változatát (például \section*{cím}).


Ilyenkor a cím nem kerül a tartalomjegyzékbe és a fejlécbe sem.


A szintekre pontosan úgy lehet hivatkozni, mint azt az általános esetre leírtuk.


Például


\subsection{Ez az alszakasz címe}\label{subsec-pelda}
...
Lásd \aref{subsec-pelda}.~alszakaszban.


1.1. Ez az alszakasz címe


. . .
Lásd az 1.1. alszakaszban.


Fej- és láblécek


Alapbeállítások


Egy hosszabb dokumentumban célszerű, ha minden oldalon találunk utalást arra,


hogy az a dokumentum mely részén van: hányadik oldalon, melyik szinten és


melyik alszinten. Ezek book osztályban automatikusan megjelennek. A másik két


osztályban (article, report) ehhez adja ki a


\pagestyle{headings}


parancsot. Ennek hatása:
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• lábléc üres


• oldalszám a fejléc külső margójánál


• szint információi a fejlécben


• egyoldalas szedésnél minden oldalon a belső margónál


• kétoldalas szedésnél páros oldalon a belső margónál


• alszint információi a fejlécben


• egyoldalas szedésnél nincs


• kétoldalas szedésnél páratlan oldalon a belső margónál.


További oldalstílusok:


\pagestyle{empty}


Üres fej- és lábléc.


\pagestyle{plain}


Üres fejléc, a lábléc közepén oldalszám.


\pagestyle{myheadings}\markboth{infó1}{infó2}


• lábléc üres


• oldalszám a fejléc külső margójánál


• infó1 a fejlécben


• egyoldalas szedésnél nincs


• kétoldalas szedésnél páros oldalon a belső margónál


• infó2 a fejlécben


• egyoldalas szedésnél minden oldalon a belső margónál


• kétoldalas szedésnél páratlan oldalon a belső margónál


• infó1 és infó2 bármikor megváltoztatható a \markboth paranccsal. Külön


csak az infó2 is megadható a \markright{infó2} paranccsal.


Ha egy konkrét oldalra vonatkozóan meg akarja az oldalstílust változtatni, akkor


az adott szövegrészhez gépelje be:


\thispagestyle{stílus}


ahol a stílus : headings, myheadings, empty vagy plain. A report és book osztá-


lyokban az új részt és az új fejezetet nyitó oldalak plain stílusra váltanak, majd a


következő oldaltól visszatér az eredeti stílusra.


Fej- és láblécek testreszabása


A testreszabáshoz a fancyhdr csomag használható. Ezt a csomagot már a babel
előtt be kell tölteni. Ennek a csomagnak van egy saját stílusa fancy néven, melynek


hatása:
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• lábléc közepén az oldalszám


• szint információi a fejlécben


• egyoldalas szedésnél a külső margónál


• kétoldalas szedésnél a belső margónál


• alszint információi a fejlécben


• egyoldalas szedésnél a belső margónál


• kétoldalas szedésnél a külső margónál.


Ezt a stílust átalakíthatja a


\fancyhead[hely]{szöveg}
\fancyfoot[hely]{szöveg}


parancsokkal. A hely lehetséges értékei : LE, CE, RE, LO, CO, RO. A betűk jelentései : L
bal mező, C közép mező, R jobb mező, E páros oldal, O páratlan oldal. Tehát például


LE a bal mezőt jelenti a páros oldalakon.


Minden testreszabás előtt adja ki a


\fancyhf{}


parancsot, mely a korábban definiált fej- és lábléc beállításokat törli.


Lehetőség van a főszöveget elválasztani egy vonallal, az ún. léniával, a fejléc-


től és lábléctől. Ezeknek a vonalaknak a vastagságát a következő parancsokkal


állíthatja be:


\renewcommand{\headrulewidth}{vastagság}


Fejléc alatti lénia vastagsága, aminek az alapértéke 0.4pt.


\renewcommand{\footrulewidth}{vastagság}


Lábléc feletti lénia vastagsága, aminek az alapértéke 0pt.


A fej- és láblécek tartalmának beállításaira a következő parancsok használha-


tók:


\leftmark


Az article osztály esetén a szakaszcímet tárolja, report illetve book osztály esetén


pedig fejezetcímet.


\rightmark


Az article osztály esetén az alszakaszcímet tárolja, report illetve book osztály


esetén pedig szakaszcímet.


\thepage


Kiírja az aktuális oldalszámot.


\nouppercase{szöveg}
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Alapesetben a szintinformációk nagybetűkkel jelennek meg a fej- és láblécben. Ha


ezt nem akarjuk, akkor használjuk ezt a parancsot.


\markboth{infó1}{infó2}


Ennek hatására a \leftmark eredménye infó1, míg a \rightmark eredménye infó2
lesz.


\markright{infó}


Ennek hatására a \rightmark eredménye infó lesz.


A következő kódot, ha a dokumentumtestbe írja, akkor onnan kétoldalas sze-


désnél a következő beállítások érvényesülnek:


• lénia nincs


• lábléc üres


• oldalszám a fejléc külső margójánál


• szint információi a fejlécben páros oldalon a belső margónál


• alszint információi a fejlécben páratlan oldalon a belső margónál.


\pagestyle{fancy}
\fancyhf{}
\fancyhead[LE,RO]{\normalfont\normalsize\thepage}
\fancyhead[LO]{\nouppercase{\sffamily\small\rightmark}}
\fancyhead[RE]{\nouppercase{\sffamily\small\leftmark}}
\renewcommand{\headrulewidth}{0pt}


Ha számozatlan szintet használ, például


\chapter*{Bevezetés}


akkor a fejlécben nem jelenik meg ez az információ. Ez felülbírálható a \markboth
paranccsal. Például


\chapter*{Bevezetés}\markboth{Bevezetés}{Bevezetés}


Ekkor a \leftmark és a \rightmark eredménye is „Bevezetés”.


Tartalomjegyzék


A dokumentumnak arra a pontjára, ahol a tartalomjegyzéket meg akarja jeleníteni,


adja ki a következő parancsot :


\tableofcontents


Amikor egy szintnyitó parancsnak a csillagos verzióját alkalmazza, akkor ez a cím


nem lesz sorszámozva, nem kerül az élőfejbe és a tartalomjegyzékbe. Hogy mégis


bekerüljön a tartalomjegyzékbe az oldalszámmal együtt, a szintnyitó parancs után


gépelje be a következőt:
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\addcontentsline{toc}{szint}{cím}


Például


\section*{Előszó}
\addcontentsline{toc}{section}{Előszó}


Tételszerű bekezdések


Sokszor lehet szükség olyan bekezdések írására, melyeknek típuscímet vagy sor-


számot kell adni. Ilyen például a matematikában a tétel, bizonyítás, definíció.


Ezek az ún. tételszerű bekezdések, melyeket a \newtheorem paranccsal definiált


környezetekkel hozhat létre.


\newtheorem{tételnév}{tételcím}
\newtheorem{tételnév}{tételcím}[számlálóős]
\newtheorem{tételnév}[együttnév]{tételcím}


tételnév Létrejön egy tételnév környezet és egy tételnév számláló, mely minden


újabb ilyen környezet megnyitásakor növekszik eggyel.


tételcím Ez lesz a tételszerű bekezdés típuscíme (definíció, megjegyzés stb.). Ezen


cím mellett megjelenik a tételnév számláló aktuális értéke is.


számlálóősEgy már korábban definiált számláló, általában valamelyik szint szám-


lálója (chapter, section stb.). Ennek változásakor a tételnév nevű számláló


lenullázódik. A számlálóős és a tételnév számláló együtt jelenik meg (pél-


dául 2.1. tétel).


együttnév Egy másik tételszerű környezet neve. A tételnév és együttnév környe-


zetek számlálói együtt fognak növekedni.


A létrehozott tételszerű környezetet az alábbi módon használhatja :


\begin{tételnév}[egyedi cím]
A bekezdés szövege
\end{tételnév}


Az egyedi cím megadása esetén, az a tételcím után jelenik meg zárójelben. Hivat-


kozni a tételszerű bekezdésekre az általános leírásnak megfelelően lehet. Például


\newtheorem{tetel}{tétel}
...
\begin{tetel}
A tétel szövege.
\end{tetel}
\begin{tetel}[Cauchy]\label{cauchy}
A következő tétel szövege.
\end{tetel}
\Aref{cauchy}.~tételből következően\dots
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1. tétel. A tétel szövege.


2. tétel (Cauchy). A következő tétel szövege.


A 2. tételből következően. . .


\newtheorem{tetel}{tétel}[section]
\newtheorem{defin}[tetel]{definíció}
...
\section{Szakasz címe}
\begin{tetel}
A tétel szövege.
\end{tetel}
\begin{defin}
A definíció szövege.
\end{defin}


1. Szakasz címe
1.1. tétel. A tétel szövege.


1.2. definíció. A definíció szövege.


Alapesetben a tételszerű bekezdésekben a cím félkövéren, a szöveg pedig dőlten


jelenik meg. Ezek stílusait magunk is beállíthatjuk a következő paranccsal :


\theoremstyle{stílusnév} % \usepackage{amsthm}


A stílusnév értékei a következők lehetnek:


plain A cím félkövér, a szöveg dőlt. Ez az alapérték.


definition A cím félkövér, a szöveg álló antikva.


remark A cím dőlt, a szöveg álló antikva.


Ha a tételszerű környezetnek nem akar számozást, akkor használja a következőt:


\newtheorem*{tételnév}{tételcím} % \usepackage{amsthm}


Matematikai tételek, lemmák, következmények bizonyítására van egy előre


definiált proof környezet az amsthm csomagban. Például


\begin{proof}
A bizonyítás szövege.
\end{proof}


Bizonyítás. A bizonyítás szövege.


A az ún. Q.E.D. jel. Ha nem akarunk Q.E.D. jelet, akkor írjuk be a következőt:


\renewcommand{\qedsymbol}{}


Ha a bizonyítás kiemelt matematikai képlettel zárul, akkor a képlet utáni sorba


kerül a Q.E.D. jel, ami csúnya:
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eiπ + 1 = 0.


Ilyenkor használja a \qedhere parancsot :


\begin{proof}
...
\[\mathrm{e}^{\mathrm{i}\pi}+1=0.\qedhere\]
\end{proof}


eiπ + 1 = 0.


A proof környezet opcióval is használható. Például


\begin{tetel}\label{xy}
A tétel szövege.
\end{tetel}
\begin{proof}[\Aref{xy}.~tétel bizonyítása]
A bizonyítás szövege.
\end{proof}


1. tétel. A tétel szövege.


Az 1. tétel bizonyítása. A bizonyítás szövege.


Bibliográfia


Bibliográfiát thebibliography környezettel lehet készíteni, a bibliográfiai elemeket


pedig a \bibitem paranccsal adhatja meg.


\begin{thebibliography}{példacímke}
\bibitem{kulcs} elemleírás
...
\end{thebibliography}


példacímke A bibliográfiai elemek címkéi közül a legszélesebb.


kulcs A bibliográfiai elemre \cite[szöveg]{kulcs} paranccsal lehet hivatkozni a


dokumentumban. Ilyenkor az adott ponton az adott elem címkéje [ ] jelek


között jelenik meg. Egyszerre több kulcsot is megadhat, ezeket vesszővel


kell elválasztani. A szöveg-ben például megadhatja, hogy melyik oldalra


hivatkozik.


Magyar nyelvű dokumentum esetén a hivatkozások elé automatikus névelőt is


rakhat az


\acite[szöveg]{kulcs} % \usepackage[magyar]{babel}
\Acite[szöveg]{kulcs} % \usepackage[magyar]{babel}


vagy az ezzel egyenértékű
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\az{\cite[szöveg]{kulcs}} % \usepackage[magyar]{babel}
\Az{\cite[szöveg]{kulcs}} % \usepackage[magyar]{babel}


parancsokkal. Például


Lásd \cite{PlainTeX} és \cite[134.~oldal]{LaTeX}\dots
Lásd \cite{PlainTeX,LaTeX}\dots
Lásd \acite{PlainTeX,LaTeX} könyvekben\dots
\begin{thebibliography}{2}
\bibitem{PlainTeX} Bujdosó Gyöngyi, Fazekas Attila:


\TeX\ kezdőlépések, Budapest, 1997, Tertia Kiadó.
\bibitem{LaTeX} Wettl Ferenc, Mayer Gyula, Szabó Péter:


\LaTeX\ kézikönyv, Budapest, 2004, Panem Könyvkiadó.
\end{thebibliography}


Lásd [1] és [2, 134. oldal]. . . Lásd [1, 2]. . . Lásd az [1, 2] könyvekben. . .


Hivatkozások


[1] Bujdosó Gyöngyi, Fazekas Attila: TEX kezdőlépések, Budapest, 1997, Tertia
Kiadó.


[2] Wettl Ferenc, Mayer Gyula, Szabó Péter: LATEX kézikönyv, Budapest, 2004,
Panem Könyvkiadó.


Teljes példa


Strukturált mű report dokumentumosztályban


\documentclass[12pt,twoside]{report}
\usepackage[T1]{fontenc}
\usepackage{fancyhdr} % babel előtt kell betölteni
\usepackage[a4paper, top=40mm, bottom=40mm, inner=40mm, outer=30mm,
headsep=8mm, headheight=15pt]{geometry}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}
\usepackage{mathtools,amssymb,amsthm}


\newtheorem{tetel}{Tétel}[chapter]
\newtheorem{kovetkezmeny}[tetel]{Következmény}
\theoremstyle{definition}
\newtheorem{definicio}[tetel]{Definíció}


\pagestyle{fancy}
\fancyhf{}
\fancyhead[LE,RO]{\normalfont\normalsize\thepage}
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\fancyhead[RE]{\nouppercase{\sffamily\small\leftmark}}
\fancyhead[LO]{\nouppercase{\sffamily\small\rightmark}}


\begin{document}


\title{Egy példa strukturált dokumentumra}
\author{Szerző neve}
\date{dátum}


\maketitle


\tableofcontents


\chapter*{Bevezetés}
\markboth{Bevezetés}{Bevezetés}


Minden természet- és társadalomtudomány foglalkozik olyan jelenségekkel,
melyekben egy bizonyos esemény szükségszerűen bekövetkezik, ha az
általunk ismert és figyelembe vett körülmények fennállnak.
Ezeket \emph{meghatározott eseményeknek} nevezzük.


Bizonyos jelenségeknél az összes számításba jöhető körülmény figyelembe
vétele lehetetlen, de legalábbis igen nehéz.
Ennek oka lehet például, hogy a jelenség hátterében meghúzódó
körülmények rendszere a tudomány mai állása szerint még nem teljesen
feltárt, vagy nem tudjuk mérni őket, vagy számuk túl nagy és kapcsolatuk
nagyon bonyolult.
Ilyenkor előfordulhat, hogy a figyelembe vett körülmények összessége nem
határozza meg egy esemény bekövetkezésének elegendő okát.
Az ilyen eseményeket \emph{véletlen eseményeknek} nevezzük.
Például, amikor egy dobókockával játszunk, akkor nem tudjuk figyelembe
venni az összes körülményt -- hogy milyen helyzetből indult, mekkora
impulzust kapott, a légellenállást, az asztallal való ütközést, a
súrlódást stb.~--, csak azt a tényt, hogy feldobtuk.
Ez viszont nem határozza meg a dobás eredményét egyértelműen, így
számunkra például a hatos dobása véletlen eseményt jelent.


Ha egy véletlen kimenetelű jelenség sokszor ismétlődhet, akkor
\emph{véletlen tömegjelenségről} beszélünk.
Az ilyen típusú jelenségekről a véletlenszerűségük ellenére is
áttekintést nyerhetünk.
Vegyük példaként a radioaktív bomlást.
Bár minden egyes atommag bomlása véletlennek tekinthető, mégis például
egy urántömbben elhelyezkedő sok-sok milliárd atommag esetében már előre
meg tudjuk mondani, hogy egy meghatározott időn belül hány százalékuk
fog elbomlani.
Ez a bomlás úgynevezett exponenciális törvénye, melyet a
valószínűségszámítás segítségével írhatunk le.
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Ezt a törvényt a mérések éppúgy alátámasztják, mint bármilyen
meghatározott természeti törvényt.


\emph{A valószínűségszámítás tárgya a véletlen tömegjelenségek
vizsgálata, feladata pedig ezen jelenségek törvényszerűségeinek a
feltárása.}


Végezzünk el egy véletlen kimenetelű kísérletet sokszor egymás után.
Figyeljük egy lehetséges esemény bekövetkezését.
Ha a kísérlet $n$ végrehajtása után $k$-szor fordult elő a figyelt
esemény, akkor a $\frac{k}{n}$ számot az esemény \emph{relatív
gyakoriságának} nevezzük.
\emph{A tapasztalat azt mutatja, hogy sok kísérlet esetén a relatív
gyakoriság, egy eseménytől függő érték körül ingadozik}.
A továbbiakban ezt az értéket a vizsgált esemény \emph{valószínűségének}
fogjuk nevezni.
Ezen tapasztalat alapján axiómákat lefektetve lehetőség nyílik egy
matematikai elmélet kidolgozására.
Természetesen egy axiómarendszer akkor jó, ha az elmélet visszaadja a
tapasztalatot.
Látni fogjuk a nagy számok törvényeivel foglalkozó fejezetben, hogy ez
az elvárás teljesül.


\chapter{Valószínűségszámítás}


\section{Események matematikai modellezése}


Mindenekelőtt szükségünk lesz olyan eszközökre, amelyek alkalmasak a
véletlen események közötti kapcsolatok leírására.
Ezt halmazok segítségével oldjuk meg.


Az események halmazokkal való azonosítása a matematikában a következő
példa alapján kézenfekvőnek tűnik:
Amikor egy dobókockával játszunk, az egyes, kettes, hármas, négyes, ötös
vagy a hatos oldal lehet felül. A nekik megfelelő halmazok legyenek a
következők: $\{1\},\{2\},\{3\},\{4\},\{5\},\{6\}$.
Ezeket a továbbiakban \emph{elemi eseményeknek} fogjuk nevezni.


De más események is elképzelhetők.
Például az, hogy páros számot dobok.
Ennek feleltessük meg a következő halmazt: $\{2, 4, 6\}$.
Ezt az eseményt \emph{összetett eseménynek} fogjuk hívni, mert
felbontható nem triviális módon több esemény uniójára: $\{2, 4,
6\}=\{2\}\cup\{4\}\cup\{6\}$.
Az is esemény, hogy egytől hatig valamilyen egész szám fog kijönni.
Ezt \emph{biztos eseménynek} nevezzük, melyet $\Omega$-val jelölünk, és
a halmaz megfelelője: $\Omega=\{1, 2, 3, 4, 5, 6\}$.
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Azt az eseményt, amely a kockajáték szabályai szerint nem fordulhat elő,
\emph{lehetetlen eseménynek} fogjuk nevezni, és a halmaz megfelelője
legyen az üres halmaz.
Végül azt is eseménynek kell tekinteni, ha egy esemény nem következik
be.
Például nem egyest dobok. Az ehhez tartozó halmaz:
$\overline{\{1\}}=\{2, 3, 4, 5, 6\}$.


Vegyük észre, hogy akármelyik eseményt is tekintjük, az a biztos esemény
egy részhalmaza.
Milyen fontos tulajdonságai vannak az eseményeknek?


Mindenekelőtt kihangsúlyozzuk, hogy értelemszerűen minden ami teljesül a
halmazokra, az teljesül az eseményekre is.
Az események rendszerét az $\Omega$ részhalmazainak egy rendszerével
reprezentáljuk (jelöljük ezt $\mathcal{F}$-fel).
Az előző példában $\mathcal{F}$ az $\Omega$ összes részhalmazainak a
halmaza, azaz $\Omega$ \emph{hatványhalmaza}.


Ennek azonban nem feltétlenül kell teljesülni, mint azt látni fogjuk
például a geometriai valószínűségi mező tárgyalásánál.
Általános esetben $\mathcal{F}$ az $\Omega$ hatványhalmazának egy
részhalmaza.
Ennek a tulajdonságait kell megvizsgálni.
Hármat emelünk ki:


\begin{enumerate}
\item Az első, hogy az $\Omega$ esemény, azaz eleme $\mathcal{F}$-nek.


\item Azt is láttuk, hogy egy esemény ellentettje is esemény.


\item Végül nyilvánvaló tulajdonság még, hogy két esemény uniója is
esemény.
Például páros számot vagy hármast dobok: $\{2, 4, 6\}\cup\{3\}=\{2, 3,
4, 6\}$.
Az általánosabb esetek leírására szolgál az úgynevezett
\emph{Kolmogorov-féle elmélet}, mely felteszi, hogy nemcsak véges sok,
hanem megszámlálhatóan végtelen sok esemény uniója is esemény.
\end{enumerate}
A továbbiakban ezen tulajdonságokat választjuk az események
axiómarendszereként.


\section{A valószínűség matematikai modellezése}


Egy másik alapfogalomra, a valószínűségre is szükségünk van.
Tapasztalatunk alapján, ez nagyszámú kísérletek után, körülbelül a
relatív gyakorisággal egyezik meg.
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Így a valószínűség jól jellemezhető a relatív gyakoriság
tulajdonságaival.
A valószínűség egy függvény.
Minden eseményhez hozzárendeli azt a számot, amely körül a relatív
gyakoriság ingadozik.
Három tulajdonságát emeljük ki:


\begin{enumerate}
\item A relatív gyakoriság, s így a valószínűség értéke sem lehet
negatív.


\item Ha a biztos esemény relatív gyakoriságát vizsgáljuk, akkor minden
kísérlet esetén a bekövetkezések száma és a kísérletek száma megegyezik.
Így a hányadosuk minden esetben 1.
Ebből az következik, hogy a biztos esemény valószínűsége 1.


\item A harmadik tulajdonságot ismét dobókockával szemléltetjük.
Tekintsük azokat az eseményeket, amikor az egyes oldal, illetve amikor a
kettes vagy hármas oldal van felül.
Az ezeknek megfelelő halmazok az $\{1\}$ és a $\{2, 3\}$.
Ezen két egymást kizáró esemény relatív gyakoriságait megvizsgálva, azt
fogjuk tapasztalni, hogy $\frac16$ illetve $\frac13$ körül ingadozik
nagyszámú kísérlet esetén.
Ez természetes, hiszen az oldalak között fizikai jellemzőit tekintve
nincs különbség, csupán másképpen jelöljük őket.
Így minden oldalra egyforma eséllyel eshet.
Ha most az $\{1, 2, 3\}$ esemény relatív gyakoriságát vizsgáljuk, akkor
az $\frac12$ körül ingadozik.
Vagyis ahogy az előre sejthető volt, az előző két érték összeadódik.
Ezt az eredményünket általánosítva azt mondhatjuk, hogy ha az $A$ és $B$
események diszjunktak, akkor az események uniójának a valószínűsége
megegyezik az események valószínűségeinek összegével.
Itt is kiterjesztjük az eredményt végtelen esetre.
Eszerint megszámlálhatóan végtelen sok, páronként diszjunkt esemény
uniójának valószínűsége megegyezik az események valószínűségeinek
összegével.
Bár ez nem következik a szemléletből, mégis elfogadásával a jelenségek
egy igen széles köre leírható lesz.
\end{enumerate}


A valószínűségszámítás Kolmogorov-féle elméletében ezeket a
tulajdonságokat választjuk a valószínűség axiómarendszerének.
(Lásd még \cite[27.~oldal]{FAZEKAS}, illetve \cite{RENYI}.
Ajánlott feladatgyűjtemények: \cite{DENKINGER,SOLT}.)


\chapter{Egy példafejezet tételszerű környezetekre}


\begin{definicio}
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Definíció szövege.
\end{definicio}


\begin{tetel}
Tétel szövege.
\end{tetel}


\begin{tetel}[Tétel címe]
Tétel szövege.
\end{tetel}


\begin{proof}
Bizonyítás szövege.
\end{proof}


\begin{kovetkezmeny}
Következmény szövege.
\end{kovetkezmeny}
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85LAT
E
X LAP


O
K 14


©
T
ó
m


á
c
s


T
i
b
o
r


S
t
r
u


k
t
u


r
á
l
t


m
ű


v
e
k







\bibitem{SZOKEFALVI} Szőkefalvi-Nagy Béla: \emph{Valós függvények és
függvénysorok}, Budapest, 1954, Tankönyvkiadó.
\end{thebibliography}


\end{document}
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Elektronikus publikáció


Az elkészült dokumentumot átalakíthatja elektronikus publikációvá is. Ehhez


töltse be a hyperref csomagot. Ekkor az elkészült pdf fájlban automatikusan készül


vázlatfa (bookmarks) és kis vázlatképek (thumbnails), továbbá linkké válnak a


hivatkozások, URL címek.


Ha a babel és geometry csomagokat is használja, akkor azokat a hyperref után


hívja meg.


A hyperref csomag néhány hasznos parancsa


\url{url cím}


Internetcímet adhat meg. Ez nem rakható parancsok argumentumaiba.


\href{url cím}{szöveg}


Internetcímet adhat meg. A pdf-ben a szöveg jelenik meg, melyre kattintva betölti


az url cím-et. Ez nem rakható parancsok argumentumaiba.


\hyperref[címke]{szöveg}


Ennek helyén a szöveg felirat jelenik meg linkként. Erre kattintva a \label{címke}-


vel létrehozott címkére ugrik.


A hyperref csomag néhány opciója


bookmarks=false Ne készüljön vázlatfa. Alaphelyzetben készül.


bookmarksopen Alaphelyzetben a vázlatfában csak a legfelső szint látszik. Ezzel az


opcióval minden szint nyitott lesz.


bookmarksnumbered A vázlatfában a címek legyenek számozottak.


linktocpage A jegyzékekben az oldalszámok legyenek a linkek. Alaphelyzetben


a címek a linkek.


breaklinks Linkek sorvégi törésének engedélyezése.


colorlinks A linkek színes karakterrel legyenek kiemelve. Alaphelyzetben színes


kerettel jelennek meg.


hidelinks A linkek ne legyenek színnel vagy kerettel kiemelve.


hyperfootnotes=false A lábjegyzet jelölője ne legyen link.


pdfpagemode=FullScreen A pdf megnyitásakor csak a lap jelenik meg a teljes kép-


ernyőn, a lehető legnagyobb nagyításban.
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pdfstartview=érték Ha az érték Fit, akkor a pdf megnyitásakor az ablakban a


lehető legnagyobb nagyítást alkalmazza. Ha FitH, akkor a pdf megnyitásakor


az ablak teljes szélességére nagyít. Ha FitV, akkor a pdf megnyitásakor az


ablak teljes magasságára nagyít.


linkcolor=szín A \ref által létrehozott link színe.


pagecolor=szín A \pageref által létrehozott link színe.


citecolor=szín A \cite által létrehozott link színe.


urlcolor=szín Az \url és \href által létrehozott link színe.


allcolors=szín Minden link színe.


linkbordercolor=szín A \ref által létrehozott link keretének színe.


citebordercolor=szín A \cite által létrehozott link keretének színe.


urlbordercolor=szín Az \url és \href által létrehozott link keretének színe.


allbordercolors=szín Minden link keretének színe.


pdfborder={0 0 szám} A link keretének vastagsága szám pont (ha ez 0, akkor nincs


keret).


Teljes példa


Struktúrált elektronikus publikáció report osztályban


\documentclass[12pt]{report}
\usepackage[T1]{fontenc}
\usepackage[colorlinks, linktocpage, allcolors=blue, pdfstartview=FitH,
bookmarksnumbered]{hyperref} % babel és geometry előtt kell betölteni
\usepackage[a4paper, top=40mm, bottom=40mm, inner=40mm,
outer=30mm]{geometry}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}


\begin{document}


\title{Cím}
\author{Szerző}
\date{dátum}


\maketitle


\tableofcontents


\chapter{Fejezet címe}\label{fejezet-pl}


Fejezet szövege.


\section{Szakasz címe}


\chapter{Másik fejezet címe}
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\Az{\ref{fejezet-pl}}.~fejezetben\dots (lásd \cite{DENKINGER}).


\begin{thebibliography}{2}
\bibitem{DAROCZY} Daróczy Zoltán: \emph{Mérték és integrál}, Budapest,
1984, Tankönyvkiadó.
\bibitem{DENKINGER} Denkinger Géza: \emph{Valószínűségszámítási
gyakorlatok}, Budapest, 1986, Tankönyvkiadó.
\end{thebibliography}
\end{document}
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Szakdolgozat készítése


A thesis-ekf osztály olyan szakdolgozatok megírására alkalmas, amely megfelel


az Eszterházy Károly Katolikus Egyetem szabályzatának. Ebben a dokumentum-


osztályban a geometry, hyperref és graphicx csomagok automatikusan betöltőd-


nek, így ezeket nem szabad ismét betölteni!


A lehetséges opciók


twoside Ha a szakdolgozatot kétoldalasan szeretné kinyomtatni, akkor ezt az op-


ciót alkalmazza! Ne használja egyoldalas nyomtatáshoz illetve elektronikus


verzióhoz!


colorlinks A linkek színes karakterekkel jelennek meg. Ezt csak a szakdolgozat


elektronikus verziójához használja, a nyomtatott verzióhoz nem kell !


tocnopagenum Ennek hatására a tartalomjegyzéknek nem lesz oldalszámozása. Ha


közvetlenül a címoldalt követően van elhelyezve a tartalomjegyzék, akkor


az első számozott oldal csak ezután következik.


Címoldal


A címoldal a \maketitle paranccsal hozható létre. Ehhez előtte az adatokat a


következő parancsokkal lehet megadni:


\logo{képbetöltés}


Logó betöltéséhez kell használni. Például


\logo{\includegraphics{eszterhazy-logo-hu}}


Ha nem adja meg, akkor az Eszterházy Károly Katolikus Egyetem logója fog


automatikusan megjelenni. Ha nem akar logót, akkor írja be a \logo{} parancsot.


\institute{intézet neve}


Ezzel adja meg az intézmény nevét. Ha az Eszterházy Károly Katolikus Egyetem


logóját használja, akkor az egyetem nevét nem kell feltüntetni, mert azt a logó már


tartalmazza. Ekkor elég csak az intézet neve. Például


\institute{Matematikai és Informatikai Intézet}


\title{dolgozat címe}


90LAT
E
X LAP


O
K 16


©
T
ó
m


á
c
s


T
i
b
o
r


S
z
a
k


d
o
l
g
o
z
a
t


k
é
s
z
í
t
é
s
e







Ezzel adja meg a dolgozat címét.


\author{név\\szak}


Ezzel adja meg a szerző nevét és szakját. Például


\author{Tóth István\\matematika BSc}


\supervisor{név\\beosztás}


Ezzel adja meg a témavezető nevét és beosztását. Például


\supervisor{Dr. Nagy János\\egyetemi docens}


\city{város}


Ezzel adja meg a város nevét, ahol az intézmény található. Például


\city{Eger}


\date{évszám}


Ezzel adja meg a dolgozat leadásának évét. Az évszám után ne tegyen pontot!


Teljes példa


Szakdolgozat thesis-ekf dokumentumosztállyal


\documentclass{thesis-ekf}
\usepackage[T1]{fontenc}
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}


\begin{document}


\institute{Matematikai és Informatikai Intézet}
\title{A szakdolgozat címe}
\author{Szerző neve\\szak}
\supervisor{Tanár neve\\beosztás}
\city{Eger}
\date{2025}


\maketitle


\tableofcontents


\chapter{Fejezet címe}


\section{Szakasz címe}
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\begin{thebibliography}{1}
\bibitem{cimke} \textsc{Szerző}: Cím, Kiadó, Hely, évszám.
\end{thebibliography}


\end{document}


A szakdolgozat készítéséhez a legegyszerűbb, ha a thesis-ekf-templates.zip sab-


lont használja.
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https://tibortomacs.github.io/latex-tutorial-hu/thesis-ekf-templates.zip





Irodalomjegyzék


[1] LaTeX2e unofficial reference manual.


url: http://tug.org/texinfohtml/latex2e.html


[2] Wikibooks.org: LaTeX.


http://upload.wikimedia.org/wikipedia/commons/2/2d/LaTeX.pdf


[3] Bujdosó Gyöngyi, Fazekas Attila: TEX kezdőlépések, Budapest, 1997, Tertia


Kiadó.


[4] Johannes Braams, David Carlisle, Alan Jeffrey, Leslie Lamport, Frank Mit-


telbach, Chris Rowley, Rainer Schöpf: The LATEX 2ε Sources.
http://mirrors.ctan.org/macros/latex/base/source2e.pdf


[5] Donald Ervin Knuth: The TEXbook, Reading/Ma. etc., 1984, Addison-Wesley.


http://tug.ctan.org/tex-archive/systems/knuth/dist/tex/texbook.tex


[6] L
A
T
E
X3 Project Team: L


A
T
E
X News.


https://www.latex-project.org/news/latex2e-news/ltnews.pdf


[7] Tobias Oetiker, Hubert Partl, Irene Hyna, Elisabeth Schlegl: Egy nem túl
rövid bevezető a LATEX 2ε használatába.


https://math.bme.hu/latex/dl/latex78.pdf


[8] Szabó Péter: Magyar nyelvű szöveg szedése MagyarLATEX-hel.
http://www.math.bme.hu/latex/magyarldf-doc.pdf


[9] Tómács Tibor: LATEX
https://tibortomacs.github.io/latex-tutorial-hu/latex.pdf


[10] Tibor Tómács: Thesis class for the Eszterházy Károly Catholic University.


http://mirrors.ctan.org/macros/latex/contrib/thesis-ekf/thesis-ekf.pdf


[11] Wettl Ferenc, Mayer Gyula, Szabó Péter: LATEX kézikönyv, Budapest, 2004,


Panem Könyvkiadó.


http://math.bme.hu/latex/lakk_free.pdf


93LAT
E
X LAP


O
K


©
T
ó
m


á
c
s


T
i
b
o
r


I
r
o
d


a
l
o
m


j
e
g
y
z
é
k



http://tug.org/texinfohtml/latex2e.html

http://upload.wikimedia.org/wikipedia/commons/2/2d/LaTeX.pdf

http://mirrors.ctan.org/macros/latex/base/source2e.pdf

http://tug.ctan.org/tex-archive/systems/knuth/dist/tex/texbook.tex

https://www.latex-project.org/news/latex2e-news/ltnews.pdf

https://math.bme.hu/latex/dl/latex78.pdf

http://www.math.bme.hu/latex/magyarldf-doc.pdf

https://tibortomacs.github.io/latex-tutorial-hu/latex.pdf

http://mirrors.ctan.org/macros/latex/contrib/thesis-ekf/thesis-ekf.pdf

http://math.bme.hu/latex/lakk_free.pdf



		1. LaTeX-kurzus videókkal

		2. Mi a LaTeX és hogyan kell telepíteni?

		TeX-rendszerek

		Telepítés Windowsra

		Telepítés Linuxra

		A LaTeX használata online



		3. Az első LaTeX dokumentum elkészítése

		Parancs

		Dokumentumosztály, argumentum

		Környezet

		Opció

		Csomag, nyelv

		Fordítók, belső kódolás

		Bemeneti kódolás

		Hibakezelés

		A forrás és a pdf szinkronizálása

		Munkafájlok törlése

		Sablonok



		4. A LaTeX alapfogalmai

		Parancs

		Kötelező argumentum

		Opcionális argumentum

		Környezet

		Blokk

		Deklarációs parancs

		Komment

		A forrásfájl szerkezete

		Fontosabb standard dokumentumosztályok

		Csomag



		5. Alapvető formai elemek

		Szóközök

		Foglalt karakterek

		Ékezetes betűk

		Különleges karakterek

		Kötőjel

		Nagykötőjel

		Gondolatjel

		Hármaspont

		Idézőjel

		Betűváltozatok

		Alak

		Testesség

		Család

		Kiemelés



		Betűméretek

		A szavak elválasztása

		Sortörések

		Oldaltörések

		Függőleges térközök

		Bekezdések

		Bekezdések balra zárása

		Bekezdések jobbra zárása

		Bekezdések középre zárása

		Lábjegyzetek

		Színek

		Internetcímek

		Számírás

		Mértékegységek

		Teljes példa



		6. Oldalak kinézete

		Oldalak szerkezete és méretei

		Többhasábos szedés

		Teljes példa



		7. Listák

		Számozatlan listák

		Számozatlan listák extra térközök nélkül



		Leíró listák

		Számozott listák

		Számozott listák extra térközök nélkül



		Teljes példa



		8. Kereszthivatkozások

		9. Képek

		Teljes példa



		10. Táblázatok

		Teljes példa



		11. Objektumok úsztatása

		Képek és táblázatok úsztatása

		Úsztatott objektumok címkézése

		Teljes példa



		12. Verbatim, programkódok

		Verbatim

		Programkódok

		Teljes példa



		13. Képletek

		Matematikai mód

		Műveleti jelek

		Relációjelek

		Matematikai zárójelek

		Közönséges matematikai jelek

		Indexek, gyökjelek, törtek, binomiális együtthatók

		Kalligrafikus és dupla szárú betűk

		Matematikai ékezetek

		Három pont

		Görög betűk

		Változó hosszúságú vízszintes jelek

		Esetek szétválasztása

		Mátrixok

		Nagy operátorok

		„Nolimits” függvények

		„Limits” függvények

		Új függvények definiálása

		Differenciálás, differencia operátor

		Matematikai jelek több szerepben

		Kiemelt képletek sorszámozása

		Több képlet egymás alatt

		Több képlet egymás alatt illesztéssel

		Teljes példa



		14. Strukturált művek

		Főcím, címlap, kivonat

		A főszöveg szintjei

		Fej- és láblécek

		Alapbeállítások

		Fej- és láblécek testreszabása



		Tartalomjegyzék

		Tételszerű bekezdések

		Bibliográfia

		Teljes példa



		15. Elektronikus publikáció

		A hyperref csomag néhány hasznos parancsa

		A hyperref csomag néhány opciója

		Teljes példa



		16. Szakdolgozat készítése

		A lehetséges opciók

		Címoldal

		Teljes példa



		Irodalomjegyzék






LATEXTÉVHITEK
TÓMÁCS TIBOR


30 LATEX tévhit, amiről érdemes tudni!
Verzió: 2025-01-29


latex-tutorial-hu



https://tibortomacs.github.io/latex-tutorial-hu





LATEX tévhitek
Tómács Tibor


A füzet szabadon letölthető az alábbi linkről :
https://tibortomacs.github.io/latex-tutorial-hu/latextevhitek.pdf


További LATEX témájú kiadványokat talál magyar nyelven a latex-tutorial-hu oldalon.


Ha észrevétele, megjegyzése van, kérem írjon a következő címre:
tomacs.tibor@gmail.com


Verzió: 2025-01-29


A borítógrafikát a Freepik tervezte.


A pdf generálásához használt TEX-rendszer:
pdfTeX, Version 3.141592653-2.6-1.40.26 (TeX Live 2024) kpathsea version 6.4.0



https://tibortomacs.github.io/latex-tutorial-hu/latextevhitek.pdf

https://tibortomacs.github.io/latex-tutorial-hu

mailto:tomacs.tibor@gmail.com

https://www.freepik.com





Előszó


A TEX-rendszerrel az 1990-es évek elején találkoztam először. Ezen belül a Plain TEX
makrócsomagot használtam. Több cikket, egy könyvet és a doktori disszertációmat is
ezzel a rendszerrel írtam. Ezeken keresztül megtapasztalhattam a Plain TEX korlátait,
ami egy összetettebb dokumentum megírását kényelmetlenné teszi. A Plain TEX hátránya
az is, hogy tipográfiai ismeretek nélkül használva nagy eséllyel kifogásolható kimenetet
eredményez. Emiatt mai szemmel már több formai hibát is látok az akkor írt műveimben.


Ezek érlelték bennem a gondolatot, hogy a strukturált művekre jóval alkalmasabb
LATEX makrócsomagra térjek át, amely a helyes tipográfiára is sokkal nagyobb hangsúlyt
fektet. A váltásra a végső lökést 2004-ben egy konferenciakiadvány elkészítésére való fel-
kérés adta. Ezután 2005-ben megbízást kaptam az Annales Mathematicae et Informaticae
folyóirat műszaki szerkesztésére.


A LATEX elsajátításához rengeteg hazai és külföldi lektorált szakkönyvön rágtam át
magam, továbbá a tipográfia mesterségébe is igyekeztem minél jobban elmélyülni. Bele-
ástam magam a felhasználói szinten túl a fejlesztői munkába is. A következő csomagok-
nak és osztályoknak vagyok a szerzője és fejlesztője: bookcover, fgruler, huaz, hulipsum,
numspell, thesis-ekf. Ezek a csomagok a Comprehensive TeX Archive Network (CTAN)
oldalról érhetők el, de részét képezik a TeX Live és MiKTeX disztribúcióknak is. A LATEX
Windowson történő használatához kifejlesztettem egy könnyen és gyorsan telepíthető
kompakt keretrendszert is TeXfireplace néven.


2009-től átvettem az Eszterházy Károly Katolikus Egyetem Matematikai és Infor-
matikai Intézetében a LATEX oktatását. Ennek a kurzusnak az elsődleges célja, hogy a
hallgatók LATEX-ben tudják megírni a TDK illetve szakdolgozataikat.


Elkötelezett híve vagyok a LATEX hazai népszerűsítésének és oktatásának. Ebben a
témában több könyvet is írtam, melyek a latex-tutorial-hu oldalról tölthetők le. Ezek-
hez számos kiegészítő feladat és videó is készült, melyek az előbbi könyvekből, illetve a
honlapomról is elérhetőek.


Szerkesztői és oktatói munkám során rengeteg tipikus szerzői hibával, tévhittel és
tipográfiai pontatlansággal találkozom. Ennek a füzetnek a létrejöttét az motiválta, hogy
okulásként megosszak ezekből néhányat másokkal is. Bízom benne, hogy azok is haszonnal
forgatják majd ezt a kis gyűjteményt, akik már magabiztosan használják a publikációik
megírásához a LATEX nyelvet. Talán ők is felismernek néhány berögzült rossz szokásukat.
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1. tévhit


Egysoros számozatlan kiemelt képletet dupla dollárjelek között kell megadni. Pél-
dául


\documentclass{article}
\begin{document}
$$ x^{2} + px + q = 0 $$
\end{document}


x2 + px + q = 0


Akinek a Plain TEX használatában van tapasztalata, az tudja, hogy ott a sorközi
matematikai képleteket $...$, míg a kiemelteket $$...$$ módon kell megadni. A $ jel
a TEX-ben úgynevezett sorközi matematikai módváltó karakterként van kategorizálva,
aminek a funkciója kernel szinten definiált, azaz nem bontható fel további egyszerűbb
műveletekre. Két sorközi matematikai módváltó karakter jel egymásután leírva szintén
kernel szinten definiált. Így tehát a $ és $$ is úgynevezett TEX primitívnek tekinthető,
amiket természetesen a LATEX is felismer.


A LATEX-ben a sorközi matematikai képletek \(...\) módon adhatók meg, ami –
leszámítva a hibakezelési metódust – ekvivalens a $...$ megoldással, így mindkettő
nyugodtan használható.


Ebből kiindulva sokan azt feltételezik, hogy a $$...$$ esetén is ugyanez a hely-
zet, ami nem igaz. Néhány esetben a LATEX-ben meg kell változtatni a kiemelt képletek
viselkedését. De a TEX primitívek átdefiniálása nem ajánlott, hiszen a legváratlanabb
helyeken okozhat végzetes hibákat. Így a $$ átdefiniálása sem biztonságos út. Helyette
új parancsok létrehozásával lehet változtatni a viselkedésen.


Például a fleqn osztályopció (a kiemelt képleteket balra igazítja) nem működik
$$...$$ esetén. Hasonlóan nem működik $$...$$ esetén az amsthm csomag proof


környezetében használható \qedhere parancs, ami a Q.E.D. jelet a kiemelt képlet végé-
re teszi. A lineno csomag a sorokat számozza, kivéve a kiemelt képleteket. Viszont a
mathlines opcióval használva ez a korlátozás megszűnik, kivéve $$...$$ esetén.


Még sok olyan csomag van, ami egyedi beállításokat használ a kiemelt képletekre, de
azt nem lehet érvényesíteni $$...$$ esetén. Ugyanakkor minden csomagtól függetlenül
a LATEX a kiemelt képletek körüli függőleges térközöket is próbálja racionalizálni, ami
szintén lehetetlen feladat a $$...$$ használatával.


Mindezeket figyelembe véve a LATEX a legelső verziójától kezdve nem támogatja a
$$...$$ használatát, de fordítási hibát nem generál.


A LATEX alapesetben a $$...$$ kiváltására a \[...\] parancsokat definiálja, amely
rövidített változata a displaymath környezet használatának.


Az amsmath csomag átdefiniálja a \[...\] parancsokat, hogy abban a \tag parancs
is használható legyen az egyéni számozásokhoz, továbbá a displaymath környezeten
kívül az equation* környezet is használható helyettük.


Ezeket figyelembe véve a példában szereplő kód egy LATEX-ben elfogadott lehetséges
formája, amely javítja a képletek körüli függőleges térközöket és lehetőséget biztosít a
stílusváltásra:
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\documentclass{article}
\begin{document}
\[ x^{2} + px + q = 0 \]
\end{document}


x2 + px + q = 0


Források


https://tex.stackexchange.com/questions/503
https://texfaq.org/FAQ-dolldoll
https://mirrors.ctan.org/info/l2tabu/english/l2tabuen.pdf


2. tévhit


Egyenletek illesztésére az eqnarray* környezetet kell használni. Például


\documentclass{article}
\begin{document}
\begin{eqnarray*}


1 + 3 &=& 4 \\
1 + 3 + 5 &=& 9


\end{eqnarray*}
\end{document}


1 + 3 = 4
1 + 3 + 5 = 9


Az eqnarray* olyan kiemelt matematikai környezet, amely háromoszlopos táblázat-
ként működik. Az első oszlop jobbra, a második középre, a harmadik balra igazított. (Az
eqnarray abban különbözik a csillagos verziótól, hogy a sorokat megszámozza.) A LATEX
a képletekben a jeleket osztályokba sorolja. Például az = egy úgynevezett relációjel, amely
körül a térközök automatikusan 5/18 em szélesre állítódnak. Az előző példában az = jel a
második oszlopban középre igazított, melyek körül a térköz nem relációjelnek megfelelően
van beállítva, hanem a táblázat oszlopai közötti szélességre, ami nagyobb a kívánatosnál.
Ennek orvoslása a térköz módosítása lehet a következő módon:


\documentclass{article}
\setlength{\arraycolsep}{.13889em}
\begin{document}
\begin{eqnarray*}


1 + 3 &=& 4 \\
1 + 3 + 5 &=& 9


\end{eqnarray*}
\end{document}
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1 + 3 = 4
1 + 3 + 5 = 9


De ez nem oldja meg az eqnarray* összes hibáját. Például ebben a környezetben nem
működik az amsthm csomag \qedhere parancsa. Vannak további hibák is, lásd a forrá-
sokban.


Általánosságban elmondható, hogy az eqnarray és eqnarray* környezetek haszná-
latát kerülni kell.


A probléma az amsmath csomag align környezetével a következő módon oldható
meg:


\documentclass{article}
\usepackage{amsmath}
\begin{document}
\begin{align*}


1 + 3 &= 4 \\
1 + 3 + 5 &= 9


\end{align*}
\end{document}


1 + 3 = 4
1 + 3 + 5 = 9


Források


https://tug.org/TUGboat/tb33-1/tb103madsen.pdf
https://tex.stackexchange.com/questions/84579


3. tévhit


Képletekben a kettőspont karaktert lehet használni nem műveleti jelként is. Például


\documentclass{article}
\begin{document}
$ f: A \to B $
\end{document}


f : A → B


Matematikai üzemmódban a : jel a műveleti jelek közé van besorolva, így elé és
utána 5/18 em térköz kerül függetlenül attól, hogy a forrásban van-e vagy sem előtte
vagy utána szóköz. Az előző kódban így „f: A” azt jelenti, hogy „f és A aránya” vagy „f
osztva A-val”. De most nem ezt szeretnénk kifejezni. Itt a kettőspont nem osztást vagy
arányt jelent, hanem hagyományos értelemben használjuk, ahogyan egyszerű szövegben
is szoktuk. Ilyenkor a forrásban : helyett írjunk \colon parancsot:
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\documentclass{article}
\begin{document}
$ f\colon A \to B $
\end{document}


f : A → B


4. tévhit


A halmazkivonás jeleként a \backslash parancsot kell használni. Például


\documentclass{article}
\begin{document}
$A\backslash B$
\end{document}


A\B


A halmazkivonás műveleti jel, azaz elé és utána 5/18 em térköznek kell kerülnie. Vi-
szont a \backslash nem műveleti, hanem közönséges matematikai jelként van besorolva.
Így ekörül a térközök nem lesznek megfelelőek. Ha egy közönséges jelet műveleti jelként
szeretnénk értelmezni, akkor azt a \mathbin parancsba kell tenni. Tehát a


$A\mathbin{\backslash}B$


A \ B


helyes kimenetet produkál. De mégis inkább az ezzel egyenértékű \setminus parancsot
használjuk, mert ebben a név utal a funkcióra. Ezzel tarjuk magunkat a LATEX egy fontos
elvéhez, miszerint a szerző, ha van rá lehetőség, akkor azt írja le hogy mit szeretne, nem
pedig azt, hogy hogyan. Ezzel rengeteg tipográfiai hiba megelőzhető.


\documentclass{article}
\begin{document}
$A\setminus B$
\end{document}


A \ B


5. tévhit


A | karaktert kell használni az abszolút érték jeleként. Például
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\documentclass{article}
\begin{document}
$ |-1| = 1 $
\end{document}


| − 1| = 1


Matematikai üzemmódban a | jel a közönséges jelek közé van besorolva, ugyanakkor
a - jel egy közönséges jel után műveleti jelként értelmezett, azaz eléje és utána 5/18 em
széles térköz kerül. Másképpen fogalmazva most azt írtuk le, hogy a | jelből kivonunk
1-et.


Valójában a −1 abszolút értékét vesszük, azaz most | határolójel. Ha egy közönséges
jelet át akarunk sorolni a nyitó határolójel kategóriába, akkor elé kell írni a \mathopen


parancsot. Ha a záró határolójel kategóriába kell besorolni, akkor pedig \mathclose


parancsot használjuk. Így az előző kód egy lehetséges javítása:


\documentclass{article}
\begin{document}
$ \mathopen|-1\mathclose| = 1 $
\end{document}


|−1| = 1


Ha matematikai képleteket használunk, akkor érdemes az amsmath csomagot betöl-
teni, ami jelentősen kibővíti a lehetőségek tárházát. Ez a csomag definiálja az \lvert és
\rvert parancsokat, melyek rendre ekvivalensek a \mathopen| és \mathclose| paran-
csokkal. Így egy másik lehetséges javítás:


\documentclass{article}
\usepackage{amsmath}
\begin{document}
$ \lvert-1\rvert = 1 $
\end{document}


|−1| = 1


6. tévhit


Nyitó határolójelet lehet használni záróként is és viszont. Például


\documentclass{article}
\begin{document}
$ ]-\infty,1[ \cap ]0,2] = ]0,1[ $
\end{document}
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] − ∞, 1[∩]0, 2] =]0, 1[


A kimenetben a mínusz jel, metszet jel és az egyenlőség jele körüli térközök rosszak.
A problémát az okozza, hogy matematikai üzemmódban a [ jel a nyitó, míg a ] jel a
záró határoló jelek közé van sorolva. Ugyanakkor például az előbbi kód ]-\infty, 1[


részletében ] nyitó, míg [ záró határoló jelet szeretne kifejezni. Így a helyes térközökhöz
ezeket ideiglenesen át kell sorolni a következő módon:


\documentclass{article}
\begin{document}
$ \mathopen]-\infty,1\mathclose[ \cap \mathopen]0,2]
= \mathopen]0,1\mathclose[ $
\end{document}


]−∞, 1[ ∩ ]0, 2] = ]0, 1[


Amennyiben például egy tört szerepel az intervallum valamelyik végpontjaként, akkor
a zárójelek automatikus nagyítása érdekében a \mathopen illetve \mathclose parancsok
helyett a \left és \right parancsokat használja. A \left lezárásaként mindig a \right
parancsot kell használni. Például


\documentclass{article}
\begin{document}
$ \left]-\frac{\pi}{2},\frac{\pi}{2}\right] $
\end{document}


]
−π


2 , π
2


]


Az intervallumok nyílt oldalára vonatkozóan ezt a fura zavaró jelölést a franciáknál
vezették be. Ugyanakkor az ISO szabvány szerint a példában szereplő képletet így kellett
volna írni :


\documentclass{article}
\begin{document}
$ (-\infty,1) \cap (0,2] = (0,1) $
\end{document}


(−∞, 1) ∩ (0, 2] = (0, 1)


Ez jóval szebb és átláthatóbb forma. A francia jelölés magyar iskolákban való használa-
tának oka számomra nem ismert, de talán érdemes elgondolkodni ennek a jelölésnek a
kivezetéséről és áttérni az ISO szabványra.


Visszatérve az eredeti problémára, a jelek besorolásának ideiglenes megváltoztatása
helyett a mathtools csomaggal (amely betölti az amsmath csomagot, javítja annak sok
hibáját és új funkciókkal bővíti) átláthatóbb kódot is készíthetünk:
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\documentclass{article}
\usepackage{mathtools}
\DeclarePairedDelimiter\oointerval][
\DeclarePairedDelimiter\ocinterval]]
\begin{document}
$ \oointerval{-\infty,1} \cap \ocinterval{0,2}
= \oointerval{0,1} $
\end{document}


]−∞, 1[ ∩ ]0, 2] = ]0, 1[


Ezzel a megoldással például \oointerval helyett \oointerval* használva a zárójelek
méretezése automatikus lesz.


7. tévhit


Az operátorneveket a képletekben egyszerűen csak be kell írni. Például


\documentclass{article}
\begin{document}
\[ tan(x) = \frac{sin(x)}{cos(x)} \]
\end{document}


tan(x) = sin(x)
cos(x)


A képletekben az operátorneveket más betűtípussal kell írni, mint a változókat. Alap-
esetben a változók dőlt betűvel, az operátornevek álló betűvel jelennek meg. A tan kódban
a tangens operátornevet nem különbözteti meg semmi a változóktól. Így ez most a t, a
és n változók szorzatát jelenti. Hasonló a gond a szinusz és koszinusz jelekkel is. A helyes
megoldáshoz a megfelelő operátorneveket megjelenítő parancsokat kell használni, melyek
nem csak a betűtípust, hanem az őket övező vízszintes térközöket is beállítják 3/18 em
szélesre, kivéve bal oldali határolójelek illetve indexek esetén:


\documentclass{article}
\begin{document}
\[ \tan(x) = \frac{\sin(x)}{\cos(x)} \]
\end{document}


tan(x) = sin(x)
cos(x)


Itt bal oldali határolójel követi az operátornevet, ezért nincs extra térköz. De figyelje meg
a következő példát:
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\documentclass{article}
\begin{document}
$ 2\sin\alpha\sin\beta = 2(\sin(\alpha)\sin(\beta)) $
\end{document}


2 sin α sin β = 2(sin(α) sin(β))


Az egyenlőség bal oldalán mindkét sin előtt és után van térköz, de jobb oldalon az első sin
előtt és után nincs, míg a második sin előtt van, de utána nincs extra térköz. (Természe-
tesen most a zárójelek használata felesleges, csak a térközök változásának bemutatását
szolgálják.)


Ha a példában szereplő képlet egy magyar nyelvű dokumentum része, akkor a tangens
jele tan helyett tg. Alapból viszont nincs ennek megfelelő parancs, így ezt nekünk kell
definiálni. Erre a legegyszerűbb a következő módszer:


\documentclass{article}
\usepackage{amsmath}
\DeclareMathOperator{\tg}{tg}
\begin{document}
\[ \tg(x) = \frac{\sin(x)}{\cos(x)} \]
\end{document}


tg(x) = sin(x)
cos(x)


A \DeclareMathOperator úgynevezett nolimits operátor definiálására használható,
vagyis amikor az indexek szövegközi és kiemelt matematikai módban is normál módban
jelennek meg az operátornév mellett. Így az előbb definiált \tg esetén


$ \tg^{2}(x) $
\[ \tg^{2}(x) \]


tg2(x)
tg2(x)


A limits operátorok másképp viselkednek szövegközi és kiemelt matematikai környe-
zetekben. Ezeknél az indexek szövegközi matematikai módban ugyanúgy jelennek meg
mint a nolimits esetében, de a kiemelt módban alatta és felette. Ilyen operátor például a
limesz.


$ \lim_{n\to\infty} $
\[ \lim_{n\to\infty} \]


limn→∞
lim


n→∞


Limits operátorok definiálására a \DeclareMathOperator* parancs használható.
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8. tévhit


Integrált például \int f(x)dx módon lehet írni.


\documentclass{article}
\begin{document}
\[ \int f(x)dx \]
\end{document}


∫
f(x)dx


A képletben szereplő dx azt szeretné kifejezni, hogy az integrálásban a differenciakép-
zés az x változó szerint történik. Azaz itt a d a differenciaoperátort jelképezi. Azonban
az előző kódban ehelyett a d és x változók szorzatát írtuk. Megoldásként lehet definiálni
egy differenciaoperátort például így (lásd a 7. tévhit elemzésében):


\documentclass{article}
\usepackage{amsmath}
\DeclareMathOperator{\diff}{d}
\begin{document}
\[ \int f(x)\diff x \]
\end{document}


∫
f(x) d x


Az operátorokra vonatkozó szabályok miatt itt a d előtt és után van egy extra térköz.
Azonban a differenciaoperátor kivételt képez, mert ezután soha nem állhat extra tér-
köz. Ez úgy oldható meg az előző kódban, hogy a d után írunk egy \! parancsot, ami
visszahúzza a generált térközt.


\documentclass{article}
\usepackage{amsmath}
\DeclareMathOperator{\diff}{d\!}
\begin{document}
\[ \int f(x)\diff x \]
\end{document}


∫
f(x) dx


Másik lehetőség a fixdif csomag \d parancsának használata:


\documentclass{article}
\usepackage{fixdif}
\begin{document}
\[ \int f(x)\d x \]
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\end{document}


∫
f(x) dx


9. tévhit


Zárójelek fix méretre történő nagyításához a \big parancs használható. Például


\documentclass{article}
\begin{document}
\[ \big\{ -1, \{1,2\}, \{3,4\} \big\} \]
\end{document}


{
− 1, {1, 2}, {3, 4}


}


A külső kapcsos zárójelek azért vannak a belsőknél nagyobb méretre állítva, hogy
jobban elkülönüljenek azoktól. Itt nem érdemes használni a \left és \right parancso-
kat, mert a belső képlet mérete miatt nem történik nagyítás. Ilyenkor lehet használni a
rögzített méretű zárójeleket.


A \big parancs egy ilyen fix méretet állít be, ezért látszik az előző kód eredményében
megfelelő méret. Ugyanakkor a \big az utána következő jelet közönséges matematikai
jellé alakítja. Így az utána következő - relációjelként és nem előjelként lesz értelmezve,
azaz a térközök előtte és utána nem lesznek megfelelőek.


Ha egy bal oldali határolójelet szeretne \bigméretre állítani, akkor a \bigl parancsot
kell használni. Jobb oldali esetben \bigr használható. Tehát a helyes megoldás


\documentclass{article}
\begin{document}
\[ \bigl\{ -1, \{1,2\}, \{3,4\} \bigr\} \]
\end{document}


{
−1, {1, 2}, {3, 4}


}


10. tévhit


Több kiemelt képletet generáló környezet is írható közvetlenül egymás után. Például


\documentclass{article}
\begin{document}
\[ \sin(2x) = 2\sin(x)\cos(x) \]
\[ \cos(2x) = \cos^2(x) - \sin^2(x) \]
\end{document}
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sin(2x) = 2 sin(x) cos(x)


cos(2x) = cos2(x) − sin2(x)


A kiemelt képletek előtt és után extra függőleges térközök vannak a szövegkörnyezettől
való jobb elkülönülés miatt. Ezért két kiemelt képletet egymás alá írva közöttük a két
extra függőleges térköz összeadódik, ami így túl nagy lesz.


Ilyen esetekben az egymás alá írt képleteket többsoros képletként kell kezelni. Erre
használható az amsmath csomag gather és gather* környezete. Előbbi megszámozza a
képleteket, utóbbi pedig nem.


\documentclass{article}
\usepackage{amsmath}
\begin{document}
\begin{gather*}
\sin(2x) = 2\sin(x)\cos(x) \\
\cos(2x) = \cos^2(x) - \sin^2(x)


\end{gather*}
\end{document}


sin(2x) = 2 sin(x) cos(x)
cos(2x) = cos2(x) − sin2(x)


Még szebb lenne az eredmény, ha az egyenlőségjelek egymás alá lennének illesztve (lásd
a 11. tévhitet).


11. tévhit


Tabulált képletekben a tabulátorjel a relációjel után áll. Például


\documentclass{article}
\usepackage{amsmath}
\begin{document}
\begin{align*}
\sin(2x) = & 2\sin(x)\cos(x) \\
\cos(2x) = & \cos^2(x) - \sin^2(x)


\end{align*}
\end{document}


sin(2x) =2 sin(x) cos(x)
cos(2x) = cos2(x) − sin2(x)


Az eredményben az egyenlőségjelek utáni térközök rosszak. Ennek az az oka, hogy az
& tabulátorjel az egyenlőségjel után áll. Fontos szabály, hogy relációjel illesztése esetén
mindig elé kell tenni az & tabulátorjelet. Tehát a helyes megoldás
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\documentclass{article}
\usepackage{amsmath}
\begin{document}
\begin{align*}
\sin(2x) & = 2\sin(x)\cos(x) \\
\cos(2x) & = \cos^2(x) - \sin^2(x)


\end{align*}
\end{document}


sin(2x) = 2 sin(x) cos(x)
cos(2x) = cos2(x) − sin2(x)


12. tévhit


Angol nyelvű szövegben a megtört képlet végén a műveleti jelet ki kell írni. Például


\documentclass{article}
\usepackage{amsmath}
\begin{document}
\begin{align*}
x & = a + b + \\


& c + d + e
\end{align*}
\end{document}


x = a + b+
c + d + e


Az angol tipográfiában, ha egy képletet műveleti jelnél törünk meg, akkor az átkerül
a következő sor elejére, azaz


\documentclass{article}
\usepackage{amsmath}
\begin{document}
\begin{align*}
x & = a + b \\


& + c + d + e
\end{align*}
\end{document}


x = a + b


+ c + d + e


De még ez sem jó, mert a második sorban ki kell hangsúlyozni, hogy az az első sor
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egyenlőségjel utáni részének a folytatása. Ezt úgy lehet elérni az előbbi esetben, hogy az
a alá kerül a c előtti + jel. Erre az általános ajánlás a \quad parancs használata:


\documentclass{article}
\usepackage{amsmath}
\begin{document}
\begin{align*}
x & = a + b \\


& \quad + c + d + e
\end{align*}
\end{document}


x = a + b


+ c + d + e


Ettől precízebb a következő módszer:


\documentclass{article}
\usepackage{amsmath}
\begin{document}
\begin{align*}
x & = a + b \\


& \phantom{={}} + c + d + e
\end{align*}
\end{document}


x = a + b


+ c + d + e


Amennyiben magyar tipográfia szerint kell írni, akkor az első sor végére is kell az
összeadás jele:


\begin{align*}
x & = a + b + \\


& \phantom{={}} + c + d + e
\end{align*}


x = a + b+
+ c + d + e


Ebben az esetben az első sor végén az összeadás után nem áll semmi, ezért ott a +
közönséges matematikai jelként van értelmezve, így a térköz nem megfelelő előtte. A
helyes értelmezéshez a + jel után kell még egy üres blokk:
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\begin{align*}
x & = a + b + {} \\


& \phantom{={}} + c + d + e
\end{align*}


x = a + b +
+ c + d + e


13. tévhit


Angol nyelvű szövegben a megtört képlet végén a relációjelet ki kell írni. A következő
példában X és Y olyan hosszú képletet szemléltet, amely miatt szét kell törni két
sorba.


\documentclass{article}
\usepackage{amsmath}
\begin{document}
\begin{align*}
& X = \\
& Y


\end{align*}
\end{document}


X =
Y


Az angol tipográfiában, ha egy képletet relációjelnél törünk meg, akkor az átkerül a
következő sor elejére, azaz


\begin{align*}
& X \\
& = Y


\end{align*}


X


= Y


Az = relációjelként értelmezett, ezért 5/18 em széles térköz övezi. Így az eleje nem az
X bal oldalával van függőlegesen egy vonalban. Ennek korrigálására vagy visszahúzzuk
a \kern-0.27778em paranccsal, vagy közönséges matematikai jelként visszük be az =


jelet, majd utána beszúrunk 5/18 em széles térközt a \; paranccsal. Az utóbbi egy kicsit
rövidebb kódot eredményez:
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\documentclass{article}
\usepackage{amsmath}
\begin{document}
\begin{align*}
& X \\
& {=}\; Y


\end{align*}
\end{document}


X


= Y


Magyar tipográfia esetén az X után is kell egyenlőségjel :


\documentclass{article}
\usepackage{amsmath}
\begin{document}
\begin{align*}
& X = \\
& {=}\; Y


\end{align*}
\end{document}


X =
= Y


14. tévhit


Képletbe közvetlenül beírható szöveg is.


\documentclass{article}
\usepackage{amsmath}
\begin{document}
\[
f(x) :=
\begin{cases}


1, & if x \geq 0, \\
-1, & otherwise.


\end{cases}
\]
\end{document}


f(x) :=


1, ifx ≥ 0,


−1, otherwise.
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Ebben a kódban az if az i és f változók szorzataként értelmezett. Másrészt, ha egy
ilyen szövegben ékezetes betű is szerepel, akkor további gond is felmerül. Például


$ különben $


különben


Ha matematikai üzemmódban szöveget akar bevinni, akkor azt a \text parancsba kell
beírni, amit az amsmath csomag definiál :


\[
f(x) :=
\begin{cases}


1, & \text{if} x \geq 0, \\
-1, & \text{otherwise}.


\end{cases}
\]


f(x) :=


1, ifx ≥ 0,


−1, otherwise.


A kódban a \text{if} után van szóköz, de a végeredményben ez nem jelenik meg. Ennek
az az oka, hogy a szóközök matematikai üzemmódban nem érvényesülnek azért, hogy a
térközök a jelek kategóriájának megfelelően alakuljanak. Ezt a kikényszerített szóközzel
lehet felülbírálni (\␣), vagy ami most egyszerűbb, hogy a szóközt a \text parancson
belül írjuk be:


\documentclass{article}
\usepackage{amsmath}
\begin{document}
\[
f(x) :=
\begin{cases}


1, & \text{if } x \geq 0, \\
-1, & \text{otherwise}.


\end{cases}
\]
\end{document}


f(x) :=


1, if x ≥ 0,


−1, otherwise.


18







15. tévhit


Egyenletekre a \ref paranccsal úgy kell hivatkozni, hogy zárójelbe rakjuk. Például


\documentclass{article}
\usepackage[english]{babel}
\usepackage{amsmath}
\begin{document}
\begin{equation}\label{eq:sq}
x^{2} + 5x + 2 = 0


\end{equation}
See (\ref{eq:sq}).
\end{document}


x2 + 5x + 2 = 0 (1)
See (1).


Ezzel a probléma akkor válik láthatóvá, ha dőlt betűs környezetben történik a hivat-
kozás. Például


\textit{See (\ref{eq:sq}).}


See (1).


Ugyanis az egyenlethivatkozásoknak mindig álló betűtípussal kell megjelenni, még dőlt be-
tűs környezetben is. Hogy ezt ne kelljen külön figyelni, célszerű automatizálni az \eqref
paranccsal :


\documentclass{article}
\usepackage[english]{babel}
\usepackage{amsmath}
\begin{document}
\begin{equation}\label{eq:sq}
x^{2} + 5x + 2 = 0


\end{equation}
See \eqref{eq:sq}.
\end{document}


x2 + 5x + 2 = 0 (1)
See (1).


Ebben az esetben


\textit{See \eqref{eq:sq}.}


See (1).
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16. tévhit


A proof környezet zárása előtt közvetlenül, minden változtatás nélkül írható ki-
emelt képlet. Például


\documentclass{article}
\usepackage[english]{babel}
\usepackage{amsthm}
\begin{document}
\begin{proof}
Bla-bla bla-bla, so
\[ x^{2} + 5x + 2 = 0. \]
\end{proof}
Bla-bla bla-bla
\end{document}


Proof. Bla-bla bla-bla, so
x2 + 5x + 2 = 0.


Bla-bla bla-bla


Ha egy matematikai tétel bizonyítását kiemelt képlettel fejezünk be – bár az általános
ajánlás szerint ezt kerülni kell –, akkor a kiemelt képletet lezáró parancs (itt \]) új sort
kezd, majd az \end{proof} ennek az üres sornak a végére elhelyezi a bizonyítás végét
jelző úgynevezett Q.E.D.1 jelet, amely alapértelmezetten □. De így a bizonyítás végén álló
képlet és a bizonyítást követő szöveg között túl nagy lesz a térköz. Ráadásul a képlet és a
□ jel közötti sorugrás is furcsán néz ki. Ennek a problémának a megoldására használható
a \qedhere parancs, amellyel a képlet végére rakható a Q.E.D. jel :


\documentclass{article}
\usepackage[english]{babel}
\usepackage{amsthm}
\begin{document}
\begin{proof}
Bla-bla bla-bla, so
\[ x^{2} + 5x + 2 = 0.\qedhere \]
\end{proof}
Bla-bla bla-bla
\end{document}


Proof. Bla-bla bla-bla, so
x2 + 5x + 2 = 0.


Bla-bla bla-bla


Ez a megoldás nem működik számozott kiemelt képlet esetén, így ilyet soha ne rakjunk
1 A „quod erat demonstrandum” latin kifejezés rövidítése. Szó szerinti jelentése „amit meg kellett


mutatni”.


20







bizonyítás végére. Helyette valamilyen mondattal zárjunk.


17. tévhit


A Q.E.D. jel letiltásához elég a \qedsymbol parancsot üres jelként definiálni. Pél-
dául


\documentclass{article}
\usepackage[english]{babel}
\usepackage{amsthm}
\renewcommand{\qedsymbol}{}
\begin{document}
\begin{proof}
Bla-bla bla-bla, so
\[ x^{2} + 5x + 2 = 0. \]
\end{proof}
Bla-bla bla-bla
\end{document}


Proof. Bla-bla bla-bla, so
x2 + 5x + 2 = 0.


Bla-bla bla-bla


A 16. tévhittől ez abban különbözik, hogy most a bizonyítás végére nem akarunk
Q.E.D. jelet, amit annak üresre állításával érünk el a
\renewcommand{\qedsymbol}{}


paranccsal. Ez azonban nem oldja meg a bizonyítás végén álló képlet és a bizonyítást
követő szöveg közötti túl nagy térköz problémáját. Ekkor még a \qedhere parancs sem
segít, mert az csak ürestől különböző \qedsymbol esetén működik:


\documentclass{article}
\usepackage[english]{babel}
\usepackage{amsthm}
\renewcommand{\qedsymbol}{}
\begin{document}
\begin{proof}
Bla-bla bla-bla, so
\[ x^{2} + 5x + 2 = 0.\qedhere \]
\end{proof}
Bla-bla bla-bla
\end{document}


Proof. Bla-bla bla-bla, so
x2 + 5x + 2 = 0.


Bla-bla bla-bla
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A megoldás az, hogy a Q.E.D. jel üresre állítása helyett megakadályozzuk, hogy az
\end{proof} ki akarja azt rakni a sor végére:


\documentclass{article}
\usepackage[english]{babel}
\usepackage{amsthm}
\renewcommand{\qed}{}
\begin{document}
\begin{proof}
Bla-bla bla-bla, so
\[ x^{2} + 5x + 2 = 0. \]
\end{proof}
Bla-bla bla-bla
\end{document}


Proof. Bla-bla bla-bla, so
x2 + 5x + 2 = 0.


Bla-bla bla-bla


Ez akkor is működik, ha a bizonyítást lezáró kiemelt képlet számozott.


18. tévhit


Angol nyelvű szövegben, ha egy mondat szövegközi képlettel zárul, akkor a mondatot
lezáró pontot tehetjük matematikai módba. Például


\documentclass{article}
\usepackage[english]{babel}
\begin{document}
Bla-bla bla-bla $x^{2} + 5x + 2 = 0.$ Bla-bla bla-bla
\end{document}


Bla-bla bla-bla x2 + 5x + 2 = 0. Bla-bla bla-bla


Az angol tipográfiában a mondatvégi pontok után nagyobb térköz áll, mint a normál
szóköz. Ezt a LATEX automatikusan megoldja. Ugyanakkor, ha ez a pont $ jelek között van,
akkor ezt nem tekinti mondatvégnek, így ekkor ez a szabály nem érvényesül. Megoldásként
tehát az ilyen pontokat mindig szöveg üzemmódban kell beírni.


\documentclass{article}
\usepackage[english]{babel}
\begin{document}
Bla-bla bla-bla $x^{2} + 5x + 2 = 0$. Bla-bla bla-bla
\end{document}


Bla-bla bla-bla x2 + 5x + 2 = 0. Bla-bla bla-bla
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19. tévhit


Angol nyelvű szövegben minden szöveges üzemmódban leírt pont mondatvégnek
számít. Például


\documentclass{article}
\usepackage[english]{babel}
\begin{document}
Catch your HBO favorites whenever you want, wherever you are --
it's every episode of every season of the best of HBO.
More channels to watch. All available in HD.
\end{document}


Catch your HBO favorites whenever you want, wherever you are – it’s every
episode of every season of the best of HBO. More channels to watch. All available
in HD.


Ahogyan a 18. tévhitben említettük, az angol tipográfiában a mondatvégi pontok után
nagyobb térköz áll, mint a normál szóköz. Ezt a LATEX automatikusan megoldja szöveges
üzemmódban, egy esetet kivéve. Ha a pont egy olyan szó után áll, amely nagybetűre
végződik, akkor azt rövidítésnek tekinti, így az azt követő pontot a rövidítés lezárásaként
értelmezi, nem mondatvégnek. Így az ilyen pont után normál szóköz áll. Ez akkor okoz
problémát, ha a mondat nagybetűs rövidítéssel ér véget, ahogy a példakódban is szerepel.
Megoldásként az ilyen mondatvégi pontokat \@. módon kell megadni. Tehát a helyes kód
a következő:


\documentclass{article}
\usepackage[english]{babel}
\begin{document}
Catch your HBO favorites whenever you want, wherever you are --
it's every episode of every season of the best of HBO\@.
More channels to watch. All available in HD\@.
\end{document}


Catch your HBO favorites whenever you want, wherever you are – it’s every
episode of every season of the best of HBO. More channels to watch. All available
in HD.


20. tévhit


Angol nyelvű dokumentumok esetén a rövidítések utáni pontot ugyanúgy kell meg-
adni a forrásban, mint a mondatvégi pontokat. Például


\documentclass{article}
\usepackage[english]{babel}
\begin{document}
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Pigment is mixed into oil, glue, egg,
etc. to make different types of paint.
\end{document}


Pigment is mixed into oil, glue, egg, etc. to make different types of paint.


Az angol tipográfiában a mondatot lezáró pont után nagyobb szóköz kell, mint normál
esetben. Az előbbi kódban a LATEX az „etc” utáni pontot mondatvégi pontként értelmezi,
így a szóköz is ennek megfelelően nagyobb. Viszont ez rövidítés, amely utáni pontot
követően törhetetlen normál méretű szóköz kell :


\documentclass{article}
\usepackage[english]{babel}
\begin{document}
Pigment is mixed into oil, glue, egg,
etc.~to make different types of paint.
\end{document}


Pigment is mixed into oil, glue, egg, etc. to make different types of paint.


Fontos, hogy ezt magyar nyelvű dokumentum esetén is így kell csinálni, bár ekkor nem a
szóköz mérete, hanem a törhetetlensége miatt.


21. tévhit


Úsztató környezetben a középre illesztés a center környezettel oldható meg. Pél-
dául


\documentclass{article}
\usepackage[english]{babel}
\usepackage{graphicx}
\begin{document}
Bla-bla bla-bla


\begin{figure}[htbp]
\begin{center}
\includegraphics[width=2cm]{example-image}
\caption{Example image}
\label{fig:example}
\end{center}
\end{figure}


Bla-bla bla-bla
\end{document}
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Bla-bla bla-bla


Image


Figure 1: Example image


Bla-bla bla-bla


A figure környezet, hasonlóan minden úsztató környezethez, az objektum alá és fölé
extra függőleges térközöket illeszt be. Ugyanakkor a center környezet nemcsak közép-
re illeszt, hanem ez is extra függőleges térközöket generál. Így a két környezet együttes
használata túlságosan eltolja az objektumot a környezetétől. Megoldásként úsztató kör-
nyezetben mindig a \centering paranccsal igazítsunk középre, amely nem generál plusz
térközt. Még optimálisabb a kimenet, ha a caption csomagot is betöltjük.


A kód másik hibája, hogy ellentétben a magyar szabállyal, az angolban a képaláírások
nem címnek, hanem mondatnak számítanak, így mondatvégi írásjellel kell lezárni.


\documentclass{article}
\usepackage[english]{babel}
\usepackage{graphicx,caption}
\begin{document}
Bla-bla bla-bla


\begin{figure}[htbp]
\centering
\includegraphics[width=2cm]{example-image}
\caption{Example image.}
\label{fig:example}
\end{figure}


Bla-bla bla-bla
\end{document}


Bla-bla bla-bla


Image


Figure 1: Example image.


Bla-bla bla-bla
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22. tévhit


Félkövér betűtípusra a \bf paranccsal válthatunk. Például


\documentclass{article}
\usepackage[english]{babel}
\begin{document}
Bla-bla bla-bla bla-bla bla-bla
{\bf very important bla-bla} bla-bla.
\end{document}


Bla-bla bla-bla bla-bla bla-bla very important bla-bla bla-bla.


Az \rm, \sl, \it, \tt, \bf fontváltó deklarációs parancsok a Plain TEX-ben hasz-
nálatosak, a LATEX-ben elavultnak számítanak. Ennek legfőbb oka, hogy ezek nem kever-
hetőek. Például


{\bf\it bla-bla}


bla-bla


Azaz itt csak az utolsónak kiadott parancs, az \it érvényesül. Ehelyett a LATEX-ben az
\rmfamily, \slshape, \itshape, \ttfamily, \bfseries deklarációs parancsok vagy
a \textrm, \textsl, \textit, \texttt, \textbf paraméteres parancsok használato-
sak. A paraméteres parancsok csak egy bekezdésre, míg a deklarációs parancsok több
bekezdésre is alkalmazhatóak. Például az előbbi kód így írható helyesen:


{\bfseries\itshape bla-bla}
vagy
\textbf{\itshape{bla-bla}}


bla-bla vagy bla-bla


Így az eredeti kód egy lehetséges helyes formája:


\documentclass{article}
\usepackage[english]{babel}
\begin{document}
Bla-bla bla-bla bla-bla bla-bla
\textbf{very important bla-bla} bla-bla.
\end{document}


Bla-bla bla-bla bla-bla bla-bla very important bla-bla bla-bla.


Fontos hozzátenni, hogy szövegközi kiemelésre nem szerencsés a félkövér betűtípus vá-
lasztása, mert az általában a címekre használatos. Ehelyett álló betűs környezetben a
dőlt betűt, míg dőlt betűs környezetben az álló betűt szokták javasolni. Ugyanakkor a
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kiemelés stílusát helytelen gyakorlat lokálisan megadni, mert ez megnehezíti a stílusvál-
tást. Csak a kiemelés szándékát kell megadni az \em deklarációs vagy \emph paraméteres
parancsokkal.


\emph{bla-bla \emph{bla-bla}}


bla-bla bla-bla


Ha ragaszkodik a félkövér betűtípussal történő kiemelésre, akkor a kiemelés stílusát glo-
bálisan át kell állítani. Például
\DeclareEmphSequence{\bfseries,\itshape}


esetén


\emph{bla-bla \emph{bla-bla}}


bla-bla bla-bla


23. tévhit


Új bekezdést a \\ paranccsal kell létrehozni, illetve két bekezdés közötti üres sor
generálásához \\ \\ használható. Például


\documentclass{article}
\begin{document}
Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla bla-bla bla-bla.\\ \\
Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla bla-bla bla-bla.
\end{document}


Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla.


Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-
bla bla-bla bla-bla.


A LATEX használatának egyik előnye, hogy a szerzőnek legtöbbször csak a tartalommal
kell foglalkoznia, mert a tipográfiai beállításokat elvégzi helyette a program. Így csak azt
kell közölni a forrásban, hogy mit szeretnénk, nem pedig azt, hogy hogyan. Ha nem tartja
magát ehhez az elvhez a szerző, akkor sok esetben tipográfiailag helytelen kimenet lesz
az eredmény. A 23. tévhit ennek egy tipikus példája. Ebben a szerző egy új bekezdést
akar kezdeni, viszont nem ezt írja le, hanem a módját: „Kezdjen egy új sort, azt hagyja
üresen, majd ismét kezdjen új sort.” A kapott eredmény több szempontból is kerülendő.
Amint látható, az első bekezdés behúzással, míg a második behúzás nélkül kezdődik. A
generált üres sor is durva hiba, hiszen ez a lap alján és a tetején is megjelenik, ha éppen
oda esik.
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Fontos szabály, hogy LATEX-ben soha nem szabad új bekezdést \\ vagy \\ \\ módon
nyitni!


Új bekezdést vagy a \par paranccsal, vagy – ami a forrást olvashatóbbá teszi – egy
üres sorral nyithatunk. Tehát például a következő kód helyes eredményt ad:


\documentclass{article}
\begin{document}
Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla bla-bla bla-bla.


Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla bla-bla bla-bla.
\end{document}


Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla.


Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla.


Amennyiben egy adott bekezdés elé – a fontosságát hangsúlyozandó – extra függőle-
ges térközt akarunk illeszteni, akkor azt ne egy üres sor generálásával tegyük, mert az
szerencsétlen esetben megjelenik a lap alján illetve a tetején is. Ehelyett egy olyan ru-
galmas térközt tegyünk be, amelynek lap alján illetve tetején nincs hatása. Ez elérhető a
\smallskip, \medskip vagy \bigskip parancsok valamelyikével. Például


\documentclass{article}
\begin{document}
Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla bla-bla bla-bla.


\bigskip
Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla bla-bla bla-bla.
\end{document}


Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla.


Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla.


Ha minden bekezdés elé szeretnénk extra függőleges térközt, akkor az előző megoldás
kényelmetlen és nem teszi lehetővé a stílusváltást. Ehelyett a két bekezdés közötti ext-
ra függőleges térközt beállító \parskip hosszúságparancsot állítsuk át pozitív értékre.
A következő kódban például minden bekezdés egy \bigskip méretű extra függőleges
térközzel kezdődik.
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\documentclass{article}
\setlength{\parskip}{\bigskipamount}
\begin{document}
Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla bla-bla bla-bla.


Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla bla-bla bla-bla.
\end{document}


Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla.


Bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla bla-bla
bla-bla bla-bla bla-bla.


Források


https://tex.stackexchange.com/questions/82664/when-to-use-par-and-when-n
ewline-or-blank-lines


24. tévhit


A \footnote parancs elé a forrásfájlba sortörést vagy szóközt kell rakni. Például


\documentclass{article}
\begin{document}
Bla-bla bla-bla bla-bla
\footnote{Bla-bla bla-bla bla-bla.}
\end{document}


Bla-bla bla-bla bla-bla 1


1Bla-bla bla-bla bla-bla.


A forrásfájlban a sortörés a végeredményben szóközként jelenik meg. Így a kimenet
szempontjából mindegy, hogy a \footnote elé sortörést vagy szóközt teszünk a forrásba,
a pdf-ben a lábjegyzetet jelölő index előtt egy szóköz lesz látható. A szabály viszont éppen
ezt tiltja, azaz a lábjegyzet indexének tapadnia kell arra a szóra, amire vonatkozik. Ha
a lábjegyzet egy mondatra vagy tagmondatra vonatkozik, akkor az azt lezáró írásjelre
kell tapadnia. Ennek érdekében a \footnote elé ne rakjon szóközt. Ha az olvashatóság
kedvéért ragaszkodik a \footnote új sorba rakásához, akkor az előző sor végére illesszen
be egy % karaktert, amivel ignorálja a sortörés szóközként történő kifejtését. Például


\documentclass{article}
\begin{document}
Bla-bla bla-bla bla-bla%
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\footnote{Bla-bla bla-bla bla-bla.}
bla-bla bla-bla bla-bla.\footnote{Bla-bla bla-bla bla-bla.}
\end{document}


Bla-bla bla-bla bla-bla1 bla-bla bla-bla bla-bla.2


1Bla-bla bla-bla bla-bla.
2Bla-bla bla-bla bla-bla.


25. tévhit


Gondolatjelként a kvirtmínusz jelet (angolul em dash) kell használni. Például


Az öreg fánál állva --- mely már gyerekkoromban is igen
öreg volt --- gyakran elgondolkodtunk a jövőn.


Az öreg fánál állva — mely már gyerekkoromban is igen öreg volt — gyakran
elgondolkodtunk a jövőn.


A magyar nyelvben tilos használni a kvirtmínuszt. Gondolatjelként mindig nagykötő-
jelet (angolul en dash) kell írni úgy, hogy előtte és utána is szóköz áll, kivéve, ha vessző
követi. Nagykötőjelet -- vagy \textendash módon adhatunk meg. A nagykötőjel gon-
dolatjelként való használata az angolban is megengedett ugyanezekkel a szabályokkal.
Például


Az öreg fánál állva -- mely már gyerekkoromban is igen
öreg volt -- gyakran elgondolkodtunk a jövőn.


Az öreg fánál állva – mely már gyerekkoromban is igen öreg volt – gyakran
elgondolkodtunk a jövőn.


He asked \textendash\ well, more like demanded \textendash\ to be
given the promotion.


He asked – well, more like demanded – to be given the promotion.


Angolban viszont kvirtmínusz is használható gondolatjelként, de ekkor sem előtte, sem
utána nem állhat szóköz. Arra ügyelni kell, hogy egy dokumentumon belül nem szabad
használni gondolatjelként a kvirtmínuszt és a nagykötőjelet is. Kvirtmínusz --- vagy
\textemdash módon adható meg. Például


He asked\textemdash well, more like demanded\textemdash to be
given the promotion.
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He asked—well, more like demanded—to be given the promotion.


vagy


He asked---well, more like demanded---to be
given the promotion.


He asked—well, more like demanded—to be given the promotion.


26. tévhit


A \pagestyle{empty} parancs a dokumentum minden oldalán üresre állítja a fej-
és láblécet.


Itt egy példa arra, hogy ez az állítás nem igaz:


\documentclass{article}
\usepackage{lipsum}
\pagestyle{empty}
\title{Title}
\author{Author}
\begin{document}
\maketitle
\lipsum
\end{document}


Ebben az esetben az első oldal láblécében látható az oldalszám, de a második oldalon már
nem. Ennek az a magyarázata, hogy a \maketitle aktiválja a \thispagestyle{plain}
parancsot is, amely az aktuális oldal stílusát plain-re állítja függetlenül attól, hogy addig
mi volt a beállítás (jelen esetben empty). A plain stílus pedig alapértelmezésben a
láblécbe középre illeszti az oldalszámot.


Nem csak a \maketitle aktiválja a \thispagestyle{plain} parancsot, hanem a
report illetve book dokumentumosztályok \chapter és \chapter* parancsai is.


Ha ezt a szándékos viselkedést meg szeretné akadályozni, akkor egy lehetőség a plain
stílus üresre állítása a


\makeatletter\let\ps@plain\empty\makeatother


kóddal. Másik lehetőség a


\pagenumbering{gobble}


parancs használata, amely az oldalszámozást letiltja. Ez csak akkor hatásos, ha a plain
stílus úgy van beállítva, hogy csak oldalszámozást generál. Harmadik lehetőség, hogy a
\maketitle, \chapter és \chapter* parancsok után beírjuk a


\thispagestyle{empty}
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parancsot. Ez utóbbi lokális megoldás, ami nem túl kényelmes és nem teszi lehetővé a
stílusváltást. Tehát például a következő esetben már minden oldal fej- és lábléce üres lesz:


\documentclass{article}
\usepackage{lipsum}
\pagestyle{empty}
\pagenumbering{gobble}
\title{Title}
\author{Author}
\begin{document}
\maketitle
\lipsum
\end{document}


27. tévhit


Ha a forráskód UTF-8 kódolású, akkor be kell tölteni az inputenc csomagot utf8
opcióval, azaz a preambulumban be kell írni a \usepackage[utf8]{inputenc}


parancsot.


Egy LATEX forráskód háromféle fordítóval konvertálható pdf-be: pdflatex, lualatex,
xelatex. Az inputenc csomag a pdflatex fordítóhoz készült, a lualatex és xelatex
fordítókkal nem kompatibilis. Az utóbbi két fordító csak UTF-8 kódolású forráskód ese-
tén működik. A pdflatex 2018 előtti verziói alapesetben a forráskód ASCII kódolását
feltételezték, UTF-8 esetén be kellett írni a


\usepackage[utf8]{inputenc}


parancsot a preambulumba. 2018-tól azonban már UTF-8 az alapértelmezett kódolás,
azaz innentől nincs szükség az előbbi kódra. Ma leginkább már csak a régi, nem UTF-8
kódolású forrásfájlok lefordításához használjuk az inputenc csomagot. Például kelet-
európai ISO 8859-2 (Latin-2) kódolás esetén a


\usepackage[latin2]{inputenc}


parancsra lesz szükségünk, továbbá ekkor csak a pdflatex használata lehetséges.
Összegezve tehát, UTF-8 kódolású forrásfájl esetén egyetlen fordítónál sem kell külön


parancsot kiadni a bemeneti kódolás típusának megadásához.


28. tévhit


Latin ékezetes betű csak akkor jelenik meg a végeredményben, ha betöltjük a
fontenc csomagot T1 opcióval, azaz a preambulumban ehhez be kell írni a
\usepackage[T1]{fontenc} parancsot.


Ez az állítás nem igaz. Próbálja ki például a következő kódot:
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\documentclass{article}
\begin{document}
Jóízű félárú sütőtök.
\end{document}


Jóízű félárú sütőtök.


A pdflatex, lualatex, xelatex fordítók mindegyikével megjelennek a pdf-ben az éke-
zetes betűk. Viszont pdflatex használata esetén azt fogjuk tapasztalni, hogy a pdf-ből
kimásolva a szöveget és azt beillesztve egy editorba, a következő eredményt kapjuk:


J´o´ız˝u f´el´ar´u s¨ut˝ot¨ok.


Ennek a következő a magyarázata. A pdflatex esetén például az ó betű először kon-
vertálódik \'{o} parancs alakba, majd az alapértelmezett OT1 belső kódolás a pdf-ben
megjelenítendő fontkészletből kiválasztja a ´ és o karaktereket, végül egymásra helyezi
azokat. Így kapjuk meg az ó betűt. Ez a fajta metódus akkor előnyös, ha a pdf-ben olyan
fontkészletet használunk, amely nem tartalmaz ékezetes betűket. Viszont így az ékezetes
betűk két karakterként lesznek értelmezve, ami a szöveg pdf-ből történő kimásolásánál
jól látszik. De ez egy másik, ennél lényegesebb problémát is okoz. Nevezetesen a szóelvá-
lasztási algoritmust nem tudja kezelni az ékezetes betűket tartalmazó szótagokra, így a
sorvégi elválasztásokat nem lehet optimálisan megoldani.


Ennek a problémának a kezeléséhez olyan fontkészletet kell használni a pdf-ben, amely
tartalmaz ékezetes betűket, és át kell térni olyan belső kódoláshoz, amely például az ó
betűhöz a neki megfelelő karaktert választja ki a fontkészletből. Ilyen belső kódolás a T1.
Ennek megadásához van szükség a


\usepackage[T1]{fontenc}


kódra. Át lehet térni az alapértelmezettől eltérő fontkészletre is, de arra ügyelni kell, hogy
az kompatibilis legyen a T1 belső kódolással.


Amennyiben lualatex vagy xelatex fordítót használ, akkor ne töltse be a fontenc


csomagot, mert a megfelelő belső kódolás kiválasztása automatikusan történik.


29. tévhit


A T1 belső kódoláshoz a t1enc csomagot kell használni.


A LATEX legelső hivatalos verziójában még csak a t1enc csomag használatával volt
lehetőség a T1 belső kódolásra való váltásra. Azóta elkészült a fontenc csomag, amely
több lehetőséget is biztosít. Így ma már a


\usepackage[T1]{fontenc}


használata javasolt, a t1enc elavultnak számít, csak kompatibilitási okokból tartották
meg.


Források


https://davidcarlisle.github.io/uk-tex-faq/FAQ-t1enc.html
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30. tévhit


Magyar nyelvű dokumentum készítésénél a megfelelő tipográfia eléréséhez elég be-
tölteni a babel csomagot magyar opcióval, azaz a preambulumban csak be kell írni
a \usepackage[magyar]{babel} parancsot. Például


\documentclass{article}
\usepackage[magyar]{babel}
\begin{document}
Szöveg
\end{document}


Magyar nyelvű dokumentumokban nagy eséllyel írunk latin ékezetes betűket, így
a 28. tévhitnél leírtak alapján, ha pdflatex fordítót használunk, akkor át kell térni a
T1 belső kódolásra. Ez a
\usepackage[magyar]{babel}


sor beírásával nem történik meg automatikusan, így erről külön kell gondoskodni.
De nem csak ez a gond. A babel csomag magyar opciója úgy működik, hogy be-


tölti a magyar.ldf fájlt, amely a magyar tipográfia megvalósításáért felelős. Egy ilyen
ldf (language definition) fájl mérete az 1980-as években az akkori kapacitási lehetőségek
miatt jelentősen korlátozva voltak. Így a magyar tipográfiai elemek jelentős része nem
került kódolásra a magyar.ldf első verzióiban. A későbbiekben, amikor már nem voltak
méretkorlátozások az ldf fájlokra, akkor újraírták a magyar.ldf fájlt, beépítve a hiányzó
tipográfiai elemek kódolását is. Azonban kompatibilitási okok miatt, a babel csomag
magyar opciója alapesetben csak azokat a kódrészleteket fogja betölteni, melyek az ere-
deti magyar.ldf-ben is benne voltak. Hogy ez ne így legyen, és a magyar tipográfiának
a lehető legjobban megfelelő végeredményt kapjuk, ahhoz ki kell adni a babel betöltése
előtt a
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}


parancsot. Tehát a preambulumban a dokumentumosztály betöltése után a magyar ti-
pográfiát a következő kóddal lehet betölteni :


\usepackage[T1]{fontenc} % Csak pdflatex fordító esetén kell.
\PassOptionsToPackage{defaults=hu-min}{magyar.ldf}
\usepackage[magyar]{babel}


Megemlítjük, hogy az előbbi beállítás esetén a lábjegyzetek felett nem lesz vonal, ami a
magyar tipográfiában elfogadott. Ha mégis ragaszkodik a hagyományosabbnak mondható
vonalhoz, akkor a magyar szabályok értelmében a hossza a szövegtükör szélességének
negyede, nem pedig az angoloknál elfogadott 2 inch. Ennek eléréséhez a babel betöltése
után még írja be a
\footnotestyle{rule=fourth}


parancsot.
A lualatex és xelatex fordítóknál nem csak a babel, hanem a polyglossia csomag


is használható. Magyar nyelv esetén például ezt kell írni a preambulumba:
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\usepackage{polyglossia}
\setmainlanguage{hungarian}


Jelenleg ennek a tudása még a magyar.ldf első verzióinál is csekélyebb. A fejlesztésére
remélhetőleg a jövőben lesz olyan vállalkozó, aki jól ismeri a magyar tipográfiai szabályo-
kat.


35





		1. Egysoros számozatlan kiemelt képletet dupla dollárjelek között kell megadni

		2. Egyenletek illesztésére az eqnarray* környezetet kell használni

		3. Képletekben a kettőspont karaktert lehet használni nem műveleti jelként is

		4. A halmazkivonás jeleként a \backslash parancsot kell használni

		5. A | karaktert kell használni az abszolút érték jeleként

		6. Nyitó határolójelet lehet használni záróként is és viszont

		7. Az operátorneveket a képletekben egyszerűen csak be kell írni

		8. Integrált például \int f(x)dx módon lehet írni

		9. Zárójelek fix méretre történő nagyításához a \big parancs használható

		10. Több kiemelt képletet generáló környezet is írható közvetlenül egymás után

		11. Tabulált képletekben a tabulátorjel a relációjel után áll

		12. Angol nyelvű szövegben a megtört képlet végén a műveleti jelet ki kell írni

		13. Angol nyelvű szövegben a megtört képlet végén a relációjelet ki kell írni

		14. Képletbe közvetlenül beírható szöveg is

		15. Egyenletekre a \ref paranccsal úgy kell hivatkozni, hogy zárójelbe rakjuk

		16. A proof környezet zárása előtt közvetlenül, minden változtatás nélkül írható kiemelt képlet

		17. A Q.E.D. jel letiltásához elég a \qedsymbol parancsot üres jelként definiálni

		18. Angol nyelvű szövegben, ha egy mondat szövegközi képlettel zárul, akkor a mondatot lezáró pontot tehetjük matematikai módba

		19. Angol nyelvű szövegben minden szöveges üzemmódban leírt pont mondatvégnek számít

		20. Angol nyelvű dokumentumok esetén a rövidítések utáni pontot ugyanúgy kell megadni a forrásban, mint a mondatvégi pontokat

		21. Úsztató környezetben a középre illesztés a center környezettel oldható meg

		22. Félkövér betűtípusra a \bf paranccsal válthatunk

		23. Új bekezdést a \\ paranccsal kell létrehozni, illetve két bekezdés közötti üres sor generálásához \\ \\ használható

		24. A \footnote parancs elé a forrásfájlba sortörést vagy szóközt kell rakni

		25. Gondolatjelként a kvirtmínusz jelet (angolul em dash) kell használni

		26. A \pagestyle{empty} parancs a dokumentum minden oldalán üresre állítja a fej- és láblécet

		27. Ha a forráskód UTF-8 kódolású, akkor be kell tölteni az inputenc csomagot utf8 opcióval

		28. Latin ékezetes betű csak akkor jelenik meg a végeredményben, ha betöltjük a fontenc csomagot T1 opcióval

		29. A T1 belső kódoláshoz a t1enc csomagot kell használni

		30. Magyar nyelvű dokumentum készítésénél a megfelelő tipográfia eléréséhez elég betölteni a babel csomagot magyar opcióval






Tómács Tibor


Matematikai statisztika











Matematikai és Informatikai Intézet


Tómács Tibor


Matematikai statisztika


Átdolgozott kiadás


Utolsó módosítás:
2025. június 17.


A jegyzet szabadon letölthető az alábbi linkről:
https://tomacstibor.uni-eszterhazy.hu/tananyagok/Matematikai_statisztika.pdf


Eger, 2025



https://tomacstibor.uni-eszterhazy.hu/tananyagok/Matematikai_statisztika.pdf





Szerző:
Dr. Tómács Tibor
egyetemi docens


Eszterházy Károly Katolikus Egyetem


Bíráló:
Dr. Sztrik János
egyetemi tanár


Debreceni Egyetem


Az első kiadás a TÁMOP-4.1.2-08/1/A-2009-0038 támogatásával készült 2012-ben.







Tartalomjegyzék


Előszó 6


Jelölések 7


1. Valószínűségszámítás 9
1.1. Valószínűségi mező . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9


1.1.1. Véletlen esemény . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.1.2. Valószínűség . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10


1.2. Valószínűségi változó . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.3. Eloszlás- és sűrűségfüggvény . . . . . . . . . . . . . . . . . . . . . . . 11
1.4. Várható érték, szórásnégyzet . . . . . . . . . . . . . . . . . . . . . . . 13
1.5. Valószínűségi vektorváltozók . . . . . . . . . . . . . . . . . . . . . . . 14
1.6. Feltételes várható érték . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.7. Független valószínűségi változók . . . . . . . . . . . . . . . . . . . . . 16
1.8. Kovariancia és korrelációs együttható . . . . . . . . . . . . . . . . . . 17
1.9. Nevezetes eloszlások . . . . . . . . . . . . . . . . . . . . . . . . . . . 18


1.9.1. Diszkrét egyenletes eloszlás . . . . . . . . . . . . . . . . . . . 18
1.9.2. Karakterisztikus eloszlás . . . . . . . . . . . . . . . . . . . . . 18
1.9.3. Binomiális eloszlás . . . . . . . . . . . . . . . . . . . . . . . . 18
1.9.4. Poisson-eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . . 19
1.9.5. Hipergeometrikus eloszlás . . . . . . . . . . . . . . . . . . . . 20
1.9.6. Egyenletes eloszlás . . . . . . . . . . . . . . . . . . . . . . . . 21
1.9.7. Exponenciális eloszlás . . . . . . . . . . . . . . . . . . . . . . 23
1.9.8. Gamma-eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . . 24
1.9.9. Normális eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . 26
1.9.10. Többdimenziós normális eloszlás . . . . . . . . . . . . . . . . . 29
1.9.11. Khi-négyzet eloszlás . . . . . . . . . . . . . . . . . . . . . . . 30
1.9.12. t-eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
1.9.13. Cauchy-eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . . 32
1.9.14. F-eloszlás . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32


1.10. Nagy számok törvényei . . . . . . . . . . . . . . . . . . . . . . . . . . 33
1.11. Centrális határeloszlási tétel . . . . . . . . . . . . . . . . . . . . . . . 36


2. A matematikai statisztika alapfogalmai 38
2.1. Minta és mintarealizáció . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.2. Tapasztalati eloszlásfüggvény . . . . . . . . . . . . . . . . . . . . . . 40


3







2.3. Tapasztalati eloszlás, sűrűséghisztogram . . . . . . . . . . . . . . . . 44
2.4. Statisztikák . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46


3. Pontbecslések 50
3.1. A pontbecslés feladata és jellemzői . . . . . . . . . . . . . . . . . . . 50


3.1.1. Várható érték becslése . . . . . . . . . . . . . . . . . . . . . . 53
3.1.2. Valószínűség becslése . . . . . . . . . . . . . . . . . . . . . . . 56
3.1.3. Szórásnégyzet becslése . . . . . . . . . . . . . . . . . . . . . . 57


3.2. Információs határ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.3. Pontbecslési módszerek . . . . . . . . . . . . . . . . . . . . . . . . . . 65


3.3.1. Momentumok módszere . . . . . . . . . . . . . . . . . . . . . 65
3.3.2. Maximum likelihood becslés . . . . . . . . . . . . . . . . . . . 67


4. Intervallumbecslések 71
4.1. Az intervallumbecslés feladata . . . . . . . . . . . . . . . . . . . . . . 71
4.2. Konfidenciaintervallum a normális eloszlás paramétereire . . . . . . . 72
4.3. Konfidenciaintervallum az exponenciális eloszlás paraméterére . . . . 76
4.4. Konfidenciaintervallum valószínűségre . . . . . . . . . . . . . . . . . . 77
4.5. Általános módszer konfidenciaintervallum készítésére . . . . . . . . . 78


5. Hipotézisvizsgálatok 80
5.1. A hipotézisvizsgálat feladata és jellemzői . . . . . . . . . . . . . . . . 80


5.1.1. Null- illetve ellenhipotézis . . . . . . . . . . . . . . . . . . . . 80
5.1.2. Statisztikai próba, elfogadási és kritikus tartomány . . . . . . 80
5.1.3. Statisztikai próba terjedelme és torzítatlansága . . . . . . . . 81
5.1.4. Próbastatisztika . . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.1.5. A statisztikai próba menete . . . . . . . . . . . . . . . . . . . 82
5.1.6. A nullhipotézis és az ellenhipotézis megválasztása . . . . . . . 82
5.1.7. A próba erőfüggvénye és konzisztenciája . . . . . . . . . . . . 83


5.2. Paraméteres hipotézisvizsgálatok . . . . . . . . . . . . . . . . . . . . 83
5.2.1. Egymintás u-próba . . . . . . . . . . . . . . . . . . . . . . . . 83
5.2.2. Kétmintás u-próba . . . . . . . . . . . . . . . . . . . . . . . . 86
5.2.3. Egymintás t-próba . . . . . . . . . . . . . . . . . . . . . . . . 88
5.2.4. Kétmintás t-próba . . . . . . . . . . . . . . . . . . . . . . . . 89
5.2.5. Scheffé-módszer . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.2.6. Welch-próba . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.2.7. F-próba . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.2.8. Khi-négyzet próba normális eloszlás szórására . . . . . . . . . 96
5.2.9. Statisztikai próba exponenciális eloszlás paraméterére . . . . . 97
5.2.10. Statisztikai próba valószínűségre . . . . . . . . . . . . . . . . . 99


5.3. Nemparaméteres hipotézisvizsgálatok . . . . . . . . . . . . . . . . . . 102
5.3.1. Tiszta illeszkedésvizsgálat . . . . . . . . . . . . . . . . . . . . 102
5.3.2. Becsléses illeszkedésvizsgálat . . . . . . . . . . . . . . . . . . . 103
5.3.3. Függetlenségvizsgálat . . . . . . . . . . . . . . . . . . . . . . . 104
5.3.4. Homogenitásvizsgálat . . . . . . . . . . . . . . . . . . . . . . . 106
5.3.5. Kétmintás előjelpróba . . . . . . . . . . . . . . . . . . . . . . 107


4







5.3.6. Kolmogorov – Szmirnov-féle kétmintás próba . . . . . . . . . . 108
5.3.7. Kolmogorov – Szmirnov-féle egymintás próba . . . . . . . . . . 109


5.4. Szórásanalízis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
5.4.1. Egyszeres osztályozás (I. típusú modell) . . . . . . . . . . . . 111
5.4.2. Kétszeres osztályozás interakció nélkül (I. típusú modell) . . . 118
5.4.3. Kétszeres osztályozás interakcióval (I. típusú modell), kiegyen-


súlyozott elrendezés esetén . . . . . . . . . . . . . . . . . . . . 120


6. Regressziószámítás 124
6.1. Regressziós görbe és regressziós felület . . . . . . . . . . . . . . . . . 124
6.2. Lineáris regresszió . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
6.3. A lineáris regresszió együtthatóinak becslése . . . . . . . . . . . . . . 128
6.4. Nemlineáris regresszió . . . . . . . . . . . . . . . . . . . . . . . . . . 130


6.4.1. Polinomos regresszió . . . . . . . . . . . . . . . . . . . . . . . 131
6.4.2. Hatványkitevős regresszió . . . . . . . . . . . . . . . . . . . . 131
6.4.3. Exponenciális regresszió . . . . . . . . . . . . . . . . . . . . . 131
6.4.4. Logaritmikus regresszió . . . . . . . . . . . . . . . . . . . . . . 132
6.4.5. Hiperbolikus regresszió . . . . . . . . . . . . . . . . . . . . . . 132


Irodalomjegyzék 134


5







Előszó


Ez a tananyag az Eszterházy Károly Katolikus Egyetem matematikai statisztika
előadásaiból készült. Az összeállításnál nem az volt cél, hogy a matematikai statisztika
minden fontos ágát ismertessük, inkább arra törekedtünk, hogy a taglalt témakörök
mindegyikére kellő idő jusson az egy féléves kurzus alatt.


A Valószínűségszámítás című fejezet nem kerül ismertetésre az előadáson, a
célja azoknak a fontos fogalmaknak az összefoglalása, melyekre szükségünk lesz
a matematikai statisztika megértéséhez. Ennek átismétlését az Olvasóra bízzuk.
Ezen fejezet másik célja, hogy a valószínűségszámítás és a matematikai statisztika
szóhasználatát és jelöléseit összehangoljuk. A jelöléseket külön is összegyűjtöttük.


A szükséges definíciókon, tételeken és bizonyításokon túl, elméleti számításokat
igénylő feladatokat is megoldunk. Ezek olyan tételek, amelyeknek a bizonyításán
érdemes önállóan is gondolkodni, mielőtt a megoldást elolvasnánk.


Ehhez a tananyaghoz kapcsolódik Tómács Tibor [17] jegyzete, amely a gyakorlati
órák témáit dolgozza fel. Itt számítógéppel megoldható gyakorlatokat találunk. A
statisztikában szokásos táblázatokat nem mellékeljük, mert az ezekben található
értékeket szintén számítógéppel fogjuk kiszámolni.
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Jelölések


Általános
N a pozitív egész számok halmaza
R a valós számok halmaza
Rn R-nek önmagával vett n-szeres Descartes-szorzata
R+ a pozitív valós számok halmaza
(a, b) rendezett elempár vagy nyílt intervallum
≃ közelítőleg egyenlő
[x] az x valós szám egész része
f−1 az f függvény inverze
lim


x→a+0
f(x) az f függvény a-beli jobb oldali határértéke


A⊤ az A mátrix transzponáltja
A−1 az A mátrix inverze
det A az A mátrix determinánsa


Valószínűségszámítás
(Ω, F , P) valószínűségi mező
P(A) az A esemény valószínűsége
E ξ ξ várható értéke
E(ξ | η) feltételes várható érték
E(ξ | η = y) feltételes várható érték
D ξ, D2 ξ ξ szórása illetve szórásnégyzete
cov(ξ, η) kovariancia
corr(ξ, η) korrelációs együttható
φ a standard normális eloszlás sűrűségfüggvénye
Φ a standard normális eloszlás eloszlásfüggvénye
Γ Gamma-függvény
IA az A esemény indikátorváltozója
Bin(r; p) az r-edrendű p paraméterű binomiális eloszlású valószínűségi válto-


zók halmaza
Exp(λ) a λ paraméterű exponenciális eloszlású valószínűségi változók hal-


maza
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Norm(m; σ) az m várható értékű és σ szórású normális eloszlású valószínűségi
változók halmaza


Normd(m; A) az m és A paraméterű d-dimenziós normális eloszlású valószínűségi
vektorváltozók halmaza


Gamma(r; λ) az r-edrendű λ paraméterű gamma-eloszlású valószínűségi változók
halmaza


Khi(s) az s szabadsági fokú khi-négyzet eloszlású valószínűségi változók
halmaza


T(s) az s szabadsági fokú t-eloszlású valószínűségi változók halmaza
F(s1; s2) az s1 és s2 szabadsági fokú F-eloszlású valószínűségi változók hal-


maza
F [V] Ha ξ valószínűségi változó és V a ξ-vel azonos eloszlású valószínűségi


változók halmaza, akkor F [V] a V-beli valószínűségi változók közös
eloszlásfüggvényét jelenti. Például Φ = F [Norm(0; 1)].


Matematikai statisztika
(Ω, F , P) statisztikai mező
F ∗


n tapasztalati eloszlásfüggvény
ξ a ξ-re vonatkozó minta átlaga (mintaátlag)
Sn, S2


n tapasztalati szórás illetve szórásnégyzet
Sξ,n, S2


ξ,n ξ-re vonatkozó tapasztalati szórás illetve szórásnégyzet
S∗


n, S∗
n


2 korrigált tapasztalati szórás illetve szórásnégyzet
S∗


ξ,n, S∗2
ξ,n ξ-re vonatkozó korrigált tapasztalati szórás illetve szórásnégyzet


ξ∗
1 , . . . , ξ∗


n rendezett minta
Covn(ξ, η) tapasztalati kovariancia
Corrn(ξ, η) tapasztalati korrelációs együttható
Θ paramétertér
Pϑ a ϑ paraméterhez tartozó valószínűség
Eϑ a ϑ paraméterhez tartozó várható érték
Dϑ, D2


ϑ a ϑ paraméterhez tartozó szórás illetve szórásnégyzet
fϑ, Fϑ a ϑ paraméterhez tartozó sűrűség- illetve eloszlásfüggvény
In Fisher-féle információmennyiség
ln likelihood függvény
Ln loglikelihood függvény
ϑ̂ a ϑ paraméter becslése
H0, H1 nullhipotézis, ellenhipotézis
PH0 , PH1 H0 illetve H1 esetén lehetséges valószínűségek halmaza
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1. fejezet


Valószínűségszámítás


Ennek a fejezetnek a célja, hogy átismételjük a valószínűségszámítás azon fogalmait
és jelöléseit, amelyek szükségesek a matematikai statisztikához. Az itt kimondott
állításokat és tételeket nem bizonyítjuk, feltételezzük, hogy ezek már ismertek a
korábban tanultak alapján.


1.1. Valószínűségi mező


1.1.1. Véletlen esemény
Egy véletlen kimenetelű kísérlet matematikai modellezésekor azt tekintjük esemény-
nek, amelyről egyértelműen eldönthető a kísérlet elvégzése után, hogy bekövetkezett-e
vagy sem. Így az, hogy egy esemény bekövetkezett, logikai ítélet. Ebből a logika és a
halmazelmélet ismert kapcsolata alapján az eseményeket halmazokkal modellezhetjük.


Ha egy kísérletben az A és B halmazok eseményeket modelleznek, akkor az A ∪ B
bekövetkezése azt jelenti, hogy A és B közül legalább az egyik bekövetkezik. Erről
egyértelműen eldönthető a kísérlet elvégzése után, hogy bekövetkezett-e, ezért ez is
eseményt modellez. Másrészt, ha A esemény, akkor az A ellenkezője is az. Jelöljük ezt
A-val. Az A∪A biztosan bekövetkezik, ezért ezt biztos eseménynek nevezzük és Ω-val
jelöljük. Ebből látható, hogy A az A-nak Ω-ra vonatkozó komplementere, továbbá
minden esemény az Ω egy részhalmaza. Az adott kísérletre vonatkozó események
rendszerét jelöljük F -fel, mely tehát az Ω hatványhalmazának egy részhalmaza.


Ahhoz, hogy az eseményeket megfelelően tudjuk modellezni, nem elég véges sok
esemény uniójáról feltételezni, hogy az is esemény. Megszámlálhatóan végtelen sok
esemény uniójának is eseménynek kell lennie.


1.1. Definíció. Legyen Ω egy nem üres halmaz és F részhalmaza az Ω hatványhal-
mazának. Tegyük fel, hogy teljesülnek a következők:
(1) Ω ∈ F ;
(2) Ha A ∈ F , akkor A ∈ F , ahol A = Ω \ A;
(3) Ha Ai ∈ F (i ∈ N), akkor


∞⋃
i=1


Ai ∈ F .
Ekkor F-et σ-algebrának, elemeit eseményeknek, illetve Ω-t biztos eseménynek
nevezzük. A mértékelméletben az (Ω, F) rendezett párost mérhető térnek nevezzük.
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Ha A, B ∈ F és A ⊂ B, akkor azt mondjuk, hogy A maga után vonja B-t.


1.1.2. Valószínűség
A modellalkotás következő lépéséhez szükség van egy tapasztalati törvényre az esemé-
nyekkel kapcsolatosan, melyet Jacob Bernoulli (1654–1705) svájci matematikus
publikált. Egy dobókockát dobott fel többször egymásután. A hatos dobások számá-
nak és az összes dobások számának arányát, azaz a hatos dobás relatív gyakoriságát
ábrázolta a dobások számának függvényében (lásd az 1.1. ábrát). Bernoulli azt tapasz-
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1.1. ábra. Relatív gyakoriság


talta, hogy a hatos dobás relatív gyakorisága a dobások számának növelésével egyre
kisebb mértékben ingadozik 1


6 körül. Más véletlen kimenetelű kísérlet eseményeire
is hasonló a tapasztalat, azaz a kísérletek számának növelésével a figyelt esemény
bekövetkezésének relatív gyakorisága egyre kisebb mértékben ingadozik egy konstans
körül. Ezt a konstanst a figyelt esemény valószínűségének fogjuk nevezni.


A továbbiakban P(A) jelölje az A esemény bekövetkezésének valószínűségét.
Könnyen látható, hogy P(A) ≥ 0 minden esetben, a biztos esemény valószínűsége 1,
illetve egyszerre be nem következő események uniójának valószínűsége az események
valószínűségeinek összege.


Mindezeket a következő definícióban foglaljuk össze:


1.2. Definíció. Legyen (Ω, F) mérhető tér és P: F → [0, ∞) olyan függvény, melyre
teljesülnek a következők:
(1) P(Ω) = 1;
(2) P


( ∞⋃
i=1


Ai


)
=


∞∑
i=1


P(Ai), ha Ai ∈ F páronként diszjunktak.
Ekkor a P függvényt valószínűségnek, a P(A) számot az A esemény valószínűségének,
illetve az (Ω, F , P) rendezett hármast valószínűségi mezőnek nevezzük. Ha egy A ∈ F
esetén P(A) = 1 teljesül, akkor azt mondjuk, hogy A majdnem biztosan teljesül.


Ha (Ω, F , P) valószínűségi mező, akkor belátható, hogy P(∅) = 0, így mértékel-
méleti értelemben a valószínűségi mező véges mértéktér.


A valószínűségi mező tehát egy véletlen kimenetelű kísérletet modellez. De a
matematikai statisztikában egy ilyen kísérletet többször is el kell végezni egymástól
függetlenül. Ezen független kísérleteket egyetlen valószínűségi mezőben le tudjuk írni
az alábbiak szerint.
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1.3. Definíció. Legyen az (Ω, F , P) valószínűségi mező,


Ωn := Ω × · · · × Ω, (n-szeres Descartes-szorzat),


Fn a legszűkebb σ-algebra, mely tartalmazza az{
A1 × · · · × An : Ai ∈ F (i = 1, . . . , n)


}
halmazt, továbbá legyen Pn : Fn → R olyan valószínűség, melyre minden Ai ∈ F (i =
= 1, . . . , n) esetén


Pn(A1 × · · · × An) = P(A1) · · · P(An)


teljesül. (Ilyen valószínűség a Caratheodory-féle kiterjesztési tétel miatt egyértel-
műen létezik.) Ekkor az (Ωn, Fn, Pn)-t független kísérletek valószínűségi mezőjének
nevezzük.


Tehát (Ωn, Fn, Pn) az (Ω, F , P) kísérlet n-szeri független elvégzését modellezi.


1.2. Valószínűségi változó
Egy eseményt a gyakorlatban legtöbbször a következőképpen szoktunk megadni: Egy
függvénnyel az Ω minden eleméhez hozzárendelünk egy valós számot, majd megadunk
egy I ⊂ R intervallumot. Tekintsük az Ω azon elemeit, melyekhez ez a függvény
I-beli értéket rendel. Az ilyen elemekből álló halmaz jelentse a vizsgálandó eseményt.
Ehhez viszont az kell, hogy ez a halmaz valóban esemény legyen. Az olyan függvényt,
mely minden I intervallumból eseményt származtat az előbbi módon, valószínűségi
változónak nevezzük.


Bizonyítható, hogy elég csak az I = (−∞, x) alakú intervallumok esetén feltéte-
lezni, hogy az előbb megadott halmaz eleme F-nek, ebből már következik minden
más intervallum esetén is. Összefoglalva kimondhatjuk tehát a következő definíciót:


1.4. Definíció. Legyen (Ω, F) mérhető tér és ξ : Ω → R olyan függvény, melyre
teljesül, hogy { ω ∈ Ω : ξ(ω) < x } ∈ F minden x ∈ R esetén. Ekkor a ξ függvényt
valószínűségi változónak nevezzük.


A továbbiakban az { ω ∈ Ω : ξ(ω) < x } halmazt a mértékelméletből megszokottak
szerint Ω(ξ < x) vagy rövidebben ξ < x módon fogjuk jelölni. Az ilyen alakú
halmazokat ξ nívóhalmazainak is szokás nevezni. Hasonló jelölést alkalmazunk „<”
helyett más relációk esetén is. A valószínűségi változó ekvivalens a mértékelméletbeli
mérhető függvény fogalmával.


1.3. Eloszlás- és sűrűségfüggvény
A valószínűségi változó jellemzésére általános esetben jól használható az úgynevezett
eloszlásfüggvény:
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1.5. Definíció. Legyen (Ω, F , P) valószínűségi mező és ξ : Ω → R egy valószínűségi
változó. Ekkor a ξ eloszlásfüggvénye


F : R → R, F (x) := P(ξ < x).


1.6. Tétel. Legyen F egy tetszőleges valószínűségi változó eloszlásfüggvénye. Ekkor
teljesülnek a következők:
(a) F monoton növekvő;
(b) F minden pontban balról folytonos;
(c) lim


x→∞
F (x) = 1;


(d) lim
x→−∞


F (x) = 0.


1.7. Tétel. Ha egy tetszőleges F : R → R függvényre teljesülnek az (a)–(d) tulajdon-
ságok, akkor létezik olyan valószínűségi változó, melynek F az eloszlásfüggvénye.


Ezen két tétel alapján jogos a következő elnevezés:


1.8. Definíció. Az F : R → R függvényt eloszlásfüggvénynek nevezzük, ha teljesülnek
rá az (a)–(d) tulajdonságok.


1.9. Tétel. Ha F a ξ valószínűségi változó eloszlásfüggvénye, akkor teljesülnek a
következők:
(1) P(a ≤ ξ < b) = F (b) − F (a) minden a, b ∈ R, a < b esetén;
(2) lim


x→a+0
F (x) = F (a) + P(ξ = a) minden a ∈ R esetén;


(3) P(ξ = a) = 0 pontosan akkor, ha F az a ∈ R pontban folytonos.


Ha ξ diszkrét valószínűségi változó, azaz ha Rξ (ξ értékkészlete) megszámlálható,
akkor az előző tétel (2) pontja alapján a ξ eloszlásfüggvénye egyértelműen megha-
tározott a P(ξ = k), k ∈ Rξ értékekkel. A k 7→ P(ξ = k), k ∈ Rξ hozzárendelést ξ
eloszlásának nevezzük.


Az eloszlás elnevezés más jelentésben is előfordul: Két tetszőleges (nem feltétlenül
diszkrét) valószínűségi változót azonos eloszlásúnak nevezzük, ha az eloszlásfüggvé-
nyeik megegyeznek.


Gyakorlati szempontból a diszkrét valószínűségi változók mellett az úgynevezett
abszolút folytonos valószínűségi változók osztálya is nagyon fontos.


1.10. Definíció. A ξ valószínűségi változót abszolút folytonosnak nevezzük, ha létezik
olyan f : R → [0, ∞) függvény, melyre


F (x) =
x∫


−∞


f(t) dt


teljesül minden x ∈ R esetén, ahol F a ξ eloszlásfüggvénye. Ekkor f -fet a ξ sűrűség-
függvényének nevezzük.


1.11. Tétel. Ha a ξ abszolút folytonos valószínűségi változó eloszlásfüggvénye F és
sűrűségfüggvénye f , akkor F folytonos (következésképpen P(ξ = x) = 0, ∀x ∈ R) és
Lebesgue-mérték szerint majdnem mindenütt differenciálható – nevezetesen, ahol f
folytonos –, továbbá a differenciálható pontokban F ′(x) = f(x).
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1.12. Tétel. Ha a ξ abszolút folytonos valószínűségi változó sűrűségfüggvénye f ,
akkor
(1) P(a < ξ < b) =


b∫
a


f(x) dx minden a, b ∈ R, a < b esetén;


(2)
∞∫


−∞
f(x) dx = 1.


1.13. Tétel. Ha f : R → [0, ∞) és
∞∫


−∞
f(x) dx = 1, akkor van olyan abszolút folytonos


valószínűségi változó, melynek f a sűrűségfüggvénye.


Ezen két tétel alapján jogos a következő elnevezés:


1.14. Definíció. Az f : R → [0, ∞) függvényt sűrűségfüggvénynek nevezzük, ha
∞∫


−∞
f(x) dx = 1.


1.4. Várható érték, szórásnégyzet
A valószínűségi változók fontos paramétere a valószínűség szerinti integrálja.


1.15. Definíció. Legyen (Ω, F , P) valószínűségi mező és ξ : Ω → R egy valószínűségi
változó. Ha az


∫
ξ dP integrál létezik akkor azt E ξ módon jelöljük, és ξ várható


értékének nevezzük. Ha ez az integrál nem létezik, akkor azt mondjuk, hogy ξ-nek
nem létezik várható értéke.


Ha két valószínűségi változó eloszlása megegyezik, és valamelyiknek létezik a
várható értéke, akkor a másiknak is létezik, továbbá a két várható érték megegyezik.
Tehát a várható érték valójában az eloszlásfüggvénytől függ.


A várható érték előbbi értelmezése szerint lehet +∞ illetve −∞ is. Ha a valószí-
nűségszámítást mértékelméleti alapok nélkül tárgyalják, akkor általában feltételezik a
várható érték végességét, és csak diszkrét illetve abszolút folytonos eseteket tárgyalják.
A következő tétel rávilágít a várható érték gyakorlati jelentőségére.


1.16. Tétel. Ha a ξ valószínűségi változó értékkészlete { x1, . . . , xn }, akkor


E ξ =
n∑


i=1
xi P(ξ = xi).


Tehát a várható érték a ξ lehetséges értékeinek az eloszlás szerinti súlyozott
átlagát jelenti. A későbbiekben tárgyalt Kolmogorov-féle nagy számok erős törvénye
mutatja, hogy bizonyos feltételekkel egy kísérletsorozatban egy ξ valószínűségi válto-
zó értékeinek számtani közepe várhatóan (pontosabban 1 valószínűséggel) E ξ-hez
konvergál.


1.17. Tétel. Legyen { xi ∈ R : i ∈ N } a ξ valószínűségi változó értékkészlete. ξ-nek
pontosan akkor véges a várható értéke, ha


∞∑
i=1


|xi| P(ξ = xi) < ∞,
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továbbá ekkor
E ξ =


∞∑
i=1


xi P(ξ = xi).


1.18. Tétel. Legyen ξ abszolút folytonos valószínűségi változó, melynek f a sűrűség-
függvénye. A ξ-nek pontosan akkor véges a várható értéke, ha


∞∫
−∞


|x|f(x) dx < ∞,


továbbá ekkor


E ξ =
∞∫


−∞


xf(x) dx.


1.19. Tétel. Ha ξ-nek létezik várható értéke és ξ = η majdnem biztosan teljesül,
akkor η-nak is létezik a várható értéke, továbbá megegyezik a ξ várható értékével.


1.20. Tétel. Ha ξ és η véges várható értékkel rendelkező valószínűségi változók, akkor
aξ + bη (a, b ∈ R) is az, továbbá


E(aξ + bη) = a E ξ + b E η.


1.21. Tétel (Jensen-egyenlőtlenség). Ha I ⊂ R nyílt intervallum, ξ : Ω → I olyan
valószínűségi változó, melyre E |ξ| < ∞ teljesül, továbbá g : I → R Borel-mérhető
konvex függvény, akkor


g(E ξ) ≤ E g(ξ).


A valószínűségi változó értékeinek ingadozását az átlag – pontosabban a várható
érték – körül, az úgynevezett szórásnégyzettel jellemezzük, amely nem más, mint az
átlagtól való négyzetes eltérés átlaga.


1.22. Definíció. A ξ valószínűségi változó szórásnégyzete illetve szórása


D2 ξ := E(ξ − E ξ)2, D ξ =
√


E(ξ − E ξ)2.


feltéve, hogy ezek a várható értékek léteznek.


1.23. Tétel. Ha ξ-nek létezik a szórásnégyzete, akkor
(1) D2 ξ = E ξ2 − E2 ξ;
(2) D(aξ + b) = |a| D ξ, ahol a, b ∈ R.


1.5. Valószínűségi vektorváltozók
1.24. Definíció. Ha ξ1, . . . , ξd tetszőleges valószínűségi változók, akkor a (ξ1, . . . , ξd)
rendezett elem d-est (d-dimenziós) valószínűségi vektorváltozónak nevezzük.
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1.25. Definíció. A ξ := (ξ1, . . . , ξd) valószínűségi vektorváltozó eloszlásfüggvénye


F : Rd → R, F (x1, . . . , xd) := P(ξ1 < x1, . . . , ξd < xd).
ξ abszolút folytonos, ha létezik olyan f : Rd → [0, ∞) függvény, melyre


F (x1, . . . , xd) =
x1∫


−∞


· · ·
xd∫


−∞


f(t1, . . . , td) dt1 · · · dtd


teljesül minden x1, . . . , xd ∈ R esetén. Ekkor f -fet a ξ sűrűségfüggvényének nevezzük.
1.26. Tétel. Ha a ξ := (ξ1, . . . , ξd) abszolút folytonos valószínűségi vektorváltozó
sűrűségfüggvénye f , és g : Rd → R Borel-mérhető függvény, akkor


E g(ξ1, . . . , ξd) =
∫
Rd


g(x1, . . . , xd)f(x1, . . . , xd) dx1 · · · dxd


olyan értelemben, hogy a két oldal egyszerre létezik vagy nem létezik, és ha létezik,
akkor egyenlőek.


1.6. Feltételes várható érték
A feltételes várható értéket az egyszerűség kedvéért csak két speciális esetben defini-
áljuk. Az általános definíciót lásd pl. [11].
1.27. Definíció. Legyenek az η, ξ1, . . . , ξk diszkrét valószínűségi változók értékkész-
letei rendre Rη, Rξ1 , . . . , Rξk


, tegyük fel, hogy E η véges, továbbá legyen


g : Rξ1 × · · · × Rξk
→ R, g(x1, . . . , xk) :=


∑
yi∈Rη


yi
P(η = yi, ξ1 = x1, . . . , ξk = xk)


P(ξ1 = x1, . . . , ξk = xk) .


Ekkor a g(ξ1, . . . , ξk) valószínűségi változót η-nak (ξ1, . . . , ξk)-ra vonatkozó feltételes
várható értékének nevezzük és E(η | ξ1, . . . , ξk) módon jelöljük. A g(x1, . . . , xk) (xi ∈
∈ Rξi


, i = 1, . . . , k) értéket E(η | ξ1 = x1, . . . , ξk = xk) módon jelöljük.
1.28. Definíció. Legyen az (η, ξ1, . . . , ξk) abszolút folytonos valószínűségi vektor-
változó sűrűségfüggvénye f , a (ξ1, . . . , ξk) sűrűségfüggvénye h, tegyük fel, hogy E η
véges, továbbá legyen


g : Rk → R, g(x1, . . . , xk) :=
∞∫


−∞


y
f(y, x1, . . . , xk)
h(x1, . . . , xk) dy.


Ekkor a g(ξ1, . . . , ξk) valószínűségi változót η-nak (ξ1, . . . , ξk)-ra vonatkozó feltételes
várható értékének nevezzük és E(η | ξ1, . . . , ξk) módon jelöljük. A g(x1, . . . , xk) (xi ∈
∈ Rξi


, i = 1, . . . , k) értéket E(η | ξ1 = x1, . . . , ξk = xk) módon jelöljük.
1.29. Tétel. A feltételes várható értékre teljesülnek a következők:
(1) E η = E


(
E(η | ξ1, . . . , ξk)


)
;


(2) E(aξ + bη | ξ1, . . . , ξk) = a E(ξ | ξ1, . . . , ξk)+ b E(η | ξ1, . . . , ξk) majdnem biztosan,
minden a, b ∈ R esetén;


(3) E
(
E(η | ξ1, . . . , ξk) | ξ1, . . . , ξk


)
= E(η | ξ1, . . . , ξk) majdnem biztosan;


(4) E(ξη | ξ1, . . . , ξk) = ξ E(η | ξ1, . . . , ξk) majdnem biztosan.
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1.7. Független valószínűségi változók
Az A és B események függetlenek, ha P(A ∩ B) = P(A) P(B). Valószínűségi változók
függetlenségét nívóhalmazaik függetlenségével definiáljuk.


1.30. Definíció. A ξ1, . . . , ξn valószínűségi változókat függetleneknek nevezzük, ha


P(ξ1 < x1, . . . , ξn < xn) =
n∏


k=1
P(ξk < xk)


minden x1, . . . , xn ∈ R esetén teljesül. A ξ1, . . . , ξn valószínűségi változók páronként
függetlenek, ha közülük bármely kettő független. Végtelen sok valószínűségi változót
függetleneknek nevezzük, ha bármely véges részrendszere független.


Szükségünk lesz a valószínűségi vektorváltozók függetlenségének fogalmára is.
Ehhez bevezetünk egy jelölést. Legyen ξ = (ξ1, . . . , ξd) egy valószínűségi vektorváltozó
és x = (x1, . . . , xd) ∈ Rd. Ekkor a ξ < x esemény alatt azt értjük, hogy a ξk < xk


események minden k = 1, . . . , d esetén teljesülnek.


1.31. Definíció. A ζ1, . . . , ζn d-dimenziós valószínűségi vektorváltozókat függetle-
neknek nevezzük, ha minden x1, . . . , xn ∈ Rd esetén


P(ζ1 < x1, . . . , ζn < xn) =
n∏


k=1
P(ζk < xk)


teljesül. A ζ1, . . . , ζd valószínűségi vektorváltozók páronként függetlenek, ha közülük
bármely kettő független. Végtelen sok valószínűségi vektorváltozót függetleneknek
nevezzük, ha bármely véges részrendszere független.


1.32. Tétel. A ξ1, . . . , ξn diszkrét valószínűségi változók pontosan akkor függetlenek,
ha


P(ξ1 = x1, . . . , ξn = xn) =
n∏


k=1
P(ξk = xk)


teljesül minden x1 ∈ Rξ1 , . . . , xn ∈ Rξn esetén.


1.33. Tétel. Legyen (ξ1, . . . , ξn) abszolút folytonos valószínűségi vektorváltozó. A
ξ1, . . . , ξn valószínűségi változók pontosan akkor függetlenek, ha


f(x1, . . . , xn) =
n∏


k=1
fk(xk)


teljesül minden x1, . . . , xn ∈ R esetén, ahol fk a ξk sűrűségfüggvénye, továbbá f a
(ξ1, . . . , ξn) sűrűségfüggvénye.


1.34. Tétel (Konvolúció). Ha ξ és η független abszolút folytonos valószínűségi
változók f illetve g sűrűségfüggvénnyel, akkor ξ + η is abszolút folytonos, továbbá a
sűrűségfüggvénye x ∈ R helyen


h(x) =
∞∫


−∞


f(t)g(x − t) dt.


16







1.35. Tétel. Ha ξ és η független abszolút folytonos valószínűségi változók f illetve g
sűrűségfüggvénnyel, akkor ξη is abszolút folytonos,továbbá a sűrűségfüggvénye x ∈ R
helyen


h(x) =
∞∫


−∞


g(t)f
(


x


t


) 1
|t|


dt.


1.36. Tétel. Ha ξ és η független abszolút folytonos valószínűségi változók f illetve g
sűrűségfüggvénnyel, akkor ξ


η
is abszolút folytonos, továbbá a sűrűségfüggvénye x ∈ R


helyen


h(x) =
∞∫


−∞


|t|g(t)f(xt) dt.


1.8. Kovariancia és korrelációs együttható
1.37. Definíció. A ξ és η valószínűségi változók kovarianciája


cov(ξ, η) := E
(
(ξ − E ξ)(η − E η)


)
,


feltéve, hogy ezek a várható értékek léteznek.


Könnyen belátható, hogy cov(ξ, η) = E ξη − E ξ E η.


1.38. Tétel. Ha a ξ és η független valószínűségi változóknak létezik a várható értékeik,
akkor létezik a kovarianciájuk is és cov(ξ, η) = 0, azaz E ξη = E ξ E η.


1.39. Definíció. A ξ1, . . . , ξn valószínűségi változókat korrelálatlanoknak nevezzük,
ha cov(ξi, ξj) = 0 minden i, j ∈ { 1, . . . , n }, i ̸= j esetén.


1.40. Tétel. Ha a ξ1, . . . , ξn valószínűségi változók esetén létezik cov(ξi, ξj) minden
i, j ∈ { 1, . . . , n } esetén, akkor


n∑
i=1


ξi-nek létezik a szórásnégyzete, továbbá


D2
(


n∑
i=1


ξi


)
=


n∑
i=1


D2 ξi + 2
n−1∑
i=1


n∑
j=i+1


cov(ξi, ξj).


1.41. Tétel. Ha a ξ1, . . . , ξn páronként független valószínűségi változóknak léteznek a
szórásnégyzeteik, akkor a


n∑
i=1


ξi valószínűségi változónak is van szórásnégyzete, továbbá


D2
(


n∑
i=1


ξi


)
=


n∑
i=1


D2 ξi.


1.42. Definíció. Ha ξ és η pozitív szórású valószínűségi változók, akkor a korrelációs
együtthatójuk


corr(ξ, η) := cov(ξ, η)
D ξ D η


.
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1.43. Tétel. Legyen ξ pozitív szórású valószínűségi változó, továbbá η := aξ + b, ahol
a, b ∈ R, a ̸= 0. Ekkor létezik ξ és η korrelációs együtthatója, és


corr(ξ, η) =
1, ha a > 0,


−1, ha a < 0.


1.44. Tétel. Ha |corr(ξ, η)| = 1, akkor léteznek olyan a, b ∈ R, a ̸= 0 konstansok,
melyekre P(η = aξ + b) = 1 teljesül.


1.9. Nevezetes eloszlások


1.9.1. Diszkrét egyenletes eloszlás
1.45. Definíció. Legyen { x1, . . . , xr } a ξ valószínűségi változó értékkészlete és


P(ξ = xi) = 1
r


(i = 1, . . . , r).


Ekkor ξ-t diszkrét egyenletes eloszlásúnak nevezzük az { x1, . . . , xr } halmazon.


1.46. Tétel. E ξ = 1
r


r∑
i=1


xi és D2 ξ = 1
r


r∑
i=1


x2
i −


(
1
r


r∑
i=1


xi


)2
.


1.9.2. Karakterisztikus eloszlás
1.47. Definíció. Az A esemény indikátorváltozójának az


IA : Ω → R, IA(ω) :=
1, ha ω ∈ A,


0, ha ω ̸∈ A,


valószínűségi változót nevezzük, továbbá az IA-t P(A) paraméterű karakterisztikus
eloszlásúnak nevezzük.


1.48. Tétel. E IA = P(A) és D2 IA = P(A)
(
1 − P(A)


)
.


1.9.3. Binomiális eloszlás
1.49. Definíció. Legyen { 0, 1, . . . , r } a ξ valószínűségi változó értékkészlete és
p ∈ (0, 1). Ha minden k ∈ { 0, 1, . . . , r } esetén


P(ξ = k) =
(


r


k


)
pk(1 − p)r−k,


akkor ξ-t r-edrendű p paraméterű binomiális eloszlású valószínűségi változónak
nevezzük. Az ilyen eloszlású valószínűségi változók halmazát Bin(r; p) módon jelöljük.
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1.2. ábra. r = 20 rendű p = 0,5 paraméterű binomi-
ális eloszlás vonaldiagramja


Egy tetszőleges A esemény gyakorisága r kísérlet után r-edrendű P(A) paraméterű
binomiális eloszlású valószínűségi változó.


Az r = 1 rendű p paraméterű binomiális eloszlás megegyezik a p paraméterű karak-
terisztikus eloszlással, vagyis a p paraméterű karakterisztikus eloszlású valószínűségi
változók halmaza Bin(1; p). Másrészt r darab független p paraméterű karakterisztikus
eloszlású valószínűségi változó összege r-edrendű p paraméterű binomiális eloszlású.


1.50. Tétel. ξ ∈ Bin(r; p) esetén E ξ = rp és D2 ξ = rp(1 − p).


1.9.4. Poisson-eloszlás
1.51. Definíció. Legyen { 0, 1, 2, . . . } a ξ valószínűségi változó értékkészlete, λ ∈ R+


és


P(ξ = k) = λk


k! e−λ, (k = 0, 1, 2, . . . ).


Ekkor ξ-t λ paraméterű Poisson-eloszlású valószínűségi változónak nevezzük.
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1.3. ábra. λ = 3 paraméterű Poisson-eloszlás vonal-
diagramja


1.52. Tétel. Ha ξ egy λ ∈ R+ paraméterű Poisson-eloszlású valószínűségi változó,
akkor E ξ = D2 ξ = λ.
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1.53. Tétel. Legyenek η0, η1, . . . a [0, 1] intervallumon egyenletes eloszlású független
valószínűségi változók és λ > 0. Ekkor


η := min
{


r ∈ N ∪ {0} : η0η1 · · · ηr < e−λ
}


Poisson-eloszlású λ paraméterrel.


Bizonyítás. P(η = 0) = P
(
η0 < e−λ


)
= e−λ = λ0


0! e−λ, illetve az egyenletes eloszlás és
a geometriai valószínűségi mező kapcsolata alapján


P(η = 1) = P
(
η0 ≥ e−λ, η0η1 < e−λ


)
=


1∫
e−λ


e−λ


x0
dx0 = λ1


1! e−λ,


továbbá ha k = 2, 3, . . . , akkor


P(η = k) = P
(
η0 · · · ηk−1 ≥ e−λ, η0 · · · ηk < e−λ


)
=


=
1∫


e−λ


1∫
e−λ


x0


1∫
e−λ


x0x1


· · ·
1∫


e−λ


x0···xk−2


e−λ


x0 · · · xk−1
dxk−1 · · · dx0 = λk


k! e−λ.


1.9.5. Hipergeometrikus eloszlás
1.54. Definíció. Legyen {0,1, . . . , r} a ξ valószínűségi változó értékkészlete. Ha
minden k ∈ {0,1, . . . , r} esetén


P(ξ = k) =


(
M
k


)(
N−M
r−k


)
(


N
r


) ,


ahol az M és N egész számokra 0 < M < N és r ≤ min{M, N − M} áll fenn, akkor
ξ-t hipergeometrikus eloszlású valószínűségi változónak nevezzük.


1.55. Tétel. Legyen ξ egy hipergeometrikus eloszlású valószínűségi változó N , M és
r paraméterekkel. Ekkor E ξ = rM


N
és D2 ξ = rM


N


(
1 − M


N


)
N−r
N−1 .
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1.4. ábra. N = 20, M = 10, r = 10 paraméterű
hipergeometrikus eloszlás vonaldiagramja
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1.9.6. Egyenletes eloszlás
1.56. Definíció. Legyen ξ abszolút folytonos valószínűségi változó, a, b ∈ R és a < b.
Ha ξ sűrűségfüggvénye


f : R → R, f(x) =



1
b−a


, ha a ≤ x ≤ b,
0 egyébként,


akkor ξ-t egyenletes eloszlásúnak nevezzük az [a, b] intervallumon.


1.57. Tétel. Ha ξ egyenletes eloszlású az [a, b] intervallumon, akkor az eloszlásfügg-
vénye


F : R → R, F (x) =



0, ha x < a,
x−a
b−a


, ha a ≤ x ≤ b,
1, ha x > b,


továbbá E ξ = a+b
2 és D ξ = b−a√


12 .
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1.5. ábra. [0, 2] intervallumon egyenletes eloszlású
valószínűségi változó sűrűségfüggvénye
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1.6. ábra. [0, 2] intervallumon egyenletes eloszlású
valószínűségi változó eloszlásfüggvénye


A következő állítás szerint bármely eloszlású valószínűségi változó előáll [0, 1]
intervallumon egyenletes eloszlású valószínűségi változó valamely transzformáltjaként.
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1.58. Tétel. Legyen F : R → R egy eloszlásfüggvény és


G : R → R, G(x) :=
sup{ y ∈ R : F (y) < x }, ha 0 < x < 1,


0, különben.


Ha ξ egyenletes eloszlású valószínűségi változó a [0, 1] intervallumon, akkor G(ξ)
olyan valószínűségi változó, melynek eloszlásfüggvénye F .


Bizonyítás. Legyen
Ax := { y ∈ R : F (y) < x }.


Tegyük fel, hogy Ax = ∅ valamely 0 < x < 1 esetén. Ekkor F (y) ≥ x ∀y ∈ R,
azaz lim


y→−∞
F (y) ≥ x > 0, ami nem lehet, mert lim


y→−∞
F (y) = 0.


Most tegyük fel, hogy Ax felülről nem korlátos valamely 0 < x < 1 esetén. Ekkor
minden y ∈ R-hez létezik y0 ∈ Ax, hogy y < y0. Ebből F (y) ≤ F (y0) < x, hiszen F
monoton növekvő. Így lim


y→∞
F (y) ≤ x < 1, ami nem lehet, mert lim


y→∞
F (y) = 1.


Az eddigieket összegezve tehát Ax nem üres felülről korlátos halmaz minden
0 < x < 1 esetén, azaz G jól definiált.


Legyen 0 < x1 < x2 < 1. Ekkor Ax1 ⊂ Ax2 miatt G(x1) = sup Ax1 ≤ sup Ax2 =
= G(x2), azaz G monoton növekvő a (0, 1) intervallumon, míg ezen kívül konstans 0.
Ebből kapjuk, hogy G Borel-mérhető függvény, így G(ξ) valószínűségi változó.


Legyen y ∈ R és ω ∈ {G(ξ) < y} ∩ {0 < ξ < 1}. Ekkor G(ξ(ω)) = sup Aξ(ω) < y,
azaz y ̸∈ Aξ(ω). Így F (y) ≥ ξ(ω), tehát


{G(ξ) < y} ∩ {0 < ξ < 1} ⊂ {0 < ξ ≤ F (y)} ∀y ∈ R. (1.1)


Most legyen y ∈ R és ω ∈ {0 < ξ < F (y)}. Tegyük fel, hogy ω ̸∈ {G(ξ) < y} ∩
∩ {0 < ξ < 1}. Mivel 0 < ξ(ω) < F (y) ≤ 1, ezért ez csak úgy teljesülhet, ha
G(ξ(ω)) ≥ y. Így y ≤ sup Aξ(ω), melyből


F (y) ≤ F (sup Aξ(ω)) = lim
x→sup Aξ(ω)−0


F (x). (1.2)


Legyen x < sup Aξ(ω) tetszőleges. Ekkor létezik x0 ∈ Aξ(ω), hogy x < x0, azaz F (x) ≤
≤ F (x0) < ξ(ω). Így lim


x→sup Aξ(ω)−0
F (x) ≤ ξ(ω). Ebből (1.2) miatt F (y) ≤ ξ(ω), ami


nem lehet ω ∈ {0 < ξ < F (y)} miatt. Így ω ∈ {G(ξ) < y} ∩ {0 < ξ < 1}, azaz


{0 < ξ < F (y)} ⊂ {G(ξ) < y} ∩ {0 < ξ < 1} ∀y ∈ R. (1.3)


Ebből (1.1) és (1.3) miatt minden y ∈ R esetén


F (y) = P
(
0 < ξ < F (y)


)
≤ P


(
G(ξ) < y és 0 < ξ < 1


)
≤ P


(
0 < ξ ≤ F (y)


)
= F (y),


azaz
P
(
G(ξ) < y


)
= P


(
G(ξ) < y és 0 < ξ < 1


)
= F (y),


hiszen P(0 < ξ < 1) = 1. Tehát G(ξ) eloszlásfüggvénye F .
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1.59. Megjegyzés. Az 1.58. tételben, ha F invertálható eloszlásfüggvény, azaz szigorúan
monoton növekvő, akkor 0 < x < 1 esetén


G(x) = sup{ y ∈ R : F (y) < x } = sup{ y ∈ R : y < F −1(x) } = F −1(x).


Ezért a G függvény (0, 1)-re vett leszűkítettjét az F általánosított inverzének is
nevezik.
1.60. Megjegyzés. Az 1.58. tételben, ha F egy olyan valószínűségi változó eloszlás-
függvénye, amely az x1 < x2 < · · · < xr értékeket veheti fel rendre p1, p2, . . . , pr


valószínűségekkel, akkor


G(x) =





x1, ha 0 < x ≤ p1,


x2, ha p1 < x ≤ p1 + p2,


x3, ha p1 + p2 < x ≤ p1 + p2 + p3,
...
xr−1, ha p1 + · · · + pr−2 < x ≤ p1 + · · · + pr−1,


xr, ha p1 + · · · + pr−1 < x < 1.


Könnyen látható, hogy a G(x) felírásában a < és ≤ relációs jelek tetszőlegesen
felcserélhetőek, hiszen ez nem változtat a G(ξ) eloszlásán.


Hasonló állítás fogalmazható meg akkor is, ha megszámlálhatóan végtelen sok
értéket felvevő valószínűségi változót akarunk transzformálni egyenletes eloszlásból.


1.9.7. Exponenciális eloszlás
1.61. Definíció. Legyen ξ abszolút folytonos valószínűségi változó, és λ ∈ R+. Ha ξ
sűrűségfüggvénye


f : R → R, f(x) =
0, ha x ≤ 0,


λe−λx, ha x > 0,


akkor ξ-t λ paraméterű exponenciális eloszlású valószínűségi változónak nevezzük.
Az ilyen valószínűségi változók halmazát Exp(λ) módon jelöljük.


1.62. Tétel. ξ ∈ Exp(λ) esetén E ξ = D ξ = 1
λ
, továbbá ξ eloszlásfüggvénye


F : R → R, F (x) =
0, ha x ≤ 0,


1 − e−λx, ha x > 0.


1.63. Definíció. A ξ valószínűségi változót örökifjú tulajdonságúnak nevezzük, ha
P(ξ ≥ x + y) = P(ξ ≥ x) P(ξ ≥ y) minden x, y ∈ R+ esetén.


1.64. Tétel. Egy abszolút folytonos valószínűségi változó pontosan akkor örökifjú
tulajdonságú, ha exponenciális eloszlású.
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1.7. ábra. λ = 1 paraméterű exponenciális eloszlású
valószínűségi változó sűrűségfüggvénye
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1.8. ábra. λ = 1 paraméterű exponenciális eloszlású
valószínűségi változó eloszlásfüggvénye


1.9.8. Gamma-eloszlás
1.65. Definíció. A következő függvényt gamma-függvénynek nevezzük:


Γ: R+ → R, Γ(x) :=
∞∫


0


ux−1e−u du.


1.66. Tétel. Γ(1
2) =


√
π illetve ha n ∈ N, akkor Γ(n) = (n − 1)!.
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1.9. ábra. A gamma-függvény grafikonja
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1.67. Definíció. A következő függvényt nem teljes gamma-függvénynek nevezzük:


Γ∗ : R+ × R+ → R, Γ∗(x, y) :=
y∫


0


ux−1e−u du.


1.68. Megjegyzés. Γ(x) = lim
y→∞


Γ∗(x, y).


1.69. Definíció. Legyen r, λ ∈ R+ és a ξ valószínűségi változó sűrűségfüggvénye


f : R → R, f(x) :=
0, ha x ≤ 0,


λr


Γ(r)x
r−1e−λx, ha x > 0.


Ekkor ξ-t r-edrendű λ paraméterű gamma-eloszlásúnak nevezzük. Az ilyen valószínű-
ségi változók halmazát Gamma(r; λ) módon jelöljük. Az r helyett szokás α jelölést
is használni, amit alakparaméternek neveznek, továbbá 1


λ
helyett β jelölést használni,


amit skálaparaméternek is neveznek.


1.70. Megjegyzés. A definíció következménye, hogy Exp(λ) = Gamma(1; λ).


1.71. Tétel. Ha ξ ∈ Gamma(r; λ), akkor E ξ = r
λ
, D2 ξ = r


λ2 és az eloszlásfüggvénye


F : R → R, F (x) =
0, ha x ≤ 0,


Γ∗(r,λx)
Γ(r) , ha x > 0.
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1.10. ábra. r = 2 rendű λ = 1 paraméterű gamma-
eloszlású valószínűségi változó sűrűségfüggvénye


1.72. Tétel. Ha r ∈ N és ξ1, . . . , ξr azonos λ > 0 paraméterű exponenciális eloszlású
független valószínűségi változók, akkor


ξ1 + · · · + ξr ∈ Gamma(r; λ).


1.73. Lemma. Ha r ≥ 1 és ξ ∈ Gamma(r; 1) eloszlásfüggvénye Fr, akkor 0,5 <
< Fr(r) < 0,7.
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1.11. ábra. r = 2 rendű λ = 1 paraméterű gamma-
eloszlású valószínűségi változó eloszlásfüggvénye


1.9.9. Normális eloszlás
1.74. Definíció. A ξ abszolút folytonos valószínűségi változót standard normális
eloszlásúnak nevezzük, ha a sűrűségfüggvénye


φ : R → R, φ(x) := 1√
2π


e− x2
2 .


A standard normális eloszlású valószínűségi változó eloszlásfüggvényét Φ-vel
jelöljük, mely a sűrűségfüggvény definíciója szerint


Φ: R → R, Φ(x) = 1√
2π


x∫
−∞


e− t2
2 dt.


Φ-re nincs zárt formula, közelítő értékeinek kiszámítására például a Taylor-sora
használható:


Φ(x) = 1
2 + 1√


2π


∞∑
k=0


(−1)k


2k(2k + 1)k!x
2k+1.
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1.12. ábra. Standard normális eloszlású valószínűsé-
gi változó sűrűségfüggvénye


Megemlítjük még a Φ(x) egy egyszerű közelítő formuláját. Johnson és Kotz
1970-ben bizonyították (lásd [6]), hogy az


1 − 0,5(1 + ax + bx2 + cx3 + dx4)−4
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1.13. ábra. Standard normális eloszlású valószínűsé-
gi változó eloszlásfüggvénye


kifejezéssel x ≥ 0 esetén 2,5 · 10−4-nél kisebb hibával közelíthető Φ(x), ahol


a = 0,196854, b = 0,115194, c = 0,000344, d = 0,019527.


Mivel φ páros függvény, ezért minden x ∈ R esetén Φ(−x) = 1 − Φ(x).


1.75. Tétel. Ha ξ standard normális eloszlású valószínűségi változó, akkor E ξ = 0
és D ξ = 1.


1.76. Definíció. Legyen η standard normális eloszlású valószínűségi változó, m ∈ R
és σ ∈ R+. Ekkor a ση + m valószínűségi változót m és σ paraméterű normális
eloszlásúnak nevezzük. Az ilyen valószínűségi változók halmazát Norm(m; σ) módon
jelöljük.


Definíció alapján a standard normális eloszlású valószínűségi változók halmaza
Norm(0; 1).


1.77. Tétel. ξ ∈ Norm(m; σ) esetén E ξ = m, D ξ = σ, továbbá ξ eloszlásfüggvénye


F : R → R, F (x) = Φ
(


x − m


σ


)
,


illetve sűrűségfüggvénye


f : R → R, f(x) = 1
σ


φ
(


x − m


σ


)
.


1.78. Tétel. Ha ξ1, . . . , ξn független, normális eloszlású valószínűségi változók, akkor
ξ1 + · · · + ξn is normális eloszlású.


1.79. Tétel. Ha ξ1, . . . , ξn normális eloszlású valószínűségi változók és minden i, j ∈
∈ { 1, . . . , n }, i ̸= j esetén cov(ξi, ξj) = 0, akkor ξ1, . . . , ξn függetlenek.


1.80. Definíció. A ξ valószínűségi változó eloszlásának ferdesége illetve lapultsága


E(ξ − E ξ)3


D3 ξ
illetve E(ξ − E ξ)4


D4 ξ
− 3,


feltéve, hogy ezek a kifejezések léteznek.
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1.81. Tétel. Ha ξ normális eloszlású valószínűségi változó, akkor az eloszlásának
ferdesége és lapultsága is 0.


1.82. Megjegyzés. Ha ξ ∈ Bin(n; p), akkor ξ−np√
np(1−p)


közelítőleg standard normális
eloszlású (lásd Moivre – Laplace-tétel). A közelítés akkor tekinthető megfelelően
pontosnak, ha min{ np, n(1 − p) } ≥ 10.


1.83. Tétel (Box–Muller-transzformáció). Ha ξ és η a [0, 1] intervallumon egyenletes
eloszlású független valószínűségi változók, akkor


√
−2 ln ξ cos(2πη) standard normális


eloszlású.


Bizonyítás. Ha x > 0, akkor P
(√


−2 ln ξ < x
)


= P
(


ξ > e− x2
2


)
= 1 − e− x2


2 , illetve


ha x ≤ 0, akkor P
(√


−2 ln ξ < x
)


= 0. Így
√


−2 ln ξ sűrűségfüggvénye


f(x) =



0, ha x ≤ 0,(


1 − e− x2
2


)′
= xe− x2


2 , ha x > 0.


Ha −1 < x ≤ 1, akkor


P
(
cos(2πη) < x


)
=


= P
( 1


2π
arccos x < η < 1 − 1


2π
arccos x


)
= 1 − 1


π
arccos x.


P
(
cos(2πη) < x


)
= 1, ha x > 1, illetve P


(
cos(2πη) < x


)
= 0, ha x ≤ −1. Így


cos(2πη) sűrűségfüggvénye


g(x) =

(
1 − 1


π
arccos x


)′
= 1


π
√


1−x2 , ha − 1 < x ≤ 1,


0 különben.


Ismert, hogy f és g sűrűségfüggvényű független valószínűségi változók szorzatának
sűrűségfüggvénye h(z) =


∞∫
−∞


f(y)g
(


z
y


)
1


|y| dy. (Lásd például Rényi A. [13, 189. oldal].)


Így
√


−2 ln ξ cos(2πη) sűrűségfüggvénye


h(z) =
∞∫


−∞


f(y)g
(


z


y


)
1


|y|
dy =


∞∫
0


e− y2
2 g


(
z


y


)
dy =


=
∞∫


|z|


e− y2
2


1


π


√
1 −


(
z
y


)2
dy = 1


π


∞∫
|z|


ye− y2
2


1√
y2 − z2 dy =


= 1
π


e− z2
2


∞∫
|z|


ye− y2−z2
2


1√
y2 − z2 dy = 1


π
e− z2


2


∞∫
0


e− x2
2 dx =


= 1
2π


e− z2
2


∞∫
−∞


e− x2
2 dx = 1√


2π
e− z2


2
1√
2π


∞∫
−∞


e− x2
2 dx = 1√


2π
e− z2


2 .


Az integrálásban x =
√


y2 − z2 helyettesítést alkalmaztunk.
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1.9.10. Többdimenziós normális eloszlás
1.84. Definíció. Legyenek η1, . . . , ηd független standard normális eloszlású való-
színűségi változók. Ekkor az (η1, . . . , ηd) valószínűségi vektorváltozót d-dimenziós
standard normális eloszlásúnak nevezzük.


1.85. Definíció. Ha η = (η1, . . . , ηd) d-dimenziós standard normális eloszlású való-
színűségi vektorváltozó, A egy d × d típusú valós mátrix és m = (m1, . . . , md) ∈ Rd,
akkor a


ξ := ηA + m


valószínűségi vektorváltozót d-dimenziós normális eloszlásúnak nevezzük. A ξ-vel
azonos eloszlású valószínűségi vektorváltozók halmazát Normd(m; A) módon jelöljük.


1.86. Tétel. Ha ξ = (ξ1, . . . , ξd) ∈ Normd(m; A), akkor m = (E ξ1, . . . , E ξd), továbbá


D := A⊤A =
(
cov(ξi, ξj)


)
d×d


,


jelöléssel, ha det D ̸= 0, akkor ξ sűrűségfüggvénye


f : Rd → R, f(x) = 1√
(2π)d det D


exp
(


−1
2(x − m)D−1(x − m)⊤


)
.


Speciálisan, a kétdimenziós standard normális eloszlású valószínűségi vektorválto-
zó sűrűségfüggvénye


f(x, y) = 1
2π


e− 1
2 (x2+y2).


−2


0


2


−2


0


2


0


0,1


x y


1.14. ábra. Kétdimenziós standard normális eloszlá-
sú valószínűségi vektorváltozó sűrűségfüggvénye


1.87. Tétel. Legyen (ξ1, . . . , ξd) ∈ Normd(m; A). Ekkor ξ1, . . . , ξd pontosan akkor
korrelálatlanok, ha függetlenek.


1.88. Tétel. Ha (ξ1, . . . , ξd) ∈ Normd(m; A), akkor létezik a2, . . . , ad ∈ R, hogy
E(ξ1 | ξ2, . . . , ξd) = a2ξ2 + · · · + adξd.
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1.9.11. Khi-négyzet eloszlás
1.89. Definíció. Legyenek ξ1, . . . , ξs független standard normális eloszlású valószínű-
ségi változók. Ekkor a ξ2


1 + · · ·+ξ2
s valószínűségi változót s szabadsági fokú khi-négyzet


eloszlásúnak1 nevezzük. Az ilyen eloszlású valószínűségi változók halmazát Khi(s)
módon jelöljük.


1.90. Tétel (Khi-négyzet addíciós tétel). Ha ξ1 ∈ Khi(s1) és ξ2 ∈ Khi(s2) függetlenek,
akkor


ξ1 + ξ2 ∈ Khi(s1 + s2).


1.91. Tétel. Khi(s) = Gamma
(


s
2 ; 1


2


)
, azaz ξ ∈ Khi(s) sűrűségfüggvénye


f : R → R, f(x) =



0, ha x ≤ 0,
2− s


2 x
s
2 −1


Γ( s
2) e− x


2 , ha x > 0.


1.92. Következmény. Ha ξ ∈ Khi(s), akkor E ξ = s és D2 ξ = 2s.


1.93. Tétel. Legyen A1, . . . , Ar egy teljes eseményrendszer (azaz uniójuk a biztos
esemény és páronként diszjunktak). Jelölje ϱi az Ai esemény gyakoriságát n kísérlet
után. Tegyük fel, hogy pi := P(Ai) > 0 minden i ∈ { 1, . . . , r } esetén. Ekkor


χ2 :=
r∑


i=1


(ϱi − npi)2


npi


eloszlása r − 1 szabadsági fokú khi-négyzet eloszláshoz konvergál n → ∞ esetén.


A bizonyítás a karakterisztikus függvények elméletén és lineáris algebrán alapul
(lásd pl. [2, 161–162. oldal]). A közelítés már jónak tekinthető, ha min{ ϱ1, . . . , ϱr } ≥
≥ 10.


1.94. Lemma. Ha a ξ ∈ Khi(s) valószínűségi változó eloszlásfüggvénye Fs, akkor
0,5 < Fs(s) < 0,7.


1.95. Tétel (Fisher – Cochran-tétel). Legyenek ξ1, ξ2, . . . , ξn független standard nor-
mális eloszlású valószínűségi változók, továbbá a belőlük képzett Q1, Q2, . . . , Qk rendre
s1, s2, . . . , sk szabadsági fokú kvadratikus formák olyanok, hogy


Q1 + Q2 + · · · + Qk = ξ2
1 + ξ2


2 + · · · + ξ2
n.


Ekkor szükséges és elégséges feltétele annak, hogy Q1, Q2, . . . , Qk rendre s1, s2, . . . , sk


szabadsági fokú khi-négyzet eloszlású független valószínűségi változók legyenek az, hogy
n = s1 + s2 + · · · + sk teljesüljön.


1 Szokták χ2-eloszlásnak is írni.
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1.96. Megjegyzés. Q a ξ1, ξ2, . . . , ξn független standard normális eloszlású valószínűségi
változókból álló kvadratikus forma, ha előáll


Q = η2
1 + η2


2 + · · · + η2
m


alakban, ahol minden ηi a ξ1, ξ2, . . . , ξn valószínűségi változók egy lineáris kombináci-
ója nem csupa 0 együtthatókkal. Tekintsük azon B mátrixokat, melyekre teljesül,
hogy


B(η1, η2, . . . , ηm)⊤ = (0,0, . . . ,0)⊤.


Ezen B mátrixok rangjai közül a legnagyobbat jelölje r. Ekkor a Q szabadsági foka
m − r. Belátható, hogy a szabadsági fok értéke egyértelműen meghatározott. Ha B
csak a nullmátrix lehet, akkor r = 0, így ebben az esetben a Q szabadsági foka m.
Ha m = 1, akkor B csak a nullmátrix lehet, így ekkor Q szabadsági foka 1.


1.9.12. t-eloszlás
1.97. Definíció. Ha ξ ∈ Norm(0; 1) és η ∈ Khi(s) függetlenek, akkor a ξ


√
s
η


valószínűségi változót s szabadsági fokú t-eloszlásúnak2 nevezzük. Az ilyen eloszlású
valószínűségi változók halmazát T(s) módon jelöljük.


1.98. Tétel. Ha ξ ∈ T(s), akkor a sűrűségfüggvénye


f : R → R, f(x) =
Γ
(


s+1
2


)
√


sπ Γ
(


s
2


) (
1 + x2


s


) s+1
2


.
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1.15. ábra. s = 10 szabadsági fokú t-eloszlású való-
színűségi változó sűrűségfüggvénye


1.99. Következmény. f(−x) = f(x) és F (−x) = 1 − F (x) minden x ∈ R esetén,
ahol f illetve F a ξ ∈ T(s) sűrűség- illetve eloszlásfüggvénye.


1.100. Tétel. Ha ξ ∈ T(s), akkor s ≥ 2 esetén E ξ = 0, illetve s ≥ 3 esetén
D2 ξ = s


s−2 . Ezektől eltérő esetekben nem létezik ξ várható értéke illetve szórása.
2 A t-eloszlás William Sealy Gosset (1876–1937) nevéhez köthető, aki Student álnéven


publikált. Ezért a t-eloszlás Student-eloszlás néven is ismert.
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1.16. ábra. s = 10 szabadsági fokú t-eloszlású való-
színűségi változó eloszlásfüggvénye


1.101. Tétel. Ha ξs ∈ T(s) minden s ∈ N esetén, akkor lim
s→∞


P(ξs < x) = Φ(x)
minden x ∈ R-re, azaz a t-eloszlás konvergál a standard normális eloszláshoz, ha a
szabadsági fok tart ∞-be.


1.102. Megjegyzés. Gyakorlatilag s ≥ 50 esetén a ξs ∈ T(s) eloszlásfüggvénye és Φ
között elhanyagolhatóan kicsi a különbség.


1.9.13. Cauchy-eloszlás
1.103. Definíció. Legyenek ξ és η független standard normális eloszlású valószí-
nűségi változók, µ ∈ R és σ > 0. Ekkor a µ + σ ξ


η
eloszlását µ helyparaméterű és σ


skálaparaméterű Cauchy-eloszlásnak nevezzük. Ha µ = 0 és σ = 1, akkor standard
Cauchy-eloszlásról beszélünk.


1.104. Tétel. A standard Cauchy-eloszlás az 1 szabadsági fokú t-eloszlással egyezik
meg.


1.105. Következmény. Cauchy-eloszlású valószínűségi változónak nem létezik vár-
ható értéke illetve szórása.


1.106. Tétel. A µ és σ paraméterű Cauchy-eloszlású valószínűségi változó sűrűség-
és eloszlásfüggvénye


f : R → R, f(x) = σ


πσ2 + π(x − µ)2


és
F : R → R, F (x) = 1


2 + 1
π


arctg
(


x − µ


σ


)
.


1.9.14. F-eloszlás
1.107. Definíció. Ha ξ1 ∈ Khi(s1) és ξ2 ∈ Khi(s2) függetlenek, akkor az s2ξ1


s1ξ2
valószínűségi változót s1 és s2 szabadsági fokú F-eloszlásúnak nevezzük. Az ilyen
eloszlású valószínűségi változók halmazát F(s1; s2) módon jelöljük.
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1.108. Tétel. Ha ξ ∈ F(s1; s2), akkor a sűrűségfüggvénye


f : R → R, f(x) =



0, ha x ≤ 0,


Γ( s1+s2
2 )


Γ( s1
2 )Γ( s2


2 )


√
s


s1
1 s


s2
2 xs1−2


(s1x+s2)s1+s2 , ha x > 0.
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1.17. ábra. s1 = 10 és s2 = 15 szabadsági fokú
F-eloszlású valószínűségi változó sűrűségfüggvénye
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1.18. ábra. s1 = 10 és s2 = 15 szabadsági fokú
F-eloszlású valószínűségi változó eloszlásfüggvénye


1.109. Tétel. Ha ξ ∈ F(s1; s2), akkor 1
ξ


∈ F(s2; s1).
1.110. Tétel. Ha ξ ∈ F(s1; s2), akkor s2 ≥ 3 esetén E ξ = s2


s2−2 illetve s2 ≥ 5 esetén
D2 ξ = 2s2


2(s1+s2−2)
s1(s2−2)2(s2−4) .


1.111. Tétel. Ha ξ ∈ T(s), akkor ξ2 ∈ F(1; s).
1.112. Lemma. Legyen ξ ∈ F(s1; s2) eloszlásfüggvénye Fs1,s2. Ekkor Fs1,s2 az s1
változóban monoton csökkenő, míg az s2 változóban monoton növekvő, továbbá 0,3 <
< Fs1,1(1) ≤ Fs1,s2(1) ≤ F1,s2(1) < 0,7.


1.10. Nagy számok törvényei
1.113. Tétel (Csebisev-egyenlőtlenség). Ha ξ véges szórással rendelkező valószínűségi
változó, akkor minden ε ∈ R+ esetén


P
(


|ξ − E ξ| ≥ ε
)


≤ D2 ξ


ε2 .
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Speciálisan, ha ξ relatív gyakoriságot jelent, akkor kapjuk a következő fontos
tételt.


1.114. Tétel (Bernoulli-féle nagy számok törvénye). Legyen ϱn


n
az A esemény relatív


gyakorisága n kísérlet után. Ekkor


P
(∣∣∣∣ϱn


n
− P(A)


∣∣∣∣ ≥ ε
)


≤ P(A) P(A)
nε2


minden ε ∈ R+ esetén.


Tehát annak a valószínűsége, hogy az A esemény relatív gyakorisága P(A)-nak
az ε sugarú környezetén kívül legyen, az n növelésével egyre kisebb, határértékben 0.
Ez pontosan ráillik a Bernoulli-féle tapasztalatra.


Az 1.19. ábrán a hatos dobás relatív gyakoriságát láthatjuk szabályos kockával 10
dobássorozat után 3000-től 3500 dobásig. A kék vonal jelzi a hatos dobás valószínűsé-


3000 3100 3200 3300 3400 3500


1.19. ábra


gét, míg a zöld vonalak annak ε = 0,01 sugarú környezetét. Az ábrán láthatjuk, hogy
a 10 dobássorozatból 9 esetén a relatív gyakoriság 0,01 pontossággal megközelítette
a valószínűséget a 3000-től 3500-ig terjedő intervallumon. A következő videóban az
előző kísérletsorozatot vizsgáljuk többféle paraméterezéssel:


A videóban használt program letölthető innen:


https://tomacstibor.uni-eszterhazy.hu/tananyagok/valdem/valdem.zip


A Bernoulli-féle nagy számok törvénye megfogalmazható valószínűségi változókkal
is. Hajtsunk végre egy kísérletet n-szer egymástól függetlenül. Ha egy A esemény
az i-edik kísérletben bekövetkezik, akkor a ξi valószínűségi változó értéke legyen
1, különben pedig 0. A ξ1, ξ2, . . . , ξn valószínűségi változók ekkor P(A) paraméterű
karakterisztikus eloszlású páronként független valószínűségi változók, melyeknek a
számtani közepe az A relatív gyakorisága, másrészt ekkor E ξ1 = P(A) és D2 ξ1 =
= P(A) P(A). Így tehát bármely ε ∈ R+ esetén


P
(∣∣∣∣∣ 1n


n∑
i=1


ξi − E ξ1


∣∣∣∣∣ ≥ ε


)
≤ D2 ξ1


nε2 .


Más eloszlású valószínűségi változók számtani közepe is hasonló tulajdonságot mutat.
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1.115. Tétel (Nagy számok gyenge törvénye). Legyenek ξ1, ξ2, . . . , ξn véges várható
értékű és szórású, azonos eloszlású, páronként független valószínűségi változók. Ekkor


P
(∣∣∣∣∣ 1n


n∑
i=1


ξi − E ξ1


∣∣∣∣∣ ≥ ε


)
≤ D2 ξ1


nε2 ,


minden ε ∈ R+ esetén.


Tehát annak a valószínűsége, hogy a valószínűségi változók számtani közepe
a várható érték ε sugarú környezetén kívül legyen, az n növelésével egyre kisebb,
határértékben 0.


Az 1.20. ábrán n darab standard normális eloszlású páronként független valószínű-
ségi változó számtani közepét láthatjuk n függvényében n = 29 500-tól n = 30 000-ig
10 kísérletsorozat után. A kék vonal jelzi a várható értéket (ez most 0), míg a zöld


29500 29600 29700 29800 29900 30000


1.20. ábra


vonalak annak ε = 0,01 sugarú környezetét. Az ábrán láthatjuk, hogy a 10 kísér-
letsorozatból 9 esetén a számtani közép 0,01 pontossággal megközelítette a várható
értéket a 29 500-tól 30 000-ig terjedő intervallumon.


A következő videóban az előző kísérletsorozatot vizsgáljuk többféle eloszlás esetén.


Két független standard normális eloszlású valószínűségi változó hányadosa Cauchy-
eloszlású. Erről ismert, hogy nincs várható értéke, így erre nem teljesül a nagy számok
gyenge törvénye. Ezt szemlélteti a következő videó.


1.116. Tétel (Nagy számok Kolmogorov-féle erős törvénye). Legyenek ξ1, ξ2, . . .
független azonos eloszlású véges várható értékű valószínűségi változók. Ekkor


P
(


lim
n→∞


1
n


n∑
i=1


ξi = E ξ1


)
= 1.


Ez a tétel az előzőnél erősebb állítást fogalmaz meg. Etemadi (1981) és Petrov
(1987) eredményeiből kiderült, hogy a nagy számok Kolmogorov-féle erős törvényének
állítása páronkénti függetlenség esetén is igaz marad.
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1.11. Centrális határeloszlási tétel
A valószínűségszámításban és a matematikai statisztikában központi szerepe van a
standard normális eloszlásnak. Ennek okát mutatja a következő tétel.


1.117. Tétel (Centrális határeloszlási tétel). Legyenek ξ1, ξ2, . . . független, azonos
eloszlású, pozitív véges szórású valószínűségi változók. Ekkor Sn := ξ1 + ξ2 + · · · + ξn


standardizáltjának határeloszlása standard normális, azaz


lim
n→∞


P
(


Sn − E Sn


D Sn


< x


)
= Φ(x)


minden x ∈ R esetén.


Speciálisan, ha ξ1, ξ2, . . . függetlenek és p paraméterű karakterisztikus eloszlásúak,
akkor Sn egy n-edrendű p paraméterű binomiális eloszlású valószínűségi változó.
Ennek várható értéke np és szórásnégyzete np(1 − p). Erre alkalmazva a centrális
határeloszlás tételét, kapjuk, hogy minden x ∈ R esetén


lim
n→∞


P
 Sn − np√


np(1 − p)
< x


 = Φ(x).


Ez az ún. Moivre – Laplace-tétel. Ez ekvivalens azzal, hogy x ∈ R és ∆x > 0 esetén


lim
n→∞


P
x ≤ Sn − np√


np(1 − p)
< x + ∆x


 = 1√
2π


x+∆x∫
x


e− t2
2 dt.


Így nagy n és kicsiny ∆x esetén


1
∆x


P
x ≤ Sn − np√


np(1 − p)
< x + ∆x


 ≃ 1√
2π


e− x2
2 .


Legyen km egy p valószínűségű esemény gyakorisága m kísérlet után. Ábrázoljuk m
függvényében a km−mp√


mp(1−p)
értékeket, ahol m = 1, 2, . . . , n.
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3


0 1000


1.21. ábra
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Az 1.21. ábra ezt mutatja p = 0,5 és n = 1000 esetén. A kísérletsorozatot megismé-
teljük N -szer. A kék vonalon ábrázoljuk a becsapódások számát vonaldiagrammal.
Az 1.22. ábrán ez látható N = 3000 esetén.


-3


-2


-1


0


1


2


3


0


1.22. ábra


Végül a vonaldiagramot normáljuk N -nel és ∆x-szel, mely már összehasonlítható a
standard normális eloszlás sűrűségfüggvényével (lásd az 1.23. ábrát).


-3 -2 -1 0 1 2 3


1.23. ábra


A következő videóban az előző kísérletsorozatot folyamatában vizsgáljuk.
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2. fejezet


A matematikai statisztika
alapfogalmai


A valószínűségszámítás órákon tárgyalt feladatokban mindig szerepel valamilyen
információ bizonyos típusú véletlen események valószínűségére vonatkozóan. Például:


• Mi a valószínűsége annak, hogy két szabályos kockával dobva a kapott számok
összege 7?
Itt a szabályosság azt jelenti, hogy a kocka bármely oldalára 1


6 valószínűséggel
eshet.


• Egy boltban az átlagos várakozási idő 2 perc. Mi a valószínűsége, hogy 3 percen
belül nem kerülünk sorra, ha a várakozási idő exponenciális eloszlású?
Itt az adott információk alapján 1−e− x


2 annak a valószínűsége, hogy a várakozási
idő kevesebb mint x perc.


Ha egy hasonló feladatban a megoldáshoz szükséges információk nem mindegyike
ismert, akkor azokat nekünk kell tapasztalati úton meghatározni. A matematikai
statisztika ilyen jellegű problémákkal foglalkozik.


A statisztikai feladatokban tehát az események rendszere, pontosabban az (Ω, F)
mérhető tér adott, de a valószínűség nem.


Legyen P azon P: F → R függvények halmaza, melyekre (Ω, F , P) valószínűségi
mező. Ekkor az (Ω, F , P) rendezett hármast statisztikai mezőnek nevezzük. Az ideális
az lenne, ha P-ből ki tudnánk választani az igazi P-t. Sok esetben azonban erre
nincs is szükség. Például ha az A és B események függetlenségét kell kimutatnunk,
akkor csak azt kell megvizsgálni, hogy az igazi P-re teljesül-e az a tulajdonság, hogy
P(A ∩ B) = P(A) P(B).


A statisztikai feladatokról azt is fontos tudnunk, hogy azok mindig megfogalmaz-
hatók valószínűségi (vektor)változók segítségével. Ennek szemléltetésére tekintsük a
következő példákat.


• Döntsük el egy dobókockáról, hogy az cinkelt-e. A probléma matematikai mo-
dellezésében legyen Ω = { 1, 2, 3, 4, 5, 6 }, F az Ω hatványhalmaza és ξ : Ω →
R, ξ(k) = k. Ekkor azt kell kideríteni, hogy ξ diszkrét egyenletes eloszlású-e,
azaz teljesül-e az igazi P-re, hogy minden k = 1, 2, 3, 4, 5, 6 esetén P(ξ = k) = 1


6 .
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• Az emberek szem- és hajszíne független, vagy van közöttük genetikai kapcsolat?
A H halmaz elemei legyenek a haj lehetséges színei, illetve az S halmaz elemei
a szem lehetséges színei. Legyen Ω := H × S és F az Ω hatványhalmaza.
Ekkor például a (barna, kék) ∈ Ω elemi esemény modellezze azt, hogy a
véletlenül kiválasztott személy barna hajú és kék szemű. Legyen ξ : Ω →
R, ξ(h, s) = 1, 2, 3, . . . aszerint, hogy h = szőke, barna, fekete, . . . és η : Ω →
R, η(h, s) = 1, 2, 3, . . . aszerint, hogy s = kék, barna, zöld, . . . . Ekkor a ζ =
= (ξ, η) valószínűségi vektorváltozó eloszlását kell meghatározni, pontosabban
az a kérdés, hogy az igazi P-re teljesül-e, hogy


P(ξ = i, η = j) = P(ξ = i) P(η = j)


minden i = 1, 2, . . . és j = 1, 2, . . . esetén.


• Két esemény közül döntsük el, hogy melyiknek nagyobb a valószínűsége. Legyen
a két esemény A és B. Ezen események indikátorváltozóira teljesülnek, hogy
E IA = P(A) és E IB = P(B). Így tehát azt kell eldöntenünk, hogy a két esemény
indikátorváltozói közöl melyiknek nagyobb a várható értéke.


2.1. Minta és mintarealizáció
A statisztikában tehát egy valószínűségi (vektor)változóra vonatkozólag kell informá-
ciókat gyűjteni. Jelöljük ezt ξ-vel. Tegyük fel, hogy ξ az (Ω0, F0, P0) valószínűségi
mezőben van értelmezve, ahol P0 a valódi (általunk nem ismert) valószínűséget jelenti.
Az adatgyűjtésnek a statisztikában egyetlen módja van, a ξ-t meg kell figyelni (mérni)
többször, egymástól függetlenül. Az i-edik megfigyelés eredményét jelölje ξi, amely
egy véletlen érték, vagyis valószínűségi (vektor)változó. Mindez a következőképpen
modellezhető.


Legyen (Ωn, Fn, Pn) azon független kísérletek valószínűségi mezője, amely az
(Ω0, F0, P0) kísérlet n-szeri független elvégzését modellezi. Tegyük fel, hogy ξ d-
dimenziós. Legyen


ξi : Ωn → Rd, ξi(ω1, . . . , ωn) := ξ(ωi) (i = 1, . . . , n).


Ekkor tetszőleges x ∈ Rd esetén


Pn(ξi < x) = Pn


(
{(ω1, . . . , ωn) ∈ Ωn : ξ(ωi) < x}


)
=


= Pn


(
Ω0 × · · · × Ω0 × {ξ < x} × Ω0 × · · · × Ω0


)
=


= P0(Ω0) · · · P0(Ω0) P0(ξ < x) P0(Ω0) · · · P0(Ω0) = P0(ξ < x),


azaz ξi és ξ azonos eloszlású. Másrészt tetszőleges x1, . . . , xn ∈ Rd esetén


Pn(ξ1 < x1, . . . , ξn < xn) =
= Pn


(
{(ω1, . . . , ωn) ∈ Ωn : ξ(ω1) < x1, . . . , ξ(ωn) < xn}


)
=


= Pn


(
(ξ < x1) × · · · × (ξ < xn)


)
=


n∏
i=1


P0(ξ < xi) =
n∏


i=1
Pn(ξi < xi),
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azaz a ξi valószínűségi változók függetlenek.
Összefoglalva tehát az n megfigyelés modellezhető ξ1, . . . , ξn független, ξ-vel


azonos eloszlású valószínűségi (vektor)változókkal. Mivel valójában minket csak
a ξ valódi eloszlása érdekel, matematikai értelemben nincs jelentősége, hogy a ξ
és ξi-k különböző valószínűségi mezőben vannak értelmezve. Ezért megállapodunk
abban, hogy a továbbiakban a ξ, ξ1, ξ2, . . . valószínűségi változók ugyanazon (Ω, F , P)
valószínűségi mezőn értelmezettek, ahol P az általunk nem ismert valódi valószínűség.


2.1. Definíció. A ξ valószínűségi (vektor)változóra vonatkozó n elemű minta alatt
a ξ-vel azonos eloszlású ξ1, . . . , ξn független valószínűségi (vektor)változókat értünk.
A ξk-t k-adik mintaelemnek, n-et pedig a mintaelemek számának nevezzük.


Természetesen, ha több valószínűségi (vektor)változóra is szükségünk van, akkor
mindegyikre kell megfigyeléseket végezni, így több mintánk is lesz.


A gyakorlatban nem mintával dolgozunk, hanem konkrét értékekkel, melyek a
mintaelemek lehetséges értékei.


2.2. Definíció. Ha ξ1, . . . , ξn a ξ valószínűségi (vektor)változóra vonatkozó minta és
ω ∈ Ω, akkor a ξ1(ω), . . . , ξn(ω) értékeket ξ-re vonatkozó mintarealizációnak nevezzük.
Az olyan (x1, . . . , xn) elem n-esek halmazát, melyekre teljesül, hogy az xi benne van
a ξ értékkészletében (i = 1, . . . , n), mintatérnek nevezzük.


Statisztikai feladatokban mintarealizáció alapján számolunk. Az így meghozott
döntés nem biztos, hogy megfelel a valóságnak, csak annyit mondhatunk róla, hogy
nem mond ellent a mintarealizációnak. Azaz az ilyen döntés hibás is lehet, így a
válaszunkban azt is meg kell adni, hogy mi a valószínűsége ennek a hibának.


2.2. Tapasztalati eloszlásfüggvény
Ebben a részben feltételezzük, hogy egy ξ valószínűségi változó (tehát nem vektorvál-
tozó) tulajdonságait kell megfigyelni. A legjobb az lenne, ha az F eloszlásfüggvényét
sikerülne meghatározni. Valójában – az előbb elmondottak miatt – F -et meghatározni
a mintarealizáció alapján nem tudjuk, de becsülni igen. Egy rögzített x ∈ R esetén
F (x) = P(ξ < x). Tehát egy esemény valószínűségét kell megbecsülni. A valószínűség
definícióját a relatív gyakoriság tulajdonságai sugallták, így az a sejtésünk, hogy
egy esemény valószínűségét a relatív gyakoriságával lenne érdemes becsülni. A ξ <
< x esemény relatív gyakorisága a ξ-re vonatkozó ξ1, . . . , ξn minta alapján könnyen
megadható indikátorváltozókkal: 1


n


n∑
i=1


Iξi<x. Itt
n∑


i=1
Iξi<x azon mintaelemek számát


jelenti, melyek kisebbek x-nél. A későbbiekben látni fogjuk, hogy ez a becslés valóban
megfelelő lesz számunkra.


2.3. Definíció. Legyen ξ1, . . . , ξn egy ξ valószínűségi változóra vonatkozó minta.
Ekkor az


x 7→ F ∗
n(x) := 1


n


n∑
i=1


Iξi<x (x ∈ R)


függvényt a ξ-re vonatkozó n elemű mintához tartozó tapasztalati eloszlásfüggvénynek
nevezzük.
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Az F ∗
n(x) minden rögzített x ∈ R esetén egy valószínűségi változó. Ha a kí-


sérletsorozatban az ω ∈ Ω elemi esemény következett be, azaz a mintarealizáció
ξ1(ω), . . . , ξn(ω), akkor az


x 7→
(
F ∗


n(x)
)
(ω) = 1


n


n∑
i=1


Iξi(ω)<x (x ∈ R)


hozzárendelés egy valós függvény. Ezt a függvényt a tapasztalati eloszlásfüggvény
egy realizációjának nevezzük, de a továbbiakban a rövidség kedvéért ezt is csak
tapasztalati eloszlásfüggvényként emlegetjük és F ∗


n módon jelöljük.
Példaként legyen ξ egy dobókockával dobott szám, és a mintarealizáció 3, 4, 5, 3,


6, 2, 3, 3, 5, 2. Ekkor


F ∗
10(x) =





0 ha x ≤ 2,


0,2 ha 2 < x ≤ 3,


0,6 ha 3 < x ≤ 4,


0,7 ha 4 < x ≤ 5,


0,9 ha 5 < x ≤ 6,


1 ha x > 6.


A 2.1. ábrán egy Bin(5; 0,4)-beli valószínűségi változóra vonatkozó 20 elemű min-
tához tartozó tapasztalati eloszlásfüggvényt láthatunk. A kék grafikon a valódi
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1
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2.1. ábra


eloszlásfüggvényt jelenti, a piros a tapasztalatit. Vegyük észre, hogy a tapasztalati
eloszlásfüggvény mindig lépcsős függvény, azaz az értékkészlete véges. Nevezetesen n
elemű minta esetén az F ∗


n maximálisan n+1 féle értéket vehet fel. Így felmerül a kérdés,
hogy a lépcsős tapasztalati eloszlásfüggvény hogyan néz ki folytonos eloszlásfüggvé-
nyű valószínűségi változó esetén. A 2.2. ábrán egy Exp(1)-beli valószínűségi változóra
vonatkozó 10 elemű mintához tartozó tapasztalati eloszlásfüggvényt láthatunk. A
kék grafikon itt is a valódi eloszlásfüggvényt jelenti, a piros a tapasztalatit.


A tapasztalati eloszlásfüggvény megfelelő becslése-e a valódi eloszlásfüggvénynek?
Az előző példákban, ahol a megfigyelések száma (n) viszonylag kevés, elég nagy elté-
réseket láthatunk. De az n növelésével javul-e ez a helyzet? A következő Glivenkotól
és Cantellitől származó tétel erről ad információt.
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2.2. ábra


2.4. Tétel (A matematikai statisztika alaptétele). Legyen a ξ valószínűségi változó
valódi eloszlásfüggvénye F és a ξ-re vonatkozó n elemű mintához tartozó tapasztalati
eloszlásfüggvény F ∗


n . Ekkor


P
(


lim
n→∞


sup
x∈R


|F ∗
n(x) − F (x)| = 0


)
= 1,


azaz F ∗
n egyenletesen konvergál R-en F -hez majdnem biztosan.


Bizonyítás. Legyen ε ∈ R+ rögzített és m ∈ N olyan, hogy 1
m


< ε
2 . Ha k ∈


∈ { 1, . . . , m−1 }, akkor az F balról való folytonossága miatt az { x ∈ R : F (x) ≤ k
m


}
halmaznak létezik maximuma. Ezt a maximumot jelöljük xk-val. Legyen továbbá
x0 := −∞ és xm := ∞. Ekkor


P(ξ < xk) = F (xk) ≤ k


m
≤ lim


x→xk+0
F (x) = P(ξ ≤ xk) (k = 0, . . . , m).


Így
P(ξ < xk) ≤ k − 1


m
+ 1


m
≤ P(ξ ≤ xk−1) + 1


m
.


Jelentse Ak azt az eseményt, hogy lim
n→∞


1
n


n∑
i=1


Iξi<xk
= P(ξ < xk), illetve Bk azt, hogy


lim
n→∞


1
n


n∑
i=1


Iξi≤xk
= P(ξ ≤ xk). A nagy számok erős törvénye miatt P(Ak) = P(Bk) =


= 1 (k = 0, . . . , m). Ebből


A :=
m⋂


k=0


m⋂
l=0


(Ak ∩ Bl)


jelöléssel P(A) = 1 teljesül. Emiatt létezik N ∈ N, hogy minden n > N egész szám
és k = 0, . . . , m esetén az A-n teljesül, hogy∣∣∣∣∣ 1n


n∑
i=1


Iξi<xk
− P(ξ < xk)


∣∣∣∣∣ <
ε


2 és
∣∣∣∣∣ 1n


n∑
i=1


Iξi≤xk
− P(ξ ≤ xk)


∣∣∣∣∣ <
ε


2 .


Legyen x ∈ R rögzített. Ekkor létezik t ∈ { 1, . . . , m }, hogy


xt−1 < x ≤ xt.


42







Mindezek alapján minden n > N egész esetén az A-n teljesül, hogy


F (x) − F ∗
n(x) = P(ξ < x) − 1


n


n∑
i=1


Iξi<x ≤


≤ P(ξ < xt) − 1
n


n∑
i=1


Iξi<x ≤


≤ 1
m


+ P(ξ ≤ xt−1) − 1
n


n∑
i=1


Iξi<x ≤


≤ 1
m


+ P(ξ ≤ xt−1) − 1
n


n∑
i=1


Iξi≤xt−1 <
1
m


+ ε


2 < ε.


Hasonlóan teljesül minden n > N egész esetén az A-n, hogy


F (x) − F ∗
n(x) = P(ξ < x) − 1


n


n∑
i=1


Iξi<x ≥


≥ P(ξ ≤ xt−1) − 1
n


n∑
i=1


Iξi<x ≥


≥ − 1
m


+ P(ξ < xt) − 1
n


n∑
i=1


Iξi<x ≥


≥ − 1
m


+ P(ξ < xt) − 1
n


n∑
i=1


Iξi<xt > − 1
m


− ε


2 > −ε.


Így |F (x) − F ∗
n(x)| < ε teljesül az A-n, ha n > N . Ebből már következik a tétel.


2.5. Megjegyzés. Az előző tételben fontos az egyenletes konvergencia, ugyanis, ha csak
pontonkénti lenne, akkor a számegyenes különböző helyein más és más sebességű
lehetne. Így ebben az esetben a tapasztalati eloszlásfüggvény alakjából a valódira
nem lehetne következtetni.


A 2.3. ábrán egy standard normális eloszlású valószínűségi változóra vonatkozó
1000 elemű mintának a tapasztalati eloszlásfüggvényét látjuk. A kék grafikon a
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2.3. ábra


valódi eloszlásfüggvényt jelenti, míg a piros a tapasztalatit. Látható, hogy 1000-
es mintaelemszám esetén már gyakorlatilag megegyezik a tapasztalati és a valódi
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eloszlásfüggvény. Itt úgy tűnhet, hogy a tapasztalati eloszlásfüggvény nem lépcsős.
Természetesen ez nem igaz, pusztán arról van szó, hogy egy „lépcsőfok” hossza olyan
kicsi, hogy az a rajz felbontása miatt csak egy pontnak látszik.


A következő videóban többféle eloszlással vizsgáljuk a tapasztalati eloszlásfügg-
vény konvergenciáját:


A videóban használt program letölthető innen:


https://tomacstibor.uni-eszterhazy.hu/tananyagok/valdem/valdem.zip


2.3. Tapasztalati eloszlás, sűrűséghisztogram
Tapasztalati eloszlásfüggvény helyett más lehetőség is van valószínűségi változók
eloszlásának vizsgálatára.


Diszkrét valószínűségi változó esetén vizsgálhatjuk az úgynevezett tapasztalati
eloszlást is, mely a valószínűségi változó egy lehetséges értékéhez hozzárendeli a kísér-
letsorozatbeli relatív gyakoriságát. Azaz, ha a ξ valószínűségi változó értékkészlete
{ x1, . . . , xk } és a ξ-re vonatkozó minta ξ1, . . . , ξn, akkor a tapasztalati eloszlás az


xt 7→ rt := 1
n


n∑
i=1


Iξi=xt (t = 1, . . . , k)


hozzárendelés. (Tehát nrt a mintában az xt-vel egyenlő elemek számát jelenti.)
Ha a kísérletsorozatban az ω ∈ Ω elemi esemény következett be, azaz a mintarea-


lizáció ξ1(ω), . . . , ξn(ω), akkor az


xt 7→ rt(ω) = 1
n


n∑
i=1


Iξi=xt(ω) (t = 1, . . . , k)


hozzárendelést (ahol Iξi=xt(ω) értéke aszerint 1 vagy 0, hogy ξi(ω) = xt teljesül
vagy sem) a tapasztalati eloszlás egy realizációjának nevezzük, de a továbbiakban a
rövidség kedvéért ezt is csak tapasztalati eloszlásként emlegetjük. Ezt célszerű vonal-
diagrammal ábrázolni. Ez azt jelenti, hogy az (xt,0) koordinátájú pontot összekötjük
az
(
xt, rt(ω)


)
ponttal minden t-re. A 2.4. ábrán egy Bin(30; 0,3)-beli valószínűségi


változóra vonatkozó 1000 elemű mintarealizációból számolt tapasztalati eloszlást
láthatunk vonaldiagrammal ábrázolva. Ugyanezen az ábrán kékkel felrajzoljuk a
valódi eloszlást is, mely jól mutatja a hasonlóságot (lásd a 2.4. ábrát).


Abszolút folytonos ξ valószínűségi változó esetén az ún. sűrűséghisztogram vizs-
gálata is célravezető lehet a tapasztalati eloszlásfüggvény mellett. Legyen r ∈ N,
x0, x1, . . . , xr ∈ R és x0 < x1 < · · · < xr. Tegyük fel, hogy a ξ-re vonatkozó
ξ1(ω), . . . , ξn(ω) mintarealizáció minden eleme benne van az (x0, xr) intervallumban.
Minden [xj−1, xj) intervallum fölé rajzoljunk egy yj magasságú téglalapot úgy, hogy
a téglalap területe a valódi f sűrűségfüggvény görbéje alatti területet becsülje az
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2.4. ábra


0


0,02


0,04


0,06


0,08


0,1


0,12


0,14


0,16


0,18


0 2 4 6 8 10 12 14 16 18


2.5. ábra


[xj−1, xj) intervallumon. Hasonlóan az eddigiekhez, egy esemény valószínűségét itt is
az esemény relatív gyakoriságával becsüljük. Így tehát


xj∫
xj−1


f(x) dx = P(xj−1 ≤ ξ < xj) ≃ 1
n


n∑
i=1


Ixj−1≤ξi<xj
(ω) = yj(xj − xj−1),


melyből
yj =


∑n
i=1 Ixj−1≤ξi<xj


(ω)
n(xj − xj−1)


(j = 1, . . . , r).


Itt Ixj−1≤ξi<xj
(ω) értéke aszerint 1 vagy 0, hogy xj−1 ≤ ξi(ω) < xj teljesül vagy sem.


A kapott oszlopdiagramot sűrűséghisztogramnak nevezzük, amely tehát a valódi f
sűrűségfüggvényt a j-edik részintervallumon az yj konstanssal közelíti.


A sűrűséghisztogram megadása a mintarealizáció alapján nem egyértelmű, függ az
osztópontok választásától. Az osztópontok felvételéhez csak annyi általános irányelv
mondható, hogy függetlennek kell lennie a minta értékeitől.


Az is fontos, hogy az osztópontok ne helyezkedjenek el túl sűrűn a mintarealizáció
elemeihez képest, mert ekkor egy részintervallumba túl kevés mintaelem fog esni, s
így nagyon pontatlan lesz a becslés. Azaz ebben az esetben a sűrűséghisztogramból
nem lehet következtetni a valódi sűrűségfüggvény alakjára.


Másrészt, ha az osztópontok túl ritkák, azaz a részintervallumok száma kevés,
akkor a sűrűségfüggvény becsült pontjainak száma túl kevés ahhoz, hogy a sűrűség-
hisztogramból következtetni lehessen a valódi sűrűségfüggvény alakjára.


A 2.6. ábrán standard normális eloszlású 1000 elemű mintára vonatkozó sű-
rűséghisztogramot láthatunk r = 20, x0 = −4, x20 = 4 választással, továbbá a
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részintervallumok egyenlő hosszúságúak. Ugyanezen az ábrán kékkel felrajzoljuk


-4 4


2.6. ábra


a standard normális eloszlás sűrűségfüggvényét a [−4, 4] intervallumon, mely jól
mutatja a hasonlóságot (lásd a 2.7. ábrát).


-4 4


2.7. ábra


2.4. Statisztikák
Tegyük fel, hogy egy ismeretlen eloszlású ξ valószínűségi változó várható értékét kell
meghatározni. Mivel az eloszlást nem ismerjük, ezért a minta alapján kell becslést
adni. A későbbiekben látni fogjuk, hogy bizonyos szempontból jó becslése a várható
értéknek a ξ-re vonatkozó ξ1, . . . , ξn minta elemeinek a számtani közepe, azaz 1


n
(ξ1 +


+ · · · + ξn). Általánosan fogalmazva itt egy olyan függvényt definiáltunk, amely egy
valószínűségi változókból álló rendezett n-eshez egy valószínűségi változót rendel. Az
ilyen függvényeket statisztikának nevezzük, és a következőkben kiemelt szerepük lesz.


2.6. Definíció. Legyen ξ1, . . . , ξn egy ξ valószínűségi változóra vonatkozó minta,
továbbá


T : Rn → R


olyan függvény, melyre T (ξ1, . . . , ξn) valószínűségi változó. Ekkor ezt a valószínűségi
változót a minta egy statisztikájának nevezzük. Ha ξ1(ω), . . . , ξn(ω) egy a ξ-re vonat-
kozó mintarealizáció, akkor a T


(
ξ1(ω), . . . , ξn(ω)


)
számot az előbbi statisztika egy


realizációjának nevezzük.


Ha T Borel-mérhető függvény, akkor T (ξ1, . . . , ξn) mérhető, azaz valószínűségi
változó. Például F ∗


n(x) minden rögzített x ∈ R esetén statisztika.
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2.7. Definíció. Legyen ξ1, . . . , ξn egy ξ valószínűségi változóra vonatkozó minta. A
következő nevezetes statisztikákat definiáljuk:


mintaátlag ξ := 1
n


n∑
i=1


ξi


tapasztalati szórásnégyzet S2
n := 1


n


n∑
i=1


(ξi − ξ)2


tapasztalati szórás Sn :=
√√√√ 1


n


n∑
i=1


(ξi − ξ)2


korrigált tapasztalati szórásnégyzet S∗
n


2 := 1
n − 1


n∑
i=1


(ξi − ξ)2


korrigált tapasztalati szórás S∗
n :=


√√√√ 1
n − 1


n∑
i=1


(ξi − ξ)2


k-adik tapasztalati momentum (k ∈ N) 1
n


n∑
i=1


ξk
i


k-adik tapasztalati
centrált momentum (k ∈ N) 1


n


n∑
i=1


(ξi − ξ)k


tapasztalati ferdeség 1
nS3


n


n∑
i=1


(ξi − ξ)3


tapasztalati lapultság 1
nS4


n


n∑
i=1


(ξi − ξ)4 − 3


Ha több valószínűségi változót is vizsgálunk és hangsúlyozni szeretnénk, hogy a
tapasztalati illetve korrigált tapasztalati szórás a ξ-re vonatkozik, akkor azokat Sξ,n


illetve S∗
ξ,n módon fogjuk jelölni.


2.8. Tétel (Steiner-formula). Bármely c ∈ R esetén


S2
n = 1


n


n∑
i=1


(ξi − c)2 − (ξ − c)2.


Bizonyítás. Legyen c ∈ R tetszőlegesen rögzített. Ekkor


S2
n = 1


n


n∑
i=1


(ξi − ξ)2 = 1
n


n∑
i=1


(
(ξi − c) − (ξ − c)


)2
=


= 1
n


n∑
i=1


(ξi − c)2 − 1
n


n∑
i=1


2(ξ − c)(ξi − c) + 1
n


n∑
i=1


(ξ − c)2 =


= 1
n


n∑
i=1


(ξi − c)2 − 2(ξ − c)2 + (ξ − c)2 = 1
n


n∑
i=1


(ξi − c)2 − (ξ − c)2.


2.9. Definíció. Legyen ξ1, . . . , ξn egy ξ valószínűségi változóra vonatkozó minta,
továbbá (x1, . . . , xn) ∈ Rn esetén jelölje r1, . . . , rn az 1, . . . , n számok egy olyan
permutációját, melyre teljesül, hogy


xr1 ≤ xr2 ≤ . . . ≤ xrn .
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Legyen
Ti : Rn → R, Ti(x1, . . . , xn) := xri


(i = 1, . . . , n).


Ekkor a ξ∗
i := Ti(ξ1, . . . , ξn) (i = 1, . . . , n) valószínűségi változókat rendezett mintának


nevezzük. (Vegyük észre, hogy ξ∗
1 = min{ ξ1, . . . , ξn } és ξ∗


n = max{ ξ1, . . . , ξn }.)
A ξ∗


n − ξ∗
1 statisztikát mintaterjedelemnek nevezzük. A ξ∗


1+ξ∗
n


2 az úgynevezett
terjedelemközép.


A tapasztalati medián legyen ξ∗
n+1


2
, ha n páratlan, illetve 1


2


(
ξ∗


n
2


+ ξ∗
n
2 +1


)
, ha n


páros.
Legyen 0 ≤ t ≤ 1. A 100t%-os tapasztalati kvantilis legyen ξ∗


[nt]+1, ha nt ̸∈ N,
illetve tξ∗


nt +(1− t)ξ∗
nt+1, ha nt ∈ N. (Vegyük észre, hogy az 50%-os tapasztalati kvan-


tilis a tapasztalati mediánnal egyenlő.) A 25%-os tapasztalati kvantilist tapasztalati
alsó kvartilisnek, illetve a 75%-os tapasztalati kvantilist tapasztalati felső kvartilisnek
nevezzük.


A tapasztalati módusz a mintaelemek között a leggyakrabban előforduló. Ha több
ilyen is van, akkor azok között a legkisebb.


2.10. Megjegyzés. Az előbbi Ti függvények Borel-mérhetőek, így a rendezett minta
elemei statisztikák.


Ha a kísérletsorozatban az ω ∈ Ω elemi esemény következett be, azaz a min-
tarealizáció ξ1(ω), . . . , ξn(ω), akkor a ξ(ω) = 1


n


n∑
i=1


ξi(ω) számot is mintaátlagnak
nevezzük. Hasonlóan állapodunk meg minden nevezetes statisztika esetén. (Azaz
például Sn(ω)-t is tapasztalati szórásnak nevezzük.)


A következőben a statisztika fogalmát kiterjesztjük arra az esetre, amikor a minta
elemei valószínűségi vektorváltozók.


2.11. Definíció. Legyen ξ1, . . . , ξn egy d-dimenziós ξ valószínűségi vektorváltozóra
vonatkozó minta, továbbá


T : (Rd)n → R


olyan függvény, melyre T (ξ1, . . . , ξn) valószínűségi változó. Ekkor ezt a valószínűségi
változót a minta egy statisztikájának nevezzük. Ha ξ1(ω), . . . , ξn(ω) egy a ξ-re vonat-
kozó mintarealizáció, akkor a T


(
ξ1(ω), . . . , ξn(ω)


)
számot az előbbi statisztika egy


realizációjának nevezzük.


2.12. Definíció. Legyen ξ = (η, ζ) kétdimenziós valószínűségi vektorváltozó, to-
vábbá a rávonatkozó minta (η1, ζ1), . . . , (ηn, ζn). Ennek a mintának a tapasztalati
kovarianciája


Covn(η, ζ) := 1
n


n∑
i=1


ηiζi − 1
n


n∑
i=1


ηi · 1
n


n∑
i=1


ζi,


illetve tapasztalati korrelációs együtthatója


Corrn(η, ζ) := Covn(η, ζ)
Sη,n · Sζ,n


.


48







2.13. Definíció. Legyen ξ1, . . . , ξn egy ξ valószínűségi (vektor)változóra vonatkozó
minta. A T (ξ1, . . . , ξn) statisztikát szimmetrikusnak nevezzük, ha az 1, . . . , n számok
minden i1, . . . , in permutációja esetén


T (ξ1, . . . , ξn) = T (ξi1 , . . . , ξin).


Vegyük észre, hogy az előzőekben definiált minden nevezetes statisztika szim-
metrikus. Még tovább általánosítható a statisztika fogalma, ha több valószínűségi
változóra vonatkozik.


2.14. Definíció. Legyenek ξ1, ξ2, . . . , ξk valószínűségi változók, melyekre vonatkozó
minták rendre a következők:


ξ11, ξ12, . . . , ξ1n1 ,


ξ21, ξ22, . . . , ξ2n2 ,


...
ξk1, ξk2, . . . , ξknk


.


Ha
T : Rn1 × · · · × Rnk → R


olyan függvény, melyre T (ξ11, ξ12, . . . , ξ1n1 , . . . , ξk1, ξk2, . . . , ξknk
) valószínűségi változó


(azaz T Borel-mérhető), akkor ezt a valószínűségi változót az előbbi k darab minta
egy statisztikájának nevezzük.


Ilyen statisztikákra példát, majd a hipotézisvizsgálatoknál fogunk látni.


49







3. fejezet


Pontbecslések


3.1. A pontbecslés feladata és jellemzői
Tegyük fel, hogy a vizsgált ξ valószínűségi változóról tudjuk, hogy egyenletes eloszlású
az [a, b] intervallumon, de az a és b paramétereket nem ismerjük. Ekkor a vizsgálandó
statisztikai mező leszűkül az


(Ω, F , P), P = { Pϑ : ϑ ∈ Θ }


mezőre, ahol Θ = { (a, b) ∈ R2 : a < b } és Pϑ olyan valószínűség az (Ω, F) téren,
melyre Pϑ(ξ < x) = x−a


b−a
teljesül minden ϑ = (a, b) ∈ Θ és a < x < b esetén.


A pontbecslés feladata ebben az esetben az a illetve b valódi értékének becslése.
De nem mindig van szükség az összes ismeretlen paraméterre. Például előfordulhat,
hogy csak a ξ várható értékére vagyunk kíváncsiak. Ekkor a fenti esetben az a+b


2
valódi értékét kell megbecsülni.


Az eljárás a ξ-re vonatkozó ξ1(ω), . . . , ξn(ω) mintarealizáció alapján úgy fog
történni, hogy bizonyos kritériumokat figyelembe véve megadunk egy statisztikát,
melynek az ω helyen vett realizációja adja a becslést.


Most általánosítjuk az előzőeket. Legyen v ∈ N, Θ ⊂ Rv az úgynevezett pa-
ramétertér. Feltesszük, hogy Θ ̸= ∅. Jelöljön Fϑ eloszlásfüggvényt minden ϑ =
= (ϑ1, . . . , ϑv) ∈ Θ esetén. Feltesszük, hogy ϑ ≠ ϑ′ esetén Fϑ ̸= Fϑ′ . Ez az úgyneve-
zett identifikálható tulajdonság. Tegyük fel, hogy a vizsgált ξ valószínűségi változóról
tudjuk, hogy az eloszlásfüggvénye az


{ Fϑ : ϑ = (ϑ1, . . . , ϑv) ∈ Θ }


halmaz eleme, de a ϑ1, . . . , ϑv paraméterek valódi értékei ismeretlenek. Ekkor a
vizsgált statisztikai mező leszűkül az


(Ω, F , P), P = { Pϑ : ϑ ∈ Θ }


mezőre, ahol Pϑ olyan valószínűség az (Ω, F) téren, melyre


Pϑ(ξ < x) = Fϑ(x)
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teljesül minden x ∈ R és ϑ ∈ Θ esetén. A továbbiakban mindezt úgy fogalmazzuk meg,
hogy legyen ξ a vizsgálandó valószínűségi változó az (Ω, F , P), P = { Pϑ : ϑ ∈ Θ }
statisztikai mezőn.


Legyen g : Θ → R egy tetszőleges függvény. A pontbecslés feladata a g(ϑ) valódi
értékének becslése egy statisztikával. Ezt a statisztikát és annak realizációját is a
g(ϑ) pontbecslésének nevezzük.


Fontos kérdés, hogy milyen szempontok szerint válasszuk ki a pontbecslést megadó
statisztikát. A következő természetesnek tűnő feltételeket adjuk:


• ingadozzon a g(ϑ) valódi értéke körül;


• szórása a lehető legkisebb legyen;


• a minta elemszámának végtelenbe divergálása esetén konvergáljon a g(ϑ) valódi
értékéhez.


A következőkben ezeket a feltételeket fogalmazzuk meg pontosabban. Legyen
ξ1, ξ2, . . . az előbbi ξ valószínűségi változóra vonatkozó végtelen elemszámú minta
(azaz ξ1, ξ2, . . . független ξ-vel azonos eloszlású valószínűségi változók), továbbá
jelölje Eϑ, Dϑ illetve covϑ a Pϑ-ból származtatott várható értéket, szórást illetve
kovarianciát.


3.1. Definíció. A T (ξ1, . . . , ξn) statisztika g(ϑ) torzítatlan becslése, ha


Eϑ T (ξ1, . . . , ξn) = g(ϑ)


minden ϑ ∈ Θ esetén. Ha ez nem teljesül, akkor T (ξ1, . . . , ξn) a g(ϑ) torzított becslése.


3.2. Feladat. Bizonyítsuk be, hogy F ∗
n(x) torzítatlan becslése F (x)-nek bármely


x ∈ R esetén, ahol F a ξ eloszlásfüggvénye és F ∗
n a tapasztalati eloszlásfüggvény.


Bizonyítás. Az nF ∗
n(x) egy n-edrendű p = F (x) paraméterű binomiális eloszlású


valószínűségi változó. Így Ep F ∗
n(x) = 1


n
Ep


(
nF ∗


n(x)
)


= 1
n
np = p = F (x).


3.3. Feladat. Legyen τk := Tk(ξ1, . . . , ξn) torzítatlan becslése ϑk-nak minden k =
= 1, . . . , r esetén, és h : Rr → R olyan függvény, melyre h(τ1, . . . , τr) valószínűségi
változó. Bizonyítsuk be, hogy h(τ1, . . . , τr) nem feltétlenül torzítatlan becslése h(ϑ)-
nak.


Bizonyítás. Legyen például ξ egy olyan esemény indikátorváltozója, melynek p való-
színűségére 0 < p < 1 teljesül. Könnyen látható, hogy Ep ξ = p, azaz ξ torzítatlan
becslése p-nek. Másrészt h : R → R, h(x) := x2 jelöléssel


Ep h(ξ) = Ep ξ
2 = D2


p ξ + E2
p ξ = 1


n2 n D2
p ξ + E2


p ξ =


= 1
n


p(1 − p) + p2 ̸= p2 = h(p),


azaz h(ξ) torzított becslése h(p)-nek.
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3.4. Definíció. A Tn(ξ1, . . . , ξn) (n ∈ N) statisztikasorozat g(ϑ) aszimptotikusan
torzítatlan becsléssorozata, ha minden ϑ ∈ Θ esetén teljesül, hogy


lim
n→∞


Eϑ Tn(ξ1, . . . , ξn) = g(ϑ).


3.5. Definíció. Egy T (ξ1, . . . , ξn) statisztikát véges szórásúnak nevezünk, ha minden
ϑ ∈ Θ esetén Dϑ T (ξ1, . . . , ξn) ∈ R.


3.6. Definíció. Legyenek T1(ξ1, . . . , ξn) és T2(ξ1, . . . , ξn) véges szórású torzítatlan
becslései g(ϑ)-nak. A T1(ξ1, . . . , ξn) hatásosabb becslése g(ϑ)-nak mint T2(ξ1, . . . , ξn),
ha minden ϑ ∈ Θ esetén teljesül, hogy


Dϑ T1(ξ1, . . . , ξn) ≤ Dϑ T2(ξ1, . . . , ξn).


3.7. Definíció. A g(ϑ) összes véges szórású torzítatlan becslése közül a leghatáso-
sabbat a g(ϑ) hatásos becslésének nevezzük.


Nem biztos, hogy g(ϑ)-nak létezik hatásos becslése, hiszen egy alulról korlátos
számhalmaznak nem mindig van minimuma. De ha létezik hatásos becslés, akkor az
majdnem biztosan egyértelmű. Ezt fogalmazza meg a következő tétel.


3.8. Tétel. A hatásos becslés 1 valószínűséggel egyértelmű, azaz, ha T1(ξ1, . . . , ξn) és
T2(ξ1, . . . , ξn) a g(ϑ)-nak hatásos becslései, akkor minden ϑ ∈ Θ esetén


Pϑ


(
T1(ξ1, . . . , ξn) = T2(ξ1, . . . , ξn)


)
= 1.


Bizonyítás. Legyen τ1 := T1(ξ1, . . . , ξn), τ2 := T2(ξ1, . . . , ξn), τ := τ1+τ2
2 és ϑ ∈ Θ.


Ekkor
Eϑ τ = 1


2(Eϑ τ1 + Eϑ τ2) = 1
2
(
g(ϑ) + g(ϑ)


)
= g(ϑ),


azaz τ torzítatlan becslése g(ϑ)-nak. Így τ1 hatásossága miatt


D2
ϑ τ1 ≤ D2


ϑ τ = D2
ϑ


τ1 + τ2


2 =


= 1
4
(
D2


ϑ τ1 + D2
ϑ τ2 + 2 covϑ(τ1, τ2)


)
= 1


4
(
2 D2


ϑ τ1 + 2 covϑ(τ1, τ2)
)
.


Ebből kapjuk, hogy 0 ≤ D2
ϑ(τ1−τ2) = 2 D2


ϑ τ1−2 covϑ(τ1, τ2) ≤ 0, azaz D2
ϑ(τ1−τ2) = 0.


De ez csak úgy lehetséges, ha


Pϑ


(
τ1 − τ2 = Eϑ(τ1 − τ2)


)
= 1.


Ebből már következik az állítás, hiszen Eϑ(τ1 − τ2) = 0.


3.9. Definíció. A Tn(ξ1, . . . , ξn) (n ∈ N) statisztikasorozat g(ϑ)-nak konzisztens
becsléssorozata, ha Tn(ξ1, . . . , ξn) sztochasztikusan konvergál g(ϑ)-hoz, azaz bármely
ε > 0 és ϑ ∈ Θ esetén


lim
n→∞


Pϑ


(
|Tn(ξ1, . . . , ξn) − g(ϑ)| ≥ ε


)
= 0.
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3.10. Tétel. Létezik nem konzisztens torzítatlan becsléssorozat.


Bizonyítás. Legyen ξ ∈ Norm(m; 1), ahol az m ∈ R paraméternek a valódi értéke
ismeretlen. Ekkor ξn torzítatlan becsléssorozat, hiszen Em ξn = m, de ε > 0 esetén


Pm


(
|ξn − m| ≥ ε


)
= 1 − P


(
|ξn − m| < ε


)
= 2 − 2Φ(ε),


azaz lim
n→∞


Pm


(
|ξn − m| ≥ ε


)
̸= 0. Így ξn nem konzisztens becsléssorozat.


A torzítatlan becsléssorozatok konzisztenciájához tudunk adni elégséges feltételt.


3.11. Tétel. Ha Tn(ξ1, . . . , ξn) torzítatlan becslése g(ϑ)-nak minden n ∈ N esetén,
és lim


n→∞
D2


ϑ Tn(ξ1, . . . , ξn) = 0 minden ϑ ∈ Θ esetén, akkor Tn(ξ1, . . . , ξn) a g(ϑ)
konzisztens becsléssorozata.


Bizonyítás. Legyen τn := Tn(ξ1, . . . , ξn), ε > 0 és ϑ ∈ Θ. Ekkor τn torzítatlansága, a
Csebisev-egyenlőtlenség és lim


n→∞
D2


ϑ τn = 0 miatt


lim
n→∞


Pϑ


(
|τn − g(ϑ)| ≥ ε


)
= lim


n→∞
Pϑ


(
|τn − Eϑ τn| ≥ ε


)
≤ lim


n→∞


D2
ϑ τn


ε2 = 0.


Ebből már következik, hogy τn a g(ϑ) konzisztens becsléssorozata.


3.12. Definíció. A Tn(ξ1, . . . , ξn) (n ∈ N) statisztikasorozat g(ϑ)-nak erősen kon-
zisztens becsléssorozata, ha minden ϑ ∈ Θ esetén


Pϑ


(
lim


n→∞
Tn(ξ1, . . . , ξn) = g(ϑ)


)
= 1.


3.13. Megjegyzés. Mivel a majdnem mindenütti konvergenciából következik a mérték-
ben való konvergencia, ezért az erősen konzisztens becsléssorozat egyúttal konzisztens
becsléssorozat is.


3.1.1. Várható érték becslése
Ebben az alszakaszban feltesszük, hogy Eϑ ξ ∈ R minden ϑ ∈ Θ esetén.


3.14. Feladat. Bizonyítsuk be, hogy c1, . . . , cn ∈ R és c1 + · · · + cn = 1 esetén∑n
i=1 ciξi torzítatlan becslése ξ várható értékének.


Bizonyítás. Eϑ


n∑
i=1


ciξi =
n∑


i=1
ci Eϑ ξi =


n∑
i=1


ci Eϑ ξ = Eϑ ξ
n∑


i=1
ci = Eϑ ξ.


3.15. Feladat. Bizonyítsuk be, hogy a mintaátlag torzítatlan becslése a várható
értéknek.


Bizonyítás. Az előző következménye ci = 1
n


(i = 1, . . . , n) választással.


3.16. Feladat. Bizonyítsuk be, hogy ha ξ véges szórású, akkor a mintaátlag konzisz-
tens becsléssorozata a várható értéknek.
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Bizonyítás. Az állítás a nagy számok gyenge törvényével ekvivalens. De belátható a
konzisztencia elégséges feltételének vizsgálatával is, hiszen


lim
n→∞


D2
ϑ ξ = lim


n→∞


1
n


D2
ϑ ξ = 0,


melyből következik az állítás.


3.17. Feladat. Bizonyítsuk be, hogy a mintaátlag erősen konzisztens becsléssorozata
a várható értéknek.


Bizonyítás. A bizonyításhoz elég észrevenni, hogy az állítás a Kolmogorov-féle nagy
számok erős törvényével ekvivalens.


3.18. Feladat. Bizonyítsuk be, hogy ξ hatásosabb becslése a várható értéknek, mint
n∑


i=1
ciξi, bármely c1, . . . , cn ∈ R, c1 + · · · + cn = 1 esetén.


Bizonyítás. D2
ϑ


(
n∑


i=1
ciξi


)
=


n∑
i=1


c2
i D2


ϑ ξ = D2
ϑ ξ


n∑
i=1


c2
i ≥ D2


ϑ ξ 1
n
(c1 + · · · + cn)2 =


= 1
n


D2
ϑ ξ = D2


ϑ ξ. Itt felhasználtuk a számtani és a négyzetes közép közötti relá-
ciót, mely szerint tetszőleges a1, . . . , an ∈ R esetén a1+···+an


n
≤
√


a2
1+···+a2


n


n
. (Ez a


Cauchy-egyenlőtlenségből következik.)


Tehát a várható értéknek a
n∑


i=1
ciξi alakú, úgynevezett lineáris becslések között a


leghatásosabb becslése a mintaátlag. Vajon az összes véges szórású torzítatlan becslés
közül is ez a leghatásosabb, azaz hatásos? A következő tétel erre ad általánosságban
nemleges választ.


3.19. Tétel. Ha ξ egyenletes eloszlású a [0, b] intervallumon (b ∈ R+), akkor a
terjedelemközép hatásosabb becslése a várható értéknek a mintaátlagnál.


Bizonyítás. A bizonyítás terjedelmes, csak a fontosabb lépéseket közöljük. A minta
legyen ξ1, . . . , ξn. Először be kell látni, hogy a terjedelemközép a várható érték
torzítatlan becslése, majd meg kell mutatni, hogy ennek szórása kisebb a mintaátlag
szórásánál. Ehhez először a ξ∗


1 , . . . , ξ∗
n rendezett minta elemeinek eloszlását vizsgáljuk


meg. Mivel i ∈ { 1, . . . , n }, 0 < x < b, esetén


Pb(ξ1 < x, . . . , ξi < x, ξi+1 ≥ x, . . . , ξn ≥ x) =


=
(
Pb(ξ < x)


)i(
Pb(ξ ≥ x)


)n−i
=
(


x


b


)i (
1 − x


b


)n−i


,


ezért annak a valószínűsége, hogy ξ1, . . . , ξn közül pontosan i darab kisebb x-nél,(
n


i


)(
x


b


)i (
1 − x


b


)n−i


, 0 < x < b.


A ξ∗
k < x esemény azt jelenti, hogy pontosan k vagy pontosan k +1 vagy . . . pontosan


n darab mintaelem kisebb x-nél. Így


Pb(ξ∗
k < x) =


n∑
i=k


(
n


i


)(
x


b


)i (
1 − x


b


)n−i


, k ∈ { 1, . . . , n }, 0 < x < b.
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Ebből belátható, hogy ξ∗
k sűrűségfüggvénye x helyen


n


b


(
n − 1
k − 1


)(
x


b


)k−1 (
1 − x


b


)n−k


, k ∈ { 1, . . . , n }, 0 < x < b.


Így k ∈ { 1, . . . , n } esetén


Eb ξ∗
k =


b∫
0


x
n


b


(
n − 1
k − 1


)(
x


b


)k−1 (
1 − x


b


)n−k


dx = · · · = kb


n + 1 .


Ebből Eb
ξ∗


1+ξ∗
n


2 = 1
2


(
b


n+1 + nb
n+1


)
= b


2 = Eb ξ. Tehát a terjedelemközép a várható érték
torzítatlan becslése. Most rátérünk a szórás meghatározására. A korábbiak alapján


Eb ξ∗
k


2 =
b∫


0


x2 n


b


(
n − 1
k − 1


)(
x


b


)k−1 (
1 − x


b


)n−k


dx = · · · = k(k + 1)b2


(n + 1)(n + 2)


teljesül minden k ∈ { 1, . . . , n } esetén. Másrészt az előzőekhez hasonló gondolatme-
nettel ξ∗


k és ξ∗
l együttes sűrűségfüggvénye 1 ≤ k < l ≤ n esetén, az (x, y) ∈ R2 (0 ≤


≤ x < y ≤ b) helyen


n!
b2(k − 1)!(l − k − 1)!(n − l)!


(
x


b


)k−1 (y


b
− x


b


)l−k−1 (
1 − y


b


)n−l


.


Ebből bizonyítható, hogy


Eb(ξ∗
kξ∗


l ) = k(l + 1)b2


(n + 1)(n + 2) , 1 ≤ k < l ≤ n.


Így a szórásnégyzet:


D2
b


ξ∗
1 + ξ∗


n


2 = Eb


(
ξ∗


1 + ξ∗
n


2


)2


− E2
b


ξ∗
1 + ξ∗


n


2 =


= 1
4 Eb(ξ∗


1 + ξ∗
n)2 − b2


4 = 1
4 Eb ξ∗


1
2 + 1


4 Eb ξ∗
n


2 + 1
2 Eb(ξ∗


1ξ∗
n) − b2


4 =


= 1
4 · 2b2


(n + 1)(n + 2) + 1
4 · nb2


n + 2 + 1
2 · b2


n + 2 − b2


4 = b2


2(n + 1)(n + 2) .


Mivel D2
b ξ = 1


n
D2


b ξ = b2


12n
, ezért az állítás ekvivalens az


1
2(n + 1)(n + 2) ≤ 1


12n


egyenlőtlenséggel. Könnyen látható, hogy ez minden n ∈ N esetén teljesül, és csak
n = 1 illetve n = 2 esetén lehet egyenlőség. Az n = 1 illetve n = 2 esetén kapott
egyenlőség nem meglepő, hiszen ekkor ξ∗


1+ξ∗
n


2 = ξ. Ezzel bizonyított az állítás.


Tehát van olyan eset, amikor a várható értéknek nem a mintaátlag a hatásos
becslése. De vajon a mintaátlag sohasem lehet hatásos becslése a várható értéknek?
A valószínűség becslése során látni fogjuk, hogy például karakterisztikus eloszlás
esetén az.
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3.1.2. Valószínűség becslése
3.20. Feladat. Bizonyítsuk be, hogy egy esemény relatív gyakorisága torzítatlan
becslése az esemény valószínűségének.


Bizonyítás. Legyen ξ a vizsgált esemény indikátorváltozója. Ekkor az esemény relatív
gyakorisága ξ-vel egyenlő, másrészt ξ várható értéke a vizsgált esemény valószínűsége.
Így az állítás annak a speciális esete, hogy a mintaátlag torzítatlan becslése a várható
értéknek.


3.21. Feladat. Bizonyítsuk be, hogy egy esemény relatív gyakorisága erősen kon-
zisztens becsléssorozata az esemény valószínűségének.


Bizonyítás. Az állítás annak a speciális esete, hogy a mintaátlag erősen konzisztens
becsléssorozata a várható értéknek.


3.22. Tétel. Egy ismeretlen 0 < p < 1 valószínűségű esemény relatív gyakorisága
hatásos becslése p-nek, azaz 0 < p < 1 paraméterű karakterisztikus eloszlású valószí-
nűségi változóra vonatkozó mintából számolt mintaátlag hatásos becslése a várható
értéknek.


Bizonyítás. Legyen ξ a vizsgált esemény indikátorváltozója és ξ1, . . . , ξn egy ξ-re
vonatkozó minta. Ekkor az esemény relatív gyakorisága ξ, továbbá az eddigiek alapján
ξ a p torzítatlan becslése. Legyen T (ξ1, . . . , ξn) tetszőleges torzítatlan becslése p-nek,


K := { i = (i1, . . . , in) : i1, . . . , in az 1, . . . , n permutációja }


és
S(ξ1, . . . , ξn) := 1


n!
∑
i∈K


T (ξi1 , . . . , ξin).


Könnyen látható, hogy S(ξ1, . . . , ξn) szimmetrikus statisztika és torzítatlan becslése
p-nek. Ha a ξ1(ω), . . . , ξn(ω) mintarealizációban pontosan k darab 1 van, akkor füg-
getlenül attól, hogy pontosan melyek azok, a szimmetria miatt az S


(
ξ1(ω), . . . , ξn(ω)


)
értéke mindig ugyanaz. Ezt a közös értéket jelöljük Sk-val. Annak a valószínűsége,
hogy a mintarealizációban pontosan k darab 1 van(


n


k


)
pk(1 − p)n−k > 0.


Mindezekből a torzítatlanság miatt


0 = Ep


(
S(ξ1, . . . , ξn) − ξ


)
=


n∑
k=0


(
Sk − k


n


)(
n


k


)
pk(1 − p)n−k,


azaz
n∑


k=0


(
Sk − k


n


)(
n


k


)(
p


1 − p


)k


= 0
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minden p ∈ (0, 1) esetén. Ez pedig csak úgy lehetséges, ha Sk = k
n


minden k = 0, . . . , n
esetén. Ebből az következik, hogy


S(ξ1, . . . , ξn) = ξ.


Így azt kell belátni, hogy D2
p S(ξ1, . . . , ξn) ≤ D2


p T (ξ1, . . . , ξn), amely azzal ekvivalens
a torzítatlanság miatt, hogy Ep S2(ξ1, . . . , ξn) ≤ Ep T 2(ξ1, . . . , ξn). Legyen


Gk :=
{


x = (x1, . . . , xn) : xi ∈ {0, 1}, i = 1, . . . , n, x1 + · · · + xn = k
}
.


Ekkor az előzőekhez hasonlóan látható, hogy


Ep S2(ξ1, . . . , ξn) =
n∑


k=0


∑
x∈Gk


S2(x)pk(1 − p)n−k =


=
n∑


k=0


∑
x∈Gk


(
1
n!
∑
i∈K


T (xi1 , . . . , xin)
)2


pk(1 − p)n−k =


=
n∑


k=0


(
n


k


)(
1
n!


∑
x∈Gk,i∈K


T (xi1 , . . . , xin)
)2


pk(1 − p)n−k =


=
n∑


k=0


(
n


k


)(
k!(n − k)!


n!
∑


x∈Gk


T (x)
)2


pk(1 − p)n−k =


=
n∑


k=0


1(
n
k


)( ∑
x∈Gk


T (x)
)2


pk(1 − p)n−k.


Másrészt
Ep T 2(ξ1, . . . , ξn) =


n∑
k=0


∑
x∈Gk


T 2(x)pk(1 − p)n−k,


így elég azt belátni, hogy


1(
n
k


)( ∑
x∈Gk


T (x)
)2


≤
∑


x∈Gk


T 2(x).


Ez viszont teljesül a számtani és a négyzetes közép relációja miatt, hiszen Gk-nak(
n
k


)
darab eleme van.


3.1.3. Szórásnégyzet becslése
Ebben az alszakaszban feltesszük, hogy Dϑ ξ ∈ R minden ϑ ∈ Θ esetén.


3.23. Feladat. Bizonyítsuk be, hogy a tapasztalati szórásnégyzet torzított becslése
a szórásnégyzetnek.


Bizonyítás. A Steiner-formula és Eϑ ξ2 = D2
ϑ ξ + E2


ϑ ξ miatt


Eϑ S2
n = Eϑ


(
1
n


n∑
i=1


ξ2
i − ξ


2
)


= 1
n


n∑
i=1


Eϑ ξ2
i − Eϑ ξ


2 =
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= 1
n


n∑
i=1


Eϑ ξ2 − D2
ϑ ξ − E2


ϑ ξ = Eϑ ξ2 − D2
ϑ ξ − E2


ϑ ξ =


= D2
ϑ ξ − D2


ϑ ξ = D2
ϑ ξ − 1


n2


n∑
i=1


D2
ϑ ξi = D2


ϑ ξ − 1
n2


n∑
i=1


D2
ϑ ξ =


= D2
ϑ ξ − 1


n
D2


ϑ ξ = n − 1
n


D2
ϑ ξ ̸= D2


ϑ ξ.


3.24. Feladat. Bizonyítsuk be, hogy a tapasztalati szórásnégyzet aszimptotikusan
torzítatlan becsléssorozata a szórásnégyzetnek.


Bizonyítás. Láttuk, hogy Eϑ S2
n = n−1


n
D2


ϑ ξ, így lim
n→∞


Eϑ S2
n = D2


ϑ ξ.


3.25. Feladat. Bizonyítsuk be, hogy a tapasztalati szórásnégyzet erősen konzisztens
becsléssorozata a szórásnégyzetnek.


Bizonyítás. A Kolmogorov-féle nagy számok törvénye miatt


Pϑ


(
lim


n→∞


1
n


n∑
i=1


ξ2
i = Eϑ ξ2


)
= 1 és Pϑ


(
lim


n→∞


1
n


n∑
i=1


ξi = Eϑ ξ


)
= 1.


Így a Steiner-formulából kapjuk az állítást.


3.26. Feladat. Bizonyítsuk be, hogy a korrigált tapasztalati szórásnégyzet torzítatlan
becslése a szórásnégyzetnek.


Bizonyítás. Láttuk, hogy Eϑ S2
n = n−1


n
D2


ϑ ξ, így Eϑ S∗
n


2 = Eϑ
n


n−1S2
n = D2


ϑ ξ.


3.27. Feladat. Bizonyítsuk be, hogy a korrigált tapasztalati szórásnégyzet erősen
konzisztens becsléssorozata a szórásnégyzetnek.


Bizonyítás. Az állítás a tapasztalati szórásnégyzet erős konzisztenciájából következik,
hiszen S∗


n
2 = n


n−1S2
n.


3.2. Információs határ
Legyen ξ egy ismeretlen 0 < p < 1 paraméterű karakterisztikus eloszlású valószínűségi
változó, továbbá a rávonatkozó minta ξ1, . . . , ξn. Korábban bizonyítottuk, hogy ξ
hatásos becslése p-nek. Mivel D2


p ξ = 1
n


D2
p ξ = p(1−p)


n
, ezért azt kapjuk, hogy a p


összes véges szórású torzítatlan becslésének szórása nagyobb vagy egyenlő, mint
p(1−p)


n
.


Általánosságban, ha g(ϑ) összes véges szórású T (ξ1, . . . , ξn) torzítatlan becslésének
szórása nagyobb vagy egyenlő, mint egy T -től független érték, akkor ezt információs
határnak nevezzük.


Ennek a szakasznak a célja az információs határ meghatározása azzal a feltevéssel,
hogy ξ abszolút folytonos vagy diszkrét, illetve Θ ⊂ R, azaz csak egy paraméter
ismeretlen (v = 1). Feltesszük még, hogy Θ nyílt halmaz. Amennyiben ξ abszolút
folytonos, akkor fϑ jelölje ξ-nek a Pϑ-ból származó sűrűségfüggvényét. A ξ-re vonat-
kozó minta legyen ξ1, . . . , ξn, továbbá a ξ értékkészlete legyen X, azaz a mintatér
Xn.
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3.28. Definíció. A ξ1, . . . , ξn minta likelihood függvénye


ln : Xn × Θ → R, ln(x1, . . . , xn, ϑ) :=



n∏


i=1
fϑ(xi), ha ξ absz. folyt.,


n∏
i=1


Pϑ(ξi = xi), ha ξ diszkrét.


A ξ1, . . . , ξn minta loglikelihood függvénye Ln := ln ln.


3.29. Definíció. A ξ1, . . . , ξn minta Fisher-féle információmennyisége


In : Θ → R, In(ϑ) := Eϑ


(
∂


∂ϑ
Ln(ξ1, . . . , ξn, ϑ)


)2


,


feltéve, hogy ez a függvény értelmezhető. Ellenkező esetben azt mondjuk, hogy a
Fisher-féle információmennyiség nem létezik.


3.30. Definíció. Legyen T : Rn → R egy tetszőleges függvény. Azt mondjuk, hogy
T ln-re teljesül a bederiválási feltétel, ha


∂


∂ϑ


∫
Rn


T (x1, . . . , xn)ln(x1, . . . , xn, ϑ) dx1 · · · dxn =


=
∫
Rn


T (x1, . . . , xn) ∂


∂ϑ
ln(x1, . . . , xn, ϑ) dx1 · · · dxn


vagy


∂


∂ϑ


∑
xi∈X


T (x1, . . . , xn)ln(x1, . . . , xn, ϑ) =


=
∑


xi∈X


T (x1, . . . , xn) ∂


∂ϑ
ln(x1, . . . , xn, ϑ)


aszerint, hogy ξ abszolút folytonos vagy diszkrét.


3.31. Megjegyzés. Ha X véges, akkor T ln-re triviálisan teljesül a bederiválási feltétel.


3.32. Lemma. l1-re pontosan akkor teljesül a bederiválási feltétel, ha
∞∫


−∞


∂


∂ϑ
fϑ(x) dx = 0 vagy


∑
x∈X


∂


∂ϑ
Pϑ(ξ = x) = 0


aszerint, hogy ξ abszolút folytonos vagy diszkrét.


Bizonyítás. Csak abszolút folytonos esetben bizonyítunk, de diszkrét esetben analóg
módon járhatunk el, melyet az Olvasóra bízunk. A bizonyításhoz vegyük észre, hogy
l1(x, ϑ) = fϑ(x) és


∞∫
−∞


l1(x, ϑ) dx = 1. Most tegyük fel, hogy
∞∫


−∞


∂
∂ϑ


fϑ(x) dx = 0.
Ebből kapjuk, hogy


∂


∂ϑ


∞∫
−∞


l1(x, ϑ) dx = 0 =
∞∫


−∞


∂


∂ϑ
fϑ(x) dx =


∞∫
−∞


∂


∂ϑ
l1(x, ϑ) dx,
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azaz ekkor l1-re teljesül a bederiválási feltétel. Megfordítva, ha feltesszük, hogy l1-re
teljesül a bederiválási feltétel, akkor


∞∫
−∞


∂


∂ϑ
l1(x, ϑ) dx = ∂


∂ϑ


∞∫
−∞


l1(x, ϑ) dx = 0.


Ezzel teljes a bizonyítás.


3.33. Tétel. Ha l1-re teljesül a bederiválási feltétel és I1 létezik, akkor In is létezik
és In = nI1.


Bizonyítás. Csak abszolút folytonos esetben bizonyítunk, de diszkrét esetben analóg
módon járhatunk el, melyet az Olvasóra bízunk. Az l1(x, ϑ) = fϑ(x), így


Eϑ


(
∂


∂ϑ
L1
(
ξ1, ϑ


))
=


∞∫
−∞


(
∂


∂ϑ
ln l1(x, ϑ)


)
fϑ(x) dx =


∞∫
−∞


∂


∂ϑ
fϑ(x) dx = 0.


Ebből


I1(ϑ) = Eϑ


(
∂


∂ϑ
L1
(
ξ1, ϑ


))2


= D2
ϑ


(
∂


∂ϑ
L1
(
ξ1, ϑ


))
= D2


ϑ


(
∂


∂ϑ
ln fϑ(ξ1)


)
.


Másrészt


Eϑ


(
∂


∂ϑ
Ln(ξ1, . . . , ξn, ϑ)


)
= Eϑ


(
∂


∂ϑ


n∑
i=1


ln fϑ(ξi)
)


=


=
n∑


i=1
Eϑ


(
∂


∂ϑ
ln fϑ(ξi)


)
=


n∑
i=1


∞∫
−∞


(
∂


∂ϑ
ln fϑ(x)


)
fϑ(x) dx =


=
n∑


i=1


∞∫
−∞


∂


∂ϑ
fϑ(x) dx = 0.


Ebből


In(ϑ) = Eϑ


(
∂


∂ϑ
Ln(ξ1, . . . , ξn, ϑ)


)2


= D2
ϑ


(
∂


∂ϑ
Ln(ξ1, . . . , ξn, ϑ)


)
=


= D2
ϑ


(
∂


∂ϑ


n∑
i=1


ln fϑ(ξi)
)


=
n∑


i=1
D2


ϑ


(
∂


∂ϑ
ln fϑ(ξi)


)
=


=
n∑


i=1
D2


ϑ


(
∂


∂ϑ
ln fϑ(ξ1)


)
=


n∑
i=1


I1(ϑ) = nI1(ϑ).


3.34. Feladat. Karakterisztikus eloszlás esetén határozzuk meg a Fisher-féle infor-
mációmennyiséget.


Megoldás. Legyen tehát ξ egy 0 < p < 1 paraméterű karakterisztikus eloszlású
valószínűségi változó, és a rávonatkozó minta ξ1, . . . , ξn. Ekkor X = { 0, 1 }, l1(0, p) =
= Pp(ξ1 = 0) = 1 − p és l1(1, p) = Pp(ξ1 = 1) = p. Így


I1(p) = Ep


(
∂


∂p
L1(ξ1, p)


)2


= Ep


(
∂


∂p
ln l1(ξ1, p)


)2


=


60







=
(


∂


∂p
ln Pp(ξ1 = 0)


)2


· Pp(ξ1 = 0) +
(


∂


∂p
ln Pp(ξ1 = 1)


)2


· Pp(ξ1 = 1) =


=
(


∂


∂p
ln(1 − p)


)2


· (1 − p) +
(


∂


∂p
ln p


)2


· p = 1
p(1 − p) .


Másrészt X végessége miatt l1-re teljesül a bederiválási feltétel, melyből


In(p) = nI1(p) = n


p(1 − p) .


3.35. Feladat. Legyen ξ ∈ Norm(m; σ), ahol σ > 0 rögzített. Határozzuk meg a
Fisher-féle információmennyiséget.


Megoldás. Az l1-re teljesül a bederiválási feltétel, hiszen
∞∫


−∞


∂


∂m
fm(x) dx =


∞∫
−∞


∂


∂m


1
σ


φ
(


x − m


σ


)
dx =


=
∞∫


−∞


x − m


σ2 fm(x) dx = Em


(
ξ − m


σ2


)
= 0.


Korábban láttuk, hogy ekkor


I1(m) = D2
m


(
∂


∂m
ln fm(ξ)


)
= D2


m


(
1


fm(ξ) · ∂


∂m
fm(ξ)


)
=


= D2
m


(
1


fm(ξ) · ξ − m


σ2 fm(ξ)
)


= D2
m


(
ξ − m


σ2


)
= 1


σ2 .


Ebből kapjuk, hogy In(m) = nI1(m) = n
σ2 .


3.36. Feladat. Legyen ξ ismeretlen λ paraméterű Poisson-eloszlású. Határozzuk
meg a Fisher-féle információmennyiséget.


Megoldás.


I1(λ) = Eλ


(
∂


∂λ
ln l1(ξ1, λ)


)2


=
∞∑


k=0


(
∂


∂λ
ln Pλ(ξ1 = k)


)2


Pλ(ξ1 = k) =


=
∞∑


k=0


(
∂


∂λ
ln λk


k! e−λ


)2
λk


k! e−λ =
∞∑


k=0


(
k


λ
− 1


)2
λk


k! e−λ =


=
∞∑


k=0


(
k(k − 1)


λ2 + 1 +
( 1


λ2 − 2
λ


)
k


)
λk


k! e−λ =


=
( ∞∑


k=2


λk−2


(k − 2)! +
∞∑


k=0


λk


k! +
(1


λ
− 2


) ∞∑
k=1


λk−1


(k − 1)!


)
e−λ =


=
(


eλ + eλ +
(1


λ
− 2


)
eλ
)


e−λ = 1
λ


.
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Másrészt
∞∑


k=0


∂


∂λ


λk


k! e−λ =
∞∑


k=0


1
k!
(
kλk−1e−λ − λke−λ


)
=


=
( ∞∑


k=1


λk−1


(k − 1)! −
∞∑


k=0


λk


k!


)
e−λ =


(
eλ − eλ


)
e−λ = 0,


azaz l1-re teljesül a bederiválási feltétel. Ebből kapjuk, hogy In(λ) = n
λ
.


3.37. Feladat. Legyen ξ ∈ Exp(λ). Határozzuk meg a Fisher-féle információmennyi-
séget.


Megoldás.


I1(λ) = Eλ


(
∂


∂λ
ln l1(ξ1, λ)


)2


=
∞∫


−∞


(
∂


∂λ
ln l1(x, λ)


)2


l1(x, λ) dx =


=
∞∫


0


(
∂


∂λ
ln λe−λx


)2


λe−λx dx =
∞∫


0


(1
λ


− x
)2


λe−λx dx =


= Eλ


(1
λ


− ξ
)2


= D2
λ ξ = 1


λ2 .


Másrészt
∞∫


−∞


∂


∂λ
fλ(x) dx =


∞∫
0


∂


∂λ
λe−λx dx =


∞∫
0


(1
λ


− x
)


λe−λx dx = Eλ


(1
λ


− ξ
)


= 0,


azaz l1-re teljesül a bederiválási feltétel. Ebből kapjuk, hogy In(λ) = n
λ2 .


3.38. Feladat. Legyen ξ egyenletes eloszlású a [0, b] intervallumon (b ∈ R+). Mu-
tassuk meg, hogy ekkor nem teljesül l1-re a bederiválási feltétel, továbbá az I1(b) és
In(b) meghatározásával bizonyítsuk be, hogy In ̸= nI1, ha n > 1.


Megoldás.
∞∫


−∞


∂
∂b


fb(x) dx =
b∫


0


∂
∂b


1
b


dx =
b∫


0


−1
b2 dx = −1


b
≠ 0, így l1-re valóban nem


teljesül a bederiválási feltétel.


I1(b) = Eb


(
∂


∂b
ln fb(ξ1)


)2


=
∞∫


−∞


(
∂


∂b
ln fb(x)


)2


fb(x) dx =


=
b∫


0


(
∂


∂b
ln 1


b


)2 1
b


dx =
b∫


0


(−1
b


)2 1
b


dx =
b∫


0


1
b3 dx = 1


b2 .


In(b) = Eb


(
∂


∂b


n∑
i=1


ln fb(ξi)
)2


= Eb


(
n∑


i=1


∂


∂b
ln fb(ξi)


)2


=


= Eb


(
n∑


i=1


∂


∂b
ln 1


b


)2


= Eb


(
n∑


i=1


−1
b


)2


= Eb


(−n


b


)2
= n2


b2 .


Tehát ekkor In(b) = n2I1(b), azaz n > 1 esetén In(b) ̸= nI1(b).
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3.39. Tétel (Rao–Cramér-egyenlőtlenség). Legyen T (ξ1, . . . , ξn) véges szórású torzí-
tatlan becslése g(ϑ)-nak, ahol g : Θ → R differenciálható függvény. Tegyük fel, hogy
l1-re és T ln-re teljesül a bederiválási feltétel, továbbá, hogy I1 létezik és pozitív. Ekkor


D2
ϑ T (ξ1, . . . , ξn) ≥


(
g′(ϑ)


)2


nI1(ϑ)


minden ϑ ∈ Θ esetén. A (g′(ϑ))2


nI1(ϑ) kifejezés az úgynevezett információs határ.


Bizonyítás. Csak abszolút folytonos esetben bizonyítunk, de diszkrét esetben analóg
módon járhatunk el, melyet az Olvasóra bízunk. Korábban már láttuk, hogy az adott
feltételekkel In létezik és In = nI1 > 0. Legyen


ϱ := g′(ϑ)
In(ϑ)


∂


∂ϑ
ln ln(ξ1, . . . , ξn, ϑ).


Ekkor


Eϑ(ϱ2) =
(


g′(ϑ)
In(ϑ)


)2


Eϑ


(
∂


∂ϑ
ln ln(ξ1, . . . , ξn, ϑ)


)2


=


(
g′(ϑ)


)2


In(ϑ) ,


másrészt


Eϑ(ϱ) = g′(ϑ)
In(ϑ) Eϑ


(
∂


∂ϑ
ln ln(ξ1, . . . , ξn, ϑ)


)
=


= g′(ϑ)
In(ϑ) Eϑ


(
∂


∂ϑ


n∑
i=1


ln fϑ(ξi)
)


=


= g′(ϑ)
In(ϑ)


n∑
i=1


Eϑ


(
∂


∂ϑ
ln fϑ(ξi)


)
=


= g′(ϑ)
In(ϑ)


n∑
i=1


∞∫
−∞


(
∂


∂ϑ
ln fϑ(x)


)
fϑ(x) dx =


= g′(ϑ)
In(ϑ)


n∑
i=1


∞∫
−∞


∂


∂ϑ
fϑ(x) dx = 0.


Ezekből D2
ϑ(ϱ) = Eϑ(ϱ2) = (g′(ϑ))2


In(ϑ) , másrészt τ := T (ξ1, . . . , ξn) jelöléssel


covϑ(τ, ϱ) = Eϑ(τϱ) = g′(ϑ)
In(ϑ) Eϑ


(
τ


∂


∂ϑ
ln ln(ξ1, . . . , ξn, ϑ)


)
=


= g′(ϑ)
In(ϑ)


∫
Rn


T (x1, . . . , xn) ∂


∂ϑ
ln(x1, . . . , xn, ϑ) dx1 · · · dxn =


= g′(ϑ)
In(ϑ)


∂


∂ϑ


∫
Rn


T (x1, . . . , xn)ln(x1, . . . , xn, ϑ) dx1 · · · dxn =


= g′(ϑ)
In(ϑ)


∂


∂ϑ
Eϑ(τ) = g′(ϑ)


In(ϑ)
∂


∂ϑ
g(ϑ) =


(
g′(ϑ)


)2


In(ϑ) .
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Így 0 ≤ D2
ϑ(τ −ϱ) = D2


ϑ(τ)+D2
ϑ(ϱ)−2 covϑ(τ, ϱ) = D2


ϑ(τ)− (g′(ϑ))2


In(ϑ) , melyből következik
az állítás.
3.40. Lemma (Bederiválhatósági lemma). Ha T (ξ1, . . . , ξn) véges szórású statisz-
tika, I1 létezik, pozitív és folytonos, továbbá


√
l1(x, ϑ) a ϑ változóban folytonosan


differenciálható minden x ∈ X esetén, akkor l1-re és T ln-re teljesül a bederiválási
feltétel.


A bizonyítást nem közöljük, mert terjedelmes és bonyolult. (Lásd pl. [1, 16. § 1.
Lemma, 164. oldal, VI. Tétel bizonyítása, 470. oldal].) A bederiválhatósági lemma
I1-re és l1-re vonatkozó feltételeit gyenge regularitási feltételeknek is nevezzük.
3.41. Feladat. A Rao–Cramér-egyenlőtlenséggel bizonyítsuk be, hogy egy 0 < p < 1
valószínűségű esemény relatív gyakorisága hatásos becslése p-nek.
Megoldás. Legyen ξ egy 0 < p < 1 paraméterű karakterisztikus eloszlású valószínűségi
változó, és a rávonatkozó minta ξ1, . . . , ξn. Korábban láttuk, hogy ξ véges szórású
torzítatlan becslése p-nek és In(p) = n


p(1−p) . Másrészt g′(p) = (p)′ = 1 miatt az
információs határ p(1−p)


n
= D2


p(ξ). Most legyen T (ξ1, . . . , ξn) tetszőleges véges szórású
torzítatlan becslése p-nek. Mivel X véges, ezért l1-re és T ln-re teljesül a bederiválási
feltétel. Így a Rao–Cramér-egyenlőtlenség miatt D2


p T (ξ1, . . . , ξn) ≥ D2
p(ξ). Ebből


következik az állítás.
3.42. Feladat. Legyen ξ ∈ Norm(m; σ), ahol σ > 0 rögzített. Bizonyítsuk be, hogy
a mintaátlag hatásos becslése m-nek.
Megoldás. Korábban láttuk, hogy ξ véges szórású torzítatlan becslése m-nek és
In(m) = n


σ2 . Másrészt g′(m) = (m)′ = 1 miatt az információs határ σ2


n
= D2


m(ξ).
Most legyen T (ξ1, . . . , ξn) tetszőleges véges szórású torzítatlan becslése m-nek. Mivel
a bederiválhatósági lemma minden feltétele teljesül, ezért l1-re és T ln-re teljesül
a bederiválási feltétel. Így a Rao–Cramér-egyenlőtlenség miatt D2


m T (ξ1, . . . , ξn) ≥
≥ D2


m(ξ). Ebből következik az állítás.
3.43. Feladat. Legyen ξ ismeretlen λ paraméterű Poisson-eloszlású. Bizonyítsuk be,
hogy a mintaátlag hatásos becslése λ-nak.
Megoldás. Tudjuk, hogy ξ véges szórású torzítatlan becslése λ-nak és In(λ) = n


λ
.


Másrészt g′(λ) = (λ)′ = 1 miatt az információs határ λ
n


= D2
λ(ξ). Most legyen


T (ξ1, . . . , ξn) tetszőleges véges szórású torzítatlan becslése λ-nak. Mivel a bederivál-
hatósági lemma minden feltétele teljesül, ezért l1-re és T ln-re teljesül a bederiválási
feltétel. Így a Rao–Cramér-egyenlőtlenség miatt D2


λ T (ξ1, . . . , ξn) ≥ D2
λ(ξ). Ebből


következik az állítás.
3.44. Feladat. Legyen ξ ∈ Exp(λ). Bizonyítsuk be, hogy a mintaátlag hatásos
becslése 1


λ
-nak.


Megoldás. Korábban láttuk, hogy ξ véges szórású torzítatlan becslése 1
λ
-nak és


In(λ) = n
λ2 . Másrészt g′(λ) = ( 1


λ
)′ = −1


λ2 miatt az információs határ 1
nλ2 = D2


λ(ξ).
Most legyen T (ξ1, . . . , ξn) tetszőleges véges szórású torzítatlan becslése 1


λ
-nak. Mivel


a bederiválhatósági lemma minden feltétele teljesül, ezért l1-re és T ln-re teljesül
a bederiválási feltétel. Így a Rao–Cramér-egyenlőtlenség miatt D2


λ T (ξ1, . . . , ξn) ≥
≥ D2


λ(ξ). Ebből következik az állítás.
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3.3. Pontbecslési módszerek
A fejezet hátralévő részében két általános módszert ismertetünk pontbecslések konst-
ruálására.


3.3.1. Momentumok módszere
Ez volt az első általános eljárás pontbecslések készítésére. A módszer K. Pearson
nevéhez fűződik. Az elve az, hogy r darab ismeretlen paraméter esetén a k-adik
momentumot a k-adik tapasztalati momentummal becsüljük (k = 1, . . . , r). A kö-
vetkező tétel szerint, bizonyos feltételek esetén az így kapott becslései az ismeretlen
paramétereknek erősen konzisztensek.


3.45. Tétel. Legyen a vizsgált valószínűségi változó ξ és a paramétertér Θ ⊂ Rr


nyílt halmaz. Tegyük fel, hogy Eϑ ξr létezik és véges minden ϑ = (ϑ1, . . . , ϑr) ∈ Θ
esetén, ∂


∂ϑj
Eϑ ξi létezik és folytonos Θ-n minden i, j ∈ { 1, . . . , r } esetén, továbbá az


úgynevezett Jacobi-determináns


det
(


∂


∂ϑj


Eϑ ξi


)
̸= 0


minden ϑ = (ϑ1, . . . , ϑr) ∈ Θ esetén. Ha az


1
n


n∑
i=1


ξk
i = Eϑ ξk, k = 1, . . . , r


egyenletrendszernek 1-hez tartó valószínűséggel létezik ϑ̂n = (ϑ̂1n, . . . , ϑ̂rn) egyértelmű
megoldása, amint n → ∞, akkor ϑ̂kn erősen konzisztens becsléssorozata ϑk-nak
(k = 1, . . . , r).


Bizonyítás. Legyen


G : Θ → Rr, G(ϑ) := (Eϑ ξ1, . . . , Eϑ ξr).


Az inverzfüggvény-tétel miatt (lásd [14, 230. oldal]) az adott feltételekkel G−1 (G
inverze) létezik és folytonos, így Θ nyíltsága miatt G(Θ) is nyílt. Ebből létezik rögzített
ϑ ∈ Θ esetén G(ϑ)-nak olyan ε > 0 sugarú környezete, mely részhalmaza G(Θ)-nak.
A nagy számok erős törvénye miatt 1


n


n∑
i=1


ξk
i erősen konzisztens becsléssorozata Eϑ ξk-


nak (k = 1, . . . , r), melyből a konzisztencia is következik. Így bármely δ > 0 esetén
van olyan N ∈ N, hogy n > N esetén


Pϑ


(∣∣∣∣∣ 1n
n∑


i=1
ξk


i − Eϑ ξk


∣∣∣∣∣ ≥ ε√
r


)
<


δ


r
, k = 1, . . . , r.


Innen kapjuk, hogy


Pϑ


 r∑
k=1


(
1
n


n∑
i=1


ξk
i − Eϑ ξk


)2


≥ ε2


 ≤
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≤ Pϑ


 r⋃
k=1


{(
1
n


n∑
i=1


ξk
i − Eϑ ξk


)2


≥ ε2


r


} ≤


≤
r∑


k=1
Pϑ


( 1
n


n∑
i=1


ξk
i − Eϑ ξk


)2


≥ ε2


r


 < δ,


azaz mk := 1
n


n∑
i=1


ξk
i jelöléssel (m1, . . . , mk) ∈ G(Θ) legalább 1 − δ valószínűséggel,


amennyiben n > N . Ebből következik, hogy


lim
n→∞


Pϑ


(
(m1, . . . , mk) ∈ G(Θ)


)
= 1.


Tehát 1-hez tartó valószínűséggel ϑ̂n = G−1(m1, . . . , mk). 1
n


n∑
i=1


ξk
i erősen konzisz-


tens becsléssorozata Eϑ ξk-nak (k = 1, . . . , r), melyből a G−1 folytonossága miatt 1
valószínűséggel teljesül, hogy


lim
n→∞


G−1(m1, . . . , mk) = G−1
(
G(ϑ)


)
= ϑ.


Mindezekből
Pϑ


(
lim


n→∞
ϑ̂n = ϑ


)
= 1.


(Az utóbbi két határérték koordinátánként értendő.) Ezzel az állítás bizonyított.


3.46. Feladat. Bizonyítsuk be, hogy ha ξ ∈ Exp(λ), akkor λ̂n = n
n∑


i=1
ξi


erősen


konzisztens becsléssorozata λ-nak.


Megoldás. Az előző tétel feltételei teljesülnek, így az


1
n


n∑
i=1


ξi = Eλ ξ = 1
λ


megoldása erősen konzisztens becsléssorozata λ-nak.


3.47. Feladat. ξ ∈ Norm(m; σ) esetén számoljuk ki az m és σ becslését a momentu-
mok módszerével.


Megoldás. A következő egyenletrendszert kapjuk:


1
n


n∑
i=1


ξi = m


1
n


n∑
i=1


ξ2
i = m2 + σ2


Ennek a megoldása m̂n = ξ és σ̂n = Sn. Ezekről már korábban is láttuk, hogy erősen
konzisztens becsléssorozatok, de az előző tétel is ezt mutatja, hiszen a feltételek
teljesülnek.
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3.48. Feladat. Legyen ξ egyenletes eloszlású az ismeretlen [a, b] intervallumon.
Számoljuk ki az a és b becslését a momentumok módszerével. Bizonyítsuk be, hogy
ezek erősen konzisztens becsléssorozatok.


Megoldás. A következő egyenletrendszert kapjuk:


1
n


n∑
i=1


ξi = a + b


2
1
n


n∑
i=1


ξ2
i = (a − b)2


12 +
(


a + b


2


)2


Ennek a megoldása ân = ξ −
√


3Sn és b̂n = ξ +
√


3Sn. Egyszerű számolással kap-
juk, hogy a Jacobi-determináns b−a


6 , így az előző tétel miatt teljesül, hogy ezek a
becsléssorozatok erősen konzisztensek.


3.3.2. Maximum likelihood becslés
A maximum likelihood (magyarul: legnagyobb valószínűség) becslés elve az, hogy
adott mintarealizációhoz az ismeretlen paramétereknek olyan becslését adjuk meg,
amely mellett az adott mintarealizáció a legnagyobb valószínűséggel következik be.


Ennek az elvnek a vizsgálatában feltesszük, hogy a vizsgált ξ valószínűségi változó
abszolút folytonos vagy diszkrét, Θ ⊂ Rr, a ξ-re vonatkozó minta ξ1, . . . , ξn, továbbá
a ξ értékkészlete X, azaz a mintatér Xn. Ha ξ abszolút folytonos, akkor fϑ jelölje
ξ-nek a Pϑ-ból származó sűrűségfüggvényét, ahol ϑ = (ϑ1, . . . , ϑr) ∈ Θ. Először a
már korábban definiált likelihood függvényt terjesztjük ki Θ ⊂ Rr esetre.


3.49. Definíció. A ξ1, . . . , ξn minta likelihood függvénye


ln : Xn × Θ → R,


ln(x1, . . . , xn, ϑ1, . . . , ϑr) :=



n∏


i=1
fϑ(xi), ha ξ absz. folyt.,


n∏
i=1


Pϑ(ξi = xi), ha ξ diszkrét.


3.50. Definíció. A ϑ̂k = Tk(ξ1, . . . , ξn) statisztika a ϑk maximum likelihood becslése
(k = 1, . . . , r), ha


ln


(
ξ1(ω), . . . , ξn(ω), ϑ̂1(ω), . . . , ϑ̂r(ω)


)
≥ ln


(
ξ1(ω), . . . , ξn(ω), ϑ1, . . . , ϑr


)
minden (ϑ1, . . . , ϑr) ∈ Θ és ω ∈ Ω esetén.


Tehát a becslés kiszámítása nem más, mint szélsőértékhely keresés. Praktikus
okból nem a likelihood függvénynek fogjuk a maximumhelyét keresni, hanem a
természetes alapú logaritmusának. Ezzel a szélsőértékhely nem változik, hiszen ln
szigorúan monoton növekvő függvény. Az ok az, hogy ekkor nem szorzatot, hanem
összeget kell vizsgálni, ami a szélsőérték keresésének deriválásos módszerénél sokkal
előnyösebb alak.
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3.51. Definíció. A ξ1, . . . , ξn minta loglikelihood függvénye Ln := ln ln, ahol Ln


értelmezési tartománya azon pontokból áll, ahol ln pozitív.


3.52. Feladat. Legyen ξ egyenletes eloszlású az [a, b] intervallumon. Számoljuk ki a
és b maximum likelihood becslését.


Megoldás. A loglikelihood függvény


Ln(ξ1, . . . , ξn, a, b) = −n ln(b − a), ha ξ∗
1 ≥ a és ξ∗


n ≤ b,


Ennek maximumhelye â = ξ∗
1 és b̂ = ξ∗


n, így a maximum likelihood becslése a-nak
â = ξ∗


1 és b-nek b̂ = ξ∗
n.


3.53. Feladat. Legyen ξ Poisson-eloszlású λ paraméterrel. Számoljuk ki λ maxi-
mum likelihood becslését azzal a feltevéssel, hogy a mintarealizációnak van nullától
különböző eleme.


Megoldás. Ln(ξ1, . . . , ξn, λ) =
n∑


i=1
ln λξi


ξi! e−λ =
n∑


i=1
(ξi ln λ − ln ξi! − λ), ami λ változó


szerint differenciálható függvény az R+ halmazon. Mivel


∂


∂λ
Ln(ξ1, . . . , ξn, λ) = nξ


λ
− n = 0


megoldása ξ, és ∂2


∂λ2 Ln(ξ1, . . . , ξn, ξ) = −n/ξ < 0, ezért ξ lokális maximumhely.
Mivel R+ összefüggő halmaz, és csak egy lokális szélsőértékhely van, ezért ξ globális
maximumhely. Tehát a maximum likelihood becslése λ-nak λ̂ = ξ.


3.54. Feladat. Legyen ξ ∈ Exp(λ). Számoljuk ki λ maximum likelihood becslését.


Megoldás. Ln(ξ1, . . . , ξn, λ) =
n∑


i=1
ln
(
λe−λξi


)
=


n∑
i=1


(ln λ − λξi) = n ln λ − λnξ, ami λ


változó szerint differenciálható függvény az R+ halmazon. Mivel


∂


∂λ
Ln(ξ1, . . . , ξn, λ) = n


λ
− nξ = 0


megoldása 1/ξ, és ∂2


∂λ2 Ln(ξ1, . . . , ξn,1/ξ) = −nξ
2


< 0, ezért 1/ξ lokális maximumhely.
Mivel R+ összefüggő halmaz, és csak egy lokális szélsőértékhely van, ezért 1/ξ globális
maximumhely. Tehát a maximum likelihood becslése λ-nak λ̂ = 1/ξ.


3.55. Feladat. Legyen ξ ∈ Norm(m; σ). Számoljuk ki m és σ maximum likelihood
becslését.


Megoldás. A loglikelihood függvény


Ln(ξ1, . . . , ξn, m, σ) =
n∑


i=1
ln
(


1
σ


√
2π


exp
(


−(ξi − m)2


2σ2


))
=


=
n∑


i=1


(
− ln σ − ln


√
2π − (ξi − m)2


2σ2


)
,
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ami m és σ változók szerint parciálisan differenciálható függvény az R×R+ halmazon.
Tekintsük a következő egyenletrendszert:


∂


∂m
Ln(ξ1, . . . , ξn, m, σ) = n


σ2 (ξ − m) = 0


∂


∂σ
Ln(ξ1, . . . , ξn, m, σ) = −n


σ
+ 1


σ3


n∑
i=1


(ξi − m)2 = 0


Ennek egyetlen megoldása: m̂ = ξ és σ̂ = Sn. Másrészt


A := ∂2


∂m2 Ln(ξ1, . . . , ξn, m̂, σ̂) = − n


S2
n


< 0


B := ∂2


∂σ2 Ln(ξ1, . . . , ξn, m̂, σ̂) = −2n


S2
n


C := ∂2


∂m∂σ
Ln(ξ1, . . . , ξn, m̂, σ̂) = 0


továbbá AB−C2 = 2n2


S4
n


> 0, így (ξ, Sn) lokális maximumhely. Mivel R×R+ összefüggő
halmaz, és csak egy lokális szélsőértékhely van, ezért (ξ, Sn) globális maximumhely.
Tehát a maximum likelihood becslése m-nek m̂ = ξ, illetve σ-nak σ̂ = Sn.


Az utóbbi három példában láttuk, hogy a maximum likelihood becslés meghatá-
rozásánál kulcsszerepe lehet a


∂


∂ϑk


Ln(ξ1, . . . , ξn, ϑ1, . . . , ϑr) = 0 (k = 1, . . . , r)


egyenletrendszernek. Ezt az egyenletrendszert likelihood egyenletrendszernek nevezzük.
Természetesen r = 1 esetén egyenletrendszer helyett egyenletet kapunk. Sokszor a
likelihood egyenletrendszer megoldása és a maximum likelihood becslés egybeesik,
de ez nem mindig van így. Ilyen példa konstruálása igen bonyolult, most eltekintünk
tőle.


A likelihood egyenlet megoldásának a jó tulajdonságát, bizonyos feltételek esetén,
a következő tétel fogalmazza meg.


3.56. Tétel (Wald-tétel). Ha Θ ⊂ R, az L1 differenciálható a valódi ϑ∗ paraméter
egy U ⊂ Θ környezetében, továbbá Eϑ∗ L1(ξ, ϑ) létezik és véges minden ϑ ∈ U esetén,
akkor a likelihood egyenletnek van olyan ϑ̂ megoldása, amelyre teljesül, hogy


Pϑ∗


(
lim


n→∞
ϑ̂ = ϑ∗


)
= 1,


ahol n a minta elemszámát jelenti.


Bizonyítás. Csak abszolút folytonos esetben bizonyítunk, de diszkrét esetben analóg
módon járhatunk el, melyet az Olvasóra bízunk. Mivel − ln konvex függvény, ezért a
Jensen-egyenlőtlenség alapján minden ϑ ∈ U esetén


Eϑ∗ L1(ξ, ϑ) − Eϑ∗ L1(ξ, ϑ∗) = Eϑ∗ ln l1(ξ, ϑ)
l1(ξ, ϑ∗) ≤
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≤ ln Eϑ∗
l1(ξ, ϑ)
l1(ξ, ϑ∗) = ln


∞∫
−∞


fϑ(x) dx = ln 1 = 0,


azaz az identifikálhatóság miatt minden ϑ ∈ U, ϑ ̸= ϑ∗ esetén


Eϑ∗ L1(ξ, ϑ) < Eϑ∗ L1(ξ, ϑ∗).


A Kolmogorov-féle nagy számok erős törvénye és


Ln(ξ1, . . . , ξn, ϑ) =
n∑


i=1
ln fϑ(ξi)


miatt
Pϑ∗


(
lim


n→∞


1
n


Ln(ξ1, . . . , ξn, ϑ) = Eϑ∗ L1(ξ, ϑ)
)


= 1


minden ϑ ∈ U esetén. Mindezekből kapjuk, hogy


Pϑ∗


(
lim


n→∞


1
n


Ln(ξ1, . . . , ξn, ϑ) < lim
n→∞


1
n


Ln(ξ1, . . . , ξn, ϑ∗)
)


= 1


minden ϑ ∈ U, ϑ ̸= ϑ∗ esetén. Ebből elég nagy n-ekre kapjuk, hogy


Pϑ∗


(
Ln(ξ1, . . . , ξn, ϑ) < Ln(ξ1, . . . , ξn, ϑ∗)


)
= 1


minden ϑ ∈ U, ϑ ̸= ϑ∗ esetén. Most legyen δ > 0 olyan, hogy ϑ∗ ± δ ∈ U . Ekkor elég
nagy n-ekre


Pϑ∗


(
Ln(ξ1, . . . , ξn, ϑ∗ ± δ) < Ln(ξ1, . . . , ξn, ϑ∗)


)
= 1,


melyből következik az állítás, hiszen δ tetszőlegesen kicsi lehet.


A likelihood egyenlet egy megoldásának további jó tulajdonságait állítja Cramér
tétele, melyet bonyolultsága miatt nem taglalunk (lásd pl. [2, 90. oldal]).
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4. fejezet


Intervallumbecslések


4.1. Az intervallumbecslés feladata
Legyen ξ a vizsgált valószínűségi változó az (Ω, F , P), P = { Pϑ : ϑ ∈ Θ } statisztikai
mezőn, ahol Θ ⊂ Rv nyílt halmaz. A feladat (ϑ1, . . . , ϑv) ∈ Θ, k ∈ { 1, . . . , v }
jelöléssel ϑk valódi értékének becslése.


Amint korábban láttuk a pontbecslés ϑk valódi értékét egy számmal becsüli.
Mindezt egy statisztika realizációjával tettük meg. Intervallumbecslésnél egy olyan
intervallumot adunk meg, amelybe a ϑk valódi értéke nagy valószínűséggel beleesik.
Ezen intervallum alsó és felső végpontját egy-egy statisztika realizációjával adjuk
meg. Magát a becslő intervallumot konfidenciaintervallumnak fogjuk nevezni.


4.1. Definíció. Legyen a ξ-re vonatkozó minta ξ1, . . . , ξn, továbbá


τ1 := T1(ξ1, . . . , ξn) és τ2 := T2(ξ1, . . . , ξn)


statisztikák. Azt mondjuk, hogy [τ1, τ2] 1−α biztonsági szintű konfidenciaintervallum
a ϑk paraméterre, ha


Pϑ(τ1 ≤ ϑk ≤ τ2) ≥ 1 − α


minden ϑ = (ϑ1, . . . , ϑv) ∈ Θ esetén, ahol 0 < α < 1. A [τ1, τ2] intervallumot centrált
konfidenciaintervallumnak nevezzük ϑk-ra, ha


Pϑ(ϑk < τ1) = Pϑ(ϑk > τ2)


minden ϑ = (ϑ1, . . . , ϑv) ∈ Θ esetén. Az


inf
ϑ∈Θ


Pϑ(τ1 ≤ ϑk ≤ τ2)


értéket a ϑk-ra vonatkozó [τ1, τ2] konfidenciaintervallum pontos biztonsági szintjének
nevezzük.


Ha ξ diszkrét, akkor adott α-hoz nem feltétlenül található olyan konfidenciain-
tervallum, melynek 1 − α a pontos biztonsági szintje. Ezért definiáltuk a biztonsági
szintet az előző módon.
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4.2. Konfidenciaintervallum a normális eloszlás pa-
ramétereire


4.2. Feladat. Legyen ξ ∈ Norm(m; σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta. Tegyük
fel, hogy m ismeretlen, de σ ismert. Adjunk m-re olyan centrált konfidenciainterval-
lumot, melynek 1 − α a pontos biztonsági szintje.


A megoldáshoz szükségünk lesz a következő tételre.


4.3. Tétel. Ha ξ ∈ Norm(m; σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta, akkor


ξ − m


σ


√
n ∈ Norm(0; 1).


Bizonyítás. Tudjuk, hogy ξ normális eloszlású, E ξ = E ξ = m és D2 ξ = 1
n2 n D2 ξ =


= 1
n
σ2, azaz ξ ∈ Norm


(
m; σ√


n


)
. Így, ha F jelöli a ξ−m


σ


√
n eloszlásfüggvényét, akkor


x ∈ R esetén


F (x) = P
(


ξ <
σ√
n


x + m


)
= Φ


 σ√
n
x + m − m


σ√
n


 = Φ(x).


Ezzel bizonyított az állítás.


Most térjünk vissza a feladatra.
Megoldás. Legyen c ∈ R+. Ekkor az előző tétel szerint


Pm


(
−c ≤ ξ − m


σ


√
n ≤ c


)
= Φ(c) − Φ(−c) = 2Φ(c) − 1.


Mivel 2Φ(c) − 1 = 1 − α pontosan akkor teljesül, ha c = Φ−1(1 − α
2 ), ezért ilyen c-re


átrendezéssel azt kapjuk, hogy


Pm


(
ξ − σ√


n
c ≤ m ≤ ξ + σ√


n
c


)
= 1 − α.


Könnyű látni, hogy ez centrált konfidenciaintervallum, hiszen


Pm


(
m > ξ + σ√


n
c


)
= Pm


(
ξ − m


σ


√
n < −c


)
=


= Φ(−c) = 1 − Φ(c) = 1 −
(


1 − α


2


)
= α


2 .


Összefoglalva tehát a megoldás:


τ1 := ξ − σ√
n


Φ−1
(


1 − α


2


)
τ2 := ξ + σ√


n
Φ−1


(
1 − α


2


)
jelölésekkel [τ1, τ2] olyan centrált konfidenciaintervallum m-re, melynek 1−α a pontos
biztonsági szintje.
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4.4. Feladat. Legyen ξ ∈ Norm(m; σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta. Tegyük
fel, hogy m ismert és σ ismeretlen. Adjunk σ-ra olyan centrált konfidenciaintervallu-
mot, melynek 1 − α a pontos biztonsági szintje.


A megoldáshoz szükségünk lesz a következő tételre.


4.5. Tétel. Ha ξ ∈ Norm(m; σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta, akkor
n∑


i=1


(ξi − m)2


σ2 ∈ Khi(n).


Bizonyítás. Mivel ξi−m
σ


(i = 1, . . . , n) független standard normális eloszlású valószí-
nűségi változók, ezért a négyzetösszegük n szabadsági fokú khi-négyzet eloszlású
valószínűségi változó.


A feladat megoldása előtt bevezetünk egy jelölést, melyet a továbbiakban gyakran
fogunk alkalmazni. Legyen η egy tetszőleges valószínűségi változó és V az η-val azonos
eloszlású valószínűségi változók halmaza. Ekkor F [V] jelölje a V-beli valószínűségi
változók közös eloszlásfüggvényét. Például Φ = F [Norm(0; 1)].
Megoldás. Legyen c1, c2 ∈ R+ és F = F [Khi(n)]. Ekkor az előző tétel szerint


Pσ


(
n∑


i=1


(ξi − m)2


σ2 < c1


)
= F (c1),


Pσ


(
n∑


i=1


(ξi − m)2


σ2 > c2


)
= 1 − F (c2).


Mivel F (c1) = 1 − F (c2) = α
2 pontosan akkor teljesül, ha c1 = F −1(α


2 ) és c2 =
= F −1(1 − α


2 ), ezért ebben az esetben


Pσ


(
c1 ≤


n∑
i=1


(ξi − m)2


σ2 ≤ c2


)
= 1 − α,


azaz átrendezve


Pσ


√√√√ 1
c2


n∑
i=1


(ξi − m)2 ≤ σ ≤


√√√√ 1
c1


n∑
i=1


(ξi − m)2


 = 1 − α.


Vegyük észre, hogy α
2 < 1 − α


2 miatt c1 < c2. Összefoglalva tehát a megoldás:


F := F [Khi(n)]


τ1 :=


√√√√√√
n∑


i=1
(ξi − m)2


F −1
(
1 − α


2


)


τ2 :=


√√√√√√
n∑


i=1
(ξi − m)2


F −1
(


α
2


)
jelölésekkel [τ1, τ2] olyan centrált konfidenciaintervallum σ-ra, melynek 1−α a pontos
biztonsági szintje.
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4.6. Feladat. Legyen ξ ∈ Norm(m; σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta (n ≥ 2).
Tegyük fel, hogy m és σ ismeretlenek. Adjunk σ-ra centrált konfidenciaintervallumot,
melynek 1 − α a pontos biztonsági szintje.


A megoldáshoz szükségünk lesz a következő tételre.
4.7. Tétel. Ha ξ ∈ Norm(m; σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta (n ≥ 2),
akkor ξ és S2


n függetlenek, továbbá


S2
n


σ2 n ∈ Khi(n − 1).


Bizonyítás. Legyen X := (ξ1 − m, . . . , ξn − m)⊤, az U olyan n × n-es ortonormált
mátrix (azaz U⊤U egységmátrix), melynek első sorában minden elem 1√


n
, továbbá


Y := (η1, . . . , ηn)⊤ := UX. Ekkor η1 = 1√
n


n∑
i=1


(ξi − m), azaz 1√
n
η1 = ξ − m, továbbá


n∑
i=1


(ξi − m)2 = X⊤X = X⊤U⊤UX = Y ⊤Y =
n∑


i=1
η2


i .


Mindezekből a Steiner-formula alapján


S2
n = 1


n


n∑
i=1


(ξi − m)2 − (ξ − m)2 = 1
n


n∑
i=1


η2
i − 1


n
η2


1 = 1
n


n∑
i=2


η2
i ,


azaz
S2


n


σ2 n =
n∑


i=2


(
ηi


σ


)2
.


Jelölje uij az U mátrix i-edik sorában és j-edik oszlopában álló elemét. Ekkor


ηi =
n∑


j=1
uij(ξj − m),


amiből következik, hogy ηi normális eloszlású,


E ηi =
n∑


j=1
uij(E ξj − m) = 0


és az U ortonormáltsága miatt


D2 ηi =
n∑


j=1
u2


ij D2(ξj − m) = σ2
n∑


j=1
u2


ij = σ2.


Így ηi ∈ Norm(0; σ). Másrészt i ̸= j esetén


cov (ηi, ηj) = E ηiηj =
n∑


l=1


n∑
t=1


uilujt cov(ξl, ξt) =
n∑


l=1
uilujl = 0.


Ezekből következik, hogy η1, . . . , ηn függetlenek. Mivel ξ csak η1-től függ, illetve S2
n


csak η2, . . . , ηn-től függ, ezért ξ és S2
n függetlenek.


Másrészt azt is kaptuk, hogy η2
σ


, . . . , ηn


σ
olyan független standard normális eloszlású


valószínűségi változók, melyeknek a négyzetösszege S2
n


σ2 n. Ebből már következik, hogy
S2


n


σ2 n ∈ Khi(n − 1).
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Most rátérünk a feladat megoldására.
Megoldás. Legyen c1, c2 ∈ R+ és F = F [Khi(n − 1)]. Ekkor az előző tétel szerint


P(m,σ)


(
S2


n


σ2 n < c1


)
= F (c1),


P(m,σ)


(
S2


n


σ2 n > c2


)
= 1 − F (c2).


Mivel F (c1) = 1 − F (c2) = α
2 pontosan akkor teljesül, ha c1 = F −1(α


2 ) és c2 =
= F −1(1 − α


2 ), ezért ebben az esetben


P(m,σ)


(
c1 ≤ S2


n


σ2 n ≤ c2


)
= 1 − α,


azaz átrendezve
P(m,σ)


(
Sn


√
n


c2
≤ σ ≤ Sn


√
n


c1


)
= 1 − α.


Vegyük észre, hogy α
2 < 1 − α


2 miatt c1 < c2. Összefoglalva tehát a megoldás:


F := F [Khi(n − 1)]


τ1 := Sn


√√√√ n


F −1
(
1 − α


2


)
τ2 := Sn


√√√√ n


F −1
(


α
2


)
jelölésekkel [τ1, τ2] olyan centrált konfidenciaintervallum σ-ra, melynek 1−α a pontos
biztonsági szintje.
4.8. Megjegyzés. Az előző megoldásban τ1 és τ2 független m-től, ezért ez akkor is jó
megoldást ad, ha a feladat feltételében m ismert.
4.9. Feladat. Legyen ξ ∈ Norm(m; σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta (n ≥ 2).
Tegyük fel, hogy m és σ ismeretlenek. Adjunk m-re centrált konfidenciaintervallumot,
melynek 1 − α a pontos biztonsági szintje.


A megoldáshoz szükségünk lesz a következő tételre.
4.10. Tétel. Ha ξ ∈ Norm(m; σ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta (n ≥ 2),
akkor


ξ − m


S∗
n


√
n ∈ T(n − 1).


Bizonyítás. Korábban láttuk, hogy
ξ − m


σ


√
n ∈ Norm(0; 1) és S2


n


σ2 n ∈ Khi(n − 1),


továbbá ezek függetlenek. Így
√


n − 1 ξ−m
σ


√
n√


S2
n


σ2 n
= ξ − m


Sn


√
n − 1 = ξ − m


S∗
n


√
n ∈ T(n − 1).
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Rátérünk a feladat megoldására.
Megoldás. Legyen c ∈ R+ és F = F [T(n − 1)]. Ekkor az előző tétel szerint


P(m,σ)


(
−c ≤ ξ − m


S∗
n


√
n ≤ c


)
= F (c) − F (−c) = 2F (c) − 1.


Mivel 2F (c) − 1 = 1 − α pontosan akkor teljesül, ha c = F −1(1 − α
2 ), ezért ilyen c-re


átrendezéssel azt kapjuk, hogy


P(m,σ)


(
ξ − S∗


n√
n


c ≤ m ≤ ξ + S∗
n√
n


c


)
= 1 − α.


Könnyű látni, hogy ez centrált konfidenciaintervallum, hiszen


P(m,σ)


(
m > ξ + S∗


n√
n


c


)
= P(m,σ)


(
ξ − m


S∗
n


√
n < −c


)
=


= F (−c) = 1 − F (c) = 1 −
(


1 − α


2


)
= α


2 .


Összefoglalva tehát a megoldás:


F := F [T(n − 1)]


τ1 := ξ − S∗
n√
n


F −1
(


1 − α


2


)
τ2 := ξ + S∗


n√
n


F −1
(


1 − α


2


)


jelölésekkel [τ1, τ2] olyan centrált konfidenciaintervallum m-re, melynek 1−α a pontos
biztonsági szintje.
4.11. Megjegyzés. Az előző megoldásban τ1 és τ2 független σ-tól, ezért ez akkor is jó
megoldást ad, ha a feladat feltételében σ ismert.


4.3. Konfidenciaintervallum az exponenciális elosz-
lás paraméterére


4.12. Feladat. Legyen ξ ∈ Exp(λ) és ξ1, . . . , ξn egy ξ-re vonatkozó minta. Tegyük
fel, hogy λ ismeretlen. Adjunk λ-ra centrált konfidenciaintervallumot, melynek 1 − α
a pontos biztonsági szintje.


Megoldás. Mivel x > 0 esetén


Pλ (λξ < x) = Pλ


(
ξ <


x


λ


)
= 1 − e−λ x


λ = 1 − e−x,


ezért λξ ∈ Exp(1), következésképpen


λξ1 + · · · + λξn = λnξ ∈ Gamma(n; 1).
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Így c1, c2 ∈ R+ és F = F [Gamma(n; 1)] esetén


Pλ


(
λnξ < c1


)
= F (c1),


Pλ


(
λnξ > c2


)
= 1 − F (c2).


Mivel F (c1) = 1 − F (c2) = α
2 pontosan akkor teljesül, ha c1 = F −1(α


2 ) és c2 =
= F −1(1 − α


2 ), ezért ebben az esetben


Pλ


(
c1 ≤ λnξ ≤ c2


)
= 1 − α,


azaz átrendezve
Pλ


(
c1


nξ
≤ λ ≤ c2


nξ


)
= 1 − α.


Vegyük észre, hogy α
2 < 1 − α


2 miatt c1 < c2. Összefoglalva tehát a megoldás:


F := F [Gamma(n; 1)]


τ1 := 1
nξ


F −1
(


α


2


)
τ2 := 1


nξ
F −1


(
1 − α


2


)
jelölésekkel [τ1, τ2] olyan centrált konfidenciaintervallum λ-ra, melynek 1−α a pontos
biztonsági szintje.


4.4. Konfidenciaintervallum valószínűségre
4.13. Feladat. Legyen ξ ∈ Bin(1; p) és ξ1, . . . , ξn egy ξ-re vonatkozó minta. Tegyük
fel, hogy p ismeretlen. Adjunk p-re centrált konfidenciaintervallumot, melynek 1 − α
a biztonsági szintje.


Vegyük észre, hogy ξ egy p valószínűségű esemény indikátorváltozója, így a feladat
úgy is megfogalmazható, hogy egy esemény valószínűségére adjon konfidenciainter-
vallumot. (Ekkor ξ az esemény relatív gyakoriságát jelenti n kísérlet után.)
Megoldás. Bizonyítható, hogy


τ1 := 1
n


max
{


z ∈ N :
z∑


i=0


(
n


i


)
ξ


i(1 − ξ)n−i <
α


2


}


τ2 := 1
n


min
{


z ∈ N :
z∑


i=0


(
n


i


)
ξ


i(1 − ξ)n−i ≥ 1 − α


2


}


jelölésekkel [τ1, τ2] 1 − α biztonsági szintű konfidenciaintervallum p-re. Ennek bizonyí-
tása azon múlik, hogy nξ ∈ Bin(n; p), de itt nem részletezzük (lásd [7, 103–105. oldal]).


Az előző megoldás kiszámítása nagy n-re komplikált. Ennek kikerülésére eb-
ben az esetben lehetőség van egy másik konfidenciaintervallum szerkesztésére is a
Moivre – Laplace-tétel segítségével. Ugyanis nξ ∈ Bin(n; p) miatt c ∈ R+ esetén


Pp


−c ≤ nξ − np√
np(1 − p)


≤ c


 ≃ Φ(c) − Φ(−c) = 2Φ(c) − 1.
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Mivel 2Φ(c) − 1 = 1 − α pontosan akkor teljesül, ha c = Φ−1(1 − α
2 ), ezért ilyen c-re


átrendezéssel azt kapjuk, hogy


Pp


((
1 + c2


n


)
p2 −


(
2ξ + c2


n


)
p + ξ


2 ≤ 0
)


≃ 1 − α.


A p-ben másodfokú (
1 + c2


n


)
p2 −


(
2ξ + c2


n


)
p + ξ


2


polinom gyökei
ξ + c2


2n
± c√


n


√
ξ(1 − ξ) + c2


4n


1 + c2


n


,


így


c := Φ−1
(


1 − α


2


)


τ1 :=
ξ + c2


2n
− c√


n


√
ξ(1 − ξ) + c2


4n


1 + c2


n


τ2 :=
ξ + c2


2n
+ c√


n


√
ξ(1 − ξ) + c2


4n


1 + c2


n


jelölésekkel [τ1, τ2] 1 − α biztonsági szintű konfidenciaintervallum p-re. Ha n olyan
nagy, hogy 1


n
elhanyagolhatóan kicsi 1√


n
-hez képest, akkor a megoldás tovább egysze-


rűsíthető:


τ1 = ξ − c√
n


√
ξ(1 − ξ)


τ2 = ξ + c√
n


√
ξ(1 − ξ).


4.5. Általános módszer konfidenciaintervallum ké-
szítésére


Legyen ξ a vizsgált valószínűségi változó az (Ω, F , P), P = { Pϑ : ϑ ∈ Θ } statisztikai
mezőn, ahol Θ ⊂ R nyílt halmaz, és a ξ valószínűségi változó Fϑ eloszlásfüggvénye
folytonos minden ϑ ∈ Θ esetén. Mivel x > 0 esetén


Pϑ (− ln Fϑ(ξ) < x) = Pϑ


(
ξ > F −1


ϑ (e−x)
)


= 1 − Fϑ(F −1
ϑ (e−x)) = 1 − e−x,


ezért − ln Fϑ(ξ) ∈ Exp(1), következésképpen


−
n∑


i=1
ln Fϑ(ξi) ∈ Gamma(n; 1).
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Így c1, c2 ∈ R+ és F = F [Gamma(n; 1)] esetén


Pϑ


(
−


n∑
i=1


ln Fϑ(ξi) < c1


)
= F (c1),


Pϑ


(
−


n∑
i=1


ln Fϑ(ξi) > c2


)
= 1 − F (c2).


Mivel F (c1) = 1 − F (c2) = α
2 pontosan akkor teljesül, ha c1 = F −1(α


2 ) és c2 =
= F −1(1 − α


2 ), ezért ebben az esetben


Pϑ


(
c1 ≤ −


n∑
i=1


ln Fϑ(ξi) ≤ c2


)
= 1 − α.


Innen a konfidenciaintervallum szerencsés esetben már megadható. Tulajdonképpen
ezt alkalmaztuk az exponenciális eloszlás paraméterének intervallumbecslésénél.


4.14. Feladat. Legyen ξ az [a, b] intervallumon egyenletes eloszlású, ahol a ismert,
b ismeretlen, és ξ1, . . . , ξn a ξ-re vonatkozó minta. Adjunk b-re centrált konfidenciain-
tervallumot, melynek 1 − α a biztonsági szintje.


Megoldás. Mivel Fb(ξi) = ξi−a
b−a


, így az előzőek miatt a


c1 ≤ −
n∑


i=1
ln ξi − a


b − a
≤ c2


egyenlőtlenséget kell b-re rendezni. Azt kapjuk, hogy


a +
(


ec1
n∏


i=1
(ξi − a)


) 1
n


≤ b ≤ a +
(


ec2
n∏


i=1
(ξi − a)


) 1
n


,


így a feladat megoldása:


F := F [Gamma(n; 1)]


c1 := F −1
(


α


2


)
c2 := F −1


(
1 − α


2


)


τ1 := a +
(


ec1
n∏


i=1
(ξi − a)


) 1
n


τ2 := a +
(


ec2
n∏


i=1
(ξi − a)


) 1
n


jelölésekkel [τ1, τ2] olyan centrált konfidenciaintervallum b-re, melynek 1 − α a pontos
biztonsági szintje.
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5. fejezet


Hipotézisvizsgálatok


5.1. A hipotézisvizsgálat feladata és jellemzői
Ebben a fejezetben azt vizsgáljuk, hogyan lehet dönteni a mintarealizáció alapján
arról, hogy egy a statisztikai mezőre vonatkozó feltételezést, más szóval hipotézist
elfogadjuk-e igaznak vagy sem. Ez a hipotézis lehet például az, hogy a vizsgált
valószínűségi változó normális eloszlású, vagy a valószínűségi változó várható értéke
megfelel az előírásnak, vagy két valószínűségi változó független, vagy várható értékeik
megegyeznek stb.


5.1.1. Null- illetve ellenhipotézis
Azt a feltételezést, amelyről döntést akarunk hozni, nullhipotézisnek nevezzük és
H0-val jelöljük. Legyen PH0 azon valószínűségek halmaza, melyek a H0 teljesülése
esetén lehetségesek. Feltételezzük, hogy ez nem üres halmaz. Ha H0-t elutasítjuk,
akkor egy azzal ellentétes állítást fogadunk el, melyet ellenhipotézisnek nevezünk és
H1-gyel jelölünk. Általában H0 és H1 közül az egyik mindig bekövetkezik, de ez nem
mindig van így (lásd például az úgynevezett egyoldali ellenhipotéziseket). Ennek okát
később taglaljuk. Legyen PH1 azon valószínűségek halmaza, melyek a H1 teljesülése
esetén lehetségesek. Feltételezzük, hogy ez nem üres halmaz.


5.1.2. Statisztikai próba, elfogadási és kritikus tartomány
Tegyük fel, hogy a ξ1, ξ2, . . . , ξk valószínűségi változókkal kapcsolatos H0. A ξi-re
vonatkozzon a ξi1, ξi2 . . . , ξini


minta (i = 1, . . . , k). Legyen


C0 ⊂ Rn1 × Rn2 × · · · × Rnk .


Vezessük be a


ξminta := (ξ11, ξ12, . . . , ξ1n1 , ξ21, ξ22, . . . , ξ2n2 , . . . , ξk1, ξk2, . . . , ξknk
)


jelölést. Ha a kísérletben az ω ∈ Ω elemi esemény következett be, és


ξminta(ω) ∈ C0,
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azaz a mintarealizáció benne van C0-ban, akkor H0-t elfogadjuk, ellenkező esetben
pedig elutasítjuk. Ezt az eljárást statisztikai próbának vagy hipotézisvizsgálatnak
nevezzük. C0 az úgynevezett elfogadási tartomány. C0 komplementerét C1-gyel jelöljük
és kritikus tartománynak nevezzük.


5.1.3. Statisztikai próba terjedelme és torzítatlansága
Döntésünk lehet helyes vagy helytelen az alábbiak szerint:


H0-t elfogadjuk H0-t elutasítjuk
H0 igaz helyes döntés elsőfajú hiba
H1 igaz másodfajú hiba helyes döntés


Legyen 0 < α < 1
2 . Az α számot a próba terjedelmének nevezzük, ha


P(ξminta ∈ C1) ≤ α ∀ P ∈ PH0


teljesül, azaz az elsőfajú hiba valószínűsége legfeljebb α. Ekkor az 1 − α számot a
próba szintjének nevezzük. Ez azt az értéket jelenti, amelynél nagyobb vagy egyenlő
valószínűséggel elfogadjuk H0-t, ha az igaz. A próba pontos terjedelme α, ha


sup
P∈PH0


P(ξminta ∈ C1) = α.


Ha a vizsgált valószínűségi változók diszkrétek, akkor adott α-hoz nem biztosan
található olyan elfogadási tartomány, mellyel a próba pontos terjedelme α. Ezért
definiáltuk a próba terjedelmét az előző módon.


Ha egy α terjedelmű próba esetén


P(ξminta ∈ C1) ≥ α ∀ P ∈ PH1


teljesül, akkor a próbát torzítatlannak nevezzük. Ez azt jelenti, hogy H0-t nagyobb
valószínűséggel utasítjuk el, ha H1 igaz, mint amikor H0 igaz.


5.1.4. Próbastatisztika
Elfogadási tartomány konstruálásához H0 esetén ismert eloszlású


τ := T (ξminta)


statisztikára lesz szükségünk, mely lényegesen másképp viselkedik H0 illetve H1
teljesülése esetén. Az ilyen statisztikát próbastatisztikának nevezzük. Ekkor rögzített
α esetén meg tudunk adni egy olyan Iτ ⊂ R intervallumot, melyre


P(τ ∈ Iτ ) ≥ 1 − α ∀ P ∈ PH0 .


Célszerűbb a P(τ ∈ Iτ ) = 1 − α ∀ P ∈ PH0 feltétel, mert ekkor α a pontos terjedelem
lesz, de ez nem mindig teljesíthető. Az Iτ végpontjait kritikus értékeknek nevezzük.
Ezután legyen


C0 := { x ∈ Rn1 × Rn2 × · · · × Rnk : T (x) ∈ Iτ } .
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Mivel a ξminta ∈ C0 esemény pontosan akkor következik be, amikor τ ∈ Iτ , ezért
ekkor α terjedelmű próbát kapunk.


A gyakorlatban sokkal egyszerűbb a τ ∈ Iτ esemény megadása, mint a C0 felírása,
ezért az előbbit választjuk. Szokás a τ ∈ Iτ eseményt, illetve az Iτ halmazt is
elfogadási tartománynak nevezni. Hasonlóan, a τ ̸∈ Iτ eseményt, illetve az R \ Iτ


halmazt is szokás kritikus tartománynak nevezni.


5.1.5. A statisztikai próba menete
Amikor a rögzített α próbaterjedelemhez és a választott τ próbastatisztikához meg-
választjuk az Iτ intervallumot, akkor ügyelni kell arra, hogy a másodfajú hiba
valószínűsége – azaz annak a valószínűsége, hogy H1 teljesülése esetén H0-t elfogad-
juk – kicsi legyen. Ehhez Iτ megadásánál nem csak H0-t, hanem H1-t is figyelembe
kell venni. A gyakorlatban a menetrend a következő:


1. H0 ismeretében kiválasztjuk a τ próbastatisztikát.


2. H1 és τ ismeretében kiválasztjuk R \ Iτ jellegét: (−∞, a), (b, ∞), (c, d) stb. Ez
fontos pont, mert ha itt rosszul választunk, akkor a másodfajú hiba valószínűsége
túl nagy lesz.


3. A τ próbastatisztika H0 esetén teljesülő eloszlásának, Iτ jellegének és α-nak az
ismeretében meghatározzuk a kritikus értékeket.


4. A próbastatisztika, a mintarealizáció és Iτ ismeretében döntést hozunk. Ha a
próbastatisztika realizációja Iτ -ba esik, akkor H0-t elfogadjuk H1 ellenében α
terjedelemmel. Ha a próbastatisztika realizációja nem esik Iτ -ba, akkor H0-t
elutasítjuk H1 ellenében α terjedelemmel, vagyis ilyenkor H1-gyet fogadjuk el.


5.1.6. A nullhipotézis és az ellenhipotézis megválasztása
A gyakorlatban nem minden esetben érdemes a sejtésünket, vagy az elvárásunkat
megválasztani nullhipotézisnek, mert nem találnánk hozzá próbastatisztikát. Ilyenkor
ezt ellenhipotézisként kezeljük, és egy olyan ezzel ellentétes állítást fogadunk el null-
hipotézisnek, amelyhez már találunk megfelelő próbastatisztikát. Mindez érthetőbbé
válik a következő példán:


A tejiparban hasznos lehetne egy olyan eljárás, melynek révén nagyobb arányban
születne üszőborjú, mint bikaborjú, hiszen ekkor több fejőstehenet nevelhetnének fel
azonos születésszám mellett. Egy kutató javasol egy ilyen eljárást. Hogyan lehetne
ellenőrizni az állítását? Jelölje p annak a valószínűségét, hogy az eljárás alkalmazásával
üszőborjú születik. Ekkor a kutató állítása az, hogy p > 1


2 . Ezt viszont nem célszerű
H0-nak választani, ugyanis ekkor nem találunk próbastatisztikát. Ehelyett legyen
ez az ellenhipotézis, míg p = 1


2 a nullhipotézis. Ebben az esetben már könnyű
próbastatisztikát megadni. Ugyanis ha ξ jelenti az eljárás révén üszőborjú születésének
az indikátorváltozóját, és a ξ-re vonatkozó minta ξ1, . . . , ξn, akkor nξ azt jelenti,
hogy n-szer alkalmazva az eljárást hány darab üszőborjú született. Az nξ meg is felel
próbastatisztikának, hiszen H0 esetén n-edrendű 1


2 paraméterű binomiális eloszlású.
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Ebből a példából láthatóan nem feltétlenül kell teljesülnie, hogy H0 és H1 közül
az egyik mindig bekövetkezik. Nézzünk erre egy másik példát is:


Egy kereskedő egy malomtól nagy tételben lisztet rendel 1 kg-os kiszerelésben. Je-
lentse ξ a leszállított tételből egy véletlenszerűen kiválasztott zacskó liszt tömegének
eltérését az elvárt 1 kg-tól. Ekkor az a nullhipotézis, hogy E ξ = 0. Ha ξ jó közelítéssel
normális eloszlásúnak tekinthető, akkor a későbbiekben tárgyalt úgynevezett egy-
mintás t-próbánál látni fogjuk, hogy ehhez találhatunk próbastatisztikát. Most az a
kérdés, hogy mi legyen az ellenhipotézis. Ha E ξ ≠ 0 lenne, akkor H0 elutasítása esetén
csak az derülne ki, hogy a zacskók tömege nem felel meg a rendelésnek. Ez azonban
nem biztosan jelent rosszat a kereskedőnek. Hiszen, ha valójában E ξ > 0 teljesül,
akkor a kereskedőtől vásárlók csak ritkán reklamálnának. Ezért célszerűbb E ξ < 0
megválasztása H1-nek. Ekkor ugyanis H0 elutasítása esetén érdemes megfontolnia a
kereskedőnek a leszállított tétel visszautasítását. Vagyis most a kereskedő számára
rossz esetet tekintjük ellenhipotézisnek, azt remélvén, hogy a módszer nagy valószí-
nűséggel megvédi őt az előnytelen vételtől. Ehhez persze az kell, hogy a másodfajú
hiba valószínűsége kicsi legyen.


5.1.7. A próba erőfüggvénye és konzisztenciája
Ha ξ a vizsgált valószínűségi változó az (Ω, F , P), P = { Pϑ : ϑ ∈ Θ } statisztikai
mezőn, ahol Θ ⊂ R, és a ξ-re vonatkozó minta ξ1, . . . , ξn, továbbá ha ϑ0 ∈ Θ rögzített
és C1 kritikus tartomány mellett döntünk a H0 : ϑ = ϑ0 nullhipotézisről, akkor a


γ : Θ → R, γ(ϑ) := Pϑ


(
(ξ1, . . . , ξn) ∈ C1


)
függvényt a próba erőfüggvényének nevezzük. Ha H1 : ϑ ∈ Θ1(⊂ Θ \ { ϑ0 }) és


lim
n→∞


Pϑ


(
(ξ1, . . . , ξn) ∈ C1


)
= 1 ∀ϑ ∈ Θ1,


akkor azt mondjuk, hogy a próba konzisztens.
Az erőfüggvény a másodfajú hiba vizsgálatában hasznos. Ez az úgynevezett


egymintás u-próba kapcsán válik majd világossá. A konzisztencia tulajdonképpen azt
jelenti, hogy a másodfajú hiba valószínűsége a mintaelemek számának növelésével
0-hoz tart.


5.2. Paraméteres hipotézisvizsgálatok
Ha a nullhipotézis ismert eloszlástípusból származó valószínűségi változók eloszlásai-
nak paramétereire vonatkozik, akkor paraméteres hipotézisvizsgálatról beszélünk.


5.2.1. Egymintás u-próba
5.1. Feladat. Legyen ξ ∈ Norm(m; σ), ahol m ismeretlen és σ ismert, továbbá
legyen ξ1, . . . , ξn a ξ-re vonatkozó minta. A


H0 : m = m0
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H1 : m ̸= m0 (kétoldali ellenhipotézis)


hipotézisekre adjunk adott α terjedelmű próbát, ahol m0 ∈ R rögzített. A feladatot
oldjuk meg H1 : m < m0 és H1 : m > m0 úgynevezett egyoldali ellenhipotézisekre is.


Megoldás. Először próbastatisztikát adunk. Korábban már bizonyítottuk, hogy H0
teljesülése esetén


u := ξ − m0


σ


√
n ∈ Norm(0; 1).


A kritikus tartomány megadásánál vegyük figyelembe, hogy ξ az m torzítatlan
becslése, így H1 teljesülése esetén ξ − m0 várhatóan kritikus értékben eltávolodik
0-tól. Következésképpen a standard normális eloszlás szimmetriája miatt célszerűnek
tűnik, ha az elfogadási tartomány |u| ≤ a (a > 0) alakú. Ha P ∈ PH0 , akkor


P(|u| ≤ a) = 2Φ(a) − 1,


így P(|u| ≤ a) = 1 − α esetén a = Φ−1(1 − α
2 ) > 0. Tehát |u| ≤ Φ−1


(
1 − α


2


)
, azaz


2 − 2Φ(|u|) ≥ α


elfogadási tartománnyal olyan próbát kapunk, melynek a pontos terjedelme α. Ezt a
statisztikai próbát nevezzük egymintás u-próbának.


Most legyen az ellenhipotézis H1 : m < m0. Ennek teljesülése esetén ξ − m0
várhatóan kritikus értékben 0 alatt van. Így az elfogadási tartomány u ≥ b (b < 0)
jellegű. Ha P ∈ PH0 , akkor


P(u ≥ b) = 1 − Φ(b),


így P(u ≥ b) = 1 − α esetén b = Φ−1(α) < 0. Tehát u ≥ Φ−1(α), azaz


Φ(u) ≥ α


elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α. Ha
ξ ≤ m0, azaz u ≤ 0, akkor Φ(u) = 1 − Φ(−u) = 1 − Φ(|u|) miatt az elfogadási
tartomány


1 − Φ(|u|) ≥ α


alakban is írható. Ha ξ ≥ m0, azaz u ≥ 0, továbbá 0 < α < 0,5, akkor Φ(u) ≥
≥ Φ(0) = 0,5 > α, így ebben az esetben mindig H0 mellett döntünk H1 : m < m0
ellenében.


Ezután legyen az ellenhipotézis H1 : m > m0. Ennek teljesülése esetén ξ − m0
várhatóan kritikus értékben 0 fölött van. Így az elfogadási tartomány u ≤ c (c > 0)
jellegű. Ha P ∈ PH0 , akkor


P(u ≤ c) = Φ(c),


így P(u ≤ c) = 1 − α esetén c = Φ−1(1 − α) > 0. Tehát u ≤ Φ−1(1 − α), azaz


1 − Φ(u) ≥ α
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elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α. Ha
ξ ≥ m0, azaz u ≥ 0, akkor 1 − Φ(u) = 1 − Φ(|u|) miatt az elfogadási tartomány


1 − Φ(|u|) ≥ α


alakban is írható. Ha ξ ≤ m0, azaz u ≤ 0, továbbá 0 < α < 0,5, akkor 1 − Φ(u) =
= Φ(−u) ≥ Φ(0) = 0,5 > α, így ebben az esetben mindig H0 mellett döntünk
H1 : m > m0 ellenében.


5.2. Tétel. Az egymintás u-próba torzítatlan és konzisztens, továbbá az elsőfajú hiba
valószínűségének csökkentésével a másodfajú hiba valószínűsége nő.


Bizonyítás. Először számoljuk ki az u várható értékét és szórását:


Em u = Em ξ − m0


σ


√
n = m − m0


σ


√
n


Dm u =
√


n


σ
Dm ξ =


√
n


σ


√
1
n2 nσ2 = 1.


Mivel u az m bármely értéke esetén normális eloszlású, ezért azt kapjuk, hogy


u ∈ Norm
(


m − m0


σ


√
n; 1


)
.


Most tekintsük a kétoldali ellenhipotézis esetét. Ekkor uα/2 := Φ−1(1 − α
2 ) jelöléssel


az erőfüggvény


γ(m) = Pm


(
(ξ1, . . . , ξn) ∈ C1


)
=


= Pm(|u| > uα/2) = 1 − Pm(−uα/2 ≤ u ≤ uα/2) =


= 1 − Φ
(


uα/2 − m − m0


σ


√
n
)


+ Φ
(


−uα/2 − m − m0


σ


√
n
)


.


Deriváljuk γ-t, melyből azt kapjuk, hogy γ szigorúan monoton csökken a (−∞, m0]
intervallumon, illetve szigorúan monoton nő az [m0, ∞) intervallumon, továbbá
minimum helye van m0-ban, és a minimum értéke α. Az is könnyen látható, hogy
lim


m→∞
γ(m) = lim


m→−∞
γ(m) = 1. Az 5.1. ábrán γ grafikonját láthatjuk σ = 1, m0 =


= 0,5, α = 0,1, n = 10 paraméterekkel.
Mindezek alapján tehát, ha H1 : m ̸= m0 teljesül, akkor γ(m) > α, melyből


következik, hogy a próba torzítatlan. Ha γ-t mint n függvényét tekintjük, akkor
könnyen láthatjuk, hogy minden m ̸= m0 esetén lim


n→∞
γ(m) = 1, melyből már


következik, hogy a próba konzisztens, azaz a mintaelemek számának növelésével a
másodfajú hiba valószínűsége 0-hoz tart.


Ha α csökken, akkor uα/2 = Φ−1(1− α
2 ) nő, hiszen Φ−1 növekvő függvény. Másrészt,


ha γ-t mint uα/2 függvényét tekintjük, akkor könnyen ellenőrizhető, hogy dγ
duα/2


< 0,
azaz γ csökkenő. Mindezekből tehát kapjuk, hogy α csökkentésével γ is csökken, azaz
a másodfajú hiba valószínűsége nő.
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5.1. ábra


Ezután tekintsük a H1 : m < m0 egyoldali ellenhipotézist. Ekkor az erőfüggvény
uα = Φ−1(α) jelöléssel


γ(m) = Pm


(
(ξ1, . . . , ξn) ∈ C1


)
= Pm(u < uα) = Φ


(
uα − m − m0


σ


√
n
)


.


Φ szigorúan monoton növekvő, ezért γ szigorúan monoton csökkenő. Az is könnyen
látható, hogy γ(m0) = α, lim


m→∞
γ(m) = 0 és lim


m→−∞
γ(m) = 1. Az 5.2. ábrán γ


grafikonját láthatjuk σ = 1, m0 = 0,5, α = 0,1, n = 10 paraméterekkel.
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5.2. ábra


Mindezek alapján, ha H1 : m < m0 teljesül, akkor γ(m) > α, melyből következik,
hogy a próba torzítatlan. Ha γ-t mint n függvényét tekintjük, akkor minden m < m0
esetén lim


n→∞
γ(m) = 1, melyből már következik, hogy a próba konzisztens.


Ha α csökken, akkor uα = Φ−1(α) is csökken, másrészt ekkor Φ növekedése miatt
γ csökken. Mindezekből tehát kapjuk, hogy α csökkentésével γ is csökken, azaz a
másodfajú hiba valószínűsége nő.


A H1 : m > m0 eset tárgyalását az Olvasóra bízzuk.


5.2.2. Kétmintás u-próba
5.3. Feladat. Legyen ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) független valószínűségi
változók, ahol m1, m2 ismeretlenek és σ1, σ2 ismertek. Legyen ξ1, . . . , ξn1 a ξ-re
vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó minta. A


H0 : m1 = m2
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H1 : m1 ̸= m2 (kétoldali ellenhipotézis)


hipotézisekre adjunk adott α terjedelmű próbát. A feladatot oldjuk meg H1 : m1 < m2
illetve H1 : m1 > m2 egyoldali ellenhipotézisekre is.


Megoldás. Ha H0 igaz, akkor könnyen látható, hogy


u := ξ − η√
σ2


1
n1


+ σ2
2


n2


∈ Norm(0; 1).


Először vizsgáljuk a kétoldali ellenhipotézist. Ha ez teljesül, akkor ξ − η várhatóan
kritikus értékben messze van 0-tól. Következésképpen a standard normális eloszlás
szimmetriája miatt az elfogadási tartomány |u| ≤ a (a > 0) alakú. Ebből az egymintás
u-próbával megegyező módon bizonyítható, hogy az elfogadási tartomány |u| ≤
≤ Φ−1


(
1 − α


2


)
, azaz


2 − 2Φ(|u|) ≥ α.


Ezzel olyan próbát kapunk, melynek pontos terjedelme α.
Most legyen H1 : m1 < m2. Ha ez teljesül, akkor ξ −η várhatóan kritikus értékben


0 alatt van. Így az elfogadási tartomány u ≥ b (b < 0) jellegű. Ebből az egymintás
esettel megegyező módon bizonyítható, hogy u ≥ Φ−1(α), azaz


Φ(u) ≥ α


elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α. Ha
ξ ≤ η, azaz u ≤ 0, akkor Φ(u) = 1 − Φ(−u) = 1 − Φ(|u|) miatt az elfogadási
tartomány


1 − Φ(|u|) ≥ α


alakban is írható. Ha ξ ≥ η, azaz u ≥ 0, továbbá 0 < α < 0,5, akkor Φ(u) ≥
≥ Φ(0) = 0,5 > α, így ebben az esetben mindig H0 mellett döntünk H1 : m1 < m2
ellenében.


Hasonlóan, H1 : m1 > m2 esetén u ≤ Φ−1(1 − α) azaz


1 − Φ(u) ≥ α


elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α. Ha
ξ ≥ η, azaz u ≥ 0, akkor 1 − Φ(u) = 1 − Φ(|u|) miatt az elfogadási tartomány


1 − Φ(|u|) ≥ α


alakban is írható. Ha ξ ≤ η, azaz u ≤ 0, továbbá 0 < α < 0,5, akkor 1 − Φ(u) =
= Φ(−u) ≥ Φ(0) = 0,5 > α, így ebben az esetben mindig H0 mellett döntünk
H1 : m1 > m2 ellenében.


Ezt a statisztikai próbát nevezzük kétmintás u-próbának.


5.4. Tétel. A kétmintás u-próba torzítatlan és konzisztens, továbbá az elsőfajú hiba
valószínűségének csökkentésével a másodfajú hiba valószínűsége nő.
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Megoldás. Csak kétoldali ellenhipotézisre bizonyítunk, az egyoldaliakat az Olvasóra
bízzuk. Könnyen látható, hogy az m1, m2 bármely értékei esetén


u ∈ Norm


m1 − m2√
σ2


1
n1


+ σ2
2


n2


; 1


 ,


így uα/2 = Φ−1(1 − α
2 ) jelöléssel


γ(m1, m2) := P(m1,m2)
(
(ξ1, . . . , ξn1 , η1, . . . , ηn2) ∈ C1


)
=


= P(m1,m2)(|u| > uα/2) = 1 − P(m1,m2)(−uα/2 ≤ u ≤ uα/2) =


= 1 − Φ


uα/2 − m1 − m2√
σ2


1
n1


+ σ2
2


n2


+ Φ


−uα/2 − m1 − m2√
σ2


1
n1


+ σ2
2


n2


 .


Tekintsük ezt, mint m1, m2 szerinti kétváltozós függvényt. Ekkor a szokásos eljárással
kapjuk, hogy pontosan H0 esetén van minimuma a függvénynek és ott α az értéke.
Ebből már adódik, hogy a próba torzítatlan.


Ha γ-t, mint n1, n2 szerinti kétváltozós függvényt tekintjük, akkor n1 → ∞, n2 →
∞ esetén a határértéke 1, azaz a próba konzisztens.


Végül az utolsó állítást hasonlóan kell belátni, mint az egymintás u-próbánál.


5.2.3. Egymintás t-próba
5.5. Feladat. Legyen ξ ∈ Norm(m; σ), ahol m és σ ismeretlenek, továbbá legyen
ξ1, . . . , ξn a ξ-re vonatkozó minta (n ≥ 2). A


H0 : m = m0


H1 : m ̸= m0


hipotézisekre adjunk adott α terjedelmű próbát, ahol m0 ∈ R rögzített. A feladatot
oldjuk meg H1 : m < m0 illetve H1 : m > m0 egyoldali ellenhipotézisekre is.


Megoldás. Korábban bizonyítottuk, hogy H0 teljesülése esetén


t := ξ − m0


S∗
n


√
n ∈ T(n − 1).


A kétoldali ellenhipotézis teljesülése esetén ξ −m0 várhatóan kritikus értékben messze
van 0-tól. Következésképpen a t-eloszlás szimmetriája miatt célszerűnek tűnik, ha az
elfogadási tartomány |t| ≤ a (a > 0) alakú. A továbbiakban legyen


F = F [T(n − 1)].


Ha P ∈ PH0 , akkor
P(|t| ≤ a) = 2F (a) − 1,
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így P(|t| ≤ a) = 1 − α esetén a = F −1(1 − α
2 ) > 0. Tehát |t| ≤ F −1


(
1 − α


2


)
, azaz


2 − 2F (|t|) ≥ α


elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α.
Most legyen H1 : m < m0. Ennek teljesülésekor ξ−m0 várhatóan kritikus értékben


0 alatt van. Így az elfogadási tartomány t ≥ b (b < 0) jellegű. Ha P ∈ PH0 , akkor


P(t ≥ b) = 1 − F (b),


így P(t ≥ b) = 1 − α esetén b = F −1(α) < 0. Tehát t ≥ F −1(α), azaz


F (t) ≥ α


elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α. Ha
ξ ≤ m0, azaz t ≤ 0, akkor F (t) = 1 − F (−t) = 1 − F (|t|) miatt az elfogadási
tartomány


1 − F (|t|) ≥ α


alakban is írható. Ha ξ ≥ m0, azaz t ≥ 0, továbbá 0 < α < 0,5, akkor F (t) ≥
≥ F (0) = 0,5 > α, így ebben az esetben mindig H0 mellett döntünk H1 : m < m0
ellenében.


Hasonlóan, H1 : m > m0 esetén t ≤ F −1(1 − α), azaz


1 − F (t) ≥ α


elfogadási tartománnyal olyan próbát kapunk, melynek α a pontos terjedelme. Ha
ξ ≥ m0, azaz t ≥ 0, akkor 1 − F (t) = 1 − F (|t|) miatt az elfogadási tartomány


1 − F (|t|) ≥ α


alakban is írható. Ha ξ ≤ m0, azaz t ≤ 0, továbbá 0 < α < 0,5, akkor 1 − F (t) =
= F (−t) ≥ F (0) = 0,5 > α, így ebben az esetben mindig H0 mellett döntünk
H1 : m > m0 ellenében.


Ezt a statisztikai próbát nevezzük egymintás t-próbának.
5.6. Megjegyzés. Erre a próbára is teljesül, hogy torzítatlan, konzisztens és az elsőfajú
hiba valószínűségének csökkentésével a másodfajú hiba valószínűsége nő. Ennek
bizonyításában az egymintás u-próbánál leírtakhoz képest csak annyit kell még
felhasználni, hogy S∗


n konzisztens becsléssorozata σ-nak.


5.2.4. Kétmintás t-próba
5.7. Feladat. Legyenek ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) független valószínűségi
változók, ahol m1, m2, σ1, σ2 ismeretlenek és σ1 = σ2. Legyen ξ1, . . . , ξn1 a ξ-re
vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó minta (n1 ≥ 2, n2 ≥ 2). A


H0 : m1 = m2


H1 : m1 ̸= m2


hipotézisekre adjunk adott α terjedelmű próbát. A feladatot oldjuk meg H1 : m1 < m2
illetve H1 : m1 > m2 egyoldali ellenhipotézisekre is.
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A feladat megoldásához szükségünk lesz a következő tételre.


5.8. Tétel. Ha ξ, η ∈ Norm(m; σ) függetlenek, ξ1, . . . , ξn1 a ξ-re, illetve η1, . . . , ηn2


az η-ra vonatkozó minta (n1 ≥ 2, n2 ≥ 2), akkor


ξ − η√
n1S2


ξ,n1 + n2S2
η,n2


√
n1n2(n1 + n2 − 2)


n1 + n2
∈ T(n1 + n2 − 2).


Bizonyítás. Korábban már bizonyítottuk, hogy ξ, η, Sξ,n1 , Sη,n2 függetlenek, továbbá


X := ξ − η√
σ2


n1
+ σ2


n2


∈ Norm(0; 1)


Y :=
S2


ξ,n1


σ2 n1 ∈ Khi(n1 − 1)


Z :=
S2


η,n2


σ2 n2 ∈ Khi(n2 − 1).


Ezekből kapjuk, hogy W := Y + Z ∈ Khi(n1 + n2 − 2), továbbá X
√


n1+n2−2√
W


∈ T(n1 +
+ n2 − 2). Könnyen látható, hogy


X
√


n1 + n2 − 2√
W


= ξ − η√
n1S2


ξ,n1 + n2S2
η,n2


√
n1n2(n1 + n2 − 2)


n1 + n2
,


melyből kapjuk a tételt.


Most térjünk vissza a feladat megoldásához.
Megoldás. Az előző tételben bizonyítottuk, hogy H0 esetén


t := ξ − η√
n1S2


ξ,n1 + n2S2
η,n2


√
n1n2(n1 + n2 − 2)


n1 + n2
∈ T(n1 + n2 − 2).


Speciálisan n := n1 = n2 esetén


t = ξ − η√
S2


ξ,n + S2
η,n


√
n − 1 ∈ T(2n − 2).


A kétoldali ellenhipotézis teljesülésekor ξ − η várhatóan kritikus értékben messze
van 0-tól. Következésképpen a t-eloszlás szimmetriája miatt célszerűnek tűnik, ha az
elfogadási tartomány |t| ≤ a (a > 0) alakú. A továbbiakban legyen


F = F [T(n1 + n2 − 2)].


Ha P ∈ PH0 , akkor
P(|t| ≤ a) = 2F (a) − 1,


így P(|t| ≤ a) = 1 − α esetén a = F −1(1 − α
2 ) > 0. Tehát |t| ≤ F −1


(
1 − α


2


)
, azaz


2 − 2F (|t|) ≥ α
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elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α.
Hasonlóan az egymintás t-próbához kapjuk, hogy H1 : m1 < m2 esetén t ≥


≥ F −1(α), azaz
F (t) ≥ α


elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α. Ha
ξ ≤ η, azaz t ≤ 0, akkor F (t) = 1−F (−t) = 1−F (|t|) miatt az elfogadási tartomány


1 − F (|t|) ≥ α


alakban is írható. Ha ξ ≥ η, azaz t ≥ 0, továbbá 0 < α < 0,5, akkor F (t) ≥
≥ F (0) = 0,5 > α, így ebben az esetben mindig H0 mellett döntünk H1 : m1 < m2
ellenében.


Szintén az egymintás t-próbához hasonlóan H1 : m1 > m2 esetén t ≤ F −1(1 − α),
azaz


1 − F (t) ≥ α


elfogadási tartománnyal olyan próbát kapunk, melynek pontos terjedelme α. Ha
ξ ≥ η, azaz t ≥ 0, akkor 1 − F (t) = 1 − F (|t|) miatt az elfogadási tartomány


1 − F (|t|) ≥ α


alakban is írható. Ha ξ ≤ η, azaz t ≤ 0, továbbá 0 < α < 0,5, akkor 1 − F (t) =
= F (−t) ≥ F (0) = 0,5 > α, így ebben az esetben mindig H0 mellett döntünk
H1 : m1 > m2 ellenében.


Ezt a statisztikai próbát nevezzük kétmintás t-próbának.


5.2.5. Scheffé-módszer
5.9. Feladat. Oldjuk meg az 5.7. feladatot akkor is, ha az ismeretlen szórások
viszonyát nem ismerjük.


Szükségünk lesz a következő tételre.


5.10. Tétel. Legyenek ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) független valószínűségi
változók és ξ1, . . . , ξn1 a ξ-re vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó minta
(2 ≤ n1 ≤ n2). Ekkor m := m1 − m2 és σ :=


√
σ2


1 + n1
n2


σ2
2 jelölésekkel


ξi −
√


n1


n2
ηi + 1


√
n1n2


n1∑
k=1


ηk − η ∈ Norm(m; σ) (i = 1, . . . , n1)


független valószínűségi változók.


Bizonyítás. Az állítás n1 = n2 esetén triviális. Legyen 2 ≤ n1 < n2 és


ζi := ξi −
√


n1


n2
ηi + 1


√
n1n2


n1∑
k=1


ηk − η (i = 1, . . . , n1).


Ekkor
E ζi = m1 −


√
n1


n2
m2 + 1


√
n1n2


n1m2 − m2 = m1 − m2 = m,
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másrészt Ki := {1, . . . , n1} \ {i} és K := {n1 + 1, . . . , n2} jelölésekkel


ζi = ξi +
(


1
√


n1n2
− 1


n2


) ∑
k∈Ki


ηk − 1
n2


∑
k∈K


ηk +
(


1
√


n1n2
− 1


n2
−
√


n1


n2


)
ηi,


így


D2 ζi = σ2
1 +


(n1 − 1)
(


1
√


n1n2
− 1


n2


)2


+ n2 − n1


n2
2


+
(


1
√


n1n2
− 1


n2
−
√


n1


n2


)2
σ2


2,


melyből kapjuk, hogy D2 ζi = σ2
1 + n1


n2
σ2


2 = σ2. Mivel ζi = ξi +
n2∑


k=1
a


(i)
k ηk alakú,


azaz független normális eloszlású valószínűségi változók lineáris kombinációja, ezért
ζi ∈ Norm(m; σ). Még a függetlenséget kell belátni. Ehhez elég a cov(ζi, ζj) = 0 (i, j =
= 1, . . . , n1, i ̸= j) megmutatása.


n2∑
k=1


a
(i)
k a


(j)
k = (n1 − 2)


(
1


√
n1n2


− 1
n2


)2


+


+ 2
(


1
√


n1n2
− 1


n2


)(
1


√
n1n2


− 1
n2


−
√


n1


n2


)
+ n2 − n1


n2
2


= 0,


ezért i, j = 1, . . . , n1, i ̸= j esetén


cov(ζi, ζj) = cov
(


n2∑
k=1


a
(i)
k ηk,


n2∑
k=1


a
(j)
k ηk


)
=


=
n2∑


k=1


n2∑
l=1


a
(i)
k a


(j)
l cov(ηk, ηl) =


n2∑
k=1


a
(i)
k a


(j)
k σ2


2 = 0.


Ezzel a bizonyítást befejeztük.


Most térjünk rá a feladat megoldására.
Megoldás. Az előző tétel szerint van olyan normális eloszlású m = m1 − m2 várható
értékű ζ valószínűségi változó, hogy


ζi := ξi −
√


n1


n2
ηi + 1


√
n1n2


n1∑
k=1


ηk − η (i = 1, . . . , n1)


ζ-ra vonatkozó minta. Vegyük észre, hogy n1 = n2 esetén ζi = ξi − ηi. Végezzük el
erre a mintára az egymintás t-próbát m0 = 0 választással. Ekkor


m = 0 ⇐⇒ m1 = m2


m ̸= 0 ⇐⇒ m1 ̸= m2


m < 0 ⇐⇒ m1 < m2


m > 0 ⇐⇒ m1 > m2


miatt ennek a próbának a hipotézisei egybeesnek a feladat hipotéziseivel.
Ezt az eljárást Scheffé-módszernek nevezzük, amely tehát nem egy önálló próba,


hanem egy eljárás, melynek révén úgy transzformáljuk a mintát, hogy azon az
egymintás t-próba végrehajtható legyen, és ebből dönteni tudjunk a hipotézisekre
vonatkozóan.
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5.11. Megjegyzés. Tegyük fel, hogy a ξ-re és η-ra vonatkozó minták nem függetlenek,
hanem úgynevezett párosított minták, azaz valójában a (ξ, η) kétdimenziós vektor-
változóra vonatkozik. A feladat pontosan az, mint a Scheffé-módszernél volt, azaz a
várható értékeket kell összehasonlítani. Ha teljesül, hogy ξ − η normális eloszlású,
akkor könnyen láthatóan, a Scheffé-módszer (n1 = n2 eset) itt is alkalmazható, azaz
a különbség mintára kell végrehajtani az egymintás t-próbát m0 = 0 választással.


5.2.6. Welch-próba
Az 5.9. feladat egy széles körben elterjedt közelítő megoldását B. L. Welch 1947-ben
adta meg (lásd [19]), amely szerint a


t := ξ − η√√√√S∗2
ξ,n1


n1
+


S∗2
η,n2


n2


statisztika H0 teljesülése esetén megközelítőleg s szabadsági fokú t-eloszlású, ahol


a :=
S∗2


ξ,n1


n1
, b :=


S∗2
η,n2


n2
, c := (a + b)2


a2


n1 − 1 + b2


n2 − 1


jelölésekkel az s szabadsági fok a c értékének kerekítése a legközelebbi egészre. Ezután
a kétmintás t-próbánál leírtak szerint dönthetünk a hipotéziseinkről.


Ezt a próbát akkor szokták alkalmazni, ha az F-próba a szórások különbözőségét
mutatja ki, ugyanis a szórások egyezése esetén a kétmintás t-próba megbízhatóbb.


Legyen Fk := F [T(k)], ahol k ∈ N. Az előbb az F (|t|) ≃ Fs(|t|) közelítést
alkalmaztuk, de ezt lehet finomítani polinomiális interpolációval. Ehhez tekintsük azt
a g polinomot, melyre g(k) = Fk(|t|) minden k ∈ N esetén. Ezután az F (|t|) ≃ g(c)
közelítéssel számolhatunk tovább.


5.2.7. F-próba
A kétmintás t-próbát azzal a feltétellel tudjuk alkalmazni, hogy az ismeretlen szórások
megegyeznek. Ennek a feltételnek a teljesülését vizsgáljuk ebben az alszakaszban.


5.12. Feladat. Legyenek ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) független valószínű-
ségi változók, ahol m1, m2, σ1, σ2 ismeretlenek. Legyen ξ1, . . . , ξn1 a ξ-re vonatkozó,
illetve η1, . . . , ηn2 az η-ra vonatkozó minta (n1 ≥ 2, n2 ≥ 2). A


H0 : σ1 = σ2


H1 : σ1 ̸= σ2


hipotézisekre adjunk adott α terjedelmű próbát. A feladatot oldjuk meg H1 : σ1 < σ2
illetve H1 : σ1 > σ2 egyoldali ellenhipotézisekre is.


Szükség lesz a következő tételre.
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5.13. Tétel. Legyenek ξ ∈ Norm(m1; σ), η ∈ Norm(m2; σ) független valószínűségi
változók, ξ1, . . . , ξn1 a ξ-re vonatkozó, illetve η1, . . . , ηn2 az η-ra vonatkozó minta
(n1 ≥ 2, n2 ≥ 2). Ekkor


S∗2
ξ,n1


S∗2
η,n2


∈ F(n1 − 1; n2 − 1).


Bizonyítás. Korábban bizonyítottuk, hogy


S2
ξ,n1


σ2 n1 ∈ Khi(n1 − 1) és
S2


η,n2


σ2 n2 ∈ Khi(n2 − 1),


így ezek függetlensége miatt


(n2 − 1)S2
ξ,n1
σ2 n1


(n1 − 1)S2
η,n2
σ2 n2


=
n1


n1−1S2
ξ,n1


n2
n2−1S2


η,n2


=
S∗2


ξ,n1


S∗2
η,n2


∈ F(n1 − 1; n2 − 1).


Most térjünk vissza a feladat megoldására.
Megoldás. Az előző tétel szerint, ha H0 : σ1 = σ2 igaz, akkor


F :=
S∗2


ξ,n1


S∗2
η,n2


∈ F(n1 − 1; n2 − 1).


A H1 : σ1 ̸= σ2 ellenhipotézis teljesülésekor F várhatóan kritikus értékben messze van
1-től, hiszen a korrigált tapasztalati szórás torzítatlan becslése a szórásnak. Ezért az
elfogadási tartomány a ≤ F ≤ b alakú, ahol 0 < a < 1 < b. A továbbiakban legyen


F = F [F(n1 − 1; n2 − 1)].


Tegyük fel, hogy P ∈ PH0 esetén


P(F < a) = F (a) = α


2 ,


P(F > b) = 1 − F (b) = α


2 ,


azaz a = F −1
(


α
2


)
> 0 és b = F −1


(
1 − α


2


)
. Mivel 0,3 < F (1) < 0,7 (lásd az 1.112. lem-


mát), így α
2 < F (1) < 1 − α


2 biztosan teljesül. Ezért az ezzel ekvivalens a < 1 < b is
teljesül. Mivel P ∈ PH0 esetén


P(a ≤ F ≤ b) = F (b) − F (a) = 1 − α


2 − α


2 = 1 − α,


így F −1
(


α
2


)
≤ F ≤ F −1


(
1 − α


2


)
, azaz


2 min{ F (F), 1 − F (F) } ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk.
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A H1 : σ1 < σ2 teljesülésekor F várhatóan kritikus értékben kisebb 1-től. Ezért az
elfogadási tartomány F ≥ c alakú, ahol 0 < c < 1. Mivel P ∈ PH0-ra


P(F ≥ c) = 1 − F (c),


így P(F ≥ c) = 1 − α esetén c = F −1(α) > 0. Az α < F (1) biztosan teljesül
0 < α ≤ 0,3 esetén, így c < 1 is teljesül. Tehát F ≥ F −1(α), azaz


F (F) ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk. Ez S∗
ξ,n1 ≤ S∗


η,n2 és 0 < α ≤ 0,3
esetén ekvivalens azzal, hogy


min{ F (F), 1 − F (F) } ≥ α.


Valóban, ha min{ F (F), 1 − F (F) } ≥ α, akkor F (F) ≥ min{ F (F), 1 − F (F) } miatt
F (F) ≥ α is teljesül. Megfordítva, ha F (F) ≥ α, akkor F ≤ 1 miatt


min{ F (F), 1 − F (F) } =
F (F) ≥ α, ha F (F) ≤ 1


2 ,


1 − F (F) ≥ 1 − F (1) > 0,3 ≥ α, ha F (F) > 1
2 .


Vegyük még észre, hogy S∗
ξ,n1 ≥ S∗


η,n2 és 0 < α ≤ 0,3 esetén F (F) ≥ F (1) > 0,3 ≥ α.
Tehát ekkor H1 : σ1 < σ2 ellenhipotézissel szemben mindig H0 mellett döntünk.


A H1 : σ1 > σ2 ellenhipotézis teljesülése esetén F várhatóan kritikus értékben
nagyobb 1-től. Ezért az elfogadási tartomány F ≤ d alakú, ahol d > 1. Ekkor
P ∈ PH0-ra


P(F ≤ d) = F (d),


így P(F ≤ d) = 1 − α esetén d = F −1(1 − α). Mivel 1 − α > F (1) biztosan teljesül,
ha 0 < α ≤ 0,3, ezért d > 1 is teljesül. Tehát F ≤ F −1(1 − α), azaz


1 − F (F) ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk. Ez S∗
ξ,n1 ≥ S∗


η,n2 és 0 < α ≤ 0,3
esetén ekvivalens azzal, hogy


min{ F (F), 1 − F (F) } ≥ α.


Valóban, ha min{ F (F), 1 − F (F) } ≥ α, akkor 1 − F (F) ≥ min{ F (F), 1 − F (F) }
miatt 1 − F (F) ≥ α is teljesül. Megfordítva, ha 1 − F (F) ≥ α, akkor F ≥ 1 miatt


min{ F (F), 1 − F (F) } =
1 − F (F) ≥ α, ha F (F) ≥ 1


2 ,


F (F) ≥ F (1) > 0,3 ≥ α, ha F (F) < 1
2 .


Vegyük még észre, hogy S∗
ξ,n1 ≤ S∗


η,n2 és 0 < α ≤ 0,3 esetén 1 − F (F) ≥ 1 − F (1) >
> 0,3 ≥ α. Tehát ekkor H1 : σ1 > σ2 ellenhipotézissel szemben mindig H0 mellett
döntünk. Ezt a statisztikai próbát F-próbának nevezzük.
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5.2.8. Khi-négyzet próba normális eloszlás szórására
5.14. Feladat. Legyen ξ ∈ Norm(m; σ), ahol m és σ ismeretlenek. Legyen σ0 ∈ R+


rögzített és ξ1, . . . , ξn a ξ-re vonatkozó minta (n ≥ 2). A


H0 : σ = σ0


H1 : σ ̸= σ0


hipotézisekre adjunk adott α terjedelmű próbát. A feladatot oldjuk meg H1 : σ < σ0
illetve H1 : σ > σ0 egyoldali ellenhipotézisekre is.


Megoldás. Tudjuk, hogy H0 esetén


χ2 := S2
n


σ2
0


n ∈ Khi(n − 1).


Mivel S2
n


σ2
0
n = S∗


n
2


σ2
0


(n − 1) és S∗
n


2 a szórásnégyzet torzítatlan becslése, így σ ≠ σ0


teljesülése esetén χ2 várhatóan kritikus mértékben messze van n − 1-től. Így az
elfogadási tartományt válasszuk a ≤ χ2 ≤ b alakúnak, ahol 0 < a < n − 1 < b. A
továbbiakban legyen


F = F [Khi(n − 1)].
Tegyük fel, hogy P ∈ PH0 esetén


P(χ2 < a) = F (a) = α


2 ,


P(χ2 > b) = 1 − F (b) = α


2 ,


azaz a = F −1
(


α
2


)
> 0 és b = F −1


(
1 − α


2


)
. Mivel 0,5 < F (n − 1) < 0,7 (lásd


az 1.94. lemmát), így α
2 < F (n − 1) < 1 − α


2 biztosan teljesül. Ezért az ezzel
ekvivalens a < n − 1 < b is teljesül. Mivel P ∈ PH0 esetén


P(a ≤ χ2 ≤ b) = F (b) − F (a) = 1 − α


2 − α


2 = 1 − α,


így F −1
(


α
2


)
≤ χ2 ≤ F −1


(
1 − α


2


)
, azaz


2 min{ F (χ2), 1 − F (χ2) } ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk.
A H1 : σ < σ0 ellenhipotézis teljesülésekor χ2 várhatóan kritikus mértékben kisebb


n − 1-től. Azaz az elfogadási tartomány χ2 ≥ c alakú, ahol 0 < c < n − 1. Mivel
P ∈ PH0-ra


P(χ2 ≥ c) = 1 − F (c),
így P(χ2 ≥ c) = 1 − α esetén c = F −1(α) > 0. Erre teljesül, hogy c < n − 1, mert
0,5 < F (n − 1). Tehát így χ2 ≥ F −1(α), azaz


F (χ2) ≥ α
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elfogadási tartománnyal α terjedelmű próbát kapunk. Ez S∗
n ≤ σ0 és 0 < α ≤ 0,3


esetén ekvivalens azzal, hogy


min{ F (χ2), 1 − F (χ2) } ≥ α.


Valóban, ha min{ F (χ2), 1 − F (χ2) } ≥ α, akkor F (χ2) ≥ min{ F (χ2), 1 − F (χ2) }
miatt F (χ2) ≥ α is teljesül. Megfordítva, ha F (χ2) ≥ α, akkor χ2 ≤ n − 1 miatt


min{ F (χ2), 1 − F (χ2) } =
F (χ2) ≥ α, ha F (χ2) ≤ 1


2 ,


1 − F (χ2) ≥ 1 − F (n − 1) > 0,3 ≥ α, ha F (χ2) > 1
2 .


Vegyük még észre, hogy S∗
n ≥ σ0 és 0 < α ≤ 0,5 esetén F (χ2) ≥ F (n − 1) > 0,5 ≥ α.


Tehát ekkor H1 : σ < σ0 ellenhipotézissel szemben mindig H0 mellett döntünk.
Ha H1 : σ > σ0 teljesül, akkor χ2 várhatóan kritikus mértékben nagyobb n−1-től,


azaz az elfogadási tartomány χ2 ≤ d alakú, ahol d > n − 1. Mivel P ∈ PH0-ra


P(χ2 ≤ d) = F (d),


így P(χ2 ≤ d) = 1 − α esetén d = F −1(1 − α). Másrészt ekkor F (n − 1) < 0,7 miatt
0 < α ≤ 0,3 esetén d > n − 1. Tehát így χ2 ≤ F −1(1 − α), azaz


1 − F (χ2) ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk. Ez S∗
n ≥ σ0 és 0 < α ≤ 0,5


esetén ekvivalens azzal, hogy


min{ F (χ2), 1 − F (χ2) } ≥ α.


Valóban, ha min{ F (χ2), 1−F (χ2) } ≥ α, akkor 1−F (χ2) ≥ min{ F (χ2), 1−F (χ2) }
miatt 1 − F (χ2) ≥ α is teljesül. Megfordítva, ha 1 − F (χ2) ≥ α, akkor χ2 ≥ n − 1
miatt


min{ F (χ2), 1 − F (χ2) } =
1 − F (χ2) ≥ α, ha F (χ2) ≥ 1


2 ,


F (χ2) ≥ F (n − 1) > 0,5 ≥ α, ha F (χ2) < 1
2 .


Vegyük még észre, hogy S∗
n ≤ σ0 és 0 < α ≤ 0,3 esetén 1 − F (χ2) ≥ 1 − F (n − 1) >


> 0,3 ≥ α. Tehát ekkor H1 : σ > σ0 ellenhipotézissel szemben mindig H0 mellett
döntünk. Ez az úgynevezett khi-négyzet próba.


5.2.9. Statisztikai próba exponenciális eloszlás paraméterére
5.15. Feladat. Legyen ξ ∈ Exp(λ), ahol λ ismeretlen. Legyen λ0 ∈ R+ rögzített és
ξ1, . . . , ξn a ξ-re vonatkozó minta. A


H0 : λ = λ0


H1 : λ ̸= λ0


hipotézisekre adjunk adott α terjedelmű próbát. A feladatot oldjuk meg H1 : λ < λ0
illetve H1 : λ > λ0 egyoldali ellenhipotézisekre is.
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Megoldás. A λ intervallumbecslésénél láttuk, hogy H0 esetén


γ := λ0nξ ∈ Gamma(n; 1).


Mivel ξ az Eλ = 1
λ


torzítatlan becslése, így a H1 : λ ̸= λ0 (⇐⇒ n ̸= λ0
1
λ
n) ellen-


hipotézis teljesülésekor γ várhatóan kritikus mértékben messze van n-től. Azaz az
elfogadási tartomány a ≤ γ ≤ b alakú, ahol 0 < a < n < b. A továbbiakban legyen


F = F [Gamma(n; 1)].


Tegyük fel, hogy P ∈ PH0 esetén


P(γ < a) = F (a) = α


2 ,


P(γ > b) = 1 − F (b) = α


2 ,


azaz a = F −1
(


α
2


)
> 0 és b = F −1


(
1 − α


2


)
. Mivel 0,5 < F (n) < 0,7 (lásd az 1.73. lem-


mát), így α
2 < F (n) < 1 − α


2 biztosan teljesül. Ezért az ezzel ekvivalens a < n < b is
teljesül. Mivel P ∈ PH0 esetén


P(a ≤ γ ≤ b) = F (b) − F (a) = 1 − α


2 − α


2 = 1 − α,


így F −1
(


α
2


)
≤ γ ≤ F −1


(
1 − α


2


)
, azaz


2 min{ F (γ),1 − F (γ) } ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk.
A H1 : λ < λ0 (⇐⇒ n < λ0


1
λ
n) ellenhipotézis teljesülésekor γ (ellentétben a


korábbi próbákkal) várhatóan kritikus mértékben nagyobb n-től. Azaz az elfogadási
tartomány γ ≤ c alakú, ahol c > n. Mivel P ∈ PH0-ra


P(γ ≤ c) = F (c),


így P(γ ≤ c) = 1 − α esetén c = F −1(1 − α). Másrészt ekkor F (n) < 0,7 miatt
0 < α ≤ 0,3 esetén c > n. Tehát így γ ≤ F −1(1 − α), azaz


1 − F (γ) ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk. Ez 1/ ξ ≤ λ0 és 0 < α ≤ 0,5
esetén ekvivalens azzal, hogy


min{ F (γ), 1 − F (γ) } ≥ α.


Valóban, ha min{ F (γ), 1 − F (γ) } ≥ α, akkor 1 − F (γ) ≥ min{ F (γ), 1 − F (γ) }
miatt 1 − F (γ) ≥ α is teljesül. Megfordítva, ha 1 − F (γ) ≥ α, akkor γ ≥ n miatt


min{ F (γ), 1 − F (γ) } =
1 − F (γ) ≥ α, ha F (γ) ≤ 1


2 ,


F (γ) ≥ F (n) > 0,5 ≥ α, ha F (γ) > 1
2 .
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Vegyük még észre, hogy 1/ ξ ≥ λ0 és 0 < α ≤ 0,3 esetén 1 − F (γ) ≥ 1 − F (n) >
> 0,3 ≥ α. Tehát ekkor H1 : λ < λ0 ellenhipotézissel szemben mindig H0 mellett
döntünk.


A H1 : λ > λ0 (⇐⇒ n > λ0
1
λ
n) ellenhipotézis teljesülésekor γ (ellentétben a


korábbi próbákkal) várhatóan kritikus mértékben kisebb n-től. Azaz az elfogadási
tartomány γ ≥ d alakú, ahol 0 < d < n. Mivel P ∈ PH0-ra


P(γ ≥ d) = 1 − F (d),


így P(γ ≥ d) = 1 − α esetén d = F −1(α) > 0. Erre teljesül, hogy d < n, mert
0,5 < F (n). Tehát így γ ≥ F −1(α), azaz


F (γ) ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk. Ez 1/ ξ ≥ λ0 és 0 < α ≤ 0,3
esetén ekvivalens azzal, hogy


min{ F (γ), 1 − F (γ) } ≥ α.


Valóban, ha min{ F (γ), 1 − F (γ) } ≥ α, akkor F (γ) ≥ min{ F (γ), 1 − F (γ) } miatt
F (γ) ≥ α is teljesül. Megfordítva, ha F (γ) ≥ α, akkor γ ≤ n miatt


min{ F (γ), 1 − F (γ) } =
F (γ) ≥ α, ha F (γ) ≤ 1


2 ,


1 − F (γ) ≥ 1 − F (n) > 0,3 ≥ α, ha F (γ) > 1
2 .


Vegyük még észre, hogy 1/ ξ ≤ λ0 és 0 < α ≤ 0,5 esetén F (γ) ≥ F (n) > 0,5 ≥ α.
Tehát ekkor H1 : λ > λ0 ellenhipotézissel szemben mindig H0 mellett döntünk.


5.2.10. Statisztikai próba valószínűségre
5.16. Feladat. Legyen ξ ∈ Bin(1; p), ahol p ismeretlen. Legyen 0 < p0 < 1 rögzített
és ξ1, . . . , ξn a ξ-re vonatkozó minta. A


H0 : p = p0


H1 : p ̸= p0


hipotézisekre adjunk adott α terjedelmű próbát. A feladatot oldjuk meg H1 : p < p0
illetve H1 : p > p0 egyoldali ellenhipotézisekre is.


5.17. Megjegyzés. Ha A egy esemény és ξ = IA, akkor ξ ∈ Bin(1; p), ahol p az
A valószínűsége. Ezért a feladat úgy is megfogalmazható, hogy adjon az előző
hipotézisekre α terjedelmű próbát, ahol p egy esemény valószínűsége.
Megoldás. Ismert, hogy ha H0 igaz, akkor


nξ ∈ Bin(n; p0).


Ha ξ egy esemény indikátorváltozója, akkor nξ az esemény bekövetkezéseinek a
számát jelenti n kísérlet után. Mivel ξ a p torzítatlan becslése, ezért H1 : p ≠ p0
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esetén ξ várhatóan kritikus mértékben eltávolodik p0-tól. Így ekkor az elfogadási
tartomány a ≤ nξ ≤ b alakú, ahol a, b ∈ N és 1 ≤ a < np0 < b ≤ n − 1. Az 1 ≤ a
és b ≤ n − 1 feltételek azért kellenek, hogy a kritikus tartományban nξ < a illetve
nξ > b ne legyenek lehetetlen események. Keressük meg a legkisebb a illetve b pozitív
egész számokat, melyekre P ∈ PH0 esetén teljesül, hogy


P(nξ ≤ a) =
a∑


i=0


(
n


i


)
pi


0(1 − p0)n−i ≥ α


2 ,


P(nξ ≤ b) =
b∑


i=0


(
n


i


)
pi


0(1 − p0)n−i ≥ 1 − α


2 .


Az így definiált a és b esetén, ha P ∈ PH0 , akkor


P(a ≤ nξ ≤ b) =
b∑


i=a


(
n


i


)
pi


0(1 − p0)n−i =


=
b∑


i=0


(
n


i


)
pi


0(1 − p0)n−i −
a−1∑
i=0


(
n


i


)
pi


0(1 − p0)n−i


︸ ︷︷ ︸
< α


2


> 1 − α,


így ilyenkor a ≤ nξ ≤ b elfogadási tartománnyal α terjedelmű próbát kapunk. Az
1 ≤ a < np0 < b ≤ n−1 feltétel mindig teljesíthető α és n alkalmas megválasztásával.


H1 : p < p0 esetén ξ várhatóan kritikus mértékben p0 alatt van, azaz az elfogadási
tartomány nξ ≥ c alakú, ahol c ∈ N és 1 ≤ c < np0. Legyen c a legkisebb pozitív
egész, melyre P ∈ PH0 esetén teljesül, hogy


P(nξ ≤ c) =
c∑


i=0


(
n


i


)
pi


0(1 − p0)n−i ≥ α.


Az így definiált c esetén, ha P ∈ PH0 , akkor


P(nξ ≥ c) =
n∑


i=c


(
n


i


)
pi


0(1 − p0)n−i = 1 −
c−1∑
i=0


(
n


i


)
pi


0(1 − p0)n−i


︸ ︷︷ ︸
<α


> 1 − α,


azaz nξ ≥ c elfogadási tartománnyal α terjedelmű próbát kapunk. Az 1 ≤ c < np0
feltétel itt is mindig teljesíthető α és n alkalmas megválasztásával.


H1 : p > p0 esetén ξ várhatóan kritikus mértékben p0 felett van, azaz az elfogadási
tartomány nξ ≤ d alakú, ahol d ∈ N és np0 < d ≤ n−1. Legyen d a legkisebb pozitív
egész, melyre P ∈ PH0 esetén teljesül, hogy


P(nξ ≤ d) =
d∑


i=0


(
n


i


)
pi


0(1 − p0)n−i ≥ 1 − α.


Ekkor tehát nξ ≤ d elfogadási tartománnyal α terjedelmű próbát kapunk. Az np0 <
< d ≤ n − 1 feltétel itt is mindig teljesíthető α és n alkalmas megválasztásával.
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Az első két ellenhipotézisnél azért nem úgy választottuk a kritikus értékeket,
hogy az elfogadási tartomány valószínűsége H0 esetén 1 − α-val egyenlő is lehessen,
mert egyrészt ez csak ritkán érhető el az eloszlás diszkrétsége miatt, másrészt ekkor
Excellel nehezebben tudnánk számolni.


Ha n elég nagy, akkor az előbbi kritikus értékek kiszámolásához használhatunk
egyszerűbb közelítő formulát is. Ehhez szükségünk lesz az úgynevezett folytonossági
korrekcióra.


Folytonossági korrekció. Ha a min{ np, n(1 − p) } ≥ 10 feltétel teljesül, akkor
F = F [Bin(n; p)] és G = F


[
Norm


(
np;


√
np(1 − p)


)]
jelöléssel F (z) értékét nagyon


jól közelíti G(z). Legyen z ∈ N. Ekkor az 5.3. ábráról látható, hogy az F lépcsőssége
és a G folytonossága miatt G(z − 1


2) még pontosabban megközelíti F (z) értékét.


z − 1 z − 1
2


z z + 1


F (z)


G(z − 1
2
)


G(z) F


G


5.3. ábra. Folytonossági korrekció


Tehát ϱ ∈ Bin(n; p) és z ∈ N esetén


P(ϱ < z) ≃ Φ
 z − 1


2 − np√
np(1 − p)


 , illetve


P(ϱ ≤ z) = P(ϱ < z + 1) ≃ Φ
z + 1 − 1


2 − np√
np(1 − p)


 = Φ
 z + 1


2 − np√
np(1 − p)



közelítések már nagyon jónak tekinthetők. Például, ha n = 100, p = 0,4, akkor
10 < np = 40 < n(1 − p) = 60 teljesül, ezért használhatjuk a közelítést. Például
P(ϱ ≤ 30) értéke közelítőleg


Φ
(


30 + 1
2 − 40√


40 · 0,6


)
,


ami öt tizedesjegyre kerekítve 0,02624. Ha nem használjuk a folytonossági korrekciót,
akkor a


Φ
(


30 + 1 − 40√
40 · 0,6


)


értéket kell használni közelítésnek, amely öt tizedesjegyre kerekítve 0,03310. Össze-
hasonlításként P(ϱ ≤ 30) igazi értéke 0,02478 öt tizedesjegyre kerekítve. Ebből jól
látható, hogy a folytonossági korrekcióval pontosabb közelítést kaptunk.
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5.18. Feladat. Az előző megoldásban felírt kritikus értékekre adjunk közelítő képletet
min{ np0, n(1 − p0) } ≥ 10 esetén, a folytonossági korrekciót alkalmazva.


Megoldás. Az előző megoldás jelöléseit fogjuk használni. Az előbbiek miatt


P(nξ ≤ a) ≃ Φ
 a + 1


2 − np0√
np0(1 − p0)


 = α


2 ,


melyből – figyelembe véve, hogy a ∈ N és alsó kritikus értéket jelent – kapjuk, hogy


h(x) := np0 − 1
2 +


√
np0(1 − p0)Φ−1(x)


jelöléssel a ≃
[
h(α


2 )
]
. Hasonlóan kapjuk, hogy b ≃


[
h(1 − α


2 )
]


+ 1, c ≃ [h(α)] és
d ≃ [h(1 − α)] + 1.


5.3. Nemparaméteres hipotézisvizsgálatok
A következőkben, ha nem írjuk ki külön az ellenhipotézist, akkor az mindig a
nullhipotézis negáltját jelenti. Az itt taglalt illeszkedés-, függetlenség- és homogeni-
tásvizsgálatokat khi-négyzet próbáknak is nevezik, mert a próbastatisztika mindegyik
esetben hasonló szerkezetű aszimptotikusan khi-négyzet eloszlású.


5.3.1. Tiszta illeszkedésvizsgálat
5.19. Feladat. Legyen A1, . . . , Ar egy teljes eseményrendszer és p1, . . . , pr ∈ R+,
ahol p1 + · · · + pr = 1. Készítsünk a


H0 : P(Ai) = pi (i = 1, . . . , r)


nullhipotézisre α terjedelmű próbát, ahol P a valódi valószínűséget jelenti.


Megoldás. Jelölje ϱi az Ai esemény gyakoriságát n kísérlet után, és legyen


χ2 :=
r∑


i=1


(ϱi − npi)2


npi


.


H0 teljesülése esetén χ2 várhatóan nem távolodik el kritikus mértékben 0-tól, így az
elfogadási tartomány χ2 ≤ a alakú, ahol a > 0. Ismert, hogy min{ ϱ1, . . . , ϱr } ≥ 10
teljesülése esetén


P(χ2 ≤ a) ≃ F (a),
ahol P ∈ PH0 és


F = F [Khi(r − 1)].
(A bizonyítást lásd pl. [2, 161–162. oldal].) Így P(χ2 ≤ a) = 1−α esetén a ≃ F −1(1−
− α). Tehát χ2 ≤ F −1(1 − α), azaz


1 − F (χ2) ≥ α


elfogadási tartománnyal közelítőleg α terjedelmű próbát kapunk.
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5.20. Feladat. Legyen ξ egy ismeretlen eloszlású valószínűségi változó és F0 egy
rögzített eloszlásfüggvény. Készítsünk a


H0 : P(ξ < x) = F0(x) (x ∈ R)


nullhipotézisre α terjedelmű próbát, ahol P a valódi valószínűséget jelenti.


Megoldás. Ha ξ diszkrét valószínűségi változó { x1, x2, . . . } értékkészlettel, ahol x1 <
< x2 < . . . , akkor válasszuk meg a


k0 := 0 < k1 < k2 < · · · < kr


egész számokat úgy, hogy az Ai := { xki−1+1 ≤ ξ ≤ xki
} események teljes ese-


ményrendszert alkossanak, továbbá ezek ϱi gyakorisága a ξ-re vonatkozó n elemű
mintarealizáció alapján legalább 10 legyen minden i = 1, . . . , r esetén.


Ha ξ nem diszkrét valószínűségi változó, akkor válasszuk meg az


a0 := −∞ < a1 < a2 < · · · < ar−1 < ar := ∞


valós számokat úgy, hogy az Ai := { ai−1 ≤ ξ < ai } események ϱi gyakorisága a ξ-re
vonatkozó n elemű mintarealizáció alapján legalább 10 legyen minden i = 1, . . . , r
esetén. Ügyeljünk arra, hogy az ai osztópontok függetlenek legyenek a mintarealizáció
elemeitől.


Ezután pi := P(Ai) (P ∈ PH0) jelöléssel legyen


H ′
0 : P(Ai) = pi (i = 1, . . . , r).


Ha H0 igaz, akkor H ′
0 is az. Így az előző feladat megoldásából látható, hogy H0


teljesülése esetén


χ2 :=
r∑


i=1


(ϱi − npi)2


npi


aszimptotikusan r − 1 szabadsági fokú khi-négyzet eloszlású. Ebből kapjuk, hogy


F = F [Khi(r − 1)]


jelöléssel χ2 ≤ F −1(1 − α), azaz


1 − F (χ2) ≥ α


elfogadási tartománnyal közelítőleg α terjedelmű próbát kapunk.


5.3.2. Becsléses illeszkedésvizsgálat
A tiszta illeszkedésvizsgálatban azt vizsgáltuk, hogy egy valószínűségi változónak mi
lehet az eloszlása. Azonban legtöbb esetben elég csak azt megmondani, hogy melyik
eloszlástípusba tartozik (egyenletes, normális, Poisson, stb.). Ilyenkor használjuk a
becsléses illeszkedésvizsgálatot.
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5.21. Feladat. Legyen v ∈ N, Θ ⊂ Rv, Θ ̸= ∅. Jelöljön Fϑ eloszlásfüggvényt minden
ϑ = (ϑ1, . . . , ϑv) ∈ Θ esetén. Legyen az a nullhipotézis, hogy az ismeretlen eloszlású
ξ valószínűségi változó eloszlásfüggvénye az { Fϑ : ϑ ∈ Θ } halmazba tartozik, azaz


H0 : P(ξ < x) = Fϑ(x) (x ∈ R) valamely ϑ ∈ Θ esetén.


Készítsünk erre a nullhipotézisre α terjedelmű próbát, ahol P a valódi valószínűséget
jelenti.
Megoldás. Először konstruáljuk meg az A1, . . . , Ar teljes eseményrendszert a tiszta
illeszkedésvizsgálatban leírtak szerint, és jelölje ϱi az Ai esemény gyakoriságát n
kísérlet után. Ezután H0 feltételezésével számoljuk ki ϑi maximum likelihood becslését,
melyet jelöljön ϑ̂i. Legyen ϑ̂ := (ϑ̂1, . . . , ϑ̂v), p̂i := P


ϑ̂
(Ai), továbbá


χ2 :=
r∑


i=1


(ϱi − np̂i)2


np̂i


.


Bizonyítható, hogy ha H0 igaz, akkor χ2 eloszlása r − 1 − v szabadsági fokú khi-
négyzet eloszláshoz konvergál n → ∞ esetén. (A bizonyítás az úgynevezett likelihood
hányados határeloszlásával hozható kapcsolatba, mi nem végezzük el. Lásd pl. [16,
91–93. oldal].) A gyakorlatban ez azt jelenti, hogy


F = F [Khi(r − 1 − v)]


jelöléssel
P(χ2 < x) ≃ F (x).


A közelítés már jónak tekinthető, ha min{ ϱ1, . . . , ϱr } ≥ 10. Így hasonlóan a tiszta
illeszkedésvizsgálathoz, χ2 ≤ F −1(1 − α), azaz


1 − F (χ2) ≥ α


elfogadási tartománnyal közelítőleg α terjedelmű próbát kapunk.


5.3.3. Függetlenségvizsgálat
A következő feladatban két teljes eseményrendszer függetlenségét vizsgáljuk.
5.22. Feladat. Legyen A1, . . . , Ar és B1, . . . , Bs két teljes eseményrendszer. Készít-
sünk a


H0 : P(Ai ∩ Bj) = P(Ai) P(Bj) (i = 1, . . . , r, j = 1, . . . , s)
nullhipotézisre α terjedelmű próbát, ahol P a valódi valószínűséget jelenti.
Megoldás. Legyen ki illetve lj az Ai illetve Bj gyakorisága n kísérlet után. Ekkor P(Ai)
illetve P(Bj) maximum likelihood becslése ki


n
illetve lj


n
. Ez összesen (r − 1) + (s − 1)


darab független becslést jelent a k1 + · · · + kr = n és l1 + · · · + ls = n feltételek miatt.
Legyen p̂ij := ki


n
· lj


n
és


χ2 :=
r∑


i=1


s∑
j=1


(ϱij − np̂ij)2


np̂ij


= 1
n


r∑
i=1


s∑
j=1


(nϱij − kilj)2


kilj
,


ahol ϱij az Ai ∩Bj esemény gyakorisága n kísérlet után. A gyakoriságokat a következő
úgynevezett kontingencia táblázatba szokták összefoglalni.
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B1 B2 . . . Bs


A1 ϱ11 ϱ12 . . . ϱ1s k1
A2 ϱ21 ϱ22 . . . ϱ2s k2
... ... ... . . . ... ...


Ar ϱr1 ϱr2 . . . ϱrs kr


l1 l2 . . . ls n


A becsléses illeszkedésvizsgálatnál elmondottak szerint, ha H0 igaz, akkor χ2 eloszlása
rs − 1 − (r − 1) − (s − 1) = (r − 1)(s − 1) szabadsági fokú khi-négyzet eloszláshoz
konvergál n → ∞ esetén. Innen az eddigiekhez hasonlóan, ha ϱij ≥ 10 minden i, j
esetén és


F = F [Khi((r − 1)(s − 1))],


akkor a H0 nullhipotézisre χ2 ≤ F −1(1 − α), azaz


1 − F (χ2) ≥ α


elfogadási tartománnyal közelítőleg α terjedelmű próbát kapunk.


5.23. Feladat. Legyen (ξ, η) kétdimenziós valószínűségi vektorváltozó. Az erre
vonatkozó (ξ1, η1), . . . , (ξn, ηn) minta alapján készítsünk a


H0 : ξ és η független


nullhipotézisre α terjedelmű próbát.


Megoldás. Konstruáljuk meg a ξ1, . . . , ξn illetve az η1, . . . , ηn mintákra az A1, . . . , Ar


illetve B1, . . . , Bs teljes eseményrendszereket a tiszta illeszkedésvizsgálatban leírtak
szerint. Ezután legyen


H ′
0 : P(Ai ∩ Bj) = P(Ai) P(Bj) (i = 1, . . . , r, j = 1, . . . , s).


Ha H0 igaz, akkor H ′
0 is az. Így az előző feladat megoldásából kapjuk, hogy H0


teljesülése esetén


χ2 := 1
n


r∑
i=1


s∑
j=1


(nϱij − kilj)2


kilj


eloszlása (r − 1)(s − 1) szabadsági fokú khi-négyzet eloszláshoz konvergál, ha n → ∞.
Innen


F = F [Khi((r − 1)(s − 1))]


jelöléssel, a H0 nullhipotézisre χ2 ≤ F −1(1 − α), azaz


1 − F (χ2) ≥ α


elfogadási tartománnyal közelítőleg α terjedelmű próbát kapunk.


105







5.3.4. Homogenitásvizsgálat
5.24. Feladat. Legyenek ξ és η független valószínűségi változók. Az ezekre vonatkozó
ξ1, . . . , ξn1 illetve η1, . . . , ηn2 minták alapján készítsünk a


H0 : ξ és η azonos eloszlású


nullhipotézisre α terjedelmű próbát.


Megoldás. Válasszuk meg az


c0 := −∞ < c1 < c2 < · · · < cr−1 < cr := ∞


valós számokat úgy, hogy a ξ ∈ Ci := [ci−1, ci) esemény ki gyakorisága illetve az
η ∈ Ci esemény li gyakorisága a mintarealizációk alapján legalább 10 legyen minden
i = 1, . . . , r esetén.


Most tegyük fel, hogy H0 teljesül. Ekkor van olyan ζ valószínűségi változó, amelyre
vonatkozólag ξ1, . . . , ξn1 , η1, . . . , ηn2 egy n1 + n2 elemű minta.


Jelentse Ai azt az eseményt, hogy ζ ∈ Ci. A B1 illetve B2 jelentse azt, hogy
a mintavétel ξ-re illetve η-ra vonatkozik. De H0 esetén az, hogy ζ ∈ Ci teljesül-e,
független attól, hogy a mintavétel valójában ξ-re vagy η-ra történt. Így ekkor


H ′
0 : P(Ai ∩ Bj) = P(Ai) P(Bj) (i = 1, . . . , r, j = 1, 2)


is teljesül. Erre alkalmazhatjuk a függetlenségvizsgálatban leírtakat a következő
kontingencia táblázattal:


B1 B2
A1 k1 l1 k1 + l1
A2 k2 l2 k2 + l2
... ... ... ...


Ar kr lr kr + lr
n1 n2 n1 + n2


Ekkor tehát


χ2 := 1
n1 + n2


r∑
i=1


(
((n1 + n2)ki − (ki + li)n1)2


(ki + li)n1
+ ((n1 + n2)li − (ki + li)n2)2


(ki + li)n2


)
=


= n1n2


r∑
i=1


(
ki


n1
− li


n2


)2


ki + li


aszimptotikusan (r − 1)(2 − 1) = r − 1 szabadsági fokú khi-négyzet eloszlású. Tehát


F = F [Khi(r − 1)]


jelöléssel, a H0 nullhipotézisre χ2 ≤ F −1(1 − α), azaz


1 − F (χ2) ≥ α


elfogadási tartománnyal közelítőleg α terjedelmű próbát kapunk.
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5.3.5. Kétmintás előjelpróba
5.25. Feladat. Legyen (ξ, η) kétdimenziós valószínűségi vektorváltozó. Az erre
vonatkozó (ξ1, η1), . . . , (ξn, ηn) minta alapján készítsünk a


H0 : P(ξ > η) = 1
2


H1 : P(ξ > η) ̸= 1
2


hipotézisekre α terjedelmű próbát, ahol P a valódi valószínűséget jelenti. A feladatot
oldjuk meg H1 : P(ξ > η) < 1


2 illetve H1 : P(ξ > η) > 1
2 egyoldali ellenhipotézisekre


is.
Megoldás. Bár a feladatot a nemparaméteres hipotézisvizsgálatokban tárgyaljuk,
de A := { ξ > η } és p0 = 1


2 választással egyértelmű a kapcsolata a valószínűségre
vonatkozó statisztikai próbával. Legyen


B :=
n∑


i=1
Iξi>ηi


,


azaz az A esemény gyakorisága, vagy ha úgy tetszik, azon esetek száma, amikor ξi −ηi


előjele pozitív (innen a próba neve). Ha H0 teljesül, akkor B ∈ Bin(n; 1
2). Legyenek


az a, b, c, d számok a legkisebb olyan pozitív egészek, amelyekre teljesülnek, hogy
a∑


i=0


(
n


i


)
1
2n


≥ α


2
b∑


i=0


(
n


i


)
1
2n


≥ 1 − α


2
c∑


i=0


(
n


i


)
1
2n


≥ α


d∑
i=0


(
n


i


)
1
2n


≥ 1 − α.


Ekkor a valószínűségre vonatkozó statisztikai próbánál leírtak szerint


H1 : P(ξ > η) ̸= 1
2 esetén a ≤ B ≤ b,


H1 : P(ξ > η) <
1
2 esetén B ≥ c és


H1 : P(ξ > η) >
1
2 esetén B ≤ d


elfogadási tartománnyal α terjedelmű próbát kapunk. A kritikus értékek kiszámolásá-
nál itt is alkalmazható n ≥ 20 esetén a folytonossági korrekcióval megadott közelítő
számítás. Eszerint


h(x) := 1
2
(
n − 1 +


√
nΦ−1(x)


)
jelöléssel


a ≃
[
h(α


2 )
]


, b ≃
[
h(1 − α


2 )
]


+ 1, c ≃ [h(α)] és d ≃ [h(1 − α)] + 1.
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5.3.6. Kolmogorov – Szmirnov-féle kétmintás próba
5.26. Tétel (Szmirnov-tétel). Legyenek ξ és η független valószínűségi változók, a
rájuk vonatkozó minták ξ1, . . . , ξn és η1, . . . , ηn, illetve a nekik megfelelő tapasztalati
eloszlásfüggvények F ∗


n és G∗
n. Ha ξ-nek és η-nak azonos az eloszlásfüggvénye és az


folytonos, akkor minden z ∈ R+ esetén


lim
n→∞


P
(√


n


2 sup
x∈R


|F ∗
n(x) − G∗


n(x)| < z
)


= 1 + 2
∞∑


i=1
(−1)ie−2i2z2


.


A bizonyítást lásd pl. [2, 194. oldal].
5.27. Megjegyzés. A Szmirnov-tétel feltételeivel


P
(√


n


2 sup
x∈R


|F ∗
n(x) − G∗


n(x)| < z
)


≃ 1 + 2
∞∑


i=1
(−1)ie−2i2z2


közelítés már jónak tekinthető, ha n > 30.
A
√


n
2 supx∈R |F ∗


n(x) − G∗
n(x)| pontos eloszlása is ismert (lásd pl. [2, 191. oldal]),


melyből n ≤ 30 esetén is tudunk próbát konstruálni. Mi ezzel az esettel nem
foglalkozunk.


5.28. Feladat. Legyenek ξ és η folytonos eloszlásfüggvényű független valószínűségi
változók. Az ezekre vonatkozó ξ1, . . . , ξn illetve η1, . . . , ηn (n > 30) minták alapján
készítsünk a


H0 : ξ és η azonos eloszlású


nullhipotézisre α terjedelmű próbát.


Megoldás. Legyenek a ξ-re illetve η-ra vonatkozó mintákhoz tartozó tapasztalati
eloszlásfüggvények F ∗


n illetve G∗
n, továbbá legyen


D :=
√


n


2 sup
x∈R


|F ∗
n(x) − G∗


n(x)|.


Ha H0 nem teljesül, akkor D várhatóan kritikus mértékben eltávolodik 0-tól. Ezért
az elfogadási tartomány legyen D < z alakú, ahol z ∈ R+. A Szmirnov-tétel szerint
P ∈ PH0 és n > 30 esetén


P(D < z) ≃ K(z) (z ∈ R+),


ahol
K(z) = 1 + 2


∞∑
i=1


(−1)ie−2i2z2
.


Így P(D < z) = 1 − α esetén z ≃ K−1(1 − α). Tehát D < K−1(1 − α), azaz


1 − K(D) > α


elfogadási tartománnyal körülbelül α terjedelmű próbát kapunk.
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5.3.7. Kolmogorov – Szmirnov-féle egymintás próba
A matematikai statisztika alaptétele a tapasztalati eloszlásfüggvény konvergenciájáról
szól, de a konvergencia sebességéről nem ad információt. A következő Kolmogorovtól
származó tétel ezt a hiányt pótolja, melyet itt bizonyítás nélkül közlünk.


5.29. Tétel (Kolmogorov-tétel). Legyen a ξ valószínűségi változó F eloszlásfüggvénye
folytonos. A ξ-re vonatkozó minta legyen ξ1, . . . , ξn és a neki megfelelő tapasztalati
eloszlásfüggvény F ∗


n . Ekkor minden z ∈ R+ esetén


lim
n→∞


P
(√


n sup
x∈R


|F ∗
n(x) − F (x)| < z


)
= 1 + 2


∞∑
i=1


(−1)ie−2i2z2
.


5.30. Megjegyzés. A Kolmogorov-tétel feltételeivel


P
(√


n sup
x∈R


|F ∗
n(x) − F (x)| < z


)
≃ 1 + 2


∞∑
i=1


(−1)ie−2i2z2


közelítés már jónak tekinthető, ha n > 30.


5.31. Feladat. Legyen ξ folytonos eloszlásfüggvényű valószínűségi változó. Az erre
vonatkozó ξ1, . . . , ξn (n > 30) minta alapján készítsünk a


H0 : ξ eloszlásfüggvénye F


nullhipotézisre α terjedelmű próbát.


Megoldás. Legyen a tapasztalati eloszlásfüggvény F ∗
n , továbbá legyen


D :=
√


n sup
x∈R


|F ∗
n(x) − F (x)|.


Ha H0 nem teljesül, akkor D várhatóan kritikus mértékben eltávolodik 0-tól. Így a
kétmintás esethez hasonlóan kapjuk, hogy D < K−1(1 − α), azaz


1 − K(D) > α


elfogadási tartománnyal körülbelül α terjedelmű a próba, ahol


K(z) = 1 + 2
∞∑


i=1
(−1)ie−2i2z2


.


5.4. Szórásanalízis
5.32. Példa. Tegyük fel, hogy egy gazdaságban a búza terméshozamára vagyunk
kíváncsiak (tonna/hektár). Jelölje ezt a ξ valószínűségi változó. Azt vizsgáljuk, hogy
egyetlen tényező, például a búza fajtája milyen hatással van a terméshozamra. Tegyük
fel, hogy a vizsgált gazdaság r = 3 különböző búzafajtát termeszt. A későbbiekben ezt
úgy fogjuk mondani, hogy a vizsgált tényezőnek 3 különböző szintje van. Az 1. fajtát
n1 = 4, a 2. fajtát n2 = 3, végül a 3. fajtát n3 = 5 különböző parcellán termesztik. A
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ξij jelentse az i. fajta j. parcellán kapott terméshozamát tonna/hektár-ban mérve. A
kapott mintarealizációk legyenek például a következők:


ξ11(ω) = 5,24 ξ12(ω) = 4,17 ξ13(ω) = 4,35 ξ14(ω) = 4,77
ξ21(ω) = 5,09 ξ22(ω) = 6,05 ξ23(ω) = 5,89
ξ31(ω) = 4,18 ξ32(ω) = 4,10 ξ33(ω) = 4,17 ξ34(ω) = 3,98 ξ35(ω) = 3,60


Legyen a nullhipotézis az, hogy a különböző búzafajták (azaz a tényező szintjei)
nincsenek hatással a terméshozamra. Ezt a vizsgálatot egyszeres osztályozású szórás-
analízisnek nevezzük.


5.33. Példa. Az előző példát tovább gondolva, tegyük fel, hogy nem csak a búza
fajtáját, hanem a parcella talajtípusát is vizsgálni szeretnénk a terméshozamot
illetően, vagyis nem egy, hanem két tényező hatását figyeljük. Tegyük fel, hogy r1 = 3
fajta búzát r2 = 4 típusú talajba vetették. Azaz az 1. tényezőnek 3, a 2. tényezőnek
pedig 4 szintje van. A ξij jelentse az i. búzafajta j. talajtípuson vett terméshozamát.
A kapott mintarealizációk legyenek például a következők:


ξ11(ω) = 7,51 ξ12(ω) = 6,34 ξ13(ω) = 5,07 ξ14(ω) = 6,17
ξ21(ω) = 5,43 ξ22(ω) = 4,81 ξ23(ω) = 3,42 ξ14(ω) = 4,00
ξ31(ω) = 5,76 ξ32(ω) = 4,71 ξ33(ω) = 4,45 ξ34(ω) = 4,33


Itt kétféle nullhipotézist vizsgálhatunk: a különböző búzafajták nincsenek hatás-
sal a terméshozamra, illetve, hogy a különböző talajtípusok nincsenek hatással a
terméshozamra. Ezt a vizsgálatot kétszeres osztályozású szórásanalízisnek nevezzük.


Az előző mintarealizációval azt nem tudjuk vizsgálni, hogy a két tényező milyen
hatással van egymásra, azaz, hogy egy konkrét búzafajta különbözőképpen terem-e
a különböző talajtípusokon, vagy hogy egy konkrét talajtípuson különbözőképpen
teremnek-e a különböző búzafajták, mert minden búzafajta–talajtípus kombinációból
csak egy mintaelemünk van. Ezért az ilyen vizsgálatot interakció nélküli kétszeres
osztályozású szórásanalízisnek is nevezik.


5.34. Példa. Folytatva az előző példát, ha a két tényező közötti kapcsolatot is vizs-
gálni szeretnénk, akkor minden búzafajta–talajtípus kombinációból több mérést kell
végeznünk. Ha minden kombinációra ugyanannyi megfigyelésünk van, akkor kiegyen-
súlyozott elrendezésről beszélünk. Legyen az előző példában minden kombinációra
s = 3 mérésünk. Jelentse ξijk az i. búzafajta j. talajtípuson vett terméshozamára vo-
natkozó, azaz az (i, j) cellában végzett k. mérési eredményt. A kapott mintarealizációk
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legyenek például a következők:


ξ111(ω) = 7,51 ξ121(ω) = 6,34 ξ131(ω) = 5,07 ξ141(ω) = 6,17
ξ112(ω) = 7,03 ξ122(ω) = 5,81 ξ132(ω) = 4,19 ξ142(ω) = 5,90
ξ113(ω) = 6,91 ξ123(ω) = 6,61 ξ133(ω) = 5,27 ξ143(ω) = 6,28
ξ211(ω) = 5,43 ξ221(ω) = 4,81 ξ231(ω) = 3,42 ξ241(ω) = 4,00
ξ212(ω) = 4,95 ξ222(ω) = 3,82 ξ232(ω) = 3,19 ξ242(ω) = 3,80
ξ213(ω) = 5,48 ξ223(ω) = 4,18 ξ233(ω) = 2,02 ξ243(ω) = 3,94
ξ311(ω) = 5,76 ξ321(ω) = 4,71 ξ331(ω) = 4,45 ξ341(ω) = 4,33
ξ312(ω) = 5,90 ξ322(ω) = 5,24 ξ332(ω) = 4,65 ξ342(ω) = 5,41
ξ313(ω) = 6,01 ξ323(ω) = 4,07 ξ333(ω) = 4,59 ξ343(ω) = 5,70


Itt háromféle nullhipotézist vizsgálhatunk: a különböző búzafajták nincsenek hatással
a terméshozamra, a különböző talajtípusok nincsenek hatással a terméshozamra,
illetve, hogy a búzafajta és a talajtípus között nincs kapcsolat a terméshozamot
illetően. Ez a vizsgálat az ún. kétszeres osztályozású szórásanalízis interakcióval.


5.4.1. Egyszeres osztályozás (I. típusú modell)
Vizsgáljuk a ξ valószínűségi változót egyetlen tényező r darab különböző szint-
jén. Az i. szinthez tartozó valószínűségi változót jelölje ξi. Feltesszük, hogy ξi ∈
∈ Norm(mi; σ) (i = 1, 2, . . . , r) függetlenek, ahol az m1, m2, . . . , mr, σ paraméterek
ismeretlenek. A ξi-re (i = 1, 2, . . . , r) vonatkozó minta legyen


ξi1, ξi2, . . . , ξini
.


Feltételezzük, hogy ξij (i = 1, 2, . . . , r; j = 1, 2, . . . , ni) előáll


ξij = βi + εij


alakban, ahol az εij hibaváltozók normális eloszlású, 0 várható értékű, független
valószínűségi változók. Az I. típusú modellben βi = mi, azaz konstansok, míg a
II. típusú modellben βi normális eloszlású valószínűségi változók mi várható értékekkel.
Mi csak az I. típusú modellel foglalkozunk. Legyen


n := n1 + n2 + · · · + nr,


m := 1
n


(n1m1 + n2m2 + · · · + nrmr),


ai := mi − m (i = 1, 2, . . . , r).


Vegyük észre, hogy ekkor


n1a1 + n2a2 + · · · + nrar = 0,


ami speciálisan n1 = n2 = · · · = nr esetén azt jelenti, hogy a1 + a2 + · · · + ar = 0.
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Az m az ún. teljes átlag, az ai az egyetlen tényező i. szintjének hatása a mért
eredményre, míg εij a véletlen hibák mértéke. Ezekkel tehát a modellünk


ξij = m + ai + εij (i = 1, 2, . . . , r; j = 1, 2, . . . , ni)


alakú. A nullhipotézis az lesz, hogy az egyetlen tényező különböző szintjei nincsenek
hatással a mért értékekre, azaz


H0 : a1 = a2 = · · · = ar = 0.


Nyilván ez az m1 = m2 = · · · = mr állítással ekvivalens, vagyis, hogy a várható
értékek megegyeznek.


A következőkben ezen nullhipotézishez szeretnénk 1 − α szintű próbát találni.
Ennek érdekében vezessük be a következő jelöléseket:


ξ.. := 1
n


r∑
i=1


ni∑
j=1


ξij az m becslése,


ξi. := 1
ni


ni∑
j=1


ξij az mi becslése.


Ekkor
ξi. − ξ.. az ai = mi − m becslése,


ξij − ξi. az εij = ξij − mi becslése.


5.35. Tétel. Bevezetve a


Q :=
r∑


i=1


ni∑
j=1


(
ξij − ξ..


)2
,


Q1 :=
r∑


i=1


ni∑
j=1


(
ξi. − ξ..


)2
=


r∑
i=1


ni


(
ξi. − ξ..


)2
,


Q2 :=
r∑


i=1


ni∑
j=1


(
ξij − ξi.


)2


jelöléseket, teljesül, hogy
Q = Q1 + Q2.


5.36. Megjegyzés. Vegyük észre, hogy Q a teljes eltérések négyzetösszege, Q1 a szintek
közötti eltérések négyzetösszege és Q2 a véletlen hibák (szinteken belüli eltérések)
négyzetösszege.


Bizonyítás. Mivel
ξij − ξ.. =


(
ξij − ξi.


)
+
(


ξi. − ξ..


)
,


ezért mindkét oldalt négyzetre emelve és összegezve kapjuk, hogy
r∑


i=1


ni∑
j=1


(
ξij − ξ..


)2
=
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=
r∑


i=1


ni∑
j=1


(
ξi. − ξ..


)2
+


r∑
i=1


ni∑
j=1


(
ξij − ξi.


)2
+ 2


r∑
i=1


ni∑
j=1


(
ξi. − ξ..


) (
ξij − ξi.


)
.


Másrészt
ni∑


j=1


(
ξij − ξi.


)
=


ni∑
j=1


ξij − niξi. =
ni∑


j=1
ξij −


ni∑
j=1


ξij = 0,


így
r∑


i=1


ni∑
j=1


(
ξi. − ξ..


) (
ξij − ξi.


)
=


r∑
i=1


(
ξi. − ξ..


) ni∑
j=1


(
ξij − ξi.


)
= 0.


Ezekből adódik az állítás.


5.37. Tétel. Az előző tétel jelöléseivel


E Q1 = (r − 1)σ2 +
r∑


i=1
nia


2
i ,


E Q2 = (n − r)σ2.


Bizonyítás. Először számoljuk ki cov
(


ξi., ξ..


)
értékét. Figyelembe véve, hogy a kova-


riancia bilineáris forma és


cov(ξij, ξkl) =
D2 ξij = σ2, ha k = i és l = j,


0, különben,


kapjuk, hogy


cov
(


ξi., ξ..


)
= cov


 ni∑
j=1


1
ni


ξij,
r∑


k=1


nk∑
l=1


1
n


ξkl


 =
ni∑


j=1


r∑
k=1


nk∑
l=1


1
nni


cov(ξij, ξkl) =


= 1
nni


ni∑
j=1


(
r∑


k=1


nk∑
l=1


cov(ξij, ξkl)
)


= 1
nni


ni∑
j=1


σ2 = 1
nni


niσ
2 = 1


n
σ2.


Emiatt
r∑


i=1
ni cov


(
ξi., ξ..


)
=


r∑
i=1


ni∑
j=1


cov
(


ξi., ξ..


)
=


r∑
i=1


ni∑
j=1


1
n


σ2 = 1
n


nσ2 = σ2.


Ezt felhasználva adódik, hogy


E Q1 =
r∑


i=1
ni E


(
ξi. − ξ..


)2
=


r∑
i=1


ni


(
D2
(


ξi. − ξ..


)
+ E2


(
ξi. − ξ..


))
=


=
r∑


i=1
ni


(
D2 ξi. + D2 ξ.. − 2 cov


(
ξi., ξ..


)
+
(
E ξi. − E ξ..


)2
)


=


=
r∑


i=1
ni


( 1
ni


σ2 + 1
n


σ2 − 2 cov
(


ξi., ξ..


)
+ (mi − m)2


)
=
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=
r∑


i=1
σ2 + 1


n
σ2


r∑
i=1


ni − 2
r∑


i=1
ni cov


(
ξi., ξ..


)
+


r∑
i=1


nia
2
i =


= rσ2 + σ2 − 2σ2 +
r∑


i=1
nia


2
i = (r − 1)σ2 +


r∑
i=1


nia
2
i .


A Q2 várható értéke hasonló módon számolható ki.


5.38. Tétel. Ha H0 igaz, akkor


F := n − r


r − 1 · Q1


Q2
∈ F(r − 1; n − r).


Bizonyítás. Legyen
ζij := ξij − m


σ
.


Mivel H0 igaz, azaz m = m1 = m2 = · · · = mr, ezért a ζij valószínűségi változók
standard normális eloszlásúak és függetlenek. Vezessük be a


ζ i. := 1
ni


ni∑
j=1


ζij és ζ .. := 1
n


r∑
i=1


ni∑
j=1


ζij = 1
n


r∑
i=1


niζ i.


jelöléseket. Ekkor


ζ i. − ζ .. = 1
σ


 1
ni


ni∑
j=1


(ξij − m) − 1
n


r∑
k=1


nk∑
j=1


(ξkj − m)
 =


= 1
σ


 1
ni


ni∑
j=1


ξij − m − 1
n


r∑
k=1


nk∑
j=1


ξkj + m


 =


= 1
σ


(ξi. − ξ..),


melyből kapjuk, hogy


Q1


σ2 = 1
σ2


r∑
i=1


ni(ξi. − ξ..)2 =
r∑


i=1
ni(ζ i. − ζ ..)2 =


r∑
i=1


η2
i ,


ahol az
ηi := √


ni(ζ i. − ζ ..)
valószínűségi változók a ζkl valószínűségi változók lineáris kombinációi. Másrészt


r∑
i=1


√
niηi =


r∑
i=1


ni(ζ i. − ζ ..) =
r∑


i=1


ni∑
j=1


ζij − nζ .. = 0,


így B0 := (√n1, . . . ,
√


nr) választással B0(η1, . . . , ηr)⊤ = 0. Most legyen B tetszőleges
olyan mátrix, melyre B(η1, . . . , ηr)⊤ = (0, . . . ,0)⊤. Jelölje b1, . . . , br a B valamelyik
sorában található elemeket. Ekkor


r∑
i=1


biηi =
r∑


i=1
bi


√
ni(ζ i. − ζ ..) =
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=
r∑


i=1
ζ i.bi


√
ni − ζ ..


r∑
i=1


bi


√
ni =


=
r∑


i=1
ζ i.bi


√
ni − 1


n


r∑
j=1


njζj.


r∑
i=1


bi


√
ni =


=
r∑


i=1
ζ i.bi


√
ni − 1


n


r∑
i=1


niζ i.


r∑
j=1


bj
√


nj =


=
r∑


i=1


ζ i.bi


√
ni − 1


n
niζ i.


r∑
j=1


bj
√


nj


 =


=
r∑


i=1


bi


√
ni − ni


n


r∑
j=1


bj
√


nj


 ζ i. = 0


Mivel ζ i. bármilyen értéket felvehet, ezért ez csak úgy teljesülhet, ha minden együtt-
hatója a szummában 0, azaz c := 1


n


∑r
j=1 bj


√
nj jelöléssel bi = c


√
ni. Vagyis a B


tetszőleges sora előáll (√n1, . . . ,
√


nr) konstansszorosaként. Így B = B0 a legna-
gyobb rangú mátrix, melyre B(η1, . . . , ηr)⊤ = (0, . . . ,0)⊤ teljesül. Ennek rangja 1, így
az 1.96. megjegyzésből kapjuk, hogy Q1/σ2 a ζkl valószínűségi változókból képzett
r − 1 szabadsági fokú kvadratikus forma.


Most legyen
ηij := ζij − ζ i.,


mely a ζkl valószínűségi változók lineáris kombinációja. Másrészt


ηij = 1
σ


(
ξij − m − 1


ni


ni∑
k=1


(ξik − m)
)


= 1
σ


(
ξij − m − 1


ni


ni∑
k=1


ξik + m


)
= 1


σ
(ξij − ξi.),


melyből
Q2


σ2 = 1
σ2


r∑
i=1


ni∑
j=1


(ξij − ξi.)2 =
r∑


i=1


ni∑
j=1


η2
ij,


továbbá
ni∑


j=1
ηij = 1


σ


ni∑
j=1


(ξij − ξi.) = 1
σ


 ni∑
j=1


ξij − niξi.


 = 0 (i = 1, 2, . . . , r).


Ez azzal ekvivalens, hogy B0V
⊤ = (0, . . . ,0)⊤, ahol


V := (η11, . . . , η1n1 , η21, . . . , η2n2 , . . . , ηr1, . . . , ηrnr)


és B0 azon r × n-es mátrix, melynek k-adik sorában először n1 + · · · + nk−1 darab
0 van, majd nk darab 1, utána pedig végig 0. Ennek minden sora független, így
a rangja r. Megmutatjuk, hogy ez a legnagyobb rangú B mátrix, melyre BV ⊤ =
= (0, . . . ,0)⊤ teljesül. Ehhez most legyen B tetszőleges ilyen tulajdonságú mátrix,
melynek valamelyik sorában található elemeit jelölje b11, . . . , brnr . Ekkor


r∑
i=1


ni∑
j=1


bijηij =
r∑


i=1


ni∑
j=1


bij


(
ζij − 1


ni


ni∑
k=1


ζik


)
=
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=
r∑


i=1


ni∑
j=1


bijζij −
r∑


i=1


ni∑
j=1


bij


(
1
ni


ni∑
k=1


ζik


)
=


=
r∑


i=1


ni∑
j=1


bijζij −
r∑


i=1


1
ni


ni∑
k=1


ζik


 ni∑
j=1


bij


 =


=
r∑


i=1


ni∑
j=1


bijζij −
r∑


i=1


 1
ni


ni∑
j=1


bij


 ni∑
k=1


ζik =


=
r∑


i=1


ni∑
j=1


bijζij −
r∑


i=1


ni∑
k=1


ciζik =


=
r∑


i=1


ni∑
j=1


(bij − ci)ζij = 0,


ahol ci := 1
ni


∑ni
k=1 bik. Mivel ζij bármilyen értéket felvehet, ezért ez csak úgy lehet-


séges, ha a szummában minden együtthatója 0, azaz bij = ci. Ez azt jelenti, hogy
rögzített i-re minden bij ugyanazt az értéket veszi fel. Így B minden sora előáll
B0 sorainak lineáris kombinációjaként. Tehát beláttuk, hogy B = B0 választással
megkapjuk a legnagyobb rangú mátrixot, melyre BV ⊤ = (0, . . . ,0)⊤. Így az 1.96. meg-
jegyzés alapján Q2/σ2 a ζkl valószínűségi változókból képzett n − r szabadsági fokú
kvadratikus forma.


Ezután legyenek
η :=


√
n ζ .. és Q0 := σ2η2.


Ekkor Q0/σ2 = η2, így az 1.96. megjegyzés alapján Q0/σ2 a ζkl valószínűségi válto-
zókból képzett 1 szabadsági fokú kvadratikus forma.


Mivel


ζ .. = 1
n


r∑
i=1


ni∑
j=1


ζij = 1
σ


1
n


r∑
i=1


ni∑
j=1


(ξij − m) = 1
σ


 1
n


r∑
i=1


ni∑
j=1


ξij − m


 = 1
σ


(ξ.. − m),


ezért
Q0 = σ2nζ


2
.. = n(ξ.. − m)2.


Ezután vizsgáljuk a Q0/σ2, Q1/σ2 és Q2/σ2 kvadratikus formák összegét. Mivel


ξij − m = (ξij − ξ..) + (ξ.. − m),


ezért
(ξij − m)2 = (ξij − ξ..)2 + (ξ.. − m)2 + 2(ξij − ξ..)(ξ.. − m),


azaz
r∑


i=1


ni∑
j=1


(ξij − m)2 =
r∑


i=1


ni∑
j=1


(ξij − ξ..)2


︸ ︷︷ ︸
Q


+
r∑


i=1


ni∑
j=1


(ξ.. − m)2


︸ ︷︷ ︸
Q0


+


+ 2(ξ.. − m)
r∑


i=1


ni∑
j=1


(ξij − ξ..).
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De
r∑


i=1


ni∑
j=1


(ξij − ξ..) =
r∑


i=1


ni∑
j=1


ξij − nξ.. = nξ.. − nξ.. = 0,


így
r∑


i=1


ni∑
j=1


ζ2
ij = 1


σ2


r∑
i=1


ni∑
j=1


(ξij − m)2 = 1
σ2 (Q + Q0) = Q0


σ2 + Q1


σ2 + Q2


σ2 .


Mivel n = 1 + (r − 1) + (n − r), ezért a Fisher – Cochran-tétel alapján (1.95. tétel)
Q1


σ2 ∈ Khi(r − 1) és Q2


σ2 ∈ Khi(n − r)


független valószínűségi változók. Ebből pedig az F-eloszlás definíciója alapján
n − r


r − 1 · Q1/σ2


Q2/σ2 = F ∈ F(r − 1; n − r)


adódik.


Ezek alapján, ha H0 igaz, akkor F értéke várhatóan közel van 1-hez. Ugyanakkor,
ha H0 nem igaz, akkor F várhatóan kritikus mértékben 1 fölé nő, ugyanis ekkor Q1


r−1
várható értéke megnő, míg Q2


n−r
várható értéke változatlan marad. Ezért az elfogadási


tartomány F ≤ c alakú, ahol c > 1. Ekkor P ∈ PH0-ra P(F ≤ c) = F (c), ahol
F = F [F(r − 1; n − r)].


Így P(F ≤ c) = 1 − α esetén c = F −1(1 − α). Mivel 1 − α > F (1) biztosan teljesül,
ha 0 < α ≤ 0,3, ezért c > 1 is teljesül. Tehát F ≤ F −1(1 − α), azaz


1 − F (F) ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk. Az elemzéshez a következő
szórásanalízis táblázatot szokták elkészíteni:


szóródás forrása szabadsági fok négyzetösszeg korr. tap.
szórásnégyzet próbastatisztika


szintek közötti
eltérések f1 = r − 1 Q1 S∗


1
2 = Q1


f1
F = S∗


1
2


S∗
2


2


véletlen hibák f2 = n − r Q2 S∗
2


2 = Q2


f2


teljes f1 + f2 Q1 + Q2


Az 5.32. példa esetén a következőt kapjuk:


szóródás forrása szabadsági fok négyzetösszeg korr. tap.
szórásnégyzet próbastatisztika


szintek közötti
eltérések 2 5,2334 2,6167 F = 16,3286


véletlen hibák 9 1,4423 0,1603


teljes 11 6,6757


Ebből F = F [F(2; 9)] jelöléssel 1 − F (F) = 0,0010 < 0,05. Így 1 − α = 0,95 szinten
elutasítjuk azt a hipotézist, hogy a búza fajtája nincs hatással a terméshozamra.
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5.4.2. Kétszeres osztályozás interakció nélkül (I. típusú mo-
dell)


Vizsgáljuk két tényező hatását egy ξ valószínűségi változóra. Legyen az 1. tényezőnek
r1, míg a 2. tényezőnek r2 különböző szintje. Jelölje ξij az 1. tényező i. szintjéhez
és a 2. tényező j. szintjéhez tartozó valószínűségi változót. Feltesszük, hogy ξij ∈
∈ Norm(mij ; σ) (i = 1, 2, . . . , r1; j = 1, 2, . . . , r2) függetlenek, ahol minden paraméter
ismeretlen. Az I. típusú modellben a várható értékeket


mij = m + ai + bj


alakban írjuk fel, ahol
r1∑


i=1
ai = 0 és


r2∑
j=1


bj = 0.


Az m a teljes átlag, az ai az 1. tényező i. szintjének hatása a mért eredményre, bj a
2. tényező j. szintjének hatása a mért eredményre, és


εij := ξij − mij


a véletlen hibák mértéke. Tehát ebben a modellben


ξij = m + ai + bj + εij (i = 1, 2, . . . , r1; j = 1, 2, . . . , r2)


alakú. Két nullhipotézist fogunk vizsgálni. Az első


H
(1)
0 : a1 = a2 = · · · = ar1 = 0,


azaz az 1. tényező különböző szintjei nincsenek hatással ξ-re. A második


H
(2)
0 : b1 = b2 = · · · = br2 = 0,


azaz a 2. tényező különböző szintjei nincsenek hatással ξ-re.
A nullhipotézisekre vonatkozó próbákban vezessük be a következő jelöléseket:


ξ.. := 1
r1r2


r1∑
i=1


r2∑
j=1


ξij,


ξi. := 1
r2


r2∑
j=1


ξij (i = 1, 2, . . . , r1),


ξ.j := 1
r1


r1∑
i=1


ξij (j = 1, 2, . . . , r2),


Q1 :=
r1∑


i=1


r2∑
j=1


(
ξi. − ξ..


)2
= r2


r1∑
i=1


(
ξi. − ξ..


)2
,


Q2 :=
r1∑


i=1


r2∑
j=1


(
ξ.j − ξ..


)2
= r1


r2∑
j=1


(
ξ.j − ξ..


)2
,


Q3 :=
r1∑


i=1


r2∑
j=1


(
ξij − ξi. − ξ.j + ξ..


)2
.
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A Q1 az 1. tényező szintjei közötti eltérések négyzetösszege, Q2 a 2. tényező szintjei
közötti eltérések négyzetösszege és Q3 a hibatag. Ekkor teljesülnek az alábbiak:


Q := Q1 + Q2 + Q3 =
r1∑


i=1


r2∑
j=1


(
ξij − ξ..


)2
a teljes eltérések négyzetösszege,


F1 := (r2 − 1) · Q1


Q3
∈ F


(
r1 − 1; (r1 − 1)(r2 − 1)


)
, ha H


(1)
0 igaz,


F2 := (r1 − 1) · Q2


Q3
∈ F


(
r2 − 1; (r1 − 1)(r2 − 1)


)
, ha H


(2)
0 igaz.


Belátható továbbá, hogy ha H
(1)
0 igaz, akkor F1 értéke közel van 1-hez, ellenkező


esetben F1 kritikus mértékben 1 fölé nő. Hasonló állítás teljesül F2-re is.
Ezek alapján


F = F
[
F
(
r1 − 1; (r1 − 1)(r2 − 1)


)]
jelöléssel


1 − F (F1) ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk H
(1)
0 esetén, illetve


F = F
[
F
(
r2 − 1; (r1 − 1)(r2 − 1)


)]
jelöléssel


1 − F (F2) ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk H
(2)
0 esetén.


Az elemzéshez a következő szórásanalízis táblázatot szokták elkészíteni:


szóródás forrása szabadsági fok négyzetösszeg korr. tap.
szórásnégyzet próbastatisztika


1. tényező
szintjei közötti


eltérések
f1 = r1 − 1 Q1 S∗


1
2 = Q1


f1
F1 = S∗


1
2


S∗
3


2


2. tényező
szintjei közötti


eltérések
f2 = r2 − 1 Q2 S∗


2
2 = Q2


f2
F2 = S∗


2
2


S∗
3


2


véletlen hibák f3 = f1f2 Q3 S∗
3


2 = Q3


f3


teljes f1 + f2 + f3 Q1 + Q2 + Q3


Az 5.33. példa esetén a következőt kapjuk:
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szóródás forrása szabadsági fok négyzetösszeg korr. tap.
szórásnégyzet próbastatisztika


1. tényező
szintjei közötti


eltérések
2 7,6532 3,8266 F1 = 35,9278


2. tényező
szintjei közötti


eltérések
3 5,9744 1,9915 F2 = 18,6978


véletlen hibák 6 0,6391 0,1065


teljes 11 14,2667


Ebből F = F [F(2; 6)] jelöléssel 1 − F (F1) = 0,0005 < 0,05. Így 1 − α = 0,95 szinten
elutasítjuk azt a hipotézist, hogy a búza fajtája nincs hatással a terméshozamra.
Másrészt F = F [F(3; 6)] jelöléssel 1−F (F2) = 0,0019 < 0,05. Így 1−α = 0,95 szinten
elutasítjuk azt a hipotézist, hogy a talaj típusa nincs hatással a terméshozamra.


5.4.3. Kétszeres osztályozás interakcióval (I. típusú modell),
kiegyensúlyozott elrendezés esetén


Vizsgáljuk két tényező hatását egy ξ valószínűségi változóra. Legyen az 1. tényezőnek
r1, míg a 2. tényezőnek r2 különböző szintje. Jelölje ξij az 1. tényező i. szintjéhez
és a 2. tényező j. szintjéhez tartozó valószínűségi változót. Feltesszük, hogy ξij ∈
∈ Norm(mij ; σ) (i = 1, 2, . . . , r1; j = 1, 2, . . . , r2) függetlenek, ahol minden paraméter
ismeretlen. Az I. típusú modellben a várható értékeket


mij = m + ai + bj + cij


alakban írjuk fel, ahol
r1∑


i=1
ai = 0,


r2∑
j=1


bj = 0,


r1∑
i=1


cij = 0 (j = 1, 2, . . . , r2) és
r2∑


j=1
cij = 0 (i = 1, 2, . . . , r1).


Az m a teljes átlag, az ai az 1. tényező i. szintjének hatása a mért eredményre, bj a
2. tényező j. szintjének hatása a mért eredményre, cij a két tényező együttes hatása
a mért eredményre.


Minden ξij-hez készítsünk egy s elemű mintát:


ξij1, ξij2, . . . , ξijs.


Feltesszük, hogy
εijk := ξijk − mij


a véletlen hibákból adódó valószínűségi változó. Tehát ebben a modellben


ξijk = m + ai + bj + cij + εijk (i = 1, 2, . . . , r1; j = 1, 2, . . . , r2; k = 1, 2, . . . , s)
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alakú. Három nullhipotézist fogunk vizsgálni. Az első


H
(1)
0 : a1 = a2 = · · · = ar1 = 0,


azaz az 1. tényező különböző szintjei nincsenek hatással ξ-re. A második


H
(2)
0 : b1 = b2 = · · · = br2 = 0,


azaz a 2. tényező különböző szintjei nincsenek hatással ξ-re. A harmadik


H
(3)
0 : cij = 0 minden i = 1, 2, . . . , r1 és j = 1, 2, . . . , r2 esetén,


azaz a két tényező együttes hatása nem befolyásolja a ξ értékét.
A nullhipotézisekre vonatkozó próbákban vezessük be a következő jelöléseket:


ξ... := 1
r1r2s


r1∑
i=1


r2∑
j=1


s∑
k=1


ξijk,


ξi.. := 1
r2s


r2∑
j=1


s∑
k=1


ξijk (i = 1, 2, . . . , r1),


ξ.j. := 1
r1s


r1∑
i=1


s∑
k=1


ξijk (j = 1, 2, . . . , r2),


ξij. := 1
s


s∑
k=1


ξijk (i = 1, 2, . . . , r1; j = 1, 2, . . . , r2),


Q1 :=
r1∑


i=1


r2∑
j=1


s∑
k=1


(
ξi.. − ξ...


)2
= r2s


r1∑
i=1


(
ξi.. − ξ...


)2
,


Q2 :=
r1∑


i=1


r2∑
j=1


s∑
k=1


(
ξ.j. − ξ...


)2
= r1s


r2∑
j=1


(
ξ.j. − ξ...


)2
,


Q3 :=
r1∑


i=1


r2∑
j=1


s∑
k=1


(
ξij. − ξi.. − ξ.j. + ξ...


)2
= s


r1∑
i=1


r2∑
j=1


(
ξij. − ξi.. − ξ.j. + ξ...


)2
,


Q4 :=
r1∑


i=1


r2∑
j=1


s∑
k=1


(
ξijk − ξij.


)2
.


A Q1 az 1. tényező szintjei közötti eltérések négyzetösszege, Q2 a 2. tényező szintjei
közötti eltérések négyzetösszege, Q3 a két tényező együttes hatásaiból adódó eltérések
négyzetösszege és Q4 a hibatag. Ekkor teljesülnek az alábbiak:


Q := Q1 + Q2 + Q3 + Q4 =
r1∑


i=1


r2∑
j=1


s∑
k=1


(
ξijk − ξ...


)2
a teljes eltérések négyzetösszege,


F1 := r1r2(s − 1)
r1 − 1 · Q1


Q4
∈ F


(
r1 − 1; r1r2(s − 1)


)
, ha H


(1)
0 igaz,


F2 := r1r2(s − 1)
r2 − 1 · Q2


Q4
∈ F


(
r2 − 1; r1r2(s − 1)


)
, ha H


(2)
0 igaz,


F3 := r1r2(s − 1)
(r1 − 1)(r2 − 1) · Q3


Q4
∈ F


(
(r1 − 1)(r2 − 1); r1r2(s − 1)


)
, ha H


(3)
0 igaz.
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Belátható továbbá, hogy ha H
(1)
0 igaz, akkor F1 értéke közel van 1-hez, ellenkező


esetben F1 kritikus mértékben 1 fölé nő. Hasonló állítás teljesül F2-re és F3-ra is.
Ezek alapján


F = F
[
F
(
r1 − 1; r1r2(s − 1)


)]
jelöléssel


1 − F (F1) ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk H
(1)
0 esetén,


F = F
[
F
(
r2 − 1; r1r2(s − 1)


)]
jelöléssel


1 − F (F2) ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk H
(2)
0 esetén, végül


F = F
[
F
(
(r1 − 1)(r2 − 1); r1r2(s − 1)


)]
jelöléssel


1 − F (F3) ≥ α


elfogadási tartománnyal α terjedelmű próbát kapunk H
(3)
0 esetén.


Az elemzéshez a következő szórásanalízis táblázatot szokták elkészíteni:


szóródás forrása szabadsági fok négyzetösszeg korr. tap.
szórásnégyzet próbastatisztika


1. tényező
szintjei közötti


eltérések
f1 = r1 − 1 Q1 S∗


1
2 = Q1


f1
F1 = S∗


1
2


S∗
4


2


2. tényező
szintjei közötti


eltérések
f2 = r2 − 1 Q2 S∗


2
2 = Q2


f2
F2 = S∗


2
2


S∗
4


2


két tényező
közötti


interakció
f3 = f1f2 Q3 S∗


3
2 = Q3


f3
F3 = S∗


3
2


S∗
4


2


véletlen hibák f4 = r1r2(s − 1) Q4 S∗
4


2 = Q4


f4


teljes f1 + f2 + f3 + f4 Q1 + Q2 + Q3 + Q4


Az 5.34. példa esetén a következőt kapjuk:


122







szóródás forrása szabadsági fok négyzetösszeg korr. tap.
szórásnégyzet próbastatisztika


1. tényező
szintjei közötti


eltérések
2 24,1034 12,0517 F1 = 59,3583


2. tényező
szintjei közötti


eltérések
3 18,2751 6,0917 F2 = 30,0035


két tényező
közötti


interakció
6 2,0206 0,3368 F3 = 1,6587


véletlen hibák 24 4,8728 0,2030


teljes 35 49,2720


Ebből F = F [F(2; 24)] jelöléssel 1 − F (F1) = 5 · 10−10 < α, így elutasítjuk azt
a hipotézist, hogy a búza fajtája nincs hatással a terméshozamra. Másrészt F =
= F [F(3; 24)] jelöléssel 1 − F (F2) = 3 · 10−8 < α, így elutasítjuk azt a hipotézist,
hogy a talaj típusa nincs hatással a terméshozamra. Végül F = F [F(6; 24)] jelöléssel
1 − F (F3) = 0,1746 ≥ α, így elfogadjuk azt a hipotézist, hogy a búza fajtájának és a
talaj típusának nincs együttes hatása a terméshozamra.
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6. fejezet


Regressziószámítás


6.1. Regressziós görbe és regressziós felület
Jelentse η a Duna egy árhullámának tetőző vízállását Budapesten cm-ben, ξ1 az
árhullámot kiváltó csapadék mennyiségét mm-ben és ξ2 a Duna vízállását Budapestnél
az esőzés kezdetekor cm-ben. Joggal gondolhatjuk, hogy ξ1 és ξ2 értéke erősen
behatárolja az η értékét. Keressünk olyan g függvényt, melyre teljesül, hogy


η ≃ g(ξ1, ξ2).


Az eltérés mértéke legyen
E
(
η − g(ξ1, ξ2)


)2
,


hasonlóan a D2 ξ = E(ξ − E ξ)2 szórásnégyzethez, ami a ξ és E ξ eltérésének mértéke.
Ha sikerülne olyan g függvényt találni, amelyre E


(
η − g(ξ1, ξ2)


)2
a lehető legkisebb,


akkor ξ1 és ξ2 mérésével közelítőleg meg lehetne jósolni η, azaz az árhullám tetőzésének
mértékét.


Általánosítva, ha az η, ξ1, . . . , ξk valószínűségi változók esetén az a feladat, hogy
adjuk meg a lehető legjobb


η ≃ g(ξ1, . . . , ξk)
közelítést adó g függvényt, akkor az úgy értendő, hogy az


E
(
η − g(ξ1, . . . , ξk)


)2


értékét kell minimalizálni. Ez az úgynevezett legkisebb négyzetek elve. Az így kapott
g továbbá ξ1, . . . , ξk ismeretében megbecsülhető lesz η.


6.1. Tétel. Legyenek η, ξ1, . . . , ξk valószínűségi változók és E η2 < ∞. Az összes
g : Rk → R Borel-mérhető függvényt figyelembe véve E


(
η − g(ξ1, . . . , ξk)


)2
akkor a


legkisebb, ha
g(ξ1, . . . , ξk) = E(η | ξ1, . . . , ξk).


Bizonyítás. Legyen µ := η − E(η | ξ1, . . . , ξk) és ν := E(η | ξ1, . . . , ξk) − g(ξ1, . . . , ξk).
Ekkor


E
(
η − g(ξ1, . . . , ξk)


)2
= E(µ + ν)2 = E µ2 + 2 E(µν) + E ν2 ≥
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≥ E µ2 + 2 E(µν) = E µ2 + 2 E
(
E(µν | ξ1, . . . , ξk)


)
=


= E µ2 + 2 E
(
ν E(µ | ξ1, . . . , ξk)


)
,


másrészt


E(µ | ξ1, . . . , ξk) = E
(
η − E(η | ξ1, . . . , ξk) | ξ1, . . . , ξk


)
=


= E(η | ξ1, . . . , ξk) − E
(
E(η | ξ1, . . . , ξk) | ξ1, . . . , ξk


)
=


= E(η | ξ1, . . . , ξk) − E(η | ξ1, . . . , ξk) = 0.


Így kapjuk, hogy


E
(
η − g(ξ1, . . . , ξk)


)2
≥ E µ2 = E


(
η − E(η | ξ1, . . . , ξk)


)2
,


melyből adódik az állítás.


6.2. Definíció. Ha η, ξ1, . . . , ξk valószínűségi változók, ξi értékkészlete Rξi
(i =


= 1, . . . , k) és E η2 véges, akkor a


g : Rξ1 × · · · × Rξk
→ R, g(x1, . . . , xk) := E(η | ξ1 = x1, . . . , ξk = xk)


függvényt az η valószínűségi változó (ξ1, . . . , ξk)-ra vonatkozó regressziós felületének,
illetve ennek meghatározását regressziószámításnak nevezzük. Speciálisan k = 1
esetén regressziós görbéről beszélünk. Ha a regressziós felület lineáris függvénnyel
írható le, akkor azt k = 1 esetén (elsőfajú) regressziós egyenesnek, míg k = 2 esetén
(elsőfajú) regressziós síknak nevezzük.


6.3. Megjegyzés. Ismert, hogy (η, ξ1, . . . , ξk) ∈ Normk+1(m; A) esetén léteznek olyan
a1, . . . , ak ∈ R konstansok, hogy E(η | ξ1, . . . , ξk) = a1ξ1 + · · · + akξk. Tehát ha
(η, ξ1, . . . , ξk) valószínűségi vektorváltozó normális eloszlású, akkor a regressziós
felület egy lineáris függvénnyel írható le.


6.2. Lineáris regresszió
Ha (η, ξ1, . . . , ξk) nem normális eloszlású, akkor a legtöbb esetben a regressziós felület
meghatározása igen bonyolult probléma. Ilyen esetekben azzal egyszerűsíthetjük a
feladatot, hogy E


(
η − g(ξ1, . . . , ξk)


)2
minimumát csak a


g(x1, . . . , xk) = a0 + a1x1 + · · · + akxk (a0, a1, . . . , ak ∈ R)


alakú – azaz lineáris – függvények között keressük. Ezt a típusú regressziószámí-
tást lineáris regressziónak nevezzük. A feladat megoldásában szereplő a0, . . . , ak


konstansokat a lineáris regresszió együtthatóinak nevezzük.
A lineáris regresszióval kapott g függvényt k = 1 illetve k = 2 esetén másodfajú


regressziós egyenesnek illetve másodfajú regressziós síknak nevezzük.
Kérdés, hogy egyáltalán van-e megoldása a lineáris regressziós feladatnak. Erre


ad feleletet a következő tétel.
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6.4. Tétel. Legyen ξ0 ≡ 1, E η2 ∈ R, E(ηξi) ∈ R, E(ξiξj) ∈ R (i, j = 0, . . . , k),
továbbá az


R :=



E(ξ0ξ0) E(ξ0ξ1) . . . E(ξ0ξk)
E(ξ1ξ0) E(ξ1ξ1) . . . E(ξ1ξk)


... ... . . . ...
E(ξkξ0) E(ξkξ1) . . . E(ξkξk)



mátrix pozitív definit, azaz minden bal felső sarokdeterminánsa pozitív. Ekkor a
lineáris regressziónak pontosan egy megoldása van, nevezetesen azon g(x1, . . . , xk) =
= a0 + a1x1 + · · · + akxk függvény, melyre


ai = det Ri


det R
(i = 0, . . . , k),


ahol az Ri mátrixot úgy kapjuk, hogy az R mátrix i-edik oszlopát kicseréljük az
r :=


(
E(ηξ0), . . . , E(ηξk)


)⊤
-ra.


Bizonyítás. A feladat azon a0, . . . , ak ∈ R paraméterek meghatározása, amelyek
mellett E(η − a0 − a1ξ1 − · · · − akξk)2 minimális. Mivel


E(η − a0 − a1ξ1 − · · · − akξk)2 = E(η − a0ξ0 − · · · − akξk)2 =


= E η2 +
k∑


i=0
a2


i E ξ2
i − 2


k∑
i=0


ai E(ηξi) + 2
k−1∑
i=0


k∑
j=i+1


aiaj E(ξiξj),


ezért
∂


∂al


E(η − a0 − a1ξ1 − · · · − akξk)2 =


= 2al E ξ2
l − 2 E(ηξl) + 2


∑
i̸=l


ai E(ξiξl) =


= 2
k∑


i=0
ai E(ξiξl) − 2 E(ηξl) (l = 0, . . . , k).


Így azt kapjuk, hogy az
∂


∂al


E(η − a0 − a1ξ1 − · · · − akξk)2 = 0 (l = 0, . . . , k)


egyenletrendszer ekvivalens az
R(a0, . . . , ak)⊤ = r


egyenlettel. Mivel R pozitív definit, ezért det R > 0, így a Cramer-szabály alapján
ennek pontosan egy megoldása van, nevezetesen az, amely a tételben fel lett írva.
Legyen


K :=
(


∂2


∂al∂at


E(η − a0 − a1ξ1 − · · · − akξk)2
)


(k+1)×(k+1)
.


Mivel
∂2


∂al∂at


E(η − a0 − a1ξ1 − · · · − akξk)2 = 2 E(ξlξt),


ezért K = 2R. Ebből adódik, hogy K pozitív definit, azaz a kapott megoldás valóban
minimumhely. Ezzel bizonyítottuk a tételt.
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6.5. Megjegyzés. Könnyen látható, hogy k = 1 esetén az előző tétel feltételei teljesül-
nek, ha E η2 ∈ R, 0 < D2 ξ1 < ∞ és cov(η, ξ1) ∈ R. Másrészt ekkor R(a0, a1)⊤ = r
ekvivalens a következő egyenletrendszerrel:


a0 + a1 E ξ1 = E η,


a0 E ξ1 + a1 E ξ2
1 = E(ηξ1).


Ennek a megoldása


a0 = E η − cov(η, ξ1)
D2 ξ1


E ξ1, a1 = cov(η, ξ1)
D2 ξ1


.


Így a regressziós egyenes egyenlete


g(x) = E η − cov(η, ξ1)
D2 ξ1


E ξ1 + cov(η, ξ1)
D2 ξ1


x,


azaz ennek eredményeképpen a továbbiakban az


η ≃ E η − cov(η, ξ1)
D2 ξ1


E ξ1 + cov(η, ξ1)
D2 ξ1


ξ1


lineáris közelítést lehet használni.


6.6. Feladat. Az E
(
η − g(ξ1, . . . , ξk)


)2
minimumát keressük meg azon g lineáris


függvények között, melyek átmennek az origón, azaz a


g(x1, . . . , xk) = a1x1 + · · · + akxk (a1, . . . , ak ∈ R)


alakú függvények között.


Megoldás. Az előző tétel bizonyításához hasonlóan kapjuk a következő állítást. Legyen
E η2 ∈ R, E(ηξi) ∈ R, E(ξiξj) ∈ R (i, j = 1, . . . , k), továbbá az


R′ :=



E(ξ1ξ1) E(ξ1ξ2) . . . E(ξ1ξk)
E(ξ2ξ1) E(ξ2ξ2) . . . E(ξ2ξk)


... ... . . . ...
E(ξkξ1) E(ξkξ2) . . . E(ξkξk)



mátrix pozitív definit, azaz minden bal felső sarokdeterminánsa pozitív. Ekkor a
feladatnak pontosan egy megoldása van, nevezetesen azon g(x1, . . . , xk) = a1x1 +
+ · · · + akxk függvény, melyre


ai = det R′
i


det R′ (i = 1, . . . , k),


ahol az R′
i mátrixot úgy kapjuk, hogy az R′ mátrix i-edik oszlopát kicseréljük az


r′ :=
(
E(ηξ1), . . . , E(ηξk)


)⊤
-ra. Speciálisan k = 1 esetén a1 = E(ηξ1)


E(ξ2
1) .


127







6.7. Feladat. Legyenek t0, . . . , tk ∈ R rögzített konstansok. Az E
(
η −g(ξ1, . . . , ξk)


)2


minimumát keressük meg azon lineáris g függvények között, melyekre teljesül, hogy
g(t1, . . . , tk) = t0. Ez az úgynevezett fixpontos lineáris regresszió. A megoldást adó g
függvényt k = 1 illetve k = 2 esetén fixpontos regressziós egyenesnek illetve fixpontos
regressziós síknak nevezzük.


Megoldás. Könnyen látható, hogy


g(x1, . . . , xk) = a0 + a1x1 + · · · + akxk (a0, . . . , ak ∈ R) és g(t1, . . . , tk) = t0


pontosan akkor teljesülnek egyszerre, ha


g(x1, . . . , xk) − t0 = a1(x1 − t1) + · · · + ak(xk − tk) (a1, . . . , ak ∈ R).


(Vegyük észre, hogy t0 = · · · = tk = 0 esetén az előző feladatot kapjuk vissza.) Így
az előző feladat megoldásában η, ξ1, . . . , ξk helyébe η − t0, ξ1 − t1, . . . , ξk − tk írva,
adódnak a feltételnek eleget tevő a1, . . . , ak együtthatók.


6.3. A lineáris regresszió együtthatóinak becslése
Az előzőekben a lineáris regresszió együtthatóit az η, ξ1, . . . , ξk valószínűségi változók
és azok kapcsolatának ismeretében határoztuk meg. Ezekről viszont a gyakorlat-
ban csak nagyon ritkán van elegendő információnk. Így ekkor az (η, ξ1, . . . , ξk)-ra
vonatkozó minta alapján kell ezeket az együtthatókat megbecsülni. Legyen ez a minta


(ηi, ξi1, . . . , ξik) i = 1, . . . , n.


Bevezetjük a következő jelöléseket:


a := (a0, . . . , ak)⊤


Y := (η1, . . . , ηn)⊤


X :=



1 ξ11 . . . ξ1k


1 ξ21 . . . ξ2k
... ... . . . ...
1 ξn1 . . . ξnk


 .


A becslés alapja az, hogy az E(η − a0 − a1ξ1 − · · · − akξk)2 várható értéket az


1
n


n∑
i=1


(ηi − a0 − a1ξi1 − · · · − akξik)2


átlaggal becsüljük. Vegyük észre, hogy ez az átlag 1
n
∥Y −Xa∥2 alakban is írható, ahol


∥(v1, . . . , vn)⊤∥ =
√


v2
1 + · · · + v2


n a (v1, . . . , vn)⊤ oszlopvektor hossza. Így a feladat
azon a-nak a megtalálása, amely mellett ∥Y − Xa∥ minimális.


Jelölje L az Xa lineáris leképezés képterét, amely a { v⊤ : v ∈ Rn } vektortér
egy altere. Mivel ∥Y − Xa∥ az Y és az Xa távolsága, ezért ez akkor lesz minimális,
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ha Xa az Y merőleges vetülete L-re, azaz Y − Xa merőleges L-re. Ez pontosan
azt jelenti, hogy Y − Xa merőleges Xb-re, minden b0, . . . , bk ∈ R, b = (b0, . . . , bk)⊤


esetén. Tehát


(Xb)⊤(Y − Xa) = 0
b⊤X⊤(Y − Xa) = 0


b⊤X⊤Y = b⊤X⊤Xa


X⊤Y = X⊤Xa


Az utolsó lépésben azért hagyható el b⊤, mert az egyenlet bármely b-re teljesül. Az
a-ra vonatkozó X⊤Y = X⊤Xa egyenlet az úgynevezett normálegyenlet, melynek
â = (â0, . . . , âk)⊤-val jelölt megoldása szolgáltatja a lineáris regresszió együtthatóinak
becslését. Nyilván, ha X⊤X invertálható mátrix, akkor


â = (X⊤X)−1X⊤Y.


6.8. Példa. Számolja ki k = 1 esetén a lineáris regresszió együtthatóinak becslését.
Megoldás. Az (η, ξ1)-re vonatkozó minta (ηi, ξi1) i = 1, . . . , n,


a = (a0, a1)⊤


Y = (η1, . . . , ηn)⊤


X =



1 ξ11
1 ξ21
... ...
1 ξn1


 .


Némi számolással kapjuk, hogy az X⊤Y = X⊤Xa normálegyenlet ekvivalens a
következő egyenletrendszerrel:


(ξ11 + · · · + ξn1)a0 + (ξ2
11 + · · · + ξ2


n1)a1 = ξ11η1 + · · · + ξn1ηn,


na0 + (ξ11 + · · · + ξn1)a1 = η1 + · · · + ηn.


Ennek megoldása, és így az a becslése


â0 = η − Covn(η, ξ1)
S2


ξ1,n


ξ1,


â1 = Covn(η, ξ1)
S2


ξ1,n


.


Ennek alapján a továbbiakban az η ≃ â0 + â1ξ1 közelítést fogjuk használni.
6.9. Megjegyzés. Összehasonlítva az előbb kapott â0 és â1 becsléseket a korábban
kapott elméleti értékekkel, azt láthatjuk, hogy tulajdonképpen a várható értéket
mintaátlaggal, a szórásnégyzetet tapasztalati szórásnégyzettel és a kovarianciát a
tapasztalati kovarianciával becsültük.


Megjegyezzük még, hogy ebben az esetben meg szokták adni az η és ξ1 közötti
tapasztalati korrelációs együttható négyzetét (az ún. determinációs együtthatót).
Ennek értéke minél közelebb van 1-hez, annál pontosabbnak tekinthető a lineáris
közelítés.
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6.10. Feladat. Adjunk becslést az (η, ξ1, . . . , ξk) valószínűségi vektorváltozóra vo-
natkozó (ηi, ξi1, . . . , ξik), i = 1, . . . , n minta alapján a fixpontos lineáris regresszió
együtthatóira.
Megoldás. A feladat tehát rögzített t0, . . . , tk ∈ R esetén olyan


g(x1, . . . , xk) = t0 + a1(x1 − t1) + · · · + ak(xk − tk) (a1, . . . , ak ∈ R)
függvényt találni, melyre


n∑
i=1


(
ηi − g(ξi1, . . . , ξik)


)2


minimális. Legyen először t0 = · · · = tk = 0. Ekkor g(x1, . . . , xk) = a1x1 + · · · + akxk,
így a lineáris regresszió együtthatóinak becsléséhez hasonlóan kapjuk, hogy


Y := (η1, . . . , ηn)⊤


X ′ :=



ξ11 . . . ξ1k


ξ21 . . . ξ2k
... . . . ...


ξn1 . . . ξnk



jelölésekkel, ha X ′⊤X ′ invertálható mátrix, akkor


(â1, . . . , âk)⊤ = (X ′⊤X ′)−1X ′⊤Y.


Speciálisan k = 1 esetén


â1 =


n∑
i=1


ξi1ηi


n∑
i=1


ξ2
i1


= Covn(η, ξ1) + ξ1η


Sξ1,n + ξ1
2 ,


így ekkor az η ≃ â1ξ1 közelítést fogjuk használni.
Tetszőleges t0, . . . , tk ∈ R esetén a fixpontot transzformáljuk az origóra, így az


előző megoldásban csak annyit kell változtatni, hogy
Y := (η1 − t0, . . . , ηn − t0)⊤


X ′ :=



ξ11 − t1 . . . ξ1k − tk


ξ21 − t1 . . . ξ2k − tk
... . . . ...


ξn1 − t1 . . . ξnk − tk



jelöléseket használunk.


6.4. Nemlineáris regresszió
A lineáris regressziós közelítés sok esetben nem célszerű, mert valamilyen elvi vagy
tapasztalati tény a lineáris kapcsolatnak ellentmond. Ilyenkor meg kell tippelni, hogy
milyen típusú függvény közelíti jobban a kapcsolatot a lineárisnál (hatvány, exponen-
ciális, logaritmus, stb.), majd a regressziós függvény keresését le kell szűkíteni erre a
csoportra. Néhány esetben valamilyen transzformációval ez a keresés visszavezethető
a lineáris esetre. Most csak ilyen esetekkel foglalkozunk k = 1 esetén.
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6.4.1. Polinomos regresszió
Ebben az esetben a regressziós függvényt


y = a0 + a1x + a2x
2 + · · · + arx


r (a0, . . . , ar ∈ R+)


alakban keressük. Ekkor az a0, . . . , ar együtthatókat az η, ξ1, ξ2
1 , . . . , ξr


1 között végre-
hajtott lineáris regresszió adja.


6.4.2. Hatványkitevős regresszió
Ebben az esetben a regressziós függvényt


y = axb (a ∈ R+, b ∈ R)


alakban keressük. Ez azzal ekvivalens, hogy


ln y = ln a + b ln x,


így ekkor ln η és ln ξ1 között lineáris regressziót végrehajtva, a kapott a0, a1 együtt-
hatókra teljesül, hogy a0 = ln a, a1 = b, azaz


a = ea0 , b = a1.


Ebből a korábbiak alapján


a = exp
(


E(ln η) − cov(ln η, ln ξ1)
D2(ln ξ1)


E(ln ξ1)
)


,


b = cov(ln η, ln ξ1)
D2(ln ξ1)


.


Ezen paraméterek becslése, szintén a korábbiak alapján


â = exp
(


ln η − Covn(ln η, ln ξ1)
S2


ln ξ1,n


ln ξ1


)
,


b̂ = Covn(ln η, ln ξ1)
S2


ln ξ1,n


.


6.4.3. Exponenciális regresszió
Ebben az esetben a regressziós függvényt


y = abx (a, b ∈ R+)


alakban keressük. Ez azzal ekvivalens, hogy


ln y = ln a + (ln b)x,
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így ekkor ln η és ξ1 között lineáris regressziót végrehajtva, a kapott a0, a1 együttha-
tókra teljesül, hogy a0 = ln a, a1 = ln b, azaz


a = ea0 , b = ea1 .


Ebből a korábbiak alapján


a = exp
(


E(ln η) − cov(ln η, ξ1)
D2 ξ1


E ξ1


)
,


b = exp
(


cov(ln η, ξ1)
D2 ξ1


)
.


Ezen paraméterek becslése, szintén a korábbiak alapján


â = exp
(


ln η − Covn(ln η, ξ1)
S2


ξ1,n


ξ1


)
,


b̂ = exp
(


Covn(ln η, ξ1)
S2


ξ1,n


)
.


6.4.4. Logaritmikus regresszió
Ebben az esetben a regressziós függvényt


y = a + b ln x (a, b ∈ R)


alakban keressük. Így ekkor η és ln ξ1 között lineáris regressziót végrehajtva, a
korábbiak alapján


a = E η − cov(η, ln ξ1)
D2(ln ξ1)


E(ln ξ1),


b = cov(η, ln ξ1)
D2(ln ξ1)


.


Ezen paraméterek becslése, szintén a korábbiak alapján


â = η − Covn(η, ln ξ1)
S2


ln ξ1,n


ln ξ1,


b̂ = Covn(η, ln ξ1)
S2


ln ξ1,n


.


6.4.5. Hiperbolikus regresszió
Ebben az esetben a regressziós függvényt


y = 1
a + bx


(a, b ∈ R)


alakban keressük. Ez azzal ekvivalens, hogy


y−1 = a + bx,
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így ekkor η−1 és ξ1 között lineáris regressziót végrehajtva, a korábbiak alapján


a = E(η−1) − cov(η−1, ξ1)
D2 ξ1


E ξ1,


b = cov(η−1, ξ1)
D2 ξ1


.


Ezen paraméterek becslése, szintén a korábbiak alapján


â = η−1 − Covn(η−1, ξ1)
S2


ξ1,n


ξ1,


b̂ = Covn(η−1, ξ1)
S2


ξ1,n


.
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Előszó


Ez a tananyag az Eszterházy Károly Katolikus Egyetem matematikai statisztika
gyakorlataiból készült. Alapvetően Tómács Tibor [13] tananyagára építünk, amelyben
az elméleti alapok találhatóak meg. Természetesen a két műben a jelölések és a
szóhasználat is megegyezik, így itt alkalmazásukkor már nem ismertetjük az elméleti
részben bevezetett jelöléseket, csak összefoglaljuk a Jelölések című részben.


Ez a tananyag inkább számítógéppel megoldható gyakorlatokat, míg az előbb
említett mű, a szükséges definíciókon és tételeken túl, elméleti számításokat igénylő
feladatokat tartalmaz.


A matematikai statisztika elméletének gyakorlatba való átültetésére mindenekelőtt
mintarealizációkra lesz szükségünk. Ezeket néhány esetben mi fogjuk generálni
számítógéppel, de lesznek olyan esetek is, amikor adott mintát kell vizsgálnunk. A
feladatoknál megadott minták a PDF-hez vannak csatolva, így olyan PDF-nézőt
használjon, amely a csatolt állományok kezelését támogatja. Ilyen például a Firefox
böngésző beépített PDF-nézője, az Adobe Reader vagy a SumatraPDF.


A mintagenerálást és annak statisztikai elemzését is a Microsoft Office Excel
program magyar nyelvű változatával végezzük. Az Excel alapfokú használatát ismert-
nek tételezzük fel, ennek ellenére a példák megoldását olyan részletesen mutatjuk
meg, amennyire csak lehet. Itt jegyezzük meg, hogy további számos programcsomag
készült statisztikai adatok feldolgozására (SPSS, SAS, MatLab, Maple, R-nyelvű
statisztikai rutinok, stb.).


Minden fejezet tartalmaz mintapéldákat részletesen megoldva. A fejezetek végén
gyakorlatokat találhatunk, melyhez szükség szerint útmutatót is adunk.


A statisztikában szokásos táblázatokat ebben a tananyagban nem mellékeljük,
mert az ezekben található értékeket számítógép segítségével fogjuk kiszámolni.


A tananyag vége egy összefoglalót tartalmaz, melyben megtalálható minden olyan
információ, amely a példák és gyakorlatok megoldásához szükséges.
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Jelölések


Általános


N a pozitív egész számok halmaza
R a valós számok halmaza
Rn R-nek önmagával vett n-szeres Descartes-szorzata
R+ a pozitív valós számok halmaza
(a, b) rendezett elempár vagy nyílt intervallum
≃ közelítőleg egyenlő
[x] az x valós szám egész része
f−1 az f függvény inverze
A⊤ az A mátrix transzponáltja
A−1 az A mátrix inverze


Valószínűségszámítás


P(A) az A esemény valószínűsége
E ξ ξ várható értéke
D ξ, D2 ξ ξ szórása illetve szórásnégyzete
cov(ξ, η) kovariancia
corr(ξ, η) korrelációs együttható
φ a standard normális eloszlás sűrűségfüggvénye
Φ a standard normális eloszlás eloszlásfüggvénye
Γ Gamma-függvény
IA az A esemény indikátorváltozója
Bin(r; p) az r-edrendű p paraméterű binomiális eloszlású valószínűségi válto-


zók halmaza
Exp(λ) a λ paraméterű exponenciális eloszlású valószínűségi változók hal-


maza
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Norm(m; σ) az m várható értékű és σ szórású normális eloszlású valószínűségi
változók halmaza


Gamma(r; λ) az r-edrendű λ paraméterű gamma-eloszlású valószínűségi változók
halmaza


Khi(s) az s szabadsági fokú khi-négyzet eloszlású valószínűségi változók
halmaza


T(s) az s szabadsági fokú t-eloszlású valószínűségi változók halmaza
F(s1; s2) az s1 és s2 szabadsági fokú F-eloszlású valószínűségi változók hal-


maza
F [V] Ha ξ valószínűségi változó és V a ξ-vel azonos eloszlású valószínűségi


változók halmaza, akkor F [V] a V-beli valószínűségi változók közös
eloszlásfüggvényét jelenti. Például Φ = F [Norm(0; 1)].


Matematikai statisztika


F ∗
n tapasztalati eloszlásfüggvény


ξ a ξ-re vonatkozó minta átlaga (mintaátlag)
Sn, S2


n tapasztalati szórás illetve szórásnégyzet
Sξ,n, S2


ξ,n ξ-re vonatkozó tapasztalati szórás illetve szórásnégyzet
S∗


n, S∗
n


2 korrigált tapasztalati szórás illetve szórásnégyzet
S∗


ξ,n, S∗2
ξ,n ξ-re vonatkozó korrigált tapasztalati szórás illetve szórásnégyzet


ξ∗
1 , . . . , ξ∗


n rendezett minta
Covn(ξ, η) tapasztalati kovariancia
Corrn(ξ, η) tapasztalati korrelációs együttható
ϑ̂ a ϑ paraméter becslése
H0, H1 nullhipotézis, ellenhipotézis
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1. fejezet


Mintagenerálás


A statisztikai elemzések során ismeretlen eloszlású valószínűségi változókat vizsgálunk
oly módon, hogy a valószínűségi változóra több mérést is elvégzünk. A kapott
számokat mintarealizációnak nevezzük. Ha ξ a vizsgált valószínűségi változó, akkor a
rávonatkozó mintarealizáció elemeit ξ1(ω), . . . , ξn(ω) módon jelöljük, ahol ξ1, . . . , ξn


a ξ-vel azonos eloszlású független valószínűségi változók, ω pedig a kísérletsorozatban
bekövetkező elemi esemény. A ξ1, . . . , ξn valószínűségi változókat a ξ-re vonatkozó
mintának nevezzük.


A gyakorlati óráink során mérések helyett számítógéppel állítjuk elő a min-
tarealizációt. Számítógépes algoritmussal generált véletlen számot pszeudo- vagy
álvéletlennek nevezzük. Például az úgynevezett kongruens módszeren alapuló algo-
ritmust n-szer lefuttatva, a [0, 1] intervallumon egyenletes eloszlású valószínűségi
változóra vonatkozó n elemű mintarealizációt állíthatunk elő. Ennek az elméletével
itt nem foglalkozunk. (Részletesebben lásd például [1, 5, 12].)


Megjegyezzük, hogy valódi véletlent is használhatunk minta generálására a követ-
kező címen található internetes szolgáltatással: http://www.random.org.


Ebben a fejezetben azt fogjuk részletezni, hogy a [0, 1] intervallumon egyenletes
eloszlásból hogyan lehet más eloszlást generálni. Emlékeztetőül, egy valószínűségi
változó a [0, 1] intervallumon egyenletes eloszlású, ha a [0, 1] intervallum egy tetsző-
leges h hosszúságú részintervallumába h valószínűséggel eshet. A következő állítás
szerint bármely eloszlású valószínűségi változó előáll [0, 1] intervallumon egyenletes
eloszlású valószínűségi változó valamely transzformáltjaként.


1.1. Tétel. Legyen F : R → R egy eloszlásfüggvény és


G : R → R, G(x) :=


sup{y ∈ R : F (y) < x}, ha 0 < x < 1,


0, különben.
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Ha ξ egyenletes eloszlású valószínűségi változó a [0, 1] intervallumon, akkor G(ξ)
olyan valószínűségi változó, melynek eloszlásfüggvénye F .


1.2. Megjegyzés. Az 1.1. tételben, ha F invertálható eloszlásfüggvény, azaz szigorúan
monoton növekvő, akkor 0 < x < 1 esetén


G(x) = sup{y ∈ R : F (y) < x} = sup{y ∈ R : y < F −1(x)} = F −1(x).


Ezért a G függvény (0, 1)-re vett leszűkítettjét az F általánosított inverzének is
nevezik.


1.3. Megjegyzés. Az 1.1. tételben, ha F egy olyan valószínűségi változó eloszlás-
függvénye, amely az x1 < x2 < · · · < xr értékeket veheti fel rendre p1, p2, . . . , pr


valószínűségekkel, akkor


G(x) =





x1, ha 0 < x ≤ p1,


x2, ha p1 < x ≤ p1 + p2,


x3, ha p1 + p2 < x ≤ p1 + p2 + p3,
...


xr−1, ha p1 + · · · + pr−2 < x ≤ p1 + · · · + pr−1,


xr, ha p1 + · · · + pr−1 < x < 1.


Könnyen látható, hogy a G(x) felírásában a < és ≤ relációs jelek tetszőlegesen
felcserélhetőek, hiszen ez nem változtat a G(ξ) eloszlásán.


Hasonló állítás fogalmazható meg akkor is, ha megszámlálhatóan végtelen sok
értéket felvevő valószínűségi változót akarunk transzformálni egyenletes eloszlásból.


1.1. Egyenletes eloszlás


Excel-ben a VÉL() függvénnyel tudunk [0, 1] intervallumon egyenletes eloszlású
(pszeudo)véletlen számot generálni.


1.4. Példa. Generáljon [0, 1] intervallumon egyenletes eloszlású valószínűségi válto-
zóra vonatkozó 20 elemű mintarealizációt.


Megoldás (1). Az A1 cellába írja be, hogy =VÉL() majd Enter. Ezután a kitöltőjelet
húzza le a 20. sorig. A kitöltőjel a kijelölés jobb alsó sarkában lévő négyzet.


Az így generált számok minden újraszámolásnál megváltoznak, ami nem kívánatos,
hiszen a mintarealizációt a feladatokban rögzítettnek tekintjük. (Próbálja ezt ki az
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F9 funkcióbillentyű megnyomásával, melynek hatására az Excel minden képletet
újraszámol.) A mintarealizáció elemeinek rögzítéséhez tegye a következőket:


1. Lépjen az A oszlop fejlécére, nyomja meg a jobb egérgombot, majd válassza a
Másolás pontot.


2. Lépjen a B oszlop fejlécére, nyomja meg a jobb egérgombot, válassza az Irányított
beillesztés pontot, jelölje be az Értéket, majd nyomja meg az OK gombot.


Megoldás (2). Az előző megoldás abban az esetben nem kényelmes, ha 20 helyett
például 10 000 elemű mintarealizációt kell generálni, hiszen ekkor a kitöltőjelet az
A10000 celláig kellene lehúzni, ami sokáig tart. Ebben az esetben a következő módszer
praktikusabb.


A Név mezőbe írja be, hogy A1:A10000, majd Enter. Ez kijelöli az A1:A10000
cellatartományt. Írja be, hogy =VÉL() majd Ctrl + Enter, ami a kijelölt cellatarto-
mány minden cellájába =VÉL() függvényt ír. Ezután az előző módszerrel a B oszlopba
rögzítheti a mintát.


Megoldás (3). A feladat az Adatok/Adatelemzés menüponttal is megoldható. Először
aktiválja az Analysis ToolPak bővítményt: Fájl/Beállítások/Bővítmények majd Ugrás
gomb. Pipálja ki az Analysis ToolPak sort majd OK (lásd a 10.7.1. alszakaszt).


Ezután Adatok/Adatelemzés, a felugró ablakban a legördülő listában válassza a
Véletlenszám-generálás sort, majd OK. Az eloszlásnál válassza az Egyenletes sort,
változók számát állítsa 1-re (mert csak egy mintát generálunk), a véletlen számok
számát állítsa 20-ra (mert a mintaelemek száma 20). A paraméterek legyenek 0
valamint 1. Kattintson a Kimeneti tartomány feliratra, majd a mellette lévő mezőre,
végül az A1 cellára. Az OK gomb megnyomásával elkészül a mintarealizáció az A
oszlopban. Ennek rögzítésére nincs szükség, mert a cellákban csak számokat ír be a
program, nem függvényeket.


Az (1) és (3) megoldást megnézheti a következő videón:


A példák megoldásánál az Adatok/Adatelemzés menüpontot a teljesség kedvéért
mutatjuk meg. Dolgozatírásnál kérjük ne használja, mert a javítás során nem lehet
visszakövetni a mintarealizáció készítésének menetét.


A következő tétel azt mutatja meg, hogy egy [0, 1] intervallumon egyenletes eloszlá-
sú valószínűségi változóból hogyan transzformálhatunk tetszőleges [a, b] intervallumon
egyenletes eloszlású valószínűségi változót.
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1.5. Tétel. Legyen ξ a [0, 1] intervallumon egyenletes eloszlású valószínűségi változó
és a, b ∈ R, a < b. Ekkor a + (b − a)ξ az [a, b] intervallumon egyenletes eloszlású.


Bizonyítás. A tétel az 1.1. tételből következik, hiszen G(x) = F −1(x) = a + (b − a)x,
ha 0 < x < 1.


1.6. Példa. Generáljon [−2, 5] intervallumon egyenletes eloszlású valószínűségi
változóra vonatkozó 100 elemű mintarealizációt.


Megoldás (1). Az előző tétel alapján, ha ξ a [0, 1] intervallumon egyenletes eloszlású
valószínűségi változó, akkor −2 + (5 − (−2))ξ = −2 + 7ξ a [−2, 5] intervallumon
egyenletes eloszlású. Tehát az A1 cellába írja be, hogy =-2+7*VÉL() , Enter, az A1
cella kitöltőjelét húzza le a 100. sorig, majd rögzítse a mintarealizáció elemeit.


Megoldás (2). Hasonlóan az előző feladathoz ez is megoldható az Adatok/Adatelemzés
menüponttal, csak itt a paraméterek -2 valamint 5 lesznek, illetve a véletlen számok
száma 100.


1.2. Exponenciális eloszlás


1.7. Tétel. Legyen ξ a [0, 1] intervallumon egyenletes eloszlású valószínűségi változó
és λ > 0. Ekkor − ln ξ


λ
exponenciális eloszlású λ paraméterrel.


Bizonyítás. Ha x > 0, akkor P
(


− ln ξ
λ


< x
)


= P(ξ > e−λx) = 1 − e−λx, illetve ha
x ≤ 0, akkor P


(
− ln ξ


λ
< x


)
= 0.


1.8. Megjegyzés. Az 1.1. tételben G(x) = F −1(x) = − ln(1−x)
λ


, ha 0 < x < 1, vagyis
− ln(1−ξ)


λ
is exponenciális eloszlású λ paraméterrel.


1.9. Példa. Generáljon λ = 5,6 paraméterű exponenciális eloszlású valószínűségi
változóra vonatkozó 10 elemű mintarealizációt.


Megoldás. Az A1 cellába írja be, hogy =-LN(VÉL())/5,6 , a kitöltőjelet húzza le a
10. sorig, majd rögzítse a mintarealizáció elemeit.


1.3. Normális eloszlás


A következő tétel az 1.1. tétel következménye.


1.10. Tétel. Ha ξ egyenletes eloszlású valószínűségi változó a [0, 1] intervallumon,
m ∈ R, σ > 0 és F = F [Norm(m; σ)]. Ekkor F −1(ξ) illetve m + σΦ−1(ξ) is normális
eloszlású valószínűségi változók m és σ paraméterekkel.
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Ebben a tételben F −1 illetve Φ−1 nem elemi függvények. A következő tétel azt
mutatja, hogy elemi függvénnyel is megkaphatjuk a normális eloszlást az egyenletes-
ből.


1.11. Tétel (Box–Muller-transzformáció). Legyenek ξ, η a [0, 1] intervallumon egyen-
letes eloszlású független valószínűségi változók, m ∈ R és σ > 0. Ekkor


m + σ
√


−2 ln ξ cos(2πη)


normális eloszlású m várható értékkel és σ szórással.


1.12. Példa. Generáljon m = 4 várható értékű és σ = 1,2 szórású normális eloszlású
valószínűségi változóra vonatkozó 20 elemű mintarealizációt.


Megoldás (1). Az előző két tétel alapján az A1 cellába írja be az alábbiak egyikét:


=NORM.INVERZ(VÉL();4;1,2)


=4+1,2*NORM.S.INVERZ(VÉL())


=4+1,2*GYÖK(-2*LN(VÉL()))*COS(2*PI()*VÉL()) .


Nyomjon Enter-t, lépjen vissza A1-re, ezután a kitöltőjelet húzza le a 20. sorig, majd
rögzítse a mintarealizáció elemeit.


Megoldás (2). A feladat az Adatok/Adatelemzés menüponttal is megoldható. A
felugró ablakban a legördülő listában válassza a Véletlenszám-generálás sort, majd
OK. Az eloszlásnál válassza a Normális sort, változók számát állítsa 1-re, a véletlen
számok számát állítsa 20-ra. A várható érték 4, a szórás 1,2. Kattintson a Kimeneti
tartomány feliratra, majd a mellette lévő mezőre, végül az A1 cellára. Az OK gomb
megnyomásával elkészül a mintarealizáció az A oszlopban.


1.4. Diszkrét egyenletes eloszlás


1.13. Tétel. Legyen ξ a [0, 1] intervallumon egyenletes eloszlású valószínűségi változó,
m ∈ N és x1, . . . , xm különböző valós számok. Ekkor x[mξ]+1 diszkrét egyenletes
eloszlású az {x1, . . . , xm} halmazon.


Bizonyítás. A tétel az 1.3. megjegyzés következménye, de közvetlenül is bizonyítható,
hiszen P(x[mξ]+1 = xi) = P([mξ] + 1 = i) = P


(
i−1
m


≤ ξ < i
m


)
= 1


m
.


1.14. Példa. Modellezzen 10 dobást egy szabályos kockával. Másképpen fogalmazva,
generáljon az {1, 2, 3, 4, 5, 6} halmazon diszkrét egyenletes eloszlású valószínűségi
változóra vonatkozó 10 elemű mintarealizációt.
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Megoldás (1). Az előző tétel alapján, ha ξ a [0, 1] intervallumon egyenletes eloszlású
valószínűségi változó, akkor [6ξ] + 1 diszkrét egyenletes eloszlású az {1, 2, 3, 4, 5, 6}
halmazon. Így A1-be írja be, hogy =INT(6*VÉL())+1 vagy az ezzel egyenértékű
VÉLETLEN.KÖZÖTT(1;6) függvényt, Enter, az A1 cella kitöltőjelét húzza le a 10. sorig,
majd rögzítse a mintarealizáció elemeit.


Megoldás (2). A feladat az Adatok/Adatelemzés menüponttal is megoldható. Az A
oszlopba írja be 1-től 6-ig az egész számokat, a B1,. . . ,B6 cellákba pedig az =1/6 -
t. Ezután Adatok/Adatelemzés, a felugró ablakban a legördülő listában válassza
a Véletlenszám-generálás sort, majd OK. Az eloszlásnál válassza a Diszkrét sort,
változók számát állítsa 1-re, a véletlen számok számát állítsa 10-re. Kattintson az
Érték és valószínűség bemeneti tartománya felirat mezőjére, majd jelölje ki az A1:B6
cellatartományt. Kattintson a Kimeneti tartomány feliratra, majd a mellette lévő
mezőre, végül az C1 cellára. Az OK gomb megnyomásával elkészül a mintarealizáció
a C oszlopban. Ez utóbbi megoldás videón:


1.5. Karakterisztikus eloszlás


1.15. Tétel. Legyen ξ a [0, 1] intervallumon egyenletes eloszlású valószínűségi vál-
tozó és 0 < p < 1. Ekkor Iξ<p karakterisztikus eloszlású p paraméterrel, ahol I az
indikátorváltozót jelenti.


Bizonyítás. A tétel az 1.3. megjegyzés következménye, de közvetlenül is bizonyítható,
hiszen P(Iξ<p = 1) = P(ξ < p) = p és P(Iξ<p = 0) = P(ξ ≥ p) = 1 − p.


1.16. Példa. Figyeljen meg 30 független kísérletben egy 0,4 valószínűségű eseményt
oly módon, hogy ha bekövetkezik, akkor leírja az 1 számot, míg ha nem, akkor a
0 számot. Másképpen fogalmazva, generáljon p = 0,4 paraméterű karakterisztikus
eloszlású (vagy más néven Bernoulli-eloszlású) valószínűségi változóra vonatkozó 30
elemű mintarealizációt.


Megoldás (1). Az A1 cellába írja be, hogy =HA(VÉL()<0,4;1;0) . Nyomjon Enter-t,
melynek hatására, ha VÉL()<0,4 teljesül, akkor az eredmény 1, különben 0. Lépjen
vissza A1-re, ezután a kitöltőjelet húzza le a 30. sorig, majd rögzítse a mintarealizáció
elemeit.


Megoldás (2). A feladat az Adatok/Adatelemzés menüponttal is megoldható. A felugró
ablakban a legördülő listában válassza a Véletlenszám-generálás sort, majd OK. Az
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eloszlásnál válassza a Bernoulli sort, változók számát állítsa 1-re, a véletlen számok
számát állítsa 30-ra, a p értékét pedig 0,4-re. Kattintson a Kimeneti tartomány fel-
iratra, majd a mellette lévő mezőre, végül az A1 cellára. Az OK gomb megnyomásával
elkészül a mintarealizáció az A oszlopban.


1.6. Binomiális eloszlás


Ismert, hogy r darab független p paraméterű karakterisztikus eloszlású valószínűségi
változó összege r-edrendű p paraméterű binomiális eloszlású. Ebből következően
teljesül a következő tétel.


1.17. Tétel. Legyenek ξ1, . . . , ξr a [0, 1] intervallumon egyenletes eloszlású független
valószínűségi változók és 0 < p < 1. Ekkor


r∑
i=1


Iξi<p r-edrendű p paraméterű binomiális
eloszlású.


1.18. Megjegyzés. Az 1.3. megjegyzés alapján G(ξ) is r-edrendű p paraméterű binomi-
ális eloszlású, ahol ξ a [0, 1] intervallumon egyenletes eloszlású valószínűségi változó
és pk :=


(
r
k


)
pk(1 − p)r−k jelöléssel


G(x) =





0, ha 0 < x ≤ p0,


1, ha p0 < x ≤ p0 + p1,


2, ha p0 + p1 < x ≤ p0 + p1 + p2,
...


r − 1, ha p0 + · · · + pr−2 < x ≤ p0 + · · · + pr−1,


r, ha p0 + · · · + pr−1 < x < 1.


(1.1)


A p0 + · · · + pk értéke BINOM.ELOSZL(k;r;p;IGAZ) módon számolható ki Excelben.
A nevezetes diszkrét eloszlások között a binomiális az egyetlen, amelyhez az Ex-
celben elkészítették a G általánosított inverz függvényt is. Nevezetesen G(x) =
BINOM.INVERZ(r;p;x) ahol 0 < x < 1.


1.19. Példa. Generáljon egy 0,8 valószínűségű esemény 5 kísérlet utáni gyakoriságára
vonatkozó 20 elemű mintarealizációt. Másképpen fogalmazva, generáljon r = 5 rendű
p = 0,8 paraméterű binomiális eloszlású valószínűségi változóra vonatkozó 20 elemű
mintarealizációt.


Megoldás (1). Az előző tétel és a karakterisztikus eloszlás generálásánál leírtak
alapján az A1 cellába írja be, hogy =HA(VÉL()<0,8;1;0) . A kitöltőjelet húzza jobbra
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az E oszlopig. Az F1 cellába írja be, hogy =SZUM(A1:E1) , vagy nyomja meg az
Alt+Shift+7 gombokat, majd nyomjon Enter-t. Jelölje ki az A1:F1 cellatartományt,
majd a kitöltőjelet húzza le a 20. sorig. Ekkor a mintarealizáció az F oszlopban lesz.
Végül rögzítse a mintarealizáció elemeit. Mindez videón:


Megoldás (2). Másik megoldásként használjuk fel az 1.18. megjegyzést. A B1 cellába ír-
ja be a 0 számot, a C1-be az 1-et, és így tovább, a G1-be az 5-öt. Az A2 cellába írjon 0-t,
míg a B2-be a következőt: =BINOM.ELOSZL(B1;5;0,8;IGAZ) . A B2 kitöltőjelét húzza
G2-ig. Írja az A3-ba, hogy =VÉL() , a B3-ba pedig =HA(ÉS($A3>A$2;$A3<=B$2);B$1;0) .
A B3 kitöltőjelét húzza G3-ig. A H3-ba írja =SZUM(B3:G3) . Ezután az A3:H3 cellatar-
tomány kitöltőjelét húzza le a 22. sorig. Ekkor a mintarealizáció a H oszlopban lesz.
Végül rögzítse a mintarealizáció elemeit.


Megoldás (3). Az 1.18. megjegyzésben említett BINOM.INVERZ segítségével is meg-
oldható a feladat. Az A1 cellába írja be, hogy =BINOM.INVERZ(5;0,8;VÉL()) . A
kitöltőjelet húzza le a 20. sorig, majd rögzítse a mintaelemeket.


Megoldás (4). A feladat az Adatok/Adatelemzés menüponttal is megoldható. A felugró
ablakban a legördülő listában válassza a Véletlenszám-generálás sort, majd OK. Az
eloszlásnál válassza a Binomiális sort, változók számát állítsa 1-re, a véletlen számok
számát állítsa 20-ra, a p értékét 0,8-re, a kísérletek számát pedig 5-re. Kattintson a
Kimeneti tartomány feliratra, majd a mellette lévő mezőre, végül az A1 cellára. Az
OK gomb megnyomásával elkészül a mintarealizáció az A oszlopban.


1.7. Hipergeometrikus eloszlás


Legyen egy dobozban N darab golyó, melyből M darab piros. Visszatevés nélkül kive-
szünk véletlenszerűen r darab golyót a dobozból. Legyen ξ a kivett piros golyók száma.
Ekkor a ξ valószínűségi változó hipergeometrikus eloszlású N, M, r paraméterekkel,
ahol feltételezzük, hogy M < N és r ≤ min{M, N − M}.


A következő állítás ennek a kísérletnek a modellezése alapján bizonyítható.


1.20. Tétel. Legyen y1, . . . , yr a [0, 1] intervallumon egyenletes eloszlású valószínűségi
változóra vonatkozó mintarealizáció, és


x0 := 0, xi :=



xi−1 + 1, ha yi <


M − xi−1


N − i + 1 ,


xi−1, különben,
(i = 1, . . . , r).
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Ekkor xr a ξ-re vonatkozó 1 elemű mintarealizáció.


1.21. Megjegyzés. Az 1.3. megjegyzés alapján G(ξ) is N, M, r paraméterű hipergeo-
metrikus eloszlású, ahol M < N , r ≤ min{M, N − M}, ξ a [0, 1] intervallumon
egyenletes eloszlású valószínűségi változó és pk := (M


k )(N−M
r−k )


(N
r ) jelöléssel (1.1) teljesül.


A p0 + · · · + pk értéke HIPGEOM.ELOSZLÁS(k;r;M;N;IGAZ) módon számolható ki
Excelben.


1.22. Példa. Generáljon N = 10, M = 5, r = 4 paraméterű hipergeometrikus
eloszlású valószínűségi változóra vonatkozó 20 elemű mintarealizációt.


Megoldás (1). Először az 1.20. tétel alapján oldjuk meg a feladatot. Az A1, B1, C1,
D1 cellákba írja be rendre az 1, 2, 3, 4 számokat. Az A2-be írja be, hogy =0 , a
B2-be pedig, hogy =HA(VÉL()<(5-A2)/(10-A$1+1);A2+1;A2) . A B2 kitöltőjelét húzza
E2-ig. Ezután az A2:E2 cellatartomány kitöltőjelét húzza le a 21. sorig. Ekkor a
mintarealizáció az E oszlopban lesz. Végül rögzítse a mintarealizáció elemeit.
Megoldás (2). Második megoldásként használjuk fel az 1.21. megjegyzést. A B1 cellába
írja be a 0 számot, a C1-be az 1-et, és így tovább, az F1-be a 4-et. Az A2 cellába írjon 0-
t, míg a B2-be a következőt: =HIPGEOM.ELOSZLÁS(B1;4;5;10;IGAZ) . A B2 kitöltőjelét
húzza F2-ig. Írja az A3-ba =VÉL() , a B3-ba pedig =HA(ÉS($A3>A$2;$A3<=B$2);B$1;0) .
A B3 kitöltőjelét húzza F3-ig. A G3-ba írja =SZUM(B3:F3) . Ezután az A3:G3 cellatar-
tomány kitöltőjelét húzza le a 22. sorig. Ekkor a mintarealizáció a G oszlopban lesz.
Végül rögzítse a mintarealizáció elemeit.
Megoldás (3). A feladat az Adatok/Adatelemzés menüponttal is megoldható. Az A
oszlopba írja 0-tól 4-ig az egész számokat, a B1-be pedig


=HIPGEOM.ELOSZLÁS(A1;4;5;10;HAMIS) .


A B1 cella kitöltőjelére kattintson kétszer. Ezután Adatok/Adatelemzés, a felugró
ablakban a legördülő listában válassza a Véletlenszám-generálás sort, majd OK.
Az eloszlásnál válassza a Diszkrét sort, változók számát állítsa 1-re, a véletlen
számok számát állítsa 20-ra. Kattintson az Érték és valószínűség bemeneti tartománya
felirat mezőjére, majd jelölje ki az A1:B5 cellatartományt. Kattintson a Kimeneti
tartomány feliratra, majd a mellette lévő mezőre, végül az C1 cellára. Az OK gomb
megnyomásával elkészül a mintarealizáció a C oszlopban.


1.8. Gyakorlatok


1.1. gyakorlat. Generáljon µ = 4 és σ = 0,5 paraméterű Cauchy-eloszlású valószí-
nűségi változóra vonatkozó 15 elemű mintarealizációt.
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Útmutatás. Ha ξ és η független standard normális eloszlású valószínűségi változók,
akkor µ + σ ξ


η
Cauchy-eloszlású µ és σ paraméterekkel. Azt is felhasználhatja, hogy


a µ és σ paraméterű Cauchy-eloszlás eloszlásfüggvényének inverze F −1(x) = µ +
+ σ tg π


2 (2x − 1).


1.2. gyakorlat. Generáljon s = 4 szabadsági fokú khi-négyzet eloszlású valószínűségi
változóra vonatkozó 10 elemű mintarealizációt.


Útmutatás. Ha ξ1, . . . , ξs standard normális eloszlású független valószínűségi változók,
akkor a ξ2


1 + · · ·+ξ2
s valószínűségi változó s szabadsági fokú khi-négyzet eloszlású. Azt


is felhasználhatja, hogy az s szabadsági fokú khi-négyzet eloszlás eloszlásfüggvényének
inverzét a KHINÉGYZET.INVERZ(x;s) függvénnyel számolhatja ki a 0 < x < 1 helyen.


1.3. gyakorlat. Generáljon s = 4 szabadsági fokú t-eloszlású valószínűségi változóra
vonatkozó 10 elemű mintarealizációt.


Útmutatás. Ha ξ standard normális eloszlású és η s szabadsági fokú khi-négyzet elosz-
lású független valószínűségi változók, akkor a ξ


√
s
η


valószínűségi változó s szabadsági
fokú t-eloszlású. Azt is felhasználhatja, hogy az s szabadsági fokú t-eloszlás elosz-
lásfüggvényének inverzét a T.INVERZ(x;s) függvénnyel számolhatja ki a 0 < x < 1
helyen.


1.4. gyakorlat. Generáljon s1 = 2 és s2 = 3 szabadsági fokú F-eloszlású valószínűségi
változóra vonatkozó 10 elemű mintarealizációt.


Útmutatás. Ha ξ s1 szabadsági fokú és η s2 szabadsági fokú khi-négyzet eloszlású
független valószínűségi változók, akkor az s2ξ


s1η
valószínűségi változó s1 és s2 szabadsági


fokú F-eloszlású. Azt is felhasználhatja, hogy az s1 és s2 szabadsági fokú F-eloszlás
eloszlásfüggvényének inverzét az F.INVERZ(x;s1;s2) függvénnyel számolhatja ki a
0 < x < 1 helyen.


1.5. gyakorlat. Generáljon r = 3 rendű λ = 2,1 paraméterű gamma-eloszlású
valószínűségi változóra vonatkozó 15 elemű mintarealizációt.


Útmutatás. Legyenek a ξ1, . . . , ξr azonos λ paraméterű exponenciális eloszlású füg-
getlen valószínűségi változók. Ekkor a ξ1 + · · · + ξr valószínűségi változó r-edrendű λ


paraméterű gamma-eloszlású. Azt is felhasználhatja, hogy az r rendű λ paraméterű
gamma-eloszlás eloszlásfüggvényének inverzét a GAMMA.INVERZ(x;r;1/λ) függvénnyel
számolhatja ki a 0 < x < 1 helyen.


1.6. gyakorlat. Egy valószínűségi változó az x1 = 1,1, x2 = 2,2 és x3 = 3,3 értékeket
veheti fel, rendre p1 = 0,2, p2 = 0,3 és p3 = 0,5 valószínűségekkel. Generáljon erre a
valószínűségi változóra vonatkozó 10 elemű mintarealizációt.
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Megoldás (1). Először az 1.3. megjegyzés segítségével oldjuk meg a feladatot. A B1,
C1, D1 cellákba rendre írja be az 1,1, 2,2 és 3,3 értékeket, a B2, C2, D2 cellákba pedig
a 0,2, 0,3 és 0,5 értékeket. Az A3-ba írjon 0-t, majd B3-ba =A3+B2 . A B3 kitöltőjelét
húzza D3-ig. Az A4-be =VÉL() , majd B4-be =HA(ÉS($A4>A$3;$A4<=B$3);B$1;0) . A
B4 kitöltőjelét húzza D4-ig. Az E4-be =SZUM(B4:D4) . Ezután az A4:E4 cellatartomány
kitöltőjelét húzza le a 14. sorig. A mintarealizáció ekkor az E oszlopban van. Végül
rögzítse a mintarealizáció elemeit.


Megoldás (2). A feladat az Adatok/Adatelemzés menüponttal is megoldható. Az A
oszlopba írja be az xi értékeit, a B-be pedig a pi értékeit. Ezután Adatok/Adatelemzés,
a felugró ablakban a legördülő listában válassza a Véletlenszám-generálás sort, majd
OK. Az eloszlásnál válassza a Diszkrét sort, változók számát állítsa 1-re, a véletlen
számok számát állítsa 10-re. Kattintson az Érték és valószínűség bemeneti tartománya
felirat mezőjére, majd jelölje ki az A1:B3 cellatartományt. Kattintson a Kimeneti
tartomány feliratra, majd a mellette lévő mezőre, végül az C1 cellára. Az OK gomb
megnyomásával elkészül a mintarealizáció a C oszlopban.


1.7. gyakorlat. Egy kísérletet ismételjünk egymástól függetlenül, amíg egy rögzí-
tett A esemény be nem következik. Legyen ξ a végrehajtott kísérletek száma. A ξ


valószínűségi változót geometriai eloszlásúnak nevezzük. Írjon programot, mely ξ-re
vonatkozó mintarealizációt generál. Oldja meg a feladatot Excelben is.


Útmutatás. Tegyük fel, hogy a vizsgált A esemény valószínűsége p. Legyen y1, . . . , yr


a [0, 1] intervallumon egyenletes eloszlású valószínűségi változóra vonatkozó olyan
mintarealizáció, melyre teljesül, hogy


y1 ≥ p, y2 ≥ p, . . . , yr−1 ≥ p és yr < p.


Ha y1 < p, akkor legyen r = 1. Könnyű belátni, hogy az így definiált r a ξ-re
vonatkozó 1 elemű mintarealizáció.


Az 1.3. megjegyzéssel Excelben is megoldható a feladat, ahol xk = k és pk =
= p(1 − p)k−1 (k = 0, 1, 2, . . . ).


1.8. gyakorlat. Írjon programot, mely Poisson-eloszlású valószínűségi változóra
vonatkozó mintarealizációt generál. Oldja meg a feladatot Excelben is.


Útmutatás. Legyen y0, y1, . . . , yr a [0, 1] intervallumon egyenletes eloszlású valószínű-
ségi változóra vonatkozó olyan mintarealizáció, melyre teljesül, hogy


y0y1 · · · yr−1 ≥ e−λ és y0y1 · · · yr < e−λ.
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Ekkor r a ξ-re vonatkozó 1 elemű mintarealizáció.
A feladat Excelben az Adatok/Adatelemzés menüponttal is megoldható. A felugró


ablakban a legördülő listában válassza a Véletlenszám-generálás sort, majd OK. Az
eloszlásnál válassza a Poisson sort.
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2. fejezet


Tapasztalati eloszlás


Ebben a fejezetben a generált mintarealizáció alapján fogjuk grafikusan megbecsülni
a valószínűségi változó eloszlásfüggvényét, diszkrét esetben az eloszlását, illetve
abszolút folytonos esetben a sűrűségfüggvényét.


2.1. Tapasztalati eloszlásfüggvény


Egy valószínűségi változó eloszlásfüggvényének az értéke adott x ∈ R helyen annak
a valószínűsége, hogy a valószínűségi változó x-nél kisebb értéket vesz fel. Ezt
a gyakorlatban nem ismerjük, így a relatív gyakorisággal fogjuk becsülni, amit
tapasztalati eloszlásfüggvénynek nevezünk az x helyen és F ∗


n(x) módon jelölünk.
Tehát az F ∗


n tapasztalati eloszlásfüggvény értéke adott x ∈ R helyen az x-nél kisebb
elemek száma a mintarealizációban, osztva a mintarealizáció elemeinek a számával. Ez
egy olyan lépcsős függvény, melyben a szakadási pontok a mintarealizáció értékeinél
vannak. Pontosabban, ha a mintarealizáció x1 = ξ1(ω), . . . , xn = ξn(ω), akkor az
(xi, F ∗


n(xi)) koordinátájú pontok az F ∗
n „lépcsőfokainak” a jobb oldali végpontjai. A


legmagasabb lépcsőfok kezdőpontja a (max{x1, . . . , xn}, 1) koordinátájú pont.


2.1. Tétel (A matematikai statisztika alaptörvénye). A tapasztalati eloszlásfüggvény
1 valószínűséggel egyenletesen konvergál R-en a valódi eloszlásfüggvényhez, azaz nagy
elemszámú mintarealizáció esetén a tapasztalati eloszlásfüggvény jól közelíti a valódit.


Ezt a törvényt többféle eloszlással is bemutatjuk a következő videóban.


Az itt használt program letölthető a következő helyről:
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https://tomacstibor.uni-eszterhazy.hu/tananyagok/valdem/valdem.zip


A gyakorlatok során azzal a könnyítéssel oldjuk meg a feladatokat, hogy a lépcső-
fokok jobb végpontjait összekötjük a következő lépcsőfok bal végpontjával. Így egy
folytonos vonalat kapunk. Sajnos az Excelben nincs lépcsős diagramtípus (szemben
a LibreOffice programmal), ezért a lépcsőfokok mindkét végének koordinátáit meg
kell adni és azokat összekötni szakaszokkal.


2.2. Példa. Modellezzen 100 dobást egy szabályos kockával, azaz generáljon az
{1, 2, 3, 4, 5, 6} halmazon diszkrét egyenletes eloszlású valószínűségi változóra vo-
natkozó 100 elemű mintarealizációt. Ábrázolja a kapott mintarealizációhoz tartozó
tapasztalati eloszlásfüggvényt.


Megoldás. Az A1 cellába írja be, hogy =VÉLETLEN.KÖZÖTT(1;6) , nyomjon Enter-t,
lépjen vissza A1-re, ezután a kitöltőjelet húzza le a 100. sorig, majd rögzítse a
mintarealizáció elemeit a B oszlopba. A C1:C6 cellatartományba írja be rendre az 1,
2, 3, 4, 5, 6 számokat, azaz a lehetséges dobásértékeket. Ezután a D és E oszlopok
első 4 sorába írja a következőket:


D E


1 =C1-1 0


2 =C1 0


3 =D2 =E4


4 =INDEX(C:C;SOR(D4)/2) =DARABTELI(B:B;"<"&D4)/DARAB(B:B)


A SOR(D2) értéke a D2 cella sorának száma, azaz 2, továbbá INDEX(C:C;2) a C2
cella értékével fog megegyezni. A DARABTELI(B:B;"<"&D4) a B oszlopban a D4 cella
értékénél kisebb értékek száma, továbbá DARAB(B:B) a B oszlopban található értékek
száma. Figyelem! A DARABTELI függvénynév egy téves fordítás eredménye, amit
2023. márciusa utáni Excel-verziókban kijavítottak DARABHA névre. Az eredeti angol
elnevezésben nincs változás, ezért a DARABTELI nem szerepel az elavult függvénynevek
között.


A (D1, E1) illetve (D2, E2) koordinátájú pontok az első lépcsőfok bal illetve jobb
végpontjai, míg a (D3, E3) illetve (D4, E4) koordinátájú pontok a második lépcsőfok
bal illetve jobb végpontjai. A D1-ben csak arra kell figyelni, hogy C1-nél kisebb érték
szerepeljen.


A többi lépcsőfokot úgy kapjuk meg, hogy a D3:E4 cellatartomány kitöltőjelét
lehúzzuk a 14. sorig. Azért 14, mert minden lépcsőhöz 2 sor tartozik, továbbá a 6
lehetséges különböző értékhez 1-gyel több, azaz 7 lépcsőfok tartozik. Általánosságban
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tehát, ha r darab különböző lehetséges érték van, akkor 2(r + 1)-edik sorig kell
lehúzni.


Az utolsó lépcsőfok még nem jó, hiszen D14 üres cellára hivatkozik. Ezért javítsa
ki azt =D13+1 -re. Itt csak arra kell ügyelni, hogy D13-nál nagyobb érték legyen.


Az ábra elkészítéséhez jelölje ki a D és E oszlopokat, majd


Beszúrás → Diagramok →
Pont- (xy) vagy buborékdiagram beszúrása → Pont vonalakkal


0


0,2


0,4


0,6


0,8


1


0 1 2 3 4 5 6 7


A színt és a vonalvastagságot igény szerint beállíthatja. A megoldás menetét végigkö-
vetheti a következő videón.


2.3. Példa. Az előző példában kapott grafikonon rajzolja fel a valódi eloszlásfügg-
vényt, azaz a {1, 2, 3, 4, 5, 6} halmazon diszkrét egyenletes eloszlású valószínűségi
változó eloszlásfüggvényét is.


Megoldás. Az előző munkalapon dolgozzon. Az F oszlop első négy sorába írja a
következőket.


F


1 0


2 0


3 =F4


4 =F2+1/6


Ezek megadják a valódi eloszlásfüggvény első két lépcsőfokának magasságát. Az
F3:F4 cellatartomány kitöltőjelét húzza le a 14. sorig, amivel megkapjuk a többi
lépcsőfok magasságát is. Ezután kattintson a grafikonra, majd


Tervezés → Adatok kijelölése → Hozzáadás →
Adatsor X értékei: =Munka1!$D$1:$D$14 →
Adatsor Y értékei: =Munka1!$F$1:$F$14 → OK → OK
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0


0,2


0,4


0,6


0,8


1


0 1 2 3 4 5 6 7


A színt és a vonalvastagságot igény szerint beállíthatja. Érdemes megnézni a két
függvény viszonyát nagyobb (pl. 1000) mintaelemszám esetén is. A megoldás menetét
végigkövetheti a következő videón.


2.4. Példa. Generáljon λ = 3 paraméterű exponenciális eloszlású valószínűségi vál-
tozóra vonatkozó 100 elemű mintarealizációt. Ábrázolja a kapott mintarealizációhoz
tartozó tapasztalati eloszlásfüggvényt.


Megoldás. A mintarealizációt korábban láttuk hogyan kell generálni. Az A1 cellába
írja be, hogy =-LN(VÉL())/3 , a kitöltőjelet húzza le a 100. sorig, majd rögzítse a
mintarealizáció elemeit a B oszlopba.


Mivel folytonos az eloszlás, ezért itt nem tudjuk felsorolni a lehetséges értékeket,
mint diszkrét esetben. Ehelyett a mintarealizáció elemeit sorba rendezzük, hiszen itt
lesznek a tapasztalati eloszlásfüggvény töréspontjai. A rendezéshez kattintson a B
oszlop jelölőjére, majd


Kezdőlap → Rendezés és szűrés → Rendezés méret szerint (növekvő) →
Folytatja az aktuális kijelöléssel → Rendezés


Ezután hasonlóan járunk el, mint a diszkrét egyenletes eloszlásnál. Töltse ki a C1:D4
cellatartományt a következő módon:


C D


1 0 0


2 =B1 0


3 =C2 =D4


4 =INDEX(B:B;SOR(C4)/2) =DARABTELI(B:B;"<"&C4)/DARAB(B:B)


A (C1, D1) illetve (C2, D2) koordinátájú pontok az első lépcsőfok bal illetve jobb
végpontjai, míg a (C3, D3) illetve (C4, D4) koordinátájú pontok a második lépcsőfok
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bal illetve jobb végpontjai. A C1-be azért került 0, mert az exponenciális eloszlás
esetén negatív értékeket 1 valószínűséggel nem vehet fel a valószínűségi változó értéke.
Általánosságban arra kell ügyelni, hogy C1-be a B1 értékénél kisebb szám kerüljön.


A többi lépcsőfokot úgy kapjuk meg, hogy a C3:D4 cellatartomány kitöltőjelét
lehúzzuk a 202. sorig. Azért 202, mert minden lépcsőhöz 2 sor tartozik, továbbá a 100
mintarealizáció értékhez 1-gyel több, azaz 101 lépcsőfok tartozik. Általánosságban
tehát, ha n elemű a mintarealizáció, akkor 2(n + 1)-edik sorig kell lehúzni.


Az utolsó lépcsőfok még nem jó, hiszen C202 üres cellára hivatkozik. Ezért javítsa
ki azt =C201+0,1 -re. Itt csak arra kell figyelni, hogy a C201 cellaértéknél nagyobb
szám szerepeljen.


Az ábra elkészítéséhez jelölje ki a C és D oszlopokat, majd


Beszúrás → Diagramok →
Pont- (xy) vagy buborékdiagram beszúrása → Pont vonalakkal


0


0,2


0,4


0,6


0,8


1


0 0,2 0,4 0,6 0,8 1 1,2 1,4 1,6 1,8 2


A színt és a vonalvastagságot igény szerint beállíthatja. A megoldás menetét végigkö-
vetheti a következő videón.


2.5. Példa. Az előző grafikonon ábrázolja a valódi eloszlásfüggvényt, azaz a λ =
= 3 paraméterű exponenciális eloszlású valószínűségi változó eloszlásfüggvényét, és
hasonlítsa össze a tapasztalati eloszlásfüggvénnyel.


Megoldás. Az eloszlásfüggvényt jelen esetben 0-tól 2-ig kell megrajzolni. Ehhez ezen
az intervallumon 0,1 lépésközökkel kiszámoljuk a függvényértékeket, majd egy sima
(differenciálható) görbével összekötve ábrázoljuk.


A megoldást az előző munkalapon végezze el. Az E1 cellába írjon 0-t, az E2-be
pedig 0,1-et. Az E1:E2 cellatartomány kitöltőjelét húzza le addig, amíg 2-t nem kap
(21. sor). Az F1 cellába írja a következőt:
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=EXP.ELOSZL(E1;3;IGAZ)


Ez a λ = 3 paraméterű exponenciális eloszlású valószínűségi változó eloszlásfügg-
vényének értékét adja az E1 értékének a helyén. Ezután az F1 kitöltőjelét húzza
le addig, amíg az E oszlopban van mellette adat (most a 21. sorig). Kattintson a
grafikonra, majd


Tervezés → Adatok kijelölése → Hozzáadás →
Adatsor X értékei: =Munka1!$E$1:$E$21 →
Adatsor Y értékei: =Munka1!$F$1:$F$21 → OK → OK


A 21 helyére értelemszerűen az a sorszám kerül, ameddig az E oszlopban vannak
számok. Ezt automatikusan is elvégezheti a következő módon: Kattintson az Adatsor
X értékei alatti mezőre, utána az E1 cellára, majd nyomjon Ctrl+Shift+Le billen-
tyűkombinációt. Hasonlóan, kattintson az Adatsor Y értékei alatti mezőre, törölje
a benne található ={1} tartalmat, majd kattintson az F1 cellára, végül nyomjon
Ctrl+Shift+Le billentyűkombinációt.


Formátum → bal oldali legördülő listában: Adatsor2 → Kijelölés formázása →
Adatsor formázása panelen:
Kitöltés és vonal ikon → Vonal → Görbített vonal


0


0,2


0,4


0,6


0,8


1


0 0,2 0,4 0,6 0,8 1 1,2 1,4 1,6 1,8 2


A színt és a vonalvastagságot igény szerint beállíthatja. A megoldás menetét végigkö-
vetheti a következő videón.


2.2. Vonaldiagram


Diszkrét ξ valószínűségi változóra vonatkozó x1, . . . , xn mintarealizáció esetén a
tapasztalati eloszlás xi-hez (i = 1, . . . , n) hozzárendeli az xi-vel egyenlő elemek
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számát a mintarealizációban, elosztva n-nel, amely a {ξ = xi} esemény relatív
gyakorisága. A statisztika alaptörvénye szerint ez a P(ξ = xi) eloszlásérték annál
pontosabb becslése, minél nagyobb a minta elemszáma. Ezt a függvényt célszerű
vonaldiagrammal ábrázolni, amely azt jelenti, hogy az (xi, 0) pontot összekötjük az
(xi, pi) ponttal (i = 1, . . . , n), ahol pi a tapasztalati eloszlás értéke az xi helyen.


Diszkrét eloszlás esetén célszerűbb tapasztalati eloszlásfüggvény helyett tapaszta-
lati eloszlást ábrázolni, mert az jóval karakterisztikusabb.


2.6. Példa. Generáljon r = 5 rendű és p = 0,3 paraméterű binomiális eloszlású
valószínűségi változóra vonatkozó 100 elemű mintarealizációt. Ábrázolja a kapott
mintarealizációhoz tartozó tapasztalati eloszlást vonaldiagrammal.


Megoldás. A korábban ismertetett módon generálja le a mintarealizációt, majd
rögzítse azt a G oszlopban. A H1:H6 cellatartományba írja be a valószínűségi változó
lehetséges 0, 1, 2, 3, 4, 5 értékeit. Ezután ezekhez az értékekhez kiszámoljuk a
tapasztalati eloszlás értékeket. Ez a korábbi módszer logikájával


=DARABTELI(G:G;"="&H1)/DARAB(G:G)


módon történhet, de ez ekvivalens a következő I1 cellába írásával:


=DARABTELI(G:G;H1)/DARAB(G:G) .


Nyomjon Enter-t, majd az I1 cella kitöltőjelét húzza le a 6. sorig.
A következőkben ábrázoljuk a (H1, I1), . . . , (H6, I6) koordinátájú pontokhoz tar-


tozó vonaldiagramot, ami a tapasztalati eloszlás vonaldiagramja lesz. Ehhez jelölje
ki az I1:I6 cellatartományt, majd


Beszúrás → Diagramok → Oszlop- és sávdiagram beszúrása → Csoportosított oszlop


Kattintson az ábrára, majd


Tervezés → Adatok kijelölése →
Vízszintes (kategória-) tengely feliratai: Szerkesztés →
Tengely felirattartománya: =Munka1!$H$1:$H$6 → OK


0


0,1


0,2


0,3


0,4


0 1 2 3 4 5


28







A színt és a vonalvastagságot igény szerint beállíthatja. A megoldás menetét végigkö-
vetheti a következő videón.


2.7. Példa. Az előző grafikonon ábrázolja a valódi eloszlást is vonaldiagrammal.


Megoldás. A megoldást az előző munkalapon végezze el. A J1 cellába írja a következőt:


=BINOM.ELOSZL(H1;5;0,3;HAMIS)


Ez kiszámolja az eloszlás értékét a H1 cella értékének a helyén. A J1 cella kitöltőjelét
húzza le a 6. sorig. Kattintson az ábrára, majd


Tervezés → Adatok kijelölése → Hozzáadás →
Adatsor értékei: =Munka1!$J$1:$J$6 → OK → OK


0


0,1


0,2


0,3


0,4


0 1 2 3 4 5


A színt és a vonalvastagságot igény szerint beállíthatja. A megoldás menetét végigkö-
vetheti a következő videón.


2.3. Sűrűséghisztogram


Legyen x0 < x1 < · · · < xr. Tegyük fel, hogy az abszolút folytonos ξ-re vonatkozó
mintarealizáció minden eleme benne van az (x0, xr) intervallumban. Minden [xj−1, xj)
intervallum fölé rajzoljunk egy yj magasságú téglalapot úgy, hogy a téglalap területe
a ξ valódi f sűrűségfüggvényének görbéje alatti területet becsülje az [xj−1, xj) inter-
vallumon. Hasonlóan az eddigiekhez, egy esemény valószínűségét itt is az esemény
relatív gyakoriságával becsüljük. Így tehát


xj∫
xj−1


f(x) dx = P(xj−1 ≤ ξ < xj) ≃
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≃ [xj−1, xj) intervallumba eső mintaelemek száma
n


= yj(xj − xj−1),


Ebből


yj = [xj−1, xj) intervallumba eső mintaelemek száma
n(xj − xj−1)


(j = 1, . . . , r).


A kapott oszlopdiagramot sűrűséghisztogramnak nevezzük, amely tehát a valódi f


sűrűségfüggvényt a j-edik részintervallumon az yj konstanssal közelíti. A statisztika
alaptörvénye szerint ez a közelítés a minta elemszámának növelésével egyre pontosabb.


Abszolút folytonos eloszlás esetén érdemes a tapasztalati eloszlásfüggvény mellett
ezt is ábrázolni, mert karakterisztikusabb az alakja.


2.8. Példa. Generáljon standard normális eloszlású valószínűségi változóra vonatkozó
200 elemű mintát. Rajzolja meg a sűrűséghisztogramot a (−4, 4) intervallumon 10
darab egyenlő hosszúságú részintervallum esetén.


Megoldás. Generálja le a mintarealizációt az A oszlopban a korábban tanult módszerek
valamelyikével, például a következő függvénnyel: =NORM.S.INVERZ(VÉL()) . Rögzítse
a B oszlopba. Töltse ki a C1:D4 cellatartományt a következő módon:


C D


1 -4 0


2 =C1 =DARABHATÖBB(B:B;">="&C2;B:B;"<"&C3)/(0,8*DARAB(B:B))


3 =C2+0,8 =D2


4 =C3 =0


A (C1, D1), (C2, D2), (C3, D3), (C4, D4) koordinátájú pontok rendre az első téglalap
bal alsó, bal felső, jobb felső és jobb alsó csúcspontjainak koordinátái. A D2 és C3
cellákban azért szerepel 0,8, mert egy részintervallum hossza 4−(−4)


10 = 0,8.
Mivel a második téglalap bal alsó csúcspontja egybeesik az első téglalap jobb


alsó csúcspontjával, ezért a további téglalapok meghatározásához elég a C2:D4
cellatartomány kitöltőjelét lehúzni a 31. sorig lehúzni. Azért 31, mert összesen 10
részintervallum van és mindegyikhez 3 sor tartozik, kivéve az első intervallumot,
amelyhez 4. Általánosságban, ha r darab részintervallum van, akkor a (3r + 1)-edik
sorig kell lehúzni.


Az ábra elkészítéséhez jelölje ki a C és D oszlopokat, majd


Beszúrás → Diagramok →
Pont- (xy) vagy buborékdiagram beszúrása → Pont vonalakkal
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0


0,1


0,2


0,3


0,4


-4 -3,2 -2,4 -1,6 -0,8 0 0,8 1,6 2,4 3,2 4


A színt és a vonalvastagságot igény szerint beállíthatja. A megoldás menetét végigkö-
vetheti a következő videón.


2.9. Példa. Az előző grafikonban ábrázolja a standard normális eloszlás sűrűség-
függvényét is, majd hasonlítsa össze a kapott sűrűséghisztogrammal.


Megoldás. A megoldást az előző munkalapon végezze el. Először a valódi sűrűség-
függvény értékeit a [−4, 4] intervallumon fogjuk kiszámolni 0,2 lépésközzel. Írja be
az E1 cellába, hogy -4 illetve az E2 cellába, hogy -3,8. Az E1:E2 cellatartomány
kitöltőjelét húzza le a 4 értékig (41. sorig). Ezután az F1 cellában számolja ki a
standard normális eloszlás sűrűségfüggvényének értékét az E1 cella értékénél:


=NORM.S.ELOSZLÁS(E1;HAMIS)


Az F1 cella kitöltőjelét húzza le a 41. sorig. A következőkben megrajzoljuk a valódi
sűrűségfüggvényt. Lépjen a diagram területére, majd


Tervezés → Adatok kijelölése → Hozzáadás →
Adatsor X értékei: =Munka1!$E$1:$E$41 →
Adatsor Y értékei: =Munka1!$F$1:$F$41 → OK → OK →
Formátum → bal oldali legördülő listában: Adatsor2 → Kijelölés formázása →
Adatsor formázása panelen:
Kitöltés és vonal ikon → Vonal → Görbített vonal


0


0,1


0,2


0,3


0,4


-4 -3,2 -2,4 -1,6 -0,8 0 0,8 1,6 2,4 3,2 4
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A színt és a vonalvastagságot igény szerint beállíthatja. A megoldás menetét végigkö-
vetheti a következő videón.


2.4. Gyakorlatok


2.1. gyakorlat. Generáljon az {1, 2, 3, 4, 5} halmazon diszkrét egyenletes eloszlású
valószínűségi változóra vonatkozó 200 elemű mintarealizációt. Ábrázolja a kapott
mintarealizációhoz tartozó tapasztalati eloszlást, majd a valódi eloszlást vonaldiag-
rammal.


2.2. gyakorlat. Generáljon r = 6 rendű p = 0,6 paraméterű binomiális eloszlású
valószínűségi változóra vonatkozó 200 elemű mintarealizációt. Ebből rajzolja meg a
tapasztalati eloszlásfüggvényt. Ábrázolja a valódi eloszlásfüggvényt is, majd hasonlítsa
őket össze.


Útmutatás. A vizsgált valószínűségi változót jelölje ξ. Értékkészlete {0, 1, . . . ,6}, így
a valódi eloszlásfüggvénynek ezekben a pontokban kell kiszámolni az értékét. Ismert,
hogy ξ eloszlásfüggvénye a k = 1, 2, 3, 4, 5, 6 értékeknél


P(ξ < k) =
k−1∑
i=0


(
r


i


)
pi(1 − p)r−i.


Az ábrázolásnál használja fel, hogy Excel-ben


BINOM.ELOSZL(k;r;p;IGAZ) =
k∑


i=0


(
r


i


)
pi(1 − p)r−i,


így


BINOM.ELOSZL(k − 1;r;p;IGAZ) = P(ξ < k) (k = 1, 2, 3, 4, 5, 6).


2.3. gyakorlat. Legyen egy dobozban N = 10 darab golyó, melyből M = 5 darab
piros. Visszatevés nélkül kiveszünk véletlenszerűen r = 4 darab golyót a dobozból.
Legyen ξ a kivett piros golyók száma. (Tehát ξ hipergeometrikus eloszlású.) Gene-
ráljon ξ-re vonatkozó 250 elemű mintarealizációt. Ebből rajzolja meg a tapasztalati
eloszlást vonaldiagrammal. Ábrázolja a valódi eloszlást is vonaldiagrammal, majd
hasonlítsa őket össze.
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Útmutatás. Ismert, hogy


P(ξ = k) =


(
M
k


)(
N−M
r−k


)
(


N
r


) (k = 0, . . . , r),


mely Excel-ben HIPGEOM.ELOSZLÁS(k;r;M;N;HAMIS) függvénnyel számolható.


2.4. gyakorlat. Generáljon λ = 3,2 paraméterű Poisson-eloszlású valószínűségi válto-
zóra vonatkozó 900 elemű mintarealizációt. Ebből rajzolja meg a tapasztalati eloszlást
vonaldiagrammal. Ábrázolja a valódi eloszlást is vonaldiagrammal, majd hasonlítsa
őket össze. Ezután ábrázolja a tapasztalati eloszlásfüggvényt azon intervallumon,
amelyen a mintarealizáció elemei elhelyezkednek, majd a valódi eloszlásfüggvényt
ugyanezen az intervallumon.


Útmutatás. A vizsgált valószínűségi változót jelölje ξ. Ismert, hogy


P(ξ = k) = λk


k! e−λ (k = 0, 1, . . . ),


mely Excel-ben POISSON.ELOSZLÁS(k;λ;HAMIS) függvénnyel számolható. Ha a HAMIS
szó helyett IGAZ szerepel a függvényben, akkor az a


P(ξ ≤ k) =
k∑


i=0


λi


i! e−λ


értékét számolja ki.


2.5. gyakorlat. Egy kísérletet ismételjünk egymástól függetlenül, amíg egy rögzített
p = 0,3 valószínűségű esemény be nem következik. Legyen ξ a végrehajtott kísér-
letek száma. (Tehát ξ geometriai eloszlású valószínűségi változó.) Generáljon ξ-re
vonatkozó 700 elemű mintarealizációt. Ebből rajzolja meg a tapasztalati eloszlást
vonaldiagrammal. Ábrázolja a valódi eloszlást is vonaldiagrammal, majd hasonlítsa
őket össze. Ezután ábrázolja a tapasztalati eloszlásfüggvényt azon intervallumon,
amelyen a mintarealizáció elemei elhelyezkednek, majd a valódi eloszlásfüggvényt
ugyanezen az intervallumon.


Útmutatás. Ismert, hogy


P(ξ = k) = p(1 − p)k−1 (k = 1, 2, . . . ).


Excel-ben a hatványozás ^ jellel vagy a HATVÁNY függvénnyel történik. Például 0,73
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0,7^3 vagy HATVÁNY(0,7;3) módon számolható ki. Másrészt


P(ξ ≤ k) =
k−1∑
i=1


p(1 − p)i−1 = 1 − (1 − p)k−1 (k = 2, 3, . . . ).


2.6. gyakorlat. Generáljon a ξ valószínűségi változóra vonatkozó 500 elemű minta-
realizációt, ahol ξ eloszlása
(1) 23 várható értékű és 2 szórású normális;
(2) 5 szabadsági fokú khi-négyzet;
(3) 3 szabadsági fokú t;
(4) 2 és 3 szabadsági fokú F.
Ábrázolja a tapasztalati eloszlásfüggvényt azon az intervallumon, amelyen a min-
tarealizáció elemei elhelyezkednek, majd a valódi eloszlásfüggvényt ugyanezen az
intervallumon.


Útmutatás. (1) m várható értékű és σ szórású normális eloszlású valószínűségi vál-
tozó eloszlásfüggvényének az értéke x ∈ R helyen NORM.ELOSZLÁS(x;m;σ;IGAZ) .
Itt jegyezzük meg, hogy ha speciálisan m = 0 és σ = 1, azaz standard normális
az eloszlás, akkor NORM.ELOSZLÁS(x;0;1;IGAZ) helyett használható a következő is:
NORM.S.ELOSZLÁS(x;IGAZ) .
(2) Az s szabadsági fokú khi-négyzet eloszlású valószínűségi változó eloszlásfüggvé-
nyének az értéke x ≥ 0 helyen KHINÉGYZET.ELOSZLÁS(x;s;IGAZ) .
(3) Az s szabadsági fokú t-eloszlású valószínűségi változó eloszlásfüggvényének az
értéke x ∈ R helyen T.ELOSZL(x;s;IGAZ) .
(4) Az s1 és s2 szabadsági fokú F-eloszlású valószínűségi változó eloszlásfüggvényének
az értéke x ≥ 0 helyen F.ELOSZL(x;s1;s2;IGAZ) .


2.7. gyakorlat. Generáljon λ = 4 paraméterű exponenciális eloszlású valószínűségi
változóra vonatkozó 500 elemű mintarealizációt. Rajzolja meg a sűrűséghisztogramot
azon az intervallumon, amelyen a mintarealizáció elemei elhelyezkednek, 10 darab
egyenlő hosszúságú részintervallum esetén. Ugyanezen az intervallumon ábrázolja a
valódi sűrűségfüggvényt is.


Útmutatás. A λ paraméterű exponenciális eloszlású valószínűségi változó sűrűség-
függvényének értéke az x ≥ 0 helyen EXP.ELOSZL(x;λ;HAMIS) .


2.8. gyakorlat. Generáljon a ξ valószínűségi változóra vonatkozó 500 elemű minta-
realizációt, ahol ξ eloszlása
(1) [−5, 4] intervallumon egyenletes;
(2) r = 2 rendű λ = 1 paraméterű gamma;
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(3) standard Cauchy;
(4) s = 6 szabadsági fokú khi-négyzet.
Ábrázolja a tapasztalati eloszlásfüggvényt, illetve a sűrűséghisztogramot 10 da-
rab egyenlő hosszúságú részintervallum esetén, azon az intervallumon, amelyen a
mintarealizáció elemei elhelyezkednek, majd a valódi eloszlásfüggvényt illetve a
sűrűségfüggvényt ugyanezen az intervallumon.


Útmutatás. (2) Az r-edrendű λ paraméterű gamma-eloszlású valószínűségi változó
eloszlásfüggvénye x ≥ 0 esetén GAMMA.ELOSZL(x;r;1/λ;IGAZ) illetve a sűrűségfügg-
vénye GAMMA.ELOSZL(x;r;1/λ;HAMIS) függvényekkel számolható ki.
(3) A standard Cauchy-eloszlású valószínűségi változó sűrűségfüggvénye


f : R → R, f(x) = 1
π(1 + x2) ,


illetve eloszlásfüggvénye


F : R → R, F (x) = 1
2 + 1


π
arctg x.


Az arctg(x) az ARCTAN(x) függvénnyel számolható. De azt is felhasználhatjuk, hogy
a standard Cauchy-eloszlás megegyezik az 1 szabadsági fokú t-eloszlással.
(4) Az s szabadsági fokú khi-négyzet eloszlású valószínűségi változó eloszlásfüggvé-
nyének az értéke x ≥ 0 helyen KHINÉGYZET.ELOSZLÁS(x;s;IGAZ) , a sűrűségfüggvénye
pedig KHINÉGYZET.ELOSZLÁS(x;s;HAMIS) .


2.9. gyakorlat. Generáljon a ξ valószínűségi változóra vonatkozó 500 elemű minta-
realizációt, ahol ξ eloszlása
(1) 3 szabadsági fokú t;
(2) 2 és 3 szabadsági fokú F.
Ábrázolja a sűrűséghisztogramot 10 darab egyenlő hosszúságú részintervallum esetén,
azon az intervallumon, amelyen a mintarealizáció elemei elhelyezkednek, majd a
valódi sűrűségfüggvényt ugyanezen az intervallumon.


Útmutatás. Az s szabadsági fokú t-eloszlású valószínűségi változó sűrűségfüggvényé-
nek az értéke x ∈ R helyen T.ELOSZL(x;s;HAMIS) . illetve az s1 és s2 szabadsági
fokú F-eloszlású valószínűségi változó eloszlásfüggvényének az értéke x ≥ 0 helyen
F.ELOSZL(x;s1;s2;HAMIS) .
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3. fejezet


Grafikus illeszkedésvizsgálat


Tegyük fel, hogy a vizsgált valószínűségi változó abszolút folytonos. Ha a tapasztalati
eloszlásfüggvény vagy a sűrűséghisztogram segítségével megsejtjük, hogy mi a vizsgált
valószínűségi változó eloszlása, akkor bizonyos esetekben az úgynevezett grafikus
illeszkedésvizsgálattal győződhetünk meg sejtésünk igazáról.


3.1. Paraméter nélküli eloszlásra vonatkozó illesz-
kedésvizsgálat


Legyen x1 < x2 < · · · < xr, továbbá tegyük fel, hogy a mintarealizáció legkisebb
eleme kisebb x1-nél, a mintarealizáció legnagyobb eleme pedig nagyobb xr-nél.


A matematikai statisztika alaptétele szerint a tapasztalati eloszlásfüggvény nagy
elemszámú mintarealizáció esetén jól közelíti a valódi eloszlásfüggvényt, azaz ha n a
mintarealizáció elemszáma, akkor


F ∗
n(xi) ≃ F (xi), i = 1, . . . , r,


ahol F a vizsgált valószínűségi változó valódi eloszlásfüggvénye. Ebből F -nek az
[x1, xr] intervallumon vett invertálhatóságát feltételezve azt kapjuk, hogy


F −1
(
F ∗


n(xi)
)


≃ xi, i = 1, . . . , r,


azaz yi := F −1
(
F ∗


n(xi)
)


jelöléssel az (x1, y1), . . . , (xr, yr) koordinátájú pontok körül-
belül egy origón átmenő 1 meredekségű egyenesre esnek.


3.1. Példa. A fájlban található mintarealizáció alapján vizsgálja
meg, hogy a vizsgált valószínűségi változó lehet-e standard Cauchy-eloszlású.
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			-1			1250


			2			4749


			3			0306


			0			9582


			0			7640


			2			3695


			0			3167


			1			4148


			-1			5298


			-0			3658


			1			0553


			0			0386


			0			2038


			-0			5709


			-0			1647


			2			0196


			-1			0243


			-2			5384


			2			7259


			0			3555


			-3			5440


			1			0022


			1			9035


			-0			0804


			-0			2298


			0			5278


			0			7066


			-0			1400


			1			0047


			-0			1851


			-5			4099


			0			6017


			0			8223


			-1			1455


			-2			0282


			-3			5953


			8			3589


			1			0020


			-10			8332


			0			7875


			-1			1680


			-0			8794


			-8			3950


			-1			1458


			0			5372


			1			6394


			-0			5395


			-0			2691


			2			3351


			-0			0769


			0			1397


			3			0108


			-2			0358


			3			0046


			-0			5651


			0			0171


			-0			4567


			-1			4327


			1			9473


			-0			9656


			6			2358


			-0			7902


			-1			3872


			-0			8128


			0			1976


			-6			3701


			-1			0534


			0			8716


			-18			5348


			4			9149


			0			5925


			-1			4697


			


			


			


			


			









Megoldás. Ha a vizsgált valószínűségi változó standard Cauchy-eloszlású, akkor


F ∗
n(xi) ≃ 1


π
arctg xi + 1


2 , i = 1, . . . , r,


azaz
yi := tg


(
F ∗


n(xi) − 1
2


)
π ≃ xi, i = 1, . . . , r.


Így az (x1, y1), . . . , (xr, yr) koordinátájú pontok körülbelül egy origón átmenő 1
meredekségű egyenesre esnek.


A mintarealizációt másolja egy Excel-munkalap A oszlopába. Használjuk a −3-tól
3-ig terjedő egyenletes beosztást 0,5 hosszúságú részintervallumokkal, azaz legyen
x1 = −3, x2 = −2,5, x3 = −2, . . . , x13 = 3. Ezeket rendre írja be a B1:B13 cellatarto-
mányba. A C oszlopban számoljuk ki az yi értékeket. Ehhez írja C1-be, hogy


=TAN((DARABTELI(A:A;"<"&B1)/DARAB(A:A)-1/2)*PI())


majd a C1 kitöltőjelét húzza le a 13. sorig. Ábrázoljuk a kapott pontokat. Ehhez
jelölje ki a B1:C13 cellatartományt, majd


Beszúrás → Diagramok →
Pont- (xy) vagy buborékdiagram beszúrása → Pont


-4


-3


-2


-1


0


1


2


3


4


-3 -2 -1 0 1 2 3


Az origón átmenő 1 meredekségű egyenessel való összehasonlítás miatt húzzuk meg a
diagramon ezt az egyenest. Ehhez a D1 és E1 cellákba írja a -3 értéket, illetve a D2
és C2 cellákba a 3 értéket, kattintson a diagramra, majd


Tervezés → Adatok kijelölése → Hozzáadás →
Adatsor X értékei: =Munka1!$D$1:$D$2 →
Adatsor Y értékei: =Munka1!$E$1:$E$2 → OK → OK →
Formátum → bal oldali legördülő listában: Adatsor2 →Kijelölés formázása →
Adatsor formázása panelen:
Kitöltés és vonal ikon → Vonal → Folytonos vonal →
Jelölő → Jelölő beállításai → Nincs
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-4


-3


-2


-1


0


1


2


3


4


-3 -2 -1 0 1 2 3


A kapott pontok nagyon jól illeszkednek az egyenesre, így nagy valószínűséggel
állítható, hogy a vizsgált valószínűségi változó standard Cauchy-eloszlású.


A színt és a vonalvastagságot igény szerint beállíthatja. A megoldás menetét
végigkövetheti a következő videón.


3.2. Egyparaméteres eloszlásra vonatkozó illeszke-
désvizsgálat


Ebben az esetben azt vizsgáljuk, hogy a valószínűségi változó származhat-e olyan
eloszlástípusból, amelynek egy ismeretlen paramétere van. Például egy valószínűségi
változó lehet-e exponenciális eloszlású, amelynek a λ paramétere ismeretlen?


Általánosságban jelölje ϑ az ismeretlen paramétert. Tegyük fel, hogy G és g olyan
függvények, melyekre az eloszlástípus eloszlásfüggvénye előáll az x helyen G


(
g(ϑ)x


)
alakban, továbbá G invertálható. Az exponenciális eloszlás ilyen, hiszen G(t) = 1−et,
g(ϑ) = −ϑ és ϑ = λ választással G


(
g(ϑ)x


)
= 1 − e−λx, továbbá G invertálható és


G−1(t) = ln(1 − t).
Legyen x1 < x2 < · · · < xr, továbbá tegyük fel, hogy a mintarealizáció legkisebb


eleme kisebb x1-nél, a mintarealizáció legnagyobb eleme pedig nagyobb xr-nél. Ha n a
mintarealizáció elemszáma és a valószínűségi változó valóban a sejtett eloszlástípusba
tartozik, akkor


F ∗
n(xi) ≃ G


(
g(ϑ)xi


)
, i = 1, . . . , r,


Ebből
G−1


(
F ∗


n(xi)
)


≃ g(ϑ)xi, i = 1, . . . , r,


azaz yi := G−1
(
F ∗


n(xi)
)


jelöléssel az (x1, y1), . . . , (xr, yr) koordinátájú pontok körül-
belül egy origón átmenő g(ϑ) meredekségű egyenesre esnek.
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A legkisebb négyzetek elve alapján az origón átmenő y = mx egyenletű egyenesek
közül az illeszkedik legjobban az (x1, y1), . . . , (xr, yr) koordinátájú pontokra, melyre


r∑
i=1


(mxi − yi)2 értéke a legkisebb. Ezt az egyenest az adott pontokhoz tartozó fix-
pontos regressziós egyenesnek (vagy lineáris trendvonalnak) nevezzük. Jelölje ennek
meredekségét m∗. Ekkor megoldva a


g(ϑ) = m∗


egyenletet, a ϑ̂ megoldása a ϑ becslése. Tehát ez a módszer nem csak arra ad feleletet,
hogy tényleg ebbe az eloszlástípusba tartozik-e a vizsgált valószínűségi változó, hanem
az ismeretlen paraméter értékét is megbecsülhetjük vele.


3.2. Példa. A fájlban található mintarealizáció alapján vizsgálja
meg, hogy a vizsgált valószínűségi változó lehet-e exponenciális eloszlású. Ha igen,
akkor lineáris regresszióval becsülje meg a paramétert.


Megoldás. Ha teljesül, hogy a vizsgált valószínűségi változó exponenciális eloszlású λ


paraméterrel, akkor
F ∗


n(xi) ≃ 1 − e−λxi , i = 1, . . . , r,


azaz
yi := ln


(
1 − F ∗


n(xi)
)


≃ −λxi, i = 1, . . . , r.


Így az (x1, y1), . . . , (xr, yr) koordinátájú pontok körülbelül egy olyan egyenesre esnek,
melynek −λ a meredeksége és átmegy az origón. Ha m∗ az origón átmenő regressziós
egyenes meredeksége, akkor −λ = m∗ egyenletet megoldva kapjuk λ becslését, azaz
λ̂ = −m∗.


A mintarealizációt másolja egy Excel-munkalap A oszlopába. Vizsgálja meg a
legkisebb és legnagyobb értékét a mintarealizációnak a =MIN(A:A) és =MAX(A:A)


függvényekkel. Azt kapjuk, hogy 0,002 a legkisebb és 2,1932 a legnagyobb érték.
Ennek alapján lehet x1 = 0,1 és xr = 2,1. Célszerű az r = 11 választás, mert
ekkor egyenletes beosztást választva 10 egyenlő hosszúságú részintervallumot kapunk,
melyek hossza 2,1−0,1


10 = 0,2. Így x1 = 0,1; x2 = 0,3; x3 = 0,5; x4 = 0,7; x5 =
= 0,9; x6 = 1,1; x7 = 1,3; x8 = 1,5; x9 = 1,7; x10 = 1,9; x11 = 2,1. Ezeket írja be a
B1:B11 cellatartományba. Ezután a C1 cellában számolja ki az y1 értékét. Ehhez írja
be a következőt:


=LN(1-DARABTELI(A:A;"<"&B1)/DARAB(A:A))


A C1 cella kitöltőjelét húzza le a 11. sorig. Ábrázoljuk a kapott pontokat. Ehhez
jelölje ki a B1:C11 cellatartományt, majd
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			0			1776


			0			0624


			0			5565


			0			1781


			0			7710


			0			8958


			0			1712


			0			1362


			0			3412


			0			0157


			0			3625


			0			0063


			0			0250


			0			1247


			0			1017


			0			1958


			0			1662


			0			5921


			0			3045


			0			2464


			0			4984


			0			4214


			0			0388


			0			0774


			0			0658


			0			5729


			0			1674


			0			1193


			0			4554


			0			1739


			0			0492


			0			1731


			0			8111


			0			0158


			0			0436


			0			1074


			0			6113


			0			0791


			0			8365


			0			6600


			0			1657


			0			2249


			0			1160


			1			1889


			0			3399


			0			0919


			0			8083


			1			3840


			0			1812


			0			9291


			0			1290


			0			1078


			0			3988


			0			0250


			0			0603


			0			1285


			0			3051


			0			6273


			1			9874


			0			1264


			0			1800


			0			0934


			0			0822


			0			0657


			0			7338


			0			0379


			0			0765


			0			0350


			0			3638


			0			1582


			0			0799


			0			8184


			0			4390


			0			6450


			1			9789


			0			0626


			0			0343


			0			2688


			0			0522


			0			1732


			0			0186


			0			0232


			0			2413


			0			1069


			0			0187


			0			0930


			0			1278


			0			1448


			0			3592


			0			0909


			0			2395


			0			6015


			0			1230


			0			2918


			0			0211


			0			2235


			0			4263


			0			6362


			0			3597


			0			1936


			0			1805


			0			0975


			0			1866


			0			5796


			0			2478


			0			0077


			0			1363


			0			0994


			0			4084


			0			2594


			0			1779


			0			4270


			0			0797


			0			3201


			0			1936


			0			1413


			0			0179


			0			0473


			0			0047


			0			0107


			0			0191


			0			0246


			0			2345


			0			0045


			0			0775


			0			0146


			0			3186


			1			1271


			0			2109


			0			0572


			0			7808


			0			8092


			0			0223


			0			0895


			0			4937


			0			0730


			0			5295


			0			4003


			0			1011


			0			1471


			0			1066


			0			2818


			0			4738


			0			3261


			0			2664


			0			1808


			0			0494


			0			1217


			0			6685


			0			0673


			0			3536


			0			0997


			0			2974


			0			0985


			0			4649


			0			1763


			0			1260


			0			0932


			0			2116


			0			7017


			0			6166


			0			0777


			0			0346


			0			0148


			0			1913


			0			1408


			0			2144


			0			5657


			0			4445


			0			2718


			1			0367


			0			0329


			0			9766


			0			0526


			0			4394


			0			2634


			0			1631


			0			2928


			0			1730


			0			9995


			0			3089


			0			2132


			0			5630


			0			0987


			0			1497


			0			3111


			0			1441


			0			0721


			0			1095


			0			0112


			0			3859


			0			1240


			0			0875


			0			2856


			0			0804


			0			1400


			0			1633


			0			0862


			0			5769


			0			4681


			0			4269


			0			0241


			0			7494


			0			2428


			0			1225


			0			5786


			0			1963


			0			3563


			0			3755


			0			3270


			0			8262


			0			0163


			0			1137


			0			4089


			0			0145


			0			1827


			0			2603


			0			5177


			0			3828


			0			8088


			0			0568


			0			1023


			0			8015


			0			0195


			0			3781


			0			0838


			0			0202


			0			1539


			0			3188


			0			0420


			0			0554


			0			1167


			0			1187


			0			2396


			0			7300


			0			1001


			0			1650


			0			1417


			0			2647


			0			6744


			0			0325


			0			1711


			0			0277


			0			1393


			0			5888


			0			0678


			0			7670


			0			1810


			0			2463


			0			1203


			0			2004


			0			3354


			0			1708


			0			0003


			0			1173


			0			2978


			1			0630


			0			1694


			0			0652


			0			3142


			0			5040


			0			6306


			0			5653


			1			0077


			0			0643


			0			0533


			0			0107


			0			1416


			0			3300


			0			2394


			0			0991


			0			5374


			0			8053


			0			0494


			0			0389


			0			3124


			0			0374


			0			4970


			0			0304


			0			0494


			0			6380


			0			2384


			0			3344


			1			0117


			0			9961


			0			1207


			0			2906


			0			0879


			0			1832


			0			5006


			1			1728


			0			2747


			0			1910


			0			8106


			0			1063


			0			2006


			0			0857


			1			4525


			0			3609


			0			1384


			0			7514


			0			1025


			0			1196


			0			6204


			0			0566


			0			1610


			0			0150


			0			2849


			0			6562


			0			0152


			0			1029


			0			3582


			0			0946


			0			3592


			0			2426


			0			6420


			0			0330


			0			1969


			0			0237


			0			8987


			0			0735


			0			1515


			0			2836


			0			3910


			0			0324


			0			1442


			1			5015


			0			5705


			0			2394


			0			9201


			0			2413


			0			1053


			0			1954


			0			3129


			0			0019


			0			0390


			0			2085


			0			0430


			0			3686


			1			1303


			0			5762


			0			0239


			0			0788


			0			1599


			0			2955


			0			6123


			0			3780


			0			7702


			0			2777


			0			4744


			0			2401


			0			1778


			0			0042


			0			2452


			0			0047


			0			2034


			0			0453


			0			6613


			0			1956


			0			1011


			0			1118


			0			5003


			0			2647


			0			3416


			0			0067


			0			4179


			0			0618


			0			1740


			0			0784


			0			3044


			0			3450


			0			1904


			0			3085


			0			2925


			0			3897


			0			6892


			1			3455


			0			0036


			0			0060


			0			0322


			0			2775


			0			3859


			0			1402


			0			0603


			0			1006


			0			0015


			1			6619


			0			1205


			0			7183


			0			4240


			0			1004


			0			0863


			0			8685


			0			0594


			0			0192


			0			2130


			0			3814


			0			5872


			0			0811


			0			1432


			0			1481


			0			2437


			0			1527


			0			4108


			0			4703


			1			5503


			0			2780


			1			1178


			0			3046


			0			9373


			0			3420


			0			7649


			0			3624


			0			5188


			0			1940


			0			1404


			0			0286


			0			6030


			0			0319


			0			3412


			0			3248


			0			6068


			0			0106


			0			1723


			0			0060


			0			2578


			0			2676


			0			0935


			0			0203


			0			1226


			0			0297


			0			0900


			0			3121


			0			7274


			0			0178


			0			1964


			0			4445


			0			0625


			0			4196


			0			3805


			0			8269


			0			1318


			0			0367


			0			1288


			0			6918


			0			4337


			0			1115


			0			7922


			0			0756


			0			2424


			0			3541


			0			7977


			0			2509


			0			4074


			0			1602


			0			4298


			0			1068


			0			1170


			1			3503


			0			8182


			0			0209


			0			3202


			0			0896


			0			0398


			0			1274


			0			0265


			0			3567


			0			1178


			0			9873


			0			4146


			0			0311


			0			1479


			0			2081


			0			4002


			0			0410


			0			5580


			0			3121


			0			1146


			0			6664


			0			2257


			0			0305


			0			6266


			0			6948


			0			2090


			0			3920


			0			2011


			0			0275


			0			1444


			0			3423


			0			3135


			0			1922


			0			9532


			0			0335


			0			1483


			0			4159


			0			4400


			0			2223


			0			5255


			0			0208


			0			7567


			0			3591


			0			5427


			0			3169


			0			2273


			0			0150


			0			1994


			0			4538


			0			1309


			0			4479


			0			1422


			0			4473


			0			2422


			0			5548


			1			8224


			0			3651


			0			4211


			0			0525


			0			5372


			0			5662


			0			3611


			0			0840


			0			2802


			0			1904


			0			0996


			1			3507


			0			0800


			0			0426


			0			3475


			0			5892


			0			0676


			0			5127


			0			6592


			0			0569


			0			0814


			0			1561


			0			6700


			0			2396


			0			5729


			0			1598


			0			1103


			0			2525


			0			7954


			0			0127


			0			0423


			0			0724


			0			1921


			0			5324


			0			0136


			0			5253


			0			0336


			0			1916


			0			1202


			0			0943


			0			0383


			0			4168


			0			1161


			0			9686


			1			3065


			0			2491


			0			0382


			0			3959


			0			3542


			0			1123


			0			5400


			0			2573


			0			1303


			0			1792


			0			1980


			0			0154


			0			8489


			0			3602


			0			2959


			0			3824


			0			0258


			0			1425


			0			0477


			0			3501


			0			0456


			0			5405


			0			4253


			0			2538


			0			0951


			0			4983


			0			0451


			0			0589


			1			4342


			0			1377


			1			1038


			0			3400


			0			2592


			0			3491


			0			0226


			0			0533


			0			0252


			0			4266


			0			1261


			0			8865


			0			0537


			0			6833


			0			2200


			0			5998


			0			3966


			0			2654


			0			3607


			0			1270


			0			0170


			0			8551


			0			0636


			0			1372


			0			0984


			0			0142


			0			0599


			0			0572


			0			6068


			0			4289


			0			0799


			0			2669


			0			6161


			0			3457


			0			3237


			0			0659


			1			2482


			0			3936


			0			0909


			0			6468


			0			2610


			0			0414


			1			2606


			0			1133


			0			1063


			0			7688


			0			1889


			0			1549


			0			0065


			0			1186


			0			1587


			1			2034


			0			0566


			0			2093


			0			2773


			0			0149


			0			1955


			0			3043


			0			3302


			0			1370


			0			0150


			0			0891


			0			8053


			0			0873


			0			0830


			0			1227


			0			0731


			0			0116


			0			1425


			0			1839


			0			0378


			0			0900


			0			3525


			0			0806


			0			1259


			0			2622


			0			9414


			0			4109


			0			0036


			0			0995


			0			2318


			0			1948


			0			0400


			0			2872


			0			5942


			0			1178


			0			1715


			0			0758


			0			3583


			0			2109


			0			2030


			0			4316


			0			2916


			0			1068


			0			4928


			0			0427


			0			1994


			0			0984


			0			0065


			0			0416


			0			9727


			0			0585


			0			5729


			0			1297


			0			1113


			0			3175


			0			8021


			0			2661


			1			1178


			0			2863


			0			0367


			0			1038


			0			4625


			0			6175


			0			3784


			0			2747


			0			3276


			0			0893


			0			2100


			0			0002


			0			0871


			0			1505


			0			8601


			0			7193


			0			7792


			0			7381


			0			3133


			0			1329


			0			5028


			0			4320


			0			8097


			0			5014


			0			0314


			0			4371


			0			1351


			0			6315


			0			3633


			0			4164


			0			1046


			0			0268


			0			4859


			0			5502


			0			7815


			0			1477


			0			0581


			0			3286


			0			2043


			0			4153


			0			0752


			0			3502


			0			1235


			0			0751


			0			5517


			0			5453


			0			1102


			0			1034


			1			1010


			0			0613


			0			2021


			0			0664


			0			1118


			0			1123


			0			0899


			0			5462


			0			0871


			0			2845


			0			1119


			0			0818


			0			1867


			0			3758


			0			8195


			0			4725


			0			1852


			0			4605


			0			5595


			0			3581


			1			2045


			0			0986


			0			1002


			0			1023


			0			1136


			0			2291


			0			0718


			0			1287


			0			2039


			0			0493


			0			5268


			0			1068


			0			1427


			0			0840


			0			2792


			0			0420


			0			7790


			0			4550


			0			5167


			0			1561


			1			0385


			0			3345


			0			0257


			0			2152


			0			2543


			0			2180


			0			1336


			0			0987


			0			2883


			0			5548


			0			2111


			0			2156


			0			1213


			0			1910


			0			1544


			0			6288


			0			4915


			0			0948


			0			0442


			0			2341


			0			2817


			0			1967


			0			4060


			0			0858


			0			1187


			0			0914


			0			2034


			0			4811


			0			1873


			0			1016


			0			7115


			0			0368


			0			8414


			0			1764


			0			5157


			0			1649


			0			1287


			0			7716


			0			0085


			0			0275


			0			2291


			0			1901


			0			4480


			0			1100


			0			0620


			0			0873


			0			2990


			0			2615


			0			3338


			0			8029


			0			5858


			0			2938


			0			8403


			0			3848


			0			0931


			0			1456


			0			3177


			0			1891


			0			6526


			1			1844


			0			2587


			0			0965


			0			1104


			0			0036


			0			8434


			1			0635


			0			1325


			0			1495


			0			2050


			0			2209


			0			1752


			0			3460


			0			0235


			0			0480


			0			4304


			0			3985


			0			1569


			1			0033


			0			0800


			0			6476


			1			3253


			0			0242


			0			5429


			0			0269


			0			2954


			0			2750


			0			2967


			0			5876


			0			4483


			0			0350


			0			4386


			0			3567


			0			4650


			0			1923


			0			1007


			0			2481


			0			6120


			0			6068


			0			1043


			0			2123


			0			0110


			0			3208


			0			0013


			0			1588


			0			4271


			0			1773


			0			4847


			0			2747


			0			3429


			0			0822


			1			1910


			0			3788


			1			1985


			0			5572


			0			0998


			0			0391


			0			0364


			0			2959


			1			3094


			0			4301


			0			4034


			0			2334


			0			1197


			0			0148


			0			1951


			0			6730


			0			2718


			0			2833


			0			3911


			0			0862


			0			9299


			0			2195


			0			1630


			0			2054


			0			0641


			0			2598


			0			3105


			0			7778


			0			1893


			0			6537


			0			2523


			1			2637


			0			0378


			0			1537


			0			8929


			0			6128


			0			0464


			0			2542


			0			0962


			0			0324


			0			2488


			0			0251


			0			0603


			0			0250


			0			0024


			0			1582


			0			6456


			0			6159


			0			1859


			0			1888


			0			2945


			0			5153


			0			1604


			0			5795


			0			1406


			1			3217


			0			1552


			0			1510


			0			1751


			0			0819


			0			2522


			0			4387


			0			2027


			0			1774


			0			1400


			0			3669


			0			1093


			0			1430


			0			0315


			0			7671


			0			0994


			0			0515


			0			1959


			0			4500


			0			1445


			0			0575


			0			2143


			0			0810


			0			0327


			0			0027


			0			2838


			0			5719


			0			4589


			0			4880


			0			1793


			0			2940


			0			0092


			0			7465


			0			0076


			1			5116


			0			1895


			0			0185


			0			0426


			0			2489


			0			3916


			0			0332


			0			8325


			0			4873


			0			2586


			0			0375


			0			2562


			0			1474


			0			3644


			0			3523


			0			6627


			0			3310


			0			0603


			0			0927


			0			3687


			0			0721


			0			0332


			0			0871


			0			0814


			0			7057


			0			2315


			1			0909


			0			2740


			0			2678


			0			6949


			0			5070


			0			1988


			0			1868


			0			3086


			0			0425


			0			1874


			0			4502


			0			1613


			0			5026


			0			2273


			0			1057


			0			1501


			0			1604


			0			3513


			0			5039


			0			1745


			0			1453


			0			7915


			0			2280


			0			0217


			0			5847


			0			4202


			0			0579


			0			3712


			0			4699


			0			0106


			0			0636


			0			1167


			0			3496


			0			0353


			0			0639


			0			4958


			0			0056


			0			0337


			0			4187


			0			2031


			0			0765


			0			0108


			0			0231


			0			2433


			0			3197


			0			1117


			0			0726


			0			2141


			0			0272


			0			1222


			0			3951


			0			4531


			0			4170


			0			3770


			0			0157


			0			0436


			0			2082


			0			0042


			0			0426


			0			2560


			0			0402


			0			0626


			0			3669


			0			3609


			0			4681


			0			0011


			0			2522


			0			9017


			0			3760


			0			1002


			0			4453


			0			0492


			0			0512


			0			3031


			0			1203


			1			2983


			0			0099


			0			9113


			1			7315


			0			4477


			0			2542


			0			0402


			0			1246


			0			1275


			0			0211


			0			1198


			0			6157


			0			0190


			0			4664


			0			0422


			0			0957


			0			0814


			0			0256


			0			1251


			0			5401


			0			1124


			0			3764


			0			0022


			0			1982


			0			7248


			0			4904


			0			1238


			0			1293


			0			1495


			0			5026


			0			0659


			0			2333


			0			1862


			0			3525


			0			2871


			0			2301


			0			0476


			0			4549


			0			1680


			0			2216


			0			0435


			0			1864


			0			6057


			0			2093


			0			0536


			0			1378


			0			8066


			0			8408


			0			0333


			0			4396


			0			3015


			0			1635


			0			8403


			0			1665


			0			2739


			0			1556


			0			2792


			0			0106


			0			2746


			0			0788


			0			2425


			0			0262


			0			9707


			0			6657


			0			2231


			0			2692


			0			7168


			0			0235


			0			3861


			0			0717


			0			1085


			0			5039


			0			2183


			0			4687


			0			1492


			0			1543


			0			1293


			0			7961


			0			2085


			0			3355


			0			1754


			0			2493


			0			3504


			0			3727


			0			1883


			0			1758


			0			8558


			0			1885


			0			1088


			1			0202


			0			1375


			0			0262


			0			2804


			0			9918


			0			1409


			0			4290


			0			2888


			0			0106


			0			9865


			0			1401


			0			3264


			0			7541


			0			2648


			0			1724


			0			0565


			0			4127


			0			8816


			0			9042


			0			0420


			0			0730


			0			0431


			0			0472


			0			1247


			0			0542


			0			2901


			0			1406


			0			5960


			0			5256


			1			8357


			0			1898


			0			3309


			0			7530


			0			8489


			0			2177


			0			0382


			0			1833


			0			0313


			0			3337


			0			0067


			0			3185


			0			1482


			0			2302


			0			0898


			0			1975


			0			5081


			0			0973


			0			0658


			0			5029


			0			2663


			0			1891


			0			3280


			0			0004


			0			1594


			0			0889


			0			4638


			0			2695


			0			0015


			0			2160


			0			0797


			0			0594


			0			1808


			0			6479


			0			3456


			0			0028


			0			2832


			2			1932


			0			1091


			0			2830


			0			0222


			0			1186


			0			7842


			0			1057


			0			0881


			0			0355


			0			7745


			0			0036


			0			1008


			0			6970


			0			0020


			0			0926


			0			1109


			0			0477


			0			3306


			0			0443


			0			0267


			0			0071


			0			2828


			0			0315


			0			9527


			0			3048


			0			4735


			0			3406


			0			3432


			0			6078


			0			3787


			0			0643


			0			2895


			0			0021


			0			8199


			0			2288


			0			1774


			0			2885


			0			1149


			0			0567


			0			0443


			0			0320


			0			0535


			0			0773


			0			0034


			0			2371


			0			1623


			0			0615


			0			0399


			0			0516


			0			2075


			0			2042


			0			0672


			0			3540


			0			2092


			0			1120


			0			0033


			0			3485


			0			5573


			1			3970


			0			5311


			0			0787


			0			2000


			0			0564


			0			0714


			0			6647


			0			1693


			0			1424


			0			2666


			0			2613


			0			0195


			0			4491


			0			0302


			0			6893


			0			2820


			0			1192


			0			4518


			0			0295


			0			2399


			0			1806


			0			0081


			0			2516


			0			0354


			1			0898


			1			3570


			0			2858


			0			0009


			0			0254


			0			0799


			0			0021


			0			5113


			0			1581


			0			4522


			0			1936


			0			0192


			0			1971


			0			3085


			0			7171


			0			4765


			0			1275


			0			0364


			0			1750


			0			7493


			0			6116


			0			3412


			0			1140


			0			9796


			0			0257


			0			0084


			0			0488


			0			7436


			0			3838


			1			4032


			0			1264


			0			0287


			0			2660


			0			9255


			0			1318


			0			2505


			0			2924


			0			0433


			0			1640


			0			0835


			0			3618


			0			0387


			0			4179


			0			7250


			0			1658


			0			0289


			0			0948


			0			3223


			0			3484


			0			7058


			0			2728


			0			1834


			0			2391


			0			6438


			0			2770


			0			0269


			0			5436


			0			0070


			0			8993


			0			1534


			0			1864


			1			0582


			0			1608


			0			2916


			0			1161


			0			5004


			0			3204


			0			1617


			0			1434


			0			4182


			0			0264


			0			4504


			0			0690


			0			0755


			0			6731


			0			4977


			0			0371


			0			4823


			0			0295


			0			0839


			0			3462


			0			0056


			0			2803


			0			0384


			0			0571


			0			0794


			0			1602


			0			7941


			0			1703


			0			3876


			0			1638


			0			0718


			0			8270


			0			7179


			0			2818


			0			1876


			0			0886


			0			2119


			0			1554


			0			3669


			0			0451


			0			2498


			0			3282


			0			0489


			0			5441


			0			0454


			0			1637


			0			7257


			0			2043


			0			7362


			0			1746


			0			1602


			0			3440


			0			5027


			0			0680


			0			0832


			0			1752


			0			3899


			0			5570


			0			2359


			0			1027


			0			4806


			0			0435


			0			9153


			0			0722


			0			3918


			0			3400


			0			0062


			0			2142


			0			0777


			0			3454


			0			1603


			1			2034


			0			2510


			0			0557


			0			0864


			0			0006


			0			3653


			0			2089


			0			4142


			0			0795


			0			2966


			0			0861


			0			2806


			0			0165


			0			4998


			0			1119


			1			0703


			0			1076


			0			5255


			0			1536


			0			0247


			0			1418


			0			3498


			0			1462


			0			2550


			0			0466


			0			1213


			0			1050


			0			1198


			0			0765


			0			1624


			0			3944


			0			1514


			0			0981


			0			0743


			0			0294


			0			0079


			0			3918


			0			1710


			1			1330


			0			0581


			0			5959


			0			0200


			0			1680


			0			6418


			0			0921


			0			5086


			1			4257


			0			1322


			0			0066


			0			2098


			0			0004


			0			5652


			0			0626


			0			2414


			0			0245


			0			1323


			0			1490


			0			2990


			0			0191


			1			0426


			0			3002


			0			3830


			0			9535


			0			1333


			0			3489


			0			2057


			0			1209


			0			2686


			0			2123


			0			2954


			0			1530


			0			1834


			0			3395


			0			1542


			0			4492


			0			7506


			0			4444


			0			5768


			0			2251


			0			0917


			0			0628


			0			0633


			0			0071


			0			0680


			0			4803


			0			1007


			0			5798


			1			1373


			0			1491


			0			2018


			0			2197


			0			0630


			0			9354


			0			0050


			1			0442


			0			6112


			0			0509


			0			5057


			0			0580


			0			0284


			0			1676


			0			0995


			0			8012


			0			0514


			0			4426


			0			3938


			0			0036


			1			3365


			0			0291


			0			0595


			0			1102


			0			1828


			0			3153


			0			5484


			0			0801


			0			3283


			0			4674


			0			2271


			0			9875


			0			1971


			0			1528


			0			4522


			0			0207
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			0			5601


			0			3823


			0			1620


			0			8195


			0			0526


			0			1860
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			0			0419
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			0			0593
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			0			0460


			0			0885


			0			3756


			0			3812
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			0			0642
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			0			1790


			0			0259


			0			0092


			0			5377


			0			3887


			0			0346


			0			8845


			0			0225


			0			0675


			0			3678


			0			2781


			0			0411


			0			4217
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			0			1934


			0			2366
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			0			0512


			0			0110


			0			2671


			0			4819


			0			3271


			1			1030









Beszúrás → Diagramok →
Pont- (xy) vagy buborékdiagram beszúrása → Pont
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A kapott pontok jól illeszkednek egy olyan egyenesre, amely átmegy az origón.
Így nagy biztonsággal állíthatjuk, hogy a mintarealizáció exponenciális eloszlásból
származik.


A λ paraméter becsléséhez ábrázoljuk az origón átmenő lineáris trendvonalat.
Kattintson az ábrára, majd


Tervezés → Diagram-összetevő hozzáadása →
Trendvonal → További trendvonal-beállítások →
Trendvonal formázása panelen:
Trendvonal beállításai ikon → Lineáris → Metszéspont: 0 →
Egyenlet látszik a diagramon


y = -3,3822x
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A meredekségből látható, hogy λ becslése 3,3822. Összehasonlításképpen közöljük,
hogy a vizsgált valószínűségi változó exponenciális eloszlású volt λ = 3,2 paraméterrel.


A színt és a vonalvastagságot igény szerint beállíthatja. A megoldás menetét
végigkövetheti a következő videón.
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3.3. Kétparaméteres eloszlásra vonatkozó illeszke-
désvizsgálat


Most azt vizsgáljuk, hogy a valószínűségi változó származhat-e olyan eloszlástípusból,
amelynek két ismeretlen paramétere van. Például egy valószínűségi változó lehet-e
normális eloszlású, amelynek m és σ paraméterei ismeretlenek?


Általánosságban jelölje ϑ1 és ϑ2 az ismeretlen paramétereket. Tegyük fel, hogy
G, g1 és g2 olyan függvények, melyekre az eloszlástípus eloszlásfüggvénye előáll az
x helyen G


(
g1(ϑ1, ϑ2)x + g2(ϑ1, ϑ2)


)
alakban, továbbá G invertálható. A normális


eloszlás ilyen, hiszen G(t) = Φ(t), g1(ϑ1, ϑ2) = 1
ϑ2


, g2(ϑ1, ϑ2) = −ϑ1
ϑ2


, ϑ1 = m és
ϑ2 = σ választással G


(
g1(ϑ1, ϑ2)x + g2(ϑ1, ϑ2)


)
= Φ


(
x−m


σ


)
, továbbá G invertálható.


Legyen x1 < x2 < · · · < xr, továbbá tegyük fel, hogy a mintarealizáció legkisebb
eleme kisebb x1-nél, a mintarealizáció legnagyobb eleme pedig nagyobb xr-nél. Ha n a
mintarealizáció elemszáma és a valószínűségi változó valóban a sejtett eloszlástípusba
tartozik, akkor


F ∗
n(xi) ≃ G


(
g1(ϑ1, ϑ2)xi + g2(ϑ1, ϑ2)


)
, i = 1, . . . , r,


Ebből
G−1


(
F ∗


n(xi)
)


≃ g1(ϑ1, ϑ2)xi + g2(ϑ1, ϑ2), i = 1, . . . , r,


azaz yi := G−1
(
F ∗


n(xi)
)


jelöléssel az (x1, y1), . . . , (xr, yr) koordinátájú pontok kö-
rülbelül egy olyan egyenesre esnek, melynek meredeksége g1(ϑ1, ϑ2) és a függőleges
tengelymetszete g2(ϑ1, ϑ2).


A legkisebb négyzetek elve alapján az origón átmenő y = mx + b egyenletű
egyenesek közül az illeszkedik legjobban az (x1, y1), . . . , (xr, yr) koordinátájú pontokra,
melyre


r∑
i=1


(mxi + b − yi)2 értéke a legkisebb. Ezt az egyenest az adott pontokhoz
tartozó regressziós egyenesnek (vagy lineáris trendvonalnak) nevezzük. Jelölje ennek
meredekségét m∗ és a függőleges tengelymetszetét b∗. Ekkor megoldva a


g1(ϑ1, ϑ2) = m∗


g2(ϑ1, ϑ2) = b∗


egyenletrendszert, a (ϑ̂1, ϑ̂2) megoldása a (ϑ1, ϑ2) becslése. Tehát ez a módszer nem
csak arra ad feleletet, hogy tényleg ebbe az eloszlástípusba tartozik-e a vizsgált
valószínűségi változó, hanem az ismeretlen paraméterek értékeit is megbecsülhetjük
vele.
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3.3. Példa. A fájlban található mintarealizáció alapján nézze meg,
hogy a vizsgált valószínűségi változó lehet-e normális eloszlású. Ha igen, akkor becsülje
meg lineáris regresszióval a paramétereket.


Megoldás. Ha a vizsgált valószínűségi változó normális eloszlású m várható értékkel
és σ szórással, akkor


F ∗
n(xi) ≃ Φ


(
xi − m


σ


)
, i = 1, . . . , r,


azaz
yi := Φ−1


(
F ∗


n(xi)
)


≃ 1
σ


xi − m


σ
, i = 1, . . . , r.


Így az (x1, y1), . . . , (xr, yr) koordinátájú pontok körülbelül egy olyan egyenesre esnek,
melynek 1


σ
a meredeksége és −m


σ
értéknél metszi a függőleges tengelyt. Ha m∗ illetve


b∗ a regressziós egyenes meredeksége illetve függőleges tengelymetszete, akkor az


1
σ


= m∗


−m


σ
= b∗


egyenletrendszer megoldása m̂ = − b∗


m∗ és σ̂ = 1
m∗ , melyek az m és σ becslései.


A mintarealizációt másolja egy Excel-munkalap A oszlopába. Vizsgálja meg a
legkisebb és legnagyobb értékét a mintarealizációnak a =MIN(A:A) és =MAX(A:A)


függvényekkel. Azt kapjuk, hogy 2,495 a legkisebb és 8,0063 a legnagyobb érték. Ennek
alapján lehet x1 = 2,5 és xr = 8. Célszerű az r = 11 választás, mert ekkor egyenletes
beosztást választva 10 egyenlő hosszúságú részintervallumot kapunk, melyek hossza
8−2,5


10 = 0,55. Így x1 = 2,5; x2 = 3,05; . . . ; x11 = 8. Ezeket az értékeket írja be a
B1:B11 cellatartományba. Ezután a C1 cellában számolja ki az y1 értékeket a


=NORM.S.INVERZ(DARABTELI(A:A;"<"&B1)/DARAB(A:A))


függvénnyel, majd a kitöltőjelét húzza le a 11. sorig. Ábrázoljuk a kapott pontokat.
Ehhez jelölje ki a B1:C11 cellatartományt, majd


Beszúrás → Diagramok →
Pont- (xy) vagy buborékdiagram beszúrása → Pont


A 11 darab pont nagyon jó közelítéssel egy egyenesen helyezkedik el, így normális
eloszlásúnak tekinthetjük a vizsgált valószínűségi változót.
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			5			4584


			5			3780


			4			7339


			5			0884


			5			0674


			4			9444


			4			6063


			7			0333


			4			2884


			6			2984


			6			0361


			4			9679


			5			2982


			4			0271


			5			4870


			6			4616


			4			5727


			4			8065


			4			6250


			4			0505


			4			0726


			6			2603


			4			4924


			4			6293


			3			9250


			3			7483


			4			7654


			5			7604


			4			3341


			6			3941


			4			4250


			5			0410


			5			9539


			5			6394


			4			5163


			5			1524


			5			1208


			4			3123


			5			3227


			4			9047


			4			3340


			3			0020


			5			2450


			6			0868


			3			7789


			3			9948


			5			5868


			4			9254


			5			0289


			4			0572


			4			1587


			4			7531


			5			6529


			4			7454


			4			8902


			5			7700


			4			4897


			3			9491


			6			1591


			5			4470


			6			0080


			6			0578


			4			5717


			6			2169


			4			7936


			5			2755


			6			0043


			5			3943


			5			4504


			5			2733


			5			9492


			6			1329


			3			9897


			6			2054


			5			0361


			3			7237


			5			8680


			5			4058


			5			8330


			5			7308


			4			6414


			5			1884


			6			5592


			4			5139


			4			9267


			5			8757


			5			2277


			5			8507


			5			2470


			4			4362


			5			5940


			5			0638


			2			7775


			6			2683


			4			3425


			6			2845


			4			8581


			4			8351


			3			4988


			3			2230


			6			0193


			3			9437


			4			8570


			5			2917


			5			0621


			6			5411


			5			0241


			4			2015


			6			1543


			5			3099


			6			7156


			5			3456


			5			0023


			5			5401


			5			1334


			4			6812


			3			6566


			5			0589


			4			9355


			5			3839


			6			1555


			5			5349


			3			9717


			5			5805


			5			4965


			5			0462


			5			8942


			5			0649


			5			4666


			6			4207


			4			8509


			4			5554


			5			1485


			5			1646


			5			0095


			4			6534


			5			3752


			5			0357


			5			0277


			5			6528


			5			7210


			4			1469


			4			3405


			4			3237


			4			4398


			5			4410


			5			5503


			5			7534


			4			0887


			5			0861


			5			8574


			5			9275


			3			9721


			4			2556


			5			4964


			5			6357


			4			9217


			4			4576


			6			9948


			5			2517


			5			5793


			5			2809


			5			3994


			5			8457


			4			2576


			5			0382


			6			0202


			5			2011


			5			4629


			4			0734


			5			3227


			5			1039


			4			6235


			6			3710


			5			0680


			5			8272


			4			6050


			6			4978


			5			5801


			5			2605


			5			3366


			5			8512


			5			5499


			4			9616


			5			5943


			5			9210


			5			7459


			4			8287


			5			0804


			3			6909


			5			9361


			4			6209


			6			3503


			5			6785


			5			4369


			5			7347


			5			1642


			5			3346


			6			1425


			5			0288


			6			7729


			4			7656


			4			0363


			5			1780


			4			8480


			4			8961


			6			7148


			4			5828


			4			6222


			7			0344


			4			9222


			7			3677


			6			4471


			5			0800


			5			8460


			4			6297


			5			3024


			4			6332


			4			2779


			4			5332


			5			0456


			5			7736


			5			1071


			4			9357


			4			3600


			4			7630


			5			7197


			6			4046


			6			2271


			3			9410


			5			1966


			5			4094


			4			9928


			5			7676


			5			0057


			4			9006


			4			8248


			5			7544


			6			2806


			4			2290


			5			0638


			3			0683


			4			9868


			5			0124


			4			4746


			5			4588


			6			1749


			4			6546


			5			5660


			5			1826


			6			7965


			5			3999


			4			7898


			6			3362


			5			3435


			4			6261


			7			1143


			4			9049


			4			7667


			5			6303


			4			9468


			4			5723


			4			6997


			5			2462


			4			5361


			3			9780


			5			2944


			4			2543


			5			5177


			4			6750


			5			2087


			5			1341


			6			6706


			6			1873


			7			5427


			6			0897


			5			9934


			4			7197


			3			5331


			5			5093


			5			0785


			4			3940


			5			3108


			4			3551


			5			0243


			4			5155


			6			1592


			5			4153


			5			3222


			4			1100


			5			0432


			5			6372


			6			7374


			6			6198


			6			0980


			5			6948


			4			5504


			5			7632


			5			1734


			7			0372


			5			6977


			5			1122


			4			6354


			6			7893


			3			3386


			5			0583


			5			4631


			4			8392


			3			3396


			6			1593


			4			9778


			4			5457


			6			5388


			6			1762


			4			1306


			4			8887


			5			5939


			5			8007


			5			6963


			6			1284


			5			1740


			6			0516


			4			4967


			5			6449


			4			7255


			4			8429


			6			1555


			5			7281


			5			2355


			5			4977


			4			6004


			6			3998


			5			3925


			3			9734


			6			1899


			5			8081


			5			7865


			5			2325


			5			3742


			4			1496


			5			2273


			5			1833


			5			5712


			3			9635


			4			3974


			4			6479


			3			6899


			5			9049


			5			4684


			5			4312


			5			7665


			2			7558


			4			6158


			6			4791


			4			7988


			4			7032


			6			4855


			4			7329


			4			1931


			4			3355


			4			8688


			6			1566


			4			4816


			3			5685


			5			8767


			6			1454


			5			9865


			4			9026


			6			5775


			5			3153


			5			8012


			4			9408


			4			2269


			5			2903


			4			4029


			4			4277


			5			2649


			5			4350


			5			4411


			4			8779


			4			2002


			5			0915


			5			3507


			4			1301


			6			3331


			5			7301


			3			9745


			4			5441


			3			4179


			5			6756


			5			4737


			4			8264


			5			7657


			5			0535


			5			6072


			5			9454


			5			1589


			4			3391


			4			7058


			5			2213


			5			6865


			5			3678


			5			4984


			5			6921


			4			7456


			5			0491


			5			8163


			6			2290


			6			9744


			4			6410


			5			7052


			5			9265


			5			2845


			4			2842


			5			8538


			5			3810


			5			0554


			5			5438


			6			3413


			5			1890


			4			4512


			3			4842


			5			3961


			5			0743


			5			5716


			5			2725


			5			8139


			5			0316


			5			9331


			4			3316


			4			5753


			5			5361


			4			9960


			7			2566


			4			6591


			4			2866


			3			7385


			7			3813


			5			6158


			4			8028


			4			7993


			6			0013


			5			0109


			6			5884


			4			0467


			6			1036


			5			9134


			4			8486


			5			1738


			5			3453


			4			8752


			4			6126


			4			7457


			4			7275


			5			2175


			4			2565


			4			6596


			4			7640


			4			9433


			4			2974


			2			8227


			4			6803


			5			3184


			5			0620


			6			5200


			4			2227


			6			0492


			6			1776


			4			4630


			5			3942


			4			1758


			5			2494


			6			7285


			4			9540


			4			1785


			5			7755


			4			9312


			5			5982


			6			4681


			3			4185


			4			2867


			5			0835


			3			8309


			5			3622


			3			4186


			4			7951


			6			2672


			6			1458


			4			2003


			5			0750


			4			7896


			4			4042


			5			7339


			5			3738


			6			1231


			5			5134


			6			7345


			6			4667


			4			2579


			6			5443


			4			8613


			4			4111


			4			2705


			6			1329


			5			5364


			4			9649


			3			8505


			6			0529


			5			4429


			5			7746


			3			7831


			4			9449


			4			8100


			4			1900


			5			2771


			5			2011


			5			4592


			3			4469


			5			4061


			5			0827


			4			0042


			6			0820


			5			6646


			5			2849


			4			8569


			5			5336


			4			6909


			4			5892


			5			4333


			3			9093


			5			0948


			5			4030


			4			8518


			4			9370


			4			4432


			2			9952


			4			1397


			5			3285


			7			1719


			4			8584


			3			9779


			4			3152


			5			0127


			5			1808


			5			4484


			7			3610


			5			5293


			4			6665


			4			5408


			4			7995


			5			5755


			6			1199


			4			3499


			4			2393


			3			6974


			4			7680


			3			6448


			5			2237


			5			2184


			5			2285


			7			0505


			6			1133


			3			7906


			5			8622


			5			5663


			6			2713


			5			1126


			5			4949


			4			8635


			5			9675


			5			2316


			4			0701


			4			4466


			6			2482


			5			6929


			5			9543


			4			8665


			5			5445


			4			9692


			3			6702


			7			0751


			3			7767


			4			2032


			5			8504


			6			8480


			5			5311


			6			2147


			5			3380


			6			1478


			5			4923


			5			4373


			6			6342


			4			5074


			7			2438


			3			7317


			4			8263


			6			2384


			4			6138


			4			4745


			4			3022


			5			6459


			5			3246


			5			6430


			6			4282


			5			5806


			5			2734


			4			4285


			6			5311


			6			0123


			5			8531


			6			2394


			5			6404


			5			4411


			5			6993


			5			2751


			4			6199


			4			5422


			4			4126


			5			6172


			5			0116


			4			8237


			4			5649


			5			1905


			6			5592


			4			6348


			5			2177


			6			8036


			4			1457


			5			6558


			5			5741


			5			5666


			2			8018


			5			6956


			5			5289


			4			8399


			5			6707


			4			6314


			4			7312


			6			4909


			4			7714


			5			5951


			4			3776


			6			5805


			6			6916


			5			1934


			4			5839


			5			8978


			4			6445


			6			5512


			5			2370


			4			9444


			4			7828


			5			0259


			5			8021


			4			8317


			4			3031


			5			6890


			4			1068


			4			0847


			4			5460


			5			1527


			5			0407


			5			1212


			5			7856


			5			4863


			5			9905


			5			0290


			4			5266


			5			5416


			5			3941


			5			0528


			6			2097


			5			0001


			5			3143


			6			2167


			5			3519


			6			2324


			5			2059


			6			1748


			5			5651


			5			6356


			4			4696


			6			2737


			4			8116


			5			2680


			4			3512


			5			8867


			5			3220


			5			4329


			5			5284


			5			5085


			6			3104


			5			0434


			5			7140


			5			3562


			5			2531


			5			4002


			5			1783


			5			7048


			5			7184


			5			5172


			5			1352


			4			9603


			3			9313


			5			4767


			4			7090


			4			7127


			4			3223


			5			4336


			6			1174


			4			6373


			3			8555


			4			4293


			4			4314


			5			7547


			4			8026


			6			0821


			5			3531


			5			3235


			6			5410


			4			3566


			7			1359


			5			0955


			5			1110


			5			5030


			4			8813


			4			9120
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A paraméterek becsléséhez ábrázoljuk a lineáris trendvonalat. Kattintson az ábrára,
majd


Tervezés → Diagram-összetevő hozzáadása →
Trendvonal → További trendvonal-beállítások →
Trendvonal formázása panelen:
Trendvonal beállításai ikon → Lineáris → Egyenlet látszik a diagramon


y = 1,2351x - 6,4061
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A lineáris trendvonal meredekségét a MEREDEKSÉG függvénnyel, illetve a függőleges
tengelymetszet értékét a METSZ függvénnyel számolhatjuk ki. Ennek alapján m


becslése


=-METSZ(C1:C11;B1:B11)/MEREDEKSÉG(C1:C11;B1:B11)


és σ becslése


=1/MEREDEKSÉG(C1:C11;B1:B11)


Az eredmény m ≃ 5,1866 és σ ≃ 0,8096. Ellenőrzésképpen közöljük, hogy a felhasznált
mintarealizáció m = 5,2 és σ = 0,8 paraméterű normális eloszlásból származik.


Az egész megoldást végigkövetheti a következő videón.
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https://youtu.be/NV4_cqCiJYQ





3.4. Gyakorlatok


3.1. gyakorlat. A fájlban található mintarealizáció alapján vizsgálja
meg, hogy a vizsgált valószínűségi változó lehet-e egyenletes eloszlású. Ha igen, akkor
a kapott ábra alapján becsülje meg a paramétereket.


Útmutatás. Ha teljesül, hogy a vizsgált valószínűségi változó egyenletes eloszlású az
[a, b] intervallumon, akkor


yi := F ∗
n(xi) ≃ xi − a


b − a
= 1


b − a
xi − a


b − a
, i = 1, . . . , r.


Ebből â = − b∗


m∗ és b̂ = −1−b∗


m∗ . Az összehasonlításhoz közöljük, hogy a vizsgált
valószínűségi változó egyenletes eloszlású volt a [2,5; 8] intervallumon.


3.2. gyakorlat. A fájlban található mintarealizáció alapján vizsgálja
meg, hogy a vizsgált valószínűségi változó lehet-e exponenciális eloszlású.


Útmutatás. A 3.2. példa alapján eljárva azt állíthatjuk, hogy a minta nem exponenci-
ális eloszlásból származik.


3.3. gyakorlat. A fájlban található mintarealizáció alapján vizsgálja
meg, hogy a vizsgált valószínűségi változó lehet-e normális eloszlású. Ha igen, akkor
a kapott ábra alapján becsülje meg a paramétereket. Használjon −3-tól 3-ig terjedő
beosztást 0,5 hosszúságú részintervallumokkal.


Útmutatás. A 3.3. példa alapján eljárva azt állíthatjuk, hogy a minta nem normális
eloszlásból származik.


3.4. gyakorlat. Generáljon Excel segítségével 3000 elemű mintarealizációt egyenletes,
exponenciális, normális illetve Cauchy-eloszlású valószínűségi változóra vonatkozóan
a korábban ismertetett módszerekkel. Grafikus illeszkedésvizsgálattal igazolja, hogy
az így generált mintarealizációk valóban olyan eloszlásúak, mint aminek az elmélet
szerint kell lennie. A paramétereket is becsüljük meg.
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			4			4050


			7			0954


			6			1602


			5			2698


			3			7376


			3			4995


			4			9281


			2			5537


			7			4168


			3			8822


			5			7133


			5			5403


			2			6499


			4			5417


			3			9444


			4			6801


			6			8560


			4			5294


			4			2813


			2			9157


			3			0837


			6			8940


			3			1191


			7			6044


			5			1570


			3			0662


			7			7917


			7			9447


			6			3378


			7			3284


			3			7031


			5			5386


			6			6696


			6			1909


			7			4877


			7			5984


			7			5423


			7			8686


			4			6755


			3			6800


			6			3900


			4			4288


			6			2145


			3			2012


			3			8127


			7			0569


			3			0767


			3			3769


			3			7861


			2			7575


			6			5490


			6			0803


			5			4963


			6			6894


			5			6855


			5			5117


			3			2166


			6			2020


			4			7735


			7			4336


			6			5131


			6			5203


			2			5390


			4			6039


			6			4438


			4			3981


			7			1933


			4			9166


			7			2909


			3			4346


			6			7976


			6			6309


			2			7396


			4			6248


			2			7974


			3			4484


			7			7928


			6			0896


			6			9523


			4			5689


			6			0859


			3			3048


			7			7637


			6			7358


			3			6401


			4			5255


			7			3767


			5			1507


			7			4690


			5			9749


			5			8075


			5			0167


			7			3274


			4			7444


			3			2229


			7			8438


			7			2664


			7			7238


			4			3740


			3			0218


			6			5328


			7			2581


			5			1601


			7			5466


			6			7291


			5			5999


			3			1743


			5			6553


			2			5207


			6			6047


			3			9581


			4			5036


			2			5562


			4			4869


			7			0655


			5			3945


			7			6390


			6			3340


			6			9139


			4			9387


			6			5643


			5			4485


			6			2738


			4			4076


			7			4104


			5			4617


			3			1221


			6			9083


			7			9497


			4			0422


			6			4627


			5			3912


			2			7162


			5			8919


			6			0894


			4			3720


			4			6454


			4			1014


			4			1434


			4			1253


			5			5752


			7			8093


			3			1922


			3			9834


			4			7709


			2			9863


			6			4302


			5			7482


			5			0154


			4			0388


			4			4790


			5			0982


			3			6762


			3			3034


			7			1386


			4			2494


			7			5402


			6			3753


			3			8152


			3			5020


			2			5795


			7			0945


			7			2283


			7			6816


			3			6876


			4			8811


			6			3729


			7			8567


			2			7990


			3			4936


			2			5888


			4			5914


			3			6837


			3			1527


			6			9635


			2			8653


			3			0775


			4			8529


			5			1697


			3			6687


			4			6899


			3			0560


			7			2149


			7			6560


			5			5018


			4			8375


			3			9539


			3			6148


			5			1433


			4			9307


			5			5915


			3			8843


			2			5150


			6			9891


			3			2755


			3			2294


			5			6918


			6			7628


			4			2589


			3			0549


			5			5236


			2			7579


			6			4805


			7			7162


			7			7221


			7			8263


			5			2918


			5			5610


			5			0969


			3			5038


			5			4317


			3			7073


			3			9816


			5			7939


			7			2253


			5			4437


			5			7616


			5			4661


			3			3578


			7			5065


			5			2948


			3			8154


			7			4513


			7			8693


			3			3889


			3			2018


			5			0452


			5			0509


			4			3723


			5			5663


			4			9569


			4			3255


			4			1765


			7			4931


			7			3744


			3			5921


			3			2145


			3			7639


			3			4078


			4			5367


			2			7235


			7			2233


			6			7000


			2			5950


			5			1082


			6			1528


			3			5752


			4			0975


			7			1995


			7			2213


			6			5742


			4			8565


			4			2182


			5			4591


			7			1059


			3			3255


			7			1070


			4			5753


			3			8139


			7			3419


			5			7709


			3			3132


			4			1369


			5			8322


			4			6383


			7			9151


			7			9125


			4			7410


			5			3336


			5			6411


			5			2533


			7			8137


			5			1251


			6			1627


			5			7942


			5			7425


			4			1857


			6			0254


			7			7900


			5			5586


			5			0830


			7			7526


			3			9129


			7			0267


			5			7852


			6			5338


			6			4773


			4			6765


			5			3491


			7			3197


			4			6943


			7			4779


			4			3278


			4			5172


			4			4301


			3			5434


			5			3131


			6			3568


			5			3226


			7			6148


			3			9005


			5			8762


			7			9809


			5			9675


			5			7428


			5			3407


			7			8699


			5			2402


			7			7286


			4			2967


			5			3566


			2			5725


			3			7029


			5			8267


			7			7697


			3			8087


			5			0163


			3			4536


			6			1989


			3			4002


			7			0680


			6			0121


			4			6350


			6			0142


			4			8817


			5			1842


			4			4287


			6			2320


			2			6285


			6			2686


			7			9186


			3			5948


			7			3849


			7			6292


			7			4542


			5			1288


			4			2913


			2			6431


			4			4185


			7			3582


			5			1497


			7			8435


			5			2224


			6			1896


			5			3735


			6			8275


			3			1265


			7			4239


			4			5802


			3			3749


			5			6145


			6			5296


			5			4901


			4			5971


			3			4203


			6			6857


			6			1698


			3			8124


			4			1857


			7			9758


			7			5355


			6			7180


			7			6000


			6			4922


			4			4045


			2			8027


			3			7478


			4			9825


			6			7588


			5			3229


			6			2676


			5			0462


			7			2604


			4			0350


			6			7959


			7			2650


			4			9324


			6			2559


			2			5509


			3			0230


			3			7941


			7			6960


			2			7792


			3			6520


			5			6152


			5			3861


			3			6708


			5			4070


			6			3275


			6			8921


			5			2151


			4			6570


			7			0085


			7			8894


			7			3526


			3			0476


			7			7259


			5			0411


			6			6471


			4			2685


			3			4067


			2			5002


			5			0804


			5			4337


			7			7705


			4			7328


			5			4467


			3			9583


			6			2409


			6			2303


			7			6965


			3			6867


			4			1237


			6			5578


			5			4590


			5			4095


			7			7166


			3			5579


			5			3428


			6			7724


			2			8889


			6			9057


			4			9917


			4			9629


			2			5454


			5			5849


			4			7479


			7			9316


			4			7640


			5			7313


			2			6484


			6			2812


			7			2701


			3			6624


			6			3565


			7			8299


			5			2882


			7			7902


			3			5051


			7			2340


			5			6834


			4			4859


			3			8029


			6			4254


			3			6829


			6			3430


			3			6307


			4			9992


			7			3409


			3			6585


			5			7286


			7			5559


			3			7864


			4			3278


			7			9515


			2			8851


			4			6675


			7			7233


			2			9436


			3			2444


			7			0820


			7			0022


			4			4592


			7			8700


			4			6573


			5			6641


			7			4310


			3			7236


			3			3201


			2			5532


			4			7623


			7			8611


			3			1681


			5			3755


			3			6955


			3			1791


			2			7344


			7			6768


			7			9820


			5			6723


			6			3084


			3			1011


			4			9564


			7			7112


			5			3509


			7			6255


			3			4912


			5			2200


			5			4195


			6			8409


			5			1830


			4			5157


			6			3916


			5			2250


			6			9977


			4			9385


			4			6503


			3			7270


			2			9751


			4			2832


			4			7714


			2			8596


			3			4708


			3			9136


			7			6263


			3			3688


			3			7859


			2			8174


			3			6891


			5			4263


			5			9118


			4			2353


			7			2125


			3			1660


			5			9904


			4			8716


			3			3117


			5			7576


			4			4686


			4			0690


			5			8696


			7			5910


			3			7957


			5			7052


			7			5530


			7			5130


			3			8931


			3			4455


			6			1042


			7			9401


			6			9959


			7			3571


			6			4455


			3			0397


			6			3436


			6			2698


			4			0130


			5			0528


			6			0715


			3			6397


			5			6063


			5			2011


			5			5297


			7			5489


			7			9203


			3			5006


			3			6308


			5			3503


			3			7965


			6			6755


			3			2022


			4			3377


			5			1093


			4			7442


			7			6968


			6			7020


			6			5749


			4			2218


			3			9856


			2			9041


			3			1478


			4			7594


			3			3366


			2			9731


			4			5445


			5			4156


			5			0549


			5			6130


			2			8065


			7			1316


			7			1354


			4			3751


			4			1939


			6			8528


			2			6564


			5			0288


			7			0722


			7			6198


			6			5135


			7			6398


			6			8316


			4			3225


			4			4718


			7			2366


			5			7539


			5			1883


			3			8877


			7			8250


			7			1142


			7			4491


			3			8262


			7			3822


			7			1833


			6			5082


			6			1762


			6			3387


			5			6687


			3			8020


			3			7397


			5			4309


			7			0086


			7			4266


			3			6470


			4			1823


			2			8082


			4			4750


			2			8234


			7			1453


			4			0820


			6			4053


			4			1105


			7			9127


			6			3415


			6			1343


			3			5179


			4			7810


			2			9417


			5			9283


			6			9556


			4			3229


			3			9764


			7			0348


			4			1770


			3			5025


			2			8863


			7			3771


			5			0296


			2			8413


			4			8169


			5			5055


			7			9942


			5			5162


			6			6444


			4			8763


			3			3614


			2			6498


			6			9538


			2			9040


			4			7731


			6			9232


			4			6372


			5			6064


			5			2298


			5			5211


			6			6493


			5			5387


			2			5418


			7			2908


			6			3346


			5			0861


			4			0738


			2			8739


			5			1156


			3			5609


			4			5109


			4			4424


			3			2057


			5			4238


			3			2476


			3			0477


			7			3866


			3			8251


			2			8752


			7			4660


			6			2627


			5			0365


			3			1199


			5			2957


			7			7839


			6			7178


			5			9591


			7			4423


			4			1984


			3			8392


			5			0153


			2			9967


			5			9765


			3			9556


			5			2061


			4			8905


			7			1181


			7			4012


			4			5012


			5			0860


			4			1339


			2			8518


			3			0119


			5			9337


			5			3642


			2			5730


			7			0173


			4			2047


			7			1732


			5			5517


			7			9005


			3			6823


			2			9355


			3			5801


			5			3494


			7			0678


			4			1001


			3			7367


			2			5456


			5			3369


			4			4999


			3			5872


			6			9466


			6			0511


			7			4431


			5			2972


			5			6342


			6			0094


			5			5009


			7			7301


			6			5829


			7			4969


			7			7823


			4			9739


			7			5747


			2			7632


			7			3575


			4			6168


			3			3612


			6			7386


			2			8711


			3			4688


			5			5491


			4			8716


			2			7583


			2			7971


			7			0629


			3			3436


			7			8523


			3			5235


			5			9081


			7			2960


			2			5493


			5			7011


			6			3397


			7			0753


			2			5673


			4			9679


			4			9102


			4			3814


			5			2153


			7			5465


			3			2498


			7			0739


			2			9599


			4			2359


			2			8052


			5			2722


			7			9550


			4			7146


			4			1381


			3			2554


			3			5728


			3			8516


			7			2607


			7			0453


			4			3501


			6			0949


			5			3594


			6			4304


			5			6391


			4			3828


			4			1327


			2			5633


			7			1276


			3			8987


			6			8460


			7			1404


			4			2661


			6			3642


			5			5794


			6			5452


			2			5170


			3			9412


			4			0190


			6			7140


			6			2144


			5			6886


			5			0201


			6			3568


			6			6996


			5			3927


			7			5427


			6			0408


			6			7694


			4			4679


			3			9360


			2			5194


			4			3532


			6			9979


			2			9238


			7			0649


			2			7073


			4			3616


			6			0165


			6			9373


			5			7894


			6			7650


			3			9533


			4			9968


			2			8547


			4			3748


			6			1480


			4			3441


			2			6850


			6			1223


			7			4931


			4			2439


			3			2420


			3			1251


			7			2469


			3			4677


			3			9074


			7			5447


			3			6055


			3			0601


			3			8502


			5			5775


			4			4366


			7			4144


			2			9336


			5			6478


			2			5268


			7			4138


			6			4522


			6			7489


			2			5679


			7			7709


			3			3625


			4			7523


			6			9851


			2			5748


			4			5467


			7			3807


			6			5831


			7			9260


			3			5219


			7			9151


			6			8611


			3			4202


			3			8871


			6			5805


			6			7244


			4			1105


			6			1681


			4			9314


			7			1930


			7			4586


			7			6033


			4			4324


			2			5851


			6			6559


			3			7805


			3			3035


			7			0253


			4			5733


			4			4176


			3			5761


			5			5057


			7			9721


			5			4485


			3			1798


			6			1009


			4			9842


			3			9542


			4			2550


			2			8127


			7			2438


			6			3537


			4			2620


			6			3976


			2			9288


			3			6427


			3			8323


			4			9019


			3			8451


			4			3449


			6			1809


			3			0077


			2			5608


			2			7149


			6			2768


			4			6650


			3			4737


			3			1065


			7			8409


			2			8618


			7			0693


			2			7957


			3			1168


			3			2600


			4			0032


			7			4220


			5			7343


			5			2960


			4			0148


			6			0879


			2			8630


			3			2258


			5			0547


			5			0299


			7			7227


			4			9633


			7			3855


			5			6503


			4			4001


			7			4400


			2			7864


			6			5741


			7			2882


			6			0880


			7			8714


			6			2698


			7			8471


			7			4207


			2			9026


			6			1479


			6			2534


			4			0651


			7			3575


			4			4271


			7			8865


			4			9717


			7			8815


			5			4314


			3			4695


			5			9019


			5			6358


			4			3567


			2			5621


			6			6724


			5			9209


			7			9233


			4			4739


			7			0047


			5			3359


			4			1997


			6			5456


			7			7102


			5			6039


			5			2659


			2			6158


			6			8083


			7			5744


			7			2512


			2			8718









4. fejezet


Statisztikák


Tegyük fel, hogy egy ismeretlen eloszlású ξ valószínűségi változó várható értékét
kell meghatározni. Mivel az eloszlást nem ismerjük, ezért a mintarealizáció alapján
kell becslést adni. Bizonyítható, hogy a ξ-re vonatkozó ξ1, . . . , ξn minta elemeinek a
számtani közepe, azaz 1


n
(ξ1 + · · · + ξn), jó becslése a várható értéknek. Általánosan


fogalmazva itt egy olyan függvényt definiáltunk, amely valószínűségi változókból álló
rendezett n-eshez egy valószínűségi változót rendel. Az ilyen függvényeket statisztiká-
nak nevezzük. A következőkben felsorolunk néhány nevezetes statisztikát, ahol a ξ-re
vonatkozó minta ξ1, . . . , ξn.


mintaátlag ξ := 1
n


n∑
i=1


ξi


tapasztalati szórásnégyzet S2
n := 1


n


n∑
i=1


(ξi − ξ)2


tapasztalati szórás Sn :=
√√√√ 1


n


n∑
i=1


(ξi − ξ)2


korrigált tapasztalati szórásnégyzet S∗
n


2 := 1
n − 1


n∑
i=1


(ξi − ξ)2


korrigált tapasztalati szórás S∗
n :=


√√√√ 1
n − 1


n∑
i=1


(ξi − ξ)2


k-adik tapasztalati momentum (k ∈ N) 1
n


n∑
i=1


ξk
i


k-adik tapasztalati
centrált momentum (k ∈ N) 1


n


n∑
i=1


(ξi − ξ)k


tapasztalati ferdeség 1
nS3


n


n∑
i=1


(ξi − ξ)3
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tapasztalati lapultság 1
nS4


n


n∑
i=1


(ξi − ξ)4 − 3


Legyen ω egy rögzített elemi esemény. A ξ1(ω), ξ2(ω), . . . , ξn(ω) számokat állítsuk
növekvő sorrendbe. Az így kapott n tagú sorozatban az i-edik tagot jelölje ξ∗


i (ω).
Ekkor a ξ∗


1 , ξ∗
2 , . . . , ξ∗


n valószínűségi változókat rendezett mintának nevezzük.
A ξ∗


n − ξ∗
1 statisztikát mintaterjedelemnek nevezzük. A ξ∗


1+ξ∗
n


2 az úgynevezett
terjedelemközép.


A tapasztalati medián legyen ξ∗
n+1


2
, ha n páratlan, illetve 1


2


(
ξ∗


n
2


+ ξ∗
n
2 +1


)
, ha n


páros.
A 100t%-os tapasztalati kvantilis (0 ≤ t ≤ 1) legyen ξ∗


[nt]+1, ha nt ̸∈ N, illetve
tξ∗


nt + (1 − t)ξ∗
nt+1, ha nt ∈ N. (Vegyük észre, hogy az 50%-os tapasztalati kvantilis a


tapasztalati mediánnal egyenlő.) A 25%-os tapasztalati kvantilist tapasztalati alsó
kvartilisnek, illetve a 75%-os tapasztalati kvantilist tapasztalati felső kvartilisnek
nevezzük.


A tapasztalati módusz a mintaelemek között a leggyakrabban előforduló. Ha több
ilyen is van, akkor azok között a legkisebb.


Legyen a ξ-re vonatkozó minta ξ1, . . . , ξn és az η-ra vonatkozó minta η1, . . . , ηn.
Ezek tapasztalati kovarianciája


Covn(ξ, η) := 1
n


n∑
i=1


ξiηi − 1
n


n∑
i=1


ξi · 1
n


n∑
i=1


ηi,


illetve tapasztalati korrelációs együtthatója


Corrn(ξ, η) := Covn(ξ, η)
Sξ,n · Sη,n


.


4.1. Példa. A fájlban található mintarealizáció esetén adja meg a
harmadik tapasztalati momentumot, harmadik tapasztalati centrált momentumot,
továbbá a rendezett mintát.


Megoldás. A mintarealizációt másolja az A oszlopba. A B1 cellába írja a következőt:
=A1^3 . A B1 cella kitöltőjelére kattintson kétszer.


A C1 cellába írja a következőt: =(A1-ÁTLAG(A:A))^3 . A C1 cella kitöltőjelére
kattintson kétszer.


Ezután a D1 cellába írja a következőt: =ÁTLAG(B:B) . A kapott érték négy tizedes-
jegyre kerekítve 186,4503, mely a harmadik tapasztalati momentum.


Az E1 cellába írja a következőt: =ÁTLAG(C:C) . A kapott érték négy tizedesjegyre
kerekítve 0,0787, mely a harmadik tapasztalati centrált momentum.
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A rendezett minta megadásához az A oszlopot másolja át az F oszlopba, kattintson
az F oszlop jelölőjére, majd


Kezdőlap → Rendezés és szűrés → Rendezés méret szerint (növekvő) →
Folytatja az aktuális kijelöléssel → Rendezés


Ezután a rendezett mintát az F oszlop tartalmazza.


4.2. Példa. A fájlban található mintarealizáció esetén számolja ki
a következő statisztikákat: minta elemszáma; mintaterjedelem; terjedelemközép;
mintaátlag; tapasztalati szórás; tapasztalati szórásnégyzet; korrigált tapasztalati
szórás; korrigált tapasztalati szórásnégyzet; tapasztalati medián; tapasztalati módusz.


Megoldás. A mintarealizációt másolja az A oszlopba. Az előző statisztikákat a követ-
kező módon számolhatja ki:


minta elemszáma =DARAB(A:A)


mintaterjedelem =MAX(A:A)-MIN(A:A)


terjedelemközép =(MIN(A:A)+MAX(A:A))/2


mintaátlag =ÁTLAG(A:A)


tapasztalati szórás =SZÓR.S(A:A)


tapasztalati szórásnégyzet =VAR.S(A:A)


korrigált tapasztalati szórás =SZÓR.M(A:A)


korrigált tapasztalati szórásnégyzet =VAR.M(A:A)


tapasztalati medián =MEDIÁN(A:A)


tapasztalati módusz =MÓDUSZ.EGY(A:A)


4.3. Példa. Tekintsük a ξ-re vonatkozó 0,12; 0,63; 0,44; 0,50; 0,66; 0,81; 0,91; 0,96;
0,41; 0,67 mintarealizációt és az η-ra vonatkozó 1,03; 0,13; 1,50; 1,21; 1,73; 1,13; 1,73;
0,65; 1,10; 0,01 mintarealizációt. Számolja ki a tapasztalati kovarianciát és korrelációs
együtthatót.


Megoldás. Az első mintarealizációt tegye az A oszlopba, a másodikat pedig a B
oszlopba. A tapasztalati kovarianciát a =KOVARIANCIA.S(A:A;B:B) , míg a tapasztalati
korrelációs együtthatót a =KORREL(A:A;B:B) függvénnyel számolhatja ki.


4.1. Gyakorlatok


4.1. gyakorlat. A fájlban található mintarealizáció esetén adja meg
a


n∑
i=1


xi,
n∑


i=1
x2


i ,
n∑


i=1
(xi − x)2,


1
n


n∑
i=1


|xi − x|,
n∏


i=1
xi,
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értékeket, ahol x1, . . . , xn a mintarealizáció elemei és x = 1
n


n∑
i=1


xi.


Útmutatás. Ha a mintarealizáció az A oszlopban van, akkor használja rendre a
következő függvényeket:
=SZUM(A:A)


=NÉGYZETÖSSZEG(A:A)


=SQ(A:A)


=ÁTL.ELTÉRÉS(A:A)


=SZORZAT(A:A) .


4.2. gyakorlat. A fájlban található mintarealizáció első 100 elemének
számolja ki a mértani illetve harmonikus közepét.


Útmutatás. Használjuk a MÉRTANI.KÖZÉP és HARM.KÖZÉP függvényeket.


4.3. gyakorlat. Legyenek az x1, . . . , x20 számok a első 20 eleme,
továbbá az y1, . . . , y20 számok a első 20 eleme. Számolja ki a következő
értékeket:


20∑
i=1


xiyi,
20∑


i=1
(xi − yi)2,


20∑
i=1


(x2
i − y2


i ),
20∑


i=1
(x2


i + y2
i ).


Útmutatás. Használja rendre a következő függvényeket:
SZORZATÖSSZEG , SZUMXBŐLY2 , SZUMX2BŐLY2 , SZUMX2MEGY2 .


4.4. gyakorlat. A fájlban található mintarealizáció esetén adja meg
(1) a 3-nál kisebb elemek összegét;
(2) a 3-nál nagyobb de 4-nél kisebb vagy egyenlő elemek összegét;
(3) a 3-nál kisebb elemek számát;
(4) a 3-nál nagyobb de 4-nél kisebb vagy egyenlő elemek számát;
(5) a 3-nál kisebb elemek átlagát;
(6) a 3-nál nagyobb de 4-nél kisebb vagy egyenlő elemek átlagát.


Útmutatás. Ha a mintarealizáció az A oszlopban van, akkor használja rendre a
következő függvényeket:
=SZUMHA(A:A;"<3")


=SZUMHATÖBB(A:A;A:A;">3";A:A;"<=4")


=DARABTELI(A:A;"<3")


=DARABHATÖBB(A:A;">3";A:A;"<=4")


=ÁTLAGHA(A:A;"<3")


=ÁTLAGHATÖBB(A:A;A:A;">3";A:A;"<=4") .
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4.5. gyakorlat. Adja meg az I3<ξ≤4 indikátorváltozóra vonatkozó mintarealizációt,
ha a fájlban található a ξ-re vonatkozó mintarealizáció.


Útmutatás. A mintarealizációt másolja az A oszlopba. A B1 cellába írja a következőt:
=HA(ÉS(A1>3;A1<=4);1;0) . Ezután a B1 cella kitöltőjelére kattintson kétszer.


4.6. gyakorlat. Adja meg az x∗
10 és x∗


n−5 értékeit, ahol a ξ-re vonatkozó mintarealizá-
ció a fájlban található, továbbá x∗


1, . . . , x∗
n a rendezett mintarealizációt


jelöli. A rendezett mintarealizáció hányadik eleme a mintarealizáció 5. eleme? A
mintarealizációnak hányadik legnagyobb eleme 7,963?


Útmutatás. A mintarealizációt másolja az A oszlopba. Ekkor
x∗


k = KICSI(A:A;k)


x∗
n−k = NAGY(A:A;k + 1)


min{k : x∗
k = xi} = RANG.EGY(xi;A:A;1)


min{k : x∗
n−k = xi} + 1 = RANG.EGY(xi;A:A;0) .


4.7. gyakorlat. A fájlban található mintarealizáció esetén adja meg
a 30%-os tapasztalati kvantilist, továbbá a tapasztalati alsó illetve felső kvartilist.


Útmutatás. Ha a mintarealizáció az A oszlopban van, akkor a 100t%-os tapasztalati
kvantilis, a tapasztalati alsó illetve felső kvartilis rendre a következő módon számol-
ható ki:
PERCENTILIS.TARTALMAZ(A:A;t)


KVARTILIS.TARTALMAZ(A:A;1)


KVARTILIS.TARTALMAZ(A:A;3) .


4.8. gyakorlat. A illetve fájlban található mintarea-
lizációk esetén adja meg a tapasztalati ferdeséget és tapasztalati lapultságot. Ennek
alapján melyik minta származhat normális eloszlásból? Az eredményt vesse össze a
grafikus illeszkedésvizsgálatnál tapasztaltakkal.


Útmutatás. Az eloszlás ferdeségének illetve lapultságának természetes becsléseként
definiáltuk a tapasztalati ferdeséget illetve lapultságot:


S−3
n


1
n


n∑
i=1


(ξi − ξ)3 illetve S−4
n


1
n


n∑
i=1


(ξi − ξ)4 − 3.


Ezeket a harmadik tapasztalati centrált momentum kiszámolásához hasonlóan hatá-
rozhatjuk meg. A kapott értékek 5 tizedesjegyre kerekítve minta-01 esetén −0,03636
illetve 0,00135 továbbá minta-04 esetén 54,17325 illetve 2952,01016. Mivel ezek
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az értékek minta-01 esetén 0-hoz közeliek, míg minta-04 esetén távoliak, ezért
az előbbi minta származhat normális eloszlásból, de az utóbbi nem. Ez a grafikus
illeszkedésvizsgálatnál tapasztaltakkal is összhangban van.


A tapasztalati ferdeség kiszámolására az Excelben használhatjuk a FERDESÉG.P


függvényt is. Van egy FERDESÉG függvény is, de ez más becslést használ az eloszlás
ferdeségére:


n
n∑


i=1
(ξi − ξ)3


(n − 1)(n − 2)S∗
n


3 .


Excelben a lapultságot csúcsosságnak nevezik, pontosabban a tapasztalati lapultságot
a CSÚCSOSSÁG függvénnyel számolhatjuk, de ez is más becslést használ az eloszlás
lapultságára a korábban ismertetetthez képest:


n(n + 1)
n∑


i=1
(ξi − ξ)4


(n − 1)(n − 2)(n − 3)S∗
n


4 − 3(n − 1)2


(n − 2)(n − 3) .


Ezek a statisztikák nagy n esetén körülbelül megegyeznek az előbbi statisztikákkal. A
FERDESÉG és CSÚCSOSSÁG értékei 5 tizedesjegyre kerekítve minta-01 esetén −0,03638
illetve 0,00436 továbbá minta-04 esetén 54,20035 illetve 2956,93809.
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5. fejezet


Intervallumbecslések


Legyen ξ a vizsgált valószínűségi változó és ξ eloszlásának legyen ϑ egy ismeretlen
paramétere. Intervallumbecslésnél egy olyan intervallumot adunk meg, amelybe a ϑ


valódi értéke nagy valószínűséggel beleesik. Ezen intervallum alsó és felső végpontját
egy-egy statisztikával adjuk meg. A becslő intervallumot konfidenciaintervallumnak
nevezzük. Ennek az 1 − α biztonsági szintje az az érték, amelytől nagyobb vagy
egyenlő valószínűséggel esik ϑ a konfidenciaintervallumba.


5.1. Normális eloszlás paramétereinek becslése


5.1. Példa. A fájlban található mintarealizáció normális eloszlásból
származik, melynek szórása 0,7. Adjon a várható értékre 0,99 biztonsági szintű
konfidenciaintervallumot.


Megoldás. Legyen ξ1, . . . , ξn a minta. Ismert, hogy 1 − α = 0,99, σ = 0,7


τ1 = ξ − σ√
n


Φ−1
(


1 − α


2


)
τ2 = ξ + σ√


n
Φ−1


(
1 − α


2


)


jelölésekkel [τ1, τ2] 0,99 biztonsági szintű konfidenciaintervallum a várható értékre.
A mintarealizációt másolja az A oszlopba. Mivel


σ√
n


Φ−1
(


1 − α


2


)
= MEGBÍZHATÓSÁG.NORM(α;σ;n) ,


ezért τ1 értéke


=ÁTLAG(A:A)-MEGBÍZHATÓSÁG.NORM(0,01;0,7;DARAB(A:A))
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			17			2095


			16			0870


			14			6349


			15			7631


			15			1532


			13			1924


			17			9192


			16			7218
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			13			8044
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			14			4332
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			15			0601
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módon, míg τ2 értéke


=ÁTLAG(A:A)+MEGBÍZHATÓSÁG.NORM(0,01;0,7;DARAB(A:A))


módon számolható. A kapott eredmények négy tizedesjegyre kerekítve: τ1 ≃ 15,1966
és τ2 ≃ 15,3655. Ellenőrzésképpen közöljük, hogy a várható érték valódi értéke 15,3.


5.2. Példa. A fájlban található mintarealizáció normális eloszlásból
származik, melynek várható értéke 1251. Adjon a szórásra 0,9 biztonsági szintű
konfidenciaintervallumot.


Megoldás. Legyen ξ1, . . . , ξn a minta. Ismert, hogy 1 − α = 0,9, m = 1251


F := F [Khi(n)]


τ1 :=
√√√√ 1


F −1
(
1 − α


2


) n∑
i=1


(ξi − m)2


τ2 :=
√√√√ 1


F −1
(


α
2


) n∑
i=1


(ξi − m)2


jelölésekkel [τ1, τ2] 0,9 biztonsági szintű konfidenciaintervallum a szórásra.
A mintarealizációt másolja az A oszlopba. A B1-be írja be, hogy =A1-1251 , majd


a B1 kitöltőjelére kattintson kétszer. Ezután τ1 értéke


=GYÖK(NÉGYZETÖSSZEG(B:B)/KHINÉGYZET.INVERZ(1-0,1/2;DARAB(A:A)))


módon, míg τ2 értéke


=GYÖK(NÉGYZETÖSSZEG(B:B)/KHINÉGYZET.INVERZ(0,1/2;DARAB(A:A)))


módon számolható. A kapott eredmények négy tizedesjegyre kerekítve: τ1 ≃ 3,1223
és τ2 ≃ 3,3754. Ellenőrzésképpen közöljük, hogy a szórás valódi értéke 3,2.


5.3. Példa. A fájlban található mintarealizáció normális eloszlásból
származik. Adjon a szórásra 0,95 biztonsági szintű konfidenciaintervallumot.


Megoldás. Legyen n a mintarealizáció elemeinek a száma. Ekkor 1 − α = 0,95


F := F [Khi(n − 1)]


τ1 := Sn


√√√√ n


F −1
(
1 − α


2


)
τ2 := Sn


√√√√ n


F −1
(


α
2


)
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jelölésekkel [τ1, τ2] 0,95 biztonsági szintű konfidenciaintervallum a szórásra.
A mintarealizációt másolja az A oszlopba. Ezután τ1 értéke


=SZÓR.S(A:A)*GYÖK(DARAB(A:A)/KHINÉGYZET.INVERZ(1-0,05/2;DARAB(A:A)-1))


módon, míg τ2 értéke


=SZÓR.S(A:A)*GYÖK(DARAB(A:A)/KHINÉGYZET.INVERZ(0,05/2;DARAB(A:A)-1))


módon számolható. A kapott eredmények négy tizedesjegyre kerekítve: τ1 ≃ 1,9081
és τ2 ≃ 2,8465. Ellenőrzésképpen közöljük, hogy a valódi szórás 2,4.


5.4. Példa. A fájlban található mintarealizáció normális eloszlásból
származik. Adjon a várható értékre 0,94 biztonsági szintű konfidenciaintervallumot.


Megoldás. Ha ξ1, . . . , ξn a minta, akkor 1 − α = 0,94


F := F [T(n − 1)]


τ1 := ξ − S∗
n√
n


F −1
(


1 − α


2


)
τ2 := ξ + S∗


n√
n


F −1
(


1 − α


2


)


jelölésekkel [τ1, τ2] 0,94 biztonsági szintű konfidenciaintervallum a várható értékre.
A mintarealizációt másolja az A oszlopba. Mivel


S∗
n√
n


F −1
(


1 − α


2


)
= MEGBÍZHATÓSÁG.T(α;S∗


n;n) ,


ezért τ1 értéke


=ÁTLAG(A:A)-MEGBÍZHATÓSÁG.T(0,06;SZÓR.M(A:A);DARAB(A:A))


módon, míg τ2 értéke


=ÁTLAG(A:A)+MEGBÍZHATÓSÁG.T(0,06;SZÓR.M(A:A);DARAB(A:A))


módon számolható. A kapott eredmények négy tizedesjegyre kerekítve: τ1 ≃ 4,2918
és τ2 ≃ 4,8270. Ellenőrzésképpen közöljük, hogy a valódi várható érték 4,6.


5.2. Valószínűség becslése


5.5. Példa. Egy ismeretlen p valószínűségű esemény n = 55 kísérletből k = 39 alka-
lommal következett be. Adjon p-re 0,98 biztonsági szintű konfidenciaintervallumot.
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Megoldás. Legyen ξ a figyelt esemény indikátorváltozója. Ekkor ξ az esemény relatív
gyakoriságát, azaz k


n
-et jelenti. Az 1 − α = 0,98


τ1 := 1
n


max
{


z ∈ N :
z∑


i=0


(
n


i


)
ξ


i
(
1 − ξ


)n−i
<


α


2


}


τ2 := 1
n


min
{


z ∈ N :
z∑


i=0


(
n


i


)
ξ


i
(
1 − ξ


)n−i
≥ 1 − α


2


}


jelölésekkel [τ1, τ2] 0,98 biztonsági szintű konfidenciaintervallum p-re. Mivel


min
{


z ∈ N :
z∑


i=0


(
n


i


)
ξ


i
(
1 − ξ


)n−i
≥ x


}
= BINOM.INVERZ(n;ξ;x)


módon számolható, ezért


max
{


z ∈ N :
z∑


i=0


(
n


i


)
ξ


i
(
1 − ξ


)n−i
< x


}
= BINOM.INVERZ(n;ξ;x)-1 .


Így τ1


=(BINOM.INVERZ(55;39/55;0,02/2)-1)/55


módon, míg τ2


=BINOM.INVERZ(55;39/55;1-0,02/2)/55


módon számolható. A kapott eredmények négy tizedesjegyre kerekítve: τ1 ≃ 0,5455
és τ2 ≃ 0,8364. Ellenőrzésképpen közöljük, hogy a feladatban megadott gyakoriság
p = 0,72 paraméterű karakterisztikus eloszlásból származó minta generálása révén
adódott.


5.3. Gyakorlatok


5.1. gyakorlat. Oldjuk meg az 5.3. példát annak ismeretében, hogy a várható érték
14. Melyik módszer ad jobb becslést?


Útmutatás. Az 5.2. példa megoldását használjuk. A kapott intervallum alsó illetve felső
végpontja négy tizedesjegyre kerekítve 1,9012 illetve 2,8245. Ennek az intervallumnak
a hossza 0,9233, míg az előbb kapott intervallum hossza 0,9384, azaz 0,0151-del
hosszabb. Tehát a várható érték ismeretében egy kicsit jobb becslést kaptunk.


5.2. gyakorlat. Oldjuk meg az 5.4. példát annak ismeretében, hogy a szórás 0,8.
Melyik módszer ad jobb becslést?
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Útmutatás. Az 5.1. példa megoldását használjuk. A kapott intervallum alsó illetve felső
végpontja négy tizedesjegyre kerekítve 4,2585 illetve 4,8604. Ennek az intervallumnak
a hossza 0,6019, míg az előbb kapott intervallum hossza 0,5352, azaz 0,0667-del
rövidebb. Tehát a szórás ismeretében rosszabb becslést kaptunk.


5.3. gyakorlat. A fájlban található mintarealizációról a grafikus
illeszkedésvizsgálatnál láttuk, hogy exponenciális eloszlásból származik. Ennek a
mintarealizációnak az első 100 elemét a fájl tartalmazza. Ebből adjunk
az eloszlás λ paraméterére 0,9 biztonsági szintű konfidenciaintervallumot.


Útmutatás. Ha ξ1, . . . , ξn a minta, akkor 1 − α = 0,9


F := F [Gamma(n; 1)]


τ1 := 1
nξ


F −1
(


α


2


)
τ2 := 1


nξ
F −1


(
1 − α


2


)


jelölésekkel [τ1, τ2] 0,9 biztonsági szintű konfidenciaintervallum λ-ra. A számoláshoz
tudnunk kell, hogy F = F [Gamma(n; 1)] esetén


F −1(x) = GAMMA.INVERZ(x;n;1) .


A kapott intervallum alsó illetve felső végpontja négy tizedesjegyre kerekítve 2,6750
illetve 3,7197. Ellenőrzésképpen közöljük, hogy λ valódi értéke 3,2.


5.4. gyakorlat. Egy esemény 10 000 kísérletből 2562 alkalommal következett be.
Adjon az esemény valószínűségére 0,99 biztonsági szintű konfidenciaintervallumot.


Útmutatás. Az 5.5. példához hasonló módon is megoldható a feladat, de mivel a
kísérletek száma most nagy, ezért a számolásnál a Moivre–Laplace-tételt is alkalmaz-
hatjuk. Eszerint, ha n a kísérletek száma és ξ az ismeretlen p valószínűségű esemény
relatív gyakorisága, akkor 1 − α = 0,99


c := Φ−1
(


1 − α


2


)


τ1 :=
ξ + c2


2n
− c√


n


√
ξ(1 − ξ) + c2


4n


1 + c2


n


τ2 :=
ξ + c2


2n
+ c√


n


√
ξ(1 − ξ) + c2


4n


1 + c2


n
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jelölésekkel [τ1, τ2] 0,99 biztonsági szintű konfidenciaintervallum p-re. Az így kapott
intervallum alsó illetve felső végpontja négy tizedesjegyre kerekítve 0,2451 illetve
0,2676. Ennek és az előző intervallumnak a hossza gyakorlatilag megegyezik, így
hasonlóan jó mindkét becslés.


A számolás tovább egyszerűsíthető, ha figyelembe vesszük, hogy most 1
n


= 0,0001
elhanyagolhatóan kicsi 1√


n
= 0,01-hoz képest. Ekkor


τ1 ≃ ξ − c√
n


√
ξ(1 − ξ)


τ2 ≃ ξ + c√
n


√
ξ(1 − ξ).


Az így kapott intervallum alsó illetve felső végpontja négy tizedesjegyre kerekítve
0,2450 illetve 0,2674.


5.5. gyakorlat. A fájlban található mintarealizáció [7, b] intervallu-
mon egyenletes eloszlásból származik. Adjon b-re 0,95 biztonsági szintű konfidencia-
intervallumot.


Útmutatás. Ha ξ1, . . . , ξn a minta, akkor a = 7, 1 − α = 0,95


F := F [Gamma(n; 1)]


c1 := F −1
(


α


2


)
c2 := F −1


(
1 − α


2


)


τ1 := a +
(


ec1
n∏


i=1
(ξi − a)


) 1
n


τ2 := a +
(


ec2
n∏


i=1
(ξi − a)


) 1
n


jelölésekkel [τ1, τ2] 0,95 biztonsági szintű konfidenciaintervallum b-re. A számoláshoz
használja a KITEVŐ és SZORZAT függvényeket. A kapott intervallum alsó illetve felső
végpontja két tizedesjegyre kerekítve 13,25 illetve 17,86. Ellenőrzésképpen közöljük,
hogy b valódi értéke 15.
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6. fejezet


Paraméteres hipotézisvizsgálatok


Grafikus illeszkedésvizsgálatnál azt néztük meg, hogy lehet-e például normális eloszlá-
sú a vizsgált valószínűségi változó. Tehát egy feltételezésről, hipotézisről döntöttünk.
A hipotézisvizsgálatokban vagy más néven statisztikai próbákban szintén a statisztikai
mezőre vonatkozó hipotézisekről döntjük el a mintarealizáció alapján, hogy igaz vagy
sem, de ennek nem kell feltétlenül az eloszlásra vonatkoznia. Lehet például az a
hipotézis, hogy egy valószínűségi változó várható értéke megfelel az előírásnak, vagy
két valószínűségi változó független, vagy a várható értékeik megegyeznek stb. Ha
a hipotézis ismert eloszlástípusból származó valószínűségi változók paramétereire
vonatkozik, akkor paraméteres hipotézisvizsgálatról beszélünk.


Azt a feltételezést, amelyről döntést akarunk hozni, nullhipotézisnek nevezzük és
H0-val jelöljük. Ha H0-t elutasítjuk, akkor egy azzal ellentétes állítást fogadunk el,
melyet ellenhipotézisnek nevezünk és H1-gyel jelölünk. Döntésünk lehet helyes vagy
hibás a következő táblázatnak megfelelően:


H0-t elfogadjuk H0-t elutasítjuk


H0 igaz helyes döntés elsőfajú hiba


H1 igaz másodfajú hiba helyes döntés


Ha H0 teljesülése esetén az elsőfajú hiba valószínűsége maximum α lehet, akkor ezt
a számot a próba terjedelmének, az 1 − α számot pedig a próba szintjének nevezzük.
A statisztikai próba menete a következő:


1. Megadunk egy H0 teljesülése esetén ismert eloszlású τ statisztikát, mely lénye-
gesen másképpen viselkedik H0 illetve H1 teljesülése esetén. Az ilyen statisztikát
próbastatisztikának nevezzük.


2. Rögzített α ismeretében megadunk egy I intervallumot úgy, hogy H0 teljesülése
esetén a τ ∈ I esemény valószínűsége maximum (vagy ha lehet, pontosan)


57







α legyen. Az I intervallumot kritikus tartománynak, míg a komplementerét
elfogadási tartománynak nevezzük.


3. Ha a mintarealizáció alapján τ a kritikus tartományba esik, akkor H0-t eluta-
sítjuk (azaz H1-gyet fogadjuk el), ellenkező esetben pedig H0-t elfogadjuk a H1


ellenhipotézissel szemben.
Ekkor α terjedelmű próbát kapunk. Az I megválasztása τ -hoz nem egyértelmű. A
lehetséges esetekből úgy kell választani, hogy a másodfajú hiba valószínűsége minél
kisebb legyen. Ezért ugyanazon nullhipotézis esetén a különböző ellenhipotézisekkel
szemben más és más kritikus tartomány a megfelelő.


A gyakorlatban a próbastatisztikát nem nekünk kell kitalálni, hanem már ismert
statisztikai próbák közül választunk a feladat feltételeinek és a célnak megfelelően. A
következőkben tárgyalt statisztikai próbákra teljesülnek a következők:


• Torzítatlan, azaz H0-t nagyobb valószínűséggel utasítjuk el, ha H1 igaz, mint
amikor H0 igaz.


• Konzisztens, azaz a minta elemszámának növelésével a másodfajú hiba valószí-
nűsége 0-hoz tart.


Előfordulhat, hogy különböző szinteken különböző döntéseket hozunk ugyanazzal a
próbával. Ennek a kellemetlen tulajdonságnak az az oka, hogy α csökkentésével a
másodfajú hiba valószínűsége nő. Ilyenkor a konzisztenciát kihasználva, növeljük meg
a minta elemszámát úgy, hogy a másodfajú hiba valószínűsége kellően lecsökkenjen.


6.1. Egymintás u-próba


ξ ∈ Norm(m; σ), m ismeretlen, σ ismert, a ξ-re vonatkozó minta n elemű, m0 ∈ R.


H0 : m = m0 kritikus tartomány
H1 : m ̸= m0 2 − 2Φ(|u|) < α


H1 : m < m0 1 − Φ(|u|) < α és u < 0
H1 : m > m0 1 − Φ(|u|) < α és u > 0


ahol
u = ξ − m0


σ


√
n.


Az egymintás u-próba a gazdasági statisztikában egymintás z-próba néven ismert.


6.1. Példa. A fájlban található mintarealizáció normális eloszlásból
származik. Tudjuk, hogy a szórás 2. Teljesülhet-e, hogy a várható érték nagyobb
13,8-nél? Döntsön 0,99 szinten.
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Megoldás. A mintarealizációt másoljuk az A oszlopba, majd számoljuk ki a minta-
átlagot =ÁTLAG(A:A) módon. Ennek értéke négy tizedesjegyre kerekítve 13,9824. A
kérdés, hogy ez 13,8-től véletlenül nagyobb vagy van valami oka?


Egymintás u-próba alkalmazható, ahol H0 : m = 13,8 és H1 : m > 13,8. Akkor
fogunk H1 mellett dönteni, ha 1 − Φ(|u|) < α és u > 0.


A szint 0,99, azaz α = 0,01. Mivel ξ − m0 = 13,9824 − 13,8 > 0, ezért u > 0,
másrészt emiatt 1 − Φ(|u|) = 1 − Φ(u). Mivel


1 − Φ(u) = Z.PRÓB(A:A;m0;σ) ,


ezért egy cellába írjuk a következőt: =Z.PRÓB(A:A;13,8;2) . Ennek értéke négy tize-
desjegyre kerekítve 0,0047, amitől nagyobb az α. Tehát a kritikus tartományban van
a próbastatisztika, azaz H0-t elutasítjuk és ezzel a H1-gyet elfogadjuk. Tehát 0,99
szinten a várható érték nagyobb 13,8-nél.


6.2. Kétmintás u-próba


ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) függetlenek, m1, m2 ismeretlenek, σ1, σ2 ismer-
tek, a ξ-re vonatkozó minta n1 elemű, az η-ra vonatkozó minta n2 elemű.


H0 : m1 = m2 kritikus tartomány
H1 : m1 ̸= m2 2 − 2Φ(|u|) < α


H1 : m1 < m2 1 − Φ(|u|) < α és u < 0
H1 : m1 > m2 1 − Φ(|u|) < α és u > 0


ahol
u = ξ − η√


σ2
1


n1
+ σ2


2
n2


.


A kétmintás u-próba a gazdasági statisztikában kétmintás z-próba néven ismert.


6.2. Példa. A fájlban található mintarealizáció normális eloszlásból
származik, melynek szórása 2. A fájlban található mintarealizáció
szintén normális eloszlásból származik, melynek szórása 3. Teljesülhet-e, hogy a két
minta várható értéke megegyezik? Döntsön 0,98 szinten.


Megoldás (1). Kétmintás u-próba alkalmazható H0 : m1 = m2 és H1 : m1 ≠ m2


hipotézisekkel. Az u próbastatisztika értéke körülbelül 4,34, melyből 2 − 2Φ(|u|)
értéke öt tizedesjegy pontossággal 0,00001. Mivel α = 0,02, ezért az ellenhipotézist
fogadjuk el, azaz a két várható érték nem egyezik meg.
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Megoldás (2). A feladat az Adatok/Adatelemzés menüponttal is megoldható. A
felugró ablakban a legördülő listában válassza a Kétmintás z-próba a várható értékre
sort, majd OK. Kattintson az 1. változótartomány felirat mezőjére, majd jelölje
ki az A oszlopot. Kattintson a 2. változótartomány felirat mezőjére, majd jelölje
ki a B oszlopot. Az 1. (ismert) változó variancia értéke 4, hiszen a szórás 2, így a
szórásnégyzet, más néven variancia értéke 22 = 4. Hasonlóan, a 2. (ismert) változó
variancia értéke 9. Kattintson a Kimeneti tartomány felirat mezőjére, majd a C1
cellára. Végül OK. A kapott táblázatban z jelenti az u próbastatisztika értékét,
P(Z<=z) egyszélű jelenti az 1 − Φ(|u|) értékét és P(Z<=z) kétszélű jelenti a 2 −
− 2Φ(|u|) értékét.


6.3. Egymintás t-próba


ξ ∈ Norm(m; σ), a paraméterek ismeretlenek, a ξ-re vonatkozó minta n elemű,
m0 ∈ R.


H0 : m = m0 kritikus tartomány
H1 : m ̸= m0 2 − 2F (|t|) < α


H1 : m < m0 1 − F (|t|) < α és t < 0
H1 : m > m0 1 − F (|t|) < α és t > 0


ahol
t = ξ − m0


S∗
n


√
n és F = F [T(n − 1)].


6.3. Példa. A fájlban található mintarealizáció normális eloszlásból
származik. Teljesülhet-e, hogy a várható érték egyenlő 14-gyel? Döntsön 0,99 szinten.


Megoldás. Egymintás t-próba alkalmazható, ahol H0 : m = 14 és H1 : m ̸= 14. A
szint 0,99, azaz α = 0,01. Ezt kell összehasonlítani 2 − 2F (|t|) értékével. Excelben


2 − 2F (|t|) = T.PRÓB(A:A;B:B;2;1) ,


ahol az A oszlopban van a mintarealizáció, és a B oszlop minden olyan cellájában az
m0 értéke van, amely mellett található a mintarealizációnak egy eleme. Eszerint tehát
másoljuk a mintarealizációt az A oszlopba, majd a B1 cellába írjuk be, hogy 14 (most
ez az m0). Ezután a B1 cella kitöltőjelére kattintsunk kétszer. Ezzel a mintarealizáció
minden tagja mellé 14 kerül. Már csak egy üres cellába az előbb említett módon
ki kell számolni a 2 − 2F (|t|) értékét. Ez négy tizedesjegyre kerekítve 0,7998. Ettől
kisebb α, így a nullhipotézist fogadjuk el. Tehát a várható érték 14.
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6.4. F-próba


ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) függetlenek, a paraméterek ismeretlenek, a ξ-re
vonatkozó minta n1 elemű, az η-ra vonatkozó minta n2 elemű.


H0 : σ1 = σ2 kritikus tartomány
H1 : σ1 ̸= σ2 2 min{F (F), 1 − F (F)} < α


H1 : σ1 < σ2 min{F (F), 1 − F (F)} < α és F < 1
H1 : σ1 > σ2 min{F (F), 1 − F (F)} < α és F > 1


ahol


F =
S∗2


ξ,n1


S∗2
η,n2


és F := F [F(n1 − 1; n2 − 1)].


6.4. Példa. A és fájlban található mintarealizációk
normális eloszlásból származnak. Teljesülhet-e, hogy a két minta szórása megegyezik?
Döntsön 0,99 szinten.


Megoldás (1). F-próba alkalmazható H0 : σ1 = σ2 és H1 : σ1 ̸= σ2 hipotézisekkel. Ha
az A illetve a B oszlopokba rakjuk a két mintát, akkor


2 min{F (F),1 − F (F)} = F.PRÓB(A:A;B:B) ,


amely most négy tizedesjegyre kerekítve 0,6588. Az α = 0,01 ettől kisebb, azaz a
nullhipotézist fogadjuk el. Tehát a szórások megegyeznek.


Megoldás (2). A feladat az Adatok/Adatelemzés menüponttal is megoldható. A felugró
ablakban a legördülő listában válassza a Kétmintás F-próba a szórásnégyzetre sort,
majd OK. Kattintson az 1. változótartomány felirat mezőjére, majd jelölje ki az
A oszlopot. Kattintson a 2. változótartomány felirat mezőjére, majd jelölje ki a B
oszlopot. Kattintson a Kimeneti tartomány felirat mezőjére, majd a C1 cellára. Végül
OK. A kapott táblázatban F jelenti az F próbastatisztika értékét, P(F<=f) egyszélű
jelenti a min{F (F),1 − F (F)} értékét.


6.5. Kétmintás t-próba


ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) függetlenek, σ1 = σ2, a paraméterek ismeretle-
nek, a ξ-re vonatkozó minta n1 elemű, az η-ra vonatkozó minta n2 elemű.


H0 : m1 = m2 kritikus tartomány
H1 : m1 ̸= m2 2 − 2F (|t|) < α


H1 : m1 < m2 1 − F (|t|) < α és t < 0
H1 : m1 > m2 1 − F (|t|) < α és t > 0
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ahol


t = ξ − η√
n1S2


ξ,n1 + n2S2
η,n2


√
n1n2(n1 + n2 − 2)


n1 + n2
és F = F [T(n1 + n2 − 2)].


A feltételben szerepel, hogy a szórásoknak meg kell egyezni, melyről F-próbával
dönthetünk.


6.5. Példa. A és fájlban található mintarealizációk
származhatnak-e azonos normális eloszlásból? Döntsön 0,99 szinten.


Megoldás (1). Az előző példában láttuk, hogy a szórások megegyeznek. Ezért a
várható értékek egyezésére alkalmazhatunk kétmintás t-próbát H0 : m1 = m2 és
H1 : m1 ̸= m2 hipotézisekkel. Ha az A illetve a B oszlopokba rakjuk a két mintát,
akkor


2 − 2F (|t|) = T.PRÓB(A:A;B:B;2;2) ,


amely most kb. 7,4972 · 10−44, azaz kisebb az α = 0,01 értéktől. Így az ellenhipotézist
fogadjuk el. Tehát a várható értékek különböznek, vagyis nem azonos normális
eloszlásból származik a két minta.


Kiszámolva a mintaátlagokat kiderül, hogy az A oszlopban nagyobb a mintaátlag,
mint a B-ben, azaz ξ − η > 0. Ebből t > 0, továbbá


1 − F (|t|) = T.PRÓB(A:A;B:B;1;2)


értéke kb. 3,7486 · 10−44, azaz kisebb az α = 0,01 értéktől. Így H1 : m1 > m2 esetén
a kritikus tartományba esik a próbastatisztika, azaz amellett döntünk, hogy az A
oszlopban található mintarealizációhoz tartozó valószínűségi változó várható értéke a
nagyobb.


Megoldás (2). A feladat az Adatok/Adatelemzés menüponttal is megoldható. A felugró
ablakban a legördülő listában válassza a Kétmintás t-próba egyenlő szórásnégyzeteknél
sort, majd OK. Kattintson az 1. változótartomány felirat mezőjére, majd jelölje ki
az A oszlopot. Kattintson a 2. változótartomány felirat mezőjére, majd jelölje ki a B
oszlopot. Kattintson a Kimeneti tartomány felirat mezőjére, majd a C1 cellára. Végül
OK. A kapott táblázatban t érték jelenti a t próbastatisztika értékét, P(T<=t)
egyszélű jelenti az 1 − F (|t|) értékét és P(T<=t) kétszélű jelenti a 2 − 2F (|t|)
értékét.
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6.6. Scheffé-módszer


ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) függetlenek, a paraméterek ismeretlenek, a ξ-re
vonatkozó minta n1 elemű, az η-ra vonatkozó minta n2 elemű, n1 ≤ n2.


H0 : m1 = m2 kritikus tartomány
H1 : m1 ̸= m2 2 − 2F (|t|) < α


H1 : m1 < m2 1 − F (|t|) < α és t < 0
H1 : m1 > m2 1 − F (|t|) < α és t > 0


ahol
ζi := ξi −


√
n1


n2
ηi + 1


√
n1n2


n1∑
k=1


ηk − η (i = 1, . . . , n1)


jelöléssel


t = ζ


S∗
ζ,n1


√
n1 és F = F [T(n1 − 1)].


Vagyis a ζ1, . . . , ζn1 mintára alkalmazzuk az egymintás t-próbát m0 = 0 választással.
Speciálisan n1 = n2 esetén ζi = ξi − ηi teljesül. A módszert ekkor párosított


t-próbának is nevezik. Ebben az esetben a módszer akkor is alkalmazható, ha a
minták nem függetlenek, de csak akkor, ha ξ − η normális eloszlású.


6.6. Példa. Egy iskolában új módszert akarnak kipróbálni a gyerekek probléma-
megoldó képességeinek javítására. A kísérlet elején kitöltetnek 50 diákkal egy ilyen
képességet mérő tesztet. A kapott eredményeket %-ban, a diákok névsorával meg-
egyező sorrendben rögzítették a fájlban. Egy éven keresztül alkal-
mazzák a módszert ezeken a diákokon. A tesztet az egy év leteltével megismétlik.
A kapott eredményeket ismét a diákok névsorával megegyező sorrendben leírták a


fájlban. Ennek alapján döntsön 0,99 szinten arról, hogy a módszer
sikeresnek mondható-e.


Megoldás (1). Az első illetve második teszt eredményeit másolja az A illetve B
oszlopba. Mivel a két minta nem tekinthető függetlennek, ezért a különbség mintát
kell megvizsgálni, hogy normális eloszlású-e. A C1 cellába írja be, hogy =A1-B1 , majd
a kitöltőjelre kattintson kétszer. Így a C oszlopban megjelenik a különbségminta.
Erre grafikus normalitásvizsgálatot végzünk a korábban ismertetett módon, melyből
kiderül, hogy a különbség minta normális eloszlásúnak tekinthető. Így alkalmazhatjuk
a várható értékek összehasonlítására a párosított t-próbát.


Az első mintarealizáció átlaga 65,94, a másodiké pedig 69,78. A módszernek
köszönhető az átlagnövekedés, vagy a véletlen műve? Az ellenhipotézis legyen az,
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hogy a módszer sikeres, azaz a második minta várható értéke nagyobb mint az elsőé.
Mivel ζ = ξ − η = 65,94 − 69,78 < 0, ezért t < 0 továbbá


1 − F (|t|) = T.PRÓB(A:A;B:B;1;1)


értéke négy tizedesjegyre kerekítve 0,0002. Ettől α = 0,01 nagyobb, tehát az ellenhi-
potézist fogadjuk el, azaz a módszer sikeresnek tekinthető.


Megoldás (2). A feladat az Adatok/Adatelemzés menüponttal is megoldható. A felugró
ablakban a legördülő listában válassza a Kétmintás párosított t-próba a várható értékre
sort, majd OK. Kattintson az 1. változótartomány felirat mezőjére, majd jelölje ki
az A oszlopot. Kattintson a 2. változótartomány felirat mezőjére, majd jelölje ki a B
oszlopot. Kattintson a Kimeneti tartomány felirat mezőjére, majd a C1 cellára. Végül
OK. A kapott táblázatban t érték jelenti a t próbastatisztika értékét, P(T<=t)
egyszélű jelenti az 1 − F (|t|) értékét és P(T<=t) kétszélű jelenti a 2 − 2F (|t|)
értékét.


6.7. Példa. A és fájlokban normális eloszlású függet-
len minták vannak. Döntsön a várható értékeik egyezéséről 0,98 szinten.


Megoldás. A minta-06-ot illetve minta-08-at másolja az A illetve B oszlopba. Először
végezzen F-próbát. Ennek az lesz az eredménye, hogy a szórások nem egyeznek meg.
Ezért a kétmintás t-próba nem alkalmazható, így a Scheffé-módszert használjuk. A
ζ1, . . . , ζn1 minta elkészítéséhez tegye a következőket.


Egyelőre a C és D oszlopokat hagyja üresen. Számolja ki az első illetve második
minta elemszámát. Kapjuk, hogy ez 456 illetve 50. Mivel a második minta elemszáma
kisebb, ezért ez lesz a ξ-re vonatkozó mintarealizáció. Először számolja ki az


ζ1 := ξ1 −
√


n1


n2
η1 + 1


√
n1n2


n1∑
k=1


ηk − η


értékét a C1 cellába


=B1-GYÖK(50/456)*A1+SZUM(A1:A50)/GYÖK(50*456)-ÁTLAG(A:A)


módon. Húzza le a C1 cella kitöltőjelét az 50. sorig. Ezzel a C oszlopban elkészült
a ζ1, . . . , ζn1 minta. A Scheffé-módszer szerint erre kell alkalmazni az egymintás
t-próbát m0 = 0 választással. Tehát a D1 cellába írja be, hogy 0, majd a kitöltőjelet
húzza le az 50. sorig. Ekkor


2 − 2F (|t|) = T.PRÓB(C:C;D:D;2;1) .
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Ennek értéke kb. 3,5514 · 10−5 ami kisebb α = 0,02-nál, így a várható értékek nem
egyeznek meg.


A C oszlop átlaga negatív, amely ζ értékét adja. Így t < 0, továbbá


1 − F (|t|) = T.PRÓB(C:C;D:D;1;1)


értéke kb. 1,7757 · 10−5 ami kisebb α = 0,02-nál. Így ξ-nek, azaz a második mintához
tartozó valószínűségi változónak a várható értéke kisebb.


6.7. Welch-próba


ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) függetlenek, a paraméterek ismeretlenek, a ξ-re
vonatkozó minta n1 elemű, az η-ra vonatkozó minta n2 elemű.


H0 : m1 = m2 kritikus tartomány
H1 : m1 ̸= m2 2 − 2F (|t|) < α


H1 : m1 < m2 1 − F (|t|) < α és t < 0
H1 : m1 > m2 1 − F (|t|) < α és t > 0


ahol
t := ξ − η√√√√S∗2


ξ,n1


n1
+


S∗2
η,n2


n2


és F ≃ F [T(s)].


Az s szabadsági fok c értékének kerekítése a legközelebbi egészre, ahol


a :=
S∗2


ξ,n1


n1
, b :=


S∗2
η,n2


n2
, c := (a + b)2


a2


n1 − 1 + b2


n2 − 1


.


Ezt a próbát akkor szokták alkalmazni, ha az F-próba a szórások különbözőségét
mutatja ki, ugyanis a szórások egyezése esetén a kétmintás t-próba megbízhatóbb.


Legyen Fk := F [T(k)], ahol k ∈ N. Az előbb az F (|t|) ≃ Fs(|t|) közelítést
alkalmaztuk, de ezt lehet finomítani polinomiális interpolációval. Ehhez tekintsük azt
a g polinomot, melyre g(k) = Fk(|t|) minden k ∈ N esetén. Ezután az F (|t|) ≃ g(c)
közelítéssel számolhatunk tovább.


6.8. Példa. A és fájlokban normális eloszlású függet-
len minták vannak. Döntsön a várható értékeik egyezéséről 0,99 szinten.


Megoldás (1). A minta-06-ot illetve minta-08-at másolja az A illetve B oszlopba.
Először végezzen F-próbát. Ennek az lesz az eredménye, hogy a szórások nem egyeznek
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meg. Ezért a kétmintás t-próba nem alkalmazható, így a Welch-próbát használjuk.
Ekkor


2 − 2F (|t|) = T.PRÓB(A:A;B:B;2;3) .


Ennek értéke kb. 2,7336 · 10−5 ami kisebb α = 0,01-nál, így a várható értékek nem
egyeznek meg.


Az első minta átlaga nagyobb a másodiknál, ezért t > 0, továbbá


1 − F (|t|) = T.PRÓB(A:A;B:B;1;3)


értéke kb. 1,3668 · 10−5 ami kisebb α = 0,01-nál. Így az első mintához tartozó
valószínűségi változónak a várható értéke nagyobb.


Megoldás (2). A feladat az Adatok/Adatelemzés menüponttal is megoldható. A
felugró ablakban a legördülő listában válassza a Kétmintás t-próba nem-egyenlő
szórásnégyzeteknél sort, majd OK. Kattintson az 1. változótartomány felirat mezőjére,
majd jelölje ki az A oszlopot. Kattintson a 2. változótartomány felirat mezőjére, majd
jelölje ki a B oszlopot. Kattintson a Kimeneti tartomány felirat mezőjére, majd a
C1 cellára. Végül OK. A kapott táblázatban t érték jelenti a t próbastatisztika
értékét, P(T<=t) egyszélű jelenti az 1 −F (|t|) értékét és P(T<=t) kétszélű jelenti
a 2 − 2F (|t|) értékét.


Azt fogja tapasztalni, hogy ebben az esetben egy kicsi eltérés lesz a T.PRÓB
függvénnyel számolt értékektől. Ennek az az oka, hogy a T.PRÓB függvény pontos
szabadsági fokkal számol polinomiális interpolációt használva, míg az utóbbi módszer
egészre kerekített szabadsági fokot vesz alapul.


6.8. Khi-négyzet próba normális eloszlás szórására


ξ ∈ Norm(m; σ), a paraméterek ismeretlenek, a ξ-re vonatkozó minta n elemű, σ0 > 0.


H0 : σ = σ0 kritikus tartomány
H1 : σ ̸= σ0 2 min{F (χ2), 1 − F (χ2)} < α


H1 : σ < σ0 min{F (χ2), 1 − F (χ2)} < α és χ2 < n − 1
H1 : σ > σ0 min{F (χ2), 1 − F (χ2)} < α és χ2 > n − 1


ahol


χ2 = S∗2
n


σ2
0


(n − 1) és F = F [Khi(n − 1)].
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6.9. Példa. Egy alkatrész valamelyik paraméterére vonatkozó normális eloszlású
minta a fájlban található. Előzetes vizsgálat kimutatta, hogy a várható
érték megfelel az előírásnak. A selejtarány alacsonyan tartása miatt a szórás nem
lehet nagyobb 3-nál. Eleget tesznek-e a legyártott alkatrészek ennek a feltételnek?
Döntsön 0,98 szinten.


Megoldás. A mintarealizációt másolja az A oszlopba. Ennek korrigált tapasztalati
szórását =SZÓR.M(A:A) módon számolhatja ki, amely négy tizedesjegyre kerekítve
3,2451, ami nagyobb σ0 = 3-tól. Ebből következően χ2 > n − 1.


Legyen H1 : σ > 3, azaz, hogy a szórás nem felel meg a feltételnek. Ekkor F (χ2)
értéke


=KHINÉGYZET.ELOSZLÁS(VAR.M(A:A)*(DARAB(A:A)-1)/9;DARAB(A:A)-1;IGAZ) ,


vagy


=KHINÉGYZET.ELOSZLÁS(VAR.S(A:A)*DARAB(A:A)/9;DARAB(A:A)-1;IGAZ) ,


módon számolható, amely 0,9997 négy tizedesjegyre kerekítve. Így min{F (χ2), 1 −
− F (χ2)} = 0,0003 négy tizedesjegyre kerekítve. Ettől nagyobb α = 0,02, tehát az
ellenhipotézist fogadjuk el, azaz a gyártmány nem felel meg a szórásra vonatkozó
feltételnek.


6.9. Statisztikai próba az exponenciális eloszlás pa-
raméterére


ξ ∈ Exp(λ), ahol λ ismeretlen, a ξ-re vonatkozó minta n elemű, λ0 > 0.


H0 : λ = λ0 kritikus tartomány
H1 : λ ̸= λ0 2 min{F (γ), 1 − F (γ)} < α


H1 : λ < λ0 min{F (γ), 1 − F (γ)} < α és γ > n


H1 : λ > λ0 min{F (γ), 1 − F (γ)} < α és γ < n


ahol
γ = λ0nξ és F = F [Gamma(n; 1)].


6.10. Példa. Egy rendelet szerint a háziorvosi rendelőkben az orvosoknak minden
beteggel átlagosan 5 percnél többet kell foglalkoznia. Egy adott rendelőben feljegyez-
nek néhány beteggel való konzultáció idejét percben. A mintát a fájl
tartalmazza, mely exponenciális eloszlású. Ez alapján betartja-e az itteni orvos a
rendeletet? Hozzon döntést 0,99 szinten.


67





			1			00
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Megoldás. Másolja a mintát az A oszlopba. A mintaátlag 7,0669 perc, tehát úgy tűnik,
hogy az orvos betartja a rendeletet. Kérdés, hogy ez csak véletlen, vagy szignifikánsan
nagyobb az átlagos konzultáció idő 5 percnél? Legyen az az ellenhipotézis, hogy az
orvos betartja a rendeletet, azaz E ξ = 1


λ
> 5. Így tehát H1 : λ < 0,2. Mivel λ0 = 0,2


és ξ > 1
λ0


= 5, ezért γ > n, másrészt


F (γ) = GAMMA.ELOSZL(0,2*SZUM(A:A);DARAB(A:A);1;IGAZ) ,


amely most 0,9989 négy tizedesjegyre kerekítve. Ebből min{F (γ), 1 − F (γ)} =
= 0,0011. Ettől α = 0,01 nagyobb, ezért az ellenhipotézist fogadjuk el, miszerint az
orvos betartja a rendeletet.


6.10. Statisztikai próba valószínűségre


ξ ∈ Bin(1; p), p ismeretlen, a ξ-re vonatkozó minta n elemű, 0 < p0 < 1.


H0 : p = p0 kritikus tartomány
H1 : p ̸= p0 nξ < F −1


(
α
2


)
vagy nξ > F −1


(
1 − α


2


)
H1 : p < p0 nξ < F −1(α)
H1 : p > p0 nξ > F −1(1 − α)


ahol
F −1(x) = min


{
z ∈ N :


z∑
i=0


(
n


i


)
pi


0(1 − p0)n−i ≥ x


}
.


6.11. Példa. A tejiparban hasznos lehetne egy olyan eljárás, melynek révén na-
gyobb arányban születne üszőborjú, mint bikaborjú, hiszen ekkor több fejőstehenet
nevelhetnének fel azonos születésszám mellett. Egy kutató javasol egy módszert erre.
Az állításának ellenőrzésére elvégeznek 100 ilyen eljárást, melynek révén 61 darab
üszőborjú született. Ennek alapján döntsön 0,99 szinten arról, hogy hatásos-e a
módszer.


Megoldás. Az új eljárás révén az üszőborjú születésének relatív gyakorisága (mely
a valószínűség hatásos becslése) 0,61. Kérdés, hogy a relatív gyakoriság csak a
véletlennek köszönhetően nagyobb 1


2 -nél, vagy azért mert a valószínűség is nagyobb
1
2 -nél? Legyen ξ az indikátorváltozója annak az eseménynek, hogy az eljárás révén
üszőborjú születik és p ennek az eseménynek a valószínűsége. Ekkor n = 100 és
nξ = 61. A módszer akkor hatékony, ha p > 1


2 . Alkalmazzuk az előbb ismertetett
statisztikai próbát p0 = 1


2 választással. Tehát H0 : p = 1
2 és H1 : p > 1


2 . Mivel


min
{


z ∈ N :
z∑


i=0


(
n
i


)
pi


0(1 − p0)n−i ≥ x
}


= BINOM.INVERZ(n;p;x) ,
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így most


F −1(1 − α) = F −1(0,99) = BINOM.INVERZ(100;1/2;0,99) = 62.


Mivel nξ = 61 < 62 így a nullhipotézist fogadjuk el, azaz a módszer nem hatékony.
Azonban, ha 0,95 szinten döntenénk, akkor F −1(0,95) = 58 miatt már az ellenhi-


potézist fogadnánk el, hiszen nξ = 61 > 58. Így a válaszunk a szint függvénye. Ezért
tanácsos további kísérleteket végezni.


6.12. Példa. Tegyük fel, hogy az előző feladatban további 100 esetet megvizsgálnak,
és azt kapják, hogy a most már összesen 200 esetből 125 alkalommal született
üszőborjú. Így is döntsön 0,99 szinten arról, hogy hatásos-e a módszer. Kell-e újabb
kísérleteket végezni?


Megoldás. Ekkor F −1(0,99) = 116 (a feltétel az, hogy ez az érték 101 és 199 közé
essen, ami teljesül), így a módszert hatékonynak mondhatjuk, hiszen 125 > 116. Az
F −1 monoton növekvő, így ennél kisebb szinten is ugyanígy döntenénk. Ezért további
kísérletekre nincs szükség.


6.11. Gyakorlatok


6.1. gyakorlat. Egy gépsoron csavarokat készítenek. Az előírás az, hogy a csavarok
hossza 14 mm legyen. Néhány hosszát lemérik. A fájlban található
a mintarealizáció, mely normális eloszlásból származik és tudjuk, hogy a szórás 2.
Eleget tesznek-e a csavarok a hosszúságra vonatkozó előírásnak, vagy állítani kell a
gép pontosságán? Döntsön 0,99 szinten.


Útmutatás. Használjon egymintás u-próbát H0 : m = 14 és H1 : m ̸= 14 hipotézisekkel.
Könnyen látható, hogy 1 − Φ(|u|) = min{1 − Φ(u), Φ(u)}, így


2 − 2Φ(|u|) = 2*MIN(Z.PRÓB(A:A;14;2);1-Z.PRÓB(A:A;14;2)) .


6.2. gyakorlat. Egy kereskedő egy malomtól nagy tételben lisztet rendel 1 kg-os
kiszerelésben. A megvásárolt tételből 100 zacskót lemérnek grammban. A mintareali-
záció a fájlban található. Tudjuk, hogy a minta normális eloszlásból
származik, melynek 10 gramm a szórása. Döntsön 0,99 szinten, hogy a kereskedő
elfogadja-e a szállítmányt.


Útmutatás. Használjon egymintás u-próbát H0 : m = 1000 nullhipotézissel. A keres-
kedő csak akkor nem fogadja el a szállítmányt, ha a H1 : m < 1000 ellenhipotézis
teljesül.
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6.3. gyakorlat. Oldja meg az előző gyakorlatot úgy is, ha nem ismerjük a szórást.


Útmutatás. Használjon egymintás t-próbát az előző hipotézisekkel. Excelben


1 − F (|t|) = T.PRÓB(A:A;B:B;1;1) ,


ahol az A oszlopban van a mintarealizáció, és a B oszlop minden olyan cellájában az
m0 = 1000 értéke van, amely mellett található a mintarealizációnak egy eleme.


6.4. gyakorlat. Egy kórháznak olyan fájdalomcsillapítóra van szüksége, amely 12
percen belül hat. Egy bizonyos fajtát kipróbálnak néhány betegen. A hatás elérését
percben mérik. A fájlban található a mintarealizáció, mely normális
eloszlásból származik. Döntsön 0,99 szinten, hogy ez a fájdalomcsillapító megfelel-e
az igényeknek.


Útmutatás. Használjon egymintás t-próbát H0 : m = 12 és H1 : m > 12 hipotézisekkel.


6.5. gyakorlat. Két fájdalomcsillapító injekció hatásosságát mérik. Mindkettőt
kipróbálják több betegen. Percben mérik a hatásának elérését. Az első fájdalomcsil-
lapítóra vonatkozó mintarealizáció a fájlban található. Ez normális
eloszlásból származik, melynek szórása 2. A második fájdalomcsillapítóra vonatkozó
mintarealizáció a fájlban található. Ez szintén normális eloszlásból
származik, melynek szórása 3. Melyik szer tekinthető hatásosabbnak? Döntsön 0,99
szinten.


Útmutatás. Használjon kétmintás u-próbát.


6.6. gyakorlat. Az előző gyakorlatot oldja meg a szórások ismerete nélkül is.
Változott-e a döntése?


Útmutatás. Használjon F-próbát majd Scheffé-módszert vagy Welch-próbát.


6.7. gyakorlat. Két gépsor által gyártott csavarokat ellenőrzik. A csavarokból
mintát vesznek és ezeket lemérik mm-ben. Az első illetve második gépre vonatkozó
minta a illetve fájlokban található, melyek normális
eloszlásúak. Ezekből egymintás t-próbákkal megállapították, hogy mindkét gép eleget
tesz a hosszúságra vonatkozó előírásoknak. A gépek pontosságát így már csak a
szórásuk határozza meg. Döntsön 0,98 szinten arról, hogy melyik gépsor tekinthető
pontosabbnak.


Útmutatás. Használjon F-próbát.
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6.8. gyakorlat. Két különböző márkájú golflabdát tesztelnek. Egy golfozó ugyanaz-
zal az ütővel mindkét márkájú labdából elüt néhányat. Az ütéstávolságokat lemérik
méterben. Az első ill. második márkára vonatkozó minta a illetve


fájlokban található, melyek normális eloszlásúak. Melyik labdamárka
tekinthető jobbnak 0,99 szinten, ha csak az ütőtávolság várható értékét vesszük
alapul?


Útmutatás. Először F-próbát alkalmazzon, melynek az lesz az eredménye, hogy a
szórások egyformának tekinthetők 0,99 szinten. Így a várható értékre kétmintás
t-próba alkalmazható.


Először legyen az az ellenhipotézis, hogy a labdamárkák különböző minőségűek.
Ekkor a 2 − 2F (|t|) értékét kell kiszámolni, amely Excelben


T.PRÓB(A:A;B:B;2;2) ,


ahol az A oszlopban az első márkára, míg a B oszlopban a második márkára vonatkozó
adatok vannak. Ebből azt fogjuk kapni, hogy különbözőek a labdák. Ezután már
fölösleges az egyoldali ellenhipotézisre is megcsinálni a próbát, elég csak a mintaát-
lagok viszonyát megvizsgálni. Mivel az első minta átlaga nagyobb, így azt kapjuk,
hogy az első labdamárka jobb.


6.9. gyakorlat. Egy lőszergyártó cég azt állítja, hogy sikerült kifejlesztenie egy
mesterlövő puskához egy olyan új lőszert, amellyel nagyobb a találati pontosság, mint
a hagyományossal. Ennek ellenőrzésére ugyanakkora távolságból lőnek egy célra a
hagyományos és az új lőszerrel is. A találat távolságát a célponttól mm-ben mérik. A
hagyományos illetve új lőszerre kapott minták a illetve
fájlokban vannak, melyek normális eloszlásúak. Döntsön 0,99 szinten arról, hogy
igaz-e a gyár állítása.


Útmutatás. A minta-18-at illetve a minta-19-et másolja az A illetve B oszlopba.
Először F-próbát alkalmazzon, melynek az lesz az eredménye, hogy a szórások
egyformának tekinthetők 0,99 szinten. Így a várható értékre kétmintás t-próba
alkalmazható. Legyen az az ellenhipotézis, hogy az új lőszernek nagyobb a találati
pontossága. Mivel az első minta átlaga nagyobb, ezért t > 0, továbbá


1 − F (|t|) = T.PRÓB(A:A;B:B;1;2) .


Ettől nagyobb az α, ezért az ellenhipotézist fogadjuk el. Tehát a gyár állítása igaz.


6.10. gyakorlat. A fájlban egy normális eloszlásból származó min-
tarealizáció található. Döntsön 0,99 szinten arról, hogy a szórás értéke 10.
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Útmutatás. Használjon khi-négyzet próbát.


6.11. gyakorlat. A fájlban egy exponenciális eloszlásból származó
mintarealizáció található. Döntsön 0,99 szinten arról, hogy a paraméter értéke 2,3.


6.12. gyakorlat. Egy dobókockával 1000 dobásból 186 alkalommal dobtunk hatost.
Döntsön 0,99 szinten arról, hogy a hatos dobásának a valószínűsége 1


6 .


6.13. gyakorlat. Az ötös lottó 3000 sorsolásából 190 alkalommal húzták ki az
1 számot. Valaki azt állítja, hogy ez gyanúsan sok, valami csalás van a dologban.
Döntsön 0,99 szinten arról, hogy igaza van-e az illetőnek.


Útmutatás. Rendes esetben annak a valószínűsége, hogy egy lottó ötösben szerepeljen
az 1 szám (89


4 )
(90


5 ) = 5
90 . Legyen p a valódi valószínűsége ennek az eseménynek. Ekkor


az illető állítása H1 : p > 5
90 . A kritikus érték 196, melytől a gyakoriság kisebb, azaz


nem esik a kritikus tartományba. Így nincs igaza az illetőnek, ez a gyakoriság még
nem gyanúsan sok. Másrészt például 0,9 szinten már azt kapnánk, hogy H1 igaz, így
biztosabb válaszhoz további sorsolásokra lesz szükség.
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7. fejezet


Nemparaméteres
hipotézisvizsgálatok


Ebben a fejezetben 1 − α ismét a próba szintjét jelenti.


7.1. Tiszta illeszkedésvizsgálat valószínűségre


A1, . . . , Ar teljes eseményrendszer, p1, . . . , pr ∈ R+, p1 + · · · + pr = 1.


H0 : Ai valószínűsége pi ∀i ,


Legyen ϱi az Ai gyakorisága n kísérlet után (ϱi ≥ 10 ∀i),


νi = npi, χ2 =
r∑


i=1


(ϱi − νi)2


νi


és F ≃ F [Khi(r − 1)].


Kritikus tartomány: 1 − F (χ2) < α.


7.1. Példa. Egy dobókockával 400-szor dobtunk. Az 1, 2, 3, 4, 5, 6 dobások gyakori-
ságai rendre 69, 50, 57, 64, 63, 97. Döntsön 0,99 szinten arról, hogy szabályos-e a
kocka.


Megoldás. Legyen az a nullhipotézis, hogy a dobókocka szabályos, azaz p1 = · · · =
= p6 = 1


6 . Az A1:A6 cellákba írja be rendre a 69, 50, 57, 64, 63, 97 gyakoriságokat,
melyek mindegyike nagyobb 10-nél, így alkalmazható a próba. A B1 cellába írja be
ν1 = np1 értékét, azaz =400/6 . Ezután a B1 cella kitöltőjelére kattintson kétszer.
Tehát most A1:A6 tartalmazza a ϱi, míg B1:B6 a νi értékeket. Ekkor


1 − F (χ2) = KHINÉGYZET.PRÓBA(A1:A6;B1:B6) .


73







A kijött érték 0,0014 négy tizedesjegyre kerekítve, ami kisebb α = 0,01-nál, így
elutasítjuk a nullhipotézist, azaz a dobókocka cinkelt.


7.2. Tiszta illeszkedésvizsgálat eloszlásfüggvényre


Legyen ξ a vizsgált valószínűségi változó és F0 egy eloszlásfüggvény.


H0 : ξ eloszlásfüggvénye F0


Legyen a1 < a2 < · · · < ar−1, I1 = (−∞, a1), I2 = [a1, a2), I3 = [a2, a3), . . . , Ir−1 =
= [ar−2, ar−1), Ir = [ar−1, ∞). Jelölje ϱi a ξ-re vonatkozó n elemű mintában az Ii


intervallumba eső mintaelemek számát (ϱi ≥ 10 ∀i), továbbá legyen p1 = F0(a1),
p2 = F0(a2) − F0(a1), p3 = F0(a3) − F0(a2), . . . , pr−1 = F0(ar−1) − F0(ar−2), pr =
= 1 − F0(ar−1),


νi = npi, χ2 =
r∑


i=1


(ϱi − νi)2


νi


és F ≃ F [Khi(r − 1)].


Kritikus tartomány: 1 − F (χ2) < α.


7.2. Példa. A fájlban található mintarealizáció alapján döntse el
0,99 szinten, hogy a vizsgált valószínűségi változó lehet-e λ = 1 paraméterű Poisson-
eloszlású.


Megoldás. Legyen az a nullhipotézis, hogy a vizsgált valószínűségi változó λ = 1
paraméterű Poisson-eloszlású. A mintarealizáció elemeit másolja az A oszlopba. A
B1:B3 cellatartományba írja be rendre a 0, 1, 2 számokat, majd a C1 cellába, hogy


=POISSON.ELOSZLÁS(B1;1;HAMIS) .


A C1 kitöltőjelére kattintson kétszer. Végül a C4 cellába írja be, hogy =1-SZUM(C1:C3) .
Ezzel a C oszlopban megjelennek a p1, p2, p3, p4 értékek, ahol a1 = 1, a2 = 2, a3 = 3
és F0 a λ = 1 paraméterű Poisson-eloszlás eloszlásfüggvénye. Mivel p4 = 0,0803
négy tizedesjegyre kerekítve, ezért az utolsó intervallum további felbontására nincs
szükség.


A D1 cellába írja be, hogy =DARABTELI(A:A;B1) , majd a kitöltőjelet húzza le
a 3. sorig. A D4 cellába írja ezt: =DARABTELI(A:A;">=3") . Ezzel megkapja a ϱi


gyakoriságokat, melyek mindegyike nagyobb 10-nél, így alkalmazható a próba. Az E
oszlopban számolja ki a νi = npi értékeket. Írja az E1 cellába, hogy =DARAB(A:A)*C1 ,
majd a kitöltőjelet húzza le a 4. sorig. Ekkor
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1 − F (χ2) = KHINÉGYZET.PRÓBA(D1:D4;E1:E4) .


A kijött érték 0,3017 négy tizedesjegyre kerekítve, ami nagyobb α = 0,01-nál, így
elfogadjuk a nullhipotézist.


7.3. Példa. A fájlban található mintarealizációról döntse el 0,99
szinten, hogy származhat-e standard normális eloszlásból.


Megoldás. Legyen az a nullhipotézis, hogy standard normális eloszlásból származik a
mintarealizáció. A mintarealizáció elemeit másolja az A oszlopba. Az osztópontok
legyenek a1 = −2, a2 = −1, a3 = 0, a4 = 1, a5 = 2. A B1:B5 cellatartományba írja
be ezeket a számokat, majd a C1 cellába, hogy


=NORM.S.ELOSZLÁS(B1;IGAZ) ,


a C2-be pedig


=NORM.S.ELOSZLÁS(B2;IGAZ)-NORM.S.ELOSZLÁS(B1;IGAZ) .


A C2 kitöltőjelét húzza le az 5. sorig. Végül a C6 cellába írja be, hogy =1-SZUM(C1:C5) .
Ezzel a C oszlopban megjelennek a pi értékek. Mivel p1 = p6 = 0,0228 négy tize-
desjegyre kerekítve, ezért az első és utolsó intervallumok további felbontására nincs
szükség.


A D1 cellába írja be, hogy =DARABTELI(A:A;"<"&B1) , a D2-be pedig


=DARABHATÖBB(A:A;">="&B1;A:A;"<"&B2) .


A D2 kitöltőjelét húzza le az 5. sorig. A D6 cellába írja ezt: =DARABTELI(A:A;">="&B5) .
Ezzel megkapja a ϱi gyakoriságokat, melyek mindegyike nagyobb 10-nél, így alkal-
mazható a próba. Az E oszlopban számolja ki a νi = npi értékeket. Írja az E1 cellába,
hogy =DARAB(A:A)*C1 , majd a kitöltőjelet húzza le a 6. sorig. Ekkor


1 − F (χ2) = KHINÉGYZET.PRÓBA(D1:D6;E1:E6) .


A kijött érték 0,8337 négy tizedesjegyre kerekítve, ami nagyobb α = 0,01-nál, így
elfogadjuk a nullhipotézist.


7.3. Becsléses illeszkedésvizsgálat


Legyen ξ a vizsgált valószínűségi változó és Fϑ eloszlásfüggvény minden ϑ ∈ Θ ⊂ Rv


esetén.
H0 : ξ eloszlásfüggvénye Fϑ valamely ϑ ∈ Θ esetén
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			0			5956


			0			0724


			-2			0582
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			-0			3329


			0			4537


			0			0486


			-0			5021


			-1			4441


			-1			5184


			1			6762


			1			4530


			-0			5853


			0			4334


			0			5439


			0			8379


			-1			8199


			-0			5284


			0			4617


			-0			7103


			-0			6699


			1			2636


			0			8307


			0			4378


			1			9874


			1			0577


			0			7559


			-2			0860


			0			5092


			0			0299


			-0			7954


			2			0896


			0			2725


			-1			2428


			-1			5819


			0			1584


			-1			9583


			-0			8180


			-0			3825


			-0			8210


			0			2386


			1			3702


			-0			1027


			-0			3774


			-0			0287


			0			2314


			-0			0250


			1			0760


			1			6342


			0			0322


			-0			6233


			-0			8666


			0			0990


			-1			3105


			-0			2298


			-0			6059


			2			0015


			-0			6551


			1			1165


			1			1693


			1			2017


			-0			6344


			-0			5953


			-0			6609


			-1			1926


			0			0244


			-0			1539


			0			6381


			0			4626


			1			0174


			-0			8289


			-0			3559


			-0			2192


			-0			0777


			-1			9294


			-0			5902


			0			3307


			0			1434


			-0			2633


			1			8605


			1			8590


			0			2496


			0			0250


			1			1358


			-0			1214


			0			3234


			0			8350


			1			5838


			-0			3784


			-0			5792


			0			9099


			0			4834


			-0			6016


			1			7545


			0			8927


			-0			3590


			0			0643


			-1			6527


			-0			4563


			0			7426


			-1			1637


			0			5039


			0			6868


			0			5104


			-2			3260


			0			3005


			1			8560


			1			8276


			-0			1144


			-0			0607


			-1			5417


			1			3700


			-0			0176


			-2			1348


			-1			1663


			-0			2677


			-0			2335


			0			9472


			0			2691


			0			7616


			-0			7264


			-1			2834


			-1			0089


			0			9490


			0			7638


			-0			1707


			0			3244


			0			5262


			-0			9085


			-0			0560


			-0			2754


			1			4931


			-1			0052


			-0			3177


			-0			2350


			2			4946


			-0			6832


			-1			7814


			-0			5413


			0			0983


			-3			3810


			-0			5617


			-0			8209


			-1			8832


			1			3511


			0			8225


			0			1507


			1			6032


			0			0311


			0			1248


			0			4545


			-0			9333


			-1			0118


			0			6704


			0			8586


			-0			1679


			0			5574


			0			0344


			-1			7658


			-1			3675


			0			2377


			-0			8562


			-0			9748


			0			6705


			-1			0013


			0			7424


			0			3249


			0			5480


			-0			8790


			-1			2250


			0			7381


			1			0871


			-0			9423


			1			2224


			-0			0098


			-0			0099


			0			6669


			0			7510


			2			1540


			-1			4597


			0			5293


			0			0464


			0			5340


			-0			5602


			-0			7915


			0			9972


			0			2857


			0			1898


			-0			3000


			-0			4090


			-0			9376


			0			0649


			0			4201


			-0			4116


			-0			3821


			-0			3454


			-0			6196


			0			4811


			-0			4213


			-1			0361


			-0			1194


			0			7593


			-0			1948


			1			2873


			-0			5554


			1			3236


			-2			0770


			0			3069


			-0			2485


			-2			4056


			1			0564


			0			0151


			-0			2224


			-0			7206


			-0			6065


			0			5091


			-0			5008


			0			4729


			0			5954


			0			2889


			-1			2673


			-0			3787


			-0			7840


			-1			0018


			-1			3711


			0			3106


			-1			1766


			-0			6746


			-0			0659


			-0			8212


			-0			0403


			-0			2146


			0			1774


			-0			8606


			0			1654


			1			2392


			-1			8948


			0			4033


			1			1113


			1			1077


			0			8366


			0			9688


			0			9117


			-1			2161


			-1			0849


			-1			5172


			-0			9769


			0			1149


			-0			5423


			0			8039


			1			1187


			1			3002


			-0			6089


			0			1984


			1			6312


			-1			5881


			0			9217


			-0			9212


			-0			2296


			-1			1488


			0			3124


			0			7504


			0			4847


			-2			1144


			-0			8068


			-0			0132


			-0			9271


			-1			1186


			-0			7790


			0			5851


			-0			1375


			-0			6632


			0			4312


			0			9116


			1			2200


			0			1099


			0			9721


			-1			2770


			-1			3941


			-0			2792


			-0			1661


			0			6696


			-0			5650


			-0			8772


			-1			4237


			1			7591


			0			0639


			0			1303


			-0			9971


			0			2780


			1			4614


			-0			3042


			-0			7071


			0			2142


			-0			9543


			1			3429


			-0			5552


			0			6107


			-1			1783


			-1			5793


			-0			0367


			0			4446


			-0			1332


			1			4105


			1			0332


			-0			4945


			0			3337


			-1			3942


			0			3828


			-0			5519


			0			1782


			-1			9327


			-0			7707


			-1			5226


			-1			6891


			-1			3523


			1			9571


			-0			7806


			-1			0317


			1			2855


			-1			2328


			0			4994


			1			2461


			-0			8692


			0			9192


			1			3916


			1			6617


			-1			0820


			1			1906


			0			2506


			0			6987


			-0			7519


			0			1898


			1			4469


			-0			7659


			-1			1682


			-1			2195


			0			5455


			-0			5995


			1			0749


			-1			0090


			0			3100


			0			6029


			0			3943


			0			9558


			-1			0264


			-0			4864


			0			3941


			-2			0107


			-1			9730


			-0			5803


			-1			3786


			-0			3395


			0			7273


			-0			8832


			-0			9875


			-0			3834









Legyen a1 < a2 < · · · < ar−1, I1 = (−∞, a1), I2 = [a1, a2), I3 = [a2, a3), . . . ,
Ir−1 = [ar−2, ar−1), Ir = [ar−1, ∞). Jelölje ϱi a ξ-re vonatkozó n elemű mintában
az Ii intervallumba eső mintaelemek számát (ϱi ≥ 10 ∀i). Legyen ϑ̂ a ϑ maximum
likelihood becslése H0 feltételezésével, továbbá p̂1 = F


ϑ̂
(a1), p̂2 = F


ϑ̂
(a2) − F


ϑ̂
(a1),


p̂3 = F
ϑ̂
(a3) − F


ϑ̂
(a2), . . . , p̂r−1 = F


ϑ̂
(ar−1) − F


ϑ̂
(ar−2), p̂r = 1 − F


ϑ̂
(ar−1),


νi = np̂i, χ2 =
r∑


i=1


(ϱi − νi)2


νi


és F ≃ F [Khi(r − 1 − v)].


Kritikus tartomány: 1 − F (χ2) < α.


7.4. Példa. A fájlban található mintarealizáció alapján döntse el
0,99 szinten, hogy a vizsgált valószínűségi változó lehet-e normális eloszlású.


Megoldás. Itt nem tudjuk használni a KHINÉGYZET.PRÓBA függvényt, mert az r − 1
szabadsági fokkal számol r − 1 − v helyett. Így „direkt” módon fogjuk meghatározni
χ2 és 1 − F (χ2) értékekeit.


A nullhipotézis legyen az, hogy a vizsgált valószínűségi változó normális eloszlású.
Ennek v = 2 darab paramétere van, a várható érték és a szórás. Ezek maximum
likelihood becslései H0 esetén a mintaátlag illetve a tapasztalati szórás.


Az a1, a2, . . . , a9 osztópontok legyenek rendre a 6, 7, . . . ,14 számok, melyeket írjon
be a B1:B9 cellatartományba. A C1 cellába írja be, hogy


=NORM.ELOSZLÁS(B1;ÁTLAG(A:A);SZÓR.S(A:A);IGAZ)


a C2-be pedig


=NORM.ELOSZLÁS(B2;ÁTLAG(A:A);SZÓR.S(A:A);IGAZ)-
NORM.ELOSZLÁS(B1;ÁTLAG(A:A);SZÓR.S(A:A);IGAZ)


A C2 kitöltőjelét húzza le a 9. sorig. Végül a C10 cellába írja be, hogy =1-SZUM(C1:C9) .
Ezzel a C oszlopban megjelennek a p̂i értékek. Mivel p̂1 = 0,0223 és p̂10 = 0,0231 négy
tizedesjegyre kerekítve, ezért az első és utolsó intervallumok további felbontására
nincs szükség.


A D1 cellába írja be, hogy =DARABTELI(A:A;"<"&B1) , a D2-be pedig


=DARABHATÖBB(A:A;">="&B1;A:A;"<"&B2) .


A D2 kitöltőjelét húzza le a 9. sorig. A D10 cellába írja ezt: =DARABTELI(A:A;">="&B9) .
Ezzel megkapja a ϱi gyakoriságokat, melyek mindegyike nagyobb 10-nél, így alkal-
mazható a próba.


Az E oszlopban számoljuk ki a (ϱi−νi)2


νi
értékeket. Ehhez az E1 cellába írja be, hogy
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			10			83


			7			75


			6			52


			10			38


			9			44


			6			77


			11			25


			6			75


			8			03


			8			03


			11			48


			8			73


			8			10


			6			10


			8			94


			12			13


			11			93


			9			58


			9			74


			9			99


			11			38


			8			70


			11			30


			10			82


			9			27


			9			93


			8			39


			10			22


			11			82


			10			79


			11			37


			11			55


			8			18


			10			37


			11			67


			9			51


			9			73


			11			13


			10			63


			10			35


			11			16


			10			44


			10			71


			7			97


			12			22


			7			77


			12			57


			9			13


			8			93


			5			54


			11			05


			9			15


			8			11


			8			83


			9			38


			10			12


			10			30


			9			25


			11			71


			8			67


			13			53


			9			45


			11			28


			7			30


			10			02


			10			96


			10			46


			14			08


			10			78


			8			28


			7			38


			13			59


			7			37


			10			68


			10			78


			8			91


			13			56


			10			64


			11			57


			9			99


			8			50


			10			53


			10			97


			10			85


			9			11


			14			67


			10			39


			11			18


			10			86


			10			11


			13			38


			12			43


			8			12


			8			80


			11			54


			8			02


			9			00


			7			45


			11			37


			11			09


			8			11


			10			15


			9			37


			11			60


			8			03


			10			52


			9			17


			10			98


			10			38


			9			40


			8			55


			10			52


			9			28


			11			11


			8			44


			11			50


			9			73


			10			39


			6			79


			12			25


			11			72


			12			67


			12			56


			9			13


			9			70


			8			37


			12			03


			6			80


			10			84


			8			31


			10			97


			11			10


			7			79


			11			03


			9			61


			14			20


			12			55


			8			97


			10			60


			13			75


			9			06


			11			98


			6			65


			11			43


			7			14


			8			37


			16			29


			11			29


			10			13


			9			94


			8			48


			9			21


			10			27


			7			48


			7			84


			9			94


			10			98


			10			84


			9			94


			6			48


			7			92


			10			27


			12			72


			8			80


			9			61


			7			83


			9			65


			10			93


			8			48


			8			41


			8			54


			7			99


			7			28


			8			03


			7			14


			12			56


			13			33


			11			52


			7			85


			8			57


			6			32


			10			01


			12			93


			10			39


			9			41


			12			55


			10			57


			7			44


			10			98


			7			73


			10			12


			8			38


			6			85


			9			78


			9			00


			9			58


			9			33


			12			78


			9			66


			10			79


			9			55


			9			05


			12			82


			7			19


			13			59


			11			05


			9			02


			13			17


			10			98


			12			23


			13			48


			12			18


			13			71


			9			12


			9			81


			10			80


			9			87


			8			96


			8			63


			9			68


			11			00


			12			07


			10			75


			11			71


			9			71


			13			37


			11			71


			9			22


			8			24


			7			13


			10			30


			10			03


			9			47


			12			48


			12			82


			10			55


			9			74


			8			05


			11			10


			10			83


			7			40


			14			34


			8			59


			12			51


			10			17


			13			05


			5			48


			10			31


			9			15


			13			36


			8			36


			7			71


			5			44


			9			07


			7			88


			8			64


			8			02


			11			48


			10			19


			10			69


			12			29


			12			96


			11			62


			9			46


			6			86


			12			49


			6			93


			8			65


			8			25


			9			63


			11			70


			7			08


			10			75


			10			03


			9			48


			9			17


			10			54


			10			75


			12			91


			10			04


			12			07


			5			97


			9			17


			7			58


			12			74


			11			50


			8			52


			9			22


			9			48


			6			72


			9			67


			9			24


			12			44


			10			17


			13			30


			11			78


			11			28


			11			53


			8			89


			13			27


			8			32


			8			30


			11			93


			9			01


			11			08


			10			82


			10			39


			10			81


			8			03


			10			72


			8			52


			10			61


			8			80


			14			49


			8			66


			8			78


			12			85


			11			03


			7			41


			10			92


			8			88


			8			86


			9			59


			13			15


			10			82


			12			43


			8			06


			7			05


			10			28


			10			57


			10			96


			12			93


			12			35


			7			60


			6			29


			7			43


			14			72


			14			26


			9			25


			12			51


			8			75


			12			00


			11			56


			7			85


			9			55


			9			69


			9			90


			8			00


			9			93


			12			04


			8			07


			6			47


			8			72


			11			03


			6			61


			10			15


			13			06


			8			28


			8			25


			10			10


			10			92


			11			62


			9			13


			9			76


			12			78


			8			07


			7			12


			6			89


			11			23


			8			16


			8			06


			9			23


			10			77


			4			75


			14			21


			7			81


			9			46


			8			12


			10			36


			8			56


			10			45


			11			34


			10			85


			9			32


			7			04


			11			80


			13			49


			12			19


			7			99


			4			38


			9			64


			9			02


			10			84


			11			36


			12			43


			8			71


			9			72


			9			31


			11			64


			9			51


			8			45


			10			20


			8			20


			11			27


			9			04


			9			56


			9			44


			5			92


			10			30


			9			74


			7			65


			8			43


			8			23


			8			90


			7			29


			11			56


			11			88


			8			82


			9			93


			11			85


			10			03


			9			60


			9			09


			10			40


			12			52


			9			85


			12			15


			8			57


			9			20


			10			46


			13			21


			8			88


			8			60


			8			23


			7			94


			7			93


			10			24


			9			84


			5			95


			11			48


			7			36


			7			22


			8			15


			7			20


			12			36


			6			67


			12			00


			9			97


			8			17


			12			35


			9			08


			8			64


			7			56


			12			09


			8			40


			11			57


			9			67


			8			89


			10			71


			9			37


			13			26


			15			92


			11			15


			10			73


			11			64


			13			47


			14			24


			12			05


			8			76


			13			11


			9			75


			8			49


			6			88


			13			96


			12			38


			11			01


			9			48


			12			26


			12			06


			11			24


			9			80


			11			36


			6			29


			10			06


			5			71


			9			64


			10			96


			8			85


			12			40


			11			02


			8			27


			12			10


			12			89


			5			77


			11			36


			7			45


			11			81


			10			42


			9			54


			9			21


			9			50


			9			44


			7			44


			13			08


			12			73


			9			36


			11			37


			11			71


			8			55


			11			91


			10			91


			9			26


			10			60


			9			43


			10			47


			9			99


			9			50


			8			69


			8			22


			11			08


			8			10


			7			25


			12			36


			8			84


			9			00


			13			01


			8			82


			12			57


			10			22


			10			94


			10			05


			11			55


			8			06


			10			73


			7			39


			8			78


			7			72


			10			07


			11			34


			9			69


			9			54


			10			84


			10			79


			9			32


			9			82


			14			83


			12			15


			9			70


			6			46


			10			65


			14			55


			9			06


			8			10


			7			55


			12			04


			12			87


			5			26


			8			90


			9			68


			6			78


			14			51


			11			42


			7			25


			12			43


			7			38


			8			84


			10			89


			11			74


			6			43


			12			59


			10			18


			12			64


			10			08


			8			28


			11			35


			9			62


			8			53


			11			55


			7			53


			8			82


			8			46


			9			30


			4			83


			11			57


			10			20


			8			68


			7			89


			11			06


			11			35


			12			77


			11			88


			11			78


			9			29


			7			95


			9			35


			8			17


			11			73


			6			46


			9			84


			11			50


			13			48


			4			86


			11			00


			12			71


			11			24


			11			83


			12			61


			9			84


			11			07


			10			66


			8			94


			6			48


			12			08


			12			01


			9			48


			8			53


			11			32


			10			22


			10			97


			10			01


			12			92


			12			04


			14			77


			13			87


			8			89


			8			86


			8			18


			7			62


			10			87


			13			18


			10			28


			12			23


			8			78


			8			15


			10			20


			10			96


			9			46


			8			36


			10			07


			11			63


			11			65


			8			16


			13			83


			11			04


			5			32


			9			46


			8			25


			9			99


			11			49


			13			34


			6			65


			9			36


			8			77


			10			71


			11			27


			13			12


			11			57


			7			25


			11			30


			6			24


			5			03


			11			06


			11			86


			5			85


			11			23


			8			43


			9			91


			10			21


			10			64


			9			61


			10			25


			11			42


			10			72


			9			51


			7			71


			9			97


			7			47


			10			70


			8			35


			10			66


			9			25


			7			48


			10			00


			11			48


			8			20


			8			27


			12			76


			10			41


			10			61


			11			01


			10			10


			8			66


			8			90


			6			88


			8			31


			7			20


			10			26


			6			55


			10			92


			10			64


			9			74


			10			40


			11			28


			11			04


			11			50


			6			81


			10			92


			12			01


			13			54


			12			97


			12			13


			8			52


			8			94


			12			31


			8			51


			10			41


			9			51


			6			80


			11			52


			10			17


			11			80


			10			65


			12			70


			9			08


			7			84


			13			84


			10			62


			9			93


			10			06


			6			96


			13			75


			9			28


			7			54


			8			17


			9			82


			12			50


			10			29


			7			59


			10			30


			10			21


			10			61


			6			83


			13			33


			6			78


			9			84


			7			99


			9			22


			13			55


			9			69


			12			00


			14			11


			7			23


			8			21


			8			22


			9			90


			12			18


			9			70


			9			90


			9			85


			11			48


			12			96


			12			90


			12			23


			10			38


			6			61


			10			26


			6			63


			11			40


			10			28


			13			48


			12			40


			11			86


			8			95


			9			74


			11			02


			10			54


			14			58


			8			60


			7			19


			14			94


			8			02


			8			82


			9			69


			12			48


			11			54


			5			47


			12			08


			8			29


			11			43


			10			05


			9			66


			8			84


			12			04


			7			90


			12			72


			11			65


			9			37


			8			17


			10			64


			9			00









=(D1-DARAB(A:A)*C1)^2/(DARAB(A:A)*C1) ,


majd a kitöltőjelét húzza le a 10. sorig. Végül kiszámoljuk az 1 − F (χ2) értékét,
melyben r − 1 − v = 10 − 1 − 2 = 7 a szabadsági fok:


=1-KHINÉGYZET.ELOSZLÁS(SZUM(E1:E10);7;IGAZ) .


A kapott érték 0,6064 négy tizedesjegyre kerekítve, ami nagyobb α = 0,01-nál, így
elfogadjuk a nullhipotézist. Tehát a mintarealizáció normális eloszlásból származik.


7.4. Függetlenségvizsgálat eseményrendszerekre


A1, . . . , Ar és B1, . . . , Bs két teljes eseményrendszer. A nullhipotézisben azt feltéte-
lezzük, hogy a két eseményrendszer független egymástól, azaz


H0 : P(Ai ∩ Bj) = P(Ai) P(Bj) ∀i, j ,


ahol P a valódi valószínűség. Végezzünk n darab kísérletet. Legyen ϱij az Ai ∩ Bj


gyakorisága (ϱij ≥ 10), ki az Ai gyakorisága, lj az Bj gyakorisága,


νij = kilj
n


, χ2 =
r∑


i=1


s∑
j=1


(ϱij − νij)2


νij


és F ≃ F [Khi((r − 1)(s − 1))].


Kritikus tartomány: 1 − F (χ2) < α.


7.5. Példa. A következő táblázat 200 ember haj- és szemszínét tartalmazza:


szőke haj barna haj fekete haj
kék szem 42 28 3


barna szem 17 89 21


Ebből a mintából döntse el 0,99 szinten, hogy független-e az embereknél a hajnak és
a szemnek a színe, vagy van valamilyen genetikai kapcsolat a kettő között.


Megoldás. A nullhipotézis az lesz, hogy független a szem- és hajszín. Mivel a ϱij


gyakoriságok nagyobbak 10-nél, ezért alkalmazható a próba. Az előző táblázat értékeit
gépelje be az A1:C2 cellatartományba. A D1 cellába írja be, hogy =SZUM(A1:C1) , majd
a kitöltőjelet húzza le a 2. sorig. Ezután az A3 cellába írja be, hogy =SZUM(A1:A2) ,
majd a kitöltőjelet húzza jobbra a D oszlopig. A D1 és D2 tartalmazza a k1 és k2


értékeket, az A3, B3, C3 pedig az l1, l2, l3 értékeket, végül D3-ban van az n értéke.
Ennek alapján elkészítjük a νij = 1


n
kilj táblázatát. Az F1 cellába írja a következőt:
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=$D1*A$3/$D$3 .


A kitöltőjelet húzza jobbra a H oszlopig, majd le a 2. sorig. Tehát A1:C2 tartalmazza
a ϱij, F1:H2 pedig a νij értékeket. Ekkor


1 − F (χ2) = KHINÉGYZET.PRÓBA(A1:C2;F1:H2) ,


mely kb. 2 · 10−10, ami kisebb α = 0,01-nál. Így elutasítjuk a nullhipotézist, azaz a
szem- és hajszín között van genetikai kapcsolat.


7.5. Függetlenségvizsgálat két valószínűségi válto-
zóra


A vizsgált valószínűségi változók ξ és η.


H0 : ξ és η függetlenek


A (ξ, η)-ra vonatkozó minta (ξ1, η1), . . . , (ξn, ηn).
Legyen a0 < a1 < · · · < ar, tegyük fel, hogy ξ1, . . . , ξn minden eleme benne van


az [a0, ar) intervallumban. Jelölje ki a ξ1, . . . , ξn mintában az [ai−1, ai) intervallumba
eső elemek számát.


Legyen b0 < b1 < · · · < bs, tegyük fel, hogy η1, . . . , ηn minden eleme benne van a
[b0, bs) intervallumban. Jelölje lj az η1, . . . , ηn mintában a [bj−1, bj) intervallumba eső
elemek számát.


Jelölje ϱij a (ξ1, η1), . . . , (ξn, ηn) mintában az [ai−1, ai) × [bj−1, bj) tartományba
eső elemek számát (ϱij ≥ 10),


νij = kilj
n


, χ2 =
r∑


i=1


s∑
j=1


(ϱij − νij)2


νij


és F ≃ F [Khi((r − 1)(s − 1))].


Kritikus tartomány: 1 − F (χ2) < α.


7.6. Példa. A fájlban található (ξ, η)-ra vonatkozó mintarealizáció
alapján döntse el 0,99 szinten, hogy ξ és η függetlenek-e.


Megoldás. Legyen az a nullhipotézis, hogy ξ és η független. Az A oszlopba kerül a ξ-re
vonatkozó mintarealizáció, míg a B oszlopba kerül az η-ra vonatkozó mintarealizáció.


Az A és B oszlopok minimumának és maximumának vizsgálatával kiderül, hogy
minden mintaelem pozitív és kisebb 4-nél. Legyenek a0, . . . , a5 rendre 0, 0,13, 0,3,
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			1,426			0,325


			1,042			1,468


			0,326			0,705


			1,190			0,078


			0,331			0,598


			0,112			0,696


			2,176			0,206


			1,141			0,006


			0,884			0,519


			0,459			0,442


			1,134			0,064


			0,577			0,552


			0,314			0,088


			0,800			0,009


			0,329			0,017


			0,131			0,374


			0,246			0,317


			1,291			0,147


			0,278			0,834


			0,184			1,347


			0,369			0,854


			0,100			0,259


			1,322			0,401


			0,063			0,297


			0,080			0,632


			0,427			0,626


			0,103			0,154


			0,701			0,121


			0,349			0,388


			0,274			0,537


			0,701			0,448


			0,030			0,044


			0,261			0,004


			0,049			0,274


			0,026			0,418


			0,130			2,033


			0,446			0,881


			0,101			0,070


			0,018			0,030


			0,135			0,621


			0,047			0,332


			0,033			1,125


			0,799			0,179


			1,073			0,065


			0,996			1,672


			0,390			0,336


			0,472			0,494


			0,044			0,252


			0,369			1,314


			0,016			0,157


			0,573			0,199


			0,609			0,954


			0,798			0,440


			0,349			0,482


			0,497			0,141


			0,008			0,352


			0,086			0,180


			0,053			0,022


			0,308			0,360


			0,474			0,198


			0,607			0,599


			0,105			0,615


			0,385			0,427


			0,228			1,158


			0,131			0,682


			0,131			0,006


			0,917			0,235


			0,661			1,360


			0,057			0,077


			0,660			0,373


			0,344			0,224


			0,358			0,882


			0,219			2,109


			0,117			0,237


			0,238			0,580


			0,984			0,152


			0,033			0,323


			0,927			1,090


			0,148			0,707


			0,093			0,332


			0,029			0,120


			0,198			0,035


			0,819			0,005


			0,055			0,749


			0,261			0,186


			0,036			0,176


			0,292			0,422


			1,144			0,166


			0,139			0,232


			0,641			0,127


			0,797			0,090


			0,662			0,091


			1,406			0,039


			0,681			0,784


			0,177			0,300


			0,750			0,788


			0,479			1,125


			0,279			1,063


			0,097			0,503


			0,111			0,247


			0,415			0,124


			0,488			1,719


			0,977			0,012


			0,159			0,244


			0,006			1,073


			0,049			0,909


			0,410			1,236


			0,212			0,254


			0,209			1,011


			0,115			0,105


			0,408			1,466


			0,180			0,395


			0,577			0,626


			0,265			0,632


			0,284			0,806


			0,837			0,409


			0,343			1,070


			0,671			2,319


			0,166			1,252


			0,317			1,091


			0,381			0,047


			0,117			0,116


			0,559			0,453


			0,487			0,695


			0,219			0,251


			1,293			0,544


			0,970			0,474


			0,349			0,942


			0,145			0,374


			0,143			0,340


			0,347			0,166


			1,565			0,088


			0,128			0,699


			0,177			0,017


			1,655			0,410


			1,023			0,040


			0,282			0,159


			0,601			1,038


			1,024			0,469


			0,062			0,716


			0,116			1,255


			0,179			0,276


			0,357			1,567


			0,448			0,350


			0,444			0,566


			0,185			0,430


			0,185			0,070


			0,569			0,320


			1,467			0,175


			0,021			0,812


			0,275			0,275


			0,127			0,052


			0,076			2,047


			0,146			0,675


			0,096			0,094


			0,877			0,012


			0,197			2,487


			0,676			0,066


			1,089			0,582


			0,027			0,197


			0,185			0,418


			0,566			0,467


			0,225			0,674


			1,050			0,332


			0,046			0,389


			1,031			0,943


			0,009			0,123


			0,300			0,156


			1,751			0,470


			1,320			1,078


			0,302			0,233


			3,226			0,350


			0,259			0,010


			1,900			0,546


			1,774			0,759


			0,296			0,302


			0,283			0,118


			0,313			0,181


			0,171			1,219


			0,055			0,121


			0,234			0,529


			0,098			0,240


			0,345			1,486


			0,308			0,232


			0,090			1,364


			0,315			0,230


			2,545			0,136


			1,456			0,943


			0,312			0,844


			0,236			0,009


			1,305			0,385


			0,133			0,539


			0,295			0,809


			0,065			0,164


			0,273			1,236


			0,243			0,009


			1,086			0,338


			0,073			0,044


			0,436			1,961


			1,575			2,687


			1,710			0,610


			0,466			0,031


			0,029			0,793


			0,982			0,603


			1,221			0,093


			0,146			0,016


			0,535			0,522


			0,425			0,547


			0,227			0,162


			0,692			0,964


			0,207			0,396


			0,016			1,161


			0,068			0,094


			0,012			1,270


			0,350			0,051


			0,154			0,876


			0,578			0,104


			0,246			0,284


			0,287			0,069


			0,487			0,005


			0,476			0,267


			0,102			0,140


			0,232			0,148


			0,080			0,302


			0,805			1,047


			0,265			1,000


			0,295			0,111


			0,297			0,910


			0,045			0,491


			0,394			1,575


			0,436			0,415


			0,069			1,758


			0,689			0,662


			0,327			0,248


			0,018			0,301


			0,482			0,214


			1,449			1,901


			0,192			0,592


			0,077			0,011


			1,750			0,432


			0,009			0,611


			0,299			0,326


			0,375			1,240


			1,512			0,038


			0,172			0,094


			0,067			0,089


			0,776			0,111


			0,377			0,151


			0,737			0,211


			0,322			0,037


			0,268			0,088


			0,398			0,123


			0,976			1,535


			0,587			0,673


			0,322			0,097


			0,109			0,329


			3,572			0,177


			0,793			0,005


			0,189			0,312


			0,434			0,296


			1,092			0,036


			0,133			0,134


			0,178			0,273


			0,348			0,426


			0,484			0,129


			0,122			0,545


			0,225			1,165


			0,138			0,228


			1,475			0,540


			0,382			1,001


			0,993			0,456


			1,384			0,815


			0,355			0,098


			0,163			0,649


			0,021			0,245


			1,176			0,590


			0,577			0,046


			0,596			0,254


			0,035			0,197


			1,399			0,076


			0,319			0,229


			0,055			0,124


			0,301			0,503


			0,310			0,053


			0,356			0,115


			0,450			0,341


			0,218			0,990


			0,039			0,593


			0,082			0,279


			1,462			0,547


			0,007			0,038


			0,930			0,725


			0,129			0,032


			0,002			0,130


			0,236			0,667


			0,265			0,978


			1,047			0,041


			0,263			0,311


			0,473			0,584


			0,666			0,452


			0,462			0,024


			0,286			0,819


			0,059			0,185


			0,036			0,068


			0,290			0,138


			0,231			0,293


			0,094			0,836


			0,323			0,076


			0,979			0,310


			0,495			0,308


			0,264			0,163


			1,838			0,465


			0,865			0,432


			0,434			0,470


			0,569			0,899


			0,080			0,117


			0,062			0,403


			0,718			0,391


			1,947			0,059


			0,754			0,118


			0,956			0,338


			1,595			0,037


			0,514			1,008


			0,948			0,075


			0,750			1,502


			0,202			0,798


			0,836			0,281


			2,152			0,400


			0,795			0,387


			0,419			0,093


			1,778			0,207


			0,089			0,794


			0,880			0,424


			0,648			0,872


			0,022			0,195


			0,151			0,349


			1,139			0,175


			0,162			0,734


			0,191			0,374


			0,801			0,128


			0,054			1,461


			0,330			0,657


			0,143			0,452


			1,236			0,315


			0,930			0,535


			0,066			0,733


			0,914			0,015


			0,287			0,008


			0,313			2,140


			0,137			1,684


			0,103			1,577


			0,455			0,194


			0,098			0,424


			0,215			0,739


			0,259			0,097


			0,698			0,203


			1,398			0,105


			0,227			0,213


			1,732			0,085


			0,085			0,024


			0,510			0,122


			0,068			1,598


			0,135			0,226


			0,494			0,529


			0,739			0,166


			0,168			0,163


			0,551			0,020


			0,599			0,030


			0,300			0,465


			1,919			0,079


			2,498			0,217


			0,400			0,095


			0,287			0,178


			0,339			0,076


			0,233			0,396


			0,909			0,117


			0,388			0,517


			1,067			0,013


			0,165			0,324


			0,117			1,257


			0,422			0,056


			0,135			1,115


			0,551			0,552


			0,063			0,337


			0,590			0,473


			0,029			0,461


			0,480			0,834


			0,147			0,387


			0,958			0,211


			1,267			0,889


			0,417			0,182


			0,514			0,269


			0,530			0,043


			0,292			0,822


			0,842			0,150


			0,165			0,743


			0,858			0,895


			0,089			0,418


			0,985			0,047


			1,016			0,049


			0,085			0,174


			1,033			0,184


			0,850			0,448


			1,603			0,498


			0,480			0,251


			0,412			0,091


			1,335			0,076


			0,475			2,083


			1,142			1,410


			1,262			0,348


			1,694			0,266


			0,245			0,133


			0,578			0,066


			0,076			0,345


			1,826			0,687


			0,129			0,218


			0,292			0,265


			0,288			0,597


			0,609			0,037


			0,466			0,225


			0,248			0,048


			0,338			0,689


			0,573			3,186


			1,726			0,254


			0,035			0,314


			0,790			0,331


			0,633			0,355


			0,194			0,577


			0,449			0,336


			0,432			0,075


			0,217			0,214


			0,405			0,041


			0,402			0,208


			0,762			0,170


			0,366			0,018


			0,798			0,557


			0,072			0,117


			0,155			0,889


			0,284			0,062


			1,219			0,486


			1,112			0,181


			0,129			0,061


			0,311			0,030


			1,457			0,110


			0,176			0,972


			0,357			0,003


			0,364			1,324


			0,055			0,631


			1,594			0,503


			0,163			0,335


			0,112			0,667


			0,463			0,907


			0,089			0,120


			0,136			0,078


			0,707			0,049


			0,300			0,262


			0,052			0,029


			0,239			0,408


			0,424			0,427


			2,858			0,907


			1,418			0,067


			1,301			0,339


			0,660			1,237


			0,905			0,539


			0,543			0,443


			1,479			0,269


			1,398			1,578


			0,243			0,775


			0,120			0,892


			0,975			0,607


			0,690			1,486


			0,113			0,482


			0,325			0,952


			0,630			0,440


			1,507			0,490


			1,169			1,822


			0,066			0,665


			0,037			0,575


			0,419			0,103


			0,130			0,412


			0,149			0,805


			0,756			0,609


			0,691			0,038


			0,447			0,269


			0,355			0,466


			2,860			0,477


			0,443			0,101


			0,115			0,376


			1,444			1,151


			0,195			0,251


			0,470			1,183


			0,455			0,460


			1,559			0,128


			0,736			0,092


			0,302			0,070


			0,047			0,524


			2,581			0,665


			0,018			0,192


			0,012			0,061


			0,443			1,120









0,5 és 4. Ezeket írja a D2:D6 cellákba. Legyenek b0, . . . , b6 rendre 0, 0,1, 0,2, 0,3, 0,5,
1 és 4. Ezeket írja a E1:K1 cellákba.


Számolja ki a ϱij gyakoriságokat. Az E2 cellába gépelje a következőt:


=DARABHATÖBB($A:$A;">="&$D2;$A:$A;"<"&$D3;$B:$B;">="&E$1;$B:$B;"<"&F$1) .


A kitöltőjelet húzza jobbra a J oszlopig, majd lefelé az 5. sorig. Látjuk, hogy minden
gyakoriság nagyobb 10-nél, ezért alkalmazhatjuk a próbát. Ha ez nem teljesülne,
akkor az osztópontokon kellene változtatni.


A K2-be írja be, hogy =SZUM(E2:J2) , majd a kitöltőjelet húzza le az 5. sorig.
Ezzel megkapjuk a ki értékeket. Ezután az E6 cellába gépelje be, hogy =SZUM(E2:E5) ,
majd a kitöltőjelet húzza jobbra a K oszlopig. Az E6:J6 cellatartományban lesznek
az lj értékek, a K6-ban pedig n.


Most következhet a νij = 1
n
kilj táblázata. Az E8 cellába gépelje be, hogy


=$K2*E$6/$K$6 ,


a kitöltőjelet húzza jobbra a J oszlopig, majd lefelé az 11. sorig. Tehát E2:J5
tartalmazza a ϱij, E8:J11 pedig a νij értékeket. Ekkor


1 − F (χ2) = KHINÉGYZET.PRÓBA(E2:J5;E8:J11) ,


amely négy tizedesjegyre kerekítve 0,3675, ami nagyobb α = 0,01-nál. Ebből követke-
zően elfogadjuk a nullhipotézist, azaz ξ és η függetlenek.


7.6. Homogenitásvizsgálat


Legyenek a ξ és η független valószínűségi változókra vonatkozó minták ξ1, . . . , ξn1


illetve η1, . . . , ηn2 .
H0 : ξ és η azonos eloszlású


Legyen a0 < a1 < · · · < ar, tegyük fel, hogy mindkét minta minden eleme benne
van az [a0, ar) intervallumban. Jelölje ϱi1 a ξ1, . . . , ξn1 mintában az [ai−1, ai) interval-
lumba eső elemek számát (ϱi1 ≥ 10), illetve ϱi2 az η1, . . . , ηn2 mintában az [ai−1, ai)
intervallumba eső elemek számát (ϱi2 ≥ 10), továbbá


νij = (ϱi1 + ϱi2)nj


n1 + n2
, χ2 =


r∑
i=1


2∑
j=1


(ϱij − νij)2


νij


és F = F [Khi(r − 1)].


Kritikus tartomány: 1 − F (χ2) < α.
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7.7. Példa. A illetve fájlban található mintarealizáci-
ókról döntse el 0,99 szinten, hogy származhatnak-e azonos eloszlásból.


Megoldás. A nullhipotézis jelentse azt, hogy a két mintarealizáció azonos eloszlásból
származik. A minta-26-ot illetve minta-27-et másolja az A illetve B oszlopba.


Mindkét mintarealizáció benne van a [−50, 1200) intervallumban. Legyenek az
a0, . . . , a7 értékek rendre −50, −2, −1, −0,5, 0,5, 1, 2, 1200. Ezeket írja a C1:C8 cel-
lákba. A D1 cellába gépelje a következőt:


=DARABHATÖBB(A:A;">="&$C1;A:A;"<"&$C2) .


A kitöltőjelet húzza jobbra eggyel, majd le a 7. sorig. A D1:E7 tartalmazza a ϱij


gyakoriságokat, melyek nagyobbak 10-nél, ezért a próba alkalmazható.
Az F1 cellába írja be, hogy =D1+E1 , majd a kitöltőjelet húzza le a 7. sorig. A D8


cellába írja be, hogy =SZUM(D1:D7) , majd a kitöltőjelet húzza jobbra az F oszlopig.
Az F1:F7 tartalmazza a ϱi1 +ϱi2, míg D8:E8 az nj értékeket és F8-ban van n1 +n2.


Ezekkel elkészítjük a νij = (ϱi1+ϱi2)nj


n1+n2
táblázatát. A G1 cellába írja be, hogy


=$F1*D$8/$F$8 ,


a kitöltőjelet húzza jobbra eggyel, majd le a 7. sorig. Ekkor D1:E7 tartalmazza a ϱij ,
míg G1:H7 a νij értékeket. Így


1 − F (χ2) = KHINÉGYZET.PRÓBA(D1:E7;G1:H7) ,


ami kb. 4 · 10−31. Ez kisebb α = 0,01-nál, melyből következően elutasítjuk a nullhi-
potézist, azaz a két mintarealizáció különböző eloszlásból származik.


7.7. Kétmintás előjelpróba


(ξ, η)-ra vonatkozó minta (ξ1, η1), . . . , (ξn, ηn).


H0 : P(ξ > η) = 1
2 kritikus tartomány


H1 : P(ξ > η) ̸= 1
2 B < F −1(α


2 ) vagy B > F −1(1 − α
2 )


H1 : P(ξ > η) < 1
2 B < F −1(α)


H1 : P(ξ > η) > 1
2 B > F −1(1 − α)


ahol B azon (ξi, ηi) mintaelemek száma, melyekre ξi − ηi pozitív, továbbá


F −1(x) = min
{


z ∈ N :
z∑


i=0


(
n


i


)(1
2


)n


≥ x


}
.
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			0			0429


			-0			6741


			0			3395


			12			6127


			0			1109


			2			8904


			1			0527


			-0			4969


			3			8280


			2			4266


			0			5655


			0			3466


			0			3822


			-1			7034


			1			5983


			9			5241


			3			5284


			-1			6461


			1			1058


			0			5637


			-0			8853


			-2			4907


			13			4656


			0			7235


			-0			5771


			3			0487


			-3			4090


			0			3597


			-0			4445


			0			0261


			0			5060


			-0			8339


			0			1909


			0			1493


			-0			6130


			1			9167


			0			4620


			52			5734


			1			5625


			3			2048


			-4			9219


			-1			1393


			1			3330


			0			1780


			-0			7274


			0			3244


			1			3688


			-1			7304


			-7			8346


			0			8891


			1			0994


			1112			2131


			-2			6376


			0			4864


			-0			2470


			-0			7922


			0			5664


			0			6062


			0			4611


			0			5690


			-2			0719


			7			4733


			-0			4359


			-5			0873


			0			2848


			-0			7705


			0			3317


			-0			2065


			-0			7099


			1			5924


			3			9380


			-3			0715


			4			1903


			0			4179


			-0			1129


			-4			9517


			0			8264


			-0			0129


			0			3780


			-1			9241


			-0			4442


			-0			9844


			0			3522


			-0			2085


			1			6464


			-0			6077


			0			6721


			0			1617


			0			9792


			-0			3384


			0			0743


			0			6505


			-0			0860


			-2			3055


			-1			0119


			1			8257


			-1			6475


			-0			7717


			1			1946


			2			2753


			-1			4812


			-0			9399


			-6			6950


			2			3016


			-0			2290


			-0			6816


			0			3555


			2			6940


			1			0839


			-2			0736


			0			3309


			0			9215


			-0			3673


			-0			5210


			3			9813


			-0			0987


			0			9276


			-0			4942


			-0			8578


			-1			4657


			0			7220


			-0			1565


			-3			5451


			-1			1145


			4			2952


			-0			2344


			2			4035


			-11			7102


			-8			1722


			-0			5536


			-0			2054


			0			7282


			-0			1731


			0			2302


			-0			8172


			1			0002


			91			1171


			-2			7124


			-2			7570


			1			3002


			-1			7644


			-2			0717


			0			3154


			-0			2263


			1			0046


			0			8857


			0			5731


			2			0974


			-3			3619


			-0			1301


			2			8443


			-4			5431


			-2			3257


			-5			9044


			-11			4159


			0			7180


			0			2124


			2			5605


			0			2165


			4			9586


			1			6852


			1			1895


			-2			1353


			1			2681


			-10			7763


			0			4753


			3			6454


			1			0757


			0			5123


			0			2913


			-2			2096


			-12			3383


			-2			3187


			4			5605


			0			0644


			0			1236


			0			6566


			-4			5219


			-0			3882


			-3			7692


			0			7700


			-0			6384


			6			3356


			0			7561


			0			7048


			1			9881


			-0			3149


			0			2387


			-0			1164


			-0			2566


			-12			0472


			0			5281


			-0			2290


			2			7206


			0			9381


			-1			2043


			-1			3966


			3			3178


			0			6650


			1			9842


			-0			2342


			6			6589


			2			9347


			-0			4934


			-1			2437


			0			2067


			0			6380


			0			7917


			-0			2403


			1			4448


			0			1036


			-5			7617


			-2			5476


			0			3510


			0			6261


			0			0008


			-44			2411


			-0			7298


			-2			7266


			-0			1438


			-5			9174


			128			6955


			-2			2573


			-0			2969


			1			2603


			34			7015


			1			2199


			0			3980


			-0			3641


			1			5210


			0			6541


			34			3699


			7			0481


			2			4593


			-1			9894


			0			1684


			0			7597


			0			3859


			0			2644


			2			0115


			1			3064


			2			9270


			0			0738


			2			7603


			-9			8391


			0			1913


			0			2857


			0			2856


			-3			3922


			-1			8425


			-0			8726


			-5			5667


			1			4633


			-0			0598


			1			9851


			-0			1758


			-2			1055


			0			0640


			1			4328


			-0			2410


			1			5304


			0			3052


			2			4339


			1			6058


			1			0131


			-0			3848


			-2			2530


			-1			6860


			-1			1722


			1			9532


			-0			4635


			0			5590


			0			2920


			1			7896


			1			6686


			0			2720


			0			4547


			1			1237


			19			4487


			0			5253


			-0			1667


			-0			4063


			0			0250


			-0			1216


			0			1446


			5			2444


			-1			4483


			-3			7252


			0			8489


			-0			6125


			0			5825


			-0			9918


			-7			8513


			10			9821


			0			6164


			-0			2655


			0			8346


			0			2013


			0			0904


			-0			2785


			-4			4374


			-7			5647


			0			6087


			-34			7968


			-0			9901


			1			4804


			-18			8901


			2			0033


			-0			6002


			1			5826


			-1			9350


			2			7678


			-8			8991


			-2			2919


			-0			7727


			0			2707


			-10			1916


			0			7452


			1			3907


			-5			1652


			-0			9099


			-2			2711


			1			1194


			0			7356


			-1			3990


			1			1418


			2			9628


			-0			7353


			0			5707


			2			3222


			-4			2330


			-0			0755


			0			4126


			-0			7006


			8			7543


			0			0793


			-1			8523


			0			4988


			5			3193


			-0			1362


			1			6649


			-4			1706


			-0			5012


			1			0731


			-0			4614


			-1			1364


			-1			0979


			0			5593


			4			1616


			0			3346


			-0			7620


			0			9203


			0			7127


			0			1272


			-0			4712


			-5			4089


			1			3629


			-0			0189


			-0			6318


			0			7328


			0			5012


			-0			0582


			-0			4312


			-1			3023


			-0			0274


			4			7892


			-12			3141


			-1			0076


			5			2570


			5			8335


			3			3103


			-0			4223


			1			5091


			0			3312


			-0			3790


			69			4095


			0			0270


			-0			0217


			-0			4369


			0			1495


			-3			3158


			-4			6213


			-10			5370


			-1			2090


			1			1217


			0			9084


			-0			4632


			2			0917


			-0			6654


			9			4259


			-0			1663


			7			6856


			-27			4297


			2			2680


			6			5310


			-2			0816


			0			8010


			-3			9209


			3			1592


			-1			5546


			0			5207


			-0			5211


			-0			3674


			1			3074


			-38			9355


			-0			6323


			0			3318


			1			1065


			4			4754


			-0			6450


			-0			2678


			-5			4739


			-21			0613


			-13			6917


			-0			9018


			0			9002


			-0			3690


			-0			4840


			13			3994


			5			1817


			1			1687


			-15			6355


			-2			2504


			-13			8144


			-0			9090


			0			6808


			-0			0424


			-1			4564


			-1			0740


			-2			5966


			-0			1122


			-0			1088


			2			2855


			-0			8791


			0			6100


			-7			6217


			-1			6614


			1			8399


			0			0662


			-2			2329


			0			1509


			1			8261


			-0			4683


			0			5785


			0			4563


			-2			1314


			0			3273


			-1			7976


			-0			5890


			-0			1440


			-2			0514


			1			5112


			-0			4337


			0			7085


			2			4704


			34			1305


			-6			2667


			29			8986


			-0			2922


			0			7161


			89			6875


			1			7136


			0			4208


			-0			5398


			0			4077


			-0			8731


			-0			2858


			1			6521


			0			1858


			-1			3322


			-14			5764


			0			0880


			1			0502


			0			3383


			1			1861


			-0			2811


			-0			6064


			-0			3075


			-0			4574


			-1			0702


			-2			3750


			0			7595


			-0			2057


			0			2065


			-0			0253


			-0			0065


			1			0749


			-1			7303


			-1			4496


			1			6767


			-0			1967


			-0			2317


			-1			9657


			-6			3605


			1			0728


			0			0532


			19			2080


			0			4955


			-1			7093


			0			2868


			-3			3098


			0			5310


			0			9771


			-2			5686


			5			5457


			-0			7861


			-0			6851


			0			8823


			-1			1046


			-9			4708


			3			3759


			-0			7312


			-0			5899


			-3			3012


			-4			1247


			-15			6185


			3			0090


			0			2809


			0			1350


			-0			6010









7.8. Példa. Migrénes fejfájásra kifejlesztenek egy új fájdalomcsillapítót. Tesztelésnél
50 páciensből 35-nél bizonyult az új gyógyszer tartósabb hatásúnak, mint a régi
gyógyszere. Ennek alapján döntsön 0,99 szinten arról, hogy jobb-e az új gyógyszer.


Megoldás. Legyen ξ illetve η egy adott páciensnél az új illetve a régi gyógyszer
hatásának az ideje. Vizsgáljuk a


H0 : P(ξ > η) = 1
2


H1 : P(ξ > η) > 1
2


hipotéziseket. A feladat szerint n = 50, B = 35 és 1 − α = 0,99. Így a már korábban
megismert BINOM.INVERZ függvénnyel


F −1(1 − α) = BINOM.INVERZ(50;1/2;0,99) ,


melynek 33 az értéke. Ettől B nagyobb, ezért a H1 ellenhipotézist fogadjuk el,
miszerint az emberek több mint felénél az új gyógyszer huzamosabb ideig hat, mint
a régi.


7.8. Kolmogorov – Szmirnov-féle kétmintás próba


ξ és η folytonos eloszlásfüggvényű független valószínűségi változók, az ezekre vonat-
kozó minták ξ1, . . . , ξn illetve η1, . . . , ηn (n > 30).


H0 : ξ és η azonos eloszlású


ξ-re illetve η-ra vonatkozó mintákhoz tartozó tapasztalati eloszlásfüggvények F ∗
n


illetve G∗
n,


D =
√


n


2 sup
x∈R


|F ∗
n(x) − G∗


n(x)| és K(z) = 1 + 2
∞∑


i=1
(−1)ie−2i2z2


.


Kritikus tartomány: K(D) ≥ 1 − α.
A D kiszámolásához az F monoton növekedése miatt csak a két tapasztalati


eloszlásfüggvény szakadási pontjaiban kell megvizsgálni a differenciákat. Így kapjuk,
hogy


sup
x∈R


|F ∗
n(x) − G∗


n(x)| = max
i=1,...,n


max
{
|F ∗


n(ξi) − G∗
n(ξi)|, |F ∗


n(ηi) − G∗
n(ηi)|


}
.
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Számolásnál még azt is vegyük figyelembe, hogy K határeloszlást jelent, így R+-on
monoton növekvő.


7.9. Példa. Számolja ki adott z ≥ 1 esetén K(z) értékét.


Megoldás. A B1 cellába írja be, hogy z= , majd a C1 cellába egy konkrét z értéket,
például most legyen 1. A C1 cellát nevezze el z-nek. Ezután az A oszlopba számolja
ki a (−1)ie−2i2z2 értékeket, ahol i a sor száma. Egy cella sorának a számát a SOR


függvénnyel, míg az exponenciális függvényt a KITEVŐ függvénnyel kapja meg. Tehát
az A1 cellába írja a következőt:


=(-1)^SOR(A1)*KITEVŐ(-2*SOR(A1)^2*z^2) .


Az A1 cella kitöltőjelét húzza le a 19. sorig. Az A19 cella értéke már 0 lesz, pontosabban
olyan kicsi szám, amit az Excel már nem tud ábrázolni. Mivel e−2i2z2 monoton
csökkenő i-ben, ezért biztos, hogy i ≥ 19 esetén az Excel mindig 0-t írna ki. Ezért a
szummázásban ezek a tagok már nem jelentenek számottevő értéket.


Most számolja ki K(z) értékét. A B2 cellába írja be, hogy K(z)= , majd a C2
cellába, hogy =1+2*SZUM(A:A) . Mivel most a z értékéhez 1 van írva, ezért a K(1)-et
kapjuk meg, ami négy tizedesjegyre kerekítve 0,7300.


Mivel e−2i2z2 monoton csökkenő z-ben is, ezért z növelésével a szummázásban
számottevő tagok száma nem nőhet. Így az A oszlopban tetszőleges z ≥ 1 esetben
sem kell újabb szumma tagokat számolni.


7.10. Példa. A fájlban található ξ-re (első oszlopban) illetve η-ra
(második oszlopban) vonatkozó mintarealizációk alapján döntse el 0,99 szinten, hogy
ξ és η azonos eloszlású-e, ha tudjuk, hogy mindkét valószínűségi változónak folytonos
az eloszlásfüggvénye.


Megoldás. Legyen az a nullhipotézis, hogy ξ és η azonos eloszlású. A ξ-re illetve η-ra
vonatkozó mintarealizációt másolja az A illetve B oszlopba.


A DARAB függvénnyel ellenőrizheti, hogy a közös mintaelemszám n = 500 > 30.
Tehát alkalmazhatjuk a Kolmogorov – Szmirnov-féle kétmintás próbát.


Az A oszlopot nevezze el xi -nek, a B oszlopot pedig eta -nak. A C1 cellába írja
be, hogy


=ABS(DARABTELI(xi;"<"&A1)/500-DARABTELI(eta;"<"&A1)/500) .


Ez |F ∗
n(ξ1) − G∗


n(ξ1)| értéke. A kitöltőjelet húzza jobbra eggyel, majd a kitöltőjelre
kattintson kétszer. Ezzel |F ∗


n(ξi) − G∗
n(ξi)| értékeit kapta meg a C oszlopban, míg


|F ∗
n(ηi) − G∗


n(ηi)| értékeit a D oszlopban. Ezért
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D =
√


n


2 max
i=1,...,n


max
{
|F ∗


n(ξi) − G∗
n(ξi)|, |F ∗


n(ηi) − G∗
n(ηi)|


}
= GYÖK(500/2)*MAX(C:D) .


Ennek értéke 0,7906 négy tizedesjegyre kerekítve. Tehát K monoton növekedéséből
és az előző feladat megoldásából kapjuk, hogy K(D) ≤ K(1) ≃ 0,73 < 0,99 = 1 − α.
Így tehát elfogadjuk a nullhipotézist, azaz ξ és η azonos eloszlású.


7.9. Kolmogorov – Szmirnov-féle egymintás próba


Legyen ξ folytonos eloszlásfüggvényű valószínűségi változó, az erre vonatkozó minta
ξ1, . . . , ξn (n > 30).


H0 : ξ eloszlásfüggvénye F


F ∗
n a tapasztalati eloszlásfüggvény,


D =
√


n sup
x∈R


|F ∗
n(x) − F (x)| és K(z) = 1 + 2


∞∑
i=1


(−1)ie−2i2z2
.


Kritikus tartomány: K(D) ≥ 1 − α.
A D kiszámolásához vegyük figyelembe, hogy most egy lépcsős és egy folytonos


függvény értékeinek abszolút eltérését vizsgáljuk. Így nem elég csak a lépcsők jobb
végpontjaiban megnézni ezeket az értékeket, ezt meg kell tenni a bal végpontokban
is. Máshol viszont nem kell, mert F monoton növekedő.


ξi


F ∗
n(ξi)


G∗
n(ξi)


F ∗
n


F


Egy lépcsőfok bal végpontjának magasságát a ξi mintaelem helyén megkapjuk a


G∗
n(ξi) = ki


n
= lim


x→ξi+0
F ∗


n(x)


képlettel, ahol ki azon mintaelemek száma, melyek nem nagyobbak ξi-nél. Így könnyen
ellenőrizhető, hogy


sup
x∈R


|F ∗
n(x) − F (x)| = max


i=1,...,n
max


{
|F ∗


n(ξi) − F (ξi)|, |G∗
n(ξi) − F (ξi)|


}
.


83







7.11. Példa. Tudjuk, hogy a fájlban található mintarealizáció egy
folytonos eloszlásfüggvényű valószínűségi változóra vonatkozik. Döntse el 0,99 szinten,
hogy származhat-e standard Cauchy-eloszlásból.


Megoldás. Legyen az a nullhipotézis, hogy a mintarealizáció standard Cauchy-elosz-
lásból származik. Másoljuk a mintarealizációt az A oszlopba. A DARAB függvénnyel
meggyőződhet róla, hogy n = 730 > 30, tehát a Kolmogorov – Szmirnov-féle egymin-
tás próba alkalmazható. Tekintve, hogy a standard Cauchy-eloszlás eloszlásfüggvénye
F (x) = 1


π
arctg x + 1


2 , így a B1 cellába írja be, hogy


=ABS(DARABTELI(A:A;"<"&A1)/730-ARCTAN(A1)/PI()-1/2) ,


míg a C1 cellába, hogy


=ABS(DARABTELI(A:A;"<="&A1)/730-ARCTAN(A1)/PI()-1/2) .


Jelölje ki a B1:C1 cellatartományt, és kattintson kétszer a kitöltőjelre. Ezzel a B
oszlopban megkapta az |F ∗


n(ξi)−F (ξi)|, míg a C oszlopban a |G∗
n(ξi)−F (ξi)| értékeit.


Így D =GYÖK(730)*MAX(B:C) , módon számolható, amelynek 3,4344 az értéke négy
tizedesjegyre kerekítve. A K(z) értékeire vonatkozó feladat megoldásából ellenőrizheti,
hogy K(3,4344) ≃ 1 > 1 − α = 0,99. Így elutasítjuk a nullhipotézist.


7.10. Gyakorlatok


7.1. gyakorlat. Egy genetikai törvény szerint, ha az egyik szülő A, a másik B
vércsoportú, akkor a gyerekeik A, AB vagy B vércsoportú lehet 1 : 2 : 1 arányban. 300
ilyen vizsgált gyerek 30%-a volt A, 45%-a AB és a többi B vércsoportú. Alátámasztják
ezek az adatok ezt a genetikai törvényt 0,99 szinten?


Útmutatás. A feladatot tiszta illeszkedésvizsgálattal oldja meg. Legyen az a null-
hipotézis, hogy az adatok alátámasztják a genetikai törvényt. Ekkor 1 − F (χ2) ≃
≃ 0,1054 > 0,01 = α, azaz a nullhipotézist elfogadjuk.


7.2. gyakorlat. A fájlban található mintarealizációról egy korábbi
példa kapcsán azt állítottuk, hogy az exponenciális eloszlású. Igazoljuk ezt az állítást
becsléses illeszkedésvizsgálattal 0,99 szinten.


Útmutatás. Legyen az a nullhipotézis, hogy exponenciális eloszlásból származik a
mintarealizáció. Az osztópontok legyenek rendre 2, 4, 6, 10. A λ paraméter maximum
likelihood becslése 1/ ξ. A szabadsági fok 5 − 1 − 1 = 3 lesz. Mindezek figyelem-
bevételével kapjuk, hogy 1 − F (χ2) ≃ 0,8597 > 0,01 = α, azaz a nullhipotézist
elfogadjuk.
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7.3. gyakorlat. Televízióban az „A” márkájú fogkrémet hetente 1 órát, a „B” márká-
jú fogkrémet 25 percet illetve a „C” márkájú fogkrémet egyáltalán nem reklámozzák.
Arra vagyunk kíváncsiak, hogy hatással vannak-e a fogkrémfogyasztási szokásokra a
reklámok. Ennek érdekében megkérdeztek 610 embert arról, hogy a három márka
közül melyiket használja, és hogy hetente hány órát tölt tévénézéssel. A kapott
eredményeket a következő táblázat tartalmazza.


„A” „B” „C”
5 óránál kevesebb 80 64 60


5–15 óra között 75 70 60
15 óra felett 90 65 46


Ebből a mintából döntsön 0,99 szinten a feltett kérdésre vonatkozóan.


Útmutatás. Végezzen függetlenségvizsgálatot az adott kontingencia táblázat alap-
ján. Ekkor 1 − F (χ2) ≃ 0,3958 > 0,01 = α, azaz elfogadhatjuk a nullhipotézist,
miszerint a vizsgált szempontok függetlenek egymástól. Tehát ezen adatok alapján a
fogkrémfogyasztási szokásokra nincsenek hatással a reklámok.


7.4. gyakorlat. A fájlban található (ξ, η)-ra vonatkozó mintarealizá-
ció alapján döntse el 0,99 szinten, hogy ξ és η függetlenek-e.


Útmutatás. Végezzen függetlenségvizsgálatot. Legyen pl. a0 = −19, a1 = −1, a2 =
= 0, a3 = 2, a4 = 21 és b0 = −19, b1 = −1, b2 = 1, b3 = 2, b4 = 21. Ekkor
1 − F (χ2) < α, melyből következően ξ és η nem függetlenek.


7.5. gyakorlat. Két cinkelt kockával dobunk. Az egyikre illetve másikra vonatkozó
minta a illetve fájlokban található. Döntse el 0,99
szinten, hogy azonosan vannak-e „cinkelve” a kockák.


Útmutatás. Végezzen homogenitásvizsgálatot. Legyen a0 = 1, a1 = 2, a2 = 3, a3 =
= 4, a4 = 5, a5 = 6, ca = 7. Ekkor 1 − F (χ2) ≃ 0,2322 > 0,01 = α, melyből
következően a két mintarealizáció azonos eloszlásból származik, azaz a két kocka
azonos módon van „cinkelve”.


7.6. gyakorlat. Egy sportszergyár a legújabb gerelyt teszteli. 22 gerelyhajító dobott
a régivel és az újjal is, akik közül 15 dobott nagyobbat az újjal. Döntse el 0,99 szinten,
hogy 1


2 -nél nagyobb valószínűséggel jobb-e az új gerely a réginél.


Útmutatás. Végezzen kétmintás előjelpróbát.
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			-9,883791681			-8,0301


			0,108393438			-0,1050


			1,074548986			2,3066


			6,03659272			8,1914


			-0,42532296			3,8787


			1,887292011			4,5737


			15,03254732			15,6905


			2,345582536			6,8287


			0,365951929			-0,2560


			-0,386361204			-3,0978


			8,122780042			4,7459


			2,546214794			6,4803


			-4,481854322			-3,6964


			1,010591154			5,6289


			-6,095880562			-3,7029


			0,091994466			-3,7283


			-4,121259269			-2,8334


			5,857339384			5,0437


			-3,353756026			-3,1878


			2,34992118			0,0905


			1,518662228			4,4412


			12,6759076			14,1787


			4,510069244			6,3629


			-1,39962688			2,9290


			4,763247624			6,5511


			9,736170175			7,0561


			-6,392525993			-6,0497


			-15,7368756			-18,3538


			-1,846391192			1,0463


			-3,105037694			-1,1471


			-4,654231021			-1,7254


			-6,730187743			-4,8276


			10,85841958			10,0007


			-0,163409657			-0,0899


			3,762074188			3,3420


			-6,548583321			-5,5692


			-5,769888864			-6,3161


			-4,565636135			-6,4855


			-0,72951408			1,7391


			3,223819159			6,4549


			5,362835905			9,1548


			10,81438783			11,0867


			-2,101267723			-0,2789


			2,799947837			-0,3716


			0,575810976			-1,2340


			3,510612942			1,8780


			-4,391067348			-7,5580


			13,84411074			14,3168


			-0,749289248			1,7183


			-4,703746909			-1,2090


			7,936780443			4,9089


			1,389904436			6,2049


			-4,396401078			-4,1143


			2,631442842			0,0031


			2,288405626			2,0519


			-0,389793346			-1,6415


			8,567074828			8,7878


			6,312363556			9,6492


			3,42930167			4,8271


			3,292498031			-0,3871


			10,96766983			14,2544


			2,922905843			2,2685


			5,699338309			1,1798


			11,10652314			12,9497


			-2,725476354			-7,0085


			-1,657513768			-5,4364


			6,981390704			4,3149


			9,795103635			6,4561


			1,436347725			2,3532


			-1,235431357			-2,0753


			11,38016042			13,6518


			-5,104698727			-8,7301


			-2,965061227			-3,5452


			-11,85557445			-10,4386


			-2,298804248			0,0376


			-3,280628548			-5,1817


			1,264746214			6,1604


			-2,03440029			2,2857


			4,703566764			0,8835


			-4,791582598			-9,2958


			-10,96949902			-13,8901


			1,06586737			1,0004


			0,529006659			2,1946


			-6,18083783			-7,9783


			1,968928215			1,3795


			3,994788942			2,0777


			2,383945515			6,3835


			8,803395418			11,2304


			-0,00530787			4,6717


			-2,219897934			-5,5009


			7,079364563			3,0144


			-1,50865845			-0,4370


			4,408055477			0,2667


			-5,292165162			-2,7539


			2,76184573			5,6975


			-0,25944587			4,0988


			-4,301302819			-8,0415


			-6,232669836			-9,8091


			-1,561141513			0,9415


			2,806196835			0,2532


			0,075799754			-4,0196


			7,245133286			11,1302


			2,157242795			0,0664


			0,586356867			1,0271


			-4,425462926			-6,7086


			0,830677085			2,9025


			8,425282525			8,1950


			-3,310845733			-4,3665


			-4,137570076			-1,5054


			-6,530802943			-6,0389


			0,287394287			-3,1444


			-4,706335683			-3,9409


			3,560685438			7,0704


			-5,618748458			-2,2260


			-5,841625875			-6,4009


			9,111830246			13,6585


			0,340176769			4,0270


			1,650146669			2,8481


			3,18649582			3,7073


			1,505815029			-3,1517


			-7,280009934			-3,8274


			3,621043565			1,8740


			0,232467845			-1,0017


			-7,805960714			-3,9979


			-2,504607614			0,7536


			5,544405549			9,5580


			-1,848133189			-5,2723


			-0,084818327			-3,6048


			-3,699630679			-8,0641


			8,138227672			7,3993


			-3,341567594			1,0131


			-1,31856222			-1,0541


			-0,032811705			-1,1277


			2,551717251			1,3034


			2,908408486			1,4928


			-1,590778619			0,3104


			6,212036545			9,7427


			4,058487149			0,8620


			-2,92118554			-2,8051


			-1,437740717			1,8964


			-3,343048688			-1,8177


			-7,003721932			-2,6946


			-3,319219173			-6,9637


			0,63336989			-0,8569


			3,070413966			0,3336


			6,741004227			6,9007


			2,091061983			0,3093


			-7,955311784			-5,9107


			2,491847884			0,1908


			-4,520512548			-4,0391


			7,337581877			7,0224


			0,47421494			-2,1672


			-1,473339326			-1,5853


			-0,627369191			3,2308


			4,051822935			-0,4404


			5,256710656			5,9180


			7,363184539			4,0359


			5,004112176			0,7032


			-1,44135704			1,5812


			4,933440396			1,0201


			4,946550851			5,3555


			2,19722232			3,7140


			-5,580754154			-1,0236


			-9,169625398			-10,7380


			-6,295771898			-1,6150


			2,103262115			-0,5990


			-2,394979897			-6,6725


			2,108888641			1,8310


			-0,443418807			-1,0303


			-0,725618709			-3,0653


			4,791224894			1,2184


			-1,206635462			0,4847


			3,855747917			3,5710


			8,335244935			8,0690


			1,584176886			1,2745


			2,348129579			5,6393


			-2,502466518			-5,6206


			6,682061216			11,2871


			-0,61041112			-0,6660


			0,352264332			0,6549


			4,02522477			-0,3360


			-0,134793121			4,7569


			-0,116968739			-0,5421


			15,76002196			19,9690


			-4,117172603			-5,2347


			-0,578736863			-2,7080


			-2,11759994			-6,8288


			-6,994507066			-10,3942


			12,6795881			9,8250


			-13,09281567			-13,1589


			0,53302918			-4,0372


			10,2203036			14,6357


			6,81115944			1,8316


			1,116448329			5,5021


			1,026761235			-1,0564


			6,526818466			9,0831


			-7,183374637			-7,6236


			-1,816718023			0,6978


			4,382551764			5,7075


			-3,06591612			1,8747


			-3,46078132			-4,0676
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7.7. gyakorlat. A illetve fájlokban található folytonos
eloszlású valószínűségi változókra vonatkozó mintarealizációkról homogenitásvizs-
gálattal már korábban megállapítottuk, hogy nem azonos eloszlásból származnak.
Mutassa ki ugyanezt Kolmogorov – Szmirnov-féle kétmintás próbával is.


Útmutatás. A minta-27-ben több elem található, ezért először a végéből töröljön
annyit, hogy a mintaelemek száma megegyezzen. A D statisztika értékére négy tize-
desjegyre kerekítve 2,2326-ot kapunk. Felhasználva a K függvény értékeire korábban
gyártott Excel-táblázatot, K(2,2326) ≃ 0,9999 > 0,99 = 1 − α adódik, azaz a két
eloszlás valóban nem egyezik meg.


7.8. gyakorlat. A fájlban található mintarealizációról korábban
tiszta illeszkedésvizsgálattal beláttuk, hogy standard normális eloszlásból származik.
Mutassa ki ugyanezt Kolmogorov – Szmirnov-féle egymintás próbával is.


Útmutatás. A D statisztika értékére négy tizedesjegyre kerekítve 0,7618-at kapunk,
továbbá K(0,7618) ≃ 0,3927 < 0,99 = 1 − α adódik, így elfogadjuk a nullhipotézist,
azaz a minta standard normális eloszlásból származik.
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8. fejezet


Szórásanalízis


A szórásanalízis is hipotézisvizsgálat, itt három típusával foglalkozunk.


8.1. Egyszeres osztályozás


Vizsgáljuk a ξ valószínűségi változót egyetlen tényező r darab különböző szint-
jén. Az i. szinthez tartozó valószínűségi változót jelölje ξi. Feltesszük, hogy ξi ∈
∈ Norm(mi; σ) (i = 1, 2, . . . , r) függetlenek, ahol az m1, m2, . . . , mr, σ paraméterek
ismeretlenek. A ξi-re (i = 1, 2, . . . , r) vonatkozó minta legyen


ξi1, ξi2, . . . , ξini
.


A nullhipotézis az lesz, hogy az egyetlen tényező különböző szintjei nincsenek hatással
a mért értékekre, azaz


H0 : m1 = m2 = · · · = mr.


Vezessük be a következő jelöléseket:


n := n1 + n2 + · · · + nr,


ξ.. := 1
n


r∑
i=1


ni∑
j=1


ξij,


ξi. := 1
ni


ni∑
j=1


ξij,


Q1 :=
r∑


i=1
ni


(
ξi. − ξ..


)2
,


Q2 :=
r∑


i=1


ni∑
j=1


(
ξij − ξi.


)2
,
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F := n − r


r − 1 · Q1


Q2
,


F = F [F(r − 1; n − r)].


Ekkor 1 − F (F) ≥ α elfogadási tartománnyal α terjedelmű próbát kapunk H0-ra.


8.1. Példa. Egy gazdaságban a búza terméshozamára vagyunk kíváncsiak. Azt
vizsgáljuk, hogy egyetlen tényező, a búza fajtája milyen hatással van a terméshozamra.
A gazdaság r = 3 különböző búzafajtát termeszt, azaz a vizsgált tényezőnek 3
különböző szintje van. Az 1. fajtát n1 = 4, a 2. fajtát n2 = 3, végül a 3. fajtát
n3 = 5 különböző parcellán termesztik. A ξij jelentse az i. fajta j. parcellán kapott
terméshozamát tonna/hektár-ban mérve. A kapott mintarealizációk a következők:


ξ11(ω) = 5,24 ξ12(ω) = 4,17 ξ13(ω) = 4,35 ξ14(ω) = 4,77
ξ21(ω) = 5,09 ξ22(ω) = 6,05 ξ23(ω) = 5,89
ξ31(ω) = 4,18 ξ32(ω) = 4,10 ξ33(ω) = 4,17 ξ34(ω) = 3,98 ξ35(ω) = 3,60


Döntsön 1 − α = 0,95 szinten arról, hogy a különböző búzafajták nincsenek hatással
a terméshozamra.


Megoldás. Gépelje be az adatokat a következő ábra szerint:


A feladatot az Adatok/Adatelemzés menüponttal fogjuk megoldani. A legördülő
listában válassza az Egytényezős varianciaanalízis sort, majd OK.


Bemeneti tartomány: $A$1:$E$3
Csoportosítási alap: Sorok
□ Feliratok az első oszlopban
Alfa: 0,05
Kimeneti tartomány: $A$4
OK


Ekkor a következő táblázatot kapjuk:
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A táblázatban Q1 = 5,2334, Q2 = 1,4423, F = 16,3286 és 1 − F (F) = 0,0010. Mivel
1 − F (F) = 0,0010 < 0,05 = α, ezért 1 − α = 0,95 szinten elutasítjuk azt a hipotézist,
hogy a búza fajtája nincs hatással a terméshozamra.


8.2. Kétszeres osztályozás interakció nélkül


Vizsgáljuk két tényező hatását egy ξ valószínűségi változóra. Legyen az 1. tényezőnek
r1, míg a 2. tényezőnek r2 különböző szintje. Jelölje ξij az 1. tényező i. szintjéhez
és a 2. tényező j. szintjéhez tartozó valószínűségi változót. Feltesszük, hogy ξij ∈
∈ Norm(mij ; σ) (i = 1, 2, . . . , r1; j = 1, 2, . . . , r2) függetlenek, ahol minden paraméter
ismeretlen.


Két nullhipotézist fogunk vizsgálni. A H
(1)
0 szerint az 1. tényező különböző szintjei


nincsenek hatással ξ-re. A H
(2)
0 szerint a 2. tényező különböző szintjei nincsenek


hatással ξ-re.
Vezessük be a következő jelöléseket:


ξ.. := 1
r1r2


r1∑
i=1


r2∑
j=1


ξij,


ξi. := 1
r2


r2∑
j=1


ξij (i = 1, 2, . . . , r1),


ξ.j := 1
r1


r1∑
i=1


ξij (j = 1, 2, . . . , r2),


Q1 := r2


r1∑
i=1


(
ξi. − ξ..


)2
,


Q2 := r1


r2∑
j=1


(
ξ.j − ξ..


)2
,


Q3 :=
r1∑


i=1


r2∑
j=1


(
ξij − ξi. − ξ.j + ξ..


)2
,


F1 := (r2 − 1) · Q1


Q3
,


F2 := (r1 − 1) · Q2


Q3
,


F1 := F
[
F
(
r1 − 1; (r1 − 1)(r2 − 1)


)]
,


F2 := F
[
F
(
r2 − 1; (r1 − 1)(r2 − 1)


)]
.


Ekkor 1 − F1(F1) ≥ α illetve 1 − F2(F2) ≥ α elfogadási tartományokkal α terjedelmű
próbát kapunk H


(1)
0 illetve H


(2)
0 esetén.
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8.2. Példa. A 8.1. példát tovább gondolva, tegyük fel, hogy nem csak a búza fajtáját,
hanem a parcella talajtípusát is vizsgálni szeretnénk a terméshozamot illetően, vagyis
nem egy, hanem két tényező hatását figyeljük. Tegyük fel, hogy r1 = 3 fajta búzát
r2 = 4 típusú talajba vetették. Azaz az 1. tényezőnek 3, a 2. tényezőnek pedig 4
szintje van. A ξij jelentse az i. búzafajta j. talajtípuson vett terméshozamát. A kapott
mintarealizációk a következők:


ξ11(ω) = 7,51 ξ12(ω) = 6,34 ξ13(ω) = 5,07 ξ14(ω) = 6,17
ξ21(ω) = 5,43 ξ22(ω) = 4,81 ξ23(ω) = 3,42 ξ14(ω) = 4,00
ξ31(ω) = 5,76 ξ32(ω) = 4,71 ξ33(ω) = 4,45 ξ34(ω) = 4,33


Döntsünk 0,95 szinten a következő nullhipotézisekről:


H
(1)
0 : a különböző búzafajták nincsenek hatással a terméshozamra,


H
(2)
0 : a különböző talajtípusok nincsenek hatással a terméshozamra.


Megoldás. Gépelje be az adatokat a következő ábra szerint:


A feladatot az Adatok/Adatelemzés menüponttal fogjuk megoldani. A legördülő
listában válassza az Kéttényezős varianciaanalízis ismétlések nélkül sort, majd OK.


Bemeneti tartomány: $A$1:$D$3
□ Feliratok
Alfa: 0,05
Kimeneti tartomány: $A$4
OK


Ekkor a következő táblázatot kapjuk:


A táblázatban Q1 = 7,6532, Q2 = 5,9744, Q3 = 0,6391, F1 = 35,9278, F2 = 18,6978,
1 − F1(F1) = 0,0005 és 1 − F2(F2) = 0,0019.


Mivel 1 − F1(F1) = 0,0005 < 0,05 = α, ezért 1 − α = 0,95 szinten elutasítjuk a
H


(1)
0 hipotézist, azaz a különböző búzafajták hatással vannak a terméshozamra.
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Másrészt 1 − F2(F2) = 0,0019 < 0,05 = α, ezért 1 − α = 0,95 szinten elutasítjuk
a H


(2)
0 hipotézist, azaz a különböző talajtípusok hatással vannak a terméshozamra.
Fontos, hogy ebben az esetben azt nem tudjuk vizsgálni, hogy a két tényező milyen


hatással van egymásra, azaz, hogy egy konkrét búzafajta különbözőképpen terem-e
a különböző talajtípusokon, vagy hogy egy konkrét talajtípuson különbözőképpen
teremnek-e a különböző búzafajták, mert minden búzafajta–talajtípus kombinációból
csak egy mintaelemünk van.


8.3. Kétszeres osztályozás interakcióval


Vizsgáljuk két tényező hatását egy ξ valószínűségi változóra. Legyen az 1. tényezőnek
r1, míg a 2. tényezőnek r2 különböző szintje. Jelölje ξij az 1. tényező i. szintjéhez
és a 2. tényező j. szintjéhez tartozó valószínűségi változót. Feltesszük, hogy ξij ∈
∈ Norm(mij ; σ) (i = 1, 2, . . . , r1; j = 1, 2, . . . , r2) függetlenek, ahol minden paraméter
ismeretlen. Minden ξij-hez készítsünk egy s elemű mintát:


ξij1, ξij2, . . . , ξijs.


Három nullhipotézist fogunk vizsgálni:


H
(1)
0 : az 1. tényező különböző szintjei nincsenek hatással ξ-re,


H
(2)
0 : a 2. tényező különböző szintjei nincsenek hatással ξ-re,


H
(3)
0 : a két tényező együttes hatása nem befolyásolja a ξ értékét.


Vezessük be a következő jelöléseket:


ξ... := 1
r1r2s


r1∑
i=1


r2∑
j=1


s∑
k=1


ξijk,


ξi.. := 1
r2s


r2∑
j=1


s∑
k=1


ξijk (i = 1, 2, . . . , r1),


ξ.j. := 1
r1s


r1∑
i=1


s∑
k=1


ξijk (j = 1, 2, . . . , r2),


ξij. := 1
s


s∑
k=1


ξijk (i = 1, 2, . . . , r1; j = 1, 2, . . . , r2),


Q1 := r2s
r1∑


i=1


(
ξi.. − ξ...


)2
,


Q2 := r1s
r2∑


j=1


(
ξ.j. − ξ...


)2
,
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Q3 := s
r1∑


i=1


r2∑
j=1


(
ξij. − ξi.. − ξ.j. + ξ...


)2
,


Q4 :=
r1∑


i=1


r2∑
j=1


s∑
k=1


(
ξijk − ξij.


)2
,


F1 := r1r2(s − 1)
r1 − 1 · Q1


Q4
,


F2 := r1r2(s − 1)
r2 − 1 · Q2


Q4
,


F3 := r1r2(s − 1)
(r1 − 1)(r2 − 1) · Q3


Q4
,


F1 := F
[
F
(
r1 − 1; r1r2(s − 1)


)]
,


F2 := F
[
F
(
r2 − 1; r1r2(s − 1)


)]
,


F3 := F
[
F
(
(r1 − 1)(r2 − 1); r1r2(s − 1)


)]
.


Ekkor 1−F1(F1) ≥ α, 1−F2(F2) ≥ α illetve 1−F3(F3) ≥ α elfogadási tartományokkal
α terjedelmű próbát kapunk rendre H


(1)
0 , H


(2)
0 és H


(3)
0 esetén.


8.3. Példa. Folytatva a 8.2. példát, ha a két tényező közötti kapcsolatot is vizsgálni
szeretnénk, akkor minden búzafajta–talajtípus kombinációból több mérést kell végez-
nünk. Legyen az előző példában minden kombinációra s = 3 mérésünk. Jelentse ξijk


az i. búzafajta j. talajtípuson vett terméshozamára vonatkozó, azaz az (i, j) cellában
végzett k. mérési eredményt. A kapott mintarealizációk a következők:


ξ111(ω) = 7,51 ξ121(ω) = 6,34 ξ131(ω) = 5,07 ξ141(ω) = 6,17
ξ112(ω) = 7,03 ξ122(ω) = 5,81 ξ132(ω) = 4,19 ξ142(ω) = 5,90
ξ113(ω) = 6,91 ξ123(ω) = 6,61 ξ133(ω) = 5,27 ξ143(ω) = 6,28


ξ211(ω) = 5,43 ξ221(ω) = 4,81 ξ231(ω) = 3,42 ξ141(ω) = 4,00
ξ212(ω) = 4,95 ξ222(ω) = 3,82 ξ232(ω) = 3,19 ξ142(ω) = 3,80
ξ213(ω) = 5,48 ξ223(ω) = 4,18 ξ233(ω) = 2,02 ξ143(ω) = 3,94


ξ311(ω) = 5,76 ξ321(ω) = 4,71 ξ331(ω) = 4,45 ξ341(ω) = 4,33
ξ312(ω) = 5,90 ξ322(ω) = 5,24 ξ332(ω) = 4,65 ξ342(ω) = 5,41
ξ313(ω) = 6,01 ξ323(ω) = 4,07 ξ333(ω) = 4,59 ξ343(ω) = 5,70


Döntsön a következő nullhipotézisekről:


H
(1)
0 : a különböző búzafajták nincsenek hatással a terméshozamra,


H
(2)
0 : a különböző talajtípusok nincsenek hatással a terméshozamra,


H
(3)
0 : a búzafajta és a talajtípus között nincs kapcsolat a terméshozamot illetően.
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Megoldás. Gépelje be az adatokat a következő ábra szerint:


Fontos, hogy az első sorba illetve oszlopba ne vigyünk adatokat. Oda csak feliratok
kerülhetnek.


A feladatot az Adatok/Adatelemzés menüponttal fogjuk megoldani. A legördülő
listában válassza az Kéttényezős varianciaanalízis ismétlésekkel sort, majd OK.


Bemeneti tartomány: $A$1:$E$10
Mintánként hány sor: 3
Alfa: 0,05
Kimeneti tartomány: $A$11
OK


Ekkor a következő táblázatot kapjuk:


A táblázatban Q1 = 24,1034, Q2 = 18,2751, Q3 = 2,0206, Q4 = 4,8728, F1 =
= 59,3583, F2 = 30,0035, F3 = 1,6587, 1 − F1(F1) = 5 · 10−10, 1 − F2(F2) = 3 · 10−8


és 1 − F3(F3) = 0,1746.
Mivel 1 − F1(F1) = 5 · 10−10 < 0,05 = α, ezért 1 − α = 0,95 szinten elutasítjuk a


H
(1)
0 hipotézist, azaz a különböző búzafajták hatással vannak a terméshozamra.


Másrészt 1 − F2(F2) = 3 · 10−8 < 0,05 = α, ezért 1 − α = 0,95 szinten elutasítjuk
a H


(2)
0 hipotézist, azaz a különböző talajtípusok hatással vannak a terméshozamra.
Harmadrészt 1 − F3(F3) = 0,1746 > 0,05 = α, ezért 1 − α = 0,95 szinten


elfogadjuk a H
(3)
0 hipotézist, azaz a búzafajta és a talajtípus között nincs kapcsolat


a terméshozamot illetően.
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9. fejezet


Regressziószámítás


Az η, ξ1, . . . , ξk valószínűségi változók esetén adjuk meg a legjobb


η ≃ g(ξ1, . . . , ξk) (9.1)


közelítést adó g függvényt. Ezt úgy értjük, hogy az


E
(
η − g(ξ1, . . . , ξk)


)2


értékét kell minimalizálni. Ez az úgynevezett legkisebb négyzetek elve. Az így kapott
g függvényt regressziós felületnek nevezzük. Ha g lineáris, akkor k = 1 illetve k = 2
esetén a g függvényt elsőfajú regressziós egyenesnek illetve elsőfajú regressziós síknak
nevezzük. A regressziós felület továbbá ξ1, . . . , ξk ismeretében η megbecsülhető (9.1)
alapján.


9.1. Lineáris regresszió


Sok esetben a regressziós felület meghatározása bonyolult feladat. Ilyenkor azzal
egyszerűsíthetjük a problémát, hogy E


(
η − g(ξ1, . . . , ξk)


)2
minimumát csak a


g(x1, . . . , xk) = a0 + a1x1 + · · · + akxk (a0, a1, . . . , ak ∈ R)


alakú – azaz lineáris – függvények között keressük. Természetesen ennek csak akkor
van értelme, ha a lineáris kapcsolatnak nem mond ellent valamilyen elvi vagy tapasz-
talati megfontolás. Ezt a típusú regressziószámítást lineáris regressziónak nevezzük.
A feladat megoldásában szereplő a0, . . . , ak konstansokat a lineáris regresszió együtt-
hatóinak nevezzük. Az így kapott g függvényt k = 1 illetve k = 2 esetén másodfajú
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regressziós egyenesnek illetve másodfajú regressziós síknak nevezzük.
A lineáris regresszió együtthatóinak értékét a gyakorlatban kellő információ


hiányában nem tudjuk kiszámolni. Így ekkor az (η, ξ1, . . . , ξk)-ra vonatkozó minta
alapján kell ezeket megbecsülni. Legyen ez a minta


(ηi, ξi1, . . . , ξik) i = 1, . . . , n.


Bevezetjük a következő jelöléseket:


a := (a0, . . . , ak)⊤


Y := (η1, . . . , ηn)⊤


X :=



1 ξ11 . . . ξ1k


1 ξ21 . . . ξ2k


... ... . . . ...
1 ξn1 . . . ξnk


 .


Az E(η − a0 − a1ξ1 − · · · − akξk)2 várható értéket az


1
n


n∑
i=1


(ηi − a0 − a1ξi1 − · · · − akξik)2


átlaggal becsüljük, így az a becslése azon vektor, amely mellett ez az átlag minimális.
Bizonyítható, hogy az a-ra vonatkozó


X⊤Y = X⊤Xa


úgynevezett normálegyenlet â = (â0, . . . , âk)⊤-val jelölt megoldása szolgáltatja a
lineáris regresszió együtthatóinak becslését. Ebből, ha X⊤X invertálható mátrix,
akkor


â = (â0, . . . , âk)⊤ = (X⊤X)−1X⊤Y.


Ezután az η ≃ â0 + â1ξ1 + · · · + âkξk közelítést fogjuk használni. Speciálisan k = 1
esetén a lineáris regresszió együtthatóinak becslése (ξ := ξ1 jelöléssel)


â1 = Covn(η, ξ)
S2


ξ,n


, â0 = η − â1ξ,


ahol Covn(η, ξ) a tapasztalati kovarianciája az (η, ξ)-re vonatkozó mintának. Ennek
alapján a továbbiakban az η ≃ â0 + â1ξ közelítést fogjuk használni. (Megjegyezzük,
hogy a grafikus illeszkedésvizsgálatnál is ezt alkalmaztuk.) Az η és ξ közötti lineáris
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kapcsolat feltételezésének jogosságát az ún. determinációs együtthatóval szokták
mérni, amely a tapasztalati korrelációs együttható négyzete, azaz


R2 := Corrn(η, ξ).


Ennek értéke minél közelebb van 1-hez annál jobban feltételezhető a lineáris kapcsolat.
Ha 0-hoz van közel, akkor a két valószínűségi változó között nem célszerű függvény-
kapcsolatot keresni, mert feltehetőleg függetlenek (pontosabban korrelálatlanok).


9.1. Példa. Jelentse η a talajvízszintet mm-ben és ξ az őszi csapadék mennyiségét
cm-ben. Az (η, ξ)-re vonatkozó elmúlt 18 évi mérésből származó mintarealizációt
a fájl tartalmazza. Ez alapján becsülje meg a lineáris regresszió
együtthatóit. A becsült másodfajú regressziós egyenest ábrázolja a mintarealizációval
együtt. Számolja ki a determinációs együtthatót, majd becsülje meg a talajvízszintet,
ha az őszi csapadék 29,6 cm.


Megoldás. Töltse le a minta-31.txt fájlt, nyissa meg például Notepad programmal.
Ctrl+A és Ctrl+C segítségével tegye a vágólapra a minta tartalmát. Nyisson meg
egy üres munkalapot Excelben, lépjen az A1 cellára és Ctrl+V segítségével illessze
be a mintarealizációt.


Az â1, â0 együtthatók kiszámolásához jelölje ki a C1:D1 cellatartományt, majd
gépelje be a következő tömbképletet:


=LIN.ILL(A1:A18;B1:B18) .


Végül nyomjon Ctrl+Shift+Enter-t. Ennek hatására C1 fogja â1 értékét, illetve D1
fogja â0 értékét tartalmazni.


A determinációs együtthatót a következő módon számolhatja ki:


=RNÉGYZET(A1:A18;B1:B18) .


Ennek értéke négy tizedesjegyre kerekítve 0,7931. Ez azt jelenti, hogy a lineáris
közelítés jónak mondható.


Most következik a grafikon. Jelölje ki az η-ra vonatkozó mintát (A1:A18), majd


Beszúrás → Diagramok →
Pont- (xy) vagy buborékdiagram beszúrása → Pont


Lépjen a diagramterületre, majd helyi menüből (jobb egérgomb) válassza az Adatok
kijelölése pontot.


Szerkesztés → Adatsor X értékei: =Munka1!$B$1:$B$18 → OK → OK
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			1,25			10,36


			1,4			8,94


			2,13			13,21


			1,19			15,8


			1,65			11,18


			1,89			13,64


			1,68			19,53


			1,77			24,56


			1,28			11,48


			1,16			7,77


			0,94			11,3


			3,69			28,13


			3,51			30,18


			3,14			23,14


			1,22			15,88


			2,29			19,76


			4,42			35,36


			2,9			25,4









Ezzel megjelennek a mintarealizáció pontjai. Következzen a másodfajú regressziós
egyenes becslésének a meghúzása (az Excel ezt trendvonalnak nevezi). Lépjen rá
valamelyik kék jelölő pontra. Helyi menüből válassza a Trendvonal felvétele pontot
és válassza ki a Lineáris típust.


0


1


2


3


4


5


7 12 17 22 27 32 37


A talajvízszint becslése, ha az őszi csapadék 29,6 cm, ezek alapján â0 + 29,6â1,
amit a következő módon is kiszámolhatunk:


=TREND(A1:A18;B1:B18;29,6) .


A kapott érték 3,38 két tizedesjegyre kerekítve. Tehát 29,6 cm csapadék lehullása
után az adatok alapján 3,38 mm-re becsüljük a talajvízszintet.


9.2. Példa. Jelentse η a Duna egy árhullámának tetőző vízállását Budapesten cm-
ben, ξ1 az árhullámot kiváltó csapadék mennyiségét mm-ben és ξ2 a Duna vízállását
Budapestnél az esőzés kezdetekor cm-ben. Az (η, ξ1, ξ2)-re vonatkozó elmúlt 26 évi
mérésből származó mintarealizációt a fájl tartalmazza. Ez alapján
becsülje meg a lineáris regresszió együtthatóit. Az idén az árhullámot kiváltó csapadék
102 mm volt, illetve a Duna vízállása Budapestnél az esőzés kezdetekor 648 cm volt.
Ezekből az adatokból becsülje meg, hogy a Duna árhullámának tetőző vízállása
Budapesten hány cm lesz.


Megoldás. Nyissa meg a letöltött minta-32.txt fájlt például Notepad programmal,
majd Ctrl+A és Ctrl+C segítségével tegye a vágólapra a tartalmát. Nyisson meg
egy üres munkalapot Excelben, lépjen az A1 cellára, és Ctrl+V segítségével illessze
be a mintarealizációt. Az â2, â1, â0 együtthatók kiszámolásához jelölje ki a D1:F1
cellatartományt, majd gépelje be a következőt:


=LIN.ILL(A1:A26;B1:C26) .


Végül nyomja meg a Ctrl+Shift+Enter billentyűket. Ennek hatására az â2, â1, â0


értékek rendre megjelennek a D1, E1, F1 cellákban. A D2 cellába gépelje be a 102
értéket, az E2 cellába a 648 értéket. Ekkor a tetőző vízállás becslése a következő
függvénnyel számolható ki:
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			590			58			405


			660			52			450


			780			133			350


			770			179			285


			710			96			330


			640			72			400


			670			72			550


			520			43			480


			660			62			450


			690			67			610


			500			64			380


			460			33			460


			610			57			425


			710			62			560


			620			54			420


			660			48			620


			620			86			390


			590			74			350


			740			95			570


			730			44			710


			720			53			700


			720			77			580


			640			46			700


			805			123			560


			510			26			370


			673			62			430









=TREND(A1:A26;B1:C26;D2:E2) .


A kapott érték egészre kerekítve 800 cm.


9.2. Fixpontos lineáris regresszió


A lineáris regresszió feladata tovább szűkíthető, ha tudjuk, hogy a keresett lineáris
függvény áthalad egy rögzített ponton.


Legyenek t0, . . . , tk ∈ R rögzített konstansok. Az E
(
η−g(ξ1, . . . , ξk)


)2
minimumát


keressük azon


g(x1, . . . , xk) = a0 + a1x1 + · · · + akxk (a0, a1, . . . , ak ∈ R)


függvények között, melyekre teljesül, hogy g(t1, . . . , tk) = t0, azaz a g függvény
áthalad a (t1, . . . , tk, t0) úgynevezett fixponton. Ez az úgynevezett fixpontos lineáris
regresszió. A megoldást adó g függvényt k = 1 illetve k = 2 esetén fixpontos regressziós
egyenesnek illetve fixpontos regressziós síknak nevezzük.


A fixpontos lineáris regresszió együtthatóira az (η, ξ1, . . . , ξk) valószínűségi vektor-
változóra vonatkozó (ηi, ξi1, . . . , ξik), i = 1, . . . , n minta alapján adhatunk becslést.
Ha t0 = · · · = tk = 0 (azaz y = g(x1, . . . , xk) átmegy az origón), akkor


Y := (η1, . . . , ηn)⊤


X :=



ξ11 . . . ξ1k


ξ21 . . . ξ2k


... . . . ...
ξn1 . . . ξnk



jelölésekkel


(â1, . . . , âk)⊤ = (X⊤X)−1X⊤Y.


Ezután az η ≃ â1ξ1 + · · · + âkξk közelítést fogjuk használni. Tetszőleges t0, . . . , tk ∈
∈ R esetén az előző becslési eljárást hajtsuk végre az (η − t0, ξ1 − t1, . . . , ξk − tk)-ra
vonatkozó mintára. Az így kapott â1, . . . , âk értékekkel az η − t0 ≃ â1(ξ1 − t1) + · · · +
+ âk(ξk − tk), azaz


η ≃ t0 + â1(ξ1 − t1) + · · · + âk(ξk − tk)


közelítést fogjuk használni.
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9.3. Példa. Jelentse η egy vizsgált ellenálláson átfolyó áram erősségét Amperben,
illetve ξ az ellenállásra adott feszültséget Voltban. Az (η, ξ)-re vonatkozó 10 mérésből
származó mintarealizációt a fájl tartalmazza. Természetesen ξ = 0
esetén η = 0. Ez alapján becsülje meg a fixpontos lineáris regresszió a1 együtthatóját.
A kapott egyenest ábrázolja a mintarealizációval együtt. Adjon becslést arra, hogy
mekkora lesz az áramerősség 12 V ráadott feszültség esetén.


Megoldás. Nyissa meg a letöltött minta-33.txt fájlt például Notepad programmal,
majd Ctrl+A és Ctrl+C segítségével tegye a vágólapra a tartalmát. Nyisson meg egy
üres munkalapot Excelben, lépjen az A1 cellára és Ctrl+V segítségével illessze be a
mintarealizációt. Az â1 kiszámolásához használja a következőt:


=LIN.ILL(A1:A10;B1:B10;HAMIS) .


A kapott érték 0,0254 négy tizedesjegyre kerekítve, így a továbbiakban az η ≃ 0,0254ξ


közelítést lehet használni. (Vagyis az ellenállás becslése 1
0,0254 ≃ 39,4 Ohm.)


Most következik a grafikon. Jelölje ki az η-ra vonatkozó A1:A10 mintát, majd


Beszúrás → Diagramok →
Pont- (xy) vagy buborékdiagram beszúrása → Pont


Lépjen a diagramterületre, majd helyi menüből (jobb egérgomb) válassza az Adatok
kijelölése pontot.


Szerkesztés → Adatsor X értékei: =Munka1!$B$1:$B$10 → OK → OK


Ezzel megjelennek a mintarealizáció pontjai. Következzen a fixpontos regressziós
egyenes becslésének a meghúzása. Tudjuk, hogy t0 = t1 = 0, azaz most az origó a
fixpont. Lépjen rá valamelyik kék jelölő pontra. Helyi menüből válassza a Trendvonal
felvétele pontot. Válassza ki a Lineáris típust, a Metszéspontot pipálja ki és állítsa
0-ra (ez a t0 értéke).


0


0,1


0,2


0,3


0,4


0,5


0,6


5 7 9 11 13 15 17 19


Az ábra csak akkor helyes, ha t1 = 0, mert annak értékét nem lehet állítani Excelben.
Az áramerősség becslése 12 V esetén
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0,15	5,31
0,42	14,80
0,15	8,33
0,28	7,71
0,57	17,97
0,06	5,76
0,22	13,12
0,44	19,32
0,48	18,13
0,20	9,35







=TREND(A1:A10;B1:B10;12;HAMIS)


módon számolható. A kapott érték 0,30 két tizedesjegyre kerekítve. Tehát 12 V
feszültség esetén az átfolyó áram erősségét 0,3 A-ra becsüljük.


9.4. Példa. Az (η, ξ1, ξ2)-re vonatkozó mintarealizációt a fájl tartal-
mazza. Ez alapján becsülje meg a fixpontos lineáris regresszió a1, a2 együtthatóit
(t1, t2, t0) = (0,4; 0,75; 1) fixpont esetén. Ebből adjon becslést η-ra, ha ξ1 = 1,3 és
ξ2 = 7,5.


Megoldás. Nyissa meg a letöltött minta-34.txt fájlt például Notepad programmal,
majd Ctrl+A és Ctrl+C segítségével tegye a vágólapra a tartalmát. Nyisson meg egy
üres munkalapot Excelben, lépjen az A1 cellára, és Ctrl+V segítségével illessze be
a mintarealizációt. A t0 = 1, t1 = 0,4, t2 = 0,75 értékeket írja be rendre a G1, H1,
I1 cellákba. A D2 cellába írja be, hogy =A1-G$1 . A kitöltőjelet húzza F2-ig, majd a
kitöltőjelre kattintson kétszer.


Az â2, â1 kiszámolásához jelölje ki a G2:H2 cellatartományt, gépelje be a követke-
zőt:


=LIN.ILL(D1:D15;E1:F15;HAMIS) ,


majd nyomja meg a Ctrl+Shift+Enter billentyűket. A kapott értékek 1,9983 és 0,3312
négy tizedesjegyre kerekítve, így a továbbiakban ξ1 = x1 és ξ2 = x2 esetén


η ≃ 1 + 0,3312(x1 − 0,4) + 1,9983(x2 − 0,75)


közelítést lehet használni. Ennek értékét kell kiszámolni x1 = 1,3 és x2 = 7,5 esetén.
Ehhez az x1 − t1 = 1,3 − 0,4 és x2 − t2 = 7,5 − 0,75 értékeket gépelje a G3 és H3
cellákba, majd


=G1+TREND(D1:D15;E1:F15;G3:H3;HAMIS) .


A kapott érték 14,79 két tizedesjegyre kerekítve. Tehát η ≃ 14,79, ha ξ1 = 1,3 és
ξ2 = 7,5.


9.3. Nemlineáris regresszió


A lineáris regressziós közelítés sok esetben nem célszerű, mert valamilyen elvi vagy
tapasztalati tény a lineáris kapcsolatnak ellentmond. Ilyenkor meg kell tippelni, hogy
milyen típusú függvény közelíti jobban a kapcsolatot a lineárisnál (hatvány, exponen-
ciális, logaritmus, stb.), majd a regressziós függvény keresését le kell szűkíteni erre a
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			12,76			0,57			6,62


			19,30			1,20			9,75


			5,03			1,84			2,29


			18,00			3,87			8,81


			3,63			1,90			2,07


			7,86			2,18			3,62


			8,41			3,07			4,14


			17,27			3,63			8,12


			15,51			0,13			8,24


			16,04			2,72			8,18


			5,97			0,80			2,98


			7,72			1,32			3,86


			17,17			0,01			8,80


			9,51			2,47			4,46


			3,17			3,43			1,46









csoportra. Néhány esetben valamilyen transzformációval ez a keresés visszavezethető
a lineáris esetre. Most csak ilyen esetekkel foglalkozunk k = 1 esetén, azaz amikor az
η valószínűségi változót akarjuk becsülni ξ valamilyen függvényével.


9.3.1. Polinomos regresszió


Ebben az esetben a regressziós függvényt


y = a0 + a1x + a2x
2 + · · · + arx


r (a0, . . . , ar ∈ R+)


alakban keressük. Ekkor az a0, . . . , ar együtthatókat az η, ξ, ξ2, . . . , ξr között végre-
hajtott lineáris regresszió adja.


9.5. Példa. Az (η, ξ)-re vonatkozó mintarealizációt a fájl tartalmazza.
Ez alapján becsülje meg a másodfokú polinomos regressziós függvényt. A kapott
parabolát ábrázolja a mintarealizációval együtt.


Megoldás. Nyissa meg a letöltött minta-35.txt fájlt például Notepad programmal,
majd Ctrl+A és Ctrl+C segítségével tegye a vágólapra a tartalmát. Nyisson meg egy
üres munkalapot Excelben, lépjen az A1 cellára és Ctrl+V segítségével illessze be a
mintarealizációt. A C1 cellába írja be, hogy =B1^2 , majd a kitöltőjelre kattintson
kétszer. Az â2, â1, â0 kiszámolásához jelölje ki az D1:F1 tartományt, gépelje be a
következőt:


=LIN.ILL(A1:A10;B1:C10) ,


majd nyomja meg a Ctrl+Shift+Enter billentyűket. A kapott értékek −4,3773,
15,6534 és −7,2032 négy tizedesjegyre kerekítve, így a másodfokú polinomos reg-
ressziós függvény becslése:


y = −4,3773x2 + 15,6534x − 7,2032.


Most következik a grafikon. Jelölje ki az η-ra vonatkozó mintát (A1:A10), majd


Beszúrás → Diagramok →
Pont- (xy) vagy buborékdiagram beszúrása → Pont


Lépjen a diagramterületre, majd helyi menüből (jobb egérgomb) válassza az Adatok
kijelölése pontot.


Szerkesztés → Adatsor X értékei: =Munka1!$B$1:$B$10 → OK → OK
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-5,44	2,12
-40,64	5,06
-25,32	4,37
-4,09	1,06
14,16	1,93
-39,59	5,08
10,27	1,05
5,11	3,19
3,56	0,61
-5,00	0,17







Ezzel megjelentek a mintarealizáció pontjai. Következzen a másodfokú polinomos reg-
ressziós függvény becslésének a megrajzolása. Lépjen rá valamelyik kék jelölő pontra.
Helyi menüből válassza a Trendvonal felvétele pontot és válassza ki a Polinomiális
Fokszám 2) típust.


y = -4,3773x2 + 15,653x - 7,2032
-41


-31


-21


-11


-1


9


0 1 2 3 4 5


9.3.2. Hatványkitevős regresszió


Ebben az esetben a regressziós függvényt


y = axb (a ∈ R+, b ∈ R)


alakban keressük. Ez azzal ekvivalens, hogy ln y = ln a + b ln x, így ekkor ln η és ln ξ


között lineáris regressziót végrehajtva, a kapott a0, a1 együtthatókra teljesül, hogy
a0 = ln a, a1 = b, azaz a = ea0 , b = a1.


9.6. Példa. Az (η, ξ)-re vonatkozó mintarealizációt a fájl tartalmazza.
Ez alapján becsülje meg a hatványkitevős regressziós függvényt. A kapott függvényt
ábrázolja a mintarealizációval együtt.


Megoldás. Nyissa meg a letöltött minta-36.txt fájlt például Notepad programmal,
majd Ctrl+A és Ctrl+C segítségével tegye a vágólapra a tartalmát. Nyisson meg
egy üres munkalapot Excelben, lépjen az A1 cellára és Ctrl+V segítségével illessze
be a mintarealizációt. A C1 cellába írja be, hogy =LN(A1) , a kitöltőjelet húzza a D1
celláig, majd a kitöltőjelre kattintson kétszer. Az â1, â0 kiszámolásához jelölje ki az
E1:F1 tartományt, gépelje be a következőt:


=LIN.ILL(C1:C20;D1:D20) ,


majd nyomja meg a Ctrl+Shift+Enter billentyűket. Ekkor â = KITEVŐ(F1) = 3,0982
és b̂ = â1 = 3,4833 négy tizedesjegyre kerekítve, így a hatványkitevős regressziós
függvény becslése:


y = 3,0982x3,4833.
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			8079,69			9,55


			5169,17			8,41


			790,05			4,91


			556,20			4,45


			8288,45			9,62


			862,89			5,04


			5246,19			8,44


			83,45			2,59


			853,24			5,02


			3157,08			7,30


			2075,71			6,48


			5203,04			8,42


			1669,26			6,09


			878,79			5,07


			1550,87			5,96


			2611,24			6,92


			836,74			4,99


			3549,87			7,55


			185,64			3,24


			30,43			1,91









Most következik a grafikon. Jelölje ki az η-ra vonatkozó mintát (A1:A20), majd


Beszúrás → Diagramok →
Pont- (xy) vagy buborékdiagram beszúrása → Pont


Lépjen a diagramterületre, majd helyi menüből (jobb egérgomb) válassza az Adatok
kijelölése pontot.


Szerkesztés → Adatsor X értékei: =Munka1!$B$1:$B$20 → OK → OK


Ezzel megjelentek a mintarealizáció pontjai. Következzen a hatványkitevős regressziós
függvény becslésének a megrajzolása. Lépjen rá valamelyik kék jelölő pontra. Helyi
menüből válassza a Trendvonal felvétele pontot, majd válassza ki a Hatványos típust.


y = 3,0982x3,4833


0


1000


2000


3000


4000


5000


6000


7000


8000


9000


1 3 5 7 9


9.3.3. Exponenciális regresszió


Ebben az esetben a regressziós függvényt


y = abx (a, b ∈ R+)


alakban keressük. Ez azzal ekvivalens, hogy ln y = ln a + (ln b)x, így ekkor ln η és ξ


között lineáris regressziót végrehajtva, a kapott a0, a1 együtthatókra teljesül, hogy
a0 = ln a, a1 = ln b, azaz a = ea0 , b = ea1 .


9.7. Példa. Az (η, ξ)-re vonatkozó mintarealizációt a fájl tartalmazza.
Ez alapján becsülje meg az exponenciális regressziós függvényt. A kapott függvényt
ábrázolja a mintarealizációval együtt. Becsülje meg ebből η értékét, ha ξ = 5.


Megoldás. Nyissa meg a letöltött minta-37.txt fájlt például Notepad programmal,
majd Ctrl+A és Ctrl+C segítségével tegye a vágólapra a tartalmát. Nyisson meg egy
üres munkalapot Excelben, lépjen az A1 cellára és Ctrl+V segítségével illessze be
a mintarealizációt. Az előző megoldás logikáját is lehet követni, de Excelben erre
az esetre van külön függvény. A b̂, â kiszámolásához jelölje ki a C1:D1 tartományt,
gépelje be a következőt:
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23,68	1,45
4,96	0,14
44,62	2,01
55,93	2,19
18,60	1,09
27,04	1,45
323,24	3,79
874,89	4,70
8,39	0,55
21,63	1,33







=LOG.ILL(A1:A10;B1:B10) ,


majd nyomja meg a Ctrl+Shift+Enter billentyűket. Ekkor b̂ = 3,0495 és â = 4,8127
négy tizedesjegyre kerekítve, így az exponenciális regressziós függvény becslése:


y = 4,8127 · 3,0495x.


Ezután


=NÖV(A1:A10;B1:B10;5) .


értéke 1269,14, amely az η becslése ξ1 = 5 esetén. Most következik a grafikon. Jelölje
ki az η-ra vonatkozó mintát (A1:A10), majd


Beszúrás → Diagramok →
Pont- (xy) vagy buborékdiagram beszúrása → Pont


Lépjen a diagramterületre, majd helyi menüből (jobb egérgomb) válassza az Adatok
kijelölése pontot.


Szerkesztés → Adatsor X értékei: =Munka1!$B$1:$B$10 → OK → OK


Ezzel megjelentek a mintarealizáció pontjai. Következzen az exponenciális regressziós
függvény becslésének a megrajzolása. Lépjen rá valamelyik kék jelölő pontra. Helyi
menüből válassza a Trendvonal felvétele pontot, majd válassza ki a Exponenciális
típust.
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9.3.4. Logaritmikus regresszió


Ebben az esetben a regressziós függvényt


y = a + b ln x (a, b ∈ R)


alakban keressük. Így ekkor η és ln ξ között lineáris regressziót végrehajtva, a =
= a0, b = a1. (Lásd a 9.5. gyakorlatot.)
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9.3.5. Hiperbolikus regresszió


Ebben az esetben a regressziós függvényt


y = 1
a + bx


(a, b ∈ R)


alakban keressük. Ez azzal ekvivalens, hogy y−1 = a + bx, így ekkor η−1 és ξ között
lineáris regressziót végrehajtva, a = a0, b = a1. (Lásd a 9.6. gyakorlatot.)


9.4. Gyakorlatok


9.1. gyakorlat. Az (η, ξ1, ξ2, ξ3) valószínűségi vektorváltozóra vonatkozó mintareali-
zációt a fájl tartalmazza. Ez alapján becsülje meg a lineáris regresszió
együtthatóit, majd ebből η értékét, ha ξ1 = 6,3, ξ2 = 0,7, ξ3 = 0,9.


9.2. gyakorlat. Az (η, ξ1)-re vonatkozó mintarealizációt a fájl tar-
talmazza. Ez alapján becsülje meg a (t1, t0) = (0, 3) fixpontos lineáris regresszió
a1 együtthatóját. A kapott egyenest ábrázolja a mintarealizációval együtt. Adjon
becslést arra, hogy mekkora lesz η, ha ξ1 = 1,6.


Útmutatás. Nézze át a fixpontos lineáris regressziónál található példákat. Az ábrázo-
lásnál a trendvonal felvételénél a metszéspontot állítsa 3-ra.


9.3. gyakorlat. Az (η, ξ1, ξ2, ξ3) valószínűségi vektorváltozóra vonatkozó mintareali-
zációt a fájl tartalmazza. Ez alapján becsülje meg a (t1, t2, t3, t0) =
= (1, 1, 1, 1) fixpontos lineáris regresszió együtthatóit, majd ebből η értékét, ha
ξ1 = 6,3, ξ2 = 0,7, ξ3 = 0,9.


9.4. gyakorlat. Oldja meg az exponenciális regresszióra vonatkozó példát LOG.ILL


és NÖV függvények nélkül.


Útmutatás. Használja fel az exponenciális regresszió és a lineáris regresszió kapcsola-
tát.


9.5. gyakorlat. Az (η, ξ)-re vonatkozó mintarealizációt a fájl tar-
talmazza. Ez alapján becsülje meg a logaritmikus regressziós függvényt. A kapott
függvényt ábrázolja a mintarealizációval együtt. Becsülje meg ebből η értékét, ha
ξ = 5,3.


Útmutatás. Használja fel a logaritmikus regresszió és a lineáris regresszió kapcsolatát.
A trendvonal felvételénél a logaritmikus pontot jelölje ki. Az eredményt a következő
ábra mutatja.
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			5,04			9,86			1,70			0,06


			8,98			9,47			2,40			0,89


			-4,67			6,04			2,93			0,33


			2,32			8,69			1,70			0,00


			-2,84			5,05			2,54			-0,61


			4,19			6,15			1,05			0,71


			11,81			9,92			0,62			0,09


			5,90			8,17			0,41			-0,47


			7,90			7,09			0,11			0,12


			9,07			6,79			0,44			-0,11


			-3,99			5,72			2,93			0,62


			7,37			6,43			1,94			-0,03


			6,16			9,37			1,11			0,05
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			2,20			0,29
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			10,38			0,77


			16,23			1,41
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			15,42			1,91


			-12,24			-2,53


			0,79			-0,37


			4,98			0,65


			-1,95			-0,79
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			-5,08			6,08
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			-5,57			8,42


			-2,32			3,52


			-3,54			3,55


			-6,77			10,00


			-6,43			9,01


			-5,23			7,50


			-7,07			10,86


			-2,62			3,72


			-2,79			3,83


			-6,16			7,30


			-1,80			2,95


			-4,23			4,24


			-5,74			5,68
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y = -3,918ln(x) + 2,0046
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9.6. gyakorlat. Az (η, ξ)-re vonatkozó mintarealizációt a fájl tar-
talmazza. Ez alapján becsülje meg a hiperbolikus regressziós függvényt. A kapott
függvényt ábrázolja a mintarealizációval együtt. Becsülje meg ebből η értékét, ha
ξ = 4,2.


Útmutatás. Használja fel a hiperbolikus regresszió és a lineáris regresszió kapcsolatát.
Az eredményt a következő ábra mutatja.
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A becsült görbe egyenlete y = 1
2,8347+5,0766x


. A trendvonal ábrázolásánál vegyen fel
sűrűn pontokat a görbén és folytonos vonallal húzza azokat össze, úgy, ahogy azt a
tapasztalati és valódi eloszlásfüggvény egy diagramon való ábrázolásánál tettük.
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			0,14			0,88


			0,03			7,12


			0,01			8,10


			0,05			3,56


			0,04			6,10


			0,06			3,58


			0,02			9,01


			0,03			8,93


			0,28			0,29


			0,26			0,43


			0,02			8,38


			0,07			2,07


			0,03			4,04


			0,06			2,50


			0,04			7,94


			0,02			9,51


			0,02			9,27


			0,03			9,19


			0,13			1,12


			0,14			1,13









10. fejezet


Összefoglaló


10.1. Eloszlások generálása


10.1.1. Egyenletes eloszlásból származtatott eloszlások


Itt az η, η0, η1, η2, . . . független, a [0, 1] intervallumon egyenletes eloszlású valószínű-
ségi változókat jelent.


• Diszkrét egyenletes eloszlás
Ha m ∈ N, akkor [mη]+1 diszkrét egyenletes eloszlású az {1, . . . , m} halmazon.


• Karakterisztikus eloszlás
Ha 0 < p < 1, akkor Iη<p karakterisztikus eloszlású p paraméterrel.


• Binomiális eloszlás
Ha r ∈ N és 0 < p < 1, akkor


r∑
i=1


Iηi<p r-edrendű p paraméterű binomiális
eloszlású.


• Hipergeometrikus eloszlás
Legyen r, M, N ∈ N, M < N , továbbá r ≤ min{M, N − M}. Ekkor


ξ0 ≡ 0, ξi :=


ξi−1 + 1, ha ηi < M−ξi−1
N−i+1 ,


ξi−1, különben,
(i = 1, . . . , r)


jelöléssel ξr hipergeometrikus eloszlású N, M, r paraméterekkel.


• Poisson-eloszlás
Ha λ > 0, akkor min


{
s ∈ N ∪ {0} : η0η1 · · · ηs < e−λ


}
Poisson-eloszlású λ pa-


raméterrel.


107







• Geometriai eloszlás
Ha 0 < p < 1, akkor min {s ∈ N : ηs < p } geometriai eloszlású p paraméterrel.


• Folytonos egyenletes eloszlás
Ha a, b ∈ R, a < b, akkor a + (b − a)η az [a, b] intervallumon egyenletes
eloszlású.


• Exponenciális eloszlás
Ha λ > 0, akkor − ln η


λ
exponenciális eloszlású λ paraméterrel.


• Gamma-eloszlás
Ha λ > 0 és r ∈ N, akkor − 1


λ


r∑
i=1


ln ηi r-edrendű λ paraméterű gamma-eloszlású.
Tetszőleges r, λ > 0 esetén F −1(η) r-edrendű λ paraméterű gamma-eloszlású,
ahol F = F [Gamma(r; λ)].


• Normális eloszlás
Ha m ∈ R és σ > 0, akkor m + σ


√
−2 ln η1 cos(2πη2) illetve F −1(η) normális


eloszlású m várható értékkel és σ szórással, ahol F = F [Norm(m; σ)]. (Standard
normális eloszlás esetén m = 0, σ = 1 és F = Φ.)


10.1.2. Normális eloszlásból származtatott eloszlások


Itt az η, ηi (i ∈ N) független standard normális eloszlású valószínűségi változókat,
míg ξ a [0, 1] intervallumon egyenletes eloszlású valószínűségi változót jelent.


• Khi-négyzet eloszlás
Ha s ∈ N, akkor


s∑
i=1


η2
i illetve F −1(ξ) khi-négyzet eloszlású s szabadsági fokkal,


ahol F = F [Khi(s)].


• t-eloszlás
Ha s ∈ N, akkor η


√
s/


s∑
i=1


η2
i illetve F −1(ξ) t-eloszlású s szabadsági fokkal, ahol


F = F [T(s)].


• Cauchy-eloszlás
Ha µ ∈ R és σ > 0, akkor µ + σ η1


η2
illetve µ + σ tg π


2 (2ξ − 1) Cauchy-eloszlású
µ és σ paraméterekkel. (Standard Cauchy-eloszlás esetén µ = 0 és σ = 1.)


• F-eloszlás
Ha s1, s2 ∈ N, akkor s2


s1


s1∑
i=1


η2
i /


s1+s2∑
i=s1+1


η2
i illetve F −1(ξ) F-eloszlású s1 és s2 sza-


badsági fokkal, ahol F = F [F(s1; s2)].
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10.2. Grafikus illeszkedésvizsgálat


Legyen x1 < x2 < · · · < xr, továbbá tegyük fel, hogy a mintarealizáció legkisebb
eleme nagyobb x1-nél, a mintarealizáció legnagyobb eleme pedig kisebb xr-nél.


• Exponencialitásvizsgálat
Ha a vizsgált valószínűségi változó exponenciális eloszlású λ paraméterrel,
akkor yi := ln


(
1−F ∗


n(xi)
)


jelöléssel az (x1, y1), . . . , (xr, yr) koordinátájú pontok
körülbelül egy olyan egyenesre esnek, melynek −λ a meredeksége és átmegy az
origón.


• Normalitásvizsgálat
Ha a vizsgált valószínűségi változó normális eloszlású m várható értékkel és σ


szórással, akkor yi := Φ−1
(
F ∗


n(xi)
)


jelöléssel az (x1, y1), . . . , (xr, yr) koordiná-
tájú pontok körülbelül egy olyan egyenesre esnek, melynek 1


σ
a meredeksége és


−m
σ


értéknél metszi a függőleges tengelyt.


10.3. Intervallumbecslések


Legyen a ξ valószínűségi változóra vonatkozó minta ξ1, . . . , ξn, és 1 − α a becsülendő
paraméterre vonatkozó [τ1, τ2] konfidenciaintervallum biztonsági szintje.


• ξ ∈ Norm(m; σ)
m az ismeretlen becsülendő paraméter, σ ismert
τ1 = ξ − σ√


n
Φ−1


(
1 − α


2


)
τ2 = ξ + σ√


n
Φ−1


(
1 − α


2


)
• ξ ∈ Norm(m; σ)


m ismert, σ az ismeretlen becsülendő paraméter
F = F [Khi(n)]


τ1 =
√


1
F −1(1− α


2 )
n∑


i=1
(ξi − m)2 τ2 =


√
1


F −1(α
2 )


n∑
i=1


(ξi − m)2


• ξ ∈ Norm(m; σ)
m ismeretlen, σ az ismeretlen becsülendő paraméter
n ≥ 2, F = F [Khi(n − 1)]
τ1 = Sn


√
n


F −1(1− α
2 ) τ2 = Sn


√
n


F −1(α
2 )


• ξ ∈ Norm(m; σ)
m az ismeretlen becsülendő paraméter, σ ismeretlen
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n ≥ 2, F = F [T(n − 1)]
τ1 = ξ − S∗


n√
n
F −1


(
1 − α


2


)
τ2 = ξ + S∗


n√
n
F −1


(
1 − α


2


)
• ξ ∈ Exp(λ)


λ az ismeretlen becsülendő paraméter
F = F [Gamma(n; 1)]
τ1 = (nξ)−1F −1


(
α
2


)
τ2 = (nξ)−1F −1


(
1 − α


2


)
• ξ ∈ Bin(1; p)


p az ismeretlen becsülendő paraméter
τ1 = 1


n
max


{
z ∈ N :


z∑
i=0


(
n
i


)
ξ


i(1 − ξ)n−i < α
2


}
τ2 = 1


n
min


{
z ∈ N :


z∑
i=0


(
n
i


)
ξ


i(1 − ξ)n−i ≥ 1 − α
2


}
Nagy n-re:
c = Φ−1


(
1 − α


2


)
τ1 =


ξ + c2


2n
− c√


n


√
ξ(1 − ξ) + c2


4n


1 + c2


n


≃ ξ − c√
n


√
ξ(1 − ξ)


τ2 =
ξ + c2


2n
+ c√


n


√
ξ(1 − ξ) + c2


4n


1 + c2


n


≃ ξ + c√
n


√
ξ(1 − ξ)


• ξ az [a, b] intervallumon egyenletes eloszlású
a ismert, b az ismeretlen becsülendő paraméter
F = F [Gamma(n; 1)], c1 = F −1


(
α
2


)
, c2 = F −1


(
1 − α


2


)
τ1 = a +


(
ec1


n∏
i=1


(ξi − a)
) 1


n


τ2 = a +
(
ec2


n∏
i=1


(ξi − a)
) 1


n


10.4. Paraméteres hipotézisvizsgálatok


A következőkben 1 − α a próba szintjét jelenti.


• Egymintás u-próba
ξ ∈ Norm(m; σ), m ismeretlen, σ ismert, a ξ-re vonatkozó minta n elemű,
m0 ∈ R.


H0 : m = m0 kritikus tartomány
H1 : m ̸= m0 2 − 2Φ(|u|) < α


H1 : m < m0 1 − Φ(|u|) < α és u < 0
H1 : m > m0 1 − Φ(|u|) < α és u > 0
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ahol
u = ξ − m0


σ


√
n.


• Kétmintás u-próba
ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) függetlenek, m1, m2 ismeretlenek, σ1, σ2


ismertek, a ξ-re vonatkozó minta n1 elemű, az η-ra vonatkozó minta n2 elemű.


H0 : m1 = m2 kritikus tartomány
H1 : m1 ̸= m2 2 − 2Φ(|u|) < α


H1 : m1 < m2 1 − Φ(|u|) < α és u < 0
H1 : m1 > m2 1 − Φ(|u|) < α és u > 0


ahol
u = ξ − η√


σ2
1


n1
+ σ2


2
n2


.


• Egymintás t-próba
ξ ∈ Norm(m; σ), a paraméterek ismeretlenek, a ξ-re vonatkozó minta n elemű,
m0 ∈ R.


H0 : m = m0 kritikus tartomány
H1 : m ̸= m0 2 − 2F (|t|) < α


H1 : m < m0 1 − F (|t|) < α és t < 0
H1 : m > m0 1 − F (|t|) < α és t > 0


ahol
t = ξ − m0


S∗
n


√
n és F = F [T(n − 1)].


• Kétmintás t-próba
ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) függetlenek, σ1 = σ2, a paraméterek
ismeretlenek, a ξ-re vonatkozó minta n1 elemű, az η-ra vonatkozó minta n2


elemű.


H0 : m1 = m2 kritikus tartomány
H1 : m1 ̸= m2 2 − 2F (|t|) < α


H1 : m1 < m2 1 − F (|t|) < α és t < 0
H1 : m1 > m2 1 − F (|t|) < α és t > 0


ahol


t = ξ − η√
n1S2


ξ,n1 + n2S2
η,n2


√
n1n2(n1 + n2 − 2)


n1 + n2
és F = F [T(n1 + n2 − 2)].
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• Scheffé-módszer
ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) függetlenek, a paraméterek ismeretlenek,
a ξ-re vonatkozó minta n1 elemű, az η-ra vonatkozó minta n2 elemű, n1 ≤ n2.


H0 : m1 = m2 kritikus tartomány
H1 : m1 ̸= m2 2 − 2F (|t|) < α


H1 : m1 < m2 1 − F (|t|) < α és t < 0
H1 : m1 > m2 1 − F (|t|) < α és t > 0


ahol
ζi := ξi −


√
n1


n2
ηi + 1


√
n1n2


n1∑
k=1


ηk − η (i = 1, . . . , n1)


jelöléssel


t = ζ


S∗
ζ,n1


√
n1 és F = F [T(n1 − 1)].


Speciálisan n1 = n2 esetén ζi = ξi − ηi teljesül. A módszert ekkor párosított
t-próbának is nevezik. Ebben az esetben a módszer akkor is alkalmazható, ha a
minták nem függetlenek, de csak akkor, ha ξ − η normális eloszlású.


• Welch-próba
ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) függetlenek, a paraméterek ismeretlenek,
a ξ-re vonatkozó minta n1 elemű, az η-ra vonatkozó minta n2 elemű.


H0 : m1 = m2 kritikus tartomány
H1 : m1 ̸= m2 2 − 2F (|t|) < α


H1 : m1 < m2 1 − F (|t|) < α és t < 0
H1 : m1 > m2 1 − F (|t|) < α és t > 0


ahol
t := ξ − η√√√√S∗2


ξ,n1


n1
+


S∗2
η,n2


n2


és F ≃ F [T(s)].


Az s szabadsági fok a c értékének kerekítése a legközelebbi egészre, ahol


a :=
S∗2


ξ,n1


n1
, b :=


S∗2
η,n2


n2
, c := (a + b)2


a2


n1 − 1 + b2


n2 − 1


.


• F-próba
ξ ∈ Norm(m1; σ1), η ∈ Norm(m2; σ2) függetlenek, a paraméterek ismeretlenek,
a ξ-re vonatkozó minta n1 elemű, az η-ra vonatkozó minta n2 elemű.
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H0 : σ1 = σ2 kritikus tartomány
H1 : σ1 ̸= σ2 2 min{F (F), 1 − F (F)} < α


H1 : σ1 < σ2 min{F (F), 1 − F (F)} < α és F < 1
H1 : σ1 > σ2 min{F (F), 1 − F (F)} < α és F > 1


ahol


F =
S∗2


ξ,n1


S∗2
η,n2


és F := F [F(n1 − 1; n2 − 1)].


• Khi-négyzet próba normális eloszlás szórására
ξ ∈ Norm(m; σ), a paraméterek ismeretlenek, a ξ-re vonatkozó minta n elemű,
σ0 > 0.


H0 : σ = σ0 kritikus tartomány
H1 : σ ̸= σ0 2 min{F (χ2), 1 − F (χ2)} < α


H1 : σ < σ0 min{F (χ2), 1 − F (χ2)} < α és χ2 < n − 1
H1 : σ > σ0 min{F (χ2), 1 − F (χ2)} < α és χ2 > n − 1


ahol


χ2 = S∗2
n


σ2
0


(n − 1) és F = F [Khi(n − 1)].


• Statisztikai próba az exponenciális eloszlás paraméterére
ξ ∈ Exp(λ), ahol λ ismeretlen, a ξ-re vonatkozó minta n elemű, λ0 > 0.


H0 : λ = λ0 kritikus tartomány
H1 : λ ̸= λ0 2 min{F (γ), 1 − F (γ)} < α


H1 : λ < λ0 min{F (γ), 1 − F (γ)} < α és γ > n


H1 : λ > λ0 min{F (γ), 1 − F (γ)} < α és γ < n


ahol
γ = λ0nξ és F = F [Gamma(n; 1)].


• Statisztikai próba valószínűségre
ξ ∈ Bin(1; p), p ismeretlen, a ξ-re vonatkozó minta n elemű, 0 < p0 < 1.


H0 : p = p0 kritikus tartomány
H1 : p ̸= p0 nξ < F −1


(
α
2


)
vagy nξ > F −1


(
1 − α


2


)
H1 : p < p0 nξ < F −1(α)
H1 : p > p0 nξ > F −1(1 − α)


ahol
F −1(x) = min


{
z ∈ N :


z∑
i=0


(
n


i


)
pi


0(1 − p0)n−i ≥ x


}
.
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10.5. Nemparaméteres hipotézisvizsgálatok


A következőkben 1 − α a próba szintjét jelenti.


• Tiszta illeszkedésvizsgálat valószínűségre
A1, . . . , Ar teljes eseményrendszer, p1, . . . , pr ∈ R+, p1 + · · · + pr = 1.


H0 : Ai valószínűsége pi ∀i ,


Legyen ϱi az Ai gyakorisága n kísérlet után (ϱi ≥ 10 ∀i),


νi = npi, χ2 =
r∑


i=1


(ϱi − νi)2


νi


és F ≃ F [Khi(r − 1)].


Kritikus tartomány: 1 − F (χ2) < α.


• Tiszta illeszkedésvizsgálat eloszlásfüggvényre
Legyen ξ a vizsgált valószínűségi változó és F0 egy eloszlásfüggvény.


H0 : ξ eloszlásfüggvénye F0


Legyen a1 < a2 < · · · < ar−1, I1 = (−∞, a1), I2 = [a1, a2), I3 = [a2, a3),
. . . , Ir−1 = [ar−2, ar−1), Ir = [ar−1, ∞). Jelölje ϱi a ξ-re vonatkozó n elemű
mintában az Ii intervallumba eső mintaelemek számát (ϱi ≥ 10 ∀i), továbbá
legyen p1 = F0(a1), p2 = F0(a2) − F0(a1), p3 = F0(a3) − F0(a2), . . . , pr−1 =
= F0(ar−1) − F0(ar−2), pr = 1 − F0(ar−1),


νi = npi, χ2 =
r∑


i=1


(ϱi − νi)2


νi


és F ≃ F [Khi(r − 1)].


Kritikus tartomány: 1 − F (χ2) < α.


• Becsléses illeszkedésvizsgálat
Legyen ξ a vizsgált valószínűségi változó és Fϑ eloszlásfüggvény minden ϑ ∈
∈ Θ ⊂ Rv esetén.


H0 : ξ eloszlásfüggvénye Fϑ valamely ϑ ∈ Θ esetén


Legyen a1 < a2 < · · · < ar−1, I1 = (−∞, a1), I2 = [a1, a2), I3 = [a2, a3),
. . . , Ir−1 = [ar−2, ar−1), Ir = [ar−1, ∞). Jelölje ϱi a ξ-re vonatkozó n elemű
mintában az Ii intervallumba eső mintaelemek számát (ϱi ≥ 10 ∀i). Legyen
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ϑ̂ a ϑ maximum likelihood becslése H0 feltételezésével, továbbá p̂1 = F
ϑ̂
(a1),


p̂2 = F
ϑ̂
(a2) − F


ϑ̂
(a1), p̂3 = F


ϑ̂
(a3) − F


ϑ̂
(a2), . . . , p̂r−1 = F


ϑ̂
(ar−1) − F


ϑ̂
(ar−2),


p̂r = 1 − F
ϑ̂
(ar−1),


νi = np̂i, χ2 =
r∑


i=1


(ϱi − νi)2


νi


és F ≃ F [Khi(r − 1 − v)].


Kritikus tartomány: 1 − F (χ2) < α.


• Függetlenségvizsgálat eseményrendszerekre
A1, . . . , Ar és B1, . . . , Bs két teljes eseményrendszer. A nullhipotézisben azt
feltételezzük, hogy a két eseményrendszer független egymástól, azaz


H0 : P(Ai ∩ Bj) = P(Ai) P(Bj) ∀i, j ,


ahol P a valódi valószínűség. Végezzünk n darab kísérletet. Legyen ϱij az Ai∩Bj


gyakorisága (ϱij ≥ 10), ki az Ai gyakorisága, lj az Bj gyakorisága,


νij = kilj
n


, χ2 =
r∑


i=1


s∑
j=1


(ϱij − νij)2


νij


és F ≃ F [Khi((r − 1)(s − 1))].


Kritikus tartomány: 1 − F (χ2) < α.


• Függetlenségvizsgálat két valószínűségi változóra
A vizsgált valószínűségi változók ξ és η.


H0 : ξ és η függetlenek


A (ξ, η)-ra vonatkozó minta (ξ1, η1), . . . , (ξn, ηn).


Legyen a0 < a1 < · · · < ar, tegyük fel, hogy ξ1, . . . , ξn minden eleme benne
van az [a0, ar) intervallumban. Jelölje ki a ξ1, . . . , ξn mintában az [ai−1, ai)
intervallumba eső elemek számát.


Legyen b0 < b1 < · · · < bs, tegyük fel, hogy η1, . . . , ηn minden eleme ben-
ne van a [b0, bs) intervallumban. Jelölje lj az η1, . . . , ηn mintában a [bj−1, bj)
intervallumba eső elemek számát.


Jelölje ϱij a (ξ1, η1), . . . , (ξn, ηn) mintában az [ai−1, ai) × [bj−1, bj) tartományba
eső elemek számát (ϱij ≥ 10),


νij = kilj
n


, χ2 =
r∑


i=1


s∑
j=1


(ϱij − νij)2


νij


és F ≃ F [Khi((r − 1)(s − 1))].
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Kritikus tartomány: 1 − F (χ2) < α.


• Homogenitásvizsgálat
Legyenek ξ1, . . . , ξn1 és η1, . . . , ηn2 a ξ illetve η független valószínűségi változókra
vonatkozó minták.


H0 : ξ és η azonos eloszlású


Legyen a0 < a1 < · · · < ar, tegyük fel, hogy mindkét minta minden eleme benne
van az [a0, ar) intervallumban. Jelölje ϱi1 a ξ1, . . . , ξn1 mintában az [ai−1, ai)
intervallumba eső elemek számát (ϱi1 ≥ 10), illetve ϱi2 az η1, . . . , ηn2 mintában
az [ai−1, ai) intervallumba eső elemek számát (ϱi2 ≥ 10), továbbá


νij = (ϱi1 + ϱi2)nj


n1 + n2
, χ2 =


r∑
i=1


2∑
j=1


(ϱij − νij)2


νij


és F = F [Khi(r − 1)].


Kritikus tartomány: 1 − F (χ2) < α.


• Kétmintás előjelpróba
(ξ, η)-ra vonatkozó minta (ξ1, η1), . . . , (ξn, ηn).


H0 : P(ξ > η) = 1
2 kritikus tartomány


H1 : P(ξ > η) ̸= 1
2 B < F −1(α


2 ) vagy B > F −1(1 − α
2 )


H1 : P(ξ > η) < 1
2 B < F −1(α)


H1 : P(ξ > η) > 1
2 B > F −1(1 − α)


ahol B azon (ξi, ηi) mintaelemek száma, melyekre ξi − ηi pozitív, továbbá


F −1(x) = min
{


z ∈ N :
z∑


i=0


(
n


i


)(1
2


)n


≥ x


}
.


• Kolmogorov – Szmirnov-féle kétmintás próba
ξ és η folytonos eloszlásfüggvényű független valószínűségi változók, az ezekre
vonatkozó minták ξ1, . . . , ξn illetve η1, . . . , ηn (n > 30).


H0 : ξ és η azonos eloszlású


ξ-re illetve η-ra vonatkozó mintákhoz tartozó tapasztalati eloszlásfüggvények
F ∗


n illetve G∗
n,


D =
√


n


2 max
i=1,...,n


max
{
|F ∗


n(ξi) − G∗
n(ξi)|, |F ∗


n(ηi) − G∗
n(ηi)|


}
,
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K(z) = 1 + 2
∞∑


i=1
(−1)ie−2i2z2


.


Kritikus tartomány: K(D) ≥ 1 − α.


• Kolmogorov – Szmirnov-féle egymintás próba
ξ folytonos eloszlásfüggvényű valószínűségi változó, az erre vonatkozó minta
ξ1, . . . , ξn (n > 30).


H0 : ξ eloszlásfüggvénye F


D =
√


n max
i=1,...,n


max
{
|F ∗


n(ξi) − F (ξi)|, |G∗
n(ξi) − F (ξi)|


}
,


ahol F ∗
n a tapasztalati eloszlásfüggvény, ki azon mintaelemek száma, melyek


nem nagyobbak ξi-nél és G∗
n(ξi) = ki


n
.


K(z) = 1 + 2
∞∑


i=1
(−1)ie−2i2z2


.


Kritikus tartomány: K(D) ≥ 1 − α.


10.6. Regressziószámítás


Az η, ξ1, . . . , ξk valószínűségi változókra adjuk meg azt az η ≃ g(ξ1, . . . , ξk) közelítést
adó g függvényt, melyre E


(
η − g(ξ1, . . . , ξk)


)2
minimális. Az ilyen tulajdonságú g


függvényt (regressziós függvény) a gyakorlatban csak becsülni tudjuk az (η, ξ1, . . . , ξk)
valószínűségi vektorváltozóra vonatkozó


(ηi, ξi1, . . . , ξik), i = 1, . . . , n


minta alapján. Legyen ez a becslés ĝ. Ezután az η ≃ ĝ(ξ1, . . . , ξk) közelítést fogjuk
használni.


• Lineáris regresszió
A regressziós függvényt csak a


g(x1, . . . , xk) = a0 + a1x1 + · · · + akxk (a0, . . . , ak ∈ R)


alakú függvények között keressük. Ekkor az


η ≃ â0 + â1ξ1 + · · · + âkξk
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közelítést fogjuk használni, ahol â0, . . . , âk rendre a0, . . . , ak becslései.


• Fixpontos lineáris regresszió
Legyenek t0, . . . , tk ∈ R rögzített konstansok. A regressziós függvényt


g(x1, . . . , xk) = t0 + a1(x1 − t1) + · · · + ak(xk − tk) (a1, . . . , ak ∈ R)


alakban keressük. Ekkor az


η ≃ t0 + â1(ξ1 − t1) + · · · + âk(ξk − tk)


közelítést fogjuk használni, ahol â1, . . . , âk rendre a1, . . . , ak becslései.


• Polinomos regresszió
k = 1 és a regressziós függvényt


y = a0 + a1x + a2x
2 + · · · + arx


r (a0, . . . , ar ∈ R+)


alakban keressük. Az a0, . . . , ar együtthatókat az η, ξ1, ξ2
1 , . . . , ξr


1 között vég-
rehajtott lineáris regresszió adja.


• Hatványkitevős regresszió
k = 1 és a regressziós függvényt


y = axb (a ∈ R+, b ∈ R)


alakban keressük. Ez azzal ekvivalens, hogy


ln y = ln a + b ln x,


így ekkor ln η és ln ξ1 között lineáris regressziót végrehajtva, a kapott a0, a1


együtthatókra teljesül, hogy


a = ea0 , b = a1 .


• Exponenciális regresszió
k = 1 és a regressziós függvényt


y = abx (a, b ∈ R+)
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alakban keressük. Ez azzal ekvivalens, hogy


ln y = ln a + (ln b)x,


így ekkor ln η és ξ1 között lineáris regressziót végrehajtva, a kapott a0, a1


együtthatókra teljesül, hogy


a = ea0 , b = ea1 .


• Logaritmikus regresszió
k = 1 és a regressziós függvényt


y = a + b ln x (a, b ∈ R)


alakban keressük. Így ekkor η és ln ξ1 között lineáris regressziót végrehajtva,


a = a0, b = a1 .


• Hiperbolikus regresszió
k = 1 és a regressziós függvényt


y = 1
a + bx


(a, b ∈ R)


alakban keressük. Ez azzal ekvivalens, hogy


y−1 = a + bx,


így ekkor η−1 és ξ1 között lineáris regressziót végrehajtva,


a = a0, b = a1 .


10.7. Excel függvények


10.7.1. Analysis ToolPak aktiválása


Az Adatok/Adatelemzés menüpont használatához aktiválja az Analysis ToolPak
bővítményt: Fájl/Beállítások/Bővítmények majd Ugrás gomb. Pipálja ki az Analysis
ToolPak sort majd OK.
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10.7.2. Képlet bevitele


Minden képletet = jellel kell kezdeni. Ha a képlet egyértékű eredményt ad, akkor
nyomjon Enter-t.


10.7.3. Tömbképlet bevitele


Ha a képlet eredménye tömb (például egy mátrix inverze), akkor először jelölje
ki a megfelelő méretű tömböt, gépelje be a képletet (előtte =), majd nyomjon
Ctrl+Shift+Enter-t.


10.7.4. Tömbképlet javítása


Ha egy tömbképletet javítani akar, akkor jelölje ki a tömbképletre vonatkozó tömböt,
F2, javítás, majd Ctrl+Shift+Enter.


10.7.5. Műveletek


+ összeadás
- kivonás
* szorzás
/ osztás
^ hatványozás


10.7.6. Relációk


= egyenlő
< kisebb
> nagyobb
<= kisebb vagy egyenlő
>= nagyobb vagy egyenlő
<> nem egyenlő


10.7.7. Konstansok


e = KITEVŐ(1)


π = PI()
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10.7.8. Logikai függvények


HA(feltétel;ha igaz;ha hamis)


ÉS(feltétel1;feltétel2;...)


VAGY(feltétel1;feltétel2;...)


10.7.9. Elemi függvények


|x| = ABS(x) x ∈ R
[x] = INT(x) x ∈ R
sign x = ELŐJEL(x) x ∈ R
ln x = LN(x) x > 0
loga x = LOG(x;a) x > 0, a > 0, a ̸= 1
√


x = GYÖK(x) x ≥ 0
xa = HATVÁNY(x;a) = x^a


ex = KITEVŐ(x) x ∈ R
sin x = SIN(x) x ∈ R
cos x = COS(x) x ∈ R
tg x = TAN(x) x ∈ R, x ̸= k π


2 , ahol k páratlan egész
arcsin x = ARCSIN(x) x ∈ [−1, 1]
arccos x = ARCCOS(x) x ∈ [−1, 1]
arctg x = ARCTAN(x) x ∈ R
Γ(x) =


∞∫
0


ux−1e−u du = GAMMA(x)) x > 0


10.7.10. Mátrixok


MDETERM(tömb) A tömb-ben található n × n típusú mátrix determinánsa
TRANSZPONÁLÁS(tömb) A tömb-ben található m × n típusú mátrix transzponáltja,
mely egy n × m méretű tömbben helyezkedik el (tömbképlet!).
INVERZ.MÁTRIX(tömb) A tömb-ben található n × n típusú mátrix inverze, mely egy
n × n méretű tömbben helyezkedik el (tömbképlet!).
MSZORZAT(tömb1;tömb2) A tömb1-ben található m × n típusú mátrix és a tömb2-ben
található n × k típusú mátrix szorzata, mely egy m × k méretű tömbben helyezkedik
el (tömbképlet!).
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10.7.11. Kombinatorika


m! = FAKT(m) m ∈ N
m!! = FAKTDUPLA(m) m ∈ N (m!! az ún. szemifaktoriális, amely 1 · 3 · . . . · m, ha m


páratlan, illetve 2 · 4 · . . . · m, ha m páros.)(
m
k


)
= KOMBINÁCIÓK(m;k) m ∈ N, k = 0, . . . , m


m!
(m−k)! = VARIÁCIÓK(m;k) m ∈ N, k = 0, . . . , m
(k1+k2+···+kr)!


k1!·k2!·...·kr! = SZORHÁNYFAKT(k1;k2;...;kr) k1, k2, . . . , kr ∈ N


10.7.12. Pszeudo-véletlen szám generálása


VÉL() [0, 1] intervallumon egyenletes eloszlású pszeudo-véletlen szám
VÉLETLEN.KÖZÖTT(a;b) = INT((b-a+1)*VÉL())+a (a, b ∈ N, a < b) diszkrét egyenle-
tes eloszlású pszeudo-véletlen szám az {a, a + 1, . . . , b} halmazon


10.7.13. Statisztikák


Legyen a ξ valószínűségi változóra vonatkozó x1, . . . , xn mintarealizáció az A oszlopban.
Jelölje x∗


1, . . . , x∗
n a rendezett mintarealizációt. Ekkor


x∗
1 = MIN(A:A)


x∗
n = MAX(A:A)


x∗
k = KICSI(A:A;k) k = 1, . . . , n


x∗
n−k = NAGY(A:A;k + 1) k = 0, . . . , n − 1


min{k : x∗
k = xi} = RANG.EGY(xi;A:A;1) i = 1, . . . , n


min{k : x∗
n−k = xi} + 1 = RANG.EGY(xi;A:A;0) i = 1, . . . , n


n = DARAB(A:A)


ξ = ÁTLAG(A:A)


Sn = SZÓR.S(A:A)


S2
n = VAR.S(A:A)


S∗
n = SZÓR.M(A:A)


S∗
n


2 = VAR.M(A:A)


tapasztalati medián = MEDIÁN(A:A)


tapasztalati módusz = MÓDUSZ.EGY(A:A)


100t%-os tapasztalati kvantilis = PERCENTILIS.TARTALMAZ(A:A;t) 0 ≤ t ≤ 1
tapasztalati alsó kvartilis = KVARTILIS.TARTALMAZ(A:A;1)


tapasztalati felső kvartilis = KVARTILIS.TARTALMAZ(A:A;3)


tapasztalati ferdeség = FERDESÉG.P(A:A)


tapasztalati lapultság (csúcsosság) = CSÚCSOSSÁG(A:A)
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n∑
i=1


xi = SZUM(A:A)
n∑


i=1
x2


i = NÉGYZETÖSSZEG(A:A)
n∑


i=1
(xi − ξ)2 = SQ(A:A)


1
n


n∑
i=1


|xi − ξ| = ÁTL.ELTÉRÉS(A:A)
n∏


i=1
xi = SZORZAT(A:A)


n


√
n∏


i=1
xi = MÉRTANI.KÖZÉP(A:A) xi > 0 (i = 1, . . . , n)(


1
n


n∑
i=1


1
xi


)−1
= HARM.KÖZÉP(A:A) xi > 0 (i = 1, . . . , n)


a-nál kisebb elemek száma = DARABTELI(A:A;"<"&a) a ∈ R (2023. márciusa utáni
Excel-verziókban ez a függvény DARABHA néven érhető el.)
(a, b]-beli elemek száma = DARABHATÖBB(A:A;">"&a;A:A;"<="&b) a, b ∈ R
a-nál kisebb elemek összege = SZUMHA(A:A;"<"&a) a ∈ R
(a, b]-beli elemek összege = SZUMHATÖBB(A:A;A:A;">"&a;A:A;"<="&b) a, b ∈ R
a-nál kisebb elemek átlaga = ÁTLAGHA(A:A;"<"&a) a ∈ R
(a, b]-beli elemek átlaga = ÁTLAGHATÖBB(A:A;A:A;">"&a;A:A;"<="&b) a, b ∈ R


Legyen a ξ-re vonatkozó mintarealizáció x1, . . . , xn és az η-ra vonatkozó mintarealizá-
ció y1, . . . , yn. Az A oszlop i-edik sorában legyen xi, illetve a B oszlop i-edik sorában
legyen yi. Ekkor


Covn(ξ, η) = KOVARIANCIA.S(A:A;B:B)


Corrn(ξ, η) = KORREL(A:A;B:B)


R2 = Corr2
n(ξ, η) = RNÉGYZET(A:A;B:B)


n∑
i=1


xiyi = SZORZATÖSSZEG(A:A;B:B)
n∑


i=1
(xi − yi)2 = SZUMXBŐLY2(A:A;B:B)


n∑
i=1


(x2
i − y2


i ) = SZUMX2BŐLY2(A:A;B:B)
n∑


i=1
(x2


i + y2
i ) = SZUMX2MEGY2(A:A;B:B)


10.7.14. Eloszlásfüggvények


• Binomiális eloszlás (r-edrendű p paraméterű)
k∑


i=0


(
r
i


)
pi(1 − p)r−i = BINOM.ELOSZL(k;r;p;IGAZ)


r ∈ N, k = 0, . . . , r, 0 < p < 1


• Hipergeometrikus eloszlás
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k∑
i=0


(M
i )(N−M


r−i )
(N


r ) = HIPGEOM.ELOSZLÁS(k;r;M;N;IGAZ)


r, M, N ∈ N, M < N, r ≤ min{M, N − M}, k = 0, . . . , r


• Poisson-eloszlás (λ paraméterű)
k∑


i=0
λi


i! e−λ = POISSON.ELOSZLÁS(k;λ;IGAZ) λ > 0, k = 0, 1, . . .


• Exponenciális eloszlás (λ paraméterű)
F (x) = 1 − e−λx = EXP.ELOSZL(x;λ;IGAZ) λ > 0, x ≥ 0


• F-eloszlás (s1 és s2 szabadsági fokú)
F (x) = F.ELOSZL(x;s1;s2;IGAZ) s1, s2 ∈ N, x ≥ 0


• Gamma-eloszlás (r-edrendű λ paraméterű)
F (x) = GAMMA.ELOSZL(x;r;1/λ;IGAZ) r, λ > 0, x ≥ 0


• Khi-négyzet eloszlás (s szabadsági fokú)
F (x) = KHINÉGYZET.ELOSZLÁS(x;s;IGAZ) s ∈ N, x ≥ 0


• Normális eloszlás (m és σ paraméterű)
F (x) = Φ


(
x−m


σ


)
= NORM.ELOSZLÁS(x;m;σ;IGAZ)


m, x ∈ R, σ > 0


• Standard normális eloszlás
Φ(x) = 1√


2π


x∫
−∞


e− t2
2 dt = NORM.S.ELOSZLÁS(x;IGAZ) x ∈ R


• t-eloszlás (s szabadsági fokú)
F (x) = T.ELOSZL(x;s;IGAZ) s ∈ N, x ∈ R


10.7.15. Inverz eloszlásfüggvények


• Exponenciális eloszlás (λ paraméterű)
F −1(x) = -LN(1-x)/λ λ > 0, 0 < x < 1


• F-eloszlás (s1 és s2 szabadsági fokú)
F −1(x) = F.INVERZ(x;s1;s2) s1, s2 ∈ N, 0 < x < 1


• Gamma-eloszlás (r-edrendű λ paraméterű)
F −1(x) = GAMMA.INVERZ(x;r;1/λ) r, λ > 0, 0 < x < 1


• Khi-négyzet eloszlás (s szabadsági fokú)
F −1(x) = KHINÉGYZET.INVERZ(x;s) s ∈ N, 0 < x < 1
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• Normális eloszlás (m és σ paraméterű)
F −1(x) = NORM.INVERZ(x;m;σ) m ∈ R, σ > 0, 0 < x < 1


• Standard normális eloszlás
Φ−1(x) = NORM.S.INVERZ(x) 0 < x < 1


• t-eloszlás (s szabadsági fokú)
F −1(x) = T.INVERZ(x;s) s ∈ N, 0 < x < 1


10.7.16. Eloszlások


• Binomiális eloszlás (r-edrendű p paraméterű)(
r
k


)
pk(1 − p)r−k = BINOM.ELOSZL(k;r;p;HAMIS)


r ∈ N, k = 0, . . . , r, 0 < p < 1


• Hipergeometrikus eloszlás
(M


k )(N−M
r−k )


(N
r ) = HIPGEOM.ELOSZLÁS(k;r;M;N;HAMIS)


r, M, N ∈ N, M < N, r ≤ min{M, N − M}, k = 0, . . . , r


• Poisson-eloszlás (λ paraméterű)
λk


k! e−λ = POISSON.ELOSZLÁS(k;λ;HAMIS) λ > 0, k = 0, 1, . . .


10.7.17. Sűrűségfüggvények


• Exponenciális eloszlás (λ paraméterű)
f(x) = λe−λx = EXP.ELOSZL(x;λ;HAMIS) λ > 0, x ≥ 0


• F-eloszlás (s1 és s2 szabadsági fokú)
F (x) = F.ELOSZL(x;s1;s2;HAMIS) s1, s2 ∈ N, x ≥ 0


• Gamma-eloszlás (r-edrendű λ paraméterű)
f(x) = GAMMA.ELOSZL(x;r;1/λ;HAMIS) r, λ > 0, x ≥ 0


• Khi-négyzet eloszlás (s szabadsági fokú)
f(x) = KHINÉGYZET.ELOSZLÁS(x;s;HAMIS) x ≥ 0


• Normális eloszlás (m és σ paraméterű)
f(x) = 1


σ
φ
(


x−m
σ


)
= NORM.ELOSZLÁS(x;m;σ;HAMIS)


m, x ∈ R, σ > 0


125







• Standard normális eloszlás
φ(x) = 1√


2π
e− x2


2 = NORM.S.ELOSZLÁS(x;HAMIS) x ∈ R


• t-eloszlás (s szabadsági fokú)
F (x) = T.ELOSZL(x;s;HAMIS) s ∈ N, x ∈ R


10.7.18. Grafikus illeszkedésvizsgálat


MEREDEKSÉG(tömb_yi;tömb_xi) Az (xi, yi), i = 1, . . . , r pontokra illesztett lineáris
trendvonal meredeksége.
METSZ(tömb_yi;tömb_xi) Az (xi, yi), i = 1, . . . , r pontokra illesztett lineáris trendvo-
nal függőleges tengelymetszete.


10.7.19. Intervallumbecslés
σ√
n
Φ−1


(
1 − α


2


)
= MEGBÍZHATÓSÁG.NORM(α;σ;n) 0 < α < 1, σ > 0, n ∈ N


S∗
n√
n
F −1


(
1 − α


2


)
= MEGBÍZHATÓSÁG.T(α;S∗


n;n) F = F [T(n − 1)], 0 < α < 1, n ∈ N


min
{


c ∈ N :
c∑


i=0


(
n
i


)
pi(1 − p)n−i ≥ x


}
= BINOM.INVERZ(n;p;x) n ∈ N, 0 < p <


< 1, 0 < x < 1


10.7.20. Paraméteres hipotézisvizsgálatok


A ξ-re illetve η-ra vonatkozó mintarealizációk az A illetve B oszlopokban vannak.


• Egymintás u-próba
1 − Φ(u) = Z.PRÓB(A:A;m0;σ)


2 − 2Φ(|u|) = 2*MIN(Z.PRÓB(A:A;m0;σ);1-Z.PRÓB(A:A;m0;σ))


• Egymintás t-próba
A ξ-re vonatkozó mintarealizáció minden tagja mellett szerepeljen m0 értéke a
B oszlopban.
2 − 2F (|t|) = T.PRÓB(A:A;B:B;2;1)


1 − F (|t|) = T.PRÓB(A:A;B:B;1;1)


• F-próba
2 min{F (F),1 − F (F)} = F.PRÓB(A:A;B:B)


• Kétmintás t-próba
2 − 2F (|t|) = T.PRÓB(A:A;B:B;2;2)


1 − F (|t|) = T.PRÓB(A:A;B:B;1;2)
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• Scheffé-módszer azonos mintaelemszámra (párosított t-próba)
2 − 2F (|t|) = T.PRÓB(A:A;B:B;2;1)


1 − F (|t|) = T.PRÓB(A:A;B:B;1;1)


• Scheffé-módszer különböző mintaelemszámra
Az ζ-ra vonatkozó mintarealizáció a C oszlopban van és minden tagja mellett
szerepeljen 0 a D oszlopban.
2 − 2F (|t|) = T.PRÓB(C:C;D:D;2;1)


1 − F (|t|) = T.PRÓB(C:C;D:D;1;1)


• Welch-próba
2 − 2F (|t|) = T.PRÓB(A:A;B:B;2;3)


1 − F (|t|) = T.PRÓB(A:A;B:B;1;3)


• Statisztikai próba valószínűségre
F −1(x) = BINOM.INVERZ(n;p0;x)


10.7.21. Nemparaméteres hipotézisvizsgálatok


• Tiszta illeszkedésvizsgálat
1 − F (χ2) = KHINÉGYZET.PRÓBA(ϱi tartománya;νi tartománya)


• Függetlenségvizsgálat
1 − F (χ2) = KHINÉGYZET.PRÓBA(ϱij tartománya;νij tartománya)


• Homogenitásvizsgálat
1 − F (χ2) = KHINÉGYZET.PRÓBA(ϱij tartománya;νij tartománya)


• Kétmintás előjelpróba
F −1(x) = BINOM.INVERZ(n;1/2;x)


10.7.22. Regressziószámítás


• Lineáris regresszió
eta: η-ra vonatkozó mintarealizációt tartalmazó n × 1 méretű tömb.
xi: (ξ1, . . . , ξk)-ra vonatkozó mintarealizációt tartalmazó n × k méretű tömb.
x: x1, . . . , xk számokat tartalmazó 1 × k méretű tömb.
(âk, âk−1, . . . , â0) = LIN.ILL(eta;xi) (1 × (k + 1) méretű tömbképlet!)
â0 + â1x1 + · · · + âkxk = TREND(eta;xi;x)


127







• Fixpontos lineáris regresszió
eta-t: (η − t0)-ra vonatkozó mintarealizációt tartalmazó n × 1 méretű tömb.
xi-t: (ξ1 − t1, . . . , ξk − tk)-ra vonatkozó mintarealizációt tartalmazó n × k


méretű tömb.
x-t: x1 − t1, . . . , xk − tk számokat tartalmazó 1 × k méretű tömb.
(âk, âk−1, . . . , â1) = LIN.ILL(eta-t;xi-t;HAMIS) (1 × k méretű tömbképlet!)
â1(x1 − t1) + · · · + âk(xk − tk) = TREND(eta-t;xi-t;x-t;HAMIS)


• Exponenciális regresszió
eta: η-ra vonatkozó mintarealizációt tartalmazó n × 1 méretű tömb.
xi: ξ1-re vonatkozó mintarealizációt tartalmazó n × 1 méretű tömb.
(b̂, â) = LOG.ILL(eta;xi) (1 × 2 méretű tömbképlet!)
â · b̂x = NÖV(eta;xi;x)
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Előszó


A hosszúság, terület, térfogat, ívhossz, felszín, egyszerű geometriai alakzatokra már
az ókorban definiáltak és számolhatóak voltak. A terület és a térfogat fogalmát
először Peano és Jordan terjesztette ki a sík illetve a tér részhalmazainak egy
bővebb rendszerére a XIX. század végén. Eszerint egy síkbeli korlátos halmaz külső
mértéke legyen az őt lefedő véges sok sokszögből álló alakzatok területének pontos
alsó korlátja, belső mértéke pedig a benne fekvő véges sok sokszögből álló alakzatok
területének pontos felső korlátja. Ha ezek egyenlőek, akkor a halmazt mérhetőnek,
ezen közös értéket pedig a halmaz mértékének nevezzük. Térfogat esetén hasonló az
eljárás.


Ez a mértékfogalom egyszerű, de a Riemann-integrál általánosítására – aminek
a szükségességét az integrál és a határérték felcserélésével kapcsolatos problémák
indokolták – nem megfelelő. Ezen a területen a fő lépést Henry Leon Lebesgue
tette meg a XX. század elején. Az általa létrehozott mértékfogalom már nem csak
véges sok halmazra additív – ahogy ez a Jordan-mérték esetében igaz –, hanem
megszámlálhatóan végtelen sok halmazra is. A nemnegatív függvények integrálját a
függvény grafikonja alatti halmaz mértékeként definiálta.


A Lebesgue által alkotott mérték és integrál előnye az integrál és a határátmenet
felcserélhetősége, továbbá az integrál- és differenciálszámítás szorosabb kapcsolata.
Ez az elmélet lett az alapja a modern geometriának, valószínűségszámításnak, valós
függvénytannak, a Fourier-sorok elméletének és a funkcionálanalízisnek.


Ebben a könyvben a Lebesgue-mértéket nem a Borel-mérhető halmazok rend-
szerén, hanem az attól bővebb, külső mérték által mérhető halmazok rendszerén
értelmezzük. Ha ez gondot okoz, mint például a valószínűség esetén, akkor azt külön
jelezzük. A mértékek szorzatát általánosságban szintén a külső mérték által mérhető
halmazok rendszerén értelmezzük, nem pedig generált σ-algebrán. Azonban a valószí-
nűségnél felmerülő gondok miatt mértékek szorzatát a Caratheodory-féle kiterjesztési
tétel segítségével, generált σ-algebrán is megadjuk. A Fubini-tételt mindkét esetre
bizonyítjuk. A „Valószínűség” című fejezetnek a fő célja – azon túl, hogy nem geo-
metriai jellegű mértékre is lássunk példát –, a mértékelmélet ismerete nélkül tanult
valószínűségszámításbeli homályos részek tisztázása.


A könyv írásakor sok hasznos tanácsot kaptam Balka Richárd kollégámtól,
akinek ezúton is szeretném ezt megköszönni.


A szerző
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Általános jelölések


□ bizonyítás vége jel⋂
i∈∅


Ai = ⋃
i∈∅


Ai := ∅


H ∩ A := {H ∩ A : H ∈ H}, ahol H halmazrendszer és A halmaz
Df az f függvény értelmezési tartománya
Rf az f függvény értékkészlete
f−1 az f invertálható függvény inverze
f(H) := {f(x) : x ∈ H ∩ Df}, a H halmaz f függvény általi képe
f−1(H) := {x ∈ Df : f(x) ∈ H} a H halmaz f függvény általi ősképe
P(X) az X halmaz hatványhalmaza
N a pozitív egész számok halmaza
Z az egész számok halmaza
Q a racionális számok halmaza
R a valós számok halmaza
R+ a pozitív valós számok halmaza
C a komplex számok halmaza
i az imaginárius egység
(a, b) módon jelöljük a nyílt intervallumokat
[x] az x ∈ R egész része
{x} := x − [x] az x ∈ R tört része


A könyv további részeiben bevezetett jelölések a könyv végén külön fejezetben vannak
összefoglalva.
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1. fejezet


Mérték


1.1. A valós számok bővített halmaza
A Jordan-mérték esetében feltételezzük a mérhető halmaz korlátosságát, így a Jordan-
mérték véges minden esetben. Az általánosítás során feltételezzük, hogy egy halmaz
mértéke végtelen is lehet. Például egy egyenes hossza végtelen. Ezért a valós számok
halmazát kibővítjük a végtelennel, illetve a műveletek tulajdonságai miatt a mínusz
végtelennel. Ez a két új elem önmagában semmit sem jelent, azáltal kapnak értelmet,
hogy az így kibővített halmazban definiáljuk a rendezést és a műveleteket.


1.1. Definíció. Rb := R ∪ {−∞, ∞} a valós számok bővített halmaza, melyben a
rendezést és a műveleteket a következők szerint értelmezzük:


① −∞ < ∞, −∞ < c és c < ∞, ha c ∈ R,


② c + ∞ = ∞ + c := ∞, ha c ∈ Rb és c > −∞,


③ c + (−∞) = −∞ + c := −∞, ha c ∈ Rb és c < ∞,


④ c · ∞ = ∞ · c := ∞, ha c ∈ Rb és c > 0,


⑤ c · ∞ = ∞ · c := −∞, ha c ∈ Rb és c < 0,


⑥ c · (−∞) = −∞ · c := −∞, ha c ∈ Rb és c > 0,


⑦ c · (−∞) = −∞ · c := ∞, ha c ∈ Rb és c < 0,


⑧
c


∞
= c


−∞
:= 0, ha c ∈ R,


⑨ 0 · ∞ = ∞ · 0 := 0 és 0 · (−∞) = (−∞) · 0 := 0, ha a szorzótényezőként szereplő
0 nem c


∞ vagy c
−∞ módon áll elő, ahol c ∈ R.


A következő műveleteket nem értelmezzük:


∞ − ∞, −∞ + ∞,
∞
∞


,
−∞
∞


,
∞


−∞
,


−∞
−∞


.
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Az Rb-beli intervallumokat illetve az Rb-beli elemek abszolút értékét a valós esetekhez
hasonlóan értelmezzük. Például


[0, ∞] = {x ∈ Rb : x ⩾ 0} = [0, ∞) ∪ {∞},


|∞| = |−∞| = ∞.


Az Rb-értékű sorozatok határértékét ill. torlódási pontját szintén a valós esethez
hasonlóan definiáljuk. Azaz an ∈ Rb (n ∈ N) és a ∈ R esetén


① lim
n→∞


an := a, ha ∀ε ∈ R+-hoz ∃N ∈ N, hogy |an − a| < ε ∀n ⩾ N .
② lim


n→∞
an := ∞, ha ∀K ∈ R-hoz ∃N ∈ N, hogy an > K ∀n ⩾ N .


③ lim
n→∞


an := −∞, ha ∀K ∈ R-hoz ∃N ∈ N, hogy an < K ∀n ⩾ N .
④ Az an sorozatnak az a torlódási pontja, ha ∀ε ∈ R+ esetén |an −a| < ε végtelen


sok n-re.
⑤ Az an sorozatnak a ∞ torlódási pontja, ha ∀K ∈ R esetén an > K végtelen


sok n-re.
⑥ Az an sorozatnak a −∞ torlódási pontja, ha ∀K ∈ R esetén an < K végtelen


sok n-re.


1.2. Definíció. Legyen H ⊂ Rb. Ekkor


sup H := min{k ∈ Rb : k ⩾ x ∀x ∈ H},


inf H := max{k ∈ Rb : k ⩽ x ∀x ∈ H}.


1.3. Megjegyzés. H = ∅ esetén {k ∈ Rb : k ⩾ x ∀x ∈ H} = {k ∈ Rb : k ⩽ x ∀x ∈
∈ H} = Rb, így inf ∅ = ∞ és sup ∅ = −∞.


1.4. Definíció. Legyen an ∈ Rb (n ∈ N). Ekkor


sup
k⩾n


ak := sup{ak : k ⩾ n}, sup
k


ak := sup
k⩾1


ak,


inf
k⩾n


ak := inf{ak : k ⩾ n}, inf
k


ak := inf
k⩾1


ak,


lim an := inf
n


sup
k⩾n


ak (limesz szuperior),


lim an := sup
n


inf
k⩾n


ak (limesz inferior).


1.5. Megjegyzés. Legyen an ∈ Rb (n ∈ N). Könnyen látható, hogy ha an ⩽ an+1 ∀n ∈
∈ N, akkor létezik lim


n→∞
an és lim


n→∞
an = sup


n
an. Hasonlóan, ha an ⩾ an+1 ∀n ∈ N,


akkor létezik lim
n→∞


an és lim
n→∞


an = inf
n


an.


1.6. Megjegyzés. Az előző definícióban bn := inf
k⩾n


ak monoton növekvő sorozat, illetve
cn := sup


k⩾n
ak monoton csökkenő sorozat, így az előző megjegyzésből


lim an = sup
n


inf
k⩾n


ak = lim
n→∞


inf
k⩾n


ak, (1.1)


lim an = inf
n


sup
k⩾n


ak = lim
n→∞


sup
k⩾n


ak. (1.2)
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1.7. Tétel. lim an az an sorozat legnagyobb torlódási pontja, illetve lim an az an


sorozat legkisebb torlódási pontja.


Bizonyítás. Legyen a := lim an ∈ R és tegyük fel, hogy a nem torlódási pontja az an


sorozatnak. Ekkor létezik olyan ε > 0 és N ∈ N, hogy


|an − a| ⩾ ε ∀n ⩾ N.


Ha n ⩾ N rögzített, akkor |ak − a| ⩾ ε ∀k ⩾ n, melyből | sup
k⩾n


ak − a| ⩾ ε ∀n ⩾ N ,


azaz lim
n→∞


sup
k⩾n


ak ̸= a, ami ellentmondás (1.2) miatt. Tehát a torlódási pont.


Most tegyük fel, hogy valamely ε > 0 esetén an > a + ε végtelen sok n-re. Ekkor
sup
k⩾n


ak > a + ε végtelen sok n-re, azaz lim
n→∞


sup
k⩾n


ak ̸= a, ami ellentmondás (1.2) miatt.
Ezzel bizonyítottuk, hogy an > a + ε csak véges sok n-re teljesülhet, azaz a az an


legnagyobb torlódási pontja.
Most tegyük fel, hogy lim an = ∞ és hogy an-nek nem torlódási pontja a ∞, azaz


létezik olyan K ∈ R és N ∈ N, hogy an ⩽ K ∀n ⩾ N . Ekkor rögzített n ⩾ N esetén
ak ⩽ K ∀k ⩾ n, így sup


k⩾n
ak ⩽ K ∀n ⩾ N , azaz lim


n→∞
sup
k⩾n


ak ̸= ∞, ami ellentmondás


(1.2) miatt. Tehát ∞ az an torlódási pontja, ami értelemszerűen csak a legnagyobb
torlódási pont lehet.


A tétel másik állítása hasonlóan bizonyítható.


1.8. Megjegyzés. a, bn ∈ Rb (n ∈ N) esetén lim(a + bn) = inf
n


sup
k⩾n


(a + bk) = inf
n


(
a +


+ sup
k⩾n


bk


)
= a + inf


n
sup
k⩾n


bk = a + lim bn. Hasonlóan lim(a + bn) = a + lim bn.


1.9. Tétel. Ha an ∈ Rb (n ∈ N) esetén lim
n→∞


an = a ∈ Rb teljesül, akkor lim an =
= lim an = a.


Bizonyítás. a ∈ R esetén legyen ε ∈ R+ =⇒ ∃N ∈ N, hogy |an − a| < ε
2 ∀n ⩾ N


=⇒ a − ε
2 < an < a + ε


2 ∀n ⩾ N =⇒ a − ε < a − ε
2 ⩽ inf


k⩾n
ak < a + ε


2 < a + ε ∀n ⩾ N


=⇒ lim
n→∞


inf
k⩾n


ak = a =⇒ (1.1) miatt lim an = a.


a = ∞ esetén ∀K ∈ R+-hoz ∃N ∈ N, hogy an > 2K ∀n ⩾ N =⇒ inf
k⩾n


ak ⩾ 2K > K


∀n ⩾ N =⇒ lim
n→∞


inf
k⩾n


ak = ∞ =⇒ (1.1) miatt lim an = ∞. A tétel többi állítását
hasonlóan bizonyíthatjuk az előzőekhez.


1.10. Tétel. Legyen an ∈ Rb (n ∈ N). Ekkor lim |an| = 0 pontosan abban az esetben
teljesül, ha lim


n→∞
an = 0.
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Bizonyítás. ▶ „⇒” (1.2) miatt lim |an| = lim
n→∞


sup
k⩾n


|ak| = 0 =⇒ ε ∈ R+ esetén


∃N ∈ N, hogy |an| ⩽ sup
k⩾n


|ak| < ε ∀n > N =⇒ állítás.


▶ „⇐” lim
n→∞


an = 0 =⇒ lim
n→∞


|an| = 0 =⇒ 1.9. tétel miatt lim |an| = 0.


1.11. Definíció. Legyen I egy halmaz és ci ∈ [0, ∞] ∀i ∈ I.
① Ha I = ∅, akkor ∑


i∈I
ci := 0.


② Ha ∃n ∈ N, hogy I = {i1, i2, . . . , in}, akkor ∑
i∈I


ci := ci1 + ci2 + · · · + cin .


③ Ha I végtelen, akkor ∑
i∈I


ci := sup
{ ∑


i∈I∗
ci : I∗ véges részhalmaza I-nek


}
.


1.12. Tétel. Ha I ⊂ N, ci ∈ [0, ∞] ∀i ∈ I és In = {i ∈ I : i ⩽ n}, akkor∑
i∈I


ci = lim
n→∞


∑
i∈In


ci.


Bizonyítás. Ha az I üres halmaz, akkor az állítás triviális. Ellenkező esetben legyen
H :=


{ ∑
i∈I∗


ci : I∗ ⊂ I, I∗ véges
}


, J ⊂ I véges nem üres halmaz és m := max J . Ha
J ̸= Im, akkor ∑


i∈J
ci ⩽


∑
i∈Im


ci és ∑
i∈Im


ci ∈ H. Ebből következik, hogy ∑
i∈I


ci = sup H =


= sup
{ ∑


i∈In


ci : n ∈ N
}


=
⇑∑


i∈In


ci mon. nő


lim
n→∞


∑
i∈In


ci.


1.13. Definíció. Legyen I egy halmaz, ci ∈ Rb ∀i ∈ I,


I+ := {i ∈ I : ci > 0} és I− := {i ∈ I : ci < 0}.


Ha ∑
i∈I+


ci < ∞ vagy ∑
i∈I−


(−ci) < ∞, akkor legyen


∑
i∈I


ci :=
∑
i∈I+


ci −
∑
i∈I−


(−ci).


Használni fogjuk a következő jelöléseket is :
n∑


i=1
ci :=


∑
i∈{1,...,n}


ci és
∞∑


i=1
ci :=


∑
i∈N


ci.


1.14. Tétel. Ha ci ∈ Rb ∀i ∈ N és
∞∑


i=1
ci létezik, akkor


∞∑
i=1


ci = lim
n→∞


n∑
i=1


ci.


Bizonyítás. Legyen In+ := I+ ∩ {1, . . . , n} és In− := I− ∩ {1, . . . , n}. Az előző tétel
miatt ∑


i∈I+
ci = lim


n→∞


∑
i∈In+


ci és ∑
i∈I−


(−ci) = lim
n→∞


∑
i∈In−


(−ci) =⇒


∞∑
i=1


ci =
∑
i∈I+


ci −
∑
i∈I−


(−ci) = lim
n→∞


( ∑
i∈In+


ci −
∑


i∈In−


(−ci)
)


= lim
n→∞


n∑
i=1


ci.
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A következő tétel szerint a klasszikus analízisben definiált feltételesen konvergens
sorok összege az előző értelemben nem léteznek.


1.15. Tétel. Ha ci ∈ Rb ∀i ∈ N, lim
n→∞


n∑
i=1


ci ∈ R és lim
n→∞


n∑
i=1


|ci| = ∞, akkor
∞∑


i=1
ci az


előző értelemben nem létezik.


Bizonyítás. Indirekt módon tegyük fel, hogy
∞∑


i=1
ci az előző értelemben létezik. Ekkor


a korábbi jelöléseket használva
∑
i∈I+


ci = lim
n→∞


∑
i∈In+


ci ∈ R vagy
∑
i∈I−


(−ci) = lim
n→∞


∑
i∈In−


(−ci) ∈ R.


Másrészt lim
n→∞


n∑
i=1


|ci| = lim
n→∞


( ∑
i∈In+


ci + ∑
i∈In−


(−ci)
)


= lim
n→∞


∑
i∈In+


ci + lim
n→∞


∑
i∈In−


(−ci) =


= ∞, így
lim


n→∞


∑
i∈In+


ci = ∞ vagy lim
n→∞


∑
i∈In−


(−ci) = ∞.


Mindezekből kapjuk, hogy lim
n→∞


n∑
i=1


ci = lim
n→∞


( ∑
i∈In+


ci − ∑
i∈In−


(−ci)
)


= lim
n→∞


∑
i∈In+


ci −


− lim
n→∞


∑
i∈In−


(−ci) ∈ {−∞, ∞}, ami ellentmondás.


1.2. Mértéktér
A mérték az alaphalmaz bizonyos részhalmazaihoz nemnegatív valós számot vagy ∞-t
rendel. Kérdés, hogy milyen rendszert alkossanak a mértékkel rendelkező (mérhető)
halmazok és a mértéknek milyen alaptulajdonságaik legyenek?


1.16. Definíció. Legyen X egy halmaz. Az A ⊂ P(X) halmazrendszert σ-algebrának
nevezzük, ha


① X ∈ A,
② A = X \ A ∈ A ∀A ∈ A,
③


∞⋃
i=1


Ai ∈ A, ha Ai ∈ A (i ∈ N).
Ekkor az (X, A) rendezett párt mérhető térnek, az A elemeit mérhető halmazoknak
nevezzük.


1.17. Tétel. Legyen (X, A) mérhető tér. Ekkor
① ∅ ∈ A,
② Ai ∈ A (i ∈ I ⊂ N) esetén ⋃


i∈I
Ai ∈ A és ⋂


i∈I
Ai ∈ A,


③ A, B ∈ A esetén A \ B ∈ A.
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Bizonyítás. ▶ Az ① állítás ∅ = X miatt teljesül.
▶ ② feltétele mellett legyen Ai := ∅, ha i ∈ N \ I =⇒ ⋃


i∈I
Ai =


∞⋃
i=1


Ai ∈ A =⇒⋂
i∈I


Ai = ⋂
i∈I


Ai = ⋃
i∈I


Ai ∈ A =⇒ ②.


▶ ③ feltétele mellett A \ B = A ∩ B ∈
⇑
②


A =⇒ ③.


1.18. Definíció. Legyen I egy halmaz. Az Ai (i ∈ I) halmazok diszjunkt rendszert
alkotnak, ha Ai ∩ Aj = ∅ ∀i, j ∈ I, i ̸= j esetén.


1.19. Definíció. A µ : A → [0, ∞] függvényt mértéknek nevezzük az (X, A) mérhető
téren, ha


① µ(∅) = 0, és
② µ


( ∞⋃
i=1


Ai


)
=


∞∑
i=1


µ(Ai) ∀Ai ∈ A (i ∈ N) diszjunkt rendszerre. Ez az úgynevezett
σ-additivitás.


Ekkor (X, A, µ)-t mértéktérnek, µ(A)-t az A mértékének nevezzük.


1.20. Definíció. Legyen (X, A, µ) mértéktér.
① Ha µ(X) < ∞, akkor a mértékteret ill. a mértéket végesnek nevezzük.
② Az A ⊂ X σ-véges, ha ∃Ai ∈ A (i ∈ I ⊂ N) rendszer úgy, hogy µ(Ai) < ∞


∀i ∈ I és A ⊂ ⋃
i∈I


Ai.
③ Ha X σ-véges, akkor a mértékteret ill. a mértéket σ-végesnek nevezzük.
④ Ha minden 0 mértékű halmaz összes részhalmaza mérhető, akkor a mértékteret


ill. a mértéket teljesnek nevezzük.
⑤ Jelentse µ(A) az A halmaz elemeinek a számát ∀A ∈ A esetén. Könnyen látható,


hogy µ mérték, melyet számláló mértéknek nevezünk.


1.21. Megjegyzés. Ha X = {1, 2, 3}, A =
{
∅, {1}, {2, 3}, X


}
, µ(∅) = µ({2, 3}) = 0 és


µ(X) = µ({1}) = ∞, akkor (X, A, µ) nem teljes és nem σ-véges mértéktér.


1.22. Tétel. Legyen (X, A, µ) mértéktér.
① (additivitásadditivitás) Ha Ai ∈ A (i ∈ I ⊂ N) diszjunktak, akkor µ


( ⋃
i∈I


Ai


)
= ∑


i∈I
µ(Ai).


② (monotonitásmonotonitás) Ha A, B ∈ A, A ⊂ B, akkor µ(A) ⩽ µ(B).
③ Ha A, B ∈ A, A ⊂ B és µ(A) < ∞, akkor µ(B \ A) = µ(B) − µ(A).
④ (szubadditivitásszubadditivitás) Ha Ai ∈ A (i ∈ I ⊂ N), akkor µ


( ⋃
i∈I


Ai


)
⩽
∑
i∈I


µ(Ai).


⑤ (folytonosságfolytonosság) Ha Ai ∈ A (i ∈ N), A1 ⊂ A2 ⊂ . . . , akkor µ
( ∞⋃


i=1
Ai


)
=


= lim
n→∞


µ(An).
⑥ (folytonosságfolytonosság) Ha Ai ∈ A (i ∈ N), A1 ⊃ A2 ⊃ . . . és µ(Ak) < ∞ valamely


k ∈ N esetén, akkor µ
( ∞⋂


i=1
Ai


)
= lim


n→∞
µ(An).
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Bizonyítás. ▶ ① feltétele mellett legyen Ai := ∅, ha i ∈ N \ I =⇒ µ
( ⋃


i∈I
Ai


)
=


= µ
( ∞⋃


i=1
Ai


)
=
⇑


σ-add.


∞∑
i=1


µ(Ai) =
⇑


µ(∅)=0


∑
i∈I


µ(Ai) =⇒ ①.


▶ ② ill. ③ feltétele mellett µ(B) = µ(A ∪ (B \ A)) =
⇑


add.


µ(A) + µ(B \ A) =⇒ ② ill. ③.


▶ ④ feltétele mellett, átindexeléssel mindig elérhetjük, hogy I = N vagy ∃n ∈ N,
hogy I = {1, . . . , n}. Legyen Bi := Ai \


i−1⋃
k=1


Ak (i ∈ I). Ekkor a Bi (i ∈ I) diszjunkt


rendszer, Bi ⊂ Ai és ⋃
i∈I


Ai = ⋃
i∈I


Bi =⇒ µ
( ⋃


i∈I
Ai


)
= µ


( ⋃
i∈I


Bi


)
=
⇑


add.


∑
i∈I


µ(Bi) ⩽
⇑


mon.
⩽
∑
i∈I


µ(Ai) =⇒ ④.
▶ ⑤ feltétele mellett legyen B1 := A1, Bi := Ai \ Ai−1 (i > 1). Ekkor a Bi (i ∈ N)
diszjunkt rendszer és


∞⋃
i=1


Ai =
∞⋃


i=1
Bi =⇒ µ


( ∞⋃
i=1


Ai


)
= µ


( ∞⋃
i=1


Bi


)
=
⇑


add.


∞∑
i=1


µ(Bi) =


= lim
n→∞


n∑
i=1


µ(Bi) =
⇑


add.


lim
n→∞


µ
(


n⋃
i=1


Bi


)
= lim


n→∞
µ(An).


▶ ⑥ bizonyításában feltehetjük, hogy a feltételben szereplő k értéke 1, ugyanis
ellenkező esetben az első k − 1 halmaz elhagyásával sem a halmazok metszete sem a
halmazok mértékeiből álló sorozat határértéke nem változik. Legyen Bi := A1 \ Ai


(i ∈ N) =⇒ Bi ⊂ Bi+1 ∀i ∈ N és
∞⋃


i=1
Bi =


∞⋃
i=1


(A1 ∩ Ai) = A1 ∩
∞⋃


i=1
Ai = A1 ∩


∞⋂
i=1


Ai =


= A1 \
∞⋂


i=1
Ai =⇒ µ(A1) − µ


( ∞⋂
i=1


Ai


)
=
⇑
③


µ
( ∞⋃


i=1
Bi


)
=
⇑
⑤


lim
n→∞


µ(Bn) =
⇑
③


lim
n→∞


(
µ(A1) −


− µ(An)
)


= µ(A1) − lim
n→∞


µ(An) =⇒ ⑥.


A következő tétel a mértéktér és a teljesség definíciója alapján triviálisan teljesül.


1.23. Tétel. Legyen (X, A, µ) mértéktér és Y ∈ A. Legyen AY az összes olyan
mérhető halmaz összessége, mely Y -nak részhalmaza és µY legyen a µ leszűkítése AY -
ra. Ekkor (Y, AY , µY ) szintén mértéktér, melyet az eredeti térY -hoz tartozó alterének
nevezünk. Ha az eredeti tér teljes, akkor az altere is az.


1.3. Jordan-mérték
Ebben a részben azt taglaljuk, hogy a bevezetőben említett Jordan-mérték miért
nem felel meg az előzőekben bevezetett mérték fogalmának. Előtte ismételjük át a
Jordan-mérték fogalmát és tulajdonságait.


1.24. Definíció. Legyen H ⊂ R2 korlátos és T := [a, b] × [c, d] ⊂ R2 olyan zárt
téglalap, melyre H ⊂ T teljesül. Legyen a = x0 < x1 < · · · < xr = b, c = y0 < y1 <
< · · · < ys = d, D1 := {x1, . . . , xr} és D2 := {y1, . . . , ys}. Ekkor a D := D1 × D2
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halmazt a T egy beosztásának nevezzük. A D beosztás téglalapjainak nevezzük az
[xi−1, xi] × [yj−1, yj] halmazokat. Egy ilyen téglalap területe (xi − xi−1)(yj − yj−1).


Legyen m∗(H, D) a D azon téglalapjainak területösszege, melyeknek minden
pontja a H-nak belső pontja. Ha nincs ilyen téglalap, akkor m∗(H, D) := 0. Legyen
m∗(H, D) a D azon téglalapjainak területösszege, melyekben van H-nak belső vagy
határpontja. Ha nincs ilyen téglalap, akkor m∗(H, D) := 0. Legyen H belső Jordan-
mértéke


m∗(H) := sup{m∗(H, D) : D beosztása T -nek},


és H külső Jordan-mértéke


m∗(H) := inf{m∗(H, D) : D beosztása T -nek}.


Az m∗(H) és m∗(H) analóg módon értelmezhető akkor is, ha H ⊂ Rn (n ∈ N).
Ebben az esetben téglalap helyett n-dimenziós tégláról, vagy csak röviden tégláról,
míg téglalap területe helyett tégla térfogatáról beszélünk.


1.25. Tétel. A H ⊂ Rn korlátos halmaz belső és külső Jordan-mértéke független a
H-t tartalmazó T zárt tégla választásától.


Bizonyítás. A bizonyítást csak n = 2 esetben mutatjuk meg, általános esetben
hasonló az eljárás. Ha H = ∅, akkor az állítás triviális. Legyen H ≠ ∅ és T0 =
= [a0, b0] × [c0, d0] ⊂ R2 jelölje azt a legszűkebb zárt téglalapot, amely tartalmazza
H-t. Legyen T := [a, b] × [c, d] ⊂ R2 tetszőleges H-t tartalmazó zárt téglalap. Ekkor
H ⊂ T0 ⊂ T . Megmutatjuk, hogy


sup{m∗(H, D0) : D0 beosztása T0-nak} = sup{m∗(H, D) : D beosztása T -nek}, (1.3)
inf{m∗(H, D0) : D0 beosztása T0-nak} = inf{m∗(H, D) : D beosztása T -nek}, (1.4)


melyből már következik az állítás. Az (1.3) triviálisan teljesül, hiszen H ⊂ T0 ⊂ T
miatt


{m∗(H, D0) : D0 beosztása T0-nak} = {m∗(H, D) : D beosztása T -nek}.


Legyen D0 = {x1, . . . , xr} × {y1, . . . , ys} tetszőleges beosztása T0-nak és ε > 0.


– Ha a < a0, akkor a1 legyen olyan, hogy a < a1 < a0 és (a0 − a1)(d − c) < ε
4 .


Ha a = a0, akkor a1 := a.


– Ha b0 < b, akkor b1 legyen olyan, hogy b0 < b1 < b és (b1 − b0)(d − c) < ε
4 . Ha


b = b0, akkor b1 := b.


– Ha c < c0, akkor c1 legyen olyan, hogy c < c1 < c0 és (c0 − c1)(b − a) < ε
4 . Ha


c = c0, akkor c1 := c.


– Ha d0 < d, akkor d1 legyen olyan, hogy d0 < d1 < d és (d1 − d0)(b − a) < ε
4 . Ha


d = d0, akkor d1 := d.
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Legyen D = {a, a1, x1, . . . , xr, b1, b} × {c, c1, y1, . . . , ys, d1, d}, ami a T -nek beosztása.
Ekkor 0 < m∗(H, D) − m∗(H, D0) < ε. Ebből következik (1.4).


1.26. Definíció. A H ⊂ Rn korlátos halmaz Jordan-mérhető, ha a belső és külső
Jordan-mértéke megegyezik. Ekkor ezt a közös értéket a H Jordan-mértékének
nevezzük és m(H) módon jelöljük.


1.27. Tétel. Legyen H ⊂ Rn korlátos halmaz, T ⊂ Rn egy H-t tartalmazó zárt tégla
és D1, D2 beosztásai T -nek. Ha D1 ⊂ D2, azaz D2 finomítása D1-nek, akkor


m∗(H, D1) ⩽ m∗(H, D2) és m∗(H, D1) ⩾ m∗(H, D2).


Bizonyítás. Feltehetjük, hogy D2 csak egyetlen ponttal bővebb D1-nél, ugyanis
általános esetben ebből már teljes indukcióval következik az állítás. Ha ez a pont a D1
olyan t téglájának eleme, melynek minden eleme H belső pontja, akkor m∗(H, D1) =
= m∗(H, D2). Ha t nem ilyen, akkor ennek térfogata nincs az m∗(H, D1) összegben,
viszont a keletkező új téglák valamelyike már lehet részhalmaza H belső pontjainak
halmazának. Ilyenkor az m∗(H, D2) összegben ennek térfogata már szerepel tagként,
azaz m∗(H, D1) < m∗(H, D2). Mindezekből következik az első egyenlőtlenség. A
másik hasonlóan bizonyítható.


1.28. Tétel. Legyen H ⊂ Rn korlátos halmaz, T ⊂ Rn egy H-t tartalmazó zárt tégla
és D1, D2 beosztásai T -nek. Ekkor m∗(H, D1) ⩽ m∗(H, D2).


Bizonyítás. D1 ∪ D2 beosztása T -nek és finomítása D1-nek illetve D2-nek is, így
az 1.27. tételből m∗(H, D1) ⩽ m∗(H, D1 ∪ D2) ⩽ m∗(H, D1 ∪ D2) ⩽ m∗(H, D2).


1.29. Tétel. Ha I1, . . . , In az R korlátos intervallumai, akkor az I1 × . . .× In Jordan-
mérhető, és Jordan-mértéke az I1, . . . , In intervallumok hosszainak szorzata.


Bizonyítás. Csak n = 2 esetén bizonyítunk, általános esetben hasonló az eljárás.
Legyen H := I1 × . . . × In, T a H lezártja és D tetszőleges beosztása T -nek. Ekkor D
minden téglájának térfogata szerepel az m∗(H, D) összegben, így m∗(H, D) = (b1 −
− a1)(b2 − a2), ahol az I1 végpontjai a1, b1 (a1 < b1) és I2 végpontjai a2, b2 (a2 < b2).
Ha ε > 0 rögzített, akkor D := {x0, . . . , xr} × {y0, . . . , ys} választható úgy, hogy


(x1 −x0)(b2 −a2)+(xr −xr−1)(b2 −a2)+(y1 −y0)(b1 −a1)+(ys −ys−1)(b1 −a1) < ε.


Ekkor 0 < (b1 −a1)(b2 −a2)−m∗(H, D) < ε =⇒ m∗(H) = m∗(H) = (b1 −a1)(b2 −a2)
=⇒ állítás.


1.30. Tétel. Legyen H ⊂ Rn korlátos halmaz. Ekkor m∗(∂H) = m∗(H) − m∗(H),
ahol ∂H a H határpontjainak halmazát jelöli.
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Bizonyítás. Legyen T egy H-t tartalmazó zárt tégla és D egy beosztása T -nek. Mivel
T zárt, így ∂H ⊂ T =⇒


m∗(∂H, D) = m∗(H, D) − m∗(H, D) ⩾ m∗(H) − m∗(H). (1.5)


Legyen ε > 0 és D1 illetve D2 olyan beosztásai T -nek, melyekre


m∗(H, D1) < m∗(H) + ε


2 és m∗(H, D2) > m∗(H) − ε


2 .


Ekkor D := D1 ∪ D2 esetén m∗(∂H) ⩽ m∗(∂H, D) =
⇑


(1.5)


m∗(H, D) − m∗(H, D) ⩽


⩽ m∗(H, D1) − m∗(H, D2) < m∗(H) − m∗(H) + ε =⇒ m∗(∂H) ⩽ m∗(H) −
− m∗(H) ⩽


⇑
(1.5)


m∗(∂H, D) =⇒ állítás.


1.31. Tétel. Ha A, B ⊂ Rn Jordan-mérhetőek és m(A) = m(B) = 0, akkor A ∪ B
is Jordan-mérhető és m(A ∪ B) = 0.


Bizonyítás. Bármely ε > 0 esetén létezik D1 illetve D2 beosztás, hogy m∗(A, D1) <
< ε


2 és m∗(B, D2) < ε
2 =⇒ Létezik olyan D beosztás, hogy m∗(A ∪ B, D) < ε =⇒


m∗(A∪B) = 0 =⇒ 0 ⩽ m∗(A∪B) ⩽ m∗(A∪B) miatt m∗(A∪B) = 0 =⇒ állítás.


1.32. Tétel. Ha A, B ⊂ Rn, A ⊂ B, B Jordan-mérhető és m(B) = 0, akkor A is
Jordan-mérhető és m(A) = 0.


Bizonyítás. 0 ⩽ m∗(A) ⩽ m∗(B) = 0 =⇒ 0 ⩽ m∗(A) ⩽ m∗(A) = 0 =⇒ állítás.


1.33. Tétel. H ⊂ Rn pontosan akkor Jordan-mérhető, ha ∂H Jordan-mérhető és
m(∂H) = 0.


Bizonyítás. ▶ „⇒” Az 1.30. tételből m∗(∂H) = m∗(H) − m∗(H) = 0, másrészt
0 ⩽ m∗(∂H) ⩽ m∗(∂H), így m∗(∂H) = 0 =⇒ m(∂H) = 0.
▶ „⇐” m(∂H) = 0 =⇒ m∗(∂H) = 0 =⇒ 1.30. tételből m∗(H) = m∗(H).


1.34. Tétel. Ha A, B ⊂ Rn Jordan-mérhetőek, akkor A ∪ B, A ∩ B és A \ B is azok.


Bizonyítás. Az 1.33. tétel miatt m(∂A) = m(∂B) = 0 =⇒ Az 1.31. tétel miatt
m(∂A ∪ ∂B) = 0. Másrészt


∂(A ∪ B) ⊂ ∂A ∪ ∂B,


∂(A ∩ B) ⊂ ∂A ∪ ∂B,


∂(A \ B) ⊂ ∂A ∪ ∂B,


így az 1.32. tételből m(∂(A∪B)) = m(∂(A∩B)) = m(∂(A\B)) = 0 =⇒ Az 1.33. tétel
miatt kapjuk az állítást.
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1.35. Tétel (Véges additivitásVéges additivitás). Ha Ai ⊂ Rn (i = 1, . . . , k) diszjunktak és Jordan-
mérhetőek, akkor


k⋃
i=1


Ai is az, továbbá m
(


k⋃
i=1


Ai


)
=


k∑
i=1


m(Ai).


Bizonyítás. Csak n = 2 esetén bizonyítunk, általános esetben hasonló az eljárás.
Legyen k = 2 és tegyük fel, hogy A1, A2 ̸= ∅ (ellenkező esetben ugyanis triviális).
Legyen Ti egy Ai-t tartalmazó zárt tégla és Di = D


(i)
1 × D


(i)
2 a Ti egy beosztása


(i = 1, 2). Jelölje T azt a legszűkebb zárt téglát, amely tartalmazza a T1 ∪ T2 halmazt.
Ekkor T az A1 ∪ A2-t tartalmazó zárt tégla, továbbá D := (D(1)


1 ∪ D
(2)
1 ) × (D(1)


2 ∪
∪D


(2)
2 ) beosztása T -nek. Ekkor m∗(A1, D1)+m∗(A2, D2) ⩽ m∗(A1, D)+m∗(A2, D) =


= m∗(A1 ∪ A2, D) =⇒ m∗(A1) + m∗(A2) = m∗(A1 ∪ A2). Így az 1.34. tétel miatt
adódik az állítás. Ebből tetszőleges k esetére teljes indukcióval bizonyíthatunk.


A következő tétel egyszerű következménye a véges additivitásnak.


1.36. Tétel (MonotonitásMonotonitás). Ha A, B ⊂ Rn Jordan-mérhetőek és A ⊂ B, akkor
m(A) ⩽ m(B).


A következő tétel abból következik, hogy egy beosztás tégláinak térfogatai nem
változnak, ha a beosztást eltoljuk.


1.37. Tétel (Eltolás-invarianciaEltolás-invariancia). Legyen r ∈ Rn, g : Rn → Rn, g(x) := x + r és
A ⊂ Rn Jordan-mérhető. Ekkor g(A) is az, továbbá m


(
g(A)


)
= m(A).


1.38. Megjegyzés. A Jordan-mérhető halmazok rendszere nem σ-algebra, mert meg-
számlálhatóan végtelen sok korlátos halmaz uniója nem feltétlenül korlátos, másrészt
létezik megszámlálhatóan végtelen sok olyan Jordan-mérhető halmaz, melyek egyesí-
tése korlátos, de nem Jordan-mérhető. Például


H := {(x, y) ∈ [0, 1] × [0, 1] : x, y ∈ Q}


nem Jordan-mérhető, hiszen m∗(H) = 0 ̸= 1 = m∗(H). Másrészt H előáll az egyele-
mű részhalmazainak uniójaként, amely megszámlálhatóan végtelen sok tagból álló
diszjunkt rendszert alkot, továbbá az egy pontból álló halmazok Jordan-mérhetőek.







2. fejezet


Mérték konstruálása


2.1. Külső mérték
Sokszor az alaphalmaz bizonyos egyszerű részhalmazainak már tudjuk a mértékét. Pl.
síkbeli ponthalmazok területe esetén az ismert, hogy a téglalapokhoz mit rendeljünk.
A cél az, hogy olyan mértéket definiáljunk, amely egybevág ezzel az előzetes mértékkel.
Ennek a fejezetnek a tételei erre szolgálnak.


2.1. Definíció. Legyen H egy halmazrendszer. A µ : H → [0, ∞] függvényt szubad-
ditívnak nevezzük, ha


µ(A) ⩽
∑
i∈I


µ(Ai)


minden I ⊂ N, A, Ai ∈ H (i ∈ I) esetén, melyekre A ⊂ ⋃
i∈I


Ai teljesül.


2.2. Definíció. Ha X egy halmaz és µ : P(X) → [0, ∞] szubadditív, akkor µ-t külső
mértéknek nevezzük X-en.


2.3. Tétel. Legyen µ külső mérték X-en. Ekkor
① µ(∅) = 0,
② (monotonitásmonotonitás) A ⊂ B ⊂ X esetén µ(A) ⩽ µ(B).


Bizonyítás. ▶ A szubadditivitás definíciójába A = I = ∅ írva ∅ ⊂ ⋃
i∈∅


Ai = ∅ =⇒


0 ⩽ µ(∅) ⩽ ∑
i∈∅


µ(Ai) = 0 =⇒ ①.


▶ ② feltételével legyen I := {1} és A1 := B =⇒ A ⊂ B = ⋃
i∈I


Ai =⇒


µ(A) ⩽ ∑
i∈I


µ(Ai) = µ(B).


2.4. Definíció. Legyen µ külső mérték X-en. Az A ⊂ X µ-mérhető, ha


µ(T ) = µ(T ∩ A) + µ(T \ A) ∀T ⊂ X.


Az A tehát akkor µ-mérhető, ha bármely T halmazt „additívan” vág ketté.


19
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A T


T ∩A T \A


2.5. Megjegyzés. µ(T ) ⩽ µ(T ∩ A) + µ(T \ A) a szubadditivitás miatt, ezért az előző
definícióban „=” helyett „⩾” is írható. Másrészt, ha µ(A) = 0, akkor az A halmaz
µ-mérhető, hiszen T ⊂ X esetén µ(T ) = µ(A) + µ(T ) ⩾


⇑
mon.


µ(T ∩ A︸ ︷︷ ︸
A⊃


) + µ(T \ A︸ ︷︷ ︸
T ⊃


).


A következő tétel azt mutatja meg, hogy külső mértékből hogyan lehet teljes
mértéket konstruálni.


2.6. Tétel. Legyen µ külső mérték X-en, A az X µ-mérhető részhalmazainak rend-
szere és µ̃ a µ-nek A-ra vett leszűkítése. Ekkor (X, A, µ̃) teljes mértéktér.


Bizonyítás. ①▶ T ⊂ X esetén µ(T ∩ X︸ ︷︷ ︸
T


) + µ( T \ X︸ ︷︷ ︸
∅


) = µ(T ) =⇒ X ∈ A.


②▶ A ∈ A és T ⊂ X esetén µ(T ) = µ(T ∩ A︸ ︷︷ ︸
T \A


) + µ( T \ A︸ ︷︷ ︸
T ∩A


) =⇒ A ∈ A.


③▶ Ai ∈ A (i ∈ N) és T ⊂ X esetén
µ(T ) =


⇑
A1∈A


µ(T ∩ A1) + µ( T \ A1︸ ︷︷ ︸
:=T ′


) =
⇑


A2∈A


µ(T ∩ A1) + µ(T ′ ∩ A2) + µ(T ′ \ A2) =


= µ(T ∩ A1) + µ(T ∩ A2 ∩ A1 )︸ ︷︷ ︸
(lásd ábra) ⩾


⇑
szubadd.


µ


(
T ∩(A1∪A2)


) +µ( T ∩ A1 ∩ A2︸ ︷︷ ︸
T \(A1∪A2)


) ⩾


⩾ µ
(
T ∩ (A1 ∪ A2)


)
+ µ


(
T \ (A1 ∪ A2)


)
A1 A2


T
T ∩A1 T ∩A2 ∩A1


=⇒ A1 ∪ A2 ∈ A =⇒ (teljes indukcióval)
n⋃


i=1
Ai ∈ A ∀n ∈ N.


④▶ A, B ∈ A esetén A \ B = A ∩ B = A ∩ B = A ∪ B =⇒ (② és ③) A \ B ∈ A.
⑤▶ Bi ∈ A (i ∈ N) diszjunkt rendszer és T ⊂ X esetén


µ
(


T ∩ (B1 ∪ B2)︸ ︷︷ ︸
:=T ′


)
=
⇑


B1∈A


µ( T ′ ∩ B1︸ ︷︷ ︸
T ∩B1


) + µ( T ′ \ B1︸ ︷︷ ︸
T ∩B2


) =


= µ(T ∩ B1) + µ(T ∩ B2) =⇒ (teljes indukcióval)


µ
(


T ∩
n⋃


i=1
Bi


)
=


n∑
i=1


µ(T ∩ Bi) ∀n ∈ N.


B1 B2


T


T ′


⑥▶ Legyen Ai ∈ A (i ∈ N) =⇒ Bi := Ai \
i−1⋃
k=1


Ak ∈
⇑


③,④


A (i ∈ N) diszjunkt rendszer


és ⋃
i∈I


Ai = ⋃
i∈I


Bi =⇒ T ⊂ X esetén
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µ(T ) =
⇑
③


µ
(


T ∩
n⋃


i=1
Ai


)
+ µ


(
T \


n⋃
i=1


Ai


)
= µ


(
T ∩


n⋃
i=1


Bi


)
+ µ


(
T \


n⋃
i=1


Ai


)
=
⇑
⑤


n∑
i=1


µ(T ∩


∩ Bi) + µ
(


T \
n⋃


i=1
Ai


)
⩾
⇑


mon.


n∑
i=1


µ(T ∩ Bi) + µ
(


T \
∞⋃


i=1
Ai


)
=⇒ (n → ∞)


µ(T ) ⩾
∞∑


i=1
µ(T ∩ Bi) + µ


(
T \


∞⋃
i=1


Ai


)
⩾
⇑


szubadd.


µ
( ∞⋃


i=1
(T ∩ Bi)


)
+ µ


(
T \


∞⋃
i=1


Ai


)
=


= µ
(


T ∩
∞⋃


i=1
Bi︸ ︷︷ ︸


∞⋃
i=1


Ai


)
+ µ


(
T \


∞⋃
i=1


Ai


)
=⇒


∞⋃
i=1


Ai ∈ A =⇒ (① és ②) (X, A) mérhető tér.


⑦▶ Ai ∈ A (i ∈ N) diszjunkt rendszer esetén µ(A1 ∪ A2︸ ︷︷ ︸
:=T


) =
⇑


A2∈A


µ(T ∩ A2︸ ︷︷ ︸
A2


) +


+ µ( T \ A2︸ ︷︷ ︸
A1


) = µ(A1) + µ(A2) =⇒ (teljes indukcióval)


µ
(


n⋃
i=1


Ai


)
=


n∑
i=1


µ(Ai) ∀n ∈ N =⇒ µ
( ∞⋃


i=1
Ai


)
⩾
⇑


mon.


µ
(


n⋃
i=1


Ai


)
=


n∑
i=1


µ(Ai) ∀n ∈ N


=⇒ (n → ∞) µ
( ∞⋃


i=1
Ai


)
⩾


∞∑
i=1


µ(Ai) =⇒ (szubadd.) µ
( ∞⋃


i=1
Ai


)
=


∞∑
i=1


µ(Ai) =⇒ µ̃


σ-additív =⇒ (µ̃(∅) = 0) (X, A, µ̃) mértéktér.
⑧▶ A ∈ A, µ̃(A) = 0 és B ⊂ A esetén 0 ⩽ µ(B) ⩽


⇑
mon.


µ(A) = 0 =⇒ µ(B) = 0


=⇒ T ⊂ X esetén µ(T ∩ B︸ ︷︷ ︸
⊂B


) + µ( T \ B︸ ︷︷ ︸
⊂T


) ⩽
⇑


mon.


µ(B) + µ(T ) = µ(T ) =⇒ B ∈ A =⇒


µ̃(B) = µ(B) = 0 =⇒ µ̃ teljes mérték.


A következő tétel azt mutatja meg, hogy egy halmazfüggvényből hogyan lehet
külső mértéket konstruálni.


2.7. Tétel. Legyen X egy halmaz, H ⊂ P(X), ν : H → [0, ∞],


Σ(B) :=
{∑


i∈I


ν(Ai) : I ⊂ N, Ai ∈ H (i ∈ I), B ⊂
⋃
i∈I


Ai


}
(B ⊂ X),


µ : P(X) → [0, ∞], µ(B) := inf Σ(B).
Ekkor µ külső mérték X-en és µ(B) ⩽ ν(B) ∀B ∈ H. A µ-t a ν-höz tartozó külső
mértéknek nevezzük.


2.8. Megjegyzés. Vegyük észre, hogy Σ(B) definíciójában I lehet üres halmaz, így
∅ ⊂ ⋃


i∈∅
Ai = ∅ (Ai ∈ H) miatt ∑


i∈∅
ν(Ai) = 0 ∈ Σ(∅), azaz µ(∅) = 0.


Bizonyítás. ①▶ B ∈ H esetén ν(B) ∈ Σ(B) =⇒ ν(B) ⩾ inf Σ(B) = µ(B).
②▶ Azt kell még belátni, hogy µ szubadditív, azaz ha J ⊂ N, B, Bj ⊂ X (j ∈
∈ J), B ⊂ ⋃


j∈J
Bj, akkor µ(B) ⩽


∑
j∈J


µ(Bj). Ha J = ∅, akkor ∅ ⊂ ⋃
j∈∅


Bj = ∅, így
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a 2.8. megjegyzés miatt 0 = µ(∅) ⩽ ∑
j∈∅


µ(Bj) = 0. A továbbiakban tehát feltehetjük,


hogy J ≠ ∅. Ha valamely j0 ∈ J-re Σ(Bj0) = ∅, akkor ∑
j∈J


µ(Bj) = ∞, így az előző


egyenlőtlenség teljesül. Ha Σ(Bj) ̸= ∅ minden j ∈ J-re, akkor rögzített ε ∈ R+ esetén
a µ definíciója miatt minden j ∈ J-hez létezik Ij ⊂ N és A


(j)
i ∈ H (i ∈ Ij), hogy


Bj ⊂ ⋃
i∈Ij


A
(j)
i és


µ(Bj) + ε


2j
⩾
∑
i∈Ij


ν
(
A


(j)
i


)
. (2.1)


B ⊂ ⋃
j∈J


Bj ⊂ ⋃
j∈J


⋃
i∈Ij


A
(j)
i =⇒ (µ definíciója) µ(B) ⩽ ∑


j∈J


∑
i∈Ij


ν
(
A


(j)
i


)
⩽
⇑


(2.1)


∑
j∈J


(
µ(Bj) +


+ ε
2j


)
⩽
∑
j∈J


µ(Bj) +
∞∑


j=1
ε
2j = ∑


j∈J
µ(Bj) + ε =⇒ (ε ↓ 0) µ(B) ⩽ ∑


j∈J
µ(Bj).


2.9. Megjegyzés. Az eddigiek alapján a következőképpen tudunk tetszőleges halmaz-
függvényből teljes mértékteret generálni :


Legyen X egy halmaz, H ⊂ P(X), ν : H → [0, ∞], µ a ν-höz tartozó külső mérték,
A az X µ-mérhető részhalmazainak rendszere és µ̃ a µ-nek A-ra vett leszűkítése.
Ekkor (X, A, µ̃) teljes mértéktér.


Azonban elvárjuk, hogy az így kapott mérték kiterjesztése legyen ν-nek, azaz,
hogy µ(A) = ν(A) ∀A ∈ H és H ⊂ A teljesüljön. A továbbiakban ennek feltételeit
vizsgáljuk.


2.10. Tétel. Legyen X egy halmaz, H ⊂ P(X), ν : H → [0, ∞] és µ a ν-höz tartozó
külső mérték. Ekkor µ(A) = ν(A) ∀A ∈ H pontosan abban az esetben teljesül, ha ν
szubadditív.


Bizonyítás. ▶ „⇒” µ külső mérték, azaz szubadditív =⇒ ν szubadditív.
▶ „⇐” A, Ai ∈ H (i ∈ I ⊂ N) és A ⊂ ⋃


i∈I
Ai esetén ν(A) ⩽


∑
i∈I


ν(Ai) ∈ Σ(A)
=⇒ Σ(A)-nak ν(A) alsó korlátja =⇒ ν(A) ⩽ inf Σ(A) =


⇑
µ def.


µ(A) ⩽
⇑


2.7. tétel


ν(A) =⇒


µ(A) = ν(A).


A következő tétel azt mondja ki, hogy H-n értelmezett halmazfüggvényhez tartozó
µ külső mérték esetén a µ-mérhetőséghez nem kell megvizsgálni az alaphalmaz összes
részhalmazát, elég csak a H elemeit.


2.11. Tétel. Legyen X egy halmaz, H ⊂ P(X), ν : H → [0, ∞], µ a ν-höz tartozó
külső mérték és B ⊂ X. A B halmaz pontosan abban az esetben µ-mérhető, ha


ν(A) ⩾ µ(A ∩ B) + µ(A \ B) ∀A ∈ H.
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Bizonyítás. ▶ „⇒” A ∈ H esetén ν(A) ⩾
⇑


2.7. tétel


µ(A) =
⇑


B µ-mérhető


µ(A ∩ B) + µ(A \ B).


▶ „⇐” Legyen T ⊂ X, Σ(T ) ̸= ∅ és ε ∈ R+. A µ definíciója miatt létezik Ai ∈ H
(i ∈ I ⊂ N), hogy T ⊂ ⋃


i∈I
Ai és µ(T ) + ε ⩾


∑
i∈I


ν(Ai) ⩾
⇑


felt.


∑
i∈I


(
µ(Ai ∩B) + µ(Ai \B)


)
=


= ∑
i∈I


µ(Ai ∩ B) + ∑
i∈I


µ(Ai \ B) ⩾
⇑


szubadd.


µ
(


B ∩ ⋃
i∈I


Ai


)
+ µ


(
B ∩ ⋃


i∈I
Ai


)
⩾
⇑


mon.


µ(B ∩


∩ T ) + µ( B ∩ T︸ ︷︷ ︸
T \B


) =⇒ (ε ↓ 0) µ(T ) ⩾ µ(B ∩ T ) + µ(T \ B). Ha Σ(T ) = ∅, akkor


µ(T ) = ∞, miatt az előző egyenlőtlenség ismét teljesül. Így bizonyítottuk, hogy B
µ-mérhető.


2.12. Definíció. Legyen X egy halmaz, H ⊂ P(X), ν : H → [0, ∞] és µ a ν-höz
tartozó külső mérték. A ν-t premértéknek nevezzük, ha szubadditív és


ν(A) ⩾ µ(A ∩ B) + µ(A \ B) ∀A, B ∈ H.


A következő tétel a 2.10. és 2.11. tételek következménye.


2.13. Tétel. Legyen X egy halmaz, H ⊂ P(X), ν : H → [0, ∞], µ a ν-höz tartozó
külső mérték és A a µ-mérhető halmazok rendszere. Ekkor H ⊂ A és µ(A) = ν(A)
∀A ∈ H-ra pontosan akkor teljesül, ha ν premérték.


A következő tétel azt állítja, hogy a mérték egyúttal premérték is, így minden
mértéktér kiterjeszthető teljes mértéktérré.


2.14. Tétel. Legyen (X, H, ν) mértéktér, µ a ν-höz tartozó külső mérték, A az
X µ-mérhető részhalmazainak rendszere és µ̃ a µ-nek A-ra vett leszűkítése. Ekkor
(X, A, µ̃) teljes mértéktér, H ⊂ A és µ(A) = ν(A) ∀A ∈ H. Az utóbbi mértékteret az
(X, H, ν) természetes kiterjesztésének nevezzük.


Bizonyítás. ①▶ A 2.6. tétel szerint (X, A, µ̃) teljes mértéktér.
②▶ ν mérték =⇒ ν szubadditív =⇒ (2.10. tétel) µ(A) = ν(A) ∀A ∈ H.
③▶ A, B ∈ H esetén µ(A ∩ B︸ ︷︷ ︸


∈ H


) + µ( A \ B︸ ︷︷ ︸
∈ H


) =
⇑
②


ν(A ∩ B) + ν(A \ B) =
⇑


ν add.


ν(A) =⇒


ν premérték =⇒ (2.13. tétel) H ⊂ A.


2.15. Megjegyzés. Ez a fejezet tehát választ adott arra a kérdésre, hogy hogyan lehet
olyan mértékteret generálni bizonyos feltételekkel, amelynek értékei néhány speciális
halmazon már adottak: Legyen X egy halmaz, H ⊂ P(X), ν : H → [0, ∞], µ a ν-höz
tartozó külső mérték, A az X µ-mérhető részhalmazainak rendszere és µ̃ a µ-nek A-ra
vett leszűkítése. Ha ν premérték, akkor (X, A, µ̃) olyan teljes mértéktér, melyben µ̃
kiterjesztése ν-nek.


A következőkben példaként megvizsgáljuk a lehető legegyszerűbb halmazfügg-
vényt, amikor az értelmezési tartományának csak egy eleme van. Pontosabban legyen
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X egy nem üres halmaz, H az X-nek egy valódi részhalmaza (azaz H ⊂ X, H ≠ ∅
és H ̸= X) és


ν : {H} → R, ν(H) := 1.


Először meghatározzuk a 2.7 tételbeli Σ(B) halmazt minden B ⊂ X esetén.
– Ha B = ∅, akkor


B ⊂
⋃
i∈∅


H = ∅ =⇒
∑
i∈∅


ν(H) = 0 ∈ Σ(∅),


B ⊂
n⋃


i=1
H ∀n ∈ N =⇒


n∑
i=1


ν(H) = n ∈ Σ(∅) ∀n ∈ N,


B ⊂
∞⋃


i=1
H =⇒


∞∑
i=1


ν(H) = ∞ ∈ Σ(∅),


azaz Σ(∅) = N ∪ {0, ∞}.
– Ha B ⊂ H és B ̸= ∅, akkor


B ⊂
n⋃


i=1
H ∀n ∈ N =⇒


n∑
i=1


ν(H) = n ∈ Σ(∅) ∀n ∈ N,


B ⊂
∞⋃


i=1
H =⇒


∞∑
i=1


ν(H) = ∞ ∈ Σ(∅),


azaz Σ(B) = N ∪ {∞}.
– Ha B ⊂ X és B ̸⊂ H, akkor Σ(B) = ∅.


Összefoglalva


B ⊂ X esetén Σ(B) =



N ∪ {0, ∞}, ha B = ∅,


N ∪ {∞}, ha B ⊂ H és B ̸= ∅,


∅, különben.


Ebből következik, hogy a ν-höz tartozó µ külső mérték


µ : P(X) → [0, ∞], µ(B) = inf Σ(B) =



0, ha B = ∅,


1, ha B ⊂ H és B ̸= ∅,


∞, különben.


A következőkben meghatározzuk ezen µ külső mérték által mérhető halmazok rend-
szerét.


– Legyen A ⊂ X és H ⊂ A.
• Ha T = ∅ =⇒ T = T ∩ A = T \ A = ∅ =⇒


µ(T ) ⩾ µ(T ∩ A) + µ(T \ A). (2.2)


• Ha T ⊂ H és T ̸= ∅ =⇒ T = T ∩ A, T \ A = ∅ és µ(T ) = 1 =⇒ (2.2).
• Ha T ⊂ X és T ̸⊂ H =⇒ µ(T ) = ∞ =⇒ (2.2).


– Legyen A ⊂ X és H ⊂ A.
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• Ha T = ∅ =⇒ T = T ∩ A = T \ A = ∅ =⇒ (2.2).
• Ha T ⊂ H és T ̸= ∅ =⇒ T = T \ A, T ∩ A = ∅ és µ(T ) = 1 =⇒ (2.2).
• Ha T ⊂ X és T ̸⊂ H =⇒ µ(T ) = ∞ =⇒ (2.2).


– Legyen A ⊂ X, H ̸⊂ A és H ̸⊂ A. Ekkor A ̸= ∅, mert különben H ⊂ A = X
teljesülne. Legyen T = H =⇒ T ∩ A ≠ ∅ és T \ A ̸= ∅ =⇒ µ(T ) = µ(T ∩ A) =
= µ(T \ A) = 1 =⇒ (2.2) nem teljesül.


Mindezekből kapjuk, hogy a µ külső mérték által mérhető halmazok rendszere


A =
{
A ⊂ X : H ⊂ A vagy H ⊂ A


}
.


Vegyük észre, hogy {H} ⊂ A és ν(H) = µ(H), így a 2.13. tétel miatt ν premérték.
A µ-nek A-ra vett leszűkítése


µ̃ : A → [0, ∞], µ̃(A) =



0, ha A = ∅,


1, ha A = H,


∞, különben.


A 2.15. megjegyzés miatt az (X, A, µ̃) olyan teljes mértéktér, melyben µ̃ kiterjesztése
ν-nek.


2.2. Nevezetes halmazrendszerek
A mértéket egy speciális tulajdonságú halmazrendszeren, σ-algebrán értelmeztük. A
további vizsgálatainkban más tulajdonságú halmazrendszerekre is szükségünk lesz.


2.2.1. Félgyűrű
2.16. Definíció. Legyen H egy nem üres halmazrendszer. Ha minden A, B ∈ H
esetén A ∩ B ∈ H és létezik H1, . . . , Hk ∈ H diszjunkt rendszer, hogy A \ B =


k⋃
i=1


Hi,
akkor a H halmazrendszert félgyűrűnek nevezzük.


2.17. Tétel. Ha H félgyűrű, akkor ∅ ∈ H.


Bizonyítás. H ̸= ∅ =⇒ ∃A ∈ H =⇒ A \ A = ∅ előáll H-beli diszjunkt halmazok
uniójaként. Ez viszont csak úgy lehet, ha ∅ ∈ H.


2.18. Tétel. Ha H félgyűrű, I ⊂ N és Hi ∈ H (i ∈ I), akkor létezik Di ∈ H (i ∈ N)
diszjunkt rendszer, hogy ⋃


i∈I
Hi =


∞⋃
i=1


Di.
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Bizonyítás. Legyen i1, i2, . . . , in ∈ I. Ekkor Hi1 \ Hi2 előáll véges sok H-beli halmaz
uniójaként. Így Hi1 \ (Hi2 ∪ Hi3) = (Hi1 \ Hi2) \ Hi3 szintén előáll véges sok H-beli
halmaz uniójaként. A gondolatmenetet folytatva kapjuk, hogy Hi1 \ (Hi2 ∪ . . . ∪ Hin)
előáll véges sok H-beli halmaz uniójaként.


Legyen Ai := Hi \ ⋃
j∈I
j<i


Hj , ha i ∈ I, és Ai := ∅, ha i ∈ N \ I. Ekkor ⋃
i∈I


Hi =
∞⋃


i=1
Ai


és Ai (i ∈ N) diszjunkt rendszer, másrészt az előzőek értelmében minden Ai felírható
véges sok H-beli halmaz uniójaként. Ebből adódik az állítás.


2.19. Tétel. Ha A1, . . . , An félgyűrűk, akkor {A1 × · · · × An : Ai ∈ Ai, i = 1, . . . , n}
félgyűrű.


Bizonyítás. Jelöljük a tétel állításában szereplő halmazt Hn-nel, amely nyilván nem
üres halmaz.
▶ Ha A1 × A2, B1 × B2 ∈ H2 =⇒ Ai, Bi ∈ Ai, (i = 1, 2) =⇒ Ai ∩ Bi ∈ Ai, (i = 1, 2)
=⇒ (A1 ∩ B1) × (A2 ∩ B2) = (A1 × A2) ∩ (B1 × B2) ∈ H2.
▶ Ha A1 × A2, B1 × B2 ∈ H2 =⇒ Ai, Bi ∈ Ai, (i = 1, 2). Legyen


C1 := (A1 ∩ B1) × (A2 \ B2), C2 := (A1 \ B1) × A2.


Megmutatjuk, hogy (A1 × A2) \ (B1 × B2) = C1 ∪ C2.
Ehhez először legyen (x, y) ∈ (A1 × A2) \ (B1 × B2). Ekkor x ∈ A1 ∩ B1 vagy


x ∈ A1 \ B1. Ha x ∈ A1 ∩ B1, akkor y ∈ A2 \ B2, ugyanis, ha y ∈ A2 ∩ B2 teljesülne,
akkor (x, y) ∈ B1 × B2, ami nem igaz. =⇒ (x, y) ∈ C1. Ha x ∈ A1 \ B1, akkor y ∈ A2
miatt (x, y) ∈ C2. Így (x, y) ∈ (A1 × A2) \ (B1 × B2) esetén (x, y) ∈ C1 ∪ C2, azaz
(A1 × A2) \ (B1 × B2) ⊂ C1 ∪ C2.


Megfordítva, most legyen (x, y) ∈ C1 ∪C2. Ha (x, y) ∈ C1, akkor (x, y) ∈ A1 ×A2,
de y ̸∈ B2 miatt (x, y) ̸∈ B1 × B2. Ha (x, y) ∈ C2, akkor (x, y) ∈ A1 × A2, de x ̸∈ B1
miatt (x, y) ̸∈ B1 × B2. Így C1 ∪ C2 ⊂ (A1 × A2) \ (B1 × B2).


Azt kaptuk tehát, hogy C1 ∪ C2 = (A1 × A2) \ (B1 × B2). Másrészt (A1 ∩ B1) ∩
∩ (A1 \B1) = ∅ miatt C1 ∩C2 = ∅, továbbá C1 és C2 előáll vége sok diszjunkt H2-beli
elem uniójaként. =⇒ H2-beli elemek különbsége mindig felírható véges sok diszjunkt
H2-beli elem uniójaként.
▶ Az eddigiekből n = 2 esetén igaz az állítás. Ebből teljes indukcióval bizonyíthatunk
tetszőleges n-re, ugyanis, ha feltesszük, hogy Hk félgyűrű, akkor az előzőekből
Hk+1 = {A × Ak+1 : A ∈ Hk, Ak+1 ∈ Ak+1} is félgyűrű.


2.2.2. Halmazgyűrű
2.20. Definíció. Egy H nem üres halmazrendszert halmazgyűrűnek nevezzük, ha
A \ B ∈ H és A ∪ B ∈ H minden A, B ∈ H-ra.


2.21. Tétel. Ha H halmazgyűrű, akkor
① ∅ ∈ H,
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②
n⋃


i=1
Ai ∈ H, ha A1, A2, . . . , An ∈ H,


③
n⋂


i=1
Ai ∈ H, ha A1, A2, . . . , An ∈ H.


Bizonyítás. ▶ A ∈ H esetén ∅ = A \ A ∈ H =⇒ ①.
▶ ② teljes indukcióval bizonyítható.
▶ Legyen A :=


n⋃
i=1


Ai =⇒ ② miatt A ∈ H, másrészt Ai ⊂ A ∀i ∈ {1, . . . , n} =⇒
A-ra való komplementerképzésre alkalmazva a de Morgan-szabályt kapjuk, hogy
n⋂


i=1
Ai = A \


n⋃
i=1


(A \ Ai) ∈ H =⇒ ③.


2.22. Tétel. Ha H halmazgyűrű, akkor félgyűrű is.


Bizonyítás. Láttuk, hogy A, B ∈ H esetén A ∩ B ∈ H, így teljesül az állítás.


2.23. Tétel. Ha H félgyűrű, akkor
{


n⋃
i=1


Hi : n ∈ N, H1, . . . , Hn ∈ H diszjunktak
}


halmazgyűrű.


Bizonyítás. Legyen H∗ :=
{


n⋃
i=1


Hi : n ∈ N, H1, . . . , Hn ∈ H diszjunktak
}


, továbbá


X az összes H∗-beli halmaz uniója, és A ∈ H∗ esetén A := X \ A.
①▶ Legyen A, B ∈ H∗ =⇒ Léteznek A1, . . . , An ∈ H illetve B1, . . . , Bm ∈ H
diszjunkt rendszerek, hogy A =


n⋃
i=1


Ai és B =
m⋃


j=1
Bj =⇒


A \ B = A ∩ B = A ∩
m⋃


j=1
Bj =


(
n⋃


i=1
Ai


)
∩
(


m⋂
j=1


Bj


)
=


n⋃
i=1


(Ai ∩ B1 ∩ . . . ∩ Bj).


Létezik C1, . . . , Ct ∈ H diszjunkt rendszer, hogy A1 ∩ B1 = A1 \ B1 =
t⋃


k=1
Ck =⇒


A1 ∩ B1 ∩ B2 = (A1 \ B1) ∩ B2 =
t⋃


k=1
(Ck \ B2). De Ck \ B2 felírható H-beli véges


diszjunkt rendszer uniójaként, így A1 ∩ B1 ∩ B2 is. Teljes indukcióval kapjuk, hogy
Ai ∩ B1 ∩ . . . ∩ Bj felírható H-beli véges diszjunkt rendszer uniójaként, így A \ B is,
azaz A \ B ∈ H∗.
②▶ Ha A, B ∈ H∗ és A ∩ B = ∅, akkor A ∪ B ∈ H∗ teljesül triviálisan.
③▶ A, B ∈ H∗ esetén, ① miatt B \ A ∈ H∗, így ②-ből A ∪ B = A ∪ (B \ A) ∈ H∗.
Mindezekből következik az állítás.


2.2.3. Halmazalgebra
2.24. Definíció. Legyen X egy halmaz. A H ⊂ P(X) halmazalgebra, ha


① X ∈ H,
② A ∈ H ∀A ∈ H,
③ A ∪ B ∈ H ∀A, B ∈ H.
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2.25. Tétel. Legyen X egy halmaz és H ⊂ P(X). A H pontosan akkor halmazalgebra,
ha H halmazgyűrű és X ∈ H.


Bizonyítás. ▶ „⇒” A, B ∈ H esetén A \ B = A ∪ B ∈ H =⇒ állítás.
▶ „⇐” A ∈ H esetén A = X \ A ∈ H =⇒ állítás.


2.26. Tétel. Ha H halmazalgebra, akkor ∅ ∈ H, illetve A1, A2, . . . , An ∈ H esetén
n⋃


i=1
Ai ∈ H és


n⋂
i=1


Ai ∈ H.


Bizonyítás. Láttuk, hogy halmazalgebra egyúttal halmazgyűrű is. Másrészt a hal-
mazgyűrű rendelkezik a bizonyítandó tulajdonságokkal.


2.27. Tétel. Ha X egy halmaz, H ⊂ P(X) félgyűrű,


H∗ :=
{


n⋃
i=1


Hi : n ∈ N, H1, . . . , Hn ∈ H diszjunktak
}


,


és X ∈ H∗, akkor H∗ halmazalgebra.


Bizonyítás. Az állítás a 2.23. és 2.25. tételekből következik.


2.2.4. σ-gyűrű
2.28. Definíció. A H nem üres halmazrendszert σ-gyűrűnek nevezzük, ha


① A, B ∈ H esetén A \ B ∈ H,
② Ai ∈ H (i ∈ N) esetén


∞⋃
i=1


Ai ∈ H.


2.29. Tétel. Ha H σ-gyűrű és Ai ∈ H (i ∈ N), akkor
∞⋂


i=1
Ai ∈ H.


Bizonyítás. Legyen A :=
∞⋃


i=1
Ai =⇒ Ai ⊂ A ∀i ∈ N =⇒ A-ra való komplementerkép-


zésre alkalmazva a de Morgan-szabályt
∞⋂


i=1
Ai = A \


∞⋃
i=1


(A \ Ai) ∈
⇑


A∈H


H.


2.30. Tétel. Ha H σ-gyűrű, akkor halmazgyűrű is, ∅ ∈ H, illetve A1, A2, . . . , An ∈ H
esetén


n⋃
i=1


Ai ∈ H és
n⋂


i=1
Ai ∈ H.


Bizonyítás. A, B ∈ H esetén A1 := A, A2 := B, Ai := A \ A = ∅ ∈ H (i ⩾ 3)
jelöléssel A ∪ B =


∞⋃
i=1


Ai ∈ H =⇒ H halmazgyűrű. A további állítások ebből már
következnek.
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2.31. Tétel. Legyen X egy halmaz és H ⊂ P(X). A H pontosan akkor σ-algebra,
ha H σ-gyűrű és X ∈ H.


Bizonyítás. ▶ „⇒” A, B ∈ H esetén A \ B ∈ H (1.17. tétel ③ pontja) =⇒ állítás.
▶ „⇐” A ∈ H esetén A = X \ A ∈ H =⇒ állítás.


2.32. Definíció. A H nem üres halmazrendszert tartalmazó összes σ-gyűrű metszetét
(mely nyilván maga is σ-gyűrű) a H által generált σ-gyűrűnek nevezzük. Jele: G(H).
Tehát G(H) a legszűkebb σ-gyűrű, ami H-t tartalmazza.


2.33. Tétel. Ha H halmazgyűrű és A ∈ H, akkor G(H ∩ A) = G(H) ∩ A.


Emlékeztetünk a jelölésre, miszerint H ∩ A := {H ∩ A : H ∈ H}.


Bizonyítás. ▶ H ⊂ G(H) =⇒ H ∩ A ⊂ G(H) ∩ A︸ ︷︷ ︸
σ-gyűrű


=⇒


G(H ∩ A) ⊂ G(H) ∩ A. (2.3)


H ∈ G(H) ∩ A esetén ∃H ′ ∈ G(H), hogy H = H ′ ∩ A =⇒ A ∈ H ⊂ G(H) miatt
H ∈ G(H) =⇒ G(H) ∩ A ⊂ G(H) =⇒ (2.3) miatt


G(H ∩ A) ⊂ G(H). (2.4)


▶ Belátjuk, hogy D σ-gyűrű, ahol


D :=
{
B ∪ (C \ A) : B ∈ G(H ∩ A) és C ∈ G(H)


}
.


Legyen Ei ∈ D (i ∈ N) =⇒ létezik Bi ∈ G(H ∩ A) és Ci ∈ G(H) (i ∈ N), hogy
Ei = Bi ∪ (Ci \ A) (i ∈ N). Ekkor


∞⋃
i=1


Bi ∈ G(H ∩ A) és
∞⋃


i=1
Ci ∈ G(H) miatt


∞⋃
i=1


Ei =
∞⋃


i=1


(
Bi ∪ (Ci \ A)


)
=
[ ∞⋃


i=1
Bi


]
∪
[( ∞⋃


i=1
Ci


)
\ A


]
∈ D. (2.5)


A következő levezetésben az átláthatóság kedvéért metszet helyett szorzás jelet, unió
helyett összeadás jelet használunk, a közöttük megszokott prioritással, továbbá a
komplementerképzés a H összes elemének uniójára történik.
E1 \ E2 = (B1 + C1A) \ (B2 + C2A) = (B1 + C1A)B2(C2 + A) = B1B2 C2 + B1B2A +
+ C1A B2 C2 + C1A B2A︸ ︷︷ ︸


∅


= B1B2(C2 + A) + C1A B2 C2 = B1B2
(
C2(A + A) + A


)
+


+ C1A B2 C2 = B1B2(C2A + C2A + A︸ ︷︷ ︸
A


) + C1A B2 C2 = B1B2 C2 A + B1B2A +


+ C1A B2 C2 = B1B2A + (B1 + C1)B2 C2 A = B1B2A + (B1 + C1)(B2 + C2)A =⇒


(Most visszatérünk a szokásos halmazműveleti jelekre.)
E1 \ E2 =


[
(B1 \ B2) ∩ A︸ ︷︷ ︸


B∗ :=


]
∪
[(


(B1 ∪ C1) \ (B2 ∪ C2)︸ ︷︷ ︸
C∗ :=


)
\ A


]
A = A ∩ A ∈ H ∩ A =⇒ A ∈ G(H ∩ A) =⇒ B∗ ∈ G(H ∩ A)
B1, B2 ∈ G(H) (2.4) miatt =⇒ C∗ ∈ G(H)


 =⇒ E1 \ E2 ∈ D.







30 2. fejezet. Mérték konstruálása


Így (2.5) miatt D σ-gyűrű.
▶ E ∈ H esetén E = ( E ∩ A︸ ︷︷ ︸


∈ G(H∩A)


) ∪ (E \ A) miatt E ∈ D =⇒ H ⊂ D =⇒ (D σ-gyűrű)


G(H) ⊂ D =⇒
G(H) ∩ A ⊂ D ∩ A. (2.6)


▶ E ∈ D ∩ A esetén létezik B ∈ G(H ∩ A) és C ∈ G(H), hogy


E =
(
B ∪ (C \ A)


)
∩ A = B ∩ A


A = A ∩ A ∈ H ∩ A =⇒ A ∈ G(H ∩ A)


}
=⇒ E ∈ G(H ∩ A) =⇒


D ∩ A ⊂ G(H ∩ A) =⇒ (2.6) miatt G(H) ∩ A ⊂ G(H ∩ A) =⇒ (2.3) miatt teljesül
az állítás.


2.34. Definíció. Legyen X egy halmaz és H ⊂ P(X). A H-t tartalmazó X-ből
származó összes σ-algebra metszetét (mely nyilván maga is σ-algebra) a H által
generált σ-algebrának nevezzük. Jele: σ(H). Tehát σ(H) a legszűkebb σ-algebra, ami
H-t tartalmazza.


2.35. Tétel. Ha X egy halmaz, H ⊂ P(X) és X ∈ G(H), akkor G(H) = σ(H).


Bizonyítás. A 2.31. tétel miatt G(H) H-t tartalmazó σ-algebra =⇒ σ(H) ⊂ G(H).
Szintén a 2.31. tétel miatt σ(H) H-t tartalmazó σ-gyűrű =⇒ G(H) ⊂ σ(H) =⇒
állítás.


2.2.5. Monoton osztály
2.36. Definíció. A H nem üres halmazrendszert monoton osztálynak nevezzük, ha


①
∞⋃


i=1
Ai ∈ H, ∀Ai ∈ H (i ∈ N) A1 ⊂ A2 ⊂ . . . esetén, és


②
∞⋂


i=1
Ai ∈ H, ∀Ai ∈ H (i ∈ N) A1 ⊃ A2 ⊃ . . . esetén.


2.37. Tétel. H pontosan akkor σ-gyűrű, ha H halmazgyűrű és monoton osztály.


Bizonyítás. ▶ „⇒” A 2.30. és 2.29. tételek miatt H halmazgyűrű és monoton osztály.
▶ „⇐” Legyen Ai ∈ H (i ∈ N) és Bi =


i⋃
j=1


Aj =⇒ Bi ∈ H ∀i ∈ N és B1 ⊂ B2 ⊂ . . .


=⇒
∞⋃


i=1
Bi ∈ H =⇒


∞⋃
i=1


Bi =
∞⋃


i=1


i⋃
j=1


Aj =
∞⋃


i=1
Ai ∈ H =⇒ állítás.


2.38. Tétel. H pontosan akkor σ-algebra, ha H halmazalgebra és monoton osztály.


Bizonyítás. H σ-algebra ⇐⇒ (2.31. tétel) H σ-gyűrű és X ∈ H ⇐⇒ (2.37. tétel)
H halmazgyűrű, monoton osztály és X ∈ H ⇐⇒ (2.25. tétel) H halmazalgebra és
monoton osztály.
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2.39. Definíció. A H nem üres halmazrendszert tartalmazó összes monoton osztály
metszetét (mely nyilván maga is monoton osztály) a H által generált monoton
osztálynak nevezzük. Jele: M(H).


2.40. Tétel. Ha H halmazgyűrű, akkor M(H) = G(H).


Bizonyítás. ▶ G(H) σ-gyűrű =⇒ (2.37. tétel) G(H) H-t tartalmazó monoton osztály
=⇒


M(H) ⊂ G(H). (2.7)
▶ Legyen


DA :=
{
B ∈ M(H) : A \ B, B \ A, A ∪ B ∈ M(H)


}
, ahol A ⊂ X.


Legyen Bi ∈ DA (i ∈ N), B1 ⊂ B2 ⊂ . . . =⇒
a) Bi ∈ M(H) =⇒


∞⋃
i=1


Bi ∈ M(H)


b) A \ Bi ∈ M(H) és A \ B1 ⊃ A \ B2 ⊃ . . . =⇒ A \
∞⋃


i=1
Bi =


∞⋂
i=1


(A \ Bi) ∈ M(H)


c) Bi\A ∈ M(H) és B1\A ⊂ B2\A ⊂ . . . =⇒
( ∞⋃


i=1
Bi


)
\A =


∞⋃
i=1


(Bi\A) ∈ M(H)


d) A∪Bi ∈ M(H) és A∪B1 ⊂ A∪B2 ⊂ . . . =⇒ A∪
∞⋃


i=1
Bi =


∞⋃
i=1


(A∪Bi) ∈ M(H)


Az a) b) c) és d) pontok alapján
∞⋃


i=1
Bi ∈ DA. Hasonlóan látható, hogy Bi ∈ DA (i ∈


∈ N), B1 ⊃ B2 ⊃ . . . esetén
∞⋂


i=1
Bi ∈ DA. Így DA monoton osztály minden olyan


A ⊂ X esetén, melyre DA ̸= ∅.
▶ Ha A, B ∈ H =⇒ (H halmazgyűrű) A \ B, B \ A, A ∪ B ∈ M(H) =⇒ B ∈
∈ M(H) miatt B ∈ DA =⇒ H ⊂ DA, tehát DA H-t tartalmazó monoton osztály
=⇒ M(H) ⊂ DA, így DA ⊂ M(H) miatt


M(H) = DA ∀A ∈ H (2.8)


▶ Ha A ∈ M(H) és B ∈ H =⇒ (2.8) miatt M(H) = DB =⇒ A ∈ DB =⇒
A \ B, B \ A, A ∪ B ∈ M(H) =⇒ B ∈ M(H) miatt B ∈ DA =⇒ H ⊂ DA, tehát DA


H-t tartalmazó monoton osztály =⇒ M(H) ⊂ DA, így DA ⊂ M(H) miatt


M(H) = DA ∀A ∈ M(H) (2.9)


▶ Ha A, B ∈ M(H) =⇒ (2.9) miatt B ∈ DA =⇒ A \ B, A ∪ B ∈ M(H) =⇒ M(H)
halmazgyűrű =⇒ (2.37. tétel) M(H) σ-gyűrű =⇒ G(H) ⊂ M(H) =⇒ (2.7) miatt
G(H) = M(H).


2.41. Tétel. Ha H halmazgyűrű, F monoton osztály és H ⊂ F , akkor G(H) ⊂ F .


Bizonyítás. F H-t tartalmazó monoton osztály =⇒ M(H) ⊂ F . Másrészt H hal-
mazgyűrű, így a 2.40. tétel miatt G(H) = M(H) =⇒ állítás.
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2.3. Caratheodory-féle kiterjesztési tétel
Legyen egy halmazfüggvény H-n értelmezve. Kérdés, hogy milyen esetekben lehet
ezt a halmazfüggvényt egyértelműen kiterjeszteni mértékké σ(H)-ra, azaz a H-t
tartalmazó legszűkebb σ-algebrára? Ebben a részben erre adunk választ.


2.42. Definíció. Legyen H egy halmazrendszer és µ : H → [0, ∞].
① µ σ-véges, ha minden A ∈ H-ra létezik Ai ∈ H (i ∈ N), hogy A ⊂


∞⋃
i=1


Ai és
µ(Ai) < ∞ ∀i ∈ N.


② µ σ-additív, ha µ
( ∞⋃


i=1
Ai


)
=


∞∑
i=1


µ(Ai) minden olyan Ai ∈ H (i ∈ N) diszjunkt


rendszerre, melyre
∞⋃


i=1
Ai ∈ H teljesül.


③ µ végesen additív, ha µ
(


n⋃
i=1


Ai


)
=


n∑
i=1


µ(Ai) minden olyan Ai ∈ H (i = 1, . . . , n)


diszjunkt rendszerre, melyre
n⋃


i=1
Ai ∈ H teljesül.


④ µ monoton, ha A, B ∈ H, A ⊂ B esetén µ(A) ⩽ µ(B).


2.43. Tétel. Ha H félgyűrű és ν : H → [0, ∞] σ-additív függvény, akkor ν monoton.


Bizonyítás. Legyen A, B ∈ H és A ⊂ B. Ekkor B \ A felírható egy H1, . . . , Hk ∈
∈ H diszjunkt rendszer uniójaként. Legyen H0 := A és Hi := ∅ (i > k). Ekkor
B =


∞⋃
i=0


Hi ∈ H diszjunkt felbontás =⇒ ν σ-additivitása miatt ν(B) =
∞∑


i=0
ν(Hi) =


= ν(A) +
∞∑


i=1
ν(Hi) ⩾ ν(A) =⇒ ν monoton.


2.44. Tétel. Ha H félgyűrű, továbbá ν : H → [0, ∞] σ-additív és σ-véges függvény,
akkor ν(∅) = 0.


Bizonyítás. Legyen Ai = ∅ (i ∈ N) =⇒ ∅ =
∞⋃


i=1
Ai ∈ H =⇒ ν σ-additivitása miatt


ν(∅) =
∞∑


i=1
ν(Ai) = lim


n→∞
nν(∅) =⇒ ν(∅) = 0 vagy ν(∅) = ∞. Mivel ν σ-véges, ezért


∃A ∈ H, hogy ν(A) < ∞ =⇒ ν monotonitása miatt (lásd 2.43. tétel) 0 ⩽ ν(∅) ⩽
⩽ ν(A) < ∞, amely ν(∅) = ∞ esetén nem teljesülhet, így ν(∅) = 0.


2.45. Tétel. Legyen H halmazgyűrű és ν : H → [0, ∞] σ-véges függvény. Ekkor ν
pontosan abban az esetben σ-additív, ha premérték.


Bizonyítás. Ha ν premérték, akkor a 2.15. megjegyzés miatt kiterjeszthető mértékké,
így ν σ-additív. Ezzel „⇐” irány bizonyított. A fordított irányhoz tegyük fel, hogy ν
σ-additív. Ekkor a 2.43. és 2.44. tételek miatt ν monoton és ν(∅) = 0.
▶ Legyen I ⊂ N, A, Ai ∈ H (i ∈ I) és A ⊂ ⋃


i∈I
Ai. Ekkor I ̸= ∅ esetén átindexeléssel


mindig elérhető, hogy I = N vagy I = {1, . . . , n} legyen valamely n ∈ N-re. Legyen
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B1 := A ∩ A1
Bi := A ∩ Ai \ (Ai−1 ∪ Ai−2 ∪ · · · ∪ A1) ha i ∈ I és i ⩾ 2
Bi := ∅ ha i ∈ N \ I.
Ekkor A =


∞⋃
i=1


Bi diszjunkt felbontás =⇒ ν σ-additivitása,
∞⋃


i=1
Bi ∈ H és Bi ∈ H


miatt ν(A) =
∞∑


i=1
ν(Bi) =


⇑
ν(∅)=0


∑
i∈I


ν(Bi) ⩽
⇑


Bi⊂Ai és ν mon.


∑
i∈I


ν(Ai) =⇒ ν szubadditív.


▶ Legyen A, B ∈ H, A1 := A ∩ B, A2 := A \ B, Ai := ∅ (i ⩾ 3) és µ a ν-höz
tartozó külső mérték =⇒ µ(A ∩ B︸ ︷︷ ︸


∈ H


) + µ( A \ B︸ ︷︷ ︸
∈ H


) =
⇑


2.10. tétel


ν(A ∩ B) + ν(A \ B) =
⇑


ν(∅)=0


=
∞∑


i=1
ν(Ai) =


⇑
ν σ-add.


ν
( ∞⋃


i=1
Ai


)
= ν(A) =⇒ ν premérték.


2.46. Tétel (Caratheodory-féle kiterjesztési tételCaratheodory-féle kiterjesztési tétel). Legyen X egy halmaz és H ⊂
⊂ P(X) olyan félgyűrű, melyre teljesül, hogy X előáll megszámlálhatóan sok H-beli
halmaz uniójaként. Ha ν : H → [0, ∞] σ-véges és σ-additív, akkor egyetlen olyan
mérték létezik az (X, σ(H)) mérhető téren, melynek H-ra vett leszűkítése ν. Ez a
mérték a ν-höz tartozó külső mérték σ(H)-ra vett leszűkítése.


Bizonyítás. ①▶ Először tegyük fel, hogy H halmazgyűrű. Legyen ν a ν-höz tartozó
µ külső mérték σ(H)-ra vett leszűkítése. Be fogjuk bizonyítani, hogy ν mérték és a
H-ra vett leszűkítése ν.


Legyen A a µ-mérhető halmazok rendszere. Mivel a 2.45. tétel szerint ν premérték,
ezért a 2.13. tételből H ⊂ A. De a 2.6. tétel miatt A σ-algebra =⇒ σ(H) ⊂ A =⇒
µ-nek A-ra vett leszűkítése mérték (lásd 2.6. tétel), így σ(H)-ra vett leszűkítése, azaz
ν is mérték. Másrészt, ha A ∈ H, akkor ν(A) =


⇑
A∈σ(H)


µ(A) =
⇑


2.13. tétel


ν(A).


Most az egyértelműséget fogjuk bizonyítani. Tegyük fel, hogy az előbb definiált ν
mértéken kívül ν̃ is teljesíti a tétel állítását, azaz


ν̃ : σ(H) → [0, ∞] mértékre ν̃(A) = ν(A) ∀A ∈ H.


Legyen E ∈ H, melyre ν(E) < ∞ teljesül (ilyen a ν σ-végessége miatt létezik) és


D :=
{
A ∈ G(H ∩ E) : ν̃(A) = ν(A)


}
.


Ha A ∈ H ∩ E =⇒ H ∩ E ⊂ H ⊂ σ(H) miatt ν̃(A) =
⇑


ν̃ def.


ν(A) = ν(A) =⇒


H ∩ E ⊂ G(H ∩ E) miatt A ∈ D =⇒


H ∩ E ⊂ D (2.10)


Másrészt a feltétel miatt X ∈ G(H), így


G(H ∩ E) =
⇑


2.33. tétel


G(H) ∩ E =
⇑


2.35. tétel


σ(H) ∩ E. (2.11)
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H ≠ ∅ =⇒ H ∩ E ≠ ∅ =⇒ (2.10) miatt D ≠ ∅. Belátjuk, hogy D monoton osztály.
Legyen Ai ∈ D (i ∈ N), A1 ⊃ A2 ⊃ . . . =⇒ (2.11) miatt ∃E1 ∈ σ(H), hogy A1 =
= E1 ∩E =⇒ A1 ⊂ E =⇒ ν(A1) ⩽ ν(E) = ν(E) <


⇑
E-re felt.


∞ =⇒ ν̃(A1) =
⇑


A1∈D


ν(A1) < ∞


=⇒ ν
( ∞⋂


i=1
Ai


)
=
⇑


ν folyt.


lim
n→∞


ν(An) =
⇑


An∈D


lim
n→∞


ν̃(An) =
⇑


ν̃ folyt.


ν̃
( ∞⋂


i=1
Ai


)
.


Másrészt G(H ∩ E) σ-gyűrű, így
∞⋂


i=1
Ai ∈ G(H ∩ E) =⇒


∞⋂
i=1


Ai ∈ D. Hasonlóan


bizonyítható, hogy Ai ∈ D (i ∈ N), A1 ⊂ A2 ⊂ . . . esetén
∞⋃


i=1
Ai ∈ D =⇒ D monoton


osztály =⇒ (2.10) miatt D a H ∩ E halmazgyűrűt tartalmazó monoton osztály =⇒
(2.41. tétel) G(H∩E) ⊂ D =⇒ D definíciója szerint D ⊂ G(H∩E), így D = G(H∩E)
=⇒ (2.11) miatt


ν̃(A) = ν(A) ha A ∈ σ(H) ∩ E, ahol E ∈ H olyan, hogy ν(E) < ∞. (2.12)


A feltétel miatt ∃Hi ∈ H (i ∈ N), hogy X =
∞⋃


i=1
Hi. Másrészt ν σ-véges, így minden


Hi lefedhető megszámlálhatóan végtelen sok H-beli olyan halmazzal, melyhez ν


valós számot rendel. Így ∃Ai ∈ H (i ∈ N), hogy X =
∞⋃


i=1
Ai és ν(Ai) < ∞ ∀i ∈ N.


Legyen Bi := Ai \
i−1⋃
j=1


Aj =⇒ Bi ∈ H (i ∈ N) diszjunkt rendszer, Bi ⊂ Ai ∀i ∈ N és
∞⋃


i=1
Ai =


∞⋃
i=1


Bi = X. Ekkor ν monotonitása miatt (lásd 2.43. tétel) ν(Bi) ⩽ ν(Ai) <


< ∞ ∀i ∈ N.
Legyen A ∈ σ(H). Ekkor A ∩ Bi ∈ σ(H) ∩ Bi miatt (2.12) szerint


ν̃(A ∩ Bi) = ν(A ∩ Bi) ∀i ∈ N. (2.13)


ν̃(A) = ν̃(A ∩ X) = ν̃
(


A ∩
∞⋃


i=1
Bi


)
= ν̃


( ∞⋃
i=1


(A ∩ Bi)
)


=
⇑


σ-add.


∞∑
i=1


ν̃(A ∩ Bi) =
⇑


(2.13)


=
∞∑


i=1
ν(A ∩ Bi) =


⇑
σ-add.


ν
( ∞⋃


i=1
(A ∩ Bi)


)
= ν(A) =⇒ ν̃ = ν.


②▶ Most legyen H félgyűrű és


H∗ :=
{


n⋃
i=1


Hi : n ∈ N, H1, . . . , Hn ∈ H diszjunktak
}


.


Ekkor a 2.23. tétel miatt H∗ halmazgyűrű. Legyen


ν∗ : H∗ → [0, ∞], ν∗
(


n⋃
i=1


Hi


)
:=


n∑
i=1


ν(Hi).


Belátjuk, hogy ν∗ egyértelműen meghatározott ν által, azaz ha A1, . . . , An ∈ H
illetve A1, . . . , Bm ∈ H olyan diszjunkt rendszerek, melyekre


n⋃
i=1


Ai =
m⋃


j=1
Bj, akkor


n∑
i=1


ν(Ai) =
m∑


j=1
ν(Bj). (2.14)
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Ai = Ai ∩
(


n⋃
k=1


Ak


)
= Ai ∩


(
m⋃


j=1
Bj


)
=


m⋃
j=1


(Ai ∩ Bj) H-beli diszjunkt felbontás


=⇒ σ-additivitás miatt ν(Ai) =
m∑


j=1
ν(Ai ∩ Bj) =⇒


n∑
i=1


ν(Ai) =
n∑


i=1


m∑
j=1


ν(Ai ∩ Bj).


Hasonlóan kapjuk, hogy
m∑


j=1
ν(Bj) =


m∑
j=1


n∑
i=1


ν(Bj∩Ai) =⇒ (2.14) azaz ν∗ egyértelműen
meghatározott ν által.


Mivel ν∗ halmazgyűrűn értelmezett, σ-véges és σ-additív, ezért ① miatt pontosan
egy olyan mérték létezik σ(H∗)-on, melynek H∗-ra vett leszűkítése ν∗. Ez nevezetesen
a ν∗-hoz tartozó külső mérték σ(H∗)-ra vett leszűkítése.


A ν∗ egyértelműen meghatározott ν által, és σ(H) = σ(H∗). Így az előzőek miatt
a tétel teljesül, ha a ν∗-hoz tartozó külső mérték megegyezik a ν-höz tartozó külső
mértékkel. Ez viszont teljesül a következők miatt.


Az A ⊂ X halmazhoz a ν-höz tartozó külső mérték a


T1 :=
{∑


i∈I


ν(Bi) : I ⊂ N, Bi ∈ H (i ∈ I), A ⊂
⋃
i∈I


Bi


}


infimumát, míg a ν∗-hoz tartozó külső mérték a


T2 :=


∑
j∈J


ν∗(Cj) : J ⊂ N, Cj ∈ H∗ (j ∈ J), A ⊂
⋃
j∈J


Cj



infimumát rendeli. H ⊂ H∗ és ν∗ leszűkítése H-ra ν =⇒ T1 ⊂ T2. Másrészt, ha
x ∈ T2, akkor létezik J ⊂ N, Cj ∈ H∗ (j ∈ J), hogy A ⊂ ⋃


j∈J
Cj és x = ∑


j∈J
ν∗(Cj).


=⇒ Létezik B
(j)
1 , . . . , B(j)


nj
∈ H diszjunkt rendszer, hogy Cj =


nj⋃
i=1


B
(j)
i =⇒ A ⊂


⊂ ⋃
j∈J


Cj = ⋃
j∈J


nj⋃
i=1


B
(j)
i és x = ∑


j∈J
ν∗(Cj) = ∑


j∈J
ν∗
( nj⋃


i=1
B


(j)
i


)
= ∑


j∈J


nj∑
i=1


ν
(
B


(j)
i


)
=⇒


x ∈ T1 =⇒ T2 ⊂ T1 =⇒ T1 = T2 =⇒ A két külső mérték megegyezik. Ezzel teljes a
bizonyítás.


A következő állítás a Caratheodory-féle kiterjesztési tétel egy átfogalmazása,
melyet szintén szokás ilyen néven emlegetni.


2.47. Tétel. Legyen X egy halmaz és H ⊂ P(X) olyan félgyűrű, melyre teljesül, hogy
X előáll megszámlálhatóan sok H-beli halmaz uniójaként. Ha µ1 és µ2 olyan σ-véges
mértékek az (X, σ(H)) mérhető téren, melyre µ1(H) = µ2(H) minden H ∈ H esetén,
akkor µ1 = µ2.


Bizonyítás. Legyen ν : H → [0, ∞], ν(H) := µ1(H). Mivel µ1 σ-véges mérték, ezért
ν σ-véges és σ-additív. Másrészt µ1 és µ2 is olyan mérték az (X, σ(H)) mérhető téren,
melynek H-ra vett leszűkítése ν. De a Caratheodory-féle kiterjesztési tétel szerint
csak egy ilyen tulajdonságú mérték van, azaz µ1 = µ2.
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2.4. Lebesgue-mérték
Most a hosszúságot definiáljuk a számegyenesen, abból kiindulva, hogy a korlátos
intervallumok hossza már ismert. Az R egyelemű részhalmazait 0 hosszúságú zárt
intervallumoknak tekintjük.


2.48. Definíció. Rendelje ν az R minden korlátos részintervallumához a hosszát,
azaz, ha az intervallum végpontjai a és b, akkor az |a − b| értéket. Legyen λ a
ν-höz tartozó külső mérték, melyet Lebesgue-féle külső mértéknek nevezünk. Jelölje
L az R λ-mérhető részhalmazainak a rendszerét és λ̃ a λ-nak L-re való leszűkítését.
Az (R, L, λ̃) teljes mértékteret (lásd 2.6. tétel) Lebesgue-mértéktérnek, L elemeit
Lebesgue-mérhető halmazoknak és λ̃-t Lebesgue-mértéknek nevezzük. A továbbiakban
λ̃ helyett is λ jelölést használunk.


Valójában az (R, d) metrikus térből kiindulva értelmeztük a Lebesgue-mértéket,
ahol d a szokásos metrikát jelenti, azaz a, b ∈ R esetén d(a, b) = |a − b|.


Az előbb definiált ν premérték, így teljesül a következő tétel.


2.49. Tétel. Az R korlátos intervallumai Lebesgue-mérhetőek és Lebesgue-mértékük
a hosszukkal egyenlő.


Bizonyítás. ①▶ Legyen A és B az R korlátos intervallumai. Ezek kölcsönös helyze-
tére négy eset lehetséges.


(a) | |︸ ︷︷ ︸
A


B︷ ︸︸ ︷
| | λ(A \ B) + λ(A ∩ B) ⩽


⇑
2.7. tétel


ν(A \ B) + ν(A ∩ B) = ν(A).


(b) | |︸ ︷︷ ︸
A


| |
B︷ ︸︸ ︷


| | λ(A \ B︸ ︷︷ ︸
A


) +
0︷ ︸︸ ︷


λ(A ∩ B︸ ︷︷ ︸
∅


) = λ(A) ⩽
⇑


2.7. tétel


ν(A).


(c)
A︷ ︸︸ ︷


| |︸ ︷︷ ︸
A1


| |︸ ︷︷ ︸
B


| |︸ ︷︷ ︸
A2


λ(A \ B︸ ︷︷ ︸
A1∪A2


) + λ(A ∩ B︸ ︷︷ ︸
B


) ⩽
⇑


szubadd.


λ(A1) + λ(A2) + λ(B) ⩽
⇑


2.7. tétel
⩽ ν(A1) + ν(A2) + ν(B) = ν(A).


(d)
B︷ ︸︸ ︷


| || |︸ ︷︷ ︸
A


0︷ ︸︸ ︷
λ(A \ B︸ ︷︷ ︸


∅


) +λ(A ∩ B︸ ︷︷ ︸
A


) = λ(A) ⩽
⇑


2.7. tétel


ν(A).


Tehát azt kaptuk, hogy ν(A) ⩾ λ(A \ B) + λ(A ∩ B) minden R-beli A, B korlátos
intervallum esetén.
②▶ Legyenek A, Ai (i ∈ I ⊂ N) R-beli korlátos intervallumok, melyekre A ⊂ ⋃


i∈I
Ai.


Legyen ε ∈ R+. Ekkor létezik B = [a, b] ⊂ A, melyre ν(A) − ν(B) ⩽ ε és létezik
Bi = (ai, bi) ⊃ Ai ∀i ∈ N-re, hogy ν(Bi) − ν(Ai) ⩽ ε


2i .
Mivel B ⊂ A ⊂ ⋃


i∈I
Ai ⊂ ⋃


i∈I
Bi és B kompakt, ezért ∃I∗ ⊂ I véges halmaz, hogy


B ⊂ ⋃
i∈I∗


Bi, azaz [a, b] ⊂ ⋃
i∈I∗


(ai, bi) =⇒ ∃i1 ∈ I∗, hogy ai1 < a < bi1 . Ha bi1 ⩽ b,
akkor ∃i2 ∈ I∗, hogy ai2 < bi1 < bi2 . Ha bi2 ⩽ b, akkor ∃i3 ∈ I∗, hogy ai3 < bi2 < bi3 .
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ai1 a ai2 bi1
ai3 bi2 b bi3


( [ ( ) ( ) ] )


Ez a kiválasztási eljárás véges sok lépésben megszakad az I∗ végessége miatt. Ha n
lépés után szakadt meg, azaz b < bin , akkor I∗∗ := {i1, i2, . . . , in} =⇒
ν(A) ⩽ ν(B) + ε = b − a + ε < bin − ai1 + ε = bin − ain + ain︸︷︷︸


<bin−1


−ain−1 + ain−1︸ ︷︷ ︸
<bin−2


−


−ain−2 + · · · + ai2︸︷︷︸
<bi1


−ai1 + ε <
n∑


j=1
(bij


− aij
) + ε = ∑


i∈I∗∗
ν(Bi) + ε ⩽


∑
i∈I


(
ν(Ai) +


+ ε
2i


)
+ ε ⩽


∑
i∈I


ν(Ai) +
∞∑


i=1


ε


2i︸ ︷︷ ︸
ε·


1
2


1− 1
2


+ε = ∑
i∈I


ν(Ai) + 2ε =⇒ (ε ↓ 0) ν(A) ⩽
∑
i∈I


ν(Ai) =⇒


ν szubadditív, így ① miatt ν premérték =⇒ A 2.13. tétel miatt kapjuk az állítást.


A következő tétel lehetőséget ad arra, hogy beszélhessünk Lebesgue-szerint 0
mértékű halmazokról, a Lebesgue-mérték ismerete nélkül is.


2.50. Tétel. A ⊂ R esetén λ(A) = 0 pontosan akkor teljesül, ha bármely ε ∈ R+


esetén létezik ai, bi ∈ R (ai < bi, i ∈ N), hogy A ⊂
∞⋃


i=1
(ai, bi) és


∞∑
i=1


(bi − ai) < ε.


Bizonyítás. ▶ „⇒” λ(A) = 0 esetén{∑
i∈I


λ(Ki) : I ⊂ N, Ki (i ∈ I) az R korlátos intervallumai, és A ⊂
⋃
i∈I


Ki


}


infimuma 0. Így ε ∈ R+ esetén létezik I ⊂ N és Ki (i ∈ I) R-beli korlátos interval-
lumok, hogy A ⊂ ⋃


i∈I
Ki és ∑


i∈I
λ(Ki) = ∑


i∈I
(di − ci) < ε


2 , ahol Ki végpontjai ci és di


(ci < di). Legyen ai := ci − ε
2i+2 és bi := di + ε


2i+2 (i ∈ N), ahol i ∈ N \ I esetén ci és
di legyen 0. Ekkor


∞⋃
i=1


(ai, bi) ⊃ ⋃
i∈I


Ki ⊃ A, továbbá
∞∑


i=1
(bi − ai) = ∑


i∈I
(di − ci + ε


2i+1 ) +


+ ∑
i∈N\I


ε
2i+1 = ∑


i∈I
(di − ci) +


∞∑
i=1


ε
2i+1 < ε


2 + ε
2 = ε =⇒ állítás.


▶ „⇐” 0 ⩽ λ(A) ⩽ λ
( ∞⋃


i=1
(ai, bi)


)
⩽


∞∑
i=1


λ
(
(ai, bi)


)
=


∞∑
i=1


(bi − ai) < ε. Ebből ε ↓ 0
határátmenettel adódik az állítás.


2.51. Tétel. Legyen a, b ∈ R, a ̸= 0, g : R → R, g(x) := ax + b és A ⊂ R. Ekkor


λ
(
g(A)


)
= |a|λ(A), (2.15)


továbbá, ha A Lebesgue-mérhető, akkor g(A) is az.
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Bizonyítás. ①▶ Ha A korlátos intervallum α, β ∈ R végpontokkal, akkor g(A) is
korlátos intervallum aα + b és aβ + b végpontokkal =⇒ λ


(
g(A)


)
= |aα + b − (aβ +


+ b)| = |a| · |α − β| = |a|λ(A) =⇒ (2.15)
②▶ Ha A ⊂ R tetszőleges, akkor legyenek Ai ⊂ R (i ∈ I ⊂ N) olyan korlá-
tos intervallumok, melyekre A ⊂ ⋃


i∈I
Ai =⇒ g(A) ⊂ g


(⋃
i∈I


Ai


)
= ⋃


i∈I
g(Ai) =⇒


1
|a|λ


(
g(A)


)
⩽
⇑


szubadd.


1
|a|
∑
i∈I


λ
(
g(Ai)


)
=
⇑
①


1
|a|
∑
i∈I


|a|λ(Ai) = ∑
i∈I


λ(Ai) =⇒ 1
|a|λ


(
g(A)


)
al-


só korlátja Σ(A)-nak (Σ(A) definícióját lásd a 2.7. tételben) =⇒ 1
|a|λ


(
g(A)


)
⩽


⩽ inf Σ(A) = λ(A). Tehát
λ
(
g(A)


)
⩽ |a|λ(A). (2.16)


A kapott eredményt alkalmazzuk A helyett g(A)-ra és g helyett g−1-re (g−1(x) =
= 1


a
x − b


a
) =⇒ λ


(
g−1


(
g(A)


)
︸ ︷︷ ︸


A


)
⩽ | 1


a
|λ
(
g(A)


)
, melyből (2.16) miatt adódik (2.15).


③▶ Legyen A ∈ L és T ⊂ R. Ekkor (2.15) miatt 1
|a|


(
λ
(
T ∩ g(A)


)
+ λ


(
T \ g(A)


))
=


= λ
(


g−1
(
T ∩ g(A)


))
+ λ


(
g−1


(
T \ g(A)


))
= λ


(
g−1(T ) ∩ A


)
+ λ


(
g−1(T ) \ A


)
=
⇑


A∈L


= λ
(
g−1(T )


)
= 1


|a|λ(T ) =⇒ g(A) ∈ L.


A következő tétel az előző speciális esete, mely szerint a Lebesgue-mérték és a
Lebesgue-mérhetőség invariáns az eltolásra.


2.52. Tétel (Eltolás-invarianciaEltolás-invariancia). Legyen r ∈ R, g : R → R, g(x) := x + r és A ⊂ R.
Ekkor λ


(
g(A)


)
= λ(A), továbbá, ha A Lebesgue-mérhető, akkor g(A) is az.


2.53. Tétel. Az R minden megszámlálható részhalmaza Lebesgue-mérhető, továbbá
Lebesgue-mértéke 0.


Bizonyítás. Legyen A ⊂ R megszámlálható számosságú halmaz. Ha A = ∅ akkor
A ∈ L és λ(A) = 0. Ha A = {x} (x ∈ R), akkor A zárt intervallum, melynek a hossza
0. Így a 2.49. tétel szerint A ∈ L és λ(A) = 0. Ebből A = {xi ∈ R : i ∈ I ⊂ N}
esetén A = ⋃


i∈I
{xi} ∈ L, hiszen L σ-algebra, másrészt λ(A) =


⇑
add.


∑
i∈I


λ({xi})︸ ︷︷ ︸
0


= 0.


Létezik kontinuum számosságú 0 Lebesgue-mértékű halmaz is, pl. az ún. Cantor-
féle triadikus halmaz.


2.54. Definíció. A [0, 1] intervallumból vonjuk ki a középső 1
3 hosszúságú nyílt inter-


vallumot. Az így kapott halmaz legyen C1, amely két 1
3 hosszúságú zárt intervallum.


Ezek mindegyikéből vonjuk ki a középső 1
32 hosszúságú nyílt intervallumot. Az így


kapott halmaz legyen C2, amely négy darab 1
32 hosszúságú zárt intervallum. Ezt az


eljárást folytatva, ha már definiáltuk a Cn halmazt, mely 2n darab 1
3n hosszúságú


diszjunkt zárt intervallum, akkor azok mindegyikéből elhagyva a középső 1
3n+1 hosszú
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nyílt intervallumot, kapjuk a Cn+1 halmazt. Legyen C :=
∞⋂


n=1
Cn. A C halmazt


Cantor-féle triadikus halmaznak nevezzük.


2.55. Tétel. A Cantor-féle triadikus halmaz kontinuum számosságú, Lebesgue-
mérhető és Lebesgue-mértéke 0.


Bizonyítás. ①▶ C ⊂ Cn ∀n ∈ N =⇒ (külső mérték monoton) λ(C) ⩽ λ(Cn) = 2n


3n


∀n ∈ N =⇒ (n → ∞) λ(C) = 0 =⇒ (2.5. megjegyzés) C ∈ L.
②▶ x ∈ C pontosan akkor teljesül, ha az x végtelen triadikus tört alakjában a
triadikus jegyek egyike sem 1. Minden x ∈ C számhoz rendeljük azt a 0, y1y2 . . .
diadikus törtet, melyre yn = xn


2 ∀n ∈ N teljesül, ahol 0, x1x2 . . . az x végtelen
triadikus tört alakja. Ez egy C-t [0, 1]-re képező invertálható függvény. =⇒ C
kontinuum számosságú.


A 2.6. tétel miatt a Lebesgue-mérték teljes, így λ(C) = 0 miatt a C minden
részhalmaza Lebesgue-mérhető. De C kontinuum számosságú, ezért ugyanannyi
részhalmaza van, mint R-nek. Így felmerül a kérdés, hogy van-e egyáltalán olyan
részhalmaza R-nek, mely nem Lebesgue-mérhető? A válasz igen, pl. az ún. Vitali-féle
halmaz.


2.56. Definíció. Legyen Q :=
{


(x, y) : x, y ∈ [−1, 1], x − y ∈ Q
}


. A Q ekvivalencia
reláció, így osztályozást generál a [−1, 1] intervallumon. A V halmaz tartalmazzon
ezen osztályok mindegyikéből pontosan egy elemet. Ekkor a V halmazt Vitali-féle
halmaznak nevezzük.


2.57. Tétel. A Vitali-féle halmaz nem Lebesgue-mérhető.


Bizonyítás. Legyen az r1, r2, . . . , rk, . . . olyan sorozat, mely a Q ∩ [−2, 2] minden
értékét pontosan egyszer veszi fel, és gk : R → R, gk(x) := x + rk (k ∈ N).
▶ x ∈ [−1, 1] esetén ∃y ∈ V , hogy (x, y) ∈ Q =⇒ |x − y| ⩽ 2 és x − y ∈ Q =⇒
∃k0 ∈ N, hogy rk0 = x − y =⇒ x = y + rk0 = gk0(y) ∈ gk0(V ) =⇒
[−1, 1] ⊂ gk0(V ) =⇒ [−1, 1] ⊂


∞⋃
k=1


gk(V ) =⇒ 2 = λ
(
[−1, 1]


)
⩽
⇑


szubadd.


∞∑
k=1


λ
(
gk(V )


)
=
⇑


2.52. tétel


=
∞∑


k=1
λ(V ) = lim


n→∞
λ(V ) · n =⇒ λ(V ) > 0.


▶ Legyen i, j ∈ N, i ≠ j és y ∈ gi(V ) ∩ gj(V ) =⇒ ∃xi, xj ∈ V , hogy y = xi + ri =
= xj + rj =⇒ xi − xj = rj − ri ∈ Q =⇒ (xi, xj) ∈ Q =⇒ Mivel V a Q által generált
minden ekvivalenciaosztályból pontosan egy elemet tartalmaz, ezért xi = xj =⇒
ri = rj =⇒ i = j, ami ellentmondás =⇒ gk(V ), k ∈ N diszjunkt rendszer.
▶ Most tegyük fel, hogy V ∈ L =⇒ 2.52. tétel miatt gk(V ) ∈ L minden k ∈ N-re
=⇒


∞⋃
k=1


gk(V ) ∈ L.
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Ha x ∈ V , akkor gk(x) = x + rk ∈ [−3, 3] minden k ∈ N-re =⇒ gk(V ) ⊂ [−3, 3]
minden k ∈ N-re =⇒


∞⋃
k=1


gk(V ) ⊂ [−3, 3].


Mindezekből 6 = λ
(
[−3, 3]


)
⩾
⇑


mon.


λ
( ∞⋃


k=1
gk(V )


)
=
⇑


σ-add.


∞∑
k=1


λ
(
gk(V )


)
=
⇑


2.52. tétel


∞∑
k=1


λ(V ) =


= lim
n→∞


λ(V ) · n =⇒ λ(V ) = 0 ami ellentmond λ(V ) > 0-nak =⇒ V ̸∈ L.


2.58. Tétel. λ(B) = inf{λ(N) : B ⊂ N ⊂ R, N nyílt halmaz} ∀B ⊂ R esetén.


Bizonyítás. Legyen


Σ(B) :=
{∑


i∈I


λ(Ai) : I ⊂ N, Ai korlátos intervallum (i ∈ I), B ⊂
⋃
i∈I


Ai


}
.


Ha λ(B) = ∞, akkor B ⊂ N esetén λ(N) = ∞ =⇒ állítás. Ha λ(B) < ∞, akkor
Σ(B) ̸= ∅ miatt, ε > 0 esetén létezik I ⊂ N, Ai korlátos intervallum (i ∈ I),
B ⊂ ⋃


i∈I
Ai, hogy ∑


i∈I


λ(Ai) ⩽ λ(B) + ε. (2.17)


Másrészt ∀i ∈ I esetén létezik A∗
i nyílt intervallum, hogy Ai ⊂ A∗


i és λ(A∗
i ) ⩽


⩽ λ(Ai) + ε
2i =⇒ λ


(⋃
i∈I


A∗
i


)
⩽
⇑


szubadd.


∑
i∈I


λ(A∗
i ) ⩽


∑
i∈I


λ(Ai) +
∞∑


i=1


ε


2i︸ ︷︷ ︸
ε


⩽
⇑


(2.17)


λ(B) + 2ε.


Mivel ⋃
i∈I


A∗
i nyílt, ezért azt kaptuk, hogy ∀ε > 0 esetén létezik olyan N nyílt halmaz,


hogy B ⊂ N és λ(N) ⩽ λ(B) + 2ε. =⇒ {λ(N) : B ⊂ N ⊂ R, N nyílt halmaz}
halmaznak λ(B)-nél nem lehet nagyobb alsó korlátja. Másrészt λ(B) alsó korlát,
hiszen B ⊂ N esetén λ(B) ⩽ λ(N). Ezzel bizonyítottuk az állítást.


2.59. Megjegyzés. Később be fogjuk látni, hogy R minden nyílt részhalmaza, és így
az ezek által generált σ-algebra elemei, az ún. Borel-mérhető halmazok is Lebesgue-
mérhetőek. Mivel egy halmaz zárt, ha komplementere nyílt, ezért az R zárt rész-
halmazai is Lebesgue-mérhetőek. Azt is belátjuk majd, hogy Jordan-mérhetőségből
következik a Lebesgue-mérhetőség.


2.5. Lebesgue–Stieltjes-mérték
A valószínűségszámításban fontos szerepe lesz a következőkben ismertetett mértéknek.


2.60. Definíció. Legyen f : Rk → R, a, b ∈ R és


∆(k)
a,bf : Rk−1 → R, ∆(k)


a,bf(x1, . . . , xk−1) := f(x1, . . . , xk−1, b) − f(x1, . . . , xk−1, a),


ha k ⩾ 2, illetve ∆(1)
a,bf := f(b) − f(a).
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2.61. Megjegyzés. Ha f, g : Rk → R és a, b ∈ R, akkor definíció alapján kapjuk, hogy


∆(k)
a,b(f + g) = ∆(k)


a,bf + ∆(k)
a,bg. (2.18)


2.62. Tétel. Ha F : Rn → R, akkor


∆(1)
a1,b1 . . . ∆(n)


an,bn
F =


∑
(ε1,...,εn)∈{0,1}n


(−1)ε1+···+εnF (c1, . . . , cn),


ahol ci = ai, ha εi = 1 és ci = bi, ha εi = 0.


Bizonyítás. A bizonyítandó egyenlőség bal oldalán minden differenciaképzésnél két-
szereződik a tagok száma, így 2n darab tagból áll. Minden tag abszolút értéke
különbözik minden más tag abszolút értékétől. Így a tagok között minden olyan
F (c1, . . . , cn) alakú szám előfordul (előjeltől eltekintve), melyben minden ci vagy
ai-vel vagy bi-vel egyenlő. Amikor egy differenciaképzésnél ai kerül valamelyik változó
helyére, akkor azt a tagot −1-gyel kell szorozni. Viszont nem változik az előjel, amikor
bi kerül valamelyik változó helyére. Így ha a ci-k között páros számú ai van, akkor
nem változik az előjel, míg ha páratlan, akkor igen. A bizonyítandó egyenlőség jobb
oldala pontosan ezt fejezi ki.


2.63. Megjegyzés. Ha például F : Rn → R, F (x1, . . . , xn) := x1 · · · xn és ai, bi ∈ R (i =
= 1, . . . , n), akkor


∆(n)
an,bn


F (x1, . . . , xn−1) = x1 · · · xn−1bn − x1 · · · xn−1an = x1 · · · xn−1(bn − an) =⇒


∆(n−1)
an−1,bn−1∆(n)


an,bn
F (x1, . . . , xn−2) = x1 · · · xn−2bn−1(bn − an)−


− x1 · · · xn−2an−1(bn − an) =
= x1 · · · xn−2(bn−1 − an−1)(bn − an) =⇒


...
∆(1)


a1,b1 . . . ∆(n)
an,bn


F = (b1 − a1) · · · (bn − an).


2.64. Definíció. Legyen F : Rn → R olyan függvény, amely minden változójában
balról folytonos, továbbá melyre teljesül, hogy minden ai, bi ∈ R, ai ⩽ bi (i = 1, . . . , n)
esetén ∆(1)


a1,b1 . . . ∆(n)
an,bn


F ⩾ 0. Legyen


T :=
{
[a1, b1) × · · · × [an, bn) : ai, bi ∈ R, ai ⩽ bi, (i = 1, . . . , n)


}
,


ahol bi = ai esetén [ai, bi) := ∅, és


ν : T → [0, ∞), ν
(
[a1, b1) × · · · × [an, bn)


)
:= ∆(1)


a1,b1 . . . ∆(n)
an,bn


F.


A ν-höz tartozó külső mértéket λF -fel, a λF -mérhető halmazok rendszerét LF -fel
jelöljük. A λF leszűkítését LF -re, az F által indukált Lebesgue–Stieltjes-mértéknek
nevezzük, és ezt is λF módon jelöljük. Az (Rn, LF , λF ) mértékteret Lebesgue–Stieltjes-
mértéktérnek nevezzük.
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2.65. Megjegyzés. Vegyük észre, hogy n = 1 esetén a ∆(1)
a1,b1 . . . ∆(n)


an,bn
F ⩾ 0 feltétel


azzal ekvivalens, hogy F monoton növekvő.
Ha F : R → R, F (x) = x, akkor λ = λF . Ha F : Rn → R, F (x1, . . . , xn) =


= x1 · · · xn, akkor λF -et szokás λn módon jelölni, és n dimenziós Lebesgue-mértéknek
nevezni. Mi a λn definícióját nem így vezetjük be, hanem majd később, λ n-szeres
szorzataként. Ott visszatérünk annak tisztázására, hogy a két értelmezés ekvivalens.


2.66. Tétel. Az előbbiekben definiált ν premérték, így ai, bi ∈ R, ai ⩽ bi (i = 1, . . . , n)
esetén [a1, b1) × · · · × [an, bn) ∈ LF és


λF


(
[a1, b1) × · · · × [an, bn)


)
= ∆(1)


a1,b1 . . . ∆(n)
an,bn


F.


Bizonyítás. ▶ Először azt látjuk be, hogy ν végesen additív. Legyen ai, bi, ci ∈ R,
ai ⩽ ci ⩽ bi (i = 1, . . . , n), és Fk+1 := ∆(k+1)


ak+1,bk+1
. . . ∆(n)


an,bn
F . Ekkor


∆(k)
ak,ck


Fk+1(x1, . . . , xk−1) + ∆(k)
ck,bk


Fk+1(x1, . . . , xk−1) =
= Fk+1(x1, . . . , xk−1, ck) − Fk+1(x1, . . . , xk−1, ak)+
+Fk+1(x1, . . . , xk−1, bk) − Fk+1(x1, . . . , xk−1, ck) =
= Fk+1(x1, . . . , xk−1, bk) − Fk+1(x1, . . . , xk−1, ak) = ∆(k)


ak,bk
Fk+1(x1, . . . , xk−1) =⇒


(2.18) miatt ∆(k−1)
ak−1,bk−1


∆(k)
ak,bk


Fk+1 = ∆(k−1)
ak−1,bk−1


∆(k)
ak,ck


Fk+1 + ∆(k−1)
ak−1,bk−1


∆(k)
ck,bk


Fk+1. Eb-
ből indukcióval kapjuk, hogy


∆(1)
a1,b1 . . . ∆(n)


an,bn
F = ∆(1)


a1,b1 . . . ∆(k−1)
ak−1,bk−1


∆(k)
ak,ck


∆(k+1)
ak+1,bk+1


. . . ∆(n)
an,bn


F+


+ ∆(1)
a1,b1 . . . ∆(k−1)


ak−1,bk−1
∆(k)


ck,bk
∆(k+1)


ak+1,bk+1
. . . ∆(n)


an,bn
F.


Ismét indukciót alkalmazva kapjuk, hogy ν végesen additív.
▶ Tekintsük az előző definícióbeli T halmazt. Könnyen látható, hogy n = 1 esetén
ez félgyűrű. Így a 2.19. tétel miatt tetszőleges n-re is az. Ebből, ha A, B ∈ T ,
akkor K1 := A ∩ B ∈ T és létezik K2, . . . , Km ∈ T diszjunkt rendszer, hogy
A \ B =


m⋃
i=2


Ki. Így ν(A) = ν
(


m⋃
i=1


Ki


)
=
⇑


véges add.


m∑
i=1


ν(Ki) ⩾
⇑


2.7. tétel


m∑
i=1


λF (Ki) = λF (A ∩


∩ B) +
m∑


i=2
λF (Ki) ⩾


⇑
λF szubadd.


λF (A ∩ B) + λF


(
m⋃


i=2
Ki


)
= λF (A ∩ B) + λF (A \ B).


▶ Még azt kell belátni, hogy ν szubadditív. Ehhez bevezetünk néhány jelölést.
a = (a1, . . . , an) ∈ Rn és b = (b1, . . . , bn) ∈ Rn esetén legyen [a, b) := [a1, b1) × · · · ×
× [an, bn). Analóg módon definiáljuk az [a, b] illetve (a, b) halmazokat is. Azt írjuk,
hogy a ⩽ b, ha ai ⩽ bi ∀i = 1, . . . , n. Hasonlóan értelmezzük az a < b relációt is.


Tegyük fel, hogy T = [a, b) ∈ T , K ⊂ N, Tk = [ak, bk) ∈ T (k ∈ K) és T ⊂
⊂ ⋃


k∈K
Tk. Legyen ε ∈ R+ és y ∈ Rn, melynek minden koordinátája pozitív. A F


minden változójában balról folytonos, így minden k ∈ K esetén létezik yk ∈ Rn,
melynek minden koordinátája pozitív, és amelyre


ν
(
[ak − yk, bk)


)
⩽ ν


(
[ak, bk)


)
+ ε


2k
. (2.19)
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T ⊂ ⋃
k∈K


Tk miatt valamely k0-ra ak0 ⩽ a < bk0 , azaz ak0 − yk0 < a < bk0 , és valamely


k1-re ak1 ⩽ b − y < bk1 , ha b − y ∈ [a, b). Így


[a, b − y] ⊂
⋃


k∈K


(ak − yk, bk).


Mivel [a, b − y] kompakt, ezért létezik K∗ ⊂ K véges halmaz, hogy


[a, b − y) ⊂ [a, b − y] ⊂
⋃


k∈K∗
(ak − yk, bk) ⊂


⋃
k∈K∗


[ak − yk, bk).


Tekintsük az


Ak := [a, b − y) ∩ [ak − yk, bk) \
⋃


j∈K∗


j<k


[aj − yj, bj) (k ∈ K∗)


halmazokat. Ekkor [a, b − y) = ⋃
k∈K∗


Ak diszjunkt felbontás és T félgyűrű volta miatt
minden Ak előáll Tk,1, Tk,2, . . . , Tk,mk


∈ T diszjunkt halmazok uniójaként =⇒


[a, b − y) =
⋃


k∈K∗


mk⋃
j=1


Tk,j


T -beli diszjunkt felbontás, továbbá [ak − yk, bk) \ Ak is előáll T ∗
k,1, T ∗


k,2, . . . , T ∗
k,m∗


k
∈ T


diszjunkt halmazok uniójaként =⇒


[ak − yk, bk) =
mk⋃
j=1


Tk,j ∪
m∗


k⋃
j=1


T ∗
k,j


T -beli diszjunkt felbontás =⇒ ν
(
[a, b − y)


)
=
⇑


véges add.


∑
k∈K∗


mk∑
j=1


ν(Tk,j) ⩽


⩽
∑


k∈K∗


(
mk∑
j=1


ν(Tk,j) +
m∗


k∑
j=1


ν(T ∗
k,j)


)
=
⇑


véges add.


∑
k∈K∗


ν
(
[ak −yk, bk)


)
⩽
⇑


(2.19)


∑
k∈K∗


(
ν(Tk) + ε


2k


)
⩽


⩽
∑


k∈K
ν(Tk) +


∞∑
k=1


ε
2k = ∑


k∈K
ν(Tk) + ε. Tehát, ha ε ∈ R+ és y ∈ Rn, melynek minden


koordinátája pozitív, akkor


ν
(
[a, b − y)


)
⩽
∑
k∈K


ν(Tk) + ε.


Ebből F balról való folytonossága miatt, ha y minden koordinátája felülről tart 0-hoz,
akkor kapjuk, hogy


ν(T ) ⩽
∑
k∈K


ν(Tk) + ε.


Ebből ε ↓ 0 határátmenettel adódik, hogy ν(T ) ⩽ ∑
k∈K


ν(Tk), azaz ν szubadditív.
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2.6. Hausdorff-mérték
A következőkben definiált Hausdorff-mérték az ívhossz általánosítása, melyet nem
premértékből származtatunk.


2.67. Definíció. Legyen (X, d) metrikus tér, Dε := {A ⊂ X : diam A < ε}, ahol
ε > 0 és diam A az A halmaz átmérője, azaz diam A = sup{d(x, y) : x, y ∈ A}, ha
A ̸= ∅ és diam ∅ := 0. Legyen továbbá p > 0 és


νε,p : Dε → [0, ∞], νε,p(A) := (diam A)p.


Jelölje µε,p a νε,p-hez tartozó külső mértéket, és legyen


HX,p : P(X) → [0, ∞], HX,p(B) := sup
ε>0


µε,p(B).


Ekkor HX,p külső mérték, melyet Hausdorff-féle külső mértéknek nevezzük. En-
nek a HX,p-mérhető halmazok rendszerére vett leszűkítését p-dimenziós Hausdorff-
mértéknek nevezzük az (X, d) metrikus téren.


Az (Rn, d) metrikus térben értelmezett HRn,p Hausdorff-féle külső mértéket a
továbbiakban mindig a szokásos d metrikával értjük, azaz x = (x1, . . . , xn), y =
= (y1, . . . , yn) ∈ Rn esetén d(x, y) =


√
(x1 − y1)2 + · · · + (xn − yn)2.


2.68. Megjegyzés. Σε,p(B) :=
{∑


i∈I
(diam Ai)p : I ⊂ N, Ai ∈ Dε (i ∈ I), B ⊂ ⋃


i∈I
Ai


}
jelöléssel, 0 < ε1 < ε2 esetén Dε1 ⊂ Dε2 =⇒ Σε1,p(B) ⊂ Σε2,p(B) =⇒


µε1,p(B) = inf Σε1,p(B) ⩾ inf Σε2,p(B) = µε2,p(B),


azaz µε,p(B) értéke nő, ha ε értéke csökken. Ezért van a HX,p definíciójában szupré-
mum. Másrészt ebből az is látható, hogy sup


ε>0
helyett írható lim


ε→0+0
(0-ban vett jobb


oldali határérték) is, azaz


HX,p(B) = lim
ε→0+0


µε,p(B) ∀B ⊂ X. (2.20)


2.69. Tétel. HR,1 a Lebesgue-féle külső mértékkel azonos.


Bizonyítás. Legyen D∗
ε az ε-nál rövidebb intervallumok halmaza (beleértve az egy-


elemű halmazokat is), D a korlátos intervallumok halmaza (beleértve az egyelemű
halmazokat is),


Σε(B) :=
{∑


i∈I


diam Ai : I ⊂ N, Ai ∈ Dε (i ∈ I), B ⊂
⋃
i∈I


Ai


}
,


Σ∗
ε(B) :=


{∑
i∈I


diam Ai : I ⊂ N, Ai ∈ D∗
ε (i ∈ I), B ⊂


⋃
i∈I


Ai


}
,


Σ(B) :=
{∑


i∈I


diam Ai : I ⊂ N, Ai ∈ D (i ∈ I), B ⊂
⋃
i∈I


Ai


}
.
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Mivel A ∈ Dε esetén létezik A∗ ∈ D∗
ε , hogy A ⊂ A∗ és diam A∗ = diam A, ezért


Σε(B) = Σ∗
ε(B) ∀ε > 0, B ⊂ R. (2.21)


Másrészt A ∈ D esetén létezik A∗
1, . . . , A∗


n ∈ D∗
ε diszjunkt rendszer, hogy A =


= A∗
1 ∪ . . . ∪ A∗


n. Így Σ(B) = Σ∗
ε(B) =


⇑
(2.21)


Σε(B) ∀ε > 0, B ⊂ R =⇒ HR,1(B) =


= sup
ε>0


µε,1(B) = sup
ε>0


inf Σε(B) = sup
ε>0


inf Σ(B) = inf Σ(B) = λ(B) ∀B ⊂ R.


2.70. Definíció. Ha B ⊂ Rn (n = 2, 3) HRn,1-mérhető görbe, akkor a HRn,1(B)
értéket a B ívhosszának nevezzük.


2.71. Tétel. Ha (X, d1), (Y, d2) metrikus terek, L ∈ R+ és g : A → Y (A ⊂ X)
olyan függvény, melyre


d2
(
g(x), g(y)


)
⩽ Ld1(x, y) ∀x, y ∈ A,


akkor
HY,p


(
g(A)


)
⩽ LpHX,p(A).


Bizonyítás. Legyen Dε := {H ⊂ X : diam H < ε}, D′
ε := {H ⊂ Y : diam H < ε} és


Σε(A) :=
{∑


i∈I


(diam Ai)p : I ⊂ N, Ai ∈ Dε (i ∈ I), A ⊂
⋃
i∈I


Ai


}
.


Jelölje µε,p illetve µ′
ε,p azon külső mértékeket, melyekből származtattuk a HX,p illetve


HY,p Hausdorff-féle külső mértékeket. Ha Σε(A) ̸= ∅, akkor legyen I ⊂ N, Ai ∈


∈ Dε (i ∈ I), A ⊂ ⋃
i∈I


Ai =⇒ g(A) ⊂ g


(⋃
i∈I


Ai


)
= ⋃


i∈I
g(Ai) =⇒ µ′


Lε,p


(
g(A)


)
⩽
⇑


szubadd.∑
i∈I


µ′
Lε,p


(
g(Ai)


)
⩽
⇑


g(Ai) ∈ D′
Lε és 2.7. tétel


∑
i∈I


(
diam g(Ai)


)p
⩽
⇑


Lipshitz-tul.


∑
i∈I


Lp(diam Ai)p =⇒ L−pµ′
Lε,p


(
g(A)


)
alsó korlátja Σε(A)-nak =⇒


L−pµ′
Lε,p


(
g(A)


)
⩽ inf Σε(A) = µε,p(A). (2.22)


Ha Σε(A) = ∅, akkor µε,p(A) = ∞, így (2.22) ekkor is teljesül. A (2.22) következmé-
nyeként kapjuk a tétel állítását.


2.72. Tétel. Legyenek (X, d1), (Y, d2) metrikus terek, L ∈ R+ és g : X → Y olyan
függvény, melyre


d2
(
g(x), g(y)


)
= Ld1(x, y) ∀x, y ∈ X.


Ekkor A ⊂ X esetén
HY,p


(
g(A)


)
= LpHX,p(A),


továbbá, ha az A HX,p-mérhető, akkor g(A) HY,p-mérhető.
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Bizonyítás. A g invertálható függvény, ugyanis ellenkező esetben létezne x, y ∈ X,
hogy x ≠ y és g(x) = g(y), melyből 0 = d2


(
g(x), g(y)


)
= Ld1(x, y) ̸= 0, ami


ellentmondás. Ekkor


g−1 : Y → X, és d1
(
g−1(u), g−1(v)


)
= L−1d2(u, v) ∀u, v ∈ Y.


Így g-re és g−1-re is alkalmazhatjuk a 2.71. tételt :


HY,p


(
g(A)


)
⩽ LpHX,p(A) és HX,p


(
g−1


(
g(A)


))
⩽ L−pHY,p


(
g(A)


)
,


melyből kapjuk a bizonyítandó egyenlőséget.
Legyen A HX,p-mérhető és T ⊂ Y . Ekkor a korábbiak miatt L−p


(
HY,p


(
T ∩


∩ g(A)
)


+ HY,p


(
T \ g(A)


))
= HX,p


(
g−1


(
T ∩ g(A)


))
+ HX,p


(
g−1


(
T \ g(A)


))
=


= HX,p


(
g−1(T ) ∩ A


)
+ HX,p


(
g−1(T ) \ A


)
=
⇑


A HX,p-mérhető


HX,p


(
g−1(T )


)
= L−pHY,p(T ) =⇒


g(A) HY,p-mérhető.


A következő tétel szerint, ami az előző következménye, HX,p invariáns az egybe-
vágóságra, azaz a távolságtartó transzformációkra.


2.73. Tétel (Egybevágóság-invarianciaEgybevágóság-invariancia). Legyen (X, d) metrikus tér és g : X → X
olyan függvény, melyre


d
(
g(x), g(y)


)
= d(x, y) ∀x, y ∈ X.


Ekkor A ⊂ X esetén
HX,p


(
g(A)


)
= HX,p(A),


továbbá, ha az A HX,p-mérhető, akkor g(A) is az.


Egy gömbfelület 3 dimenziós alakzat, de valójában már két adattal is megadható
egy gömbfelületen található pont helyzete. Gondoljunk például a Föld esetén a
szélességi és hosszúsági körökre. Tehát ilyen értelemben a gömbfelület 2 dimenziós.
Ezt a dimenziószámot a Hausdorff-mértékkel tudjuk megadni.


2.74. Definíció. Legyen (X, d) metrikus tér, B ⊂ X és


dimH B := inf{p > 0 : HX,p(B) = 0}.


A dimH B értéket a B Hausdorff-dimenziójának nevezzük.


Megjegyezzük, hogy inf ∅ = ∞ miatt, ha HX,p(B) > 0 minden p > 0 esetén,
akkor dimH B = ∞.


A Hausdorff-dimenzió tulajdonságainak vizsgálatában a következő tételnek fontos
szerepe van.


2.75. Tétel. Legyen (X, d) metrikus tér, 0 < p < q és B ⊂ X.
① Ha HX,p(B) < ∞, akkor HX,q(B) = 0.
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② Ha HX,q(B) > 0, akkor HX,p(B) = ∞.


Bizonyítás. Legyen HX,p(B) < ∞, ε > 0 és A ∈ Dε (azaz diam A < ε). Ekkor


(diam A)q = (diam A)q−p(diam A)p ⩽ εq−p(diam A)p.


Így


µε,q(B) = inf
{∑


i∈I


(diam Ai)q : I ⊂ N, Ai ∈ Dε (i ∈ I), B ⊂
⋃
i∈I


Ai


}
⩽


⩽ inf
{∑


i∈I


εq−p(diam Ai)p : I ⊂ N, Ai ∈ Dε (i ∈ I), B ⊂
⋃
i∈I


Ai


}
=


= εq−p inf
{∑


i∈I


(diam Ai)p : I ⊂ N, Ai ∈ Dε (i ∈ I), B ⊂
⋃
i∈I


Ai


}
=


= εq−pµε,p(B).


Ebből HX,p(B) =
⇑


(2.20)


lim
ε→0+0


µε,p(B) ∈ R miatt kapjuk, hogy HX,q(B) = lim
ε→0+0


µε,q(B) ⩽


⩽ lim
ε→0+0


εq−pµε,p(B) = lim
ε→0+0


εq−p · lim
ε→0+0


µε,p(B) = 0 · HX,p(B) = 0, azaz ① teljesül.
Legyen HX,q(B) > 0 és tegyük fel, hogy HX,p(B) < ∞. Ekkor ①-ből HX,q(B) =


= 0, ami ellentmondás. Így ② is teljesül.


2.76. Tétel. Legyen (X, d) metrikus tér és B ⊂ X. Legfeljebb egy olyan p0 > 0
létezik, melyre HX,p0(B) ∈ R+, és ekkor dimH B = p0.


Bizonyítás. Ha létezik ilyen p0, akkor a 2.75. tétel miatt, 0 < p < p0 < q esetén
HX,p(B) = ∞ és HX,q(B) = 0, amiből következik az állítás.


2.77. Tétel. Legyen (X, d) metrikus tér, B ⊂ X és d ∈ [0, ∞]. Ekkor d = dimH B
pontosan abban az esetben teljesül, ha


HX,p(B) =


0, ha p > d,


∞, ha 0 < p < d.
(2.23)


Bizonyítás. Ha (2.23) teljesül, akkor a dimH definíciójából triviálisan következik,
hogy d = dimH B. Megfordítva, most legyen d = dimH B.


Indirekt módon tegyük fel, hogy p > d esetén HX,p(B) > 0. Ekkor a 2.75. tétel
miatt HX,q(B) = ∞ ∀q < p esetén =⇒ dimH B ⩾ p, ami ellentmondás. Így p > d
esetén HX,p(B) = 0.


Végül ismét indirekt módon tegyük fel, hogy 0 < p < d esetén HX,p(B) <
< ∞. Ekkor a 2.75. tétel miatt HX,q(B) = 0 ∀q > p esetén =⇒ dimH B ⩽ p, ami
ellentmondás. Így 0 < p < d esetén HX,p(B) = ∞.
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2.78. Tétel. Legyen (X, d) metrikus tér és A ⊂ B ⊂ X. Ekkor dimH A ⩽ dimH B.


Bizonyítás. Ha dimH B = ∞, akkor az állítás triviálisan teljesül. Most tegyük fel,
hogy dimH B < ∞, és legyen sn olyan számsorozat, melyre lim


n→∞
sn = dimH B és


sn > dimH B ∀n ∈ N. Ekkor a 2.77. tételből HX,sn(B) = 0 ∀n ∈ N, így a külső
mérték monotonitása miatt HX,sn(A) ⩽ HX,sn(B) = 0 ∀n ∈ N =⇒ HX,sn(A) = 0
∀n ∈ N =⇒ dimH A ⩽ sn ∀n ∈ N =⇒ dimH A ⩽ lim


n→∞
sn = dimH B.


2.79. Tétel. Legyen (X, d) metrikus tér és Ai ⊂ X (i ∈ I ⊂ N). Ekkor


dimH


⋃
i∈I


Ai = sup
i∈I


dimH Ai.


Bizonyítás. Legyen A := ⋃
i∈I


Ai. Ekkor Ai ⊂ A ∀i ∈ I, így a 2.78. tétel miatt
dimH Ai ⩽ dimH A ∀i ∈ I =⇒ sup


i∈I
dimH Ai ⩽ dimH A. Az állítással ellentétben


tegyük fel, hogy sup
i∈I


dimH Ai < dimH A. Ekkor létezik p > 0, hogy dimH Ai < p <


< dimH A ∀i ∈ I. Így a 2.77. tételből HX,p(Ai) = 0 ∀i ∈ I és HX,p(A) = ∞, ami
nem lehet, hiszen a szubadditivitás miatt HX,p(A) ⩽ ∑


i∈I
HX,p(Ai) = 0.


2.80. Tétel. Ha (X, d1), (Y, d2) metrikus terek, L ∈ R+ és g : A → Y (A ⊂ X)
olyan függvény, melyre


d2
(
g(x), g(y)


)
⩽ Ld1(x, y) ∀x, y ∈ A,


akkor
dimH g(A) ⩽ dimH A.


Bizonyítás. Legyen H := {p > 0 : HX,p(A) = 0}, H∗ := {p > 0 : HY,p(g(A)) = 0} és
p ∈ H. Ekkor a 2.71. tétel miatt HY,p(g(A)) ⩽ LpHX,p(A) = 0 =⇒ HY,p(g(A)) = 0
=⇒ p ∈ H∗ =⇒ H ⊂ H∗ =⇒ dimH A = inf H ⩾ inf H∗ = dimH g(A).


2.81. Tétel. Ha (X, d1), (Y, d2) metrikus terek, L1, L2 ∈ R+ és g : A → Y (A ⊂ X)
olyan függvény, melyre


L1d1(x, y) ⩽ d2
(
g(x), g(y)


)
⩽ L2d1(x, y) ∀x, y ∈ A,


akkor
dimH g(A) = dimH A.
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Bizonyítás. Ekkor g invertálható, ugyanis ellenkező esetben létezne x, y ∈ A, hogy
x ≠ y és g(x) = g(y), melyből 0 < L1d1(x, y) ⩽ d2


(
g(x), g(y)


)
= 0, ami nem lehet.


Ekkor g−1 : g(A) → X és


L−1
2 d2(u, v) ⩽ d1


(
g−1(u), g−1(v)


)
⩽ L−1


1 d2(u, v) ∀u, v ∈ g(A).


Így g-re és g−1-re is alkalmazhatjuk a 2.80. tételt, mely szerint dimH g(A) ⩽ dimH A


és dimH g−1
(
g(A)


)
⩽ dimH g(A) =⇒ állítás.


A következő tétel szerint, ami az előző következménye, a Hausdorff-dimenzió
invariáns a hasonlóságra, azaz az aránytartó transzformációkra.


2.82. Tétel (Hasonlóság-invarianciaHasonlóság-invariancia). Ha (X, d) metrikus tér, L ∈ R+ és g : X → X
olyan függvény, melyre


d
(
g(x), g(y)


)
= Ld(x, y) ∀x, y ∈ X,


akkor A ⊂ X esetén
dimH g(A) = dimH A.


2.83. Példa. Az R Hausdorff-dimenziója 1.


Bizonyítás. A 2.69. tétel miatt HR,1([n, n + 1]) = λ([n, n + 1]) = 1 ∀n ∈ Z =⇒
2.76. tételből dimH [n, n + 1] = 1 =⇒ 2.79. tételből dimH R = dimH


⋃
n∈Z


[n, n + 1] =
= sup


n∈Z
dimH [n, n + 1] = 1.


2.84. Példa. Az R2 Hausdorff-dimenziója 2.


Bizonyítás. Legyen Tnm = [n, n + 1] × [m, m + 1] (n, m ∈ Z). Ekkor a 6.41. és
6.17. tételek miatt HR2,2(Tnm) = 4


π
λ([n, n + 1])λ([m, m + 1]) = 4


π
=⇒ 2.76. tételből


dimH Tnm = 2 =⇒ 2.79. tételből dimH R2 = dimH
⋃


n,m∈Z
Tnm = sup


n,m∈Z
dimH Tnm = 2.


2.85. Példa. Gömbfelszín Hausdorff-dimenziója 2.


Bizonyítás. Legyen A :=
{
(u, v) ∈ R2 : u, v ∈


[
1
4 , 1


2


]}
és


g : A → R3, g(u, v) :=
(
u, v,


√
1 − u2 − v2


)
.


Ekkor g(A) az origó középpontú egység sugarú gömbfelszín egy részhalmaza. Geo-
metriai megfontolásokkal látható, hogy ekkor léteznek 0 < c1 < c2 < π


2 konstansok
úgy, hogy minden x, y ∈ A esetén van olyan α ∈ [c1, c2], melyre


|x − y|
|g(x) − g(y)| = cos α.


Mivel 0 < cos c2 ⩽ cos α ⩽ cos c1, így


cos c2 ⩽
|x − y|


|g(x) − g(y)| ⩽ cos c1,
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melyből
1


cos c1
|x − y| ⩽ |g(x) − g(y)| ⩽ 1


cos c2
|x − y| ∀x, y ∈ A.


Így a 2.81. tétel miatt dimH g(A) = dimH A. De a 6.41. és 6.17. tételek szerint
HR2,2(A) = 4


π
λ
([


1
4 , 1


2


])
λ
([


1
4 , 1


2


])
= 1


4π
=⇒ 2.76. tételből dimH A = 2, így tehát azt


kaptuk, hogy dimH g(A) = 2.
A g(A)-nak bármilyen origó középpontú forgatását tekintve, annak szintén 2


a Hausdorff-dimenziója a hasonlóság-invariancia miatt. Mivel az origó középpontú
egység sugarú gömbfelszín előáll véges sok ilyen g(A) elforgatott uniójaként, ezért
a 2.79. tételt használva kapjuk, hogy az origó középpontú egység sugarú gömbfel-
színre igaz az állítás. Ebből ismét használva hasonlóság-invarianciát, tetszőleges
gömbfelszínre is igaz az állítás.


2.86. Példa. A Cantor-féle triadikus halmaz Hausdorff-dimenziója log3 2.


Bizonyítás. Jelölje C a Cantor-féle triadikus halmazt, Dε := {A ⊂ R : diam A < ε},
s := log3 2,


Σε,s(C) :=
{∑


i∈I


(diam Ai)s : I ⊂ N, Ai ∈ Dε (i ∈ I), C ⊂
⋃
i∈I


Ai


}
,


és µε,s azon külső mértékek, melyekből HR,s származik. A 2.54. definícióban sze-
replő Cn-ek esetén C =


∞⋂
n=1


Cn, C1 ⊃ C2 ⊃ . . . és Cn 2n darab 3−n hosszú zárt


részintervallumokból áll. Jelöljük ezeket D
(n)
1 , . . . , D


(n)
2n módon.


▶ Legyen ε ∈ R+ esetén n(ε) ∈ N olyan, hogy 3−n(ε) < ε. Ekkor D
(n(ε))
i ∈ Dε és


C ⊂ Cn(ε) =
2n(ε)⋃
i=1


D
(n(ε))
i =⇒


2n(ε)∑
i=1


(
diam D


(n(ε))
i


)s
=


2n(ε)∑
i=1


(
3−n(ε)


)s
= 2n(ε) · 3−sn(ε) =


= 1 ∈ Σε,s(C) =⇒ µε,s(C) = inf Σε,s(C) ⩽ 1 =⇒


HR,s(C) = sup
ε>0


µε,s(C) ⩽ 1. (2.24)


▶ ε ∈ R+ esetén létezik I ⊂ N, Ai ∈ Dε (i ∈ I), C ⊂ ⋃
i∈I


Ai, Ai ̸= ∅ ∀i ∈ I, hogy


µε,s(C) + ε >
∑
i∈I


(diam Ai)s. (2.25)


Legyen ai := inf Ai − ε
2 diam Ai és bi := sup Ai + ε


2 diam Ai. Ekkor Ii := (ai, bi) ⊃ Ai


és diam Ii = bi − ai = sup Ai − inf Ai + ε diam Ai = (1 + ε) diam Ai =⇒∑
i∈I


(diam Ai)s =
∑
i∈I


(
(1 + ε)−1 diam Ii


)s
= (1 + ε)−s


∑
i∈I


(diam Ii)s.


Így (2.25) miatt
µε,s(C) + ε > (1 + ε)−s


∑
i∈I


(diam Ii)s. (2.26)
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A C zárt halmazok metszete, így maga is zárt. Másrészt korlátos is, így kapjuk, hogy
C kompakt. Emiatt, mivel Ii (i ∈ I) nyílt lefedése C-nek, ezért kiválasztható közülük
véges sok, például I1, . . . , Im, hogy C ⊂


m⋃
i=1


Ii. Legyen k ∈ N olyan, hogy


3−k ⩽ min{diam I1, . . . , diam In}.


Osztályozzuk az {Ii, . . . , Im} halmazt a következő módon:
– A H1 osztályban legyenek azon Ij-k, melyekre 3−1 ⩽ diam Ij.
– A H2 osztályban legyenek azon Ij-k, melyekre 3−2 ⩽ diam Ij < 3−1.
– A H3 osztályban legyenek azon Ij-k, melyekre 3−3 ⩽ diam Ij < 3−2.
...
– A Hk osztályban legyenek azon Ij-k, melyekre 3−k ⩽ diam Ij < 3−(k−1).


A Hl osztály elemeinek a számát jelölje Nl. Ekkor


m∑
i=1


(diam Ii)s ⩾
k∑


l=1
Nl(3−l)s =


k∑
l=1


Nl2−l. (2.27)


Ha Ij ∈ Hl, akkor a Cl részintervallumaiból legfeljebb 2 darab van, mely metszi Ij-t.
=⇒ Cl+1 részintervallumaiból legfeljebb 22 darab van, mely metszi Ij-t. =⇒ Cl+2
részintervallumaiból legfeljebb 23 darab van, mely metszi Ij-t. Ezt folytatva, kapjuk,
hogy Ck = Cl+(k−l) részintervallumaiból legfeljebb 2k−l+1 darab van, mely metszi
Ij-t. =⇒ Ck részintervallumaiból legfeljebb Nl2k−l+1 darab van, mely metszi az⋃
Ij∈Hl


Ij halmazt. =⇒ Ck részintervallumaiból legfeljebb
k∑


l=1
Nl2k−l+1 darab van, mely


metszi az
m⋃


i=1
Ij halmazt. De C ⊂


m⋃
i=1


Ij, így ennek a Ck minden részintervallumával


kell lennie metszetének, azaz ezek száma legalább 2k. =⇒ 2k ⩽
k∑


l=1
Nl2k−l+1 =⇒


1
2 ⩽


k∑
l=1


Nl2−l ⩽
⇑


(2.27)


m∑
i=1


(diam Ii)s ⩽
∑
i∈I


(diam Ii)s <
⇑


(2.26)


(1 + ε)s(µε,s(C) + ε) ∀ε ∈ R+


=⇒
1
2 ⩽ lim


ε→0+0
(1 + ε)s(µε,s(C) + ε) = HR,s(C).


Ez és a (2.24) alapján HR,s(C) ∈ R+, így a 2.76. tételből dimH C = s = log3 2.







3. fejezet


Borel-mérhető halmazok


Legyenek Rn := R × · · · × R (R1 := R) és Rn
b := Rb × · · · × Rb (R1


b := Rb) n-szeres
Descartes-szorzatok. Jelöljük az Rn-beli nyílt halmazok rendszerét N (Rn) módon.
Az Rn-beli nyíltságot a szokásos metrika szerint értjük.
3.1. Megjegyzés. Ismert, hogy N (Rn)-beli halmazok uniója, illetve véges sok N (Rn)-
beli halmaz metszete szintén N (Rn)-beli halmaz.


A következő tételhez szükség van a sűrű halmaz fogalmára. Az S ⊂ R sűrű halmaz
R-ben, ha R minden nyílt intervallumában végtelen sok S-beli elem van. Például Q
sűrű halmaz R-ben.


3.2. Tétel. Legyen S ⊂ R sűrű halmaz R-ben, n ∈ N,


I(S) := {(a, b) : a, b ∈ S, a < b},


T (Rn, S) := {V1 × V2 × · · · × Vn : Vi ∈ I(S) ∀i = 1, 2, . . . , n}.


Ekkor
N (Rn) =


{⋃
i∈I


Ti : I halmaz és Ti ∈ T (Rn, S) ∀i ∈ I
}


.


Bizonyítás. Legyen H :=
{⋃


i∈I
Ti : I halmaz és Ti ∈ T (Rn, S) ∀i ∈ I


}
és N ∈ N (Rn).


Ha N = ∅, akkor I = ∅ választással kapjuk, hogy N ∈ H. Ha N ̸= ∅, akkor minden
x ∈ N esetén létezik Tx ∈ T (Rn, S), melyre x ∈ Tx ⊂ N teljesül. =⇒ ⋃


x∈N
Tx ⊂ N .


Másrészt, ha x0 ∈ N , akkor x0 ∈ Tx0 =⇒ x0 ∈ ⋃
x∈N


Tx =⇒ N ⊂ ⋃
x∈N


Tx =⇒ N =
= ⋃


x∈N
Tx =⇒ N ∈ H =⇒ N (Rn) ⊂ H. Mivel a fordított tartalmazás triviálisan


teljesül, így kapjuk az állítást.


3.3. Tétel. Az előző tétel jelöléseivel


N (Rn) =
{ ∞⋃


i=1
Ti : Ti ∈ T (Rn,R) ∀i ∈ N


}
.
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Bizonyítás. I(Q) megszámlálhatóan végtelen számosságú, ezért T (Rn,Q) is az. Így
a 3.2. tételből


N (Rn) =
{ ∞⋃


i=1
Ti : Ti ∈ T (Rn,Q) ∀i ∈ N


}
⊂
{ ∞⋃


i=1
Ti : Ti ∈ T (Rn,R) ∀i ∈ N


}
.


Másrészt szintén a 3.2. tétel miatt{ ∞⋃
i=1


Ti : Ti ∈ T (Rn,R) ∀i ∈ N
}


⊂ N (Rn),


melyből kapjuk az állítást.


3.4. Megjegyzés. Könnyen látható, hogy N1, . . . , Nn ∈ N (R) esetén N1 × . . . × Nn ∈
∈ N (Rn).


A 3.2. tétel mintájára lehetőségünk van az Rn
b-beli nyílt halmazok definiálására


metrika nélkül, topológikus úton.


3.5. Definíció. Legyen S ⊂ R sűrű halmaz R-ben, n ∈ N,


Ib(S) :=
{
(a, b), (c, ∞], [−∞, d) : a, b, c, d ∈ S, a < b


}
,


T (Rn
b, S) := {V1 × V2 × · · · × Vn : Vi ∈ Ib(S) ∀i = 1, 2, . . . , n} és


N (Rn
b) :=


{⋃
i∈I


Ti : I halmaz és Ti ∈ T (Rn
b, S) ∀i ∈ I


}
.


Ekkor az N (Rn
b) elemeit az Rn


b nyílt halmazainak nevezzük. Egy Rn
b-beli halmazt


zártnak nevezünk, ha komplementere nyílt.


3.6. Megjegyzés. N (Rn
b) egyértelműen meghatározott, azaz független az S választásá-


tól. Ez abból következik, hogy ha S, S∗ ⊂ R sűrű halmazok R-ben, és V ∈ Ib(S∗),
akkor léteznek V (k) ∈ Ib(S) (k ∈ N) halmazok, hogy V =


∞⋃
k=1


V (k).


3.7. Megjegyzés.
① I = ∅ választással kapjuk, hogy ∅ ∈ N (Rn


b).
② Legyenek I := {1, 2} × · · · × {1, 2}, V1 := [−∞, 1), V2 := (0, ∞] és Ti := Vi1 ×


× · · · × Vin , ahol i = (i1, . . . , in) ∈ I. Ekkor Rn
b = ⋃


i∈I
Ti, így Rn


b ∈ N (Rn
b).


③ N (Rn) ⊂ N (Rn
b).


④ N1, . . . , Nn ∈ N (Rb) esetén N1 × . . . × Nn ∈ N (Rn
b).


A következő tétel a 3.3. tételhez hasonlóan bizonyítható.


3.8. Tétel. Az előző definíció jelöléseivel


N (Rn
b) =


{ ∞⋃
i=1


Ti : Ti ∈ T (Rn
b,R) ∀i ∈ N


}
.


3.9. Tétel. Legyen H ⊂ Rn (n ∈ N). Ekkor H ∈ N (Rn
b) pontosan abban az esetben


teljesül, ha H ∈ N (Rn).
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Bizonyítás. ▶ „⇒” Létezik I halmaz és Ti ∈ T (Rn
b, S) (i ∈ I), hogy H = ⋃


i∈I
Ti =⇒


Ti ⊂ H ⊂ Rn ∀i ∈ I =⇒ Ti = V
(i)


1 × · · · × V (i)
n alakú, ahol V


(i)
1 , . . . , V (i)


n ∈ Ib(S) és
egyik sem (c, ∞] vagy [−∞, d) alakú =⇒ V


(i)
1 , . . . , V (i)


n ∈ I(S) =⇒ Ti ∈ T (Rn, S)
∀i ∈ I =⇒ H ∈ N (Rn).
▶ „⇐” N (Rn) ⊂ N (Rn


b) miatt kapjuk az állítást.


3.10. Tétel. Rn
b-beli nyílt halmazok uniója, illetve véges sok Rn


b-beli nyílt halmaz
metszete szintén Rn


b-beli nyílt halmaz, minden n ∈ N esetén.


Bizonyítás. ①▶ Minden Rn
b-beli nyílt halmaz T (Rn


b, S)-beli halmazok uniója, így
Rn


b-beli nyílt halmazok uniója is az. Vagyis Rn
b-beli nyílt halmazok uniója Rn


b-beli
nyílt halmaz.
②▶ a) A, B ∈ T (Rb, S) esetén A ∩ B ∈ T (Rb, S) vagy A ∩ B = ∅.
b) T1, T2 ∈ T (Rn


b, S) esetén léteznek Ai, Bi ∈ T (Rb, S) (i = 1, . . . , n) halmazok,
hogy T1 = A1 × · · · × An és T2 = B1 × · · · × Bn =⇒ T1 ∩ T2 = (A1 × · · · × An) ∩
∩ (B1 × · · · × Bn) = (A1 ∩ B1) × · · · × (An ∩ Bn) =⇒ a) miatt T1 ∩ T2 = ∅ vagy
T1 ∩ T2 ∈ T (Rn


b, S).


c) H1, H2 ∈ N (Rn
b) esetén léteznek I, J ill. T


(1)
i , T


(2)
j ∈ T (Rn


b, S) (i ∈ I, j ∈ J)
halmazok, hogy H1 = ⋃


i∈I
T


(1)
i és H2 = ⋃


j∈J
T


(2)
j =⇒ H1 ∩ H2 = ⋃


i∈I


⋃
j∈J


(
T


(1)
i ∩ T


(2)
j


)
=⇒ b) alapján H1 ∩ H2 vagy üres halmaz, vagy T (Rn


b, S)-beli halmazok uniója =⇒
H1 ∩ H2 ∈ N (Rn


b). Ebből teljes indukcióval kapjuk, hogy véges sok Rn
b-beli nyílt


halmaz metszete Rn
b-beli nyílt halmaz.


3.11. Tétel. Ha H ∈ N (Rn
b) (n ∈ N), akkor H ∩ Rn ∈ N (Rn).


Bizonyítás. H ∈ N (Rn
b) és Rn ∈ N (Rn


b) =⇒ a 3.10. tétel miatt H ∩ Rn ∈ N (Rn
b)


=⇒ a 3.9. tétel miatt H ∩ Rn ∈ N (Rn).


3.12. Definíció. Az Rn nyílt halmazai által generált σ-algebrát B(Rn) módon
jelöljük, és elemeit az Rn Borel-mérhető halmazainak nevezzük. Az Rn


b nyílt halmazai
által generált σ-algebrát B(Rn


b) módon jelöljük, és elemeit az Rn
b Borel-mérhető


halmazainak nevezzük.


3.13. Megjegyzés. Mivel N (Rn) ⊂ N (Rn
b), így B(Rn) ⊂ B(Rn


b). Másrészt minden
nyílt, illetve minden zárt halmaz Borel-mérhető.


3.14. Tétel. Legyen H a következő halmazok egyike:


{(a, b) : a, b ∈ R, a < b}, {[a, b) : a, b ∈ R, a < b}, {(a, b] : a, b ∈ R, a < b},


{(−∞, b) : b ∈ R}, {(−∞, b] : b ∈ R}, {(a, ∞) : a ∈ R}, {[a, ∞) : a ∈ R}.


Ekkor
B(Rn) = σ


(
{A1 × · · · × An : Ai ∈ H, i = 1, . . . , n}


)
(n ∈ N).


Speciálisan n = 1 esetén B(R) = σ(H).
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Bizonyítás. ▶ A 3.3. tételből T (Rn,R) ⊂ N (Rn) ⊂ σ(T (Rn,R)) =⇒ σ(T (Rn,R)) ⊂
⊂ B(Rn) ⊂ σ(T (Rn,R)) =⇒ B(Rn) = σ(T (Rn,R)), ami az állítás az első H-ra.
▶ Ha H1 := {[a, b) : a, b ∈ R, a < b} és [ai, bi) ∈ H1 (i = 1, . . . , n), akkor [a1, b1) ×
×· · ·× [an, bn) =


∞⋂
k=1


(a1 − 1
k
, b1)×· · ·×(an − 1


k
, bn), azaz {A1 ×· · ·×An : Ai ∈ H1, i =


= 1, . . . , n} ⊂ σ(T (Rn,R)) = B(Rn). Másrészt (a1, b1) × · · · × (an, bn) =
∞⋃


k=1
[a1 +


+ b1−a1
2k


, b1) × · · · × [an + bn−an


2k
, bn), azaz T (Rn,R) ⊂ σ


(
{A1 × · · · × An : Ai ∈ H1, i =


= 1, . . . , n}
)


=⇒ B(Rn) = σ(T (Rn,R)) ⊂ σ
(
{A1×· · ·×An : Ai ∈ H1, i = 1, . . . , n}


)
=⇒ H = H1 választással teljesül az állítás.
▶ Ha H2 := {(−∞, b) : b ∈ R}, akkor minden {A1 × · · · × An : Ai ∈ H2, i =
= 1, . . . , n}-beli halmaz előáll megszámlálhatóan végtelen sok {A1 × · · · × An : Ai ∈
∈ H1, i = 1, . . . , n}-beli halmaz uniójaként, így


{A1×· · ·×An : Ai ∈ H2, i = 1, . . . , n} ⊂ σ
(
{A1×· · ·×An : Ai ∈ H1, i = 1, . . . , n}


)
.


Másrészt minden {A1 × · · · × An : Ai ∈ H1, i = 1, . . . , n}-beli halmaz előáll két
{A1 × · · · × An : Ai ∈ H2, i = 1, . . . , n}-beli halmazok különbségeként, így


{A1×· · ·×An : Ai ∈ H1, i = 1, . . . , n} ⊂ σ
(
{A1×· · ·×An : Ai ∈ H2, i = 1, . . . , n}


)
.


=⇒ H = H2 esetén teljesül az állítás. A többi állítás hasonlóan bizonyítható.


A következő tétel szerint a Borel-mérhető halmazok egyben Lebesgue- illetve
Lebesgue–Stieltjes-mérhetőek is.


3.15. Tétel. B(R) ⊂ L és B(Rn) ⊂ LF , ahol F : Rn → R.


Bizonyítás. A 2.49. tétel miatt H := {(a, b) : a, b ∈ R, a < b} ⊂ L. Mivel L
σ-algebra, ezért σ(H) ⊂ L. A 3.14. tétel miatt σ(H) = B(R), így B(R) ⊂ L.


A Lebesgue–Stieltjes-mérték definíciójában szereplő T -re teljesül a 2.66. tétel
miatt, hogy T ⊂ LF . Mivel LF σ-algebra, ezért σ(T ) ⊂ LF . Másrészt a 3.14. tétel
miatt σ(T ) = B(Rn), így B(Rn) ⊂ LF .


3.16. Tétel. Borel-mérhető halmazok Descartes-szorzata Borel-mérhető, azaz
① A1, . . . , An ∈ B(R) esetén A1 × · · · × An ∈ B(Rn),
② A1, . . . , An ∈ B(Rb) esetén A1 × · · · × An ∈ B(Rn


b).


Bizonyítás. ▶ ① feltétele esetén legyen


H = {U × R : U ∈ N (R)} és H∗ = {U : U × R ∈ σ(H)}.


Ekkor H∗ ⊂ P(R) σ-algebra a következők miatt:
1) R ∈ N (R) =⇒ R × R ∈ H ⊂ σ(H) =⇒ R ∈ H∗.
2) A ∈ H∗ esetén A × R ∈ σ(H) =⇒ A × R = A × R ∈ σ(H) =⇒ A ∈ H∗.
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3) Ai ∈ H∗ (i ∈ N) esetén Ai ×R ∈ σ(H) (i ∈ N) =⇒ ⋃∞
i=1(Ai ×R) = (⋃∞


i=1 Ai) ×
× R ∈ σ(H) =⇒ ⋃∞


i=1 Ai ∈ H∗.
Most legyen U ∈ N (R) =⇒ U × R ∈ H =⇒ U × R ∈ σ(H) =⇒ U ∈ H∗ =⇒
N (R) ⊂ H∗ =⇒ B(R) ⊂ H∗, hiszen B(R) a legszűkebb olyan σ-algebra, mely N (R)-t
tartalmazza, továbbá H∗ σ-algebra. =⇒ A1 ∈ H∗ =⇒ A1 × R ∈ σ(H).


Másrészt U ∈ N (R) esetén U × R ∈ N (R2) =⇒ H ⊂ N (R2) =⇒ σ(H) ⊂ B(R2).
Így azt kaptuk, hogy A1 ×R ∈ B(R2). Hasonlóan bizonyítható, hogy R×A2 ∈ B(R2).
=⇒ A1 × A2 = (A1 ×R) ∩ (R× A2) ∈ B(R2). Ezzel n = 2 esetén bizonyítottuk az ①


állítást. Tetszőleges n ∈ N-re hasonló az eljárás.
▶ ② hasonlóan bizonyítható az előző ponthoz. (A 4.10. megjegyzésben adunk majd
egy másik bizonyítást is erre a tételre a Borel-mérhető függvények segítségével.)


3.17. Tétel.
① B(Rn) = σ


(
{A1 × · · · × An : Ai ∈ B(R), i = 1, . . . , n}


)
② B(Rn


b) = σ
(
{A1 × · · · × An : Ai ∈ B(Rb), i = 1, . . . , n}


)
Bizonyítás. Legyen


H := {A1 × · · · × An : Ai ∈ B(R), i = 1, . . . , n}.


A 3.3. tétel miatt T (Rn,R) ⊂ N (Rn) ⊂ σ(T (Rn,R)) =⇒ σ(T (Rn,R)) ⊂ B(Rn) ⊂
⊂ σ(T (Rn,R)) =⇒


B(Rn) = σ
(
T (Rn,R)


)
. (3.1)


Ebből I(R) = T (R,R) miatt B(R) = σ
(
I(R)


)
⊃ I(R) =⇒ T (Rn,R) ⊂ H ⊂ σ(H)


=⇒ σ
(
T (Rn,R)


)
⊂ σ(H) =⇒ (3.1) miatt


B(Rn) ⊂ σ(H). (3.2)


Legyen A1, . . . , An ∈ B(R) =⇒ 3.16. tétel miatt A1 × · · · × An ∈ B(Rn) =⇒ H ⊂
⊂ B(Rn) =⇒ σ(H) ⊂ B(Rn) =⇒ (3.2) miatt teljesül ①. A tétel másik állítása
hasonlóan bizonyítható.


A későbbiekben szükségünk lesz a Borel-mérhető halmazok rendszerének számos-
ságára. Ennek megállapításához bevezetjük az ún. Szuszlin-operáció fogalmát.


3.18. Definíció. Jelölje NN az s : N → N típusú függvények (azaz a pozitív egész
értékű sorozatok) halmazát, s ∈ NN esetén legyen s|k :=


(
s(1), s(2), . . . , s(k)


)
és


Σ := ⋃
k∈N


Nk. Ha A egy tetszőleges halmazrendszer, akkor


S(A) :=


 ⋃
s∈NN


⋂
k∈N


F (s|k) : F : Σ → A


 .


Az ⋃
s∈NN


⋂
k∈N


F (s|k) halmazt az F : Σ → A függvény Szuszlin-operációjának nevezzük.
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3.19. Tétel. S(S(A)) = S(A) minden A halmazrendszer esetén.


Bizonyítás. Legyen A ∈ A. Ekkor az F : Σ → A, F (σ) = A Szuszlin-operációja
A, így A ∈ S(A) =⇒ A ⊂ S(A) =⇒ S(A) ⊂ S(S(A)). Még azt kell belátni, hogy
S(S(A)) ⊂ S(A).


Legyen A ∈ S(S(A)). Ekkor létezik F : Σ → S(A), hogy A = ⋃
s∈NN


⋂
k∈N


F (s|k). De


F (s|k) ∈ S(A) =⇒ ∃Gs|k : Σ → A, hogy F (s|k) = ⋃
t∈NN


⋂
l∈N


Gs|k(t|l) =⇒


A =
⋃


s∈NN


⋂
k∈N


 ⋃
t∈NN


⋂
l∈N


Gs|k(t|l)
 .


Így x ∈ A pontosan akkor teljesül, ha ∃s0 ∈ NN, melyre ∀k ∈ N esetén ∃tk ∈ NN,
hogy x ∈ Gs0|k(tk|l) ∀l ∈ N-re, azaz, ha


∃t0, t1, t2, . . . ∈ NN, hogy x ∈ Gt0|k(tk|l) ∀k, l ∈ N. (3.3)


Tekintsük a
(k, l) 7→ 2k(2l − 1) (k ∈ N ∪ {0}, l ∈ N)


hozzárendelést. Könnyen látható, hogy ez bijekció (N∪ {0}) ×N és N között. A (3.3)
által rögzített t0, t1, t2, . . . ∈ NN esetén legyen


m0 : N → N, m0
(
2k(2l − 1)


)
:= tk(l) (k ∈ N ∪ {0}, l ∈ N)


és
H
(
m0|2k(2l − 1)


)
:= Gt0|k(tk|l) (k, l ∈ N).


Vegyük észre, hogy ha az előbbi bijekciót leszűkítjük N×N-re, akkor az értékkészlete a
pozitív páros egészek halmaza. Természetesen ez a leszűkítés is bijekció. Mindezekből
azt kapjuk, hogy x ∈ A pontosan akkor teljesül, ha létezik H : ⋃


n∈N
N2n → A, melyre


∃m0 ∈ NN, hogy x ∈ H(m0|j) ∀j pozitív páros egészre.


Így N′-vel jelölve a pozitív páros egészek halmazát, azt kapjuk, hogy


A =
⋃


m∈NN


⋂
j∈N′


H(m|j).


Legyen n 7→
(
f(n), g(n)


)
egy bijekció N és N × N között és


K(p1, . . . , pk) := H
(
f(p1), g(p1), f(p2), g(p2), . . . , f(pk), g(pk)


)
.


Ebből kapjuk, hogy A = ⋃
p∈NN


⋂
k∈N


K(p|k) =⇒ A ∈ S(A) =⇒ S(S(A)) ⊂ S(A).
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3.20. Jelölés. Legyen H egy tetszőleges halmazrendszer. Ekkor


Hσ :=


⋃
n∈N


Hn : Hn ∈ H ∀n ∈ N


 ,


Hδ :=


⋂
n∈N


Hn : Hn ∈ H ∀n ∈ N



3.21. Tétel. S(A) = S(A)σ = S(A)δ minden A halmazrendszer esetén.


Bizonyítás. Legyen H egy tetszőleges halmazrendszer, Hn ∈ H ∀n ∈ N és


F, G : Σ → H, F (n1, . . . , nk) := Hn1 illetve G(n1, . . . , nk) := Hk.


Ekkor F Szuszlin-operációja ⋃
n∈N


Hn =⇒ Hσ ⊂ S(H). Másrészt H ⊂ Hσ triviálisan
teljesül, így


H ⊂ Hσ ⊂ S(H). (3.4)
=⇒ S(A) ⊂ S(A)σ ⊂ S(S(A)) = S(A) =⇒ S(A) = S(A)σ.


G Szuszlin-operációja ⋂
n∈N


Hn =⇒ Hδ ⊂ S(H). Másrészt H ⊂ Hδ triviálisan
teljesül, így


H ⊂ Hδ ⊂ S(H). (3.5)
=⇒ S(A) ⊂ S(A)δ ⊂ S(S(A)) = S(A) =⇒ S(A) = S(A)δ.


3.22. Definíció. Jelölje Z(Rn) illetve Z(Rn
b) az Rn illetve Rn


b zárt halmazainak
rendszerét. Ekkor az S(Z(Rn)) illetve S(Z(Rn


b)) halmazok elemeit az Rn illetve Rn
b


analitikus halmazainak nevezzük.


3.23. Tétel. Minden Borel-mérhető halmaz analitikus, továbbá
① S(B(Rn)) = S(N (Rn)) = S(Z(Rn)).
② S(B(Rn


b)) = S(N (Rn
b)) = S(Z(Rn


b)).


Bizonyítás. Minden zárt halmaz előáll megszámlálhatóan végtelen sok nyílt halmaz
metszeteként, illetve minden nyílt halmaz előáll megszámlálhatóan végtelen sok zárt
halmaz uniójaként, azaz


Z(Rn) ⊂ N (Rn)δ és N (Rn) ⊂ Z(Rn)σ. (3.6)


Így S(Z(Rn)) ⊂ S(N (Rn)δ) ⊂
⇑


(3.5)


S(S(N (Rn))) = S(N (Rn)) ⊂ S(Z(Rn)σ) ⊂
⇑


(3.4)
⊂ S(S(Z(Rn))) = S(Z(Rn)) =⇒


S(Z(Rn)) = S(N (Rn)). (3.7)


Legyen
H := {H : H, H ∈ S(Z(Rn))},
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ahol H = Rn \ H. A (3.6) és (3.4) miatt


N (Rn) ⊂ Z(Rn)σ ⊂ S(Z(Rn)) (3.8)


és
Z(Rn) ⊂ S(Z(Rn)). (3.9)


Ha H ∈ N (Rn), akkor (3.8) miatt H ∈ S(Z(Rn)), másrészt H ∈ Z(Rn) és (3.9)
miatt H ∈ S(Z(Rn)). Így ekkor H ∈ H, melyből


N (Rn) ⊂ H. (3.10)


Most belátjuk, hogy H σ-algebra.
1) Mivel Rn ∈ N (Rn), így (3.10) miatt Rn ∈ H.
2) Ha H ∈ H, akkor H definíciója miatt H ∈ H.
3) Hi ∈ H (i ∈ N) esetén Hi, Hi ∈ S(Z(Rn)) ∀i ∈ N, így a 3.21. tétel miatt⋃


i∈N
Hi ∈ S(Z(Rn)) és ⋃


i∈N
Hi = ⋂


i∈N
Hi ∈ S(Z(Rn)), azaz ⋃


i∈N
Hi ∈ H.


Tehát H σ-algebra. Ebből (3.10) miatt


B(Rn) ⊂ H ⊂ S(Z(Rn)),


ami azt jelenti, hogy a Borel-mérhető halmazok analitikusak. Mivel Z(Rn) ⊂ B(Rn)
=⇒ S(Z(Rn)) ⊂ S(B(Rn)) ⊂ S(S(Z(Rn))) = S(Z(Rn)) =⇒


S(B(Rn)) = S(Z(Rn)).


Ebből és (3.7) miatt ① bizonyított. A B(Rn
b) ⊂ S(Z(Rn


b)) és ② állítások hasonlóan
bizonyíthatók.


3.24. Tétel. B(Rn) illetve B(Rn
b) kontinuum számosságú.


Bizonyítás. S(B(Rn)) = S(N (Rn)) = S(T (Rn,Q)σ) ⊂
⇑


(3.4)


S(T (Rn,Q)) ⊂


⊂ S(σ(T (Rn,Q))) = S(B(Rn)) =⇒ S(T (Rn,Q)) = S(B(Rn)). Mivel Σ = ⋃
k∈N


Nk és
T (Rn,Q) is megszámlálhatóan végtelen számosságú, ezért a Σ → T (Rn,Q) függ-
vények halmaza kontinuum számosságú. =⇒ S(T (Rn,Q)) legfeljebb kontinuum
számosságú =⇒ S(B(Rn)) legfeljebb kontinuum számosságú =⇒ B(Rn) ⊂ S(B(Rn))
miatt B(Rn) legfeljebb kontinuum számosságú.


Másrészt B :=
{
{x} : x ∈ Rn


}
⊂ B(Rn) és B kontinuum számosságú =⇒ B(Rn)


kontinuum számosságú. A tétel másik állítása hasonlóan bizonyítható.


3.25. Megjegyzés. A bizonyításban felhasználtuk, hogy a Σ → T (Rn,Q) függvények
halmaza kontinuum számosságú. Ehhez elég belátni, hogy az N → N∪{0} függvények
halmaza kontinuum számosságú.


Jelöljük ezt a halmazt A-val, míg azon b : N → {0, 1} függvényekből álló halmazt
B-vel, melyekre {n ∈ N : b(n) = 1} felülről nem korlátos. A b ∈ B függvényhez







60 3. fejezet. Borel-mérhető halmazok


rendeljük a 0, b(1)b(2) . . . diadikus törtet. Ez B és (0, 1] között bijekció. Így B
kontinuum számosságú. Mivel B ⊂ A, ezért A legalább kontinuum számosságú.


Legyen a ∈ A. Az a(n) 2-es számrendszerben legyen a
(n)
1 a


(n)
2 . . . a


(n)
kn


alakú. Az
a-hoz rendeljük a 0, a


(1)
1 . . . a


(1)
k1 2a


(2)
1 . . . a


(2)
k2 2a


(3)
1 . . . a


(3)
k3 2 . . . triadikus törtet. Ez inver-


tálható függvény, ezért létezik R-nek olyan részhalmaza, mellyel A azonos számosságú.
Így A legfeljebb kontinuum számosságú. Ebből már következik, hogy A kontinuum
számosságú.







4. fejezet


Mérhető függvények


4.1. Definíció. Legyenek (X, A) és (Y, B) mérhető terek és f : A → Y (A ⊂ X). Az
f (A, B)-mérhető függvény, ha f−1(B) ∈ A ∀B ∈ B.


4.2. Megjegyzés. Az előző definíció jelöléseivel, ha f (A, B)-mérhető függvény, akkor
Y ∈ B miatt A = f−1(Y ) ∈ A, azaz f értelmezési tartománya mérhető halmaz.


4.3. Definíció. Legyen (X, A) mérhető tér és f : A → Rn
b (A ⊂ X, n ∈ N). Az f


A-mérhető függvény, ha
(
A, B(Rn


b)
)
-mérhető, azaz f−1(B) ∈ A ∀B ∈ B(Rn


b). Ha µ
az A-n értelmezett mérték és f A-mérhető, akkor azt is mondjuk, hogy f µ-mérhető.


4.4. Definíció. Legyen f : H → Rn
b (H ⊂ Rk


b, k, n ∈ N). Az f Borel-mérhető
függvény, ha B(Rk


b)-mérhető, azaz, ha f−1(B) ∈ B(Rk
b) ∀B ∈ B(Rn


b).


4.1. Mérhető függvények tulajdonságai
Definíció szerint egy függvény A-mérhetőségéhez az Rn


b nyílt halmazai által generált
σ-algebra elemeit kell megvizsgálni. A következő tétel azt állítja, hogy valójában elég
csak az Rn


b nyílt halmazait vizsgálni. Ehhez szükségünk lesz egy lemmára.


4.5. Lemma. Ha (X, A) mérhető tér, A ∈ A, Y egy halmaz, f : A → Y és


B := {B ⊂ Y : f−1(B) ∈ A},


akkor (Y, B) mérhető tér.


Bizonyítás. ▶ f−1(Y ) = A ∈ A =⇒ Y ∈ B.
▶ B ∈ B esetén f−1(B) ∈ A =⇒ f−1(B) = f−1(Y \ B) = f−1(Y ) \ f−1(B) = A \
\ f−1(B) ∈ A =⇒ B ∈ B.
▶ Bi ∈ B (i ∈ N) esetén f−1(Bi) ∈ A (i ∈ N) =⇒ f−1


( ∞⋃
i=1


Bi


)
=


∞⋃
i=1


f−1(Bi) ∈ A


=⇒
∞⋃


i=1
Bi ∈ B. Mindezekből következik az állítás.


4.6. Tétel. Legyen (X, A) mérhető tér és f : A → Rn
b (A ⊂ X, n ∈ N). Az f


pontosan akkor A-mérhető, ha f−1(H) ∈ A ∀H ⊂ Rn
b nyílt halmazra.


61







62 4. fejezet. Mérhető függvények


Bizonyítás. ▶ „⇒” Minden Rn
b-beli nyílt halmaz eleme B(Rn


b)-nek, így ez az irány
triviális.
▶ „⇐” Az Rn


b nyílt halmaz =⇒ f−1(Rn
b) = A ∈ A =⇒ a 4.5. lemma miatt


B := {B ⊂ Rn
b : f−1(B) ∈ A}


σ-algebra. Legyen H ∈ N (Rn
b) =⇒ f−1(H) ∈ A =⇒ H ∈ B =⇒ N (Rn


b) ⊂ B, azaz
B olyan σ-algebra, mely tartalmazza N (Rn


b)-t =⇒ B(Rn
b) = σ


(
N (Rn


b)
)


⊂ B =⇒
B ∈ B(Rn


b) esetén B ∈ B =⇒ f−1(B) ∈ A =⇒ f A-mérhető.


4.7. Definíció. Legyen f : H → Rn
b (H ⊂ Rk


b, k, n ∈ N) és x0 ∈ H. Az f x0-ban
folytonos, ha minden f(x0)-át tartalmazó Rn


b-beli nyílt U halmaz esetén van olyan
x0-át tartalmazó Rk


b-beli nyílt V halmaz, melyre f(V ) ⊂ U teljesül. Az f folytonos,
ha H minden pontjában folytonos.


Ha H ⊂ Rk és Rf ⊂ Rn, akkor az előző definíció ekvivalens a folytonosság
korábban tanult definíciójával, ugyanis x ∈ T ∈ T (Rn,R) esetén x-nek létezik olyan
környezete, amely részhalmaza T -nek.


4.8. Tétel. Legyen k, n ∈ N, H ⊂ Rk
b nyílt. Az f : H → Rn


b függvény pontosan akkor
folytonos, ha f−1(A) nyílt ∀A ⊂ Rn


b nyílt halmaz esetén.


Bizonyítás. ▶ „⇒” Legyen A ⊂ Rn
b nyílt halmaz. Ha f−1(A) = ∅, akkor kész. Ha


f−1(A) ̸= ∅, akkor legyen x ∈ f−1(A), azaz f(x) ∈ A =⇒ folyt. miatt ∃Vx ⊂ Rk
b


nyílt halmaz, hogy x ∈ Vx és f(Vx) ⊂ A =⇒ f(Vx ∩ H) ⊂ A =⇒ Vx ∩ H ⊂ H miatt
x ∈ Vx ∩ H ⊂ f−1(A). Így f−1(A) ⊂ ⋃


x∈f−1(A)
(Vx ∩ H) ⊂ ⋃


x∈f−1(A)
f−1(A) = f−1(A)


=⇒ f−1(A) = ⋃
x∈f−1(A)


(Vx ∩ H) =⇒ f−1(A) nyílt =⇒ állítás.


▶ „⇐” Legyen x ∈ H és A ⊂ Rn
b olyan nyílt halmaz, melyre f(x) ∈ A. Ekkor


V := f−1(A) választással V nyílt, x ∈ V és f(V ) ⊂ A =⇒ f x-ben folytonos.


4.9. Tétel. Ha k, n ∈ N, H ⊂ Rk
b nyílt és f : H → Rn


b folytonos, akkor f Borel-
mérhető.


Bizonyítás. Ha A ⊂ Rn
b nyílt, akkor a 4.8. tétel miatt f−1(A) nyílt =⇒ f−1(A) ∈


∈ B(Rk
b) =⇒ a 4.6. tétel miatt f Borel-mérhető.


4.10. Megjegyzés. A 3.16. tétel bizonyítása azon alapult, hogy A × R Borel-mérhető,
ha A Borel-mérhető. Ezt a 4.9. tétellel egyszerűen bizonyíthatjuk, hiszen f : R2 → R,
f(x, y) := x függvény folytonos, így Borel-mérhető, melyből ha A Borel-mérhető,
akkor f−1(A) = A × R is az.


A következőkben gyakran fogunk találkozni a „majdnem mindenütt” fogalommal.
Most ezt definiáljuk.
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4.11. Definíció. Legyen (X, A, µ) mértéktér, H, L ⊂ X, ℓ : L → {igaz, hamis}
ún. logikai függvény, és legyen


H(ℓ) := H ∩ {x ∈ L : ℓ(x) = igaz},


azaz H(ℓ) a H azon pontjainak halmaza, melyben ℓ értelmezett és értéke igaz. Azt
mondjuk, hogy ℓ µ-majdnem mindenütt teljesül a H halmazon, ha


H \ H(ℓ) ∈ A és µ
(
H \ H(ℓ)


)
= 0,


azaz a H azon pontjainak halmaza, melyben ℓ nincs értelmezve vagy az értéke hamis,
mérhető és mértéke 0. Ha ℓ µ-majdnem mindenütt teljesül az X halmazon, akkor azt
mondjuk, hogy ℓ µ-majdnem mindenütt (vagy röviden majdnem mindenütt) teljesül.
Rövidítése: µ-m.m. (illetve m.m.).


Könnyen látható, hogy ℓ pontosan akkor teljesül m.m., ha


X(ℓ) ∈ A és µ
(


X(ℓ)
)


= 0.


Például legyen f : R → R, f(x) := x2, g : R \ {0} → R, g(x) := 1
x


és


ℓ : R \ {0} → {igaz, hamis}, ℓ(x) :=


igaz, ha f(x) < g(x),
hamis, ha f(x) ⩾ g(x).


Az ℓ logikai függvényt a továbbiakban f < g módon jelöljük. Ekkor H := [0, 1] esetén
H(f < g) = (0, 1) =⇒ H \ H(f < g) = {0, 1} =⇒ f < g λ-m.m. [0, 1]-en, ahol λ a
Lebesgue-mérték.


Vegyük észre, hogy H(f ⩾ g) = {1} vagyis H(f ⩾ g) ⊂ H \ H(f < g). Ez
általánosságban is teljesül. Ha ℓ egy logikai függvény, és ¬ℓ olyan függvény, melyre
(¬ℓ)(x) = igaz, amennyiben ℓ(x) = hamis, és viszont, akkor H(¬ℓ) ⊂ H \ H(ℓ).
Ez abból következik, hogy H \ H(ℓ) a H(¬ℓ) elemein kívül a H azon pontjait is
tartalmazza, melyekben ℓ nincs értelmezve: H \ H(ℓ) = H(¬ℓ) ∪ (H \ L), ahol L az ℓ
értelmezési tartománya. Ebből az is látható, hogy H ⊂ L esetén H \ H(ℓ) = H(¬ℓ).


4.12. Lemma. Legyenek (X, A) és (Y, B) mérhető terek, f : A → Y (A ⊂ X) és
Ai ∈ A (i ∈ I ⊂ N) olyan rendszer, melyre X = ⋃


i∈I
Ai. Ha f-nek az A ∩ Ai-re vett


leszűkítése (A, B)-mérhető ∀i ∈ I, akkor f (A, B)-mérhető.


Bizonyítás. Jelölje fi az f -nek az A ∩ Ai-re vett leszűkítését. Ekkor B ∈ B esetén
f−1(B) = ⋃


i∈I


(
f−1(B) ∩ Ai


)
= ⋃


i∈I


(
f−1


i (B)︸ ︷︷ ︸
∈ A


∩Ai


)
∈ A.


4.13. Tétel. Legyen (X, A, µ) teljes mértéktér, (Y, B) mérhető tér, f : A → Y
(A ⊂ X) és g : H → Y (H ⊂ X). Ha g (A, B)-mérhető és f = g m.m., akkor f
(A, B)-mérhető.
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Bizonyítás. A1 := X \ X(f = g) ∈ A és µ(A1) = 0 =⇒ A2 := X(f = g) = A1 ∈ A.
Legyen f1 ill. f2 f -nek az A∩A1-re ill. A∩A2-re vett leszűkítése. Ekkor B ∈ B esetén
f−1


1 (B) = f−1(B) ∩ A1 ⊂ A1 =⇒ teljesség miatt f−1
1 (B) ∈ A =⇒ f1 (A, B)-mérhető.


f−1
2 (B) = f−1(B) ∩ A2 = g−1(B)︸ ︷︷ ︸


∈ A


∩A2 ∈ A =⇒ f2 (A, B)-mérhető. =⇒ 4.12. lemma


alapján f (A, B)-mérhető.


4.14. Tétel. Legyenek (X, A), (Y, B), (Z, C) mérhető terek, f : A → Y (A ⊂ X)
és g : B → Z (B ⊂ Y ). Ha f (A, B)-mérhető és g (B, C)-mérhető, akkor g ◦ f
(A, C)-mérhető.


Bizonyítás. C ∈ C esetén (g ◦ f)−1(C) = f−1
(


g−1(C)︸ ︷︷ ︸
∈ B


)
∈ A =⇒ állítás.


4.15. Tétel. Legyen (X, A) mérhető tér, n ∈ N, fi : A → Rb (A ⊂ X, i = 1, 2, . . . , n)
és


f : A → Rn
b, f(x) :=


(
f1(x), f2(x), . . . , fn(x)


)
.


Az f pontosan akkor A-mérhető, ha fi A-mérhető ∀i ∈ {1, 2, . . . , n}.


Bizonyítás. ▶ „⇒” Legyen gi : Rn
b → Rb, gi(y1, . . . , yn) := yi (i = 1, . . . , n). Mivel


a gi függvények nyílt halmazon értelmezett folytonos függvények, ezért a 4.9. tétel
miatt Borel-mérhetőek is. =⇒ 4.14. tétel alapján fi = gi ◦ f A-mérhető.
▶ „⇐” T ∈ T (Rn


b,R) esetén T = V1×· · ·×Vn alakú, ahol Vi ∈ T (Rb,R) ∀i = 1, . . . , n
=⇒ Vi nyílt, így Borel-mérhető is =⇒ fi A-mérhetősége miatt


f−1
i (Vi) ∈ A ∀i = 1, . . . , n. (4.1)


Másrészt x ∈ f−1(T ) ⇐⇒ f(x) ∈ T ⇐⇒ fi(x) ∈ Vi ∀i = 1, . . . , n ⇐⇒ x ∈
∈ f−1


i (Vi) ∀i = 1, . . . , n ⇐⇒ x ∈ f−1
1 (V1) ∩ · · · ∩ f−1


n (Vn). Tehát


f−1(T ) = f−1
1 (V1) ∩ · · · ∩ f−1


n (Vn) ∈
⇑


(4.1)


A. (4.2)


A 3.3. tétel miatt H ∈ N (Rn
b) esetén ∃Ti ∈ T (Rn


b,R) (i ∈ N), hogy H = ⋃
i∈N


Ti =⇒


f−1(H) = f−1
( ⋃


i∈N
Ti


)
= ⋃


i∈N
f−1(Ti)︸ ︷︷ ︸


∈
⇑


(4.2)


A


∈ A =⇒ 4.6. tétel miatt f A-mérhető.


4.16. Tétel. Legyen (X, A) mérhető tér, f : A → Rb (A ⊂ X) és g : B → Rb
(B ⊂ X). Ha f és g A-mérhetőek, akkor cf (c ∈ Rb), |f |, 1/f , max{f, g}, f + g, fg
függvények A-mérhetőek.
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Bizonyítás. Tekintsük a következő függvényeket:


h1 : Rb → Rb, h1(x) := cx


h2 : Rb → Rb, h2(x) := |x|
h3 : Rb \ {0} → Rb, h3(x) := 1


x


t1 : R2
b → Rb, t1(x1, x2) := max{x1, x2}


t2 : R2
b → Rb, t2(x1, x2) := x1 + x2


t3 : R2
b → Rb, t3(x1, x2) := x1x2


h : A ∩ B → R2
b, h(x) :=


(
f(x), g(x)


)
Ezen függvények a h kivételével nyílt halmazon értelmezett folytonos függvények,
így Borel-mérhetőek, a h pedig a 4.15. tétel miatt A-mérhető. Ebből a 4.14. tétel
miatt a következő függvények A-mérhetőek: cf = h1 ◦ f , |f | = h2 ◦ f , 1


f
= h3 ◦ f ,


max{f, g} = t1 ◦ h, f + g = t2 ◦ h, fg = t3 ◦ h.


4.17. Tétel. Legyen (X, A) mérhető tér, f : A → Rb (A ∈ A) és S ⊂ R sűrű R-ben.
Ekkor a következő állítások ekvivalensek:


① f A-mérhető,
② X(f > a) ∈ A ∀a ∈ S,
③ X(f < a) ∈ A ∀a ∈ S,
④ X(f ⩾ a) ∈ A ∀a ∈ S,
⑤ X(f ⩽ a) ∈ A ∀a ∈ S.


Ha ①–⑤ közül valamelyik teljesül, akkor X(f = a) ∈ A ∀a ∈ S.


Bizonyítás. ▶ Legyenek x, y, z ∈ Q, x < y. Ekkor ∃xn, yn, zn ∈ S, xn < yn (n ∈ N),
melyekre teljesülnek a következők:
1) (x, ∞] =


∞⋃
n=1


(xn, ∞], azaz f−1
(
(x, ∞]


)
=


∞⋃
n=1


f−1
(
(xn, ∞]


)
2) [−∞, z) =


∞⋃
n=1


[−∞, zn] =
∞⋃


n=1
(zn, ∞], azaz f−1


(
[−∞, z)


)
=


∞⋃
n=1


f−1
(
(zn, ∞]


)
3) (x, y) =


∞⋃
n=1


(xn, yn] =
∞⋃


n=1


[
(xn, ∞]\ (yn, ∞]


]
, azaz f−1


(
(x, y)


)
=


∞⋃
n=1


[
f−1


(
(xn, ∞]


)
\


\ f−1
(
(yn, ∞]


)]
Ha ② teljesül, akkor X(f > a) = f−1


(
(a, ∞]


)
∈ A ∀a ∈ S, így az 1), 2), 3)


pontok miatt, ha T ∈ Ib(R), akkor f−1(T ) ∈ A. Másrészt H ∈ N (Rb) esetén ∃Ti ∈
∈ Ib(R) (i ∈ N), hogy H = ⋃


i∈N
Ti, azaz f−1(H) = ⋃


i∈N
f−1(Ti)︸ ︷︷ ︸


∈ A


∈ A =⇒ 4.6. tétel


miatt f A-mérhető =⇒ „② ⇒ ①”.
▶ X(f > a) = f−1


(
(a, ∞]


)
és (a, ∞] ∈ B(Rb) =⇒ „① ⇒ ②”.


▶ Az „① ⇔ ③” hasonlóan bizonyítható, mint az „① ⇔ ②”.
▶ X(f > a) = A \ X(f ⩽ a) =⇒ „② ⇔ ⑤”. Hasonlóan teljesül „③ ⇔ ④”.
▶ Ha ①–⑤ közül valamelyik teljesül, akkor az előbbiek miatt ④ és ⑤ is igaz =⇒
X(f = a) = X(f ⩾ a) ∩ X(f ⩽ a) ∈ A ∀a ∈ S.
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4.18. Tétel. Legyen (X, A, ν) teljes mértéktér, f : X → Rb és c ∈ Rb. Ha f = c
m.m., akkor f µ-mérhető.


Bizonyítás. H := X(f ̸= c) jelöléssel H ∈ A és µ(H) = 0. Ha a ∈ (c, ∞], akkor
X(f < a) = X(f < c)︸ ︷︷ ︸


A:=


∪ X(f = c)︸ ︷︷ ︸
H∈A


∪ X(c < f < a)︸ ︷︷ ︸
B:=


. Mivel A ⊂ H és B ⊂ H, továbbá


µ teljes, ezért A, B ∈ A =⇒ X(f < a) ∈ A. Ha a ∈ [−∞, c], akkor X(f < a) ⊂ H,
így µ teljessége miatt X(f < a) ∈ A. Ebből a 4.17. tétel miatt f µ-mérhető.


4.2. Mérhető függvények sorozatai
Az alábbi tétel szerint egy mérhető függvényekből álló sorozat határfüggvénye – és
így a konvergenciatartománya is – mérhető.


4.19. Tétel. Legyen (X, A) mérhető tér, fn : X → R (n ∈ N) A-mérhető függvények
és A := {x ∈ X : fn(x) konvergens}. Ekkor f : A → R, f(x) := lim


n→∞
fn(x) A-


mérhető.


Bizonyítás. ①▶ Legyen V ⊂ R korlátos nyílt intervallum és Aj (j ∈ N) azon
pontok halmaza, melyeknek V -től való távolsága nagyobb mint 1


j
. Ekkor könnyen


látható, hogy Aj nyílt intervallum vagy üres halmaz minden j ∈ N esetén. Így
f−1


k (Aj) ∈ A ∀k, j ∈ N.
▶ Legyen x ∈ f−1(V ) =⇒ f(x) ∈ V =⇒ V nyílt halmaz, így ∃j0 ∈ N, hogy(
f(x) − 3


j0
, f(x) + 3


j0


)
⊂ V , azaz |f(x)−y| ⩾ 3


j0
∀y ∈ V . Másrészt fn konvergenciája


miatt ∃n0 ∈ N, hogy |fk(x) − f(x)| < 1
j0


∀k ⩾ n0 =⇒ ∀y ∈ V és ∀k ⩾ n0 esetén∣∣∣fk(x)−y
∣∣∣ =


∣∣∣(fk(x)−f(x))−(y−f(x))
∣∣∣ ⩾ ∣∣∣|fk(x)−f(x)|−|f(x)−y|


∣∣∣ = |f(x) − y|︸ ︷︷ ︸
⩾ 3


j0


−


− |fk(x) − f(x)|︸ ︷︷ ︸
< 1


j0


> 2
j0


=⇒ inf{|fk(x)−y| : y ∈ V } ⩾ 2
j0


> 1
j0


∀k ⩾ n0 =⇒ fk(x) ∈ Aj0


∀k ⩾ n0 =⇒ x ∈ f−1
k (Aj0) ∀k ⩾ n0 =⇒ x ∈


∞⋂
k=n0


f−1
k (Aj0) ⊂


∞⋃
j=1


∞⋃
n=1


∞⋂
k=n


f−1
k (Aj) =⇒


f−1(V ) ⊂
∞⋃


j=1


∞⋃
n=1


∞⋂
k=n


f−1
k (Aj). (4.3)


▶ Legyen x ∈
∞⋃


j=1


∞⋃
n=1


∞⋂
k=n


f−1
k (Aj) =⇒ ∃j0, n0 ∈ N, hogy x ∈


∞⋂
k=n0


f−1
k (Aj0) =⇒ x ∈


∈ f−1
k (Aj0) ∀k ⩾ n0 =⇒ fk(x) ∈ Aj0 ∀k ⩾ n0 =⇒ inf{|fk(x) − y| : y ∈ V } > 1


j0


∀k ⩾ n0 =⇒ |fk(x) − y| > 1
j0


∀y ∈ V és ∀k ⩾ n0. Másrészt fn konvergenciája miatt
∃n1 ∈ N, hogy |fk(x) − f(x)| < 1


2j0
∀k ⩾ n1 =⇒ ∀y ∈ V és ∀k ⩾ max{n0, n1}
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esetén
∣∣∣f(x) − y


∣∣∣ =
∣∣∣(f(x) − fk(x)) − (y − fk(x))


∣∣∣ ⩾ ∣∣∣|fk(x) − f(x)| − |fk(x) − y|
∣∣∣ =


= |fk(x) − y|︸ ︷︷ ︸
> 1


j0


− |fk(x) − f(x)|︸ ︷︷ ︸
< 1


2j0


> 1
2j0


=⇒ inf{|f(x) − y| : y ∈ V } ⩾ 1
2j0


> 0 =⇒


f(x) ∈ V (hiszen f(x) ∈ V esetén f(x)-nek V -től való távolsága 0) =⇒ x ∈ f−1(V )
=⇒ (4.3) miatt


f−1(V ) =
∞⋃


j=1


∞⋃
n=1


∞⋂
k=n


f−1
k (Aj) ∈ A.


②▶ Ha N ⊂ R tetszőleges nyílt halmaz, akkor létezik I ⊂ N és Vi ∈ I(Q) (i ∈ I),
hogy N = ⋃


i∈I
Vi =⇒ f−1(N) = ⋃


i∈I
f−1(Vi) ∈


⇑
①


A =⇒ 4.6. tétel miatt f A-mérhető.


4.20. Megjegyzés. A 4.19. tétel és a 4.2. megjegyzés miatt, ha (X, A) mérhető tér és
fn : X → R (n ∈ N) A-mérhető függvények, akkor {x ∈ X : fn(x) konvergens} ∈ A,
azaz a konvergenciatartomány mérhető.


4.21. Tétel. Legyen (X, A) mérhető tér és fn : X → Rb (n ∈ N). Ha az fn-ek
A-mérhetőek ∀n ∈ N-re, akkor sup


n
fn, inf


n
fn, lim fn és lim fn is A-mérhetőek.


Bizonyítás. ▶ Vegyük észre, hogy a tételben szereplő függvények mindegyikének X
az értelmezési tartománya. Legyen a ∈ R és n ∈ N.


Ha x ∈ X
(
sup
k⩾n


fk > a
)


=⇒ sup{fk(x) : k ⩾ n} > a =⇒ ∃k0 ⩾ n, hogy fk0(x) > a


=⇒ x ∈ X(fk0 > a) ⊂
∞⋃


k=n
X(fk > a).


Ha x ∈
∞⋃


k=n
X(fk > a) =⇒ ∃k0 ⩾ n, hogy x ∈ X(fk0 > a) =⇒ fk0(x) > a =⇒


sup{fk(x) : k ⩾ n} ⩾ fk0(x) > a =⇒ x ∈ X
(
sup
k⩾n


fk > a
)
.


Így X
(
sup
k⩾n


fk > a
)


=
∞⋃


k=n
X(fk > a) ∀a ∈ R és ∀n ∈ N =⇒ fk A-mérhetősége és


a 4.17. tétel miatt sup
k⩾n


fk A-mérhető ∀n ∈ N-re =⇒ sup
k


fk A-mérhető.


▶ Hasonlóan kapjuk, hogy X
(


inf
k⩾n


fk < a
)


=
∞⋃


k=n
X(fk < a) ∀a ∈ R és ∀n ∈ N =⇒


inf
k⩾n


fk A-mérhető ∀n ∈ N-re =⇒ inf
k


fk A-mérhető.


▶ gn := sup
k⩾n


fk az előzőek miatt A-mérhető minden n ∈ N-re, így ismét az előzőek


miatt lim fn = inf
n


gn is A-mérhető. Hasonlóan lim fn is A-mérhető.


4.22. Tétel. Legyen (X, A, µ) teljes mértéktér és f, fn : X → Rb (n ∈ N). Ha az
fn-ek µ-mérhetőek ∀n ∈ N-re és lim


n→∞
fn = f m.m., akkor f µ-mérhető.
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Bizonyítás. Legyen A := X \ X
(


lim
n→∞


fn = f
)
. Ekkor A ∈ A és µ(A) = 0. Ha x ∈


∈ A = X
(


lim
n→∞


fn = f
)


=⇒ lim
n→∞


fn(x) = f(x) =⇒ 1.9. tétel miatt lim fn(x) = f(x)
=⇒ x ∈ X


(
lim fn = f


)
=⇒ A ⊂ X


(
lim fn = f


)
=⇒ X \ X


(
lim fn = f


)
⊂ A =⇒


µ
(


X \ X
(
lim fn = f


))
= 0 =⇒ lim fn = f m.m. =⇒ a 4.21. tétel szerint lim fn


µ-mérhető, így a 4.13. tétel miatt f is µ-mérhető.


4.23. Tétel (Jegorov-tételJegorov-tétel). Legyen (X, A, µ) véges mértéktér, f, fn : X → R (n ∈
∈ N) µ-mérhető függvények és lim


n→∞
fn = f m.m. Ekkor ∀δ ∈ R+-hoz ∃A ∈ A, hogy


µ( A ) < δ és az fn egyenletesen konvergál f -hez az A-n, azaz ∀ε ∈ R+-hoz ∃N ∈ N,
hogy


|fn(x) − f(x)| < ε ∀x ∈ A és ∀n > N.


Bizonyítás. Legyen δ ∈ R+ rögzített, melyhez először megkonstruáljuk az A halmazt.
Legyen


Aij :=
∞⋃


n=j


X
(
|fn − f | ⩾ 1


i


)
(i, j ∈ N).


Ekkor Aij ∈ A ∀i, j ∈ N. Ha x ∈ X
(


lim
n→∞


fn = f
)
, azaz lim


n→∞
fn(x) = f(x) =⇒


∃N(1
i
) ∈ N, hogy n > N(1


i
) esetén |fn(x) − f(x)| < 1


i
=⇒ j > N(1


i
)-re x ̸∈ Aij =⇒


x ̸∈
∞⋂


k=1
Aik =⇒


∞⋂
k=1


Aik︸ ︷︷ ︸
∈ A


⊂ X
(


lim
n→∞


fn ̸= f
)


︸ ︷︷ ︸
µ-mértéke 0


=⇒ µ
( ∞⋂


k=1
Aik


)
= 0 ∀i ∈ N a monotonitás


miatt. Mivel Ai1 ⊃ Ai2 ⊃ . . . ∀i ∈ N, így felhasználva a mértéktér végességét és a
mérték folytonosságát lim


j→∞
µ(Aij) = µ


( ∞⋂
k=1


Aik


)
= 0 ∀i ∈ N =⇒ ∀i-hez ∃ji, hogy


µ(Aiji
) < δ


2i . Legyen


A :=
∞⋃


i=1
Aiji


.


Ekkor µ( A ) = µ
( ∞⋃


i=1
Aiji


)
⩽
⇑


szubadd.


∞∑
i=1


µ(Aiji
) <


∞∑
i=1


δ
2i = δ.


Még azt kell belátni, hogy A-n egyenletes a konvergencia. Legyen ε ∈ R+. Az
i ∈ N legyen úgy rögzítve, hogy 1


i
< ε teljesüljön. Ekkor, ha x ∈ A =⇒ x ̸∈ Aiji


=
=


∞⋃
n=ji


X
(
|fn − f | ⩾ 1


i


)
=⇒ x ̸∈ X


(
|fn − f | ⩾ 1


i


)
∀n ⩾ ji =⇒ |fn(x) − f(x)| < 1


i
<


< ε ∀n ⩾ ji =⇒ állítás.


4.24. Definíció. Legyen (X, A, µ) mértéktér és f, fn : X → R (n ∈ N) µ-mérhető
függvények. Azt mondjuk, hogy fn µ-mértékben konvergál f -hez, ha


lim
n→∞


µ
(


X
(
|fn − f | > ε


))
= 0 ∀ε ∈ R+.
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Ez a definíció korrekt, hiszen X
(
|fn − f | > ε


)
∈ A ∀n ∈ N és ∀ε ∈ R+ esetén.


Legyen L0
R(µ) az X-et R-be képező µ-mérhető függvények osztálya, és


R :=
{
(f, g) : f, g ∈ L0


R(µ), f = g µ-m.m.
}


.


Ekkor R ekvivalenciareláció. Tekintsük az R által létrehozott ekvivalenciaosztályozá-
sát az L0


R(µ)-nek. Az LR(µ) halmaz tartalmazzon minden osztályból pontosan egy
függvényt.


4.25. Tétel. Legyen (X, A, µ) mértéktér és


d : LR(µ) × LR(µ) → R, d(f, g) := inf
{


ε ∈ R+ : µ
(


X
(
|f − g| > ε


))
⩽ ε


}
.


Ekkor (LR(µ), d) metrikus tér, továbbá f, fn ∈ LR(µ) (n ∈ N) esetén fn pontosan
akkor konvergál µ-mértékben f -hez, ha lim


n→∞
d(fn, f) = 0.


Az előző állítást úgy is szokták mondani, hogy a mértékbeli konvergencia metri-
zálható.


Bizonyítás. ▶ Legyen f, g ∈ LR(µ), ε0 := d(f, g), εn olyan sorozat, melyre εn ⩾


⩾ ε0 ∀n ∈ N, lim
n→∞


εn = ε0 és µ
(


X
(
|f − g| > εn


))
⩽ εn ∀n ∈ N. Ekkor X


(
|f −


− g| > ε1
)


⊂ X
(
|f − g| > ε2


)
⊂ . . . és


∞⋃
n=1


X
(
|f − g| > εn


)
= X


(
|f − g| > ε0


)
. Így


a mérték folytonossága miatt µ
(


X
(
|f − g| > ε0


))
= lim


n→∞
µ
(


X
(
|f − g| > εn


))
⩽


⩽ lim
n→∞


εn = ε0, azaz


µ
(


X
(
|f − g| > d(f, g)


))
⩽ d(f, g) ∀f, g ∈ LR(µ). (4.4)


Legyen f, g, h ∈ LR(µ). Ekkor


d(f, g) + d(g, h) ⩾
⇑


(4.4)


µ
(


X
(
|f − g| > d(f, g)


))
+ µ


(
X
(
|g − h| > d(g, h)


))
⩾
⇑


szubadd.


⩾ µ
(


X
(
|f − g| > d(f, g)


)
∪ X


(
|g − h| > d(g, h)


))
. (4.5)


Legyen x ∈ X
(
|f − h| > d(f, g) + d(g, h)


)
azaz |f(x) − h(x)| > d(f, g) + d(g, h). Ha


ekkor |f(x) − g(x)| ⩽ d(f, g) és |g(x) − h(x)| ⩽ d(g, h) is teljesülne, akkor |f(x) −
−h(x)| = |f(x)−g(x)+g(x)−h(x)| ⩽ |f(x)−g(x)|+ |g(x)−h(x)| ⩽ d(f, g)+d(g, h),
ami ellentmondás. Így ilyen x-re |f(x) − g(x)| > d(f, g) vagy |g(x) − h(x)| > d(g, h),
azaz X


(
|f − h| > d(f, g) + d(g, h)


)
⊂ X


(
|f − g| > d(f, g)


)
∪ X


(
|g − h| > d(g, h)


)
.


Így µ monotonitása és (4.5) miatt d(f, g) + d(g, h) ⩾ µ
(


X
(
|f − h| > d(f, g) +


+ d(g, h)
))


⩾
⇑


d def.


d(f, h), azaz d-re teljesül a háromszög-egyenlőtlenség.
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Ha d(f, g) = 0, akkor (4.4) miatt µ
(


X
(
|f − g| > 0


))
= 0 =⇒ µ(X(f ≠ g)) = 0


=⇒ f = g.
Ha f = g, akkor µ


(
X
(
|f − g| > ε


))
= 0 < ε ∀ε ∈ R+ =⇒ d(f, g) = 0.


A d(f, g) ⩾ 0 és d(f, g) = d(g, f) tulajdonságok triviálisan teljesülnek. Ezzel
bizonyítottuk, hogy (LR(µ), d) metrikus tér.
▶ Most tegyük fel, hogy f, fn ∈ LR(µ) (n ∈ N), és fn µ-mértékben konvergál f -hez,
azaz lim


n→∞
µ
(


X
(
|fn − f | > ε


))
= 0 ∀ε ∈ R+ =⇒ ε ∈ R+ esetén létezik N ∈ N, hogy


n ⩾ N esetén µ
(


X
(
|fn − f | > ε


))
< ε =⇒ d(fn, f) ⩽ ε =⇒ lim


n→∞
d(fn, f) = 0.


▶ Megfordítva, ha f, fn ∈ LR(µ) (n ∈ N), és lim
n→∞


d(fn, f) = 0, akkor ε, δ ∈ R+ esetén
létezik N ∈ N, hogy n ⩾ N esetén d(fn, f) < min{ε, δ} =⇒
µ
(


X
(
|fn − f | > ε


))
⩽
⇑


mon.


µ
(


X
(
|fn − f | > min{ε, δ}


))
⩽
⇑


mon.


µ
(


X
(
|fn − f | >


> d(fn, f)
))


⩽
⇑


(4.4)


d(fn, f) < min{ε, δ} ⩽ δ ∀n ⩾ N =⇒ fn µ-mértékben konvergál


f -hez.


4.26. Tétel (Lebesgue-tételLebesgue-tétel). Ha (X, A, µ) véges mértéktér, f, fn : X → R (n ∈ N)
µ-mérhető függvények és lim


n→∞
fn = f m.m. Ekkor fn µ-mértékben konvergál f -hez.


Bizonyítás. Legyenek δ ∈ R+ és ε ∈ R+ =⇒ Jegorov-tétel miatt ∃A ∈ A és ∃N ∈ N,
hogy µ( A ) < δ és |fn(x) − f(x)| < ε ∀x ∈ A és ∀n > N =⇒ A ⊂ X(|fn − f | < ε)
∀n > N =⇒ X(|fn − f | > ε) ⊂ X(|fn − f | ⩾ ε) ⊂ A ∀n > N =⇒
µ
(


X
(
|fn − f | > ε


))
⩽
⇑


mon.


µ( A ) < δ ∀n > N =⇒ állítás.


4.27. Tétel (Riesz-féle kiválasztási tételRiesz-féle kiválasztási tétel). Ha (X, A, µ) mértéktér, f, fn : X → R
(n ∈ N) µ-mérhető függvények és fn µ-mértékben konvergál f-hez, akkor fn-nek
létezik olyan fnk


részsorozata, hogy lim
k→∞


fnk
= f m.m.


Bizonyítás. δ ∈ R+ és ε ∈ R+ esetén ∃N ∈ N, hogy µ
(


X
(
|fn −f | > ε


))
< δ ∀n > N


=⇒ ε = 1
k


és δ = 1
2k választással ∀k ∈ N-hez ∃Nk ∈ N, hogy


µ
(


X
(


|fn − f | >
1
k


))
<


1
2k


∀n > Nk.


Így ∃n1 < n2 < . . . pozitív egészekből álló sorozat, hogy


µ


(
X
(


|fnk
− f | >


1
k


)
︸ ︷︷ ︸


Bk :=


)
<


1
2k


∀k ∈ N. (4.6)
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Legyen Ai :=
∞⋃


k=i
Bk (i ∈ N) =⇒ Ai ∈ A ∀i ∈ N és µ(Ai) ⩽


⇑
szubadd.


∞∑
k=i


µ(Bk) <
⇑


(4.6)


∞∑
k=i


1
2k =


= 1
2i−1 =⇒ µ


( ∞⋂
n=1


An︸ ︷︷ ︸
A :=


)
=
⇑


folyt.


lim
i→∞


µ(Ai) ⩽ lim
i→∞


1
2i−1 = 0 =⇒ µ(A) = 0.


Ha x ∈ A =⇒ x ∈
∞⋃


n=1
An =⇒ ∃n0, hogy x ∈ An0 =


∞⋂
k=n0


Bk =⇒ x ∈ Bk


∀k ⩾ n0 =⇒ |fnk
(x) − f(x)| ⩽ 1


k
∀k ⩾ n0 =⇒ lim


k→∞
|fnk


(x) − f(x)| ⩽ lim
k→∞


1
k


= 0 =⇒


x ∈ X
(


lim
k→∞


fnk
= f


)
=⇒ A ⊂ X


(
lim


k→∞
fnk


= f
)


=⇒ X \ X
(


lim
k→∞


fnk
= f


)
⊂ A.


Legyen H := {x ∈ X : fnk
(x) konvergens} és g : H → R, g(x) := lim


k→∞
fnk


(x).
Ekkor a 4.19. tétel miatt g µ-mérhető =⇒ g − f µ-mérhető =⇒ X(g − f = 0) =
= X


(
lim


k→∞
fnk


= f
)


∈ A =⇒ X \ X
(


lim
k→∞


fnk
= f


)
∈ A, így a monotonitás miatt


µ
(


X \ X
(


lim
k→∞


fnk
= f


))
⩽ µ(A) = 0 =⇒ lim


k→∞
fnk


= f m.m.


4.28. Definíció. A véges értékkészletű függvényeket egyszerű függvényeknek nevezzük.
Speciálisan, ha X egy halmaz és A ⊂ X, akkor a


χ
A : X → R, χ


A(x) :=


1, ha x ∈ A,
0, különben


függvényt az A indikátorának nevezzük.


4.29. Tétel. Legyen (X, A) mérhető tér és A ⊂ X. A χ
A pontosan akkor A-mérhető,


ha A ∈ A.


Bizonyítás. ▶ „⇒” A = X(χA = 1) ∈ A.
▶ „⇐” X(χA < a) = ∅, ha a ⩽ 0, X(χA < a) = A, ha 0 < a ⩽ 1 és X(χA < a) = X,
ha a > 1 =⇒ X(χA < a) ∈ A ∀a ∈ R =⇒ χ


A A-mérhető.


4.30. Megjegyzés. Ha s : X → Rb egyszerű függvény és Rs = {y1, . . . , yn}, akkor


s =
n∑


i=1
yi


χ
Ai


,


ahol Ai = X(s = yi). Ha s mérhető függvény, akkor az Ai (i = 1, . . . , n) halmazok
mérhetőek, így a χ


Ai
(i = 1, . . . , n) indikátorok is mérhetőek. Az állítás fordítottja is


teljesül, azaz véges sok mérhető indikátor lineáris kombinációja mérhető egyszerű
függvény.


4.31. Tétel (Approximációs tételApproximációs tétel). Ha (X, A) mérhető tér és f : X → [0, ∞] A-
mérhető, akkor léteznek sn : X → [0, ∞) (n ∈ N) A-mérhető egyszerű függvények,
melyekre s1 ⩽ s2 ⩽ s3 ⩽ . . . és lim


n→∞
sn = f teljesül.
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Bizonyítás. Legyen s0 : X → [0, ∞), s0(x) := 0,


An := X
(


f ⩾ sn−1 + 1
n


)
és sn := sn−1 + 1


n
χ


An (n ∈ N).


Ekkor az sn függvények triviálisan olyan A-mérhető egyszerű függvények, melyekre
s1 ⩽ s2 ⩽ s3 ⩽ . . . teljesül. Be fogjuk látni, hogy lim


n→∞
sn = f . Legyen x ∈ X.


Ha f(x) = ∞ =⇒ x ∈ An ∀n ∈ N =⇒ χ
An(x) = 1 ∀n ∈ N =⇒ sn(x) =


n∑
i=1


1
i


=⇒


lim
n→∞


sn(x) =
∞∑


i=1
1
i


= ∞ = f(x).


Ha f(x) < ∞, akkor belátjuk, hogy végtelen sok n-re x ̸∈ An. Ezzel ellentétben
tegyük fel, hogy ∃n0 ∈ N, hogy x ∈ An ∀n ⩾ n0. Ebből azt kapjuk, hogy


sn(x) = sn0−1(x) +
n∑


i=n0


1
i


∀n ⩾ n0, (4.7)


így n ⩾ n0 esetén ∞ > f(x) ⩾
⇑


x∈An


sn−1(x) + 1
n


=
⇑


χ
An


(x)=1


sn(x) =
⇑


(4.7)


sn0−1(x) +
n∑


i=n0


1
i


=⇒


n∑
i=n0


1
i


felülről korlátos, ami nem teljesül =⇒ végtelen sok n-re x ̸∈ An =⇒


f(x) < sn−1(x) + 1
n


végtelen sok n-re. (4.8)


Ezután teljes indukcióval belátjuk, hogy minden n ∈ N esetén


f(x) ⩾ sn−1(x). (4.9)


n = 1-re triviális. Tegyük fel, hogy n = k-ra teljesül, de n = k + 1-re nem teljesül
(4.9). Ekkor f(x) < sk(x) = sk−1(x) + 1


k
χ


Ak
(x) ⩽


⇑
ind. felt.


f(x) + 1
k
χ


Ak
(x) =⇒ 0 <


< 1
k
χ


Ak
(x) =⇒ χ


Ak
(x) = 1, azaz x ∈ Ak. Ezt visszaírva az előző egyenlőtlenségbe:


f(x) < sk−1(x) + 1
k
, azaz x ̸∈ Ak, ami ellentmondás. Ezzel (4.9) bizonyított. A (4.8)


és (4.9) egyenlőtlenségek alapján


0 ⩽ f(x) − sn−1(x) <
1
n


végtelen sok n-re.


Így létezik olyan n1 < n2 < n3 < . . . pozitív egészekből álló számsorozat, hogy
0 ⩽ f(x) − snk−1(x) < 1


nk
∀k ∈ N =⇒ lim


k→∞


(
f(x) − snk−1(x)


)
= 0 =⇒ lim


k→∞
snk


(x) =
= f(x). Másrészt sn(x) monoton növekedő, így nem lehet egynél több torlódási
pontja, melyből lim


n→∞
sn(x) = f(x).







5. fejezet


Integrál


5.1. Nemnegatív mérhető függvények integrálja
5.1. Definíció. Legyen (X, A, µ) mértéktér, f : X → [0, ∞] µ-mérhető és


Dn :=
{
(y1, y2, . . . , yn) ∈ Rn : 0 ⩽ y1 < y2 < · · · < yn


}
(n ∈ N).


Ha y = (y1, y2, . . . , yn) ∈ Dn, akkor legyenek


Ai := X(yi ⩽ f < yi+1) i = 1, 2, . . . , n − 1 (n ⩾ 2),
An := X(yn ⩽ f).


Az f -nek y-hoz tartozó integrálközelítő összege


s(f, y) :=
n∑


i=1
yiµ(Ai).


Az f integrálja∫
f dµ =


∫
f(x) dµ(x) := sup


{
s(f, y) : n ∈ N, y ∈ Dn


}
.


5.2. Megjegyzés. A beosztás finomításával az integrálközelítő összeg nem csökken,
így minden határon túl finomodó beosztássorozat esetén az integrálközelítő összegek
sorozatának határértéke a pontos felső korlátjával egyezik meg.


Minden nemnegatív mérhető függvénynek létezik integrálja és értéke [0, ∞]-beli.
Legyen például (X, A, µ) a Lebesgue-mértéktér [−10, 10]-hez tartozó altere (lásd


14. oldal), és f : [−10, 10] → R, f(x) = x2


10 . Ekkor n = 4, y1 = 0,4, y2 = 1,6,
y3 = 3,6 és y4 = 6,4 választással A1 = (−4, −2] ∪ [2, 4), A2 = (−6, −4] ∪ [4, 6),
A3 = (−8, −6] ∪ [6, 8), A4 = [−10, −8] ∪ [8, 10].


-10 -8 -6 -4 -2 2 4 6 8 10


0,4
1,6


3,6


6,4


73







74 5. fejezet. Integrál


Így µ(Ai) = 4 ∀i = 1, 2, 3, 4, melyből s(f, y) = 4 · 0,4 + 4 · 1,6 + 4 · 3,6 + 4 · 6,4 = 48.


5.3. Megjegyzés. A definícióban szereplő Ai halmazok a legbővebb olyan diszjunkt
halmazok, melyek mérhetőek és az yi ⩽ f(x) ∀x ∈ Ai (i = 1, 2, . . . , n) feltételnek
eleget tesznek. Így


If :=
{


n∑
i=1


yiµ(Ai) : n ∈ N, yi ∈ [0, ∞) (i = 1, . . . , n),
Ai ∈ A (i = 1, . . . , n) diszjunktak
és yi ⩽ f(x) ∀x ∈ Ai (i = 1, . . . , n)


}
.


jelöléssel ∫
f dµ = sup If .


5.4. Definíció. Legyen (X, A, µ) mértéktér, f : X → [0, ∞] µ-mérhető és A ∈ A.
Az f A feletti integrálja∫


A


f dµ =
∫
A


f(x) dµ(x) :=
∫


fχ
A dµ.


Az előző definícióban fχ
A µ-mérhető nemnegatív függvény, így annak integrálja


definiált. Másrészt χ
X ≡ 1, így


∫
X


f dµ =
∫


f dµ.


5.5. Tétel. Legyen (X, A, µ) mértéktér, f : X → [0, ∞] µ-mérhető és A ∈ A. Ha
µ(A) = 0, akkor


∫
A


f dµ = 0.


Bizonyítás. Legyenek n ∈ N, yi ∈ [0, ∞) (i = 1, . . . , n), Ai ∈ A (i = 1, . . . , n)
diszjunktak, és yi ⩽ f(x)χA(x) ∀x ∈ Ai (i = 1, . . . , n). Ekkor yi > 0 és x ∈ Ai


esetén 0 < yi ⩽ f(x)χA(x), azaz χ
A(x) > 0, így x ∈ A. Tehát yi > 0 esetén Ai ⊂ A,


így µ(Ai) ⩽ µ(A) = 0 miatt µ(Ai) = 0 =⇒
n∑


i=1
yiµ(Ai) = 0 =⇒ IfχA


= {0} =⇒∫
A


f dµ =
∫


fχ
A dµ = sup IfχA


= 0.


5.6. Tétel. Legyen (X, A, µ) mértéktér, f, g : X → [0, ∞] µ-mérhető függvények.
① (monotonitásmonotonitás) Ha f ⩽ g m.m., akkor


∫
f dµ ⩽


∫
g dµ.


② Ha f = g m.m., akkor
∫


f dµ =
∫


g dµ.
③ (Markov-egyenlőtlenségMarkov-egyenlőtlenség) Ha α ∈ [0, ∞), akkor


∫
f dµ ⩾ αµ


(
X(f ⩾ α)


)
.


④ Ha
∫


f dµ < ∞, akkor f < ∞ m.m.
⑤
∫


f dµ = 0 pontosan akkor, ha f = 0 m.m.
⑥ (pozitív homogenitáspozitív homogenitás) Ha α ∈ [0, ∞), akkor


∫
αf dµ = α


∫
f dµ.


⑦ Ha Rf = {y1, . . . , yn} ⊂ R, akkor
∫


f dµ =
n∑


i=1
yiµ


(
X(f = yi)


)
.
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Bizonyítás. ▶ ① feltételével és H := X(f > g) jelöléssel H ∈ A és µ(H) = 0.
Legyenek n ∈ N, yi ∈ [0, ∞) (i = 1, . . . , n), Ai ∈ A (i = 1, . . . , n) diszjunktak, és
yi ⩽ f(x) ∀x ∈ Ai (i = 1, . . . , n). Ekkor


n∑
i=1


yiµ(Ai) ∈ If .
Másrészt Ai \ H ∈ A (i = 1, . . . , n) diszjunktak, és yi ⩽ f(x) ⩽ g(x) ∀x ∈ Ai \ H


(i = 1, . . . , n) =⇒
n∑


i=1
yiµ(Ai \ H) ∈ Ig. De µ(Ai) = µ(Ai \ H) + µ(Ai ∩ H)︸ ︷︷ ︸


0


=⇒


n∑
i=1


yiµ(Ai) ∈ Ig =⇒ If ⊂ Ig =⇒ sup If ⩽ sup Ig =⇒ ①.


▶ ② feltételével, X(f < g) ⊂ X(f ̸= g) miatt µ
(
X(f < g)


)
⩽ µ


(
X(f ̸= g)


)
= 0


=⇒ µ
(
X(f < g)


)
= 0 =⇒ f ⩾ g m.m. =⇒ (① miatt)


∫
f dµ ⩾


∫
g dµ. Hasonlóan


bizonyítható, hogy
∫


f dµ ⩽
∫


g dµ =⇒ ②.


▶ n = 1, y1 = α és A1 = X(α ⩽ f) választással αµ
(
X(α ⩽ f)


)
∈ If =⇒ ③.


▶ Ha K :=
∫


f dµ < ∞ =⇒ R ∋ K ⩾
⇑
③


nµ
(
X(f ⩾ n)


)
⩾ nµ


(
X(f = ∞)


)
∀n ∈ N


=⇒ µ
(
X(f = ∞)


)
= 0 =⇒ ④.


▶ 0 =
∫


f dµ esetén 0 ⩾
⇑
③


1
n
µ
(
X(f ⩾ 1


n
)
)


∀n ∈ N =⇒ µ
(
X(f ⩾ 1


n
)
)


= 0 ∀n ∈ N =⇒


0 = lim
n→∞


µ
(
X(f ⩾ 1


n
)
)


=
⇑


folyt.


µ
( ∞⋃


n=1
X(f ⩾ 1


n
)
)


= µ
(
X(f > 0)


)
= µ


(
X(f ̸= 0)


)
=⇒


f = 0 m.m.
Ha f = 0 m.m. =⇒ A := X(f ≠ 0) jelöléssel A ∈ A és µ(A) = 0 =⇒ f = fχ


A és
az 5.5. tétel miatt


∫
f dµ =


∫
A


f dµ = 0. Ezzel ⑤ bizonyított.


▶ Legyen n ∈ N, yi ∈ [0, ∞) (i = 1, . . . , n), Ai ∈ A (i = 1, . . . , n) diszjunktak,
és yi ⩽ f(x) ∀x ∈ Ai (i = 1, . . . , n) =⇒ αyi ⩽ αf(x) ∀x ∈ Ai (i = 1, . . . , n)
=⇒


n∑
i=1


yiµ(Ai) ∈ If és
n∑


i=1
αyiµ(Ai) ∈ Iαf =⇒ αIf := {αx : x ∈ If} ⊂ Iαf =⇒


α
∫


f dµ = α sup If = sup αIf ⩽ sup Iαf =
∫


αf dµ =⇒


α
∫


f dµ ⩽
∫


αf dµ ∀α ∈ [0, ∞). (5.1)


Ha α > 0, akkor β := 1
α


és g := αf jelöléssel (5.1) miatt β
∫


g dµ ⩽
∫


βg dµ =⇒
1
α


∫
αf dµ ⩽


∫ 1
α
αf dµ =⇒


∫
αf dµ ⩽ α


∫
f dµ, így (5.1) miatt ⑥ teljesül.


Ha α = 0, akkor ⑤ miatt teljesül ⑥. Ezzel ⑥ bizonyított.


▶ Legyen Rf = {y1, . . . , yn}, ahol y1 < y2 < · · · < yn =⇒ y := (y1, . . . , yn) ∈ Dn és
Ai = X(f = yi) ∀i = 1, . . . , n =⇒


∫
f dµ ⩾ s(f, y) =


n∑
i=1


yiµ
(
X(f = yi)


)
. (5.2)
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Ezután legyen m ∈ N, y′
j ∈ [0, ∞) (j = 1, . . . , m), A′


j ∈ A (j = 1, . . . , m) diszjunkt
rendszer és y′


j ⩽ f(x) ∀x ∈ A′
j (j = 1, . . . , m). Ekkor


m∑
j=1


y′
jµ(A′


j) =
m∑


j=1
y′


jµ
(


A′
j ∩


n⋃
i=1


X(f = yi)︸ ︷︷ ︸
X


)
=


=
n∑


i=1


m∑
j=1


y′
jµ
(


A′
j ∩ X(f = yi)


)
∈ If . (5.3)


Ha y′
j > yi, akkor y′


jµ
(


A′
j ∩ X(f = yi)︸ ︷︷ ︸


∅


)
= 0 ⩽ yiµ


(
A′


j ∩ X(f = yi)
)


, illetve


ha y′
j ⩽ yi, akkor y′


jµ
(


A′
j ∩ X(f = yi)


)
⩽ yiµ


(
A′


j ∩ X(f = yi)
)


=⇒ (5.3) miatt


m∑
j=1


y′
jµ(A′


j) ⩽
n∑


i=1


m∑
j=1


yiµ
(


A′
j ∩ X(f = yi)


)
=


n∑
i=1


yiµ
(


X(f = yi) ∩
m⋃


j=1
A′


j


)
⩽


⩽
n∑


i=1
yiµ


(
X(f = yi)


)
=⇒


∫
f dµ ⩽


n∑
i=1


yiµ
(
X(f = yi)


)
.


Így (5.2) miatt =⇒ ⑦.


5.7. Tétel (Fatou-lemmaFatou-lemma). Legyen (X, A, µ) mértéktér és fn : X → [0, ∞] µ-mérhető
függvények ∀n ∈ N-re. Ekkor


lim
∫


fn dµ ⩾
∫


lim fn dµ.


Bizonyítás. Korábban láttuk, hogy az adott feltételekkel lim fn nemnegatív µ-mér-
hető, így az integrálja definiált.


Legyen m ∈ N, yi ∈ [0, ∞) (i = 1, . . . , m), Ai ∈ A (i = 1, . . . , m) diszjunktak, és
yi ⩽ lim fn(x) ∀x ∈ Ai (i = 1, . . . , m) =⇒ (lásd 5.3. megjegyzés)


m∑
i=1


yiµ(Ai) ∈ Ilim fn . (5.4)


Legyen 0 < t < 1 és
Ain :=


∞⋂
k=n


Ai(fk ⩾ tyi).


Mivel Ai1 ⊂ Ai2 ⊂ . . . , ezért a folytonosság miatt


lim
n→∞


µ(Ain) = µ
( ∞⋃


n=1
Ain


)
. (5.5)


x ∈ Ai esetén sup
n


inf
k⩾n


fk(x) = lim fn(x) ⩾ yi ⩾
⇑


0<t<1 és yi⩾0


tyi =⇒


∃z ∈ N, hogy inf
k⩾z


fk(x) ⩾ tyi =⇒ fk(x) ⩾ tyi ∀k ⩾ z =⇒ x ∈ Ai(fk(x) ⩾ tyi) ∀k ⩾ z
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=⇒ x ∈
∞⋂


k=z
Ai(fk ⩾ tyi) = Aiz ⊂


∞⋃
n=1


Ain =⇒ Ai ⊂
∞⋃


n=1
Ain. A fordított tartalmazás


Ain ⊂ Ai miatt teljesül, így Ai =
∞⋃


n=1
Ain =⇒ (5.5) miatt


lim
n→∞


µ(Ain) = µ(Ai). (5.6)


x ∈ Ain esetén fn(x) > tyi =⇒
m∑


i=1
tyiµ(Ain) ∈ Ifn =⇒


m∑
i=1


tyiµ(Ain) ⩽
∫


fn dµ =⇒


t
m∑


i=1
yi lim µ(Ain) ⩽ lim


∫
fn dµ. De az 1.9. tétel (10. oldal) és (5.6) miatt lim µ(Ain) =


= µ(Ai) =⇒ t
m∑


i=1
yiµ(Ai) ⩽ lim


∫
fn dµ =⇒ t ↑ 1 határátmenettel


m∑
i=1


yiµ(Ai) ⩽


⩽ lim
∫


fn dµ =⇒ (5.4) miatt
∫


lim fn dµ = sup Ilim fn ⩽ lim
∫


fn dµ.


5.8. Tétel (Beppo Levi monoton konvergencia tételeBeppo Levi monoton konvergencia tétele). Ha az (X, A, µ) mértéktér,
fn : X → [0, ∞] µ-mérhető függvények ∀n ∈ N-re és f1 ⩽ f2 ⩽ . . . , akkor


lim
n→∞


∫
fn dµ =


∫
lim


n→∞
fn dµ.


Bizonyítás. Mivel 0 ⩽ f1 ⩽ f2 ⩽ . . . , ezért sup
n


fn = lim
n→∞


fn =⇒ a 4.21. tétel miatt
lim


n→∞
fn X-en értelmezett µ-mérhető nemnegatív függvény, azaz az integrálja definiált.


Másrészt az integrál monotonitása miatt (5.6. tétel ① pontja)
∫


fn dµ ⩽
∫


fn+1 dµ
∀n ∈ N =⇒ ∃ lim


n→∞


∫
fn dµ.


fm ⩽ lim
n→∞


fn ∀m ∈ N =⇒ integrál monotonitása miatt
∫


fm dµ ⩽
∫


lim
n→∞


fn dµ


∀m ∈ N =⇒
lim


m→∞


∫
fm dµ ⩽


∫
lim


n→∞
fn dµ. (5.7)


Az 1.9. tétel miatt lim
n→∞


fn = lim fn és lim
n→∞


∫
fn dµ = lim


∫
fn dµ, így a Fatou-lemma


alapján lim
n→∞


∫
fn dµ ⩾


∫
lim


n→∞
fn dµ =⇒ (5.7) miatt kapjuk az állítást.


5.9. Tétel. Legyen (X, A, µ) mértéktér és fi : X → [0, ∞] (i ∈ I ⊂ N) µ-mérhető
függvények. Ekkor ∑


i∈I


∫
fi dµ =


∫ (∑
i∈I


fi


)
dµ.


Bizonyítás. Legyenek s, u : X → [0, ∞] µ-mérhető egyszerű függvények, melyekre
Rs = {x1, . . . , xk}, Ru = {y1, . . . , yl} és Rs+u = {z1, . . . , zm} =⇒ 5.6. tétel ⑦ pontja
miatt ∫


(s + u) dµ =
m∑


r=1
zrµ


(
X(s + u = zr)


)
=


=
k∑


i=1


l∑
j=1


(xi + yj)µ
(
X(s = xi) ∩ X(u = yj)


)
=
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=
k∑


i=1


l∑
j=1


xiµ
(
X(s = xi) ∩ X(u = yj)


)
+


+
k∑


i=1


l∑
j=1


yjµ
(
X(s = xi) ∩ X(u = yj)


)
=


=
k∑


i=1
xiµ


(
X(s = xi)


)
+


l∑
j=1


yjµ
(
X(u = yj)


)
=


=
∫


s dµ +
∫


u dµ. (5.8)


Az általánosság megszorítása nélkül feltehetjük, hogy I = N, vagy ∃N ∈ N, hogy
I = {1, 2, . . . , N}.
①▶ Először tegyük fel, hogy I = {1, 2, . . . , N}. Ha N = 1, akkor az állítás triviális.
Most legyen N ⩾ 2. Ekkor ∑


i∈I
fi µ-mérhető nemnegatív függvény, így az integrálja


definiált. Alkalmazzuk az approximációs tételt. f1-hez válasszuk az ottaninak megfe-
lelő sn ill. f2-höz az un egyszerű függvénysorozatokat =⇒∫
(f1 + f2) dµ =


∫ (
lim


n→∞
sn + lim


n→∞
un


)
dµ =


∫
lim


n→∞
(sn + un) dµ =


⇑
Levi


= lim
n→∞


∫
(sn +un) dµ =


⇑
(5.8)


lim
n→∞


(∫
sn dµ+


∫
un dµ


)
= lim


n→∞


∫
sn dµ︸ ︷︷ ︸


∃ mert
∫


sn dµ mon.


+ lim
n→∞


∫
un dµ︸ ︷︷ ︸


∃ mert
∫


un dµ mon.


=
⇑


Levi


=
∫


lim
n→∞


sn dµ +
∫


lim
n→∞


un dµ =
⇑


approx. tétel


∫
f1 dµ +


∫
f2 dµ. Ebből teljes indukcióval kapjuk


az állítást.


②▶ Most legyen I = N. Mivel
n∑


i=1
fi ⩽


n+1∑
i=1


fi ∀n ∈ N és
n∑


i=1
fi µ-mérhető ∀n ∈ N-


re =⇒ lim
n→∞


n∑
i=1


fi =
∞∑


i=1
fi X-en értelmezett és a 4.19. tétel miatt µ-mérhető, azaz


az integrálja definiált =⇒
∫ ( ∞∑


i=1
fi


)
dµ =


∫ (
lim


n→∞


n∑
i=1


fi


)
dµ =


⇑
Levi


lim
n→∞


∫ ( n∑
i=1


fi


)
dµ =


⇑
①


= lim
n→∞


n∑
i=1


∫
fi dµ =


∞∑
i=1


∫
fi dµ. Ezzel teljes a bizonyítás.


5.2. Mérhető függvények integrálja
Tetszőleges mérhető függvény integráljának bevezetéséhez szükségünk lesz a függvény
pozitív ill. negatív részének fogalmára.


5.10. Definíció. Ha f : X → Rb, akkor f pozitív része f+ := fχ
X(f>0) illetve f


negatív része f− := −fχ
X(f<0).


5.11. Lemma. Legyen f, g : X → Rb. Ekkor
① f = f+ − f−, |f | = f+ + f−,
② f+ = 1


2(|f | + f), f− = 1
2(|f | − f),


③ (f + g)+ ⩽ f+ + g+, (f + g)− ⩽ f− + g−.
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Bizonyítás. ▶ ① triviálisan teljesül az f+ és f− definíciójából.
▶ ② következik ①-ből.
▶ (f + g)+ =


⇑
②


1
2(|f + g| + f + g) ⩽ 1


2(|f | + |g| + f + g) =
⇑
②


f+ + g+. Hasonlóan


(f + g)− =
⇑
②


1
2(|f + g| − f − g) ⩽ 1


2(|f | + |g| − f − g) =
⇑
②


f− + g− =⇒ ③.


5.12. Lemma. Legyen (X, A, µ) mértéktér és f : X → Rb. Az f pontosan akkor
µ-mérhető, ha f+ és f− µ-mérhetőek.


Bizonyítás. Az állítás az 5.11. lemmából és a 4.16. tételből következik.


5.13. Lemma. Legyen (X, A, µ) mértéktér és f, g : X → Rb µ-mérhető függvények.
Az f = g m.m. pontosan akkor, ha f+ = g+ m.m. és f− = g− m.m.


Bizonyítás. f és g µ-mérhetősége miatt f+, f−, g+ és g− is µ-mérhetőek =⇒ X(f =
= g) ∈ A, X(f ̸= g) ∈ A, X(f+ = g+) ∈ A, X(f− = g−) ∈ A, X(f+ ̸= g+) ∈ A,
X(f− ̸= g−) ∈ A.
▶ „⇒” x ∈ X(f = g) esetén f(x) = g(x) =⇒ f+(x) = g+(x) =⇒ x ∈ X(f+ = g+)
=⇒ X(f = g) ⊂ X(f+ = g+) =⇒ X(f+ ̸= g+) ⊂ X(f ≠ g) =⇒ monotonitás miatt
µ
(
X(f+ ̸= g+)


)
⩽ µ


(
X(f ̸= g)


)
= 0 =⇒ µ


(
X(f+ ̸= g+)


)
= 0 =⇒ f+ = g+ m.m.


Hasonlóan bizonyítható, hogy f− = g− m.m.
▶ „⇐” x ∈ X(f+ = g+) ∩ X(f− = g−) esetén f+(x) = g+(x) és f−(x) = g−(x) =⇒
f(x) = g(x) =⇒ x ∈ X(f = g) =⇒ X(f+ = g+) ∩ X(f− = g−) ⊂ X(f = g) =⇒
X(f ≠ g) ⊂ X(f+ ̸= g+) ∪ X(f− ̸= g−) =⇒ µ


(
X(f ≠ g)


)
⩽
⇑


mon.


µ
(
X(f+ ̸= g+) ∪


∪X(f− ̸= g−)
)


⩽
⇑


szubadd.


µ
(
X(f+ ≠ g+)


)
+µ


(
X(f− ̸= g−)


)
= 0 =⇒ µ


(
X(f ≠ g)


)
= 0


=⇒ f = g m.m.


Egy függvény pozitív illetve negatív része is nemnegatív függvény, ezért ha
mérhetőek, akkor egyben definiált az integráljuk is. Ezt használjuk fel a következő
definícióban.


5.14. Definíció. Legyen (X, A, µ) mértéktér és f : X → Rb µ-mérhető függvény.
Azt mondjuk, hogy f -nek létezik az integrálja, ha∫


f+ dµ < ∞ vagy
∫


f− dµ < ∞.


Ekkor az f integrálja∫
f dµ =


∫
f(x) dµ(x) :=


∫
f+ dµ −


∫
f− dµ.


Ha
∫


f dµ ∈ R, akkor f -et integrálhatónak nevezzük.
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Tehát megkülönböztetjük a „létezik az integrálja” és az „integrálható ” fogalmakat.
Az első esetben megengedjük a ∞ és −∞ értékeket is, de a másodikban nem. Hasonló
a különbség a „létezik a határértéke” és a „konvergens” fogalmak között.
5.15. Megjegyzés.


∫
f dµ > −∞ esetén


∫
f− dµ ∈ R, illetve


∫
f dµ < ∞ esetén∫


f+ dµ ∈ R.


5.16. Definíció. Legyen (X, A, µ) mértéktér, f : X → Rb µ-mérhető függvény és
A ∈ A. Azt mondjuk, hogy f -nek létezik az integrálja A felett, ha fχ


A-nak létezik az
integrálja, és ekkor ∫


A


f dµ =
∫
A


f(x) dµ(x) :=
∫


fχ
A dµ.


Ha
∫
A


f dµ ∈ R, akkor f -et integrálhatónak nevezzük A felett.


5.17. Megjegyzés. A = X választással azt kapjuk, hogy
∫
X


f dµ =
∫


f dµ.


5.18. Definíció. Legyen (X, A, µ) mértéktér, A ∈ A és f : A → Rb. Azt mondjuk,
hogy f -nek létezik az integrálja A felett, ha az


f ∗ : X → Rb, f ∗(x) :=


f(x), ha x ∈ A,
0, ha x ̸∈ A


függvénynek létezik az integrálja, és ekkor∫
A


f dµ =
∫
A


f(x) dµ(x) :=
∫


f ∗ dµ.


Ha
∫
A


f dµ ∈ R, akkor f -et integrálhatónak nevezzük A felett.


A következő tétel szerint a mérték kiterjesztésével az integrál nem változik.


5.19. Tétel. Legyen (X, A, µ) mértéktér, A′ ⊂ A σ-algebra, µ′ a µ-nek A′-re vett
leszűkítése és f : X → Rb µ′-mérhető függvény. Ekkor f µ-mérhető is, és∫


A


f dµ =
∫
A


f dµ′ ∀A ∈ A′.


Az egyenlőség úgy értendő, hogy a két oldal egyszerre létezik, vagy nem létezik, és ha
létezik, akkor egyenlőek.


Bizonyítás. ▶ f µ′-mérhető =⇒ B ∈ B(Rb) esetén f−1(B) ∈ A′ =⇒ A′ ⊂ A miatt
f−1(B) ∈ A =⇒ f µ-mérhető.
▶ Ha f nemnegatív, akkor az 5.1. definíció jelöléseivel Ai ∈ A′ és Ai ∈ A, továbbá
µ′(Ai) = µ(Ai) =⇒


∫
f dµ′ =


∫
f dµ.


▶ Általános esetben az előzőek miatt
∫


f+ dµ′ =
∫


f+ dµ és
∫


f− dµ′ =
∫


f− dµ =⇒∫
f dµ′ =


∫
f dµ, ahol az egyenlőség úgy értendő, hogy a két oldal egyszerre létezik,


vagy nem létezik, és ha létezik, akkor egyenlőek.
▶ A ∈ A′ esetén fχ


A µ′-mérhető, így az előzőek alapján fχ
A µ-mérhető is, és∫


fχ
A dµ′ =


∫
fχ


A dµ, feltéve, hogy létezik valamelyik oldal.
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5.20. Tétel. Legyen (X, A, µ) mértéktér, f : X → Rb µ-mérhető függvény, A ∈ A
és µ(A) = 0. Ekkor f integrálható A felett, továbbá


∫
A


f dµ = 0.


Bizonyítás.
∫
(fχ


A)+ dµ =
∫


f+χ
A dµ =


∫
A


f+ dµ = 0 az 5.5. tétel miatt. Hasonlóan∫
(fχ


A)− dµ = 0. Így definíció alapján kapjuk a tételt.


5.21. Tétel. Legyen (X, A, µ) mértéktér és f, g : X → Rb µ-mérhetőek.
① Ha f = g m.m. és ∃


∫
f dµ, akkor ∃


∫
g dµ és


∫
g dµ =


∫
f dµ.


② Az f pontosan akkor integrálható, ha |f | integrálható, továbbá ekkor |
∫


f dµ| ⩽
⩽
∫


|f | dµ.
③ (homogenitáshomogenitás) Ha ∃


∫
f dµ és α ∈ R, akkor ∃


∫
αf dµ és


∫
αf dµ = α


∫
f dµ.


④ (additivitásadditivitás) Ha az
∫


f dµ +
∫


g dµ értelmezett, akkor ∃
∫
(f + g) dµ, továbbá∫


(f + g) dµ =
∫


f dµ +
∫


g dµ.
⑤ Ha f ⩽ g és ∃


∫
f dµ > −∞ (vagy ∃


∫
g dµ < ∞), akkor ∃


∫
f dµ, ∃


∫
g dµ és∫


f dµ ⩽
∫


g dµ.
⑥ (majoráns kritériummajoráns kritérium) Ha |f | ⩽ g m.m. és g integrálható, akkor f integrálható.
⑦ Ha f 2 és g2 integrálhatóak, akkor fg is integrálható.


Bizonyítás. ▶ ① feltételeivel f+ = g+ m.m. és f− = g− m.m., továbbá
∫


f dµ =
∫


f+


+ dµ −
∫


f− dµ =
⇑


5.6. tétel ②


∫
g+ dµ −


∫
g− dµ =


∫
g dµ =⇒ ①.


▶ |f | integrálható ⇐⇒ R ∋
∫


|f | dµ =
∫


(f+ + f−) dµ =
⇑


5.9. tétel


∫
f+ dµ +


∫
f− dµ ⇐⇒


∫
f+ dµ ∈ R és


∫
f− dµ ∈ R ⇐⇒ f integrálható. Másrészt, ha f integrálható, akkor


|
∫


f dµ| = |
∫


f+ dµ −
∫


f− dµ| ⩽ |
∫


f+ dµ| + |
∫


f− dµ| =
∫


f+ dµ +
∫


f− dµ =
⇑


5.9. tétel
=
∫
(f+ + f−) dµ =


∫
|f | dµ =⇒ ②.


▶ Tegyük fel, hogy ∃
∫


f dµ és α ∈ R. Ha α ⩾ 0, akkor az 5.6. tétel ⑥ pontja miatt∫
(αf)+ dµ =


∫
αf+ dµ = α


∫
f+ dµ < ∞, ha


∫
f+ dµ < ∞, illetve∫


(αf)− dµ =
∫


αf− dµ = α
∫


f− dµ < ∞, ha
∫


f− dµ < ∞.
∃
∫


f dµ, azaz
∫


f+ dµ < ∞ vagy
∫


f− dµ < ∞ =⇒∫
(αf)+ dµ < ∞ vagy


∫
(αf)− dµ < ∞ =⇒ ∃


∫
αf dµ. Másrészt ekkor szintén


az 5.6. tétel ⑥ pontja miatt∫
αf dµ =


∫
(αf)+ dµ −


∫
(αf)− dµ =


∫
αf+ dµ −


∫
αf− dµ =


= α
∫


f+ dµ − α
∫


f− dµ = α
(∫


f+ dµ −
∫


f− dµ
)


= α
∫


f dµ.
Ha α < 0, akkor (αf)+ = −αf− és (αf)− = −αf+, melyből az előzőhöz hasonlóan
bizonyítható, hogy ∃


∫
αf dµ, másrészt∫


αf dµ =
∫
(αf)+ dµ −


∫
(αf)− dµ =


∫
(−αf−) dµ −


∫
(−αf+) dµ =


= α
∫


f+ dµ − α
∫


f− dµ = α
(∫


f+ dµ −
∫


f− dµ
)


= α
∫


f dµ.
Ezzel ③ bizonyított.
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▶ Tegyük fel, hogy S :=
∫


f dµ +
∫


g dµ értelmezett. S ∈ R esetén
∫


f dµ ∈ R és∫
g dµ ∈ R =⇒


∫
f+ dµ ∈ R és


∫
g+ dµ ∈ R =⇒ ∞ >


∫
f+ dµ +


∫
g+ dµ =


=
∫
(f+ + g+) dµ ⩾


⇑
5.11. lemma


∫
(f + g)+ dµ =⇒ ∃


∫
(f + g) dµ.


S = ∞ esetén
∫


f dµ > −∞ és
∫


g dµ > −∞ =⇒ az 5.15. megjegyzés miatt
∞ >


∫
f− dµ +


∫
g− dµ =


∫
(f− + g−) dµ ⩾


⇑
5.11. lemma


∫
(f + g)− dµ =⇒ ∃


∫
(f + g) dµ.


S = −∞ esetén
∫


f dµ < ∞ és
∫


g dµ < ∞ =⇒ az 5.15. megjegyzés miatt
∞ >


∫
f+ dµ +


∫
g+ dµ =


∫
(f+ + g+) dµ ⩾


⇑
5.11. lemma


∫
(f + g)+ dµ =⇒ ∃


∫
(f + g) dµ. A ④


bizonyításához még az egyenlőséget kell belátni.
(f + g)+ − (f + g)− = f + g = f+ − f− + g+ − g− =⇒
(f + g)+ + f− + g− = (f + g)− + f+ + g+ =⇒∫


(f + g)+ dµ +
∫


f− dµ +
∫


g− dµ =
∫
(f + g)− dµ +


∫
f+ dµ +


∫
g+ dµ =⇒ ④.


▶ f ⩽ g esetén f+ ⩽ g+ és f− ⩾ g−, így az 5.15. megjegyzés miatt,
1) ha ∃


∫
f dµ > −∞ =⇒ ∞ >


∫
f− dµ ⩾


∫
g− dµ =⇒ ∃


∫
g dµ,


2) ha ∃
∫


g dµ < ∞ =⇒ ∞ >
∫


g+ dµ ⩾
∫


f+ dµ =⇒ ∃
∫


f dµ.
Az ⑤ bizonyításához még az egyenlőtlenséget kell belátni. Mivel


∫
f+ dµ ⩽


∫
g+ dµ


és −
∫


f− dµ ⩽ −
∫


g− dµ, így a két egyenlőtlenséget összeadva kapjuk ⑤-öt.
▶ ⑥ feltételeivel g+ ⩾ g+ − g− = g ⩾ |f | m.m. =⇒


∫
|f | dµ ⩽


∫
g+ dµ ∈ R, hiszen g


integrálható =⇒
∫


|f | dµ ∈ R =⇒ ② miatt f integrálható, azaz ⑥ teljesül.
▶ ⑦ feltétele és ④ miatt f 2 + g2 integrálható =⇒ ③ miatt 1


2(f 2 + g2) integrálható,
másrészt |fg| ⩽ 1


2(f 2 + g2) =⇒ ⑥ miatt fg integrálható.


5.22. Tétel. Legyen (X, A, µ) mértéktér, f : X → Rb, Ai ∈ A (i ∈ I ⊂ N) diszjunk-
tak és A := ⋃


i∈I
Ai. Ha ∃


∫
f dµ, akkor ∃


∫
A


f dµ és ∃
∫


Ai


f dµ ∀i ∈ I, továbbá


∫
A


f dµ =
∑
i∈I


∫
Ai


f dµ.


Bizonyítás.
∫
(fχ


A)+ dµ =
∫


f+χ
A dµ ⩽


∫
f+ dµ < ∞ vagy


∫
(fχ


A)− dµ =
=
∫


f−χ
A dµ ⩽


∫
f− dµ < ∞ =⇒ ∃


∫
fχ


A dµ =
∫
A


f dµ. Hasonlóan látható, hogy
∃
∫


Ai


f dµ ∀i ∈ I. Ezután azt bizonyítjuk, hogy


gχ
A =


∑
i∈I


gχ
Ai


, (5.9)


ahol g : X → Rb tetszőleges függvény. x ∈ A esetén létezik pontosan egy i0 index,
melyre x ∈ Ai0 =⇒ ∑


i∈I
g(x)χAi


(x) = g(x)χAi0
(x) = g(x)χA(x), illetve x ̸∈ A esetén


x ̸∈ Ai ∀i ∈ I =⇒ ∑
i∈I


g(x)χAi
(x) = 0 = g(x)χA(x) =⇒ (5.9). Most rátérünk az
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egyenlőség bizonyítására.
∫


fχ
A dµ =


∫
f+χ


A dµ −
∫


f−χ
A dµ =


⇑
(5.9)


∑
i∈I


(∫
f+χ


Ai
dµ −


−
∫


f−χ
Ai


dµ
)


= ∑
i∈I


∫
fχ


Ai
dµ =⇒ állítás.


5.23. Tétel (Lebesgue majorált konvergencia tételeLebesgue majorált konvergencia tétele). Legyen (X, A, µ) mértéktér és
g, f, fn : X → Rb (n ∈ N) µ-mérhető függvények. Ha g integrálható, |fn| ⩽ g m.m.
∀n ∈ N-re és lim


n→∞
fn = f m.m., akkor f , fn és |fn − f | integrálható függvények


∀n ∈ N-re, továbbá


lim
n→∞


∫
|fn − f | dµ = 0 és lim


n→∞


∫
fn dµ =


∫
f dµ.


Bizonyítás. B := X \ X(|fn| ⩽ g), C := X \ X
(


lim
n→∞


fn = f
)


és A := B ∪ C. Ekkor
µ(A) ⩽ µ(B) + µ(C) = 0 =⇒ µ(A) = 0. Legyenek


f̃ := fχ
A, f̃n := fn


χ
A, g̃ := gχ


A.


▶ Belátjuk, hogy


f = f̃ m.m., fn = f̃n m.m., g = g̃ m.m., |fn − f | = |f̃n − f̃ | m.m. (5.10)


x ∈ A esetén f(x) = f̃(x) =⇒ x ∈ X(f = f̃) =⇒ A ⊂ X(f = f̃) =⇒
X \ X(f = f̃) ⊂ A =⇒ µ


(
X \ X(f = f̃)


)
= 0 =⇒ f = f̃ m.m. A többi hasonlóan


bizonyítható.
▶ Ha x ∈ A, akkor x ∈ B és x ∈ C, így |f̃n(x)| = |fn(x)| ⩽ g(x) = g̃(x) illetve
lim


n→∞
f̃n(x) = lim


n→∞
fn(x) = f(x) = f̃(x). Ha x ∈ A, akkor f̃n(x) = f̃(x) = g̃(x) = 0.


Így
|f̃n| ⩽ g̃ és lim


n→∞
f̃n = f̃ . (5.11)


▶ fn a majoráns kritérium miatt integrálható. Most tegyük fel, hogy |f̃(x)| >
> g̃(x) valamely x ∈ X-re. =⇒ (5.11) miatt |f̃(x)| > g̃(x) ⩾ |f̃n(x)| ∀n ∈ N, amely
lim


n→∞
|f̃n| = |f̃ | miatt nem lehet. Így


|f̃ | ⩽ g̃. (5.12)


Mivel g̃ (5.10) miatt integrálható, így (5.12) és a majoráns kritérium szerint f̃
integrálható, amiből (5.10) miatt f is integrálható. Végül (5.11) és (5.12) miatt


|f̃n − f̃ | ⩽ |f̃n| + |f̃ | ⩽ 2g̃, (5.13)


amiből a majoráns kritérium szerint |f̃n − f̃ | integrálható. Így (5.10) miatt |fn − f |
is integrálható.
▶ (5.13) miatt 2g̃ − |f̃n − f̃ | ⩾ 0, így erre alkalmazva a Fatou-lemmát:
lim


∫
(2g̃ − |f̃n − f̃ |) dµ ⩾


∫
lim(2g̃ − |f̃n − f̃ |) dµ =


⇑
(5.11)


∫
2g̃ dµ =⇒
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0 ⩾
∫


2g̃ dµ − lim
∫


(2g̃ − |f̃n − f̃ |) dµ =
∫


2g̃ dµ + lim
∫


(|f̃n − f̃ | − 2g̃) dµ =
∫


2g̃ dµ +
+lim


(∫
|f̃n − f̃ | dµ −


∫
2g̃ dµ


)
=
⇑


1.8. megj.


∫
2g̃ dµ+lim


∫
|f̃n−f̃ | dµ−


∫
2g̃ dµ = lim


∫
|f̃n−


− f̃ | dµ ⩾ lim
∣∣∣∫ (f̃n − f̃) dµ


∣∣∣ = lim
∣∣∣∫ f̃n dµ−


∫
f̃ dµ


∣∣∣ ⩾ 0 =⇒ lim
∣∣∣∫ f̃n dµ−


∫
f̃ dµ


∣∣∣ = 0
és lim


∫
|f̃n − f̃ | dµ = 0 =⇒ 1.10. tétel miatt lim


n→∞


∣∣∣∫ f̃n dµ−
∫


f̃ dµ
∣∣∣ = 0 és lim


n→∞


∫
|f̃n −


− f̃ | dµ = 0 =⇒ (5.10) alapján kapjuk az állítást.


5.24. Tétel (Az integrál abszolút folytonosságaAz integrál abszolút folytonossága). Legyen (X, A, µ) mértéktér és
f : X → Rb integrálható függvény. Ekkor ∀ε ∈ R+-hoz ∃δ ∈ R+, hogy A ∈ A,
µ(A) < δ esetén


∫
A


|f | dµ < ε.


Bizonyítás. Legyen fn := min{|f |, n} (n ∈ N). Ha |f(x)| ∈ R, akkor ∃n0 ∈ N,
hogy n0 > |f(x)| =⇒ fn(x) = |f(x)| ∀n ⩾ n0 esetén =⇒ lim


n→∞
fn(x) = |f(x)|. Ha


|f(x)| = ∞, akkor fn(x) = n ∀n ∈ N =⇒ lim
n→∞


fn(x) = ∞ = |f(x)| =⇒ lim
n→∞


fn = |f |.
Másrészt f1 ⩽ f2 ⩽ . . . , ezért a Beppo Levi tétel miatt lim


n→∞


∫
fn dµ =


∫
|f | dµ. Mivel


f integrálható, ezért |f | is az =⇒ fn ⩽ |f | és a majoráns kritérium miatt fn is integ-
rálható ∀n ∈ N-re. Mindezekből lim


n→∞


∫
fn dµ −


∫
|f | dµ = lim


n→∞
(
∫


fn dµ −
∫


|f | dµ) =
= lim


n→∞


∫
(fn − |f |) dµ = 0 =⇒ ε ∈ R+ esetén ∃m ∈ N, hogy


ε


2 >
∣∣∣∣∫ (fm − |f |) dµ


∣∣∣∣ =
∫


(|f | − fm) dµ ⩾ 0. (5.14)


Legyen δ := ε
2m


és A ∈ A olyan, hogy µ(A) < δ. Ekkor
∫
A


|f | dµ =
∫


|f |χA dµ =
=
∫
(|f | − fm)χA dµ +


∫
fm


χ
A dµ ⩽


∫
(|f | − fm) dµ +


∫
mχ


A dµ =
∫
(|f | − fm) dµ +


+ mµ(A) <
⇑


(5.14)


ε
2 + mδ = ε.


5.3. Komplex értékű függvények integrálja
5.25. Definíció. Legyen (X, A, µ) mértéktér, f, g : X → R, h : X → C, h(x) =
= f(x) + ig(x). Ha f és g µ-mérhetőek, akkor azt mondjuk, hogy h µ-mérhető. Az
f függvényt a h valós részének (jele ℜh), a g függvényt pedig a h képzetes részének
(jele ℑh) nevezzük.


5.26. Definíció. Legyen (X, A, µ) mértéktér, h1, h2 : X → C µ-mérhetőek. Azt
mondjuk, hogy h1 = h2 m.m., ha a valós és képzetes részeik rendre m.m. megegyeznek.


5.27. Definíció. Legyen (X, A, µ) mértéktér. Azt mondjuk, hogy h : X → C integ-
rálható, ha a valós és képzetes része is integrálható, azaz létezik az integráljuk és
azok végesek. Ekkor∫


h dµ =
∫


h(x) dµ(x) :=
∫


ℜh dµ + i
∫


ℑh dµ.
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Ha h valós és képzetes része is integrálható A ∈ A felett, akkor azt mondjuk, hogy h
integrálható A felett, és∫


A


h dµ =
∫
A


h(x) dµ(x) :=
∫
A


ℜh dµ + i
∫
A


ℑh dµ.


5.28. Tétel. Legyen (X, A, µ) mértéktér, h : X → C µ-mérhető függvény, A ∈ A és
µ(A) = 0. Ekkor h integrálható A felett, továbbá


∫
A


h dµ = 0.


Bizonyítás. Az 5.20. tétel következménye.


5.29. Tétel. Legyen (X, A, µ) mértéktér és h, h1, h2 : X → C µ-mérhetőek.
① Ha h1 = h2 m.m. és h1 integrálható, akkor h2 is integrálható és


∫
h1 dµ =


=
∫


h2 dµ.
② A h pontosan akkor integrálható, ha |h| integrálható, továbbá ekkor |


∫
h dµ| ⩽


⩽
∫


|h| dµ. (Emlékeztetőül, ha a, b ∈ R, akkor |a + ib| =
√


a2 + b2.)
③ (homogenitáshomogenitás) Ha h integrálható és α ∈ C, akkor αh is integrálható, továbbá∫


αh dµ = α
∫


h dµ.
④ (additivitásadditivitás) Ha h1 és h2 integrálhatóak, akkor h1 + h2 is integrálható, továbbá∫


(h1 + h2) dµ =
∫


h1 dµ +
∫


h2 dµ.
⑤ (majoráns kritériummajoráns kritérium) Ha z : X → Rb integrálható és |h| ⩽ z m.m., akkor h is


integrálható.
⑥ Ha h integrálható, akkor minden A ∈ A esetén h integrálható A felett is.


Bizonyítás. ▶ Az ① ③ ④ állítások az 5.21. tétel ① ③ ④ pontjaiból következnek.
▶ ② bizonyításához először tegyük fel, hogy h integrálható. =⇒ |ℜh| és |ℑh| integ-
rálhatóak =⇒ |h| =


√
(ℜh)2 + (ℑh)2 ⩽ |ℜh| + |ℑh| miatt |h| is integrálható.


Megfordítva, ha |h| integrálható, akkor |ℜh| =
√


(ℜh)2 ⩽
√


(ℜh)2 + (ℑh)2 = |h|
miatt ℜh is integrálható. Hasonlóan ℑh is integrálható, így h integrálható.


Ha |
∫


h dµ| = 0, akkor
∫


ℜh dµ =
∫


ℑh dµ = 0 =⇒ ℜh = ℑh = 0 m.m. =⇒
|h| = 0 m.m. =⇒ |


∫
h dµ| ⩽


∫
|h| dµ.


Most tegyük fel, hogy |
∫


h dµ| ∈ R+. Könnyen látható, hogy


|ab + cd| ⩽
√


a2 + c2
√


b2 + d2 ∀a, b, c, d ∈ R,


hiszen ekvivalens a 0 ⩽ (ad − bc)2 egyenlőtlenséggel. Ebből következően∣∣∣∣∫ h dµ


∣∣∣∣2 =
(∫


ℜh dµ
)2


+
(∫


ℑh dµ
)2


=


=
∣∣∣∣∫ (


ℜh
∫


ℜh dµ + ℑh
∫


ℑh dµ
)


dµ


∣∣∣∣ ⩽ ∫ ∣∣∣∣ℜh
∫


ℜh dµ + ℑh
∫


ℑh dµ
∣∣∣∣ dµ ⩽


⩽
∫ √


(ℜh)2 + (ℑh)2


√(∫
ℜh dµ


)2
+
(∫


ℑh dµ
)2


dµ =







86 5. fejezet. Integrál


=
∫


|h| ·
∣∣∣∣∫ h dµ


∣∣∣∣ dµ =
∣∣∣∣∫ h dµ


∣∣∣∣ · ∫ |h| dµ,


melyből kapjuk, hogy |
∫


h dµ| ⩽
∫


|h| dµ. Ezzel ② bizonyított.
▶ ⑤ feltételével |ℜh| =


√
(ℜh)2 ⩽


√
(ℜh)2 + (ℑh)2 = |h| ⩽ z m.m. =⇒ ℜh integrál-


ható. Hasonlóan ℑh is integrálható, így h integrálható. Ezzel ⑤ bizonyított.
▶ Ha h integrálható és A ∈ A, akkor |ℜh| integrálható =⇒ |ℜh|χA ⩽ |ℜh| miatt ℜh
integrálható A felett. Hasonlóan ℑh is integrálható A felett =⇒ ⑥


5.30. Tétel. Legyen (X, A, µ) mértéktér, h : X → C, Ai ∈ A (i ∈ I ⊂ N) diszjunktak
és A := ⋃


i∈I
Ai. Ha h integrálható, akkor


∫
A


h dµ =
∑
i∈I


∫
Ai


h dµ.


Bizonyítás. Az 5.22. tétel következménye.


5.4. Riemann-integrál
A következő szakaszban definiált Lebesgue-integrál a Riemann-integrál általánosítása.
Ezért először ismételjük át a Riemann-integrál fogalmát.


5.31. Definíció. Legyen a, b ∈ R, a < b. A D := {x0, x1, . . . , xk} halmaz beosz-
tása az [a, b] intervallumnak, ha a = x0 < x1 < · · · < xk = b. Jelöljük ∥D∥-vel a D
finomságát, azaz


∥D∥ := max{xi − xi−1 : i = 1, . . . , k}.


Legyen D[a,b] az [a, b] összes beosztásának halmaza. Legyen f : [a, b] → R korlátos
függvény és


s(f, D) :=
k∑


i=1
(xi − xi−1) inf{f(x) : xi−1 < x ⩽ xi},


S(f, D) :=
k∑


i=1
(xi − xi−1) sup{f(x) : xi−1 < x ⩽ xi}.


Vegyük észre, hogy


s(f, D) ⩽
k∑


i=1
(xi − xi−1) sup Rf = (b − a) sup Rf , (5.15)


S(f, D) ⩾
k∑


i=1
(xi − xi−1) inf Rf = (b − a) inf Rf . (5.16)


Legyenek


I∗(f) := sup{s(f, D) : D ∈ D[a,b]}, (Darboux-féle alsó integrál)
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I∗(f) := inf{S(f, D) : D ∈ D[a,b]}. (Darboux-féle felső integrál)


Mivel (5.15) miatt {s(f, D) : D ∈ D[a,b]} felülről korlátos halmaz, ill. (5.16) miatt
{S(f, D) : D ∈ D[a,b]} alulról korlátos halmaz, ezért I∗(f) ∈ R és I∗(f) ∈ R. Azt
mondjuk, hogy f Riemann-integrálható, ha I∗(f) = I∗(f). Ekkor ezt a közös értéket


az f Riemann-integráljának nevezzük. Jele:
b∫


a
f =


b∫
a


f(x) dx.


5.32. Tétel. Legyen f : [a, b] → [0, ∞) (a, b ∈ R, a < b) korlátos függvény és


H := {(x, y) ∈ R2 : a ⩽ x ⩽ b és 0 ⩽ y ⩽ f(x)}.


Az f pontosan akkor Riemann-integrálható, ha H Jordan-mérhető, továbbá ekkor H


Jordan-mértéke
b∫


a
f .


Bizonyítás. A Darboux-féle alsó ill. felső integrál és a Jordan-mérték definíciójánál
használt jelöléseket fogjuk használni. Legyen c := sup


a⩽x⩽b
f(x) és T := [a, b] × [0, c].


Ekkor H ⊂ T . Legyen továbbá


A := {s(f, D) : D beosztása [a, b]-nek}
B := {m∗(H, D) : D beosztása T -nek}.


Legyen D1 × D2 egy tetszőleges beosztása T -nek. Ekkor könnyen látható, hogy
m∗(H, D1 × D2) ⩽ s(f, D1). Vagyis B-ből tetszőlegesen kiválasztva egy elemet, az
A-ban találhatunk ennél nagyobb elemet. Így m∗(H) = sup B ⩽ sup A = I∗(f).


Másrészt, ha D1 = {x0, . . . , xk} (x0 < · · · < xk) az [a, b] egy tetszőleges beosztása,
akkor yi := inf{f(x) : xi−1 < x ⩽ xi} (i = 1, . . . , k) y0 := 0 és yk+1 := c jelöléssel
D2 := {y0, . . . , yk+1} a [0, c] egy beosztása. Így D1 × D2 a T -nek egy beosztása,
továbbá s(f, D1) = m∗(H, D1 × D2). Azaz A-ból kiválasztva egy elemet, az benne
van B-ben is, vagyis A ⊂ B =⇒ I∗(f) = sup A ⩽ sup B = m∗(H) =⇒ I∗(f) = m∗
∗(H). Hasonlóan bizonyítható, hogy I∗(f) = m∗(H). Ezekből már következik az
állítás.


5.33. Lemma. Legyen f : [a, b] → R (a, b ∈ R, a < b) korlátos függvény és D1, D2 ∈
∈ D[a,b]. Ha D1 ⊂ D2, akkor s(f, D1) ⩽ s(f, D2) és S(f, D1) ⩾ S(f, D2).


Bizonyítás. Legyen D1 := {x1, . . . , xk}. Ha D2 egy ponttal bővebb D1-nél, azaz ∃i0 ∈
∈ {1, . . . , k} és ∃x∗ ∈ (xi0−1, xi0), hogy D2 = {x1, . . . , xi0−1, x∗, xi0 , . . . , xk}, akkor
(xi0 − xi0−1) inf{f(x) : xi0−1 < x ⩽ xi0} =
= (xi0 − x∗) inf{f(x) : xi0−1 < x ⩽ xi0} + (x∗ − xi0−1) inf{f(x) : xi0−1 < x ⩽ xi0} ⩽
⩽ (xi0 − x∗) inf{f(x) : x∗ < x ⩽ xi0} + (x∗ − xi0−1) inf{f(x) : xi0−1 < x ⩽ x∗} =⇒
s(f, D1) ⩽ s(f, D2). Hasonlóan bizonyítható a másik egyenlőtlenség. Ebből teljes
indukcióval kapjuk tetszőleges D2 ⊃ D1-re az állítást.


5.34. Lemma. Legyen f : [a, b] → R (a, b ∈ R, a < b) korlátos függvény és Dk ∈
∈ D[a,b] (k ∈ N). Ha ∥Dk∥ < 1


k
∀k ∈ N, akkor


lim
k→∞


s(f, Dk) = I∗(f) és lim
k→∞


S(f, Dk) = I∗(f).
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Bizonyítás. Legyen ε ∈ R+. Ekkor létezik olyan D = {x0, . . . , xr+1} ∈ D[a,b], hogy
s(f, D) > I∗(f) − ε


2 =⇒


I∗(f) − s(f, Dk) = I∗(f) − s(f, D) + s(f, D) − s(f, Dk) <


<
ε


2 + s(f, D) − s(f, Dk) ⩽
⇑


5.33. lemma


ε


2 + s(f, D ∪ Dk) − s(f, Dk). (5.17)


Legyen K ∈ R+ olyan, hogy |f(x)| < K ∀x ∈ [a, b], és k0 ∈ N olyan, hogy


1
k0


⩽ min
{


ε


4Kr
, min{xi − xi−1 : i = 1, . . . , r}


}
.


Legyen k > k0 egész szám. Ekkor ∥Dk∥ < 1
k


< 1
k0


⩽ min{xi − xi−1 : i = 1, . . . , r}
=⇒ Dk = {y0, . . . , yn} jelöléssel minden (yj−1, yj) (j = 1, . . . , n) intervallumban
legfeljebb egy lehet az x1, . . . , xr pontok közül. Legyen i és j olyan, hogy yj−1 <


< xi < yj . Ekkor α∗
j := inf f


(
(xi, yj ]


)
, α∗∗


j := inf f
(
(yj−1, xi]


)
, αj := inf f


(
(yj−1, yj ]


)
jelöléssel (yj − xi)α∗


j + (xi − yj−1)α∗∗
j − (yj − yj−1)αj = (α∗


j − αj)(yj − xi) + (α∗∗
j −


−αj)(xi−yj−1) ⩽ 2K(yj −xi)+2K(xi−yj−1) = 2K(yj −yj−1) ⩽ 2K∥Dk∥ < 2K 1
k0


⩽
⩽ 2K ε


4Kr
= ε


2r
=⇒ s(f, D∪Dk)−s(f, Dk) < ε


2 =⇒ (5.17) miatt I∗(f)−s(f, Dk) < ε
=⇒ lim


k→∞
s(f, Dk) = I∗(f). A másik állítás hasonlóan bizonyítható.


5.35. Tétel. Legyenek f, g : [a, b] → R (a, b ∈ R, a < b) Riemann-integrálható
függvények és c ∈ R. Ekkor cf és f + g is Riemann-integrálható, továbbá


b∫
a


cf = c


b∫
a


f és
b∫


a


(f + g) =
b∫


a


f +
b∫


a


g.


Bizonyítás. Definíció alapján, ha Dk ∈ D[a,b] (∥Dk∥ < 1
k


∀k ∈ N), akkor c ⩾ 0 esetén
S(cf, Dk) = cS(f, Dk), s(cf, Dk) = cs(f, Dk) és c < 0 esetén S(cf, Dk) = cs(f, Dk),
s(cf, Dk) = cS(f, Dk), illetve S(f + g, Dk) = S(f, Dk) + S(g, Dk), s(f + g, Dk) =
= s(f, Dk) + s(g, Dk). Mindezekből az 5.34. lemma alapján kapjuk az állítást.


5.36. Tétel. Ha f : [a, b] → R (a, b ∈ R, a < b) Riemann-integrálható, akkor f+,
f− és |f | is az, továbbá


b∫
a


|f | =
b∫


a


f+ +
b∫


a


f− és
b∫


a


f =
b∫


a


f+ −
b∫


a


f−.


Bizonyítás. Vezessük be a következő jelöléseket:


D := {x0, . . . , xn} ∈ D[a,b],


m+
i := inf{f+(x) : xi−1 < x ⩽ xi},


m−
i := inf{f−(x) : xi−1 < x ⩽ xi},
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mi := inf{f(x) : xi−1 < x ⩽ xi},


M+
i := sup{f+(x) : xi−1 < x ⩽ xi},


M−
i := sup{f−(x) : xi−1 < x ⩽ xi},


Mi := sup{f(x) : xi−1 < x ⩽ xi}.


Ha f(x) < 0 ∀x ∈ (xi−1, xi], akkor


M+
i − m+


i = 0 − 0 = 0 ⩽ Mi − mi,


M−
i − m−


i = (−mi) − (−Mi) = Mi − mi.


Ha f(x) ⩾ 0 ∀x ∈ (xi−1, xi], akkor


M+
i − m+


i = Mi − mi,


M−
i − m−


i = 0 − 0 = 0 ⩽ Mi − mi.


Minden más esetben mi < 0 és Mi > 0, így ekkor


M+
i − m+


i = Mi − 0 < Mi − mi,


M−
i − m−


i = (−mi) − 0 < Mi − mi.


Mindezek miatt M+
i − m+


i ⩽ Mi − mi és M−
i − m−


i ⩽ Mi − mi, így


S(f+, D) − s(f+, D) ⩽ S(f, D) − s(f, D),
S(f−, D) − s(f−, D) ⩽ S(f, D) − s(f, D).


(5.18)


Most legyen Dk ∈ D[a,b] (∥Dk∥ < 1
k


∀k ∈ N). Ekkor (5.18) miatt


S(f+, Dk) − s(f+, Dk) ⩽ S(f, Dk) − s(f, Dk),
S(f−, Dk) − s(f−, Dk) ⩽ S(f, Dk) − s(f, Dk),


így az 5.34. lemmából 0 ⩽ I∗(f+) − I∗(f+) = lim
k→∞


(
S(f+, Dk) − s(f+, Dk)


)
⩽


⩽ lim
k→∞


(
S(f, Dk) − s(f, Dk)


)
= I∗(f) − I∗(f) = 0 =⇒ I∗(f+) = I∗(f+). Hasonlóan


kapjuk, hogy I∗(f−) = I∗(f−). Ezekből f+ és f− Riemann-integrálható. Így |f | =
= f+ + f−, f = f+ − f− és az 5.35. tétel miatt kapjuk a további állításokat.


5.37. Megjegyzés. Ha |f | Riemann-integrálható, abból még nem következik, hogy f
is az. Például


f : [0, 1] → R, f(x) :=


1, ha x ∈ Q,


−1, különben,


esetén |f | Riemann-integrálható, de f nem.


5.38. Tétel. Legyen f : [a, b] → R (a, b ∈ R, a < b) Riemann-integrálható, és c, d ∈
∈ [a, b], c < d. Ekkor f -nek [c, d]-re vett leszűkítése is Riemann-integrálható, továbbá


ezt az integrált
d∫
c


f =
d∫
c


f(x) dx módon jelöljük.
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Ilyenkor azt is mondjuk, hogy f Riemann-integrálható a [c, d] intervallumon.
Bevezetjük még az


c∫
c


f =
c∫
c


f(x) dx := 0 jelölést is.


Bizonyítás. Legyen Dk ∈ D[c,d] (∥Dk∥ < 1
k


∀k ∈ N). Ekkor létezik D∗
k ∈ D[a,b]


minden k ∈ N esetén, hogy Dk = D∗
k ∩ [c, d] és ∥D∗


k∥ < 1
k
. Legyen g az f [c, d]-re


vett leszűkítése. Ekkor S(g, Dk) ⩽ S(f, D∗
k) és s(g, Dk) ⩾ s(f, D∗


k) =⇒ S(g, Dk) −
−s(g, Dk) ⩽ S(f, D∗


k)−s(f, D∗
k) =⇒ 0 ⩽ I∗(g)−I∗(g) = lim


k→∞


(
S(g, Dk)−s(g, Dk)


)
⩽


⩽ lim
k→∞


(
S(f, D∗


k) − s(f, D∗
k)
)


= I∗(f) − I∗(f) = 0 =⇒ I∗(g) = I∗(g) =⇒ állítás.


5.39. Tétel. Legyen f : [a, b] → R (a, b ∈ R, a < b) és a < c < b. Ha f Riemann-
integrálható az [a, c] és [c, b] intervallumokon, akkor az [a, b] intervallumon is az,
továbbá


b∫
a


f =
c∫


a


f +
b∫


c


f.


Bizonyítás. Legyen D1 ∈ D[a,c] és D2 ∈ D[c,b]. Ekkor D := D1 ∪ D2 ∈ D[a,b], másrészt
S(f, D) = S(f1, D1) + S(f2, D2), ahol f1 az f [a, c]-re illetve f2 az f [c, b]-re vett
leszűkítése. Ekkor az 5.34. lemma miatt I∗(f) = I∗(f1) + I∗(f2). Hasonlóan kapjuk,
hogy I∗(f) = I∗(f1) + I∗(f2). Mindezekből kapjuk az állítást.


5.40. Tétel (Newton–Leibniz-formulaNewton–Leibniz-formula). Legyen f : [a, b] → R (a, b ∈ R, a < b)
Riemann-integrálható függvény. Ha F : [a, b] → R folytonos az [a, b] intervallumon és
primitív függvénye f -nek az (a, b) intervallumon, akkor


b∫
a


f = F (b) − F (a).


Az F (b) − F (a) értéket [F (x)]ba módon is szokták jelölni.


Bizonyítás. Legyen Dk := {x
(k)
0 , . . . , x(k)


rk
} ∈ D[a,b] (∥Dk∥ < 1


k
∀k ∈ N). A Lagrange-


féle középértéktétel miatt létezik h
(k)
i ∈


(
x


(k)
i−1, x


(k)
i


)
, hogy


F (b) − F (a) =
rk∑


i=1


(
F
(
x


(k)
i


)
− F


(
x


(k)
i−1


))
=


rk∑
i=1


f
(
h


(k)
i


) (
x


(k)
i − x


(k)
i−1


)
.


Másrészt
s(f, Dk) ⩽


rk∑
i=1


f
(
h


(k)
i


) (
x


(k)
i − x


(k)
i−1


)
⩽ S(f, Dk).


Mindezekből és az 5.34. lemmából kapjuk, hogy I∗(f) ⩽ F (b)−F (a) ⩽ I∗(f), amiből
következik az állítás.
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5.41. Tétel. Legyenek fn : [a, b] → R (a, b ∈ R, a < b, n ∈ N) Riemann-integrálható
függvények. Ha az fn függvénysorozat egyenletesen konvergál az f : [a, b] → R függ-
vényhez, akkor f is Riemann-integrálható, továbbá


b∫
a


f = lim
n→∞


b∫
a


fn.


Bizonyítás. Az egyenletes konvergencia miatt εn := sup
x∈[a,b]


|f(x) − fn(x)| nullsorozat.


Az εn definíciójából


fn(x) − εn ⩽ f(x) ⩽ fn(x) + εn ∀n ∈ N, x ∈ [a, b],


amiből egyrészt f korlátos, azaz létezik I∗(f) és I∗(f), másrészt


b∫
a


fn − εn(b − a) ⩽ I∗(f) ⩽ I∗(f) ⩽
b∫


a


fn + εn(b − a) ∀n ∈ N.


Ebből pedig azt kapjuk, hogy 0 ⩽ I∗(f) − I∗(f) ⩽ 2εn(b − a) ∀n ∈ N. Mivel εn


nullsorozat, így kapjuk az állítást.


5.42. Tétel. Legyenek fn : [a, b] → R (a, b ∈ R, a < b, n ∈ N) Riemann-integrálható
függvények. Ha f1 + · · · + fn egyenletesen konvergens, akkor a


∞∑
n=1


fn is Riemann-
integrálható, továbbá


b∫
a


∞∑
n=1


fn =
∞∑


n=1


b∫
a


fn.


Bizonyítás. Az sn := f1 + · · · + fn egyenletesen konvergál a
∞∑


n=1
fn összegfüggvényhez,


így az 5.41. tételből
b∫


a


∞∑
n=1


fn = lim
n→∞


b∫
a


sn = lim
n→∞


n∑
k=1


b∫
a


fk =
∞∑


k=1


b∫
a


fk.


5.43. Definíció. Legyen a ∈ R és f : H → R, ahol (−∞, a] ⊂ H ⊂ R. Azt mondjuk,
hogy létezik az


a∫
−∞


f =
a∫


−∞
f(x) dx improprius integrál, ha f Riemann-integrálható


a (−∞, a] minden korlátos részintervallumán, és létezik a g : R+ → R, g(t) :=
a∫


a−t
f


függvény ∞-ben vett határértéke (akár véges vagy ∞ vagy −∞). Ekkor


a∫
−∞


f := lim
t→∞


g(t).
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5.44. Definíció. Legyen a ∈ R és f : H → R, ahol [a, ∞) ⊂ H ⊂ R. Azt mondjuk,
hogy létezik az


∞∫
a


f =
∞∫
a


f(x) dx improprius integrál, ha f Riemann-integrálható az


[a, ∞) minden korlátos részintervallumán, és létezik a g : R+ → R, g(t) :=
a+t∫
a


f


függvény ∞-ben vett határértéke (akár véges vagy ∞ vagy −∞). Ekkor
∞∫


a


f := lim
t→∞


g(t).


5.45. Definíció. Legyen f : R → R. Azt mondjuk, hogy létezik az
∞∫


−∞
f =


∞∫
−∞


f(x) dx


improprius integrál, ha f Riemann-integrálható minden korlátos intervallumon, és
létezik a g : R+ → R, g(t) :=


t∫
−t


f függvény ∞-ben vett határértéke (akár véges vagy


∞ vagy −∞). Ekkor
∞∫


−∞


f := lim
t→∞


g(t).


5.46. Tétel. Legyen a ∈ R és f : R → R. Ha léteznek az
a∫


−∞
f és


∞∫
a


f improprius


integrálok, és értelmezett az összegük, akkor létezik
∞∫


−∞
f is, továbbá


∞∫
−∞


f =
a∫


−∞


f +
∞∫


a


f.


Bizonyítás.
a∫


−∞
f +


∞∫
a


f = lim
t→∞


a∫
−t


f + lim
t→∞


t∫
a


f = lim
t→∞


(
a∫


−t
f +


t∫
a


f


)
= lim


t→∞


t∫
−t


f =


=
∞∫


−∞
f .


A Riemann-integrál fogalma is kiterjeszthető komplex értékű függvényekre.


5.47. Definíció. A h : [a, b] → C (a, b ∈ R, a < b) függvény Riemann-integrálható,


ha ℜh és ℑh Riemann-integrálhatóak, továbbá ekkor
b∫


a
h(x) dx =


b∫
a


h :=
b∫


a
ℜh+i


b∫
a


ℑh.


5.48. Definíció. Legyen h : R → C, tegyük fel, hogy léteznek az
∞∫


−∞
ℜh illetve


∞∫
−∞


ℑh improprius integrálok és azok végesek. Ekkor azt mondjuk, hogy h-nak létezik


az
∞∫


−∞
h improprius integrálja és


∞∫
−∞


h(x) dx =
∞∫


−∞
h :=


∞∫
−∞


ℜh + i
∞∫


−∞
ℑh.


5.49. Megjegyzés. Értelemszerű módosításokkal értelmezhető a további improprius
integrálok is komplex értékű függvényekre. Könnyen látható, hogy a komplex értékű
függvények Riemann- illetve improprius integrálja is additív és homogén.
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5.5. Lebesgue-integrál
5.50. Definíció. A Lebesgue-mérték szerinti integrált Lebesgue-integrálnak nevezzük.
Ha egy függvénynek létezik Lebesgue-integrálja és az véges, akkor azt mondjuk hogy
a függvény Lebesgue-integrálható.


5.51. Megjegyzés. Legyen λ′ a λ-nak B(R)-re vett leszűkítése és f : R → Rb Borel-
mérhető függvény. Ekkor az 5.19. tétel szerint f λ-mérhető is, és


∫
B


f dλ′ =
∫
B


f dλ


∀B ∈ B(R).
Ebben a szakaszban bizonyítjuk, hogy a Lebesgue-integrál általánosabb fogalom,


mint a Riemann-integrál, továbbá megadjuk a Riemann-integrálhatóság szükséges és
elégséges feltételét is.


Megmutatjuk, hogy Lebesgue-integrálhatóságból nem következik a Riemann-
integrálhatóság. Legyen például


f : [0, 1] → R, f(x) :=


1, ha x ∈ Q,


0, ha x ̸∈ Q.


Ekkor


f ∗ : R → R, f ∗(x) :=


f(x), ha x ∈ [0, 1]
0, ha x ̸∈ [0, 1]


=


1, ha x ∈ Q ∩ [0, 1]
0, különben


jelöléssel ∫
[0,1]


f dλ =
∫


f ∗ dλ = 1 · λ
(
Q ∩ [0, 1]


)
︸ ︷︷ ︸


0


+ 0 · λ
(
Q ∩ [0, 1]


)
= 0.


Másrészt s(f, D) = 0 és S(f, D) = 1 ∀D ∈ D[0,1] =⇒ I∗(f) = 0 és I∗(f) = 1 =⇒ f
Riemann-szerint nem integrálható.


Rátérünk annak belátására, hogy a Riemann-integrálhatóságból következik a
Lebesgue-integrálhatóság. Ehhez szükségünk lesz néhány segédfüggvényre.


5.52. Definíció. Legyen f : [a, b] → R (a, b ∈ R, a < b) korlátos függvény, x ∈ [a, b],


mδ(x) := inf
{
f(y) : y ∈ [a, b] ∩ (x − δ, x + δ)


}
, δ ∈ R+,


Mδ(x) := sup
{
f(y) : y ∈ [a, b] ∩ (x − δ, x + δ)


}
, δ ∈ R+,


m(x) := lim
δ→0+0


mδ(x), (f alsó Baire-függvénye)


M(x) := lim
δ→0+0


Mδ(x). (f felső Baire-függvénye)


Az mδ(x) ill. Mδ(x) a δ változó szerint monoton csökkenő ill. növekvő, így az m(x)
ill. M(x) definíciója korrekt. Másrészt az f korlátossága miatt mδ(x) ∈ R és Mδ(x) ∈
∈ R. Mivel rögzített x ∈ [a, b] esetén mδ(x) ⩽ f(x) ∀δ ∈ R+, ezért m(x) ⩽ f(x).
Hasonlóan Mδ(x) ⩾ f(x) ∀δ ∈ R+, ezért M(x) ⩾ f(x). Összefoglalva


−∞ < mδ(x) ⩽ m(x) ⩽ f(x) ⩽ M(x) ⩽ Mδ(x) < ∞ ∀x ∈ [a, b] ∀δ ∈ R+. (5.19)
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5.53. Lemma. Legyen f : [a, b] → R (a, b ∈ R, a < b) korlátos függvény és x ∈ [a, b].
Az f pontosan akkor folytonos az x pontban, ha m(x) = M(x).


Bizonyítás. ▶ „⇒” Legyen ε ∈ R+. Ekkor ∃δ ∈ R+, hogy y ∈ [a, b] ∩ (x − δ, x + δ)
esetén |f(x) − f(y)| < ε


4 . Másrészt ∃y1, y2 ∈ [a, b] ∩ (x − δ, x + δ), hogy f(y1) <
< mδ(x) + ε


4 és f(y2) > Mδ(x) − ε
4 . Ebből kapjuk, hogy


ε
2 > |f(y2)−f(x)|+ |f(x)−f(y1)| ⩾ |f(y2)−f(x)+f(x)−f(y1)| = |f(y2)−f(y1)| ⩾
⩾ f(y2) − f(y1) > Mδ(x) − mδ(x) − ε


2 ⩾
⇑


(5.19)


M(x) − m(x) − ε
2 =⇒


0 ⩽ M(x) − m(x) < ε =⇒ ε ↓ 0 határátmenettel kapjuk, hogy M(x) = m(x).
▶ „⇐” Az (5.19) miatt f(x) = m(x) = M(x). Legyen ε ∈ R+. Ekkor ∃δ1, δ2 ∈ R+,
hogy Mδ1(x) − M(x) < ε és m(x) − mδ2(x) < ε. Ekkor δ := min{δ1, δ2} választással
∀y ∈ [a, b] ∩ (x − δ, x + δ) esetén mδ2(x) ⩽ f(y) ⩽ Mδ1(x). Mindezekből
−ε < mδ2(x) − m(x) ⩽ f(y) − f(x) ⩽ Mδ1(x) − M(x) < ε =⇒ |f(x) − f(y)| < ε =⇒
az f x-ben folytonos.


5.54. Lemma. Legyen f : [a, b] → R (a, b ∈ R, a < b) korlátos függvény. Ekkor


I∗(f) =
∫


[a,b]


m dλ és I∗(f) =
∫


[a,b]


M dλ.


Bizonyítás. Legyenek Dk = {x
(k)
0 , . . . , x(k)


nk
} ∈ D[a,b] (k ∈ N) olyan beosztások, me-


lyekre ∥Dk∥ < 1
k


∀k ∈ N és D1 ⊂ D2 ⊂ . . . teljesül. Ekkor legyenek


m
(k)
i := inf{f(x) : x


(k)
i−1 < x ⩽ x


(k)
i } (k ∈ N, i = 1, . . . , nk),


M
(k)
i := sup{f(x) : x


(k)
i−1 < x ⩽ x


(k)
i } (k ∈ N, i = 1, . . . , nk),


Ak : (a, b] → R, Ak(x) := m
(k)
i , ha x


(k)
i−1 < x ⩽ x


(k)
i , i = 1, . . . , nk (k ∈ N),


Fk : (a, b] → R, Ak(x) := M
(k)
i , ha x


(k)
i−1 < x ⩽ x


(k)
i , i = 1, . . . , nk (k ∈ N).


Mivel az Ak, Fk függvények értékkészletei megszámlálható számosságúak, ezért
bármely Borel-halmaz ezek általi ősképe is megszámlálható, azaz Lebesgue-mérhető
halmaz. Így ezek a függvények λ-mérhetőek. A konstrukcióból látható, hogy


s(f, Dk) =
nk∑
i=1


(
x


(k)
i − x


(k)
i−1


)
m


(k)
i =


∫
[a,b]


Ak dλ


S(f, Dk) =
nk∑
i=1


(
x


(k)
i − x


(k)
i−1


)
M


(k)
i =


∫
[a,b]


Fk dλ



∀k ∈ N, (5.20)


másrészt Ak(x) ⩽ Ak+1(x) ⩽ f(x) ⩽ Fk+1(x) ⩽ Fk(x) ∀k ∈ N és ∀x ∈ (a, b] =⇒
Ak(x) és Fk(x) konvergens sorozatok minden x ∈ (a, b]-re.
▶ Adott k ∈ N esetén legyen x ∈ [a, b] \ Dk. Ekkor ∃i ∈ N és ∃δ ∈ R+, hogy


(x − δ, x + δ) ⊂
(
x


(k)
i−1, x


(k)
i


)
⊂
(
x − 1


k
, x + 1


k


)
,
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hiszen x
(k)
i − x


(k)
i−1 < 1


k
=⇒


m 1
k
(x) ⩽ m


(k)
i︸ ︷︷ ︸


Ak(x)


⩽ mδ(x) ⩽ m(x) ⩽ M(x) ⩽ Mδ(x) ⩽ M
(k)
i︸ ︷︷ ︸


Fk(x)


⩽ M 1
k
(x) =⇒


Ha x ∈ [a, b] \
∞⋃


l=1
Dl, akkor minden k ∈ N esetén m 1


k
(x) ⩽ Ak(x) ⩽ m(x) és


M(x) ⩽ Fk(x) ⩽ M 1
k
(x) =⇒ ∀x ∈ [a, b] \


∞⋃
l=1


Dl esetén m(x) = lim
k→∞


m 1
k
(x) ⩽


⩽ lim
k→∞


Ak(x) ⩽ m(x) és M(x) ⩽ lim
k→∞


Fk(x) ⩽ lim
k→∞


M 1
k
(x) = M(x) =⇒


lim
k→∞


Ak = m és lim
k→∞


Fk = M λ-m.m. az [a, b] intervallumon. (5.21)


▶ Legyen g : R → R, g(x) := sup Rf , ha x ∈ [a, b] és g(x) := 0, ha x ̸∈ [a, b]. Ekkor
g Lebesgue-integrálható és az 5.18. definícióban bevezetett jelöléssel A∗


k ⩽ F ∗
k ⩽ g.


Másrészt (5.21) miatt lim
k→∞


A∗
k = m∗ λ-m.m. és lim


k→∞
F ∗


k = M∗ λ-m.m., így a 4.22. tétel
miatt m∗ és M∗ λ-mérhetőek. Mindezek alapján az A∗


k és F ∗
k függvénysorozatokra


alkalmazható Lebesgue majorált konvergencia tétele:∫
[a,b]


m dλ =
∫


m∗ dλ = lim
k→∞


∫
A∗


k dλ = lim
k→∞


∫
[a,b]


Ak dλ =
⇑


(5.20)


lim
k→∞


s(f, Dk) =
⇑


5.34. lemma


I∗(f) és


∫
[a,b]


M dλ =
∫


M∗ dλ = lim
k→∞


∫
F ∗


k dλ = lim
k→∞


∫
[a,b]


Fk dλ =
⇑


(5.20)


lim
k→∞


S(f, Dk) =
⇑


5.34. lemma


I∗(f).


5.55. Tétel (Lebesgue-kritériumLebesgue-kritérium). Legyen f : [a, b] → R (a, b ∈ R, a < b) korlátos
függvény. Az f pontosan akkor Riemann-integrálható, ha folytonos λ-m.m. [a, b]-n.


Bizonyítás. ▶ „⇒” Az 5.54. lemma miatt
∫


[a,b]
(M − m) dλ = 0 =⇒ az 5.6. tétel ⑤


pontja miatt M − m = 0 λ-m.m. [a, b]-n =⇒ 5.53. lemma miatt f folytonos λ-m.m.
[a, b]-n.
▶ „⇐” 5.53. lemma miatt M = m λ-m.m. [a, b]-n =⇒ 5.21. tétel ① pontja miatt∫
[a,b]


m dλ =
∫


[a,b]
M dλ =⇒ 5.54. lemma miatt f Riemann-integrálható.


5.56. Tétel. Ha f : [a, b] → R (a, b ∈ R, a < b) Riemann-integrálható, akkor f
Lebesgue-integrálható is [a, b] felett és


∫
[a,b]


f dλ =
b∫


a


f.


Bizonyítás. A Lebesgue-kritérium miatt f folytonos λ-m.m. [a, b]-n =⇒ 5.53. lemma
miatt M = m λ-m.m. [a, b]-n. Így (5.19) miatt m = f λ-m.m. [a, b]-n =⇒ 5.54. lemma


alapján
∫


[a,b]
f dλ =


∫
[a,b]


m dλ = I∗(f) =
b∫


a
f .
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5.57. Megjegyzés. A Lebesgue-integrál hasonló kapcsolatban van a Lebesgue-mérték-
kel, mint a Riemann-integrál a Jordan-mértékkel (lásd a 6.29–6.31. tételeket).


5.58. Tétel. Ha f : R → R olyan függvény, melyre létezik az
∞∫


−∞
f improprius


integrál, akkor f -nek létezik a Lebesgue-integrálja és


∫
f dλ =


∞∫
−∞


f.


Bizonyítás. A feltétel miatt minden n ∈ N esetén létezik
n∫


−n
f , továbbá


∞∫
−∞


f =


= lim
n→∞


n∫
−n


f =⇒ 5.56. tétel miatt f Lebesgue-integrálható [−n, n] felett minden


n ∈ N esetén, és
n∫


−n
f =


∫
[−n,n]


f dλ =⇒
∞∫


−∞
f = lim


n→∞


∫
[−n,n]


f dλ = lim
n→∞


∫
fχ[−n,n] dλ,


ami a majorált konvergencia tétel miatt egyenlő
∫


lim
n→∞


fχ[−n,n] dλ =
∫


f dλ-val.


A következő két állítás hasonlóan bizonyítható.


5.59. Tétel. Legyen a ∈ R, f : H → R, ahol (−∞, a] ⊂ H ⊂ R és létezik az
a∫


−∞
f


improprius integrál. Ekkor f -nek létezik a Lebesgue-integrálja (−∞, a] felett és


∫
(−∞,a]


f dλ =
a∫


−∞


f.


5.60. Tétel. Legyen a ∈ R, f : H → R, ahol [a, ∞) ⊂ H ⊂ R és létezik az
∞∫
a


f


improprius integrál. Ekkor f -nek létezik a Lebesgue-integrálja [a, ∞) felett és


∫
[a,∞)


f dλ =
∞∫


a


f.


A következő tétel az ún. helyettesítéses integrálás egy speciális esete. Az álta-
lános tétel bizonyítása hosszadalmas, így csak azt az esetet taglaljuk, amelyre a
későbbiekben szükségünk lesz.


5.61. Tétel. Legyen a, b ∈ R, a ≠ 0, f : R → Rb, melynek létezik Lebesgue-integrálja.
Ekkor ∫


f dλ = |a|
∫


f(ax + b) dλ(x).
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Bizonyítás. Legyen először f nemnegatív, és vezessük be a következő jelöléseket:
h : R → Rb, h(x) := f(ax+b), g : R → R, g(x) := x


a
− b


a
, 0 ⩽ y1 < y2 < · · · < yn < ∞,


y := (y1, . . . , yn),


Ai := {x ∈ R : yi ⩽ f(x) < yi+1} i = 1, 2, . . . , n − 1 (n ⩾ 2),
An := {x ∈ R : yn ⩽ f(x)},


s(f, y) := y1λ(A1) + · · · + ynλ(An)
Bi := {x ∈ R : yi ⩽ h(x) < yi+1} i = 1, 2, . . . , n − 1 (n ⩾ 2),
Bn := {x ∈ R : yn ⩽ h(x)},


s(h, y) := y1λ(B1) + · · · + ynλ(Bn).


Ha i ∈ {1, . . . , n − 1} és x ∈ Bi, akkor yi ⩽ f(ax + b) < yi+1 =⇒ ax + b ∈ Ai =⇒
x = g(ax + b) ∈ g(Ai) =⇒ Bi ⊂ g(Ai). Ha i ∈ {1, . . . , n − 1} és x ∈ g(Ai), akkor
ax + b = g−1(x) ∈ g−1(g(Ai)) = Ai =⇒ yi ⩽ f(ax + b) < yi+1 =⇒ x ∈ Bi =⇒
g(Ai) ⊂ Bi =⇒ Bi = g(Ai). Hasonlóan kapjuk, hogy Bn = g(An).


Így s(h, y) = y1λ(g(A1)) + · · · + ynλ(g(An)) =
⇑


2.51. tétel


1
|a|(y1λ(A1) + · · · + ynλ(An)) =


= 1
|a|s(f, y), amiből már következik az állítás. Általános esetben


∫
f dλ =


∫
f+ dλ −


−
∫


f− dλ = |a|
∫


f+(ax+b) dλ(x)−|a|
∫


f−(ax+b) dλ(x) = |a|
∫


f(ax+b) dλ(x).







6. fejezet


Mértékterek szorzata


6.1. Kétszeres integrál, Fubini-tétel
6.1. Definíció. Legyenek (X, A, µ) és (Y, B, ν) mértékterek és


γ : {A × B : A ∈ A, B ∈ B} → [0, ∞], γ(A × B) := µ(A)ν(B).
A γ-hoz tartozó külső mértéket jelöljük µ⊗ν-vel. A µ⊗ν-mérhető halmazok rendszerét
jelöljük A⊗B-vel. A µ⊗ν-nek A⊗B-re vett leszűkítését a µ és ν mértékek szorzatának
nevezzük, és ezt is µ ⊗ ν-vel jelöljük. Az (X × Y, A ⊗ B, µ ⊗ ν) teljes mértékteret az
(X, A, µ) és (Y, B, ν) mértékterek szorzatterének nevezzük.
6.2. Definíció. Legyen n ⩾ 3 egész és (Xi, Ai, µi) mértékterek (i = 1, 2, . . . , n).
Rekurzióval definiáljuk a


µ1 ⊗ · · · ⊗ µn := (µ1 ⊗ · · · ⊗ µn−1) ⊗ µn


külső mértéket az X1 × · · · × Xn = (X1 × · · · × Xn−1) × Xn-en. Legyen
A1 ⊗ · · · ⊗ An := (A1 ⊗ · · · ⊗ An−1) ⊗ An.


A µ1 ⊗· · ·⊗µn külső mérték leszűkítését A1 ⊗· · ·⊗An-re a µi-k szorzatának nevezzük
és szintén µ1 ⊗ · · · ⊗ µn-nel jelöljük. Ha X1 = · · · = Xn, A1 = · · · = An és µi = · · · =
= µn, akkor a µn := µ1 ⊗ · · · ⊗ µn és An := A1 ⊗ · · · ⊗ An jelöléseket használjuk.
Ugyanezt a jelölést használjuk n = 2 esetén is.
6.3. Definíció. Legyenek (X, A, µ) és (Y, B, ν) mértékterek és f : X × Y → Rb.
Tegyük fel, hogy a


gy : X → Rb, gy(x) := f(x, y)
függvénynek ν-szerint majdnem minden y ∈ Y esetén létezik az integrálja µ-szerint,
és a


h : Y → Rb, h(y) =



∫


gy dµ, ha ∃
∫


gy dµ,


0, különben
függvénynek létezik az integrálja ν-szerint. Ekkor azt mondjuk, hogy f -nek létezik az∫∫


f dµ dν =
∫∫


f(x, y) dµ(x) dν(y) :=
∫


h dν


kétszeres integrálja. Hasonlóan értelmezhető
∫∫


f dν dµ =
∫∫


f(x, y) dν(y) dµ(x) is.


98
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6.4. Lemma. Legyenek (X, A, µ) és (Y, B, ν) mértékterek,


P0 := {A × B : A ∈ A, B ∈ B},


P1 :=
{ ∞⋃


i=1
Si : Si ∈ P0


}
,


P2 :=
{ ∞⋂


i=1
Ti : Ti ∈ P1


}
,


F := {S ⊂ X × Y : ∃
∫∫


χ
S dµ dν} ,


ϱ(S) :=
∫∫


χ
S dµ dν, ahol S ∈ F .


Ekkor teljesülnek a következők:
① Ha Sj ∈ F (j ∈ N) diszjunktak, akkor


∞⋃
j=1


Sj ∈ F és
∞∑


j=1
ϱ(Sj) = ϱ


( ∞⋃
j=1


Sj


)
.


② Ha Sj ∈ F (j ∈ N), S1 ⊃ S2 ⊃ . . . és ϱ(S1) < ∞, akkor
∞⋂


j=1
Sj ∈ F és


lim
j→∞


ϱ(Sj) = ϱ
( ∞⋂


j=1
Sj


)
.


③ Ha A × B ∈ P0, akkor A × B ∈ F és ϱ(A × B) = µ(A)ν(B).
④ P0 ⊂ F .
⑤ Ha S1, S2 ∈ P0, akkor S1 ∩ S2 ∈ P0.
⑥ Ha S ∈ P0, akkor ∃S1, S2 ∈ P0, hogy S1 ∩ S2 = ∅ és S = S1 ∪ S2.
⑦ P1 ⊂ F .
⑧ Ha T1, T2 ∈ P1, akkor T1 ∩ T2 ∈ P1.
⑨ Ha S ⊂ X × Y , akkor (µ ⊗ ν)(S) = inf{ϱ(T ) : S ⊂ T ∈ P1}.
⑩ Ha S ⊂ X × Y , akkor ∃W ∈ P2 ∩ F , hogy S ⊂ W és (µ ⊗ ν)(S) = (µ ⊗


⊗ ν)(W ) = ϱ(W ).


Bizonyítás. ▶ ① feltételével és S∗ :=
∞⋃


j=1
Sj jelöléssel az 5.9. tétel miatt teljesül, hogy


∞∑
j=1


∫∫
χ


Sj
dµ dν =


∫∫ ( ∞∑
j=1


χ
Sj


)
dµ dν =


⇑
diszjunktság


∫∫
χ


S∗ dµ dν =⇒ ①.


▶ ② feltételei esetén legyen S∗∗ :=
∞⋂


i=1
Si és (x, y) ∈ X × Y . Ha ∃j0 ∈ N, hogy


(x, y) ̸∈ Sj0 =⇒ (x, y) ̸∈ Sj ∀j ⩾ j0 és (x, y) ̸∈ S∗∗ =⇒ χ
Sj


(x, y) = 0 ∀j ⩾ j0
és χ


S∗∗(x, y) = 0. Ha (x, y) ∈ Sj ∀j ∈ N =⇒ χ
Sj


(x, y) = 1 ∀j ∈ N és χ
S∗∗(x, y) = 1.


Mindezekből lim
j→∞


χ
Sj


= χ
S∗∗ , másrészt χ


Sj
⩽ χ


S1 ∀j ∈ N. Így a majorált kon-
vergencia tétel miatt lim


j→∞


∫
χ


Sj
(x, y) dµ(x) =


∫
χ


S∗∗(x, y) dµ(x) ∀y ∈ Y . Ezenkívül∫
χ


Sj
(x, y) dµ(x) ⩽


∫
χ


S1(x, y) dµ(x) ∀j ∈ N. Így ismét alkalmazva a majorált kon-
vergencia tételt lim


j→∞


∫∫
χ


Sj
dµ dν =


∫∫
χ


S∗∗ dµ dν =⇒ ②.


▶ A × B ∈ P0 esetén
∫∫


χ
A×B dµ dν =


∫∫
χ


A
χ


B dµ dν =
∫


χ
B


(∫
χ


A dµ︸ ︷︷ ︸
µ(A)


)
dν =


= µ(A)ν(B) =⇒ ③ és ④.
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▶ S1, S2 ∈ P0 esetén ∃A1, A2 ∈ A és ∃B1, B2 ∈ B,
hogy S1 = A1 × B1 és S2 = A2 × B2 =⇒ S1 ∩ S2 =
= (A1 ×B1)∩(A2 ×B2) =


⇑
lásd ábra


(A1 ∩ A2︸ ︷︷ ︸
∈A


)×(B1 ∩ B2︸ ︷︷ ︸
∈B


) ∈


∈ P0 =⇒ ⑤.


(A1 ∩A2)× (B1 ∩B2)
B1


B2


A2


A1


A× Y


A×B


A
B


Y


X ▶ S ∈ P0 esetén ∃A ∈ A és ∃B ∈ B, hogy S = A × B =⇒
S =


⇑
lásd ábra


(A × Y︸ ︷︷ ︸
:=S1


) ∪ (A × B︸ ︷︷ ︸
:=S2


) =⇒ ⑥.


▶ Legyen T ∈ P1 =⇒ ∃Si ∈ P0 (i ∈ N), hogy T =
∞⋃


i=1
Si. Ekkor ⑥ miatt ∃S


(i)
1 , S


(i)
2 ∈


∈ P0 (i ∈ N), hogy S
(i)
1 ∩ S


(i)
2 = ∅ és Si = S


(i)
1 ∪ S


(i)
2 . Teljes indukcióval belátjuk,


hogy ∀n ∈ N esetén


S1 ∩ . . . ∩ Sn előáll véges sok P0-beli diszjunkt halmaz uniójaként. (6.1)


n = 1-re S1 = S
(1)
1 ∪ S


(1)
2 miatt igaz az állítás. Tegyük fel, hogy n = k-ra teljesül


(6.1), azaz ∃A1, . . . , Ar ∈ P0 diszjunkt rendszer, hogy S1 ∩ . . . ∩ Sk = A1 ∪ . . . ∪ Ar.
Ekkor S1 ∩ . . . ∩ Sk+1 = (A1 ∪ . . . ∪ Ar) ∩ Sk+1 = (A1 ∪ . . . ∪ Ar) ∩ (S(k+1)


1 ∪ S
(k+1)
2 ) =


=
2⋃


j=1


r⋃
l=1


[
Al ∩ S


(k+1)
j︸ ︷︷ ︸


⑤=⇒ ∈P0


]
. Ezzel (6.1) bizonyított. Legyen


T1 := S1 és Ti := S1 ∩ . . . ∩ Si−1 ∩ Si (i ⩾ 2).


Ekkor Ti (i ∈ N) diszjunkt rendszer és T =
∞⋃


i=1
Ti. Másrészt (6.1) és ⑤ miatt Ti előáll


véges sok P0-beli diszjunkt halmaz uniójaként. Mindezekből


T ∈ P1 megszámlálhatóan végtelen sok P0-beli diszjunkt halmaz uniója. (6.2)


Ebből ④ és ① miatt T ∈ F =⇒ ⑦.


▶ T1, T2 ∈ P1 esetén ∃S
(1)
i , S


(2)
j ∈ P0 (i, j ∈ N), hogy T1 =


∞⋃
i=1


S
(1)
i és T2 =


∞⋃
j=1


S
(2)
j


=⇒ T1 ∩ T2 =
( ∞⋃


i=1
S


(1)
i


)
∩
( ∞⋃


j=1
S


(2)
j


)
= ⋃


i,j∈N
(S(1)


i ∩ S
(2)
j︸ ︷︷ ︸


⑤=⇒ ∈P0


) ∈ P1 =⇒ ⑧.


▶ Legyen S ⊂ X × Y és H :=
{∑


i∈I
µ(Ai)ν(Bi) : I ⊂ N, Ai × Bi ∈ P0 (i ∈ I), S ⊂


⊂ ⋃
i∈I


Ai × Bi


}
=⇒ (µ ⊗ ν)(S) = inf H. Ha I ⊂ N és Ai × Bi ∈ P0 (i ∈ I), akkor


legyen Ai × Bi := ∅ ∀i ∈ N \ I =⇒ ⋃
i∈I


Ai × Bi =
∞⋃


i=1
Ai × Bi és ∑


i∈I
µ(Ai)ν(Bi) =


=
∞∑


i=1
µ(Ai)ν(Bi) =⇒ H =


{ ∞∑
i=1


µ(Ai)ν(Bi) : Ai × Bi ∈ P0 (i ∈ N), S ⊂
∞⋃


i=1
Ai × Bi


}
.


Ha T ∈ P1, akkor ⑦ miatt T ∈ F , azaz ∃ϱ(T ). Így definiálható a következő halmaz:


H∗ := {ϱ(T ) : S ⊂ T ∈ P1}.
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Legyen T ∈ P1 =⇒ ∃Ai × Bi ∈ P0 (i ∈ N), hogy T =
∞⋃


i=1
Ai × Bi. Ha (x, y) ∈ X × Y


esetén χ
T (x, y) = 1, akkor ∃i0, hogy (x, y) ∈ Ai0 × Bi0 , azaz χ


Ai0 ×Bi0
(x, y) = 1 =⇒


χ
T ⩽


∞∑
i=1


χ
Ai×Bi


=⇒ ϱ(T ) =
∫∫


χ
T dµ dν ⩽


∫∫ ∞∑
i=1


χ
Ai×Bi


dµ dν =
⇑


Ai×Bi∈F


=
∞∑


i=1


∫∫
χ


Ai×Bi
dµ dν =


∞∑
i=1


ϱ(Ai × Bi) =
⇑
③


∞∑
i=1


µ(Ai)ν(Bi) =⇒ inf H∗ ⩽ inf H.


(6.2) szerint ∃A∗
i × B∗


i ∈ P0 (i ∈ N) diszjunkt rendszer, hogy T =
∞⋃


i=1
A∗


i × B∗
i =⇒


χ
T =


∞∑
i=1


χ
A∗


i ×B∗
i
, így az előzőhöz hasonlóan kapjuk, hogy ϱ(T ) =


∞∑
i=1


µ(A∗
i )ν(B∗


i ) =⇒
H∗ ⊂ H =⇒ inf H∗ ⩾ inf H. Mindezekből inf H∗ = inf H =⇒ ⑨.


▶ Legyen S ⊂ X ×Y . Ha (µ⊗ν)(S) = ∞, akkor legyen W := X ×Y =⇒ W ∈ P2 és
W ∈ P1 ⊂ F . A külső mérték monotonitása miatt (µ⊗ν)(W ) = ∞, illetve ⑨ alapján
∞ = inf{ϱ(T ) : S ⊂ T ∈ P1} =⇒ ϱ(T ) = ∞, ha S ⊂ T ∈ P1 =⇒ ϱ(W ) = ∞,
hiszen S ⊂ W ∈ P1 =⇒ ⑩.


Most tegyük fel, hogy (µ ⊗ ν)(S) < ∞. Ekkor ⑨ miatt ∀n ∈ N-hez ∃Tn ∈ P1,
hogy S ⊂ Tn és ϱ(Tn) < (µ ⊗ ν)(S) + 1


n
. Legyen Vi := Ti ∩ . . . ∩ Ti (i ∈ N) és


W :=
∞⋂


i=1
Vi. Ekkor S ⊂ W és ⑧ miatt Vi ∈ P1 ∀i ∈ N, azaz W ∈ P2. Mivel


ϱ(V1) < ∞, V1 ⊃ V2 ⊃ . . . , és ⑦ miatt Vi ∈ F , ezért ② szerint W ∈ F és


lim
i→∞


ϱ(Vi) = ϱ(W ). (6.3)


S ⊂ Vi =⇒ ⑨ miatt (µ ⊗ ν)(S) ⩽ ϱ(Vi) ⩽
⇑


int. mon.


ϱ(Ti) < (µ ⊗ ν)(S) + 1
i


=⇒ (µ ⊗ ν)(S) =


= lim
i→∞


ϱ(Vi) =
⇑


(6.3)


ϱ(W ). Másrészt W ⊂ Vi =⇒ ⑨ miatt (µ ⊗ ν)(W ) ⩽ ϱ(Vi) ⩽
⇑


int. mon.


ϱ(Ti) <


< (µ ⊗ ν)(S) + 1
i
⩽
⇑


külső mérték mon.


(µ ⊗ ν)(W ) + 1
i


=⇒ (µ ⊗ ν)(W ) = lim
i→∞


ϱ(Vi) =
⇑


(6.3)


ϱ(W ). Ezzel ⑩


bizonyítását is befejeztük.


6.5. Tétel. Legyenek (X, A, µ) és (Y, B, ν) mértékterek. Ha A ∈ A és B ∈ B, akkor
A × B ∈ A ⊗ B és (µ ⊗ ν)(A × B) = µ(A)ν(B).


Bizonyítás. A bizonyításban a 6.4. lemma jelöléseit használjuk. Először az egyenlősé-
get látjuk be:
(µ ⊗ ν)(A × B) =


⇑
⑨


inf{ϱ(T ) : A × B ⊂ T ∈ P1} ⩽
⇑


A×B∈P1


ϱ(A × B) =
⇑
③


µ(A)ν(B). Ebben


az egyenlőtlenségben „⩽” helyére „⩾” is írható, mert A × B ⊂ T ∈ P1 esetén
ϱ(A × B) ⩽ ϱ(T ). Így (µ ⊗ ν)(A × B) = µ(A)ν(B).


Még azt kell belátni, hogy V := A × B ∈ A ⊗ B. Legyen S ⊂ X × Y . Ekkor ⑨


miatt ∀n ∈ N-hez ∃Tn ∈ P1, hogy S ⊂ Tn és (µ ⊗ ν)(S) + 1
n
⩾ ϱ(Tn) =


⇑
5.9. tétel


ϱ( Tn ∩ V︸ ︷︷ ︸
∈P1


) +
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+ ϱ( Tn \ V︸ ︷︷ ︸
∈P1


) ⩾
⇑
⑨


(µ ⊗ ν)(S ∩ V ) + (µ ⊗ ν)(S \ V ) =⇒ n → ∞ határátmenettel kapjuk,


hogy V µ ⊗ ν-mérhető, azaz V ∈ A ⊗ B.


Ebből a tételből teljes indukcióval kapjuk a következő állítást.


6.6. Tétel. Ha (X1, A1, µ1), . . . , (Xn, An, µn) mértékterek és Ai ∈ Ai (i = 1, . . . , n),
akkor A1×· · ·×An ∈ A1⊗· · ·⊗An és (µ1⊗· · ·⊗µn)(A1×· · ·×An)=µ1(A1) · · · µn(An).


Ennek speciális esete a következő tétel.


6.7. Tétel. Ha (X, A, µ) mértéktér és B1, . . . , Bn ∈ A, akkor B1 × · · · × Bn ∈ An


és µn(B1 × · · · × Bn) = µ(B1) · · · µ(Bn).


A következőkben a kétszeres integrálok egy fontos tulajdonságát taglaljuk.


6.8. Tétel (Fubini-tételFubini-tétel). Legyenek (X, A, µ) és (Y, B, ν) teljes mértékterek, továbbá
f : X × Y → Rb egy olyan függvény, mely egy σ-véges halmazon kívül eltűnik, azaz
∃H ∈ A ⊗ B σ-véges halmaz, hogy f(x, y) = 0 ∀(x, y) ∈ H-ra. Ha f-nek létezik az
integrálja µ ⊗ ν-szerint, akkor léteznek az alábbi integrálok és∫


f d(µ ⊗ ν) =
∫∫


f dµ dν =
∫∫


f dν dµ. (6.4)


Bizonyítás. A 6.4. lemma jelöléseit fogjuk használni.
▶ Legyen S ∈ A ⊗ B. Ekkor ⑩ szerint ∃W ∈ P2 ∩ F , hogy ϱ(W ) = (µ ⊗ ν)(S) =
= (µ ⊗ ν)(W ) és S ⊂ W .


a) Tegyük fel, hogy (µ ⊗ ν)(S) = 0, azaz ϱ(W ) = 0. A W ún. felső metszete
legyen W y := {x ∈ X : (x, y) ∈ W} (y ∈ Y ). Ekkor x ∈ W y pontosan akkor
teljesül, ha (x, y) ∈ W , azaz χ


W (x, y) = χ
W y(x) ∀(x, y) ∈ X × Y =⇒ W ∈ F


miatt χ
W y µ-mérhető, így a 4.29. tétel miatt W y ∈ A =⇒


∫
χ


W (x, y) dµ(x) =
=
∫


χ
W y dµ = µ(W y) ∀y ∈ Y =⇒ ϱ(W ) =


∫∫
χ


W dµ dν =
∫


µ(W y) dν(y) = 0 =⇒
H := {y ∈ Y : µ(W y) ̸= 0} jelöléssel H ∈ B és µ(H) = 0. Másrészt µ teljessége
és Sy := {x ∈ X : (x, y) ∈ S} ⊂


⇑
S⊂W


W y miatt y ∈ H esetén Sy ∈ A és µ(Sy) = 0


=⇒ h : Y → Rb, h(y) := µ(Sy) jelöléssel h = 0 ν-m.m. =⇒ 4.18. tétel szerint h
ν-mérhető =⇒ 5.6. tétel ⑤ pontja miatt 0 =


∫
µ(Sy) dν(y) =


⇑
Sy ∈ A =⇒ χSy µ-mérhető


=
∫∫


χ
Sy dµ dν(y) =


⇑
χS(x,y)=χ


Sy (x)


∫∫
χ


S dµ dν = ϱ(S).


Ezzel bizonyítottuk, hogy S ∈ A ⊗ B és (µ ⊗ ν)(S) = 0 esetén S ∈ F és ϱ(S) = 0.
b) Tegyük fel, hogy (µ ⊗ ν)(S) < ∞. A 6.5. tétel szerint P0 ⊂ A ⊗ B, így A ⊗ B


σ-algebra volta miatt P2 ⊂ A ⊗ B =⇒ W ∈ A ⊗ B =⇒ W \ S ∈ A ⊗ B. Másrészt
(µ ⊗ ν)(S) = (µ ⊗ ν)(W ) < ∞. Így (µ ⊗ ν)(W \ S) = 0 =⇒ a) miatt W \ S ∈ F és
ϱ(W \ S) = 0. Mivel S ⊂ W , ezért χ


W \S = χ
W − χ


S. Összefoglalva tehát W, W \ S ∈
∈ F , χ


S = χ
W − χ


W \S és ϱ(W \ S) = 0. Így az integrál homogenitása és additivitása
miatt S ∈ F és ϱ(S) = ϱ(W ) − ϱ(W \ S) = ϱ(W ) = (µ ⊗ ν)(S). Tehát


S ∈ A ⊗ B és (µ ⊗ ν)(S) < ∞ esetén
∫


χ
S d(µ ⊗ ν) =


∫∫
χ


S dµ dν. (6.5)
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▶ Legyen S ∈ A ⊗ B σ-véges =⇒ ∃Ai ∈ A ⊗ B (i ∈ I ⊂ N), hogy (µ ⊗ ν)(Ai) < ∞
∀i ∈ I és S ⊂ ⋃


i∈I
Ai =⇒ Bi := S ∩ Ai jelöléssel S = ⋃


i∈I
Bi és (µ ⊗ ν)(Bi) < ∞ ∀i ∈ I


=⇒ Si := Bi \
i−1⋃
j=1


Bj jelöléssel S = ⋃
i∈I


Si diszjunkt felbontás és (µ ⊗ ν)(Si) < ∞


∀i ∈ I =⇒
∫


χ
S d(µ ⊗ ν) = ∑


i∈I


∫
χ


Si
d(µ ⊗ ν) =


⇑
(6.5)


∑
i∈I


∫∫
χ


Si
dµ dν =


∫∫ ∑
i∈I


χ
Si


dµ dν =


=
∫∫


χ
S dµ dν. Tehát


ha S ∈ A ⊗ B σ-véges, akkor
∫


χ
S d(µ ⊗ ν) =


∫∫
χ


S dµ dν. (6.6)


▶ Legyen f : X × Y → [0, ∞) µ ⊗ ν-mérhető egyszerű függvény, mely H-n kí-
vül eltűnik, és tegyük fel, hogy Rf = {y1, . . . , yn}. Ekkor Si := X(f = yi) je-
löléssel f =


n∑
i=1


yi
χ


Si
és Si σ-véges =⇒


∫
f d(µ ⊗ ν) =


n∑
i=1


yi


∫
χ


Si
d(µ ⊗ ν) =


⇑
(6.6)


=
n∑


i=1
yi


∫∫
χ


Si
dµ dν =


∫∫ n∑
i=1


yi
χ


Si
dµ dν =


∫∫
f dµ dν.


▶ Legyen f : X × Y → [0, ∞] µ⊗ ν-mérhető függvény, mely H-n kívül eltűnik. Ekkor
az approximációs tétel, az előző pont és a Beppo Levi tétel miatt teljesül (6.4) első
egyenlősége.
▶ Ha az f : X × Y → Rb függvénynek létezik az integrálja és H-n kívül eltűnik,
akkor az előző pontból és az integrál definíciójából kapjuk a (6.4) első egyenlőségét.
A (6.4) második egyenlősége hasonlóan mutatható meg.


6.9. Tétel. Ha (X1, A1, µ1), . . . , (Xn, An, µn) mértékterek, akkor


σ
(
{A1 × · · · × An : Ai ∈ Ai, i = 1, . . . , n}


)
⊂ A1 ⊗ · · · ⊗ An.


Bizonyítás. {A1 × · · · × An : Ai ∈ Ai, i = 1, . . . , n} ⊂ A1 ⊗ · · · ⊗ An a 6.6. tétel
miatt, melyből adódik az állítás.


Ezen tétel kapcsán felmerül a következő kérdés. Tekintsük µ1 ⊗ · · · ⊗ µn-nek


H := σ
(
{A1 × · · · × An : Ai ∈ Ai, i = 1, . . . , n}


)
halmazra vett leszűkítését. Az így kapott függvény (az előző és a 6.6. tétel szerint)
olyan mérték az (X1 × · · · × Xn, H) mértéktéren, ami


γ : {A1 × · · · × An : Ai ∈ Ai, i = 1, . . . , n} → Rb, γ(A1 × · · · × An) :=
n∏


i=1
µi(Ai)


kiterjesztése. De vajon létezik-e másik ilyen tulajdonságú mérték? A következő tétel
szerint σ-véges esetben nem.







104 6. fejezet. Mértékterek szorzata


6.10. Tétel. Legyenek (X1, A1, µ1), . . . , (Xn, An, µn) σ-véges mértékterek,


γ : {A1 × · · · × An : Ai ∈ Ai, i = 1, . . . , n} → Rb, γ(A1 × · · · × An) :=
n∏


i=1
µi(Ai),


és H := σ
(
{A1 × · · · × An : Ai ∈ Ai, i = 1, . . . , n}


)
. Ekkor pontosan egy mérték


létezik az (X1 × · · · × Xn, H) mértéktéren, mely γ-nak kiterjesztése. Ez a mérték
µ1 ⊗ · · · ⊗ µn-nek H-ra vett leszűkítése. A továbbiakban ezt a mértéket µ1 × · · · × µn


módon fogjuk jelölni.


Bizonyítás. A 6.9. és 6.6. tételek miatt µ1 × · · · × µn valóban γ-nak mértékké való
kiterjesztése H-ra. A 2.19. tétel miatt γ értelmezési tartománya félgyűrű, amely
tartalmazza az X1 × · · · × Xn halmazt, továbbá γ σ-additív (hiszen a µ1 × · · · × µn


mérték leszűkítése) és a feltétel miatt σ-véges is. Így a Caratheodory-féle kiterjesztési
tétel miatt µ1 ×· · ·×µn az egyetlen olyan mérték H-n, amely γ-nak kiterjesztése.


A µ1 × · · · × µn mértéket rekurzív módon is definiálhatjuk a következő tétel miatt.


6.11. Tétel. Legyenek (Xi, Ai, µi) (i ∈ N) σ-véges mértékterek. Ekkor


µ1 × · · · × µn+1 = (µ1 × · · · × µn) × µn+1


minden n ∈ N esetén.


Bizonyítás. Azt kell belátnunk, hogy a két függvény értelmezési tartománya meg-
egyezik, azaz


H := {A1 × · · · × An : A1 ∈ A1, . . . , An ∈ An}
K := {A × An+1 : A ∈ σ(H), An+1 ∈ An+1}
S := {A1 × · · · × An+1 : A1 ∈ A1, . . . , An+1 ∈ An+1}


jelölésekkel σ(K) = σ(S). Legyen


K∗ := {A ∈ σ(H) : A × An+1 ∈ σ(S) ∀An+1 ∈ An+1 esetén}.


Ekkor teljesülnek a következők.


1) X1 × · · · × Xn ∈ K∗.


2) Ha Bi ∈ K∗ (i ∈ N) =⇒ Bi ∈ σ(H) és Bi × An+1 ∈ σ(S), ha An+1 ∈ An+1 =⇒
∞⋃


i=1
Bi ∈ σ(H) és


( ∞⋃
i=1


Bi


)
× An+1 =


∞⋃
i=1


(Bi × An+1) ∈ σ(S) =⇒
∞⋃


i=1
Bi ∈ K∗.


3) Ha A ∈ K∗ =⇒ A ∈ σ(H) és A × An+1 ∈ σ(S), ha An+1 ∈ An+1 =⇒ A ∈ σ(H)
és A × An+1 = A × An+1 \ (X1 × · · · × Xn × An+1) ∈ σ(S) =⇒ A ∈ K∗.


Tehát K∗ σ-algebra. Ebből H ⊂ K∗ ⊂ σ(H) miatt K∗ = σ(H), azaz K ⊂ σ(S).
Másrészt S ⊂ K miatt σ(S) ⊂ σ(K) =⇒ K ⊂ σ(S) ⊂ σ(K) =⇒ σ(K) = σ(S).
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A továbbiakban azt vizsgáljuk meg, hogyan módosul a Fubini-tétel, ha a szorzat-
mezőt leszűkítjük az előző értelemben. Ehhez először szükség van egy lemmára.


6.12. Lemma. Legyenek (X, A, µ), (Y, B, ν) mértékterek és


H := σ
(
{A × B : A ∈ A, B ∈ B}


)
.


Ha E ∈ H, akkor


Ex := {y ∈ Y : (x, y) ∈ E} ∈ B ∀x ∈ X,


Ey := {x ∈ X : (x, y) ∈ E} ∈ A ∀y ∈ Y.


Bizonyítás. Legyen y ∈ Y rögzített és S := {E ∈ H : Ey ∈ A}. Ekkor könnyen
látható, hogy


{A × B : A ∈ A, B ∈ B} ⊂ S ⊂ H,


továbbá, hogy S σ-algebra. Ebből azt kapjuk, hogy S = H =⇒ Ey ∈ A ∀E ∈ A és
∀y ∈ Y esetén. A lemma másik állítása hasonlóan adódik.


6.13. Tétel (Fubini-tétel szűkített mezőbenFubini-tétel szűkített mezőben). Legyenek (X, A, µ) és (Y, B, ν) σ-
véges mértékterek, továbbá f : X × Y → Rb olyan függvény, melynek létezik az
integrálja µ × ν-szerint. Ekkor léteznek az alábbi integrálok és∫


f d(µ × ν) =
∫∫


f dµ dν =
∫∫


f dν dµ. (6.7)


Bizonyítás. A 6.4. lemma jelöléseit fogjuk használni.
▶ Legyen S ∈ H. Ekkor a 6.4. lemma ⑩ pontja szerint ∃W ∈ P2 ∩ F , hogy ϱ(W ) =
= (µ × ν)(S) = (µ × ν)(W ) és S ⊂ W . Másrészt P2 ⊂ H miatt W ∈ H.


a) Tegyük fel, hogy (µ×ν)(S) = 0, azaz ϱ(W ) = 0. Ekkor az előző lemma jelölésé-
vel x ∈ W y pontosan akkor teljesül, ha (x, y) ∈ W , azaz χ


W (x, y) = χ
W y(x) ∀(x, y) ∈


∈ X × Y =⇒ W ∈ H miatt W y ∈ A az előző lemmából, így
∫


χ
W (x, y) dµ(x) =


=
∫


χ
W y dµ = µ(W y) ∀y ∈ Y =⇒ ϱ(W ) =


∫∫
χ


W dµ dν =
∫


µ(W y) dν(y) = 0 =⇒
5.6. tétel ⑤ pontja miatt µ(W y) = 0 ν-m.m. y ∈ Y esetén. Másrészt S ∈ H, így Sy ∈
∈ A, továbbá Sy ⊂ W y. Ebből µ(Sy) ⩽ µ(W y) = 0 ν-m.m. y ∈ Y -ra =⇒ µ(Sy) = 0
ν-m.m. y ∈ Y -ra =⇒ 5.6. tétel ⑤ pontja miatt


∫
µ(Sy) dν(y) =


∫∫
χ


S dµ dν = 0.
Tehát bizonyítottuk, hogy S ∈ H és (µ × ν)(S) = 0 esetén S ∈ F és ϱ(S) = 0.


b) Tegyük fel, hogy (µ × ν)(S) < ∞. Ekkor W \ S ∈ H és (µ × ν)(S) = (µ ×
× ν)(W ) < ∞, így (µ × ν)(W \ S) = 0 =⇒ a) miatt W \ S ∈ F és ϱ(W \ S) = 0.
Mivel S ⊂ W , ezért χ


W \S = χ
W −χ


S. Összefoglalva tehát W, W \S ∈ F , χ
S = χ


W −
− χ


W \S és ϱ(W \ S) = 0. Így az integrál homogenitása és additivitásából S ∈ F és
ϱ(S) = ϱ(W ) − ϱ(W \ S) = ϱ(W ) = (µ × ν)(S). Tehát


S ∈ H és (µ × ν)(S) < ∞ esetén
∫


χ
S d(µ × ν) =


∫∫
χ


S dµ dν. (6.8)


▶ Legyen S ∈ H. Ekkor a σ-végesség miatt létezik Ai ∈ H (i ∈ I ⊂ N), hogy
(µ × ν)(Ai) < ∞ ∀i ∈ I és S ⊂ ⋃


i∈I
Ai =⇒ Bi := S ∩ Ai jelöléssel S = ⋃


i∈I
Bi és
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(µ × ν)(Bi) < ∞ ∀i ∈ I =⇒ Si := Bi \
i−1⋃
j=1


Bj jelöléssel S = ⋃
i∈I


Si diszjunkt felbontás


és (µ×ν)(Si) < ∞ ∀i ∈ I =⇒
∫


χ
S d(µ×ν) = ∑


i∈I


∫
χ


Si
d(µ×ν) =


⇑
(6.8)


∑
i∈I


∫∫
χ


Si
dµ dν =


=
∫∫ ∑


i∈I


χ
Si


dµ dν =
∫∫


χ
S dµ dν. Tehát


ha S ∈ H, akkor
∫


χ
S d(µ × ν) =


∫∫
χ


S dµ dν. (6.9)


▶ Legyen f : X × Y → [0, ∞) µ × ν-mérhető egyszerű függvény, és tegyük fel, hogy
Rf = {y1, . . . , yn}. Ekkor Si := X(f = yi) jelöléssel f =


n∑
i=1


yi
χ


Si
=⇒


∫
f d(µ × ν) =


=
n∑


i=1
yi


∫
χ


Si
d(µ × ν) =


⇑
(6.9)


n∑
i=1


yi


∫∫
χ


Si
dµ dν =


∫∫ n∑
i=1


yi
χ


Si
dµ dν =


∫∫
f dµ dν.


▶ Legyen f : X × Y → [0, ∞] µ ⊗ ν-mérhető függvény. Ekkor az approximációs tétel,
az előző pont és a Beppo Levi tétel miatt teljesül (6.7) első egyenlősége.
▶ Ha az f : X × Y → Rb függvénynek létezik az integrálja, akkor az előző pontból és
az integrál definíciójából kapjuk a (6.7) első egyenlőségét. A (6.7) második egyenlősége
hasonlóan mutatható meg.


A kétszeres integrál fogalma és a Fubini-tétel kiterjeszthető komplex értékű
függvényekre is.


6.14. Definíció. Legyenek (X, A, µ) és (Y, B, ν) mértékterek és h : X × Y → C. Ha
léteznek az


∫∫
ℜh dµ dν és


∫∫
ℑh dν dµ kétszeres integrálok, és azok végesek, akkor azt


mondjuk, hogy h-nak létezik az
∫∫


h dµ dν =
∫∫


h(x, y) dµ(x) dν(y) :=
∫∫


ℜh dµ dν +
+ i


∫∫
ℑh dν dµ kétszeres integrálja.


Ebből a definícióból és a 6.13. tételből azonnal adódik a következő állítás.


6.15. Tétel (Fubini-tétel komplex értékű függvényekreFubini-tétel komplex értékű függvényekre). Ha (X, A, µ) és (Y, B, ν)
σ-véges mértékterek, továbbá h : X × Y → C integrálható függvény µ × ν-szerint,
akkor léteznek a következő integrálok és∫


h d(µ × ν) =
∫∫


h dµ dν =
∫∫


h dν dµ.


6.2. Többdimenziós Lebesgue-mérték
6.16. Definíció. Az (Rn, Ln, λn) (n ⩾ 2 egész) mértékteret n-dimenziós Lebesgue-
mértéktérnek, λn-net pedig n-dimenziós Lebesgue-mértéknek nevezzük. A Lebesgue-
mértéket szokás egydimenziós Lebesgue-mértéknek is nevezni. Geometriai értelemben
λ2 a területet, λ3 pedig a térfogatot jelenti.


A következő tétel a 6.7. tétel speciális esete.
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6.17. Tétel. Bi ∈ L (i = 1, . . . , n) esetén B1 × · · · × Bn ∈ Ln, továbbá


λn(B1 × · · · × Bn) = λ(B1) · · · λ(Bn).


6.18. Tétel. Az Rn (n ∈ N) minden Borel-mérhető részhalmaza λn-mérhető.


Bizonyítás. A 6.6. tétel alapján H := {(a1, b1) × · · · × (an, bn) : ai, bi ∈ R, ai <
< bi (i = 1, . . . , n)} ⊂ Ln. Így σ(H) ⊂ Ln, hiszen Ln σ-algebra. A 3.14. tétel miatt
viszont σ(H) = B(Rn), melyből következik az állítás.


A 3.17. tétel a többdimenziós Lebesgue-mérhető halmazok rendszerére nem
teljesül. Erről szól a következő állítás.
6.19. Tétel. σ


(
{A1 × · · · × An : Ai ∈ L, i = 1, . . . , n}


)
valódi részhalmaza Ln-nek,


ha n ⩾ 2.


Bizonyítás. Csak n = 2 esetén bizonyítunk, tetszőleges n > 2 egészre hasonló a
gondolatmenet. Legyen


R := R × {0},


H := σ
(
{A × B : A, B ∈ L}


)
,


H∗ :=
{
H ∈ H : {x ∈ R : (x, 0) ∈ H} ∈ L


}
.


Ekkor {A×B : A, B ∈ L} ⊂ H és {A×B : A, B ∈ L} ⊂ L2 miatt H ⊂ L2. Másrészt
H∗ σ-algebra az alábbiak miatt:


1) R × R ∈ H és R ∈ L =⇒ R2 ∈ H∗.
2) Ha H ∈ H∗ =⇒ H ∈ H és {x ∈ R : (x, 0) ∈ H} ∈ L =⇒ H ∈ H és


{x ∈ R : (x, 0) ∈ H} = {x ∈ R : (x, 0) ∈ H} ∈ L =⇒ H ∈ H∗.
3) Ha Hi ∈ H∗ (i ∈ N) =⇒ Hi ∈ H és {x ∈ R : (x, 0) ∈ Hi} ∈ L ∀i ∈ N =⇒⋃∞


i=1 Hi ∈ H és {x ∈ R : (x, 0) ∈ ⋃∞
i=1 Hi} = ⋃∞


i=1{x ∈ R : (x, 0) ∈ Hi} ∈ L
=⇒ ⋃∞


i=1 Hi ∈ H∗.
Tehát H∗ σ-algebra, másrészt {A × B : A, B ∈ L} ⊂ H∗ ⊂ H =⇒ H∗ = H.


Most legyen V ⊂ R olyan, hogy V ̸∈ L. Ekkor V × {0} ⊂ R, másrészt λ2(R) = 0
és λ2 teljes mérték, így V × {0} ∈ L2. De V × {0} ̸∈ H∗, hiszen {x ∈ R : (x, 0) ∈
∈ V × {0}} = V ̸∈ L =⇒ V × {0} ̸∈ H, amiből H ⊂ L2 miatt következik az
állítás.


6.20. Tétel. B(Rn) valódi részhalmaza Ln-nek minden n ∈ N esetén.


Bizonyítás. A 6.18. tétel szerint B(R) ⊂ L. Ebből és a 3.17. tételből B(Rn) = σ
(
{A1×


× · · · × An : Ai ∈ B(R), i = 1, . . . , n}
)


⊂ σ
(
{A1 × · · · × An : Ai ∈ L, i = 1, . . . , n}


)
,


ami a 6.19. tétel szerint valódi részhalmaza Ln-nek, ha n ⩾ 2. Így ebben az esetben
a tétel bizonyított.


n = 1 esetén jelölje C a Cantor-féle triadikus halmazt. Ekkor C ∈ L és λ(C) = 0.
Így λ teljessége miatt P(C) ⊂ L. Viszont C kontinuum számosságú, így P(C) és
vele együtt L számossága nagyobb kontinuumnál. Ezzel ebben az esetben is kész a
bizonyítás, hiszen B(R) kontinuum számosságú.
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6.21. Tétel. Ha H ⊂ Rn (n ∈ N) Jordan-mérhető, akkor λn-mérhető is, továbbá a
Jordan-mértéke λn(H)-val egyenlő.


Bizonyítás. A tételt csak n = 2-re bizonyítjuk, de tetszőleges n-re analóg az eljárás.
▶ Legyen


Σ(H) :=
{∑


i∈I


λ(Ai)λ(Bi) : I ⊂ N, Ai, Bi ∈ L (i ∈ I), H ⊂
⋃
i∈I


(Ai × Bi)
}


.


Ekkor a Jordan-mérték definíciójában használt jelölésekkel


{m∗(H, D) : D beosztása T -nek} ⊂ Σ(H)


=⇒ λ2(H) = inf Σ(H) ⩽ inf{m∗(H, D) : D beosztása T -nek} = m∗(H).
Másrészt, ha D beosztása T -nek, akkor λ2 monotonitása miatt m∗(H, D) ⩽


⩽ λ2(H) =⇒ m∗(H) = sup{m∗(H, D) : D beosztása T -nek} ⩽ λ2(H). Tehát azt
kaptuk, hogy m∗(H) ⩽ λ2(H) ⩽ m∗(H) ∀H ⊂ R2. =⇒ Mivel H Jordan-mérhető, a
Jordan-mértéke λ2(H).
▶ Jelölje ∂H a H határpontjainak halmazát és H◦ a H belső pontjainak halma-
zát. Mivel H Jordan-mérhető, ezért az 1.33. tétel miatt ∂H is Jordan-mérhető és
Jordan-mértéke 0. =⇒ λ2(∂H) = 0 =⇒ 2.5. megjegyzés miatt ∂H és annak minden
részhalmaza λ2-mérhető. Másrészt H◦ nyílt, így H◦ ∈ L2 =⇒ H ∈ L2, hiszen H
előáll a H◦ és a ∂H valamely részhalmazának uniójaként.


6.22. Tétel. λn(B) = inf{ λn(N) : B ⊂ N ⊂ Rn, N nyílt }, ha B ⊂ Rn (n ∈ N).


Bizonyítás. A tételt csak n = 2-re bizonyítjuk, de tetszőleges n-re analóg az eljárás.
Legyen


Σ(B) :=
{∑


i∈I


λ(Bi)λ(Ci) : I ⊂ N, Bi, Ci ∈ L (i ∈ I), B ⊂
⋃
i∈I


(Bi × Ci)
}


.


Ha λ2(B) = ∞, akkor B ⊂ N esetén λ2(N) = ∞ =⇒ állítás. Most tegyük fel, hogy
λ2(B) < ∞. Ekkor Σ(B) ̸= ∅ miatt, ε > 0 esetén létezik I ⊂ N, Bi, Ci ∈ L (i ∈
∈ I), B ⊂ ⋃


i∈I
(Bi × Ci), melyre


∑
i∈I


λ(Bi)λ(Ci) ⩽ inf Σ(B) + ε = λ2(B) + ε. (6.10)


Legyen δi > 0 az x2 +
(
λ(Bi) + λ(Ci)


)
x = ε


2i egyenlet megoldása. Ekkor a 2.58. tétel
miatt létezik Bi ⊂ B∗


i ⊂ R nyílt halmaz, hogy λ(B∗
i ) ⩽ λ(Bi) + δi. Hasonlóan létezik


Ci ⊂ C∗
i ⊂ R nyílt halmaz, hogy λ(C∗


i ) ⩽ λ(Ci) + δi. Így Ni := B∗
i × C∗


i jelöléssel
Bi ×Ci ⊂ Ni ⊂ R2 és λ2(Ni) = λ(B∗


i )λ(C∗
i ) ⩽ (λ(Bi)+δi)(λ(Ci)+δi) = λ(Bi)λ(Ci)+


+ δ2
i + δi(λ(Bi) + λ(Ci)) = λ(Bi)λ(Ci) + ε


2i . =⇒


λ2
(⋃


i∈I
Ni


)
⩽
⇑


szubadd.


∑
i∈I


λ2(Ni) ⩽
∑
i∈I


λ(Bi)λ(Ci) +
∞∑


i=1


ε


2i︸ ︷︷ ︸
ε


⩽
⇑


(6.10)


λ2(B) + 2ε. Mivel B ⊂ ⋃
i∈I


Ni
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és ⋃
i∈I


Ni nyílt, így azt kaptuk, hogy bármely ε > 0 esetén létezik N ⊃ B nyílt


halmaz, hogy λ2(N) ⩽ λ2(B) + 2ε. =⇒ {λ2(N) : B ⊂ N ⊂ R2, N nyílt} halmaznak
λ2(B)-nél nem lehet nagyobb alsó korlátja. Másrészt viszont λ2(B) alsó korlát, hiszen
B ⊂ N ⊂ R2 esetén λ2(B) ⩽ λ2(N). Ebből kapjuk az állítást.


6.23. Tétel. Z :=
{ ∞⋃


i=1
Zi : Zi ⊂ Rn zárt


}
és N :=


{ ∞⋂
i=1


Ni : Ni ⊂ Rn nyílt
}


jelö-
léssel H ∈ Ln pontosan akkor, ha ∃Z ∈ Z és N ∈ N , hogy Z ⊂ H ⊂ N és
λn(N \ Z) = 0.


Bizonyítás. ▶ „⇐” N \ Z Borel-mérhető, így Lebesgue-mérhető is. Másrészt H \
\ Z ⊂ N \ Z, λn(N \ Z) = 0 és λn teljes =⇒ H \ Z ∈ Ln =⇒ Z ∈ Ln miatt
H = (H \ Z) ∪ Z ∈ Ln.
▶ „⇒” Legyen Hi := H ∩ [−i, i]n (i ∈ N). =⇒ Hi ∈ Ln és véges mértékű, továbbá
H =


∞⋃
i=1


Hi. A 6.22. tétel miatt létezik minden k, i ∈ N esetén Uk,i ⊂ Rn nyílt halmaz,
hogy Hi ⊂ Uk,i és


λn(Uk,i) ⩽ λn(Hi) + 1
k2i


. (6.11)


Legyen Uk :=
∞⋃


i=1
Uk,i (k ∈ N). Ha x ∈ Uk \ H =


( ∞⋃
i=1


Uk,i


)
∩


∞⋂
j=1


Hj =⇒ x ∈ Uk,i0


valamely i0-ra és x ̸∈ Hj ∀j ∈ N =⇒ x ∈ Uk,i0 \ Hi0 =⇒ x ∈
∞⋃


i=1
(Uk,i \ Hi) =⇒


Uk \ H ⊂
∞⋃


i=1
(Uk,i \ Hi), így a szubadditivitás és (6.11) miatt


λn(Uk \ H) ⩽
∞∑


i=1
λn(Uk,i \ Hi) =


∞∑
i=1


(
λn(Uk,i) − λn(Hi)


)
⩽


∞∑
i=1


1
k2i


= 1
k


.


Legyen N :=
∞⋂


i=1
Uk. Ekkor N ∈ N , hiszen Uk nyílt. Ha x ∈ H, akkor x ∈ Hi0


valamely i0-ra =⇒ x ∈ Uk,i0 minden k-ra =⇒ x ∈ Uk minden k-ra =⇒ x ∈ N =⇒
H ⊂ N . Másrészt N ⊂ Uk minden k-ra =⇒ λn(N \ H) ⩽ λn(Uk \ H) ⩽ 1


k
∀k ∈ N


=⇒ λn(N \ H) = 0.
H ∈ Ln, így az előzőek alapján ∃N∗ ∈ N , hogy H ⊂ N∗ és λn(N∗\H) = 0. Ekkor


Z := N∗ ∈ Z, Z ⊂ H és λn(H \ Z) = λn(H \ N∗) = λn(H ∩ N∗) = λn(N∗ \ H) = 0.
Így λn(N \ Z) = λn


(
(N \ H) ∪ (H \ Z)


)
= λn(N \ H) + λn(H \ Z) = 0.


6.24. Tétel. Minden H ∈ Ln esetén létezik A ∈ B(Rn) és B ∈ Ln, hogy


H = A ∪ B és λn(B) = 0.


Bizonyítás. A 6.23. tétel jelöléseivel ∃Z ∈ Z és N ∈ N , hogy Z ⊂ H ⊂ N és
λn(N \ Z) = 0. Legyen A := Z és B := H \ Z. Ekkor A ∈ B(Rn) és H \ Z ⊂ N \ Z
miatt B ∈ Ln és λn(B) = 0 (hiszen λn teljes mérték), továbbá H = A ∪ B.
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A következő tétel szerint a n dimenziós Lebesgue-mérték nem csak az egydimenziós
Lebesgue-mérték n-szeres szorzataként értelmezhető, hanem a n dimenziós téglák
térfogatához tartozó külső mértékeként is.


6.25. Tétel. Legyen


T :=
{
[a1, b1) × · · · × [an, bn) : ai, bi ∈ R, ai ⩽ bi, (i = 1, . . . , n)


}
,


ahol bi = ai esetén [ai, bi) := ∅. Ekkor


λn(B) = inf
{∑


i∈I


λn(Ti) : I ⊂ N, Ti ∈ T (i ∈ I), B ⊂
⋃
i∈I


Ti


}


minden B ⊂ Rn esetén. Másképpen fogalmazva, ha


ν : T → [0, ∞), ν
(
[a1, b1) × · · · × [an, bn)


)
:= (b1 − a1) · · · (bn − an),


akkor λn a ν-höz tartozó külső mérték.


Bizonyítás. Legyen B ⊂ Rn,


Σ1(B) :=
{∑


i∈I


λn(Ti) : I ⊂ N, Ti ∈ T (i ∈ I), B ⊂
⋃
i∈I


Ti


}
,


Σ2(B) := {λn(N) : B ⊂ N ⊂ Rn, N nyílt},


Σ3(B) :=
{∑


i∈I


λ(A1i) · · · λ(Ani) : I ⊂ N, A1i, . . . , Ani ∈ L (i ∈ I),


B ⊂
⋃
i∈I


(A1i × · · · × Ani)
}


.


Legyen N ⊂ Rn nyílt. Ekkor léteznek Ni (i ∈ N) nyílt téglák, hogy N = ⋃
i∈I


Ni.
Másrészt minden Ni esetén van olyan megszámlálhatóan végtelen sok T -beli halmaz,
melyek uniója Ni. Így létezik Ti ∈ T (i ∈ N), hogy N =


∞⋃
i=1


Ti. A T n = 1 esetén
triviálisan félgyűrű, így a 2.19. tétel miatt tetszőleges n pozitív egészre is az. Ebből
a 2.18. tétel miatt létezik Di ∈ T (i ∈ N) diszjunkt rendszer, hogy


∞⋃
i=1


Ti =
∞⋃


i=1
Di.


=⇒ λn(N) = λn


( ∞⋃
i=1


Ti


)
= λn


( ∞⋃
i=1


Di


)
=


∞∑
i=1


λn(Di) =⇒ Σ2(B) ⊂ Σ1(B) =⇒
inf Σ1(B) ⩽ inf Σ2(B) =


⇑
6.22. tétel


λn(B). Másrészt Σ1(B) ⊂ Σ3(B) és definíció szerint


λn(B) = inf Σ3(B) =⇒ λn(B) = inf Σ3(B) ⩽ inf Σ1(B) =⇒ állítás.


A következő tétel szerint a Lebesgue-mérték a Lebesgue–Stieltjes-mérték speciális
esete.


6.26. Tétel. λn = λF , ahol F : Rn → R, F (x1, . . . , xn) := x1 · · · xn.
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Bizonyítás. A 41. oldalon láttuk, hogy ekkor


∆(1)
a1,b1 . . . ∆(n)


an,bn
F = (b1 − a1) · · · (bn − an).


Így λF definíciója és a 6.25. tétel miatt kapjuk az állítást.


6.27. Tétel. Legyen a ∈ R, a ≠ 0, b ∈ Rn, g : Rn → Rn, g(x) := ax + b és A ⊂ Rn.
Ekkor


λn
(
g(A)


)
= |a|nλn(A), (6.12)


továbbá, ha A ∈ Ln, akkor g(A) ∈ Ln.


Bizonyítás. n = 1 esetén lásd a 2.51. tételt. Általános esetben teljes indukcióval
bizonyítunk. Tegyük fel, hogy n = k esetén igaz az állítás, és vizsgáljuk n = k + 1
esetén.


Σ(A) :=
{∑


i∈I


λk(Bi)λ(Ci) : I ⊂ N, Bi ∈ Lk, Ci ∈ L (i ∈ I), A ⊂
⋃
i∈I


Bi × Ci


}
.


Ha Σ(A) ̸= ∅, akkor legyen I ⊂ N, Bi ∈ Lk, Ci ∈ L (i ∈ I), A ⊂ ⋃
i∈I


Bi × Ci =⇒


g(A) ⊂ g


(⋃
i∈I


Bi × Ci


)
= ⋃


i∈I
g(Bi × Ci) = ⋃


i∈I
g1(Bi) × g2(Ci), ahol b = (b1, . . . , bk+1)


esetén g1 : Rn → Rn, g1(t) = at + (b1, . . . , bk) és g2 : R → R, g2(h) = ah + bk+1 =⇒
λk+1


(
g(A)


)
⩽
⇑


szubadd.


∑
i∈I


λk+1
(
g1(Bi) × g2(Ci)


)
=
⇑


6.5. tétel


∑
i∈I


λk
(
g1(Bi)


)
λ
(
g2(Ci)


)
=
⇑


ind. felt. + 2.51. tétel


= ∑
i∈I


|a|k+1λk(Bi)λ(Ci) =⇒ 1
|a|k+1 λk+1


(
g(A)


)
alsó korlátja Σ(A)-nak, melyből követ-


kezően 1
|a|k+1 λk+1


(
g(A)


)
⩽ inf Σ(A) = λk+1(A). Tehát


λk+1
(
g(A)


)
⩽ |a|k+1λk+1(A). (6.13)


Ha Σ(A) = ∅, akkor λk+1(A) = ∞, így (6.13) ekkor is teljesül. A kapott ered-
ményt alkalmazzuk A helyett g(A)-ra és g helyett g−1-re (g−1(x) = 1


a
x − 1


a
b).


Ekkor λk+1
(


g−1
(
g(A)


)
︸ ︷︷ ︸


A


)
⩽
∣∣∣ 1


a


∣∣∣k+1
λk+1


(
g(A)


)
, melyből (6.13) miatt adódik, hogy


λk+1
(
g(A)


)
= |a|k+1λk+1(A). Ezzel bizonyított (6.12).


Ha A ∈ Ln és T ⊂ Rn, akkor (6.12) miatt
∣∣∣ 1


a


∣∣∣n (λn
(
T ∩ g(A)


)
+ λn


(
T \ g(A)


))
=


= λn


(
g−1


(
T ∩g(A)


))
+λn


(
g−1


(
T \g(A)


))
= λn


(
g−1(T )∩A


)
+λn


(
g−1(T )\A


)
=
⇑


A∈Ln


= λn
(
g−1(T )


)
=
∣∣∣ 1


a


∣∣∣n λn(T ) =⇒ g(A) ∈ Ln.


Ennek a tételnek következményeként, az n-dimenziós Lebesgue-mérhetőség és
-mérték – hasonlóan az egydimenziós esethez – invariáns az eltolásra.
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6.28. Tétel (Eltolás-invarianciaEltolás-invariancia). Legyen r ∈ Rn, g : Rn → Rn, g(x) := x + r és
A ⊂ Rn. Ekkor


λn
(
g(A)


)
= λn(A),


továbbá, ha A ∈ Ln, akkor g(A) ∈ Ln.


A Riemann-integrál nemnegatív függvény esetén a függvény alatti síkidom Jordan-
mértékével egyezik meg. A következő két tétel ezt fogalmazza meg általánosabban.


6.29. Tétel. Legyen (X, A, µ) mértéktér, f : X → [0, ∞) µ-mérhető függvény és
T∗ := {(x, y) ∈ X × R : 0 ⩽ y < f(x)}. Ekkor T∗ ∈ A ⊗ L, továbbá


(µ ⊗ λ)(T∗) =
∫


f dµ.


Bizonyítás. Az approximációs tétel szerint léteznek sn : X → [0, ∞) µ-mérhető
egyszerű függvények, hogy s1 ⩽ s2 ⩽ . . . és lim


n→∞
sn = f . Legyen sn értékkészlete


{y
(n)
1 , y


(n)
2 , . . . , y(n)


mn
} és Sn := {(x, y) ∈ X × R : 0 ⩽ y < sn(x)}.


Ha (x, y) ∈
∞⋃


n=1
Sn, akkor valamely n0-ra (x, y) ∈ Sn0 , azaz x ∈ X és 0 ⩽ y <


< sn0(x) ⩽ lim
n→∞


sn(x) = f(x) =⇒ (x, y) ∈ T∗.
Ha (x, y) ∈ T∗, akkor x ∈ X és 0 ⩽ y < f(x) = lim


n→∞
sn(x) =⇒ ∃n0, hogy


0 ⩽ y < sn0(x) =⇒ (x, y) ∈ Sn0 =⇒ (x, y) ∈
∞⋃


n=1
Sn.


Így kapjuk, hogy T∗ =
∞⋃


n=1
Sn =


∞⋃
n=1


mn⋃
i=1


X(sn = y
(n)
i ) × [0, y


(n)
i ) ∈


⇑
6.5. tétel


A ⊗ L, hiszen


X(sn = y
(n)
i ) ∈ A és [0, y


(n)
i ) ∈ L.


Mivel S1 ⊂ S2 ⊂ S3 ⊂ . . . , így a mérték folytonossága miatt (µ ⊗ λ)(T∗) =
= (µ ⊗ λ)


( ∞⋃
n=1


Sn


)
= lim


n→∞
(µ ⊗ λ)(Sn) = lim


n→∞


mn∑
i=1


(µ ⊗ λ)
(
X(sn = y


(n)
i ) × [0, y


(n)
i )


)
=


=
⇑
6.5. tétel


lim
n→∞


mn∑
i=1


µ
(
X(sn = y


(n)
i )


)
λ
(
[0, y


(n)
i )


)
︸ ︷︷ ︸


y
(n)
i


= lim
n→∞


∫
sn dµ =


⇑
mon. konv. tétel


∫
( lim


n→∞
sn) dµ =


∫
f dµ.


Ezzel bizonyítottuk az állítást.


6.30. Tétel. Legyen (X, A, µ) σ-véges mértéktér, f : X → [0, ∞) µ-mérhető korlátos
függvény,


T ∗ := {(x, y) ∈ X × R : 0 ⩽ y ⩽ f(x)} és T := {(x, f(x)) : x ∈ X}.


Ekkor T ∗, T ∈ A ⊗ L, továbbá


(µ ⊗ λ)(T ∗) =
∫


f dµ és (µ ⊗ λ)(T ) = 0.
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Bizonyítás. Az approximációs tétel szerint léteznek hn : X → [0, ∞) µ-mérhető
egyszerű függvények, hogy h1 ⩽ h2 ⩽ . . . és lim


n→∞
hn = sup Rf︸ ︷︷ ︸


∈R


−f .


Legyen gn := sup Rf − hn. Ekkor gn : X → [0, ∞) µ-mérhető egyszerű függvé-
nyek, g1 ⩾ g2 ⩾ . . . és lim


n→∞
gn = f . Legyen gn értékkészlete {t


(n)
1 , t


(n)
2 , . . . , t


(n)
kn


} és
Gn := {(x, y) ∈ X × R : 0 ⩽ y ⩽ gn(x)}.


Ha (x, y) ∈
∞⋂


n=1
Gn, akkor (x, y) ∈ Gn ∀n ∈ N =⇒ x ∈ X és 0 ⩽ y ⩽ gn(x)


∀n ∈ N =⇒ 0 ⩽ y ⩽ lim
n→∞


gn(x) = f(x) =⇒ (x, y) ∈ T ∗.
Ha (x, y) ∈ T ∗, akkor x ∈ X és 0 ⩽ y ⩽ f(x) = lim


m→∞
gm(x) ⩽ gn(x) ∀n ∈ N =⇒


(x, y) ∈ Gn ∀n ∈ N =⇒ (x, y) ∈
∞⋂


n=1
Gn.


Így kapjuk, hogy T ∗ =
∞⋂


n=1
Gn =


∞⋂
n=1


kn⋃
i=1


X(gn = t
(n)
i ) × [0, t


(n)
i ] ∈


⇑
6.5. tétel


A ⊗ L, hiszen


X(gn = t
(n)
i ) ∈ A és [0, t


(n)
i ] ∈ L.


A σ-végesség miatt létezik Ai ∈ A (i ∈ I ⊂ N), hogy X = ⋃
i∈I


Ai és µ(Ai) < ∞


∀i ∈ I. Feltehetjük, hogy I = {1, . . . , n} vagy I = N. Legyen Bi := Ai \
i−1⋃
j=1


Ai


(i ∈ I). Ekkor Bi ∈ A (i ∈ I) diszjunkt rendszer, X = ⋃
i∈I


Bi és Bi ⊂ Ai miatt
µ(Bi) ⩽ µ(Ai) < ∞ ∀i ∈ I. Legyen


G(i)
n := (Bi × R) ∩ Gn és T ∗


i := (Bi × R) ∩ T ∗.


Ekkor (µ ⊗ λ)(G(i)
1 ) = (µ ⊗ λ)


(
k1⋃


j=1
Bi(g1 = t


(1)
j ) × [0, t


(1)
j ]
)


=


=
k1∑


j=1
(µ ⊗ λ)


(
Bi(g1 = t


(1)
j ) × [0, t


(1)
j ]
)


=
k1∑


j=1
µ
(
Bi(g1 = t


(1)
j )


)
λ
(
[0, t


(1)
j ]
)
⩽


⩽
k1∑


j=1
µ(Bi)t(1)


j < ∞. Másrészt G
(i)
1 ⊃ G


(i)
2 ⊃ . . . , így a mérték folytonossága miatt


(µ ⊗ λ)(T ∗
i ) = (µ ⊗ λ)


( ∞⋂
n=1


G(i)
n


)
= lim


n→∞
(µ ⊗ λ)(G(i)


n ) =


= lim
n→∞


kn∑
j=1


µ
(
Bi(gn = t


(n)
j )


)
λ
(
[0, t


(n)
j ]
)


= lim
n→∞


kn∑
j=1


µ
(
X(χBi


gn = t
(n)
j )


)
t
(n)
j =


= lim
n→∞


∫
χ


Bi
gn dµ = lim


n→∞


∫
χ


Bi
(sup Rf − hn) dµ =


= lim
n→∞


(sup Rf


∫
χ


Bi
dµ −


∫
χ


Bi
hn dµ) = sup Rfµ(Bi) − lim


n→∞


∫
χ


Bi
hn dµ =


⇑
mon. konv. tétel


= sup Rfµ(Bi) −
∫


lim
n→∞


χ
Bi


hn dµ = sup Rfµ(Bi) −
∫


χ
Bi


(sup Rf − f) dµ =
= sup Rfµ(Bi) −


∫
χ


Bi
sup Rf dµ +


∫
χ


Bi
f dµ =


∫
Bi


f dµ =⇒


(µ ⊗ λ)(T ∗) = (µ ⊗ λ)
(⋃


i∈I
T ∗


i


)
= ∑


i∈I
(µ ⊗ λ)(T ∗


i ) = ∑
i∈I


∫
Bi


f dµ =
∫


f dµ.


Még azt kell belátni, hogy T ∈ A ⊗ L és (µ ⊗ λ)(T ) = 0. A 6.29. tétel jelölésével
T = T ∗ \ T∗ =⇒ T ∈ A ⊗ L és T∗ ⊂ T ∗ miatt (µ ⊗ λ)(T ) = (µ ⊗ λ)(T ∗) −
− (µ ⊗ λ)(T∗) = 0.
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Ha f nemnegatív Lebesgue-mérhető függvény, akkor az f görbéje alatti síkidom
területe az f Lebesgue-integráljával egyezik meg. Ezt fejezi ki a következő tétel.


6.31. Tétel. Ha f : [a, b] → [0, ∞) λ-mérhető, akkor T∗ := {(x, y) ∈ [a, b] × R : 0 ⩽
⩽ y < f(x)} jelöléssel T∗ ∈ L2 és λ2(T∗) =


∫
[a,b]


f dλ. Ha az f még korlátos is, akkor


T ∗ := {(x, y) ∈ [a, b] × R : 0 ⩽ y ⩽ f(x)} jelöléssel T ∗ ∈ L2 és λ2(T ∗) =
∫


[a,b]
f dλ.


Bizonyítás. A 6.29. és a 6.30. tételeket kell alkalmazni a Lebesgue-mértéktér [a, b]
intervallumra vett alterére.


6.32. Tétel. Minden K ⊂ R2 körlap Jordan- és Lebesgue-mérhető, továbbá ha r a
K körlap sugara, akkor λ2(K) = r2π.


Bizonyítás. Legyen


A := { (x, y) ∈ R2 : −r ⩽ x ⩽ r, 0 ⩽ y ⩽
√


r2 − x2 + r },


B := { (x, y) ∈ R2 : −r ⩽ x ⩽ r, 0 ⩽ y < −
√


r2 − x2 + r }.


Ekkor K := A\B a (0, r) középpontú r sugarú kör. Így az előzőek értelmében K ∈ L2


és λ2(K) =
∫


[−r,r]
(
√


r2 − x2 + r) dλ −
∫


[−r,r]
(−


√
r2 − x2 + r) dλ = 2


∫
[−r,r]


√
r2 − x2 dλ =


= 2
r∫


−r


√
r2 − x2 dx = (x = r sin t helyettesítéssel) = r2π. A K Jordan-mérhetősége


az 5.32. tételből következik. Ebből tetszőleges körre az eltolás-invariancia miatt igaz
a tétel.


6.33. Tétel. Legyen f : [a, b] → [0, ∞) λ-mérhető korlátos függvény, és


T := {(x, y) ∈ R2 : a ⩽ x ⩽ b, −f(x) ⩽ y ⩽ f(x)}.


Ekkor T ∈ L2 és λ2(T ) = 2
∫


[a,b]
f dλ.


Bizonyítás. Legyen k := sup{f(x) : a ⩽ x ⩽ b},


A := { (x, y) ∈ R2 : a ⩽ x ⩽ b, 0 ⩽ y ⩽ f(x) + k },


B := { (x, y) ∈ R2 : a ⩽ x ⩽ b, 0 ⩽ y < −f(x) + k }.


Ekkor λ2(A \ B) =
∫


[a,b]
(f + k) dλ −


∫
[a,b]


(−f + k) dλ = 2
∫


[a,b]
f dλ. Mivel A \ B a T


eltoltja, ezért kapjuk az állítást.


Az eddigiekben a felszín kivételével minden geometriai mértékről szó esett már.
Az ívhosszat annak alapján definiáltuk a HR2,1 ill. HR3,1 Hausdorff-mértékkel, hogy
λ = HR,1. Így a felszín definíciójához meg kell keresni a kapcsolatot a λ2 és HR2,2
között. A továbbiakban ezzel foglalkozunk.
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6.34. Lemma. Legyen H ⊂ R2 Jordan-mérhető, λ2(H) > 0 és 0 < α < 1. Ekkor
léteznek N1, . . . , Nn ⊂ H diszjunkt négyzetlapok, hogy αλ2(H) ⩽


n∑
i=1


λ2(Ni).


Bizonyítás. Legyen α < β < 1. Ekkor léteznek T1, . . . , Tk ⊂ H diszjunkt téglalapok,
hogy βλ2(H) ⩽


k∑
i=1


λ2(Ti). Másrészt léteznek Ni1, . . . , Niti
⊂ Ti diszjunkt négyzet-


lapok, hogy α
β
λ2(Ti) ⩽


ti∑
j=1


λ2(Nij) =⇒ βλ2(H) ⩽
k∑


i=1


ti∑
j=1


β
α
λ2(Nij) =⇒ αλ2(H) ⩽


⩽
k∑


i=1


ti∑
j=1


λ2(Nij) =⇒ állítás.


6.35. Lemma. Legyen H ⊂ R2 Jordan-mérhető, λ2(H) > 0 és 0 < η < 1. Ekkor
léteznek N1, . . . , Nn ⊂ H diszjunkt négyzetlapok, hogy λ2


(
H \


n⋃
i=1


Ni


)
⩽ ηλ2(H).


Bizonyítás. A 6.34. lemma szerint léteznek N1, . . . , Nn ⊂ H diszjunkt négyzetlapok,
hogy (1 − η)λ2(H) ⩽


n∑
i=1


λ2(Ni) =⇒ ηλ2(H) ⩾ λ2(H) −
n∑


i=1
λ2(Ni) = λ2


(
H \


n⋃
i=1


Ni


)
=⇒ állítás.


A következő tétel szerint minden téglalap „kimeríthető” diszjunkt körlapokkal.
6.36. Tétel. Legyen T ⊂ R2 tetszőleges téglalap. Ekkor léteznek Ki ⊂ T (i ∈ N)
diszjunkt körlapok, hogy λ2


(
T \


∞⋃
i=1


Ki


)
= 0.


Bizonyítás. ①▶ Legyen H ⊂ R2 Jordan-mérhető, λ2(H) > 0 és η := λ2(K)
2λ2(N) , ahol N


egy négyzetlap és K az N -be írt körlap. (Nyilván η = π
8 .) Ekkor a 6.35. lemma szerint


léteznek N1, . . . , Nn ⊂ H diszjunkt négyzetlapok, hogy λ2
(


H \
n⋃


i=1
Ni


)
⩽ ηλ2(H).


Legyen Ki az Ni-be írt körlap. Ekkor λ2
(


H \
n⋃


i=1
Ki


)
= λ2


(
H \


n⋃
i=1


Ni


)
+


n∑
i=1


λ2(Ni \


\ Ki) ⩽ ηλ2(H) +
n∑


i=1


(
1 − λ2(Ki)


λ2(Ni)


)
λ2(Ni) = ηλ2(H) + (1 − 2η)


n∑
i=1


λ2(Ni) ⩽ ηλ2(H) +
+ (1 − 2η)λ2(H) = (1 − η)λ2(H).
②▶ A T Jordan-mérhető, így a bizonyítás ① pontja szerint léteznek K1, . . . , Kj1 ⊂


⊂ T diszjunkt körlapok, hogy H1 := T \
j1⋃


i=1
Ki jelöléssel λ2(H1) ⩽ (1 − η)λ2(T ).


Mivel a körlapok Jordan-mérhetőek, ezért H1 is az, vagyis erre is alkalmazható ①.
=⇒ Léteznek Kj1+1, . . . , Kj2 ⊂ H1 diszjunkt körlapok, hogy H2 := H1 \


j2⋃
i=j1+1


Ki


jelöléssel λ2(H2) ⩽ (1 − η)λ2(H1) ⩽ (1 − η)2λ2(T ). Ezt az eljárást folytatva kapunk
egy H1 ⊃ H2 ⊃ . . . és Ki (i ∈ N) diszjunkt körlapsorozatot. Alkalmazva a mérték
folytonosságát, kapjuk, hogy λ2


( ∞⋂
k=1


Hk


)
= lim


n→∞
λ2(Hn) ⩽ lim


n→∞
(1 − η)nλ2(T ) =


= 0 =⇒ λ2
( ∞⋂


k=1
Hk


)
= 0. Másrészt teljes indukcióval könnyű megmutatni, hogy


Hk = T ∩
jk⋂


i=1
Ki, melyből kapjuk, hogy


∞⋂
k=1


Hk = T \
∞⋃


i=1
Ki. Ezzel bizonyítottuk a


tételt.
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A felszín definíciójához szükség lesz még annak ismeretére is, hogy az azonos
átmérőjű halmazok között a körlapnak legnagyobb a területe. Azt hihetnénk, hogy ez
egyszerű, mert egy d átmérőjű halmaz mindig „belefér” egy d átmérőjű zárt körlapba.
De ez nem igaz, például egy d oldalú szabályos háromszöglap minden d átmérőjű
körlapból „kilóg”. Ahhoz, hogy beleférjen egy ilyen körlapba, először szimmetrizálni
kell az adott halmazt.


6.37. Definíció. Legyen v ∈ R2, |v| = 1, H ⊂ R2 és


Ts := { t ∈ R : s + tv ∈ H } (s ∈ R2).


Jelölje Ev az origón átmenő v-re merőleges egyenest. Ekkor a H halmaz v irányú
Steiner-szimmetrizáltján az


Sv(H) :=
{


s + tv : s ∈ Ev, Ts ̸= ∅, |t| ⩽ 1
2λ(Ts)


}
halmazt értjük.


6.38. Definíció. A H ⊂ R2 halmazt tartalmazó konvex halmazok metszetét a H
konvex burkának nevezzük. A H konvex burkának lezártját co(H) módon jelöljük.


6.39. Lemma. Minden H ⊂ R2 esetén diam co(H) = diam H.


Bizonyítás. co(H) ⊃ H =⇒ diam co(H) ⩾ diam H. Így azt kell belátni, hogy
diam co(H) ⩽ diam H. Ha H nem korlátos vagy üres halmaz, akkor az állítás
triviális. Most legyen H korlátos, nem üres és x, y ∈ co(H).


Et (t ∈ R) jelölje a t(x − y) ponton átmenő, x − y vektorra merőleges egyenest.
Legyen A := {t ∈ R : Et ∩ H ≠ ∅}, t1 := inf A és t2 := sup A. Az Et1 és Et2


egyenesek a H halmaz x − y vektorra merőleges ún. támaszegyenesei. Legyen K ezen
támaszegyenesek által határolt zárt sáv és d ennek a sávnak a szélessége.


K konvex, zárt és tartalmazza H-t =⇒ co(H) ⊂ K =⇒ x, y ∈ K =⇒ x−y ⊥ Et1


miatt |x − y| ⩽ d.
Most legyen p és q két torlódási pontja H-nak. Ekkor léteznek pn, qn ∈ H


pontsorozatok, hogy pn → p és qn → q. Így |pn − qn| ⩽ diam H miatt |p − q| ⩽
⩽ diam H. =⇒ H lezártjának átmérője diam H.


A H lezártjának az Et1 és Et2 támaszegyenesekkel vannak közös pontjaik, így
d ⩽ diam(H lezártja) = diam H =⇒ |x − y| ⩽ diam H =⇒ állítás.


6.40. Tétel (Izodiametrális egyenlőtlenségIzodiametrális egyenlőtlenség). Bármely korlátos H ⊂ R2 halmaz
esetén λ2(H) nem nagyobb, mint a diam H átmérőjű körlap Lebesgue-mértéke, azaz


λ2(H) ⩽ π


4 (diam H)2.


Bizonyítás. Ha H = ∅, akkor az állítás triviális. Most legyen H ≠ ∅, A := co(H),
v1 := (1, 0), v2 := (0, 1) és B := Sv2(Sv1(A)). Ekkor B szimmetrikus az origóra, azaz
p ∈ B esetén −p ∈ B =⇒ |p − (−p)| = |2p| ⩽ diam B =⇒


|p| ⩽ 1
2 diam B ∀p ∈ B. (6.14)
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Legyen yi := si + tiv1 ∈ Sv1(A), Ii := A ∩ {si + tv1 : t ∈ R} (i = 1, 2) =⇒
T := co(I1 ∪ I2) olyan trapéz, mely A-ban van =⇒ diam T ⩽ diam A = diam H.
Másrészt az y1, y2 pontok az Sv1(T ) szimmetrikus trapéz alapjain vannak =⇒ |y1 −
− y2| ⩽ diam Sv1(T ) ⩽ diam T =⇒ |y1 − y2| ⩽ diam H =⇒ diam Sv1(A) ⩽ diam H.
Hasonlóan kapjuk, hogy diam B = diam Sv2(Sv1(A)) ⩽ diam H =⇒ (6.14) miatt
|p| ⩽ 1


2 diam H ∀p ∈ B =⇒ B részhalmaza az origó középpontú diam H átmérőjű
zárt körlapnak =⇒


λ2(B) ⩽ π


4 (diam H)2. (6.15)


Az A korlátos, zárt, konvex =⇒ Létezik [a, b] ⊂ R, hogy


Sv1(A) =
{
(x, y) ∈ R2 : x ∈ [a, b], |y| ⩽ 1


2λ
(
T(x,0)


)}
.


Az A zárt =⇒ A ∈ L2 =⇒ χ
A λ2-mérhető =⇒ Létezik


∫
χ


A dλ2 =⇒ Fubini-tétel
miatt az


x 7→
∫


χ
A(x, y) dλ(y) = λ


(
T(x,0)


)
(x ∈ R)


függvény λ-szerinti integrálja létezik és az megegyezik
∫


χ
A dλ2-el. =⇒ 6.33. tétel


miatt Sv1(A) ∈ L2 és λ2(Sv1(A)) = 2
∫


[a,b]


1
2λ
(
T(x,0)


)
dλ(x) =


∫
λ
(
T(x,0)


)
dλ(x) =


=
∫∫


χ
A(x, y) dλ(y) dλ(x) =


∫
χ


A dλ2 = λ2(A).
Hasonlóan bizonyítható, hogy λ2(Sv2(Sv1(A))) = λ2(Sv1(A)). =⇒ λ2(B) = λ2(A)


=⇒ λ2(H) ⩽
⇑


H⊂A


λ2(A) = λ2(B) ⩽
⇑


(6.15)


π
4 (diam H)2.


Az előzőek alapján már meg tudjuk határozni a λ2 és HR2,2 kapcsolatát.


6.41. Tétel. Legyen HR2,2 a kétdimenziós Hausdorff-mérték az (R2, d) metrikus
téren, ahol d a szokásos metrikát jelenti. Ekkor λ2 = π


4 HR2,2.


Bizonyítás. A Hausdorff-mérték definíciójában használt jelöléseket fogjuk használni.
①▶ Ha B ⊂ R2, az izodiametrális egyenlőtlenség és λ2 szubadditivitása miatt


µε,2(B) = inf
{∑


i∈I


(diam Ai)2 : I ⊂ N, Ai ∈ Dε (i ∈ N) B ⊂
⋃
i∈I


Ai


}
⩾


⩾
4
π


{∑
i∈I


λ2(Ai) : I ⊂ N, Ai ∈ Dε (i ∈ N) B ⊂
⋃
i∈I


Ai


}
⩾


⩾
4
π


{
λ2(B) : I ⊂ N, Ai ∈ Dε (i ∈ N) B ⊂


⋃
i∈I


Ai


}
= 4


π
λ2(B) =⇒


HR2,2(B) = sup
ε>0


µε,2(B) ⩾ 4
π
λ2(B) =⇒ λ2(B) ⩽ π


4 HR2,2(B).


②▶ Legyen T ⊂ R2 téglalap és ε > 0. Bontsuk fel T -t ε-nál kisebb átmérőjű
téglalapokra, majd ezek mindegyikére alkalmazzuk a 6.36. tételt. Így léteznek ε-nál
kisebb átmérőjű diszjunkt Ki ⊂ T körlapok (i ∈ N), hogy λ2


(
T \


∞⋃
i=1


Ki


)
= 0 =⇒


A 6.25. tétel miatt T \
∞⋃


i=1
Ki lefedhető bármilyen kicsi össztérfogatú téglalapokkal.
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Viszont egy téglalap előáll legfeljebb megszámlálhatóan végtelen sok négyzetlap
uniójaként. Így T \


∞⋃
i=1


Ki lefedhető bármilyen kicsi össztérfogatú Ni (i ∈ I ⊂ N)


négyzetlapokkal, másrészt (diam Ni)2 = 2λ2(Ni). Így µε,2


(
T \


∞⋃
i=1


Ki


)
= 0 =⇒


µε,2(T ) ⩽
⇑


szubadd.


∞∑
i=1


µε,2(Ki) + µε,2


(
T \


∞⋃
i=1


Ki


)
⩽
⇑


2.7. tétel


∞∑
i=1


νε,2(Ki) =
∞∑


i=1
(diam Ki)2 =


= 4
π


∞∑
i=1


λ2(Ki) ⩽ 4
π
λ2(T ) =⇒ HR2,2(T ) = sup


ε>0
µε,2(T ) ⩽ 4


π
λ2(T ) =⇒ Ha B ⊂ R2 és


Ti (i ∈ I ⊂ N) B-t lefedő téglalapok, akkor
∞∑


i=1
λ2(Ti) ⩾ π


4
∞∑


i=1
HR2,2(Ti) ⩾ π


4 HR2,2(B)
=⇒ A 6.25. tétel miatt λ2(B) ⩾ π


4 HR2,2(B) =⇒ ① miatt kapjuk az állítást.


6.42. Megjegyzés. Az előző tétel tetszőleges n-dimenzióra is kiterjeszthető. Esze-
rint λn = 2−nλn(Gn)HRn,n, ahol Gn az n-dimenziós egységsugarú gömb. Ebből
következően, ha g : Rn → Rn olyan függvény, hogy valamely L ∈ R+ esetén |g(x) −
− g(y)| = L|x − y| ∀x, y ∈ Rn, akkor A ⊂ Rn esetén λn


(
g(A)


)
= Lnλn(A), továbbá,


ha A ∈ Ln, akkor g(A) ∈ Ln (lásd a 2.73. tételt). Ebből az is következik, hogy λn


nem csak az eltolásra, hanem általánosabban, az egybevágóságra is invariáns.
Az előző tétel alapján a következőképpen definiálhatjuk egy felület felszínét.


6.43. Definíció. Legyen B ⊂ R3 egy HR3,2-mérhető felület. Ekkor a π
4 HR3,2(B)


értéket a B felszínének nevezzük.


Ez a definíció geometriailag úgy értelmezhető, hogy az adott felületet lefedjük
minden lehetséges módon ε-nál kisebb átmérőjű gömbökkel, vesszük a gömbökhöz
tartozó főkörök összterületének infimumát, majd az ε → 0 határátmenetet.







7. fejezet


Mértékek deriváltja


Az 5.5. és 5.22. tételekből következik az alábbi állítás:


7.1. Tétel. Legyen (X, A, µ) mértéktér, f : X → [0, ∞] µ-mérhető függvény és
ν : A → [0, ∞], ν(A) :=


∫
A


f dµ. Ekkor (X, A, ν) mértéktér.


Kérdés, hogy ennek milyen feltétellel igaz a megfordítása, azaz egy mérték mikor
állítható elő egy nemnegatív mérhető függvény integráljaként? Pontosabban fogal-
mazva, ha µ és ν mértékek az (X, A) mérhető téren, akkor milyen feltétellel létezik
olyan f : X → [0, ∞] µ-mérhető függvény, hogy ν(A) :=


∫
A


f dµ teljesüljön minden
A ∈ A esetén?


Ennek egy szükséges feltételét adja az 5.5. tétel, miszerint ha A ∈ A esetén µ(A) =
= 0, akkor ν(A) = 0. A Radon–Nikodym-tétel kimondja, hogy σ-véges mértékek
esetén ez elégséges feltétel is. Ennek a tételnek a bizonyításához szükségünk lesz a
negatív ill. pozitív halmaz fogalmára és azok tulajdonságaira.


7.2. Definíció. Legyenek µ és ν véges mértékek az (X, A) mérhető téren, és legyen
γ := µ − ν. Az A ∈ A pozitív (ill. negatív) halmaz γ-ra vonatkozóan, ha


γ(A ∩ F ) ⩾ 0 (ill. γ(A ∩ F ) ⩽ 0) ∀F ∈ A.


7.3. Tétel. Legyenek µ és ν véges mértékek az (X, A) mérhető téren. Ha Ai ∈ A
(i ∈ I ⊂ N) negatív halmazok (µ − ν)-re nézve, akkor ⋃


i∈I
Ai negatív (µ − ν)-re nézve.


Bizonyítás. Legyen γ := µ − ν.
①▶ Legyen A, B ∈ A, A negatív halmaz γ-ra nézve, F ∈ A és F ′ := B ∩ F . Mivel
F ′ ∈ A és A negatív γ-ra nézve, így γ


(
(A \ B) ∩ F


)
= γ(A ∩ F ′) ⩽ 0 =⇒ A \ B


negatív γ-ra nézve.


②▶ Legyen Bi ∈ A (i ∈ I) γ-ra nézve negatív halmazokból álló diszjunkt rendszer,
és F ∈ A =⇒ γ


([ ⋃
i∈I


Bi


]
∩ F


)
= γ


(⋃
i∈I


(Bi ∩ F )
)


= ∑
i∈I


γ(Bi ∩ F ) ⩽ 0 =⇒ ⋃
i∈I


Bi


negatív γ-ra nézve.
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③▶ Ha I = ∅, akkor ⋃
i∈I


Ai = ∅, ami negatív halmaz. Ha I ≠ ∅, akkor átindexelés
miatt I választható N-nek vagy {1, . . . , n}-nek valamely n ∈ N-re. Legyen Bi := Ai \
\


i−1⋃
j=1


Aj (i ∈ I). Ekkor Bi ① miatt negatív γ-ra nézve =⇒ ② miatt ⋃
i∈I


Bi = ⋃
i∈I


Ai


negatív γ-ra nézve.


7.4. Tétel. Legyenek µ és ν véges mértékek az (X, A) mérhető téren. Ekkor létezik
A ∈ A, hogy A pozitív ill. A negatív halmaz (µ − ν)-re nézve. Az X = A ∪ A az X
ún. Hahn-féle felbontása (µ − ν)-re nézve.


Bizonyítás. Legyen γ = µ − ν és H := {γ(B) : B ∈ A negatív γ-ra nézve}. Ekkor
γ(∅) ∈ H miatt H ≠ ∅, és µ ill. ν végessége miatt H alulról korlátos, pl. −ν(X) alsó
korlát =⇒ β := inf H ∈ R =⇒ ∃Bi ∈ A (i ∈ N) negatív halmazok γ-ra nézve, hogy
γ(Bi) ⩽ β + 1


i
∀i ∈ N. Legyen A :=


∞⋂
i=1


Bi =⇒ A =
∞⋃


i=1
Bi, amely a 7.3. tétel miatt


negatív halmaz γ-ra nézve.
▶ A negatív halmaz γ-ra nézve =⇒ γ(A) ⩾ β. Tegyük fel, hogy γ(A) > β =⇒
∃i0 ∈ N, hogy γ(A) > β + 1


i0
⩾ γ(Bi0) =⇒ 0 < γ(A) − γ(Bi0) =


⇑
1.22. tétel ③


γ(A \ Bi0) =


= γ(A ∩ Bi0︸︷︷︸
∈ A


) =⇒ A nem negatív γ-ra nézve, ami ellentmondás =⇒ γ(A) = β.


▶ Most legyen C ∈ A olyan, hogy A ∩ C = ∅ és γ(C) < 0. Tegyük fel, hogy C
negatív γ-ra nézve. Ekkor a 7.3. tétel miatt A ∪ C negatív γ-ra nézve. Másrészt
γ(A ∪ C) =


⇑
γ add.


γ(A) + γ(C)︸ ︷︷ ︸
< 0


< γ(A) = β, ami β definíciója miatt nem lehet. Ezzel


bizonyítottuk a következőt:


Ha C ∈ A, A ∩ C = ∅ és γ(C) < 0 =⇒ C nem negatív γ-ra nézve. (7.1)


▶ Rátérünk annak bizonyítására, hogy A pozitív γ-ra nézve. Tegyük fel, hogy ez nem
igaz, vagyis ∃K0 ∈ A, hogy E0 := A ∩ K0 jelöléssel γ(E0) < 0. Ekkor (7.1) miatt E0
nem negatív γ-ra nézve =⇒ ∃K ∈ A, hogy γ( E0 ∩ K︸ ︷︷ ︸


⊂E0


) > 0 =⇒ létezik


k1 := min{k ∈ N : ∃E ⊂ E0, hogy E ∈ A és γ(E) ⩾ 1
k
}.


Így ∃E1 ⊂ E0, hogy E1 ∈ A és γ(E1) ⩾ 1
k1


. Az E1 valódi részhalmaza E0-nak, hiszen
γ(E1) ̸= γ(E0) miatt E1 ̸= E0, és γ(E1) ̸= 0 miatt E1 ≠ ∅. Az 1.22. tétel ③ pontja
miatt γ(E0 \ E1) = γ(E0) − γ(E1) ⩽ γ(E0) − 1


k1
< 0. Így E0 \ E1-gyel csinálhat-


juk pontosan ugyanazt, amit az előbb E0-val. Ekkor kapjuk E2-t és k2-t. Ezután
(E0 \ E1) \ E2-vel csináljuk ugyanezt. Ekkor kapjuk E3-t és k3-t. Folytatva az eljárást,
kapjuk az Ei (i ∈ N) diszjunkt halmazokat ill. ki (i ∈ N) számokat.


Tegyük fel, hogy 1
ki


nem nullsorozat =⇒ γ
( ∞⋃


i=1
Ei


)
=
⇑


γ add.


∞∑
i=1


γ(Ei) ⩾
∞∑


i=1
1
ki


= ∞,


ami µ és ν végessége miatt nem lehet =⇒ 1
ki


nullsorozat =⇒ lim
i→∞


ki = ∞.
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Legyen F0 := E0 \
∞⋃


i=1
Ei és F ∈ A. Tegyük fel, hogy γ(F0 ∩ F ) > 0 =⇒ ∃n1 ∈ N,


hogy γ(F0 ∩ F ) ⩾ 1
kn1


és ∃n2 ∈ N, hogy kn1 < kn2 . De F0 ∩ F ⊂ F0 ⊂ E0 \ (E1 ∪
∪ . . . ∪ En2−1), ami kn2 definíciója miatt nem lehet =⇒ γ(F0 ∩ F ) ⩽ 0 =⇒ F0


negatív γ-ra nézve =⇒ 0 ⩽ γ(F0 ∩ X) = γ(F0) = γ
(


E0 \
∞⋃


i=1
Ei


)
=
⇑


1.22. tétel ③


γ(E0) −


− γ
( ∞⋃


i=1
Ei


)
=
⇑


γ add.


γ(E0)︸ ︷︷ ︸
<0


−
∞∑


i=1
γ(Ei)︸ ︷︷ ︸


>0


< 0, ami ellentmondás. Így A pozitív halmaz


γ-ra nézve.


7.5. Definíció. Legyenek µ ill. ν mértékek az (X, A) mérhető téren. Ha A ∈ A,
µ(A) = 0 esetén ν(A) = 0, akkor azt mondjuk, hogy ν abszolút folytonos µ-re nézve.
Jele: ν ≪ µ.


7.6. Tétel. Legyenek µ és ν véges mértékek az (X, A) mérhető téren, ν ≪ µ és
ν ̸≡ 0. Ekkor létezik ε ∈ R+ és A ∈ A, hogy µ(A) > 0 és A pozitív halmaz (ν − εµ)-re
nézve.


Bizonyítás. Legyen γn := ν − 1
n
µ, X = An ∪ An az X Hahn-féle felbontása γn-re


nézve, ahol An pozitív γn-re nézve (n ∈ N), továbbá A0 :=
∞⋃


n=1
An. Ekkor An ⊂ A0


=⇒ A0 ⊂ An =⇒ ∃Fn ∈ A, hogy A0 = An ∩ Fn =⇒ mivel An negatív γn-re nézve,
így γn(An ∩ Fn) ⩽ 0 =⇒ γn(A0) ⩽ 0 =⇒ ν(A0) − 1


n
µ(A0) ⩽ 0 =⇒ 0 ⩽ ν(A0) ⩽


⩽ 1
n
µ(A0) ∀n ∈ N =⇒ ν(A0) = 0 =⇒ ν ̸≡ 0 miatt 0 < ν(X) = ν(A0 ∪ A0) = ν(A0) +


+ ν(A0) = ν(A0) =⇒ ν ≪ µ miatt µ(A0) > 0 =⇒ 0 < µ
( ∞⋃


n=1
An


)
⩽
⇑


szubadd.


∞∑
n=1


µ(An)


=⇒ ∃n0 ∈ N, hogy µ(An0) > 0. Ekkor A := An0 és ε := 1
n0


választással teljesül a
tétel.


7.7. Tétel (Radon–Nikodym-tételRadon–Nikodym-tétel). Legyenek µ és ν σ-véges mértékek az (X, A)
mérhető téren. Ha ν ≪ µ, akkor létezik φ : X → [0, ∞) µ-mérhető függvény, melyre


ν(A) =
∫
A


φ dµ ∀A ∈ A.


A φ µ-m.m. egyértelműen meghatározott, azaz ha φ̃ is hasonló tulajdonságú, ak-
kor φ = φ̃ µ-m.m. A dν


dµ
:= φ függvényt ν-nek µ-re vonatkozó Radon–Nikodym-


deriváltjának nevezzük.


Bizonyítás. ①▶ Először feltesszük, hogy µ és ν véges mértékek. Legyen


K :=
{


f : X → [0, ∞] :
∫
E


f dµ ⩽ ν(E) ∀E ∈ A
}


.
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K ̸= ∅, mert pl. f ≡ 0 esetén f ∈ K. Legyen α := sup{
∫


f dµ : f ∈ K}. Ekkor
∃fn ∈ K (n ∈ N), hogy lim


n→∞


∫
fn dµ = α. Legyen gn := max{f1, . . . , fn} (n ∈ N).


E ∈ A esetén legyen


E
(n)
j := E(gn = fj) \


j−1⋃
i=1


E
(n)
i , n ∈ N, j = 1, . . . , n.


Ekkor E = E
(n)
1 ∪ . . . ∪ E(n)


n diszjunkt felbontás és x ∈ E
(n)
j esetén gn(x) = fj(x)


=⇒
∫
E


gn dµ =
n∑


j=1


∫
E


(n)
j


gn dµ =
n∑


j=1


∫
E


(n)
j


fj dµ ⩽
n∑


j=1
ν(E(n)


j ) = ν(E) =⇒ a monoton


konvergencia tétel miatt
∫
E


lim
n→∞


gn dµ = lim
n→∞


∫
E


gn dµ ⩽ ν(E) =⇒ lim
n→∞


gn ∈ K =⇒∫
lim


n→∞
gn dµ =


∫
X


lim
n→∞


gn dµ ⩽ ν(X) < ∞ =⇒ 5.6. tétel ④ miatt lim
n→∞


gn < ∞ µ-m.m.
=⇒ G := X( lim


n→∞
gn = ∞) ∈ A és µ(G) = 0. Legyen


φ := χ
G lim


n→∞
gn.


Ekkor φ µ-mérhető, φ = lim
n→∞


gn µ-m.m., Rφ ⊂ [0, ∞), φ ∈ K és α ⩾
∫


lim
n→∞


gn dµ =
= lim


n→∞


∫
gn dµ ⩾ lim


n→∞


∫
fn dµ = α =⇒


∫
lim


n→∞
gn dµ = α =⇒


∫
φ dµ = α. Legyen


ν0 : A → Rb, ν0(B) := ν(B) −
∫
B


φ dµ.


Ekkor φ ∈ K és a 7.1. tétel miatt ν0 véges mérték az (X, A) mérhető téren. Ha
B ∈ A és µ(B) = 0, akkor


∫
B


φ dµ = 0, és ν ≪ µ miatt ν(B) = 0 =⇒ ν0(B) = 0
=⇒ ν0 ≪ µ. Tegyük fel, hogy ν0 ̸≡ 0 =⇒ 7.6. tétel miatt ∃ε ∈ R+ és ∃A ∈ A, hogy
µ(A) > 0 és A pozitív halmaz (ν0 − εµ)-re nézve =⇒ (ν0 − εµ)(A ∩ E) ⩾ 0 ∀E ∈ A
=⇒ εµ(A ∩ E) ⩽ ν0(A ∩ E) = ν(A ∩ E) −


∫
A∩E


φ dµ ∀E ∈ A =⇒ g := φ + εχ
A


jelöléssel
∫
E


g dµ =
∫
E


φ dµ + ε
∫
E


χ
A dµ =


∫
E


φ dµ + εµ(A ∩ E) ⩽
∫
E


φ dµ + ν(A ∩ E) −


−
∫


A∩E
φ dµ =


∫
E\A


φ dµ + ν(A ∩ E) ⩽
⇑


φ∈K


ν(E \ A) + ν(A ∩ E) = ν(E) ∀E ∈ A =⇒


g ∈ K =⇒
∫


g dµ ⩽ α. Másrészt
∫


g dµ =
∫


φ dµ + ε
∫


χ
A dµ = α + εµ(A) > α. Ez


ellentmondás, így ν0 ≡ 0 =⇒ φ megfelel a tétel állításának.
Tegyük fel, hogy a φ̃ is teljesíti a tétel állítását. Ekkor G := X(φ > φ̃) jelöléssel


0 ⩽
∫
G


φ dµ =
∫
G


φ̃ dµ = ν(G) < ∞ =⇒ 0 =
∫
G


φ dµ −
∫
G


φ̃ dµ =
∫
G


(φ − φ̃) dµ =


=
∫


(φ − φ̃)χG︸ ︷︷ ︸
⩾0


dµ =⇒ (φ− φ̃)χG = 0 µ-m.m. =⇒ H := X
(
(φ− φ̃)χG ̸= 0


)
jelöléssel


µ(H) = 0. Másrészt x ∈ H ⇐⇒ (φ(x) − φ̃(x))χG(x) ̸= 0 ⇐⇒ χ
G(x) = 1 ⇐⇒


x ∈ G. Vagyis H = G =⇒ µ
(
X(φ > φ̃)


)
= 0. Hasonlóan µ


(
X(φ < φ̃)


)
= 0 =⇒


µ
(
X(φ ̸= φ̃)


)
= 0, azaz φ = φ̃ µ-m.m. Ezzel a tétel véges mértékekre bizonyított.


②▶ Most rátérünk az általános eset tárgyalására, azaz feltesszük, hogy µ és ν
σ-véges mértékek. Ekkor ∃Ai ∈ A (i ∈ I ⊂ N) rendszer úgy, hogy µ(Ai) < ∞ ∀i ∈ I
és X = ⋃


i∈I
Ai. Feltehetjük, hogy I = {1, . . . , n} valamely n ∈ N-re, vagy I = N.
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Legyen Bi := Ai \
i−1⋃
k=1


Ak (i ∈ I) =⇒ X = ⋃
i∈I


Bi diszjunkt felbontás, és Bi ⊂ Ai miatt
µ(Bi) ⩽ µ(Ai) < ∞ ∀i ∈ I. Hasonlóan ∃Cj ∈ A (j ∈ J ⊂ N) diszjunkt rendszer úgy,
hogy µ(Cj) < ∞ ∀j ∈ J és X = ⋃


j∈J
Cj . Ekkor Dij := Bi∩Cj ∈ A (i ∈ I, j ∈ J) olyan


diszjunkt rendszer, melyre X = ⋃
i∈I
j∈J


Dij, µ(Dij) < ∞ és ν(Dij) < ∞ ∀i ∈ I, j ∈ J .


Az 1.23. tétel jelöléseit használva µDij
és νDij


véges mértékek, és νDij
≪ µDij


,
így ① miatt ∃φij : Dij → [0, ∞) µ-mérhető függvények, hogy νDij


(A) =
∫
A


φij dµDij


∀A ∈ ADij
. Legyen


φ : X → [0, ∞), φ(x) := φij(x), ha x ∈ Dij.


Ekkor A ∈ A esetén ν(A) = ν
(


A ∩ ⋃
i∈I
j∈J


Dij


)
= ∑


i∈I
j∈J


ν(A ∩ Dij) = ∑
i∈I
j∈J


νDij
(A ∩ Dij) =


= ∑
i∈I
j∈J


∫
A∩Dij


φij dµDij
= ∑


i∈I
j∈J


∫
A∩Dij


φ dµ =
∫
A


φ dµ =⇒ φ megfelel a tétel állításának.


Tegyük fel, hogy a φ̃ is teljesíti a tétel állítását, és µ
(
X(φ ≠ φ̃)


)
> 0. Ekkor


létezik i és j, hogy µ
(
Dij ∩ X(φ ̸= φ̃)︸ ︷︷ ︸


D :=


)
> 0. Legyen f a φ-nek ill. f̃ a φ̃-nek D-re


vett leszűkítése. Ekkor A ∈ AD esetén νD(A) = ν(A) =
∫
A


φ dµ =
∫
A


f dµ, illetve


hasonlóan νD(A) =
∫
A


f̃ dµ. Mivel νD és µD véges mértékek, továbbá νD ≪ µD,


ezért a bizonyítás ① pontja értelmében f = f̃ µD-m.m. =⇒ 0 = µD


(
X(f ̸= f̃)


)
=


= µ
(
D ∩ X(φ ̸= φ̃)


)
= µ(D), amely ellentmondás =⇒ µ


(
X(φ ̸= φ̃)


)
= 0, azaz


φ = φ̃ µ-m.m.


7.8. Megjegyzés. Ha F : R → R differenciálható és f(x) = dF (x)
dx


, akkor
b∫


a
f(x) dx =


= [F (x)]ba. Ennek mintájára vezettük be ν(A) =
∫
A


φ dµ esetén a dν
dµ


:= φ jelölést.


7.9. Tétel. Legyenek µ és ν σ-véges mértékek az (X, A) mérhető téren, µ ≪ ν és
f : X → Rb egy µ-mérhető függvény. Ekkor A ∈ A esetén a következő két integrál
egyszerre létezik vagy nem létezik, továbbá ha léteznek, akkor∫


A


f dµ =
∫
A


f
dµ


dν
dν.


Bizonyítás. ▶ Legyen f egyszerű µ-mérhető függvény, melynek {c1, . . . , cr} az érték-
készlete. Ekkor f =


r∑
i=1


ci
χ


Ai
, ahol Ai := X(f = ci), továbbá


∫
f dµ =


r∑
i=1


ciµ(Ai) =


=
r∑


i=1
ci


∫
Ai


dµ
dν


dν =
r∑


i=1
ci


∫
χ


Ai


dµ
dν


dν =
∫ r∑


i=1
ci


χ
Ai


dµ
dν


dν =
∫


f dµ
dν


dν.
▶ Legyen f nemnegatív µ-mérhető. Ekkor az approximációs tétel szerint léteznek
f1 ⩽ f2 ⩽ f3 ⩽ . . . nemnegatív µ-mérhető valós értékű egyszerű függvények, hogy
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lim
n→∞


fn = f . Ekkor Beppo Levi monoton konvergencia tétele alapján
∫


f dµ =
= lim


n→∞


∫
fn dµ = lim


n→∞


∫
fn


dµ
dν


dν =
∫


lim
n→∞


fn
dµ
dν


dν =
∫


f dµ
dν


dν.
▶ Ha f tetszőleges µ-mérhető, akkor


∫
f dµ =


∫
f+ dµ −


∫
f− dµ =


∫
f+ dµ


dν
dν −


−
∫


f− dµ
dν


dν =
∫
(f+ − f−)dµ


dν
dν =


∫
f dµ


dν
dν. Ezután f helyére fχ


A írva, adódik az
állítás.


7.10. Tétel (LáncszabályLáncszabály). Legyenek µ, ν és κ σ-véges mértékek az (X, A) mérhető
téren. Ha µ ≪ ν és ν ≪ κ, akkor µ ≪ κ és


dµ


dκ
= dµ


dν
· dν


dκ
κ-m.m.


Bizonyítás. Ha κ(A) = 0 =⇒ ν ≪ κ miatt ν(A) = 0 =⇒ µ ≪ ν miatt µ(A) = 0
=⇒ µ ≪ κ. Így létezik dµ


dκ
. Legyen A ∈ A. Ekkor a 7.9. tétel miatt µ(A) =


∫
A


dµ
dν


dν =


=
∫
A


dµ
dν


· dν
dκ


dκ. Ebből a Radon–Nikodym-tétel alapján kapjuk az állítást.







8. fejezet


Valószínűség


Az eddigi példák leginkább geometriai jelentésű mértékekre terjedtek ki. A legismer-
tebb példa nem geometriai mértékre a valószínűség.


8.1. Valószínűségi mező
8.1. Definíció. Legyen (Ω, F , P) olyan mértéktér, melyre P(Ω) = 1 teljesül. Ekkor ezt
a mértékteret valószínűségi mezőnek, F elemeit eseményeknek, Ω-t biztos eseménynek
és P-t valószínűségnek nevezzük.


A következő tétel azt mutatja, hogy a Kolmogorov-féle axiómarendszer ekvivalens
az előző definícióval.


8.2. Tétel. Legyen (Ω, F) mérhető tér és P: F → [0, ∞). Az (Ω, F , P) pontosan
akkor valószínűségi mező, ha P(Ω) = 1 és P σ-additív.


Bizonyítás. Az „⇒” irány triviálisan teljesül. Megfordítva, ha P σ-additív, akkor
P(Ω) = P(Ω) +


∞∑
i=1


P(∅) =⇒ P(Ω) < ∞ miatt
∞∑


i=1
P(∅) = 0 =⇒ 0 = lim


n→∞


n∑
i=1


P(∅) =
= lim


n→∞
n P(∅) =⇒ P(∅) = 0, amiből már következik az állítás.


8.3. Megjegyzés. Ha (Ω, F , P) valószínűségi mező, akkor
① P(A) = 1 − P(A) ∀A ∈ F , hiszen P(A) + P(A) = P(A ∪ A) = P(Ω) = 1,
② P(A) ⩽ 1 ∀A ∈ F , hiszen A ⊂ Ω miatt P(A) ⩽ P(Ω) = 1.


8.4. Tétel. Legyen (X, A, µ) mértéktér, Ω ∈ A, 0 < µ(Ω) < ∞,


F := {A ∈ A : A ⊂ Ω} és P: F → R, P(A) := µ(A)
µ(Ω) .


Ekkor (Ω, F , P) valószínűségi mező. Ha µ geometriai mérték (hosszúság, terület,
térfogat, ívhossz, felszín), akkor (Ω, F , P)-t geometriai valószínűségi mezőnek, illetve,
ha µ számláló mérték, akkor (Ω, F , P)-t klasszikus valószínűségi mezőnek nevezzük.
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Bizonyítás. ▶ Az F triviálisan olyan σ-algebra, mely részhalmaza A-nak.
▶ P(∅) = µ(∅)


µ(Ω) = 0.
▶ Ha Ai ∈ F (i ∈ N) diszjunkt rendszer, akkor P


( ∞⋃
i=1


Ai


)
= 1


µ(Ω) · µ
( ∞⋃


i=1
Ai


)
=


= 1
µ(Ω)


∞∑
i=1


µ(Ai) =
∞∑


i=1
P(Ai). Mindezekből következik az állítás.


8.5. Definíció. Legyen (Ω, F , P) valószínűségi mező. Az A, B ∈ F eseményeket
függetlenek nevezzük, ha P(A ∩ B) = P(A) P(B).


Ebből kézenfekvőnek tűnik az (Ω1, F1, P1) és (Ω2, F2, P2) 6.1. definíció értelmében
vett szorzatát független kísérletek valószínűségi mezőjének nevezni, hiszen


(P1 ⊗ P2)(A × B) = P1(A) P2(B) = (P1 ⊗ P2)(A × Ω2) · (P1 ⊗ P2)(Ω1 × B) (8.1)


teljesül minden A ∈ F1 és B ∈ F2 esetén. De P1 ⊗ P2 teljes mérték, függetlenül
attól, hogy P1 illetve P2 az volt-e. Viszont semmi sem indokolja, hogy nem teljes
valószínűségekkel leírható kísérletek együttesen teljes mértékteret alkossanak. Ezért
ezt leszűkítjük a különböző kísérletekhez tartozó események Descartes-szorzatai által
generált σ-algebrára. A következő tétel szerint ez az egyetlen valószínűség, amire
(8.1) teljesül.


8.6. Tétel. Legyenek (Ω1, F1, P1), . . . , (Ωn, Fn, Pn) valószínűségi mezők,


Ω := Ω1 × · · · × Ωn


H := {A1 × · · · × An : A1 ∈ F1, . . . , An ∈ Fn}
F := σ(H).


Ekkor egyértelműen létezik egy olyan P: F → R valószínűség, melyre


P(A1 × · · · × An) = P1(A1) · · · Pn(An) ∀A1 × · · · × An ∈ H.


Ez a valószínűség P1 ⊗ · · · ⊗ Pn F-re vett leszűkítése, amit P1 × · · · × Pn módon
jelölünk. Az (Ω, F , P) valószínűségi mezőt független kísérletek valószínűségi mezőjének
nevezzük.


Bizonyítás. A 6.10. tétel miatt az egyetlen olyan P: F → R mérték, melyre


P(A1 × · · · × An) = P1(A1) · · · Pn(An) ∀A1 × · · · × An ∈ H


teljesül, P1 × · · · × Pn. De ez valószínűség, hiszen


P(Ω) = P(Ω1 × · · · × Ωn) = P1(Ω1) · · · Pn(Ωn) = 1.


A következő tétel szerint – amit már középiskolában is felhasználnak –, két egydi-
menziós geometriai valószínűségi mezőből képzett független kísérletek valószínűségi
mezője egy kétdimenziós geometriai valószínűségi mező. Azonban ez csak akkor igaz,
ha a Lebesgue-mértéket leszűkítjük a Borel-halmazok rendszerére.
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8.7. Tétel. Legyenek (Ω1, F1, P1) és (Ω2, F2, P2) olyan geometriai valószínűségi
mezők, melyekre Ω1, Ω2 ∈ B(R),


F1 = {A ∈ B(R) : A ⊂ Ω1}, F2 = {A ∈ B(R) : A ⊂ Ω2},


továbbá
P1(A) = λ(A)


λ(Ω1)
és P2(B) = λ(B)


λ(Ω2)
∀A ∈ F1, ∀B ∈ F2


esetén. Ekkor ezen két valószínűségi mező által adott (Ω, F , P) független kísérletek
valószínűségi mezője olyan geometriai valószínűségi mező, melyre Ω ∈ B(R2), F =
= {A ∈ B(R2) : A ⊂ Ω} és P(C) = λ2(C)


λ2(Ω) ∀C ∈ F .


Bizonyítás. ①▶ Ω = Ω1 × Ω2 ∈ B(R2) a 3.16. tétel miatt.
②▶ A 6.17. tételből λ2(Ω) = λ(Ω1)λ(Ω2), ami pozitív valós szám, hiszen λ(Ω1) és
λ(Ω2) is az.
③▶ Legyen H := {B1 ×B2 : B1, B2 ∈ B(R)} és H∗ azon halmazok rendszere, melyek
előállnak véges sok diszjunkt H-beli halmaz uniójaként. Ekkor H a 2.19. tétel miatt
félgyűrű, így H∗ a 2.27. tétel miatt halmazalgebra. =⇒ A 2.33. és a 2.35. tételekből
σ(H∗ ∩ Ω) = σ(H∗) ∩ Ω. Nyilván σ(H) = σ(H∗) és σ(H ∩ Ω) = σ(H∗ ∩ Ω), így


σ(H ∩ Ω) = σ(H) ∩ Ω. (8.2)


Ekkor


F = σ
(
{A1 × A2 : A1 ∈ F1, A2 ∈ F2}


)
=


= σ
(
{(B1 ∩ Ω1) × (B2 ∩ Ω2) : B1, B2 ∈ B(R)}


)
=


= σ
(
{(B1 × B2) ∩ (Ω1 × Ω2) : B1, B2 ∈ B(R)}


)
=


= σ(H ∩ Ω) =
⇑


(8.2)


σ(H) ∩ Ω = {A ∩ Ω : A ∈ σ(H)} =


=
{
A ∩ Ω : A ∈ σ


(
{B1 × B2 : B1, B2 ∈ B(R)}


)}
= (3.17. tételből)


= {A ∩ Ω : A ∈ B(R2)} = {A ∈ B(R2) : A ⊂ Ω}.


④▶ A 8.6. tételből P a γ-hoz tartozó külső mérték F -re vett leszűkítése, ahol


γ : {A1 × A2 : A1 ∈ F1, A2 ∈ F2} → R, γ(A1 × A2) = P1(A1) P2(A2) = λ(A1)λ(A2)
λ(Ω1)λ(Ω2)


.


Így λ2 definíciójából és a γ-hoz tartozó külső mérték definíciójából P(C) = λ2(C)
λ2(Ω)


∀C ∈ F .


8.8. Megjegyzés. Ha az előző tételben a Lebesgue-mértéket nem szűkítettük volna
le a Borel-mérhető halmazok rendszerére (azaz, ha B(R) helyett L, illetve B(R2)
helyett L2 lett volna írva), akkor az állítás nem lenne igaz. Ugyanis a 6.19. tétel
miatt σ


(
{B1 × B2 : B1, B2 ∈ L}


)
̸= L2. Így a bizonyítás ③ pontjának utolsó előtti


egyenlősége nem teljesülne.
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Dobjunk fel egy pénzérmét egymásután addig, amíg a fej oldalára nem esik.
Könnyen látható, hogy ha az egy dobást leíró valószínűségi mezőt véges sokszor
szorozzuk össze a 8.6. tétel értelmében, akkor ezzel nem kapjuk meg az előző kísérlet-
sorozatot leíró valószínűségi mezőt. Ehhez végtelen sokszor kell ezeket összeszorozni.
Ez lehetséges, a következő tétel értelmében. (Megjegyezzük, hogy a 6.10. tételt csak
valószínűségi mezők esetén lehet kiterjeszteni végtelen sok mérték szorzatára.)


A tétel előtt értelmezzük végtelen sok halmaz Descartes-szorzatát.


8.9. Definíció. Ha Ai (i ∈ N) halmazok, akkor
∞�


i=1
Ai jelölje azt a halmazt, amelynek


elemei azon sorozatok, melyeknek j-edik eleme Aj-beli, minden j ∈ N esetén.


8.10. Tétel. Legyenek (Ωi, Fi, Pi) (i ∈ N) valószínűségi mezők,


Ω :=
∞�


i=1
Ωi,


Hn :=
{


∞�
i=1


Ai : Ai ∈ Fi (i ∈ N) és Aj = Ωj ∀j > n


}
(n ∈ N)


F := σ
( ∞⋃


n=1
Hn


)
.


Ekkor egyértelműen létezik olyan P: F → R valószínűség, melyre


P
(


∞�
i=1


Ai


)
= P1(A1) · · · Pn(An) ∀n ∈ N, ∀


∞�
i=1


Ai ∈ Hn.


Az (Ω, F , P) valószínűségi mezőt, végtelen sok független kísérlet valószínűségi mező-
jének nevezzük.


Bizonyítás. Legyen


H∗
n := {A1 × · · · × An : A1 ∈ F1, . . . , An ∈ Fn}.


Ekkor
Hn =


{
C ×


∞�
i=n+1


Ωi : C ∈ H∗
n


}
, (8.3)


továbbá a 2.19. tétel miatt H∗
n félgyűrű.


▶ Legyen A, B ∈ Hn =⇒ ∃A∗, B∗ ∈ H∗
n, hogy A = A∗×


∞�
i=n+1


Ωi és B = B∗×
∞�


i=n+1
Ωi.


=⇒ A ∩ B = (A∗ ∩ B∗) ×
∞�


i=n+1
Ωi. Mivel A∗ ∩ B∗ ∈ H∗


n, hiszen H∗
n félgyűrű, ezért


(8.3) miatt A ∩ B ∈ Hn.
Másrészt A \ B = (A∗ \ B∗) ×


∞�
i=n+1


Ωi, és ∃C∗
1 , . . . , C∗


k ∈ H∗
n diszjunkt halmazok,


hogy A∗ \ B∗ =
k⋃


j=1
C∗


j , ezért A \ B =
(


k⋃
j=1


C∗
j


)
×


∞�
i=n+1


Ωi =
k⋃


j=1


(
C∗


j ×
∞�


i=n+1
Ωi


)
,


ami (8.3) miatt véges diszjunkt Hn-beli felbontás. Mindezek alapján Hn félgyűrű.
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▶ Legyen A, B ∈
∞⋃


n=1
Hn. Ekkor H1 ⊂ H2 ⊂ . . . miatt létezik n0 ∈ N, hogy A, B ∈


∈ Hn0 =⇒ Hn0 félgyűrű volta miatt A ∩ B ∈ Hn0 és A \ B felírható véges sok
diszjunkt Hn0-beli halmaz uniójaként. =⇒ A ∩ B ∈


∞⋃
n=1


Hn és A \ B felírható véges


sok diszjunkt
∞⋃


n=1
Hn-beli halmaz uniójaként. Így


∞⋃
n=1


Hn félgyűrű. Ebből a 2.27. tétel
miatt


H :=
{


H1 ∪ · · · ∪ Hr : r ∈ N, H1, . . . , Hr ∈
∞⋃


n=1
Hn diszjunktak


}


halmazalgebra. Ha H1, . . . , Hr ∈
∞⋃


n=1
Hn, akkor léteznek n1, . . . , nr egészek, hogy


Hk ∈ Hnk
(k = 1, . . . , r). De H1 ⊂ H2 ⊂ . . . , így m := max{n1, . . . , nr} választással


Hk ∈ Hm ∀k = 1, . . . , r. Ebből


H = {H1 ∪ · · · ∪ Hr : r, m ∈ N, H1, . . . , Hr ∈ Hm diszjunktak} .


▶ Legyen


µn : Hn → R, µn


(
∞�


i=1
Ai


)
= P1(A1) · · · Pn(An) ∀n ∈ N, ∀


∞�
i=1


Ai ∈ Hn.


Legyen B1, . . . , Br ∈ Hn diszjunktak és B1 ∪ · · · ∪ Br ∈ Hn. Ekkor (8.3) miatt
∃C1, . . . , Cr ∈ H∗


n diszjunkt halmazok, hogy Bi = Ci ×
∞�


i=n+1
Ωi (i = 1, . . . , r). Ekkor


B1 ∪ · · · ∪ Br = (C1 ∪ · · · ∪ Cr) ×
∞�


i=n+1
Ωi ∈ Hn, ahol C1 ∪ · · · ∪ Cr ∈ H∗


n =⇒


µn(B1 ∪ · · · ∪ Br) = (P1 × · · · × Pn)(C1 ∪ · · · ∪ Cr) = (P1 × · · · × Pn)(C1) + · · · +
+ (P1 × · · · × Pn)(Cr) = µn(B1) + · · · + µn(Br) =⇒ µn végesen additív.
▶ Mivel H1 ⊂ H2 ⊂ . . . és Pi valószínűség, ezért m, n ∈ N, m ⩽ n esetén, ha
A ∈ Hm, akkor A ∈ Hn teljesül, továbbá µm(A) = µn(A).
▶ Legyen


µ : H → R, µ(H1 ∪ · · · ∪ Hr) :=
r∑


k=1
µm(Hk),


ahol H1, . . . , Hr ∈ Hm diszjunktak. Belátjuk, hogy µ definíciója korrekt. Egyrészt
az előző pontból, ha H1, . . . , Hr ∈ Hm és m ⩽ n, akkor H1, . . . , Hr ∈ Hn és


r∑
k=1


µm(Hk) =
r∑


k=1
µn(Hk).


Másrészt, ha H1, . . . , Hr ∈ Hm diszjunktak és K1, . . . , Ks ∈ Ht diszjunktak, ahol


m ⩽ t és
r⋃


i=1
Hi =


s⋃
j=1


Kj, akkor Hk = Hk ∩
(


r⋃
i=1


Hi


)
= Hk ∩


(
s⋃


j=1
Kj


)
=


s⋃
j=1


(Hk ∩


∩ Kj), ami Ht-beli diszjunkt felbontás. =⇒
r∑


k=1
µm(Hk) =


r∑
k=1


µt


(
s⋃


j=1
(Hk ∩ Kj)


)
=


=
r∑


k=1


s∑
j=1


µt(Hk ∩Kj). Hasonlóan kapjuk, hogy
s∑


j=1
µt(Kj) =


s∑
j=1


r∑
k=1


µt(Kj ∩Hk), azaz
r∑


k=1
µm(Hk) =


s∑
j=1


µt(Kj). Tehát µ definíciója valóban korrekt. Másrészt a definíció
szerint µ végesen additív.
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▶ Most belátjuk, hogy µ σ-additív is. Legyen Gj ∈ H (j ∈ N) diszjunkt rendszer


és
∞⋃


j=1
Gj ∈ H. Legyen Ei :=


∞⋃
j=i+1


Gj. Ekkor Ei =
(


∞⋃
j=1


Gj


)
\
(


i⋃
j=1


Gj


)
∈ H,


hiszen H halmazalgebra. =⇒ µ


(
∞⋃


j=1
Gj


)
= µ


((
i⋃


j=1
Gj


)
∪ Ei


)
=


i∑
j=1


µ(Gj) + µ(Ei)


=⇒ µ


(
∞⋃


j=1
Gj


)
= lim


i→∞


i∑
j=1


µ(Gj) + lim
i→∞


µ(Ei) =
∞∑


j=1
µ(Gj) + lim


i→∞
µ(Ei). Tehát µ


σ-additivitásához azt kell belátnunk, hogy lim
i→∞


µ(Ei) = 0.
Indirekt módon tegyük fel, hogy lim


i→∞
µ(Ei) ̸= 0. Mivel µ végesen additív, ezért


monoton is, így E1 ⊃ E2 ⊃ . . . miatt µ(E1) ⩾ µ(E2) ⩾ . . . =⇒ Létezik ε > 0, hogy


µ(Ei) ⩾ ε ∀i ∈ N.


Legyen Ei(ω1, . . . , ωn) := {(ωn+1, ωn+2, . . . ) : (ω1, . . . , ωn, ωn+1, ωn+2, . . . ) ∈ Ei} és
µ(n) jelölje a µ-nek megfelelő függvényt abban az esetben, amikor az


(Ωn+1, Fn+1, Pn+1), (Ωn+2, Fn+2, Pn+2), . . .


valószínűségi mezőkből indulunk ki. Ha Ei Hmi
-beli diszjunkt halmazok uniójaként


áll elő, akkor
F1,i :=


{
ω1 ∈ Ω1 : µ(1)


(
Ei(ω1)


)
⩾


ε


2


}
jelöléssel, a Fubini-tétel miatt


ε ⩽ µ(Ei) = (P1 × · · · × Pmi
)(Ei) =


∫
χ


Ei
d(P1 × · · · × Pmi


) =


=
∫∫


χ
Ei


d(P2 × · · · × Pmi
) d P1 =


∫
µ(1)


(
Ei(ω1)


)
d P1(ω1) =


=
∫


F1,i


µ(1)
(
Ei(ω1)


)
︸ ︷︷ ︸


⩽1


d P1(ω1) +
∫


F1,i


µ(1)
(
Ei(ω1)


)
︸ ︷︷ ︸


< ε
2


d P1(ω1) ⩽


⩽ P1(F1,i) + ε


2 P1(F1,i) ⩽ P1(F1,i) + ε


2 =⇒


P1(F1,i) ⩾ ε
2 ∀i ∈ N =⇒ F1,1 ⊃ F1,2 ⊃ F1,3 ⊃ . . . és a P1 folytonossága miatt


P1


( ∞⋂
i=1


F1,i


)
⩾ ε


2 =⇒
∞⋂


i=1
F1,i ̸= ∅. Legyen ω̃1 ∈


∞⋂
i=1


F1,i rögzített. Ekkor


µ(1)
(
Ei(ω̃1)


)
⩾


ε


2 ∀i ∈ N.


Legyen
F2,i :=


{
ω2 ∈ Ω2 : µ(2)


(
Ei(ω̃1, ω2)


)
⩾


ε


4


}
.


Az előző eljárást megismételve µ helyett µ(1)-el és Ei helyett Ei(ω̃1)-el, azt kapjuk,
hogy


∞⋂
i=1


F2,i ̸= ∅. Legyen ω̃2 ∈
∞⋂


i=1
F2,i rögzített. Ekkor


µ(2)
(
Ei(ω̃1, ω̃2)


)
⩾


ε


4 ∀i ∈ N.
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Rekurzív módon, ha már ω̃i ∈ Ωi (i = 1, . . . , n) rögzítettek, akkor


µ(n)
(
Ei(ω̃1, . . . , ω̃n)


)
⩾


ε


2n
∀i ∈ N.


Legyen


Fn+1,i :=
{


ωn+1 ∈ Ωn+1 : µ(n+1)
(
Ei(ω̃1, . . . , ω̃n, ωn+1)


)
⩾


ε


2n+1


}
Az eljárást megismételve µ helyett µ(n+1)-el és Ei helyett Ei(ω̃1, . . . , ω̃n)-el, azt
kapjuk, hogy


∞⋂
i=1


Fn+1,i ̸= ∅. Legyen ω̃n+1 ∈
∞⋂


i=1
Fn+1,i rögzített. Ezzel megadtunk


egy ω := (ω̃1, ω̃2, . . . ) ∈ Ω sorozatot. Ha Ei Hmi
-beli diszjunkt halmazok unió-


jaként áll elő, akkor µ(mi)
(
Ei(ω̃1, . . . , ω̃mi


)
)
⩾ ε


2mi
=⇒ Ei(ω̃1, . . . , ω̃mi


) ̸= ∅ =⇒
(ω̃1, . . . , ω̃mi


, ωmi+1, ωmi+2, . . . ) ∈ Ei minden ωmi+j ∈ Ωmi+j (j ∈ N) esetén. =⇒
ω ∈


∞⋂
i=1


Ei = ∅, ami ellentmondás. Ezzel bizonyítottuk, hogy µ σ-additív.
▶ Legyen


γ :
∞⋃


n=1
Hn → R, γ


(
∞�


i=1
Ai


)
:= P1(A1) · · · Pn(An) ∀n ∈ N, ∀


∞�
i=1


Ai ∈ Hn.


∞⋃
n=1


Hn ⊂ H, továbbá µ az egyetlen olyan kiterjesztése γ-nak H-ra, mely végesen
additív. Másrészt µ σ-additív is, véges és H halmazalgebra, ezért a Caratheodory-féle
kiterjesztési tétel szerint µ-nek egyetlen P mértékké való kiterjesztése van µ-nek
σ(H)-ra. Mindezek alapján, F = σ(H) és P(Ω) = 1 miatt kapjuk az állítást.


8.2. Valószínűségi változó
8.11. Definíció. Legyen (Ω, F , P) valószínűségi mező. A ξ : Ω → R függvényt
valószínűségi változónak nevezzük, ha P-mérhető, azaz ha minden B ∈ B(R) esetén
ξ−1(B) ∈ F .


Legyen (Ω, F , P) valószínűségi mező és ℓ : Ω → {igaz, hamis} egy logikai függvény.
Ekkor a 4.11. definíció szerint Ω(ℓ) = {ω ∈ Ω : ℓ(ω) = igaz}. Vezessük be az
{ℓ} := Ω(ℓ) illetve P(ℓ) := P({ℓ}) jelölést, amennyiben Ω(ℓ) ∈ F . Például, ha
ξ : Ω → R valószínűségi változó és x ∈ R, akkor {ξ < x} jelöli azon ω ∈ Ω elemekből
álló eseményt, melyekre ξ(ω) < x teljesül. (Ez nyilván esemény, hiszen ξ mérhető
függvény.) Másrészt P(ξ < x) jelöli ennek az eseménynek a valószínűségét.


Valószínűségi mezőben a „majdnem mindenütt” tulajdonságot majdnem biztosnak
nevezzük (jele: m.b.).


A következő állítás a 4.17. tétel következménye.


8.12. Tétel. Legyen (Ω, F , P) valószínűségi mező. A ξ : Ω → R függvény pontosan
akkor valószínűségi változó, ha {ξ < x} ∈ F minden x ∈ R esetén.
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8.13. Definíció. Legyen (Ω, F , P) valószínűségi mező és ξ : Ω → R valószínűségi
változó. Ekkor a


Qξ : B(R) → R, Qξ(B) := P(ξ ∈ B)


függvényt ξ eloszlásának nevezzük.


8.14. Tétel. Ha (Ω, F , P) valószínűségi mező és ξ : Ω → R valószínűségi változó,
akkor (R, B(R), Qξ) valószínűségi mező.


Bizonyítás. Qξ(R) = P(ξ ∈ R) = P(Ω) = 1. Ha B ∈ B(R), akkor Qξ(B) = P(ξ ∈
∈ B) ⩾ 0. Ha B1, B2, . . . ∈ B(R) diszjunktak, akkor Qξ


( ∞⋃
i=1


Bi


)
= P


(
ξ ∈


∞⋃
i=1


Bi


)
=


= P
( ∞⋃


i=1
(ξ ∈ Bi)


)
=


∞∑
i=1


P(ξ ∈ Bi) =
∞∑


i=1
Qξ(Bi).


8.15. Tétel. Ha (R, B(R), Q) valószínűségi mező, akkor van olyan valószínűségi
változó, melynek Q az eloszlása.


Bizonyítás. Legyen ξ : R → R, ξ(ω) := ω. Ekkor B ∈ B(R) esetén ξ−1(B) = ξ(B) =
= B ∈ B(R), azaz ξ valószínűségi változó, másrészt Qξ(B) = Q(ξ ∈ B) = Q(B).


8.16. Példa. Legyen H ∈ B(R), λ(H) ∈ R+ és


Q: B(R) → R, Q(B) := λ(B ∩ H)
λ(H) .


Könnyen látható, hogy ekkor (R, B(R), Q) valószínűségi mező, így a 8.15. tétel miatt
létezik olyan valószínűségi változó, melynek Q az eloszlása. Az ilyen valószínűségi
változót egyenletes eloszlásúnak nevezzük a H halmazon.


8.17. Megjegyzés. Vegyük észre, hogy ha ξ egyenletes eloszlású a H halmazon és
(H, F , P) geometriai valószínűségi mező, akkor


Qξ(B) = P(B ∩ H) ∀B ∈ B(R).


8.18. Definíció. Legyen (Ω, F , P) valószínűségi mező és ξ : Ω → R valószínűségi
változó. Ekkor az


Fξ : R → R, Fξ(x) := P(ξ < x)


függvényt ξ eloszlásfüggvényének nevezzük.


8.19. Tétel. Legyen ξ és η két (nem feltétlenül ugyanabban a valószínűségi mezőben
értelmezett) valószínűségi változó. Ekkor Qξ = Qη pontosan abban az esetben teljesül,
ha Fξ = Fη.
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Bizonyítás. ▶ „⇒” Fξ(x) = Qξ((−∞, x)) = Qη((−∞, x)) = Fη(x).
▶ „⇐” Legyen H := {[a, b) : a, b ∈ R, a < b}∪{∅}. Könnyen látható, hogy H félgyűrű
és R előáll megszámlálhatóan sok H-beli halmaz uniójaként. Másrészt Qξ


(
[a, b)


)
=


= Fξ(b) − Fξ(a) = Fη(b) − Fη(a) = Qη


(
[a, b)


)
, azaz Qξ(H) = Qη(H) ∀H ∈ H.


Végül a 3.14. tétel miatt σ(H) = B(R), továbbá a 8.14. tételből Qξ és Qη σ-véges
mértékek az (R, B(R)) mérhető téren. Mindezekből a 2.47. tétel (Caratheodory)
miatt Qξ = Qη.


8.20. Példa. Legyen H ∈ B(R), λ(H) ∈ R+. A ξ valószínűségi változó pontosan
akkor egyenletes eloszlású a H halmazon, ha


Fξ : R → R, Fξ(x) =
λ
(
(−∞, x) ∩ H


)
λ(H) .


Speciálisan, ha H = [a, b], ahol a, b ∈ R, a < b, akkor


Fξ : R → R, Fξ(x) =



0, ha x ⩽ a,
x−a
b−a


, ha a < x ⩽ b,


1, ha x > b.


Bizonyítás. Ha ξ egyenletes eloszlású a H halmazon, akkor x ∈ R esetén


Fξ(x) = Qξ


(
(−∞, x)


)
=


λ
(
(−∞, x) ∩ H


)
λ(H) .


Az állítás megfordítása a 8.19. tétel miatt igaz.


8.21. Definíció. A ξ valószínűségi változót abszolút folytonosnak nevezzük, ha
ξ eloszlása abszolút folytonos a Lebesgue-mérték Borel-mérhető halmazokra vett
leszűkítésére, azaz ha Qξ(B) = 0 minden esetben, amikor B ∈ B(R) és λ(B) = 0.


8.22. Tétel. A ξ valószínűségi változó pontosan akkor abszolút folytonos, ha λ-m.m.
egyértelműen létezik fξ : R → [0, ∞) Borel-mérhető függvény, melyre


Qξ(B) =
∫
B


fξ dλ ∀B ∈ B(R). (8.4)


Az fξ függvényt a ξ sűrűségfüggvényének nevezzük.


Bizonyítás. ▶ „⇒” Legyen λ′ a λ-nak B(R)-re vett leszűkítése. Ekkor Qξ ≪ λ′, így
a Radon–Nikodym-tétel szerint λ′-m.m. egyértelműen létezik olyan fξ : R → [0, ∞)
λ′-mérhető, azaz Borel-mérhető függvény, melyre Qξ(B) =


∫
B


fξ dλ′ ∀B ∈ B(R). Ekkor


fξ = dQξ


dλ′ λ′-m.m. Az 5.19. tétel alapján B ∈ B(R) esetén
∫
B


fξ dλ′ =
∫
B


fξ dλ. Így fξ-re
(8.4) teljesül. Még a λ-m.m. egyértelműséget kell belátni.
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Tegyük fel, hogy valamely g : R → [0, ∞) Borel-mérhető függvényre Qξ(B) =
=
∫
B


g dλ ∀B ∈ B(R) és λ(R(fξ ̸= g)) > 0 teljesül. Mivel fξ és g Borel-mérhetőek,
ezért R(fξ ̸= g) ∈ B(R) =⇒ λ(R(fξ ̸= g)) = λ′(R(fξ ̸= g)) > 0. Másrészt


∫
B


g dλ =
=
∫
B


g dλ′ (B ∈ B(R)), így azt kaptuk, hogy fξ nem λ′-m.m. egyértelműen meg-
határozott, melyre Qξ(B) =


∫
B


fξ dλ′ ∀B ∈ B(R) teljesül. Ez ellentmondás, így
λ(R(fξ ̸= g)) = 0, azaz fξ = g λ-m.m.
▶ „⇐” Legyen B ∈ B(R) és λ(B) = 0. Ekkor az 5.5. tétel miatt Qξ(B) =


∫
B


fξ dλ = 0.


Így ξ abszolút folytonos.


8.23. Megjegyzés. A bizonyításból tehát kiderül, hogy abszolút folytonos ξ valószínű-
ségi változó esetén fξ = dQξ


dλ′ (Qξ-nek λ′-re vonatkozó Radon–Nikodym-deriváltja),
ahol λ′ a λ-nak B(R)-re vett leszűkítése.


8.24. Tétel. A ξ valószínűségi változó pontosan akkor abszolút folytonos, ha létezik
olyan fξ : R → [0, ∞) Borel-mérhető függvény, melyre


Fξ(x) =
∫


(−∞,x)


fξ dλ ∀x ∈ R.


Ekkor fξ a ξ sűrűségfüggvénye.


Bizonyítás. ▶ „⇒” Ha ξ abszolút folytonos és fξ a sűrűségfüggvénye, akkor Fξ(x) =
= Qξ


(
(−∞, x)


)
=


∫
(−∞,x)


fξ dλ.


▶ „⇐” A 8.19. tétel bizonyításában használt jelöléssel Qξ(H) =
∫
H


fξ dλ ∀H ∈ H.
Legyen Q∗(B) :=


∫
B


fξ dλ ∀B ∈ B(R). Ekkor a 7.1. tétel miatt (R, B(R), Q∗) mértéktér.
Mivel Qξ is mérték és Qξ = Q∗ a H félgyűrűn, ezért a 2.47. tétel (Caratheodory)
miatt Qξ = Q∗ a σ(H) = B(R) halmazon is. Ebből a 8.22. tétel miatt következik az
állítás.


8.25. Tétel. Ha a ξ valószínűségi változóhoz létezik olyan fξ : R → [0, ∞) Borel-
mérhető függvény, melyre


Fξ(x) =
x∫


−∞


fξ(t) dt ∀x ∈ R,


akkor ξ abszolút folytonos és fξ a sűrűségfüggvénye.


Bizonyítás. Legyen λ′ a λ-nak B(R)-re vett leszűkítése, továbbá Q: B(R) → R,
Q(B) :=


∫
B


fξ dλ′. Ez a definíció korrekt, hiszen fξ nemnegatív Borel-mérhető függ-


vény. Ekkor 7.1. tétel alapján (R, B(R), Q) mértéktér. Így a Q mérték folytonossága
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miatt Fξ(x) =
x∫


−∞
fξ(t) dt = lim


n→∞


x∫
x−n


fξ(t) dt = lim
n→∞


∫
[x−n,x]


fξ dλ = lim
n→∞


∫
[x−n,x]


fξ dλ′ =


=
∫


(−∞,x]
fξ dλ′ =


∫
(−∞,x)


fξ dλ′ =
∫


(−∞,x)
fξ dλ. Ebből a 8.24. tétel alapján következik


az állítás.


8.26. Tétel. Ha f : R → [0, ∞) Borel-mérhető függvény és
∫


f dλ = 1, akkor létezik
olyan abszolút folytonos valószínűségi változó, melynek f a sűrűségfüggvénye.


Bizonyítás. Legyen Q: B(R) → R, Q(B) :=
∫
B


f dλ. Ez a definíció korrekt, hiszen f


nemnegatív Borel-mérhető függvény. Ekkor 7.1. tétel alapján (R, B(R), Q) mértéktér,
másrészt Q(R) =


∫
f dλ = 1. Így (R, B(R), Q) valószínűségi mező, azaz a 8.15. tétel


miatt létezik olyan valószínűségi változó, melynek Q az eloszlása. Így a 8.22. tételből
adódik az állítás.


8.27. Tétel. Ha f : R → [0, ∞) Borel-mérhető függvény és
∞∫


−∞
f(x) dx = 1, akkor


létezik olyan abszolút folytonos valószínűségi változó, melynek f a sűrűségfüggvénye.


Bizonyítás. A 8.26. tétel következménye, hiszen ekkor
∫


f dλ =
∞∫


−∞
f(x) dx = 1.


8.28. Példa. Legyen a ξ valószínűségi változó egyenletes eloszlású a [0, 1] interval-
lumon, azaz Fξ(x) = 0, ha x < 0, Fξ(x) = x, ha 0 ⩽ x ⩽ 1 és Fξ(x) = 1, ha x > 1.
Ekkor ξ abszolút folytonos, és fξ(x) = 1, ha 0 ⩽ x ⩽ 1 és fξ(x) = 0 minden más
esetben. Valóban, könnyen látható, hogy Fξ(x) =


x∫
−∞


fξ(t) dt ∀x ∈ R.


8.29. Példa. Létezik olyan abszolút folytonos valószínűségi változó, melynek sű-
rűségfüggvénye tetszőleges x ∈ R helyen 1


π(1+x2) . Valóban, hiszen
∞∫


−∞


1
π(1+x2) dx =


= 1
π


lim
t→∞


[arctg(x)]t−t = 1. Az ilyen valószínűségi változót Cauchy-eloszlásúnak nevez-
zük.


8.30. Példa. Létezik olyan abszolút folytonos valószínűségi változó, melynek sű-
rűségfüggvénye tetszőleges x ∈ R helyen 1√


2π
e− x2


2 . Ehhez azt kell belátnunk, hogy


W :=
∞∫


−∞


1√
2π


e− x2
2 dx = 1. Mivel


W 2 = 1
2π


∞∫
−∞


e
−x2


2 dx


∞∫
−∞


e
−y2


2 dy = 1
2π


∞∫
−∞


∞∫
−∞


e− x2+y2
2 dx dy,


így x := r cos θ és y := r sin θ (r ⩾ 0, 0 ⩽ θ ⩽ 2π) helyettesítéssel kapjuk, hogy


W 2 = 1
2π


∞∫
0


2π∫
0


re− r2
2 dθ dr =


∞∫
0


re− r2
2 dr = lim


t→∞


[
−e− r2


2


]t


0
= 1.
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A helyettesítés során felhasználtuk, hogy a Jacobi-determináns∣∣∣∣∣∂x
∂r


∂x
∂θ


∂y
∂r


∂y
∂θ


∣∣∣∣∣ =
∣∣∣∣∣cos θ −r sin θ
sin θ r cos θ


∣∣∣∣∣ = r cos2 θ + r sin2 θ = r.


Mivel e− x2
2 > 0 minden x ∈ R esetén, ezért W > 0. Ebből W = 1.


Ekkor ezt a valószínűségi változót, standard normális eloszlásúnak nevezzük, a
sűrűségfüggvényét φ, eloszlásfüggvényét pedig Φ módon jelöljük.


Amint láttuk, abszolút folytonos esetben az eloszlás Radon–Nikodym-deriváltja a
sűrűségfüggvény. A következő tétel azt mutatja, hogy diszkrét esetben is fontos az
eloszlás Radon–Nikodym-deriváltja, csak Lebesgue-mérték helyett számláló mérték
szerint kell deriválni.


8.31. Tétel. Legyen a ξ diszkrét valószínűségi változó, azaz az értékkészlete meg-
számlálható számosságú és µ : B(R) → [0, ∞] számláló mérték. Ekkor Qξ ≪ µ és


dQξ


dµ
(x) = P(ξ = x) ∀x ∈ R.


Bizonyítás. Ha µ(B) = 0, akkor B = ∅, így Qξ(B) = 0 =⇒ Qξ ≪ µ =⇒ ∃dQξ


dµ
.


Legyen ξ értékkészlete {xi : i ∈ I}, ahol I ⊂ N. Legyen B ∈ B(R). Vezessük be a
következő jelöléseket: IB := {i ∈ I : xi ∈ B}, C := B \ {xi : i ∈ IB} és i ∈ I esetén


fi : R → R, fi(x) := χ{xi} P(ξ = x) =


P(ξ = xi), ha x = xi,


0, különben.


Ekkor
∫
B


P(ξ = x) dµ(x) = ∑
i∈IB


∫
{xi}


P(ξ = x) dµ(x) +
∫
C


P(ξ = x) dµ(x) =


= ∑
i∈IB


∫
fi(x) dµ(x) +


∫
χ


C P(ξ = x)︸ ︷︷ ︸
0


dµ(x) = ∑
i∈IB


P(ξ = xi)µ
(
R(fi = P(ξ = xi))︸ ︷︷ ︸


{xi}


)
=


= ∑
i∈IB


P(ξ = xi) = P(ξ ∈ {xi : i ∈ IB}) = P(ξ ∈ {xi : i ∈ IB}) + P(ξ ∈ C) =


= P(ξ ∈ B) = Qξ(B). Így a Radon–Nikodym-tételből következik az állítás. (Azért
nem szerepel a µ-szerint m.m., mert számláló mérték esetén csak az ∅ mértéke 0.)


8.3. Valószínűségi vektorváltozó
8.32. Definíció. Legyen (Ω, F , P) valószínűségi mező és ξ1, . . . , ξn : Ω → R va-
lószínűségi változók. Ekkor a ξ⃗ := (ξ1, . . . , ξn) rendezett elem n-est valószínűségi
vektorváltozónak, illetve a


Qξ⃗ : B(Rn) → R, Qξ⃗ (B) := P(ξ⃗ ∈ B)


függvényt a ξ⃗ eloszlásának vagy a ξ1, . . . , ξn valószínűségi változók együttes eloszlásá-
nak nevezzük.
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8.33. Tétel. Ha ξ⃗ := (ξ1, . . . , ξn) valószínűségi vektorváltozó, akkor (Rn, B(Rn), Qξ⃗)
valószínűségi mező.


Bizonyítás. Tegyük fel, hogy ξ⃗ az (Ω, F , P) valószínűségi mezőn értelmezett. Ekkor
Qξ⃗ (Rn) = P(ξ⃗ ∈ Rn) = P(Ω) = 1. Ha B ∈ B(Rn), akkor Qξ⃗ (B) = P(ξ⃗ ∈ B) ⩾


⩾ 0. Ha Bi ∈ B(Rn) (i ∈ N) diszjunktak, akkor Qξ⃗


( ∞⋃
i=1


Bi


)
= P


(
ξ⃗ ∈


∞⋃
i=1


Bi


)
=


= P
( ∞⋃


i=1
(ξ⃗ ∈ Bi)


)
=


∞∑
i=1


P(ξ⃗ ∈ Bi) =
∞∑


i=1
Qξ⃗ (Bi).


8.34. Tétel. Ha (Rn, B(Rn), Q) valószínűségi mező, akkor létezik olyan valószínűségi
vektorváltozó, melynek Q az eloszlása.


Bizonyítás. Legyen ξi : Rn → R, ξi(ω1, . . . , ωn) := ωi (i = 1, . . . , n), ami nyílt hal-
mazon értelmezett folytonos függvény, így Borel-mérhető, azaz ξ⃗ := (ξ1, . . . , ξn)
valószínűségi vektorváltozó. Másrészt Qξ⃗ (B) = Q(ξ⃗ ∈ B) = Q(B) ∀B ∈ B(Rn).


8.35. Példa (A 8.16. példa általánosítása). Legyen n ∈ N, H ∈ B(Rn), λn(H) ∈ R+


és
Q: B(Rn) → R, Q(B) := λn(B ∩ H)


λn(H) .


Könnyen látható, hogy ekkor (Rn, B(Rn), Q) valószínűségi mező, így a 8.34. tétel
miatt létezik olyan valószínűségi vektorváltozó, melynek Q az eloszlása. Az ilyen
valószínűségi vektorváltozót egyenletes eloszlásúnak nevezzük a H halmazon.


8.36. Megjegyzés. Vegyük észre, hogy ha ξ⃗ = (ξ1, . . . , ξn) egyenletes eloszlású a H
halmazon és (H, F , P) geometriai valószínűségi mező, akkor


Qξ⃗ (B) = P(B ∩ H) ∀B ∈ B(Rn).


8.37. Definíció. Legyen a ξ⃗ := (ξ1, . . . , ξn) valószínűségi vektorváltozó az (Ω, F , P)
valószínűségi mezőn értelmezett. Ekkor az


Fξ⃗ : Rn → R, Fξ⃗ (x1, . . . , xn) := P
(


n⋂
i=1


{ξi < xi}
)


függvényt a ξ⃗ eloszlásfüggvényének, vagy a ξ1, . . . , ξn valószínűségi változók együttes
eloszlásfüggvényének nevezzük.


Következik néhány technikai jellegű lemma, melyek az átviteli elv használatát
egyszerűsítik.


8.38. Lemma. Ha f : R → R monoton növekvő függvény, a ∈ R és f(a − 1
k
)


konvergens, akkor lim
k→∞


f(a − 1
k
) = lim


x→a−0
f(x).
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Bizonyítás. Legyen ak ∈ R (k ∈ N), lim
k→∞


ak = a és ak < a ∀k ∈ N. Az átviteli
elv szerint (lásd például [8, 356. oldal, 19.37. tétel]) azt kell belátni, hogy f(ak)
konvergens és y := lim


k→∞
f(a − 1


k
)-hoz konvergál. Legyen ε ∈ R+. Ekkor létezik k0 ∈ N,


hogy 0 ⩽ y − f(a − 1
k0


) < ε, másrészt létezik N ∈ N, hogy k > N esetén a − ak < 1
k0


,
azaz a − 1


k0
< ak. Így


y − ε < f(a − 1
k0


) ⩽ f(ak) ∀k > N.


Legyen lk :=
[


1
a−ak


]
+ 1. Ekkor lk > 1


a−ak
, azaz ak < a − 1


lk
. Így


f(ak) ⩽ f(a − 1
lk


) ⩽ y ∀k ∈ N.


Mindezekből 0 ⩽ y − f(ak) < ε ∀k > N , vagyis lim
k→∞


f(ak) = y.


8.39. Lemma. Ha f : R → R monoton növekvő függvény és f(−k) konvergens,
akkor lim


k→∞
f(−k) = lim


x→−∞
f(x).


Bizonyítás. Legyen ak ∈ R (k ∈ N), lim
k→∞


ak = −∞. Az átviteli elv szerint azt kell
belátni, hogy f(ak) konvergens és y := lim


k→∞
f(−k)-hoz konvergál. Legyen ε ∈ R+.


Ekkor létezik k0 ∈ N, hogy 0 ⩽ f(−k0) − y < ε, másrészt létezik N ∈ N, hogy k > N
esetén ak < −k0. Így


f(ak) ⩽ f(−k0) < y + ε ∀k > N.


Legyen lk ∈ N olyan, hogy −lk < ak. Ekkor


y ⩽ f(−lk) ⩽ f(ak) ∀k ∈ N.


Mindezekből 0 ⩽ f(ak) − y < ε ∀k > N , vagyis lim
k→∞


f(ak) = y.


8.40. Lemma. Ha f : Rn → R minden változójában monoton növekvő függvény és
f(k, . . . , k) konvergens, akkor lim


k→∞
f(k, . . . , k) = lim


x1→∞
...


xn→∞


f(x1, . . . , xn).


Bizonyítás. Legyen a
(i)
k ∈ R (k ∈ N, i = 1, . . . , n), lim


k→∞
a


(i)
k = ∞ ∀i = 1, . . . , n.


Az átviteli elv szerint azt kell belátni, hogy f(a(1)
k , . . . , a


(n)
k ) konvergens és y :=


= lim
k→∞


f(k, . . . , k)-hoz konvergál. Legyen ε ∈ R+. Ekkor létezik k0 ∈ N, hogy 0 ⩽


⩽ y − f(k0, . . . , k0) < ε, másrészt létezik N ∈ N, hogy k > N esetén a
(i)
k > k0


∀i = 1, . . . , n. Így


y − ε < f(k0, . . . , k0) ⩽ f(a(1)
k , . . . , a


(n)
k ) ∀k > N.


Legyen lk ∈ N olyan, hogy lk > max{a
(1)
k , . . . , a


(n)
k }. Ekkor


f(a(1)
k , . . . , a


(n)
k ) ⩽ f(lk, . . . , lk) ⩽ y ∀k ∈ N.


Így 0 ⩽ y − f(a(1)
k , . . . , a


(n)
k ) < ε ∀k > N , vagyis lim


k→∞
f(a(1)


k , . . . , a
(n)
k ) = y.
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8.41. Tétel. Ha ξ⃗ := (ξ1, . . . , ξn) valószínűségi vektorváltozó, akkor


Fξi
(x) = lim


x1→∞
...


xn−1→∞


Fξ⃗ (x1, . . . , xi−1, x, xi, . . . , xn−1),


minden x ∈ R és i = 1, . . . , n esetén.


Bizonyítás. A valószínűség folytonossága és a 8.40. lemma miatt


Fξi
(x) = P


{ξi < x} ∩
∞⋃


k=1


⋂
j ̸=i


{ξj < k}


 = P
 ∞⋃


k=1


{ξi < x} ∩
⋂
j ̸=i


{ξj < k}


 =


= lim
k→∞


P
(
{ξ1 < k} ∩ . . . ∩ {ξi−1 < k} ∩ {ξi < x} ∩ {ξi+1 < k} ∩ . . . ∩ {ξn < k}


)
=


= lim
k→∞


gx(k, . . . , k) = lim
x1→∞


...
xn−1→∞


gx(x1, . . . , xn−1),


ahol gx(x1, . . . , xn−1) = Fξ⃗ (x1, . . . , xi−1, x, xi, . . . , xn−1).


8.42. Tétel. Ha ξ⃗ := (ξ1, . . . , ξn) valószínűségi vektorváltozó, akkor
① Fξ⃗ minden változójában monoton növekvő,
② Fξ⃗ minden változójában balról folytonos,
③ lim


xi→−∞
Fξ⃗ (x1, . . . , xn) = 0 ∀i = 1, . . . , n,


④ lim
x1→∞


...
xn→∞


Fξ⃗ (x1, . . . , xn) = 1,


⑤ P
(


n⋂
i=1


{ai ⩽ ξi ⩽ bi}
)


= ∆(1)
a1,b1 . . . ∆(n)


an,bn
Fξ⃗, ∀ai, bi ∈ R, ai < bi (i = 1, . . . , n).


Bizonyítás. ▶ Az ① triviálisan teljesül.


▶ Legyenek a, x2, . . . , xn ∈ R és B :=
n⋂


i=2
{ξi < xi}. Ekkor Fξ⃗ (a, x2, . . . , xn) =


= P({ξ1 < a} ∩ B) = P
( ∞⋃


k=1


({
ξ1 < a − 1


k


}
∩ B


))
=
⇑


folyt.


lim
k→∞


P
({


ξ1 < a − 1
k


}
∩ B


)
=


= lim
k→∞


Fξ⃗


(
a − 1


k
, x2, . . . , xn


)
=
⇑


8.38. lemma


lim
x1→a−0


Fξ⃗ (x1, x2, . . . , xn) =⇒ Fξ⃗ az első változójá-


ban balról folytonos. A többi változóra hasonlóan járhatunk el, így ② bizonyított.


▶ Az előző jelöléssel P(∅) = P
( ∞⋂


k=1
({ξ1 < −k} ∩ B)


)
=
⇑


folyt.


lim
k→∞


P ({ξ1 < −k} ∩ B) =


= lim
k→∞


Fξ⃗ (−k, x2, . . . , xn) =
⇑


8.39. lemma


lim
x1→−∞


Fξ⃗ (x1, x2, . . . , xn) =⇒ i = 1 esetén ③ bizonyí-


tott. A többi i-re hasonló az eljárás.


▶ P(Ω) = P
( ∞⋃


k=1


n⋂
i=1


{ξi < k}
)


=
⇑


folyt.


lim
k→∞


P
(


n⋂
i=1


{ξi < k}
)


= lim
k→∞


Fξ⃗ (k, . . . , k) =
⇑


8.40. lemma
= lim


x1→∞
...


xn→∞


Fξ⃗ (x1, . . . , xn) =⇒ ④.
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▶ Xi := {ξi < xi}, Ai := {ξi < ai}, Bi := {ξi < bi} és Ci := {ai ⩽ ξi < bi}
jelölésekkel


∆(n)
an,bn


Fξ⃗ (x1, . . . , xn−1) = Fξ⃗ (x1, . . . , xn−1, bn) − Fξ⃗ (x1, . . . , xn−1, an) =
P(X1 ∩ · · · ∩ Xn−1 ∩ Bn) − P(X1 ∩ · · · ∩ Xn−1 ∩ An) =
P(X1 ∩ · · · ∩ Xn−1 ∩ Bn \ (X1 ∩ · · · ∩ Xn−1 ∩ An)) =
P(X1 ∩ · · · ∩ Xn−1 ∩ Bn ∩ (X1 ∪ · · · ∪ Xn−1 ∪ An)) =
P(X1 ∩ · · · ∩ Xn−1 ∩ Bn ∩ An) = P(X1 ∩ · · · ∩ Xn−1 ∩ Cn) =⇒


∆(n−1)
an−1,bn−1∆(n)


an,bn
Fξ⃗ (x1, . . . , xn−2) =


= P(X1 ∩ · · · ∩ Xn−2 ∩ Bn−1 ∩ Cn) − P(X1 ∩ · · · ∩ Xn−2 ∩ An−1 ∩ Cn) =
= P(X1 ∩ · · · ∩ Xn−2 ∩ Cn−1 ∩ Cn).


Az eljárás folytatásával kapjuk, hogy ∆(1)
a1,b1 . . . ∆(n)


an,bn
Fξ⃗ = P(C1 ∩ · · · ∩ Cn), amivel


⑤ bizonyított.


8.43. Tétel. Legyen F : Rn → R olyan függvény, melyre teljesülnek a következők:
① F minden változójában monoton növekvő,
② F minden változójában balról folytonos,
③ lim


xi→−∞
F (x1, . . . , xn) = 0 ∀i = 1, . . . , n,


④ lim
x1→∞


...
xn→∞


F (x1, . . . , xn) = 1,


⑤ ∆(1)
a1,b1 . . . ∆(n)


an,bn
F ⩾ 0, ∀ai, bi ∈ R, ai < bi (i = 1, . . . , n).


Ekkor van olyan valószínűségi vektorváltozó, melynek F az eloszlásfüggvénye.


Bizonyítás. A ② és ⑤ tulajdonságok miatt létezik a λF Lebesgue–Stieltjes-mérték.
Legyen Q a λF -nek B(Rn)-re vett leszűkítése. Ekkor Q


(
(−∞, x1)×· · ·×(−∞, xn)


)
=


= Q
( ∞⋃


k=1
[−k, x1) × · · · × [−k, xn)


)
=
⇑


folyt.


lim
k→∞


Q
(
[−k, x1) × · · · × [−k, xn)


)
=
⇑


2.66. tétel


= lim
k→∞


∆(1)
−k,x1 . . . ∆(n)


−k,xn
F =


⇑
2.62. tétel


lim
k→∞


(F (x1, . . . , xn) + Σk), ahol Σk olyan összeg, mely-


ben a tagok ±F (c1, . . . , cn) alakúak, és a ci számok közül legalább az egyik −k. A
c1, . . . , cn változókban egyet kivéve minden −k helyére írjunk nullát. Az így kapott
változókat jelöljük d1, . . . , dn módon. Ekkor ① és ③ miatt 0 ⩽ lim


k→∞
F (c1, . . . , cn) ⩽


⩽ lim
k→∞


F (d1, . . . , dn) = 0 =⇒ lim
k→∞


F (c1, . . . , cn) = 0 =⇒


Q
(
(−∞, x1) × · · · × (−∞, xn)


)
= F (x1, . . . , xn). (8.5)


1 =
⇑
④


lim
x1→∞


...
xn→∞


F (x1, . . . , xn) =
⇑


8.40. lemma


lim
k→∞


F (k, . . . , k) =
⇑


(8.5)


lim
k→∞


Q
(
(−∞, k)×· · ·×(−∞, k)


)
=
⇑


folyt.


Q
( ∞⋃


k=1
(−∞, k) × · · · × (−∞, k)


)
= Q(Rn) =⇒ (Rn, B(Rn), Q) valószínűségi mező
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=⇒ 8.34. tételből létezik olyan ξ⃗ valószínűségi vektorváltozó, melynek Q az eloszlása.
Ekkor (8.5) miatt ξ⃗-nek F az eloszlásfüggvénye.


8.44. Megjegyzés. A 8.43. tételben n = 1 esetén könnyen látható, hogy ① ⇔ ⑤,
így ekkor ⑤ elhagyható. Másrészt n ⩾ 2 esetén az ⑤ feltétel kell, ugyanis a többi
tulajdonságból ez nem következik. Például


F (x1, x2) =



0, ha x1 + x2 ⩽ 0,


x1 + x2, ha 0 < x1 + x2 ⩽ 1,


1, ha x1 + x2 > 1,


esetén ①–④ teljesül, de ⑤ nem, hiszen ∆(1)
0,1∆


(2)
0,1F = −1.


8.45. Tétel. Legyenek ξ⃗ és η⃗ valószínűségi vektorváltozók (nem feltétlenül ugyanabban
a valószínűségi mezőben). Ekkor Qξ⃗ = Qη⃗ pontosan abban az esetben teljesül, ha
Fξ⃗ = Fη⃗.


Bizonyítás. Az „⇒” irány triviális. Megfordítva, legyen


T :=
{
[a1, b1) × · · · × [an, bn) : ai, bi ∈ R, ai ⩽ bi, (i = 1, . . . , n)


}
,


ahol bi = ai esetén [ai, bi) := ∅. Ez n = 1 esetén triviálisan félgyűrű, így a 2.19. tétel
miatt tetszőleges n-re is az. Másrészt Rn előáll megszámlálhatóan végtelen sok T -beli
halmaz uniójaként. A 8.42. tétel miatt


Qξ⃗


(
[a1, b1) × · · · × [an, bn)


)
= ∆(1)


a1,b1 . . . ∆(n)
an,bn


Fξ⃗ =


= ∆(1)
a1,b1 . . . ∆(n)


an,bn
Fη⃗ = Qη⃗


(
[a1, b1) × · · · × [an, bn)


)
,


azaz Qξ⃗ (T ) = Qη⃗ (T ) ∀T ∈ T . A 3.14. tétel miatt σ(T ) = B(Rn), továbbá a 8.33. té-
telből Qξ⃗ és Qη⃗ σ-véges mértékek az (Rn, B(Rn)) mérhető téren. Mindezek alapján
a 2.47. tétel (Caratheodory-féle kiterjesztési tétel) miatt Qξ⃗ = Qη⃗.


8.46. Példa. Legyen n ∈ N, H ∈ B(Rn), λn(H) ∈ R+. A ξ⃗ = (ξ1, . . . , ξn) valószínű-
ségi vektorváltozó pontosan akkor egyenletes eloszlású a H halmazon, ha


Fξ⃗ : Rn → R, Fξ⃗ (x1, . . . , xn) = 1
λn(H)λn


((
(−∞, x1) × · · · × (−∞, xn)


)
∩ H


)
.


Bizonyítás. Ha ξ⃗ egyenletes eloszlású a H halmazon, akkor x1, . . . , xn ∈ R esetén


Fξ⃗ (x1, . . . , xn) = Qξ⃗


(
(−∞, x1) × · · · × (−∞, xn)


)
=


= 1
λn(H)λn


((
(−∞, x1) × · · · × (−∞, xn)


)
∩ H


)
.


Az állítás megfordítása a 8.45. tétel miatt igaz.
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8.47. Definíció. A ξ⃗ = (ξ1, . . . , ξn) valószínűségi vektorváltozó abszolút folytonos,
ha Qξ⃗ abszolút folytonos a λn mérték B(Rn)-re vett leszűkítésére, azaz ha Qξ⃗ (B) = 0
minden olyan esetben, amikor B ∈ B(Rn) és λn(B) = 0.


A következő tétel a 8.22. tételhez hasonlóan bizonyítható.


8.48. Tétel. A ξ⃗ = (ξ1, . . . , ξn) valószínűségi vektorváltozó pontosan akkor abszolút
folytonos, ha λn-m.m. egyértelműen létezik fξ⃗ : Rn → [0, ∞) Borel-mérhető függvény,
melyre


Qξ⃗ (B) =
∫
B


fξ⃗ dλn ∀B ∈ B(Rn).


Az fξ⃗ függvényt a ξ⃗ sűrűségfüggvényének, vagy a ξ1, . . . , ξn valószínűségi változók
együttes sűrűségfüggvényének nevezzük.


8.49. Megjegyzés. A Radon–Nikodym-tételből következően fξ⃗ = dQ
ξ⃗


dλ′n , ahol λ′n a
λn-nek B(Rn)-re vett leszűkítése.


8.50. Tétel. A ξ⃗ = (ξ1, . . . , ξn) valószínűségi vektorváltozó pontosan akkor abszolút
folytonos, ha létezik olyan fξ⃗ : Rn → [0, ∞) Borel-mérhető függvény, melyre


Fξ⃗ (x1, . . . , xn) =
∫


(−∞,x1)×···×(−∞,xn)


fξ⃗ dλn ∀(x1, . . . , xn) ∈ Rn.


Ekkor fξ⃗ a ξ⃗ sűrűségfüggvénye.


Bizonyítás. ▶ „⇒” Ha ξ⃗ abszolút folytonos és ξ⃗ a sűrűségfüggvénye, akkor


Fξ⃗ (x1, . . . , xn) = Qξ⃗


(
(−∞, x1) × · · · × (−∞, xn)


)
=


∫
(−∞,x1)×···×(−∞,xn)


fξ⃗ dλn.


▶ „⇐” A 8.42. tétel miatt Qξ⃗


(
[a1, b1) × · · · × [an, bn)


)
= ∆(1)


a1,b1 . . . ∆(n)
an,bn


Fξ⃗, amely
a feltételből következően, a differenciák lépésenkénti végrehajtásával adódik, hogy
egyenlő az ∫


[a1,b1)×···×[an,bn)


fξ⃗ dλn


integrállal, azaz
Qξ⃗ (T ) =


∫
T


fξ⃗ dλn ∀T ∈ T ,


ahol T ugyanaz, mint a 8.45. tétel bizonyításában. Legyen


Q(B) :=
∫
B


fξ⃗ dλn ∀B ∈ B(Rn).


Ekkor a 7.1. tétel miatt (Rn, B(Rn), Q) mértéktér. Mivel Qξ⃗ mérték, és Qξ⃗ = Q
a T félgyűrűn, ezért a 2.47. tétel (Caratheodory) miatt Qξ⃗ = Q a σ(T ) = B(Rn)
halmazon is. Ebből a 8.48. tétel miatt következik az állítás.
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8.51. Tétel. Ha a ξ⃗ = (ξ1, . . . , ξn) valószínűségi vektorváltozóhoz létezik olyan Borel-
mérhető fξ⃗ : Rn → [0, ∞) függvény, melyre


Fξ⃗ (x1, . . . , xn) =
x1∫


−∞


· · ·
xn∫


−∞


fξ⃗ (t1, . . . , tn) dtn · · · dt1 ∀(x1, . . . , xn) ∈ Rn,


akkor ξ⃗ abszolút folytonos és fξ⃗ a ξ⃗ sűrűségfüggvénye.


Bizonyítás. Legyen


Q(B) :=
∫
B


fξ⃗ d(λ × · · · × λ) ∀B ∈ B(Rn).


Ekkor a 7.1. tétel miatt (Rn, B(Rn), Q) mértéktér.


Fξ⃗ (x1, . . . , xn) = lim
k→∞


x1∫
x1−k


· · ·
xn∫


xn−k


fξ⃗ (t1, . . . , tn) dtn · · · dt1 =


= lim
k→∞


∫
[x1−k,x1]


· · ·
∫


[xn−k,xn]


fξ⃗ dλ · · · dλ = (6.13. tételből)


= lim
k→∞


∫
[x1−k,x1]×···×[xn−k,xn]


fξ⃗ d(λ × · · · × λ) = (Q folytonossága miatt)


=
∫


(−∞,x1)×···×(−∞,xn)


fξ⃗ d(λ × · · · × λ) = (5.19. tételből)


=
∫


(−∞,x1)×···×(−∞,xn)


fξ⃗ dλn.


Így a 8.50. tétel miatt kapjuk az állítást.


8.52. Tétel. Ha f : Rn → [0, ∞) Borel-mérhető függvény és
∫


f dλn = 1, akkor létezik
olyan abszolút folytonos valószínűségi vektorváltozó, melynek f a sűrűségfüggvénye.


Bizonyítás. Legyen Q(B) :=
∫
B


f dλn ∀B ∈ B(Rn). A 7.1. tétel miatt (Rn, B(Rn), Q)
mértéktér, másrészt Q(Rn) =


∫
f dλn = 1, így (Rn, B(Rn), Q) valószínűségi mező.


Ebből a 8.34. tétel miatt létezik olyan abszolút folytonos valószínűségi vektorváltozó,
melynek Q az eloszlása. Így a 8.48. tétel miatt igaz az állítás.


8.53. Tétel. Ha a ξ⃗ = (ξ1, . . . , ξn) valószínűségi vektorváltozó abszolút folytonos,
akkor a ξ1, . . . , ξn valószínűségi változók mindegyike abszolút folytonos, továbbá


fξi
(xi) =


∫
· · ·


∫
fξ⃗ (x1, . . . , xn) dλ(x1) · · · dλ(xi−1) dλ(xi+1) · · · dλ(xn)


minden i = 1, . . . , n és xi ∈ R esetén.
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Bizonyítás. Legyen B ∈ B(R). Ekkor


Qξn
(B) = Qξ⃗


(
Rn−1 × B


)
=


∫
Rn−1×B


fξ⃗ dλn =
∫


fξ⃗
χRn−1×B dλn =


=
∫


fξ⃗
χRn−1×B d(λ × · · · × λ) =


=
∫
B


(∫
· · ·


∫
fξ⃗ (x1, . . . , xn) dλ(x1) · · · dλ(xn−1)


)
dλ(xn).


Így i = n esetén az állítás bizonyított. A többi i-re hasonló az eljárás.


8.54. Tétel. Ha fi : R → [0, ∞) (i = 1, . . . , n) olyan Borel-mérhető függvények,
melyekre


∫
fi dλ = 1 (i = 1, . . . , n), akkor létezik olyan abszolút folytonos valószínűségi


vektorváltozó, melynek


f : Rn → [0, ∞), f(x1, . . . , xn) := f1(x1) · · · fn(xn)


a sűrűségfüggvénye.


Bizonyítás. Legyen f ∗
i : Rn → [0, ∞), f ∗


i (x1, . . . , xn) := fi(xi) (i = 1, . . . , n). Ekkor
B ∈ B(R) esetén f ∗


i
−1(B) = {(x1, . . . , xn) : f ∗


i (x1, . . . , xn) ∈ B} = {(x1, . . . , xn) :
fi(xi) ∈ B} = R× · · · ×R× f−1


i (B) ×R× · · · ×R ∈ B(Rn), hiszen fi Borel-mérhető,
és így f−1


i (B) ∈ B(R). Ebből kapjuk, hogy f ∗
i Borel-mérhető, másrészt f = f ∗


1 · · · f ∗
n.


Így f is Borel-mérhető. Mivel∫
f dλn =


∫
f d(λ × · · · × λ) =


∫
· · ·


∫
f dλ · · · dλ =


=
∫


· · ·
∫


f1(x1) · · · fn(xn) dλ(x1) · · · dλ(xn) =


=
∫


· · ·
∫


f2(x2) · · · fn(xn)
(∫


f1(x1) dλ(x1)
)


dλ(x2) · · · dλ(xn) =


=
∫


· · ·
∫


f2(x2) · · · fn(xn) dλ(x2) · · · dλ(xn),


így az eljárás folytatásával kapjuk, hogy
∫


f dλn = 1. Ebből a 8.52. tétel alapján
kapjuk az állítást.


8.4. Valószínűségi változók függetlensége
8.55. Tétel. Legyen (Ω, F , P) valószínűségi mező, ξ : Ω → R valószínűségi változó,
és


σ(ξ) := {ξ−1(B) : B ∈ B(R)}.


Ekkor σ(ξ) olyan σ-algebra, melyre σ(ξ) ⊂ F teljesül. A σ(ξ)-t a ξ által generált
σ-algebrának nevezzük.
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Bizonyítás. Ω = ξ−1(R) ∈ σ(ξ). Ha A ∈ σ(ξ), azaz létezik B ∈ B(R), hogy A =
= ξ−1(B), akkor A = Ω \ A = ξ−1(R) \ ξ−1(B) = ξ−1(R \ B) ∈ σ(ξ). Ha An ∈ σ(ξ)
(n ∈ N), azaz létezik Bn ∈ B(R), hogy An = ξ−1(Bn), akkor


∞⋃
n=1


An =
∞⋃


n=1
ξ−1(Bn) =


= ξ−1
( ∞⋃


n=1
Bn


)
∈ σ(ξ). Mindezekből σ(ξ) σ-algebra. Másrészt ξ valószínűségi változó,


azaz ξ−1(B) ∈ F ∀B ∈ B(R), így σ(ξ) ⊂ F .


8.56. Tétel. Legyen ξ valószínűségi változó és g : R → R Borel-mérhető függvény.
Ekkor g(ξ) is valószínűségi változó, továbbá σ(g(ξ)) ⊂ σ(ξ).


Bizonyítás. A 4.14. tétel miatt g(ξ) valószínűségi változó. Másrészt A ∈ σ(g(ξ))
esetén létezik B ∈ B(R), hogy A = (g ◦ ξ)−1(B) = ξ−1(g−1(B)) ∈ σ(ξ), hiszen
g−1(B) ∈ B(R) =⇒ σ(g(ξ)) ⊂ σ(ξ).


8.57. Definíció. Legyen (Ω, F , P) valószínűségi mező. A ξ1, . . . , ξn : Ω → R valószí-
nűségi változókat függetleneknek nevezzük, ha


P(A1 ∩ . . . ∩ An) = P(A1) · · · P(An) ∀Ai ∈ σ(ξi) (i = 1, . . . , n).


8.58. Tétel. Ha a ξ1, . . . , ξn valószínűségi változók függetlenek, akkor bármely rész-
rendszere is független.


Bizonyítás. Legyen Ai ∈ σ(ξi) i = 1, . . . , n − 1 és An := Ω. Ekkor P(A1 ∩ . . . ∩
∩ An−1) = P(A1 ∩ . . . ∩ An) = P(A1) · · · P(An) = P(A1) · · · P(An−1) =⇒ ξ1, . . . , ξn−1
függetlenek. A ξ1, . . . , ξn más részrendszerére is hasonlóan bizonyíthatunk.


8.59. Definíció. A ξ1, . . . , ξn valószínűségi változók páronként függetlenek, ha közülük
bármely kettő független. Végtelen sok valószínűségi változó akkor független illetve
páronként független, ha bármely véges részrendszere független illetve páronként
független.


8.60. Tétel. Ha a ξ1, . . . , ξn valószínűségi változók függetlenek, és g1, . . . , gn : R →
R Borel-mérhető függvények, akkor a g1(ξ1), . . . , gn(ξn) valószínűségi változók is
függetlenek.


Bizonyítás. A tétel abból következik, hogy σ(gi(ξi)) ⊂ σ(ξi) (i = 1, . . . , n).


8.61. Tétel. Legyen ξ⃗ = (ξ1, . . . , ξn) valószínűségi vektorváltozó. A ξ1, . . . , ξn való-
színűségi változók pontosan akkor függetlenek, ha Qξ⃗ = Qξ1 × · · · × Qξn


.
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Bizonyítás. ▶ „⇒” Legyen T = T1 × · · · × Tn ∈ T , ahol T ugyanaz, mint a 8.45. té-
tel bizonyításában. Ekkor Qξ⃗ (T ) = P(ξ⃗ ∈ T ) = P(ξ−1


1 (T1) ∩ . . . ∩ ξ−1
n (Tn)) =


= P(ξ−1
1 (T1)) · · · P(ξ−1


n (Tn)) = Qξ1(T1) · · · Qξn
(Tn) = (Qξ1 × · · · × Qξn


)(T ). Tehát
Qξ⃗ = Qξ1 × · · · × Qξn


a T félgyűrűn. Így a 2.47. tétel miatt Qξ⃗ = Qξ1 × · · · × Qξn
a


σ(T ) = B(R) halmazon is.
▶ „⇐” Legyen Ai ∈ σ(ξi) (i = 1, . . . , n), azaz létezik Bi ∈ B(R), hogy Ai = ξ−1


i (Bi).
Ekkor P(A1) · · · P(An) = P(ξ1 ∈ B1) · · · P(ξn ∈ Bn) = Qξ1(B1) · · · Qξn


(Bn) = (Qξ1 ×
× · · · × Qξn


)(B1 × · · · × Bn) = Qξ⃗ (B1 × · · · × Bn) = P(ξ⃗ ∈ B1 × · · · × Bn) = P({ξ1 ∈
∈ B1} ∩ . . . ∩ {ξn ∈ Bn}) = P(A1 ∩ . . . ∩ An) =⇒ ξ1, . . . , ξn függetlenek.


8.62. Tétel. Legyen ξ⃗ = (ξ1, . . . , ξn) valószínűségi vektorváltozó. A ξ1, . . . , ξn való-
színűségi változók pontosan akkor függetlenek, ha


Fξ⃗ (x1, . . . , xn) = Fξ1(x1) · · · Fξn(xn) ∀x1, . . . , xn ∈ R.


Bizonyítás. ▶ „⇒” A függetlenség és a 6.10. tétel szerint


Fξ⃗ (x1, . . . , xn) = Qξ⃗


(
(−∞, x1) × · · · × (−∞, xn)


)
=


= Qξ1


(
(−∞, x1)


)
· · · Qξn


(
(−∞, xn)


)
= Fξ1(x1) · · · Fξn(xn).


▶ „⇐” Az
(
Rn, B(Rn), Qξ1 × · · · × Qξn


)
valószínűségi mező, így a 8.34. tétel sze-


rint létezik η⃗ valószínűségi vektorváltozó, melynek Qξ1 × · · · × Qξn
az eloszlása.


Ekkor Fη⃗ (x1, . . . , xn) = Qξ1


(
(−∞, x1)


)
· · · Qξn


(
(−∞, xn)


)
= Fξ1(x1) · · · Fξn(xn) =


= Fξ⃗ (x1, . . . , xn) =⇒ 8.45. tétel szerint Qξ⃗ = Qη⃗ = Qξ1 × · · · × Qξn
=⇒ ξ1, . . . , ξn


függetlenek.


8.63. Példa. Legyenek ξ1, . . . , ξn független valószínűségi változók, n ∈ N és Hi ∈
∈ B(R), λ(Hi) ∈ R+ (i = 1, . . . , n). Ha ξi egyenletes eloszlású a Hi halmazon
∀i = 1, . . . , n esetén, akkor ξ⃗ = (ξ1, . . . , ξn) egyenletes eloszlású a H := H1 ×· · ·×Hn


halmazon.


Bizonyítás. A 8.62. tétel és a 8.20. példa miatt x1, . . . , xn ∈ R esetén


Fξ⃗ (x1, . . . , xn) =
n∏


i=1
Fξi


(xi) =
n∏


i=1


λ
(
(−∞, xi) ∩ Hi


)
λ(Hi)


=


= 1
λn(H1 × · · · × Hn)λn


((
(−∞, x1) ∩ H1


)
× · · · ×


(
(−∞, xn) ∩ Hn


))
=


= 1
λn(H)λn


((
(−∞, x1) × · · · × (−∞, xn)


)
∩ H


)
.


Ebből a 8.46. példa alapján következik az állítás.
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8.64. Példa. A 8.63. példa alkalmazásaként kiszámoljuk annak a valószínűségét,
hogy ξη kisebb 1


2 -nél, ha ξ és η független, az [1
2 , 1] intervallumon egyenletes eloszlású


valószínűségi változók. Ekkor (ξ, η) a 8.63. példa alapján egyenletes eloszlású a
H := [1


2 , 1] × [1
2 , 1] halmazon. Így


A :=
{


(x, y) ∈ R2 : xy <
1
2


}
jelöléssel


P
(


ξη <
1
2


)
= Q(ξ,η)(A) = λ2(A ∩ H)


λ2(H) = 4λ2(A ∩ H) =


= 4



1∫


1
2


1
2x


dx − 1
4


 = 2 ln 2 − 1.


8.65. Tétel. Legyen ξ⃗ = (ξ1, . . . , ξn) diszkrét valószínűségi vektorváltozó, azaz az
értékkészlete megszámlálható számosságú. A ξ1, . . . , ξn valószínűségi változók pontosan
akkor függetlenek, ha


P
(


n⋂
i=1


{ξi = xi}
)


= P(ξ1 = x1) · · · P(ξn = xn) ∀(x1, . . . , xn) ∈ Rξ⃗.


Bizonyítás. ▶ „⇒” P
(


n⋂
i=1


{ξi = xi}
)


= P(ξ⃗ ∈ {x1} × · · · × {xn}) = Qξ⃗ ({x1} × · · · ×
× {xn}) = Qξ1({x1}) · · · Qξn


({xn}) = P(ξ1 = x1) · · · P(ξn = xn).
▶ „⇐” Legyen a1, . . . , an ∈ R és Ai := Rξi


∩ (−∞, ai). Ekkor


Fξ⃗ (a1, . . . , an) = P
(


n⋂
i=1


{ξi < ai}
)


= P
 n⋂


i=1


⋃
xi∈Ai


{ξi = xi}


 =


= P
 n⋃


j=1


⋃
xj∈Aj


n⋂
i=1


{ξi = xi}


 =
n∑


j=1


∑
xj∈Aj


P
(


n⋂
i=1


{ξi = xi}
)


=


=
n∑


j=1


∑
xj∈Aj


P(ξ1 = x1) · · · P(ξn = xn) =
n∏


i=1


∑
xi∈Ai


P(ξi = xi) =


=
n∏


i=1
P(ξi < ai) = Fξ1(a1) · · · Fξn(an),


így a 8.62. tétel alapján ξ1, . . . , ξn függetlenek.


8.66. Tétel. Legyen ξ⃗ = (ξ1, . . . , ξn) abszolút folytonos valószínűségi vektorváltozó.
A ξ1, . . . , ξn valószínűségi változók pontosan akkor függetlenek, ha fξ⃗ = fξ1 · · · fξn


λ × · · · × λ-m.m.
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Bizonyítás. ▶ „⇒” Legyen Q(B) :=
∫
B


fξ1 · · · fξn dλn ∀B ∈ B(Rn). Ekkor a 8.54. tétel
miatt (Rn, B(Rn), Q) valószínűségi mező. Tekintsük a 8.45. tétel bizonyításában
szereplő T halmazt, és legyen T = T1 ×· · ·×Tn ∈ T . Ekkor a függetlenség és a Fubini-
tétel miatt Qξ⃗ (T ) = Qξ1(T1) · · · Qξn


(Tn) =
∫
T1


fξ1 dλ · · ·
∫


Tn


fξn dλ =
∫
T


fξ1 · · · fξn dλn =


= Q(T ) =⇒ 2.47. tételből Qξ⃗ = Q =⇒ 8.48. tétel és a Radon–Nikodym-tétel miatt
fξ⃗ = fξ1 · · · fξn λ × · · · × λ-m.m.
▶ „⇐” Fξ⃗ (x1, . . . , xn) =


∫
(−∞,x1)×···×(−∞,xn)


fξ⃗ dλn =
∫


(−∞,x1)×···×(−∞,xn)
fξ1 · · · fξndλn =


=
∫


(−∞,x1)
fξ1 dλ · · ·


∫
(−∞,xn)


fξn dλ = Fξ1(x1) · · · Fξn(xn) =⇒ 8.62. tétel miatt ξ1, . . . , ξn


függetlenek.


8.67. Tétel. Legyenek (Ω1, F1, P1), (Ω2, F2, P2) valószínűségi mezők, ξ1 : Ω1 → R,
ξ2 : Ω2 → R valószínűségi változók. Ekkor létezik (Ω, F , P) valószínűségi mező és
η1, η2 : Ω → R független valószínűségi változók, hogy Qη1 = Qξ1 és Qη2 = Qξ2.


Bizonyítás. Legyen (Ω, F , P) azon független kísérletek valószínűségi mezője, mely az
(Ω1, F1, P1), (Ω2, F2, P2) valószínűségi mezőkből jön létre, η1 : Ω → R, η1(ω1, ω2) =
= ξ1(ω1) és η2 : Ω → R, η2(ω1, ω2) = ξ2(ω2).


Ekkor Fη1(x) = P(η1 < x) = P({(ω1, ω2) ∈ Ω : ξ1(ω1) < x}) = P({ξ1 < x} ×
×Ω2) = P1(ξ1 < x) P2(Ω2) = P1(ξ1 < x) = Fξ1(x) =⇒ Qη1 = Qξ1 . Hasonlóan kapjuk,
hogy Qη2 = Qξ2 .


F(η1,η2)(x1, x2) = P({η1 < x1}∩{η2 < x2}) = P({ξ1 < x1}×{ξ2 < x2}) = P1(ξ1 <
< x1) P2(ξ2 < x2) = Fξ1(x1)Fξ2(x2) = Fη1(x1)Fη2(x2) =⇒ η1, η2 függetlenek.


8.68. Tétel. Ha ξ és η független valószínűségi változók, akkor


Fξ+η(x) =
∫


Fξ(x − v) dQη(v) ∀x ∈ R.


Bizonyítás. Legyen x ∈ R rögzített és A := {(u, v) ∈ R2 : u + v < x}. Ekkor
Fξ+η(x) = P(ξ + η < x) = P((ξ, η) ∈ A) =


∫
χ


A dQ(ξ,η) =
⇑


függetlenség


∫
χ


A d(Qξ × Qη)=
⇑


Fubini
=
∫ ∫


χ
A dQξ dQη =


∫ ∫
(−∞,x−v)


dQξ(u) dQη(v) =
∫


Fξ(x − v) dQη(v).


8.69. Tétel. Ha ξ és η független valószínűségi változók, továbbá ξ abszolút folytonos,
akkor ξ + η is abszolút folytonos és


fξ+η(x) =
∫


fξ(x − v) dQη(v) ∀x ∈ R.


Ha még η is abszolút folytonos, akkor


fξ+η(x) =
∫


fξ(x − v)fη(v) dλ(v) ∀x ∈ R.
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Bizonyítás. A 8.24. és 5.61. tételek miatt


Fξ(z − v) =
∫


(−∞,z−v)


fξ(x) dλ(x) =
∫


fξ(x)χ(−∞,z−v)(x) dλ(x) =


=
∫


fξ(x − v)χ(−∞,z−v)(x − v) dλ(x) =
∫


fξ(x − v)χ(−∞,z)(x) dλ(x).


Így a 8.68. és a Fubini-tétel miatt


Fξ+η(z) =
∫


Fξ(z − v) dQη(v) =
∫ ∫


fξ(x − v)χ(−∞,z)(x) dλ(x) dQη(v) =


=
∫ ∫


fξ(x − v)χ(−∞,z)(x) dQη(v) dλ(x) =


=
∫


χ(−∞,z)(x)
∫


fξ(x − v) dQη(v) dλ(x) =


=
∫


(−∞,z)


∫
fξ(x − v) dQη(v) dλ(x).


Ebből a 8.24. tétel miatt kapjuk az állítást. A Fubini-tételt azért használhattuk, mert
a g : R2 → R, g(x, v) := fξ(x − v)χ(−∞,z)(x) függvény nemnegatív és Borel-mérhető,
így λ × Qη-szerint létezik az integrálja.


Ha η is abszolút folytonos, akkor a 7.9. tételből fξ+η(x) =
∫


fξ(x − v) dQη(v) =
=
∫


fξ(x − v)dQη


dλ′ (v) dλ′(v) =
∫


fξ(x − v)fη(v) dλ′(v) =
∫


fξ(x − v)fη(v) dλ(v), ahol
λ′ a λ-nak B(R)-re vett leszűkítése.


8.70. Példa. Ha ξ és η független standard normális eloszlású valószínűségi változók,
akkor fξ+η(x) = 1


2
√


π
e− x2


4 ∀x ∈ R.


Bizonyítás. Az előző tételből, t :=
√


2(v − x
2 ) helyettesítéssel kapjuk, hogy


fξ+η(x) =
∞∫


−∞


φ(x − v)φ(v) dv = 1
2π


∞∫
−∞


e− (x−v)2
2 e− v2


2 dv =


= 1
2π


e− x2
4


∞∫
−∞


e−(v− x
2 )2 dv = 1


2π
e− x2


4


∞∫
−∞


e− t2
2


1√
2


dt =


= 1
2
√


π
e− x2


4


∞∫
−∞


φ(t) dt = 1
2
√


π
e− x2


4 .


8.71. Tétel. Ha ξ és η független valószínűségi változók, akkor


Fξη(x) =
∫


(0,∞)


Fξ


(
x


v


)
dQη(v) +


+
∫


(−∞,0)


(
1 − Fξ


(
x


v


)
− P


(
ξ = x


v


))
dQη(v) + χR+(x) P(η = 0) ∀x ∈ R.
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Bizonyítás. Legyen x ∈ R és A := {(u, v) ∈ R2 : uv < x}, Ax := R ha x > 0 és
Ax := ∅, ha x ⩽ 0. Ekkor


Fξη(x) = P(ξη < x) = P((ξ, η) ∈ A) =
∫


χ
A dQ(ξ,η) =


⇑
függetlenség


=
∫


χ
A d(Qξ × Qη) =


⇑
Fubini


∫∫
χ


A dQξ dQη =


=
∫


(0,∞)


∫
χ


A dQξ dQη +
∫


(−∞,0)


∫
χ


A dQξ dQη +
∫


{0}


∫
χ


A dQξ dQη =


=
∫


(0,∞)


∫
(−∞, x


v
)


dQξ(u) dQη(v) +
∫


(−∞,0)


∫
( x


v
,∞)


dQξ(u) dQη(v) +
∫


{0}


∫
Ax


dQξ(u) dQη(v) =


=
∫


(0,∞)


P
(


ξ <
x


v


)
dQη(v) +


∫
(−∞,0)


P
(


ξ >
x


v


)
dQη(v) +


∫
Ax


dQξ P(η = 0) =


=
∫


(0,∞)


Fξ


(
x


v


)
dQη(v) +


∫
(−∞,0)


(
1 − Fξ


(
x


v


)
− P


(
ξ = x


v


))
dQη(v) + χR+(x) P(η = 0).


8.72. Tétel. Ha ξ és η független valószínűségi változók, ξ abszolút folytonos és η ≠ 0
m.b., akkor ξη is abszolút folytonos és


fξη(x) =
∫


R\{0}


1
|v|


fξ


(
x


v


)
dQη(v) ∀x ∈ R.


Ha még η is abszolút folytonos, akkor


fξη(x) =
∫


R\{0}


1
|v|


fξ


(
x


v


)
fη(v) dλ(v) ∀x ∈ R.


Bizonyítás. Legyen z ∈ R. Ekkor a feltételek miatt P
(
ξ = z


v


)
= 0 minden v ≠ 0


esetén és P(η = 0) = 0. Így az előző tétel szerint


Fξη(z) =
∫


(0,∞)


Fξ


(
z


v


)
dQη(v) +


∫
(−∞,0)


dQη(v) −
∫


(−∞,0)


Fξ


(
z


v


)
dQη(v). (8.6)


A 8.22. tétel szerint
∫


fξ dλ = Qξ(R) = 1, így használva az 5.61. tételt, kapjuk, hogy∫
(−∞,0)


dQη(v) =
∫


(−∞,0)


∫
fξ(u) dλ(u) dQη(v) =


∫
(−∞,0)


∫ 1
|v|


fξ


(
x


v


)
dλ(x) dQη(v), (8.7)


illetve


Fξ


(
z


v


)
=


∫
(−∞, z


v
)


fξ dλ =
∫


fξ
χ(−∞, z


v
) dλ =


∫ 1
|v|


fξ


(
x


v


)
χ(−∞, z


v
)


(
x


v


)
dλ(x) =







8.4. Valószínűségi változók függetlensége 151


=



∫ 1


|v|fξ


(
x
v


)
χ(−∞,z)(x) dλ(x) =


∫
(−∞,z)


1
|v|fξ


(
x
v


)
dλ(x), ha v > 0,∫ 1


|v|fξ


(
x
v


)
χ(z,∞)(x) dλ(x) =


∫
(z,∞)


1
|v|fξ


(
x
v


)
dλ(x), ha v < 0.


(8.8)


A (8.6), (8.7) és (8.8) képleteket felhasználva kapjuk, hogy


Fξη(z) =
∫


(0,∞)


∫
(−∞,z)


1
|v|


fξ


(
x


v


)
dλ(x) dQη(v) +


∫
(−∞,0)


∫ 1
|v|


fξ


(
x


v


)
dλ(x) dQη(v)−


−
∫


(−∞,0)


∫
(z,∞)


1
|v|


fξ


(
x


v


)
dλ(x) dQη(v) = (Fubini-tétel szerint)


=
∫


(−∞,z)


∫
(0,∞)


1
|v|


fξ


(
x


v


)
dQη(v) dλ(x) +


∫ ∫
(−∞,0)


1
|v|


fξ


(
x


v


)
dQη(v) dλ(x)−


−
∫


(z,∞)


∫
(−∞,0)


1
|v|


fξ


(
x


v


)
dQη(v) dλ(x) =


=
∫


(−∞,z)


∫
(0,∞)


1
|v|


fξ


(
x


v


)
dQη(v) dλ(x) +


∫
(−∞,z]


∫
(−∞,0)


1
|v|


fξ


(
x


v


)
dQη(v) dλ(x) =


=
∫


(−∞,z)


∫
(0,∞)


1
|v|


fξ


(
x


v


)
dQη(v) dλ(x) +


∫
(−∞,z)


∫
(−∞,0)


1
|v|


fξ


(
x


v


)
dQη(v) dλ(x) =


=
∫


(−∞,z)


∫
R\{0}


1
|v|


fξ


(
x


v


)
dQη(v) dλ(x).


Így a 8.24. tétel miatt ξη abszolút folytonos és fξη(x) =
∫


R\{0}


1
|v|fξ


(
x
v


)
dQη(v).


Ha még η is abszolút folytonos, akkor fξη(x) =
∫


R\{0}


1
|v|fξ


(
x
v


) dQη


dλ′ (v) dλ′(v) =


=
∫


R\{0}


1
|v|fξ


(
x
v


)
fη(v) dλ(v), ahol λ′ a λ-nak B(R)-re vett leszűkítése.


Az előző tétel alkalmazásaként megmutatjuk, hogyan lehet előállítani egyenletes
eloszlásból standard normális eloszlást.


8.73. Példa (Box–Muller-transzformációBox–Muller-transzformáció). Legyenek a ξ és η valószínűségi változók
függetlenek és a [0, 1] intervallumon egyenletes eloszlásúak. Ekkor


√
−2 ln ξ cos(2πη)


standard normális eloszlású.


Bizonyítás. Ha x > 0, akkor P
(√


−2 ln ξ < x
)


= P
(


ξ > e− x2
2


)
= 1 − e− x2


2 , illetve


ha x ⩽ 0, akkor P
(√


−2 ln ξ < x
)


= 0. Így
√


−2 ln ξ sűrűségfüggvénye


f(x) =



0, ha x ⩽ 0,(


1 − e− x2
2


)′
= xe− x2


2 , ha x > 0.
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Ha −1 < x ⩽ 1, akkor


P
(
cos(2πη) < x


)
= P


( 1
2π


arccos x < η < 1 − 1
2π


arccos x
)


= 1 − 1
π


arccos x.


P
(
cos(2πη) < x


)
= 1, ha x > 1, illetve P


(
cos(2πη) < x


)
= 0, ha x ⩽ −1. Így


cos(2πη) sűrűségfüggvénye


g(x) =



(
1 − 1


π
arccos x


)′
= 1


π
√


1−x2 , ha − 1 < x ⩽ 1,


0 különben.


Így
√


−2 ln ξ cos(2πη) sűrűségfüggvénye tetszőleges x ∈ R helyen


h(x) =
∞∫


−∞


1
|v|


f(v)g
(


x


v


)
dv =


∞∫
0


e− v2
2 g
(


x


v


)
dv =


=
∞∫


|x|


e− v2
2


1


π


√
1 −


(
x
v


)2
dv = 1


π


∞∫
|x|


ve− v2
2


1√
v2 − x2


dv =


= 1
π


e− x2
2


∞∫
|x|


ve− v2−x2
2


1√
v2 − x2


dv = 1
π


e− x2
2


∞∫
0


e− t2
2 dt =


= 1
2π


e− x2
2


∞∫
−∞


e− t2
2 dt = 1√


2π
e− x2


2
1√
2π


∞∫
−∞


e− t2
2 dt = 1√


2π
e− x2


2 .


Az integrálásban t =
√


v2 − x2 helyettesítést alkalmaztunk.


8.74. Tétel. Ha ξ, η független valószínűségi változók és η ̸= 0 m.b., akkor


F ξ
η
(x) =


∫
(0,∞)


Fξ(xv) dQη(v) +
∫


(−∞,0)


(
1 − Fξ(xv) − P(ξ = xv)


)
dQη(v) ∀x ∈ R.


(Ahol ξ
η


nem értelmezett, ami 0 valószínűségű, ott az értéke legyen 0.)


Bizonyítás. Legyen x ∈ R és A := {(u, v) ∈ R2 : v ̸= 0, u
v


< x}. Ekkor
P
(
{η = 0} ∩ { ξ


η
< x}


)
⩽ P(η = 0) = 0 =⇒ P


(
{η = 0} ∩ { ξ


η
< x}


)
= 0 =⇒


F ξ
η
(x) = P


(
ξ
η


< x
)


= P
(
{η = 0} ∩ { ξ


η
< x}


)
+ P


(
{η ̸= 0} ∩ { ξ


η
< x}


)
=


= P((ξ, η) ∈ A) =
∫


χ
A dQ(ξ,η) =


⇑
függetlenség


∫
χ


A d(Qξ × Qη) =
⇑


Fubini


∫∫
χ


A dQξ dQη =


=
∫


(0,∞)


∫
(−∞,xv)


dQξ(u) dQη(v) +
∫


(−∞,0)


∫
(xv,∞)


dQξ(u) dQη(v) +
∫


{0}


∫
∅


dQξ(u) dQη(v) =


=
∫


(0,∞)


P(ξ < xv) dQη(v) +
∫


(−∞,0)


P(ξ > xv) dQη(v) =


=
∫


(0,∞)


Fξ(xv) dQη(v) +
∫


(−∞,0)


(
1 − Fξ(xv) − P(ξ = xv)


)
dQη(v).
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8.75. Tétel. Ha ξ és η független valószínűségi változók, ξ abszolút folytonos és η ≠ 0
m.b., akkor ξ


η
is abszolút folytonos és


f ξ
η
(x) =


∫
|v|fξ(xv) dQη(v) ∀x ∈ R.


Ha még η is abszolút folytonos, akkor


f ξ
η
(x) =


∫
|v|fξ(xv)fη(v) dλ(v) ∀x ∈ R.


Bizonyítás. Legyen z ∈ R. Ekkor a feltételek miatt P(ξ = zv) = 0 minden v ∈ R
esetén. Így az előző tétel szerint


F ξ
η
(z) =


∫
(0,∞)


Fξ(zv) dQη(v) +
∫


(−∞,0)


dQη(v) −
∫


(−∞,0)


Fξ(zv) dQη(v). (8.9)


A 8.22. tétel szerint
∫


fξ dλ = Qξ(R) = 1, így használva az 5.61. tételt, kapjuk, hogy∫
(−∞,0)


dQη(v) =
∫


(−∞,0)


∫
fξ(u) dλ(u) dQη(v) =


∫
(−∞,0)


∫
|v|fξ(xv) dλ(x) dQη(v), (8.10)


illetve


Fξ(zv) =
∫


(−∞,zv)


fξ dλ =
∫


fξ
χ(−∞,zv) dλ =


∫
|v|fξ(xv)χ(−∞,zv)(xv) dλ(x) =


=



∫


|v|fξ(xv)χ(−∞,z)(x) dλ(x) =
∫


(−∞,z)
|v|fξ(xv) dλ(x), ha v > 0,∫


|v|fξ(xv)χ(z,∞)(x) dλ(x) =
∫


(z,∞)
|v|fξ(xv) dλ(x), ha v < 0.


(8.11)


A (8.9), (8.10) és (8.11) képleteket felhasználva kapjuk, hogy


F ξ
η
(z) =


∫
(0,∞)


∫
(−∞,z)


|v|fξ(xv) dλ(x) dQη(v) +
∫


(−∞,0)


∫
|v|fξ(xv) dλ(x) dQη(v)−


−
∫


(−∞,0)


∫
(z,∞)


|v|fξ(xv) dλ(x) dQη(v) = (Fubini-tétel szerint)


=
∫


(−∞,z)


∫
(0,∞)


|v|fξ(xv) dQη(v) dλ(x) +
∫ ∫


(−∞,0)


|v|fξ(xv) dQη(v) dλ(x)−


−
∫


(z,∞)


∫
(−∞,0)


|v|fξ(xv) dQη(v) dλ(x) =


=
∫


(−∞,z)


∫
(0,∞)


|v|fξ(xv) dQη(v) dλ(x) +
∫


(−∞,z]


∫
(−∞,0)


|v|fξ(xv) dQη(v) dλ(x) =


=
∫


(−∞,z)


∫
(0,∞)


|v|fξ(xv) dQη(v) dλ(x) +
∫


(−∞,z)


∫
(−∞,0]


|v|fξ(xv) dQη(v) dλ(x) =
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=
∫


(−∞,z)


∫
|v|fξ(xv) dQη(v) dλ(x).


Így a 8.24. tétel miatt ξ
η


abszolút folytonos és f ξ
η
(x) =


∫
|v|fξ(xv) dQη(v). Ha η is


abszolút folytonos, akkor f ξ
η
(x) =


∫
|v|fξ(xv) dQη


dλ′ (v) dλ′(v) =
∫


|v|fξ(xv)fη(v) dλ(v),
ahol λ′ a λ-nak B(R)-re vett leszűkítése.


8.76. Példa. Ha ξ és η független standard normális eloszlású valószínűségi változók,
akkor ξ


η
Cauchy-eloszlású.


Bizonyítás. Az előző tétel miatt


f ξ
η
(x) =


∞∫
−∞


|v|φ(xv)φ(v) dv = 1
2π


∞∫
−∞


|v|e− 1+x2
2 v2 dv = 1


π


∞∫
0


ve− 1+x2
2 v2 dv =


= 1
π


lim
t→∞


[
− 1


1 + x2 e− 1+x2
2 v2


]t


0
= 1


π(1 + x2) .


8.5. Várható érték
8.77. Definíció. Legyen (Ω, F , P) valószínűségi mező és ξ : Ω → R valószínűségi
változó. Azt mondjuk, hogy ξ-nek létezik várható értéke, ha ξ-nek létezik integrálja
P-szerint. Ekkor az


E ξ :=
∫


ξ dP


értéket a ξ várható értékének nevezzük. Ha ξ integrálható P-szerint (azaz létezik
integrálja és az véges), akkor azt mondjuk, hogy ξ-nek létezik véges várható értéke.


A következő tétel az integrál korábban már bizonyított tulajdonságainak átfogal-
mazásai várható értékre.


8.78. Tétel. Legyen (Ω, F , P) valószínűségi mező és ξ, η : Ω → R valószínűségi
változók.


① E ξ+ és E ξ− mindig létezik.
② Pontosan akkor ∃ E ξ, ha E ξ+ ∈ R vagy E ξ− ∈ R, és ekkor E ξ = E ξ+ − E ξ−.
③ Pontosan akkor létezik ξ-nek véges várható értéke, ha E ξ+ ∈ R és E ξ− ∈ R.
④ Ha ∃ E ξ és ξ = η m.b., akkor ∃ E η és E ξ = E η.
⑤ Pontosan akkor létezik ξ-nek véges várható értéke, ha |ξ|-nek létezik véges


várható értéke, és ekkor | E ξ| ⩽ E |ξ|.
⑥ Ha ∃ E ξ és c ∈ R, akkor ∃ E(cξ) és E(cξ) = c E ξ.
⑦ Ha E ξ + E η létezik, akkor ∃ E(ξ + η) és E(ξ + η) = E ξ + E η.
⑧ Ha ξ ⩽ η m.b. és ∃ E ξ > −∞ (vagy ∃ E η < ∞), akkor ∃ E ξ és ∃ E η, továbbá


E ξ ⩽ E η.
⑨ Ha |ξ| ⩽ η m.b. és η-nak létezik véges várható értéke, akkor ξ-nek is létezik


véges várható értéke.
⑩ Ha c ∈ R és ξ = c m.b., akkor ξ-nek létezik véges várható értéke és E ξ = c.
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Bizonyítás. Az ①–③ a mérhető függvények integráljának definíciójából következik.
A ④–⑨ az 5.21. tételből következik. A ⑩ bizonyításához legyen A := {ξ = c}. Ekkor
P(A) = 1 és P(A) = 0. Így E ξ =


∫
ξ dP =


∫
A


ξ dP +
∫
A


ξ dP =
∫
A


ξ dP =
∫
A


c dP =


= c
∫


χ
A dP = c P(A) = c.


A következő három tétel szintén az integrál korábban már bizonyított tulajdonsá-
gainak átfogalmazásai várható értékre.


8.79. Tétel (Fatou-lemmaFatou-lemma). Ha (Ω, F , P) valószínűségi mező és ξn : Ω → R nemne-
gatív értékű valószínűségi változók ∀n ∈ N-re, akkor lim E ξn ⩾ E(lim ξn).


8.80. Tétel (Monoton konvergencia tételMonoton konvergencia tétel). Legyen (Ω, F , P) valószínűségi mező és
ξn : Ω → R nemnegatív értékű valószínűségi változók ∀n ∈ N-re. Ha ξ1 ⩽ ξ2 ⩽ . . . ,
akkor lim


n→∞
E ξn = E


(
lim


n→∞
ξn


)
.


8.81. Tétel (Majorált konvergencia tételMajorált konvergencia tétel). Legyen (Ω, F , P) valószínűségi mező és
η, ξ, ξn : Ω → R (n ∈ N) valószínűségi változók. Ha η-nak létezik véges várható értéke,
|ξn| ⩽ η m.b. ∀n ∈ N-re és lim


n→∞
ξn = ξ m.b., akkor ξ-nek és ξn-nek is létezik véges


várható értéke ∀n ∈ N-re, továbbá lim
n→∞


E ξn = E ξ és lim
n→∞


E |ξn − ξ| = 0.


8.82. Tétel. Nemnegatív ξ valószínűségi változónak pontosan akkor létezik véges
várható értéke, ha


∞∑
n=1


P(ξ ⩾ n) ∈ R.


Bizonyítás. Legyen Ak := {k ⩽ ξ < k + 1}.
▶ „⇒”


∞∑
n=1


P(ξ ⩾ n) =
∞∑


n=1


∞∑
k=n


P(Ak) =
∞∑


k=1
k P(Ak) =


∞∑
k=0


k P(Ak) =
∞∑


k=0


∫
Ak


k dP ⩽


⩽
∞∑


k=0


∫
Ak


ξ dP =
∫


ξ dP = E ξ =⇒ állítás.


▶ „⇐” E ξ =
∫


ξ dP =
∞∑


k=0


∫
Ak


ξ dP ⩽
∞∑


k=0


∫
Ak


(k + 1) dP =
∞∑


k=0


∫
Ak


k dP +
∞∑


k=0


∫
Ak


1 dP =


=
∞∑


n=1
P(ξ ⩾ n) +


∫
Ω


1 dP =
∞∑


n=1
P(ξ ⩾ n) + P(Ω) =


∞∑
n=1


P(ξ ⩾ n) + 1 =⇒ állítás.


8.83. Megjegyzés. Az előző bizonyításból kiderül, hogy nemnegatív ξ valószínűségi
változó esetén ∞∑


n=1
P(ξ ⩾ n) ⩽ E ξ ⩽


∞∑
n=1


P(ξ ⩾ n) + 1.


8.84. Tétel. Ha ξ2-nek és η2-nek létezik véges várható értéke, akkor ξ-nek, η-nak és
ξη-nak is létezik véges várható értéke.


Bizonyítás. Ekkor 1
2(ξ2 + η2)-nek létezik véges várható értéke, továbbá |ξη| ⩽ 1


2(ξ2 +
+ η2), amiből következik, hogy ξη-nak létezik véges várható értéke. Ha speciálisan
η = 1 m.b., akkor ez azt jelenti, hogy ξ-nek létezik véges várható értéke. (Hasonlóan
η-ra.)
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8.85. Definíció. Legyen ξ véges várható értékű valószínűségi változó. Ekkor a


D2 ξ := E(ξ − E ξ)2


értéket ξ szórásnégyzetének nevezzük. A D ξ =
√


E(ξ − E ξ)2 értéket ξ szórásának
nevezzük.


Ha ξ véges várható értékű, akkor (ξ − E ξ)2 nemnegatív valószínűségi változó, így
várható értéke, azaz ξ szórása létezik.


8.86. Tétel. Ha ξ véges várható értékű valószínűségi változó, akkor


D2 ξ = E ξ2 − E2 ξ.


Bizonyítás. Mivel ξ2 ⩾ 0, ezért létezik várható értéke. Így D2 ξ = E(ξ2 − 2ξ E ξ +
+ E2 ξ) = E ξ2 − 2 E ξ E ξ + E2 ξ = E ξ2 − E2 ξ.


8.87. Tétel. A ξ valószínűségi változónak pontosan akkor létezik véges szórása, ha
ξ2-nek létezik véges várható értéke.


Bizonyítás. ▶ „⇒” Láttuk, hogy D2 ξ = E ξ2 − E2 ξ, így, ha ez véges, akkor E ξ2 is
az.
▶ „⇐” Ha ξ2-nek létezik véges várható értéke, akkor ξ-nek is, így létezik szórás,
továbbá D2 ξ = E ξ2 − E2 ξ miatt ez véges.


8.88. Tétel (Markov-egyenlőtlenségMarkov-egyenlőtlenség). Ha ξ valószínűségi változó, ξ ⩾ 0 m.b. és
0 ⩽ c < ∞, akkor E ξ ⩾ c P(ξ ⩾ c).


Bizonyítás. ξ− = 0 m.b. =⇒ 5.6. tétel ⑤ pontjából E ξ− = 0 =⇒ 5.6. tétel ③


pontjából E ξ = E ξ+ − E ξ− = E ξ+ ⩾ c P(ξ+ ⩾ c) = c P(ξ ⩾ c).


8.89. Tétel (Csebisev-egyenlőtlenségCsebisev-egyenlőtlenség). Ha ξ véges várható értékű valószínűségi
változó és ε ∈ R+, akkor P(|ξ − E ξ| ⩾ ε) ⩽ D2 ξ


ε2 .


Bizonyítás. Legyen c := ε2 és η := (ξ − E ξ)2. Ekkor c-re és η-ra teljesülnek a
Markov-egyenlőtlenség feltételei, így P(|ξ − E ξ| ⩾ ε) = P(η ⩾ c) ⩽ E η


c
= D2 ξ


ε2 .


A következőkben azt vizsgáljuk, hogy hogyan lehet kiszámolni különböző esetek-
ben a várható értéket.


8.90. Tétel. Legyen ξ tetszőleges valószínűségi változó. Ekkor


E |ξ| =
∫


(0,∞)


(
1 − F|ξ|


)
dλ =


∞∫
0


P(|ξ| ⩾ x) dx =
∞∫


0


P(|ξ| > x) dx.
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Bizonyítás. |ξ(ω)| =
∫


χ(0,|ξ(ω)|] dλ ∀ω ∈ Ω =⇒ E |ξ| =
∫ ∫


χ(0,|ξ|] dλ dP =
⇑


Fubini-tétel
=
∫ ∫


χ(0,|ξ|] dP dλ =
∫


E χ(0,|ξ|] dλ. Másrészt


χ(0,|ξ(ω)|](x) =


1, ha 0 < x ⩽ |ξ(ω)|,
0, ha x ⩽ 0 vagy |ξ(ω)| < x,


így E χ(0,|ξ|](x) = P(x ⩽ |ξ|) = 1 − F|ξ|(x), ha x > 0 és E χ(0,|ξ|](x) = 0, ha x ⩽ 0.
Mindezekből kapjuk, hogy


E |ξ| =
∫


(0,∞)


(
1 − F|ξ|


)
dλ.


Mivel 1−F|ξ| monoton függvény, ezért a szakadási helyeinek halmaza megszámlálható.
Ebből következően 1−F|ξ| Riemann-integrálható és 1−F|ξ|(x) = P(|ξ| ⩾ x) = P(|ξ| >
> x) λ-m.m. x ∈ R esetén. Ebből következik az állítás.


8.91. Tétel. Legyen ξ valószínűségi változó és g : R → R Borel-mérhető függvény.
Ekkor g(ξ) valószínűségi változó, továbbá g(ξ)-nek pontosan akkor létezik várható
értéke, ha


∫
g dQξ létezik. Ekkor E g(ξ) =


∫
g dQξ.


Bizonyítás. A 4.14. tétel miatt g(ξ) valószínűségi változó.
▶ Legyen g egyszerű Borel-mérhető függvény, melynek értékkészlete {c1, . . . , cn}.
Ekkor Bi := {x ∈ R : g(x) = ci} ∈ B(R) (i = 1, . . . , n) és g =


n∑
i=1


ci
χ


Bi
=⇒


E g(ξ) =
n∑


i=1
ci P


(
g(ξ) = ci


)
=


n∑
i=1


ci P(ξ ∈ Bi) =
n∑


i=1
ci Qξ(Bi) =


n∑
i=1


ci


∫
χ


Bi
dQξ =


=
∫ n∑


i=1
ci


χ
Bi


dQξ =
∫


g dQξ. Tehát egyszerű Borel-mérhető g-re teljesül a tétel.
▶ Most legyen g nemnegatív Borel-mérhető függvény. Ekkor az approximációs tétel
miatt léteznek olyan nemnegatív valós értékű Borel-mérhető egyszerű gn függvé-
nyek, melyekre g1 ⩽ g2 ⩽ . . . és lim


n→∞
gn = g teljesül. Így az előző pont és Beppo


Levi monoton konvergencia tétele miatt
∫


g dQξ =
∫


lim
n→∞


gn dQξ = lim
n→∞


∫
gn dQξ =


= lim
n→∞


E gn(ξ) = lim
n→∞


∫
gn(ξ) dP =


∫
lim


n→∞
gn(ξ) dP =


∫
g(ξ) dP = E g(ξ). Tehát


nemnegatív Borel-mérhető g függvényre is teljesül az állítás.
▶ Ha g tetszőleges Borel-mérhető függvény, akkor az előző pont miatt E g(ξ) =
= E(g(ξ))+ − E(g(ξ))− = E g+(ξ) − E g−(ξ) =


∫
g+ dQξ −


∫
g− dQξ =


∫
(g+ −


− g−) dQξ =
∫


g dQξ. Felhasználtuk, hogy (g(ξ))+ = g(ξ)χ{g(ξ)>0} = g(ξ)χ{g>0}(ξ) =
= (gχ{g>0})(ξ) = g+(ξ) és hasonlóan (g(ξ))− = g−(ξ).


A következő tétel a 8.91. tételhez hasonlóan bizonyítható.


8.92. Tétel. Legyen ξ⃗ = (ξ1, . . . , ξn) valószínűségi vektorváltozó és g : Rn → R Borel-
mérhető függvény. Ekkor g


(
ξ⃗
)


valószínűségi változó, továbbá g
(
ξ⃗
)
-nek pontosan


akkor létezik várható értéke, ha
∫


g dQξ⃗ létezik. Ekkor E g
(
ξ⃗
)


=
∫


g dQξ⃗.







158 8. fejezet. Valószínűség


8.93. Tétel. Legyen a ξ valószínűségi változó értékkészlete {xi : i ∈ I}, ahol I ⊂ N,
és g : R → R Borel-mérhető függvény.


① E g(ξ) = ∑
i∈I


g(xi) P(ξ = xi). Az egyenlőség úgy értendő, hogy a két oldal
egyszerre létezik vagy nem létezik, és ha létezik, akkor egyenlőek.


② Pontosan akkor létezik g(ξ)-nek véges várható értéke, ha ∑
i∈I


|g(xi)| P(ξ = xi) ∈
∈ R.


③ Pontosan akkor nem létezik g(ξ)-nek várható értéke, ha ∑
i∈I


g+(xi) P(ξ = xi) =
= ∞ és ∑


i∈I
g−(xi) P(ξ = xi) = ∞.


Bizonyítás. Legyen µ : B(R) → [0, ∞] számláló mérték. A 8.91., 7.9. és 8.31. té-
telekből E g(ξ) =


∫
g dQξ =


∫
g


dQξ


dµ
dµ =


∫
g(x) P(ξ = x) dµ(x) = ∑


i∈I
g(xi) P(ξ =


= xi). Ezzel ① bizonyított. A ② és ③ abból következik, hogy ① miatt E g+(ξ) =
= ∑


i∈I
g+(xi) P(ξ = xi) és E g−(ξ) = ∑


i∈I
g−(xi) P(ξ = xi).


8.94. Tétel. Ha a ξ valószínűségi változó értékkészlete {x1, . . . , xn}, akkor ξ-nek
létezik véges várható értéke, és E ξ =


n∑
i=1


xi P(ξ = xi).


Bizonyítás. Alkalmazzuk a 8.93. tételt I = {1, . . . , n} és g(x) = x esetén.


8.95. Tétel. Legyen a ξ valószínűségi változó értékkészlete {xi : i ∈ N}.
① Ha ξ-nek létezik várható értéke, akkor E ξ =


∞∑
i=1


xi P(ξ = xi).


② Pontosan akkor létezik ξ-nek véges várható értéke, ha
∞∑


i=1
|xi| P(ξ = xi) ∈ R.


③ Pontosan akkor nem létezik ξ-nek várható értéke, ha ∑
i∈I+


xi P(ξ = xi) = ∞ és∑
i∈I−


xi P(ξ = xi) = −∞, ahol I+ = {i ∈ N : xi ⩾ 0} és I− = {i ∈ N : xi < 0}.


Bizonyítás. Alkalmazzuk a 8.93. tételt I = N és g(x) = x esetén.


8.96. Tétel. Legyen ξ abszolút folytonos valószínűségi változó és g : R → R Borel-
mérhető függvény.


① E g(ξ) =
∫


gfξ dλ. Az egyenlőség úgy értendő, hogy a két oldal egyszerre létezik
vagy nem létezik, és ha létezik, akkor egyenlőek.


② Pontosan akkor létezik g(ξ)-nek véges várható értéke, ha
∫


|g|fξ dλ ∈ R.
③ Pontosan akkor nem létezik g(ξ)-nek várható értéke, ha


∫
g+fξ dλ = ∞ és∫


g−fξ dλ = ∞.
④ Ha létezik


∞∫
−∞


g(x)fξ(x) dx és
∞∫


−∞
|g(x)|fξ(x) dx ∈ R, akkor g(ξ)-nek létezik


véges várható értéke, és E g(ξ) =
∞∫


−∞
g(x)fξ(x) dx.
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⑤ Ha
∞∫


−∞
g+(x)fξ(x) dx =


∞∫
−∞


g−(x)fξ(x) dx = ∞, akkor g(ξ)-nek nem létezik
várható értéke.


Bizonyítás. ▶ Legyen λ′ a λ-nak B(R)-re vett leszűkítése. Ekkor a 8.91. és 7.9. téte-
lekből E g(ξ) =


∫
g dQξ =


∫
g


dQξ


dλ′ dλ′ =
∫


gfξ dλ′ =
∫


gfξ dλ =⇒ ①.
▶ Az ① miatt E g+(ξ) =


∫
g+fξ dλ és E g−(ξ) =


∫
g−fξ dλ =⇒ ② és ③.


▶ Ha ④ feltétele teljesül, akkor
∞∫


−∞
|g(x)|fξ(x) dx =


∫
|g|fξ dλ ∈ R =⇒ ② miatt


g(ξ)-nek létezik véges várható értéke, és ① miatt
∞∫


−∞
g(x)fξ(x) dx =


∫
gfξ dλ = E g(ξ)


=⇒ ④.
▶ Ha ⑤ feltétele teljesül, akkor


∫
g+fξ dλ =


∫
g−fξ dλ = ∞, így ③ miatt ⑤ igaz.


8.97. Tétel. Legyen ξ abszolút folytonos valószínűségi változó.
① E ξ =


∫
xfξ(x) dλ(x). Az egyenlőség úgy értendő, hogy a két oldal egyszerre


létezik vagy nem létezik, és ha létezik, akkor egyenlőek.
② Pontosan akkor létezik ξ-nek véges várható értéke, ha


∫
|x|fξ(x) dλ(x) ∈ R.


③ Pontosan akkor nem létezik ξ-nek várható értéke, ha
∫


[0,∞)
xfξ dλ(x) = ∞ és∫


(−∞,0]
xfξ dλ(x) = −∞.


④ Ha
∞∫


−∞
|x|fξ(x) dx ∈ R, akkor ξ-nek létezik véges várható értéke, és E ξ =


=
∞∫


−∞
xfξ(x) dx.


⑤ Ha
∞∫
0


xfξ(x) dx = ∞ és
0∫


−∞
xfξ(x) dx = −∞, akkor ξ-nek nem létezik várható


értéke.


Bizonyítás. A 8.96. tételt alkalmazzuk g(x) := x választással. Itt ④-ben nem kell
külön feltenni, hogy


∞∫
−∞


xfξ(x) dx létezik, mert
∞∫


−∞
|x|fξ(x) dx =


0∫
−∞


(−x)fξ(x) dx +


+
∞∫
0


xfξ(x) dx ∈ R =⇒
∞∫
0


xfξ(x) dx ∈ R és
0∫


−∞
(−x)fξ(x) dx = −


0∫
−∞


xfξ(x) dx ∈ R,


azaz
0∫


−∞
xfξ(x) dx ∈ R =⇒


0∫
−∞


xfξ(x) dx +
∞∫
0


xfξ(x) dx =
∞∫


−∞
xfξ(x) dx ∈ R.


8.98. Példa. Cauchy-eloszlású valószínűségi változónak nem létezik várható értéke,
ugyanis


∞∫
0


xfξ(x) dx =
∞∫


0


x


π(1 + x2) dx = 1
2π


∞∫
0


2x


1 + x2 dx = 1
2π


lim
n→∞


[ln(1 + x2)]n0 = ∞ és


0∫
−∞


xfξ(x) dx =
0∫


−∞


x


π(1 + x2) dx = 1
2π


0∫
−∞


2x


1 + x2 dx = 1
2π


lim
n→∞


[ln(1 + x2)]0−n = −∞.
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8.99. Példa. Ha ξ standard normális eloszlású, akkor E ξ = 0 és D ξ = 1.


Bizonyítás. ▶ A ξ-nek létezik véges várható értéke, mert


∞∫
−∞


|x|φ(x) dx = 2√
2π


∞∫
0


xe− x2
2 dx = 2√


2π
lim
t→∞


[
−e− x2


2


]t


0
= 2√


2π
.


Az integrálásban felhasználtuk, hogy |x|e−x2
2 páros. Így xφ(x) páratlansága miatt


E ξ =
∞∫


−∞
xφ(x) dx = 0.


▶ Legyen f(x) := x és g′(x) := xe
−x2


2 . Ekkor parciális integrálással


∞∫
−∞


x2φ(x) dx = 2√
2π


∞∫
0


x2e− x2
2 dx = 2√


2π
lim
t→∞


[
−xe− x2


2


]t


0
− 2√


2π


∞∫
0


−e− x2
2 dx =


= − 2√
2π


lim
x→∞


x


e
x2
2


+ 2√
2π


∞∫
0


e− x2
2 dx = 2√


2π
lim


x→∞


1
xe


x2
2


+ 1√
2π


∞∫
−∞


e− x2
2 dx = 1.


Ezért E ξ2 véges és értéke 1. Ebből D2 ξ = E ξ2 − E2 ξ = 1.


8.100. Tétel. Ha ξ1, . . . , ξn független véges várható értékű valószínűségi változók,
akkor ξ1 · · · ξn is véges várható értékű, továbbá E ξ1 · · · ξn = E ξ1 · · · E ξn.


Bizonyítás. Legyen ξ⃗ = (ξ1, . . . , ξn), gi : R → R, gi(x) := x (i = 1, . . . , n), továbbá
g : R2 → R, g(x1, . . . , xn) := x1 · · · xn. Ekkor E ξ1 · · · E ξn =


⇑
8.91. tétel


∫
g1 dQξ1 · · ·


∫
gn dQξn


=
⇑


Fubini
=
∫


g d(Qξ1 × · · · × Qξn
) =


⇑
függetlenség


∫
g dQξ⃗ =


⇑
8.92. tétel


E g(ξ1, . . . , ξn) = E ξ1 · · · ξn.


8.101. Tétel. Ha ξ1, . . . , ξn páronként független véges várható értékű valószínűségi
változók, akkor D2(ξ1 + · · · + ξn) = D2 ξ1 + · · · + D2 ξn.


Bizonyítás. D2(ξ1 + · · · + ξn) = E(ξ1 + · · · + ξn)2 − E2(ξ1 + · · · + ξn) = E
(


ξ2
1 + · · · +


+ ξ2
n + ∑


i̸=j
ξiξj


)
− (E ξ1 + · · · + E ξn)2 = E ξ2


1 + · · · + E ξ2
n + ∑


i̸=j
E ξiξj − E2 ξ1 − · · · −


− E2 ξn − ∑
i̸=j


E ξi E ξj = D2 ξ1 + · · · + D2 ξn + ∑
i̸=j


(E ξiξj − E ξi E ξj) =⇒ 8.100. tételből


kapjuk az állítást.
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8.6. Etemadi-féle nagy számok erős törvénye
8.102. Lemma (Borel–Cantelli-lemmaBorel–Cantelli-lemma). Legyen (Ω, F , P) valószínűségi mező és
minden n ∈ N esetén An ∈ F .


① Ha
∞∑


n=1
P(An) ∈ R, akkor P


( ∞⋂
n=1


∞⋃
k=n


Ak


)
= 0.


② Ha A1, A2, . . . független események, továbbá teljesül, hogy
∞∑


n=1
P(An) = ∞,


akkor P
( ∞⋂


n=1


∞⋃
k=n


Ak


)
= 1.


Bizonyítás. ▶ P
( ∞⋂


n=1


∞⋃
k=n


Ak


)
⩽ P


( ∞⋃
k=n


Ak


)
⩽


∞∑
k=n


P(Ak) ∀n ∈ N =⇒


P
( ∞⋂


n=1


∞⋃
k=n


Ak


)
⩽ lim


n→∞


∞∑
k=n


P(Ak) = lim
n→∞


( ∞∑
k=1


P(Ak) −
n−1∑
k=1


P(Ak)
)


= 0 =⇒ ①.


▶ Az f : R → R, f(x) := e−x függvénynek x = 0-ban az érintője az y = 1 − x
egyenes. Így az f konvexitása miatt


1 − x ⩽ e−x ∀x ∈ R. (8.12)


P
(


m⋃
k=n


Ak


)
= P


(
m⋂


k=n
Ak


)
=


m∏
k=n


P(Ak) =
m∏


k=n
(1 − P(Ak)) ⩽


⇑
(8.12)


m∏
k=n


e− P(Ak) =


= exp
(


−
m∑


k=n
P(Ak)


)
=⇒ lim


m→∞
P
(


m⋃
k=n


Ak


)
= 0 ∀n ∈ N =⇒


lim
m→∞


P
(


m⋃
k=n


Ak


)
= 1 ∀n ∈ N. (8.13)


P
( ∞⋂


n=1


∞⋃
k=n


Ak


)
=
⇑


folyt.


lim
n→∞


P
( ∞⋃


k=n
Ak


)
=
⇑


folyt.


lim
n→∞


lim
m→∞


P
(


m⋃
k=n


Ak


)
=
⇑


(8.13)


1 =⇒ ②.


8.103. Megjegyzés. Vegyük észre, hogy a
∞⋂


n=1


∞⋃
k=n


Ak esemény pontosan akkor következik
be, ha az A1, A2, . . . események közül végtelen sok bekövetkezik.


8.104. Lemma. Ha ξ1, ξ2, . . . páronként független, azonos eloszlású, véges várható
értékű valószínűségi változók, akkor mind a ξ+


1 , ξ+
2 , . . . mind a ξ−


1 , ξ−
2 , . . . valószínűségi


változók páronként függetlenek, azonos eloszlásúak és véges várható értékűek.


Bizonyítás. Legyen i, j ∈ N, i ̸= j.
▶ Ha x > 0, akkor P(ξ+


i < x) = P(ξi < x) = P(ξj < x) = P(ξ+
j < x). Ha x ⩽ 0,


akkor P(ξ+
i < x) = 0 = P(ξ+


j < x). =⇒ ξ+
i és ξ+


j azonos eloszlásúak. Hasonlóan
kapjuk, hogy ξ−


i és ξ−
j is azonos eloszlásúak.


▶ Ha xi > 0 és xj > 0, akkor P(ξ+
i < xi, ξ+


j < xj) = P(ξi < xi, ξj < xj) =
= P(ξi < xi) P(ξj < xj) = P(ξ+


i < xi) P(ξ+
j < xj). Ha xi ⩽ 0 vagy xj ⩽ 0, akkor


P(ξ+
i < xi, ξ+


j < xj) = 0 = P(ξ+
i < xi) P(ξ+


j < xj). =⇒ ξ+
i és ξ+


j függetlenek.
Hasonlóan kapjuk, hogy ξ−


i és ξ−
j is függetlenek.


▶ A 8.78. tétel ③ pontja alapján ξ+
i és ξ−


i véges várható értékűek.
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8.105. Lemma (Toeplitz-lemmaToeplitz-lemma). Ha lim
n→∞


an = a ∈ R, akkor lim
n→∞


1
n


n∑
i=1


ai = a.


Bizonyítás. Legyen ε > 0 rögzített. Ekkor ∃N0 ∈ N, hogy n > N0 esetén |an −a| < ε
2 ,


másrészt ∃K > 0, hogy |ai − a| ⩽ K ∀i ∈ N. Legyen n0 := max
{
N0,


[
2KN0


ε


]}
, és


n > n0 egész. Ekkor
[


2KN0
ε


]
⩽ n0 < n =⇒ 2KN0


ε
< n =⇒


1
n


<
ε


2KN0
. (8.14)


∣∣∣∣ 1
n


n∑
i=1


ai − a
∣∣∣∣ =


∣∣∣∣ 1
n


n∑
i=1


(ai − a)
∣∣∣∣ ⩽ 1


n


n∑
i=1


|ai − a| =
⇑


N0⩽n0<n


1
n


N0∑
i=1


|ai − a|︸ ︷︷ ︸
⩽K


+ 1
n


n∑
i=N0+1


|ai − a|︸ ︷︷ ︸
< ε


2


<


< 1
n
N0K + 1


n
(n − N0)︸ ︷︷ ︸
=1− N0


n
<1


ε
2 <


⇑
(8.14)


ε
2KN0


N0K + ε
2 = ε =⇒ állítás.


8.106. Lemma. Legyen an, bn, cn, kn ∈ N (n ∈ N), a kn sorozat monoton növekvő
felülről nem korlátos, a, c ∈ R, lim


n→∞
akn = a, lim


n→∞
ckn = c, és akn ⩽ bi ⩽ ckn, ha


kn < i ⩽ kn+1. Ekkor a ⩽ lim bn és lim bn ⩽ c.


Bizonyítás. Az akn és ckn sorozatok korlátosak. Legyen A az akn sorozat alsó korlátja
és C a ckn sorozat felső korlátja. Ha i ∈ N tetszőleges, akkor létezik hozzá ni ∈ N,
hogy kni


< i ⩽ kni+1 =⇒ A ⩽ akni
⩽ bi ⩽ ckni


⩽ C =⇒ bi korlátos sorozat =⇒
lim bn ∈ R és lim bn ∈ R.


Legyen bln a bn olyan részsorozata, melyre lim
n→∞


bln = lim bn. Legyen Hn := {i ∈
∈ N : kn < li ⩽ kn+1}. Ekkor Hn-nek létezik olyan Htn részsorozata, melyre Htn ̸= ∅
∀n ∈ N. Legyen hn := min Htn . Ekkor ktn < lhn ⩽ ktn+1 ∀n ∈ N =⇒ aktn


⩽ blhn


∀n ∈ N =⇒ a = lim
n→∞


aktn
⩽ lim


n→∞
blhn


= lim bn. A tétel másik állítása hasonlóan
bizonyítható.


8.107. Tétel (Etemadi-féle nagy számok erős törvényeEtemadi-féle nagy számok erős törvénye). Ha ξ1, ξ2, . . . páronként
független, azonos eloszlású, véges várható értékű valószínűségi változók, akkor


lim
n→∞


1
n


n∑
i=1


ξi = E ξ1 m.b.


Bizonyítás. Bevezetjük a következő jelöléseket:


Sn :=
n∑


i=1
ξi, ηi := ξi


χ{ξi⩽i}, S∗
n :=


n∑
i=1


ηi.


Először tegyük fel, hogy ξn nemnegatív minden n-re. Ekkor fn := ξ1χ{ξ1⩽n} jelöléssel
f1 ⩽ f2 ⩽ . . . és lim


n→∞
fn = ξ1. Így a monoton konvergencia tételből


E ξ1 = lim
n→∞


E ξ1χ{ξ1⩽n} = lim
n→∞


E ξn
χ{ξn⩽n} = lim


n→∞
E ηn. (8.15)
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Ebből és a Toeplitz-lemmából következően


lim
n→∞


1
n


E S∗
n = lim


n→∞


1
n


n∑
i=1


ηi = lim
n→∞


E ηn = E ξ1. (8.16)


Legyen α > 1 és kn := [αn]. Ekkor ε > 0 esetén a Csebisev-egyenlőtlenség miatt


∆ε :=
∞∑


n=1
P
(
|S∗


kn
− E S∗


kn
| ⩾ εkn


)
⩽


∞∑
n=1


D2 S∗
kn


ε2k2
n


= 1
ε2


∞∑
n=1


1
k2


n


kn∑
i=1


D2 ηi ⩽


⩽
1
ε2


∞∑
n=1


1
k2


n


kn∑
i=1


E η2
i = 1


ε2


∞∑
i=1


E η2
i


∑
kn⩾i


1
k2


n


= 1
ε2


∞∑
i=1


E η2
i


∞∑
l=0


1
k2


ni+l


, (8.17)


ahol ni ∈ N olyan, hogy kni−1 < i ⩽ kni
. Ha x, y > 1, akkor x[y]


[xy] ⩽
xy


[xy] = [xy]+{xy}
[xy] =


= 1 + {xy}
[xy] ⩽ 2 =⇒ x[y] ⩽ 2[xy] ∀x, y > 1 =⇒ αli ⩽ αl[αni ] ⩽ 2[αlαni ] = 2kni+l


(l = 0, 1, . . . ) =⇒ 1
k2


ni+l
⩽ 4i−2α−2l (l = 0, 1, . . . ) =⇒ (8.17) miatt


∆ε ⩽
1
ε2


∞∑
i=1


E η2
i


∞∑
l=0


4i−2α−2l = c
∞∑


i=1


1
i2 E η2


i = c
∞∑


i=1


1
i2 E


(
ξ2


1χ{ξ1⩽i}
)


(8.18)


ahol c = 4
ε2(1−α−2) ∈ R. Ha ω ∈ Ω esetén 0 < ξ1(ω) ⩽ i, akkor ξ2


1(ω)χ{0<ξ1⩽i}(ω) =
= ξ2


1(ω)χ{ξ1⩽i}(ω). Ha ξ1(ω) = 0 vagy ξ1(ω) > i, akkor ξ2
1(ω)χ{0<ξ1⩽i}(ω) = 0 =


= ξ2
1(ω)χ{ξ1⩽i}(ω). Tehát ξ2


1χ{ξ1⩽i} = ξ2
1χ{0<ξ1⩽i} = ξ2


1
i−1∑
k=0


χ{k<ξ1⩽k+1}. Így (8.18)
miatt


∆ε ⩽ c
∞∑


i=1


1
i2


i−1∑
k=0


E
(
ξ2


1χ{k<ξ1⩽k+1}
)


= c
∞∑


k=0
E
(
ξ2


1χ{k<ξ1⩽k+1}
) ∞∑


i=k+1


1
i2 ⩽


⩽ c
∞∑


k=0
E
(
ξ2


1χ{k<ξ1⩽k+1}
) ∞∫


k


1
x2 dx = c


∞∑
k=0


E
(
ξ2


1χ{k<ξ1⩽k+1}
) 1


k
⩽


⩽ 2c
∞∑


k=0
E
( 1


k + 1ξ2
1χ{k<ξ1⩽k+1}


)
. (8.19)


Ha ω ∈ Ω esetén k < ξ1(ω) ⩽ k + 1, akkor 1
k+1ξ2


1(ω)χ{k<ξ1⩽k+1}(ω) = 1
k+1ξ2


1(ω) ⩽
⩽ 1


ξ1(ω)ξ
2
1(ω) = ξ1(ω) = ξ1(ω)χ{k<ξ1⩽k+1}(ω). Ha ξ1(ω) ⩽ k vagy ξ1(ω) > k + 1,


akkor 1
k+1ξ2


1(ω)χ{k<ξ1⩽k+1}(ω) = 0 ⩽ ξ1(ω)χ{k<ξ1⩽k+1}(ω). Tehát 1
k+1ξ2


1χ{k<ξ1⩽k+1} ⩽


⩽ ξ1χ{k<ξ1⩽k+1}. Így (8.19) miatt


∆ε ⩽ 2c
∞∑


k=0
E
(
ξ1χ{k<ξ1⩽k+1}


)
= 2c lim


n→∞


n−1∑
k=0


E
(
ξ1χ{k<ξ1⩽k+1}


)
=


= 2c lim
n→∞


E
(
ξ1χ{0<ξ1⩽n}


)
. (8.20)


Ha ω ∈ Ω esetén 0 < ξ1(ω) ⩽ n, akkor ξ1(ω)χ{0<ξ1⩽n}(ω) = ξ1(ω)χ{0⩽ξ1⩽n}(ω) =
= ξ1(ω)χ{ξ1⩽n}(ω). Ha ξ1(ω) = 0 vagy ξ1(ω) > n, akkor ξ1(ω)χ{0<ξ1⩽n}(ω) = 0 =
= ξ1(ω)χ{ξ1⩽n}(ω). Tehát ξ1χ{0<ξ1⩽n} = ξ1χ{ξ1⩽n}. Így (8.20) miatt


∆ε ⩽ 2c lim
n→∞


E
(
ξ1χ{ξ1⩽n}


)
=
⇑


(8.15)


2c E ξ1 ∈ R.
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Tehát ∆ε definíciójából
∞∑


n=1
P
(


|S∗
kn


− E S∗
kn


|
kn


⩾ ε


)
∈ R ∀ε > 0.


Így a Borel–Cantelli-lemma alapján 0 annak a valószínűsége, hogy tetszőlegesen
rögzített ε > 0 esetén |S∗


kn
−E S∗


kn
|


kn
⩾ ε teljesüljön végtelen sok n-re. Ebből következik,


hogy lim
n→∞


(
S∗


kn


kn
− E S∗


kn


kn


)
= 0 m.b. =⇒ (8.16) miatt


lim
n→∞


S∗
kn


kn


= E ξ1 m.b. (8.21)


A 8.82. tétel miatt
∞∑


n=1
P(ηn ̸= ξn) =


∞∑
n=1


P(ξn > n) =
∞∑


n=1
P(ξ1 > n) ⩽


∞∑
n=1


P(ξ1 ⩾ n) ∈ R.


Így a Borel–Cantelli-lemma alapján 0 annak a valószínűsége, hogy ηn ̸= ξn végtelen
sok n-re, azaz ηn ̸= ξn legfeljebb véges sok n-re m.b. =⇒ ω ∈


∞⋃
n=1


∞⋂
k=n


{ξk = ηk} esetén
létezik nω ∈ N, hogy k ⩾ nω esetén ξk(ω) = ηk(ω) =⇒


lim
n→∞


S∗
kn


(ω)
kn


= lim
n→∞


ηnω (ω)+···+ηkn (ω)
kn


= lim
n→∞


ξnω (ω)+···+ξkn (ω)
kn


= lim
n→∞


Skn (ω)
kn


.


Így lim
n→∞


Skn


kn
= lim


n→∞
S∗


kn


kn
m.b. =⇒ (8.21) miatt


lim
n→∞


Skn


kn


= E ξ1 m.b. (8.22)


1− 1
αn


α
= αn−1


αn+1 = [αn]
[αn+1] ⩽


αn


αn+1−1 = 1
α− 1


αn
=⇒


lim
n→∞


kn


kn+1
= 1


α
. (8.23)


Ha i ∈ N és kn < i ⩽ kn+1, akkor


iSkn ⩽ kn+1Skn ⩽ kn+1Si =⇒ Skn


kn+1
⩽


Si


i


knSi ⩽ iSi ⩽ iSkn+1 =⇒ Si


i
⩽


Skn+1


kn


 =⇒


kn


kn+1


Skn


kn


⩽
Si


i
⩽


kn+1


kn


Skn+1


kn+1
(kn < i ⩽ kn+1). (8.24)


Ekkor (8.24), (8.23), (8.22) és a 8.106. lemma alapján 1
α


E ξ1 ⩽ lim Sn


n
m.b. ∀α > 1


és lim Sn


n
⩽ α E ξ1 m.b. ∀α > 1 =⇒


E ξ1 = lim
α→1+0


1
α


E ξ1 ⩽ lim Sn


n
⩽ lim Sn


n
⩽ lim


α→1+0
α E ξ1 = E ξ1 m.b.,
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amelyből következik az állítás nemnegatív értékű valószínűségi változókra. Általános
esetben a 8.104. lemma és az előzőek alapján


lim
n→∞


1
n


n∑
i=1


ξ+
i = E ξ+


1 m.b. és lim
n→∞


1
n


n∑
i=1


ξ−
i = E ξ−


1 m.b.,


melyből


lim
n→∞


1
n


n∑
i=1


ξi = lim
n→∞


1
n


n∑
i=1


ξ+
i − lim


n→∞


1
n


n∑
i=1


ξ−
i = E ξ+


1 − E ξ−
1 = E ξ1 m.b.


8.108. Tétel (Nagy számok gyenge törvényeNagy számok gyenge törvénye). Ha ξ1, ξ2, . . . páronként független,
azonos eloszlású, véges várható értékű valószínűségi változók, akkor 1


n


n∑
i=1


ξi valószínű-
ségben konvergál E ξ1-hez, azaz


lim
n→∞


P
(∣∣∣∣∣ 1n


n∑
i=1


ξi − E ξ1


∣∣∣∣∣ > ε


)
= 0 ∀ε ∈ R+.


A valószínűségben vett konvergálást sztochasztikus konvergenciának is nevezzük.


Bizonyítás. A tétel következménye az Etemadi-féle nagy számok erős törvényének és
a Lebesgue-tételnek.


8.109. Megjegyzés. Ha a nagy számok gyenge törvényében még a véges szórást
is feltételezzük, akkor közvetlenül a Csebisev-egyenlőtlenségből is bizonyíthatunk,
ugyanis ekkor Sn :=


n∑
i=1


ξi jelöléssel


P
(∣∣∣∣Sn


n
− E Sn


n


∣∣∣∣ > ε
)
⩽ P


(∣∣∣∣Sn


n
− E Sn


n


∣∣∣∣ ⩾ ε
)
⩽


D2 Sn


n


ε2 ∀ε ∈ R+, ∀n ∈ N,


továbbá E Sn


n
= E ξ1 és D2 Sn


n
= 1


n
D2 ξ1, így


P
(∣∣∣∣Sn


n
− E ξ1


∣∣∣∣ > ε
)
⩽


D2 ξ1


nε2 ∀ε ∈ R+, ∀n ∈ N.


Ezt az egyenlőtlenséget is szokás nagy számok gyenge törvényének nevezni.


8.7. Karakterisztikus függvény
8.110. Definíció. Legyen (Ω, F , P) valószínűségi mező, ξ, η : Ω → R valószínűségi
változók és ζ : Ω → C, ζ(ω) := ξ(ω) + iη(ω). Ekkor a ζ függvényt komplex értékű
valószínűségi változónak nevezzük. Ha ξ és η véges várható értékűek, akkor ζ várható
értékén a P-szerinti integrálját értjük és E ζ módon jelöljük, azaz


E ζ :=
∫


(ξ + iη) dP =
∫


ξ dP + i
∫


η dP = E ξ + i E η.
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8.111. Definíció. Ha ξ valószínűségi változó, akkor a φξ : R → C, φξ(t) := E eiξt


függvényt a ξ karakterisztikus függvényének nevezzük.


8.112. Megjegyzés. Minden ξ valószínűségi változó karakterisztikus függvénye értel-
mezett minden t ∈ R esetén, ugyanis


φξ(t) = E eiξt = E(cos ξt + i sin ξt) = E cos ξt + i E sin ξt,


továbbá a cos és sin függvények korlátosak, így cos ξt és sin ξt véges várható értékűek.


8.113. Tétel. φξ(t) =
∫


eixt dQξ(x) ∀t ∈ R.


Bizonyítás. φξ(t) = E cos ξt + i E sin ξt =
∫


cos xt dQξ(x) + i
∫


sin xt dQξ(x) =
=
∫
(cos xt + i sin xt) dQξ(x) =


∫
eixt dQξ(x).


8.114. Tétel. Ha ξ abszolút folytonos, akkor φξ(t) =
∫


eixtfξ(x) dλ(x) ∀t ∈ R.


Bizonyítás. φξ(t) = E cos ξt + i E sin ξt =
∫
(cos xt)fξ(x) dλ(x)+


+i
∫
(sin xt)fξ(x) dλ(x) =


∫
(cos xt + i sin xt)fξ(x) dλ(x) =


∫
eixtfξ(x) dλ(x).


8.115. Tétel. Minden karakterisztikus függvény valós és képzetes része korlátos,
illetve egyenletesen folytonos.


Bizonyítás. ▶ A korlátosság abból következik, hogy | E cos ξt| ⩽ E | cos ξt| ⩽ 1 és
| E sin ξt| ⩽ E | sin ξt| ⩽ 1.
▶ | E cos ξ(t + h) − E cos ξt| = | E(cos ξ(t + h) − cos ξt)| ⩽ E | cos ξ(t + h) − cos ξt| =
= E


∣∣∣−2 sin ξ(2t+h)
2 sin ξh


2


∣∣∣ ⩽ 2 E
∣∣∣sin ξh


2


∣∣∣. Másrészt, ha hn nullsorozat, akkor a sin
függvény folytonossága miatt lim


n→∞


∣∣∣sin ξhn


2


∣∣∣ = 0, így a majorált konvergencia tételből
lim


n→∞
E
∣∣∣sin ξhn


2


∣∣∣ = 0. Mindezekből kapjuk, hogy lim
h→0


| E cos ξ(t + h) − E cos ξt| = 0 =⇒
φξ valós része egyenletesen folytonos. A képzetes részre hasonló a bizonyítás.


8.116. Tétel. φaξ+b(t) = eibtφξ(at) ∀a, b, t ∈ R.


Bizonyítás. φaξ+b(t) = E ei(aξ+b)t = E eiξateibt = eibt E eiξat = eibtφξ(at).


8.117. Tétel. Ha ξ1, . . . , ξn független valószínűségi változók, akkor


φξ1+···+ξn = φξ1 · · · φξn .
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Bizonyítás. η := ξ1 + · · · + ξn jelöléssel kapjuk, hogy φη(t) = E
(
eiξ1t · · · eiξnt


)
=


= E
n∏


j=1
(cos ξjt + i sin ξjt) = E(Σ1 + iΣ2), ahol Σ1 és Σ2 is olyan összegek, melyek-


ben minden tag h1(ξ1t) · · · hn(ξnt) alakú, ahol hk vagy sin vagy cos =⇒ φη(t) =
= E Σ1 + i E Σ2 = Σ3 + iΣ4, ahol Σ3 és Σ4 is olyan összegek, melyekben minden
tag E


(
h1(ξ1t) · · · hn(ξnt)


)
= E h1(ξ1t) · · · E hn(ξnt) alakú a függetlenség miatt =⇒


φη(t) =
n∏


j=1
(E cos ξjt + i E sin ξjt) = φξ1(t) · · · φξn(t).


8.118. Lemma. 1√
2π


∞∫
−∞


x2ke− x2
2 dx = (2k)!


2kk! ∀k = 0, 1, 2, . . .


Bizonyítás. Teljes indukcióval bizonyítunk. Ha k = 0, akkor 1√
2π


∞∫
−∞


e− x2
2 dx =


=
∞∫


−∞
φ(x) dx = 1 = (2·0)!


200! . Tegyük fel, hogy k = l esetén teljesül az állítás,


vizsgáljuk k = l + 1 esetén. 1√
2π


∞∫
−∞


x2(l+1)e− x2
2 dx = 1√


2π
lim
t→∞


t∫
−t


x2l+1xe− x2
2 dx=


⇑
parc.int.


= 1√
2π


lim
t→∞


([
−x2l+1e− x2


2


]t


−t
+ (2l + 1)


t∫
−t


x2le− x2
2 dx


)
= (2l + 1) 1√


2π


∞∫
−∞


x2le− x2
2 dx=


⇑
ind.felt.


= (2l + 1) (2l)!
2ll! = (2(l+1))!


2l+1(l+1) =⇒ állítás.


8.119. Tétel. Ha ξ standard normális eloszlású valószínűségi változó, akkor φξ(t) =
= e− t2


2 ∀t ∈ R.


Bizonyítás. (sin xt)φ(x) páros függvény =⇒
∞∫


−∞
(sin xt)φ(x) dx = 0 =⇒ φξ(t) =


= E cos ξt + i E sin ξt =
∞∫


−∞
(cos xt)φ(x) dx = lim


n→∞


n∫
−n


∞∑
k=0


(−1)k (tx)2k


(2k)!
1√
2π


e− x2
2 dx. Az


előző képletben szereplő hatványsor konvergenciasugara ∞, így minden korlátos
zárt intervallumon egyenletesen konvergens, melyből kapjuk, hogy az integrálás és a
szummázás sorrendje felcserélhető =⇒


φξ(t) = lim
n→∞


lim
m→∞


m∑
k=0


(−1)k t2k


(2k)!
1√
2π


n∫
−n


x2ke− x2
2 dx. (8.25)


Rögzített m esetén


lim
n→∞


m∑
k=0


(−1)k t2k


(2k)!
1√
2π


n∫
−n


x2ke− x2
2 dx =


m∑
k=0


(−1)k t2k


(2k)!
1√
2π


∞∫
−∞


x2ke− x2
2 dx =


⇑
8.118. lemma


=
m∑


k=0
(−1)k t2k


(2k)!
(2k)!
2kk! =


m∑
k=0


(−1)k t2k


2kk! ∈ R, (8.26)
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így a (8.25) képletben a limeszek felcserélhetőek =⇒


φξ(t) = lim
m→∞


lim
n→∞


m∑
k=0


(−1)k t2k


(2k)!
1√
2π


n∫
−n


x2ke− x2
2 dx =


⇑
(8.26)


= lim
m→∞


m∑
k=0


(−1)k t2k


2kk! =
∞∑


k=0


(
− t2


2


)k


k! = e− t2
2 .


8.120. Lemma. Ha ξ és η független valószínűségi változók, η standard normális
eloszlású és σ ∈ R+, akkor ξ + ση abszolút folytonos és


fξ+ση(x) = 1
2π


∫
e−iuxe− σ2u2


2 φξ(u) dλ(u) ∀x ∈ R.


Bizonyítás. ξ és ση függetlenek, így a 8.69. tétel miatt ξ + ση abszolút folytonos és
fξ+ση(x) =


∫
fση(x − v) dQξ(v). Másrészt Fση(x) = P(ση < x) = P(η < x


σ
) = Φ(x


σ
) =


=
x/σ∫


−∞


1√
2π


e− t2
2 dt =


x∫
−∞


1
σ


√
2π


e− u2
2σ2 du =⇒ fση(u) = 1


σ
√


2π
e− u2


2σ2 =⇒


fξ+ση(x) =
∫ 1


σ
√


2π
e− (x−v)2


2σ2 dQξ(v). (8.27)


A 8.116. és 8.119. tételekből


φ η
σ
(t) = φη


(
t


σ


)
= e− t2


2σ2 . (8.28)


F η
σ
(x) = P( η


σ
< x) = P(η < σx) = Φ(σx) =


σx∫
−∞


1√
2π


e− t2
2 dt =


x∫
−∞


σ√
2π


e− σ2u2
2 du =⇒


f η
σ
(u) = σ√


2π
e− σ2u2


2 =⇒ φ η
σ
(v −x) =


⇑
8.114. tétel


∫
eiu(v−x) σ√


2π
e− σ2u2


2 dλ(u) =
⇑


(8.28)


e− (v−x)2


2σ2 =⇒ (8.27)


miatt


fξ+ση(x) =
∫ 1


σ
√


2π


∫
eiu(v−x) σ√


2π
e− σ2u2


2 dλ(u) dQξ(v) =


= 1
2π


∫∫
eiu(v−x)e− σ2u2


2 dλ(u) dQξ(v) = (Fubini-tétel)


= 1
2π


∫
e−iuxe− σ2u2


2


∫
eiuv dQξ(v) dλ(u) = (8.113. tétel)


= 1
2π


∫
e−iuxe− σ2u2


2 φξ(u) dλ(u).


8.121. Lemma. Legyen ξ és η ugyanazon valószínűségi mezőn értelmezett való-
színűségi változók, E η = 0 és D η = 1. Ha Fξ az x ∈ R pontban folytonos, akkor


lim
σ→0+0


Fξ+ση(x) = Fξ(x).


Bizonyítás. Legyen ε ∈ R+ és x ∈ R az Fξ egy folytonossági pontja. Ekkor


Fξ+ση(x) = P
(


{ξ + ση < x} ∩ {|ση| < ε}︸ ︷︷ ︸
⊂{ξ<x+ε}


)
+ P


(
{ξ + ση < x} ∩ {|ση| ⩾ ε}︸ ︷︷ ︸


⊂{|ση|⩾ε}


)
⩽
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⩽ Fξ(x + ε) + P(|ση| ⩾ ε) ⩽
⇑


Csebisev-egy.


Fξ(x + ε) + σ2


ε2 ,


másrészt


Fξ+ση(x) ⩾ P
(


{ξ + ση < x} ∩ {|ση| < ε}︸ ︷︷ ︸
{ξ<x−ε}∩{|ση|<ε}⊂


)
⩾ P


(
{ξ < x − ε} ∩ {|ση| < ε}


)
=


= P(ξ < x − ε) + P(|ση| < ε) − P
(
{ξ < x − ε} ∪ {|ση| < ε}


)
⩾


⩾ Fξ(x − ε) + P(|ση| < ε) − 1 = Fξ(x − ε) − P(|ση| ⩾ ε) ⩾
⇑


Csebisev-egy.


Fξ(x − ε) − σ2


ε2 .


Összegezve tehát,


Fξ(x − ε) − σ2


ε2 ⩽ Fξ+ση(x) ⩽ Fξ(x + ε) + σ2


ε2 ∀σ, ε ∈ R+. (8.29)


Legyen σn pozitív értékű nullsorozat. Ekkor lim Fξ+σnη(x) ∈ R és lim Fξ+σnη(x) ∈ R
az Fξ+σnη(x) korlátossága miatt. Így (8.29) miatt Fξ(x − ε) ⩽ lim Fξ+σnη(x) ⩽
⩽ lim Fξ+σnη(x) ⩽ Fξ(x+ε) ∀ε ∈ R+ =⇒ lim


n→∞
Fξ+σnη(x) = Fξ(x), hiszen Fξ az x-ben


folytonos. Ebből már következik az állítás.


8.122. Tétel (Inverziós formulaInverziós formula). Ha ξ valószínűségi változó és a, b ∈ R az Fξ-nek
folytonossági pontjai, akkor


Fξ(b) − Fξ(a) = 1
2π


lim
σ→0+0


∫
φξ(u)e− σ2u2


2
e−iua − e−iub


iu
dλ(u).


Bizonyítás. A 8.67. tétel alapján léteznek olyan ξ∗, η független valószínűségi változók,
melyekre teljesül, hogy ξ∗ azonos eloszlású ξ-vel és η standard normális eloszlású. Így
a 8.120. lemma miatt σ ∈ R+ esetén


fξ∗+ση(x) = 1
2π


∫
e−iuxe− σ2u2


2 φξ∗(u) dλ(u),


melyből a ⩽ b esetén


Fξ∗+ση(b) − Fξ∗+ση(a) =
∫


[a,b]


1
2π


∫
e−iuxe− σ2u2


2 φξ∗(u) dλ(u) dλ(x) = (Fubini-tétel)


= 1
2π


∫
φξ∗(u)e− σ2u2


2


∫
[a,b]


e−iux dλ(x) dλ(u). (8.30)


Mivel
∫


[a,b]


e−iux dλ(x) =
b∫


a


cos(−ux) dx + i


b∫
a


sin(−ux) dx =
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=
[


sin(−ux)
−u


]b


a


+ i


[
cos(−ux)


u


]b


a


= e−iua − e−iub


iu
,


így (8.30) és a 8.121. lemma alapján


Fξ∗(b) − Fξ∗(a) = 1
2π


lim
σ→0+0


∫
φξ∗(u)e− σ2u2


2
e−iua − e−iub


iu
dλ(u).


Mivel ξ∗ azonos eloszlású ξ-vel, ezért a ⩽ b esetén teljesül az állítás. Ha a > b, akkor


Fξ(a) − Fξ(b) = 1
2π


lim
σ→0+0


∫
φξ(u)e− σ2u2


2
e−iub − e−iua


iu
dλ(u),


melyből ebben az esetben is kapjuk az állítást.


8.123. Tétel (Unicitás tételUnicitás tétel). Két valószínűségi változó eloszlása pontosan akkor
azonos, ha a karakterisztikus függvényeik megegyeznek.


Bizonyítás. Az eloszlások azonosságából triviálisan teljesül, hogy a karakterisztikus
függvények megegyeznek. Megfordítva, tegyük fel, hogy a ξ és η valószínűségi változók
esetén φξ = φη. Legyen S ⊂ R azon pontok halmaza, melyekben az Fξ és az Fη is
folytonos. Monoton növekvő függvény szakadási helyeinek halmaza megszámlálható
számosságú, így S sűrű R-ben. Legyen b ∈ S és an S-beli értékű −∞-be divergáló
sorozat. Ekkor az inverziós formula miatt Fξ(b) − Fξ(an) = Fη(b) − Fη(an) ∀n ∈ N
=⇒ Fξ(b) − lim


n→∞
Fξ(an) = Fη(b) − lim


n→∞
Fη(an) =⇒


Fξ(b) = Fη(b) ∀b ∈ S. (8.31)


Most legyen b ∈ R \ S. Ekkor létezik bn ∈ S (n ∈ N), hogy lim
n→∞


bn = b és bn < b


∀n ∈ N =⇒ lim
n→∞


Fξ(bn) = Fξ(b) és lim
n→∞


Fη(bn) = Fη(b) az eloszlásfüggvény balról
való folytonossága miatt. De (8.31) miatt Fξ(bn) = Fη(bn) ∀n ∈ N =⇒ Fξ(b) = Fη(b)
∀b ∈ R \ S. Ez és (8.31) alapján Fξ = Fη =⇒ Qξ = Qη.


8.8. Gyenge konvergencia
8.124. Definíció. Legyenek ξ, ξn (n ∈ N) valószínűségi változók. Azt mondjuk, hogy
Qξn


gyengén konvergál Qξ-hez, ha minden f : R → R korlátos és folytonos függvény
esetén


lim
n→∞


∫
f dQξn


=
∫


f dQξ.


Ilyenkor azt is szokták mondani, hogy Fξn gyengén konvergál Fξ-hez, illetve, hogy ξn


eloszlásban konvergál ξ-hez.


8.125. Tétel. Legyenek ξ, ξn (n ∈ N) valószínűségi változók. A Qξn
pontosan akkor


konvergál gyengén Qξ-hez, ha lim
n→∞


Fξn(x) = Fξ(x) minden olyan x ∈ R esetén,
melyben Fξ folytonos.
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Bizonyítás. ▶ „⇒” Tegyük fel, hogy Qξn
gyengén konvergál Qξ-hez. Legyen ε ∈ R+,


x ∈ R az Fξ egy folytonossági pontja, és f, g : R → R,


f(y) :=



1, ha y ⩽ x,


0, ha y ⩾ x + ε,
x−y


ε
+ 1, különben,


g(y) :=



1, ha y ⩽ x − ε,


0, ha y ⩾ x,
x−y


ε
, különben.


Fξn(x) =
∫


(−∞,x)
dQξn


=
∫


(−∞,x)
f dQξn


⩽
∫


f dQξn
=⇒ lim Fξn(x) ⩽ lim


∫
f dQξn


=


= lim
n→∞


∫
f dQξn


=
∫


f dQξ ⩽
∫


(−∞,x+ε)
dQξ = Fξ(x + ε) =⇒


lim Fξn(x) ⩽ Fξ(x), (8.32)


hiszen Fξ az x-ben folytonos. Fξn(x) =
∫


(−∞,x)
dQξn


⩾
∫


(−∞,x)
g dQξn


=
∫


g dQξn
=⇒


lim Fξn(x) ⩾ lim
∫


g dQξn
= lim


n→∞


∫
g dQξn


=
∫


g dQξ ⩾
∫


(−∞,x−ε)
g dQξ =


∫
(−∞,x−ε)


dQξ =


= Fξ(x − ε) =⇒ lim Fξn(x) ⩾ Fξ(x). Így (8.32) miatt lim
n→∞


Fξn(x) = Fξ(x).
▶ „⇐” Tegyük fel, hogy lim


n→∞
Fξn(x) = Fξ(x) minden olyan x ∈ R esetén, melyben


Fξ folytonos. Legyen 0 < ε < 1, f : R → R korlátos és folytonos, továbbá legyen
M := sup{|f(x)| : x ∈ R}.


Fξ monoton, így a szakadási helyeinek halmaza megszámlálható, melyből a
folytonossági pontok halmaza sűrű R-ben. Másrészt lim


x→−∞
Fξ(x) = 0 és lim


x→∞
Fξ(x) =


= 1. Mindezekből következik, hogy léteznek B < 0 és C > 0, melyek folytonossági
pontjai Fξ-nek, Fξ(B) < ε


2 és 1 − Fξ(C) < ε
2 . Ekkor véges sok n-től eltekintve


Fξn(B) < ε
2 és 1 − Fξn(C) < ε


2 . Legyen A := max{−B, C}. Ekkor Qξ


(
[−A, A)


)
=


= Fξ(A) − Fξ(−A) ⩾ Fξ(C) − Fξ(B) > 1 − ε. Hasonlóan, véges sok n-től eltekintve
Qξn


(
[−A, A)


)
> 1 − ε. =⇒
∣∣∣∣∣∣
∫


f dQξ −
∫


[−A,A)


f dQξ


∣∣∣∣∣∣ ⩽
∫


R\[−A,A)


|f | dQξ ⩽


⩽ M
∫


R\[−A,A)


dQξ = M
(
1 − Qξ


(
[−A, A)


))
⩽ Mε, (8.33)


hasonlóan, véges sok n-től eltekintve∣∣∣∣∣∣
∫


f dQξn
−


∫
[−A,A)


f dQξn


∣∣∣∣∣∣ ⩽ Mε. (8.34)


Az f folytonos a [−A, A] kompakt halmazon =⇒ f egyenletesen folytonos [−A, A]-n
=⇒ ∃δ ∈ R+, hogy x, y ∈ [−A, A], |x − y| < δ esetén |f(x) − f(y)| < ε.


Legyen {a0, . . . , al} olyan beosztása [−A, A]-nak, melynek finomsága kisebb δ-
nál és a0, . . . , al folytonossági pontjai Fξ-nek. Ilyen beosztás létezik, hiszen az Fξ
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folytonossági pontjai sűrű halmazt alkotnak R-ben. Legyen


h(x) :=
l∑


i=1
f(ai−1)χ[ai−1,ai)(x).


Ha x ∈ [−A, A], akkor egyértelműen létezik q ∈ {1, . . . , l}, hogy x ∈ [aq−1, aq) =⇒
|x − aq−1| ⩽ |aq − aq−1| < δ =⇒ |f(x) − h(x)| = |f(x) − f(aq−1)| < ε. Az f korlátos
és folytonos, a h pedig egyszerű függvény, így mindkettő integrálható Qξ és Qξn


szerint is. =⇒∣∣∣∣∣∣
∫


[−A,A)


f dQξ −
∫


[−A,A)


h dQξ


∣∣∣∣∣∣ ⩽
∫


[−A,A)


|f − h| dQξ ⩽ ε
∫


[−A,A)


dQξ ⩽ ε, (8.35)


hasonlóan, véges sok n-től eltekintve∣∣∣∣∣∣
∫


[−A,A)


f dQξn
−


∫
[−A,A)


h dQξn


∣∣∣∣∣∣ ⩽ ε. (8.36)


Mivel


lim
n→∞


∫
[−A,A)


h dQξn
= lim


n→∞


l∑
i=1


f(ai−1) Qξn


(
[ai−1, ai)


)
=


= lim
n→∞


l∑
i=1


f(ai−1) (Fξn(ai) − Fξn(ai−1)) =
l∑


i=1
f(ai−1) (Fξ(ai) − Fξ(ai−1)) =


=
l∑


i=1
f(ai−1) Qξ


(
[ai−1, ai)


)
=


∫
[−A,A)


h dQξ,


így véges sok n-től eltekintve∣∣∣∣∣∣
∫


[−A,A)


h dQξn
−


∫
[−A,A)


h dQξ


∣∣∣∣∣∣ < ε. (8.37)


A (8.34), (8.33), (8.36), (8.35) és (8.37) egyenlőtlenségekből következik, hogy∣∣∣∣∣∣
∫


f dQξn
−
∫


f dQξ


∣∣∣∣∣∣ ⩽
∣∣∣∣∣∣
∫


f dQξn
−


∫
[−A,A)


f dQξn


∣∣∣∣∣∣+
∣∣∣∣∣∣
∫


[−A,A)


f dQξ −
∫


f dQξ


∣∣∣∣∣∣+
+


∣∣∣∣∣∣
∫


[−A,A)


f dQξn
−


∫
[−A,A)


h dQξn


∣∣∣∣∣∣+
∣∣∣∣∣∣
∫


[−A,A)


h dQξ −
∫


[−A,A)


f dQξ


∣∣∣∣∣∣+
+


∣∣∣∣∣∣
∫


[−A,A)


h dQξn
−


∫
[−A,A)


h dQξ


∣∣∣∣∣∣ ⩽ (2M + 3)ε véges sok n-től eltekintve.


Ebből következően Qξn
gyengén konvergál Qξ-hez.
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8.126. Tétel (Gyenge kompaktsági tételGyenge kompaktsági tétel). Legyen ξn valószínűségi változó minden
n ∈ N esetén. Ha bármely ε ∈ R+ esetén létezik [Aε, Bε] ⊂ R, hogy


inf
n


Qξn


(
[Aε, Bε]


)
⩾ 1 − ε,


akkor létezik olyan ξ valószínűségi változó, melyre a Qξn
valamely Qξnk


részsorozata
gyengén konvergál Qξ-hez.


Bizonyítás. ▶ Legyen rn (n ∈ N) olyan sorozat, mely a Q minden elemét pontosan
egyszer veszi fel. Az Fξn(r1) korlátos sorozat =⇒ ∃h1 : N → N szigorúan monoton
növekvő függvény, hogy Fξh1(n)(r1) konvergens. Az Fξh1(n)(r2) korlátos sorozat =⇒
∃h2 : N → h1(N) szigorúan monoton növekvő függvény, hogy Fξh2(n)(r2) konvergens.
Folytatva az eljárást, kapjuk, hogy ha már hl−1 definiált, akkor Fξhl−1(n)(rl) korlátos
sorozat =⇒ ∃hl : N → hl−1(N) szigorúan monoton növekvő függvény, hogy Fξhl(n)(rl)
(n ∈ N) konvergens.


A hi(j) a hi(N) j-edik legkisebb eleme és hi+1(j) a hi+1(N) j-edik legkisebb eleme,
így hi+1(N) ⊂ hi(N) miatt hi(j) ⩽ hi+1(j) (i, j ∈ N) =⇒ hl(l) < hl(l + 1) ⩽ hl+1(l +
+ 1) < hl+1(l + 2) ⩽ hl+2(l + 2) < . . . , azaz hl(l) < hl+1(l + 1) < hl+2(l + 2) < . . .
(l ∈ N). De N ⊃ h1(N) ⊃ h2(N) ⊃ . . . miatt hl+m(l + m) ∈ hl(N) (m = 0, 1, 2, . . . ),
így hl(l), hl+1(l + 1), hl+2(l + 2), . . . részsorozata a hl(n) (n ∈ N) sorozatnak minden
rögzített l ∈ N esetén. =⇒ Az Fξhl(n)(rl) konvergens sorozatnak részsorozata az
Fξhl(l)(rl), Fξhl+1(l+1)(rl), Fξhl+2(l+2)(rl), . . . , így ez is konvergens minden rögzített l ∈ N
esetén. =⇒ Fξhk(k)(rl) (k ∈ N) konvergens minden l ∈ N esetén =⇒ Fξhk(k)(r) (k ∈ N)
konvergens minden r ∈ Q esetén. A továbbiakban legyen nk := hk(k) és


L : Q → R, L(r) := lim
k→∞


Fξnk
(r).


Az Fξnk
minden k-ra monoton növekvő, másrészt 0 ⩽ Fξnk


(r) ⩽ 1 minden k-ra és
r-re. Így az L függvény monoton növekvő és 0 ⩽ L(r) ⩽ 1 minden r ∈ Q esetén.


▶ Legyen ε ∈ R+, x < Aε és k ∈ N. Ekkor Fξnk
(x) ⩽ Fξnk


(Aε) ⩽ Qξnk


(
R\[Aε, Bε]


)
⩽


⩽ sup
k


Qξnk


(
R \ [Aε, Bε]


)
⩽ sup


n
Qξn


(
R \ [Aε, Bε]


)
= 1 − sup


n
Qξn


(
[Aε, Bε]


)
⩽ 1 −


− inf
n


Qξn


(
[Aε, Bε]


)
⩽ ε =⇒ Ha qn olyan sorozat, melynek minden tagja racionális


és lim
n→∞


qn = −∞, akkor Fξnk
(qn) ⩽ ε véges sok n-től eltekintve =⇒ L(qn) ⩽ ε véges


sok n-től eltekintve =⇒ 0 ⩽ lim
n→∞


L(qn) ⩽ ε =⇒ lim
n→∞


L(qn) = 0 =⇒


lim
r→−∞


L(r) = 0.


▶ Legyen ε ∈ R+, x > Bε és k ∈ N. Ekkor Fξnk
(x) ⩾ Fξnk


(Bε) ⩾ Qξnk


(
[Aε, Bε]


)
⩾


⩾ inf
k


Qξnk


(
[Aε, Bε]


)
⩾ inf


n
Qξn


(
[Aε, Bε]


)
⩾ 1 − ε =⇒ Ha qn olyan sorozat, melynek


minden tagja racionális és lim
n→∞


qn = ∞, akkor Fξnk
(qn) ⩾ 1 − ε véges sok n-től







174 8. fejezet. Valószínűség


eltekintve =⇒ L(qn) ⩾ 1 − ε véges sok n-től eltekintve =⇒ 1 ⩾ lim
n→∞


L(qn) ⩾ 1 − ε


=⇒ lim
n→∞


L(qn) = 1 =⇒
lim


r→∞
L(r) = 1.


▶ Legyen
F : R → R, F (x) := sup{L(r) : r ∈ Q, r ⩽ x}.


Mivel L monoton növekvő, ezért


F (x) = L(x) ∀x ∈ Q.


Ha x1 < x2, akkor {L(r) : r ∈ Q, r ⩽ x1} ⊂ {L(r) : r ∈ Q, r ⩽ x2} =⇒ F (x1) ⩽
⩽ F (x2) =⇒ F monoton növekvő.
▶ Legyen xn ∞-be divergáló sorozat. Ekkor létezik olyan ∞-be divergáló racionális
értékeket felvevő rn sorozat, melyre rn ⩽ xn minden n ∈ N-re. Ekkor L(rn) ⩽
⩽ sup{L(r) : r ∈ Q, r ⩽ xn} = F (xn) ∀n ∈ N =⇒ 1 = lim


n→∞
L(rn) ⩽ lim


n→∞
F (xn) ⩽ 1


=⇒ lim
n→∞


F (xn) = 1 =⇒
lim


x→∞
F (x) = 1.


▶ Legyen xn −∞-be divergáló sorozat. Ekkor létezik olyan −∞-be divergáló racionális
értékeket felvevő rn sorozat, melyre rn ⩾ xn minden n ∈ N-re. Ekkor F (xn) ⩽
⩽ F (rn) = L(rn) ∀n ∈ N =⇒ 0 ⩽ lim


n→∞
F (xn) ⩽ lim


n→∞
L(rn) = 0 =⇒ lim


n→∞
F (xn) = 0


=⇒
lim


x→−∞
F (x) = 0.


▶ Legyen x ∈ R és rn olyan x-hez konvergáló, racionális értékű, monoton növekvő
sorozat, melyre rn < x ∀n ∈ N. Mivel L monoton növekvő és korlátos, ezért L(rn) is
az =⇒ L(rn) konvergens, és {L(rn) : n ∈ N} ⊂ {L(r) : r ∈ Q, r ⩽ x} miatt


lim
n→∞


L(rn) = sup
n


L(rn) ⩽ F (x). (8.38)


Tegyük fel, hogy sup
n


L(rn) < F (x), amennyiben x irracionális. Ekkor létezik r ∈ Q,
r < x, hogy sup


n
L(rn) < L(r) =⇒ L(rn) < L(r) ∀n ∈ N =⇒ rn ⩽ r ∀n ∈ N =⇒


lim
n→∞


rn ⩽ r < x, ami ellentmondás. Így (8.38) miatt


lim
n→∞


L(rn) = F (x), ha x irracionális. (8.39)


Ha x racionális, akkor lim
n→∞


L(rn) = lim
n→∞


lim
k→∞


Fξnk
(rn) = lim


k→∞
lim


n→∞
Fξnk


(rn) =
⇑


balról folyt.
= lim


k→∞
Fξnk


(x) = L(x) = F (x) =⇒ (8.39) miatt lim
n→∞


F (rn) = lim
n→∞


L(rn) = F (x) =⇒
Minden ε ∈ R+ esetén létezik kε ∈ N, hogy


F (x) − ε ⩽ F (rkε).
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Legyen xn olyan x-hez konvergáló számsorozat, melyre xn ⩽ x ∀n ∈ N. Ekkor ε ∈ R+


esetén véges sok n-től eltekintve xn ⩾ rkε =⇒ F (x) ⩾ F (xn) ⩾ F (rkε) ⩾ F (x) −
− ε véges sok n-től eltekintve =⇒ F (x) ⩾ lim


n→∞
F (xn) ⩾ F (x) − ε ∀ε ∈ R+ =⇒


lim
n→∞


F (xn) = F (x) =⇒ F balról folytonos.
▶ Az eddigiekből következik, hogy van olyan ξ valószínűségi változó, melyre Fξ = F .
Legyen x ∈ R az Fξ egy folytonossági pontja. Ha x ⩽ r ∈ Q, akkor


lim Fξnk
(x) ⩽ lim Fξnk


(r) = lim
k→∞


Fξnk
(r) = L(r) = Fξ(r).


Ha x ⩾ q ∈ Q, akkor


lim Fξnk
(x) ⩾ lim Fξnk


(q) = lim
k→∞


Fξnk
(q) = L(q) = Fξ(q).


Legyen rn és qn olyan racionális értékű x-hez konvergáló sorozatok, melyekre qn ⩽
⩽ x ⩽ rn ∀n ∈ N. Ekkor az előzőekből Fξ(qn) ⩽ lim Fξnk


(x) ⩽ lim Fξnk
(x) ⩽


⩽ Fξ(rn) ∀n ∈ N =⇒ lim
n→∞


Fξ(qn) ⩽ lim Fξnk
(x) ⩽ lim Fξnk


(x) ⩽ lim
n→∞


Fξ(rn). De Fξ


folytonos x-ben, így lim
n→∞


Fξ(qn) = lim
n→∞


Fξ(rn) = Fξ(x) =⇒ lim
k→∞


Fξnk
(x) = Fξ(x) =⇒


A 8.125. tétel miatt Qξnk
gyengén konvergál Qξ-hez.


8.127. Lemma. Legyen ξ valószínűségi változó. Ekkor minden u ∈ R+ esetén


0 ⩽ 1 − Qξ


([
−2


u
,


2
u


])
⩽


1
u


u∫
−u


(
1 − φξ(t)


)
dt = 2


∫ (
1 − sin ux


ux


)
dQξ(x) < ∞.


Bizonyítás. 1 − φξ valós és képzetes része is korlátos és folytonos, így Riemann-
integrálható minden korlátos intervallumon. Emiatt


1
u


u∫
−u


(
1 − φξ(t)


)
dt = 1


u


∫
[−u,u]


(
1 − φξ(t)


)
dλ(t) = 1


u


∫
[−u,u]


∫ (
1 − eitx


)
dQξ(x) dλ(t) =


= 1
u


∫ ∫
[−u,u]


(
1 − eitx


)
dλ(t) dQξ(x) = 1


u


∫ u∫
−u


(1 − cos tx − i sin tx) dt dQξ(x) =


= 1
u


∫ u∫
−u


(1 − cos tx) dt dQξ(x) = 1
u


∫ [
t − sin tx


x


]u


−u
dQξ(x) =


= 2
∫ (


1 − sin ux


ux


)
dQξ(x) ⩾ 2


∫ (
1 − 1


ux


)
dQξ(x) ⩾


⩾ 2
∫


(−∞,− 2
u


)


(
1 − 1


ux


)
dQξ(x) + 2


∫
( 2


u
,∞)


(
1 − 1


ux


)
dQξ(x) ⩾


⩾
∫


(−∞,− 2
u


)


dQξ(x) +
∫


( 2
u


,∞)


dQξ(x) = 1 − Qξ


([
−2


u
,


2
u


])
⩾ 1 − 1 = 0.


Végül 1 − sin ux
ux


korlátossága miatt Qξ szerint integrálható, azaz
∫ (


1 − sin ux
ux


)
dQξ(x)


valós.







176 8. fejezet. Valószínűség


8.128. Tétel (Folytonossági tételFolytonossági tétel). Legyenek ξ, ξn (n ∈ N) valószínűségi változók és
lim


n→∞
φξn(t) = φξ(t) ∀t ∈ R. Ekkor Qξn


gyengén konvergál Qξ-hez.


Bizonyítás. Legyen ε ∈ R+ és un pozitív tagú nullsorozat. Ekkor a 8.127. lemma és
a majorált konvergencia tétel miatt


lim
n→∞


1
un


un∫
−un


(
1 − φξ(t)


)
dt = lim


n→∞
2
∫ (


1 − sin unx


unx


)
dQξ(x) =


= 2
∫


lim
n→∞


(
1 − sin unx


unx


)
dQξ(x) = 0,


így létezik u0 ∈ R+, hogy 0 ⩽ 1
u0


u0∫
−u0


(
1−φξ(t)


)
dt < ε =⇒ lim


n→∞
1


u0


u0∫
−u0


(
1−φξn(t)


)
dt =


= 1
u0


u0∫
−u0


lim
n→∞


(
1−φξn(t)


)
dt = 1


u0


u0∫
−u0


(
1−φξ(t)


)
dt < ε =⇒ Véges sok n-től eltekintve


0 ⩽ 1
u0


u0∫
−u0


(
1 − φξn(t)


)
dt < ε =⇒ A 8.127. lemma miatt, véges sok n-től eltekintve


1 − ε ⩽ 1 − 1
u0


u0∫
−u0


(
1 − φξn(t)


)
dt ⩽ Qξn


([
− 2


u0
,


2
u0


])
.


Ha az előző egyenlőtlenség minden n-re teljesül, akkor Aε := 2
u0


. Ha nem teljesül
minden n-re, akkor azok csak véges sokan lehetnek. Jelöljük ezeket n1, n2, . . . , nl


módon. Mivel lim
m→∞


Qξni


(
[−m, m]


)
= 1, így létezik mi, hogy Qξni


(
[−mi, mi]


)
⩾ 1 − ε.


Ekkor legyen Aε := max{m1, . . . , ml,
2


u0
}. Így Qξn


(
[−Aε, Aε]


)
⩾ 1 − ε ∀n ∈ N =⇒


inf
n


Qξn


(
[−Aε, Aε]


)
⩾ 1 − ε. (8.40)


Tegyük fel a tétel állításával ellentétben, hogy Qξn
nem konvergál gyengén Qξ-hez,


azaz létezik olyan f0 : R → R korlátos és folytonos függvény, melyre teljesül, hogy
az
∫


f0 dQξn
nem konvergál


∫
f0 dQξ-hez. Az


∫
f0 dQξn


korlátos sorozat, így léteznek
torlódási pontjai, és ezek mind végesek. Ezek közül legalább az egyik nem egyezik
meg


∫
f0 dQξ-vel. Így létezik olyan konvergens


∫
f0 dQξnk


részsorozat, melyre


lim
k→∞


∫
f0 dQξnk


̸=
∫


f0 dQξ. (8.41)


Ekkor (8.40) miatt, ∀ε ∈ R+ esetén ∃Aε ∈ R+, hogy infk Qξnk


(
[−Aε, Aε]


)
⩾ 1 − ε.


Így a gyenge kompaktsági tétel miatt létezik olyan η valószínűségi változó, hogy az
nk valamely ml := nkl


részsorozata esetén Qξml
gyengén konvergál Qη-hoz, azaz, ha


f : R → R korlátos és folytonos függvény, akkor


lim
l→∞


∫
f dQξml


=
∫


f dQη. (8.42)
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Ekkor


φξ(t) = lim
l→∞


φξml
(t) = lim


l→∞


∫
eixt dQξml


(x) =


= lim
l→∞


(∫
cos xt dQξml


(x) + i
∫


sin xt dQξml
(x)
)


=
⇑


(8.42)


=
∫


cos xt dQη(x) + i
∫


sin xt dQη(x) = φη(t),


így az unicitás tétel miatt Qξ = Qη, azaz (8.42) miatt lim
l→∞


∫
f dQξml


=
∫


f dQξ =⇒
lim
l→∞


∫
f0 dQξml


=
∫


f0 dQξ, ami (8.41) miatt nem lehetséges.


8.9. Központi határeloszlás tétele
8.129. Lemma. Minden x ∈ R esetén létezik h1(x), h2(x) ∈ (0, 1), hogy


eix = 1 + ix − x2


2
(
cos(xh1(x)) + i sin(xh2(x))


)
.


Bizonyítás. A Taylor-tétel alapján létezik x1 az x és 0 között, melyre


cos x = cos 0
0! x0 + cos′ 0


1! x1 + cos′′ x1


2! x2 = 1 − cos x1


2 x2.


Legyen h1(x) := x1
x


. Ekkor h1(x) ∈ (0, 1) és


cos x = 1 − x2


2 cos(xh1(x)). (8.43)


Hasonlóan, létezik x2 az x és 0 között, melyre


sin x = sin 0
0! x0 + sin′ 0


1! x1 + sin′′ x2


2! x2 = x − sin x2


2 x2.


Legyen h2(x) := x2
x


. Ekkor h2(x) ∈ (0, 1) és


sin x = x − x2


2 sin(xh2(x)). (8.44)


Így eix = cos x + i sin x miatt, (8.43) és (8.44) alapján adódik az állítás.


8.130. Tétel (Központi határeloszlás tételeKözponti határeloszlás tétele). Ha ξ1, ξ2, . . . független, azonos elosz-
lású, pozitív véges szórású valószínűségi változók, akkor


lim
n→∞


F
S̃n


(x) = Φ(x) ∀x ∈ R,


ahol Sn = ξ1 + · · · + ξn és S̃n = Sn−E Sn


D Sn
.
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Bizonyítás. D2 Sn = D2(ξ1 + · · · + ξn) = D2 ξ1 + · · · + D2 ξn = n D2 ξ1 =⇒ D Sn =
=


√
n D ξ1. Így ηi := ξi − E ξi jelöléssel S̃n = η1+···+ηn√


n D ξ1
=⇒


φ
S̃n


(t) = E eiS̃nt = E e
i(η1+···+ηn) t√


n D ξ1 = φη1+···+ηn


(
t√


n D ξ1


)
= (8.117. tétel)


= φη1


(
t√


n D ξ1


)
· · · φηn


(
t√


n D ξ1


)
= φn


η1


(
t√


n D ξ1


)
. (8.45)


A 8.129. lemma miatt


φη1 = E eiη1t = E
(


1 + iη1t − η2
1t2


2
(
cos(η1th1(η1t)) + i sin(η1th2(η1t))


))
=


= E
(


1 + itη1 − t2


2 η2
1 − t2


2 R(t)
)


= 1 − t2


2 D2 ξ1 − t2


2 E R(t), (8.46)


ahol R(t) := η2
1


(
cos(η1th1(η1t)) + i sin(η1th2(η1t)) − 1


)
.


Legyen tn egy nullsorozat. Ekkor |η2
1 cos(η1tnh1(η1tn))| ⩽ η2


1, E η2
1 = D2 ξ1 ∈ R és


lim
n→∞


η2
1 cos(η1tnh1(η1tn)) = η2


1 cos 0 = η2
1. Így a majorált konvergencia tételből


lim
n→∞


E η2
1 cos(η1tnh1(η1tn)) = E η2


1 = D2 ξ1.


Hasonlóan kapjuk, hogy


lim
n→∞


E η2
1 sin(η1tnh2(η1tn)) = 0.


Így lim
n→∞


E R(tn) = D2 ξ1 + i · 0 − E η2
1 = 0 =⇒


lim
t→0


E R(t) = 0. (8.47)


Vezessük be az an := E R
(


t√
n D ξ1


)
, bn := − t2


2 − t2


2 D2 ξ1
an és cn := n


bn
jelöléseket. Ekkor


(8.45) és (8.46) miatt


φ
S̃n


(t) =
1 −


t2


n D2 ξ1


2 D2 ξ1 −
t2


n D2 ξ1


2 an


n


=
(


1 + bn


n


)n


=
(


1 + 1
cn


)cnbn


.


De (8.47) miatt lim
n→∞


an = 0 =⇒ lim
n→∞


bn = − t2


2 =⇒ lim
n→∞


|cn| = ∞ =⇒ lim
n→∞


(1 +


+ 1
cn


)cn = e =⇒ lim
n→∞


φ
S̃n


(t) = e− t2
2 = φξ(t), ahol ξ standard normális eloszlású


valószínűségi változó (lásd a 8.119. tételt). Így a folytonossági tétel alapján Q
S̃n


gyengén konvergál Qξ-hez. Ebből a 8.125. tétel alapján adódik az állítás.


8.131. Megjegyzés. A 8.125. tételhez analóg módon bizonyítható a következő állítás:
Legyenek ξ, ξn (n ∈ N) valószínűségi változók. Ha Fξ folytonos függvény és Qξn


gyengén konvergál Qξ-hez, akkor lim
n→∞


P(ξn ⩽ x) = Fξ(x) minden x ∈ R esetén. Így
a 8.130. tételben a következő állítás is teljesül :


lim
n→∞


P(S̃n ⩽ x) = Φ(x) ∀x ∈ R.
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Bevezetés
Egyszerű geometriai alakzatok hosszúsága, területe, térfogata, már az ókorban
ismertek és számolhatóak voltak. A terület fogalmát Peano és Jordan terjesztették ki
a sík részhalmazainak egy bővebb rendszerére a XIX. század végén. Eszerint egy
síkbeli korlátos halmaz Jordan-szerinti külső mértéke legyen az őt lefedő véges
sok sokszögből álló alakzatok területének pontos alsó korlátja, Jordan-szerinti
belső mértéke pedig a benne fekvő véges sok sokszögből álló alakzatok területének
pontos felső korlátja. Ha ezek egyenlőek, akkor a halmazt Jordan-mérhetőnek, ezen
közös értéket pedig a halmaz Jordan-mértékének nevezzük. Ezt a mértéket szoktuk
általános- és középiskolában területnek nevezni. Hosszúság illetve térfogat esetén
analóg eljárást alkalmazhatunk.


A Jordan-mérték és a Riemann-integrál kapcsolata nagyon szoros, hiszen egy
nemnegatív valós függvény pontosan akkor integrálható Riemann-szerint, ha a
függvény görbéje alatti síkidom Jordan-mérhető. Ekkor a Riemann-integrál és a
síkidom Jordan-mértéke megegyezik.


Ismert, hogy egy függvénysorozat határfüggvényének Riemann-integrálja csak
erős feltételek esetén egyezik meg a függvénysorozat tagjainak Riemann-integrál-
jaiból álló számsorozat határértékével. Ezért felmerült az igény egy általánosított
integrálfogalomra, amelynél már jóval lazább feltétel esetén is felcserélhető az
integrál és a limesz operátor. Ehhez először – a Jordan-mérték és a Riemann-integrál
előbb említett kapcsolata miatt – a Jordan-mértéket kell általánosítani, majd abból
kell megalkotni az új integrál fogalmát.


Ezen a területen a fő lépést Lebesgue tette meg a XX. század elején. A Lebesgue
által alkotott mérték és integrál előnye az integrál és a határátmenet felcserélhetősé-
ge, továbbá az integrál- és differenciálszámítás szorosabb kapcsolata. Ez az elmélet
lett az alapja a modern geometriának, valószínűségszámításnak, valós függvény-
tannak, a Fourier-sorok elméletének és a funkcionálanalízisnek. A mértékelmélet
fejlődésében fontos szerepük volt Riesz Frigyes, Haar Alfréd és Halmos Pál magyar
matematikusoknak.


A jegyzetben található tételek bizonyításai közül csak a viszonylag rövideket és
könnyen átláthatóakat közöltük. Ha a többire is kíváncsi, akkor olvassa el


Tómács Tibor : Mérték és integrál


című könyvét, amely az alábbi címről szabadon letölthető:


https://tomacstibor.uni-eszterhazy.hu/tananyagok/Mertekelmelet.pdf
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Jelölések
□ a bizonyítások végét jelöli (Q.E.D. jel).⋃
𝑖∈∅
𝐴𝑖 := ∅⋂


𝑖∈∅
𝐴𝑖 := ∅∑


𝑖∈∅
𝑎𝑖 := 0


inf ∅ := ∞
𝐷 𝑓 az 𝑓 függvény értelmezési tartománya.
𝑅 𝑓 az 𝑓 függvény értékkészlete.
𝑓 −1 az 𝑓 invertálható függvény inverze.
𝑓 (𝐻) := { 𝑓 (𝑥) : 𝑥 ∈ 𝐻 ∩ 𝐷 𝑓 }, a 𝐻 halmaz 𝑓 függvény általi képe.
𝑓 −1(𝐻) := {𝑥 ∈ 𝐷 𝑓 : 𝑓 (𝑥) ∈ 𝐻} a 𝐻 halmaz 𝑓 függvény általi ősképe.
𝑓 ◦ 𝑔 az 𝑓 és 𝑔 függvényekből képzett összetett függvény, azaz ( 𝑓 ◦ 𝑔)(𝑥) = 𝑓 (𝑔(𝑥)).
𝒫(𝑋) az 𝑋 halmaz hatványhalmaza, azaz az 𝑋 összes részhalmazából álló halmaz.
N a pozitív egész számok halmaza.
Q a racionális számok halmaza.
R a valós számok halmaza.
R𝑛 := R × · · · × R 𝑛-szeres Descartes-szorzat (𝑛 ∈ N).
R+ a pozitív valós számok halmaza.
Rb = R ∪ {∞,−∞} a valós számok bővített halmaza.
R𝑛b := Rb × · · · × Rb 𝑛-szeres Descartes-szorzat (𝑛 ∈ N).
(𝑎, 𝑏) módon jelöljük a nyílt intervallumokat.
𝒩(R𝑛), 𝒩(R𝑛b) az R𝑛 ill. R𝑛b nyílt halmazainak rendszere.
ℬ(R𝑛), ℬ(R𝑛b) az R𝑛 ill. R𝑛b Borel-mérhető halmazainak rendszere.
𝜒𝐴 az 𝐴 indikátora.
𝑓 +, 𝑓 − az 𝑓 pozitív illetve negatív része.∫
𝑓 d𝜇 =


∫
𝑓 (𝑥)d𝜇(𝑥) az 𝑓 integrálja 𝜇 mérték szerint.∫


𝑓 d𝜆 az 𝑓 Lebesgue-integrálja.
𝜇 ⊗ 𝜈 a 𝜇 és 𝜈 mértékek szorzata.
𝜆𝑛 az 𝑛-dimenziós Lebesgue-mérték.
ℒ𝑛 az 𝑛-dimenziós Lebesgue-mérhető halmazok rendszere.
𝜈 ≪ 𝜇 jelöli, hogy 𝜈 abszolút folytonos 𝜇-re nézve.
d𝜇
d𝜈 a 𝜇-nek 𝜈-re vonatkozó Radon–Nikodym-deriváltja.
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1. Mértéktér


A Jordan-mérték esetében feltételezzük a mérhető halmaz korlátosságát, így a
Jordan-mérték véges minden esetben. Az általánosítás során feltételezzük, hogy egy
halmaz mértéke végtelen is lehet. Például egy egyenes hossza végtelen. Ezért a valós
számok halmazát kibővítjük a végtelennel, illetve a műveletek tulajdonságai miatt
a mínusz végtelennel. Ez a két új elem önmagában semmit sem jelent, azáltal
kapnak értelmet, hogy az így kibővített halmazban definiáljuk a rendezést és a
műveleteket. A definíció a határértékszámításnál tanult határátmeneti szabályokkal
van összhangban. Például 5 · ∞ értékét ∞-nek definiáljuk, mert ha egy sorozat
5-höz konvergál, egy másik sorozat pedig ∞-be divergál, akkor a kettő szorzata
∞-be divergál.


1.1. Definíció. Az Rb := R ∪ {−∞,∞} halmazt a valós számok bővített halma-
zának nevezzük, melyben a rendezést és a műveleteket a következők szerint
értelmezzük:


① −∞ < ∞, −∞ < 𝑐 és 𝑐 < ∞, ha 𝑐 ∈ R,
② 𝑐 + ∞ = ∞ + 𝑐 := ∞, ha 𝑐 ∈ Rb és 𝑐 > −∞,
③ 𝑐 + (−∞) = −∞ + 𝑐 := −∞, ha 𝑐 ∈ Rb és 𝑐 < ∞,
④ 𝑐 · ∞ = ∞ · 𝑐 := ∞, ha 𝑐 ∈ Rb és 𝑐 > 0,
⑤ 𝑐 · ∞ = ∞ · 𝑐 := −∞, ha 𝑐 ∈ Rb és 𝑐 < 0,
⑥ 𝑐 · (−∞) = −∞ · 𝑐 := −∞, ha 𝑐 ∈ Rb és 𝑐 > 0,
⑦ 𝑐 · (−∞) = −∞ · 𝑐 := ∞, ha 𝑐 ∈ Rb és 𝑐 < 0,
⑧ 𝑐


∞ = 𝑐
−∞ := 0, ha 𝑐 ∈ R,


⑨ 0 ·∞ = ∞·0 := 0 és 0 · (−∞) = (−∞)·0 := 0, ha a szorzótényezőként szereplő
0 nem 𝑐


∞ vagy 𝑐
−∞ módon áll elő, ahol 𝑐 ∈ R.


A következő műveleteket nem értelmezzük: ∞−∞, −∞ + ∞, ∞
∞ , −∞


∞ , ∞
−∞ , −∞


−∞ .


Az Rb-beli intervallumokat illetve az Rb-beli elemek abszolút értékét a valós
esetekhez hasonlóan értelmezzük. Például [0,∞] = {𝑥 ∈ Rb : 𝑥 ≥ 0} = [0,∞)∪{∞}
illetve |∞| = |−∞| = ∞.


Mielőtt rátérünk a mérték általánosítására, foglaljuk össze a Jordan-mérték
fontosabb tulajdonságait. Jelölje 𝑋 a sík egy Jordan-mérhető részhalmazát és 𝒜 az
𝑋 Jordan-mérhető részhalmazaiból álló halmazrendszert. Ekkor 𝒜 részhalmaza
az 𝑋 hatványhalmazának, továbbá teljesülnek rá a következő tulajdonságok:


① Az 𝑋 Jordan-mérhető részhalmaza saját magának, azaz 𝑋 ∈ 𝒜.
② Ha 𝐴 Jordan-mérhető részhalmaza 𝑋-nek akkor 𝐴 komplementere is az,


vagyis 𝐴 ∈ 𝒜, ha 𝐴 ∈ 𝒜, ahol 𝐴 = 𝑋 \ 𝐴.
③ Az 𝑋 véges sok Jordan-mérhető részhalmazának uniója is Jordan-mérhető


részhalmaza 𝑋-nek, vagyis
𝑛⋃
𝑖=1
𝐴𝑖 ∈ 𝒜, ha 𝐴𝑖 ∈ 𝒜 (𝑖 = 1, 2, . . . , 𝑛).


A ③ tulajdonság csak véges sok halmazra teljesül a Jordan-mérhetőség esetében.
Az általánosítás során feltételezzük, hogy ③ igaz megszámlálhatóan végtelen sok mérhető
halmazra is (lásd az 1.2. definíciót).


A Jordan-mérték minden Jordan-mérhető halmazhoz egy nemnegatív számot
rendel, azaz 𝜇-vel jelölve ezt a függvényt, 𝜇 : 𝒜 → [0,∞), melyre teljesülnek a
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következők:
① Az üres halmaz Jordan-mértéke 0, azaz 𝜇(∅) = 0.
② Ha véges sok Jordan-mérhető részhalmazát vesszük 𝑋-nek, melyek közül


bármely kettő diszjunkt, akkor azok uniójának Jordan-mértéke megegyezik
a halmazok külön-külön vett Jordan-mértékeinek összegével. Azaz


𝜇


(
𝑛⋃
𝑖=1


𝐴𝑖


)
=


𝑛∑
𝑖=1


𝜇(𝐴𝑖)


minden 𝐴𝑖 ∈ 𝒜 (𝑖 = 1, 2, . . . , 𝑛) diszjunkt rendszer esetén.
A ② tulajdonság csak véges sok diszjunkt halmazra teljesül a Jordan-mérték
esetében. Az általánosítás során feltételezzük, hogy ② igaz megszámlálhatóan végtelen
sok diszjunkt mérhető halmazra is, továbbá, hogy a 𝜇 értékkészletében benne lehet a ∞ is
(lásd az 1.5. definíciót).


1.2. Definíció. Legyen 𝑋 egy halmaz. Az 𝒜 ⊂ 𝒫(𝑋) halmazrendszert 𝜎-algebrá-
nak (ejtsd: szigma-algebra) nevezzük, ha


① 𝑋 ∈ 𝒜,
② 𝐴 ∈ 𝒜, ha 𝐴 ∈ 𝒜, ahol 𝐴 = 𝑋 \ 𝐴,
③


∞⋃
𝑖=1
𝐴𝑖 ∈ 𝒜, ha 𝐴𝑖 ∈ 𝒜 (𝑖 ∈ N).


Ekkor az (𝑋,𝒜) rendezett párt mérhető térnek, az 𝒜 elemeit mérhető halmazoknak
nevezzük.


A következő tétel szerint az ∅ mérhető, megszámlálhatóan sok mérhető halmaz
uniója és metszete is mérhető, továbbá mérhető halmazok különbsége is mérhető.


1.3. Tétel. Legyen (𝑋,𝒜) mérhető tér. Ekkor
① ∅ ∈ 𝒜,
② 𝐴𝑖 ∈ 𝒜 (𝑖 ∈ 𝐼 ⊂ N) esetén


⋃
𝑖∈𝐼
𝐴𝑖 ∈ 𝒜 és


⋂
𝑖∈𝐼
𝐴𝑖 ∈ 𝒜,


③ 𝐴, 𝐵 ∈ 𝒜 esetén 𝐴 \ 𝐵 ∈ 𝒜.


Bizonyítás. ▶ Az ① állítás ∅ = 𝑋 miatt teljesül.
▶ ② feltétele esetén legyen 𝐴𝑖 := ∅, ha 𝑖 ∈ N \ 𝐼. Ekkor⋃


𝑖∈𝐼
𝐴𝑖 =


∞⋃
𝑖=1


𝐴𝑖 ∈ 𝒜, így
⋂
𝑖∈𝐼
𝐴𝑖 =


⋂
𝑖∈𝐼
𝐴𝑖 =


⋃
𝑖∈𝐼
𝐴𝑖 ∈ 𝒜.


▶ ③ feltétele mellett ② miatt 𝐴 \ 𝐵 = 𝐴 ∩ 𝐵 ∈ 𝒜. □


1.4. Definíció. Legyen 𝐼 egy halmaz. Az 𝐴𝑖 (𝑖 ∈ 𝐼) halmazok diszjunkt rendszert
alkotnak, ha 𝐴𝑖 ∩ 𝐴 𝑗 = ∅ minden 𝑖 , 𝑗 ∈ 𝐼, 𝑖 ≠ 𝑗 esetén.


A következőkben minden mérhető halmazhoz rendelünk egy mértéket.
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1.5. Definíció. A 𝜇 : 𝒜 → [0,∞] függvényt mértéknek nevezzük az (𝑋,𝒜)
mérhető téren, ha


① 𝜇(∅) = 0 és


② 𝜇


( ∞⋃
𝑖=1
𝐴𝑖


)
=


∞∑
𝑖=1


𝜇(𝐴𝑖) minden 𝐴𝑖 ∈ 𝒜 (𝑖 ∈ N) diszjunkt rendszer esetén. Ez


az ún. 𝜎-additivitás.
Ekkor (𝑋,𝒜, 𝜇)-t mértéktérnek,𝜇(𝐴)-t az𝐴mértékének nevezzük. Ebben az esetben
𝒜 elemeit 𝜇-mérhető halmazoknak is szoktuk nevezni.


Ezután néhány speciális tulajdonságú mértéket definiálunk, melyekre a továb-
biakban többször is fogunk utalni.


1.6. Definíció. Legyen (𝑋,𝒜, 𝜇) mértéktér.
① Ha 𝜇(𝑋) < ∞, akkor a mértékteret ill. a mértéket végesnek nevezzük.
② Ha 𝜇(𝑋) = 1, akkor a mértékteret valószínűségi mezőnek, a mértéket való-


színűségnek, illetve az 𝒜 elemeit eseményeknek nevezzük. Ekkor szokás az
𝑋-et Ω-val és 𝜇-t 𝑃-vel jelölni.


③ Az 𝐴 ⊂ 𝑋 𝜎-véges, ha létezik 𝐴𝑖 ∈ 𝒜 (𝑖 ∈ 𝐼 ⊂ N) rendszer úgy, hogy
𝜇(𝐴𝑖) < ∞ minden 𝑖 ∈ 𝐼 esetén és 𝐴 ⊂ ⋃


𝑖∈𝐼
𝐴𝑖 .


④ Ha 𝑋 𝜎-véges, akkor a mértékteret ill. a mértéket 𝜎-végesnek nevezzük.
⑤ Ha minden 0 mértékű halmaz összes részhalmaza mérhető, akkor a


mértékteret illetve a mértéket teljesnek nevezzük.
⑥ Legyen 𝜇(𝐴) az 𝐴 halmaz elemeinek a száma minden véges 𝐴 ∈ 𝒜 esetén,


illetve 𝜇(𝐴) = ∞, ha 𝐴 ∈ 𝒜 végtelen halmaz. Ekkor könnyen látható, hogy
𝜇 valóban mérték, melyet számláló mértéknek nevezünk.


A következő tétel a mérték legfontosabb tulajdonságait foglalja össze.


1.7. Tétel. Legyen (𝑋,𝒜, 𝜇) mértéktér. Ekkor teljesülnek a következők:
① (additivitásadditivitás) Ha 𝐴𝑖 ∈ 𝒜 (𝑖 ∈ 𝐼 ⊂ N) diszjunkt rendszer, akkor


𝜇


(⋃
𝑖∈𝐼
𝐴𝑖


)
=


∑
𝑖∈𝐼


𝜇(𝐴𝑖).


② (monotonitásmonotonitás) Ha 𝐴, 𝐵 ∈ 𝒜, 𝐴 ⊂ 𝐵, akkor 𝜇(𝐴) ≤ 𝜇(𝐵).
③ Ha 𝐴, 𝐵 ∈ 𝒜, 𝐴 ⊂ 𝐵 és 𝜇(𝐴) < ∞, akkor 𝜇(𝐵 \ 𝐴) = 𝜇(𝐵) − 𝜇(𝐴).
④ (szubadditivitásszubadditivitás) Ha 𝐴𝑖 ∈ 𝒜 (𝑖 ∈ 𝐼 ⊂ N), akkor


𝜇


(⋃
𝑖∈𝐼
𝐴𝑖


)
≤


∑
𝑖∈𝐼


𝜇(𝐴𝑖).


⑤ (folytonosságfolytonosság) Ha 𝐴𝑖 ∈ 𝒜 (𝑖 ∈ N), 𝐴1 ⊂ 𝐴2 ⊂ . . . , akkor


𝜇


( ∞⋃
𝑖=1


𝐴𝑖


)
= lim
𝑛→∞


𝜇(𝐴𝑛).
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⑥ (folytonosságfolytonosság) Ha 𝐴𝑖 ∈ 𝒜 (𝑖 ∈ N), 𝐴1 ⊃ 𝐴2 ⊃ . . . és 𝜇(𝐴𝑘) < ∞ valamely
𝑘 ∈ N esetén, akkor


𝜇


( ∞⋂
𝑖=1


𝐴𝑖


)
= lim
𝑛→∞


𝜇(𝐴𝑛).


Bizonyítás. ▶ ① feltétele esetén legyen 𝐴𝑖 := ∅, ha 𝑖 ∈ N \ 𝐼. Ekkor a 𝜎-additivitás
és 𝜇(∅) = 0 miatt


𝜇


(⋃
𝑖∈𝐼
𝐴𝑖


)
= 𝜇


( ∞⋃
𝑖=1


𝐴𝑖


)
=


∞∑
𝑖=1


𝜇(𝐴𝑖) =
∑
𝑖∈𝐼


𝜇(𝐴𝑖).


▶ ② ill. ③ feltétele mellett ① miatt 𝜇(𝐵) = 𝜇(𝐴∪ (𝐵 \𝐴)) = 𝜇(𝐴) + 𝜇(𝐵 \𝐴), melyből
következik ② ill. ③.
▶ Ha 𝐼 = ∅, akkor ④ állítása triviális. Ha 𝐼 ≠ ∅, akkor az 𝐴𝑖-k átindexelésével
mindig elérhető, hogy 𝐼 = N vagy 𝐼 = {1, . . . , 𝑛} teljesüljön valamely 𝑛 ∈ N esetén.
Ekkor legyen


𝐵1 := 𝐴1, 𝐵𝑖 := 𝐴𝑖 \
𝑖−1⋃
𝑘=1


𝐴𝑘 (𝑖 ∈ 𝐼 , 𝑖 > 1).


Mivel a 𝐵𝑖 (𝑖 ∈ 𝐼) diszjunkt rendszer, 𝐵𝑖 ⊂ 𝐴𝑖 és
⋃
𝑖∈𝐼
𝐴𝑖 =


⋃
𝑖∈𝐼
𝐵𝑖 , így az additivitás és


monotonitás miatt


𝜇


(⋃
𝑖∈𝐼
𝐴𝑖


)
= 𝜇


(⋃
𝑖∈𝐼
𝐵𝑖


)
=


∑
𝑖∈𝐼


𝜇(𝐵𝑖) ≤
∑
𝑖∈𝐼


𝜇(𝐴𝑖).


▶ ⑤ feltétele mellett legyen 𝐵1 := 𝐴1, 𝐵𝑖 := 𝐴𝑖 \ 𝐴𝑖−1 (𝑖 > 1). Ekkor a 𝐵𝑖 (𝑖 ∈ N)


diszjunkt rendszer és
∞⋃
𝑖=1
𝐴𝑖 =


∞⋃
𝑖=1
𝐵𝑖 , melyből az additivitás miatt


𝜇


( ∞⋃
𝑖=1


𝐴𝑖


)
= 𝜇


( ∞⋃
𝑖=1


𝐵𝑖


)
=


∞∑
𝑖=1


𝜇(𝐵𝑖) =


= lim
𝑛→∞


𝑛∑
𝑖=1


𝜇(𝐵𝑖) = lim
𝑛→∞


𝜇


(
𝑛⋃
𝑖=1


𝐵𝑖


)
= lim
𝑛→∞


𝜇(𝐴𝑛).


▶ ⑥ bizonyításában feltehetjük, hogy a feltételben szereplő 𝑘 értéke 1, ugyanis
ellenkező esetben az első 𝑘 − 1 halmaz elhagyásával sem a halmazok metszete sem
a halmazok mértékeiből álló sorozat határértéke nem változik. Legyen 𝐵𝑖 := 𝐴1 \𝐴𝑖
(𝑖 ∈ N), melyből 𝐵𝑖 ⊂ 𝐵𝑖+1 minden 𝑖 ∈ N esetén és


∞⋃
𝑖=1


𝐵𝑖 =
∞⋃
𝑖=1


(𝐴1 ∩ 𝐴𝑖) = 𝐴1 ∩
∞⋃
𝑖=1


𝐴𝑖 = 𝐴1 ∩
∞⋂
𝑖=1


𝐴𝑖 = 𝐴1 \
∞⋂
𝑖=1


𝐴𝑖 .
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Így ③ és ⑤ miatt


𝜇(𝐴1) − 𝜇


( ∞⋂
𝑖=1


𝐴𝑖


)
= 𝜇


( ∞⋃
𝑖=1


𝐵𝑖


)
= lim
𝑛→∞


𝜇(𝐵𝑛) =


= lim
𝑛→∞


(
𝜇(𝐴1) − 𝜇(𝐴𝑛)


)
= 𝜇(𝐴1) − lim


𝑛→∞
𝜇(𝐴𝑛),


melyből következik ⑥. □


2. Külső mérték
Az előző definíciónak megfelelő mérték konstruálásához először szükségünk
lesz a szubadditív függvény fogalmára. Ez egy olyan halmazrendszeren értel-
mezett nemnegatív értékű függvény, amelyre teljesül a következő: Tekintsünk
megszámlálhatóan sok tetszőleges halmazt az értelmezési tartományból úgy, hogy
az elsőnek lefedőrendszere legyen a többi, azaz az első halmaz a többi uniójának a
részhalmaza. Ekkor az elsőhöz rendelt érték nem lehet nagyobb, mint a többihez
rendelt értékek összege.


2.1. Definíció. Legyen ℋ egy halmazrendszer. A 𝜈 : ℋ → [0,∞] halmazfügg-
vényt szubadditívnak nevezzük, ha


𝜈(𝐴) ≤
∑
𝑖∈𝐼


𝜈(𝐴𝑖)


minden 𝐼 ⊂ N, 𝐴, 𝐴𝑖 ∈ ℋ (𝑖 ∈ 𝐼) esetén, melyekre 𝐴 ⊂ ⋃
𝑖∈𝐼
𝐴𝑖 teljesül.


Ha egy ilyen szubadditív függvény értelmezési tartománya megegyezik egy
halmaz hatványhalmazával, vagyis az alaphalmaz minden részhalmazához rendel
valamit, akkor külső mértékről beszélünk. Az elnevezés oka később fog kiderülni.


2.2. Definíció. Ha 𝑋 egy halmaz és 𝜇∗ : 𝒫(𝑋) → [0,∞] szubadditív függvény,
akkor 𝜇∗-ot külső mértéknek nevezzük 𝑋-en.


2.3. Tétel. Legyen 𝜇∗ külső mérték 𝑋-en. Ekkor teljesülnek a következők:
① 𝜇∗(∅) = 0.
② (monotonitásmonotonitás) Ha 𝐴 ⊂ 𝐵 ⊂ 𝑋, akkor 𝜇∗(𝐴) ≤ 𝜇∗(𝐵).


Bizonyítás. ▶ A szubadditivitás definíciójából 𝐴 = 𝐼 = ∅ esetén kapjuk, hogy
∅ ⊂ ⋃


𝑖∈∅
𝐴𝑖 = ∅, így 0 ≤ 𝜇∗(∅) ≤ ∑


𝑖∈∅
𝜇∗(𝐴𝑖) = 0, melyből következik ①.


▶ ② feltételével legyen 𝐼 := {1} és 𝐴1 := 𝐵. Ekkor 𝐴 ⊂ 𝐵 =
⋃
𝑖∈𝐼
𝐴𝑖 , így 𝜇∗(𝐴) ≤


≤ ∑
𝑖∈𝐼


𝜇∗(𝐴𝑖) = 𝜇∗(𝐵). □
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A továbbiakban a konstrukciónkban az 𝑋-nek azon részhalmazai lesznek
érdekesek, amelyek bármely más részhalmazt additívan vágnak ketté.


2.4. Definíció. Legyen 𝜇∗ külső mérték 𝑋-en. Az 𝐴 ⊂ 𝑋 halmazt 𝜇∗-mérhetőnek
nevezzük, ha


𝜇∗(𝑇) = 𝜇∗(𝑇 ∩ 𝐴) + 𝜇∗(𝑇 \ 𝐴)
teljesül minden 𝑇 ⊂ 𝑋 esetén.


2.5. Megjegyzés. A szubadditivitás miatt 𝜇∗(𝑇) ≤ 𝜇∗(𝑇 ∩ 𝐴) + 𝜇∗(𝑇 \ 𝐴), ezért az
előző definícióban „=” helyett „≥” is írható. Ebből kapjuk, hogy 𝜇∗(𝐴) = 0 esetén
az 𝐴 halmaz 𝜇∗-mérhető, hiszen 𝑇 ⊂ 𝑋 esetén a monotonitás miatt


𝜇∗(𝑇) = 𝜇∗(𝐴) + 𝜇∗(𝑇) ≥ 𝜇∗(𝑇 ∩ 𝐴︸︷︷︸
𝐴⊃


) + 𝜇∗(𝑇 \ 𝐴︸︷︷︸
𝑇 ⊃


).


A következő tétel szerint a külső mérték által mérhető halmazok rendszere
𝜎-algebrát alkot, továbbá ha a külső mértéket leszűkítjük erre a 𝜎-algebrára, akkor
teljes mértékteret kapunk.


2.6. Tétel. Legyen 𝜇∗ külső mérték𝑋-en,𝒜 az𝑋 𝜇∗-mérhető részhalmazainak rendszere
és 𝜇 az 𝒜-ra vett leszűkítése 𝜇∗-nak. Ekkor (𝑋,𝒜, 𝜇) teljes mértéktér, melyet a 𝜇∗ külső
mérték által generált teljes mértéktérnek nevezünk.


Most már tudjuk, hogy külső mérték hogyan generál teljes mértékteret. De
hogyan készítsünk külső mértéket? Ehhez induljunk ki egy tetszőleges 𝜈 hal-
mazfüggvényből, amely az alaphalmaz bizonyos részhalmazaihoz nemnegatív
értékeket rendel. Jelölje ℋ a 𝜈 értelmezési tartományát. Az alaphalmaz egy tetsző-
leges 𝐵 részhalmaza esetén tekintsük annak egy megszámlálhatóan sok halmazból
álló lefedőrendszerét ℋ -ból. Ezután adjuk össze a lefedőrendszer tagjaihoz 𝜈
által hozzárendelt értékeket. Csináljuk ezt meg az összes lehetséges módon, majd
tekintsük az így kapott halmaz infimumát. A 𝐵 halmazhoz rendeljük hozzá ezt
az infimum értéket. A következő tétel szerint ez a függvény külső mérték az
alaphalmazon.


Például 𝜈 rendelje a sík minden sokszögéhez a területét. Ekkor ℋ a sík összes
sokszögének halmaza. Legyen 𝐵 a sík egy tetszőleges részhalmaza, amit lefedünk
megszámlálhatóan sok sokszöggel. Adjuk össze ezeknek a területeit. Csináljuk
ezt meg az összes lehetséges módon, majd tekintsük az így kapott halmaz infi-
mumát. A 𝐵 halmazhoz rendeljük hozzá ezt az infimum értéket. Vegyük észre,
hogy ez a hozzárendelés majdnem ugyanaz, mint a külső Jordan-mérték, annyi
különbséggel, hogy 𝐵 nem csak korlátos halmaz lehet, továbbá nem csak véges,
hanem megszámlálhatóan végtelen sok sokszöggel is megengedjük a lefedést. Ez
indokolja a külső mérték elnevezést.


2.7. Tétel. Legyen 𝑋 egy halmaz, ℋ ⊂ 𝒫(𝑋) és 𝜈 : ℋ → [0,∞]. Ha 𝐵 ⊂ 𝑋,
akkor K𝜈(𝐵) jelölje azon


∑
𝑖∈𝐼


𝜈(𝐴𝑖) összegek halmazát, ahol 𝐼 ⊂ N, 𝐴𝑖 ∈ ℋ (𝑖 ∈ 𝐼) és


10







𝐵 ⊂ ⋃
𝑖∈𝐼
𝐴𝑖 . Legyen


𝜇∗ : 𝒫(𝑋) → [0,∞], 𝜇∗(𝐵) := infK𝜈(𝐵).


Ekkor 𝜇∗ külső mérték 𝑋-en és 𝜇∗(𝐵) ≤ 𝜈(𝐵) minden 𝐵 ∈ ℋ esetén. A 𝜇∗-ot a 𝜈-höz
tartozó külső mértéknek nevezzük.


2.8. Megjegyzés. Vegyük észre, hogy K𝜈(𝐵) definíciójában 𝐼 lehet üres halmaz, így
∅ ⊂ ⋃


𝑖∈∅
𝐴𝑖 = ∅ (𝐴𝑖 ∈ ℋ) miatt


∑
𝑖∈∅


𝜈(𝐴𝑖) = 0 ∈ K𝜈(∅), azaz 𝜇∗(∅) = 0. Másrészt, ha


K𝜈(𝐵) = ∅, azaz 𝐵 nem fedhető le ℋ -beli halmazokkal, akkor 𝜇∗(𝐵) = inf ∅ = ∞.


Bizonyítás. 𝐵 ∈ ℋ esetén 𝜈(𝐵) ∈ K𝜈(𝐵), így 𝜈(𝐵) ≥ infK𝜈(𝐵) = 𝜇∗(𝐵). Azt kell még
belátni, hogy 𝜇∗ szubadditív, azaz ha 𝐽 ⊂ N, 𝐵, 𝐵𝑗 ⊂ 𝑋 (𝑗 ∈ 𝐽), 𝐵 ⊂ ⋃


𝑗∈𝐽
𝐵 𝑗 , akkor


𝜇∗(𝐵) ≤ ∑
𝑗∈𝐽


𝜇∗(𝐵 𝑗). Ha 𝐽 = ∅, akkor ∅ ⊂ ⋃
𝑗∈∅
𝐵 𝑗 = ∅, így a 2.8. megjegyzés miatt 0 =


= 𝜇∗(∅) ≤ ∑
𝑗∈∅


𝜇∗(𝐵 𝑗) = 0. A továbbiakban tehát feltehetjük, hogy 𝐽 ≠ ∅. Ha valamely


𝑗0 ∈ 𝐽-re K𝜈(𝐵 𝑗0) = ∅, akkor
∑
𝑗∈𝐽


𝜇∗(𝐵 𝑗) = ∞, így az előző egyenlőtlenség teljesül. Ha


K𝜈(𝐵 𝑗) ≠ ∅ minden 𝑗 ∈ 𝐽-re, akkor rögzített 𝜀 ∈ R+ esetén a 𝜇∗ definíciója miatt
minden 𝑗 ∈ 𝐽-hez létezik 𝐼 𝑗 ⊂ N és 𝐴(𝑗)


𝑖
∈ ℋ (𝑖 ∈ 𝐼 𝑗), hogy 𝐵 𝑗 ⊂


⋃
𝑖∈𝐼𝑗


𝐴
(𝑗)
𝑖


és


𝜇∗(𝐵 𝑗) + 𝜀


2𝑗
≥


∑
𝑖∈𝐼𝑗


𝜈
(
𝐴
(𝑗)
𝑖


)
. (2.1)


Mivel
𝐵 ⊂


⋃
𝑗∈𝐽
𝐵 𝑗 ⊂


⋃
𝑗∈𝐽


⋃
𝑖∈𝐼 𝑗


𝐴
(𝑗)
𝑖
,


így 𝜇∗ definíciója miatt


𝜇∗(𝐵) ≤
∑
𝑗∈𝐽


∑
𝑖∈𝐼𝑗


𝜈
(
𝐴
(𝑗)
𝑖


)(2.1)
⇓
≤


∑
𝑗∈𝐽


(
𝜇∗(𝐵 𝑗) + 𝜀


2𝑗
)
≤


∑
𝑗∈𝐽


𝜇∗(𝐵 𝑗) +
∞∑
𝑗=1


𝜀


2𝑗
=


∑
𝑗∈𝐽


𝜇∗(𝐵 𝑗) + 𝜀.


Ebből 𝜀 ↓ 0 határátmenettel kapjuk, hogy 𝜇∗(𝐵) ≤ ∑
𝑗∈𝐽


𝜇∗(𝐵 𝑗). □


Az eddigiek alapján tehát egy tetszőleges halmazfüggvényből tudunk külső
mértéket, abból pedig teljes mértékteret generálni.


A kiindulásul szolgáló halmazfüggvényt célszerű úgy megadni, hogy abban
bizonyos halmazokra már megadjuk a kívánt mértéket, amit azután szeretnénk
kiterjeszteni valódi mértékké. Az előző példában sokszögekhez a területüket
rendeljük, majd ezt akarjuk kiterjeszteni további halmazokra is úgy, hogy az már
mérték legyen. Vagyis azt szeretnénk, hogy a kapott mértéktérben minden sokszög
mérhető legyen és a mértékük egyezzen meg a területükkel. Általánosan azt
kívánjuk meg a kapott mértéktértől az előző tétel jelöléseit használva, hogy minden
ℋ -beli halmaz 𝜇∗-mérhető legyen és ℋ minden eleméhez 𝜈 és 𝜇∗ ugyanazt rendelje.
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Azonban az előző tételből csak annyit tudunk biztosan, hogy 𝜇∗(𝐴) ≤ 𝜈(𝐴) minden
ℋ -beli 𝐴-ra.


A következő tétel szerint az egyenlőségnek a szükséges és elégséges feltétele,
hogy 𝜈 szubadditív legyen.


2.9. Tétel. Legyen 𝑋 egy halmaz, ℋ ⊂ 𝒫(𝑋), 𝜈 : ℋ → [0,∞] és 𝜇∗ a 𝜈-höz tartozó
külső mérték. A 𝜇∗(𝐴) = 𝜈(𝐴) minden 𝐴 ∈ ℋ esetén pontosan akkor teljesül, ha 𝜈
szubadditív.


Bizonyítás. ▶ „⇒” Legyen 𝜇∗(𝐴) = 𝜈(𝐴) minden 𝐴 ∈ ℋ esetén. Ebből 𝜇∗ szubaddi-
tivitása miatt 𝜈 is szubadditív.
▶ „⇐” Ha 𝜈 szubadditív, akkor 𝐴, 𝐴𝑖 ∈ ℋ (𝑖 ∈ 𝐼 ⊂ N) és 𝐴 ⊂ ⋃


𝑖∈𝐼
𝐴𝑖 esetén


𝜈(𝐴) ≤ ∑
𝑖∈𝐼


𝜈(𝐴𝑖) ∈ K𝜈(𝐴), így K𝜈(𝐴)-nak 𝜈(𝐴) alsó korlátja. Emiatt a 2.7. tétel


alapján
𝜈(𝐴) ≤ infK𝜈(𝐴) = 𝜇∗(𝐴) ≤ 𝜈(𝐴),


azaz 𝜇∗(𝐴) = 𝜈(𝐴). □


Még azt kell megvizsgálni, hogy mi a szükséges és elégséges feltétele annak,
hogy minden ℋ -beli halmaz 𝜇∗-mérhető legyen. Ehhez szükség van a következő
tételre, amely azt mondja ki, hogy ℋ -n értelmezett halmazfüggvényhez tartozó
𝜇∗ külső mérték esetén a 𝜇∗-mérhetőséghez nem kell megvizsgálni az alaphalmaz
összes részhalmazát, elég csak a ℋ elemeit.


2.10. Tétel. Legyen 𝑋 egy halmaz, ℋ ⊂ 𝒫(𝑋), 𝜈 : ℋ → [0,∞] és 𝜇∗ a 𝜈-höz tartozó
külső mérték. Ekkor a 𝐵 ⊂ 𝑋 halmaz pontosan abban az esetben 𝜇∗-mérhető, ha


𝜈(𝐴) ≥ 𝜇∗(𝐴 ∩ 𝐵) + 𝜇∗(𝐴 \ 𝐵)


teljesül minden 𝐴 ∈ ℋ esetén.


Bizonyítás. ▶ „⇒” Ha 𝐵 ⊂ 𝑋 𝜇∗-mérhető, akkor 𝐴 ∈ ℋ esetén a 2.7. tétel miatt


𝜈(𝐴) ≥ 𝜇∗(𝐴) = 𝜇∗(𝐴 ∩ 𝐵) + 𝜇∗(𝐴 \ 𝐵).


▶ „⇐” Tegyük fel, hogy 𝜈(𝐴) ≥ 𝜇∗(𝐴∩𝐵)+𝜇∗(𝐴\𝐵) minden 𝐴 ∈ ℋ esetén. Legyen
𝑇 ⊂ 𝑋, K𝜈(𝑇) ≠ ∅ és 𝜀 ∈ R+. A 𝜇∗ definíciója miatt létezik 𝐴𝑖 ∈ ℋ (𝑖 ∈ 𝐼 ⊂ N), hogy
𝑇 ⊂ ⋃


𝑖∈𝐼
𝐴𝑖 és


𝜇∗(𝑇) + 𝜀 ≥
∑
𝑖∈𝐼


𝜈(𝐴𝑖) ≥
∑
𝑖∈𝐼


(
𝜇∗(𝐴𝑖 ∩ 𝐵) + 𝜇∗(𝐴𝑖 \ 𝐵)


)
=


=
∑
𝑖∈𝐼


𝜇∗(𝐴𝑖 ∩ 𝐵) +
∑
𝑖∈𝐼


𝜇∗(𝐴𝑖 \ 𝐵) ≥
⇑


szubadditivitás


𝜇∗
(
𝐵 ∩


⋃
𝑖∈𝐼
𝐴𝑖


)
+ 𝜇∗


(
𝐵 ∩


⋃
𝑖∈𝐼
𝐴𝑖


)
≥
⇑


monotonitás


≥ 𝜇∗(𝐵 ∩ 𝑇) + 𝜇∗( 𝐵 ∩ 𝑇︸︷︷︸
𝑇\𝐵


).
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Így 𝜀 ↓ 0 határátmenettel kapjuk, hogy 𝜇∗(𝑇) ≥ 𝜇∗(𝐵∩𝑇)+𝜇∗(𝑇 \ 𝐵). HaK𝜈(𝑇) = ∅,
akkor 𝜇∗(𝑇) = ∞ miatt az előző egyenlőtlenség ismét teljesül. Így 𝐵 𝜇∗-mérhető. □


Az előző tételből már könnyen látható a következő állítás.


2.11. Tétel. Legyen 𝑋 egy halmaz, ℋ ⊂ 𝒫(𝑋), 𝜈 : ℋ → [0,∞], 𝜇∗ a 𝜈-höz tartozó
külső mérték és 𝒜 a 𝜇∗-mérhető halmazok rendszere. Ekkor ℋ ⊂ 𝒜 pontosan abban az
esetben teljesül, ha


𝜈(𝐴) ≥ 𝜇∗(𝐴 ∩ 𝐵) + 𝜇∗(𝐴 \ 𝐵)
minden 𝐴, 𝐵 ∈ ℋ esetén.


Így az ilyen tulajdonságú függvényt érdemes külön elnevezni.


2.12. Definíció. Legyen 𝑋 egy halmaz, ℋ ⊂ 𝒫(𝑋), 𝜈 : ℋ → [0,∞] és 𝜇∗ a 𝜈-höz
tartozó külső mérték. A 𝜈-t premértéknek nevezzük, ha szubadditív és


𝜈(𝐴) ≥ 𝜇∗(𝐴 ∩ 𝐵) + 𝜇∗(𝐴 \ 𝐵)


minden 𝐴, 𝐵 ∈ ℋ esetén.


A következő tétel a 2.9. és 2.11. tételek következménye, amely kimondja, hogy
annak szükséges és elégséges feltétele, hogy a 𝜈-ből kapott teljes mérték kiterjesztése
legyen 𝜈-nek az, hogy 𝜈 premérték legyen.


2.13. Tétel. Legyen 𝑋 egy halmaz, ℋ ⊂ 𝒫(𝑋), 𝜈 : ℋ → [0,∞], 𝜇∗ a 𝜈-höz tartozó
külső mérték és 𝒜 a 𝜇∗-mérhető halmazok rendszere. Ekkor ℋ ⊂ 𝒜 és 𝜇∗(𝐴) = 𝜈(𝐴)
minden 𝐴 ∈ ℋ esetén pontosan akkor teljesül, ha 𝜈 premérték.


Ez a fejezet tehát választ adott arra a kérdésre, hogyan lehet olyan mértékteret
generálni, amelynek értékei néhány speciális halmazon már adottak:


2.14. Következmény. Legyen 𝑋 egy halmaz, ℋ ⊂ 𝒫(𝑋) és 𝜈 : ℋ → [0,∞]. A 𝜈-höz
tartozó külső mérték által generált (𝑋,𝒜, 𝜇) teljes mértéktérben 𝜇 pontosan akkor
kiterjesztése 𝜈-nek, ha 𝜈 premérték.


A következő tétel azt állítja, hogy a mérték egyúttal premérték is, így minden
mértéktér kiterjeszthető teljes mértéktérré.


2.15. Tétel. Legyen (𝑋,ℋ , 𝜈) mértéktér. Ekkor a 𝜈-höz tartozó külső mérték által
generált (𝑋,𝒜, 𝜇) teljes mértéktérre ℋ ⊂ 𝒜 és 𝜇(𝐴) = 𝜈(𝐴) teljesül minden 𝐴 ∈ ℋ
esetén, azaz 𝜇 kiterjesztése 𝜈-nek. Az utóbbi mértékteret az (𝑋,ℋ , 𝜈) természetes
kiterjesztésének nevezzük.


Bizonyítás. Jelölje 𝜇∗ a 𝜈-höz tartozó külső mértéket. A 𝜈 mérték, tehát szubadditív,
így a 2.9. tétel miatt 𝜇∗(𝐴) = 𝜈(𝐴) minden 𝐴 ∈ ℋ esetén. Így 𝐴, 𝐵 ∈ ℋ esetén a 𝜈
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additivitása miatt


𝜇∗(𝐴 ∩ 𝐵︸︷︷︸
∈ℋ


) + 𝜇∗(𝐴 \ 𝐵︸︷︷︸
∈ℋ


) = 𝜈(𝐴 ∩ 𝐵) + 𝜈(𝐴 \ 𝐵) = 𝜈(𝐴),


azaz 𝜈 premérték. Ebből a 2.13. tétel miatt ℋ ⊂ 𝒜. □


3. Lebesgue-mérték
Az előzőekben ismertetett eljárást végezzük el egy konkrét esetben. Nevezetesen a
hosszúságot konstruáljuk meg a számegyenesen abból kiindulva, hogy a korlátos
intervallumok hossza már ismert. Az R egyelemű részhalmazait 0 hosszúságú zárt
intervallumoknak tekintjük.


3.1. Definíció. Rendelje 𝜈 az R minden korlátos részintervallumához a hosszát,
azaz, ha az intervallum végpontjai 𝑎 és 𝑏, akkor az |𝑎 − 𝑏| értéket. Legyen 𝜆∗ a
𝜈-höz tartozó külső mérték és (R,ℒ,𝜆) a 𝜆∗ által generált teljes mértéktér. Ezt a
mértékteret Lebesgue-mértéktérnek, ℒ elemeit Lebesgue-mérhető halmazoknak és a
𝜆-t Lebesgue-mértéknek nevezzük.


3.2. Tétel. Az előbb definiált 𝜈 premérték, azaz R korlátos intervallumai Lebesgue-
mérhetőek és Lebesgue-mértékük a hosszukkal egyenlő.


Bizonyítás. ①▶ Legyen 𝐴 és 𝐵 az R korlátos intervallumai. Ezek kölcsönös helyze-
tére négy eset lehetséges.


| |︸       ︷︷       ︸
𝐴


𝐵︷       ︸︸       ︷
| | Ekkor 𝜆∗(𝐴 \ 𝐵) + 𝜆∗(𝐴 ∩ 𝐵)


2.7. tétel
⇓
≤ 𝜈(𝐴 \ 𝐵) + 𝜈(𝐴 ∩ 𝐵) = 𝜈(𝐴).


| |︸︷︷︸
𝐴


| |


𝐵︷︸︸︷
| | Ekkor 𝜆∗(𝐴 \ 𝐵︸︷︷︸


𝐴


) +


0︷     ︸︸     ︷
𝜆∗(𝐴 ∩ 𝐵︸︷︷︸


∅


) = 𝜆∗(𝐴)
2.7. tétel


⇓
≤ 𝜈(𝐴).


𝐴︷               ︸︸               ︷
| |︸︷︷︸
𝐴1


| |︸︷︷︸
𝐵


| |︸︷︷︸
𝐴2


Ekkor 𝜆∗(𝐴 \ 𝐵︸︷︷︸
𝐴1∪𝐴2


)+𝜆∗(𝐴 ∩ 𝐵︸︷︷︸
𝐵


)
szubadditivitás


⇓
≤ 𝜆∗(𝐴1)+𝜆∗(𝐴2)+𝜆∗(𝐵)


2.7. tétel
⇓
≤ 𝜈(𝐴1)+


+ 𝜈(𝐴2) + 𝜈(𝐵) = 𝜈(𝐴).
𝐵︷               ︸︸               ︷


| || |︸︷︷︸
𝐴


Ekkor


0︷     ︸︸     ︷
𝜆∗(𝐴 \ 𝐵︸︷︷︸


∅


)+𝜆∗(𝐴 ∩ 𝐵︸︷︷︸
𝐴


) = 𝜆∗(𝐴)
2.7. tétel


⇓
≤ 𝜈(𝐴).


Tehát azt kaptuk, hogy 𝜈(𝐴) ≥ 𝜆∗(𝐴 \ 𝐵) + 𝜆∗(𝐴 ∩ 𝐵) minden R-beli 𝐴, 𝐵 korlátos
intervallum esetén.
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②▶ Legyenek 𝐴, 𝐴𝑖 (𝑖 ∈ 𝐼 ⊂ N) R-beli korlátos intervallumok, melyekre 𝐴 ⊂ ⋃
𝑖∈𝐼
𝐴𝑖 ,


és legyen 𝜀 ∈ R+. Ekkor létezik [𝑎, 𝑏] ⊂ 𝐴, melyre 𝜈(𝐴) − (𝑏 − 𝑎) ≤ 𝜀 és létezik
(𝑎𝑖 , 𝑏𝑖) ⊃ 𝐴𝑖 ∀𝑖 ∈ N-re, hogy


𝑏𝑖 − 𝑎𝑖 − 𝜈(𝐴𝑖) ≤
𝜀


2𝑖
.


Ekkor [𝑎, 𝑏] ⊂ ⋃
𝑖∈𝐼
(𝑎𝑖 , 𝑏𝑖). Mivel [𝑎, 𝑏] kompakt, ezért létezik 𝐼∗ ⊂ 𝐼 véges halmaz,


hogy [𝑎, 𝑏] ⊂ ⋃
𝑖∈𝐼∗


(𝑎𝑖 , 𝑏𝑖). Ebből következően létezik 𝑖1 ∈ 𝐼∗, hogy 𝑎𝑖1 < 𝑎 < 𝑏𝑖1 .


Ha 𝑏𝑖1 ≤ 𝑏, akkor létezik 𝑖2 ∈ 𝐼∗, hogy 𝑎𝑖2 < 𝑏𝑖1 < 𝑏𝑖2 . Ha 𝑏𝑖2 ≤ 𝑏, akkor létezik
𝑖3 ∈ 𝐼∗, hogy 𝑎𝑖3 < 𝑏𝑖2 < 𝑏𝑖3 . Ez a kiválasztási eljárás véges sok lépésben megszakad
az 𝐼∗ végessége miatt. Ha 𝑛 lépés után szakadt meg, azaz 𝑏 < 𝑏𝑖𝑛 , akkor legyen
𝐼∗∗ := {𝑖1, 𝑖2, . . . , 𝑖𝑛}. Mindezekből


𝜈(𝐴) ≤ 𝑏 − 𝑎 + 𝜀 < 𝑏𝑖𝑛 − 𝑎𝑖1 + 𝜀 =
= 𝑏𝑖𝑛 − 𝑎𝑖𝑛 + 𝑎𝑖𝑛︸︷︷︸


<𝑏𝑖𝑛−1


− 𝑎𝑖𝑛−1 + 𝑎𝑖𝑛−1︸︷︷︸
<𝑏𝑖𝑛−2


− 𝑎𝑖𝑛−2 + · · · + 𝑎𝑖2︸︷︷︸
<𝑏𝑖1


− 𝑎𝑖1 + 𝜀 <


<
∑
𝑖∈𝐼∗∗


(𝑏𝑖 − 𝑎𝑖) + 𝜀 ≤
∑
𝑖∈𝐼


(
𝜈(𝐴𝑖) + 𝜀


2𝑖
)


+ 𝜀 ≤
∑
𝑖∈𝐼


𝜈(𝐴𝑖) +
∞∑
𝑖=1


𝜀


2𝑖
+ 𝜀 =


∑
𝑖∈𝐼


𝜈(𝐴𝑖) + 2𝜀.


Ebből 𝜀 ↓ 0 határátmenettel kapjuk, hogy 𝜈(𝐴) ≤ ∑
𝑖∈𝐼


𝜈(𝐴𝑖), azaz 𝜈 szubadditív. Így


① miatt 𝜈 premérték. □


A következő tétel szerint egy halmaz Lebesgue-mérhetősége és Lebesgue-
mértéke nem változik a halmaz eltolásával.


3.3. Tétel (Eltolás-invarianciaEltolás-invariancia). Legyen 𝑟 ∈ R, 𝑔 : R → R, 𝑔(𝑥) := 𝑥 + 𝑟 és 𝐴 ⊂ R.
Ekkor


𝜆∗ (𝑔(𝐴)) = 𝜆∗(𝐴), (3.1)


továbbá, ha 𝐴 Lebesgue-mérhető, akkor 𝑔(𝐴) is az.


Bizonyítás. Ha𝐴 korlátos intervallum 𝑎, 𝑏 ∈ R végpontokkal, akkor 𝑔(𝐴) is korlátos
intervallum 𝑎 + 𝑟 és 𝑏 + 𝑟 végpontokkal, melyből


𝜆∗ (𝑔(𝐴)) = |𝑎 + 𝑟 − (𝑏 + 𝑟)| = |𝑎 − 𝑏| = 𝜆∗(𝐴),


azaz ekkor (3.1) teljesül. Ha 𝐴 ⊂ R tetszőleges akkor legyenek 𝐴𝑖 ⊂ R (𝑖 ∈ 𝐼 ⊂ N)
olyan korlátos intervallumok, melyekre 𝐴 ⊂ ⋃


𝑖∈𝐼
𝐴𝑖 . Így


𝑔(𝐴) ⊂ 𝑔


(⋃
𝑖∈𝐼
𝐴𝑖


)
=


⋃
𝑖∈𝐼


𝑔(𝐴𝑖),


melyből a szubadditivitás miatt


𝜆∗ (𝑔(𝐴)) ≤ ∑
𝑖∈𝐼


𝜆∗ (𝑔(𝐴𝑖)) =
∑
𝑖∈𝐼


𝜆∗(𝐴𝑖),
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azaz 𝜆∗ (𝑔(𝐴)) alsó korlátja K𝜈(𝐴)-nak (K𝜈(𝐴) definícióját lásd a 2.7. tételben). Így
𝜆∗ (𝑔(𝐴)) ≤ infK𝜈(𝐴) = 𝜆∗(𝐴), tehát


𝜆∗ (𝑔(𝐴)) ≤ 𝜆∗(𝐴). (3.2)


A kapott eredményt alkalmazzuk 𝐴 helyett 𝑔(𝐴)-ra és 𝑔 helyett 𝑔−1-re, ahol
𝑔−1(𝑥) = 𝑥 − 𝑟. Ekkor


𝜆∗
(
𝑔−1 (𝑔(𝐴))︸      ︷︷      ︸


𝐴


)
≤ 𝜆∗ (𝑔(𝐴)) ,


melyből (3.2) miatt adódik (3.1). Még azt kell belátni, hogy 𝐴 ∈ ℒ esetén 𝑔(𝐴) ∈ ℒ,
ami valóban teljesül, hiszen 𝑇 ⊂ R esetén (3.1) miatt


𝜆∗ (𝑇 ∩ 𝑔(𝐴)
)


+ 𝜆∗ (𝑇 \ 𝑔(𝐴)
)


= 𝜆∗
(
𝑔−1 (𝑇 ∩ 𝑔(𝐴)


) )
+ 𝜆∗


(
𝑔−1 (𝑇 \ 𝑔(𝐴)


) )
=


𝜆∗ (𝑔−1(𝑇) ∩ 𝐴
)


+ 𝜆∗ (𝑔−1(𝑇) \ 𝐴
)


=
⇑


𝐴∈ℒ


𝜆∗ (𝑔−1(𝑇)
)


= 𝜆∗(𝑇). □


3.4. Tétel. Az R minden megszámlálható részhalmaza Lebesgue-mérhető, továbbá
Lebesgue-mértéke 0.


Bizonyítás. Legyen 𝐴 ⊂ R megszámlálható számosságú halmaz. Ha 𝐴 = ∅ akkor
𝐴 ∈ ℒ és 𝜆(𝐴) = 0. Ha 𝐴 = {𝑥} (𝑥 ∈ R), akkor 𝐴 zárt intervallum, melynek a hossza
0. Így a 3.2. tétel szerint 𝐴 ∈ ℒ és 𝜆(𝐴) = 0. Ebből 𝐴 = {𝑥𝑖 ∈ R : 𝑖 ∈ 𝐼 ⊂ N} esetén
𝐴 =


⋃
𝑖∈𝐼
{𝑥𝑖} ∈ ℒ, hiszen ℒ 𝜎-algebra, másrészt az additivitás miatt


𝜆(𝐴) =
∑
𝑖∈𝐼


𝜆({𝑥𝑖})︸  ︷︷  ︸
0


= 0. □


A következőkben belátjuk, hogy létezik kontinuum számosságú 0 Lebesgue-
mértékű halmaz is.


3.5. Definíció. A [0, 1] intervallumból vonjuk ki a középső 1
3 hosszúságú nyílt


intervallumot. Az így kapott halmaz legyen 𝐶1, amely két 1
3 hosszúságú zárt


intervallum. Ezek mindegyikéből vonjuk ki a középső 1
32 hosszúságú nyílt


intervallumot. Az így kapott halmaz legyen 𝐶2, amely négy darab 1
32 hosszúságú


zárt intervallum. Ezt az eljárást folytatva, ha már definiáltuk a 𝐶𝑛 halmazt, mely
2𝑛 darab 1


3𝑛 hosszúságú diszjunkt zárt intervallum, akkor azok mindegyikéből
elhagyva a középső 1


3𝑛+1 hosszú nyílt intervallumot, kapjuk a 𝐶𝑛+1 halmazt.


Legyen 𝐶 :=
∞⋂
𝑛=1


𝐶𝑛 , amit Cantor-féle triadikus halmaznak nevezünk.


3.6. Tétel. A Cantor-féle triadikus halmaz kontinuum számosságú, Lebesgue-mérhető
és Lebesgue-mértéke 0.
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Bizonyítás. Mivel 𝐶 ⊂ 𝐶𝑛 minden 𝑛 ∈ N esetén, így a külső mérték monotonitása
miatt 𝜆∗(𝐶) ≤ 𝜆∗(𝐶𝑛) = 2𝑛


3𝑛 minden 𝑛 ∈ N-re, melyből 𝑛 → ∞ határátmenettel
𝜆∗(𝐶) = 0. Így a 2.5. megjegyzés miatt 𝐶 ∈ ℒ.


Most belátjuk, hogy 𝐶 kontinuum számosságú. Az 𝑥 ∈ 𝐶 pontosan akkor
teljesül, ha az 𝑥 végtelen triadikus tört alakjában a triadikus jegyek egyike sem 1.
Minden 𝑥 ∈ 𝐶 számhoz rendeljük azt a 0, 𝑦1𝑦2 . . . diadikus törtet, melyre 𝑦𝑛 = 𝑥𝑛


2
teljesül, ahol 0, 𝑥1𝑥2 . . . az 𝑥 végtelen triadikus tört alakja. Ez egy 𝐶-t [0, 1]-re
képező invertálható függvény, amiből kapjuk az állítást. □


A 2.6. tétel miatt a Lebesgue-mérték teljes, így 𝜆(𝐶) = 0 miatt a 𝐶 minden
részhalmaza Lebesgue-mérhető. De 𝐶 kontinuum számosságú, ezért ugyanannyi
részhalmaza van, mint R-nek. Így felmerül a kérdés, hogy van-e egyáltalán olyan
részhalmaza R-nek, mely nem Lebesgue-mérhető? A válasz igen, pl. az ún. Vitali-
féle halmaz.


3.7. Definíció. Legyen 𝑄 :=
{
(𝑥, 𝑦) : 𝑥, 𝑦 ∈ [−1, 1], 𝑥 − 𝑦 ∈ Q


}
és tekintsük a


[−1, 1] intervallumnak a 𝑄 által vett osztályozását, azaz soroljunk egy osztályba
két számot a [−1, 1] intervallumban, ha azok különbsége racionális. A𝑉 halmaz
tartalmazzon ezen osztályok mindegyikéből pontosan egy elemet. Ekkor a 𝑉
halmazt Vitali-féle halmaznak nevezzük.


3.8. Megjegyzés. Az előző definícióban említett osztályozás értelmezése korrekt,
mert 𝑄 ekvivalencia reláció, azaz reflexív, szimmetrikus és tranzitív.
▶ 𝑄 reflexív, mert 𝑥 − 𝑥 = 0 ∈ Q miatt (𝑥, 𝑥) ∈ 𝑄 ∀𝑥 ∈ [−1, 1].
▶ 𝑄 szimmetrikus, mert (𝑥, 𝑦) ∈ 𝑄 esetén 𝑥 − 𝑦 ∈ Q, így 𝑦 − 𝑥 ∈ Q, azaz (𝑦, 𝑥) ∈ 𝑄.
▶ 𝑄 tranzitív, mert (𝑥, 𝑦), (𝑦, 𝑧) ∈ 𝑄 esetén 𝑥 − 𝑦 ∈ Q és 𝑦 − 𝑧 ∈ Q, így 𝑥 − 𝑧 = 𝑥 −
− 𝑦 + 𝑦 − 𝑧 ∈ Q, azaz (𝑥, 𝑧) ∈ 𝑄.
A kiválasztási axióma alapján a 𝑉 valóban halmaz. Vegyük észre, hogy a 𝑄 által
generált minden ekvivalencia osztályban végtelen sok elem van, így a𝑉 kiválasztása
is végtelen sok módon történhet, azaz 𝑉 nem egyértelműen meghatározott.


3.9. Tétel. A Vitali-féle halmaz nem Lebesgue-mérhető.


Bizonyítás. Legyen az 𝑟1, 𝑟2, . . . , 𝑟𝑘 , . . . olyan sorozat, mely a Q ∩ [−2, 2] minden
értékét pontosan egyszer veszi fel és 𝑔𝑘 : R → R, 𝑔𝑘(𝑥) := 𝑥 + 𝑟𝑘 (𝑘 ∈ N).
▶ 𝑥 ∈ [−1, 1] esetén létezik 𝑦 ∈ 𝑉 , hogy (𝑥, 𝑦) ∈ 𝑄, így |𝑥 − 𝑦| ≤ 2 és 𝑥 − 𝑦 ∈ Q.
Ezért létezik 𝑘0 ∈ N, hogy 𝑟𝑘0 = 𝑥 − 𝑦, azaz 𝑥 = 𝑦 + 𝑟𝑘0 = 𝑔𝑘0(𝑦) ∈ 𝑔𝑘0(𝑉). Ebből


[−1, 1] ⊂ 𝑔𝑘0(𝑉) ⊂
∞⋃
𝑘=1


𝑔𝑘(𝑉).


Így a szubadditivitás és a 3.3. tétel miatt


2 = 𝜆∗ ([−1, 1]
)
≤


∞∑
𝑘=1


𝜆∗ (𝑔𝑘(𝑉)
)


=
∞∑
𝑘=1


𝜆∗(𝑉) = lim
𝑛→∞


𝜆∗(𝑉) · 𝑛,
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melyből 𝜆∗(𝑉) > 0.
▶ Legyen 𝑖 , 𝑗 ∈ N, 𝑖 ≠ 𝑗 és 𝑦 ∈ 𝑔𝑖(𝑉) ∩ 𝑔𝑗(𝑉). Ekkor létezik 𝑥𝑖 , 𝑥 𝑗 ∈ 𝑉 , hogy
𝑦 = 𝑥𝑖 + 𝑟𝑖 = 𝑥 𝑗 + 𝑟 𝑗 , azaz 𝑥𝑖 − 𝑥 𝑗 = 𝑟 𝑗 − 𝑟𝑖 ∈ Q. Így (𝑥𝑖 , 𝑥 𝑗) ∈ 𝑄. Mivel 𝑉 a 𝑄
által generált minden ekvivalenciaosztályból pontosan egy elemet tartalmaz, ezért
𝑥𝑖 = 𝑥 𝑗 . Ebből 𝑟𝑖 = 𝑟 𝑗 , azaz 𝑖 = 𝑗, ami ellentmondás. Így 𝑔𝑘(𝑉), 𝑘 ∈ N diszjunkt
rendszer.
▶ Most tegyük fel, hogy 𝑉 ∈ ℒ. A 3.3. tétel miatt 𝑔𝑘(𝑉) ∈ ℒ minden 𝑘 ∈ N-re,


így
∞⋃
𝑘=1


𝑔𝑘(𝑉) ∈ ℒ. Ha 𝑥 ∈ 𝑉 , akkor 𝑔𝑘(𝑥) = 𝑥 + 𝑟𝑘 ∈ [−3, 3] minden 𝑘 ∈ N-re.


Ebből 𝑔𝑘(𝑉) ⊂ [−3, 3] minden 𝑘 ∈ N-re, azaz
∞⋃
𝑘=1


𝑔𝑘(𝑉) ⊂ [−3, 3]. Mindezekből a


monotonitás, az additivitás és a 3.3. tétel miatt


6 = 𝜆
(
[−3, 3]


)
≥ 𝜆


( ∞⋃
𝑘=1


𝑔𝑘(𝑉)
)


=
∞∑
𝑘=1


𝜆
(
𝑔𝑘(𝑉)


)
=


∞∑
𝑘=1


𝜆(𝑉) = lim
𝑛→∞


𝜆(𝑉) · 𝑛.


Így 𝜆(𝑉) = 0, ami ellentmond 𝜆∗(𝑉) > 0-nak. Ebből 𝑉 ∉ ℒ. □


4. Nyílt illetve Borel-mérhető halmazok
A továbbiakban szükségünk lesz az R𝑛 := R × · · · × R illetve R𝑛b := Rb × · · · × Rb 𝑛-
szeres Descartes-szorzatok nyílt halmazainak fogalmára. A korábbi tanulmányaink
során R𝑛-ben ezt már megtettük a szokásos metrika segítségével. Eszerint egy
R𝑛-beli halmazt nyíltnak nevezünk, ha minden pontja belső pont, azaz minden
pontjának van olyan környezete, amely a halmaznak részhalmaza. Jelöljük az
R𝑛-beli nyílt halmazok rendszerét 𝒩(R𝑛) módon.


Hasonlóan járhatnánk el R𝑛b-ben is, de egyszerűbb út a nyíltságot topologikus
úton, metrikától függetlenül bevezetni. Ehhez először azt mutatjuk meg, hogy
hogyan lehet ezt R𝑛-ben megtenni.


4.1. Definíció. Azokat a halmazokat, amelyek előállnak 𝑛 darab R-beli nyílt
intervallum Descartes-szorzataként, R𝑛-beli nyílt tégláknak nevezzük.


4.2. Tétel (Nyílt halmazok topológiája R𝑛-benNyílt halmazok topológiája R𝑛-ben). Egy R𝑛-beli halmaz pontosan ab-
ban az esetben nyílt, ha előáll megszámlálhatóan sok R𝑛-beli nyílt tégla uniójaként.


Bizonyítás. Jelölje 𝒯 azonR𝑛-beli nyílt téglák halmazát, melyek racionális végpontú
nyílt intervallumok Descartes-szorzataként állnak elő. Ekkor 𝒯 megszámlálhatóan
végtelen számosságú.


Legyen ℋ :=
{⋃
𝑖∈𝐼
𝑇𝑖 : 𝐼 ⊂ N és 𝑇𝑖 ∈ 𝒯 ∀𝑖 ∈ 𝐼


}
és 𝑁 ∈ 𝒩(R𝑛). Ha 𝑁 = ∅, akkor


𝐼 = ∅ választással kapjuk, hogy 𝑁 ∈ ℋ . Ha 𝑁 ≠ ∅, akkor minden 𝑥 ∈ 𝑁 esetén
létezik 𝑇𝑥 ∈ 𝒯 , melyre 𝑥 ∈ 𝑇𝑥 ⊂ 𝑁 teljesül, hiszen 𝑥 belső pontja 𝑁-nek és Q sűrű
R-ben. Így


⋃
𝑥∈𝑁


𝑇𝑥 ⊂ 𝑁 . Másrészt, ha 𝑥0 ∈ 𝑁 , akkor 𝑥0 ∈ 𝑇𝑥0 , azaz 𝑥0 ∈ ⋃
𝑥∈𝑁


𝑇𝑥 . Így
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𝑁 ⊂ ⋃
𝑥∈𝑁


𝑇𝑥 , amiből 𝑁 =
⋃
𝑥∈𝑁


𝑇𝑥 . Mivel 𝒯 megszámlálhatóan végtelen számosságú


és 𝑇𝑥 ∈ 𝒯 , ezért létezik olyan 𝐼 ⊂ 𝑁 megszámlálható számosságú halmaz, melyre⋃
𝑥∈𝐼
𝑇𝑥 =


⋃
𝑥∈𝑁


𝑇𝑥 . Ez azt jelenti, hogy 𝑁 ∈ ℋ , melyből 𝒩(R𝑛) ⊂ ℋ . Mivel a fordított


tartalmazás triviálisan teljesül, így 𝒩(R𝑛) = ℋ , amely az állítással ekvivalens. □


A 4.2. tétel mintájára lehetőségünk van az R𝑛b-beli nyílt halmazok definiálására
metrika nélkül, topologikus úton.


4.3. Definíció. A következő halmazokat Rb-beli nyílt intervallumoknak nevezzük:
(𝑎, 𝑏) = {𝑥 ∈ Rb : 𝑎 < 𝑥 < 𝑏} (𝑎, 𝑏 ∈ Rb, 𝑎 < 𝑏),
(𝑎,∞] = {𝑥 ∈ Rb : 𝑥 > 𝑎} (𝑎 ∈ Rb, 𝑎 < ∞),


[−∞, 𝑎) = {𝑥 ∈ Rb : 𝑥 < 𝑎} (𝑎 ∈ Rb, 𝑎 > −∞),
[−∞,∞] = Rb.


4.4. Definíció. Azokat a halmazokat, amelyek előállnak 𝑛 darab Rb-beli nyílt
intervallum Descartes-szorzataként, R𝑛b-beli nyílt tégláknak nevezzük.


4.5. Definíció. Egy R𝑛b-beli halmazt nyíltnak nevezünk, ha előáll megszámlálha-
tóan sok R𝑛b-beli nyílt tégla uniójaként. Az R𝑛b-beli nyílt halmazok rendszerét
𝒩(R𝑛b) módon jelöljük.


A mértékelméletben fontos szerepe van a nyílt halmazoknak, viszont ezek
rendszere nem alkot 𝜎-algebrát. Így célszerű ezt a rendszert a „legkevesebb” olyan
halmazzal kiegészíteni, mellyel már 𝜎-algebrát alkot. Ezt a legszűkebb 𝜎-algebrát
megkapjuk, ha vesszük az összes olyan 𝜎-algebra metszetét, amely tartalmazza ezt
a rendszert.


4.6. Definíció. Legyen 𝑋 egy halmaz és ℋ ⊂ 𝒫(𝑋). A ℋ -t tartalmazó 𝑋


részhalmazaiból álló összes 𝜎-algebra metszetét a ℋ által generált 𝜎-algebrának
nevezzük. Jele: 𝜎(ℋ).


4.7. Definíció. Az R𝑛 nyílt halmazai által generált 𝜎-algebrát ℬ(R𝑛) módon
jelöljük és elemeit azR𝑛 Borel-mérhető halmazainak nevezzük. AzR𝑛b nyílt halmazai
által generált 𝜎-algebrát ℬ(R𝑛b) módon jelöljük és elemeit az R𝑛b Borel-mérhető
halmazainak nevezzük.


5. Mérhető függvények
Nyílt halmazon értelmezett valós függvény pontosan akkor folytonos, ha minden
értékkészletbeli nyílt halmaz ősképe nyílt. Ennek analógiájára, egy mérhető teret
mérhető térbe képező függvényt nevezzünk mérhetőnek, ha minden értékkész-
letbeli mérhető halmaz ősképe mérhető. Emlékeztetőül, a 𝐻 halmaz 𝑓 függvény


19







általi ősképe
𝑓 −1(𝐻) := {𝑥 ∈ 𝐷 𝑓 : 𝑓 (𝑥) ∈ 𝐻},


azaz az 𝑓 azon értelmezéstartománybeli pontjainak halmaza, melyekhez az 𝑓


𝐻-beli elemeket rendel.


5.1. Definíció. Legyenek (𝑋,𝒜) és (𝑌,ℬ) mérhető terek és 𝑓 : 𝐴→ 𝑌 (𝐴 ⊂ 𝑋).
Az 𝑓 (𝒜,ℬ)-mérhető függvény, ha 𝑓 −1(𝐵) ∈ 𝒜 minden 𝐵 ∈ ℬ esetén, azaz, ha
minden mérhető halmaz ősképe mérhető.


5.2. Megjegyzés. Az előző definíció jelöléseivel, ha 𝑓 (𝒜,ℬ)-mérhető függvény,
akkor 𝑌 ∈ ℬ miatt 𝐴 = 𝑓 −1(𝑌) ∈ 𝒜, azaz 𝑓 értelmezési tartománya mérhető
halmaz.


A következő speciális esetben 𝑌 = R𝑛b és ℬ = ℬ(R𝑛b).


5.3. Definíció. Legyen (𝑋,𝒜) mérhető tér és 𝑓 : 𝐴 → R𝑛b (𝐴 ⊂ 𝑋). Az 𝑓 𝒜-
mérhető függvény, ha 𝑓 −1(𝐵) ∈ 𝒜 minden 𝐵 ∈ ℬ(R𝑛b) esetén, azaz, ha minden
Borel-mérhető halmaz ősképe mérhető. Ha 𝜇 az 𝒜-n értelmezett mérték és 𝑓
𝒜-mérhető, akkor azt is mondjuk, hogy 𝑓 𝜇-mérhető.


Az előző definíciónak tekintsük azt a speciális esetét, amikor 𝑋 = R𝑘b és
𝒜 = ℬ(R𝑘b).


5.4. Definíció. Legyen 𝑓 : 𝐻 → R𝑛b (𝐻 ⊂ R𝑘b). Az 𝑓 Borel-mérhető függvény, ha
𝑓 −1(𝐵) ∈ ℬ(R𝑘b) minden 𝐵 ∈ ℬ(R𝑛b) esetén, azaz, ha minden Borel-mérhető
halmaz ősképe Borel-mérhető.


Definíció szerint egy függvény 𝒜-mérhetőségéhez az R𝑛b nyílt halmazai által
generált 𝜎-algebra elemeit kell megvizsgálni. A következő tétel azt állítja, hogy
valójában elég csak az R𝑛b nyílt halmazait vizsgálni. Ehhez szükségünk lesz egy
lemmára.


5.5. Lemma. Ha (𝑋,𝒜) mérhető tér, 𝐴 ∈ 𝒜, 𝑌 egy halmaz, 𝑓 : 𝐴→ 𝑌 és


ℬ := {𝐵 ⊂ 𝑌 : 𝑓 −1(𝐵) ∈ 𝒜},


akkor (𝑌,ℬ) mérhető tér.


Bizonyítás. ▶ Mivel 𝑓 −1(𝑌) = 𝐴 ∈ 𝒜, ezért 𝑌 ∈ ℬ.


▶ 𝐵 ∈ ℬ esetén 𝑓 −1(𝐵) ∈ 𝒜, így 𝑓 −1(𝐵) = 𝑓 −1(𝑌 \ 𝐵) = 𝑓 −1(𝑌) \ 𝑓 −1(𝐵) = 𝐴 \
\ 𝑓 −1(𝐵) ∈ 𝒜, melyből 𝐵 ∈ ℬ.


▶ 𝐵𝑖 ∈ ℬ (𝑖 ∈ N) esetén 𝑓 −1(𝐵𝑖) ∈ 𝒜 (𝑖 ∈ N), így 𝑓 −1
( ∞⋃
𝑖=1
𝐵𝑖


)
=


∞⋃
𝑖=1


𝑓 −1(𝐵𝑖) ∈ 𝒜,


melyből
∞⋃
𝑖=1
𝐵𝑖 ∈ ℬ. Mindezekből következik az állítás. □
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5.6. Tétel. Legyen (𝑋,𝒜) mérhető tér és 𝑓 : 𝐴→ R𝑛b (𝐴 ⊂ 𝑋). Az 𝑓 pontosan akkor
𝒜-mérhető, ha 𝑓 −1(𝐻) ∈ 𝒜 minden 𝐻 ⊂ R𝑛b nyílt halmazra, azaz, ha minden nyílt
halmaz ősképe mérhető.


Bizonyítás. ▶ „⇒” Minden R𝑛b-beli nyílt halmaz eleme ℬ(R𝑛b)-nek, így ez az irány
triviális.
▶ „⇐” Az R𝑛b nyílt halmaz, ezért 𝑓 −1(R𝑛b) = 𝐴 ∈ 𝒜, melyből az 5.5. lemma miatt


ℬ :=
{
𝐵 ⊂ R𝑛b : 𝑓 −1(𝐵) ∈ 𝒜


}
𝜎-algebra. Legyen 𝐻 ∈ 𝒩(R𝑛b). Ekkor 𝑓 −1(𝐻) ∈ 𝒜, azaz 𝐻 ∈ ℬ. Ebből kapjuk, hogy
𝒩(R𝑛b) ⊂ ℬ, azaz ℬ olyan 𝜎-algebra, mely tartalmazza 𝒩(R𝑛b)-t. Tehát ℬ(R𝑛b) =
= 𝜎


(
𝒩(R𝑛b)


)
⊂ ℬ, azaz 𝐵 ∈ ℬ(R𝑛b) esetén 𝐵 ∈ ℬ. Emiatt 𝑓 −1(𝐵) ∈ 𝒜, vagyis az 𝑓


függvény 𝒜-mérhető. □


5.7. Definíció. Legyen 𝑓 : 𝐻 → R𝑛b (𝐻 ⊂ R𝑘b) és 𝑥0 ∈ 𝐻. Az 𝑓 𝑥0-ban folytonos,
ha minden 𝑓 (𝑥0)-át tartalmazó R𝑛b-beli nyílt 𝑈 halmaz esetén van olyan 𝑥0-át
tartalmazó R𝑘b-beli nyílt 𝑉 halmaz, melyre 𝑓 (𝑉) ⊂ 𝑈 teljesül. Az 𝑓 folytonos, ha
𝐻 minden pontjában folytonos.


5.8. Tétel. Legyen 𝐻 ⊂ R𝑘b nyílt. Az 𝑓 : 𝐻 → R𝑛b függvény pontosan akkor folytonos,
ha 𝑓 −1(𝐴) nyílt minden 𝐴 ⊂ R𝑛b nyílt halmaz esetén.


Bizonyítás. ▶ „⇒” Legyen 𝐴 ⊂ R𝑛b nyílt halmaz. Ha 𝑓 −1(𝐴) = ∅, akkor kész. Ha
𝑓 −1(𝐴) ≠ ∅, akkor legyen 𝑥 ∈ 𝑓 −1(𝐴), azaz 𝑓 (𝑥) ∈ 𝐴. Ebből a folytonosság miatt
létezik olyan 𝑉𝑥 ⊂ R𝑘b nyílt halmaz, hogy 𝑥 ∈ 𝑉𝑥 és 𝑓 (𝑉𝑥) ⊂ 𝐴. Így 𝑓 (𝑉𝑥 ∩ 𝐻) ⊂ 𝐴.
Ebből 𝑉𝑥 ∩ 𝐻 ⊂ 𝐻 miatt 𝑥 ∈ 𝑉𝑥 ∩ 𝐻 ⊂ 𝑓 −1(𝐴). Így


𝑓 −1(𝐴) ⊂
⋃


𝑥∈ 𝑓 −1(𝐴)
(𝑉𝑥 ∩ 𝐻) ⊂


⋃
𝑥∈ 𝑓 −1(𝐴)


𝑓 −1(𝐴) = 𝑓 −1(𝐴), azaz 𝑓 −1(𝐴) =
⋃


𝑥∈ 𝑓 −1(𝐴)
(𝑉𝑥 ∩ 𝐻).


Ebből kapjuk, hogy 𝑓 −1(𝐴) nyílt.
▶ „⇐” Legyen 𝑥 ∈ 𝐻 és 𝐴 ⊂ R𝑛b olyan nyílt halmaz, melyre 𝑓 (𝑥) ∈ 𝐴. Ekkor
𝑉 = 𝑓 −1(𝐴) választással 𝑉 nyílt, 𝑥 ∈ 𝑉 és 𝑓 (𝑉) ⊂ 𝐴. Így 𝑓 folytonos 𝑥-ben. □


5.9. Tétel. Ha 𝐻 ⊂ R𝑘b nyílt és 𝑓 : 𝐻 → R𝑛b folytonos függvény, akkor 𝑓 Borel-mérhető.


Bizonyítás. 𝐴 ⊂ R𝑛b nyílt halmaz esetén az 5.8. tétel miatt 𝑓 −1(𝐴) nyílt, ezért
𝑓 −1(𝐴) ∈ ℬ(R𝑘b). Ebből az 5.6. tétel miatt 𝑓 Borel-mérhető. □


A következőkben gyakran fogunk találkozni a „majdnem mindenütt” fogalom-
mal.
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5.10. Definíció. Legyen (𝑋,𝒜, 𝜇) mértéktér és 𝑇 az 𝑋 egy részhalmazán értel-
mezett tulajdonság. Jelölje 𝑋(𝑇) az 𝑋 azon pontjainak halmazát, melyekben a
𝑇 teljesül. Azt mondjuk, hogy 𝑇 𝜇-majdnem mindenütt (vagy röviden majdnem
mindenütt) teljesül, ha 𝑋 \ 𝑋(𝑇) halmaz 0 mértékű. Rövidítése: 𝜇-m.m. (illetve
m.m.).


Például legyen (𝑋,𝒜, 𝜇) a Lebesgue-mértéktér, 𝑓 a négyzetfüggvény és 𝑔 a
reciprokfüggvény. Ekkor 𝑋( 𝑓 < 𝑔) = (0, 1), hiszen 𝑓 (𝑥) < 𝑔(𝑥) pontosan akkor
teljesül, ha 𝑥 ∈ (0, 1). Másrészt 𝑋( 𝑓 > 0) = R \ {0}, ezért 𝑋 \ 𝑋( 𝑓 > 0) = {0}, ami
Lebesgue-szerint 0 mértékű, tehát 𝑓 > 0 𝜇-m.m. teljesül.


5.11. Tétel. Legyen (𝑋,𝒜, 𝜇) teljes mértéktér, (𝑌,ℬ) mérhető tér, 𝑓 : 𝐴→ 𝑌 (𝐴 ⊂ 𝑋)
és 𝑔 : 𝐻 → 𝑌 (𝐻 ⊂ 𝑋). Ha 𝑔 (𝒜,ℬ)-mérhető és 𝑓 = 𝑔 m.m., akkor 𝑓 (𝒜,ℬ)-mérhető.


5.12. Tétel. Legyenek (𝑋,𝒜), (𝑌,ℬ), (𝑍,𝒞) mérhető terek, 𝑓 : 𝐴 → 𝑌 (𝐴 ⊂ 𝑋) és
𝑔 : 𝐵 → 𝑍 (𝐵 ⊂ 𝑌). Ha 𝑓 (𝒜,ℬ)-mérhető és 𝑔 (ℬ ,𝒞)-mérhető, akkor 𝑔 ◦ 𝑓 összetett
függvény (𝒜,𝒞)-mérhető.


5.13. Tétel. Legyen (𝑋,𝒜) mérhető tér, 𝑓 : 𝐴→ Rb (𝐴 ⊂ 𝑋) és 𝑔 : 𝐵 → Rb (𝐵 ⊂ 𝑋).
Ha 𝑓 és 𝑔𝒜-mérhetőek, akkor 𝑐 𝑓 (𝑐 ∈ Rb), | 𝑓 |, 1/ 𝑓 , max{ 𝑓 , 𝑔}, 𝑓 + 𝑔, 𝑓 𝑔 függvények
𝒜-mérhetőek.


A következő tételben azt vizsgáljuk, hogy egy Rb-értékű függvény mérhetősé-
gének vannak-e egyszerűbb átfogalmazásai.


5.14. Tétel (Mérhetőség ekvivalens megfogalmazásaiMérhetőség ekvivalens megfogalmazásai). Legyen (𝑋,𝒜) mérhető
tér és 𝑓 : 𝐴→ Rb (𝐴 ∈ 𝒜). Ekkor a következő állítások ekvivalensek:


① 𝑓 𝒜-mérhető.
② 𝑋( 𝑓 > 𝑎) ∈ 𝒜 minden 𝑎 ∈ R-re.
③ 𝑋( 𝑓 < 𝑎) ∈ 𝒜 minden 𝑎 ∈ R-re.
④ 𝑋( 𝑓 ≥ 𝑎) ∈ 𝒜 minden 𝑎 ∈ R-re.
⑤ 𝑋( 𝑓 ≤ 𝑎) ∈ 𝒜 minden 𝑎 ∈ R-re.


Ha ①–⑤ közül valamelyik teljesül, akkor 𝑋( 𝑓 = 𝑎) ∈ 𝒜 minden 𝑎 ∈ R-re.


Emlékeztetőül, például 𝑋( 𝑓 > 𝑎) az 𝑋 azon elemeinek halmazát jelöli, melyekhez
az 𝑓 függvény 𝑎-nál nagyobb értékeket rendel.


A valószínűségszámításban a valószínűségi változót a ③ tulajdonsággal defini-
áltuk. Így tehát az előző tétel alapján a valószínűségi változó 𝑃-mérhető függvényt
jelent, ahol 𝑃 a valószínűség.


Bizonyítás. ▶ Legyenek 𝑎, 𝑏 ∈ R, 𝑎 < 𝑏. Ekkor vannak olyan 𝑎𝑛 , 𝑏𝑛 ∈ R (𝑛 ∈ N),
melyekre


[−∞, 𝑎) =
∞⋃
𝑛=1


[−∞, 𝑎𝑛] =
∞⋃
𝑛=1


(𝑎𝑛 ,∞] és (𝑎, 𝑏) =
∞⋃
𝑛=1


(𝑎, 𝑏𝑛] =
∞⋃
𝑛=1


(
(𝑎,∞] \ (𝑏𝑛 ,∞]


)
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teljesül, azaz


𝑓 −1 ([−∞, 𝑎)) =
∞⋃
𝑛=1


𝑓 −1
(
(𝑎𝑛 ,∞]


)
, (5.1)


𝑓 −1 ((𝑎, 𝑏)) =
∞⋃
𝑛=1


(
𝑓 −1 ((𝑎,∞]


)
\ 𝑓 −1 ((𝑏𝑛 ,∞]


) )
. (5.2)


Ha ② teljesül, akkor 𝑋( 𝑓 > 𝑎) = 𝑓 −1 ((𝑎,∞]
)
∈ 𝒜 minden 𝑎 ∈ R-re, így (5.1) és (5.2)


miatt, ha 𝑇 egy Rb-beli nyílt intervallum, akkor 𝑓 −1(𝑇) ∈ 𝒜. Másrészt 𝐻 ∈ 𝒩(Rb)
esetén léteznek 𝑇𝑖 (𝑖 ∈ 𝐼 ⊂ N) Rb-beli nyílt intervallumok, hogy 𝐻 =


⋃
𝑖∈𝐼
𝑇𝑖 , azaz


𝑓 −1(𝐻) =
⋃
𝑖∈𝐼
𝑓 −1(𝑇𝑖)︸ ︷︷ ︸
∈𝒜


∈ 𝒜. Így az 5.6. tétel miatt 𝑓 𝒜-mérhető, vagyis „② ⇒ ①”.


▶ 𝑋( 𝑓 > 𝑎) = 𝑓 −1 ((𝑎,∞]
)


és (𝑎,∞] ∈ ℬ(Rb), vagyis „① ⇒ ②”.
▶ Az „① ⇔ ③” hasonlóan bizonyítható, mint az „① ⇔ ②”.
▶ 𝑋( 𝑓 > 𝑎) = 𝐴 \ 𝑋( 𝑓 ≤ 𝑎), vagyis „② ⇔ ⑤”. Hasonlóan teljesül „③ ⇔ ④”.
▶ Ha ①–⑤ közül valamelyik teljesül, akkor az előbbiek miatt ④ és ⑤ is igaz, így
𝑋( 𝑓 = 𝑎) = 𝑋( 𝑓 ≥ 𝑎) ∩ 𝑋( 𝑓 ≤ 𝑎) ∈ 𝒜 minden 𝑎 ∈ R esetén. □


5.15. Megjegyzés. Ha (𝑋,𝒜, 𝜇) mértéktér és 𝑓 : 𝑋 → Rb egy 𝜇-mérhető függvény,
akkor


𝜈 : ℬ(Rb) → [0,∞], 𝜈(𝐵) := 𝜇
(
𝑋( 𝑓 ∈ 𝐵)


)
mérték az (Rb,ℬ(Rb)) mérhető téren. Speciálisan, ha (𝑋,𝒜, 𝜇) valószínűségi mező
és 𝑓 egy valószínűségi változó, akkor a 𝜈 mértéket az 𝑓 eloszlásának nevezzük.


6. Mérhető függvények sorozatai
A következő tétel szerint, mérhető valós értékű függvényekből álló sorozat határ-
függvénye is mérhető.


6.1. Tétel. Legyen (𝑋,𝒜) mérhető tér, 𝑓𝑛 : 𝑋 → R (𝑛 ∈ N) 𝒜-mérhető függvények.
Ekkor 𝑓 : 𝐴 → R, 𝑓 (𝑥) := lim


𝑛→∞
𝑓𝑛(𝑥) 𝒜-mérhető, ahol 𝐴 a konvergenciatartomány,


azaz 𝐴 := {𝑥 ∈ 𝑋 : 𝑓𝑛(𝑥) konvergens}.


6.2. Megjegyzés. A 6.1. tétel és az 5.2. megjegyzés miatt, ha (𝑋,𝒜) mérhető tér és
𝑓𝑛 : 𝑋 → R (𝑛 ∈ N)𝒜-mérhető függvények, akkor {𝑥 ∈ 𝑋 : 𝑓𝑛(𝑥) konvergens} ∈ 𝒜,
azaz a konvergenciatartomány mérhető.


6.3. Tétel. Legyen (𝑋,𝒜, 𝜇) teljes mértéktér és 𝑓 , 𝑓𝑛 : 𝑋 → Rb (𝑛 ∈ N). Ha az 𝑓𝑛-ek
𝜇-mérhetőek minden 𝑛 ∈ N-re és lim


𝑛→∞
𝑓𝑛 = 𝑓 m.m., akkor 𝑓 𝜇-mérhető.
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6.4. Definíció. Legyen (𝑋,𝒜, 𝜇) mértéktér és 𝑓 , 𝑓𝑛 : 𝑋 → R (𝑛 ∈ N) 𝜇-mérhető
függvények. Azt mondjuk, hogy 𝑓𝑛 𝜇-mértékben konvergál 𝑓 -hez, ha


lim
𝑛→∞


𝜇
(
𝑋


(
| 𝑓𝑛 − 𝑓 | > 𝜀


) )
= 0


minden 𝜀 ∈ R+ esetén, vagyis, ha minden pozitív 𝜀 esetén 0-hoz konvergál a
mértéke azon 𝑥 ∈ 𝑋 pontok halmazának, melyekre az 𝑓𝑛(𝑥) és az 𝑓 (𝑥) távolsága
nagyobb 𝜀-nál.


Például a valószínűségszámításban a Bernoulli-féle nagy számok törvénye sze-
rint egy véletlen esemény relatív gyakorisága valószínűségben (azaz 𝑃-mértékben)
konvergál az esemény valószínűségéhez. A valószínűségszámításban ezt szto-
chasztikus konvergenciának is szoktuk nevezni.


A következő tétel szerint, véges mértéktér esetén a hagyományos értelemben
vett konvergenciából következik a mértékben vett konvergencia.


6.5. Tétel (Lebesgue-tételLebesgue-tétel). Ha (𝑋,𝒜, 𝜇) véges mértéktér, 𝑓 , 𝑓𝑛 : 𝑋 → R (𝑛 ∈ N)
𝜇-mérhető függvények és lim


𝑛→∞
𝑓𝑛 = 𝑓 m.m., akkor 𝑓𝑛 𝜇-mértékben konvergál 𝑓 -hez.


A Lebesgue-tétel megfordítása nem igaz. Vagyis mértékben vett konvergen-
ciából önmagában még nem következik a hagyományos konvergencia majdnem
mindenütt. Viszont a következő tétel szerint van olyan részsorozat, amelyre már
igaz lesz az is.


6.6. Tétel (Riesz-féle kiválasztási tételRiesz-féle kiválasztási tétel). Ha (𝑋,𝒜, 𝜇) mértéktér, 𝑓 , 𝑓𝑛 : 𝑋 → R
(𝑛 ∈ N) 𝜇-mérhető függvények és 𝑓𝑛 𝜇-mértékben konvergál 𝑓 -hez, akkor 𝑓𝑛-nek létezik
olyan 𝑓𝑛𝑘 részsorozata, hogy lim


𝑘→∞
𝑓𝑛𝑘 = 𝑓 m.m.


A továbbiakban ki fog derülni, hogy a mérhető függvények tulajdonságainak
vizsgálata visszavezethető az ún. egyszerű függvények tulajdonságaira.


6.7. Definíció. A véges értékkészletű függvényeket egyszerű függvényeknek ne-
vezzük. Speciálisan, ha 𝑋 egy halmaz és 𝐴 ⊂ 𝑋, akkor a


𝜒𝐴 : 𝑋 → R, 𝜒𝐴(𝑥) :=


{
1, ha 𝑥 ∈ 𝐴,
0, különben


függvényt az 𝐴 indikátorának nevezzük.


6.8. Tétel. Legyen (𝑋,𝒜) mérhető tér és 𝐴 ⊂ 𝑋. A 𝜒𝐴 függvény pontosan akkor
𝒜-mérhető, ha 𝐴 ∈ 𝒜.


Bizonyítás. ▶ „⇒” Ha 𝜒𝐴 𝒜-mérhető, akkor 𝐴 = 𝑋(𝜒𝐴 = 1) ∈ 𝒜.


▶ „⇐” Ha 𝐴 ∈ 𝒜, akkor 𝑋(𝜒𝐴 < 𝑎) = ∅, ha 𝑎 ≤ 0, 𝑋(𝜒𝐴 < 𝑎) = 𝐴, ha 0 < 𝑎 ≤ 1 és
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𝑋(𝜒𝐴 < 𝑎) = 𝑋, ha 𝑎 > 1. Ebből 𝑋(𝜒𝐴 < 𝑎) ∈ 𝒜 minden 𝑎 ∈ R esetén, vagyis 𝜒𝐴
𝒜-mérhető. □


6.9. Megjegyzés. Ha 𝑠 : 𝑋 → Rb egyszerű függvény és 𝑅𝑠 = {𝑦1, . . . , 𝑦𝑛}, akkor


𝑠 =
𝑛∑
𝑖=1


𝑦𝑖𝜒𝐴𝑖 ,


ahol 𝐴𝑖 = 𝑋(𝑠 = 𝑦𝑖), azaz 𝑠 előáll véges sok indikátor lineáris kombinációjaként.
Ha 𝑠 mérhető függvény, akkor az 𝐴𝑖 (𝑖 = 1, . . . , 𝑛) halmazok mérhetőek, így a 𝜒𝐴𝑖
(𝑖 = 1, . . . , 𝑛) indikátorok is mérhetőek. Az állítás fordítottja is teljesül, azaz véges
sok mérhető indikátor lineáris kombinációja mérhető egyszerű függvény.


A következő tétel szerint nemnegatív mérhető függvény mindig approximálható
(közelíthető) mérhető egyszerű függvényekből álló sorozattal.


6.10. Tétel (Approximációs tételApproximációs tétel). Ha (𝑋,𝒜) mérhető tér és 𝑓 : 𝑋 → [0,∞] 𝒜-
mérhető, akkor léteznek 𝑠𝑛 : 𝑋 → [0,∞) (𝑛 ∈ N) 𝒜-mérhető egyszerű függvények,
melyekre 𝑠1 ≤ 𝑠2 ≤ 𝑠3 ≤ . . . és lim


𝑛→∞
𝑠𝑛 = 𝑓 teljesül.


Bizonyítás. Legyen 𝑠0 : 𝑋 → [0,∞), 𝑠0 := 0,


𝐴𝑛 := 𝑋
(
𝑓 ≥ 𝑠𝑛−1 + 1


𝑛


)
és 𝑠𝑛 := 𝑠𝑛−1 + 1


𝑛
𝜒𝐴𝑛 (𝑛 ∈ N).


Ekkor az 𝑠𝑛 függvények triviálisan olyan 𝒜-mérhető egyszerű függvények, me-
lyekre 𝑠1 ≤ 𝑠2 ≤ 𝑠3 ≤ . . . teljesül. Be fogjuk látni, hogy lim


𝑛→∞
𝑠𝑛 = 𝑓 . Legyen


𝑥 ∈ 𝑋.
Ha 𝑓 (𝑥) = ∞, akkor 𝑥 ∈ 𝐴𝑛 minden 𝑛 ∈ N-re, így 𝜒𝐴𝑛 (𝑥) = 1 minden 𝑛 ∈ N-re.


Ebből 𝑠𝑛(𝑥) =
𝑛∑
𝑖=1


1
𝑖 , azaz lim


𝑛→∞
𝑠𝑛(𝑥) =


∞∑
𝑖=1


1
𝑖 = ∞ = 𝑓 (𝑥).


Ha 𝑓 (𝑥) < ∞, akkor belátjuk, hogy végtelen sok 𝑛-re 𝑥 ∉ 𝐴𝑛 . Ezzel ellentétben
tegyük fel, hogy létezik 𝑛0 ∈ N, hogy 𝑥 ∈ 𝐴𝑛 minden 𝑛 ≥ 𝑛0 esetén. Ebből azt
kapjuk, hogy


𝑠𝑛(𝑥) = 𝑠𝑛0−1(𝑥) +
𝑛∑


𝑖=𝑛0


1
𝑖


minden 𝑛 ≥ 𝑛0-re. (6.1)


Így 𝑛 ≥ 𝑛0 esetén ∞ > 𝑓 (𝑥)
𝑥∈𝐴𝑛
⇓
≥ 𝑠𝑛−1(𝑥) + 1


𝑛


𝜒𝐴𝑛 (𝑥)=1
⇓= 𝑠𝑛(𝑥)


(6.1)
⇓= 𝑠𝑛0−1(𝑥) +


𝑛∑
𝑖=𝑛0


1
𝑖 . Ez azt jelenti,


hogy
𝑛∑


𝑖=𝑛0


1
𝑖 felülről korlátos, ami nem igaz. Így végtelen sok 𝑛-re 𝑥 ∉ 𝐴𝑛 , melyből


𝑓 (𝑥) < 𝑠𝑛−1(𝑥) + 1
𝑛


végtelen sok 𝑛-re. (6.2)


Ezután teljes indukcióval belátjuk, hogy minden 𝑛 ∈ N esetén


𝑓 (𝑥) ≥ 𝑠𝑛−1(𝑥). (6.3)
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𝑛 = 1-re triviális. Tegyük fel, hogy 𝑛 = 𝑘-ra teljesül, de 𝑛 = 𝑘 + 1-re nem teljesül
(6.3). Ekkor


𝑓 (𝑥) < 𝑠𝑘(𝑥) = 𝑠𝑘−1(𝑥) + 1
𝑘
𝜒𝐴𝑘 (𝑥) ≤⇑


indukciós feltétel


𝑓 (𝑥) + 1
𝑘
𝜒𝐴𝑘 (𝑥),


melyből 0 < 1
𝑘
𝜒𝐴𝑘 (𝑥), ami csak úgy teljesülhet, ha 𝜒𝐴𝑘 (𝑥) = 1, azaz 𝑥 ∈ 𝐴𝑘 . Ezt


visszaírva az előző egyenlőtlenségbe, kapjuk, hogy 𝑓 (𝑥) < 𝑠𝑘−1(𝑥) + 1
𝑘 , azaz 𝑥 ∉


∉ 𝐴𝑘 , ami ellentmondás. Ezzel (6.3) bizonyított. A (6.2) és (6.3) egyenlőtlenségek
alapján 0 ≤ 𝑓 (𝑥) − 𝑠𝑛−1(𝑥) < 1


𝑛 végtelen sok 𝑛-re. Így létezik olyan 𝑛1 < 𝑛2 <
< 𝑛3 < . . . pozitív egészekből álló számsorozat, hogy 0 ≤ 𝑓 (𝑥) − 𝑠𝑛𝑘−1(𝑥) < 1


𝑛𝑘


minden 𝑘 ∈ N-re. Ebből lim
𝑘→∞


(
𝑓 (𝑥) − 𝑠𝑛𝑘−1(𝑥)


)
= 0, így lim


𝑘→∞
𝑠𝑛𝑘 (𝑥) = 𝑓 (𝑥). Másrészt


𝑠𝑛(𝑥) monoton növekedő, így nem lehet egynél több torlódási pontja, melyből
lim
𝑛→∞


𝑠𝑛(𝑥) = 𝑓 (𝑥). □


Tetszőleges 𝑓 : 𝑋 → Rb mérhető függvény egyszerű függvényekkel történő
approximálásához szükségünk lesz a függvény pozitív ill. negatív részének fogal-
mára.


6.11. Definíció. Az 𝑓 : 𝑋 → Rb függvény pozitív része


𝑓 + : 𝑋 → Rb, 𝑓 +(𝑥) :=


{
𝑓 (𝑥), ha 𝑓 (𝑥) > 0,
0, ha 𝑓 (𝑥) ≤ 0,


illetve negatív része


𝑓 − : 𝑋 → Rb, 𝑓 −(𝑥) :=


{
− 𝑓 (𝑥), ha 𝑓 (𝑥) < 0,
0, ha 𝑓 (𝑥) ≥ 0.


Könnyen látható, hogy 𝑓 + = 𝑓 𝜒𝑋( 𝑓 >0), 𝑓 − = − 𝑓 𝜒𝑋( 𝑓 <0), továbbá 𝑓 + és 𝑓 − nemnegatív
függvények.


6.12. Lemma. Legyen 𝑓 , 𝑔 : 𝑋 → Rb. Ekkor
① 𝑓 = 𝑓 + − 𝑓 −, | 𝑓 | = 𝑓 + + 𝑓 −,
② 𝑓 + = 1


2(| 𝑓 | + 𝑓 ), 𝑓 − = 1
2(| 𝑓 | − 𝑓 ),


③ ( 𝑓 + 𝑔)+ ≤ 𝑓 + + 𝑔+, ( 𝑓 + 𝑔)− ≤ 𝑓 − + 𝑔−.


Bizonyítás. ▶ ① triviálisan teljesül az 𝑓 + és 𝑓 − definíciójából.
▶ ② következik ①-ből.
▶ ② következményeként ( 𝑓 + 𝑔)+ = 1


2(| 𝑓 + 𝑔|+ 𝑓 + 𝑔) ≤ 1
2(| 𝑓 |+ |𝑔|+ 𝑓 + 𝑔) = 𝑓 + + 𝑔+.


Hasonlóan ( 𝑓 + 𝑔)− = 1
2(| 𝑓 + 𝑔| − 𝑓 − 𝑔) ≤ 1


2(| 𝑓 | + |𝑔| − 𝑓 − 𝑔) = 𝑓 − + 𝑔−. □


A következő állítás a 6.12. lemmából és az 5.13. tételből következik.


6.13. Lemma. Legyen (𝑋,𝒜, 𝜇)mértéktér és 𝑓 : 𝑋 → Rb. Az 𝑓 pontosan akkor𝜇-mérhető,
ha 𝑓 + és 𝑓 − 𝜇-mérhetőek.
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6.14. Lemma. Legyen (𝑋,𝒜, 𝜇) mértéktér és 𝑓 , 𝑔 : 𝑋 → Rb 𝜇-mérhető függvények. Az
𝑓 = 𝑔 m.m. pontosan akkor, ha 𝑓 + = 𝑔+ m.m. és 𝑓 − = 𝑔− m.m.


Bizonyítás. A 6.13. lemma alapján 𝑓 és 𝑔 𝜇-mérhetősége miatt 𝑓 +, 𝑓 −, 𝑔+ és 𝑔− is
𝜇-mérhetőek, így 𝑋( 𝑓 = 𝑔) ∈ 𝒜, 𝑋( 𝑓 ≠ 𝑔) ∈ 𝒜, 𝑋( 𝑓 + = 𝑔+) ∈ 𝒜, 𝑋( 𝑓 − = 𝑔−) ∈ 𝒜,
𝑋( 𝑓 + ≠ 𝑔+) ∈ 𝒜, 𝑋( 𝑓 − ≠ 𝑔−) ∈ 𝒜.
▶ „⇒” Legyen 𝑓 = 𝑔 m.m. Ekkor 𝑥 ∈ 𝑋( 𝑓 = 𝑔) esetén 𝑓 (𝑥) = 𝑔(𝑥), melyből
𝑓 +(𝑥) = 𝑔+(𝑥), azaz 𝑥 ∈ 𝑋( 𝑓 + = 𝑔+). Így 𝑋( 𝑓 = 𝑔) ⊂ 𝑋( 𝑓 + = 𝑔+), vagyis


𝑋( 𝑓 + ≠ 𝑔+) ⊂ 𝑋( 𝑓 ≠ 𝑔).


Ebből a monotonitás miatt 𝜇
(
𝑋( 𝑓 + ≠ 𝑔+)


)
≤ 𝜇


(
𝑋( 𝑓 ≠ 𝑔)


)
= 0. Így


𝜇
(
𝑋( 𝑓 + ≠ 𝑔+)


)
= 0,


azaz 𝑓 + = 𝑔+ m.m. Hasonlóan bizonyítható, hogy 𝑓 − = 𝑔− m.m.
▶ „⇐” Legyen 𝑓 + = 𝑔+ m.m. és 𝑓 − = 𝑔− m.m. Ekkor 𝑥 ∈ 𝑋( 𝑓 + = 𝑔+) ∩ 𝑋( 𝑓 − = 𝑔−)
esetén 𝑓 +(𝑥) = 𝑔+(𝑥) és 𝑓 −(𝑥) = 𝑔−(𝑥), melyből 𝑓 (𝑥) = 𝑔(𝑥), azaz 𝑥 ∈ 𝑋( 𝑓 = 𝑔). Így
𝑋( 𝑓 + = 𝑔+) ∩ 𝑋( 𝑓 − = 𝑔−) ⊂ 𝑋( 𝑓 = 𝑔), azaz


𝑋( 𝑓 ≠ 𝑔) ⊂ 𝑋( 𝑓 + ≠ 𝑔+) ∪ 𝑋( 𝑓 − ≠ 𝑔−).


Emiatt a monotonitás és szubadditivitás alapján


𝜇
(
𝑋( 𝑓 ≠ 𝑔)


)
≤ 𝜇


(
𝑋( 𝑓 + ≠ 𝑔+)∪𝑋( 𝑓 − ≠ 𝑔−)


)
≤ 𝜇


(
𝑋( 𝑓 + ≠ 𝑔+)


)
+𝜇


(
𝑋( 𝑓 − ≠ 𝑔−)


)
= 0,


melyből kapjuk, hogy 𝜇
(
𝑋( 𝑓 ≠ 𝑔)


)
= 0, azaz 𝑓 = 𝑔 m.m. □


A 6.12. lemma alapján minden 𝑓 : 𝑋 → Rb mérhető függvény felírható két
nemnegatív mérhető függvény különbségeként, melyek az approximációs tétel
értelmében előállnak egyszerű függvényekből álló függvénysorozatok határfügg-
vényeiként. Másrészt a 6.9. megjegyzés szerint minden egyszerű függvény előáll
indikátorok lineáris kombinációjaként. Így minden 𝑓 : 𝑋 → Rb mérhető függvény
felírható


𝑓 = lim
𝑛→∞


(
𝑘𝑛∑
𝑖=1


𝑎𝑛𝑖𝜒𝐴𝑛𝑖 −
𝑙𝑛∑
𝑗=1


𝑏𝑛𝑗𝜒𝐵𝑛𝑗


)
alakban, ahol 𝑘𝑛 , 𝑙𝑛 ∈ N, 𝑎𝑛𝑖 , 𝑏𝑛𝑗 ∈ [0,∞) és 𝐴𝑛𝑖 , 𝐵𝑛𝑗 mérhető. Mivel az előző


képletben a zárójelben lévő kifejezés felírható
ℎ𝑛∑
𝑖=1
𝑐𝑛𝑖𝜒𝐶𝑛𝑖 alakban, ahol 𝑐𝑛𝑖 ∈ R és


𝐶𝑛𝑖 mérhető, ezért teljesül a következő állítás.


6.15. Tétel. Ha (𝑋,𝒜) mérhető tér, akkor minden 𝑓 : 𝑋 → Rb 𝒜-mérhető függvény
felírható


𝑓 = lim
𝑛→∞


ℎ𝑛∑
𝑖=1


𝑐𝑛𝑖𝜒𝐶𝑛𝑖


alakban, ahol 𝑛, ℎ𝑛 ∈ N, 𝑐𝑛𝑖 ∈ R és 𝐶𝑛𝑖 ∈ 𝒜 (𝑖 = 1, . . . , ℎ𝑛).
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7. Nemnegatív mérhető függvények integrálja


A Riemann-integrál fogalmának bevezetésénél az értelmezési tartománynak vettük
egy beosztását, majd ahhoz konstruáltunk integrálközelítő összeget.


Tetszőleges 𝑓 : 𝑋 → Rb mérhető függvény esetén ezt nem tudjuk analóg
módon megoldani, mert az értelmezési tartomány nem feltétlenül számhalmaz.
Így először az értékkészleten készítünk beosztást, majd abból generáljuk a függvény
segítségével az értelmezési tartomány egy beosztását.


Ezen beosztás 𝑖-edik részhalmaza álljon azon értelmezéstartománybeli pon-
tokból, melyekhez tartozó függvényértékek az értékkészleten vett beosztás 𝑖-edik
részintervallumába esnek.


Ezután a beosztás finomításával kapott integrálközelítő összegsorozat határér-
tékeként lehetne definiálni a függvény integrálját. Viszont a beosztás finomítása
helyett egyszerűbb utat kapunk, ha először csak a nemnegatív mérhető függvé-
nyek körében maradunk, mert ekkor az előbbi sorozat monoton növekvő lenne
a finomítással, így a határérték meg fog egyezni a pontos felső korláttal. Vagyis
nemnegatív függvény esetén az integrál meg fog egyezni az összes beosztáshoz
tartozó integrálközelítő összegek szuprémumával.


7.1. Definíció. Legyen (𝑋,𝒜, 𝜇) mértéktér, 𝑓 : 𝑋 → [0,∞] 𝜇-mérhető függvény
és


𝐷𝑛 :=
{
(𝑦1, 𝑦2, . . . , 𝑦𝑛) ∈ R𝑛 : 0 ≤ 𝑦1 < 𝑦2 < · · · < 𝑦𝑛


}
(𝑛 ∈ N).


Ha 𝑦 := (𝑦1, 𝑦2, . . . , 𝑦𝑛) ∈ 𝐷𝑛 , akkor legyenek


𝐴1 := 𝑋(𝑦1 ≤ 𝑓 < 𝑦2),
𝐴2 := 𝑋(𝑦2 ≤ 𝑓 < 𝑦3),


...
𝐴𝑛−1 := 𝑋(𝑦𝑛−1 ≤ 𝑓 < 𝑦𝑛),
𝐴𝑛 := 𝑋(𝑦𝑛 ≤ 𝑓 ).


Ekkor az 𝑓 -nek 𝑦-hoz tartozó integrálközelítő összege alatt az


𝑠( 𝑓 , 𝑦) :=
𝑛∑
𝑖=1


𝑦𝑖𝜇(𝐴𝑖)


összeget értjük, másrészt az 𝑓 (𝜇-szerinti) integrálja legyen az összes integrálkö-
zelítő összegből álló halmaz pontos felső korlátja, azaz∫


𝑓 d𝜇 := sup
{
𝑠( 𝑓 , 𝑦) : 𝑛 ∈ N, 𝑦 ∈ 𝐷𝑛


}
.


Vegyük észre, hogy minden nemnegatív mérhető függvénynek létezik integrálja
és értéke [0,∞]-beli.


7.2. Megjegyzés. A definícióban szereplő 𝐴𝑖 halmazok a legbővebb olyan diszjunkt
halmazok, melyek mérhetőek és az 𝑦𝑖 ≤ 𝑓 (𝑥) ∀𝑥 ∈ 𝐴𝑖 (𝑖 = 1, 2, . . . , 𝑛) feltételnek
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eleget tesznek. Így


𝐼 𝑓 :=


{
𝑛∑
𝑖=1


𝑦𝑖𝜇(𝐴𝑖) : 𝑛 ∈ N, 𝑦𝑖 ∈ [0,∞) (𝑖 = 1, . . . , 𝑛),
𝐴𝑖 ∈ 𝒜 (𝑖 = 1, . . . , 𝑛) diszjunktak és


𝑦𝑖 ≤ 𝑓 (𝑥) minden 𝑥 ∈ 𝐴𝑖-re (𝑖 = 1, . . . , 𝑛)
}
.


jelöléssel
∫
𝑓 d𝜇 = sup 𝐼 𝑓 .


7.3. Definíció. Legyen (𝑋,𝒜, 𝜇) mértéktér, 𝑓 : 𝑋 → [0,∞] 𝜇-mérhető és 𝐴 ∈ 𝒜.
Az 𝑓 𝐴 feletti integrálja ∫


𝐴


𝑓 d𝜇 :=
∫
𝑓 𝜒𝐴 d𝜇.


Az előző definícióban 𝑓 𝜒𝐴 𝜇-mérhető nemnegatív függvény, így annak integ-
rálja definiált. Másrészt 𝜒𝑋 ≡ 1, vagyis


∫
𝑋


𝑓 d𝜇 =
∫
𝑓 d𝜇.


7.4. Tétel. Legyen (𝑋,𝒜, 𝜇) mértéktér, 𝑓 : 𝑋 → [0,∞] 𝜇-mérhető és 𝐴 ∈ 𝒜. Ha
𝜇(𝐴) = 0, akkor


∫
𝐴


𝑓 d𝜇 = 0.


Bizonyítás. Legyenek 𝑛 ∈ N, 𝑦𝑖 ∈ [0,∞) (𝑖 = 1, . . . , 𝑛), 𝐴𝑖 ∈ 𝒜 (𝑖 = 1, . . . , 𝑛)
diszjunktak és 𝑦𝑖 ≤ 𝑓 (𝑥)𝜒𝐴(𝑥) minden 𝑥 ∈ 𝐴𝑖-re (𝑖 = 1, . . . , 𝑛). Ekkor 𝑦𝑖 > 0
és 𝑥 ∈ 𝐴𝑖 esetén 0 < 𝑦𝑖 ≤ 𝑓 (𝑥)𝜒𝐴(𝑥), azaz 𝜒𝐴(𝑥) > 0, így 𝑥 ∈ 𝐴. Tehát 𝑦𝑖 > 0


esetén 𝐴𝑖 ⊂ 𝐴, így 𝜇(𝐴𝑖) ≤ 𝜇(𝐴) = 0 miatt 𝜇(𝐴𝑖) = 0. Ebből
𝑛∑
𝑖=1
𝑦𝑖𝜇(𝐴𝑖) = 0, vagyis


𝐼 𝑓 𝜒𝐴 = {0}. Ez pedig azt jelenti, hogy∫
𝐴


𝑓 d𝜇 =
∫
𝑓 𝜒𝐴 d𝜇 = sup 𝐼 𝑓 𝜒𝐴 = 0. □


7.5. Tétel. Legyen (𝑋,𝒜, 𝜇) mértéktér, 𝑓 , 𝑔 : 𝑋 → [0,∞] 𝜇-mérhető függvények.
① (monotonitásmonotonitás) Ha 𝑓 ≤ 𝑔 m.m., akkor


∫
𝑓 d𝜇 ≤


∫
𝑔 d𝜇.


② Ha 𝑓 = 𝑔 m.m., akkor
∫
𝑓 d𝜇 =


∫
𝑔 d𝜇.


③ (Markov-egyenlőtlenségMarkov-egyenlőtlenség) Ha 𝛼 ∈ [0,∞), akkor
∫
𝑓 d𝜇 ≥ 𝛼𝜇


(
𝑋( 𝑓 ≥ 𝛼)


)
.


④ Ha
∫
𝑓 d𝜇 < ∞, akkor 𝑓 < ∞ m.m.


⑤
∫
𝑓 d𝜇 = 0 pontosan akkor teljesül, ha 𝑓 = 0 m.m.


⑥ (pozitív homogenitáspozitív homogenitás) Ha 𝛼 ∈ [0,∞), akkor
∫
𝛼 𝑓 d𝜇 = 𝛼


∫
𝑓 d𝜇.


Megjegyezzük, hogy a valószínűségszámításban a Markov-egyenlőtlenségnek
kiemelt szerepe van, hiszen ebből lehet bizonyítani a nagy számok gyenge törvé-
nyét.
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Bizonyítás. ▶ ① feltételével és 𝐻 := 𝑋( 𝑓 > 𝑔) jelöléssel 𝐻 ∈ 𝒜 és 𝜇(𝐻) = 0.
Legyenek 𝑛 ∈ N, 𝑦𝑖 ∈ [0,∞) (𝑖 = 1, . . . , 𝑛), 𝐴𝑖 ∈ 𝒜 (𝑖 = 1, . . . , 𝑛) diszjunktak


és 𝑦𝑖 ≤ 𝑓 (𝑥) minden 𝑥 ∈ 𝐴𝑖-re (𝑖 = 1, . . . , 𝑛). Ekkor
𝑛∑
𝑖=1
𝑦𝑖𝜇(𝐴𝑖) ∈ 𝐼 𝑓 . Másrészt


𝐴𝑖 \𝐻 ∈ 𝒜 (𝑖 = 1, . . . , 𝑛) diszjunktak és 𝑦𝑖 ≤ 𝑓 (𝑥) ≤ 𝑔(𝑥) minden 𝑥 ∈ 𝐴𝑖 \𝐻 esetén
(𝑖 = 1, . . . , 𝑛), így


𝑛∑
𝑖=1


𝑦𝑖𝜇(𝐴𝑖 \ 𝐻) ∈ 𝐼𝑔 .


De 𝜇(𝐴𝑖) = 𝜇(𝐴𝑖 \ 𝐻) + 𝜇(𝐴𝑖 ∩ 𝐻)︸      ︷︷      ︸
0


, ezért
𝑛∑
𝑖=1
𝑦𝑖𝜇(𝐴𝑖) ∈ 𝐼𝑔 . Ebből 𝐼 𝑓 ⊂ 𝐼𝑔 , vagyis


sup 𝐼 𝑓 ≤ sup 𝐼𝑔 . Így ① teljesül.


▶ ② feltételével, 𝑋( 𝑓 < 𝑔) ⊂ 𝑋( 𝑓 ≠ 𝑔) miatt 𝜇
(
𝑋( 𝑓 < 𝑔)


)
≤ 𝜇


(
𝑋( 𝑓 ≠ 𝑔)


)
= 0.


Ebből 𝑓 ≥ 𝑔 m.m., így ① miatt
∫
𝑓 d𝜇 ≥


∫
𝑔 d𝜇. Hasonlóan bizonyítható, hogy∫


𝑓 d𝜇 ≤
∫
𝑔 d𝜇. Mindezekből kapjuk a ② állítást.


▶ Ha 𝑛 = 1, 𝑦1 = 𝛼 és 𝐴1 = 𝑋(𝛼 ≤ 𝑓 ), akkor 𝛼𝜇
(
𝑋(𝛼 ≤ 𝑓 )


)
∈ 𝐼 𝑓 , melyből következik


③ állítása.
▶ Ha 𝐾 :=


∫
𝑓 d𝜇 < ∞, akkor ③ miatt R ∋ 𝐾 ≥ 𝑛𝜇


(
𝑋( 𝑓 ≥ 𝑛)


)
≥ 𝑛𝜇


(
𝑋( 𝑓 = ∞)


)
minden 𝑛 ∈ N-re, így 𝜇


(
𝑋( 𝑓 = ∞)


)
= 0, melyből következik ④.


▶ 0 =
∫
𝑓 d𝜇 esetén ③ miatt 0 ≥ 1


𝑛𝜇
(
𝑋( 𝑓 ≥ 1


𝑛 )
)


minden 𝑛 ∈ N-re, így 𝜇
(
𝑋( 𝑓 ≥


≥ 1
𝑛 )


)
= 0 minden 𝑛 ∈ N-re. Ebből a mérték folytonossága alapján


0 = lim
𝑛→∞


𝜇


(
𝑋


(
𝑓 ≥ 1


𝑛


))
= 𝜇


( ∞⋃
𝑛=1


𝑋


(
𝑓 ≥ 1


𝑛


))
= 𝜇


(
𝑋( 𝑓 > 0)


)
= 𝜇


(
𝑋( 𝑓 ≠ 0)


)
,


azaz 𝑓 = 0 m.m. Megfordítva, ha 𝑓 = 0 m.m., akkor 𝐴 := 𝑋( 𝑓 ≠ 0) jelöléssel
𝐴 ∈ 𝒜 és 𝜇(𝐴) = 0. Így 𝑓 = 𝑓 𝜒𝐴 és a 7.4. tétel miatt


∫
𝑓 d𝜇 =


∫
𝐴


𝑓 d𝜇 = 0. Ezzel ⑤


bizonyított.
▶ Legyen 𝛼 ∈ [0,∞), 𝑛 ∈ N, 𝑦𝑖 ∈ [0,∞) (𝑖 = 1, . . . , 𝑛), 𝐴𝑖 ∈ 𝒜 (𝑖 = 1, . . . , 𝑛)
diszjunktak és 𝑦𝑖 ≤ 𝑓 (𝑥) minden 𝑥 ∈ 𝐴𝑖-re (𝑖 = 1, . . . , 𝑛). Ekkor 𝛼𝑦𝑖 ≤ 𝛼 𝑓 (𝑥)
minden 𝑥 ∈ 𝐴𝑖-re (𝑖 = 1, . . . , 𝑛), így


𝑛∑
𝑖=1
𝑦𝑖𝜇(𝐴𝑖) ∈ 𝐼 𝑓 és


𝑛∑
𝑖=1


𝛼𝑦𝑖𝜇(𝐴𝑖) ∈ 𝐼𝛼 𝑓 . Ebből


𝛼𝐼 𝑓 := {𝛼𝑥 : 𝑥 ∈ 𝐼 𝑓 } ⊂ 𝐼𝛼 𝑓 ,


ami miatt
𝛼


∫
𝑓 d𝜇 = 𝛼 sup 𝐼 𝑓 = sup 𝛼𝐼 𝑓 ≤ sup 𝐼𝛼 𝑓 =


∫
𝛼 𝑓 d𝜇. (7.1)


Ha 𝛼 > 0, akkor 𝛽 := 1
𝛼 és 𝑔 := 𝛼 𝑓 jelöléssel (7.1) miatt 𝛽


∫
𝑔 d𝜇 ≤


∫
𝛽𝑔 d𝜇, azaz


1
𝛼


∫
𝛼 𝑓 d𝜇 ≤


∫
1
𝛼𝛼 𝑓 d𝜇. Ebből


∫
𝛼 𝑓 d𝜇 ≤ 𝛼


∫
𝑓 d𝜇, így (7.1) miatt ⑥ teljesül. Ha


𝛼 = 0, akkor ⑤ miatt teljesül ⑥. Ezzel ⑥ bizonyított. □
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7.6. Tétel (Beppo Levi monoton konvergencia tételeBeppo Levi monoton konvergencia tétele). Ha az (𝑋,𝒜, 𝜇) mértéktér,
𝑓𝑛 : 𝑋 → [0,∞] 𝜇-mérhető függvények minden 𝑛 ∈ N-re és 𝑓1 ≤ 𝑓2 ≤ . . . , akkor


lim
𝑛→∞


∫
𝑓𝑛 d𝜇 =


∫
lim
𝑛→∞


𝑓𝑛 d𝜇.


7.7. Tétel. Legyen (𝑋,𝒜, 𝜇) mértéktér és 𝑓𝑖 : 𝑋 → [0,∞] (𝑖 ∈ 𝐼 ⊂ N) 𝜇-mérhető
függvények. Ekkor ∑


𝑖∈𝐼


∫
𝑓𝑖 d𝜇 =


∫ (∑
𝑖∈𝐼


𝑓𝑖


)
d𝜇.


8. Mérhető függvények integrálja


A Riemann-integrál lineáris operátor, azaz tagonként lehet integrálni és az in-
tegrálból konstans kiemelhető. A nemnegatív mérhető függvényeknél a pozitív
homogenitás és a 7.7. tétel alapján hasonló tulajdonság teljesül. Tetszőleges mérhető
függvény integráljánál szeretnénk megőrizni ezt a tulajdonságot. Mivel egy Rb-beli
értékű függvény mindig felírható a pozitív és negatív részének különbségeként,
ezért adódik az ötlet, hogy egy ilyen függvény integrálja legyen a pozitív és negatív
részek integráljának a különbsége. Mivel a pozitív és negatív részek is nemnegatív
mérhető függvények, ha az eredeti függvény mérhető, ezért ebben az esetben ezek
az integrálok már értelmezettek. A definícióban még arra kell ügyelni, hogy a
pozitív és negatív részek integráljai ne legyenek egyszerre ∞-nel egyenlőek, mert
ekkor a különbségük nem értelmezett.


8.1. Definíció. Legyen (𝑋,𝒜, 𝜇) mértéktér és 𝑓 : 𝑋 → Rb 𝜇-mérhető függvény.
Azt mondjuk, hogy 𝑓 -nek létezik az integrálja, ha∫


𝑓 + d𝜇 < ∞ vagy
∫
𝑓 − d𝜇 < ∞.


Ekkor az 𝑓 integrálja ∫
𝑓 d𝜇 :=


∫
𝑓 + d𝜇 −


∫
𝑓 − d𝜇.


Ha
∫
𝑓 d𝜇 ∈ R, akkor 𝑓 -fet integrálhatónak nevezzük.


Tehát megkülönböztetjük a „létezik az integrálja” és az „integrálható” fogalma-
kat. Az első esetben megengedjük a ∞ és −∞ értékeket is, de a másodikban nem.
Hasonló a különbség a „létezik a határértéke” és a „konvergens” fogalmak között.


8.2. Megjegyzés. Könnyen látható, hogy
∫
𝑓 d𝜇 > −∞ esetén


∫
𝑓 − d𝜇 ∈ R, illetve∫


𝑓 d𝜇 < ∞ esetén
∫
𝑓 + d𝜇 ∈ R.


31







Példaként megemlítjük, hogy a valószínűségszámításban egy valószínűségi vál-
tozó várható értéke nem más, mint a valószínűségi változó integrálja a valószínűség
szerint.


8.3. Definíció. Legyen (𝑋,𝒜, 𝜇) mértéktér, 𝑓 : 𝑋 → Rb 𝜇-mérhető függvény és
𝐴 ∈ 𝒜. Azt mondjuk, hogy 𝑓 -nek létezik az integrálja 𝐴 felett, ha 𝑓 𝜒𝐴-nak létezik
az integrálja, továbbá ekkor ∫


𝐴


𝑓 d𝜇 :=
∫
𝑓 𝜒𝐴 d𝜇.


Ha
∫
𝐴


𝑓 d𝜇 ∈ R, akkor azt mondjuk, hogy 𝑓 integrálható 𝐴 felett.


8.4. Megjegyzés. 𝐴 = 𝑋 választással azt kapjuk, hogy
∫
𝑋


𝑓 d𝜇 =
∫
𝑓 d𝜇.


8.5. Definíció. Legyen (𝑋,𝒜, 𝜇) mértéktér, 𝐴 ∈ 𝒜 és 𝑓 : 𝐴→ Rb. Azt mondjuk,
hogy 𝑓 -nek létezik az integrálja 𝐴 felett, ha az


𝑓 ∗ : 𝑋 → Rb, 𝑓 ∗(𝑥) :=


{
𝑓 (𝑥), ha 𝑥 ∈ 𝐴,
0, ha 𝑥 ∉ 𝐴


függvénynek létezik az integrálja, továbbá ekkor∫
𝐴


𝑓 d𝜇 :=
∫
𝑓 ∗ d𝜇.


Ha
∫
𝐴


𝑓 d𝜇 ∈ R, akkor 𝑓 -fet integrálhatónak nevezzük 𝐴 felett.


8.6. Tétel. Legyen (𝑋,𝒜, 𝜇) mértéktér, 𝑓 : 𝑋 → Rb 𝜇-mérhető függvény, 𝐴 ∈ 𝒜 és
𝜇(𝐴) = 0. Ekkor 𝑓 integrálható 𝐴 felett, továbbá


∫
𝐴


𝑓 d𝜇 = 0.


Bizonyítás.
∫
( 𝑓 𝜒𝐴)+ d𝜇 =


∫
𝑓 +𝜒𝐴 d𝜇 =


∫
𝐴


𝑓 + d𝜇 = 0 a 7.4. tétel miatt. Hasonlóan∫
( 𝑓 𝜒𝐴)− d𝜇 = 0. Így definíció alapján kapjuk a tételt. □


8.7. Tétel. Legyen (𝑋,𝒜, 𝜇) mértéktér és 𝑓 , 𝑔 : 𝑋 → Rb 𝜇-mérhetőek.
① Ha 𝑓 = 𝑔 m.m. és létezik


∫
𝑓 d𝜇, akkor létezik


∫
𝑔 d𝜇 is, továbbá


∫
𝑔 d𝜇 =


∫
𝑓 d𝜇.


② 𝑓 pontosan akkor integrálható, ha | 𝑓 | integrálható, továbbá ekkor
��∫ 𝑓 d𝜇


�� ≤
≤


∫
| 𝑓 |d𝜇.


③ (homogenitáshomogenitás) Ha létezik
∫
𝑓 d𝜇, akkor 𝛼 ∈ R esetén létezik


∫
𝛼 𝑓 d𝜇 is, továbbá∫


𝛼 𝑓 d𝜇 = 𝛼
∫
𝑓 d𝜇.
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④ (additivitásadditivitás) Ha
∫
𝑓 d𝜇 +


∫
𝑔 d𝜇 értelmezett, akkor


∫
( 𝑓 + 𝑔)d𝜇 létezik, továbbá∫


( 𝑓 + 𝑔)d𝜇 =
∫
𝑓 d𝜇 +


∫
𝑔 d𝜇.


⑤ Ha 𝑓 ≤ 𝑔 és létezik
∫
𝑓 d𝜇 > −∞ (vagy létezik


∫
𝑔 d𝜇 < ∞), akkor létezik∫


𝑔 d𝜇 (illetve
∫
𝑓 d𝜇) is, továbbá


∫
𝑓 d𝜇 ≤


∫
𝑔 d𝜇.


⑥ (majoráns kritériummajoráns kritérium) Ha | 𝑓 | ≤ 𝑔 m.m. és 𝑔 integrálható, akkor 𝑓 is integrálható.


Bizonyítás. ▶ ① feltételeivel 𝑓 + = 𝑔+ m.m. és 𝑓 − = 𝑔− m.m., így a 7.5. tétel ② pontja
alapján ∫


𝑓 d𝜇 =
∫
𝑓 + d𝜇 −


∫
𝑓 − d𝜇 =


∫
𝑔+ d𝜇 −


∫
𝑔− d𝜇 =


∫
𝑔 d𝜇.


Ezzel ① bizonyított.
▶ Az | 𝑓 | pontosan akkor integrálható, ha


R ∋
∫


| 𝑓 |d𝜇 =
∫
( 𝑓 + + 𝑓 −)d𝜇 =


⇑
7.7. tétel


∫
𝑓 + d𝜇 +


∫
𝑓 − d𝜇.


Ez azzal ekvivalens, hogy
∫
𝑓 + d𝜇 ∈ R és


∫
𝑓 − d𝜇 ∈ R, ami 𝑓 integrálhatóságának


szükséges és elégséges feltétele. Másrészt, ha 𝑓 integrálható, akkor����∫ 𝑓 d𝜇
���� =


����∫ 𝑓 + d𝜇 −
∫
𝑓 − d𝜇


���� ≤ ����∫ 𝑓 + d𝜇
���� +


����∫ 𝑓 − d𝜇
���� =


=
∫
𝑓 + d𝜇 +


∫
𝑓 − d𝜇 =


⇑
7.7. tétel


∫
( 𝑓 + + 𝑓 −)d𝜇 =


∫
| 𝑓 |d𝜇.


Ezzel ② bizonyított.
▶ Tegyük fel, hogy létezik


∫
𝑓 d𝜇 és 𝛼 ∈ R. Ha 𝛼 ≥ 0, akkor a 7.5. tétel ⑥ pontja


miatt ∫
(𝛼 𝑓 )+ d𝜇 =


∫
𝛼 𝑓 + d𝜇 = 𝛼


∫
𝑓 + d𝜇 < ∞, ha


∫
𝑓 + d𝜇 < ∞,


illetve ∫
(𝛼 𝑓 )− d𝜇 =


∫
𝛼 𝑓 − d𝜇 = 𝛼


∫
𝑓 − d𝜇 < ∞, ha


∫
𝑓 − d𝜇 < ∞.


Az
∫
𝑓 d𝜇 létezése miatt


∫
𝑓 + d𝜇 < ∞ vagy


∫
𝑓 − d𝜇 < ∞, így


∫
(𝛼 𝑓 )+ d𝜇 < ∞ vagy∫


(𝛼 𝑓 )− d𝜇 < ∞. Ezért
∫
𝛼 𝑓 d𝜇 létezik. Másrészt ekkor szintén a 7.5. tétel ⑥ pontja


miatt∫
𝛼 𝑓 d𝜇 =


∫
(𝛼 𝑓 )+ d𝜇 −


∫
(𝛼 𝑓 )− d𝜇 =


∫
𝛼 𝑓 + d𝜇 −


∫
𝛼 𝑓 − d𝜇 =


= 𝛼


∫
𝑓 + d𝜇 − 𝛼


∫
𝑓 − d𝜇 = 𝛼


(∫
𝑓 + d𝜇 −


∫
𝑓 − d𝜇


)
= 𝛼


∫
𝑓 d𝜇.


33







Ha 𝛼 < 0, akkor (𝛼 𝑓 )+ = −𝛼 𝑓 − és (𝛼 𝑓 )− = −𝛼 𝑓 +, melyből az előzőhöz hasonlóan
bizonyítható, hogy létezik


∫
𝛼 𝑓 d𝜇, másrészt∫


𝛼 𝑓 d𝜇 =
∫
(𝛼 𝑓 )+ d𝜇 −


∫
(𝛼 𝑓 )− d𝜇 =


∫
(−𝛼 𝑓 −)d𝜇 −


∫
(−𝛼 𝑓 +)d𝜇 =


= 𝛼


∫
𝑓 + d𝜇 − 𝛼


∫
𝑓 − d𝜇 = 𝛼


(∫
𝑓 + d𝜇 −


∫
𝑓 − d𝜇


)
= 𝛼


∫
𝑓 d𝜇.


Ezzel ③ bizonyított.
▶ Tegyük fel, hogy 𝑆 :=


∫
𝑓 d𝜇 +


∫
𝑔 d𝜇 értelmezett. 𝑆 ∈ R esetén


∫
𝑓 d𝜇 ∈ R és∫


𝑔 d𝜇 ∈ R, így
∫
𝑓 + d𝜇 ∈ R és


∫
𝑔+ d𝜇 ∈ R. Emiatt


∞ >


∫
𝑓 + d𝜇 +


∫
𝑔+ d𝜇 =


∫
( 𝑓 + + 𝑔+)d𝜇 ≥


⇑
6.12. lemma


∫
( 𝑓 + 𝑔)+ d𝜇,


így
∫
( 𝑓 + 𝑔)d𝜇 létezik.


𝑆 = ∞ esetén
∫
𝑓 d𝜇 > −∞ és


∫
𝑔 d𝜇 > −∞, így a 8.2. megjegyzés miatt


∞ >


∫
𝑓 − d𝜇 +


∫
𝑔− d𝜇 =


∫
( 𝑓 − + 𝑔−)d𝜇 ≥


⇑
6.12. lemma


∫
( 𝑓 + 𝑔)− d𝜇,


így
∫
( 𝑓 + 𝑔)d𝜇 létezik.


𝑆 = −∞ esetén
∫
𝑓 d𝜇 < ∞ és


∫
𝑔 d𝜇 < ∞, így a 8.2. megjegyzés miatt


∞ >


∫
𝑓 + d𝜇 +


∫
𝑔+ d𝜇 =


∫
( 𝑓 + + 𝑔+)d𝜇 ≥


⇑
6.12. lemma


∫
( 𝑓 + 𝑔)+ d𝜇,


így
∫
( 𝑓 + 𝑔)d𝜇 létezik. A ④ bizonyításához még az egyenlőséget kell belátni.


( 𝑓 + 𝑔)+ − ( 𝑓 + 𝑔)− = 𝑓 + 𝑔 = 𝑓 + − 𝑓 − + 𝑔+ − 𝑔−,


melyből
( 𝑓 + 𝑔)+ + 𝑓 − + 𝑔− = ( 𝑓 + 𝑔)− + 𝑓 + + 𝑔+.


Így ∫
( 𝑓 + 𝑔)+ d𝜇 +


∫
𝑓 − d𝜇 +


∫
𝑔− d𝜇 =


∫
( 𝑓 + 𝑔)− d𝜇 +


∫
𝑓 + d𝜇 +


∫
𝑔+ d𝜇.


Ebből átrendezéssel kapjuk ④ állítását.
▶ Ha 𝑓 ≤ 𝑔, akkor 𝑓 + ≤ 𝑔+ és 𝑓 − ≥ 𝑔−, így a 8.2. megjegyzés miatt teljesül a
következő két állítás :


1) Ha létezik
∫
𝑓 d𝜇 > −∞, akkor ∞ >


∫
𝑓 − d𝜇 ≥


∫
𝑔− d𝜇, így


∫
𝑔 d𝜇 létezik.


2) Ha létezik
∫
𝑔 d𝜇 < ∞, akkor ∞ >


∫
𝑔+ d𝜇 ≥


∫
𝑓 + d𝜇, így


∫
𝑓 d𝜇 létezik.


Az ⑤ bizonyításához még az egyenlőtlenséget kell belátni. Mivel
∫
𝑓 + d𝜇 ≤


∫
𝑔+ d𝜇


és −
∫
𝑓 − d𝜇 ≤ −


∫
𝑔− d𝜇, így a két egyenlőtlenséget összeadva kapjuk ⑤-öt.


▶ ⑥ feltételeivel 𝑔+ ≥ 𝑔+ − 𝑔− = 𝑔 ≥ | 𝑓 | m.m., melyből
∫
| 𝑓 |d𝜇 ≤


∫
𝑔+ d𝜇 ∈ R,


hiszen 𝑔 integrálható. Így
∫
| 𝑓 |d𝜇 ∈ R, melyből ② miatt 𝑓 integrálható, azaz ⑥


teljesül. □
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8.8. Tétel (Az integrál halmazok feletti additivitásaAz integrál halmazok feletti additivitása). Legyen (𝑋,𝒜, 𝜇) mértéktér,
𝑓 : 𝑋 → Rb, 𝐴𝑖 ∈ 𝒜 (𝑖 ∈ 𝐼 ⊂ N) diszjunktak és 𝐴 :=


⋃
𝑖∈𝐼
𝐴𝑖 . Ha létezik


∫
𝑓 d𝜇, akkor


létezik
∫
𝐴


𝑓 d𝜇 és
∫
𝐴𝑖


𝑓 d𝜇 is minden 𝑖 ∈ 𝐼-re, továbbá


∫
𝐴


𝑓 d𝜇 =
∑
𝑖∈𝐼


∫
𝐴𝑖


𝑓 d𝜇.


Bizonyítás. Mivel
∫
( 𝑓 𝜒𝐴)+ d𝜇 =


∫
𝑓 +𝜒𝐴 d𝜇 ≤


∫
𝑓 + d𝜇 < ∞ vagy


∫
( 𝑓 𝜒𝐴)− d𝜇 =


∫
𝑓 −


−𝜒𝐴 d𝜇 ≤
∫
𝑓 − d𝜇 < ∞, ezért létezik


∫
𝑓 𝜒𝐴 d𝜇 =


∫
𝐴


𝑓 d𝜇. Hasonlóan látható, hogy


létezik
∫
𝐴𝑖


𝑓 d𝜇 minden 𝑖 ∈ 𝐼-re. Ezután azt bizonyítjuk, hogy


𝑔𝜒𝐴 =
∑
𝑖∈𝐼


𝑔𝜒𝐴𝑖 , (8.1)


ahol 𝑔 : 𝑋 → Rb tetszőleges függvény. Ha 𝑥 ∈ 𝐴, akkor pontosan egy 𝑖0 index
létezik, melyre 𝑥 ∈ 𝐴𝑖0 . Ebből


∑
𝑖∈𝐼
𝑔(𝑥)𝜒𝐴𝑖 (𝑥) = 𝑔(𝑥)𝜒𝐴𝑖0 (𝑥) = 𝑔(𝑥)𝜒𝐴(𝑥). Ha 𝑥 ∉ 𝐴,


akkor 𝑥 ∉ 𝐴𝑖 minden 𝑖 ∈ 𝐼-re, így
∑
𝑖∈𝐼
𝑔(𝑥)𝜒𝐴𝑖 (𝑥) = 0 = 𝑔(𝑥)𝜒𝐴(𝑥). Ezzel (8.1)


bizonyított. Most rátérünk az egyenlőség bizonyítására.∫
𝐴


𝑓 d𝜇 =
∫
𝑓 𝜒𝐴 d𝜇 =


∫
𝑓 +𝜒𝐴 d𝜇 −


∫
𝑓 −𝜒𝐴 d𝜇


(8.1)
⇓=


=
∑
𝑖∈𝐼


(∫
𝑓 +𝜒𝐴𝑖 d𝜇 −


∫
𝑓 −𝜒𝐴𝑖 d𝜇


)
=


∑
𝑖∈𝐼


∫
𝑓 𝜒𝐴𝑖 d𝜇 =


∑
𝑖∈𝐼


∫
𝐴𝑖


𝑓 d𝜇. □


A következő tételben annak adjuk meg az elégséges feltételét, hogy egy mérhető
függvényekből álló sorozat esetén fel lehessen cserélni az integrál és a limesz
operátorokat.


8.9. Tétel (Lebesgue majorált konvergencia tételeLebesgue majorált konvergencia tétele). Legyen (𝑋,𝒜, 𝜇) mértéktér
és 𝑔, 𝑓 , 𝑓𝑛 : 𝑋 → Rb (𝑛 ∈ N) 𝜇-mérhető függvények. Ha 𝑔 integrálható, | 𝑓𝑛| ≤ 𝑔


m.m. minden 𝑛 ∈ N-re és lim
𝑛→∞


𝑓𝑛 = 𝑓 m.m., akkor 𝑓 és 𝑓𝑛 integrálható függvények
minden 𝑛 ∈ N-re, továbbá


lim
𝑛→∞


∫
𝑓𝑛 d𝜇 =


∫
𝑓 d𝜇.


9. Lebesgue-integrál
A Lebesgue-mérték szerinti integrált Lebesgue-integrálnak nevezzük. A következő té-
tel szerint minden Riemann-integrálható függvény egyúttal Lebesgue-integrálható
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is, továbbá ekkor a két integrál értéke megegyezik.


9.1. Tétel. Ha 𝑓 : [𝑎, 𝑏] → R (𝑎, 𝑏 ∈ R, 𝑎 < 𝑏) Riemann-integrálható, akkor 𝑓


Lebesgue-integrálható [𝑎, 𝑏] felett és
∫


[𝑎, 𝑏]
𝑓 d𝜆 =


𝑏∫
𝑎


𝑓 (𝑥)d𝑥.


A tétel megfordítása nem igaz. Legyen például


𝑓 : [0, 1] → R, 𝑓 (𝑥) :=


{
1, ha 𝑥 ∈ Q,
0, ha 𝑥 ∉ Q.


Ekkor


𝑓 ∗ : R → R, 𝑓 ∗(𝑥) :=


{
𝑓 (𝑥), ha 𝑥 ∈ [0, 1]
0, ha 𝑥 ∉ [0, 1] =


{
1, ha 𝑥 ∈ Q ∩ [0, 1]
0, különben


jelöléssel ∫
[0, 1]


𝑓 d𝜆 =
∫
𝑓 ∗ d𝜆 = 1 · 𝜆


(
Q ∩ [0, 1]


)︸         ︷︷         ︸
0


+ 0 · 𝜆
(
Q ∩ [0, 1]


)
= 0.


Másrészt ismert, hogy 𝑓 Riemann-szerint nem integrálható. Mindezek alapján
tehát, a Lebesgue-integrál a Riemann-integrál általánosítása.


Fontos még megjegyezni, hogy a Riemann-integrálhatóság szükséges és elégsé-
ges feltételének szoros kapcsolata van a Lebesgue-mértékkel és a folytonossággal.


9.2. Tétel (Lebesgue-kritériumLebesgue-kritérium). Az 𝑓 : [𝑎, 𝑏] → R (𝑎, 𝑏 ∈ R, 𝑎 < 𝑏) korlátos
függvény pontosan akkor Riemann-integrálható, ha folytonos 𝜆-m.m. [𝑎, 𝑏]-n.


10. Mértékterek szorzata, kétszeres integrál
A valós számokon értelmezett Lebesgue-mértéket (az ún. egydimenziós Lebesgue-
mértéket) az intervallumok hosszának teljes mértékké való kiterjesztésével defini-
áltuk. Hasonlóan járhatunk el a síkon is, ha téglalapok területét terjesztjük ki teljes
mértékké. Ekkor a terület általánosítását kapjuk, amit kétdimenziós Lebesgue-
mértéknek nevezünk. Vegyük észre, hogy a téglalapok felírhatók két egydimenziós
Lebesgue-mérhető halmaz, nevezetesen két szakasz Descartes-szorzataként, továb-
bá a téglalap területe ezen két halmaz mértékeinek a szorzata. A térben a téglatestek
térfogatát is kiterjeszthetjük teljes mértékké, amely a térfogat általánosítása. A
téglatest felírható egy téglalap és egy szakasz Descartes szorzataként, a téglatest
térfogata pedig ezen két halmaz mértékének szorzata. Ezt a két példát általánosítva,
két mértéktérből a következőképpen készíthetünk egy harmadikat :
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10.1. Definíció. Legyenek (𝑋,𝒜, 𝜇) és (𝑌,ℬ , 𝜈) mértékterek, továbbá


𝜑 : {𝐴 × 𝐵 : 𝐴 ∈ 𝒜, 𝐵 ∈ ℬ} → [0,∞], 𝜑(𝐴 × 𝐵) := 𝜇(𝐴)𝜈(𝐵).


Jelölje (𝑋 × 𝑌,𝒜 ⊗ ℬ , 𝜇 ⊗ 𝜈) a 𝜑-hez tartozó külső mérték által generált teljes
mértékteret, melyet az (𝑋,𝒜, 𝜇) és (𝑌,ℬ , 𝜈) mértékterek szorzatterének nevezzük.
A 𝜇 ⊗ 𝜈 mértéket a 𝜇 és 𝜈 mértékek szorzatának nevezzük.


A következő tétel szerint az előbb definiált 𝜑 halmazfüggvény premérték,
vagyis 𝜇 ⊗ 𝜈 a 𝜑 kiterjesztése teljes mértékké.


10.2. Tétel. Legyenek (𝑋,𝒜, 𝜇) és (𝑌,ℬ , 𝜈) mértékterek. Ha 𝐴 ∈ 𝒜 és 𝐵 ∈ ℬ, akkor
𝐴 × 𝐵 ∈ 𝒜 ⊗ ℬ és (𝜇 ⊗ 𝜈)(𝐴 × 𝐵) = 𝜇(𝐴)𝜈(𝐵).


Kettőnél több mértéktérből is készíthető szorzattér rekurzió segítségével :


10.3. Definíció. Legyen 𝑛 ≥ 3 egész és (𝑋𝑖 ,𝒜𝑖 , 𝜇𝑖) mértékterek (𝑖 = 1, 2, . . . , 𝑛).
Rekurzióval definiáljuk az


(𝑋1 × · · · × 𝑋𝑛 ,𝒜1 ⊗ · · · ⊗ 𝒜𝑛 , 𝜇1 ⊗ · · · ⊗ 𝜇𝑛)


teljes mértékteret, ahol


𝒜1 ⊗ · · · ⊗ 𝒜𝑛 := (𝒜1 ⊗ · · · ⊗ 𝒜𝑛−1) ⊗ 𝒜𝑛 ,


𝜇1 ⊗ · · · ⊗ 𝜇𝑛 := (𝜇1 ⊗ · · · ⊗ 𝜇𝑛−1) ⊗ 𝜇𝑛 .


A 𝜇1 ⊗ · · · ⊗ 𝜇𝑛 teljes mértéket a 𝜇𝑖-k szorzatának nevezzük. Ha 𝑋1 = · · · = 𝑋𝑛 ,
𝒜1 = · · · = 𝒜𝑛 és 𝜇𝑖 = · · · = 𝜇𝑛 , akkor a 𝜇𝑛 := 𝜇1⊗· · ·⊗𝜇𝑛 és𝒜𝑛 := 𝒜1⊗· · ·⊗𝒜𝑛


jelöléseket használjuk. Ugyanezt a jelölést használjuk 𝑛 = 2 esetén is.


10.4. Tétel. Legyen (𝑋,𝒜, 𝜇) mértéktér és 𝐵1, . . . , 𝐵𝑛 ∈ 𝒜. Ekkor 𝐵1×· · ·×𝐵𝑛 ∈ 𝒜𝑛


és 𝜇𝑛(𝐵1 × · · · × 𝐵𝑛) = 𝜇(𝐵1) · · ·𝜇(𝐵𝑛).


10.5. Definíció. Legyenek (𝑋,𝒜, 𝜇) és (𝑌,ℬ , 𝜈) mértékterek és 𝑓 : 𝑋 × 𝑌 → Rb.
Tegyük fel, hogy 𝜈-szerint majdnem minden 𝑦 ∈ 𝑌 esetén létezik a


𝑔𝑦 : 𝑋 → Rb, 𝑔𝑦(𝑥) := 𝑓 (𝑥, 𝑦)


függvénynek az integrálja 𝜇 szerint és a


ℎ : 𝑌 → Rb, ℎ(𝑦) =


{∫
𝑔𝑦 d𝜇, ha létezik


∫
𝑔𝑦 d𝜇,


0, különben


függvénynek létezik az integrálja 𝜈 szerint. Ekkor azt mondjuk, hogy 𝑓 -nek
létezik az ∬


𝑓 d𝜇d𝜈 :=
∫
ℎ d𝜈
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kétszeres integrálja. Hasonlóan értelmezhető
∬
𝑓 d𝜈 d𝜇 is.


A következő tétel szerint mértékek szorzatára vonatkozó integrál visszavezet-
hető kétszeres integrálra.


10.6. Tétel (Fubini-tételFubini-tétel). Legyenek (𝑋,𝒜, 𝜇) és (𝑌,ℬ , 𝜈) teljes mértékterek, továbbá
𝑓 : 𝑋 × 𝑌 → Rb egy olyan függvény, mely egy 𝜎-véges halmazon kívül eltűnik, azaz
létezik olyan 𝐻 ∈ 𝒜⊗ℬ 𝜎-véges halmaz, hogy 𝑓 (𝑥, 𝑦) = 0 teljesül minden (𝑥, 𝑦) ∈ 𝐻-
ra. Ha 𝑓 -nek létezik az integrálja 𝜇 ⊗ 𝜈-szerint, akkor léteznek a kétszeres integráljai is,
továbbá ∫


𝑓 d(𝜇 ⊗ 𝜈) =
∬


𝑓 d𝜇d𝜈 =
∬


𝑓 d𝜈 d𝜇.


11. Többdimenziós Lebesgue-mérték


11.1. Definíció. Az (R𝑛 ,ℒ𝑛 ,𝜆𝑛) (𝑛 ≥ 2) mértékteret 𝑛-dimenziós Lebesgue-mér-
téktérnek, 𝜆𝑛-net pedig 𝑛-dimenziós Lebesgue-mértéknek nevezzük. A Lebesgue-
mértéket szokás egydimenziós Lebesgue-mértéknek is nevezni.


A következő tétel a 10.4. tétel speciális esete.


11.2. Tétel. Ha 𝐵𝑖 ∈ ℒ (𝑖 = 1, . . . , 𝑛), akkor 𝐵1 × · · · × 𝐵𝑛 ∈ ℒ𝑛 , továbbá


𝜆𝑛(𝐵1 × · · · × 𝐵𝑛) = 𝜆(𝐵1) · · ·𝜆(𝐵𝑛).


11.3. Tétel. Az R𝑛 (𝑛 ∈ N) minden Borel-mérhető részhalmaza 𝜆𝑛-mérhető.


Bizonyítás. Az R𝑛-beli nyílt téglák 𝜆𝑛-mérhetőek a 11.2. tétel miatt, így a 4.2. tétel
alapján 𝑁 ∈ 𝒩(R𝑛) esetén 𝑁 ∈ ℒ𝑛 . ℬ(R𝑛) az 𝒩(R𝑛)-et tartalmazó legszűkebb
𝜎-algebra, így 𝒩(R𝑛) ⊂ ℒ𝑛 miatt, mivel ℒ𝑛 𝜎-algebra, ℬ(R𝑛) ⊂ ℒ𝑛 teljesül. □


A következő tétel szerint geometriai értelemben 𝜆 a hosszúság, 𝜆2 a terület, 𝜆3


pedig a térfogat általánosítása.


11.4. Tétel. Ha 𝐻 ⊂ R𝑛 (𝑛 ∈ N) Jordan-mérhető, akkor 𝜆𝑛-mérhető is, továbbá a
Jordan-mértéke 𝜆𝑛(𝐻)-val egyenlő.


Az 𝑛-dimenziós Lebesgue-mérhetőség és -mérték – hasonlóan az egydimenziós
esethez – invariáns az eltolásra.


11.5. Tétel (Eltolás-invarianciaEltolás-invariancia). Legyen 𝑟 ∈ R𝑛 , 𝑔 : R𝑛 → R𝑛 , 𝑔(𝑥) := 𝑥 + 𝑟. Ha
𝐴 ∈ ℒ𝑛 , akkor 𝑔(𝐴) ∈ ℒ𝑛 és 𝜆𝑛


(
𝑔(𝐴)


)
= 𝜆𝑛(𝐴).
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A Riemann-integrál nemnegatív függvény esetén a függvény alatti síkidom
Jordan-mértékével egyezik meg. A következő tétel szerint hasonló igaz a Lebesgue-
integrálra is, azaz, ha 𝑓 nemnegatív Lebesgue-mérhető függvény, akkor az 𝑓


görbéje alatti síkidom területe az 𝑓 Lebesgue-integráljával egyezik meg:


11.6. Tétel. Ha 𝑓 : [𝑎, 𝑏] → [0,∞) 𝜆-mérhető, akkor


𝐻 :=
{
(𝑥, 𝑦) ∈ [𝑎, 𝑏] × R : 0 ≤ 𝑦 < 𝑓 (𝑥)


}
∈ ℒ2,


továbbá
𝜆2(𝐻) =


∫
[𝑎, 𝑏]


𝑓 d𝜆.


12. Mértékek deriváltja
Ha 𝐹 : R → R differenciálható függvény, akkor a Newton – Leibniz-tétel alapján


𝑏∫
𝑎


𝑓 (𝑥)d𝑥 = [𝐹(𝑥)]𝑏𝑎 = 𝐹(𝑏) − 𝐹(𝑎)


minden 𝑎, 𝑏 ∈ R, 𝑎 < 𝑏 esetén, ahol 𝑓 (𝑥) az 𝐹 deriváltját jelöli az 𝑥 ∈ R helyen.
Ennek analógiájára, ha 𝜇 és 𝜈 mértékek ugyanazon a mértéktéren és 𝑓 egy olyan
függvény, melyre


∫
𝐴


𝑓 d𝜇 = 𝜈(𝐴) teljesül minden mérhető 𝐴 halmaz esetén, akkor az


𝑓 függvényt nevezhetnénk a 𝜈 deriváltjának 𝜇 szerint. Ehhez hasonló kapcsolatot
fogalmaz meg a következő állítás, amely a 7.4. és 8.8. tételek következménye:


12.1. Tétel. Legyen (𝑋,𝒜, 𝜇) mértéktér, 𝑓 : 𝑋 → [0,∞] 𝜇-mérhető függvény és


𝜈 : 𝒜 → [0,∞], 𝜈(𝐴) :=
∫
𝐴


𝑓 d𝜇.


Ekkor (𝑋,𝒜, 𝜈) mértéktér.


Ebben a tételben a 𝜇 és 𝑓 segítségével állítottuk elő a 𝜈-t. Azonban a bevezetés
alapján nekünk a 𝜇 és 𝜈 segítségével kellene előállítani 𝑓 -fet. A kérdés tehát, hogy
ennek a tételnek mikor igaz a megfordítása, azaz egy mérték mikor áll elő egy
nemnegatív mérhető függvény integráljaként? Pontosabban, ha 𝜇 és 𝜈 mértékek
az (𝑋,𝒜) mérhető téren, akkor milyen feltétellel létezik olyan 𝑓 : 𝑋 → [0,∞]
𝜇-mérhető függvény, hogy


𝜈(𝐴) =
∫
𝐴


𝑓 d𝜇


teljesüljön minden 𝐴 ∈ 𝒜 esetén?
Ennek egy szükséges feltételét adja a 7.4. tétel, miszerint ha 𝐴 ∈ 𝒜 esetén


𝜇(𝐴) = 0, akkor 𝜈(𝐴) = 0. Ezt a tulajdonságot abszolút folytonosságnak nevezzük:
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12.2. Definíció. Legyenek 𝜇 ill. 𝜈 mértékek az (𝑋,𝒜) mérhető téren. Ha 𝐴 ∈ 𝒜,
𝜇(𝐴) = 0 esetén 𝜈(𝐴) = 0, akkor azt mondjuk, hogy 𝜈 abszolút folytonos 𝜇-re
nézve. Jele : 𝜈 ≪ 𝜇.


A Radon – Nikodym-tétel kimondja, hogy 𝜎-véges mértékek esetén az abszolút
folytonosság egyben elégséges feltétel is.


12.3. Tétel (Radon – Nikodym-tételRadon – Nikodym-tétel). Legyenek 𝜇 ill. 𝜈 𝜎-véges mértékek az (𝑋,𝒜)
mérhető téren. Ha 𝜈 ≪ 𝜇, akkor létezik 𝑓 : 𝑋 → [0,∞) 𝜇-mérhető függvény, melyre


𝜈(𝐴) =
∫
𝐴


𝑓 d𝜇


teljesül minden 𝐴 ∈ 𝒜 esetén. Az 𝑓 𝜇-m.m. egyértelműen meghatározott, azaz ha 𝑔
is hasonló tulajdonságú, akkor 𝑓 = 𝑔 𝜇-m.m. Az 𝑓 függvényt 𝜈-nek 𝜇-re vonatkozó
Radon – Nikodym-deriváltjának nevezzük és d𝜈


d𝜇 módon jelöljük.


Például a valószínűségszámításban egy abszolút folytonos valószínűségi válto-
zó sűrűségfüggvénye nem más, mint az eloszlásának (lásd az 5.15. megjegyzést) a
Radon – Nikodym-deriváltja a Lebesgue-mérték ℬ(R)-re vett leszűkítésére vonat-
kozóan.


A Radon – Nikodym-derivált klasszikus értelemben vett derivált jellegét jól
mutatja a következő tétel, amely az összetett függvények deriváltjára vonatkozó
szabály analógiája.


12.4. Tétel (LáncszabályLáncszabály). Legyenek 𝜇, 𝜈 és 𝜅 𝜎-véges mértékek az (𝑋,𝒜) mérhető
téren. Ha 𝜇 ≪ 𝜈 és 𝜈 ≪ 𝜅, akkor 𝜇 ≪ 𝜅 és d𝜇


d𝜅 = d𝜇
d𝜈 · d𝜈


d𝜅 𝜅-m.m.
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Bevezetés


Ez az összeállítás az Eszterházy Károly Katolikus Egyetem „Válogatott fejezetek való-
színűségszámításból és statisztikából” című kurzusához készült a matematika szaktanári
képzésen belül. Ahogy a tárgy címéből is kiderül két fejezetből áll a tananyag.


A valószínűségszámításon belül a klasszikus határérték tételekre helyezzük a hang-
súlyt. Az elmélet tárgyalásán túl fő célunk ezeknek a tételeknek a számítógépes szimu-
lációja.


A matematikai statisztikán belül a szórásanalízissel és a regressziószámítással fog-
lalkozunk. A számításokat itt is számítógépen végezzük.


A feladatok megoldásait magyar nyelvű Excelen mutatjuk meg. Excel 2010 vagy
ennél újabb verzióval dolgozzon, amely a gépre van telepítve, azaz nem online verzió.
A jegyzetben használt jelölések megegyeznek az irodalomban megadott jegyzetek jelö-
léseivel. A jegyzet szabadon letölthető a következő címről :
https://tomacstibor.uni-eszterhazy.hu/tananyagok/Valoszinusegszamitas_szaktanar.pdf
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1. fejezet


Valószínűségszámítás


1.1. A nagy számok Bernoulli-féle törvénye


1.1. feladat. Modellezzen 10 000 dobást egy szabályos dobókockával. Számolja ki
minden dobás után a hatos dobás relatív gyakoriságát (azaz a hatos dobások és az
összes dobás számának arányát), majd vizsgálja annak viselkedését.


Megoldás. Nyisson meg egy üres Excel lapot.
1. Jelölje ki az A1:A10000 cellatartományt. Ehhez a Név mezőbe írja be, hogy


A1:A10000, majd Enter .
2. Gépelje be a következőt: =VÉLETLEN.KÖZÖTT(1;6) , majd Ctrl + Enter . Ezzel az A


oszlop első 10 000 sorába olyan pszeudo-véletlen számokat generál, melyek 1-től
6-ig minden egész számot azonos valószínűséggel eredményezhetnek.


3. A B1 cellába gépelje be a következőt: =DARABTELI(A$1:A1;6)/SOR(A1) , majd kat-
tintson kétszer a kitöltőjelre. (A kitöltőjel a kijelölt cella vagy cellatartomány
jobb alsó sarkában található pici négyzet. A DARABTELI függvény 2023. márciu-
sa utáni Excel-verziókban DARABHA néven érhető el !) Ezzel minden dobás után
megadtuk az addigi dobásokban a hatosok relatív gyakoriságát.


4. A relatív gyakoriság vizsgálatához jelölje ki a B oszlopot, Beszúrás Diagramok


Pont- (xy) vagy buborékdiagram beszúrása Pont vonalakkal . A vízszintes tengely mini-
mumát állítsa 0-ra, maximumát 10000-re a fő léptéket pedig 0,16667-re (1


6 kere-
kítése 5 tizedesjegyre). A függőleges tengely minimumát állítsa 0-ra, maximumát
pedig 1-re. Ez megrajzolja a dobássorozathoz tartozó relatív gyakoriságot a dobá-
sok számának függvényében. Az F9 többszöri megnyomásával több dobássorozat
esetén vizsgálhatja a viselkedést.


Tapasztalat. A dobások számának növelésével a hatos dobások relatív gyakorisága
egyre kisebb mértékben ingadozik 1


6 körül.
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1.2. feladat. Más véletlen kísérletben is hasonló a tapasztalat? Például modellezzen
10 000 dobást egy szabályos pénzérmével. Számolja ki minden dobás után a fej dobás
relatív gyakoriságát, majd vizsgálja annak viselkedését.


Megoldás. Az előző Excel lapon dolgozzon.
1. Javítsa ki az A1 cella tartalmát a következőre: =VÉLETLEN.KÖZÖTT(0;1) , majd


Enter . Ez azonos valószínűséggel generálhat 0-t és 1-et is. A 0 jelentse azt, hogy
írást, az 1 pedig azt, hogy fejet dobunk. Ezt a fej dobás indikátorának is szoktuk
nevezni.


2. Az A1 cella kitöltő jelére kattintson kétszer. Ezzel az előző feladatban generált
10 000 kísérlet minden tagját megváltoztatja a fej dobás indikátorára.


3. A tapasztalat megfogalmazása előtt vegye észre, hogy most a relatív gyakoriság
másképp is számolható mint az előbb. Ugyanis a 0 és 1 számokból álló sorozatban
az 1 szám relatív gyakorisága pont ezen számok számtani közepe. Így a B1 cellába
egyszerűbb képlet is írható: =ÁTLAG(A$1:A1) . Ezt mindenhol kijavítjuk, melyhez
a B1 cella kitöltő jelére kattintson kétszer.


4. A grafikonon a fő léptéket javítsa ki 0,5-re.
5. Az F9 többszöri megnyomásával több dobássorozat esetén vizsgálhatja a visel-


kedést.


Tapasztalat. A dobások számának növelésével a fej dobások relatív gyakorisága egyre
kisebb mértékben ingadozik 1


2 körül.


Általánosságban az a tapasztalat, hogy egy véletlen kimenetelű kísérletben egy adott
esemény relatív gyakorisága a kísérletek számának növelésével egyre kisebb mértékben
ingadozik egy adott érték körül. Ezt az értéket nevezzük az adott esemény valószínűsé-
gének.


Erre a tapasztalatra alapozva a matematikában a valószínűség axiómáit a relatív
gyakoriság legegyszerűbb tulajdonságai alapján határoztuk meg. Az így megalkotott
elmélet akkor jó, ha az előbbi tapasztalatot igazolja. Erről szól a következő tétel.


Tétel (A nagy számok Bernoulli-féle törvénye). Legyen kn egy p valószínűségű esemény
bekövetkezéseinek a száma (gyakorisága) n kísérlet után. Ekkor minden ε > 0 esetén


lim
n→∞


P
(∣∣∣∣kn


n
− p


∣∣∣∣ ≥ ε


)
= 0.


Azaz akárhogyan is választunk egy pozitív ε számot, a kísérletek számának növelé-
sével egyre kisebb eséllyel tér el az esemény relatív gyakorisága a valószínűségétől ε-nál
nagyobb mértékben. Ez pontosan a gyakorlati tapasztalatot fejezi ki.
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1.2. A nagy számok gyenge illetve Kolmogorov-féle
erős törvénye


1.3. feladat. Az előző feladat megoldásában láttuk, hogy a fej dobás relatív gya-
korisága számolható számtani középpel, amennyiben annak indikátorát figyeljük.
Hogyan lehetne ezt megoldani a dobókocka esetén a hatos dobás relatív gyakorisá-
gával?


Megoldás. Ehhez annyit kell tenni, hogy hatos dobásakor az 1 számot írja le, ellenkező
esetben pedig a 0-t. Ezt nevezzük a hatos dobás indikátorának. Az előző Excel lapon
ezt könnyen kipróbálhatja.


1. Javítsa ki az A1 cella tartalmát erre: =HA(VÉLETLEN.KÖZÖTT(1;6)=6;1;0) , majd
Enter .


2. Az A1 cella kitöltő jelére kattintson kétszer. Ezzel az előző feladatban generált
10 000 kísérlet minden tagját megváltoztatja a hatos dobás indikátorára.


3. Ekkor a B oszlopban található ÁTLAG függvények már a hatos dobás relatív gya-
koriságait adják. Így a grafikonon ugyanazt fogja tapasztalni, mint az 1.1. fel-
adatban.


1.4. feladat. Csak egy esemény indikátorának számtani közepe mutat ilyen kon-
vergens tulajdonságot, vagy más valószínűségi változónál is tapasztalható hasonló?


Megoldás. Dolgozzon az előző Excel lapon.
1. Javítsa ki az A1 cella tartalmát erre: =VÉLETLEN.KÖZÖTT(1;6) , majd Enter .
2. Az A1 cella kitöltő jelére kattintson kétszer. Ezzel az előző feladatban generált


10 000 kísérlet minden tagját megváltoztatja a dobókocka dobásának eredményé-
re, azaz ezek már nem indikátorok. Ekkor a B oszlopban található ÁTLAG függvé-
nyek már nem a hatos dobás relatív gyakoriságait adják meg, hanem az addigi
dobások eredményeinek számtani közepét.


3. A függőleges tengely maximumát állítsa 5-re a fő léptéket pedig 3,5-re.
4. Az F9 többszöri megnyomásával több dobássorozat esetén vizsgálhatja a visel-


kedést.


Tapasztalat. A dobások számának növelésével a dobások értékeinek számtani közepe
egyre kisebb mértékben ingadozik 3,5 körül. Ezt az értéket a dobás várható értékének
nevezzük.


Ha egy valószínűségi változóra vonatkozó mérési eredmények számtani közepe a
valószínűségi változó várható értéke körül ingadozik, akkor speciálisan egy esemény
indikátora esetén miért az esemény valószínűsége körül figyelhető meg egyre kisebb
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mértékű ingadozás? Azért mert egy esemény indikátorának várható értéke megegyezik
az esemény valószínűségével.


1.5. feladat. Ejtsünk le egy ceruzát az asztalra. A véletlen szám (valószínűségi
változó) most legyen a ceruza és az asztallap egyik éle által bezárt szög tangense.
Ezt a kísérletet modellezze 10 000-szer. Ekkor is hasonló a tapasztalat, mint az előző
feladatban?


Megoldás. Dolgozzon az előző Excel lapon.
1. Javítsa ki az A1 cella tartalmát erre: =TAN(VÉL()*PI()/2) , majd Enter . A VÉL()


egy pszeudo-véletlen számot generál a [0, 1] intervallumon egyenletes eloszlás sze-
rint (azaz a generált szám a [0, 1] intervallum bármely h hosszúságú részinterval-
lumába h valószínűséggel eshet). Így a VÉL()*PI()/2 a ceruza és az asztal éle
által bezárt szöget modellezi (radiánban). A feladat értelmében ennek vettük a
tangensét.


2. Az A1 cella kitöltő jelére kattintson kétszer. Ezzel az előző feladatban generált
10 000 kísérlet minden tagját megváltoztatja a mostani feladatban leírtakra.


3. A függőleges tengely maximumát és a a fő léptéket is állítsa 100-ra.
4. Az F9 többszöri megnyomásával több dobássorozat esetén vizsgálhatja a visel-


kedést.


Tapasztalat. A dobások számának növelése ellenére is a legváratlanabb helyeken tör-
ténhet a számtani közép értékében hatalmas változás, így az előbb tapasztalt konver-
gens viselkedés itt nem teljesül.


Ennek az az oka, hogy kicsi valószínűséggel ugyan, de előfordulhat, hogy a be-
zárt szög nagyon közel lesz a derékszöghöz, amelynek tangense nagyon nagy szám, így
az addigi átlag értékét jelentősen megváltoztatja. Ez azt eredményezi, hogy ennek a
valószínűségi változónak nem véges a várható értéke. Ilyen esetben nincs konvergens
viselkedése a számtani középnek.


Tehát az a megfigyelés, hogy egy valószínűségi változóra vonatkozó mérési eredmé-
nyek számtani közepe a valószínűségi változó várható értéke körül ingadozik egyre kisebb
mértékben a kísérletek számának növelésével, csak bizonyos feltételek esetén teljesül.


Az erre vonatkozó feltételeket és állítást a következő tétel mondja ki :


Tétel (A nagy számok gyenge törvénye). Legyenek ξ1, ξ2, . . . páronként független, azo-
nos eloszlású, véges szórású valószínűségi változók. Ekkor minden ε > 0 esetén


lim
n→∞


P
(∣∣∣∣ξ1 + · · · + ξn


n
− E ξ1


∣∣∣∣ ≥ ε


)
= 0.
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Azaz ilyen feltételekkel akárhogyan is választunk egy pozitív ε számot, a kísérletek
számának növelésével egyre kisebb eséllyel tér el a számtani közép a várható értéktől
ε-nál nagyobb mértékben.


Ugyanezt a tapasztalatot erősebb állítással fogalmazza meg a következő tétel :


Tétel (A nagy számok Kolmogorov-féle erős törvénye). Legyenek ξ1, ξ2, . . . független,
azonos eloszlású, véges várható értékű valószínűségi változók. Ekkor


P
(


lim
n→∞


ξ1 + · · · + ξn


n
= E ξ1


)
= 1.


Azaz ilyen feltételekkel a számtani közép 1 valószínűséggel (másképpen fogalmazva
majdnem biztosan) a várható értékhez konvergál.


Ha a nagy számok Kolmogorov-féle erős törvényében a „függetlenség” feltételt kicse-
réljük a gyengébb „páronkénti függetlenség” feltételre, akkor a tétel így is igaz marad.
Ez az ún. nagy számok Etemadi-féle erős törvénye.


1.3. Pénzérme dobásakor a fej és írás dobások szá-
mainak kiegyenlítődése


1.6. feladat. A szabályos pénzérme feldobásakor láttuk, hogy a fej dobásának a
relatív gyakorisága 1


2 -hez konvergál majdnem biztosan a nagy számok Kolmogorov-
féle erős törvénye alapján. Ez jelentheti-e azt, hogy a dobások számának növelésével
a fej és írás dobások számai egyre közelebb kerülnek egymáshoz, azaz hosszútávon
kiegyenlítődnek? Modellezze a problémát 10 000 dobás esetén.


Megoldás. Nyisson egy új Excel lapot.
1. Jelölje ki az A1:A10000 cellatartományt. Ehhez a Név mezőbe írja be, hogy


A1:A10000, majd Enter .
2. Gépelje be a következőt: =VÉLETLEN.KÖZÖTT(0;1) , majd Ctrl + Enter . Ezek a fej


dobások indikátorai.
3. A B1 cellába gépelje be, hogy =ABS(DARABTELI(A$1:A1;1)-DARABTELI(A$1:A1;0)) ,


majd kattintson kétszer a kitöltőjelre. (A DARABTELI függvény 2023. márciusa
utáni Excel-verziókban DARABHA néven érhető el !) Ezzel minden dobás után meg-
adja az addigi dobásokban a fej és írás dobások számainak abszolút eltérését.


4. Az abszolút eltérés vizsgálatához jelölje ki a B oszlopot, Beszúrás Diagramok


Pont- (xy) vagy buborékdiagram beszúrása Pont vonalakkal . A vízszintes tengely mini-
mumát állítsa 0-ra, maximumát 10000-re. A függőleges tengely minimumát állít-
sa 0-ra, maximumát pedig 200-ra. Ez megrajzolja a dobássorozathoz tartozó fej
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és írások számának abszolút eltérését a dobások számának függvényében. Az F9


többszöri megnyomásával több dobássorozat esetén vizsgálhatja a viselkedést.


Tapasztalat. A tapasztalat nem igazolja a fej és írás dobások kiegyenlítődését, sok
esetben az tapasztalható, hogy a dobások számának növelésével egyre nagyobb az el-
térés.


Ezt a tapasztalatot a következő tétel magyarázza:


Tétel. Jelölje Fn egy szabályos pénzérme n-szer történő feldobása után a fej dobások
számát, míg In az írás dobások számát. Ekkor minden K > 0 esetén


lim
n→∞


P(|Fn − In| ≥ K) = 1.


Azaz akármilyen nagynak is választjuk a K értékét, a dobások számának növelésével
egyre nagyobb a valószínűsége (határértékben 1), hogy a fej és írás dobások számának
abszolút eltérése nagyobb K-nál.


De akkor hogyan lehetséges, hogy a fej dobás relatív gyakorisága, azaz az előző tétel
jelölésével Fn


n
majdnem biztosan 1


2 -hez konvergál? A két tény nem zárja ki egymást,
ugyanis


Fn


In


= Fn


n − Fn


=
Fn


n


1 − Fn


n


→
1
2


1 − 1
2


= 1


teljesül majdnem biztosan, azaz nem az abszolút eltérés mutat korlátos tulajdonságot,
hanem a hányadosuk konvergál 1-hez. Ha két számsorozat hányadosa konvergál 1-hez,
attól az abszolút eltérésük divergálhat végtelenbe. Például


n2 + n


n2 → 1 de |n2 + n − n2| = n → ∞.


1.4. A nagy számok Marcinkiewicz – Zygmund-féle
erős törvénye


1.7. feladat. Láttuk, hogy bizonyos feltételekkel a ξ1+···+ξn


n
majdnem biztosan kon-


vergens. Mi történik, ha a nevezőben n helyett nq áll? Először vizsgálja meg a q > 1
esetet 10 000 dobás után egy szabályos dobókockával.


Megoldás. Nyisson egy új Excel lapot.
1. Jelölje ki az A1:A10000 cellatartományt. Ehhez a Név mezőbe írja be, hogy


A1:A10000, majd Enter .
2. Gépelje be a következőt: =VÉLETLEN.KÖZÖTT(1;6) , majd Ctrl + Enter .
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3. A C1 cellába gépelje be, hogy q= a D1 cellába pedig, hogy 2 . Ezzel most a q = 2
esetet fogjuk vizsgálni.


4. A B1 cellába gépelje be, hogy =SZUM(A$1:A1)/(SOR(A1)^D$1) , majd kattintson
kétszer a kitöltőjelre. Ezzel minden dobás után megadja a ξ1+···+ξn


nq értékét, ahol
n az addigi dobások száma, ξ1 + · · · + ξn pedig az addigi dobások értékeinek
összege.


5. Ennek a sorozatnak a vizsgálatához jelölje ki a B oszlopot, Beszúrás Diagramok


Pont- (xy) vagy buborékdiagram beszúrása Pont vonalakkal . A vízszintes tengely mini-
mumát állítsa 0-ra, maximumát 10000-re. A függőleges tengely minimumát állítsa
0-ra, maximumát pedig 2-re. Az F9 többszöri megnyomásával több dobássorozat
esetén vizsgálhatja a viselkedést.


6. A D1 cella javításával vizsgáljon több q > 1 esetet.


Tapasztalat. Ahogy egyre nagyobb a q értéke, a sorozat egyre gyorsabban tart 0-hoz.
Ez a viselkedés még q = 1,5 esetén is elég jól látható, de innen ahogy közeledünk 1-hez
a q értékével, már 10 000 kísérlet során nem dönthető el tapasztalati úton, hogy mi
történik valójában.


Ehhez vegyük észre, hogy


ξ1 + · · · + ξn


nq
= ξ1 + · · · + ξn


n
· 1


nq−1 .


Mivel q > 1 miatt 1
nq−1 → 0, így ξ1+···+ξn


nq egy konvergens és egy nullsorozat szorzata,
vagyis maga is nullsorozat. Tehát a q-nak 1-hez közeli értékeinél csak azért nem tudtuk
tapasztalat alapján megfigyelni a 0-hoz történő konvergenciát, mert a konvergencia
nagyon lassú ebben az esetben, így 10 000 kísérlet után még nem volt érzékelhető.


Az erre vonatkozó állítást a következő tétel mondja ki :


Tétel (A nagy számok Marcinkiewicz – Zygmund-féle erős törvénye q > 1 esetén). Ha
ξ1, ξ2, . . . független, azonos eloszlású valószínűségi változók, q > 1 és E|ξ1|1/q < ∞,
akkor majdnem biztosan teljesül, hogy


lim
n→∞


ξ1 + · · · + ξn


nq
= 0.


1.8. feladat. Az előző feladatot vizsgálja meg a q ≤ 1 esetben is.


Megoldás. Könnyen látható, hogy q ≤ 0 esetben általános konvergenciatulajdonság
nem fogalmazható meg, mert az ekkor alapvetően a ξ1 + · · ·+ξn összeg tulajdonságaitól
függ. A q = 1 eset sem érdekes, mert ezt már korábban tárgyaltuk. Így csak a 0 < q < 1
esetet vizsgáljuk. Dolgozzon az előző Excel lapon.
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1. A függőleges tengely maximumát állítsa 100-ra.
2. A D1 cellába írja be, hogy 0,9 , amivel a q = 0,9 esetet vizsgálhatja. Az F9


többszöri megnyomásával több dobássorozat esetén is megfigyelheti a viselkedést.
3. Próbálja ki a q = 0,8 0,7 . . . 0,1 eseteket is.


Tapasztalat. Egyetlen esetben sem figyelhető meg konvergens viselkedés. Vagyis úgy
tűnik, hogy ekkor nem teljesül a Marcinkiewicz – Zygmund-féle törvény. Kérdés, hogy
valamilyen korlátozással erre az esetre is lehet-e valamilyen törvényt találni?


1.9. feladat. Módosítsa az előző feladatot úgy, hogy most minden dobás értékéből
levonja a dobás várható értékét (azaz 3,5-et). Ezzel egy olyan valószínűségi változóra
vonatkozó mintarealizációt kap, melynek 0 a várható értéke. Az ilyen valószínűségi
változót centráltnak nevezzük.


Megoldás. Dolgozzon az előző Excel lapon.
1. Javítsa ki az A1 cella tartalmát erre: =VÉLETLEN.KÖZÖTT(1;6)-3,5 , majd kattint-


son kétszer a kitöltőjelre.
2. A függőleges tengely minimumát állítsa −2-re, maximumát pedig 2-re.
3. A D1 cellába írja be, hogy 0,9 , amivel a q = 0,9 esetet vizsgálhatja. Az F9


többszöri megnyomásával több dobássorozat esetén is megfigyelheti a viselkedést.
4. Próbálja ki a q = 0,8 0,7 . . . 0,1 eseteket is.


Tapasztalat. Ha 0,5 < q ≤ 1, akkor a sorozat 0-hoz konvergál. Ha 0 < q ≤ 0,5, akkor
nem figyelhető meg ilyen viselkedés.


Ezt a következő tétel magyarázza:


Tétel (A nagy számok Marcinkiewicz – Zygmund-féle erős törvénye 0,5 < q ≤ 1 esetén).
Ha ξ1, ξ2, . . . független, azonos eloszlású centrált valószínűségi változók, 0,5 < q ≤ 1 és
E|ξ1|1/q < ∞, akkor majdnem biztosan teljesül, hogy


lim
n→∞


ξ1 + · · · + ξn


nq
= 0.


1.5. Centrális határeloszlási tétel


Láttuk, hogy q ≤ 0,5 esetén nem működik a nagy számok törvénye. De a határon,
azaz q = 0,5 esetén nagyon érdekes dolog történik, ami az ún. normális eloszlással
kapcsolatos.


Definíció. Legyen m ∈ R és σ > 0. A ξ valószínűségi változót m és σ paraméterű
normális eloszlásúnak nevezzük, ha az eloszlásfüggvénye minden x ∈ R esetén


P(ξ < x) = Φ
(


x − m


σ


)
,
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ahol


Φ: R → R, Φ(t) = 1√
2π


t∫
−∞


e−y2/2 dy.


Az m és σ paraméterű normális eloszlású valószínűségi változó várható értéke m,
szórása σ és sűrűségfüggvénye x ∈ R helyen


1
σ


φ


(
x − m


σ


)
,


ahol
φ : R → R, φ(t) = Φ′(t) = 1√


2π
e−t2/2.


Tétel (Centrális határeloszlási tétel). Ha ξ1, ξ2, . . . független, azonos eloszlású, pozitív
véges szórású centrált valószínűségi változók, akkor


ξ1 + · · · + ξn√
n


határeloszlása normális m = 0 és σ = D ξ1 paraméterekkel, azaz minden x ∈ R esetén


lim
n→∞


P
(


ξ1 + · · · + ξn√
n


< x


)
= Φ


(
x


D ξ1


)
.


1.10. feladat. Modellezze a centrális határeloszlási tételt abban az esetben, amikor
valószínűségi változó egy szabályos dobókocka esetén a dobott szám értéke 3,5-del
csökkentve. (Azért kell kivonni a dobott szám értékéből 3,5-et, mert így 0 lesz a
várható érték, azaz centrált lesz a valószínűségi változó.)


Megoldás. A határeloszlás vizsgálatához nem elég egy kísérletsorozat generálása, mint
az eddigiekben. Most sok hosszú kísérletsorozatra lesz szükségünk. Az első kísérletsoro-
zat eredményeit generáljuk az A1:ZZ1 cellatartományban, ami 26 + 262 = 26 · 27 = 702
kísérletet jelent. Ezt a kísérletsorozatot fogjuk 10 000-szer megismételni. Nyisson egy
új Excel lapot.


1. Jelölje ki az A1:ZZ10000 cellatartományt. Ehhez a Név mezőbe írja be, hogy
A1:ZZ10000, majd Enter .


2. Gépelje be a következőt: =VÉLETLEN.KÖZÖTT(1;6)-3,5 , majd Ctrl + Enter .
3. A Név mezőbe írja be, hogy AAA1, majd Enter . Az AAA1 cellába gépelje be, hogy


=SZUM(A1:ZZ1)/(GYÖK(OSZLOP(ZZ1))) . Ezzel az első kísérletsorozat után megadja
a ξ1+···+ξn√


n
értékét n = 702 esetén. A többi megadásához kattintson kétszer az AAA1


cella kitöltőjelére.
4. Ennek a sorozatnak az eloszlás-vizsgálatához jelölje ki az AAA oszlopot, Beszúrás


Diagramok Statisztikai diagram beszúrása Hisztogram . Ezzel megkapja a gyakorisági
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hisztogramot, amelynek az alakja megfelelő normálás után a sűrűségfüggvényt
közelíti. (A megfelelő normálás azt jelenti, hogy a gyakoriság értékeket még osz-
tani kell a részintervallum hosszával és a kísérletsorozatok számával, ami most
10 000.) Az F9 többszöri megnyomásával több dobássorozat esetén vizsgálhatja
a viselkedést.


Tapasztalat. Minden esetben a normális eloszlás sűrűségfüggvényére jellemző harang
alakú gyakorisági hisztogramot kapjuk.


Ez a harang alakú sűrűségfüggvény nem csak a normális eloszlást jellemzi. Ehhez
hasonló például az ún. Cauchy-eloszlás sűrűségfüggvénye is : 1


π(1+x2) . Hogyan lehetne
kideríteni, hogy a tapasztalt harang alakú gyakorisági hisztogram a normális eloszlás
miatt van-e? Ennek megállapítására két mérőszámot szoktak használni, a ferdeséget és
a lapultságot.


Definíció. A ξ valószínűségi változó eloszlásának ferdesége illetve lapultsága


E(ξ − E ξ)3


D3 ξ
illetve E(ξ − E ξ)4


D4 ξ
− 3,


feltéve, hogy ezek a kifejezések léteznek.


Tétel. Ha ξ normális eloszlású valószínűségi változó, akkor az eloszlásának ferdesége
és lapultsága is 0.


Definíció. Ha ξ1, . . . , ξn a ξ valószínűségi változóra vonatkozó n darab mérési ered-
mény (más néven minta), azaz ξ1, . . . , ξn a ξ-vel azonos eloszlású független valószínűségi
változók, akkor ξ korrigált tapasztalati ferdesége


n
n∑


i=1
(ξi − ξ)3


(n − 1)(n − 2)S∗
n


3


illetve korrigált tapasztalati lapultsága


n(n + 1)
n∑


i=1
(ξi − ξ)4


(n − 1)(n − 2)(n − 3)S∗
n


4 − 3(n − 1)2


(n − 2)(n − 3) ,


ahol


ξ = 1
n


n∑
i=1


ξi illetve S∗
n =


√√√√ 1
n − 1


n∑
i=1


(ξi − ξ)2


a mintaátlag illetve korrigált tapasztalati szórás.


Egy valószínűségi változó ferdeségét és lapultságát a minta alapján a korrigált ta-
pasztalati ferdeséggel és lapultsággal lehet becsülni.
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1.11. feladat. Az előző feladatban számolja ki az AAA oszlopban található min-
ta korrigált tapasztalati ferdeségét és korrigált tapasztalati lapultságát. Ez alapján
lehet-e normális eloszlású?


Megoldás. A korrigált tapasztalati ferdeség a =FERDESÉG(AAA:AAA) , illetve a korrigált
tapasztalati lapultság a =CSÚCSOSSÁG(AAA:AAA) függvényekkel számolható (Excelben a
lapultság helyett a csúcsosság kifejezést használják).


Tapasztalat. Mindkét érték minden esetben nagyon közel van 0-hoz, így a minta jól
közelíti a normális eloszlást.


1.6. Galton-deszka, bolyongás


A következő sematikus ábrán egy ún. Galton-deszkát láthatunk.


A piros golyót a nyíl irányában leejtve nekiütközik egy szürkével jelölt éknek. Ezután
0,5 valószínűséggel jobbra illetve 0,5 valószínűséggel balra esik. Ezután megint egy
éknek ütközik stb., majd kiköt valamelyik folyosón. Sok golyót leejtve, azok milyen
eloszlásban helyezkednek el a folyosókon?


Ezt a folyamatot a következőképpen is át lehet fogalmazni: Egy szabályos pénzér-
mét feldobunk. Ha a fej oldalára esik, akkor 1 forintot nyerünk (a golyó jobbra esik),
ellenkező esetben pedig 1 forintot veszítünk (a golyó balra esik). Ezt a játékot több-
ször megismételve a nyeremény azt jelképezi, hogy a Galton-deszka melyik folyosóján
landolt a golyó. Ezt a játékot leíró folyamatot bolyongásnak nevezzük.


Tétel. Jelentse Bn a bolyongásban a nyeremény értékét n darab játék után. Ekkor Bn


minden lehetséges k értéke esetén


P(Bn = k) =
(


n
n+k


2


)
2−n.


Ha n nagy, akkor a centrális határeloszlási tétel miatt


P(Bn = k) ≈ 1√
n


φ


(
k√
n


)
.
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1.12. feladat. Szemléltesse a bolyongást n = 702 játék után 10 000 kísérletsorozat-
ban.


Megoldás. Nyisson egy új Excel lapot.
1. Jelölje ki az A1:ZZ10000 cellatartományt. Ehhez a Név mezőbe írja be, hogy


A1:ZZ10000, majd Enter .
2. Gépelje be a következőt: =HA(VÉL()<0,5;1;-1) , majd Ctrl + Enter . A VÉL() értéke


a [0, 1] intervallumon egyenletes eloszlású, ezért ennek értéke 0,5 valószínűséggel
kisebb mint 0,5. Így a VÉL()<0,5 esemény modellezheti a fej dobást.


3. A Név mezőbe írja be, hogy AAA1, majd Enter . Az AAA1 cellába gépelje be, hogy
=SZUM(A1:ZZ1) . Ezzel az első kísérletsorozat után megadja a Bn értékét n = 702
esetén. A többi megadásához kattintson kétszer az AAA1 cella kitöltőjelére.


4. Ennek a sorozatnak az eloszlás-vizsgálatához jelölje ki az AAA oszlopot, Beszúrás


Diagramok Statisztikai diagram beszúrása Hisztogram . Ezzel megkapja a gyakorisági
hisztogramot, amelynek az alakja megfelelő normálás után a k 7→ P(Bn = k)
függvényt közelíti. (A megfelelő normálás azt jelenti, hogy a gyakoriság értéke-
ket még osztani kell a a kísérletsorozatok számával, ami most 10 000.) Az F9


többszöri megnyomásával több dobássorozat esetén vizsgálhatja a viselkedést.


Tapasztalat. Minden esetben a φ függvényre jellemző harang alakú gyakorisági hisz-
togramot kapjuk.


1.7. Iterált-logaritmus tétel


A nagy számok Marcinkiewicz – Zygmund-féle erős törvénye szerint, ha ξ1, ξ2, . . . füg-
getlen, azonos eloszlású centrált valószínűségi változók és E |ξ1|1/q ∈ R, akkor q > 0,5
esetén az (ξ1 + · · · + ξn)n−q majdnem biztosan 0-hoz tart. Ugyanakkor q = 0,5 esetén
a centrális határeloszlási tétel szerint (ξ1 + · · · + ξn)n−1/2 bár nagy valószínűséggel a
0-tól nem távolodik el nagyon, de pozitív valószínűséggel az abszolút értéke tetszőle-
gesen nagy lehet. Ezen két tétel „között van” az iterált-logaritmus tétel, amely szerint
a ξ1 + · · · + ξn összeget alkalmas normáló tényezővel osztva, a sorozat realizációi „nem
húzódnak össze 0-ra”, de nem is „kenődnek szét” a számegyenesen.


Tétel (Iterált-logaritmus tétel). Legyenek ξ1, ξ2, . . . független, azonos eloszlású, véges
pozitív szórású centrált valószínűségi változók. Ekkor majdnem biztosan teljesül, hogy


lim sup
n→∞


ξ1 + · · · + ξn√
n ln(ln n)


=
√


2 D ξ1 és lim inf
n→∞


ξ1 + · · · + ξn√
n ln(ln n)


= −
√


2 D ξ1.


Ezen tétel alapján a
ξ1 + · · · + ξn√


n ln(ln n)
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sorozatnak végtelen sokszor kell
√


2 D ξ1 közeléből −
√


2 D ξ1 közelébe jutnia és viszont.
Azonban a valóságban ezek az átjutások nagyon lassan történnek.


Emlékeztetőként, lim supn→∞ an (ejtsd: limesz szuperior) az an számsorozat legna-
gyobb, míg lim infn→∞ an (ejtsd: limesz inferior) a legkisebb torlódási pontját jelenti.
Egy sorozatnak egy szám akkor torlódási pontja, ha bármely környezetében végtelen
sok tagja van a sorozatnak.


1.13. feladat. Modellezze az iterált-logaritmus tételt abban az esetben, amikor
valószínűségi változó egy szabályos dobókocka esetén a dobott szám értéke 3,5-del
csökkentve. (Azért kell kivonni a dobott szám értékéből 3,5-et, mert így 0 lesz a
várható érték, azaz centrált lesz a valószínűségi változó.)


Megoldás. Nyisson egy új Excel lapot.
1. Jelölje ki az A1:A10000 cellatartományt. Ehhez a Név mezőbe írja be, hogy


A1:A10000, majd Enter .
2. Gépelje be a következőt: =VÉLETLEN.KÖZÖTT(1;6)-3,5 , majd Ctrl + Enter .
3. A B1 cellába gépelje be, hogy =SZUM(A$1:A1)/GYÖK(SOR(A1)*LN(LN(SOR(A1)))) ,


majd kattintson kétszer a B1 cella kitöltőjelére.
4. Ennek a sorozatnak a vizsgálatához jelölje ki a B oszlopot, Beszúrás Diagramok


Pont- (xy) vagy buborékdiagram beszúrása Pont vonalakkal . A vízszintes tengely mini-
mumát állítsa 0-ra, maximumát 10000-re. A függőleges tengely minimumát állítsa
−4-re, maximumát pedig 4-re. Az F9 többszöri megnyomásával több dobásso-
rozat esetén vizsgálhatja a viselkedést.
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2. fejezet


Matematikai statisztika


2.1. Szórásanalízis


2.1.1. Egyszeres osztályozás


Vizsgáljuk a ξ valószínűségi változót egyetlen tényező r darab különböző szintjén. Az
i. szinthez tartozó valószínűségi változót jelölje ξi. Feltesszük, hogy ξi normális eloszlású
mi várható értékkel és σ szórással, ahol az mi, σ paraméterek ismeretlenek. Feltesszük
még, hogy ξ1, . . . , ξr függetlenek. A ξi-re vonatkozó minta legyen ξi1, ξi2, . . . , ξini


.
Arról szeretnénk dönteni, hogy az egyetlen tényező különböző szintjei hatással


vannak-e a mért értékekre? A nullhipotézisünk az lesz, hogy nemleges a válasz, vagyis
a különböző szintek nincsenek hatással a mért értékekre. Ez azzal ekvivalens, hogy
m1 = m2 = · · · = mr.


Legyen α annak a valószínűsége, hogy amennyiben igaz a nullhipotézis, a minta
alapján mi mégis elutasítjuk azt. Ezt első fajú hibának szoktuk nevezni. Vezessük be
még a következő jelöléseket is :


n := n1 + n2 + · · · + nr, ξ.. := 1
n


r∑
i=1


ni∑
j=1


ξij, ξi. := 1
ni


ni∑
j=1


ξij,


Q1 :=
r∑


i=1


ni


(
ξi. − ξ..


)2 a szintek közötti eltérések négyzetösszege,


Q2 :=
r∑


i=1


ni∑
j=1


(
ξij − ξi.


)2 a szinteken belüli eltérések (véletlen hibák) négyzetösszege,


F := n − r


r − 1 · Q1


Q2
,


továbbá F az eloszlásfüggvénye az r − 1 és n − r szabadsági fokú F-eloszlásnak (lásd
például [3, 36. oldal]). Ekkor 1 − F (F) ≥ α esetén elfogadjuk a nullhipotézist, ellenkező
esetben pedig elutasítjuk. Ezt a statisztikai próbát nevezzük egyszeres osztályozású
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szórásanalízisnek.
Excelben ennek kiszámolásához az Adatok Adatelemzés menüpontot fogjuk használ-


ni. Ehhez először aktiválni kell az Analysis ToolPak bővítményt a következő módon:
Fájl Beállítások Bővítmények majd Ugrás gomb. Pipálja ki az Analysis ToolPak sort majd
OK .


2.1. feladat. Egy gazdaságban a búza terméshozamára vagyunk kíváncsiak. Azt
vizsgáljuk, hogy a búza fajtája milyen hatással van a terméshozamra (most ez az
egyetlen tényező). A gazdaság 3 különböző búzafajtát termeszt, azaz a vizsgált té-
nyezőnek most r = 3 különböző szintje van. Az 1. fajtát 4, a 2. fajtát 3, végül a
3. fajtát 5 különböző parcellán termesztik (n1 = 4, n2 = 3, n3 = 5). A ξij jelentse
az i. fajta j. parcellán kapott terméshozamát tonna/hektár-ban mérve. A kapott
mintarealizációk a következők:


ξ11 = 5,24 ξ12 = 4,17 ξ13 = 4,35 ξ14 = 4,77
ξ21 = 5,09 ξ22 = 6,05 ξ23 = 5,89
ξ31 = 4,18 ξ32 = 4,10 ξ33 = 4,17 ξ34 = 3,98 ξ35 = 3,60


Döntsön α = 0,05 esetén arról a nullhipotézisről, hogy a különböző búzafajták nin-
csenek hatással a terméshozamra.


Megoldás. Nyisson egy új Excel lapot. Gépelje be az adatokat a következő ábra sze-
rint:


A feladatot az Adatok Adatelemzés menüponttal fogjuk megoldani. A legördülő listában
válassza az Egytényezős varianciaanalízis sort, majd OK .


Bemeneti tartomány: $A$1:$E$3
Csoportosítási alap: Sorok
□ Feliratok az első oszlopban
Alfa: 0,05
Kimeneti tartomány: $A$4
OK


Ekkor a következő táblázatot kapjuk:
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A táblázatban Q1 = 5,2334, Q2 = 1,4423, F = 16,3286 és 1 − F (F) = 0,0010. Mivel
1 − F (F) = 0,0010 < 0,05 = α, ezért elutasítjuk a nullhipotézist, tehát a búza fajtája
hatással van a terméshozamra. (Természetesen minden α > 0,001 választás esetén
ugyanez lett volna a döntés.)


2.1.2. Kétszeres osztályozás interakció nélkül


Vizsgáljuk két tényező hatását egy ξ valószínűségi változóra. Legyen az 1. tényezőnek
r1, míg a 2. tényezőnek r2 különböző szintje. Jelölje ξij az 1. tényező i. szintjéhez és
a 2. tényező j. szintjéhez tartozó valószínűségi változót. Feltesszük, hogy ξij független
valószínűségi változók, melyek normális eloszlásúak mij várható értékkel és σ szórással,
ahol minden paraméter ismeretlen.


Két nullhipotézist fogunk vizsgálni. Az első szerint az 1. tényező különböző szint-
jei nincsenek hatással ξ-re, a második szerint pedig a 2. tényező különböző szintjei
nincsenek hatással ξ-re.


Legyen α az első fajú hiba valószínűsége. Vezessük be a következő jelöléseket:


ξ.. := 1
r1r2


r1∑
i=1


r2∑
j=1


ξij,


ξi. := 1
r2


r2∑
j=1


ξij (i = 1, 2, . . . , r1),


ξ.j := 1
r1


r1∑
i=1


ξij (j = 1, 2, . . . , r2),


Q1 := r2


r1∑
i=1


(
ξi. − ξ..


)2 az 1. tényező szintjei közötti eltérések négyzetösszege,


Q2 := r1


r2∑
j=1


(
ξ.j − ξ..


)2 a 2. tényező szintjei közötti eltérések négyzetösszege,


Q3 :=
r1∑


i=1


r2∑
j=1


(
ξij − ξi. − ξ.j + ξ..


)2 hibatag,


F1 := (r2 − 1) · Q1


Q3
, F2 := (r1 − 1) · Q2


Q3
,


továbbá F1 az eloszlásfüggvénye az r1 − 1 és (r1 − 1)(r2 − 1) szabadsági fokú F-
eloszlásnak, illetve F2 az eloszlásfüggvénye az r2 − 1 és (r1 − 1)(r2 − 1) szabadsági
fokú F-eloszlásnak.


Ekkor 1 − Fi(Fi) ≥ α esetén elfogadjuk az i-edik nullhipotézist, ellenkező esetben
pedig elutasítjuk (i = 1, 2). Ezt a statisztikai próbát nevezzük kétszeres osztályozású
interakció nélküli szórásanalízisnek.
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2.2. feladat. Az előző feladatot tovább gondolva tegyük fel, hogy nem csak a bú-
za fajtáját, hanem a parcella talajtípusát is vizsgálni szeretnénk a terméshozamot
illetően, vagyis nem egy, hanem két tényező hatását figyeljük. Tegyük fel, hogy 3
fajta búzát 4 típusú talajba vetettek (r1 = 3, r2 = 4). Azaz az 1. tényezőnek 3, a
2. tényezőnek pedig 4 szintje van. A ξij jelentse az i. búzafajta j. talajtípuson vett
terméshozamát. A kapott mintarealizációk a következők:


ξ11 = 7,51 ξ12 = 6,34 ξ13 = 5,07 ξ14 = 6,17
ξ21 = 5,43 ξ22 = 4,81 ξ23 = 3,42 ξ14 = 4,00
ξ31 = 5,76 ξ32 = 4,71 ξ33 = 4,45 ξ34 = 4,33


Döntsön α = 0,05 esetén a következő nullhipotézisekről :
1. A különböző búzafajták nincsenek hatással a terméshozamra.
2. A különböző talajtípusok nincsenek hatással a terméshozamra.


Megoldás. Nyisson egy új Excel lapot. Gépelje be az adatokat a következő ábra sze-
rint:


A feladatot az Adatok Adatelemzés menüponttal fogjuk megoldani. A legördülő listában
válassza az Kéttényezős varianciaanalízis ismétlések nélkül sort, majd OK .


Bemeneti tartomány: $A$1:$D$3
□ Feliratok
Alfa: 0,05
Kimeneti tartomány: $A$4
OK


Ekkor a következő táblázatot kapjuk:


A táblázatban Q1 = 7,6532, Q2 = 5,9744, Q3 = 0,6391, F1 = 35,9278, F2 = 18,6978,
1 − F1(F1) = 0,0005 és 1 − F2(F2) = 0,0019.


Mivel 1 − F1(F1) = 0,0005 < 0,05 = α, ezért elutasítjuk az első nullhipotézist, azaz
a különböző búzafajták hatással vannak a terméshozamra.


Másrészt 1−F2(F2) = 0,0019 < 0,05 = α, ezért elutasítjuk a második nullhipotézist
is, azaz a különböző talajtípusok hatással vannak a terméshozamra.
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Ebben az esetben azt nem tudjuk vizsgálni, hogy a két tényező milyen hatással
van egymásra, azaz, hogy egy konkrét búzafajta különbözőképpen terem-e a különbö-
ző talajtípusokon, vagy hogy egy konkrét talajtípuson különbözőképpen teremnek-e a
különböző búzafajták, mert minden búzafajta–talajtípus kombinációból csak egy min-
taelemünk van. A két tényező egymásra hatásának vizsgálatához több mintaelemre van
szükség minden kombináció esetén. Ezzel foglalkozik a következő szórásanalízis típus.


2.1.3. Kétszeres osztályozás interakcióval


Vizsgáljuk két tényező hatását egy ξ valószínűségi változóra. Legyen az 1. tényezőnek
r1, míg a 2. tényezőnek r2 különböző szintje. Jelölje ξij az 1. tényező i. szintjéhez és
a 2. tényező j. szintjéhez tartozó valószínűségi változót. Feltesszük, hogy ξij független
valószínűségi változók, melyek normális eloszlásúak mij várható értékkel és σ szórással,
ahol minden paraméter ismeretlen. Minden ξij-hez készítsünk egy s elemű mintát:
ξij1, ξij2, . . . , ξijs. Három nullhipotézist fogunk vizsgálni :


1. az 1. tényező különböző szintjei nincsenek hatással ξ-re,
2. a 2. tényező különböző szintjei nincsenek hatással ξ-re,
3. a két tényező együttes hatása nem befolyásolja a ξ értékét.


Legyen α az első fajú hiba valószínűsége. Vezessük be a következő jelöléseket:


ξ... := 1
r1r2s


r1∑
i=1


r2∑
j=1


s∑
k=1


ξijk,


ξi.. := 1
r2s


r2∑
j=1


s∑
k=1


ξijk (i = 1, 2, . . . , r1),


ξ.j. := 1
r1s


r1∑
i=1


s∑
k=1


ξijk (j = 1, 2, . . . , r2),


ξij. := 1
s


s∑
k=1


ξijk (i = 1, 2, . . . , r1; j = 1, 2, . . . , r2),


Q1 := r2s


r1∑
i=1


(
ξi.. − ξ...


)2 az 1. tényező szintjei közötti eltérések négyzetösszege,


Q2 := r1s


r2∑
j=1


(
ξ.j. − ξ...


)2 a 2. tényező szintjei közötti eltérések négyzetösszege,


Q3 := s


r1∑
i=1


r2∑
j=1


(
ξij. − ξi.. − ξ.j. + ξ...


)2 a két tényező együttes hatásaiból adódó eltéré-
sek négyzetösszege,


Q4 :=
r1∑


i=1


r2∑
j=1


s∑
k=1


(
ξijk − ξij.


)2 hibatag,


F1 := r1r2(s − 1)
r1 − 1 · Q1


Q4
, F2 := r1r2(s − 1)


r2 − 1 · Q2


Q4
, F3 := r1r2(s − 1)


(r1 − 1)(r2 − 1) · Q3


Q4
,
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továbbá F1 az eloszlásfüggvénye az r1 − 1 és r1r2(s − 1) szabadsági fokú F-eloszlásnak,
F2 az eloszlásfüggvénye az r2 − 1 és r1r2(s − 1) szabadsági fokú F-eloszlásnak, továbbá
F3 az eloszlásfüggvénye az (r1 − 1)(r2 − 1) és r1r2(s − 1) szabadsági fokú F-eloszlásnak.


Ekkor 1 − Fi(Fi) ≥ α esetén elfogadjuk az i-edik nullhipotézist, ellenkező esetben
pedig elutasítjuk (i = 1, 2, 3). Ezt a statisztikai próbát nevezzük kétszeres osztályozású
szórásanalízisnek interakcióval.


2.3. feladat. Folytatva az előző feladatot, ha a két tényező közötti kapcsolatot is
vizsgálni szeretnénk, akkor minden búzafajta–talajtípus kombinációból több mérést
kell végeznünk. Legyen az előző feladatban minden kombinációra 3 mérésünk (s =
= 3). Jelentse ξijk az i. búzafajta j. talajtípuson vett terméshozamára vonatkozó
k. mérési eredményt. A kapott mintarealizációk a következők:


ξ111 = 7,51 ξ121 = 6,34 ξ131 = 5,07 ξ141 = 6,17
ξ112 = 7,03 ξ122 = 5,81 ξ132 = 4,19 ξ142 = 5,90
ξ113 = 6,91 ξ123 = 6,61 ξ133 = 5,27 ξ143 = 6,28


ξ211 = 5,43 ξ221 = 4,81 ξ231 = 3,42 ξ141 = 4,00
ξ212 = 4,95 ξ222 = 3,82 ξ232 = 3,19 ξ142 = 3,80
ξ213 = 5,48 ξ223 = 4,18 ξ233 = 2,02 ξ143 = 3,94


ξ311 = 5,76 ξ321 = 4,71 ξ331 = 4,45 ξ341 = 4,33
ξ312 = 5,90 ξ322 = 5,24 ξ332 = 4,65 ξ342 = 5,41
ξ313 = 6,01 ξ323 = 4,07 ξ333 = 4,59 ξ343 = 5,70


Döntsön a következő nullhipotézisekről :
1. A különböző búzafajták nincsenek hatással a terméshozamra.
2. A különböző talajtípusok nincsenek hatással a terméshozamra.
3. A búzafajta és a talajtípus között nincs kapcsolat a terméshozamot illetően.


Megoldás. Nyisson egy új Excel lapot. Gépelje be az adatokat a következő ábra sze-
rint:


Az első sorba illetve oszlopba ne vigyen adatokat, oda most csak feliratok kerülhetnek.


22







A feladatot az Adatok Adatelemzés menüponttal fogjuk megoldani. A legördülő lis-
tában válassza a Kéttényezős varianciaanalízis ismétlésekkel sort, majd OK .


Bemeneti tartomány: $A$1:$E$10
Mintánként hány sor: 3
Alfa: 0,05
Kimeneti tartomány: $A$11
OK


Ekkor a következő táblázatot kapjuk:


A táblázatban Q1 = 24,1034, Q2 = 18,2751, Q3 = 2,0206, Q4 = 4,8728, F1 = 59,3583,
F2 = 30,0035, F3 = 1,6587, 1 − F1(F1) = 5 · 10−10, 1 − F2(F2) = 3 · 10−8 és 1 − F3(F3) =
= 0,1746.


1 − F1(F1) = 5 · 10−10 < 0,05 = α, ezért elutasítjuk az 1. nullhipotézist, azaz a
különböző búzafajták hatással vannak a terméshozamra.


1 − F2(F2) = 3 · 10−8 < 0,05 = α, ezért elutasítjuk a 2. nullhipotézist, azaz a
különböző talajtípusok hatással vannak a terméshozamra.


1−F3(F3) = 0,1746 > 0,05 = α, ezért elfogadjuk a 3. nullhipotézist, azaz a búzafajta
és a talajtípus között nincs kapcsolat a terméshozamot illetően.


2.2. Lineáris regresszió


Az η, ξ1, . . . , ξk valószínűségi változók esetén adjuk meg a legjobb


η ≃ g(ξ1, . . . , ξk) (∗)


közelítést adó g függvényt. Ezt úgy értjük, hogy az


E
(
η − g(ξ1, . . . , ξk)


)2


értékét kell minimalizálni. Ez az úgynevezett legkisebb négyzetek elve. Az így kapott
g függvényt regressziós felületnek nevezzük. Ha g lineáris, akkor k = 1 illetve k =
= 2 esetén a g függvényt elsőfajú regressziós egyenesnek illetve elsőfajú regressziós
síknak nevezzük. A regressziós felület továbbá ξ1, . . . , ξk ismeretében η megbecsülhető
(∗) alapján.
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Sok esetben a regressziós felület meghatározása bonyolult feladat. Ilyenkor azzal
egyszerűsíthetjük a problémát, hogy E


(
η − g(ξ1, . . . , ξk)


)2 minimumát csak a


g(x1, . . . , xk) = a0 + a1x1 + · · · + akxk (a0, a1, . . . , ak ∈ R)


alakú – azaz lineáris – függvények között keressük. Ezt a problémát lineáris regresszi-
ónak illetve a minimumhoz tartozó függvényben szereplő a0, . . . , ak konstansokat a
lineáris regresszió együtthatóinak nevezzük. Az így kapott g függvényt k = 1 illet-
ve k = 2 esetén másodfajú regressziós egyenesnek illetve másodfajú regressziós síknak
nevezzük.


A lineáris regresszió együtthatóinak értékét a gyakorlatban kellő információ hiá-
nyában nem tudjuk kiszámolni, így az (η, ξ1, . . . , ξk)-ra vonatkozó minta alapján kell
ezeket megbecsülni. Legyen ez a minta (ηi, ξi1, . . . , ξik) i = 1, . . . , n. Bizonyítható, hogy
ekkor az


(X⊤X)−1X⊤Y


oszlopvektor j-edik komponense (amit a továbbiakban âj módon fogunk jelölni) az aj


jó becslése, ahol


Y =



η1


η2
...


ηn


 és X =



1 ξ11 . . . ξ1k


1 ξ21 . . . ξ2k


... ... . . . ...
1 ξn1 . . . ξnk


.


Ezután az η ≃ â0 + â1ξ1 + · · · + âkξk közelítést fogjuk használni az η becslésére.
Ha k = 1 akkor ξ := ξ1 jelöléssel az η és ξ közötti lineáris kapcsolat feltételezé-


sének jogosságát az ún. determinációs együtthatóval (jele R2) szokták mérni, amely a
tapasztalati korrelációs együtthatójuk négyzete (lásd [3, 55. oldal]). Ennek értéke minél
közelebb van 1-hez, annál jobban feltételezhető a lineáris kapcsolat. Ha 0-hoz van kö-
zel, akkor a két valószínűségi változó között nem célszerű függvénykapcsolatot keresni,
mert feltehetőleg függetlenek (pontosabban korrelálatlanok).


2.4. feladat. Szeretnénk előrejelezni a talajvízszint mértékét az őszi csapadék
mennyisége alapján. Jelentse η a talajvízszintet mm-ben és ξ az őszi csapadék
mennyiségét cm-ben. Az (η, ξ)-re vonatkozó elmúlt 18 évi mérésből származó min-
tarealizációt a 2.1. táblázat tartalmazza.


a. Ez alapján becsülje meg a lineáris regresszió együtthatóit.
b. Számolja ki a determinációs együtthatót. Ez alapján jónak tekinthető a lineáris


közelítés?
c. A becsült másodfajú regressziós egyenest ábrázolja a mintarealizációval együtt.
d. Becsülje meg a talajvízszintet, ha az őszi csapadék 29,6 cm.
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Megoldás. Jelölje ki a mintát (mindkét oszlopot) a pdf-ben. Ctrl + C segítségével
tegye a vágólapra. Nyisson meg egy üres munkalapot Excelben, lépjen az A1 cellára
és Ctrl + V segítségével illessze be. Most még a két adatsor egy oszlopban van. Ezek
szétválasztásához tegye a következőket: Adatok Szövegből oszlopok , majd Fix széles
Tovább Tovább Befejezés


a. Az â1, â0 együtthatók kiszámolásához jelölje ki a C1:D1 cellatartományt, majd
gépelje be a következő tömbképletet: =LIN.ILL(A1:A18;B1:B18) , majd Ctrl + Shift


+ Enter . Ennek hatására C1 fogja â1 értékét, illetve D1 fogja â0 értékét tartalmazni.
b. A determinációs együtthatót a következő módon számolhatja ki :


=RNÉGYZET(A1:A18;B1:B18) .


Ennek értéke négy tizedesjegyre kerekítve 0,7931. Ez azt jelenti, hogy a lineáris
közelítés jónak mondható.


c. Jelölje ki az η-ra vonatkozó A1:A18 cellatartományt, majd Beszúrás Diagramok


Pont- (xy) vagy buborékdiagram beszúrása Pont


Lépjen a diagramterületre, majd helyi menüből (jobb egérgomb) válassza ki az
Adatok kijelölése pontot, majd Szerkesztés Adatsor X értékei: =Munka1!$B$1:$B$18
OK OK . Ezzel megjelennek a mintarealizáció pontjai.
Következzen a másodfajú regressziós egyenes becslésének a meghúzása (az Excel
ezt trendvonalnak nevezi). Lépjen rá valamelyik kék jelölő pontra. Helyi menüből
válassza a Trendvonal felvétele pontot és válassza ki a Lineáris típust.


0


1


2


3


4


5


7 12 17 22 27 32 37


d. A talajvízszint becslése, ha az őszi csapadék 29,6 cm, ezek alapján â0+29,6â1, amit
a következő módon is kiszámolhatunk: =TREND(A1:A18;B1:B18;29,6) . A kapott
érték 3,38 két tizedesjegyre kerekítve. Tehát 29,6 cm csapadék lehullása után az
adatok alapján 3,38 mm-re becsüljük a talajvízszintet.


2.5. feladat. Jelentse η a Duna egy árhullámának tetőző vízállását Budapesten cm-
ben, ξ1 az árhullámot kiváltó csapadék mennyiségét mm-ben és ξ2 a Duna vízállását
Budapestnél az esőzés kezdetekor cm-ben. Szeretnénk előrejelezni η mértékét ξ1 és
ξ2 mennyisége alapján. Az (η, ξ1, ξ2)-re vonatkozó elmúlt 26 évi mérésből származó
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mintarealizációt a 2.2. táblázat tartalmazza.
a. Ez alapján becsülje meg a lineáris regresszió együtthatóit.
b. Az idén az árhullámot kiváltó csapadék 102 mm volt, illetve a Duna vízállása


Budapestnél az esőzés kezdetekor 648 cm volt. Ezekből az adatokból becsülje
meg, hogy a Duna árhullámának tetőző vízállása Budapesten hány cm lesz.


Megoldás. Jelölje ki a mintát (mindhárom oszlopot) a pdf-ben. Ctrl + C segítségével
tegye a vágólapra. Nyisson meg egy üres munkalapot Excelben, lépjen az A1 cellára és
Ctrl + V segítségével illessze be. Most még a három adatsor egy oszlopban van. Ezek
szétválasztásához tegye a következőket: Adatok Szövegből oszlopok , majd Fix széles
Tovább Tovább Befejezés


a. Az â2, â1, â0 együtthatók kiszámolásához jelölje ki a D1:F1 cellatartományt, majd
gépelje be a következőt: =LIN.ILL(A1:A26;B1:C26) , majd Ctrl + Shift + Enter . En-
nek hatására az â2, â1, â0 értékek rendre megjelennek a D1, E1, F1 cellákban.


b. A D2 cellába gépelje be a 102 értéket, az E2 cellába a 648 értéket. Ekkor a tetőző
vízállás becslése ezzel számolható ki : =TREND(A1:A26;B1:C26;D2:E2) . A kapott
érték egészre kerekítve 800 cm.


2.1. táblázat


η ξ
1,25 10,36
1,40 8,94
2,13 13,21
1,19 15,80
1,65 11,18
1,89 13,64
1,68 19,53
1,77 24,56
1,28 11,48
1,16 7,77
0,94 11,30
3,69 28,13
3,51 30,18
3,14 23,14
1,22 15,88
2,29 19,76
4,42 35,36
2,90 25,40


2.2. táblázat


η ξ1 ξ2
590 58 405
660 52 450
780 133 350
770 179 285
710 96 330
640 72 400
670 72 550
520 43 480
660 62 450
690 67 610
500 64 380
460 33 460
610 57 425
710 62 560
620 54 420
660 48 620
620 86 390
590 74 350
740 95 570
730 44 710
720 53 700
720 77 580
640 46 700
805 123 560
510 26 370
673 62 430
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1. fejezet


A valószínűségszámítás
alapfogalmai


1.1. Bernoulli tapasztalata
Bizonyos jelenségeknél az összes körülmény figyelembe vétele nagyon nehéz vagy
lehetetlen. Ennek oka lehet például, hogy a jelenség hátterében meghúzódó körülmé-
nyek rendszere a tudomány mai állása szerint még nem teljesen feltárt, vagy nem
tudjuk mérni őket, vagy számuk túl nagy és kapcsolatuk nagyon bonyolult. Ilyenkor
a figyelembe vett körülmények összessége nem határozza meg egy esemény bekö-
vetkezésének elegendő okát. Az ilyen eseményeket véletlen eseményeknek nevezzük.
Például dobókockával játszva csak azt a tényt vesszük figyelembe, hogy feldobtuk.
Ez viszont nem határozza meg a dobás eredményét egyértelműen, így például a hatos
dobása véletlen eseményt jelent számunkra.


Ha egy véletlen kimenetelű jelenség sokszor megismétlődhet, akkor véletlen tö-
megjelenségről beszélünk. Az ilyen típusú jelenségekről a véletlenszerűségük ellenére
is áttekintést nyerhetünk. Például a radioaktív bomlás esetén minden egyes atommag
bomlása véletlennek tekinthető, mégis sok milliárd atommag esetében már előre
meg tudjuk mondani nagy pontossággal, hogy egy meghatározott időn belül hány
százalékuk fog elbomlani. Ez a bomlás úgynevezett exponenciális törvénye, melyet a
valószínűségszámítás segítségével írhatunk le.


A valószínűségszámítás a véletlen kimenetelű jelenségek illetve kísérletek matema-
tikai modellezése.


Egy kísérletben azt tekintjük megfigyelhető eseménynek (a továbbiakban röviden
csak eseményt mondunk), melyről egyértelműen eldönthető a kísérlet elvégzése után,
hogy bekövetkezett-e vagy sem. Így egy esemény bekövetkezése a megfigyelés után
egyértelműen vagy igaz vagy hamis, azaz matematikai értelemben logikai ítéletnek
tekinthető. Ebből a logika és a halmazelmélet kapcsolata alapján az eseményeket
halmazokkal modellezhetjük.


Ha egy kísérletben A és B halmazok eseményeket modelleznek, akkor A ∪ B
azt fogja jelenteni, hogy az A és B közül legalább az egyik bekövetkezik. Erről
egyértelműen eldönthető a kísérlet elvégzése után, hogy bekövetkezett-e, ezért ez is
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eseményt modellez. Másrészt, ha A esemény, akkor az A ellenkezője is az. Jelöljük
ezt A-val. Az A ∪ A biztosan bekövetkezik, ezért ezt biztos eseménynek nevezzük
és Ω-val jelöljük. Ebből látható, hogy A az A-nak Ω-ra vonatkozó komplementere,
továbbá minden esemény az Ω egy részhalmaza. A nem megfigyelhető események –
vagyis amelyekről a kísérlet elvégzése után nem állapítható meg egyértelműen, hogy
bekövetkezett-e – szintén részhalmazai az Ω-nak, de ezekkel a továbbiakban nem
foglalkozunk. Az adott kísérletre vonatkozó események rendszerét jelöljük F -fel, mely
tehát az Ω hatványhalmazának egy részhalmaza.


Például amikor egy dobókockával játszunk, az egyes, kettes, hármas, négyes, ötös
vagy a hatos oldal lehet felül. A nekik megfelelő halmazok legyenek a következők:
{1}, {2}, {3}, {4}, {5}, {6}. De más események is vannak. Például hogy páros szám
lesz felül : {2, 4, 6} = {2} ∪ {4} ∪ {6}, vagy nem egyes lesz felül : {1} = {2, 3, 4, 5, 6}.
Itt a biztos esemény {1, 2, 3, 4, 5, 6}.


Az Ω felírásánál azt is figyelembe kell venni, hogy egy kísérletet mikor tekintünk
sikeresnek, illetve mikor sikertelen, azaz mikor kell helyette új kísérletet végrehajtani.
Az előbbi példában, ha az élére esik a kocka, akkor azt sikertelen kísérletnek tekintjük,
hiszen Ω elemei között egy sincs, ami ezt az esetet jelentené. Amennyiben mégis
be akarjuk vonni a modellünkbe a kocka élére esését, akkor az Ω felírása módosul
például erre: {1, 2, 3, 4, 5, 6, él}.


A modellalkotás következő lépése egy tapasztalati törvény megfigyelése az esemé-
nyekre vonatkozóan. Ilyet először Jacob Bernoulli (1654–1705) svájci matematikus
publikált. Egy kísérletet hajtsunk végre egymás után többször egymástól függetlenül
azonos körülmények között. Figyeljünk meg ebben a kísérletsorozatban egy bizonyos
eseményt. Ezen esemény bekövetkezéseinek a számát az esemény gyakoriságának,
míg a bekövetkezések számának és a kísérletek számának arányát az esemény relatív
gyakoriságának fogjuk nevezni.


Például egy szabályos kockával dobjunk 10-szer. Tegyük fel például, hogy a
következő számokat kapjuk:


1, 5, 4, 5, 5, 6, 4, 2, 2, 6.


Ekkor a hatos dobásának gyakorisága 2, míg a relatív gyakorisága 2
10 . Folytassuk a


kísérletet és minden dobás után ábrázoljuk a hatos dobások relatív gyakoriságát a
dobások számának függvényében:


500


1
6


Azt látjuk, hogy a hatos dobás relatív gyakorisága a dobások számának növelésé-
vel egyre kisebb mértékben ingadozik 1


6 körül. Más véletlen kimenetelű kísérletek
eseményeire is hasonló a tapasztalat:
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A kísérletek számának növelésével a figyelt esemény bekövetkezésének relatív
gyakorisága egyre kisebb mértékben ingadozik egy konstans körül.


Ezt a konstanst a figyelt esemény valószínűségének fogjuk nevezni. A további-
akban P(A) jelölje az A esemény valószínűségét. Itt P egy függvény, amely minden
eseményhez hozzárendel egy számot. Könnyen látható, hogy minden esemény valószí-
nűsége nemnegatív valós szám, a biztos esemény valószínűsége 1, illetve egyszerre be
nem következő események uniójának valószínűsége az események valószínűségeinek
összege.


Andrej Nyikolajevics Kolmogorov (1903–1987) az előzőeket kiegészítve még azt is
feltételezte, hogy megszámlálhatóan végtelen sok esemény uniója is esemény, továbbá,
hogy megszámlálhatóan végtelen sok páronként diszjunkt esemény uniójának valószí-
nűsége ezen események valószínűségeinek összegével egyenlő. Ezzel egy olyan elméletet
kapott, amellyel már matematikailag bizonyíthatóvá válik Bernoulli megfigyelése.
Ezt foglaljuk össze az 1.1. definícióban.


1.2. Valószínűségi mező


A következő definíció a véletlen kimenetelű jelenségek matematikai modellje, amit az
előző szakaszban leírtak alapján konstruáltunk. (Hagyományosan ezt Kolmogorov-féle
axiómáknak nevezzük, de valójában ma már definícióként fogalmazzuk meg.)


1.1. Definíció Kolmogorov-féle axiómák


Legyen Ω egy nem üres halmaz, az F részhalmaza az Ω hatványhalmazának,
továbbá P: F → R. Tegyük fel, hogy ezekre teljesülnek a következők:
1. axióma. Ω ∈ F .
2. axióma. Ha A ∈ F , akkor A ∈ F , ahol A = Ω \ A.
3. axióma. Ha Ai ∈ F minden i ∈ N esetén, akkor


∞⋃
i=1


Ai ∈ F .


4. axióma. Minden A ∈ F esetén P(A) ≥ 0.
5. axióma. P(Ω) = 1.
6. axióma. Ha Ai ∈ F (i = 1, 2, . . . ) páronként diszjunktak, akkor


P
( ∞⋃


i=1
Ai


)
=


∞∑
i=1


P(Ai).


Ekkor F -et σ-algebrának (ejtsd: szigma-algebra), elemeit eseményeknek, Ω-t
biztos eseménynek, a P függvényt valószínűségnek, a P(A) számot az A esemény
valószínűségének, az (Ω, F , P) rendezett hármast valószínűségi mezőnek, a
6. axiómát pedig σ-additivitásnak nevezzük.
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Fontos kérdés, hogy ezek a tulajdonságok elegendőek-e a modellhez? Például a
relatív gyakoriságról nem csak azt lehet tudni, hogy nem vehet fel negatív értéket,
hanem azt is hogy 1-nél nagyobb sem lehet. Ez alapján jogosan várjuk el, hogy
P(A) ≤ 1 teljesüljön minden A ∈ F esetén. Ez a tulajdonság belátható az eddigiek
alapján, vagy hozzá kell venni a definícióhoz? Ehhez hasonló kérdésekkel foglalkozunk
ezen szakasz hátralévő részében.


1.2. Definíció


Az 1. és 2. axiómák miatt ∅ ∈ F , amit a továbbiakban lehetetlen eseménynek
nevezünk.


1.3. Tétel


Ha (Ω, F , P) valószínűségi mező, Ai ∈ F minden i ∈ N esetén és n ∈ N, akkor
∞⋂


i=1
Ai ∈ F ,


n⋂
i=1


Ai ∈ F és
n⋃


i=1
Ai ∈ F .


Bizonyítás. Felhasználva az axiómákat és a de Morgan-féle azonosságokat
∞⋂


i=1
Ai =


∞⋂
i=1


Ai =
∞⋃


i=1
Ai ∈ F ,


másrészt Ai := Ω (i > n) választással az előző miatt
n⋂


i=1
Ai =


∞⋂
i=1


Ai ∈ F .


Végül Ai := ∅ (i > n) választással
n⋃


i=1
Ai =


∞⋃
i=1


Ai ∈ F .


1.4. Definíció


Legyen (Ω, F , P) valószínűségi mező és A, B ∈ F .


(1) Ha A ⊂ B, akkor azt mondjuk, hogy az A maga után vonja B-t.


(2) A-t az A ellentett eseményének nevezzük.


(3) Ha A∩B = ∅, akkor az A és B eseményeket egymást kizáró eseményeknek
nevezzük.


A∪B akkor következik be, ha A és B közül legalább az egyik bekövetkezik. A∩B
akkor következik be, ha A és B egyszerre bekövetkezik. A akkor következik be, ha az
A nem következik be. A \ B = A ∩ B akkor következik be, ha A bekövetkezik de B
nem.
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1.5. Tétel


Legyen (Ω, F , P) valószínűségi mező, Ai, A, B ∈ F (i ∈ N) és n ∈ N. Ekkor
teljesülnek a következők:


(1) P(∅) = 0.


(2) (véges additivitás) Ha A1, . . . , An páronként egymást kizáró események,
akkor P(A1 ∪ · · · ∪ An) = P(A1) + · · · + P(An).


(3) P(A) = 1 − P( A ).


(4) P(B \ A) = P(B) − P(A ∩ B).


(5) P(A ∪ B) = P(A) + P(B) − P(A ∩ B).


(6) Ha A ⊂ B, akkor P(B \ A) = P(B) − P(A).


(7) (monotonitás) Ha A ⊂ B, akkor P(A) ≤ P(B).


(8) P(A) ≤ 1.


(9) Ha A ⊂ B és P(B) = 0, akkor P(A) = 0.


(10) Ha P(B) = 1, akkor P(A) = P(A ∩ B).


(11) (σ-szubadditivitás) P
( ∞⋃


i=1
Ai


)
≤


∞∑
i=1


P(Ai).


(12) (véges szubadditivitás) P(A1 ∪ · · · ∪ An) ≤ P(A1) + · · · + P(An).


Bizonyítás. (1) Legyen A1 = Ω és An = ∅ minden n ≥ 2 esetén. Ekkor az Ai


(i = 1, 2, . . . ) páronként egymást kizáró események, így a σ-additivitásból


1 = P(Ω) = P
( ∞⋃


i=1
Ai


)
=


∞∑
i=1


P(Ai) = 1 +
∞∑


i=2
P(∅) = 1 + lim


n→∞
n P(∅)


következik. Ezért
lim


n→∞
n P(∅) = 0,


ami csak úgy lehetséges, ha P(∅) = 0, hiszen ellenkező esetben az előző határérték
∞ lenne.
(2) Legyen Ai := ∅ (i > n). Ezek páronként egymást kizáróak, így a σ-additivitás és
P(∅) = 0 miatt


P
(


n⋃
i=1


Ai


)
= P


( ∞⋃
i=1


Ai


)
=


∞∑
i=1


P(Ai) =
n∑


i=1
P(Ai).


(3) Az A és A egymást kizáróak, ezért a véges additivitásból


1 = P(Ω) = P(A ∪ A ) = P(A) + P( A ).
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(4) A véges additivitás miatt P(B) = P(A ∩ B) + P(B \ A).
(5) A véges additivitás miatt P(A ∪ B) = P(A) + P(B \ A). Így (4)-ből kapjuk az
állítást.
(6) A ⊂ B esetén A ∩ B = A, így a (4) pontból következik az állítás.
(7) A 4. axiómából és a (6) pontból következik az állítás, ugyanis A ⊂ B esetén
0 ≤ P(B \ A) = P(B) − P(A) teljesül.
(8) Minden A ∈ F esetén A ⊂ Ω, ezért az 5. axióma és a (7) pont miatt igaz a tétel.
(9) A 4. axióma és (7) miatt 0 ≤ P(A) ≤ P(B) = 0, melyből következik az állítás.
(10) Az eddigiek miatt 0 ≤ P(A) − P(A ∩ B) = P(A \ B) ≤ P( B ) = 0, melyből
következik az állítás.
(11) Legyen B1 := A1 és Bi := Ai \ (A1 ∪ · · · ∪ Ai−1) (i = 2, 3, . . . ). Ekkor B1, B2, . . .
diszjunkt rendszer, Bi ⊂ Ai és


∞⋃
i=1


Ai =
∞⋃


i=1
Bi,


melyből


P
( ∞⋃


i=1
Ai


)
= P


( ∞⋃
i=1


Bi


)
=


∞∑
i=1


P(Bi) ≤
∞∑


i=1
P(Ai).


(12) Ai := ∅ (i > n) helyettesítéssel (11)-ből következik az állítás.


1.6. Tétel A valószínűség folytonossága


Legyen (Ω, F , P) valószínűségi mező és Ai ∈ F minden i ∈ N esetén.


(1) Ha Ai ⊂ Ai+1 minden i ∈ N esetén, akkor


lim
n→∞


P(An) = P
( ∞⋃


i=1
Ai


)
.


(2) Ha Ai ⊃ Ai+1 minden i ∈ N esetén, akkor


lim
n→∞


P(An) = P
( ∞⋂


i=1
Ai


)
.


Bizonyítás. (1) A feltételek miatt
∞⋃


i=1
Ai =


∞⋃
i=1


(Ai \ Ai−1)


diszjunkt felbontás, ahol A0 = ∅. Így a σ-additivitás és a véges additivitás miatt


P
( ∞⋃


i=1
Ai


)
=


∞∑
i=1


P(Ai \ Ai−1) = lim
n→∞


n∑
i=1


P(Ai \ Ai−1) =
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= lim
n→∞


P
(


n⋃
i=1


(Ai \ Ai−1)
)


= lim
n→∞


P(An).


(2) Mivel Ai ⊂ Ai+1 minden i ∈ N esetén és


∞⋃
i=1


Ai =
∞⋂


i=1
Ai,


ezért az előző pont miatt


lim
n→∞


P( An ) = P
( ∞⋂


i=1
Ai


)
.


Ebből már következik a tétel.


1.3. Klasszikus valószínűségi mező
Most a legegyszerűbb valószínűségi mezőt mutatjuk be, melyben a biztos esemény
egy véges halmaz és minden esemény valószínűsége arányos a számosságával. A
gyakorlatban a szerencsejátékok kapcsán merült fel először ennek a vizsgálata.


1.7. Definíció


Legyen Ω egy n elemű halmaz, F az Ω hatványhalmaza, továbbá


P: F → R, P(A) = k


n
,


ahol k az A elemeinek a száma. Ekkor az (Ω, F , P)-t klasszikus valószínűségi
mezőnek nevezzük.


Az olvasóra bízzuk annak belátását, hogy ez valóban valószínűségi mező. A
P(A) = k


n
képletet úgy szokták megfogalmazni, hogy a valószínűség a kedvező esetek


száma osztva az összes esetek számával. A kedvező illetve az összes esetek száma
legtöbbször kombinatorikai eszközökkel határozható meg.


A gyakorlatban a következő tétel alapján lehet leellenőrizni, hogy egy valószínűségi
mező klasszikus-e vagy sem. Ennek a tételnek a bizonyítását is az olvasóra bízzuk.


1.8. Tétel


Legyen Ω nem üres véges halmaz, F az Ω hatványhalmaza és P: F → R való-
színűség. Ekkor (Ω, F , P) pontosan abban az esetben klasszikus valószínűségi
mező, ha az egyelemű események valószínűségei megegyeznek.


1.9. Feladat. 52 lapos römi kártyát szétosztunk Antalnak, Bélának, Józsefnek és
Imrének véletlenszerűen úgy, hogy mindenkinek 13 lapja legyen. Mi a valószínűsége
annak, hogy a treff ászt Antal kapja meg?
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Megoldás. Az {ω1} reprezentálja azt az esetet, amikor a treff ászt Antal kapja meg,
hasonlóan {ω2} azt amikor Béla, {ω3} azt amikor József, végül {ω4} azt amikor Imre
kapja meg. Legyen Ω := {ω1, ω2, ω3, ω4}. Egyik személyt sem tünteti ki a többihez
képest a leosztás, így az {ωi}-k valószínűségei megegyeznek. Tehát ez klasszikus
valószínűségi mező. Ekkor a kedvező esetek száma 1, míg az összes esetek száma 4.
Vagyis a valószínűség 1


4 .
Másképpen is megoldhatjuk a feladatot. Az Ω legyen a kártya 52 lapjának összes


13-adosztályú ismétlés nélküli kombinációjának halmaza. Ekkor az Antalnak kiosztott
lapok bármely kombinációjának megfelel pontosan egy Ω-beli elem. Mivel ezek
valószínűségei egyformák a szimmetria viszonyok miatt, ezért klasszikus valószínűségi
mezőt kapunk. Azon esetek száma amikor a treff ász a kombinációban van, azaz
a kedvező esetek száma,


(
51
12


)
. Az Ω elemeinek a száma


(
52
13


)
. Így a valószínűség(


51
12


)
:
(


52
13


)
= 1


4 .


1.10. Feladat. Két szabályos kockát feldobunk. Mi a valószínűsége, hogy a dobott
számok összege 7?


Megoldás. Először azt tisztázzuk, hogy a két kockát meg kell-e különböztetni vagy
sem? A válasz meglepő módon az, hogy mindegy. Ugyanis az szubjektív tény, hogy
meg tudjuk-e különböztetni a kockákat vagy sem, míg a valószínűség értéke objektív.


Most tekintsük azt az esetet, amikor a két kockát megkülönböztetjük. Ekkor


Ω = {(1, 1), (1, 2), . . . , (1, 6),
(2, 1), (2, 2), . . . , (2, 6),


...
(6, 1), (6, 2), . . . , (6, 6)}.


A kérdéses esemény A = {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)}, tehát P(A) = 6
36 .


Ezután vizsgáljuk azt az esetet, amikor a két kockát nem különböztetjük meg!
Ebben az esetben


Ω = {(1, 1), (1, 2), . . . , (1, 6),
(2, 2), . . . , (2, 6),


...
(6, 6)}.


A kérdéses esemény A = {(1, 6), (2, 5), (3, 4)}, tehát P(A) = 3
21 . Ez viszont nem egye-


zik meg az előbbi eredménnyel, miközben azt mondtuk, hogy mindegy melyik esetet
taglaljuk, az eredménynek ugyanannak kell lennie. Mi a látszólagos ellentmondás
oka? A második esetbeli rossz számítás. Ugyanis az nem alkot klasszikus valószí-
nűségi mezőt, hiszen például P


(
{(1, 1)}


)
̸= P


(
{(1, 2)}


)
. Tehát ebben az esetben a


3
21 hányados nem egyenlő a P(A) értékével. Ekkor a következő számítás a helyes:
Az első esetre visszavezetve (ami klasszikus valószínűségi mező) könnyen látható,
hogy P


(
{(1, 6)}


)
= P


(
{(2, 5)}


)
= P


(
{(3, 4)}


)
= 2


36 , így P(A) = 3 · 2
36 , ami már


megegyezik az előző eredménnyel.
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Összefoglalva tehát, mindegy, hogy a kockákat megkülönböztetjük vagy sem, de
előbbi esetben klasszikus valószínűségi mezőt kapunk, míg az utóbbiban nem. Ezért
célszerűbb a kockák megkülönböztetése.


1.11. Feladat. Ötöslottóban egy szelvénnyel játszva, mi a valószínűsége, hogy kettes
találatunk lesz?


Megoldás. Legyen Ω az összes lottóötös halmaza, azaz lexikografikus elrendezésben


Ω :=
{
{1, 2, 3, 4, 5}, {1, 2, 3, 4, 6}, . . . , {86, 87, 88, 89, 90}


}
.


Ekkor Ω elemeinek a száma
(


90
5


)
. Fontos kérdés, hogy ez klasszikus valószínűségi mező-


e, azaz például az {1, 2, 3, 4, 5} és az {13, 25, 41, 72, 86} lottóötösök valószínűségei
megegyeznek-e? Gyakran hallott válasz, hogy nem, mivel az első lottóötös „rendezett”,
míg a második nem, továbbá a tapasztalat azt mutatja, hogy sokkal ritkábban húznak
„rendezett” lottóötöst. Az valóban igaz, hogy ritkábban húznak „rendezett” lottóötöst,
de ez azért van így, mert kevesebb van belőlük. De ettől egy konkrét „rendezett”
lottóötösnek az esélye még ugyanakkora, mint egy konkrét „rendezetlené”. Hogy ezt
megértsük gondoljon egy olyan kockára, melynek a hatos oldala piros, a többi fehér.
Ekkor azt tapasztaljuk, hogy nagyobb eséllyel dobunk fehér oldalt, mint pirosat,
másrészt viszont a hatos és az egyes dobás valószínűségei megegyeznek, pedig a hatos
oldal piros, míg az egyes oldal fehér.


Egy másik magyarázat arra, hogy miért kapunk klasszikus esetet: A számok-
nak itt csak annyi a jelentősége, hogy az egyes golyókat megkülönböztesse. Viszont
a számoknak van egy olyan tulajdonsága, aminek a lottóban nincs szerepe, neve-
zetesen a rendezettség. Ebből fakadóan tűnik egy lottóötös „rendezettnek” vagy
„rendezetlennek”.


Most már rátérhetünk a számolásra. Az általunk tippelt öt számból kettőt kell
kihúzni, mely


(
5
2


)
módon lehetséges, míg a többi 85-ből hármat, mely


(
85
3


)
módon


lehetséges. Így a megoldás (
5
2


)(
85
3


)
(


90
5


) ≈ 0,0225.


Ez azt jelenti, hogy hetenként egy szelvénnyel játszva, hosszú távon átlagosan, kb. 44
hetenként egyszer lesz kettesünk az ötöslottón.







2. fejezet


Feltételes valószínűség és
függetlenség


2.1. Feltételes valószínűség
Szabályos kockával dobjunk 10-szer. Tegyük fel például, hogy a következő számokat
kapjuk:


1, 5, 4, 5, 5, 6, 4, 2, 2, 6.


Jelölje A azt az eseményt, hogy maximum hármast dobunk, és B azt, hogy páros
számot dobunk. Az A, B és A ∩ B események relatív gyakoriságait jelöljük rendre
r(A), r(B) és r(A ∩ B) módon. Ekkor


r(A) = 3
10 , r(B) = 6


10 , r(A ∩ B) = 2
10 .


A valószínűség modellezésének bevezetésénél volt egy feltételünk a dobókocka kísérlet
végrehajtásánál. Abban az esetben, amikor élére esik a kocka, a dobást ne vegyük
számításba. Most ezt a feltételt tovább bővítjük. Akkor se vegyük számításba a
dobást, ha nem páros számot dobunk, azaz nem a B következik be. Így már csak 6
érvényes dobásunk van:


1/, 5/, 4, 5/, 5/, 6, 4, 2, 2, 6.


Ebben a módosított kísérletben az A esemény nem 3-szor, hanem csak kétszer
következett be, így a relatív gyakorisága 2


6 . Ezt jelöljük r(A | B)-vel. Tehát most


r(A | B) = 2
6 .


Ez a relatív gyakoriság pontosan olyan tulajdonságot fog mutatni, mint az eredeti
relatív gyakoriság, azaz sok kísérlet esetén egy bizonyos érték körül fog ingadozni.
Ezt az értéket az A esemény B-re vonatkozó feltételes valószínűségének nevezzük,
továbbá P(A | B) módon jelöljük.


Hogyan lehet ezt a feltételes valószínűséget kiszámolni az eredeti valószínűségi me-
zőben? Az r(A | B) értéke úgy jött ki, hogy a nevezőben csak a B bekövetkezéseinek
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a számát, azaz B gyakoriságát írtuk, míg a számlálóba az A-nak azon bekövetkezéseit
írtuk, amikor B is bekövetkezett, hiszen a többit töröltük. Így teljesül a következő:


r(A | B) = r(A ∩ B)
r(B) .


A modellünkben tehát a feltételes valószínűség a következő módon definiálható:


2.1. Definíció


Legyen (Ω, F , P) valószínűségi mező, A, B ∈ F és P(B) ̸= 0. A


P(A | B) := P(A ∩ B)
P(B)


számot, az A esemény B-re vonatkozó feltételes valószínűségének nevezzük.


A következő tétel definíció alapján közvetlenül bizonyítható.


2.2. Tétel


Legyen (Ω, F , P) egy valószínűségi mező, B ∈ F továbbá P(B) ̸= 0. Ekkor
(Ω, F , PB) és (B, FB, P∗


B) is valószínűségi mező, ahol


PB : F → R, PB(A) = P(A | B),
FB = {A ∩ B : A ∈ F} és P∗


B : FB → R, P∗
B(A) = P(A | B).


Mivel (B, FB, P∗
B) valószínűségi mező, ezért a feltételes valószínűséget úgy is ki


lehet számítani, hogy az Ω eseményteret leszűkítjük a B eseményre. A feltételes
valószínűség fogalmát pontosan ezen tulajdonság alapján vezettük be.


Például, ha egy szelvénnyel lottózunk, az első négy számot már kihúzták és mindet
eltaláltuk, akkor mi a valószínűsége, hogy az ötödiknek kihúzott számot is eltaláljuk?
A feltételes valószínűség használata nélkül gondolkodhatunk a következőképpen:
Mivel már négyet kihúztak, ezért a maradék 86-ból kell eltalálni egyet. Így az
eredmény 1


86 .


2.3. Tétel


Ha (Ω, F , P) valószínűségi mező, A, B, C ∈ F és P(C) ̸= 0, akkor


(1) P(A | C) ≤ 1,


(2) P(A | C) = 1, ha C ⊂ A,


(3) P( A | C) = 1 − P(A | C),


(4) P(A ∪ B | C) = P(A | C) + P(B | C) − P(A ∩ B | C),


(5) P(A \ B | C) = P(A | C) − P(A ∩ B | C).
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Bizonyítás. Az (Ω, F , PC) valószínűségi mező, ezért az 1.5. tétel miatt (1), (3), (4)
és (5) teljesül. A (2) állítás abból következik, hogy C ⊂ A miatt A ∩ C = C.


A következő tétel szintén a definíció következménye.


2.4. Tétel Szorzattétel


Legyen (Ω, F , P) valószínűségi mező, A, B ∈ F és P(B) ̸= 0. Ekkor


P(A ∩ B) = P(A | B) P(B).


2.5. Feladat. Két dobozból az elsőben 3 piros és 4 fekete, a másodikban pedig 4
piros és 5 fekete golyó van. Az első dobozból átteszünk egy golyót a másodikba,
majd a másodikból választunk ki egy golyót. Mennyi a valószínűsége, hogy mindkét
alkalommal pirosat húzunk?


Megoldás. Jelölje A azt az eseményt, hogy másodikra pirosat húzunk, B pedig azt,
hogy elsőre pirosat húzunk. Ekkor a szorzattétel alapján


P(A ∩ B) = P(A | B) P(B) = 5
10 · 3


7 .


Az ún. láncszabály a szorzattétel általánosítása.


2.6. Tétel Láncszabály


Legyen (Ω, F , P) valószínűségi mező és A1, . . . , An ∈ F . Ekkor


P(A1∩· · ·∩An) = P(A1) P(A2 | A1) P(A3 | A1∩A2) · · · P(An | A1∩· · ·∩An−1),


feltéve, hogy léteznek ezek a feltételes valószínűségek.


Bizonyítás. A bizonyítandó egyenlőség jobb oldalát írjuk fel a feltételes valószínűség
definíciójával :


P(A1)
P(A1 ∩ A2)


P(A1)
P(A1 ∩ A2 ∩ A3)


P(A1 ∩ A2)
· · · P(A1 ∩ · · · ∩ An)


P(A1 ∩ · · · ∩ An−1)
,


ami valóban P(A1 ∩ · · · ∩ An).


2.7. Feladat. Egy pakli magyar kártyából 3 kártyát kihúzunk egymásután visszatevés
nélkül. Mi a valószínűsége, hogy elsőre ászt, másodikra nem ászt és harmadikra ismét
ászt húzunk?


Megoldás. Jelentse rendre A1, A2 és A3, hogy elsőre ászt, másodikra nem ászt és
harmadikra ászt húzunk. Ekkor a láncszabály alapján


P(A1 ∩ A2 ∩ A3) = P(A1) P(A2 | A1) P(A3 | A1 ∩ A2) = 4
32 · 28


31 · 3
30 .
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2.8. Definíció


Legyen (Ω, F , P) valószínűségi mező. Azt mondjuk, hogy B1, . . . , Bn ∈ F teljes
eseményrendszer, ha osztályozása Ω-nak, azaz Bi ∩ Bj = ∅ minden i, j ∈
∈ {1, . . . , n}, i ≠ j esetén, továbbá B1 ∪ · · · ∪ Bn = Ω. Másképpen fogalmazva,
ekkor a B1, . . . , Bn események közül minden esetben pontosan egy teljesül.


2.9. Tétel Teljes valószínűség tétele


Legyen (Ω, F , P) valószínűségi mező, B1, . . . , Bn ∈ F teljes eseményrendszer,
és P(Bi) ̸= 0 minden i ∈ {1, . . . , n} esetén. Ekkor bármely A ∈ F eseményre


P(A) =
n∑


i=1
P(A | Bi) P(Bi).


Bizonyítás. B1 ∪ · · · ∪ Bn = Ω, ezért


A =
n⋃


i=1
(A ∩ Bi).


Mivel a Bi események páronként egymást kizáróak, ezért az A ∩ Bi események is
azok, így alkalmazhatjuk a véges additivitást:


n∑
i=1


P(A | Bi) P(Bi) =
n∑


i=1
P(A ∩ Bi) = P


(
n⋃


i=1
(A ∩ Bi)


)
= P(A).


2.10. Tétel Bayes tétele


Legyen (Ω, F , P) valószínűségi mező, B1, . . . , Bn ∈ F teljes eseményrendszer,
és P(Bi) ̸= 0 minden i ∈ {1, . . . , n} esetén. Ha A ∈ F és P(A) ̸= 0, akkor
bármely i ∈ {1, . . . , n} esetén


P(Bi | A) = P(A | Bi) P(Bi)
n∑


k=1
P(A | Bk) P(Bk)


.


Bizonyítás. A teljes valószínűség tétele szerint az egyenlőség jobb oldala P(A∩Bi)
P(A) -val


egyenlő, melyből következik az állítás.


2.11. Megjegyzés. Ha valamely A eseményt mint okozatot tekintjük, amit a B1, . . . , Bn


okok válthatnak ki, akkor ismerve az okok valószínűségeit és hatásukat az okozat
bekövetkezésére, azaz a P(A | Bi) értékeket tudva, a teljes valószínűség tétele
értelmében az okozat valószínűsége meghatározható. Másfelől, ha az A okozat már
bekövetkezett, akkor Bayes tételével következtethetünk arra, hogy egy kiválasztott
ok milyen valószínűséggel szerepelt az A létrejöttében. Ilyen értelemben Bayes tétele
megfordítása a teljes valószínűség tételének.
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2.12. Megjegyzés. Ha a B1, . . . , Bn eseményrendszerre teljesül, hogy páronként egy-
mást kizáróak, és uniójuk valószínűsége 1, akkor azt tágabb értelemben vett teljes
eseményrendszernek nevezzük. A teljes valószínűség tétele és Bayes tétele ilyen
eseményrendszerekre is igaz. Másrészt, ha a tágabb értelemben vett teljes esemény-
rendszer megszámlálhatóan végtelen sok eseményből áll, ez a két tétel akkor is
teljesül.


2.13. Feladat. Szindbád tíz háremhölgy közül feleséget választhat oly módon, hogy
az előtte elvonuló, véletlenszerűen sorrendbe állított hölgyek közül az első ötöt el kell
engednie, de az utána következők közül ki kell választania a legelsőt, aki az első öt
hölgytől szebb. Mi a valószínűsége annak, hogy Szindbád a legszebb hölgyet tudja
kiválasztani? Feltesszük, hogy szigorú sorrendet tudunk megállapítani a hölgyek
szépségét illetően, továbbá ha a legszebb hölgy az első öt között volt, akkor Szindbád
nem választhat ki senkit.


Megoldás. Jelentse A azt az eseményt, hogy Szindbád a legszebb háremhölgyet
választja ki, Bi pedig azt, hogy i-ediknek érkezik a legszebb hölgy. Ekkor a teljes
valószínűség tétele szerint


P(A) =
10∑


i=1
P(A | Bi) P(Bi) =


10∑
i=6


P(A | Bi) P(Bi),


hiszen, ha i ≤ 5, akkor P(A | Bi) = 0. Válasszuk ki az első i − 1 hölgy közül a
legszebbet. Ha ő az első ötben volt, akkor bekövetkezik A, ellenkező esetben nem.
Mivel i − 1 hölgy között (i − 1)-féleképpen helyezkedhet el, és ebből az előzőek
értelmében csak 5 a kedvező, ezért P(A | Bi) = 5


i−1 . Másrészt P(Bi) = 0,1, így


P(A) =
10∑


i=6


5
i − 1 · 0,1 = 0,5


9∑
i=5


1
i


≈ 0,373.


2.14. Feladat. Egy üzemben három gép működik. Az első a termelés 25 %-át adja, és
5 %-os selejttel dolgozik. A második 35 %-ot termel 4 %-os selejttel, végül a harmadik
40 %-ot ad 2 %-os selejttel. A termékek közül kiválasztunk egyet véletlenszerűen,
és azt tapasztaljuk, hogy az selejtes. Mi a valószínűsége annak, hogy az első gép
gyártotta?


Megoldás. Jelentse A azt az eseményt, hogy selejtes terméket választottunk, Bi pedig
azt, hogy az i-edik gép gyártotta. Ekkor Bayes tétele értelmében


P(B1 | A) = P(A | B1) P(B1)
3∑


k=1
P(A | Bk) P(Bk)


= 0,25 · 0,05
0,25 · 0,05 + 0,35 · 0,04 + 0,4 · 0,02 ≈ 0,362.


2.2. Események függetlensége
Jelentse A azt, hogy dobókockával elsőre hatost, illetve B azt, hogy másodikra hatost
dobunk, azaz A := {(6, 1), (6, 2), . . . , (6, 6)} és B := {(1, 6), (2, 6), . . . , (6, 6)}. Ekkor
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P(A) = P(A | B) = 1
6 , vagyis A-nak a valószínűsége, függetlenül attól, hogy a B


feltétellel vizsgáljuk vagy anélkül, mindig 1
6 .


A továbbiakban, ha P(A) = P(A | B) teljesül, akkor azt mondjuk, hogy A
független B-től. Könnyű ellenőrizni, hogy B is független A-tól, hiszen P(B) = 6


36 és
P(B | A) = 1


6 , tehát megegyeznek. A függetlenségnek ez a szimmetria tulajdonsága
általánosan is igaz, azaz A pontosan akkor független B-től, ha B független A-tól.


Vegyük észre, hogy P(A) P(B) ̸= 0 esetén a függetlenség fogalma ekvivalens azzal,
hogy P(A ∩ B) = P(A) P(B). Ez a képlet akkor is alkalmazható, ha P(A) P(B) = 0,
másrészt a szimmetria azonnal látható belőle. Ezért a továbbiakban ezt fogadjuk el
a függetlenség definíciójának.


2.15. Definíció


Legyen (Ω, F , P) valószínűségi mező és A, B ∈ F . Azt mondjuk, hogy az A és
B események függetlenek, ha P(A ∩ B) = P(A) P(B).


2.16. Következmény


Legyen (Ω, F , P) valószínűségi mező, A, B ∈ F és P(B) ̸= 0. Az A és B
pontosan akkor függetlenek, ha P(A | B) = P(A).


2.17. Feladat. Antal és Béla céltáblára lőnek. Antal 0,8 valószínűséggel találja
el a céltáblát, Béla pedig 0,5-del. A találatok egymástól függetlenek. Ha Antal és
Béla egy-egy lövést adnak le, akkor mennyi a valószínűsége annak, hogy legalább az
egyikőjük talál?


Megoldás. Az A esemény jelentse azt, hogy Antal lövése talál, illetve B azt, hogy
Béla lövése talál. Ekkor P(A ∪ B) = P(A) + P(B) − P(A ∩ B) = P(A) + P(B) −
− P(A) P(B) = 0,9.


2.18. Feladat. Legyen (Ω, F , P) valószínűségi mező és A, B, C ∈ F . Bizonyítsuk be,
hogy ha A és B egymást kizáró események, A és C függetlenek, továbbá B és C is
függetlenek, akkor A ∩ B és C függetlenek, illetve A ∪ B és C is függetlenek!


Megoldás. (1) P(A ∩ B ∩ C) = P(A ∩ B) P(C) = 0, mert A ∩ B = ∅.


(2) P
(
(A ∪ B) ∩ C


)
= P((A ∩ C) ∪ (B ∩ C)) = P(A ∩ C) + P(B ∩ C) = P(A) P(C) +


+ P(B) P(C) =
(
P(A) + P(B)


)
P(C) = P(A ∪ B) P(C).


2.19. Definíció


Legyen (Ω, F , P) valószínűségi mező. Az A1, A2, . . . , An ∈ F eseményeket
függetleneknek nevezzük, ha {1, . . . , n} bármely nem üres G részhalmazára


P
(⋂


i∈G


Ai


)
=
∏
i∈G


P(Ai) (2.1)
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teljesül. Egy végtelen eseményrendszer elemei függetlenek, ha bármely véges
részrendszere független.


2.20. Feladat. Húzzunk egy lapot a 32 lapos magyar kártyából. Legyen A az az
esemény, hogy pirosat vagy zöldet húzunk, B az, hogy pirosat vagy tököt, illetve C
az, hogy számozott lapot húzunk. Mutassuk meg, hogy A, B, C függetlenek!


Megoldás. Ekkor P(A) = P(B) = P(C) = 1
2 , P(A ∩ B) = P(A ∩ C) = P(B ∩ C) = 1


4 ,
P(A ∩ B ∩ C) = 1


8 , amiből következik, hogy A, B, C függetlenek.


2.21. Feladat. Legyen (Ω, F , P) valószínűségi mező és A, B, C ∈ F független
események. Bizonyítsuk be, hogy ekkor az A∩B és C, illetve A∪B és C is függetlenek!


Megoldás. (1) P(A ∩ B ∩ C) = P(A) P(B) P(C) = P(A ∩ B) P(C).


(2) P
(
(A ∪ B) ∩ C


)
= P


(
(A ∩ C) ∪ (B ∩ C)


)
= P(A ∩ C) + P(B ∩ C) − P(A ∩


∩ B ∩ C) = P(A) P(C) + P(B) P(C) − P(A ∩ B) P(C) =
(
P(A) + P(B) − P(A ∩


∩ B)
)


P(C) = P(A ∪ B) P(C).


2.22. Tétel


Legyen (Ω, F , P) valószínűségi mező. Ha az A1, . . . , An ∈ F események függet-
lenek, akkor az


A1, . . . , Ak−1, Ak, Ak+1, . . . , An


események is függetlenek minden k ∈ {1, . . . , n} esetén.


Bizonyítás. Elég k = 1-re bizonyítani az indexelés önkényessége miatt. Legyen G ⊂
⊂ {1,2, . . . , n}. Ha 1 ̸∈ G, akkor (2.1) közvetlenül az A1, A2, . . . , An események
függetlenségéből következik. Ha 1 ∈ G, legyen G := {1, i2, i3, . . . , im}, ahol m ≤ n
pozitív egész szám és 2 ≤ i2 < i3 < · · · < im ≤ n. Ekkor az 1.5. tétel (4) pontja miatt


P( A1 ∩ Ai2 ∩ · · · ∩ Aim) =
= P(Ai2 ∩ · · · ∩ Aim) − P(A1 ∩ Ai2 ∩ · · · ∩ Aim) =
= P(Ai2) · · · P(Aim) − P(A1) P(Ai2) · · · P(Aim) =
=
(
1 − P(A1)


)
P(Ai2) · · · P(Aim) = P( A1 ) P(Ai2) · · · P(Aim),


amiből következik a tétel.


2.23. Megjegyzés. Ha egy eseményrendszer elemei függetlenek, akkor bármely két
eleme is független egymástól, vagyis az eseményrendszer elemei páronként függetlenek.
Fordítva nem igaz, a páronkénti függetlenségből nem következik a függetlenség.
Például a 32 lapos magyar kártyából húzzunk ki egy lapot. Jelentse A azt, hogy
makkot vagy pirosat húztunk, B azt, hogy makkot vagy tököt, illetve C azt, hogy
makkot vagy zöldet húztunk. Ekkor P(A) = P(B) = P(C) = 1


2 és P(A ∩ B) =
= P(A ∩ C) = P(B ∩ C) = 1


4 miatt az A, B, C események páronként függetlenek, de
P(A ∩ B ∩ C) = 1


4 miatt P(A) P(B) P(C) ̸= P(A ∩ B ∩ C), így nem függetlenek.
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2.3. Független kísérletek valószínűségi mezője
Több kísérlet egymástól független elvégzését, azaz több különböző valószínűségi
mező eseményeinek függetlenségét, a (2.1) képlettel nem definiálhatjuk. Ezért be-
vezetjük a független kísérletek valószínűségi mezőjének a fogalmát, mely az egész
kísérletsorozatot egy mezőben írja le.


2.24. Definíció


Legyen Ω nem üres halmaz és H részhalmaza az Ω hatványhalmazának. Ekkor
σ(H) alatt a H által generált σ-algebrát értjük, azaz a H-t tartalmazó összes
olyan σ-algebra metszetét, amely részhalmaza az Ω hatványhalmazának.


A definíció korrekt, hiszen könnyen látható, hogy σ-algebrák metszete is σ-algebra.


2.25. Definíció


Legyenek az (Ωi, Fi, Pi), i ∈ {1, 2, . . . , n} valószínűségi mezők,


Ω := Ω1 × · · · × Ωn,


F := σ
(
{A1 × · · · × An : Ai ∈ Fi, i = 1, 2, . . . , n}


)
,


továbbá P: F → R olyan valószínűség, melyre


P(A1 × · · · × An) = P1(A1) · · · Pn(An)


teljesül minden Ai ∈ Fi, i ∈ {1, 2, . . . , n} esetén. Ekkor az (Ω, F , P)-t független
kísérletek valószínűségi mezőjének, továbbá az (Ωi, Fi, Pi)-ket (i = 1, 2, . . . , n)
az (Ω, F , P) kísérleteinek nevezzük. Ha ezek a kísérletek mind ugyanazok, akkor
az (Ω, F , P)-t Bernoulli-féle valószínűségi mezőnek nevezzük.


Az ún. Caratheodory-féle kiterjesztési tétel szerint az előző definícióban meghatá-
rozott valószínűség egyértelműen létezik.


A k-adik kísérlet eredménye legyen Ak ∈ Fk, ami azt jelenti, hogy bekövetkezett
az


A∗
k := Ω1 × · · · × Ωk−1 × Ak × Ωk+1 × · · · × Ωn ∈ F


esemény. Így P(A∗
k) = Pk(Ak) és A∗


1 ∩ · · · ∩ A∗
n = A1 × · · · × An teljesül minden


A1 ∈ F1, . . . , An ∈ Fn esetén. Ebből látható, hogy ekkor


P(A∗
1 ∩ · · · ∩ A∗


n) = P(A∗
1) · · · P(A∗


n)


teljesül, ami a (2.1) képletnek felel meg, azaz tényleg jogos a függetlenség jelző.


2.4. Geometriai valószínűségi mező
A középiskolában tanult hosszúság, terület illetve térfogat fogalmak nem alkalmasak
valószínűségi mező létrehozására, mert a Jordan-mérhető halmazok rendszere nem







24 2. fejezet. Feltételes valószínűség és függetlenség


alkot σ-algebrát és a Jordan-mérték nem σ-additív. Ezért először a Jordan-mérhető
halmazok rendszerét kiterjesztjük úgy, hogy az már σ-algebra legyen.


2.26. Definíció


Az Rk (k ∈ N) nyílt halmazaiból álló halmazrendszer által generált σ-algebrát
k-dimenziós Borel-mérhető halmazok rendszerének nevezzük.


Bizonyítható, hogy minden Jordan-mérhető halmaz egyúttal Borel-mérhető is,
viszont van olyan Borel-mérhető halmaz, amely nem Jordan-mérhető. A következők-
ben minden Borel-mérhető halmazhoz rendelni fogunk egy számot, amelyet majd
ezen halmaz Lebesgue-mértékének fogunk nevezni. Ennek érdekében először csak a
legegyszerűbb típusú halmazhoz rendeljünk mértéket, a téglákhoz.


2.27. Definíció


Az I1×· · ·×Ik alakú halmazokat k-dimenziós tégláknak nevezzük, ahol I1, . . . , Ik


korlátos intervallumok. Egy ilyen I1 × · · · × Ik tégla mértékén azt a h1 · · · hk


szorzatot értjük, melyben hj az Ij korlátos intervallum hosszát jelenti.


Ezután egy tetszőleges Borel-mérhető halmazhoz hasonlóan fogunk számot ren-
delni, mint ahogyan azt a Jordan-féle külső mértéknél tettük. A különbség annyi
lesz, hogy itt a lefedéseket nem csak véges, hanem megszámlálhatóan végtelen sok
alakzat segítségével is megtehetjük. Praktikussági okokból ezek a lefedő alakzatok
most csak téglák lehetnek.


2.28. Definíció


Legyen A ⊂ Rk (k ∈ N) Borel-mérhető, és tekintsük annak a halmaznak az
infimumát, melynek elemei az A-t lefedő megszámlálhatóan sok k-dimenziós
tégla mértékeinek összegeként állnak elő. Ezt az infimum értéket az A Lebesgue-
mértékének nevezzük és λk(A) módon jelöljük.


Bizonyítható, hogy egy Jordan-mérhető halmaz Lebesgue-mértéke megegyezik a
Jordan-mértékével, továbbá, hogy a Borel-halmazokon értelmezett Lebesgue-mérték
σ-additív. Így tehát, a Lebesgue-mérték alkalmas arra, hogy valószínűségi mezőt
konstruáljunk.


2.29. Definíció


Legyen Ω ⊂ Rk olyan Borel-mérhető halmaz, melynek Lebesgue-mértéke pozitív
valós szám. Az F legyen az Ω összes Borel-mérhető részhalmazainak a halmaza,
továbbá


P: F → R, P(A) = λk(A)
λk(Ω) .


Ekkor belátható, hogy az (Ω, F , P) valószínűségi mezőt alkot, melyet a továb-
biakban k-dimenziós geometriai valószínűségi mezőnek nevezünk.
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Definíció szerint geometriai valószínűségi mezőben az esemény valószínűsége
arányos a Lebesgue-mértékével. A kísérlet itt az Ω ponthalmaz egy pontjának vé-
letlenszerű kiválasztását jelenti, amelyeknek a valószínűsége nulla, hiszen a pont
Lebesgue-mértéke nulla. Ez is mutatja, hogy nem csak a lehetetlen esemény valószí-
nűsége lehet nulla.


2.30. Feladat (Bertrand-féle paradoxon). Egy körnek jelöljük ki véletlenszerűen
egy húrját. Mi a valószínűsége, hogy a húr hosszabb lesz, mint a körbe írt szabályos
háromszög oldala?


Megoldás. Az r sugarú kör középpontjának és a húrnak a távolsága egyértelműen
meghatározza a húr hosszát. Ha ez kisebb mint r


2 , akkor a húr hosszabb lesz a
háromszög oldalánál. Ezért (r : 2) : r = 1


2 a valószínűség. (Lásd a bal oldali ábrát.)
Másképpen is megoldhatjuk a feladatot: Rögzítsük a húr A végpontját, a B


végpontot pedig véletlenszerűen válasszuk ki a körön. A kör harmadán AB nagyobb
a háromszög oldalánál. Ebből következik, hogy 1


3 a valószínűség. (Lásd a jobb oldali
ábrát.)


x
r
2


A


B


A két megoldás végeredménye nem egyezik meg. Ennek az a magyarázata, hogy a
feladatban nem volt arról szó, hogy a húr kiválasztása milyen módon történjen. A
kétféle végeredmény azt mutatja, hogy más-más kiválasztási eljárás során más és
más lehet a valószínűség is.


2.31. Tétel


Két egydimenziós geometriai valószínűségi mezőből képzett független kísérletek
valószínűségi mezője kétdimenziós geometriai valószínűségi mező.


2.32. Feladat. Egységnyi hosszúságú szakaszon véletlenszerűen kiválasztunk egy-
mástól függetlenül két pontot. Mi a valószínűsége, hogy a két pont távolsága kisebb
egy adott h < 1 hosszúságú szakasznál?


Megoldás. Tekintsük az egyik végpontját az egységnyi hosszúságú szakasznak. A
választott P1 illetve P2 pontoknak ettől a végponttól való távolsága legyen x illetve
y. Ekkor x, y ∈ [0, 1] teljesül. Feltételezzük, hogy egyetlen pont kiválasztása esetén
geometriai valószínűségi mezőről van szó, így a két kísérlet a 2.31. tétel értelmében,
egyszerre is leírható egy kétdimenziós geometriai valószínűségi mezőben, ahol Ω =
= [0, 1] × [0, 1]. Kérdés az A := {(x, y) ∈ Ω : |y − x| < h} esemény valószínűsége.
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x


y


h 1


h


1


y = x + h


y = x − h


Ω


A


Felírva az A és az Ω területeinek a hányadosát, azt kapjuk, hogy P(A) = 2h − h2.


2.33. Feladat (Buffon-féle tűprobléma). Egy vízszintes síklapon párhuzamos egye-
neseket húzunk egymástól 2 egységnyi távolságokra. Mi a valószínűsége, hogy egy
egységnyi hosszúságú tűt ráejtve a síkra, az elmetszi valamelyik egyenest?


Megoldás. Legyen y a tű középpontjának a távolsága a hozzá legközelebb eső egye-
nestől, x pedig a tű és az egyenes által bezárt szög mértéke radiánban. Így x ∈ [0, π


2 ]
és y ∈ [0, 1]. Az előző feladathoz hasonlóan x és y kiválasztása egy kétdimenziós
geometriai valószínűségi mezőben is leírható, ahol Ω := [0, π


2 ] × [0, 1]. Mivel x szögnél
pontosan y ≤ 1


2 sin x teljesülése esetén metszi az egyenest a tű, ezért a kérdés az
A := {(x, y) ∈ Ω : y ≤ 1


2 sin x} esemény valószínűsége.


x


y


π
2


1 Ω


y = 1
2 sin x


A


Az Ω területe π
2 , az A területe pedig


π/2∫
0


1
2 sin x dx = 1


2[− cos x]π/2
0 = 1


2 ,


ezért P(A) = 1
π
.


2.34. Feladat. Egy szakaszon válasszunk ki egy pontot. A kapott két szakasz közül
a hosszabbikon ismét válasszunk ki egy pontot. Adjunk meg egy olyan geometriai
valószínűségi mezőt, mely a két kiválasztást egyszerre írja le. Mi a valószínűsége,
hogy a kapott három szakaszból háromszög alkotható?


Megoldás. Legyen a szakasz egységnyi hosszúságú. Az első pont kiválasztása után
kapott szakaszok közül a hosszabbik hosszát jelöljük x-szel. Ebből a szakaszból a
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következő pont kiválasztásával ismét két szakaszt kapunk. Célszerűnek tűnik ezek
közül megint a hosszabbiknak a hosszát eljelölni például y-nal. De ebben az esetben
nem kaphatunk geometriai valószínűségi mezőt, mert y hossza nem független x-
től. Így nem alkalmazhatjuk a 2.32. feladat megoldásának a gondolatmenetét. A
helyes megoldásban az előbbi y-nal jelölt szakaszhosszt úgy kellene eljelölni, hogy
a paraméter már független legyen x-től. Például ilyen lehetőség, hogy y ne magát
a szakaszhosszt jelentse, hanem a szakaszhossz és x arányát. Vagyis a másodiknak
választott hosszabb szakasz hossza legyen yx. Így már x, y ∈ [0,5; 1]. Ebből a kérdéses
geometriai valószínűségi mezőben Ω = [0,5; 1] × [0,5; 1]. Ebben az


A := {(x, y) ∈ Ω : (1 − x) + (x − yx) > yx} =
{
(x, y) ∈ Ω : y < 1


2x


}
esemény valószínűségét kell meghatározni.


x


y


0,5 1


0,5


1


y = 1
2x


Ω


A


Az ábra alapján A területe


1∫
0,5


1
2x


dx − 0,25 = 0,5[ln x]10,5 − 0,25 = 0,5 ln 2 − 0,25,


továbbá Ω területe 0,25. Így P(A) = 2 ln 2 − 1 ≈ 0,386.







3. fejezet


Valószínűségi változó


Egy játékban 10 forintot nyerünk, ha egy pénzérme a fej oldalára esik, ellenkező
esetben pedig 5 forintot veszítünk. Ebben a kísérletben a biztos esemény Ω =
= {fej, írás}. Az előbbi játékszabály leírható egy olyan függvénnyel, amely a fejhez
10-et rendel, míg az íráshoz −5-öt. A továbbiakban azokat a függvényeket, melyek az
Ω elemeihez valós számokat rendelnek – bizonyos feltétellel –, valószínűségi változónak
fogunk nevezni. A definíció előtt vezessük be a következő jelöléseket:


3.1. Jelölés


Legyen Ω nem üres halmaz, ξ : Ω → R, x ∈ R és


{ξ = x} := {ω : ω ∈ Ω, ξ(ω) = x}.


Hasonlóan értelmezzük a {ξ < x}, {ξ > x}, {ξ = η}, {ξ < η} stb. halmazokat
is, ahol η : Ω → R. Ha {ξ = x} (x ∈ R) esemény az (Ω, F , P) valószínűségi
mezőben, akkor annak valószínűségét P({ξ = x}) helyett P(ξ = x)-szel je-
löljük.1 Hasonlóan járunk el a többi előbb említett halmaz valószínűségeinek
jelöléseinél is. A ξ függvény értékkészletét Rξ-vel fogjuk jelölni.


3.2. Definíció


Legyen (Ω, F , P) valószínűségi mező és ξ : Ω → R. Ha {ξ < x} ∈ F minden
x ∈ R esetén, akkor ξ-t valószínűségi változónak nevezzük.


A továbbiakban, ha két vagy több valószínűségi változóról beszélünk, akkor azokat
ugyanabban a valószínűségi mezőben értelmezzük.


3.3. Tétel


Legyenek ξ és η valószínűségi változók. Ekkor a {ξ ≤ x}, {ξ = x}, {ξ > x},
{x < ξ < y} és {ξ < η} halmazok események minden x, y ∈ R esetén.


1 A ξ és η görög betűk kiejtése: kszí illetve éta.


28







29


Bizonyítás. A valószínűségi változó definíciója miatt {ξ < x} ∈ F . Ebből


{ξ ≤ x} =
∞⋂


n=1


{
ξ < x + 1


n


}
∈ F .


Így
{ξ = x} = {ξ < x} ∩ {ξ ≤ x} ∈ F , {ξ > x} = {ξ ≤ x} ∈ F ,


továbbá
{x < ξ < y} = {ξ > x} ∩ {ξ < y} ∈ F .


A {ξ < η} ∈ F kimutatásához tekintsünk egy olyan ⟨rn⟩ számsorozatot, melynek az
értékkészlete a racionális számok halmaza. Ilyen sorozat létezik, mert a racionális
számok halmazának számossága megszámlálhatóan végtelen. A racionális számok
sűrűn helyezkednek el a számegyenesen, vagyis ω ∈ {ξ < η} esetén létezik olyan
n0 ∈ N, melyre ξ(ω) < rn0 < η(ω) teljesül. Így


ω ∈ {ξ < rn0} ∩ {η > rn0} ⊂
∞⋃


n=1


(
{ξ < rn} ∩ {η > rn}


)
,


melyből


{ξ < η} =
∞⋃


n=1


(
{ξ < rn} ∩ {η > rn}


)
∈ F .


3.4. Tétel


Ha ξ és η valószínűségi változók és c ∈ R, akkor a következő függvények is
valószínűségi változók: ξ + c ; cξ ; |ξ| ; ξ2 ; 1


ξ
, ha {ξ = 0} = ∅ ; ξ − η ; ξ + η ; ξη ;


ξ
η
, ha {η = 0} = ∅.


Bizonyítás. Az állítás a 3.3. tétel következménye az alábbiak miatt:
(1) {ξ + c < x} = {ξ < x − c} ∈ F minden x ∈ R esetén.


(2) {cξ < x} =





{
ξ < x


c


}
, ha c > 0,{


ξ > x
c


}
, ha c < 0,


Ω, ha c = 0 és x > 0,
∅, ha c = 0 és x ≤ 0.


(3) {|ξ| < x} =


∅, ha x ≤ 0,
{−x < ξ < x}, ha x > 0.


(4) {ξ2 < x} =


∅, ha x ≤ 0,{
−


√
x < ξ <


√
x
}
, ha x > 0.


(5)
{


1
ξ


< x
}


=



{ξ < 0}, ha x = 0,{
ξ > 1


x


}
∪ {ξ < 0}, ha x > 0,{


1
x


< ξ < 0
}
, ha x < 0.
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(6) {ξ − η < x} = {ξ < η + x} ∈ F minden x ∈ R esetén.
(7) A (2) és (6) pontokból következően ξ + η = ξ − (−η) valószínűségi változó.


(8) A korábbiak miatt ξη = 1
4


(
(ξ + η)2 − (ξ − η)2


)
valószínűségi változó.


(9) Az (5) és (8) pontokból következően ξ
η


= ξ · 1
η


valószínűségi változó.


3.1. Gyakoriság és relatív gyakoriság


3.5. Definíció


Legyen adott egy (Ω, F , P) n kísérletből álló Bernoulli-féle valószínűségi mező,
A egy kísérletének eseménye, továbbá


ξi : Ω → R, ξi(ω) :=


1, ha ω i-edik komponense eleme A-nak,
0, ha ω i-edik komponense eleme A-nak,


minden i ∈ {1, 2, . . . , n} esetén és ϱn := ξ1 + ξ2 + · · · + ξn. Ekkor a ϱn illetve
a ϱn


n
valószínűségi változókat2 az A esemény gyakoriságának illetve relatív


gyakoriságának nevezzük.


3.6. Tétel


Az előző definíció jelöléseit használva P(ϱn = k) =
(


n
k


)
pk(1 − p)n−k minden


k ∈ {0, 1, 2, . . . , n} esetén, ahol p = P(ξ1 = 1).


Bizonyítás. A {ϱn = k} esemény azt jelenti, hogy k-szor következett be az A esemény
és (n − k)-szor az A. Ez


(
n
k


)
-féleképpen valósulhat meg. Másrészt egy ilyen konkrét


esetnek a valószínűsége a függetlenség miatt pk(1−p)n−k, mert p = P(ξi = 1) minden
i ∈ {1, 2, . . . , n} esetén. Így a véges additivitásból adódik az állítás.


3.7. Megjegyzés. A 3.5. definícióban az a feltétel, hogy ω i-edik komponense eleme
A-nak, azt jelenti, hogy a kísérletsorozatban, az i-edik kísérletben az A esemény
következett be. Így ϱn azt adja meg, hogy n darab kísérletben, hányszor következett
be A. Ebből következik, hogy ϱn


n
a bevezetőben elmondottak szerinti értelemben az


A esemény relatív gyakorisága.
Például az A halmaz reprezentálja azt az eseményt, hogy dobókockával 6-ost


dobunk. Ekkor P( A ) = 5
6 és P(A) = 1


6 . Dobjunk háromszor a dobókockával. Az
eseménytér Ω = {1, 2, 3, 4, 5, 6}3. Legyen


ξi : Ω → R, ξi(ω) :=


1, ha ω i-edik komponense 6,
0, ha ω i-edik komponense nem 6,


2 Az itt megadott függvények a valószínűségi változó definíciójából és a 3.4. tételből következően
valóban valószínűségi változók.
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ahol i ∈ {1, 2, 3}. Ez azt jelenti, hogy a ξi értéke 1, ha az i-edik dobás a háromból 6-os
volt, 0 pedig ha nem. Ekkor a ϱ3 := ξ1 +ξ2 +ξ3 azt az értéket adja meg, hogy a három
dobásból hányszor kaptunk 6-ost. Ez a gyakoriság. Így a ϱ3


3 a relatív gyakoriságot
adja meg. A 3.6. tétel szerint annak a valószínűsége, hogy három kísérletből pontosan
egyszer dobunk 6-ost


P(ϱ3 = 1) =
(


3
1


)
· 1


6 ·
(5


6


)2
≈ 0,347.


3.2. Eloszlás
3.8. Definíció


Egy valószínűségi változót diszkrét valószínűségi változónak nevezzük, ha az
értékkészlete megszámlálható számosságú, azaz véges vagy megszámlálhatóan
végtelen.


3.9. Definíció


Ha ξ diszkrét valószínűségi változó, akkor azt a függvényt, amely minden
k ∈ Rξ-hez hozzárendeli a P(ξ = k) valószínűséget, a ξ eloszlásának nevezzük.


3.10. Tétel


Ha ξ diszkrét valószínűségi változó, akkor∑
k∈Rξ


P(ξ = k) = 1.


Másrészt, ha H ⊂ R megszámlálható számosságú halmaz és p : H → [0, 1]
olyan függvény, melyre ∑


k∈H


p(k) = 1


teljesül, akkor létezik olyan ξ diszkrét valószínűségi változó, hogy Rξ = H, és
minden k ∈ Rξ esetén P(ξ = k) = p(k) teljesül.


Bizonyítás. (1) {ξ = k} (k ∈ Rξ) teljes eseményrendszer, ezért


∑
k∈Rξ


P(ξ = k) = P
 ⋃


k∈Rξ


{ξ = k}


 = P(Ω) = 1.


(2) Legyen Ω := H, F az Ω hatványhalmaza és


P: F → R, P(A) :=
∑
k∈A


p(k).


Ekkor (Ω, F , P) valószínűségi mező, továbbá ξ : Ω → R, ξ(k) := k teljesíti a tétel
állításait.
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3.11. Megjegyzés. Az eloszlás definíciója korrekt, mert {ξ = k} ∈ F minden k ∈ R
esetén a 3.3. tétel szerint, így ezekhez a halmazokhoz lehet valószínűséget rendelni.


A gyakoriság és a relatív gyakoriság diszkrét valószínűségi változók. A 3.6. tételben
a gyakoriság eloszlását határoztuk meg, ezért a 3.10. tétel szerint (a binomiális tétellel
összhangban)


n∑
k=0


(
n


k


)
pk(1 − p)n−k = 1.


Legyen 15 labda között 9 új és 6 régi, melyekből hármat visszatevés nélkül
kiválasztunk. A ξ valószínűségi változó értéke legyen a kihúzott új labdák száma.
Ekkor a ξ eloszlásának értékei :


P(ξ = 0) = (6
3)


(15
3 ) = 20


455 , P(ξ = 1) =
9 ·
(


6
2


)
(


15
3


) = 135
455 ,


P(ξ = 2) = (9
2)·6


(15
3 ) = 216


455 , P(ξ = 3) =


(
9
3


)
(


15
3


) = 84
455 .


3.3. Eloszlásfüggvény
Mint azt később látni fogjuk, az eloszlás csak diszkrét esetben jellemzi megfelelően a
valószínűségi változót. Általános esetben az úgynevezett eloszlásfüggvény ad elegendő
információt.


3.12. Definíció


A ξ valószínűségi változó eloszlásfüggvényének az


Fξ : R → R, Fξ(x) := P(ξ < x)


függvényt nevezzük.


3.13. Megjegyzés. A valószínűségi változó definíciója miatt minden valószínűségi
változónak létezik eloszlásfüggvénye. Diszkrét esetben mégis az eloszlást használjuk,
mert annak felírása egyszerűbb.


Diszkrét valószínűségi változó eloszlásfüggvényének az értékkészlete megszámlál-
ható. Például a 3.11. megjegyzésben definiált diszkrét valószínűségi változó eloszlás-
függvénye


Fξ : R → R, Fξ(x) =





0, ha x ≤ 0,
20
455 , ha 0 < x ≤ 1,
155
455 , ha 1 < x ≤ 2,
371
455 , ha 2 < x ≤ 3,
1, ha x > 3,


azaz az Fξ értékkészlete 5 elemű.
Ha Fξ értékkészlete megszámlálható, abból még nem következik, hogy ξ diszkrét


valószínűségi változó. Másrészt ekkor mindig van olyan η diszkrét valószínűségi
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változó, melyre Fη = Fξ. Például legyen Ω := [0, 1] × [0, 1] és (Ω, F , P) geometriai
valószínűségi mező. Ekkor


ξ : Ω → R, ξ(x, y) :=



0, ha y < 0,5,
x, ha y = 0,5,
1, ha y > 0,5,


nem diszkrét valószínűségi változó, másrészt


Fξ : R → R, Fξ(x) =



0, ha x ≤ 0,
0,5, ha 0 < x ≤ 1,
1, ha x > 1,


vagyis Fξ értékkészlete megszámlálható. Az állítás másik felének a bizonyítását az
olvasóra bízzuk.


3.14. Lemma. Legyen F : R → R monoton növekvő függvény, a ∈ R ∪ {−∞, ∞}
és b ∈ R. Ha valamely ⟨xn⟩ : N → R szigorúan monoton növekvő (illetve csökkenő)
a-hoz konvergáló sorozat esetén teljesül, hogy


lim
n→∞


F (xn) = b, (3.1)


akkor
lim


x→a−0
F (x) = b (illetve lim


x→a+0
F (x) = b).


Ha a = ∞, akkor x → a − 0 az x → ∞ határátmenetet jelenti, illetve a = −∞
esetben az x → a + 0 az x → −∞ határátmenetet jelenti.


Bizonyítás. Legyen ⟨yn⟩ tetszőleges a-hoz konvergáló sorozat, melyre yn < a teljesül
minden n ∈ N esetén. Ekkor azt kell megmutatni, hogy lim


n→∞
F (yn) = b. A (3.1) miatt


ε > 0 esetén létezik olyan N(ε) ∈ N, hogy bármely n > N(ε) választással


|F (xn) − b| < ε. (3.2)


Másrészt k0 := N(ε) + 1 jelöléssel az xk0-hoz létezik M(ε) ∈ N, hogy minden m >
> M(ε) esetén xk0 < ym, továbbá ilyen m-ekhez létezik km ∈ N, hogy ym < xkm .
Az ⟨xn⟩ monoton növekedése miatt k0 < km. Az eddigiek alapján xk0 < ym < xkm ,
vagyis az F monoton növekedése miatt


F (xk0) ≤ F (ym) ≤ F (xkm). (3.3)


Mivel N(ε) < k0 < km, ezért (3.2) miatt b − ε < F (xk0) és F (xkm) < b + ε. Így (3.3)
alapján minden m > M(ε) esetén teljesül, hogy |F (ym) − b| < ε. Ebből következik
az állítás.
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3.15. Tétel


Legyen ξ valószínűségi változó. Ekkor teljesülnek a következők:


(F1) Fξ monoton növekvő,


(F2) lim
x→∞


Fξ(x) = 1,


(F3) lim
x→−∞


Fξ(x) = 0,


(F4) Fξ minden pontban balról folytonos.


Bizonyítás. (1) Legyen x1 < x2. Ha A1 = {ξ < x1} és A2 = {ξ < x2}, akkor
A1 ⊂ A2 teljesül, amiből P(A1) ≤ P(A2). Mivel P(A1) = P(ξ < x1) = Fξ(x1) és
P(A2) = P(ξ < x2) = Fξ(x2), ezért Fξ(x1) ≤ Fξ(x2).
(2) Legyen ⟨xn⟩ szigorúan monoton növekvő ∞-be divergáló sorozat és


An := {ξ < xn},


ahol n ∈ N. Ekkor An ⊂ An+1 minden n ∈ N esetén, továbbá
∞⋃


n=1
An = Ω.


Így a valószínűség folytonossága miatt


lim
n→∞


Fξ(xn) = lim
n→∞


P(An) = 1.


Ebből az előző pont és a 3.14. lemma alapján kapjuk az állítást.
(3) Legyen ⟨xn⟩ szigorúan monoton csökkenő −∞-be divergáló sorozat és


An := {ξ < xn},


ahol n ∈ N. Így An ⊃ An+1 teljesül minden n ∈ N esetén. Tegyük fel, hogy
∞⋂


n=1
An ̸= ∅.


Ekkor létezik ω ∈ Ω, melyre ω ∈ An teljesül minden n ∈ N esetén. Másrészt létezik
olyan m ∈ N, hogy xm < ξ(ω), hiszen ⟨xn⟩ sorozat alulról nem korlátos. Így viszont
ω ̸∈ Am, ami ellentmondás. Tehát


∞⋂
n=1


An = ∅.


Így a valószínűség folytonossága miatt


lim
n→∞


Fξ(xn) = lim
n→∞


P(An) = 0.
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Innen a 3.14. lemma alapján következik az állítás.


(4) Legyen a ∈ R tetszőleges, az ⟨xn⟩ sorozat szigorúan monoton növekvő, és konver-
gáljon a-hoz. Az An (n ∈ N) események jelöljék a {ξ < xn} halmazokat, továbbá az
A legyen a {ξ < a} esemény. Ekkor An ⊂ An+1 minden n ∈ N esetén, továbbá


A =
∞⋃


n=1
An.


Így a valószínűség folytonossága miatt


lim
n→∞


Fξ(xn) = lim
n→∞


P(An) = P(A) = Fξ(a).


Ebből a 3.14. lemma alapján adódik a tétel.


3.16. Tétel


Ha az F : R → R függvényre teljesülnek az (F1)–(F4) tulajdonságok, akkor
van olyan valószínűségi változó, melynek eloszlásfüggvénye F .


Bizonyítás. Legyen (Ω, F , P) egy geometriai valószínűségi mező, ahol Ω = (0, 1),
továbbá legyen


{F < ω} := {y ∈ R : F (y) < ω}, ω ∈ Ω.


Bebizonyítjuk, hogy ez nem üres és felülről korlátos halmaz minden ω ∈ Ω esetén.
Tegyük fel, hogy valamely ω ∈ Ω esetén {F < ω} = ∅. Ez azt jelenti, hogy minden
y ∈ R esetén F (y) ≥ ω. Ebből


lim
y→−∞


F (y) ≥ ω > 0,


ami ellentmond (F3)-nak. Tehát minden ω ∈ Ω esetén {F < ω} ̸= ∅. Most tegyük
fel, hogy létezik olyan ω ∈ Ω, melyre {F < ω} felülről nem korlátos. Ez azt jelenti,
hogy minden y ∈ R esetén létezik olyan y0 ∈ {F < ω}, melyre y < y0 teljesül. Ebből
F monoton növekedése miatt következik, hogy F (y) ≤ F (y0) < ω, tehát


lim
y→∞


F (y) ≤ ω < 1,


ami (F2) miatt ellentmondás. Tehát valóban minden ω ∈ Ω esetén {F < ω} nem
üres és felülről korlátos halmaz. Így sup{F < ω} ∈ R minden ω ∈ Ω esetén. Tehát
definiálhatunk egy ξ függvényt a következőképpen:


ξ : Ω → R, ξ(ω) := sup{F < ω}.


Megmutatjuk, hogy ekkor ξ valószínűségi változó és Fξ = F . Ennek érdekében
belátjuk, hogy minden x ∈ R esetén


{ξ < x} ⊂ (0, F (x)] (3.4)
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és
(0, F (x)) ⊂ {ξ < x} (3.5)


teljesül. Először tegyük fel, hogy ω ∈ {ξ < x}. Ez azt jelenti, hogy ξ(ω) < x,
ahol ω ∈ Ω. Ebből következően x ̸∈ {F < ω}, vagyis F (x) ≥ ω > 0, amiből (3.4)
teljesül. Tegyük fel, hogy (3.5) nem igaz, vagyis valamely x ∈ R esetén (0, F (x)) nem
részhalmaza {ξ < x}-nek. Emiatt létezik ω ∈ (0, F (x)), melyre ξ(ω) ≥ x teljesül.
Ekkor (F1) és (F4) miatt


F (x) ≤ F (ξ(ω)) = lim
y→ξ(ω)−0


F (y). (3.6)


Legyen y < ξ(ω) tetszőleges. Ekkor létezik y0 ∈ {F < ω} úgy, hogy y < y0. Ezt és
az F monotonitását felhasználva F (y) ≤ F (y0) < ω, melyből


lim
y→ξ(ω)−0


F (y) ≤ ω.


Ebből és (3.6) miatt kapjuk, hogy F (x) ≤ ω, ami ellentmond annak, hogy ω ∈
∈ (0, F (x)). Ezzel (3.5) is bizonyított. A (3.4) és (3.5) relációk miatt


{ξ < x} = (0, F (x)) vagy {ξ < x} = (0, F (x)]


teljesül minden x ∈ R esetén. Ebből következik egyrészt, hogy {ξ < x} ∈ F minden
x ∈ R esetén, vagyis ξ valószínűségi változó, másrészt Fξ(x) = P(ξ < x) = F (x).


3.17. Tétel


Ha ξ egy valószínűségi változó és a < b tetszőleges valós számok, akkor


P(a ≤ ξ < b) = Fξ(b) − Fξ(a).


Bizonyítás. A := {ξ < a} és B := {ξ < b} jelölésekkel P(B \ A) = P(B) − P(A)
teljesül, ami az állítást bizonyítja.


3.18. Tétel


Ha ξ valószínűségi változó és a ∈ R, akkor Fξ-nek létezik a-ban a jobb oldali
határértéke, és


lim
x→a+0


Fξ(x) = P(ξ = a) + Fξ(a).


x


y


a


Fξ(a)


lim
x→a+0


Fξ(x)


Fξ


P(ξ = a)
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Bizonyítás. Legyen ⟨xn⟩ egy szigorúan monoton csökkenő a-hoz konvergáló sorozat.
Ekkor a 3.17. tétel alapján minden n ∈ N esetén


P(a ≤ ξ < xn) = Fξ(xn) − Fξ(a).


Mivel An := {a ≤ ξ < xn} jelöléssel An ⊃ An+1 minden n ∈ N esetén, továbbá
∞⋂


n=1
An = {ξ = a},


ezért a valószínűség folytonossága miatt


lim
n→∞


Fξ(xn) = Fξ(a) + lim
n→∞


P(An) = Fξ(a) + P(ξ = a).


Ebből a 3.14. lemma alapján kapjuk a tételt.


3.19. Következmény


A ξ valószínűségi változó Fξ eloszlásfüggvénye akkor és csak akkor folytonos
a ∈ R-ben, ha P(ξ = a) = 0. Emiatt, ha az Fξ mindenütt folytonos, akkor
a, b ∈ R, a < b esetén


Fξ(b)−Fξ(a) = P(a ≤ ξ < b) = P(a < ξ < b) = P(a < ξ ≤ b) = P(a ≤ ξ ≤ b).


3.4. Sűrűségfüggvény
A sűrűség fogalmával már a középiskolában is találkoztunk. Például a tömegsűrűséggel.
Ez egy homogén anyag esetében az egységnyi térfogatra jutó tömeget jelenti, ami
egyetlen számadat. Inhomogén testnél már nem ilyen egyszerű a helyzet. Ebben az
esetben pontról-pontra változhat ez az érték. Így ekkor sűrűségfüggvényről beszélünk.
A valószínűségszámításban a sűrűség egy valószínűségi változóra fog vonatkozni,
pontosabban arra, hogy mekkora valószínűséggel vesz fel egy egységnyi intervallumbeli
értéket. Nem konstans valószínűségi változó esetén, hasonlóan a tömegsűrűséghez,
itt is egy függvényt kapunk. Ennek meghatározása érdekében vizsgáljuk meg, hogy ξ
mekkora valószínűséggel lehet egy [x, x + ε) intervallumban, ahol x ∈ R és ε > 0 :


P(x ≤ ξ < x + ε) = Fξ(x + ε) − Fξ(x).


Ez az érték az adott ε hosszúságú intervallumra jutó valószínűség. Ebből erre az
intervallumra vonatkozó átlagsűrűséget úgy kapjuk meg, ha elosztjuk az intervallum
hosszával. Ha ε értékét ezután egyre kisebbre választjuk meg, akkor egyre jobban
megközelítjük az x pontra vonatkozó sűrűséget. Tehát a sűrűségfüggvény az x pontban


lim
ε→0


Fξ(x + ε) − Fξ(x)
ε


= F ′
ξ(x),


azaz az eloszlásfüggvény deriváltfüggvénye. Ehhez azonban az kell, hogy Fξ differen-
ciálható legyen. De ha a sűrűségfüggvényt nem az eloszlásfüggvény deriváltjaként,
hanem egy olyan függvényként definiálnánk, amelynek integrálja az eloszlásfüggvény,
akkor már egy általánosabb fogalomhoz juthatunk.
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3.20. Definíció


A ξ valószínűségi változót abszolút folytonosnak nevezzük, ha létezik olyan
fξ : R → [0, ∞) függvény, melyre


Fξ(x) =
x∫


−∞


fξ(t) dt


teljesül minden x ∈ R esetén. Ekkor fξ-t a ξ sűrűségfüggvényének nevezzük.


3.21. Feladat. Legyen Ω := [0, 1] és (Ω, F , P) geometriai valószínűségi mező, továbbá
ξ : Ω → R, ξ(x) := x. Bizonyítsuk be, hogy ξ abszolút folytonos valószínűségi változó!


Megoldás. A ξ definíció szerint valószínűségi változó, továbbá


Fξ : R → R, Fξ(x) =



0, ha x ≤ 0,
x, ha 0 < x ≤ 1,
1, ha x > 1.


Legyen


fξ : R → R, fξ(x) :=


1, ha 0 < x < 1,
0 különben.


Ekkor fξ a ξ sűrűségfüggvénye, hiszen nemnegatív függvény és minden x ∈ R esetén
Fξ(x) =


x∫
−∞


fξ(t) dt.


3.22. Megjegyzés. Ha ξ abszolút folytonos valószínűségi változó sűrűségfüggvénye fξ,
akkor például a


g : R → R, g(x) =


fξ(x), ha x ̸= 0,
fξ(0) + 1, ha x = 0


függvény is sűrűségfüggvénye ξ-nek. Ebből következően ξ-nek végtelen sok sűrű-
ségfüggvénye van. Bizonyítható, hogy ezek a függvények csak egy Lebesgue-szerint
nullmértékű halmazon különböznek egymástól, azaz majdnem mindenütt megegyez-
nek.


A Riemann-integrálhatóságra vonatkozó Lebesgue-kritérium szerint a sűrűség-
függvény majdnem mindenütt folytonos.


3.23. Tétel


Ha ξ abszolút folytonos valószínűségi változó, a, b ∈ R és a < b, akkor


P(a ≤ ξ < b) =
b∫
a


fξ(x) dx.
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Bizonyítás. A 3.17. tétel és fξ definíciója alapján


P(a ≤ ξ < b) = Fξ(b) − Fξ(a) =
b∫


−∞


fξ(x) dx −
a∫


−∞


fξ(x) dx =
b∫
a


fξ(x) dx.


3.24. Tétel


Ha a ξ valószínűségi változó abszolút folytonos, akkor az eloszlásfüggvénye
folytonos és majdnem mindenütt differenciálható – ahol a sűrűségfüggvény
folytonos –, továbbá a differenciálható pontokban F ′


ξ(x) = fξ(x).


Bizonyítás. Legyen x0 ∈ R és ⟨xn⟩ : N → R szigorúan monoton csökkenő x0-hoz
konvergáló sorozat. Ekkor


⟨an⟩ : N → R, an :=
xn∫
x0


fξ(t) dt


monoton csökkenő alulról korlátos valós számsorozat. Ebből ⟨an⟩ konvergens. Így


lim
x→x0+0


Fξ(x) − Fξ(x0) = lim
n→∞


(
Fξ(xn) − Fξ(x0)


)
= lim


n→∞


xn∫
x0


fξ(t) dt =


= lim
n→∞


lim
m→∞


xn∫
xn+m


fξ(t) dt = lim
n→∞


lim
m→∞


(an − an+m) = 0.


Tehát Fξ jobbról folytonos, melyből (F4) alapján következik Fξ folytonossága.
Ha az fξ folytonos az x0 ∈ R pontban, akkor adott ε > 0 esetén létezik olyan


δ > 0, hogy minden x ∈ R, |x − x0| < δ esetén |fξ(x) − fξ(x0)| < ε teljesül. Ezért
minden x ∈ R, |x − x0| < δ esetén


∣∣∣∣∣Fξ(x) − Fξ(x0)
x − x0


− fξ(x0)
∣∣∣∣∣ =


∣∣∣∣∣∣∣
1


x − x0


x∫
x0


fξ(t) dt − fξ(x0)


∣∣∣∣∣∣∣ =


=


∣∣∣∣∣∣∣
1


x − x0


x∫
x0


(
fξ(t) − fξ(x0)


)
dt


∣∣∣∣∣∣∣ <
1


|x − x0|
ε|x − x0| = ε,


így az Fξ eloszlásfüggvény x0-ban differenciálható és F ′
ξ(x0) = fξ(x0).


A következő tétel az integrál intervallum feletti additivitásából és a Newton –
Leibniz-tételből következik.
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3.25. Tétel


Legyen ξ valószínűségi változó. Ha Fξ folytonos R-en és véges sok ponttól
eltekintve mindenhol differenciálható, akkor ξ abszolút folytonos és


fξ(x) = F ′
ξ(x)


minden olyan x esetén, ahol Fξ differenciálható.


3.26. Megjegyzés. A 3.24. tétel értelmében, ha Fξ nem folytonos, akkor ξ nem abszolút
folytonos. Így ha ξ diszkrét valószínűségi változó, akkor nem létezik sűrűségfüggvénye,
azaz nem abszolút folytonos. Ha ξ abszolút folytonos, akkor az Fξ folytonossága
miatt az Fξ értékkészlete nem megszámlálható, tehát nem diszkrét.


Létezik olyan ξ valószínűségi változó, amely nem abszolút folytonos és nem is
diszkrét. Például legyen


F : R → R, F (x) :=



0, ha x ≤ 0,
x, ha 0 < x ≤ 0,5,
1, ha x > 0,5.


Ekkor F -re teljesülnek az (F1)–(F4) tulajdonságok, így a 3.16. tétel alapján létezik
olyan ξ valószínűségi változó, melynek eloszlásfüggvénye F . Mivel F értékkészlete
nem megszámlálható, ezért a 3.13. megjegyzés alapján ξ nem lehet diszkrét. Másrészt
F az x = 0,5 pontban nem folytonos, tehát a 3.24. tétel miatt ξ abszolút folytonos
sem lehet.


Abszolút folytonos ξ valószínűségi változó esetén a 3.24. tétel és a 3.19. követ-
kezmény miatt P(ξ = x) = 0 minden x ∈ R-re. Így mindegy, hogy írunk-e vagy sem
egyenlőséget a 3.23. tételben P(a ≤ ξ < b)-ben.


3.27. Tétel


Ha ξ abszolút folytonos valószínűségi változó, akkor
∞∫


−∞


fξ(x) dx = 1.


Bizonyítás.
∞∫


−∞


fξ(x) dx = lim
t→∞


t∫
−∞


fξ(x) dx = lim
t→∞


Fξ(t) = 1.


3.28. Megjegyzés. A 3.24. tétel megfordítása nem igaz. Azaz, ha egy ξ valószínűségi
változó Fξ eloszlásfüggvénye folytonos, akkor még nem biztos, hogy ξ abszolút
folytonos. (Az Fξ differenciálhatóságát majdnem mindenütt azért nem tettük fel külön,
mert ez már következik az Fξ folytonosságból és monoton növekedéséből.) Ugyanis van
olyan folytonos eloszlásfüggvény, melynek a deriváltja majdnem mindenütt nulla. Így
ebben az esetben, ha feltesszük, hogy ez egy abszolút folytonos valószínűségi változó
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eloszlásfüggvénye, akkor azt kapnánk a 3.24. tétel miatt, hogy a sűrűségfüggvénye
majdnem mindenütt nulla, ami ellentmond a 3.27. tételnek.


3.29. Tétel


Ha f : R → [0, ∞) függvény esetén
∞∫


−∞


f(x) dx = 1,


akkor létezik olyan ξ abszolút folytonos valószínűségi változó, melynek sűrű-
ségfüggvénye f .


Bizonyítás. A sűrűségfüggvény definíciója és a 3.16. tétel miatt elég azt bizonyítani,
hogy az


F : R → R, F (x) :=
x∫


−∞


f(t) dt


függvényre teljesülnek az (F1)–(F4) tulajdonságok. A definíció korrekt, ugyanis f
integrálható R-en, ezért bármely részintervallumán is integrálható. Így F minden
x-re értelmezett.
(1) Legyen x1 < x2 valós számok. Az f nemnegatív, tehát


F (x1) =
x1∫


−∞


f(t) dt ≤
x1∫


−∞


f(t) dt +
x2∫
x1


f(t) dt =
x2∫


−∞


f(t) dt = F (x2),


ami azt jelenti, hogy F monoton növekvő.


(2) lim
x→∞


F (x) = lim
x→∞


x∫
−∞


f(t) dt =
∞∫


−∞


f(t) dt = 1.


(3) Legyen ⟨xn⟩ szigorúan monoton csökkenő −∞-be divergáló sorozat. Ekkor az f
nemnegativitása miatt


xn∫
−∞


f(t) dt


monoton csökkenő, alulról korlátos sorozat, melynek 0 alsó korlátja. Ezért létezik az


a := lim
n→∞


xn∫
−∞


f(t) dt ≥ 0


határérték. Tegyük fel, hogy a > 0. Mivel


a ≤
xn∫


−∞


f(t) dt = lim
m→∞


xn∫
−m


f(t) dt,
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ezért minden n ∈ N esetén létezik N(n) ∈ N, hogy


a


2 ≤
xn∫


−N(n)


f(t) dt.


Az ⟨xn⟩ tulajdonságai miatt létezik egy olyan ⟨nm⟩ : N → N szigorúan monoton
növekvő sorozat, melyre xnm+1 ≤ −N(nm) teljesül minden m ∈ N esetén. Így


k
a


2 ≤
xn1∫


−N(n1)


f(t) dt +
xn2∫


−N(n2)


f(t) dt + · · · +
xnk∫


−N(nk)


f(t) dt ≤
xn1∫


−N(nk)


f(t) dt ≤
∞∫


−∞


f(t) dt = 1,


azaz k ≤ 2
a


teljesül minden k ∈ N esetén, ami ellentmondás, így


lim
n→∞


F (xn) = 0.


Mivel az F monoton növekvő, ezért a 3.14. lemma miatt lim
x→−∞


F (x) = 0.


(4) Végül a 3.24. tételhez hasonlóan bizonyítható, hogy F folytonos.


3.30. Feladat. Legyen f : R → R, f(x) := a
x2+4 . Milyen a ∈ R esetén létezik abszolút


folytonos ξ valószínűségi változó, melynek f a sűrűségfüggvénye? Határozzuk meg ξ
eloszlásfüggvényét!


Megoldás. A 3.29. tétel alapján
∞∫


−∞


a


x2 + 4 dx = a


2


∞∫
−∞


1
2(


x
2


)2
+ 1


dx = a


2


[
arctg x


2


]∞


−∞
= aπ


2 = 1,


melyből a = 2
π


teljesül. Ekkor f nem negatív, ezért ilyen a érték mellett f sűrűség-
függvény. Így létezik egy olyan ξ valószínűségi változó, melynek


f : R → R, f(x) = 2
π(x2 + 4)


a sűrűségfüggvénye. Az ehhez tartozó eloszlásfüggvény definíció szerint


Fξ(x) =
x∫


−∞


fξ(t) dt = 1
π


x∫
−∞


1
2(


t
2


)2
+ 1


dt = 1
π


[
arctg t


2


]x


−∞
= 1


π
arctg x


2 + 1
2 .


3.31. Megjegyzés. Létezik nem korlátos sűrűségfüggvény is. Például legyen


f : R → R, f(x) :=



1


2
√


x
, ha 0 < x < 1,


0, különben.


Ekkor f a 3.29. tételből következően sűrűségfüggvény, másrészt nem korlátos. A
bizonyítást az olvasóra bízzuk. Lássuk be azt is, hogy ez nem más, mint a ké-
sőbbiekben tárgyalt [0,1]-en egyenletes eloszlású valószínűségi változó négyzetének
sűrűségfüggvénye.
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3.32. Tétel


Legyen ξ abszolút folytonos valószínűségi változó. Ekkor ξ2 is abszolút folytonos,
továbbá


fξ2 : R → R, fξ2(x) =



1


2
√


x


(
fξ(


√
x ) + fξ(−


√
x )
)


, ha x > 0,


0, ha x ≤ 0.


Bizonyítás. Ha x > 0, akkor


Fξ2(x) = P(ξ2 < x) = P(−
√


x < ξ <
√


x ) = Fξ(
√


x ) − Fξ(−
√


x ),


másrészt
x∫
0


1
2
√


t


(
fξ


(√
t
)


+ fξ


(
−


√
t
))


dt =


√
x∫


0


(
fξ(u) + fξ(−u)


)
du =


√
x∫


0


fξ(u) du +


+


√
x∫


0


fξ(−v) dv =


√
x∫


0


fξ(u) du −
−


√
x∫


0


fξ(y) dy = Fξ(
√


x ) − Fξ(0)−


−
(


Fξ(−
√


x ) − Fξ(0)
)


= Fξ(
√


x ) − Fξ(−
√


x ).


Az integrálásban az u =
√


t és y = −v helyettesítéseket alkalmaztuk. Tehát


Fξ2(x) =
x∫


−∞


fξ2(t) dt,


ha x > 0. Ugyanez triviálisan teljesül, ha x ≤ 0.


3.33. Tétel


Legyen ξ abszolút folytonos valószínűségi változó. Ekkor |ξ| is abszolút folyto-
nos, továbbá


f|ξ| : R → R, f|ξ|(x) =


fξ(x) + fξ(−x), ha x > 0,
0, ha x ≤ 0.


Bizonyítás. Ha x > 0, akkor


F|ξ|(x) = P(|ξ| < x) = P(−x < ξ < x) = Fξ(x) − Fξ(−x),


másrészt
x∫
0


(
fξ(t) + fξ(−t)


)
dt =


x∫
0


fξ(t) dt +
x∫
0


fξ(−u) du =
x∫
0


fξ(t) dt −
−x∫
0


fξ(v) dv =
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= Fξ(x) − Fξ(0) −
(


Fξ(−x) − Fξ(0)
)


= Fξ(x) − Fξ(−x).


Az integrálásban a v = −u helyettesítést alkalmaztuk. Így


F|ξ|(x) =
x∫


−∞


f|ξ|(t) dt,


ha x > 0. Ugyanez triviálisan teljesül, ha x ≤ 0, tehát igaz a tétel.


3.34. Feladat. A 3.30. feladatban definiált ξ esetén határozzuk meg ξ2 és |ξ|
sűrűségfüggvényeit !


Megoldás. Mivel


1
2
√


x


(
fξ


(√
x
)


+ fξ


(
−


√
x
))


= 2
π


√
x(x + 4) ,


ezért


fξ2 : R → R, fξ2(x) =



2


π
√


x(x+4) , ha x > 0,
0, ha x ≤ 0.


Másrészt
fξ(x) + fξ(−x) = 4


π(x2 + 4) ,


így


f|ξ| : R → R, f|ξ|(x) =



4


π(x2+4) , ha x > 0,
0, ha x ≤ 0.







4. fejezet


Kétdimenziós eloszlások


A gyakorlatban sok olyan eset van, amikor két valószínűségi változó együttes viselke-
dését kell vizsgálni. Azonban a valószínűségi változók külön-külön vett eloszlása ezt
nem határozza meg. Ezért vezetjük be a következő fogalmakat.


4.1. Definíció


Legyenek ξ és η valószínűségi változók. Ekkor a (ξ, η) rendezett elempárt
valószínűségi vektorváltozónak nevezzük.


4.1. Együttes eloszlás


4.2. Definíció


Legyenek ξ és η diszkrét valószínűségi változók. Ezek együttes eloszlásán azt a
függvényt értjük, amely minden (k, l) ∈ Rξ × Rη elemhez hozzárendeli a


P(ξ = k, η = l) := P({ξ = k} ∩ {η = l})


valószínűséget.


A következő tétel a 3.10. tételhez hasonlóan bizonyítható.


4.3. Tétel


A ξ és η diszkrét valószínűségi változók együttes eloszlására teljesül, hogy∑
k∈Rξ


∑
l∈Rη


P(ξ = k, η = l) = 1.


Másrészt, ha H1, H2 ⊂ R megszámlálható számosságú halmazok és p : H1 ×
× H2 → [0, 1] olyan függvény, melyre∑


k∈H1


∑
l∈H2


p(k, l) = 1


45
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teljesül, akkor létezik olyan valószínűségi mező és azon ξ és η diszkrét valószínű-
ségi változók, melyekre Rξ = H1 és Rη = H2, továbbá minden (k, l) ∈ H1 × H2
esetén P(ξ = k, η = l) = p(k, l).


4.4. Definíció


Legyenek ξ és η diszkrét valószínűségi változók. Ekkor a ξ és η eloszlásait a
(ξ, η) valószínűségi vektorváltozó peremeloszlásainak nevezzük.


Amint láttuk, a peremeloszlásokból nem tudunk következtetni az együttes elosz-
lásra. Viszont fordítva már igen, azaz az együttes eloszlás meghatározza a peremel-
oszlásokat. Erről szól a következő tétel.


4.5. Tétel


Legyenek ξ és η diszkrét valószínűségi változók. Ekkor a (ξ, η) peremeloszlásaira


P(ξ = k) =
∑


l∈Rη


P(ξ = k, η = l) és P(η = l) =
∑


k∈Rξ


P(ξ = k, η = l)


teljesül minden k ∈ Rξ és l ∈ Rη esetén.


Bizonyítás. A valószínűség additivitása és ⋃l∈Rη
{η = l} = Ω miatt


∑
l∈Rη


P(ξ = k, η = l) = P
 ⋃


l∈Rη


({ξ = k} ∩ {η = l})
 =


= P
{ξ = k} ∩


( ⋃
l∈Rη


{η = l}
) = P(ξ = k).


Az állítás másik fele hasonlóan bizonyítható.


4.2. Együttes eloszlásfüggvény


4.6. Definíció


A ξ és η valószínűségi változók együttes eloszlásfüggvényén az


Fξ,η : R2 → R, Fξ,η(x, y) := P(ξ < x, η < y) := P({ξ < x} ∩ {η < y})


függvényt értjük. Az Fξ és Fη függvényeket a (ξ, η) valószínűségi vektorváltozó
perem-eloszlásfüggvényeinek nevezzük.
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4.7. Tétel


Az Fξ,η : R2 → R együttes eloszlásfüggvényre teljesülnek a következő tulajdon-
ságok:


(1) Fξ,η mindkét változójában monoton növekedő,


(2) lim
x→∞
y→∞


Fξ,η(x, y) = 1,


(3) lim
x→−∞


F (x, y) = 0, lim
y→−∞


Fξ,η(x, y) = 0


(4) Fξ,η mindkét változójában balról folytonos,


(5) Fξ,η(b1, b2) − Fξ,η(b1, a2) − Fξ,η(a1, b2) + Fξ,η(a1, a2) ≥ 0 minden a1 < b1,
a2 < b2 valós számok esetén.


Bizonyítás. Az (1)–(4) tulajdonságok következnek a 3.15. tételből. Az (5)-höz azt
fogjuk megmutatni, hogy


Fξ,η(b1, b2) − Fξ,η(b1, a2) − Fξ,η(a1, b2) + Fξ,η(a1, a2) =
= P(a1 ≤ ξ < b1, a2 ≤ η < b2), (4.1)


ami nem lehet negatív. A bizonyításhoz definiáljuk az


A := {ξ < b1} ∩ {η < b2},


B := {ξ < b1} ∩ {η < a2},


C := {ξ < a1} ∩ {η < b2},


D := {ξ < a1} ∩ {η < a2},


E := {a1 ≤ ξ < b1} ∩ {a2 ≤ η < b2}


halmazokat. Ekkor A = E ∪B ∪(C \D), mely diszjunkt felbontás, így D ⊂ C alapján


P(A) = P(E) + P(B) + P(C \ D) = P(E) + P(B) + P(C) − P(D)


következik, ami ekvivalens a (4.1) állítással.


4.8. Tétel


Az előző tétel megfordítása is igaz. Azaz, ha az F : R2 → R függvényre
teljesüljenek az (1)–(5) tulajdonságok, akkor vannak olyan ξ és η valószínűségi
változók, melyeknek az együttes eloszlásfüggvénye F .







48 4. fejezet. Kétdimenziós eloszlások


4.9. Tétel


Legyen (ξ, η) egy valószínűségi vektorváltozó. Ekkor a perem-eloszlásfüggvé-
nyekre fennállnak az


Fξ(x) = lim
y→∞


Fξ,η(x, y) és Fη(y) = lim
x→∞


Fξ,η(x, y)


összefüggések minden x, y ∈ R esetén.


Bizonyítás. Legyen ⟨yn⟩ : N → R egy ∞-be divergáló szigorúan monoton növekvő
sorozat, továbbá


An := {ξ < x} ∩ {η < yn}


minden n ∈ N esetén. Ekkor
∞⋃


n=1
An = {ξ < x} és a valószínűség folytonossága miatt


lim
n→∞


P(An) = P
 ∞⋃


n=1
({ξ < x} ∩ {η < yn})


 = P(ξ < x) = Fξ(x).


Ebből a 3.14. lemma alapján kapjuk az állítás első felét. A másik állítás hasonlóan
bizonyítható.


4.3. Együttes sűrűségfüggvény


4.10. Definíció


A (ξ, η) valószínűségi vektorváltozót abszolút folytonosnak, illetve a ξ, η valószí-
nűségi változók együttes eloszlását abszolút folytonosnak nevezzük, ha létezik
olyan fξ,η : R2 → R nemnegatív függvény, melyre


Fξ,η(x, y) =
x∫


−∞


y∫
−∞


fξ,η(u, v) dv du


teljesül minden x, y ∈ R esetén. Ekkor az fξ,η függvényt a (ξ, η) valószínűségi
vektorváltozó sűrűségfüggvényének, illetve a ξ, η valószínűségi változók együttes
sűrűségfüggvényének nevezzük. Az fξ és fη függvényeket a (ξ, η) valószínűségi
vektorváltozó perem-sűrűségfüggvényeinek nevezzük.


4.11. Tétel


Legyen (ξ, η) abszolút folytonos valószínűségi vektorváltozó. Ekkor a ξ és η
valószínűségi változó is abszolút folytonos, vagyis léteznek a perem-sűrűség-
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függvények, továbbá


fξ(x) =
∞∫


−∞


fξ,η(x, y) dy és fη(y) =
∞∫


−∞


fξ,η(x, y) dx


minden x, y ∈ R esetén.


Bizonyítás. A 4.9. tétel miatt


Fξ(x) = lim
y→∞


Fξ,η(x, y) = lim
y→∞


x∫
−∞


y∫
−∞


fξ,η(u, v) dv du =
x∫


−∞



∞∫


−∞


fξ,η(u, v) dv


 du,


ami a ξ sűrűségfüggvényének definíciója szerint az állítással ekvivalens. A másik
állítás hasonlóan bizonyítható.


4.12. Tétel


Az fξ,η : R2 → R együttes sűrűségfüggvényre teljesül, hogy


∞∫
−∞


∞∫
−∞


fξ,η(x, y) dx dy = 1.


Bizonyítás. A 4.11. tételből
∞∫


−∞


∞∫
−∞


fξ,η(x, y) dx dy =
∞∫


−∞


fξ(x) dx = 1.


Az előző tétel megfordítása is igaz.
4.13. Tétel


Ha az f : R2 → R nemnegatív függvényre
∞∫


−∞


∞∫
−∞


f(x, y) dx dy = 1


teljesül, akkor léteznek olyan ξ és η valószínűségi változók, melyeknek az
együttes sűrűségfüggvénye f .


A 4.11. tétel megfordítása nem igaz. Vagyis két abszolút folytonos valószínűségi
változónak nem mindig van együttes sűrűségfüggvénye. Például amikor ξ = η. Ugyanis
tegyük fel, hogy ez nem igaz, azaz létezik fξ,ξ. Ekkor Fξ,ξ(x, x) = Fξ(x) miatt


x∫
−∞


x∫
−∞


fξ,ξ(u, v) dv du =
x∫


−∞


fξ(u) du
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minden x ∈ R esetén. Ebből következik, hogy


x∫
−∞


fξ,ξ(u, v) dv = fξ(u)


minden x ∈ R és majdnem minden u-ra. De ez csak úgy lehetséges, ha fξ,ξ(u, v) = 0
majdnem minden u-ra és v-re, ami ellentmond a 4.12. tételnek.


4.4. Valószínűségi változók függetlensége


4.14. Definíció


A ξ1, ξ2, . . . , ξn valószínűségi változókat függetleneknek nevezzük, ha minden
x1, x2, . . . , xn ∈ R esetén


P
(


n⋂
k=1


{ξk < xk}
)


=
n∏


k=1
P(ξk < xk)


teljesül. A ξ1, ξ2, . . . , ξn valószínűségi változók páronként függetlenek, ha közülük
bármely kettő független. Végtelen sok valószínűségi változót függetleneknek
nevezzük, ha bármely véges részrendszere független.


4.15. Lemma. Ha ξ és η független valószínűségi változók, akkor minden a < b és
c < d valós számok esetén


P(a ≤ ξ < b) P(c ≤ η < d) = P(a ≤ ξ < b, c ≤ η < d).


Bizonyítás. Legyen A := {ξ < a}, B := {ξ < b}, C := {η < c} és D := {η < d}.
Ekkor A ⊂ B, C ⊂ D, a függetlenség és (4.1) miatt


P(a ≤ ξ < b) P(c ≤ η < d) = P(B \ A) P(D \ C) =
=
(
P(B) − P(A)


)(
P(D) − P(C)


)
=


= P(B) P(D) − P(B) P(C) − P(A) P(D) + P(A) P(C) =
= Fξ,η(b, d) − Fξ,η(b, c) − Fξ,η(a, d) + Fξ,η(a, c) = P(a ≤ ξ < b, c ≤ η < d).


4.16. Tétel


A ξ és η diszkrét valószínűségi változók pontosan akkor függetlenek, ha


P(ξ = k, η = l) = P(ξ = k) P(η = l) (4.2)


teljesül minden k ∈ Rξ és l ∈ Rη esetén.
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Bizonyítás. (1) Először tegyük fel, hogy ξ és η függetlenek, továbbá k ∈ Rξ és l ∈ Rη.
Ekkor Ak,n := {k ≤ ξ < k + 1


n
} és Bl,n := {l ≤ η < l + 1


n
} (n ∈ N) jelöléssel a


valószínűség folytonossága miatt


P(ξ = k) = P
( ∞⋂


n=1
Ak,n


)
= lim


n→∞
P(Ak,n)


és
P(η = l) = P


( ∞⋂
n=1


Bl,n


)
= lim


n→∞
P(Bl,n).


Ezt, a 4.15. lemmát és a valószínűség folytonosságát felhasználva kapjuk, hogy


P(ξ = k) P(η = l) = lim
n→∞


P(Ak,n) P(Bl,n) = lim
n→∞


P(Ak,n ∩ Bl,n) =


= P
( ∞⋂


n=1
(Ak,n ∩ Bl,n)


)
= P(ξ = k, η = l).


(2) Most tegyük fel, hogy (4.2) igaz minden k ∈ Rξ és l ∈ Rη esetén. Legyen x, y ∈ R,
A := {k ∈ Rξ : k < x} és B := {l ∈ Rη : l < y}. Ekkor


P(ξ < x, η < y) = P
⋃


k∈A


{ξ = k},
⋃
l∈B


{η = l}


 =


=
∑
k∈A


∑
l∈B


P(ξ = k, η = l) =
∑
k∈A


∑
l∈B


P(ξ = k) P(η = l) =


= P
⋃


k∈A


{ξ = k}


P
⋃


l∈B


{η = l}


 = P(ξ < x) P(η < y),


azaz ξ és η függetlenek.


4.17. Tétel


Legyen (ξ, η) egy abszolút folytonos valószínűségi vektorváltozó. Ekkor ξ és
η pontosan akkor függetlenek, ha fξ,η(x, y) = fξ(x)fη(y) teljesül majdnem
minden (x, y) ∈ R2 pontban.


Bizonyítás. A tétel az együttes sűrűségfüggvény és a függetlenség definíciójából
következik, továbbá abból, hogy


Fξ(x)Fη(y) =
x∫


−∞


fξ(u) du


y∫
−∞


fη(v) dv =
x∫


−∞


y∫
−∞


fξ(u)fη(v) dv du.







5. fejezet


Valószínűségi változók paraméterei


5.1. Várható érték
Egy kockajátékban 2 forintot veszítünk, ha 1-est, 2-est vagy 3-ast dobunk, 3 forintot
veszítünk, ha 4-est vagy 5-öst dobunk, továbbá 6 forintot nyerünk, ha 6-ost dobunk.
Kérdés, hogy érdemes-e játszani ezt a játékot, azaz hosszú távon nyerünk vagy
vesztünk? Például, ha ötször játszunk és a dobássorozat eredménye 2, 6, 1, 2, 4,
akkor egy játékban átlagban (−2 + 6 − 2 − 2 − 3) : 5 = −0,6 forintot „nyertünk”,
azaz 0,6 forintot veszítettünk. Ezt általánosítva, ha n dobásból k1-szer veszítünk 2
forintot, k2-ször veszítünk 3 forintot és k3-szor nyerünk 6 forintot, akkor egy játékban
az átlagos nyereményünk


−2 · k1 + (−3) · k2 + 6 · k3


n
= −2 · k1


n
+ (−3) · k2


n
+ 6 · k3


n
.


A későbbiekben tárgyalt Bernoulli-féle nagy számok törvénye pontosan azt fejezi ki,
mint a jegyzet bevezetésében leírt gyakorlati tapasztalat, vagyis nagy számú kísérlet
esetén a relatív gyakoriság a valószínűség körül ingadozik. Így


−2 · k1


n
+ (−3) · k2


n
+ 6 · k3


n
≈


≈ −2 P(ξ = −2) + (−3) P(ξ = −3) + 6 P(ξ = 6) =


= −2 · 1
2 − 3 · 1


3 + 6 · 1
6 = −1,


ahol ξ az egy játékbeli nyereményt jelenti. Ezt a számot a ξ várható értékének
nevezzük. Mivel ez most negatív, ezért ezt a játékot hosszútávon nem éri meg
játszani.


Általánosabban, ha a ξ diszkrét valószínűségi változó lehetséges értékei x1, . . . , xm


és ξi az i-edik kísérletben mért értéke ξ-nek, akkor a kísérletek számának (n) növelé-
sével a ξ átlagos értéke egy kísérletben, vagyis a


ξ1 + ξ2 + · · · + ξn


n
(5.1)


számtani közép értéke egyre kisebb mértékben ingadozik


x1 P(ξ = x1) + x2 P(ξ = x2) + · · · + xm P(ξ = xm) (5.2)
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körül, mely a ξ várható értéke. De nem csak véges értékkészletű valószínűségi változók
esetén tapasztalható az (5.1) számtani közép ilyen „konvergens” viselkedése. A
továbbiakban ki fogjuk terjeszteni a várható érték fogalmát minden ilyen tulajdonságú
valószínűségi változóra. A nagy számok gyenge törvényénél fogjuk látni, hogy az így
kapott definíció megfelel az elvártaknak.


A kiterjesztéshez először vegyük észre, hogy tetszőleges nemnegatív értékű ξ
esetén úgy kaphatunk az (5.2) összeggel analóg formulát, ha ξ-t kis intervallumokon
az intervallum alsó végpontjával helyettesítjük. Például 0 ≤ x1 < x2 < · · · < xm


osztópontokkal megadott beosztás esetén a várható értéket közelítsük az


x1 P(x1 ≤ ξ < x2) + · · · + xm−1 P(xm−1 ≤ ξ < xm) + xm P(xm ≤ ξ)


összeggel. A közelítés annál pontosabb, minél finomabb a beosztás. A beosztás
finomításával a fenti összeg a ξ nemnegativitása miatt nem csökkenhet, így a beosztás
minden határon túl való finomítása során a fenti összegek pontos felső korlátját
kapjuk.


5.1. Definíció


A nemnegatív értékű ξ valószínűségi változó várható értékén annak a halmaznak
a pontos felső korlátját értjük, melynek elemei az összes


x1 P(x1 ≤ ξ < x2) + · · · + xm−1 P(xm−1 ≤ ξ < xm) + xm P(xm ≤ ξ),


alakú szám, ahol m ∈ N és 0 ≤ x1 < x2 < · · · < xm tetszőleges valós számok.
A ξ várható értékét E ξ módon fogjuk jelölni. Minden nemnegatív értékű ξ
valószínűségi változó esetén E ξ ∈ R vagy E ξ = ∞ teljesül. Ha E ξ ∈ R, akkor
azt mondjuk, hogy ξ-nek véges a várható értéke.


Most rátérünk arra, hogy egy tetszőleges valószínűségi változó várható értékét
hogyan definiáljuk. Ehhez szükségünk lesz a valószínűségi változó pozitív illetve
negatív részének fogalmára.


5.2. Definíció


Ha ξ : Ω → R, akkor legyen


ξ+ : Ω → R, ξ+(ω) :=


ξ(ω), ha ξ(ω) > 0,


0, ha ξ(ω) ≤ 0


a ξ pozitív része és


ξ− : Ω → R, ξ−(ω) :=


−ξ(ω), ha ξ(ω) < 0,


0, ha ξ(ω) ≥ 0


a ξ negatív része.
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5.3. Tétel


Ha ξ : Ω → R, akkor ξ = ξ+ −ξ−, |ξ| = ξ+ +ξ−, ξ+ = 1
2(|ξ|+ξ), ξ− = 1


2(|ξ|−ξ).


Bizonyítás. Az első két állítás a definícióból adódik, a többi állítás pedig ezekből
már következik.


5.4. Következmény


A ξ : Ω → R függvény pontosan akkor valószínűségi változó, ha ξ+ és ξ−


valószínűségi változó.


A ξ = ξ+ − ξ− összefüggés szerint minden valós értékű függvény felírható két
nemnegatív függvény különbségeként. Mivel a várható értéktől „elvárható” az ad-
ditív tulajdonság az (5.2) alapján, ezért természetes az ötlet, hogy egy tetszőleges
valószínűségi változó várható értékét definiáljuk a pozitív és a negatív részek várható
értékeinek különbségeként.


5.5. Definíció


Azt mondjuk, hogy a ξ valószínűségi változónak létezik várható értéke, ha
ξ+-nak vagy ξ−-nak véges a várható értéke. Ha ξ+-nak és ξ−-nak is véges a
várható értéke, akkor azt mondjuk, hogy a ξ valószínűségi változónak véges a
várható értéke, továbbá ekkor az


E ξ := E ξ+ − E ξ−


értéket ξ várható értékének nevezzük. Ha E ξ+ = ∞ és E ξ− ∈ R, akkor legyen
E ξ := ∞. Ha E ξ+ ∈ R és E ξ− = ∞, akkor E ξ := −∞. Ha E ξ+ = E ξ− = ∞,
akkor azt mondjuk, hogy ξ-nek nem létezik várható értéke.


A mértékelméletben az E ξ értéket
∫


ξ d P módon jelöljük és a ξ valószínűségi
változó P-szerinti integráljának nevezzük.


A várható érték csak a valószínűségi változó eloszlásfüggvényétől függ, ezért igaz
a következő tétel.


5.6. Tétel


Ha ξ és η valószínűségi változók azonos eloszlásúak – ezalatt azt értjük, hogy
megegyezik az eloszlásfüggvényük –, továbbá ξ-nek létezik várható értéke,
akkor η-nak is létezik és E ξ = E η.


A továbbiakban többször előfordul, hogy olyan eseményt vizsgálunk, amelynek 1
a valószínűsége. Ilyenkor azt fogjuk mondani, hogy ez az esemény majdnem biztosan
bekövetkezik (rövidítése: m.b.). Például, ha P(ξ = 0) = 1, akkor azt fogjuk írni, hogy
ξ = 0 m.b. teljesül.
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5.7. Tétel


Ha a ξ és η valószínűségi változókra ξ = η m.b., akkor ξ és η azonos eloszlásúak.


Bizonyítás. Mivel P(ξ = η) = 1, így az 1.5. tétel (10) pontja miatt P(ξ < x) =
= P(ξ < x, ξ = η) = P(η < x, ξ = η) = P(η < x) minden x ∈ R esetén.


5.8. Következmény


Ha a ξ és η valószínűségi változókra ξ = η m.b. és ξ-nek létezik várható értéke,
akkor η-nak is létezik és E ξ = E η.


5.9. Tétel Markov-egyenlőtlenség


Ha a ξ valószínűségi változóra teljesül, hogy ξ ≥ 0 m.b., akkor létezik várható
értéke, továbbá minden c ≥ 0 esetén E ξ ≥ c P(ξ ≥ c).


Bizonyítás. Mivel ξ ≥ 0 m.b., ezért ξ = ξ+ m.b., melyből az 5.8. következmény miatt
E ξ = E ξ+. Másrészt c P(ξ+ ≥ c) annak a halmaznak eleme, melynek E ξ+ a pontos
felső korlátja. Így E ξ+ ≥ c P(ξ+ ≥ c). Végül az 5.7. tételből P(ξ+ ≥ c) = P(ξ ≥ c).
Mindezekből adódik az állítás.


5.10. Tétel


Ha a ξ valószínűségi változóra teljesül, hogy E ξ = 0 és ξ ≥ 0 m.b., akkor ξ = 0
m.b. teljesül.


Bizonyítás. A Markov-egyenlőtlenség miatt 0 = E ξ ≥ 1
n


P
(
ξ ≥ 1


n


)
, amiből követ-


kezik, hogy P
(
ξ ≥ 1


n


)
= 0 minden n ∈ N-re. Ebből a valószínűség folytonossága


miatt
0 = lim


n→∞
P
(


ξ ≥ 1
n


)
= P


( ∞⋃
n=1


{
ξ ≥ 1


n


})
= P(ξ > 0).


Így tehát 1 = P(ξ ≥ 0) = P(ξ > 0) + P(ξ = 0) = P(ξ = 0).


5.11. Tétel


Legyenek ξ és η tetszőleges valószínűségi változók.


(1) ξ-nek pontosan akkor véges a várható értéke, ha |ξ|-nek véges a várható
értéke.


(2) Ha c ∈ R esetén ξ = c m.b., akkor ξ-nek véges a várható értéke és
E ξ = c.


(3) Ha ξ-nek véges a várható értéke és c ∈ R, akkor cξ-nek is véges a várható
értéke, továbbá E(cξ) = c E ξ.
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(4) Ha ξ-nek és η-nak végesek a várható értékeik, akkor (ξ + η)-nak is az,
továbbá E(ξ + η) = E ξ + E η.


(5) Ha ξ-nek és η-nak véges a várható értéke és ξ ≤ η m.b., akkor E ξ ≤ E η.


(6) Ha η-nak véges a várható értéke és |ξ| ≤ η m.b., akkor ξ-nek is véges a
várható értéke.


(7) Ha ξ-nek és η-nak végesek a várható értékeik és függetlenek, akkor ξη-nak
is véges a várható értéke, továbbá E(ξη) = E ξ E η.


5.12. Tétel


Ha ξ és η olyan valószínűségi változók, melyekre ξ2-nek és η2-nek végesek a
várható értékeik, akkor ξη-nak is véges a várható értéke.


Bizonyítás. Ekkor 1
2(ξ2 + η2)-nek véges a várható értéke, melyből


|ξη| ≤ 1
2(ξ2 + η2)


miatt következik az állítás.


5.13. Tétel


Ha ξ olyan valószínűségi változó, melyre ξ2-nek véges a várható értéke, akkor
ξ-nek is véges a várható értéke.


Bizonyítás. Legyen η olyan valószínűségi változó, melyre η(ω) = 1 teljesül minden
ω ∈ Ω esetén. Ekkor az előző tételből kapjuk az állítást.


5.14. Tétel


Legyen ξ diszkrét valószínűségi változó és Rξ = {x1, . . . , xm}. Ekkor ξ-nek
véges a várható értéke és


E ξ =
m∑


k=1
xk P(ξ = xk).


5.15. Tétel


Legyen ξ diszkrét valószínűségi változó és Rξ = {xk : k ∈ N}. Ekkor


E ξ+ =
∑


k∈I+


xk P(ξ = xk) és E ξ− =
∑


k∈I−


(−xk) P(ξ = xk),
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ahol I+ = {k ∈ N : xk > 0} és I− = {k ∈ N : xk < 0}. Ennek következménye-
ként a ξ-nek pontosan akkor véges a várható értéke, ha


∞∑
k=1


|xk| P(ξ = xk) ∈ R,


és ekkor
E ξ =


∞∑
k=1


xk P(ξ = xk).


5.16. Tétel


Legyen ξ abszolút folytonos valószínűségi változó. Ekkor


E ξ+ =
∞∫
0


xfξ(x) dx és E ξ− =
0∫


−∞


(−x)fξ(x) dx.


Ennek következményeként a ξ-nek pontosan akkor véges a várható értéke, ha
∞∫


−∞


|x|fξ(x) dx ∈ R,


és ekkor


E ξ =
∞∫


−∞


xfξ(x) dx.


5.17. Feladat. Egy gép az indítógomb megnyomására 0,05 valószínűséggel indul
el. A gombot annyiszor nyomjuk meg, amíg a gép működésbe nem lép. Legyen ξ a
gomb megnyomásának a száma. Határozzuk meg ξ várható értékét!


Megoldás. Legyen p := 0,05 és q := 1 − p. Feltesszük, hogy az egyes indítások
egymástól függetlenek. Ekkor xk = k, (k ∈ N) és P(ξ = xk) = pqk−1 teljesül. Ebből


E ξ =
∞∑


k=1
kpqk−1 = p


∞∑
k=1


(qk)′ = p


( ∞∑
k=1


qk


)′


= p


(
q


1 − q


)′


= 1
p


= 20.


5.18. Feladat. Legyen ξ : N → R, ξ(k) := 2k és P(ξ = 2k) := 0,5k minden k ∈ N
esetén. Határozzuk meg ξ várható értékét!


Megoldás. A feladat korrekt, ugyanis
∞∑


k=1
P(ξ = 2k) =


∞∑
k=1


0,5k = 1,
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azaz eloszlást ad meg. Másrészt


E ξ =
∞∑


k=1
2k · 0,5k = ∞.


5.19. Feladat. Legyen fξ : R → R, fξ(x) := 1
2e−|x|. Határozzuk meg ξ várható


értékét!


Megoldás. Az fξ nemnegatív és páros függvény, ezért
∞∫


−∞


fξ(x) dx =
∞∫


−∞


1
2e−|x| dx =


∞∫
0


e−x dx =
[
−e−x


]∞


0
= 1


teljesül, vagyis fξ sűrűségfüggvény. Másrészt
∞∫


−∞


|x|fξ(x) dx =
∞∫


−∞


|x| · 1
2e−|x| dx =


∞∫
0


xe−x dx =
[
−e−x(1 + x)


]∞


0
= 1,


vagyis ξ-nek véges a várható értéke, ami az xfξ(x) páratlansága miatt 0.


5.20. Feladat. Legyen fξ : R → R, fξ(x) := 2
π(x2+4) . Határozzuk meg ξ várható


értékét!


Megoldás. A 3.30. feladatban láttuk, hogy fξ sűrűségfüggvény, másrészt


E ξ+ =
∞∫
0


xfξ(x) dx =
∞∫
0


2x


π(x2 + 4) dx = 1
π


[
ln(x2 + 4)


]∞


0
= ∞,


illetve hasonlóan


E ξ− =
0∫


−∞


(−x)fξ(x) dx = ∞.


Tehát ξ-nek nem létezik várható értéke.


5.21. Tétel


Legyen ξ diszkrét valószínűségi változó és g : R → R olyan függvény, melyre
g(ξ) is valószínűségi változó. A g(ξ)-nek pontosan akkor véges a várható értéke,
ha ∑


x∈Rξ


|g(x)| P(ξ = x) ∈ R,


továbbá ekkor
E
(
g(ξ)


)
=
∑


x∈Rξ


g(x) P(ξ = x).
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5.22. Tétel


Legyen ξ abszolút folytonos valószínűségi változó, továbbá g : R → R olyan
függvény, melyre g(ξ) is valószínűségi változó. A g(ξ)-nek pontosan akkor véges
a várható értéke, ha


∞∫
−∞


|g(x)|fξ(x) dx ∈ R,


továbbá ekkor


E
(
g(ξ)


)
=


∞∫
−∞


g(x)fξ(x) dx.


5.23. Feladat. Az előző tételt bizonyítsuk be a következő speciális esetekben! Ha ξ
abszolút folytonos valószínűségi változó, akkor


E ξ2 =
∞∫


−∞


x2fξ(x) dx és E |ξ| =
∞∫


−∞


|x|fξ(x) dx.


Megoldás. (1) Mivel ξ2 = (ξ2)+, ezért az 5.16. tétel miatt


E ξ2 =
∞∫
0


xfξ2(x) dx.


Másrészt a 3.32. tétel miatt
∞∫
0


xfξ2(x) dx =


=
∞∫
0


x
1


2
√


x


(
fξ


(√
x
)


+ fξ


(
−


√
x
))


dx =
∞∫
0


u2fξ(u) du +
∞∫
0


u2fξ(−u) du =


=
∞∫
0


u2fξ(u) du +
−∞∫
0


(−v2)fξ(v) dv =
∞∫


−∞


x2fξ(x) dx.


Az integrálásban az u :=
√


x, majd a v := −u helyettesítéseket alkalmaztuk.
(2) Mivel |ξ| = (|ξ|)+, ezért az 5.16. tétel miatt


E |ξ| =
∞∫
0


xf|ξ|(x) dx.


Másrészt a 3.33. tétel miatt
∞∫
0


xf|ξ|(x) dx =
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=
∞∫
0


xfξ(x) dx +
∞∫
0


xfξ(−x) dx =
∞∫
0


xfξ(x) dx +
−∞∫
0


ufξ(u) du =


=
∞∫
0


xfξ(x) dx +
0∫


−∞


(−x)fξ(x) dx =
∞∫


−∞


|x|fξ(x) dx.


Az integrálásban az u := −x helyettesítést alkalmaztuk.


5.24. Tétel


Legyen ξ és η diszkrét valószínűségi változók és g : R2 → R olyan függvény,
melyre g(ξ, η) valószínűségi változó. A g(ξ, η)-nak pontosan akkor véges a
várható értéke, ha ∑


x∈Rξ


∑
y∈Rη


|g(x, y)| P(ξ = x, η = y) ∈ R,


továbbá ekkor


E
(
g(ξ, η)


)
=
∑


x∈Rξ


∑
y∈Rη


g(x, y) P(ξ = x, η = y).


5.25. Tétel


Legyen a ξ és η valószínűségi változók együttes eloszlása abszolút folytonos és
g : R2 → R olyan függvény, melyre g(ξ, η) valószínűségi változó. A g(ξ, η)-nak
pontosan akkor véges a várható értéke, ha


∞∫
−∞


∞∫
−∞


|g(x, y)|fξ,η(x, y) dx dy ∈ R,


továbbá ekkor


E
(
g(ξ, η)


)
=


∞∫
−∞


∞∫
−∞


g(x, y)fξ,η(x, y) dx dy.


5.2. Szórásnégyzet
Ebben a részben egy valószínűségi változónak a várható értéke körüli ingadozását
jellemezzük. Egy c érték körüli szórásról például az átlagos abszolút eltérés adhat
információt, azaz E |ξ − c|. Ez azonban egy természetes elvárást nem teljesít, neve-
zetesen, hogy a várható érték körüli szórás legyen a legkisebb. Például Rξ = {0, 1},
P(ξ = 0) = 0,3 és P(ξ = 1) = 0,7 esetén E ξ = 0,7, de E |ξ − 0,8| < E |ξ − E ξ|.
Másik lehetőség az átlagos abszolút eltérés helyett az átlagos négyzetes eltérés, azaz
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E(ξ − c)2. A későbbiekben látni fogjuk, hogy erre teljesül az E(ξ − E ξ)2 ≤ E(ξ − c)2


egyenlőtlenség minden c ∈ R esetén.


5.26. Definíció


Legyen ξ véges várható értékű valószínűségi változó. Ekkor a


D2 ξ := E(ξ − E ξ)2


értéket ξ szórásnégyzetének nevezzük. Ha D2 ξ ∈ R, akkor azt mondjuk, hogy
ξ véges szórású. A


D ξ :=



√


D2 ξ, ha D2 ξ ∈ R,


∞, ha D2 ξ = ∞,


értéket a ξ szórásának nevezzük.


5.27. Tétel


A ξ valószínűségi változó pontosan akkor véges szórású, ha ξ2-nek véges a
várható értéke, és ekkor


D2 ξ = E ξ2 − E2 ξ.


Bizonyítás. Mivel (ξ − E ξ)2 = ξ2 − 2ξ E ξ + E2 ξ, ezért az állítás az 5.13. tétel és
az 5.11. tétel (2)–(4) pontjai miatt teljesül.


5.28. Feladat. Bizonyítsuk be, hogy ha ξ2-nek véges a várható értéke, akkor min-
den c ∈ R esetén E(ξ − E ξ)2 ≤ E(ξ − c)2, azaz valóban teljesül a szórásnégyzet
bevezetésénél elmondottak!


Megoldás. A bizonyítandó egyenlőtlenség azzal ekvivalens, hogy


E ξ2 − E2 ξ ≤ E ξ2 − 2c E ξ + c2,


ami teljesül, hiszen ez 0 ≤ (E ξ − c)2 egyenlőtlenséggel ekvivalens.
5.29. Megjegyzés. Ha ξ2-nek véges a várható értéke, akkor


D2 ξ =
m∑


k=1
x2


k P(ξ = xk) −
(


m∑
k=1


xk P(ξ = xk)
)2


,


D2 ξ =
∞∑


k=1
x2


k P(ξ = xk) −
( ∞∑


k=1
xk P(ξ = xk)


)2


vagy


D2 ξ =
∞∫


−∞


x2fξ(x) dx −



∞∫


−∞


xfξ(x) dx



2


aszerint, hogy Rξ = {x1, x2, . . . , xm}, Rξ = {xk : k ∈ N} vagy ξ abszolút folytonos.
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5.30. Feladat. Számoljuk ki az 5.17. feladatban definiált ξ szórásnégyzetét!


Megoldás. Az ottani jelölésekkel


E ξ2 =
∞∑


k=1
k2 P(ξ = k) =


∞∑
k=1


k2pqk−1 = p


( ∞∑
k=1


kqk


)′


= p


(
q


(1 − q)2


)′


= 2 − p


p2 ,


így
D2 ξ = 2 − p


p2 − 1
p2 = 1 − p


p2 = 380.


5.31. Feladat. Számoljuk ki az 5.19. feladatban definiált ξ szórásnégyzetét!


Megoldás. Felhasználva az 5.19. feladat eredményét,


D2 ξ =
∞∫


−∞


x2 1
2e−|x| dx −



∞∫


−∞


x
1
2e−|x| dx



2


=
∞∫
0


x2e−x dx = 2.


Az utóbbi integrált kétszeres parciális integrálással és a L’Hospital-szabály segítségével
számoltuk ki.


5.32. Tétel


Ha ξ véges szórású valószínűségi változó és a, b ∈ R, akkor az aξ + b is véges
szórású, továbbá


D2(aξ + b) = a2 D2 ξ, illetve D(aξ + b) = |a| D ξ.


Bizonyítás. (aξ + b − E(aξ + b))2 = (aξ + b − a E ξ − b)2 = a2(ξ − E ξ)2, amiből
következik az állítás.







6. fejezet


Valószínűségi változók
kapcsolatának jellemzése


Két mérőszámot fogunk bevezetni a valószínűségi változók kapcsolatának jellemzésére:
a kovarianciát és a korrelációs együtthatót. Ezek segítségével lehet megmutatni, hogy
két valószínűségi változó közötti kapcsolat mennyire tekinthető lazának, illetve, ha van
közöttük függőségi viszony, akkor az mennyire tekinthetőnek lineáris kapcsolatnak.


6.1. Kovariancia
6.1. Definíció


A véges várható értékű ξ és η valószínűségi változók kovarianciája


cov(ξ, η) := E
(
(ξ − E ξ)(η − E η)


)
,


feltéve, hogy ez a várható érték létezik.


A következő két tétel a kovariancia definíciójának következményei.


6.2. Tétel


Ha a ξ és η valószínűségi változóknak létezik a kovarianciája, akkor


cov(ξ, η) = cov(η, ξ).


6.3. Tétel


Ha a ξ valószínűségi változónak véges a várható értéke, akkor


D2 ξ = cov(ξ, ξ).
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6.4. Tétel


A ξ és η véges várható értékű valószínűségi változóknak pontosan akkor véges
a kovarianciája, ha ξη-nak véges a várható értéke, továbbá ekkor


cov(ξ, η) = E(ξη) − E ξ E η.


Bizonyítás. Az állítás a


(ξ − E ξ)(η − E η) = ξη − η E ξ − ξ E η + E ξ E η


egyenlőség következménye.


6.5. Tétel


Ha a ξ és η valószínűségi változók véges szórásúak, akkor a kovarianciájuk is
véges.


Bizonyítás. Az 5.27. tétel miatt ξ2-nek és η2-nek véges a várható értéke. Így az 5.12. té-
tel miatt ξη-nak, illetve az 5.13. tételből a ξ-nek és η-nak is végesek a várható értékeik.
Így a 6.4. tétel miatt igaz az állítás.


6.6. Tétel


Ha a ξ és η független valószínűségi változóknak végesek a várható értékeik,
akkor cov(ξ, η) = 0.


Bizonyítás. Az 5.11. tétel (7) pontja alapján ξη-nak is véges a várható értéke, továbbá
E(ξη) = E ξ E η, így a 6.4. tételből következik az állítás.


6.7. Megjegyzés. Az előző tétel megfordítása nem igaz. Például ha Ω := {1, 2, 3, 4},
(Ω, F , P) klasszikus valószínűségi mező, ξ(1) = ξ(2) = 0, ξ(3) = −1, ξ(4) = 1,
η(3) = η(4) = 0, η(1) = −1 és η(2) = 1, akkor


P(ξ = −1) = 0,25, P(ξ = 0) = 0,5, P(ξ = 1) = 0,25,
P(η = −1) = 0,25, P(η = 0) = 0,5, P(η = 1) = 0,25,


továbbá Rξη = {−1, 0, 1}. Mivel {ξη = 0} = Ω, {ξη = 1} = {ξη = −1} = ∅, ezért
P(ξη = −1) = 0, P(ξη = 0) = 1 és P(ξη = 1) = 0 teljesül. Így


E ξ = −1 · 0,25 + 0 · 0,5 + 1 · 0,25 = 0,


E η = −1 · 0,25 + 0 · 0,5 + 1 · 0,25 = 0,


E(ξη) = −1 · 0 + 0 · 1 + 1 · 0 = 0.


Mindezekből a 6.4. tétel alapján cov(ξ, η) = 0. Másrészt P(ξ < 0, η < 0) = 0 és
P(ξ < 0) P(η < 0) = 0,25 · 0,25, vagyis ξ és η nem függetlenek.
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6.8. Tétel


Ha a ξ1, . . . , ξn, η1, . . . , ηm valószínűségi változókra cov(ξi, ηj) ∈ R minden
i = 1, . . . , n és j = 1, . . . , m esetén, továbbá a1, . . . , an, b1, . . . , bm ∈ R, akkor


cov
 n∑


i=1
aiξi,


m∑
j=1


bjηj


 =
n∑


i=1


m∑
j=1


aibj cov(ξi, ηj).


Bizonyítás. ξ :=
n∑


i=1
aiξi és η :=


m∑
j=1


bjηj jelölésekkel


ξ − E ξ =
n∑


i=1
ai(ξi − E ξi) és η − E η =


m∑
j=1


bj(ηj − E ηj).


Így


n∑
i=1


m∑
j=1


aibj cov(ξi, ηj) =
n∑


i=1


m∑
j=1


aibj E
(
(ξi − E ξi)(ηj − E ηj)


)
=


= E
 n∑


i=1


m∑
j=1


aibj(ξi − E ξi)(ηj − E ηj)
 =


= E
 n∑


i=1
ai(ξi − E ξi)


m∑
j=1


bj(ηj − E ηj)
 =


= E
(
(ξ − E ξ)(η − E η)


)
=


= cov(ξ, η).


A következő állítás a 6.5. és a 6.8. tételek következménye.


6.9. Tétel


Ha ξ1, . . . , ξn véges szórású valószínűségi változók, akkor


D2
(


n∑
i=1


ξi


)
=


n∑
i=1


D2 ξi + 2
n−1∑
i=1


n∑
j=i+1


cov(ξi, ξj).


Ebből adódik a következő tétel :


6.10. Tétel


Ha a ξ1, . . . , ξn páronként független valószínűségi változók véges szórásúak,
akkor


D2
(


n∑
i=1


ξi


)
=


n∑
i=1


D2 ξi.
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6.2. Korrelációs együttható


6.11. Definíció


Ha a ξ és η valószínűségi változókra D ξ D η ∈ R+, akkor a


corr(ξ, η) := cov(ξ, η)
D ξ D η


számot a ξ és η korrelációs együtthatójának nevezzük. Ha corr(ξ, η) = 0, akkor
ξ-t és η-t korrelálatlanoknak nevezzük.


Ha D ξ D η ∈ R+, akkor a 6.5. tételből cov(ξ, η) ∈ R, így korrekt a definíció.
Ha ξ és η függetlenek és D ξ D η ∈ R+, akkor korrelálatlanok. Ez megfordítva nem
igaz. Például a 6.7. megjegyzésben definiált ξ és η valószínűségi változókról könnyen
beláthatja az olvasó, hogy D ξ D η = 0,5, így az ott bizonyított cov(ξ, η) = 0 miatt
corr(ξ, η) = 0. Másrészt azt is bizonyítottuk, hogy ξ és η nem függetlenek.


A korrelációs együttható egy fontos tulajdonságának a vizsgálatához szükségünk
lesz a következő fogalomra.


6.12. Definíció


Ha a ξ valószínűségi változóra D ξ ∈ R+, akkor azt mondjuk, hogy ξ standar-
dizálható, továbbá a ξ standardizáltján a


ξ̃ := ξ − E ξ


D ξ


valószínűségi változót értjük.


6.13. Tétel


Ha ξ standardizálható valószínűségi változó, akkor E ξ̃ = 0 és D ξ̃ = 1.


Bizonyítás. Ekkor


E ξ̃ = E
(


ξ − E ξ


D ξ


)
= 1


D ξ
E(ξ − E ξ) = 1


D ξ
(E ξ − E ξ) = 0


és


D2 ξ̃ = D2
(


ξ − E ξ


D ξ


)
= 1


D2 ξ
D2(ξ − E ξ) = D2 ξ


D2 ξ
= 1.


6.14. Tétel


Ha a ξ és η valószínűségi változókra D ξ D η ∈ R+, akkor


corr(ξ, η) = cov(ξ̃, η̃).
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Bizonyítás. Definíció alapján létezik corr(ξ, η), ξ̃ és η̃. Mivel a standardizáltak szórása
véges, így a kovarianciájuk is véges, továbbá


cov(ξ̃, η̃) = E
(
(ξ̃ − E ξ̃)(η̃ − E η̃)


)
= E(ξ̃η̃) =


= E
(


ξ − E ξ


D ξ
· η − E η


D η


)
=


E
(
(ξ − E ξ)(η − E η)


)
D ξ D η


= corr(ξ, η).


6.15. Tétel


Ha a ξ és η valószínűségi változókra D ξ D η ∈ R+, akkor


|corr(ξ, η)| ≤ 1.


Bizonyítás. A ξ és η standardizálható valószínűségi változók, így a 6.9. tételből


0 ≤ D2(ξ̃ ± η̃) = D2 ξ̃ + D2 η̃ ± 2 cov(ξ̃, η̃) = 2
(
1 ± corr(ξ, η)


)
teljesül, melyből következik az állítás.


6.16. Tétel


Legyen ξ és η olyan valószínűségi változók, melyekre η = aξ + b m.b., ahol
a, b ∈ R, a ̸= 0, továbbá D ξ ∈ R+. Ekkor


corr(ξ, η) =


1, ha a > 0,
−1, ha a < 0.


Bizonyítás. D ξ ∈ R+ miatt D η ∈ R+, így létezik a kovariancia és a korrelációs
együttható is, továbbá


cov(ξ, η) = E(ξη) − E ξ E η = E
(
ξ(aξ + b)


)
− E ξ E(aξ + b) =


= a E ξ2 + b E ξ − a E2 ξ − b E ξ = a(E ξ2 − E2 ξ) = a D2 ξ,


így D ξ D η = D ξ D(aξ + b) = |a| D2 ξ miatt kapjuk az állítást.


6.17. Tétel


Legyen ξ és η olyan valószínűségi változók, melyekre |corr(ξ, η)| = 1. Ekkor
léteznek a, b ∈ R, a ̸= 0 konstansok, melyekre η = aξ + b m.b. teljesül.


Bizonyítás. A feltételek miatt |cov(ξ, η)| = D ξ D η teljesül, így


4 cov2(ξ, η) − 4 D2 ξ D2 η = 0.
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Ebből következik, hogy a (D2 ξ)x2 − 2 cov(ξ, η)x + D2 η = 0 egyenletnek pontosan
egy gyöke van, mely D η ≠ 0 miatt nullától különbözik. Jelöljük ezt a gyököt a-val.
Ekkor


0 = (D2 ξ)a2 − 2 cov(ξ, η)a + D2 η = a2 E(ξ − E ξ)2−


− 2a E
(


(ξ − E ξ)(η − E η)
)


+ E(η − E η)2 =


= E
(


a2(ξ − E ξ)2 − 2a(ξ − E ξ)(η − E η) + (η − E η)2
)


=


= E
(


a(ξ − E ξ) − (η − E η)
)2


teljesül. Legyen µ :=
(
a(ξ − E ξ) − (η − E η)


)2
. Ebből µ ≥ 0 m.b., így E µ = 0 miatt


az 5.10. tételből µ = 0 m.b., azaz η = aξ + (E η − a E ξ) m.b. teljesül.


6.18. Megjegyzés. A bizonyításából az is kiderül, hogy corr(ξ, η) = 1 esetén a = D η
D ξ


és b = E η − D η
D ξ


E ξ, illetve ha corr(ξ, η) = −1, akkor a = −D η
D ξ


és b = E η + D η
D ξ


E ξ.


6.19. Definíció


Legyen ξ és η olyan valószínűségi változók, melyekre valamely a, b ∈ R, a ≠ 0
esetén η = aξ + b m.b. teljesül. Ekkor azt mondjuk, hogy ξ és η lineárisan
függőek.


A ξ valószínűségi változó eloszlását elfajultnak nevezzük, ha valamely c ∈ R esetén
ξ = c m.b. teljesül. Könnyen látható, hogy ha ξ eloszlása nem elfajult, akkor létezik
olyan x ∈ R, hogy 0 < P(ξ < x) < 1.


Ha ξ és η lineárisan függőek és ξ eloszlása nem elfajult, akkor ξ és η nem
függetlenek. Ennek belátásához válasszunk egy olyan x számot, melyre 0 < P(ξ <
< x) < 1, továbbá y := ax + b. Ekkor


P(ξ < x, η < y) = P(ξ < x, aξ + b < ax + b) = P(ξ < x),


másrészt


P(ξ < x) P(η < y) = P(ξ < x) P(aξ + b < ax + b) = P2(ξ < x).


Így, ha ξ és η függetlenek lennének, akkor P(ξ < x) = P2(ξ < x) teljesülne, azaz
P(ξ < x) = 1 vagy P(ξ < x) = 0, ami ellentmondás.


6.20. Következmény


A ξ és η korrelációs együtthatóval rendelkező valószínűségi változók esetén
|corr(ξ, η)| = 1 pontosan akkor teljesül, ha ξ és η lineárisan függőek.


6.21. Feladat. Legyen a ξ és η valószínűségi változók értékkészlete {0, 1}, melyekre
teljesülnek a következők:


P(ξ = 0, η = 0) = 0,4
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P(ξ = 0, η = 1) = 0,06
P(ξ = 1, η = 0) = 0,04.


Számítsuk ki a ξ és η korrelációs együtthatóját!
Megoldás. P(ξ = 1, η = 1) = 1 − 0,4 − 0,06 − 0,04 = 0,5. Másrészt a peremeloszlások
a 4.5. tétel miatt


P(ξ = 0) = 0,4 + 0,06 = 0,46,


P(ξ = 1) = 0,04 + 0,5 = 0,54,


P(η = 0) = 0,4 + 0,04 = 0,44,


P(η = 1) = 0,06 + 0,5 = 0,56.


Ezeket az eredményeket a következő táblázatban foglaljuk össze:
η = 0 η = 1 összeg


ξ = 0 0,4 0,06 0,46
ξ = 1 0,04 0,5 0,54
összeg 0,44 0,56 1


Ebből


E ξ = 0 · 0,46 + 1 · 0,54 = 0,54,


E ξ2 = 02 · 0,46 + 12 · 0,54 = 0,54,


E η = 0 · 0,44 + 1 · 0,56 = 0,56,


E η2 = 02 · 0,44 + 12 · 0,56 = 0,56,


így


D ξ =
√


E ξ2 − E2 ξ =
√


0,54 − 0,542 ≈ 0,4984,


D η =
√


E η2 − E2 η =
√


0,56 − 0,562 ≈ 0,4964.


Másrészt az 5.24. tétel miatt


E(ξη) = 0 · 0 · 0,4 + 0 · 1 · 0,06 + 1 · 0 · 0,04 + 1 · 1 · 0,5 = 0,5.


Ebből
cov(ξ, η) = E(ξη) − E ξ E η = 0,5 − 0,54 · 0,56 = 0,1976,


így kapjuk, hogy


corr(ξ, η) = cov(ξ, η)
D ξ D η


≈ 0,1976
0,4984 · 0,4964 ≈ 0,7987.


6.22. Feladat. Legyen


f : R2 → R, f(x, y) :=


c, ha 0 < x < 5,1 és 5,1 − x < y < 14 − x,
0, különben,


ahol c ∈ R. Határozzuk meg úgy a c értékét, hogy f együttes sűrűségfüggvény legyen,
továbbá ebben az esetben számoljuk ki az f -hez tartozó ξ és η valószínűségi változók
korrelációs együtthatóját!
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Megoldás. A 4.12. tétel alapján


∞∫
−∞


∞∫
−∞


f(x, y) dx dy =
5,1∫
0


14−x∫
5,1−x


c dy dx = 45,39c = 1,


melyből c = 1
45,39 . A 4.11. tétel miatt


fξ(x) =
∞∫


−∞


f(x, y) dy =
14−x∫


5,1−x


c dy = 8,9c,


ha 0 < x ≤ 5,1, különben fξ(x) = 0. Így


E ξ =
∞∫


−∞


xfξ(x) dx =
5,1∫
0


x8,9c dx = 2,55


E ξ2 =
∞∫


−∞


x2fξ(x) dx =
5,1∫
0


x28,9c dx = 8,67


D2 ξ = E ξ2 − E2 ξ = 8,67 − 2,552 = 2,1675.


Hasonlóan


fη(y) =
5,1∫


5,1−y


c dx = cy, ha 0 < y ≤ 5,1


fη(y) =
5,1∫
0


c dx = 5,1c, ha 5,1 < y ≤ 8,9


fη(y) =
14−y∫


0


c dx = 14c − cy, ha 8,9 < y ≤ 14


minden más esetben fη(y) = 0. Így


E η =
∞∫


−∞


yfη(y) dy =
5,1∫
0


cy2 dy +
8,9∫
5,1


5,1cy dy +
14∫


8,9


(14cy − cy2) dy = 7


E η2 =
∞∫


−∞


y2fη(y) dy =
5,1∫
0


cy3 dy +
8,9∫
5,1


5,1cy2 dy +
14∫


8,9


(14cy2 − cy3) dy ≈ 57,7683


D2 η = E η2 − E2 η ≈ 8,7683.
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Az 5.25. tétel alapján


E(ξη) =
∞∫


−∞


∞∫
−∞


xyf(x, y) dx dy =
5,1∫
0


14−x∫
5,1−x


xyc dy dx = 15,6825,


így


cov(ξ, η) = E(ξη) − E ξ E η = −2,1675


corr(ξ, η) = cov(ξ, η)
D ξ D η


≈ −0,4972.







7. fejezet


Nevezetes eloszlások


7.1. Karakterisztikus eloszlás
7.1. Definíció


Legyen (Ω, F , P) egy valószínűségi mező. Az A ∈ F esemény indikátorváltozó-
jának az


IA : Ω → R, IA(ω) :=


1, ha ω ∈ A,
0, ha ω ̸∈ A,


valószínűségi változót nevezzük.


Az indikátorváltozó értéke tehát 1, ha az A esemény bekövetkezett, ellenkező
esetben 0. Az indikátorváltozó valóban valószínűségi változó, ugyanis


{IA < x} =



Ω, ha x > 1,
A, ha 0 < x ≤ 1,
∅, ha x ≤ 0.


Az IA eloszlása: P(IA = 1) = P(A) és P(IA = 0) = P( A ).


7.2. Definíció


Legyen (Ω, F , P) egy valószínűségi mező, továbbá IA az A ∈ F esemény
indikátorváltozója. Ekkor IA eloszlását P(A) paraméterű karakterisztikus vagy
Bernoulli-eloszlásnak nevezzük.


7.3. Tétel


Legyen (Ω, F , P) valószínűségi mező, A ∈ F és p := P(A). Ekkor E(IA) = p és
D2(IA) = p(1 − p).


Bizonyítás. E(IA) = 1 · p + 0 · (1 − p) = p, továbbá D2(IA) = E
(
I2
A


)
− E2(IA) =


= E
(
I2
A


)
− p2 = 12 · p + 02 · (1 − p) − p2 = p(1 − p).
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7.2. Binomiális eloszlás
7.4. Feladat. Legyenek ξ1, . . . , ξn független, p paraméterű karakterisztikus eloszlású
valószínűségi változók. Határozzuk meg ξ1 + · · · + ξn eloszlását!


Megoldás. Jelölje Bk (k = 0, 1, . . . , n) azon rendezett szám n-esek halmazát, melyek-
ben k darab 1 és n − k darab 0 található. Ekkor tetszőleges (x1, . . . , xn) ∈ Bk esetén,
a függetlenség miatt


P(ξ1 = x1, . . . , ξn = xn) =
n∏


i=1
P(ξi = xi) = pk(1 − p)n−k,


hiszen P(ξi = 1) = p és P(ξi = 0) = 1 − p. Így


P(ξ1 + · · · + ξn = k) = P
(
(ξ1, . . . , ξn) ∈ Bk


)
=


=
∑


(x1,...,xn)∈Bk


P(ξ1 = x1, . . . , ξn = xn) =
(


n


k


)
pk(1 − p)n−k,


hiszen Bk-nak
(


n
k


)
darab eleme van.


7.5. Definíció


Legyen ξ diszkrét valószínűségi változó, n ∈ N, Rξ := {0, 1, . . . , n} és 0 < p < 1.
Ha minden k ∈ Rξ esetén


P(ξ = k) =
(


n


k


)
pk(1 − p)n−k,


akkor ξ-t n-ed rendű p paraméterű binomiális eloszlású valószínűségi változónak
nevezzük.


7.6. Megjegyzés. A gyakoriság a 3.6. tétel szerint binomiális eloszlású. Példaként
tekintsük a következő kísérletet. Legyen egy urnában 3 darab golyó, egy piros és két
fehér. Vegyünk ki az urnából véletlenszerűen egy golyót, majd tegyük vissza. Ezt
ismételjük meg tízszer. Legyen ξ azon esetek száma, amikor pirosat vettünk ki. Ez
egy úgynevezett visszatevéses mintavétel. Ekkor ξ gyakoriságot jelöl, így ez 10-ed
rendű 1


3 paraméterű binomiális eloszlású valószínűségi változó. Tehát például annak
a valószínűsége, hogy a 10 esetből pontosan kétszer választottunk piros golyót


P(ξ = 2) =
(


10
2


)
·
(1


3


)2
·
(2


3


)8
.


Azt is vegyük észre, hogy az elsőrendű binomiális eloszlás a karakterisztikus eloszlással
egyezik meg!
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7.7. Tétel


Ha ξ egy n-ed rendű p paraméterű binomiális eloszlású valószínűségi változó,
akkor E ξ = np és D2 ξ = np(1 − p).


Bizonyítás. Legyenek ξ1, . . . , ξn független, p paraméterű karakterisztikus eloszlású
valószínűségi változók. Ekkor ξ1 + · · · + ξn azonos eloszlású ξ-vel, így


E ξ = E
(


n∑
i=1


ξi


)
=


n∑
i=1


E ξi =
n∑


i=1
p = np,


D2 ξ = D2
(


n∑
i=1


ξi


)
=


n∑
i=1


D2 ξi =
n∑


i=1
p(1 − p) = np(1 − p).


7.3. Poisson-eloszlás
A következő tételben a binomiális eloszlás határeloszlását adjuk meg bizonyos felté-
tellel.


7.8. Tétel


Legyen pn olyan számsorozat, melyre npn konvergens. Ekkor


lim
n→∞


(
n


k


)
pk


n(1 − pn)n−k = λk


k! e−λ,


ahol λ = lim
n→∞


npn és k ∈ {0, 1, 2, . . . }.


Bizonyítás. Ismert, hogy ha egy an sorozat konvergens és határértéke a, akkor


lim
n→∞


(
1 + an


n


)n


= ea.


Így
lim


n→∞
(1 − pn)n = lim


n→∞


(
1 + −npn


n


)n


= e−λ.


Másrészt
lim


n→∞
pn = lim


n→∞
npn · 1


n
= λ · 0 = 0,


melyből
lim


n→∞
(1 − pn)−k = 1,


vagyis
lim


n→∞
(1 − pn)n−k = lim


n→∞
(1 − pn)n(1 − pn)−k = e−λ.


Mindezekből kapjuk, hogy


lim
n→∞


(
n


k


)
pk


n(1 − pn)n−k =


= lim
n→∞


(npn)k


k! · n(n − 1) · · · (n − k + 1)
nk


(1 − pn)n−k = λk


k! e−λ.
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7.9. Definíció


Legyen ξ diszkrét valószínűségi változó és Rξ := {0, 1, 2, . . . }. Ha minden
k ∈ Rξ esetén


P(ξ = k) = λk


k! e−λ,


ahol λ > 0, akkor ξ-t λ paraméterű Poisson-eloszlású valószínűségi változónak
nevezzük.


A Poisson-eloszlás valóban eloszlás, ugyanis
∞∑


k=0


λk


k! e−λ = e−λ
∞∑


k=0


λk


k! = e−λeλ = 1.


7.10. Tétel


Legyen ξ egy λ > 0 paraméterű Poisson-eloszlású valószínűségi változó. Ekkor
E ξ = D2 ξ = λ.


Bizonyítás. Az 5.15. tétel alapján


E ξ =
∞∑


k=0
k


λk


k! e−λ = e−λλ
∞∑


k=1


λk−1


(k − 1)! = e−λλ
∞∑


u=0


λu


u! = e−λλeλ = λ.


Másrészt


E ξ2 =
∞∑


k=0
k2 λk


k! e−λ =
∞∑


k=0


(
k(k − 1) + k


)λk


k! e−λ =


= e−λ
∞∑


k=2


λk


(k − 2)! + E ξ = e−λλ2
∞∑


v=0


λv


v! + λ = λ2 + λ.


A levezetésben az u = k − 1 és v = k − 2 helyettesítéseket alkalmaztuk. Így D2 ξ =
= E ξ2 − E2 ξ = λ2 + λ − λ2 = λ.


7.11. Megjegyzés. A 7.8. tétel szerint nagy n és kis p esetén az n-edrendű p paraméterű
binomiális eloszlást jól közelíti a λ = np paraméterű Poisson-eloszlás. Például, ha 1000
lövést adunk le egy célra, és minden lövés egymástól függetlenül 0,004 valószínűséggel
talál, akkor mi annak a valószínűsége, hogy pontosan 3-szor találunk célba? A
találatok száma binomiális eloszlású (n = 1000, p = 0,004, k = 3), így ξ-vel jelölve
a találatok számát P(ξ = 3) =


(
1000


3


)
· 0,0043 · 0,996997 ≈ 0,1956. Ezt körülményes


kiszámolni, de most használhatjuk a Poisson-eloszlással való közelítést. Mivel λ =
= np = 4, ezért P(ξ = 3) ≈ 43


3! e
−4 ≈ 0,1954.


Ha az előző példában n = 1000, p = 0,996 és k = 997, akkor már nem alkalmaz-
ható a λ = np paraméterű Poisson-eloszlású közelítés, hiszen p közel 1. A 7.8. tétel
azonban ilyenkor is alkalmazható, ugyanis az, hogy 997-szer találunk, azt jelenti,
hogy 3-szor elhibáztuk a célt. A hibázás valószínűsége minden lövésnél 1 − p = 0,004,
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ami már kicsi, így alkalmazhatjuk a λ = n(1 − p) = 4 paraméterű Poisson-közelítést.
Tehát η-val jelölve a hibázások számát,


P(ξ = 997) =
(


1000
997


)
· 0,996997 · 0,0043 = P(η = 3) ≈ 43


3! e−4 ≈ 0,1954.


7.4. Hipergeometrikus eloszlás
7.12. Feladat. Legyen N darab termék között M (0 < M < N) selejtes. Az N
termék közül válasszunk ki visszatevés nélkül n darab terméket (n ≤ min{M, N−M}).
Jelentse ξ a kiválasztott termékek között található selejtesek számát. Határozzuk
meg ξ eloszlását!


Megoldás. Az Rξ := {0, 1, . . . , n} és az összes esetek száma
(


N
n


)
. Hogy a kiválasztottak


között pontosan k darab selejtes legyen, az
(


M
k


)(
N−M
n−k


)
módon valósulhat meg. Így


P(ξ = k) =


(
M
k


)(
N−M
n−k


)
(


N
n


) .


7.13. Definíció


Legyen ξ valószínűségi változó és Rξ := {0, 1, . . . , n}, ahol n ∈ N. Ha minden
k ∈ Rξ esetén


P(ξ = k) =


(
M
k


)(
N−M
n−k


)
(


N
n


) ,


ahol az M és N egész számokra 0 < M < N és n ≤ min{M, N − M} áll fenn,
akkor ξ-t hipergeometrikus eloszlású valószínűségi változónak nevezzük.


A bevezető feladatból látható, hogy a definíció korrekt, melyből következik, hogy(
N


n


)
=


n∑
k=0


(
M


k


)(
N − M


n − k


)
. (7.1)


7.14. Tétel


Legyen ξ egy hipergeometrikus eloszlású valószínűségi változó N , M és n
paraméterekkel. Ekkor E ξ = nM


N
és D2 ξ = nM


N


(
1 − M


N


)
N−n
N−1 .


Bizonyítás. Az 5.14. tétel és (7.1) miatt


E ξ =
n∑


k=0
k


(
M
k


)(
N−M
n−k


)
(


N
n


) = M(
N
n


) n∑
k=1


(M − 1)!
(k − 1)! (M − k)!


(
N − M


n − k


)
=
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= M(
N
n


) n∑
k=1


(
M − 1
k − 1


)(
N − M


n − k


)
=


= M(
N
n


) n−1∑
u=0


(
M − 1


u


)(
N − 1 − (M − 1)


n − 1 − u


)
=


= M(
N
n


)(N − 1
n − 1


)
=


M (N−1)!
(n−1)!(N−n)!


N !
n!(N−n)!


= Mn


N
.


Ebből


D2 ξ =
n∑


k=0
k2


(
M
k


)(
N−M
n−k


)
(


N
n


) −
(


nM


N


)2
=


n∑
k=1


Mk


(
M−1
k−1


)(
N−M
n−k


)
(


N
n


) −
(


nM


N


)2
=


= M
n−1∑
u=0


(u + 1)


(
M−1


u


)(
N−1−(M−1)


n−1−u


)
(


N
n


) −
(


nM


N


)2
=


=
M
(


N−1
n−1


)
(


N
n


)
n−1∑


u=0
u


(
M−1


u


)(
N−1−(M−1)


n−1−u


)
(


N−1
n−1


) +
n−1∑
u=0


(
M−1


u


)(
N−1−(M−1)


n−1−u


)
(


N−1
n−1


)
−


−
(


nM


N


)2
= Mn


N


(
(M − 1)(n − 1)


N − 1 + 1
)


−
(


nM


N


)2
=


= Mn


N


(
(M − 1)(n − 1)


N − 1 + 1 − nM


N


)
= Mn


N
· (N − M)(N − n)


N(N − 1) =


= Mn


N


(
1 − M


N


)
N − n


N − 1 .


A bizonyításban u = k − 1 helyettesítést alkalmaztunk.


7.15. Tétel


Legyen n ∈ N, k ∈ {0, 1, . . . , n}, p ∈ R, továbbá ⟨MN⟩ : N → N olyan sorozat,
melyre


lim
N→∞


MN


N
= p


teljesül. Ekkor


lim
N→∞


(
MN


k


)(
N−MN


n−k


)
(


N
n


) =
(


n


k


)
pk(1 − p)n−k.


Bizonyítás. A továbbiakban az egyszerűség kedvéért MN helyett csak M -et írunk.
Azonos átalakításokkal kapjuk, hogy(


M
k


)(
N−M
n−k


)
(


N
n


) =
M !


k!(M−k)! · (N−M)!
(n−k)!(N−M−n+k)!


N !
n!(N−n)!


=
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= n!
k! (n − k)! · M !


(M − k)! ·
(N−M)!


(N−M−n+k)!
N !


(N−n)!
=


=
(


n


k


)
M(M − 1) · · · (M − k + 1)
N(N − 1) · · · (N − k + 1) ·


(N−M)!
(N−M−n+k)!


(N−k)!
(N−n)!


=


=
(


n


k


)
M


N


M − 1
N − 1 · · · M − k + 1


N − k + 1︸ ︷︷ ︸
k darab tényező


· N − M


N − k


N − M − 1
N − k − 1 · · · N − M − n + k + 1


N − n + 1︸ ︷︷ ︸
n−k darab tényező


.


Ha t konstans, akkor


lim
N→∞


M − t


N − t
= lim


N→∞


M
N


− t
N


1 − t
N


= p,


illetve


lim
N→∞


N − M − t


N − k − t
= lim


N→∞


1 − M
N


− t
N


1 − k
N


− t
N


= 1 − p.


Mindezeket felhasználva adódik a tétel.


7.16. Megjegyzés. Ez a tétel azt jelenti, hogy nagy N és M esetén a p = M
N


paraméterű
n-ed rendű binomiális eloszlást jól közelíti a hipergeometrikus eloszlás. Például
legyen 10 000 termék között 10 % selejt. A termékek közül 10 darabot válasszunk
ki véletlenszerűen visszatevés nélkül. Ha ξ a 10 termék közötti selejtesek számát
jelöli, akkor az a 7.12. feladat alapján N = 10 000, M = 1000, n = 10 paraméterű
hipergeometrikus eloszlású valószínűségi változó. Azaz például annak a valószínűsége,
hogy a kiválasztott 10 termék között pontosan 3 selejtes van


P(ξ = 3) =


(
1000


3


)
·
(


9000
7


)
(


10 000
10


) ≈ 0,0573.


Ezt körülményes kiszámolni, de mivel nagy az N és az M is, ezért alkalmazhatjuk a
binomiális közelítést. Tehát


P(ξ = 3) ≈
(


n


k


)
·
(


M


N


)k


·
(


1 − M


N


)n−k


=
(


10
3


)
· 0,13 · 0,97 ≈ 0,0574.


Tehát ebben az esetben a binomiális közelítésnél csak a 4. tizedesjegytől tapasztalható
eltérés.


7.5. Geometriai eloszlás
Az 5.17. feladatban egy olyan valószínűségi változót adtunk meg, melynek értékkész-
lete N és eloszlása P(ξ = k) = p(1 − p)k−1 (k ∈ N) volt.
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7.17. Definíció


Legyen ξ olyan diszkrét valószínűségi változó, melyre Rξ = N. Ha minden
k ∈ Rξ esetén


P(ξ = k) = p(1 − p)k−1,


ahol 0 < p < 1, akkor ξ-t p paraméterű geometriai eloszlású valószínűségi
változónak nevezzük.


Az 5.17. feladatból, de a következőből is kiderül, hogy az előző definíció korrekt.


∞∑
k=1


p(1 − p)k−1 = p
∞∑


k=1
(1 − p)k−1 = 1.


7.18. Tétel


Legyen ξ egy p paraméterű geometriai eloszlású valószínűségi változó. Ekkor


E ξ = 1
p


és D2 ξ = 1 − p


p2 .


Bizonyítás. Legyen q := 1 − p. Az 5.15. tétel miatt


E ξ =
∞∑


k=1
kpqk−1 = p


∞∑
k=1


kqk−1 = p
∞∑


k=1


d
dq


(qk) = p
d
dq


( ∞∑
k=1


qk


)
=


= p
d
dq


(
q


1 − q


)
= p


1 − q + q


(1 − q)2 = p


p2 = 1
p


.


A bizonyításban felhasználtuk, hogy a
∞∑
1


qk hatványsor konvergenciasugara 1, így q


lehetséges értékei esetén a
∞∑


k=1
qk összegfüggvény differenciálható.


E ξ2 =
∞∑


k=1
k2pqk−1 = p


∞∑
k=1


k2qk−1 = p
∞∑


k=1


d
dq


(kqk) = p
d
dq


( ∞∑
k=1


kqk


)
=


= p
d
dq


(
q


p


∞∑
k=1


kpqk−1
)


= p
d
dq


(
q


p
E ξ


)
= p


d
dq


(
q


p2


)
=


= p
d
dq


(
q


(1 − q)2


)
= 1 + q


p2 ,


A levezetésben felhasználtuk, hogy a
∞∑
1


kqk hatványsor konvergenciasugara 1. Így


D2 ξ = E ξ2 − E2 ξ = 1 + q


p2 − 1
p2 = q


p2 .
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7.6. Egyenletes eloszlás
7.19. Feladat. Legyen Ω = [a, b] (a, b ∈ R, a < b), (Ω, F , P) geometriai valószínűségi
mező és ξ : Ω → R, ξ(ω) = ω. Határozzuk meg ξ eloszlásfüggvényét!
Megoldás. Ha x < a, akkor Fξ(x) = P(ξ < x) = 0, illetve ha x > b, akkor Fξ(x) =
= P(ξ < x) = 1. Most legyen a ≤ x ≤ b. Ekkor Fξ(x) = P(ξ < x) = x−a


b−a
. Az Fξ


folytonos és két pont kivételével mindenhol differenciálható, így ξ abszolút folytonos,
továbbá fξ(x) = F ′


ξ(x) = 1
b−a


, ha a < x < b, míg fξ(x) = F ′
ξ(x) = 0 minden más


esetben.
7.20. Definíció


Legyen ξ abszolút folytonos valószínűségi változó, a, b ∈ R és a < b. Ha ξ
sűrűségfüggvénye


fξ : R → R, fξ(x) =



1


b−a
, ha a < x < b,


0 egyébként,


akkor ξ-t egyenletes eloszlású valószínűségi változónak nevezzük az [a, b] inter-
vallumon.


7.21. Tétel


Legyen ξ egyenletes eloszlású valószínűségi változó az [a, b] intervallumon.
Ekkor ξ eloszlásfüggvénye


Fξ : R → R, Fξ(x) =



0, ha x ≤ a,
x−a
b−a


, ha a < x < b,
1, ha x ≥ b.


x


y


a b


1
b−a


x


y


a b


1


Egyenletes eloszlás sűrűség- és eloszlásfüggvénye


7.22. Megjegyzés. Könnyen látható, hogy egy valószínűségi változó pontosan ak-
kor egyenletes eloszlású a [0, 1] intervallumon, ha a [0, 1] bármely h hosszúságú
részintervallumába h valószínűséggel eshet.


Bizonyítás nélkül megemlítjük, hogy bármely eloszlás előáll a [0, 1] intervallumon
egyenletes eloszlás valamely transzformáltjaként, aminek a véletlenek számítógépes
szimulációiban van jelentősége.
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7.23. Tétel


Legyen ξ egyenletes eloszlású valószínűségi változó az [a, b] intervallumon.
Ekkor E ξ = a+b


2 és D2 ξ = (b−a)2


12 .


Bizonyítás. A várható érték véges, mivel


∞∫
−∞


|x|fξ(x) dx =
b∫
a


|x| 1
b − a


dx = 1
b − a


b∫
a


|x| dx ∈ R


teljesül. Így


E ξ =
∞∫


−∞


xfξ(x) dx =
b∫
a


x
1


b − a
dx = 1


b − a


[
x2


2


]b


a


= b2 − a2


2(b − a) = a + b


2 .


Másrészt


E ξ2 =
∞∫


−∞


x2fξ(x) dx =
b∫
a


x2 1
b − a


dx = 1
b − a


[
x3


3


]b


a


= b3 − a3


3(b − a) ,


így


D2 ξ = E ξ2 − E2 ξ = b3 − a3


3(b − a) −
(


a + b


2


)2


= (b − a)2


12 .


7.7. Exponenciális eloszlás
Vizsgáljuk egy üvegpohár élettartamát! Mivel az üveg nem öregszik, ezért csak a
véletlen törések határozzák meg az élettartamot. Vagyis ha x ideig nem törik el a
pohár, akkor további legalább y ideig ugyanakkora valószínűséggel marad ép, mintha
akkor gyártották volna, azaz


P(ξ ≥ x + y | ξ ≥ x) = P(ξ ≥ y) minden x, y > 0 esetén,


ahol ξ az élettartam. Ezt a tulajdonságot örökifjú tulajdonságnak nevezzük.


7.24. Feladat. Határozzuk meg azon folytonos eloszlásfüggvényű ξ valószínűségi
változók körét, melyek rendelkeznek az örökifjú tulajdonsággal !


Megoldás. Legyen G(x) := 1 − Fξ(x). Ekkor minden x, y > 0 esetén


G(x + y) = G(x)G(y),


melyből következik, hogy


G(x1 + x2 + · · · + xn) = G(x1)G(x2) · · · G(xn)
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minden n ∈ N és x1, . . . , xn > 0 esetén. Legyen xi = 1
n


és a := G(1). Ekkor a =
= Gn( 1


n
), azaz G( 1


n
) = a


1
n . Ebből xi = 1


m
(m ∈ N) választással azt kapjuk, hogy


G( n
m


) = Gn( 1
m


) = a
n
m , azaz G(x) = ax minden pozitív racionális x esetén. De a G és


az exponenciális függvény folytonossága miatt ez csak úgy lehet, ha


G(x) = ax


minden x > 0 esetén. Fξ eloszlásfüggvény, ezért 0 ≤ a ≤ 1. Tegyük fel, hogy a = 0.
Ekkor G(x) = 0x = 0 minden x > 0 esetén, ami ellentmond G folytonosságának,
hiszen G(0) = 1 − P(ξ < 0) = 1. Másrészt, ha a = 1 lenne, akkor G(x) = 1x = 1
minden x > 0 esetén, ami ellentmond (F2)-nek. Így 0 < a < 1, melyből következik,
hogy egyértelműen létezik λ > 0, hogy a = e−λ. Tehát ekkor


Fξ(x) = 1 − e−λx,


ha x > 0. Másrészt, ha x ≤ 0, akkor Fξ(x) = P(ξ < 0) = P(∅) = 0.
Mivel Fξ egy pont kivételével mindenhol differenciálható, ezért ξ abszolút folyto-


nos, továbbá
fξ(x) = F ′


ξ(x) = λe−λx,


ha x > 0 és fξ(x) = F ′
ξ(x) = 0, ha x ≤ 0.


7.25. Definíció


Legyen ξ abszolút folytonos valószínűségi változó és λ > 0. Ha ξ sűrűségfügg-
vénye


fξ : R → R, fξ(x) =


0, ha x ≤ 0,
λe−λx, ha x > 0,


akkor ξ-t λ paraméterű exponenciális eloszlású valószínűségi változónak nevez-
zük.


Ez valóban sűrűségfüggvény, hiszen fξ(x) ≥ 0 minden x ∈ R esetén, továbbá


∞∫
−∞


fξ(x) dx =
∞∫
0


λe−λx dx =
[
−e−λx


]∞
0


= − lim
x→∞


e−λx + 1 = 1.


7.26. Tétel


Legyen λ > 0 és ξ egy λ paraméterű exponenciális eloszlású valószínűségi
változó. Ekkor ξ eloszlásfüggvénye


Fξ : R → R, Fξ(x) =


0, ha x ≤ 0,
1 − e−λx, ha x > 0.
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Bizonyítás. Ha x ≤ 0, akkor


Fξ(x) =
x∫


−∞


fξ(t) dt =
x∫


−∞


0 dt = 0


teljesül, másrészt ha x > 0, akkor


Fξ(x) =
x∫


−∞


fξ(t) dt =
x∫
0


λe−λt dt =
[
−e−λt


]x
0


= 1 − e−λx.


x


y


λ


x


y


1


Exponenciális eloszlás sűrűség- és eloszlásfüggvénye


7.27. Tétel


Legyen λ > 0 és ξ egy λ paraméterű exponenciális eloszlású valószínűségi
változó. Ekkor E ξ = 1


λ
és D2 ξ = 1


λ2 .


Bizonyítás. A következő integrált parciális integrálással és L’Hospital-szabállyal
számoljuk ki. Legyen f(x) = x és g′(x) = λe−λx. Ekkor f ′(x) = 1 és g(x) = −e−λx,
így


∞∫
−∞


|x|fξ(x) dx =
∞∫
0


xλe−λx dx =
[
−xe−λx


]∞
0


+
∞∫
0


e−λx dx =


= − lim
x→∞


x


eλx
+
[
− 1


λ
e−λx


]∞


0
= − lim


x→∞


1
λeλx


+ 1
λ


= 1
λ


.


Ebből következik, hogy E ξ véges és


E ξ =
∞∫


−∞


xfξ(x) dx =
∞∫
0


xλe−λx dx = 1
λ


.


A következőkben parciális integrálást alkalmazunk, melyben f(x) = x2 és g′(x) =
= λe−λx. Ekkor f ′(x) = 2x és g(x) = −e−λx, így


E ξ2 =
∞∫


−∞


x2fξ(x) dx =
∞∫
0


x2λe−λx dx =
[
−x2e−λx


]∞
0


+
∞∫
0


2xe−λx dx =
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= − lim
x→∞


x2


eλx
+ 2


λ


∞∫
0


xλe−λx dx = − lim
x→∞


2x


λeλx
+ 2


λ
E ξ = − lim


x→∞


2
λ2eλx


+ 2
λ2 = 2


λ2 .


Ebből
D2 ξ = E ξ2 − E2 ξ = 2


λ2 − 1
λ2 = 1


λ2 .


7.28. Megjegyzés. Meglepő módon az exponenciális eloszlásnak szoros kapcsolata van
a Poisson-eloszlással. Jelölje ξ egy adott típusú véletlen esemény bekövetkezéséig
eltelt várakozási időt, illetve η jelölje ugyanennek a típusú eseménynek a bekövetke-
zéseinek számát t idő alatt. Ekkor belátható, hogy ξ pontosan akkor λ paraméterű
exponenciális eloszlású, ha η Poisson-eloszlású λt paraméterrel.


7.8. Cauchy-eloszlás
7.29. Feladat. A Descartes-féle koordinátasíkra leejtünk egy egyenest. Tegyük fel,
hogy ennek az α irányszöge egyenletes eloszlású a [−π


2 , π
2 ] intervallumon. Határozzuk


meg az egyenes η-val jelölt meredekségének az eloszlás- és sűrűségfüggvényét! Adja
meg a ξ = µ + ση eloszlás- és sűrűségfüggvényét is, ahol µ ∈ R és σ > 0.


Megoldás.


Fη(x) = P(η < x) = P(tg α < x) = P(α < arctg x) =


=
arctg x − (−π


2 )
π
2 − (−π


2 ) = 1
2 + 1


π
arctg x.


Mivel ez differenciálható függvény, ezért η abszolút folytonos, továbbá


fη(x) = F ′
η(x) = 1


π(1 + x2) .


Másrészt


Fξ(x) = P(µ + ση < x) = P
(


η <
x − µ


σ


)
= Fη


(
x − µ


σ


)
= 1


2 + 1
π


arctg
(


x − µ


σ


)
,


így
fξ(x) = F ′


ξ(x) = σ


πσ2 + π(x − µ)2 .


7.30. Definíció


Ha a ξ abszolút folytonos valószínűségi változó sűrűségfüggvénye


fξ : R → R, fξ(x) = σ


πσ2 + π(x − µ)2 ,
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ahol µ ∈ R és σ > 0, akkor ξ-t µ helyparaméterű és σ skálaparaméterű Cauchy-
eloszlású valószínűségi változónak nevezzük. Ha µ = 0 és σ = 1, akkor standard
Cauchy-eloszlásról beszélünk.


A 7.29. feladat megoldása értelmében fξ valóban sűrűségfüggvény, továbbá teljesül
a következő két tétel.


7.31. Tétel


Ha ξ µ helyparaméterű és σ skálaparaméterű Cauchy-eloszlású valószínűségi
változó, akkor az eloszlásfüggvénye


Fξ : R → R, Fξ(x) = 1
2 + 1


π
arctg


(
x − µ


σ


)
.


7.32. Tétel


Ha ξ standard Cauchy-eloszlású valószínűségi változó, µ ∈ R és σ > 0, akkor
µ + σξ Cauchy-eloszlású µ és σ paraméterekkel.


x


y


1
π


−2 2
x


y


0,5


1


−4 4


Standard Cauchy-eloszlás sűrűség- és eloszlásfüggvénye


7.33. Tétel


Cauchy-eloszlású valószínűségi változónak nem létezik várható értéke.


Bizonyítás. Legyen ξ standard Cauchy-eloszlású valószínűségi változó. Ekkor
∞∫
0


xfξ(x) dx =
∞∫
0


x
1


π(1 + x2) dx = 1
2π


∞∫
0


2x


1 + x2 dx = 1
2π


[
ln
(
1 + x2


)]∞
0


= ∞,


és
0∫


−∞


(−x)fξ(x) dx =
0∫


−∞


−x


π(1 + x2) dx = −1
2π


0∫
−∞


2x


1 + x2 dx = −1
2π


[
ln
(
1 + x2


)]0
−∞


= ∞.


Ezért az 5.16. tétel alapján nem létezik ξ-nek várható értéke, melyből következik a
tétel.
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7.34. Megjegyzés. A µ helyparaméter az úgynevezett mediánnal egyenlő, azaz


P(ξ < µ) = 1
2 + 1


π
arctg


(
µ − µ


σ


)
= 1


2 .


7.9. Normális eloszlás
7.35. Tétel


Legyen
φ : R → R, φ(x) := 1√


2π
e− x2


2 .


Ekkor φ sűrűségfüggvény.


Bizonyítás. A bizonyításhoz legyen


W :=
∞∫


−∞


φ(x) dx.


Mivel


W 2 = 1
2π


∞∫
−∞


e
−x2


2 dx


∞∫
−∞


e
−y2


2 dy = 1
2π


∞∫
−∞


∞∫
−∞


e− x2+y2
2 dx dy,


így x := r cos ω és y := r sin ω (0 ≤ r < ∞, 0 ≤ ω ≤ 2π) helyettesítéssel kapjuk,
hogy


W 2 = 1
2π


∞∫
0


2π∫
0


re− r2
2 dω dr =


∞∫
0


re− r2
2 dr =


[
−e− r2


2


]∞


0
= 1.


A helyettesítés során felhasználtuk, hogy a Jacobi-determináns∣∣∣∣∣
∂x
∂r


∂x
∂ω


∂y
∂r


∂y
∂ω


∣∣∣∣∣ =
∣∣∣∣∣cos ω −r sin ω
sin ω r cos ω


∣∣∣∣∣ = r cos2 ω + r sin2 ω = r.


Mivel φ(x) > 0 minden x ∈ R esetén, ezért W > 0. Így W = 1, melyből következik
az állítás.


7.36. Megjegyzés. Legyenek ξ1, ξ2, . . . független, azonos eloszlású, véges pozitív szórású
valószínűségi változók. Ekkor az Sn := ξ1 + ξ2 + · · · + ξn standardizáltjának a
határeloszlása egy olyan abszolút folytonos valószínűségi változó eloszlásával egyezik
meg, melynek sűrűségfüggvénye φ, azaz minden x ∈ R esetén


lim
n→∞


P
(


Sn − E Sn


D Sn


< x


)
=


x∫
−∞


φ(t) dt.


Ez az úgynevezett centrális határeloszlási tétel, melyről később még lesz szó. Az
eredmény meglepő, hiszen bármely véges pozitív szórású eloszlás esetén ugyanahhoz
a határeloszláshoz jutunk az előző módon.
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7.37. Definíció


A ξ abszolút folytonos valószínűségi változót standard normális eloszlásúnak
nevezzük, ha a sűrűségfüggvénye φ.


7.38. Jelölés


Standard normális eloszlású valószínűségi változó eloszlásfüggvényét Φ-vel
jelöljük, azaz


Φ: R → R Φ(x) := 1√
2π


x∫
−∞


e− t2
2 dt.


x


y


−2 2


1√
2π


φ


x


y


−2 2


1


0,5


Φ


Standard normális eloszlás sűrűség- és eloszlásfüggvénye


7.39. Tétel


A standard normális eloszlású valószínűségi változó eloszlásfüggvényére illetve
a sűrűségfüggvényére teljesülnek a következők:


(1) φ(−x) = φ(x) minden x ∈ R esetén, azaz φ páros függvény.


(2) φ a (−∞, 0] intervallumon szigorúan monoton növekedő, a [0, ∞) inter-
vallumon pedig szigorúan monoton csökkenő függvény.


(3) Φ(−x) = 1 − Φ(x) minden x ∈ R esetén.


(4) Φ(0) = 0,5.


(5) Φ mindenhol differenciálható és Φ′ = φ.


(6) Φ szigorúan monoton növekedő.


Bizonyítás. (1) Az állítás x2 = (−x)2 miatt teljesül.
(2) φ′(x) = −xφ(x), ami pozitív, ha x < 0, és negatív, ha x > 0. Ebből adódik az
állítás.
(3) A φ párossága miatt


Φ(−x) =
−x∫


−∞


φ(t) dt =
∞∫
x


φ(t) dt =
∞∫


−∞


φ(t) dt −
x∫


−∞


φ(t) dt = 1 − Φ(x).
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(4) Az előző pont következménye x = 0 választással.
(5) φ folytonos, amiből következik az állítás.
(6) Φ′(x) = φ(x) > 0 minden x ∈ R esetén, amiből következik az állítás.


7.40. Megjegyzés. A Φ nem elemi függvény, azaz nincs zárt alakja. Kiszámolni egy
adott helyen a helyettesítési értékét a Taylor-sorával lehet, amit a következő módon
határozhatunk meg.


Φ(x) = 1√
2π


x∫
−∞


e− t2
2 dt = 1√


2π


x∫
−∞


∞∑
k=0


(
− t2


2


)k


k! dt = 1√
2π


∞∑
k=0


(−1)k


2kk!


x∫
−∞


t2k dt =


= 1√
2π


∞∑
k=0


(−1)k


2kk!


(
x2k+1


2k + 1 − lim
y→−∞


y2k+1


2k + 1


)
= 1√


2π


∞∑
k=0


(−1)k


2k(2k + 1)k!x
2k+1 −


− lim
y→−∞


1√
2π


∞∑
k=0


(−1)k


2k(2k + 1)k!y
2k+1.


Ezt x = 0-ra felírva kapjuk, hogy


1
2 = Φ(0) = − lim


y→−∞


1√
2π


∞∑
k=0


(−1)k


2k(2k + 1)k!y
2k+1,


melyből


Φ(x) = 1
2 + 1√


2π


∞∑
k=0


(−1)k


2k(2k + 1)k!x
2k+1.


A 7.39. tétel (6) pontja lehetővé teszi, hogy a Φ előző képlettel számolt közelítő
értékeit táblázatba rendezzük. (Lásd a 102. oldalon.) A 7.39. tétel (3) pont szerint
ebben a táblázatban elég a pozitív x-ek helyettesítési értékeit feltüntetni.


Megemlítjük még a Φ(x) egy egyszerű közelítő formuláját. Johnson és Kotz
1970-ben bizonyították, hogy az


1 − 0,5(1 + ax + bx2 + cx3 + dx4)−4


kifejezéssel x ≥ 0 esetén 2,5 · 10−4-nél kisebb hibával közelíthető Φ(x), ahol


a = 0,196854, b = 0,115194, c = 0,000344, d = 0,019527.


7.41. Tétel


Ha ξ standard normális eloszlású, akkor E ξ = 0 és D2 ξ = 1.


Bizonyítás. A ξ-nek véges a várható értéke, mert
∞∫


−∞


|x| 1√
2π


e− x2
2 dx = 2√


2π


∞∫
0


xe− x2
2 dx = 2√


2π


[
−e− x2


2


]∞


0
= 2√


2π
.
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Az integrálásban felhasználtuk, hogy |x|e−x2
2 páros. Így xφ(x) páratlansága miatt


E ξ =
∞∫


−∞


xφ(x) dx = 0.


Legyen f(x) := x és g′(x) := xe
−x2


2 . Ekkor parciális integrálással


E ξ2 =
∞∫


−∞


x2φ(x) dx = 2√
2π


∞∫
0


x2e− x2
2 dx = 2√


2π


[
−xe− x2


2


]∞


0
− 2√


2π


∞∫
0


−e− x2
2 dx =


= − 2√
2π


lim
x→∞


x


e
x2
2


+ 2√
2π


∞∫
0


e− x2
2 dx = − 2√


2π
lim


x→∞


1
xe


x2
2


+ 1√
2π


∞∫
−∞


e− x2
2 dx = 1.


Ebből D2 ξ = E ξ2 − E2 ξ = 1.


7.42. Definíció


Legyen m ∈ R, σ > 0 és η standard normális eloszlású valószínűségi változó.
Ekkor a ξ := ση + m valószínűségi változót m és σ paraméterű normális
eloszlásúnak nevezzük.


A standard normális eloszlású valószínűségi változó m = 0 és σ = 1 paraméterű
normális eloszlású.


7.43. Tétel


Legyen m ∈ R, σ > 0 és ξ egy m és σ paraméterű normális eloszlású valószí-
nűségi változó. Ekkor ξ abszolút folytonos, továbbá minden x ∈ R esetén


Fξ(x) = Φ
(


x − m


σ


)
és fξ(x) = 1


σ
φ
(


x − m


σ


)
.


Bizonyítás. Legyen η standard normális eloszlású. Ekkor


Fξ(x) = P(ση + m < x) = P
(


η <
x − m


σ


)
= Φ


(
x − m


σ


)
.


Ez mindenütt differenciálható, így ξ abszolút folytonos és


fξ(x) = F ′
ξ(x) =


(
x − m


σ


)′
Φ′
(


x − m


σ


)
= 1


σ
φ
(


x − m


σ


)
.


7.44. Megjegyzés. Az előző tételből következik, hogy ha ξ egy m és σ paraméterű
normális eloszlású valószínűségi változó, akkor


fξ : R → R, fξ(x) = 1
σ


√
2π


e− (x−m)2


2σ2


és


Fξ : R → R, Fξ(x) = 1
σ


√
2π


x∫
−∞


e− (t−m)2


2σ2 dt.
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7.45. Tétel


Legyen m ∈ R, σ > 0 és ξ egy m és σ paraméterű normális eloszlású valószí-
nűségi változó. Ekkor E ξ = m és D2 ξ = σ2.


Bizonyítás. Legyen η standard normális eloszlású valószínűségi változó. Ekkor


E ξ = E(ση + m) = σ E η + m = m,


továbbá
D2 ξ = D2(ση + m) = σ2 D2 η = σ2.


7.46. Feladat. Egy gyár alkatrészeket készít. Ezek élettartama normális eloszlású
valószínűségi változó 1170 óra várható értékkel és 100 óra szórással. A gyár az
alkatrészekre garanciát vállal. Hány órás működésre szóljon a garancia, ha a gyár
legfeljebb 5 % garanciaigényt kíván kielégíteni?


Megoldás. Ha t órára vállalnak garanciát, akkor a feladat szerint


P(ξ < t) ≤ 0,05
Fξ(t) ≤ 0,05


Φ
(


t − 1170
100


)
≤ 0,05


1 − Φ
(1170 − t


100


)
≤ 0,05


0,95 ≤ Φ
(1170 − t


100


)
.


Ebből Φ szigorúan monoton növekedése és Φ(1,64) ≈ 0,95 alapján


1,64 ≤ 1170 − t


100 ,


melyből t ≤ 1006, azaz legfeljebb 1006 órára szóljon a garancia.







8. fejezet


A valószínűségszámítás határérték-
tételei


8.1. A nagy számok törvényei
A valószínűség fogalmának meghatározásakor a matematikai modellünkben felté-
teleztük a Bernoulli-féle tapasztalat alapján, hogy a valószínűség örökli a relatív
gyakoriság legfontosabb tulajdonságait: az értéke nemnegatív, a biztos esemény
valószínűsége 1 és σ-additív. Felmerül a kérdés, hogy elég-e csak ennyit feltételezni a
valószínűségről? Azaz ez alapján megmutatható-e a modellünkben Bernoulli tapasz-
talata, miszerint egy esemény relatív gyakorisága a kísérletek számának növelésével
egyre kisebb mértékben ingadozik az esemény valószínűsége körül? A modell akkor
lesz jó, ha ez az eddigiek alapján bizonyítható tétel. Erről lesz szó ebben a szakaszban.


A következő definícióban először azt tisztázzuk, hogy mit jelent a modellünkben,
hogy egy valószínűségi változó sorozat egyre kisebb mértékben ingadozik egy konstans
körül.


8.1. Definíció


Legyenek ξ1, ξ2, . . . valószínűségi változók és c ∈ R. Ha minden ε > 0 esetén


lim
n→∞


P
(∣∣∣ξn − c


∣∣∣ ≥ ε
)


= 0


teljesül, akkor azt mondjuk, hogy ξn sztochasztikusan konvergál c-hez.


A továbblépéshez a következő tételre lesz szükségünk:


8.2. Tétel Csebisev-egyenlőtlenség


Ha ξ véges szórású valószínűségi változó, akkor minden ε > 0 esetén


P
(


|ξ − E ξ| ≥ ε
)


≤ D2 ξ


ε2 .
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Bizonyítás. Legyen c := ε2 és η := (ξ − E ξ)2. Ekkor c-re és η-ra teljesülnek a
Markov-egyenlőtlenség (5.9. tétel) feltételei. Így


ε2 P
(∣∣∣ξ − E ξ


∣∣∣ ≥ ε
)


= ε2 P
(
η ≥ ε2


)
≤ E η = D2 ξ.


8.3. Tétel Bernoulli-féle nagy számok törvénye


Legyen ϱn egy n-ed rendű p paraméterű binomiális eloszlású valószínűségi
változó. Ekkor minden ε > 0 esetén


P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ ≥ ε
)


≤ p(1 − p)
nε2 , (8.1)


amiből következik, hogy ϱn


n
sztochasztikusan konvergál p-hez.


Bizonyítás. Legyen ε > 0 adott. Ekkor a Csebisev-egyenlőtlenség feltételeit nε és ϱn


teljesítik, így


P
(


|ϱn − E ϱn| ≥ nε
)


≤ D2 ϱn


n2ε2


teljesül. Másrészt E ϱn = np és D2 ϱn = np(1 − p). Ezeket beírva


0 ≤ P
(


|ϱn − np| ≥ nε
)


= P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ ≥ ε
)


≤ np(1 − p)
n2ε2 = p(1 − p)


nε2


adódik. Ebből
lim


n→∞


p(1 − p)
nε2 = 0


miatt következik, hogy ϱn


n
sztochasztikusan konvergál p-hez.


8.4. Megjegyzés. Ha ϱn egy A esemény gyakorisága, ahol n a kísérletek száma, akkor
ϱn binomiális eloszlású valószínűségi változó n-ed renddel és p paraméterrel, ahol p az
A esemény valószínűsége (lásd a 7.6. megjegyzést). Így (8.1) erre is teljesül, azaz egy
esemény relatív gyakorisága sztochasztikusan konvergál az esemény valószínűségéhez.
8.5. Megjegyzés. A Bernoulli-féle nagy számok törvényében akkor is tudunk felső
becslést adni, ha p értéke nem ismert. Ugyanis p(1 − p) ≤ 1


4 mindig teljesül, így


P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ ≥ ε
)


≤ 1
4nε2 .


A feladatokban gyakran használható a következő becslés, ami ekvivalens a (8.1)
egyenlőtlenséggel :


P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ < ε
)


≥ 1 − p(1 − p)
nε2 ≥ 1 − 1


4nε2 .


A Bernoulli-féle nagy számok törvényének jelentősége, hogy a bevezetésben leírt
tapasztalatot fejezi ki. Vagyis a valószínűségszámításban, mint a véletlen jelenségeket
leíró modellben, a valószínűség és a relatív gyakoriság hasonló kapcsolatban van,
mint amit a tapasztalat mutat.
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8.6. Feladat. Hány dobást kell végeznünk egy szabályos kockával, hogy a 6-os dobás
valószínűségét a 6-os relatív gyakorisága legalább 0,9 valószínűséggel 0,01-nál kisebb
hibával megközelítse? Oldjuk meg a feladatot akkor is, ha a kocka cinkelt, azaz a
6-os dobásának a valószínűségét nem ismerjük!


Megoldás. Szabályos kockánál a 6-os dobásának valószínűsége p = 1
6 . Így a Bernoulli-


féle nagy számok törvénye és a 8.5. megjegyzés alapján


P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ < 0,01
)


≥ 1 −
1
6 · 5


6
n · 0,012 ≥ 0,9


teljesül. Ebből következően n ≥ 13 889, azaz legalább 13 889-szer kell dobni. Ha a
kocka cinkelt, akkor használjuk a p(1 − p) ≤ 1


4 egyenlőtlenséget. Így


P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ < 0,01
)


≥ 1 − 1
4n · 0,012 ≥ 0,9,


melyből n ≥ 25 000 adódik.


A 7.4. feladatban láttuk, hogy független, azonos paraméterű karakterisztikus
eloszlású valószínűségi változók összege binomiális eloszlású, így erre a Bernoulli-féle
nagy számok törvénye teljesül. Vajon más, nem feltétlenül karakterisztikus eloszlású
valószínűségi változók összegére mit állíthatunk?


8.7. Tétel A nagy számok gyenge törvénye


Legyenek ξ1, ξ2, . . . , ξn véges szórású, azonos eloszlású, páronként független
valószínűségi változók, továbbá legyen Sn := ξ1 + ξ2 + · · · + ξn. Ekkor minden
ε > 0 esetén


P
(∣∣∣∣Sn


n
− E ξ1


∣∣∣∣ ≥ ε
)


≤ D2 ξ1


nε2


teljesül, melyből következik, hogy Sn


n
sztochasztikusan konvergál E ξ1-hez.


Bizonyítás. Az Sn


n
valószínűségi változóra teljesülnek a Csebisev-egyenlőtlenség felté-


telei, ezért


P
(∣∣∣∣Sn


n
− E


(
Sn


n


)∣∣∣∣ ≥ ε
)


≤
D2
(


Sn


n


)
ε2


teljesül. De


E
(


Sn


n


)
= 1


n
E
(


n∑
i=1


ξi


)
= 1


n


n∑
i=1


E ξi = 1
n


n∑
i=1


E ξ1 = E ξ1


és a páronkénti függetlenség miatt


D2
(


Sn


n


)
= 1


n2 D2
(


n∑
i=1


ξi


)
= 1


n2


n∑
i=1


D2 ξi = 1
n2


n∑
i=1


D2 ξ1 = 1
n


D2 ξ1,
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így teljesül a tételben szereplő egyenlőtlenség. Mivel


lim
n→∞


D2 ξ1


nε2 = 0,


ezért ebből következik, hogy Sn


n
sztochasztikusan konvergál E ξ1-hez.


8.8. Megjegyzés. Ha a nagy számok gyenge törvényében ξi egy rögzített A esemény
indikátorváltozója és ξ1, ξ2, . . . , ξn függetlenek (nem páronként), akkor a Bernoulli-féle
nagy számok törvényét kapjuk.


Hincsin bizonyította, hogy a nagy számok gyenge törvényében Sn


n
akkor is szto-


chasztikusan konvergál E ξ1-hez, ha a véges szórás létezése helyett csak a véges
várható érték létezését feltételezzük.


A nagy számok gyenge törvénye alapján egy véges várható értékű valószínűségi
változó több mérési eredményének számtani közepe a mérések számának növelésével
a valószínűségi változó várható értéke körül ingadozik. Azaz várhatóan ezt az értéket
közelíti meg az átlag. Ezt a törvényt a tapasztalat is megerősíti. Ez alapján neveztük
el a várható értéket.


A következő tétel a gyenge törvénynél erősebb állítást fogalmaz meg.


8.9. Tétel A nagy számok Kolmogorov-féle erős törvénye


Legyenek ξ1, ξ2, . . . független, azonos eloszlású, véges várható értékű valószínű-
ségi változók. Ekkor Sn := ξ1 + ξ2 + · · · + ξn jelöléssel


lim
n→∞


Sn


n
= E ξ1 m.b.


teljesül.


Etemadi (1981) és Petrov (1987) eredményei alapján kiderült, hogy a nagy számok
Kolmogorov-féle erős törvényének állítása páronkénti függetlenség esetén is igaz marad.
Ezt nevezzük a nagy számok Etemadi-féle erős törvényének. Ebből bizonyítható a
nagy számok gyenge törvénye, de fordítva nem. Ezért az „erős” illetve „gyenge” jelző.


A nagy számok Kolmogorov-féle erős törvényében, ha E ξ1 = 0 teljesül, akkor
Sn


n
majdnem biztosan 0-hoz konvergál. Ezt az állítást Marcinkiewicz és Zygmund


1937-ben általánosították arra az esetre, amikor n helyett n1/r van a nevezőben, ahol
0 < r < 2.


8.10. Tétel A nagy számok Marcinkiewicz – Zygmund-féle erős törvénye


Legyenek ξ1, ξ2, . . . független, azonos eloszlású valószínűségi változók és legyen
Sn := ξ1 + ξ2 + · · · + ξn.


(1) Ha 0 < r < 1 és E |ξ1|r ∈ R, akkor


lim
n→∞


Sn


n1/r
= 0 m.b.
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(2) Ha 1 ≤ r < 2, E |ξ1|r ∈ R és E ξ1 = 0, akkor


lim
n→∞


Sn


n1/r
= 0 m.b.


Könnyen látható, hogy ebből r = 1 választással adódik a nagy számok Kolmogorov-
féle erős törvénye. Az r = 2 esete, azaz Sn√


n
már más kategória, amivel a centrális


határeloszlási tétel foglalkozik (lásd a 8.12. megjegyzésben).


8.2. Centrális határeloszlási tétel
A következő tétel rávilágít a normális eloszlás központi jelentőségére.


8.11. Tétel Centrális határeloszlási tétel


Legyenek ξ1, ξ2, . . . független, azonos eloszlású, véges pozitív szórású valószínű-
ségi változók. Ekkor az Sn := ξ1 +ξ2 + · · ·+ξn standardizáltjának határeloszlása
standard normális, vagyis minden x ∈ R esetén


lim
n→∞


F
S̃n


(x) = Φ(x),


ahol
S̃n = Sn − E Sn


D Sn


= Sn − n E ξ1√
n D ξ1


.


Ha a ξi valószínűségi változók közös eloszlása p paraméterű karakterisztikus
eloszlás, azaz Sn minden n-re n-edrendű p paraméterű binomiális eloszlású valószí-
nűségi változó, akkor a centrális határeloszlás tételből speciálisan az úgynevezett
Moivre – Laplace-tételt kapjuk. Ezek szerint tehát


lim
n→∞


P
 Sn − np√


np(1 − p)
< x


 = Φ(x),


vagyis nagy n esetén


P(Sn < x) ≈ Φ
 x − np√


np(1 − p)


.


Így tehát a binomiális eloszlást közelíti a normális eloszlás. Például, ha n = 1000 lövést
adunk le egy célra, és minden lövés egymástól függetlenül p = 0,11 valószínűséggel
talál, akkor annak a valószínűsége, hogy 100-nál kevesebbszer találunk célba


P(S1000 < 100) =
99∑


k=0


(
1000


k


)
· 0,11k · 0,891000−k ≈ Φ


(
100 − 110√
110 · 0,89


)
≈ 0,1562,


ahol S1000 a találatok száma.
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8.12. Megjegyzés. Legyenek ξ1, ξ2, . . . független, azonos eloszlású, véges pozitív szórású
valószínűségi változók. Ha E ξ1 = 0, akkor Sn := ξ1 + ξ2 + · · · + ξn jelöléssel a centrális
határeloszlási tétel alapján


lim
n→∞


P
(


Sn√
n D ξ1


< x


)
= Φ(x)


minden x ∈ R esetén. Így


lim
n→∞


P
(


− ε


D ξ1
≤ Sn√


n D ξ1
<


ε


D ξ1


)
= Φ


(
ε


D ξ1


)
− Φ


(
− ε


D ξ1


)
= 2Φ


(
ε


D ξ1


)
− 1


minden ε > 0 esetén. Ebből könnyen látható, hogy


lim
n→∞


P
(∣∣∣∣∣ Sn√


n


∣∣∣∣∣ ≥ ε


)
≥ 2Φ


(
− ε


D ξ1


)
> 0


minden ε > 0 esetén. Így ekkor Sn√
n


nem konvergál sztochasztikusan 0-hoz. Például
ε = D ξ1 esetén 2Φ(− ε


D ξ1
) ≈ 0,3174, azaz még nagyon nagy n-ek esetén is az Sn√


n


jelentős valószínűséggel jobban eltér 0-tól, mint D ξ1, bár nagyobb az esélye, hogy ez
nem következik be. Hasonló okoskodással látható, hogy nagyon nagy n-ek esetén is az
Sn√


n
nagy valószínűséggel a 0-tól nem távolodik el nagyon, de pozitív valószínűséggel


| Sn√
n
| tetszőlegesen nagy lehet.


8.13. Megjegyzés. Dobjunk fel többször egymásután egy szabályos pénzérmét. Jelölje
Sn a fej dobások gyakoriságát n dobás után. Ekkor léteznek olyan ξ1, ξ2, . . . függet-
len valószínűségi változók, melyek mindegyike p = 1


2 paraméterű karakterisztikus
eloszlású és Sn = ξ1 + · · · + ξn teljesül minden n ∈ N esetén. Így a nagy számok
Kolmogorov-féle erős törvénye alapján


lim
n→∞


Sn


n
= 1


2 m.b.,


melyből


lim
n→∞


n − Sn


Sn


= lim
n→∞


(
n


Sn


− 1
)


= 2 − 1 = 1 m.b.


Tehát azt kaptuk, hogy az írás és a fej dobásszámainak aránya 1-hez konvergál
majdnem biztosan. Gyakran vonják le ebből azt a következtetést, hogy a fej és írás
dobások számai „kiegyenlítődnek” a dobások számának növelésével, azaz


|Sn − (n − Sn)| = |2Sn − n|


nagy valószínűséggel nem vehet fel nagy értéket. De ez nem igaz! Ennek belátásához
először bevezetjük a


ξn :=
Sn − 1


2n√
n1


2(1 − 1
2)


= 2Sn − n√
n
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jelölést. Ekkor minden n ∈ N és x > 0 esetén


P(|ξn| < x) ≤ P(−x ≤ ξn < x) = P(ξn < x) − P(ξn < −x),


így a Moivre – Laplace-tétel miatt


lim
n→∞


P(|ξn| < x) ≤ lim
n→∞


(
P(ξn < x) − P(ξn < −x)


)
= Φ(x) − Φ(−x) = 2Φ(x) − 1


minden x > 0 esetén. Rögzített K > 0 esetén limm→∞ Km−1/2 = 0, így a Φ
folytonossága miatt


lim
m→∞


2Φ(Km−1/2) − 1 = 2Φ(0) − 1 = 0.


Mindezek alapján kapjuk, hogy


lim
m→∞


lim
n→∞


P(|ξn| < Km−1/2) = 0. (8.2)


Mivel n ≥ m esetén Kn−1/2 ≤ Km−1/2, ezért ekkor


P(|ξn| < Kn−1/2) ≤ P(|ξn| < Km−1/2),


azaz minden rögzített m esetén az előző egyenlőtlenség véges sok n-től eltekintve
minden n-re teljesül. Így


lim
n→∞


P(|ξn| < Kn−1/2) ≤ lim
n→∞


P(|ξn| < Km−1/2)


minden m ∈ N esetén. Ebből kapjuk (8.2) miatt, hogy


lim
n→∞


P(|ξn| < Kn−1/2) ≤ lim
m→∞


lim
n→∞


P(|ξn| < Km−1/2) = 0.


Ebből következően limn→∞ P(|ξn| < Kn−1/2) = 0, azaz


lim
n→∞


P(|2Sn − n| ≥ K) = 1


teljesül minden K ∈ R esetén. Tehát bármilyen nagynak is választjuk a K értékét, n
növelésével egyre nagyobb annak a valószínűsége (határértékben 1), hogy a fej és az
írás dobások számainak különbsége abszolút értékben legalább K.


Ha az előző levezetésben Km−1/2 helyett az mc−1/2 kifejezést használjuk, ahol
c < 1


2 , akkor a következő erősebb eredményt kapjuk:


lim
n→∞


P(|2Sn − n| ≥ nc) = 1


minden c < 1
2 esetén.
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A centrális határeloszlási tétel szemléltetése
Legyenek ξ1, ξ2, . . . független, azonos eloszlású, véges pozitív szórású valószínűségi
változók. Ekkor Sn := ξ1 + ξ2 + · · · + ξn jelöléssel a centrális határeloszlási tétel
alapján


lim
n→∞


P
(


Sn − n E ξ1√
n D ξ1


< x


)
= Φ(x) =


x∫
−∞


φ(t) dt,


így kis ∆x > 0 esetén


lim
n→∞


P
(


x ≤ Sn − n E ξ1√
n D ξ1


< x + ∆x


)
=


x+∆x∫
x


φ(t) dt ≈ φ(x)∆x.


Ebből nagy n és kis ∆x > 0 esetén


1
∆x


P
(


x ≤ Sn − n E ξ1√
n D ξ1


< x + ∆x


)
≈ φ(x)


teljesül minden x ∈ R esetén. Ha ϱN annak az eseménynek a gyakorisága, hogy Sn


standardizáltja az [x, x + ∆x) intervallumba esik N darab (n elemű) kísérletsorozat
után, akkor a nagy számok Bernoulli-féle törvénye alapján, nagy N esetén


ϱN


N
≈ P


(
x ≤ Sn − n E ξ1√


n D ξ1
< x + ∆x


)
.


Így, ha n és N nagy, továbbá ∆x > 0 kicsi, akkor


ϱN


N∆x
≈ φ(x)


minden x ∈ R esetén. Ezt a tapasztalat is igazolja.


Galton-deszka, bolyongás
Az alábbi sematikus ábrán egy ún. Galton-deszkát láthatunk.
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A piros golyót a nyíl irányában leejtve nekiütközik egy szürkével jelölt éknek. Ezután
0,5 valószínűséggel jobbra illetve 0,5 valószínűséggel balra esik. Ezután megint egy
éknek ütközik stb., majd kiköt valamelyik folyosón. Sok golyót leejtve, azok milyen
eloszlásban helyezkednek el a folyosókon?


Ezt a folyamatot a következőképpen is át lehet fogalmazni: Egy szabályos pénz-
érmét feldobunk. Ha a fej oldalára esik, akkor 1 forintot nyerünk (a golyó jobbra
esik), ellenkező esetben pedig 1 forintot veszítünk (a golyó balra esik). Ezt a játékot
többször megismételve az össznyeremény azt jelképezi, hogy a Galton-deszka melyik
folyosóján landolt a golyó.


Ez utóbbi folyamat általánosítása, ha egy játékban p valószínűséggel nyerünk
1 forintot és 1 − p valószínűséggel veszítünk 1 forintot. Ezt nevezzük p paraméterű
bolyongásnak. Jelölje Sn az össznyeremény értékét n játék után és legyen ϱn a nyerések
száma ezekben a játékokban. Ekkor n − ϱn a veszített játékok száma, így


Sn = ϱn − (n − ϱn) = 2ϱn − n.


Másrészt ϱn egy n-edrendű p paraméterű binomiális eloszlású valószínűségi változó
(hiszen a nyerések gyakorisága), így


P(Sn = k) = P(2ϱn − n = k) = P
(


ϱn = n + k


2


)
=
(


n
n+k


2


)
p


n+k
2 (1 − p)n− n+k


2 ,


ahol n+k
2 ∈ {0, 1, . . . , n}, azaz k ∈ {−n, −n + 2, −n + 4, . . . , n}. Ekkor


E Sn = E(2ϱn − n) = 2 E ϱn − n = 2np − n = n(2p − 1)


és
D2 Sn = D2(2ϱn − n) = 4 D2 ϱn = 4np(1 − p).


Ezért a centrális határeloszlási tétel alapján


lim
n→∞


P
Sn − n(2p − 1)


2
√


np(1 − p)
< x


 = Φ(x)


minden x ∈ R esetén. Speciálisan p = 0,5 esetén (vagyis amit a Galton-deszka
modellez)


P(Sn = k) =
(


n
n+k


2


)
2−n,


ahol k ∈ {−n, −n + 2, −n + 4, . . . , n}, E Sn = 0, D Sn =
√


n és


lim
n→∞


P
(


Sn√
n


< x


)
= Φ(x).


Ebből x helyére x√
n


írva adódik, hogy nagy n esetén


P(Sn < x) ≈ Φ
(


x√
n


)
.
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Ezek szerint tehát, ha k az Sn egy lehetséges értéke és n nagy, akkor


P(Sn = k) = P(k ≤ Sn < k + 1) ≈ Φ
(


k + 1√
n


)
− Φ


(
k√
n


)
=


=


k+1√
n∫


k√
n


φ(t) dt ≈ 1√
n


φ


(
k√
n


)
.


Ebből látható, hogy a Galton-deszkában sok golyót leejtve, azok a normális eloszlás
sűrűségfüggvényére jellemző „harang” alakban fognak elhelyezkedni, azaz a szélek
felé haladva egyre kevesebb golyó helyezkedik el az egyes folyosókon.


8.3. Iterált-logaritmus tétel
A nagy számok Marcinkiewicz – Zygmund-féle erős törvénye szerint, ha ξ1, ξ2, . . .
független, azonos eloszlású valószínűségi változók, E |ξ1|r ∈ R és E ξ1 = 0, akkor
0 < r < 2 esetén az Snn−1/r majdnem biztosan 0-hoz tart. Ugyanakkor r = 2 esetén
a centrális határeloszlási tétel szerint Snn−1/2 bár nagy valószínűséggel a 0-tól nem
távolodik el nagyon, de pozitív valószínűséggel |Snn−1/2| tetszőlegesen nagy lehet.
Ezen két tétel „között van” az iterált-logaritmus tétel, amely szerint az Sn-t alkalmas
normáló tényezővel osztva, a sorozat realizációi „nem húzódnak össze 0-ra”, de nem
is „kenődnek szét” a számegyenesen.


8.14. Tétel Iterált-logaritmus tétel


Legyenek ξ1, ξ2, . . . független, azonos eloszlású, véges pozitív szórású valószí-
nűségi változók. Ha E ξ1 = 0, akkor Sn := ξ1 + ξ2 + · · · + ξn jelöléssel


lim sup
n→∞


Sn


D ξ1


√
2n ln(ln n)


= 1


és


lim inf
n→∞


Sn


D ξ1


√
2n ln(ln n)


= −1


majdnem biztosan.


Ezen tétel alapján tehát az
Sn


D ξ1


√
2n ln(ln n)


sorozatnak végtelen sokszor kell az 1 közeléből a −1 közelébe jutnia és viszont.
Azonban a valóságban ezek az átjutások nagyon lassan történnek.
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Standard normális eloszlás táblázata


x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x)
0,00 0,5000 0,45 0,6736 0,90 0,8159 1,35 0,9115 1,80 0,9641 2,50 0,9938
0,01 0,5040 0,46 0,6772 0,91 0,8186 1,36 0,9131 1,81 0,9649 2,52 0,9941
0,02 0,5080 0,47 0,6808 0,92 0,8212 1,37 0,9147 1,82 0,9656 2,54 0,9945
0,03 0,5120 0,48 0,6844 0,93 0,8238 1,38 0,9162 1,83 0,9664 2,56 0,9948
0,04 0,5160 0,49 0,6879 0,94 0,8264 1,39 0,9177 1,84 0,9671 2,58 0,9951
0,05 0,5199 0,50 0,6915 0,95 0,8289 1,40 0,9192 1,85 0,9678 2,60 0,9953
0,06 0,5239 0,51 0,6950 0,96 0,8315 1,41 0,9207 1,86 0,9686 2,62 0,9956
0,07 0,5279 0,52 0,6985 0,97 0,8340 1,42 0,9222 1,87 0,9693 2,64 0,9959
0,08 0,5319 0,53 0,7019 0,98 0,8365 1,43 0,9236 1,88 0,9699 2,66 0,9961
0,09 0,5359 0,54 0,7054 0,99 0,8389 1,44 0,9251 1,89 0,9706 2,68 0,9963
0,10 0,5398 0,55 0,7088 1,00 0,8413 1,45 0,9265 1,90 0,9713 2,70 0,9965
0,11 0,5438 0,56 0,7123 1,01 0,8438 1,46 0,9279 1,91 0,9719 2,72 0,9967
0,12 0,5478 0,57 0,7157 1,02 0,8461 1,47 0,9292 1,92 0,9726 2,74 0,9969
0,13 0,5517 0,58 0,7190 1,03 0,8485 1,48 0,9306 1,93 0,9732 2,76 0,9971
0,14 0,5557 0,59 0,7224 1,04 0,8508 1,49 0,9319 1,94 0,9738 2,78 0,9973
0,15 0,5596 0,60 0,7257 1,05 0,8531 1,50 0,9332 1,95 0,9744 2,80 0,9974
0,16 0,5636 0,61 0,7291 1,06 0,8554 1,51 0,9345 1,96 0,9750 2,82 0,9976
0,17 0,5675 0,62 0,7324 1,07 0,8577 1,52 0,9357 1,97 0,9756 2,84 0,9977
0,18 0,5714 0,63 0,7357 1,08 0,8599 1,53 0,9370 1,98 0,9761 2,86 0,9979
0,19 0,5753 0,64 0,7389 1,09 0,8621 1,54 0,9382 1,99 0,9767 2,88 0,9980
0,20 0,5793 0,65 0,7422 1,10 0,8643 1,55 0,9394 2,00 0,9772 2,90 0,9981
0,21 0,5832 0,66 0,7454 1,11 0,8665 1,56 0,9406 2,02 0,9783 2,92 0,9982
0,22 0,5871 0,67 0,7486 1,12 0,8686 1,57 0,9418 2,04 0,9793 2,94 0,9984
0,23 0,5910 0,68 0,7517 1,13 0,8708 1,58 0,9429 2,06 0,9803 2,96 0,9985
0,24 0,5948 0,69 0,7549 1,14 0,8729 1,59 0,9441 2,08 0,9812 2,98 0,9986
0,25 0,5987 0,70 0,7580 1,15 0,8749 1,60 0,9452 2,10 0,9821 3,00 0,9987
0,26 0,6026 0,71 0,7611 1,16 0,8770 1,61 0,9463 2,12 0,9830 3,10 0,9990
0,27 0,6064 0,72 0,7642 1,17 0,8790 1,62 0,9474 2,14 0,9838 3,20 0,9993
0,28 0,6103 0,73 0,7673 1,18 0,8810 1,63 0,9484 2,16 0,9846 3,30 0,9995
0,29 0,6141 0,74 0,7704 1,19 0,8830 1,64 0,9495 2,18 0,9854 3,40 0,9997
0,30 0,6179 0,75 0,7734 1,20 0,8849 1,65 0,9505 2,20 0,9861 3,50 0,9998
0,31 0,6217 0,76 0,7764 1,21 0,8869 1,66 0,9515 2,22 0,9868
0,32 0,6255 0,77 0,7794 1,22 0,8888 1,67 0,9525 2,24 0,9875
0,33 0,6293 0,78 0,7823 1,23 0,8907 1,68 0,9535 2,26 0,9881
0,34 0,6331 0,79 0,7852 1,24 0,8925 1,69 0,9545 2,28 0,9887
0,35 0,6368 0,80 0,7881 1,25 0,8944 1,70 0,9554 2,30 0,9893
0,36 0,6406 0,81 0,7910 1,26 0,8962 1,71 0,9564 2,32 0,9898
0,37 0,6443 0,82 0,7939 1,27 0,8980 1,72 0,9573 2,34 0,9904
0,38 0,6480 0,83 0,7967 1,28 0,8997 1,73 0,9582 2,36 0,9909
0,39 0,6517 0,84 0,7995 1,29 0,9015 1,74 0,9591 2,38 0,9913
0,40 0,6554 0,85 0,8023 1,30 0,9032 1,75 0,9599 2,40 0,9918
0,41 0,6591 0,86 0,8051 1,31 0,9049 1,76 0,9608 2,42 0,9922
0,42 0,6628 0,87 0,8078 1,32 0,9066 1,77 0,9616 2,44 0,9927
0,43 0,6664 0,88 0,8106 1,33 0,9082 1,78 0,9625 2,46 0,9931
0,44 0,6700 0,89 0,8133 1,34 0,9099 1,79 0,9633 2,48 0,9934
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1. fejezet


Események és valószínűség


Bizonyos jelenségeknél az összes körülmény figyelembe vétele nagyon nehéz vagy
lehetetlen. Ennek oka lehet például, hogy a jelenség hátterében meghúzódó körülmé-
nyek rendszere a tudomány mai állása szerint még nem teljesen feltárt, vagy nem
tudjuk mérni őket, vagy számuk túl nagy és kapcsolatuk nagyon bonyolult. Ilyenkor
a figyelembe vett körülmények összessége nem határozza meg egy esemény bekö-
vetkezésének elegendő okát. Az ilyen eseményeket véletlen eseményeknek nevezzük.
Például dobókockával játszva csak azt a tényt vesszük figyelembe, hogy feldobtuk.
Ez viszont nem határozza meg a dobás eredményét egyértelműen, így például a hatos
dobása véletlen eseményt jelent számunkra.


Ha egy véletlen kimenetelű jelenség sokszor megismétlődhet, akkor véletlen tö-
megjelenségről beszélünk. Az ilyen típusú jelenségekről a véletlenszerűségük ellenére
is áttekintést nyerhetünk. Például a radioaktív bomlás esetén minden egyes atommag
bomlása véletlennek tekinthető, mégis sok milliárd atommag esetében már előre
meg tudjuk mondani nagy pontossággal, hogy egy meghatározott időn belül hány
százalékuk fog elbomlani. Ez a bomlás úgynevezett exponenciális törvénye, melyet a
valószínűségszámítás segítségével írhatunk le.


A valószínűségszámítás a véletlen kimenetelű jelenségek illetve kísérletek matema-
tikai modellezése.


Egy kísérletben azt tekintjük megfigyelhető eseménynek (a továbbiakban röviden
csak eseményt mondunk), melyről egyértelműen eldönthető a kísérlet elvégzése után,
hogy bekövetkezett-e vagy sem. Így az, hogy egy bizonyos esemény bekövetkezett,
matematikai értelemben logikai ítélet. Ebből a logika és a halmazelmélet kapcsolata
alapján az eseményeket halmazokkal modellezhetjük.


Ha egy kísérletben A és B halmazok eseményeket modelleznek, akkor A ∪ B
azt fogja jelenteni, hogy az A és B közül legalább az egyik bekövetkezik. Erről
egyértelműen eldönthető a kísérlet elvégzése után, hogy bekövetkezett-e, ezért ez is
eseményt modellez. Másrészt, ha A esemény, akkor az A ellenkezője is az. Jelöljük
ezt A-val. Az A ∪ A biztosan bekövetkezik, ezért ezt biztos eseménynek nevezzük
és Ω-val jelöljük. Ebből látható, hogy A az A-nak Ω-ra vonatkozó komplementere,
továbbá minden esemény az Ω egy részhalmaza. A nem megfigyelhető események –
vagyis amelyekről a kísérlet elvégzése után nem állapítható meg egyértelműen, hogy
bekövetkezett-e – szintén részhalmazai az Ω-nak, de ezekkel a továbbiakban nem


3







foglalkozunk. Az adott kísérletre vonatkozó események rendszerét jelöljük F -fel, mely
tehát az Ω hatványhalmazának egy részhalmaza.


Például amikor egy dobókockával játszunk, az egyes, kettes, hármas, négyes, ötös
vagy a hatos oldal lehet felül. A nekik megfelelő halmazok legyenek a következők:
{1}, {2}, {3}, {4}, {5}, {6}. De más események is vannak. Például hogy páros szám
lesz felül : {2, 4, 6} = {2} ∪ {4} ∪ {6}, vagy nem egyes lesz felül : {1} = {2, 3, 4, 5, 6}.
Itt a biztos esemény {1, 2, 3, 4, 5, 6}.


Az Ω felírásánál azt is figyelembe kell venni, hogy egy kísérletet mikor tekintünk
sikeresnek, illetve mikor sikertelen, azaz mikor kell helyette új kísérletet végrehajtani.
Az előbbi példában, ha az élére esik a kocka, akkor azt sikertelen kísérletnek tekintjük,
hiszen Ω elemei között egy sincs, ami ezt az esetet jelentené. Amennyiben mégis
be akarjuk vonni a modellünkbe a kocka élére esését, akkor az Ω felírása módosul
például erre: {1, 2, 3, 4, 5, 6, él}.


A modellalkotás következő lépése valamilyen tapasztalati törvény megfigyelése az
eseményekkel kapcsolatosan. Ilyet először Jacob Bernoulli (1654–1705) svájci mate-
matikus publikált. Egy kísérletet hajtsunk végre egymás után többször egymástól
függetlenül azonos körülmények között. Figyeljünk meg ebben a kísérletsorozatban
egy bizonyos eseményt. Ezen esemény bekövetkezéseinek a számát az esemény gyakori-
ságának, míg a bekövetkezések számának és a kísérletek számának arányát az esemény
relatív gyakoriságának fogjuk nevezni. Például egy dobókockával többször dobva,
ábrázoljuk a hatos dobások relatív gyakoriságát a dobások számának függvényében:


500


1
6


Azt látjuk, hogy a hatos dobás relatív gyakorisága a dobások számának növelésé-
vel egyre kisebb mértékben ingadozik 1


6 körül. Más véletlen kimenetelű kísérletek
eseményeire is hasonló a tapasztalat:


A kísérletek számának növelésével a figyelt esemény bekövetkezésének relatív
gyakorisága egyre kisebb mértékben ingadozik egy konstans körül.


Ezt a konstanst a figyelt esemény valószínűségének fogjuk nevezni. A további-
akban P(A) jelölje az A esemény valószínűségét. Itt P egy függvény, amely minden
eseményhez hozzárendel egy számot. Könnyen látható, hogy minden esemény valószí-
nűsége nemnegatív valós szám, a biztos esemény valószínűsége 1, illetve egyszerre be
nem következő események uniójának valószínűsége az események valószínűségeinek
összege.


Andrej Nyikolajevics Kolmogorov (1903–1987) az előzőeket kiegészítve még azt
is feltételezte, hogy megszámlálhatóan végtelen sok esemény uniója is esemény,
továbbá, hogy megszámlálhatóan végtelen sok páronként diszjunkt esemény uniójá-
nak valószínűsége, ezen események valószínűségeinek összegével egyenlő. Ezzel egy
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olyan elméletet kapott, amellyel már matematikailag bizonyíthatóvá válik Bernoulli
megfigyelése. Ezt foglaltuk össze a következő definícióban, amely tehát a véletlen
kimenetelű jelenségek matematikai modellje.


Definíció


Legyen Ω egy nem üres halmaz, az F részhalmaza az Ω hatványhalmazának,
továbbá P: F → R. Tegyük fel, hogy ezekre teljesülnek a következők:
1. axióma. Ω ∈ F .
2. axióma. Ha A ∈ F , akkor A ∈ F , ahol A = Ω \ A.
3. axióma. Ha Ai ∈ F minden i ∈ N esetén, akkor


∞⋃
i=1


Ai ∈ F .


4. axióma. Minden A ∈ F esetén P(A) ≥ 0.
5. axióma. P(Ω) = 1.
6. axióma. Ha Ai ∈ F (i = 1, 2, . . . ) páronként diszjunktak, akkor


P
( ∞⋃


i=1
Ai


)
=


∞∑
i=1


P(Ai).


Ekkor F -et σ-algebrának (ejtsd: szigma-algebra), elemeit eseményeknek, Ω-t
biztos eseménynek, a P függvényt valószínűségnek, a P(A) számot az A esemény
valószínűségének, az (Ω, F , P) rendezett hármast valószínűségi mezőnek, a
6. axiómát pedig σ-additivitásnak nevezzük.


Definíció


Az 1. és 2. axiómák miatt ∅ ∈ F , amit a továbbiakban lehetetlen eseménynek
nevezünk.


Tétel


Ha (Ω, F , P) valószínűségi mező, Ai ∈ F minden i ∈ N esetén és n ∈ N, akkor
∞⋂


i=1
Ai ∈ F ,


n⋂
i=1


Ai ∈ F és
n⋃


i=1
Ai ∈ F .


Definíció


Legyen (Ω, F , P) valószínűségi mező és A, B ∈ F .


(1) Ha A ⊂ B, akkor azt mondjuk, hogy az A maga után vonja B-t.


(2) A-t az A ellentett eseményének nevezzük.
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(3) Ha A∩B = ∅, akkor az A és B eseményeket egymást kizáró eseményeknek
nevezzük.


A∪B akkor következik be, ha A és B közül legalább az egyik bekövetkezik. A∩B
akkor következik be, ha A és B egyszerre bekövetkezik. A akkor következik be, ha az
A nem következik be. A \ B = A ∩ B akkor következik be, ha A bekövetkezik de B
nem.


Tétel


Legyen (Ω, F , P) valószínűségi mező, Ai, A, B ∈ F (i ∈ N) és n ∈ N. Ekkor
teljesülnek a következők:


(1) P(∅) = 0.


(2) (véges additivitás) Ha A1, . . . , An páronként egymást kizáró események,
akkor P(A1 ∪ · · · ∪ An) = P(A1) + · · · + P(An).


(3) P(A) = 1 − P( A ).


(4) P(A ∪ B) = P(A) + P(B) − P(A ∩ B).


(5) (monotonitás) Ha A ⊂ B, akkor P(A) ≤ P(B).


(6) P(A) ≤ 1.


Feladatok
1.1. feladat. Egy dobókockát kétszer feldobunk. Ha a dobott számok összege kettő,
akkor feldobjuk még egyszer. Adjuk meg az Ω-t !


Megoldás.


Ω = {(1, 1, 1), (1, 1, 2), (1, 1, 3), (1, 1, 4), (1, 1, 5), (1, 1, 6),
(1, 2), (1, 3), (1, 4), (1, 5), (1, 6),


(2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6),
(3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6),
(4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6),
(5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6),
(6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)}


1.2. feladat. Egy kockát addig dobunk, amíg hatost nem kapunk. Adjuk meg a
biztos eseményt!


Megoldás. Ω = {6} ∪
∞⋃


n=1
{1, 2, 3, 4, 5}n × {6}
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1.3. feladat. Az egész számok közül választunk egyet. Az A esemény jelentse azt,
hogy a kiválasztott szám öttel osztható, B pedig azt, hogy a szám nullára végződik.
Mit jelentenek a következő események?


(1) A ∪ B
(2) A ∩ B
(3) A \ B


Megoldás.
(1) A ∪ B : a kiválasztott szám öttel osztható;
(2) A ∩ B : a kiválasztott szám nullára végződik;
(3) A \ B : a kiválasztott szám ötre végződik;


1.4. feladat. Jelentse A azt az eseményt, hogy egy dobókockával páros számot
dobunk, B azt, hogy 4-nél kisebbet dobunk, és C, hogy 2-nél nagyobbat dobunk.
Mit jelent az (


A \ (B ∩ C)
)


∪
(
(A \ B) \ C


)
esemény?


Megoldás. A dobókockával páros számot dobunk.


1.5. feladat. Jelentse A azt az eseményt, hogy magyar kártyából egy zöld lapot
húzunk, B pedig azt, hogy királyt. Fogalmazzuk meg szavakban a következő esemé-
nyeket! Az egyes események hányféleképpen következhetnek be?


(1) A ∪ B
(2) A ∩ B
(3) A ∩ B
(4) A ∪ B
(5) A ∪ B
(6) A \ B
(7) (A \ B) ∪ (B \ A)
(8) A ∪ B
(9) A ∩ B.


Megoldás.
(1) A ∪ B : Zöldet vagy királyt húzunk. (11)
(2) A ∩ B : Zöld királyt húzunk. (1)
(3) A ∩ B : Zöldtől különböző királyt húzunk. (3)
(4) A ∪ B : Zöld királytól különbözőt húzunk. (31)
(5) A ∪ B : Zöldet vagy királytól különbözőt húzunk. (29)
(6) A \ B : Zöldet húzunk, de nem királyt. (7)
(7) (A \ B) ∪ (B \ A) : Zöldet vagy királyt, de nem zöld királyt húzunk. (10)
(8) A ∪ B : Nem zöldet és nem is királyt húzunk. (21)
(9) A ∩ B : Zöld királytól különbözőt húzunk. (31)


1.6. feladat. Egy műhelyben három gép dolgozik. Jelentse Ai azt az eseményt, hogy
az i-edik gép egy éven belül elromlik. Fejezzük ki az Ai eseményekkel a következőket:


(1) csak az első romlik el ;
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(2) mindhárom elromlik;
(3) egyik sem romlik el ;
(4) az első és a második nem romlik el ;
(5) az első és a második elromlik, a harmadik nem;
(6) csak egy gép romlik el ;
(7) legfeljebb egy gép romlik el ;
(8) legfeljebb két gép romlik el ;
(9) legalább egy gép elromlik.


Megoldás.
(1) A1 ∩ A2 ∩ A3
(2) A1 ∩ A2 ∩ A3
(3) A1 ∩ A2 ∩ A3
(4) A1 ∩ A2
(5) A1 ∩ A2 ∩ A3
(6) (A1 ∩ A2 ∩ A3) ∪ (A1 ∩ A2 ∩ A3) ∪ (A1 ∩ A2 ∩ A3)
(7) (A1 ∩ A2 ∩ A3) ∪ (A1 ∩ A2 ∩ A3) ∪ (A1 ∩ A2 ∩ A3) ∪ (A1 ∩ A2 ∩ A3)
(8) A1 ∪ A2 ∪ A3
(9) A1 ∪ A2 ∪ A3


1.7. feladat. Két számot húzunk egymás után az első ezer pozitív egész szám közül.
Legyen A az az esemény, hogy az első páros, B pedig az, hogy a második szám páros.
Jelöljük C-vel azt az eseményt, hogy a két szám szorzata páros, D-vel pedig azt,
hogy páratlan. Írjuk fel C-t és D-t az A és B eseményekkel !


Megoldás. C = A ∪ B és D = A ∩ B = A ∪ B.


1.8. feladat. Egy osztály létszáma 40, egy adott tantárgyból az átlaga 3,7. Jelentse
A azt az eseményt, hogy az osztályban van jeles tanuló, és B, hogy pontosan öt
tanuló bukott meg. Igaz-e, hogy B ⊂ A, azaz, hogy B maga után vonja A-t?


Megoldás. Tegyük fel, hogy B igaz, de A nem teljesül. Ekkor a 35 nem bukott diák
jegyeinek összege 40 · 3,7 − 5 = 143. De ez ellentmondás, hiszen ezeknek a diákoknak
legfeljebb csak négyes jegyük lehet, azaz a jegyeik összege maximum 35 · 4 = 140.
Tehát, ha B igaz, akkor A is az, vagyis B ⊂ A.


1.9. feladat. Egy gyár gépeket szállít külföldre. Háromféle gyártmányból kell az
exporttervét teljesítenie. A gyártmányok darabára: I : 1000 euró, II : 1500 euró, III :
2500 euró. A külföldi cég I-ből és II-ből legfeljebb 1000-1000 darabot vesz át. Jelentse
A azt az eseményt, hogy az 5 millió eurós exportterv teljesül, és B, hogy III-ból
legalább 1000 darabot exportálnak. Igaz-e, hogy A maga után vonja B-t?


Megoldás. Tegyük fel, hogy A teljesül, de B nem. Ekkor a III-ból befolyt összeg
kevesebb mint 2,5 millió euró, azaz a többiből összesen több mint 2,5 millió eurónak
kellett befolynia, ami ellentmondás. Így A teljesülése esetén B-nek is teljesülnie kell,
azaz A maga után vonja B-t.
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2. fejezet


Klasszikus valószínűségi mező


Most a legegyszerűbb valószínűségi mezőt mutatjuk be, melyben a biztos esemény
egy véges halmaz és minden esemény valószínűsége arányos a számosságával. A
gyakorlatban a szerencsejátékok kapcsán merült fel először ennek a vizsgálata.


Definíció


Legyen Ω egy n elemű halmaz, F az Ω hatványhalmaza, továbbá


P: F → R, P(A) = k


n
,


ahol k az A elemeinek a száma. Ekkor az (Ω, F , P)-t klasszikus valószínűségi
mezőnek nevezzük.


Tétel


Legyen Ω nem üres véges halmaz, F az Ω hatványhalmaza és P: F → R való-
színűség. Ekkor (Ω, F , P) pontosan abban az esetben klasszikus valószínűségi
mező, ha az egyelemű események valószínűségei megegyeznek.


A példák megoldásánál először a biztos eseményt határozzuk meg, hiszen csak
az alapján lehet tudni, hogy mennyi az elemeinek a száma (n), amit úgy is szoktak
nevezni, hogy az összes esetek száma. Ha ezt tudjuk, akkor már a figyelt A esemény
elemeinek a száma (k) is meghatározható, amit kedvező esetek számának is neveznek.
Fontos, hogy a biztos esemény minden egyelemű részhalmazának ugyanakkora legyen
a valószínűsége, különben nem klasszikus a valószínűségi mező, így a valószínűség
sem lesz egyenlő k


n
-nel.


Az összes illetve kedvező esetek számát legtöbbször ún. kombinatorikai eszközökkel
számolhatjuk ki. Először bevezetünk néhány jelölést, amire szükségünk lesz:


n! := 1 · 2 · . . . · n


(ejtsd: „n faktoriális”), ahol n ∈ N. Kényelmi okokból még bevezetjük a


0! := 1
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jelölést is. Szükségünk lesz még a binomiális együttható fogalmára is :(
n


k


)
:= n!


k! (n − k)!


(ejtsd: „n alatt a k”), ahol n, k ∈ N és k ≤ n. A kombinatorikai alapeseteket példákon
mutatjuk be.


Ismétlés nélküli permutációk száma ♦ Hányféle ötjegyű számot lehet előállítani
az 1, 3, 5, 7, 9 számjegyekből, ha ezekből mindegyiket fel kell használni?


Megoldás. Az első számjegyet ötféleképpen, a következőt négy, aztán három, majd
kettő, végül az utolsót már csak egyféleképpen lehet kiválasztani. Így a megoldás
5! = 120.


Általánosan : n db elemet n!-féleképpen lehet sorba állítani úgy, hogy minden elemet
pontosan egyszer használunk fel.


Ismétléses permutációk száma ♦ Hányféle hétjegyű számot lehet előállítani az
1, 1, 3, 3, 3, 5, 5 számjegyekből, ha ezekből mindegyiket fel kell használni?


Megoldás. Ezt a hét db számjegyet 7!-féleképpen állíthatjuk sorba, de ezekben egy
eset 2! · 3! · 2!-szor ismétlődik. Így a megoldás 7!


2!·3!·2! = 210.


Általánosan : Ha n db elemből k1, k2, . . . , kr db azonos van (k1 + k2 + · · · + kr = n),
akkor ezek mindegyikének felhasználásával


n!
k1 · k2 · . . . · kr


különböző sorba állítást kaphatunk.


Ismétlés nélküli kombinációk száma ♦ Ötöslottón hányféle számötöst sorsolhat-
nak ki?


Megoldás. Az első számot 90-féleképpen húzhatják, a következőt 89, majd 88 stb. az
ötödiket 86-féleképpen húzhatják ki. Azonban így azokat az eseteket is beleszámoltuk,
amikor ugyanazt a számötöst húzták, csak más sorrendben. Egy konkrét számötöst
5!-féleképpen húzhatnak ki, így a megoldás 90·89·88·87·86


5! =
(


90
5


)
= 43 949 268.


Általánosan : Ha n db különböző elemből k darabot (0 ≤ k ≤ n) kell kiválasztani
úgy, hogy egy elemet maximum csak egyszer választhatjuk és a sorrend nem számít,
akkor ezt (


n


k


)


módon tehetjük meg.
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Ismétléses kombinációk száma ♦ 10 db postaládába akarunk elhelyezni 15 db
egyforma szórólapot. Hányféleképpen tehetjük ezt meg?
Megoldás. A gondolatmenet hosszú, itt csak a végeredményt közöljük:


(
10+15−1


15


)
=


=
(


24
15


)
= 1 307 504.


Általánosan : Ha n db különböző elemből k darabot kell kiválasztani úgy, hogy egy
elemet többször is választhatjuk és a sorrend nem számít, akkor ezt(


n + k − 1
k


)


módon tehetjük meg.


Ismétlés nélküli variációk száma ♦ Egy 8 fős brigádból 5 embert kell kiválasztani
5 különböző munkára. Hányféleképpen tehetjük ezt meg, ha bármely munkára bárki
kiválasztható?
Megoldás. Az első munkára 8 ember közül választhatunk, a másodikra 7 stb. az
ötödikre 4 ember közül választhatunk. Így a megoldás 8 · 7 · 6 · 5 · 4 =


(
8
5


)
· 5! = 6720.


Általánosan : Ha n db különböző elemből k darabot (0 ≤ k ≤ n) kell kiválasztani
úgy, hogy egy elemet maximum csak egyszer választhatjuk és a sorrend is számít,
akkor ezt (


n


k


)
k!


módon tehetjük meg.


Ismétléses variációk száma ♦ Totóban egy tipposzlopot hányféleképpen tölthe-
tünk ki?
Megoldás. 14 db meccsre kell tippelni, egyre 3-féleképpen (1, 2, x). Így a megoldás
314 = 4 782 969.
Általánosan : Ha n db különböző elemből k darabot kell kiválasztani úgy, hogy egy
elemet többször is választhatjuk és a sorrend számít, akkor ezt nk módon tehetjük
meg.


Feladatok
2.1. feladat. Totóban mi a valószínűsége a 10-es találatnak, ha feltesszük, hogy
minden tipp bekövetkezésének a valószínűsége egyforma?


Megoldás. Az Ω legyen az 1, 2, x elemek összes 14-edosztályú ismétléses variációjának
halmaza. Ekkor minden tippnek megfelel pontosan egy Ω-beli elem. Ekkor egy
klasszikus valószínűségi mezőt kapunk, melyben a 10-es találat


(
13
10


)
· 23 · 3-féleképpen


következhet be. Ugyanis a 10-es találatot az első 13 mérkőzésből kell elérni, ami
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(
13
10


)
· 23-féleképpen lehetséges, és még a 14. mérkőzésre 3-féleképpen tippelhetünk.


Az Ω elemeinek a száma, azaz az összes esetek száma 314. Így a valószínűség(
13
10


)
· 23 · 3


314 .


2.2. feladat. 52 lapos römi kártyát szétosztunk Antalnak, Bélának, Józsefnek és
Imrének véletlenszerűen úgy, hogy mindenkinek 13 lapja legyen. Mi a valószínűsége
annak, hogy a treff ászt Antal kapja meg?


Megoldás. Az {ω1} reprezentálja azt az esetet, amikor a treff ászt Antal kapja meg,
hasonlóan {ω2} azt amikor Béla, {ω3} azt amikor József, végül {ω4} azt amikor Imre
kapja meg. Legyen Ω := {ω1, ω2, ω3, ω4}. Egyik személyt sem tünteti ki a többihez
képest a leosztás, így az {ωi}-k valószínűségei megegyeznek. Tehát ez klasszikus
valószínűségi mező. Ekkor a kedvező esetek száma 1, míg az összes esetek száma 4.
Vagyis a valószínűség 1


4 .
Másképpen is megoldhatjuk a feladatot. Az Ω legyen a kártya 52 lapjának összes


13-adosztályú ismétlés nélküli kombinációjának halmaza. Ekkor az Antalnak kiosztott
lapok bármely kombinációjának megfelel pontosan egy Ω-beli elem. Mivel ezek
valószínűségei egyformák a szimmetria viszonyok miatt, ezért klasszikus valószínűségi
mezőt kapunk. Azon esetek száma amikor a treff ász a kombinációban van, azaz
a kedvező esetek száma,


(
51
12


)
. Az Ω elemeinek a száma


(
52
13


)
. Így a valószínűség(


51
12


)
:
(


52
13


)
= 1


4 .


2.3. feladat. Két szabályos kockát feldobunk. Mi a valószínűsége, hogy a dobott
számok összege 7?


Megoldás. Először azt tisztázzuk, hogy a két kockát meg kell-e különböztetni vagy
sem? A válasz meglepő módon az, hogy mindegy. Ugyanis az szubjektív tény, hogy
meg tudjuk-e különböztetni a kockákat vagy sem, míg a valószínűség értéke objektív.


Most tekintsük azt az esetet, amikor a két kockát megkülönböztetjük. Ekkor


Ω = {(1, 1), (1, 2), . . . , (1, 6),
(2, 1), (2, 2), . . . , (2, 6),


...
(6, 1), (6, 2), . . . , (6, 6)}.


A kérdéses esemény A = {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)}, tehát P(A) = 6
36 .


Ezután vizsgáljuk azt az esetet, amikor a két kockát nem különböztetjük meg!
Ebben az esetben


Ω = {(1, 1), (1, 2), . . . , (1, 6),
(2, 2), . . . , (2, 6),


...
(6, 6)}.
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A kérdéses esemény A = {(1, 6), (2, 5), (3, 4)}, tehát P(A) = 3
21 . Ez viszont nem egye-


zik meg az előbbi eredménnyel, miközben azt mondtuk, hogy mindegy melyik esetet
taglaljuk, az eredménynek ugyanannak kell lennie. Mi a látszólagos ellentmondás
oka? A második esetbeli rossz számítás. Ugyanis az nem alkot klasszikus valószí-
nűségi mezőt, hiszen például P


(
{(1, 1)}


)
̸= P


(
{(1, 2)}


)
. Tehát ebben az esetben a


3
21 hányados nem egyenlő a P(A) értékével. Ekkor a következő számítás a helyes:
Az első esetre visszavezetve (ami klasszikus valószínűségi mező) könnyen látható,
hogy P


(
{(1, 6)}


)
= P


(
{(2, 5)}


)
= P


(
{(3, 4)}


)
= 2


36 , így P(A) = 3 · 2
36 , ami már


megegyezik az előző eredménnyel.
Összefoglalva tehát, mindegy, hogy a kockákat megkülönböztetjük vagy sem, de


előbbi esetben klasszikus valószínűségi mezőt kapunk, míg az utóbbiban nem. Ezért
célszerűbb a kockák megkülönböztetése.


2.4. feladat. Ötöslottóban egy szelvénnyel játszva, mi a valószínűsége, hogy kettes
találatunk lesz?


Megoldás. Legyen Ω az összes lottóötös halmaza, azaz lexikografikus elrendezésben


Ω :=
{
{1, 2, 3, 4, 5}, {1, 2, 3, 4, 6}, . . . , {86, 87, 88, 89, 90}


}
.


Ekkor Ω elemeinek a száma
(


90
5


)
. Fontos kérdés, hogy ez klasszikus valószínűségi mező-


e, azaz például az {1, 2, 3, 4, 5} és az {13, 25, 41, 72, 86} lottóötösök valószínűségei
megegyeznek-e? Gyakran hallott válasz, hogy nem, mivel az első lottóötös „rendezett”,
míg a második nem, továbbá a tapasztalat azt mutatja, hogy sokkal ritkábban húznak
„rendezett” lottóötöst. Nos az valóban igaz, hogy ritkábban húznak „rendezett”
lottóötöst, de ez azért van így, mert kevesebb van belőlük. De ettől egy konkrét
„rendezett” lottóötösnek az esélye még ugyanakkora, mint egy konkrét „rendezetlené”.
Hogy ezt megértsük gondoljon egy olyan kockára, melynek a hatos oldala piros, a
többi fehér. Ekkor azt tapasztaljuk, hogy nagyobb eséllyel dobunk fehér oldalt, mint
pirosat, másrészt viszont a hatos és az egyes dobás valószínűségei megegyeznek, pedig
a hatos oldal piros, míg az egyes oldal fehér.


Egy másik magyarázat arra, hogy miért kapunk klasszikus esetet: A számok-
nak itt csak annyi a jelentősége, hogy az egyes golyókat megkülönböztesse. Viszont
a számoknak van egy olyan tulajdonsága, aminek a lottóban nincs szerepe, neve-
zetesen a rendezettség. Ebből fakadóan tűnik egy lottóötös „rendezettnek” vagy
„rendezetlennek”.


Most már rátérhetünk a számolásra. Az általunk tippelt öt számból kettőt kell
kihúzni, mely


(
5
2


)
módon lehetséges, míg a többi 85-ből hármat, mely


(
85
3


)
módon


lehetséges. Így a megoldás (
5
2


)(
85
3


)
(


90
5


) ≈ 0,0225.


Ez azt jelenti, hogy hetenként egy szelvénnyel játszva, hosszú távon átlagosan, kb. 44
hetenként egyszer lesz kettesünk az ötöslottón.


2.5. feladat. Mennyi a valószínűsége, hogy ötöslottón kétszer egymásután ugyan-
azokat a számokat húzzák ki?


13







Megoldás. Az első és a második héten is
(


90
5


)
lottóötöst húzhatnak ki, így az Ω


elemeinek a száma
(


90
5


)2
. Ebből a kedvező esetek száma


(
90
5


)
· 1, hiszen az első héten


tetszőlegesen húzhatnak, de a következő héten már csak azt húzhatják, amit előtte.
Így a megoldás (


90
5


)
(


90
5


)2 = 1(
90
5


) .


2.6. feladat. Egy dobozban 7 piros és 5 fekete golyó van. Ha visszatevés nélkül
kivesszük mind a 12 golyót, mennyi annak a valószínűsége, hogy feketét húzunk
utoljára?


Megoldás. 5
12


2.7. feladat. Mennyi annak a valószínűsége, hogy 10 kockával dobva pontosan négy
darab hatost dobunk?


Megoldás.


(
10
4


)
· 14 · 56


610 =
(


10
4


)(1
6


)4(5
6


)6


2.8. feladat. Egy dobozban 5 piros golyó van. Hány feketét kell hozzátenni, hogy
fekete golyó húzásának a valószínűsége nagyobb legyen 0,9-nél?


Megoldás. x
x+5 > 0,9 egyenlőtlenségnek kell teljesülni, ahol x a feketék száma. Ennek


megoldása x > 45, azaz legalább 46 feketét kell a dobozba tenni.


2.9. feladat. A számjegyeket véletlenszerűen egymásmellé írjuk. Mennyi a valószí-
nűsége, hogy két prímszám között nem lesz prímtől különböző?


Megoldás. A prím számjegyek: 2, 3, 5, 7. Ezeket írjuk egy lapra, a többit pedig külön
lapokra. Így 7 darab cetli lesz, amiknek a kisorsolásával úgy tudunk egy véletlenszerű
sorrendet előállítani, hogy két prím között nem lesz prímtől különböző. Ugyanakkor
a prímeket tartalmazó cetlire 4!-féleképpen írhatjuk fel a számokat, sorrendjüket
tekintve. Ezért az eredmény 4!7!


10! .


2.10. feladat. Nyolc bástyát véletlenszerűen elhelyezünk egy sakktáblán. Mennyi a
valószínűsége, hogy egyik sem üti a másikat?


Megoldás. 8!(
64
8


)
2.11. feladat. Hat dobókockát egyszerre feldobva, mennyi a valószínűsége, hogy
lesz közöttük legalább két egyforma értékű?


Megoldás. Annak a valószínűsége, hogy minden kockán más érték van 6!
66 , így ennek


ellenkezője 1 − 6!
66 valószínűséggel következhet be.


2.12. feladat. Öt dobókockát egyszerre feldobva, mennyi a valószínűsége, hogy lesz
közöttük legalább két egyforma értékű?
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Megoldás. Annak a valószínűsége, hogy minden kockán más érték van 6!
65 , így ennek


ellenkezője 1 − 6!
65 valószínűséggel következhet be.


2.13. feladat. Egy dobozban 15 papírlap van 1-től 15-ig megszámozva. Találomra
kiveszünk 5 lapot. Mennyi a valószínűsége, hogy a kihúzott legkisebb szám nagyobb
6-nál?


Megoldás.


(
9
5


)
(


15
5


)
2.14. feladat. Mi valószínűbb, 6 kockával legalább egy darab egyest vagy 12 kockával
legalább két darab egyest dobni?


Megoldás. Annak a valószínűsége, hogy 6 kockával nem dobunk egyest 56


66 , míg annak
esélye, hogy 12 kockával maximum egy darab egyest dobunk 512+12·511


612 . Az utóbbi
nagyobb, ezért az a valószínűbb, hogy 6 kockával legalább egy darab egyest dobunk.


2.15. feladat. Legalább hány pénzérmét kell feldobni ahhoz, hogy 0,9-nél nagyobb
valószínűséggel legyen közöttük fej dobás?


Megoldás. Annak valószínűsége, hogy n pénzérmét feldobva nincs közöttük fej, 1
2n .


Így annak kell teljesülni, hogy
1 − 1


2n
> 0,9.


Ennek megoldása n > log2 10 ≈ 3,32, melyből következik, hogy legalább 4 pénzérmét
kell feldobni.


2.16. feladat. A 32 lapos kártyacsomagból kihúzunk 6 lapot. Mennyi a valószínűsége,
hogy ezek között mind a négy szín előfordul?


Megoldás. A kihúzott 6 lap között mind a négy szín megjelenése kétféle módon
valósulhat meg: vagy 3 lap van az egyik színből, a többiből pedig 1–1–1, vagy két
színből van 2–2 lap, a többiből pedig 1–1. Tekintsük először a 3–1–1–1 eloszlást. Ez
például 3 piros, 1 zöld, 1 tök, és 1 makk esetén(


8
3


)(
8
1


)(
8
1


)(
8
1


)
=
(


8
3


)
83


különböző módon valósulhat meg. Azonban 4 különböző módon lehet a színeket
összeállítani ilyen eloszlásban, így ezen esetek száma


4
(


8
3


)
83.


A 2–2–1–1 eloszlás esetén, először például számoljuk össze azon eseteket, amikor 2
piros, 2 zöld, 1 tök, és 1 makk lesz:(


8
2


)(
8
2


)(
8
1


)(
8
1


)
=
(


8
2


)2


82.
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De ez az eloszlás
(


4
2


)
= 6 módon valósulhat meg. Összegezve, az eredmény:


4
(


8
3


)
83 + 6


(
8
2


)2
82(


32
6


) ≈ 0,1384.


2.17. feladat. Mi a valószínűsége annak, hogy egy 30 fős társaságban nincs két
olyan ember, akiknek a születésnapja megegyezik?


Megoldás. 365 · 364 · . . . · 336
36530 = 365!


335! · 36530 ≈ 0,29.


2.18. feladat. Egy televíziós vetélkedőben három ajtó közül az egyik mögött autó,
a másik kettő mögött kecske található. A játékos a becsukott ajtók közül kiválaszt
egyet, majd a játékvezető a másik kettő közül kinyit egy olyat, ami mögött kecske
van. A játékos ezután még egyszer dönthet. Az eredetileg kiválasztott ajtónál marad,
vagy inkább a másik ajtóra tippel. Vajon mikor nagyobb a valószínűsége annak,
hogy nyer a játékos? Ha változtat az első döntésén, vagy ha kitart mellette? Esetleg
teljesen mindegy, mert maradnak az esélyek?


Ezt a játékot Monty Hall-dilemmának is nevezik, mert Monty Hall „Let’s make a
deal” című tévés vetélkedőjében játszották. Marilyn Savant – akinek az IQ-ja 228,
ami a valaha mért legnagyobb érték – a váltás mellett érvelt. Azonban a legtöbb
matematikus – köztük Erdős Pál – nem tartotta jónak a magyarázatot. Akkor hát
mi az igazság?
Megoldás. Ha nem változtat a játékos az első tippen, akkor abban az esetben nyer,
ha eltalálta a nyerő ajtót, melynek 1


3 a valószínűsége. De ha változtat, akkor pon-
tosan abban az esetben nyer, ha elsőre nem találta el a nyerő ajtót, hiszen ekkor a
játékvezető a másik rossz ajtót nyitja ki, így amire változtat a játékos, ott biztosan
autó van. Ennek valószínűsége 2


3 . Összegezve tehát, igaza volt Marilyn Savantnak,
azaz megváltoztatva a tippünket, kétszeresére nő az esélyünk a nyerésre.


Amint látjuk, az ember első reakciójához képest (ami az, hogy a változtatás nem
befolyásolhatja a valószínűséget) meglepő a valóság, ugyanakkor nagyon egyszerű a
magyarázat. Akkor miért váltott ki Savant érvelése ekkora ellenállást a matematikusok
körében? Nos, Savant eredeti magyarázata meglehetősen körülményes és nehezen
érthető volt, ugyanakkor a matematikusok első gondolata, miszerint nem változik a
valószínűség, annyira nyilvánvalónak tűnt számukra, hogy nem vették a fáradtságot
Savant magyarázatának értelmezésére.
2.19. feladat. Excel segítségével modellezzük a Monty Hall-dilemmát, majd számol-
juk ki a nyert játékok relatív gyakoriságát mindkét stratégia esetén!
Megoldás. Az A1 cellába írja a következőt:


=INT(3*VÉL()+1)


Ezután nyomjon Entert, majd lépjen vissza az A1 cellára. Az ott megjelenő szám
jelentse annak az ajtónak a számát, amely mögött az autó van. A cella jobb alsó
sarkában található kitöltő jelet (egy kis négyzet) egérrel húzza át a B1 cellára. Az ott
megjelent szám fogja jelenteni annak az ajtónak a számát, amelyre a játékos tippel
elsőre. Az C1 cellába írja a következőt:
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=HA(A1=B1;1;0)


Ezután nyomjon Entert. Az ott megjelenő szám aszerint 1 vagy 0, hogy változtatás
nélkül nyerünk vagy veszítünk. A D1 cellába írja a következőt:


=HA(C1=0;1;0)


Ezután nyomjon Entert. Az ott megjelenő szám aszerint 1 vagy 0, hogy változtatással
nyerünk vagy veszítünk. Jelölje ki az A1:D1 cellatartományt, majd annak kitöltőjelét
húzza le addig a sorig, amennyi játékot akar szimulálni. Az E1 cellába írja a következőt:


=SZUM(C:C)/DARAB(C:C)


Ezután nyomjon Entert. Az ott megjelenő szám a változtatás nélküli játékokban
a nyert játékok relatív gyakorisága. Végül a C1 cella kitöltőjelét húzza át a D1
cellára. Az ott megjelenő szám a változtatással történő játékokban a nyert játékok
relatív gyakorisága. Ha megnyomja az F9 billentyűt, akkor egy újabb játéksorozat
generálódik.
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3. fejezet


Geometriai valószínűségi mező


Definíció


Legyen (Ω, F , P) olyan valószínűségi mező, melyben Ω pozitív véges mértékű
k-dimenziós geometriai alakzat, továbbá


P: F → R, P(A) = m(A)
m(Ω) ,


ahol m az adott halmaz mértékét jelenti. Ekkor az (Ω, F , P)-t k-dimenziós
geometriai valószínűségi mezőnek nevezzük.


A definícióban a geometriai alakzat mértéke a hosszúságot, területet vagy térfo-
gatot jelenti aszerint, hogy egy-, kettő- vagy háromdimenziós.


Tétel


Ha két kísérletet hajtunk végre egymástól függetlenül, melyeket az (Ω1, F1, P1)
és (Ω2, F2, P2) egydimenziós geometriai valószínűségi mezők írnak le, akkor eze-
ket egyszerre modellezhetjük egy olyan kétdimenziós geometriai valószínűségi
mezővel, melyben a biztos esemény Ω1 × Ω2.


Feladatok
3.1. feladat. Egy egységsugarú körlapban vele koncentrikus 9 darab kört rajzolunk
úgy, hogy a kapott 10 rész bármelyikébe egyforma valószínűséggel választhatunk ki
pontot. Mekkorák a körök sugarai?
Megoldás. Ha az i. koncentrikus kör sugarát ri jelöli, akkor r2


i π − r2
i−1π = π


10 , azaz
r2


i − r2
i−1 = 0,1, ahol i = 1, 2, . . . , 9 és r0 = 0. Ebből kapjuk, hogy ri =


√
0,1i, ahol


i = 1, 2, . . . , 9.
3.2. feladat. Válasszunk véletlenszerűen egy Q pontot egy ABCD egységnégyzet
belsejében. Tükrözzük az AC átlóra, a kapott pontot jelöljük R-rel. Legyen S a QR
szakasz felezőpontja! Mi a valószínűsége annak, hogy az AS távolság kisebb, mint 1?
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Megoldás. Az AC átlóra mérjünk fel egységnyi távolságot az A ponttól. A kapott
pontot jelöljük T -vel. A T pontban állítsunk merőlegest az AC átlóra, amely a DC
oldalt az L pontban, a CB oldalt pedig K pontban metszi.


A B


CD L


K


T


Q


R


Ekkor a keresett valószínűség az ABKLD ötszög területe, ami TC =
√


2 − 1 miatt
1 − (


√
2 − 1)2 = 2


√
2 − 2.


3.3. feladat. Egységnyi hosszúságú szakaszon kiválasztunk két pontot. Mi a valószí-
nűsége, hogy a két pont távolsága kisebb egy adott h < 1 hosszú szakasznál?


Megoldás. Tekintsük az egyik végpontját az egységnyi hosszúságú szakasznak. A
választott P1 illetve P2 pontoknak ettől a végponttól való távolsága legyen x illetve
y. Ekkor x, y ∈ [0, 1] teljesül. Feltételezzük, hogy egyetlen pont kiválasztása esetén
geometriai valószínűségi mezőről van szó, így a két kísérlet egyszerre is leírható egy
kétdimenziós geometriai valószínűségi mezőben, ahol Ω = [0, 1] × [0, 1].


x


y


h 1


h


1
y = x+ h


y = x− h


y = x


Kérdés a B = {(x, y) ∈ Ω : |y − x| < h} esemény valószínűsége. Az ábrán láthatjuk
az Ω-t, melyben a satírozott rész jelöli a B halmazt. Felírva a B és az Ω területeinek
a hányadosát, azt kapjuk, hogy P(B) = 2h − h2.


3.4. feladat. Ketten találkoznak egy adott órában. Egyik a másikra maximum 10
percet vár. Mi a valószínűsége, hogy létrejön a találkozó?


Megoldás. Vegyük észre, hogy ez a 3.3. feladat speciális esete h = 1
6 választással. Így


a valószínűség 11
36 .


3.5. feladat. Egy raktárhoz egy adott órában két szállítmány érkezik, de egyszerre
csak az egyik szállítmányt tudják kipakolni, amely 20 percig tart. Mi a valószínűsége,
hogy egyik szállítmánynak sem kell a másikra várni?
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Megoldás. Ez a 3.3. feladatban megfogalmazott esemény ellentettje h = 1
3 választással.


Így a valószínűség
(
1 − 1


3


)2
= 4


9 .


3.6. feladat. Kiválasztunk két valós számot, p-t és q-t a [0, 1] intervallumon. Mi a
valószínűsége, hogy az


x2 + px + q = 0


egyenletnek van valós gyöke?


Megoldás. p, q ∈ [0, 1] miatt Ω = [0, 1] × [0, 1], továbbá a keresett halmaz


A = {(p, q) ∈ Ω : q ≤ 0,25p2}


a következő ábrán látható:


p


q


1


1


A


Így P(A) =
1∫


0


0,25p2 dp = 1
12 .


3.7. feladat. A [0, 1] intervallumon kiválasztunk két számot. Mi a valószínűsége,
hogy a négyzetösszegük 1-nél nagyobb?


Megoldás. Legyen a kiválasztott két szám x és y. Ekkor x, y ∈ [0, 1] miatt Ω = [0, 1]×
× [0, 1]. A keresett halmaz


A = {(x, y) ∈ Ω : x2 + y2 > 1}


a következő ábrán látható:


x


y


1


1
A
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Így P(A) = 1 − π


4 .


3.8. feladat. A [0, 1] intervallumon kiválasztunk két számot. Mi a valószínűsége,
hogy a négyzetösszegük kisebb mint 4


3 ?


Megoldás. Legyen a kiválasztott két szám x és y. Ekkor x, y ∈ [0, 1] miatt Ω = [0, 1]×
× [0, 1]. A keresett halmaz


A =
{


(x, y) ∈ Ω : x2 + y2 <
4
3


}
a következő ábrán látható:


x


y


1√
3


1


1


A


30◦


30◦
30◦


Így P(A) =
4
3π


12 +
1√
3 · 1
2 · 2 = π + 3


√
3


9 .


3.9. feladat. Egy pálcát két helyen eltörünk. Mi a valószínűsége, hogy a kapott
három pálcából kirakható egy háromszög?


Megoldás. A pálca legyen egységnyi hosszúságú, és a két töréspont távolsága az egyik
végponttól legyen x illetve y. Ekkor x, y ∈ [0, 1] miatt Ω = [0, 1] × [0, 1]. Ha x ≤ y,
akkor a három pálca hossza x, y − x és 1 − y. Ezek közül bármely kettő összegének
nagyobbnak kell lennie, mint a harmadik. Ezért az y > 0,5, y < x + 0,5 és x < 0,5
egyenlőtlenségeknek egyszerre kell teljesülni. Ha y < x, teljesül, akkor az x > 0,5,
x < y + 0,5 és y < 0,5 egyenlőtlenségeknek kell egyszerre teljesülni. Tehát a keresett
A halmaz


x


y


0,5 1


0,5


1


A
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Így P(A) = 1
4 .


3.10. feladat. Egy pálcát eltörünk, majd a keletkezett két pálca közül a hosszabbat
ismét eltörjük. Mi a valószínűsége, hogy a kapott három pálcából kirakható egy
háromszög?
Megoldás. Legyen a szakasz egységnyi hosszúságú. Az első pont kiválasztása után
kapott szakaszok közül a hosszabbik hosszát jelöljük x-szel. Ebből a szakaszból a
következő pont kiválasztásával ismét két szakaszt kapunk. Célszerűnek tűnik ezek
közül megint a hosszabbiknak a hosszát eljelölni például y-nal. De ebben az esetben
nem kaphatunk geometriai valószínűségi mezőt, mert y hossza nem független x-től.
A helyes megoldásban az előbbi y-nal jelölt szakaszhosszt úgy kellene eljelölni, hogy
a paraméter már független legyen x-től. Például ilyen lehetőség, hogy y ne magát
a szakaszhosszt jelentse, hanem a szakaszhossz és x arányát. Vagyis a másodiknak
választott hosszabb szakasz hossza legyen yx. Így már x, y ∈ [0,5; 1]. Ebből a kérdéses
geometriai valószínűségi mezőben Ω = [0,5; 1] × [0,5; 1].


x


y


10,5


1


0,5
y = 1


2x


Ebben az


A = {(x, y) ∈ Ω : (1 − x) + (x − yx) > yx} =
{


(x, y) ∈ Ω : y <
1
2x


}
esemény valószínűségét kell meghatározni, melyet a satírozott rész jelöl. Az ábra
alapján az A területe


1∫
0,5


1
2x


dx − 0,25 = 0,5[ln x]10,5 − 0,25 = 0,5 ln 2 − 0,25,


továbbá Ω területe 0,25. Így P(A) = 2 ln 2 − 1 ≈ 0,386.
3.11. feladat. Válasszunk véletlenszerűen egy x számot a [0, 1] intervallumon, és
egy y számot a [0, 2] intervallumon. Mennyi a valószínűsége, hogy egy x, egy y és
egy egységnyi hosszúságú szakaszból háromszög szerkeszthető?
Megoldás. Ekkor x ∈ [0, 1] és y ∈ [0, 2] miatt Ω = [0, 1] × [0, 2]. A következő három
egyenlőtlenségnek kell teljesülni : x + y > 1, x + 1 > y és y + 1 > x. A harmadik
a feltételekkel mindig teljesül egy 0 területű helyet kivéve, így csak az első kettőt
kell vizsgálni. Felrajzolva kapjuk, hogy az A := {(x, y) ∈ Ω : x + y > 1, x + 1 > y}
területe 1. Mivel Ω területe 2, ezért a valószínűség 0,5.
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3.12. feladat. Egy egységnyi oldalú négyzet két átellenes oldalán találomra válasz-
tunk egy-egy pontot. Mi a valószínűsége, hogy ezek távolsága kisebb mint 1,3?


Megoldás. Az ABCD egység oldalú négyzeten az AB és DC oldalakon válasszuk ki
a két pontot. Az AB oldalon lévő pontnak az A ponttól mért távolsága legyen x. A
DC oldalon lévő pontnak a D ponttól mért távolsága legyen y.


Ekkor x, y ∈ [0, 1] miatt Ω = [0, 1] × [0, 1]. A keresett halmaz


A = {(x, y) ∈ Ω : (x − y)2 + 1 < 1,32}


a következő ábrán látható:


x


y


√
0, 69 1


√
0, 69


1


A


Így P(A) = 1 − (1 −
√


0,69)2 ≈ 0,9713.


3.13. feladat (Buffon-féle tűprobléma). Egy vízszintes síklapon párhuzamos egye-
neseket húzunk egymástól 2 egységnyi távolságokra. Mi a valószínűsége, hogy egy
egységnyi hosszúságú tűt ráejtve a síkra, az elmetszi valamelyik egyenest?


Megoldás. Legyen y a tű középpontjának a távolsága a hozzá legközelebb eső egyenes-
től, x pedig a tű és az egyenes által bezárt szög mértéke radiánban. Így x ∈


[
0, π


2


]
és


y ∈ [0, 1]. Az x és y kiválasztása egy kétdimenziós geometriai valószínűségi mezőben
is leírható, ahol Ω :=


[
0, π


2


]
× [0, 1]. Mivel x szögnél pontosan y ≤ 1


2 sin x teljesülése
esetén metszi az egyenest a tű, ezért a kérdés az A := {(x, y) ∈ Ω : y ≤ 1


2 sin x}
esemény valószínűsége. Az ábrán láthatjuk az eseményteret, melyben a satírozott
rész jelöli az A halmazt.
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x


y


π
2


1 Ω


y = 1
2


sinx


A


Az Ω területe π
2 , az A területe pedig


π
2∫


0


1
2 sin x dx = 1


2[− cos x]
π
2
0 = 1


2 ,


ezért P(A) = 1
π


.
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4. fejezet


Feltételes valószínűség, események
függetlensége


Szabályos kockával dobjunk 10-szer. Tegyük fel például, hogy a következő számokat
kapjuk:


1, 5, 4, 5, 5, 6, 4, 2, 2, 6.


Jelölje A azt az eseményt, hogy maximum hármast dobunk, és B azt, hogy páros
számot dobunk. Az A, B és A ∩ B események relatív gyakoriságait jelöljük rendre
r(A), r(B) és r(A ∩ B) módon. Ekkor


r(A) = 3
10 , r(B) = 6


10 , r(A ∩ B) = 2
10 .


A valószínűség modellezésének bevezetésénél volt egy feltételünk a dobókocka kísérlet
végrehajtásánál. Abban az esetben, amikor élére esik a kocka, a dobást ne vegyük
számításba. Most ezt a feltételt tovább bővítjük. Akkor se vegyük számításba a
dobást, ha nem páros számot dobunk, azaz nem a B következik be. Így már csak 6
érvényes dobásunk van:


1/, 5/, 4, 5/, 5/, 6, 4, 2, 2, 6.


Ebben a módosított kísérletben az A esemény nem 3-szor, hanem csak kétszer
következett be, így a relatív gyakorisága 2


6 . Ezt jelöljük r(A | B)-vel. Tehát most


r(A | B) = 2
6 .


Ez a relatív gyakoriság pontosan olyan tulajdonságot fog mutatni, mint az eredeti
relatív gyakoriság, azaz sok kísérlet esetén egy bizonyos érték körül fog ingadozni.
Ezt az értéket az A esemény B-re vonatkozó feltételes valószínűségének nevezzük,
továbbá P(A | B) módon jelöljük.


Hogyan lehet ezt a feltételes valószínűséget kiszámolni az eredeti valószínűségi me-
zőben? Az r(A | B) értéke úgy jött ki, hogy a nevezőben csak a B bekövetkezéseinek
a számát, azaz B gyakoriságát írtuk, míg a számlálóba az A-nak azon bekövetkezéseit
írtuk, amikor B is bekövetkezett, hiszen a többit töröltük. Így teljesül a következő:


r(A | B) = r(A ∩ B)
r(B) .
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A modellünkben tehát a feltételes valószínűség a következő módon definiálható:


Definíció


Legyen (Ω, F , P) valószínűségi mező, A, B ∈ F és P(B) ̸= 0. A


P(A | B) := P(A ∩ B)
P(B)


számot, az A esemény B-re vonatkozó feltételes valószínűségének nevezzük.


Tétel Szorzattétel


Legyen (Ω, F , P) valószínűségi mező, A, B ∈ F és P(B) ̸= 0. Ekkor


P(A ∩ B) = P(A | B) P(B).


Jelentse A azt, hogy dobókockával elsőre hatost, illetve B azt, hogy másodikra
hatost dobunk, azaz A := {(6, 1), (6, 2), . . . , (6, 6)} és B := {(1, 6), (2, 6), . . . , (6, 6)}.
Ekkor P(A) = P(A | B) = 1


6 , vagyis A-nak a valószínűsége, függetlenül attól, hogy a
B feltétellel vizsgáljuk vagy anélkül, mindig 1


6 .
A továbbiakban, ha P(A) = P(A | B) teljesül, akkor azt mondjuk, hogy A


független B-től. Könnyű ellenőrizni, hogy B is független A-tól, hiszen P(B) = 6
36 és


P(B | A) = 1
6 , tehát megegyeznek. A függetlenségnek ez a szimmetria tulajdonsága


általánosan is igaz, azaz A pontosan akkor független B-től, ha B független A-tól.
Vegyük észre, hogy P(A) P(B) ̸= 0 esetén a függetlenség fogalma ekvivalens azzal,


hogy P(A ∩ B) = P(A) P(B). Ez a képlet akkor is alkalmazható, ha P(A) P(B) = 0,
másrészt a szimmetria azonnal látható belőle. Ezért a továbbiakban ezt fogadjuk el
a függetlenség definíciójának.


Definíció


Legyen (Ω, F , P) valószínűségi mező és A, B ∈ F . Azt mondjuk, hogy az A és
B események függetlenek, ha


P(A ∩ B) = P(A) P(B).


Tétel


Legyen (Ω, F , P) valószínűségi mező, A, B ∈ F és P(B) ̸= 0. Az A és B
pontosan akkor függetlenek, ha P(A | B) = P(A).


Tétel


Az (Ω, F , P) valószínűségi mezőben az A és B események akkor és csak akkor
függetlenek, ha az A és B függetlenek.
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Feladatok
4.1. feladat. Két kockával dobunk. Mennyi a valószínűsége, hogy a dobott számok
összege 7, feltéve, hogy a dobott számok összege páratlan?


Megoldás. Jelentse A azt az eseményt, hogy a dobott számok összege 7, B pedig azt,
hogy páratlan. Ekkor A ⊂ B miatt A ∩ B = A, így


P(A | B) = P(A ∩ B)
P(B) = P(A)


P(B) .


Mivel P(A) = 6
62 = 1


6 és P(B) = 1
2 , ezért P(A | B) = 1


3 .


4.2. feladat. Három kockával dobunk. Mekkora a valószínűsége, hogy az egyik
kockával hatost dobunk, feltéve, hogy a dobott számok összege 12?


Megoldás. Jelölje A azt az eseményt, hogy az egyik kockán hatos van, és B azt, hogy
a dobott számok összege 12. Ekkor


P(A | B) = P(A ∩ B)
P(B) =


15
63
25
63


= 3
5 .


4.3. feladat. Egy asztalnál négyen kártyáznak. A 32 lapos magyar kártyát egyenlően
szétosztják egymás között. Ha az egyik kiválasztott játékosnak nem jutott ász, mennyi
a valószínűsége annak, hogy az utána következő sem kapott?


Megoldás. Jelölje A azt az eseményt, hogy a 2. játékosnál nincs ász, és B azt, hogy
az 1. játékosnál nincs ász. Ekkor


P(A | B) = P(A ∩ B)
P(B) =


(28
8 )(20


8 )(16
8 )(8


8)
(32


8 )(24
8 )(16


8 )(8
8)


(28
8 )(24


8 )(16
8 )(8


8)
(32


8 )(24
8 )(16


8 )(8
8)


=


(
20
8


)
(


24
8


) .


4.4. feladat. Ha egyetlen szelvénnyel lottózunk az ötöslottón, továbbá a számaink
között a nagyság szerinti középső szám a 40-es, akkor mi a valószínűsége, hogy ötös
találatunk lesz, feltéve, hogy a kihúzott számok között is a nagyság szerinti középső
a 40-es?


Megoldás. 1
(39


2 )(90−40
2 ) .


4.5. feladat. Két kockával addig dobunk, amíg legalább az egyik hatost nem mutat.
Mi a valószínűsége, hogy ekkor a másik is hatost mutat?


Megoldás. Jelölje A azt az eseményt, hogy mindkét kocka hatost mutat, míg B azt,
hogy legalább az egyik kocka hatos. Ekkor P(A | B) = P(A∩B)


P(B) =
1


36
11
36


= 1
11 .


4.6. feladat. Részeges Rezső a nap harmadát kocsmában tölti. A faluban négy kocs-
ma van, bármelyikben előfordulhat ugyanakkora eséllyel. Egyszer elindulunk, hogy
megkeressük. Három kocsmát már végigjártunk, de nem találtuk. Mi a valószínűsége,
hogy a negyedikben lesz?
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Megoldás. Jelentse Ai azt az eseményt, hogy az általunk i-ediknek felkeresett kocs-
mában van Rezső. Ekkor P(Ai) = 1


4 · 1
3 = 1


12 . Így


P(A4 | A1 ∩ A2 ∩ A2) = P(A4 ∩ A1 ∩ A2 ∩ A2)
P(A1 ∩ A2 ∩ A2)


= P(A4)
P(A1 ∪ A2 ∪ A3)


=


= P(A4)
1 − P(A1 ∪ A2 ∪ A3)


= P(A4)
1 − P(A1) − P(A2) − P(A3)


=
1
12


1 − 3
12


= 1
9 .


4.7. feladat. Két dobozból az elsőben 3 piros és 4 fekete, a másodikban pedig 4
piros és 5 fekete golyó van. Az első dobozból átteszünk egy golyót a másodikba,
majd a másodikból választunk ki egy golyót. Mennyi a valószínűsége, hogy mindkét
alkalommal pirosat húzunk?


Megoldás. Jelölje A azt az eseményt, hogy másodikra pirosat húzunk, B pedig azt,
hogy elsőre pirosat húzunk. Ekkor a szorzattétel alapján


P(A ∩ B) = P(A | B) P(B) = 5
10 · 3


7 = 15
70 .


4.8. feladat. Tegyük fel, hogy P(A) = 0,7 és P(B) = 0,8. Bizonyítsuk be, hogy
ekkor P(A | B) ≥ 0,625 !


Megoldás. P(A ∩ B) = P(A) + P(B) − P(A ∪ B) = 1,5 − P(A ∪ B) ≥ 0,5, így


P(A | B) = P(A ∩ B)
P(B) = P(A ∩ B)


0,8 ≥ 0,5
0,8 = 0,625.


4.9. feladat. Tegyük fel, hogy P(A | B) = 0,7, P(A | B) = 0,3 és P(B | A) = 0,6.
Mivel egyenlő P(A)?


Megoldás. A feltételek miatt


P(A ∩ B) = 0,7 P(B)
P(A ∩ B) = 0,3 P(B)
P(A ∩ B) = 0,6 P(A).


Ezekből P(A) = P(A ∩ B) + P(A ∩ B) = 0,7 P(B) + 0,3 P(B) = 0,4 P(B) + 0,3,
továbbá 0,7 P(B) = 0,6 P(A). Így


P(A) = 0,4 · 0,6
0,7 P(A) + 0,3,


azaz P(A) = 21
46 .


4.10. feladat. Legyen P(A) = 1
4 , P(A | B) = 1


4 és P(B | A) = 1
2 . Számítsuk ki a


P(A ∪ B) és a P( A | B ) valószínűségeket!
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Megoldás. P(A) = P(A | B) miatt A és B függetlenek, így P(B) = P(B | A) = 1
2 .


Ebből


P(A ∪ B) = P(A) + P(B) − P(A ∩ B) = P(A) + P(B) − P(A) P(B) = 5
8 .


Másrészt ekkor A és B is függetlenek, ezért P( A | B ) = P( A ) = 3
4 .


4.11. feladat. Egy dobozban 2 fehér és 4 fekete golyó van. Visszatevés nélkül
kiveszünk négy golyót. Jelentse A azt az eseményt, hogy az első kihúzott golyó fekete.
A B esemény jelentse azt, hogy az utolsónak kivett golyó fekete. Függetlenek-e A és
B ?


Megoldás. P(A) = 4
6 , P(B) = 4


6 , P(A ∩ B) = 4·3
6·5 , azaz P(A ∩ B) ̸= P(A) P(B). Így A


és B események nem függetlenek.


4.12. feladat. Mi a valószínűsége, hogy egy kockával kétszer dobva másodikra hatost
dobunk, feltéve, hogy elsőre hatost dobtunk? A két esemény független-e egymástól?


Megoldás. Jelölje A azt, hogy másodikra hatost dobunk, B pedig azt, hogy elsőre
hatost dobunk. Ekkor


P(A | B) = P(A ∩ B)
P(B) =


1
36
6
36


= 1
6 ,


másrészt
P(A) = 6


36 .


Így P(A) = P(A | B), azaz A és B függetlenek.


4.13. feladat. Az 52 lapos francia kártyából kihúzunk egy lapot. Független-e az ász
húzása a kőr húzásától?


Megoldás. Jelölje A azt, hogy ászt húzunk, B pedig azt, hogy kőrt húzunk. Ekkor
P(A) = 4


52 , P(B) = 13
52 és P(A∩B) = 1


52 . Ebből kapjuk, hogy P(A∩B) = P(A) P(B),
azaz A és B függetlenek.


4.14. feladat. Egy kockát és két pénzdarabot dobunk fel egyszerre. Mennyi a
valószínűsége, hogy a kockán 6-ost, az egyik pénzérmén írást a másikon pedig fejet
dobunk?


Megoldás. 1
6 · 1


2 · 1
2 + 1


6 · 1
2 · 1


2 = 1
12 .


4.15. feladat. Egy párbajban Antal és Béla felváltva lőnek egymásra első vérig.
Antal 0,3 valószínűséggel talál célba, Béla pedig 0,9-del. Mennyi a valószínűsége,
hogy Antal győz, ha ő kezdi a párbajt?
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Megoldás. Jelölje Ai azt az eseményt, hogy Antal i-edik lövése talál, Bi pedig azt,
hogy Béla i-edik lövése talál, továbbá C jelölje azt, hogy Antal győz. Ekkor


C = A1 ∪ ( A1 ∩ B1 ∩ A2) ∪ ( A1 ∩ B1 ∩ A2 ∩ B2 ∩ A3) ∪ . . .


Mivel ez C-nek diszjunkt felbontása és az A1, B1, A2, B2, . . . események függetlenek,
ezért


P(C) = P(A1) + P( A1 ∩ B1 ∩ A2) + P( A1 ∩ B1 ∩ A2 ∩ B2 ∩ A3) + · · · =
= P(A1) + P( A1 ) P( B1 ) P(A2) + P( A1 ) P( B1 ) P( A2 ) P( B2 ) P(A3) + · · · =
= 0,3 + 0,7 · 0,1 · 0,3 + 0,72 · 0,12 · 0,3 + · · · =


= 0,3
∞∑


n=0
0,07n = 0,3


1 − 0,07 = 10
31 .


4.16. feladat. Dobókockával dobunk egymásután. Mi a valószínűsége, hogy a har-
madik ötös a nyolcadik dobásra jön ki?


Megoldás.
(


7
2


)(1
6


)2(5
6


)5 1
6


4.17. feladat. Ha az A, B és C események függetlenek és P(A) = 2 P(B) = 2 P(C) =
= 1


4 , akkor mennyi P(A ∪ B | B ∪ C)?


Megoldás. A függetlenség miatt


P(A ∪ B | B ∪ C) =
P
(
(A ∪ B) ∩ (B ∪ C)


)
P(B ∪ C) =


P
(
B ∪ (A ∩ C)


)
P(B) + P(C) − P(B ∩ C) =


= P(B) + P(A ∩ C) − P(B ∩ A ∩ C)
P(B) + P(C) − P(B ∩ C) = P(B) + P(A) P(C) − P(B) P(A) P(C)


P(B) + P(C) − P(B) P(C) =


=
1
8 + 1


4 · 1
8 − 1


8 · 1
4 · 1


8
1
8 + 1


8 − 1
8 · 1


8
= 39


60 .
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5. fejezet


Teljes valószínűség tétele


Definíció


Legyen (Ω, F , P) valószínűségi mező. Azt mondjuk, hogy B1, . . . , Bn ∈ F teljes
eseményrendszer, ha osztályozása Ω-nak, azaz Bi ∩ Bj = ∅ minden i, j ∈
∈ {1, . . . , n}, i ̸= j esetén, továbbá B1 ∪ · · · ∪ Bn = Ω. Másképpen fogalmazva,
ekkor a B1, . . . , Bn események közül minden esetben pontosan egy teljesül.


Tétel Teljes valószínűség tétele


Legyen (Ω, F , P) valószínűségi mező, B1, . . . , Bn ∈ F teljes eseményrendszer,
és P(Bi) ̸= 0 minden i ∈ {1, . . . , n} esetén. Ekkor bármely A ∈ F eseményre


P(A) =
n∑


i=1
P(A | Bi) P(Bi).


Ha valamely A eseményt mint okozatot tekintjük, amit a B1, . . . , Bn okok válthat-
nak ki, akkor ismerve az okok valószínűségeit és hatásukat az okozat bekövetkezésére,
azaz a P(A | Bi) értékeket tudva, a teljes valószínűség tétele értelmében az okozat
valószínűsége meghatározható.


Feladatok
5.1. feladat. Egy céllövöldében 6 puska van. Ezek közül 3 darab 0,5 valószínűséggel
talál célba, 1 darab 0,7-del és 2 darab 0,8-del. Mi a valószínűsége, hogy célba találunk,
ha a puskát találomra választjuk ki?


Megoldás. Jelölje A azt az eseményt, hogy célba találunk, B1, hogy 0,5-es, B2, hogy
0,7-es, végül B3, hogy 0,8-es puskát választunk. Ekkor


P(A) =
3∑


i=1
P(A | Bi) P(Bi) = 0,5 · 3


6 + 0,7 · 1
6 + 0,8 · 2


6 .
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5.2. feladat. Két doboz mindegyikében 100-100 darab csavar van. Az első do-
bozban 10 db selejtes, a másodikban 6. A dobozok közül egyenlő valószínűséggel
kiválasztjuk valamelyiket, amelyből találomra kiveszünk egy csavart. Mennyi annak
a valószínűsége, hogy ez a csavar jó?


Megoldás. Jelölje B1 azt az eseményt, hogy az első dobozból húzunk, míg B2 azt,
hogy a másodikból, illetve A azt, hogy a kiválasztott csavar jó. Ekkor B1 és B2 teljes
eseményrendszert alkot, így a teljes valószínűség tétele értelmében


P(A) = P(A | B1) P(B1) + P(A | B2) P(B2) = 90
100 · 1


2 + 94
100 · 1


2 .


5.3. feladat. Egy gyárban a legyártott termékeket százasával csomagolják dobozokba.
A legyártott dobozok 1


6 részében 0 darab termék hibás, 5
12 részében 1 darab termék


hibás, 1
4 részében 2 darab termék hibás, 1


12 részében 3 darab termék hibás, és a
fennmaradó 1


12 részében 4 darab termék hibás. A dobozok közül véletlenszerűen
válasszunk ki egyet, majd abból emeljünk ki egy műszert. Mi a valószínűsége, hogy
hibátlan műszert választottunk?


Megoldás. Jelölje A azt az eseményt, hogy hibátlan műszert választottunk, Bi, hogy
olyan dobozból választunk, amelyben 100-ból i darab rossz. Ekkor


P(A) =
4∑


i=0
P(A | Bi) P(Bi) = 100


100 · 1
6 + 99


100 · 5
12 + 98


100 · 1
4 + 97


100 · 1
12 + 96


100 · 1
12 .


5.4. feladat. Egy dobozban 5 fehér és 2 piros golyó van. Előbb két golyót húzunk
a dobozból visszatevés nélkül, majd egy harmadikat. Mi a valószínűsége, hogy a
harmadiknak kivett golyó piros?


Megoldás. Jelölje A azt az eseményt, hogy a harmadik húzás piros, B1, hogy az első
két húzás 2 darab fehér, B2, hogy az első két húzás 2 darab piros, végül B3, hogy az
első két húzás egyike fehér a másik pedig piros. Ekkor


P(A) = P(A | B1) P(B1) + P(A | B2) P(B2) + P(A | B3) P(B3) =


= 2
5 ·


(
5
2


)
(


7
2


) + 0
5 ·


(
2
2


)
(


7
2


) + 1
5 ·


(
5
1


)(
2
1


)
(


7
2


) = 2
7 .


5.5. feladat. Két doboz közül az elsőben 3 piros és 4 fekete, a másodikban pedig
2 piros és 3 fekete golyó van. Az első dobozból átteszünk a másodikba egy golyót,
majd a másodikból választunk ki egy golyót. Mi a valószínűsége, hogy másodjára
piros golyót húzunk ki?


Megoldás. Jelölje B1, hogy elsőre pirosat, B2, hogy elsőre feketét és A, hogy másodikra
pirosat húzunk. Ekkor


P(A) =
2∑


i=1
P(A | Bi) P(Bi) = 3


6 · 3
7 + 2


6 · 4
7 .
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5.6. feladat. Két doboz közül az elsőben 3 piros és 4 fekete, a másodikban pedig
2 piros és 3 fekete golyó van. Az első dobozból átteszünk a másodikba két golyót,
majd a másodikból választunk ki egy golyót. Mi a valószínűsége, hogy a második
dobozból piros golyót húzunk ki?


Megoldás. Jelölje B1, hogy elsőre két pirosat, B2, hogy elsőre két feketét, B3, hogy
elsőre egy pirosat és egy feketét, továbbá A, hogy másodikra pirosat húzunk. Ekkor


P(A) =
3∑


i=1
P(A | Bi) P(Bi) = 4


7 ·


(
3
2


)
(


7
2


) + 2
7 ·


(
4
2


)
(


7
2


) + 3
7 ·


(
3
1


)(
4
1


)
(


7
2


) .


5.7. feladat. Három doboz közül az elsőben 3 piros és 4 fekete, a másodikban 2
piros és 3 fekete golyó van, a harmadikban pedig 5 piros és 4 fekete golyó van. Az
első dobozból átteszünk a másodikba egy golyót, majd a másodikból a harmadikba
átteszünk egy golyót, végül a harmadikból választunk ki egy golyót. Mi a valószínűsége,
hogy a harmadik dobozból piros golyót húzunk ki?


Megoldás. Jelölje B1, hogy elsőre pirosat, B2, hogy elsőre feketét, A1, hogy másodikra
pirosat, A2, hogy másodikra feketét és C, hogy harmadikra pirosat húzunk. Ekkor
az 5.5. feladat megoldása szerint P(A1) = 17


42 , melyből P(A2) = 25
42 . Így


P(C) =
2∑


i=1
P(C | Ai) P(Ai) = 6


10 · 17
42 + 5


10 · 25
42 .


5.8. feladat. Egy rab kap két egyforma dobozt, 10 fehér és 10 fekete golyót. A
golyókat tetszőlegesen elrendezheti a dobozokban, de fel kell használnia az összeset.
Ezután a két doboz valamelyikéből húznia kell. Hogy melyik dobozból, azt sorshú-
zással döntik el. Ha fehéret húz, akkor kiszabadul. Hogyan kell elrendezni a golyókat,
hogy a lehető legnagyobb valószínűséggel szabaduljon ki?


Megoldás. Ha az egyik doboz üres lenne, akkor a fehér húzásának a valószínűsége
0 · 1


2 + 1
2 · 1


2 = 1
4 . De ez nem lehet jó megoldás, mert például, ha az egyik dobozba


csak egy fehéret rakunk a többit pedig a másik dobozba, akkor a fehér húzásának a
valószínűsége 1 · 1


2 + 9
19 · 1


2 = 14
19 , ami nagyobb 1


4 -nél. Be fogjuk bizonyítani, hogy ez a
maximális valószínűség.


Rakjunk az egyik dobozba n fehéret és m feketét, a többit pedig a másik dobozba.
Az előzőek miatt feltehetjük, hogy mindkét dobozban van golyó. Így a fehér húzásának
a valószínűsége


n


n + m
· 1


2 + 10 − n


20 − n − m
· 1


2 .


Azt kell belátni, hogy


n


n + m
· 1


2 + 10 − n


20 − n − m
· 1


2 ≤ 14
19 ,


ami azzal ekvivalens, hogy


m(14m − 185 + 9n) ≤ 5n(n − 1). (∗)
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A szimmetria miatt feltehetjük, hogy n ≤ 5, így (∗) bal oldala maximum 140 −
− 185 + 45 = 0, jobb oldala pedig nemnegatív. Ezzel (∗) bizonyított. Tehát a rabnak
akkor a legnagyobb az esélye, ha az egyik dobozba egy fehéret rak, a többit pedig a
másikba.


5.9. feladat. 10 cetlire felírjuk 1-től 10-ig az egész számokat, majd betesszük őket
egy dobozba. A dobozból kisorsolunk 5 cetlit, melyek közül a legnagyobb számot
jelölje M . Ezután a dobozban maradt 5 cetliből egymásután sorsolunk ki cetliket.
Ezt az első olyan cetli húzásáig folytatjuk, amíg M -nél nagyobb értékűt nem húzunk.
Mi a valószínűsége, hogy így utolsónak a 10-es cetlit húztuk ki?


Megoldás. Miután kiválasztottuk a játékszabálynak megfelelő cetlit, folytassuk a
cetlik húzását mindaddig, amíg el nem fogynak. Jelölje Bi azt az eseményt, hogy
i-ediknek húztuk ki a 10-es cetlit, A pedig azt, hogy a 10-es cetli lett kiválasztva.
Az A pontosan akkor következik be, ha i ≥ 6 és az első i − 1 kihúzott cetli között a
legnagyobb az első ötben volt. Így


P(A) =
10∑


i=1
P(A | Bi) P(Bi) =


10∑
i=6


P(A | Bi) P(Bi) =
10∑


i=6


5
i − 1 · 1


10 = 1
2


9∑
i=5


1
i


≈ 0,373.


5.10. feladat. Néhány doboz mindegyikében 600-600 darab golyó van. Az elsőben 2
golyó piros, és a többi dobozban mindig 5-tel több a piros golyók száma, mint az
előzőben volt. Az utolsó dobozban csak 3 golyó nem piros. Valamelyik dobozból egy
golyót kiveszünk. Mi a valószínűsége, hogy pirosat választunk?


Megoldás. Jelölje n a dobozok számát. Ekkor az utolsó dobozban a pirosak száma
2 + (n − 1)5 = 597, melyből n = 120. Jelölje Bi azt az eseményt, hogy egy olyan
dobozt választottunk, melyben a pirosak száma 2 + (i − 1)5, A pedig azt, hogy a
kiválasztott dobozból pirosat húzunk. Ekkor


P(A) =
120∑
i=1


P(A | Bi) P(Bi) =
120∑
i=1


2 + (i − 1)5
600 · 1


120 =


= 1
600 · 120


120∑
i=1


(
2 + (i − 1)5


)
= 1


600 · 120 · 2 + 597
2 · 120 = 599


1200 .


5.11. feladat. Az I. érme feldobásakor 0,4 valószínűséggel kapunk fejet, míg a II. érme
feldobásakor ugyanez a valószínűség 0,7. A két érme közül egyet véletlenszerűen
kiválasztunk, és tízszer feldobunk.


(1) Mi a valószínűsége, hogy pontosan 7 dobás fej lesz?


(2) Függetlenek-e ezen dobások kimenetelei egymástól?


Megoldás. (1) Jelölje A azt az eseményt, hogy a kiválasztott érmével tízből hétszer do-
bunk fejet, B1, hogy az I. érmét választottuk, B2 pedig, hogy a II. érmét választottuk.
Ekkor


P(A) = P(A | B1) P(B1)+P(A | B2) P(B2) =
(


10
7


)
0,47 ·0,63 · 1


2 +
(


10
7


)
0,77 ·0,33 · 1


2 .
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(2) Jelölje A1 azt az eseményt, hogy a kiválasztott érmével elsőre fejet dobunk, A2,
hogy a kiválasztott érmével másodikra fejet dobunk, B1, hogy az I. érmét választottuk,
B2 pedig, hogy a II. érmét választottuk. Ekkor


P(A1) = P(A1 | B1) P(B1) + P(A1 | B2) P(B2) = 0,4 · 1
2 + 0,7 · 1


2 = 1,1
2 .


Hasonlóan P(A2) = 1,1
2 . Másrészt


P(A1 ∩ A2) = P(A1 ∩ A2 | B1) P(B1) + P(A1 ∩ A2 | B2) P(B2) = 0,42 · 1
2 + 0,72 · 1


2 .


Így P(A1 ∩ A2) ̸= P(A1) P(A2) miatt a dobások eredményei nem függetlenek egymás-
tól.


5.12. feladat. Két egyforma gyufásdoboz egyikében 7 piros fejű és 4 fekete fejű
gyufaszál van, míg a másikban 5 piros fejű és 6 fekete fejű. Véletlenszerűen választunk
egy dobozt, majd abból egy gyufaszálat, amit átrakunk a másik dobozba. Ezután ismét
választunk egy dobozt és abból egy gyufaszálat véletlenszerűen. Mi a valószínűsége,
hogy ekkor piros fejűt húzunk ki?


Megoldás. Az I. jelű dobozban legyen 7 piros fejű és 4 fekete fejű gyufaszál, a másikat
II. módon jelöljük, továbbá:
A1 : elsőre az I. dobozt választjuk;
A2 : elsőre a II. dobozt választjuk;
B1 : első húzás piros fejű;
B2 : első húzás fekete fejű;
C1 : másodikra az I. dobozt választjuk;
C2 : másodikra a II. dobozt választjuk;
D : második húzás piros fejű;
Tetszőleges i, j, k ∈ {1, 2} esetén az Ai ∩ Bj és Ck függetlensége, továbbá a szorzat
tétel alapján


P(Ai ∩ Bj ∩ Ck) = P(Ai ∩ Bj) P(Ck) = P(Bj | Ai) P(Ai) P(Ck) = 1
4 P(Bj | Ai).


Az Ai ∩ Bj ∩ Ck (i, j, k ∈ {1, 2}) teljes eseményrendszer, így a teljes valószínűség
tétele alapján


P(D) =
2∑


i,j,k=1
P(D | Ai ∩ Bj ∩ Ck) P(Ai ∩ Bj ∩ Ck) =


= 1
4


2∑
i,j,k=1


P(D | Ai ∩ Bj ∩ Ck) P(Bj | Ai).


Ebből már könnyen számolható az eredmény, hiszen például


P(B1 | A1) = 7
11 és P(D | A1 ∩ B1 ∩ C1) = 6


10 .
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6. fejezet


Bayes tétele


Tétel Bayes tétele


Legyen (Ω, F , P) valószínűségi mező, B1, . . . , Bn ∈ F teljes eseményrendszer,
és P(Bi) ̸= 0 minden i ∈ {1, . . . , n} esetén. Ha A ∈ F és P(A) ̸= 0, akkor
bármely i ∈ {1, . . . , n} esetén


P(Bi | A) = P(A | Bi) P(Bi)
n∑


k=1
P(A | Bk) P(Bk)


.


Ha az A esemény bekövetkezik, amit a B1, . . . , Bn okok válthatnak ki, akkor
ismerve az okok valószínűségeit és hatásukat az A bekövetkezésére, azaz a P(A | Bi)
értékeket tudva, Bayes tételével következtethetünk arra, hogy egy kiválasztott ok
milyen valószínűséggel szerepelt az A létrejöttében. Ilyen értelemben Bayes tétele
megfordítása a teljes valószínűség tételének.


Feladatok
6.1. feladat. Egy üzemben három gép dolgozik. Az első a termelés 25 %-át adja
és 5 %-os selejt aránnyal dolgozik. A második 35 %-ot termel 4 %-os selejt aránnyal,
végül a harmadik 2 %-os selejt aránnyal dolgozik. A termékek közül kiválasztunk
egyet véletlenszerűen, és azt tapasztaljuk, hogy az selejtes. Mennyi a valószínűsége,
hogy az első gép gyártotta?


Megoldás. Jelölje Bi, hogy a kiválasztott terméket az i-edik gép gyártotta és A azt,
hogy a kiválasztott termék selejtes. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2) + P(A | B3) P(B3)


=


= 0,05 · 0,25
0,05 · 0,25 + 0,04 · 0,35 + 0,02 · 0,4 .
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6.2. feladat. Morze adásnál a leadott pontok és vonalak aránya 5 : 3. A pontok 2
5 -ét


vonalnak, a vonalak 1
3 -át pedig pontnak halljuk. Mennyi a valószínűsége, hogy ha


pontot vettünk, akkor valójában pontot adtak?


Megoldás. Jelölje B1 azt, hogy pontot adtak le, B2 azt, hogy vonalat adtak le, és A
azt, hogy pontot vettünk. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2)


=
3
5 · 5


8
3
5 · 5


8 + 1
3 · 3


8
.


6.3. feladat. Tegyük fel, hogy valamely üzemből kikerülő áru 0,75 valószínűséggel
első osztályú. A kikerült terméket vizsgálatnak vetik alá. Annak valószínűsége, hogy
a vizsgálat során egy első osztályú terméket nem első osztályúnak minősítenek
0,02. Annak valószínűsége viszont, hogy egy nem első osztályút első osztályúnak
minősítenek 0,05.


(1) Mennyi a valószínűsége, hogy egy olyan termék, amely a vizsgálaton első
osztályú minősítést kapott, valóban első osztályú?


(2) Mennyi a valószínűsége, hogy egy olyan termék, amely a vizsgálaton nem első
osztályú minősítést kapott, valóban nem első osztályú?


Megoldás. Jelölje B1 azt, hogy a kiválasztott termék valójában első osztályú, B2 azt,
hogy valójában nem első osztályú, és A azt, hogy a kiválasztott termék első osztályú
minősítést kapott. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2)


= 0,98 · 0,75
0,98 · 0,75 + 0,05 · 0,25


és


P(B2 | A) = P(A | B2) P(B2)
P(A | B1) P(B1) + P(A | B2) P(B2)


= 0,95 · 0,25
0,02 · 0,75 + 0,95 · 0,25 .


6.4. feladat. Igazfalvában a lakosok 80 %-a mindig igazat mond, a többiek pedig
mindig hazudnak. A mellette található Hazugfalvában a lakosok 90 %-a mindig
hazudik, a többiek pedig mindig igazat mondanak. Egy vándor eltéved valamelyik
faluba a kettő közül, de nem tudja melyikben van. Ezért az első lakost, akivel
találkozik, megkérdezi, hogy ez melyik falu. Azt a választ kapja, hogy Igazfalvában
vannak. Mi a valószínűsége, hogy a vándor valójában Hazugfalvába tévedt?


Megoldás. Jelölje B1 azt az eseményt, hogy a vándor Igazfalvában van, B2, hogy
Hazugfalvában van és A azt, hogy a lakos azt mondja, hogy Igazfalvában vannak.
Ekkor


P(B2 | A) = P(A | B2) P(B2)
P(A | B1) P(B1) + P(A | B2) P(B2)


=
0,9 · 1


2
0,8 · 1


2 + 0,9 · 1
2


= 9
17 .


6.5. feladat. Egy dobozban 5 fehér és 2 piros golyó van. Előbb két golyót húzunk a
dobozból visszatevés nélkül, majd egy harmadikat. Ha harmadiknak pirosat húzunk,
akkor mi a valószínűsége, hogy az első két húzás mindegyike fehér volt?
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Megoldás. Jelölje A azt az eseményt, hogy a harmadik húzás piros, B1, hogy az első
két húzás 2 darab fehér, B2, hogy az első két húzás 2 darab piros, végül B3, hogy az
első két húzás egyike fehér a másik pedig piros. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2) + P(A | B3) P(B3)


=


=
2
5 · (5


2)
(7


2)
2
5 · (5


2)
(7


2)
+ 0


5 · (2
2)


(7
2)


+ 1
5 · (5


1)(2
1)


(7
2)


= 2
3 .


6.6. feladat. Van két érmém, az egyik igazságos, a másik cinkelt, de ránézésre nem
tudom megkülönböztetni őket egymástól. A cinkelt érme 0,75 valószínűséggel mutat
fejet. Előveszem az egyik érmét a zsebemből, 0,5 valószínűséggel az igazságosat, 0,5
valószínűséggel a cinkeltet. Ezt feldobom 30-szor, és azt tapasztalom, hogy 25-ször
mutatott fejet. Mi a valószínűsége, hogy a cinkelt érmét vettem elő?


Megoldás. Legyen A az az esemény, hogy a kiválasztott érmével 30 dobásból 25-ször
fejet dobtunk, B1 jelölje, hogy a cinkelt érmét választottuk, és B2, hogy az igazságosat
választottuk. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2)


=


=


(
30
25


)
· 0,7525 · 0,255 · 0,5(


30
25


)
· 0,7525 · 0,255 · 0,5 +


(
30
25


)
· 0,525 · 0,55 · 0,5


≈ 0,9987.


6.7. feladat. Az I. érme feldobásakor 0,4 valószínűséggel kapunk fejet, míg a II.
érme feldobásakor ugyanez a valószínűség 0,7. A két érme közül egyet véletlenszerűen
kiválasztunk, és feldobunk. Feltéve, hogy fejet dobunk, mi a valószínűsége, hogy az
I. érmével tettük ezt?


Megoldás. Jelölje A azt az eseményt, hogy a kiválasztott érmével fejet dobunk, B1,
hogy az I. érmét választottuk, B2 pedig, hogy a II. érmét választottuk. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2)


=
0,4 · 1


2
0,4 · 1


2 + 0,7 · 1
2


= 4
11 .


6.8. feladat. Hat doboz mindegyikében 6 golyó van, amelyek közül rendre 1, 2,
3, 4, 5, 6 golyó fehér. Egy találomra választott dobozból húzunk három golyót
visszatevéssel, és azt tapasztaljuk, hogy mindhárom fehér. Mi a valószínűsége, hogy
azt a dobozt választottuk, amelyben pontosan két fehér golyó van?


Megoldás. Jelölje A azt az eseményt, hogy mindhárom húzás fehér, Bi pedig azt,
hogy egy olyan dobozt választottunk, amelyben pontosan i darab fehér golyó van.
Ekkor


P(B2 | A) = P(A | B2) P(B2)
6∑


i=1
P(A | Bi) P(Bi)


=


(
2
6


)3
· 1


6
6∑


i=1


(
i
6


)3
· 1


6


= 8
441 .
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6.9. feladat. Egy tanár a vizsgán tesztet töltet ki a hallgatókkal. A tesztlapon
minden kérdéshez három válasz van feltüntetve, melyek közül csak egy helyes. Tegyük
fel, hogy a vizsgázó 0,8 valószínűséggel tudja a helyes választ egy kérdésre. Ha nem
tudja, akkor bármely választ egyforma eséllyel bejelölheti. Ha egy kérdésre helyesen
válaszol a hallgató, akkor mi a valószínűsége, hogy ennek az az oka, hogy valóban
tudta a választ?


Megoldás. Jelölje A azt az eseményt, hogy a hallgató helyesen válaszol az adott
kérdésre, B1, hogy a hallgató tudja a helyes választ, B2 pedig azt, hogy nem. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2)


= 1 · 0,8
1 · 0,8 + 1


3 · 0,2 = 12
13 .


6.10. feladat. Egy városban a lakosság 0,5 %-át megfertőzött egy ritka vírus. Egy
teszt a vizsgálati személyek 99 %-ról helyesen el tudja dönteni, hogy fertőzött vagy
egészséges, de 1 %-ban téved. Mekkora a valószínűsége, hogy egy megvizsgált személy
egészséges, ha a teszt szerint fertőzött? Ha a teszt szerint fertőzött valaki, akkor
letesztelik még egyszer. Ha a második teszt szerint is fertőzött az illető, akkor mi a
valószínűsége, hogy valójában egészséges?


Megoldás. Jelölje A1 azt az eseményt, hogy a vizsgált személy az első teszt szerint
fertőzött, A2, hogy mindkét teszt szerint fertőzött, B1, hogy a vizsgált személy
egészséges, B2 pedig azt, hogy fertőzött. Ekkor


P(B1 | A1) = P(A1 | B1) P(B1)
P(A1 | B1) P(B1) + P(A1 | B2) P(B2)


= 0,01 · 0,995
0,01 · 0,995 + 0,99 · 0,005


ami kb. 0,6678, ami azt jelenti, hogy ha az első teszt valakit fertőzöttnek talál, akkor
nagyobb az esélye annak, hogy valójában egészséges. Másrészt


P(B1 | A2) = P(A2 | B1) P(B1)
P(A2 | B1) P(B1) + P(A2 | B2) P(B2)


= 0,012 · 0,995
0,012 · 0,995 + 0,992 · 0,005


ami kb. 0,0199. Tehát azon személyeknek, akiknél mindkét teszt pozitív volt, már
csak kb. 2 %-a egészséges. Három teszt esetén ugyanez az arány csak 0,2 ‰.


6.11. feladat. Három rab közül az egyik kegyelemben részesül, amit sorshúzással
döntenek el. Az őr tudja ki a szerencsés, de nem árulhatja el. Az egyik rab meggyőzi
az őrt arról, hogy legalább annyit áruljon el, ki nem kapott kegyelmet a másik két
rab közül. Az őr azért egyezett bele, mert úgy gondolta, hogy a másik két rab egyike
biztosan nem kap kegyelmet, így tulajdonképpen nem ad ki lényeges információt.
A rab szerint viszont, mivel már csak ketten vannak az esélyesek között, ezért 1


2 a
valószínűsége, hogy ő kap kegyelmet. Az őr vagy a rab gondolkodik helyesen?


Megoldás. A megoldás lényeges eleme, hogy amennyiben a kérdező rabot mentik fel,
akkor a másik két rab közül az őr bárkit megnevezhet. Tegyük fel, hogy ebben az
esetben az őr sorshúzással dönti el, kit nevezzen meg.


Jelölje B1 azt az eseményt, hogy az őr a másik két rab közül az elsőt nevezi meg,
B2, hogy a második rabot nevezi meg, A1, hogy a másik két rab közül az első kap
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kegyelmet, A2, hogy a másik két rab közül a második kap kegyelmet, végül A3, hogy
a kérdező rab kap kegyelmet. Ekkor az őr szerint


P(A3 | B1) = P(A3 | B2) = 1
3 ,


míg a rab szerint
P(A3 | B1) = P(A3 | B2) = 1


2 .


Az igazság a Bayes-tétel értelmében


P(A3 | B1) = P(B1 | A3) P(A3)
P(B1 | A1) P(A1) + P(B1 | A2) P(A2) + P(B1 | A3) P(A3)


=


=
1
2 · 1


3
0 · 1


3 + 1 · 1
3 + 1


2 · 1
3


= 1
3


és


P(A3 | B2) = P(B2 | A3) P(A3)
P(B2 | A1) P(A1) + P(B2 | A2) P(A2) + P(B2 | A3) P(A3)


=


=
1
2 · 1


3
1 · 1


3 + 0 · 1
3 + 1


2 · 1
3


= 1
3 .


Amint látható, feltettük, hogy P(B1 | A3) = 1
2 és P(B2 | A3) = 1


2 , azaz, ha a másik két
rab közül bárkit megnevezhet az őr, akkor azt egyenlő eséllyel teszi. Ilyen feltétellel
tehát az őrnek van igaza.


Általánosítva, P(B1 | A3) = x és P(B2 | A3) = 1 − x jelölésekkel azt kapjuk, hogy


P(A3 | B1) = x


1 + x
és P(A3 | B2) = 1 − x


2 − x
.


6.12. feladat. Szimuláljuk az előző feladatot Excel segítségével ! Számoljuk ki annak
a relatív gyakoriságát, hogy a kérdező rab kap kegyelmet azzal a feltétellel, hogy az
őr a másik két rab közül az elsőt nevezi meg!


Megoldás. Az A1 cellába írja a következőt:


=INT(3*VÉL()+1)


A kapott érték jelenti annak a rabnak a sorszámát, aki kegyelmet kap. Tegyük fel,
hogy a 3. rab kérdezte az őrt. A B1 cellába írja a következőt:


=HA(A1=1;2;HA(A1=2;1;HA(INT(2*VÉL()+1)=1;1;2)))


A kapott érték jelenti annak a rabnak a sorszámát, akit az őr megnevez. A C1 cellába
írja a következőt:


=HA(B1=1;1;0)
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A kapott érték aszerint 1 vagy 0, hogy az első rabot nevezte-e meg az őr vagy sem.
A D1 cellába írja a következőt:


=HA(A1=3;1;0)


A kapott érték aszerint 1 vagy 0, hogy a 3. rab kap-e kegyelmet vagy sem. Az E1
cellába írja a következőt:


=C1*D1


A kapott érték aszerint 1 vagy 0, hogy a B1 feltétel mellett teljesül-e az A3 esemény
vagy sem. Jelölje ki az A1:E1 cellatartományt, majd a kitöltő jelet húzza le addig a
sorig, ahány szimulációt akar csinálni. Végül az F1 cellába írja a következőt:


=SZUM(E:E)/SZUM(C:C)


A kapott érték az A3 esemény B1 feltétel melletti relatív gyakorisága.
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7. fejezet


Valószínűségi változó


Egy játékban 10 forintot nyerünk, ha egy pénzérme a fej oldalára esik, ellenkező
esetben pedig 5 forintot veszítünk. Ebben a kísérletben a biztos esemény Ω =
= {fej, írás}. Az előbbi játékszabály leírható egy olyan függvénnyel, amely a fejhez
10-et rendel, míg az íráshoz −5-öt. A továbbiakban azokat a függvényeket, melyek az
Ω elemeihez valós számokat rendelnek – bizonyos feltétellel –, valószínűségi változónak
fogunk nevezni. A definíció előtt vezessük be a következő jelöléseket:


Definíció


Legyen Ω nem üres halmaz, ξ : Ω → R, x ∈ R és


{ξ = x} := {ω : ω ∈ Ω, ξ(ω) = x}.


Hasonlóan definiálhatjuk a {ξ < x}, {ξ > x}, {ξ = η}, {ξ < η} stb. halmazo-
kat is, ahol η : Ω → R. Ha {ξ = x} (x ∈ R) esemény az (Ω, F , P) valószínűségi
mezőben, akkor annak valószínűségét P({ξ = x}) helyett P(ξ = x)-szel je-
löljük.1 Hasonlóan járunk el a többi előbb említett halmaz valószínűségeinek
jelöléseinél is. A ξ függvény értékkészletét Rξ-vel fogjuk jelölni.


Definíció


Legyen (Ω, F , P) valószínűségi mező és ξ : Ω → R. Ha {ξ < x} ∈ F minden
x ∈ R esetén, akkor ξ-t valószínűségi változónak nevezzük.


Definíció


Egy valószínűségi változót diszkrét valószínűségi változónak nevezzük, ha az
értékkészletének számossága megszámlálható.


1 A ξ és η görög betűk kiejtése: kszí illetve éta.
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Definíció


Ha ξ diszkrét valószínűségi változó, akkor azt a függvényt, amely minden
k ∈ Rξ-hez hozzárendeli a P(ξ = k) valószínűséget, a ξ eloszlásának nevezzük.


Tétel


Ha ξ diszkrét valószínűségi változó, akkor∑
k∈Rξ


P(ξ = k) = 1.


Tétel


Ha H ⊂ R megszámlálható halmaz és p : H → [0,1] olyan függvény, melyre∑
k∈H


p(k) = 1


teljesül, akkor létezik olyan ξ diszkrét valószínűségi változó, hogy Rξ = H és
minden k ∈ Rξ esetén P(ξ = k) = p(k) teljesül.


Az eloszlás csak diszkrét esetben jellemzi megfelelően a valószínűségi változót.
Általános esetben az úgynevezett eloszlásfüggvény ad elegendő információt.


Definíció


A ξ valószínűségi változó eloszlásfüggvényének az


Fξ : R → R, Fξ(x) := P(ξ < x)


függvényt nevezzük.


A valószínűségi változó definíciója miatt minden valószínűségi változónak létezik
eloszlásfüggvénye. Diszkrét esetben mégis az eloszlást használjuk, mert annak felírása
egyszerűbb. Diszkrét valószínűségi változó eloszlásfüggvényének az értékkészlete
megszámlálható.


Tétel


Legyen ξ valószínűségi változó. Ekkor teljesülnek a következők:


(F1) Fξ monoton növekvő,


(F2) lim
x→∞


Fξ(x) = 1,


(F3) lim
x→−∞


Fξ(x) = 0,


(F4) Fξ minden pontban balról folytonos.
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Tétel


Ha az F : R → R függvényre teljesülnek az (F1)–(F4) tulajdonságok, akkor
van olyan valószínűségi változó, melynek eloszlásfüggvénye F .


Tétel


Ha ξ egy valószínűségi változó és a < b tetszőleges valós számok, akkor


P(a ≤ ξ < b) = Fξ(b) − Fξ(a).


Tétel


A ξ valószínűségi változó Fξ eloszlásfüggvénye akkor és csak akkor folytonos
a ∈ R-ben, ha P(ξ = a) = 0. Emiatt, ha az Fξ mindenütt folytonos, akkor
a, b ∈ R, a < b esetén


Fξ(b) − Fξ(a) = P(a ≤ ξ < b) = P(a < ξ < b) =
= P(a < ξ ≤ b) = P(a ≤ ξ ≤ b).


A tömegsűrűség fogalmával már a középiskolában is találkoztunk. Ez egy ho-
mogén anyag esetében az egységnyi térfogatra jutó tömeget jelenti, ami egyetlen
számadat. Inhomogén testnél már nem ilyen egyszerű a helyzet. Ebben az esetben
pontról-pontra változhat ez az érték. Így ekkor sűrűségfüggvényről beszélünk. A
valószínűségszámításban a sűrűség egy valószínűségi változóra fog vonatkozni, pon-
tosabban arra, hogy mekkora valószínűséggel vesz fel egy egységnyi intervallumbeli
értéket. Nem konstans valószínűségi változó esetén, hasonlóan a tömegsűrűséghez,
itt is egy függvényt kapunk. Ennek meghatározása érdekében vizsgáljuk meg, hogy ξ
mekkora valószínűséggel lehet egy [x, x + ε) intervallumban, ahol x ∈ R és ε > 0 :


P(x ≤ ξ < x + ε) = Fξ(x + ε) − Fξ(x).


Ez az érték az adott ε hosszúságú intervallumra jutó valószínűség. Ebből erre az
intervallumra vonatkozó átlagsűrűséget úgy kapjuk meg, ha elosztjuk az intervallum
hosszával. Ha ε értékét ezután egyre kisebbre választjuk meg, akkor egyre jobban
megközelítjük az x pontra vonatkozó sűrűséget. Tehát a sűrűségfüggvény az x pontban


lim
ε→0


Fξ(x + ε) − Fξ(x)
ε


= F ′
ξ(x),


azaz az eloszlásfüggvény deriváltfüggvénye.
Definíció


A ξ valószínűségi változót folytonosnak nevezzük, ha az eloszlásfüggvénye folyto-
nos és véges sok ponttól eltekintve differenciálható. Ekkor a ξ sűrűségfüggvénye


fξ(x) := F ′
ξ(x)
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azon x pontokban, ahol Fξ differenciálható. A nem differenciálható pontokban
a sűrűségfüggvény tetszőleges nemnegatív értéket felvehet.


Tétel


Ha ξ abszolút folytonos valószínűségi változó, akkor minden a, b ∈ R, a < b
esetén


P(a ≤ ξ < b) =
b∫


a


fξ(x) dx,


továbbá minden x ∈ R esetén


Fξ(x) =
x∫


−∞


fξ(x) dx.


Ha Fξ nem folytonos, akkor ξ nem abszolút folytonos. Így ha ξ diszkrét valószí-
nűségi változó, akkor nem létezik sűrűségfüggvénye, azaz nem abszolút folytonos.
Ha ξ abszolút folytonos, akkor az Fξ folytonossága miatt az Fξ értékkészlete nem
megszámlálható, tehát nem diszkrét.


Abszolút folytonos ξ valószínűségi változó esetén P(ξ = x) = 0 minden x ∈ R-re.
Így mindegy, hogy írunk-e vagy sem egyenlőséget az előző tételben P(a ≤ ξ < b)-ben.


Tétel


Ha ξ abszolút folytonos valószínűségi változó, akkor
∞∫


−∞


fξ(x) dx = 1.


Tétel


Ha f : R → [0, ∞) függvény esetén
∞∫


−∞


f(x) dx = 1,


akkor létezik olyan ξ abszolút folytonos valószínűségi változó, melynek sűrű-
ségfüggvénye f .


Feladatok
7.1. feladat. Határozzuk meg az ötöslottón a találatok számának eloszlását!


Megoldás. P(ξ = k) =


(
5
k


)(
85


5−k


)
(


90
5


) (k = 0, 1, 2, 3, 4, 5), ahol ξ a találatok számát jelöli.
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7.2. feladat. Két kockával dobva a dobott számok összegének határozzuk meg az
eloszlását!


Megoldás. Jelölje xy azt, hogy az első kockán x, a második kockán pedig y az
eredmény, továbbá ξ := x + y. Ekkor az Ω elemei


11 12 13 14 15 16
21 22 23 24 25 26
31 32 33 34 35 36
41 42 43 44 45 46
51 52 53 54 55 56
61 62 63 64 65 66


Vegyük észre, hogy a ξ különböző értékeire a hozzá tartozó elemek átlósan helyez-
kednek el az előbbi elrendezésben. Például ξ = 4 a 31, 22 és 13 esetekben teljesül.
Így


P(ξ = 2) = P(ξ = 12) = 1
36 ,


P(ξ = 3) = P(ξ = 11) = 2
36 ,


P(ξ = 4) = P(ξ = 10) = 3
36 ,


P(ξ = 5) = P(ξ = 9) = 4
36 ,


P(ξ = 6) = P(ξ = 8) = 5
36 ,


P(ξ = 7) = 6
36 .


7.3. feladat. Két kockával dobva a dobott számok különbségének abszolút értéke
legyen ξ. Határozzuk meg az eloszlását!


Megoldás. P(ξ = 0) = 6
36 , P(ξ = 1) = 10


36 , P(ξ = 2) = 8
36 , P(ξ = 3) = 6


36 , P(ξ = 4) =
= 4


36 , P(ξ = 5) = 2
36 .


7.4. feladat. Egy kockát addig dobunk, míg hatost nem kapunk. Határozzuk meg a
dobások számának eloszlását!


Megoldás. P(ξ = k) =
(


5
6


)k−1
· 1


6 (k = 1, 2, . . . ), ahol ξ a dobások száma. A kapott
eloszlást geometriai eloszlásnak nevezik.


7.5. feladat. Egy dobozban 9 fehér és 6 fekete golyó van. Hármat kiveszünk vissza-
tevés nélkül. Legyen ξ a kihúzott fehérek száma. Adjuk meg az eloszlását!


Megoldás. P(ξ = 0) = (6
3)


(15
3 ) = 20


455 , P(ξ = 1) = 9·(6
2)


(15
3 ) = 135


455 , P(ξ = 2) = (9
2)·6


(15
3 ) = 216


455 ,


P(ξ = 3) = (9
3)


(15
3 ) = 84


455 .


46







7.6. feladat. 10 szelvénnyel játszva az ötöslottón, határozzuk meg a két találatos
szelvények számának eloszlását!


Megoldás. P(ξ = k) =
(


10
k


)
pk(1 − p)10−k (k = 0, 1, . . . ,10), ahol ξ a dobások száma és


p = (5
2)(85


3 )
(90


5 ) a kettes találat valószínűsége.


7.7. feladat. Egy kockát addig dobunk, míg a dobások között három darab hatost
nem kapunk. Határozzuk meg a dobások számának eloszlását!


Megoldás. P(ξ = k) =
(


k−1
2


)(
5
6


)k−3(1
6


)2 1
6 (k = 3, 4, . . . ), ahol ξ a dobások száma.


7.8. feladat. Három kockával dobunk egyszerre. Számítsa ki a dobott számok
összegének eloszlásfüggvényét az x = 5,2 helyen!


Megoldás. Fξ(5,2) = P(ξ < 5,2) = P(ξ = 5) = 6
63 = 1


36 , ahol ξ a dobott számok
összege.


7.9. feladat. Létezik-e olyan valószínűségi változó, amelynek az alábbi F az elosz-
lásfüggvénye?


F : R → R, F (x) =
0, ha x < 1,


x−1
x+1 , ha x ≥ 1.


Megoldás. Az F értelmezési tartománya R, másrészt x−1
x+1 = 1 − 2


x+1 miatt az F
monoton növekvő és ∞-ben 1 a határértéke. Mivel F (x) = 0, ha x < 1, ezért F -nek
−∞-ben 0 a határértéke. Könnyen látható, hogy F minden pontban folytonos. Tehát
ez eloszlásfüggvény.


7.10. feladat. Legyen ξ olyan valószínűségi változó, melynek az eloszlásfüggvénye az
előző feladatban definiált F . Mutassuk meg, hogy ξ abszolút folytonos és határozzuk
meg a sűrűségfüggvényét!


Megoldás. Mivel F minden pontban folytonos és csak az x = 1 pontban nem
differenciálható, ezért ξ abszolút folytonos, továbbá


fξ : R → R, fξ(x) =
0′ = 0, ha x < 1,(


x−1
x+1


)′
= x+1−(x−1)


(x+1)2 = 2
(x+1)2 , ha x ≥ 1.


7.11. feladat. Vizsgálja meg a következő függvényeket. Melyik lehet eloszlásfügg-
vény?


F1 : R → R, F1(x) =
0, ha x < 1,


2x−1
x+1 , ha x ≥ 1,


F2 : R → R, F2(x) =
0, ha x < 0,


x3


1+x2 , ha x ≥ 0.


Megoldás. Egyik sem eloszlásfüggvény.
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7.12. feladat. Legyen


F : R → R, F (x) :=



0, ha x ≤ 0,
1 − cos x, ha 0 < x ≤ π


2 ,
1 ha x > π


2 .


Bizonyítsuk be, hogy ez egy abszolút folytonos valószínűségi változó eloszlásfüggvénye
és határozzuk meg a sűrűségfüggvényét!


Megoldás. Az F monoton növekvő, −∞-ben 0, ∞-ben 1 a határértéke, folytonos
és x = π


2 pontot kivéve mindenütt differenciálható. Így ez egy abszolút folytonos ξ
valószínűségi változó eloszlásfüggvénye, továbbá F deriválásával kapjuk a sűrűség-
függvényét:


fξ : R → R, fξ(x) =
sin x, ha 0 ≤ x < π


2 ,
0, egyébként.


7.13. feladat. Ketten megbeszélik, hogy este 8 és 9 óra között találkoznak. Mi a
várakozási idő eloszlásfüggvénye? Bizonyítsuk be, hogy a várakozási idő abszolút
folytonos valószínűségi változó és határozzuk meg a sűrűségfüggvényét!


Megoldás. A 3.3. feladat szerint, ha ξ a várakozási idő, akkor


Fξ : R → R, Fξ(x) =



0, ha x < 0,


2x − x2, ha 0 ≤ x ≤ 1,


1, ha x > 1.


Mivel ez folytonos és csak az x = 1 pontban nem differenciálható, ezért ξ abszolút
folytonos, továbbá Fξ deriválásával kapjuk, hogy


fξ : R → R, fξ(x) =
2 − 2x, ha 0 ≤ x ≤ 1,


0, egyébként.


7.14. feladat. Legyen Ω := [a, b], ahol a, b ∈ R és a < b, (Ω, F , P) geometriai
valószínűségi mező, továbbá ξ : Ω → R, ξ(ω) := ω. Határozzuk meg ξ eloszlás- és
sűrűségfüggvényét!


Megoldás. Fξ(x) = P(ξ < x) = x−a
b−a


, ha x ∈ [a, b], Fξ(x) = 0, ha x < a és Fξ(x) = 1,
ha x > b. A kapott eloszlást az [a, b] intervallumon egyenletes eloszlásnak nevezzük.
Az eloszlásfüggvény folytonos és két pont kivételével mindenhol differenciálható, így
ξ abszolút folytonos, továbbá a differenciálható pontokban a sűrűségfüggvény az
eloszlásfüggvény deriváltja. Így fξ(x) = 1


b−a
, ha x ∈ [a, b] és fξ(x) = 0, ha x ̸∈ [a, b].


7.15. feladat. Legyen Ω egy egységnyi sugarú körlap és (Ω, F , P) geometriai valószí-
nűségi mező. Jelölje ξ a kiválasztott pontnak a kör középpontjától mért távolságát.
Határozzuk meg ξ eloszlás- és sűrűségfüggvényét!
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Megoldás. Fξ(x) = P(ξ < x) = x2π
π


= x2, ha x ∈ [0, 1], Fξ(x) = 0, ha x < 0 és
Fξ(x) = 1, ha x > 1. Könnyen látható, hogy ξ abszolút folytonos, továbbá fξ(x) = 2x,
ha x ∈ [0, 1] és fξ(x) = 0, ha x ̸∈ [0, 1].


7.16. feladat. Az előző feladatban határozzuk meg ξ2 eloszlás- és sűrűségfüggvényét!


Megoldás. Fξ2(x) = P(ξ2 < x) = P(−
√


x < ξ <
√


x) = Fξ(
√


x) − Fξ(−
√


x) =
= Fξ(


√
x) = x, ha x ∈ [0, 1], Fξ(x) = 0, ha x < 0 és Fξ(x) = 1, ha x > 1. Azaz


ξ2 a [0, 1] intervallumon egyenletes eloszlású. Így a sűrűségfüggvény fξ2(x) = 1, ha
x ∈ [0, 1] és fξ2(x) = 0, ha x ̸∈ [0, 1].


7.17. feladat. Legyen Ω := [−1, 1], (Ω, F , P) geometriai valószínűségi mező, továbbá
ξ : Ω → R, ξ(ω) := ω. Határozzuk meg |ξ| eloszlás- és sűrűségfüggvényét!


Megoldás. Korábban láttuk, hogy ξ a [−1, 1] intervallumon egyenletes eloszlású, azaz
Fξ(x) = x+1


2 , ha x ∈ [−1, 1], Fξ(x) = 0, ha x < −1 és Fξ(x) = 1, ha x > 1. Ezért
F|ξ|(x) = P(|ξ| < x) = P(−x < ξ < x) = Fξ(x) − Fξ(−x) = x+1


2 − −x+1
2 = x, ha


x ∈ [0, 1], F|ξ|(x) = 0, ha x < 0 és F|ξ|(x) = 1, ha x > 1, azaz |ξ| a [0, 1] intervallumon
egyenletes eloszlású. Ebből f|ξ|(x) = 1, ha x ∈ [0, 1] és f|ξ|(x) = 0, ha x ̸∈ [0, 1].


7.18. feladat. Legyen ξ a [0, 1] intervallumon egyenletes eloszlású és λ > 0 rögzített
konstans. Határozzuk meg η = − ln ξ


λ
eloszlás- és sűrűségfüggvényét!


Megoldás. Fη(x) = P
(
− ln ξ


λ
< x


)
= P


(
ξ > e−λx


)
= 1 − Fξ


(
e−λx


)
= 1 − e−λx, ha


x ≥ 0, hiszen 0 < e−λx ≤ 1 minden x ≥ 0 esetén. Másrészt Fη(x) = 0, ha x < 0. Így
fη(x) = λe−λx, ha x ≥ 0 és fη(x) = 0, ha x < 0. A kapott eloszlást λ paraméterű
exponenciális eloszlásnak nevezzük.


7.19. feladat. Legyen


f : R → R, f(x) :=
x + 1


2 , ha 0 < x < 1,
0 különben.


Lehet-e ez sűrűségfüggvény? Ha igen, határozzuk meg az eloszlásfüggvényt!


Megoldás. f nemnegatív, továbbá
∞∫


−∞


f(x) dx =
1∫


0


(
x + 1


2


)
dx =


[
x2


2 + x


2


]1


0
= 12


2 + 1
2 = 1,


tehát f sűrűségfüggvény. Így


F (x) =
x∫


−∞


f(t) dt =
x∫


0


(
t + 1


2


)
dt =


[
t2


2 + t


2


]x


0
= x2 + x


2 ,


ha 0 ≤ x < 1, illetve


F (x) =
x∫


−∞


f(t) dt =
x∫


−∞


0 dt = 0,
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ha x < 0 és


F (x) =
x∫


−∞


f(t) dt =
1∫


−∞


f(t) dt +
x∫


1


f(t) dt =


=
1∫


0


(
t + 1


2


)
dt +


x∫
1


0 dt =
[


t2


2 + t


2


]1


0
+ 0 = 1,


ha x ≥ 1.


7.20. feladat. Van-e olyan valószínűségi változó, melynek


f : R → R, f(x) =



1
2 sin x, ha 0 < x < π,


0, különben


a sűrűségfüggvénye? Ha igen, akkor számoljuk ki annak valószínűségét, hogy ez a
valószínűségi változó a [π/3, π/2] intervallumba esik, továbbá határozzuk meg az
eloszlásfüggvényét!


Megoldás. Az f(x) ≥ 0 minden x ∈ R esetén, és
∞∫


−∞
f(x) dx =


π∫
0


1
2 sin x dx = 1, vagyis


ez sűrűségfüggvénye valamely ξ valószínűségi változónak. Ekkor


P
(


π


3 ≤ ξ ≤ π


2


)
=


π
2∫


π
3


1
2 sin x dx = 1


2


(
cos π


3 − cos π


2


)
= 1


4 .


Másrészt Fξ(x) =
x∫
0


1
2 sin t dt = 1


2 [− cos t]x0 = 1
2(1 − cos x), ha 0 < x < π, Fξ(x) = 0,


ha x ≤ 0 és Fξ(x) = 1, ha x ≥ π.


7.21. feladat. Legyen


f : R → R, f(x) :=



x, ha 0 < x < 1,
2 − x, ha 1 < x < 2,
0 különben.


Ez sűrűségfüggvény-e, és ha igen, mi a hozzátartozó eloszlásfüggvény? Ha ξ sűrűség-
függvénye f , akkor határozza meg a P(0,5 ≤ ξ < 1,5) értékét!


Megoldás. f nemnegatív és az integrálja egy olyan háromszög területe, melynek
alapja 2 egység, magassága pedig 1 egység hosszú. Így f sűrűségfüggvény, másrészt


Fξ : R → R, Fξ(x) =



0, ha x ≤ 0,
1
2x2, ha 0 < x ≤ 1,


1 − 1
2(2 − x)2, ha 1 < x ≤ 2,


1, ha x > 2.


P(0,5 ≤ ξ < 1,5) = Fξ(1,5) − Fξ(0,5) = 6
8 = 0,75.
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8. fejezet


Várható érték és szórásnégyzet


Egy kockajátékban 2 forintot veszítünk, ha 1-est, 2-est vagy 3-ast dobunk, 3 forintot
veszítünk, ha 4-est vagy 5-öst dobunk, továbbá 6 forintot nyerünk, ha 6-ost dobunk.
Kérdés, hogy hosszú távon nyerünk vagy vesztünk? Például, ha ötször játszunk és a
dobássorozat eredménye 2, 6, 1, 2, 4, akkor egy játékban átlagban (−2 + 6 − 2 − 2 −
− 3) : 5 = −0,6 forintot „nyertünk”, azaz 0,6 forintot veszítettünk. Ezt általánosítva,
ha n dobásból k1-szer veszítünk 2 forintot, k2-ször veszítünk 3 forintot és k3-szor
nyerünk 6 forintot, akkor egy játékban az átlagos nyereményünk


−2 · k1 + (−3) · k2 + 6 · k3


n
= −2 · k1


n
+ (−3) · k2


n
+ 6 · k3


n
.


A későbbiekben tárgyalt Bernoulli-féle nagy számok törvénye pontosan azt fejezi ki,
mint a jegyzet bevezetésében leírt gyakorlati tapasztalat, vagyis nagy számú kísérlet
esetén a relatív gyakoriság a valószínűség körül ingadozik. Így


−2 · k1


n
+ (−3) · k2


n
+ 6 · k3


n
≈ −2 P(ξ = −2) + (−3) P(ξ = −3) + 6 P(ξ = 6) =


= −2 · 1
2 − 3 · 1


3 + 6 · 1
6 = −1,


ahol ξ az egy játékbeli nyereményt jelenti. Ezt a számot a ξ várható értékének nevez-
zük. Nagy számú független megfigyelés esetén az átlag a várható érték körül ingadozik,
ezért jogos az elnevezés. Mivel ez most negatív, ezért ezt a játékot hosszútávon nem
éri meg játszani.


Általánosabban, ha a ξ diszkrét valószínűségi változó lehetséges értékei, x1, . . . , xn


és ξi az i-edik kísérletben mért értéke ξ-nek, akkor a kísérletek számának (n) növelé-
sével a ξ átlagos értéke egy kísérletben, vagyis a


ξ1 + ξ2 + · · · + ξn


n


számtani közép értéke egyre kisebb mértékben ingadozik
m∑


k=1
xk P(ξ = xk)


körül.
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Definíció


Legyen ξ diszkrét valószínűségi változó és Rξ = {x1, . . . , xm}. Ekkor az


E ξ :=
m∑


k=1
xk P(ξ = xk)


értéket ξ várható értékének nevezzük.


Tetszőleges ξ esetén úgy kaphatunk analóg formulát, ha ξ-t kis intervallumo-
kon az intervallum alsó végpontjával helyettesítjük. Például x1 < x2 < · · · < xm


osztópontokkal megadott beosztás esetén a várható értéket közelítsük az
x1 P(x1 ≤ ξ < x2) + · · · + xm−1 P(xm−1 ≤ ξ < xm) + xm P(xm ≤ ξ)


összeggel. A közelítés annál pontosabb, minél finomabb a beosztás. A beosztás
finomításával kapott határérték


(1)
∞∑


k=1
xk P(ξ = xk), ha Rξ = {xk : k ∈ N} és


∞∑
k=1


|xk| P(ξ = xk) ∈ R,


(2)
∞∫


−∞
xfξ(x) dx, ha ξ abszolút folytonos és


∞∫
−∞


|x|fξ(x) dx ∈ R.


Így bevezethetjük a következő definíciókat:
Definíció


Legyen ξ diszkrét valószínűségi változó és Rξ = {xk : k ∈ N}. Ekkor
∞∑


k=1
|xk| P(ξ = xk) ∈ R


esetén az
E ξ :=


∞∑
k=1


xk P(ξ = xk)


értéket ξ várható értékének nevezzük.


Definíció


Legyen ξ abszolút folytonos valószínűségi változó. Ekkor
∞∫


−∞


|x|fξ(x) dx ∈ R


esetén az


E ξ :=
∞∫


−∞


xfξ(x) dx


értéket ξ várható értékének nevezzük.
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Tétel


Legyenek ξ és η tetszőleges valószínűségi változók és a, b, c ∈ R. Ekkor


E(aξ + bη + c) = a E ξ + b E η + c.


Ezután egy valószínűségi változónak a várható értéke körüli ingadozását jellemez-
zük.


Definíció


Legyen ξ valószínűségi változó. Ekkor a


D2 ξ := E(ξ − E ξ)2


értéket ξ szórásnégyzetének, illetve


D ξ :=
√


E(ξ − E ξ)2


értéket ξ szórásának nevezzük.


Tétel


Ha ξ valószínűségi változó, akkor


D2 ξ = E ξ2 − E2 ξ.


Tétel


Ha ξ valószínűségi változó, akkor ξ2 várható értéke


m∑
k=1


x2
k P(ξ = xk),


∞∑
k=1


x2
k P(ξ = xk),


∞∫
−∞


x2fξ(x) dx


aszerint, hogy Rξ = {x1, x2, . . . , xm}, Rξ = {xk : k ∈ N} vagy ξ abszolút
folytonos, feltéve, hogy ezek az értékek végesek.


Tétel


Ha ξ valószínűségi változó és a, b ∈ R, akkor


D2(aξ + b) = a2 D2 ξ illetve D(aξ + b) = |a| D ξ.
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Feladatok
8.1. feladat. Ruletten 1000 eurót felteszünk a pirosra. Mennyi a nyereményünk
várható értéke és szórásnégyzete?


Megoldás. Jelölje ξ a nyereményünk értékét euróban. Ekkor


E ξ = 1000 · 18
37 + (−1000) · 19


37 = −1000
37


E ξ2 = 10002 · 18
37 + (−1000)2 · 19


37 = 10002


D2 ξ = 10002 − 10002


372 = 1368
1369 · 106.


8.2. feladat. Egy kockával dobva a dobott számnak határozzuk meg a várható
értékét és a szórásnégyzetét!


Megoldás. Jelölje ξ a dobott számot. Ekkor


E ξ = 1 · 1
6 + 2 · 1


6 + 3 · 1
6 + 4 · 1


6 + 5 · 1
6 + 6 · 1


6 = 7
2


E ξ2 = 12 · 1
6 + 22 · 1


6 + 32 · 1
6 + 42 · 1


6 + 52 · 1
6 + 62 · 1


6 = 91
6


D2 ξ = 91
6 − 49


4 = 35
12 .


8.3. feladat. Két kockával dobva a dobott számok összegének határozzuk meg a
várható értékét és a szórásnégyzetét!


Megoldás. Jelölje ξ az összeget. A 7.2. feladat megoldása alapján


E ξ = (2 + 12) 1
36 + (3 + 11) 2


36 + (4 + 10) 3
36 + (5 + 9) 4


36 + (6 + 8) 5
36 + 7 · 6


36 = 7


és


E ξ2 = (22 + 122) 1
36 + (32 + 112) 2


36 + (42 + 102) 3
36+


+ (52 + 92) 4
36 + (62 + 82) 5


36 + 72 · 6
36 = 1974


36 ,


így
D2 ξ = 1974


36 − 72 = 35
6 .


A 8.2. feladat alapján is megoldható, felhasználva a várható érték és a szórásnégyzet
tulajdonságait. Jelölje ξ1 az első, ξ2 pedig a második kocka eredményét. Ekkor


E ξ = E(ξ1 + ξ2) = E ξ1 + E ξ2 = 7
2 + 7


2 = 7


D2 ξ = D2(ξ1 + ξ2) = D2 ξ1 + D2 ξ2 = 35
12 + 35


12 = 35
6 .
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8.4. feladat. Egy kockát addig dobunk, míg hatost nem kapunk. Határozzuk meg a
dobások számának várható értékét és szórásnégyzetét!


Megoldás. A megoldásban felhasználjuk, hogy −1 < x < 1 esetén
∞∑


k=1
kxk−1 =


∞∑
k=1


(xk)′ =
( ∞∑


k=1
xk


)′


=
(


x


1 − x


)′
= 1


(1 − x)2


és
∞∑


k=1
k2xk−1 =


∞∑
k=1


(kxk)′ =
( ∞∑


k=1
kxk


)′


=
(


x
∞∑


k=1
kxk−1


)′


=
(


x


(1 − x)2


)′


= 1 + x


(1 − x)3 .


Jelölje ξ a dobások számát. Így a 7.4. feladat alapján


E ξ =
∞∑


k=1
k
(5


6


)k−1
· 1


6 = 1
6


∞∑
k=1


k
(5


6


)k−1
= 1


6 · 1(
1 − 5


6


)2 = 6


E ξ2 =
∞∑


k=1
k2
(5


6


)k−1
· 1


6 = 1
6


∞∑
k=1


k2
(5


6


)k−1
= 1


6 ·
1 + 5


6(
1 − 5


6


)3 = 66


D2 ξ = 66 − 62 = 30.


8.5. feladat. Egy kockát addig dobunk, míg kétszer egymás után ugyanazt nem
dobjuk. Határozzuk meg a dobások számának várható értékét és szórásnégyzetét!


Megoldás. Jelölje ξ a dobások számát. Mivel az első dobást leszámítva minden
dobásnál 1


6 az esélye, hogy ugyanazt dobjuk, mint előtte, ezért ξ − 1 eloszlása
megegyezik az előző feladatban található valószínűségi változó eloszlásával. Így E(ξ −
− 1) = E ξ − 1 = 6, azaz E ξ = 7 és D2(ξ − 1) = D2 ξ = 30.


8.6. feladat. Feldobunk egy pénzérmét. Ha írás jön ki, akkor 10 eurót nyerünk,
ellenkező esetben 10 eurót veszítünk és újat dobunk, de már 20 euró téttel. A
dobásokat addig folytatjuk, amíg írást nem kapunk, de addig minden játékban
megkétszerezzük a tétet. Mennyi a nyereményünk várható értéke és szórásnégyzete?


Megoldás. Ha elsőre írást dobunk, akkor a nyereményünk 10 euró. Ha csak az n-edik
dobás írás (n ≥ 2), akkor a nyereményünk


−10 − 20 − · · · − 2n−2 · 10 + 2n−1 · 10 = 10.


Tehát minden esetben 10 eurót nyerünk, vagyis a nyereményünket jelentő valószínűségi
változó értéke konstans 10. Így a várható érték 10 euró, a szórásnégyzet pedig 0 euró.
Vegyük észre, hogy nem használtuk ki azt, hogy mekkora valószínűséggel nyerünk
n-edik dobásra. Ez azt jelenti, hogy ugyanezt kaptuk volna akkor is, ha például egy
kockával játszunk, és akkor nyerünk, ha hatost dobunk.


8.7. feladat. Az előző feladatban mi van akkor, ha a játékosnál csak 1300 euró van,
így nem tudja biztosan addig folytatni a dobásokat, amíg írást nem dob? Ekkor
mennyi a nyeremény várható értéke és szórásnégyzete?
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Megoldás. Ha az első hét dobás mindegyike fej, akkor a veszteség 10 + 20 + 40 + 80 +
+ 160 + 320 + 640 = 1270 euró, azaz a nyolcadik dobásra már nem tud a játékos
újabb dupla tétet feltenni, így abba kell hagynia a játékot. Tehát, az előző feladat
alapján, ha az első hét dobás valamelyike írás, akkor 10 euró a nyeremény, de ha a
hét dobás mindegyike fej, akkor 1270 euró a veszteség. Így


E ξ = 10 · 1
2 + 10 · 1


22 + · · · + 10 · 1
27 + (−1270) 1


27 = 0


D2 ξ = E ξ2 = 102 · 1
2 + 102 · 1


22 + · · · + 102 · 1
27 + (−1270)2 1


27 = 12 700.


8.8. feladat. Egységnyi hosszúságú szakaszon kiválasztunk két pontot. Mi a két
pont távolságának várható értéke és szórásnégyzete?


Megoldás. Jelölje ξ a két pont távolságát. A 3.3. feladat alapján Fξ(x) = 2x − x2,
ha x ∈ [0, 1], Fξ(x) = 0, ha x < 0 és Fξ(x) = 1, ha x > 1. Ebből fξ(x) = 2 − 2x, ha
x ∈ [0, 1] és fξ(x) = 0, ha x ̸∈ [0, 1]. Így


E ξ =
1∫


0


x(2 − 2x) dx = 2
[


x2


2 − x3


3


]1


0
= 1


3


E ξ2 =
1∫


0


x2(2 − 2x) dx = 2
[


x3


3 − x4


4


]1


0
= 1


6


D2 ξ = 1
6 − 1


9 = 1
18 .


8.9. feladat. Legyen Ω egy egységnyi sugarú körlap és (Ω, F , P) geometriai valószí-
nűségi mező. Jelölje ξ a kiválasztott pontnak a kör középpontjától mért távolságát.
Határozzuk meg ξ várható értékét és szórásnégyzetét!


Megoldás. A 7.15. feladat alapján


E ξ =
1∫


0


x · 2x dx =
[2
3x3


]1


0
= 2


3


E ξ2 =
1∫


0


x2 · 2x dx =
[1
2x4


]1


0
= 1


2


D2 ξ = 1
2 − 4


9 = 1
18 .


8.10. feladat. Határozzuk meg az [a, b] intervallumon egyenletes eloszlású ξ valószí-
nűségi változó várható értékét és szórásnégyzetét (lásd a 7.14. feladatot)!


Megoldás. Mivel


∞∫
−∞


|x|fξ(x) dx =
b∫


a


|x| 1
b − a


dx = 1
b − a


b∫
a


|x| dx ∈ R,
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így


E ξ =
∞∫


−∞


xfξ(x) dx =
b∫


a


x
1


b − a
dx = 1


b − a


[
x2


2


]b


a


= b2 − a2


2(b − a) = a + b


2 .


Másrészt


E ξ2 =
∞∫


−∞


x2fξ(x) dx =
b∫


a


x2 1
b − a


dx = 1
b − a


[
x3


3


]b


a


= b3 − a3


3(b − a) ,


így


D2 ξ = E ξ2 − E2 ξ = b3 − a3


3(b − a) −
(


a + b


2


)2


= (b − a)2


12 .
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9. fejezet


Binomiális eloszlás


Definíció


Legyen ξ diszkrét valószínűségi változó, n ∈ N, Rξ := {0, 1, . . . , n} és 0 < p < 1.
Ha minden k ∈ Rξ esetén


P(ξ = k) =
(


n


k


)
pk(1 − p)n−k,


akkor ξ-t n-ed rendű p paraméterű binomiális eloszlású valószínűségi változónak
nevezzük.


Egy p valószínűségű esemény n kísérletben történő bekövetkezéseinek a száma,
azaz a gyakorisága n-edrendű p paraméterű binomiális eloszlású valószínűségi változó.
Például legyen egy urnában 3 darab golyó, egy piros és két fehér. Vegyünk ki az
urnából véletlenszerűen egy golyót, majd tegyük vissza. Ezt ismételjük meg tízszer.
Legyen ξ azon esetek száma, amikor pirosat vettünk ki. Ekkor ξ gyakoriságot jelöl,
így ez 10-ed rendű 1


3 paraméterű binomiális eloszlású valószínűségi változó. Tehát
például annak a valószínűsége, hogy a 10 esetből pontosan kétszer választottunk
piros golyót


P(ξ = 2) =
(


10
2


)
·
(1


3


)2
·
(2


3


)8
.


Tétel


Ha ξ egy n-ed rendű p paraméterű binomiális eloszlású valószínűségi változó,
akkor E ξ = np és D2 ξ = np(1 − p).


Feladatok
9.1. feladat. Az ötöslottóban mi a valószínűsége, hogy a joker számban nincs 0? (A
joker szám hatjegyű, melyben minden számjegy 0-tól 9-ig egyforma valószínűséggel
bármi lehet.)
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Megoldás. Legyen ξ a kisorsolt nullák száma. Ekkor ξ binomiális eloszlású n = 6
renddel és p = 0,1 paraméterrel. Így


P(ξ = 0) =
(


6
0


)
0,10 · 0,96 = 0,96.


9.2. feladat. Ezer újszülött között átlagban 516 fiú. Mi a valószínűsége, hogy egy 6
gyermekes családban a fiúk száma legalább annyi, mint a lányoké?


Megoldás. Legyen ξ a fiúk száma egy 6 gyermekes családban. Ekkor ξ binomiális
eloszlású n = 6 renddel és p = 0,516 paraméterrel. Így


P(ξ ≥ 3) =
6∑


k=3


(
6
k


)
0,516k · 0,4846−k.


9.3. feladat. Rezső nem tanult semmit a vizsgára, ahol 10 eldöntendő kérdésre
kell válaszolnia. Az anyagból valami kicsit dereng, ezért 0,6 valószínűséggel ír jó
választ egy-egy kérdésre. Mekkora valószínűséggel megy át Rezső a vizsgán, ha ehhez
minimum 8 jó válasz kell?


Megoldás. Legyen ξ a jó válaszok száma. Ekkor ξ binomiális eloszlású n = 10 renddel
és p = 0,6 paraméterrel. Így


P(ξ ≥ 8) =
10∑


k=8


(
10
k


)
0,6k · 0,410−k ≈ 0,1673.


9.4. feladat. Egy gép által gyártott termékek között naponta átlagosan 12 darab
lesz selejtes, szórása


√
11,88. Hány terméket készít a gép naponta?


Megoldás. Legyen ξ a selejtesek száma n darab termékből. Ekkor ξ n-edrendű p
paraméterű binomiális eloszlású, ahol p annak a valószínűsége, hogy selejtes egy
termék. Így


E ξ = np = 12
D2 ξ = np(1 − p) = 11,88


}
melyből p = 0,01 és n = 1200.


9.5. feladat. Annak a valószínűsége, hogy egy üzemben a nyersanyagellátás valamely
napon zavartalan, 0,75. Mekkora a valószínűsége, hogy 6 napon keresztül csak 3
napon át lesz a nyersanyagellátás zavartalan? Mennyi lesz 6 nap alatt a zavartalan
ellátású napok számának várható értéke?


Megoldás. Legyen 6 napból ξ a zavartalan napok száma. Ez n = 6 rendű és p = 0,75
paraméterű binomiális eloszlású, így P(ξ = 3) =


(
6
3


)
0,753 ·0,253 és E ξ = np = 6 ·0,75.


9.6. feladat. Két doboz gyufát zsebre teszünk. Mindkét dobozban 50-50 szál gyufa
van. Ezután, mikor gyufát kell gyújtani, találomra vagy az egyik vagy a másik
dobozból veszünk ki egy szálat. Ezt addig folytatjuk, míg egy olyan dobozt nem
választunk, amely már üres. Mi a valószínűsége, hogy ekkor a másik dobozban
pontosan 13 szál gyufa van még?
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Megoldás. Tegyünk mindkét dobozba még egy-egy szál gyufát, továbbá tegyük fel,
hogy az egyik dobozban csupa piros fejű gyufaszál van, a másikban pedig csupa
fekete fejű. Ezzel a kiegészítéssel a következőképpen fogalmazhatjuk át a feladatot:
Mi a valószínűsége, hogy az első 87 húzásban pontosan 50 piros fejű gyufaszál van és
a 88. húzás is piros fejű, vagy az első 87 húzásban pontosan 50 fekete fejű gyufaszál
van és a 88. húzás is fekete fejű?


Legyen ξ az első 87 húzásban a pirosak száma. Ez binomiális eloszlású n = 87
renddel és p = 0,5 paraméterrel. Így P(ξ = 50) =


(
87
50


)
0,550 · 0,537 =


(
87
50


)
0,587. Tehát


annak a valószínűsége, hogy az első 87 húzásban pontosan 50 piros fejű gyufaszál
van és a 88. húzás is piros fejű (


87
50


)
0,587 · 0,5.


Így a megoldás (
87
50


)
0,587 · 0,5 · 2 =


(
87
50


)
0,587 ≈ 0,0325.
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10. fejezet


Poisson-eloszlás


A következő tételben a binomiális eloszlás határeloszlását adjuk meg bizonyos felté-
tellel.


Tétel


Legyen pn olyan számsorozat, melyre npn konvergens. Ekkor


lim
n→∞


(
n


k


)
pk


n(1 − pn)n−k = λk


k! e−λ,


ahol λ = lim
n→∞


npn és k ∈ {0, 1, 2, . . . }.


Definíció


Legyen ξ diszkrét valószínűségi változó és Rξ := {0, 1, 2, . . . }. Ha minden
k ∈ Rξ esetén


P(ξ = k) = λk


k! e−λ,


ahol λ > 0, akkor ξ-t λ paraméterű Poisson-eloszlású valószínűségi változónak
nevezzük.


Tétel


Legyen ξ egy λ > 0 paraméterű Poisson-eloszlású valószínűségi változó. Ekkor
E ξ = D2 ξ = λ.


A fejezet első tétele szerint az n-edrendű p paraméterű binomiális eloszlást jól
közelíti a λ = np paraméterű Poisson-eloszlás nagy n és kis p esetén. Másrészt egy
adott esemény bekövetkezéseinek a száma Poisson-eloszlású adott időszakaszban
vagy térrészben, ha az csak az időszakasz hosszától vagy a térrész nagyságától függ.
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Feladatok
10.1. feladat. Annak a valószínűsége, hogy egy lövés célba talál 0,001. Mi a valószí-
nűsége, hogy 2000 lövés közül legalább két lövés célba talál?


Megoldás. Legyen ξ a találatok száma 2000 lövésből. Ekkor ξ binomiális eloszlású
n = 2000 renddel és p = 0,001 paraméterrel. Így


P(ξ ≥ 2) = 1−P(ξ < 2) = 1−P(ξ ≤ 1) = 1−
1∑


k=0


(
2000


k


)
0,001k·0,9992000−k ≈ 0,5941.


Mivel n nagy és p kicsi, ezért alkalmazhatjuk a Poisson-közelítést λ = np = 2
paraméterrel :


P(ξ ≥ 2) = 1 − P(ξ ≤ 1) = 1 −
1∑


k=0


2k


k! e−2 ≈ 0,5939.


10.2. feladat. Annak a valószínűsége, hogy egy kollégium valamelyik lakója egy
adott napon megbetegszik 0,002. Ha 1200 lakója van a kollégiumnak, hány ágyas
betegszobát kell berendezni, ha azt akarjuk, hogy legfeljebb 0,01 legyen annak a
valószínűsége, hogy egy betegnek nem jut ágy?


Megoldás. Legyen ξ a betegek száma egy adott napon és x az ágyak száma a beteg-
szobában. Ekkor ξ binomiális eloszlású n = 1200 renddel és p = 0,002 paraméterrel.
Mivel n nagy és p kicsi, ezért alkalmazhatjuk a Poisson-közelítést λ = np = 2,4
paraméterrel :


0,99 ≤ P(ξ ≤ x) =
x∑


k=0


2,4k


k! e−2,4.


Ebből x ≥ 7.


10.3. feladat. Egy postahivatalban az egy év alatt feladott címezetlen levelek száma
1017. Mi a valószínűsége, hogy egy nap kettőnél több címezetlen levelet adnak fel?


Megoldás. Legyen ξ az egy nap alatt feladott címezetlen levelek száma. Ekkor ξ
Poisson-eloszlású E ξ = λ = 1017


365 paraméterrel. Így


P(ξ > 2) = 1 − P(ξ ≤ 2) = 1 −
2∑


k=0


λk


k! e−λ = 1 − e−λ(1 + λ + 0,5λ2) ≈ 0,5273.


10.4. feladat. Egy adott éjszakán 10 percenként észlelhető csillaghullás. Mi a
valószínűsége, hogy negyed óra alatt két csillaghullást látunk, ha feltételezzük, hogy
a csillaghullások száma Poisson-eloszlású?


Megoldás. Legyen ξ az észlelt csillaghullások száma negyed óra alatt. Ekkor ξ Poisson-
eloszlású E ξ = λ = 15


10 = 1,5 paraméterrel. Így


P(ξ = 2) = 1,52


2! e−1,5 ≈ 0,2510.
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10.5. feladat. Egy 500 oldalas könyvben 200 sajtóhiba van. Mi a valószínűsége,
hogy 10 véletlenszerűen kiválasztott oldalon nincs sajtóhiba?


Megoldás. Legyen ξ a sajtóhibák száma a kiválasztott 10 oldalon. Ekkor ξ Poisson-
eloszlású E ξ = λ = 200


500 · 10 = 4 paraméterrel. Így


P(ξ = 0) = 40


0! e−4 ≈ 0,0183.


10.6. feladat. Egy félkilós kalácsban átlagban 80 mazsolaszem található. Mi a
valószínűsége annak, hogy egy 5 dekagrammos szeletben nincs mazsola?


Megoldás. Egy szeletben a mazsolaszemek száma (jelöljük ξ-vel) Poisson-eloszlásúnak
tekinthető. Egy szeletben az átlagos számuk 8, tehát λ = 8. Így P(ξ = 0) = 80


0! e
−8 =


= e−8.


10.7. feladat. Egy lemezből 25 darab egyenlő nagyságú idomot vágnak ki. Egy
lemezen a hibák száma Poisson-eloszlású 3,5 várható értékkel. Hány lemezt kell
beszerezni, ha félmillió hibátlan idomot kell előállítani?


Megoldás. Legyen ξ a hibák száma egy idomon. Ekkor ξ Poisson-eloszlású E ξ = λ =
= 3,5


25 = 0,14 paraméterrel. Így


P(ξ = 0) = 0,140


0! e−0,14 = e−0,14.


Emiatt 500000
e−0,14 = 500000e0,14 darab idomból lesz félmillió hibátlan, azaz 500000e0,14


25 =
= 20000e0,14 ≈ 23006 darab lemezt kell feldolgozni.
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11. fejezet


Exponenciális eloszlás


Vizsgáljuk egy üvegpohár élettartamát! Mivel az üveg nem öregszik, ezért csak a
véletlen törések határozzák meg az élettartamot. Vagyis ha x ideig nem törik el a
pohár, akkor további legalább y ideig ugyanakkora valószínűséggel marad ép, mintha
akkor gyártották volna, azaz


P(ξ ≥ x + y | ξ ≥ x) = P(ξ ≥ y) minden x, y > 0 esetén,


ahol ξ az élettartam. Ezt a tulajdonságot örökifjú tulajdonságnak nevezzük.


Definíció


Legyen ξ abszolút folytonos valószínűségi változó és λ > 0. Ha ξ sűrűségfügg-
vénye


fξ : R → R, fξ(x) =
0, ha x ≤ 0,


λe−λx, ha x > 0,


akkor ξ-t λ paraméterű exponenciális eloszlású valószínűségi változónak nevez-
zük.


Tétel


Egy folytonos eloszlásfüggvényű ξ valószínűségi változó pontosan akkor rendel-
kezik az örökifjú tulajdonsággal, ha exponenciális eloszlású.


Tétel


Legyen λ > 0 és ξ egy λ paraméterű exponenciális eloszlású valószínűségi
változó. Ekkor ξ eloszlásfüggvénye


Fξ : R → R, Fξ(x) =
0, ha x ≤ 0,


1 − e−λx, ha x > 0.
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Tétel


Legyen λ > 0 és ξ egy λ paraméterű exponenciális eloszlású valószínűségi
változó. Ekkor E ξ = 1


λ
és D2 ξ = 1


λ2 .


Feladatok
11.1. feladat. Egy szövőgépen a fonal szakadásáig eltelt idő exponenciális eloszlású,
átlagban 2,5 óra. Mi a valószínűsége, hogy 8 óra alatt nem szakad el a fonal?


Megoldás. Legyen ξ a fonal szakadásáig eltelt idő órában mérve. Ekkor E ξ = 1
λ


= 2,5,
azaz λ = 0,4. Így P(ξ ≥ 8) = 1 − Fξ(8) = e−0,4·8 = e−3,2.


11.2. feladat. Egy boltban a vevők egymásutáni érkezésének időbeli eloszlása
exponenciális, átlagban 1 perc. Mi a valószínűsége, hogy egy vevő érkezése után 5
percig nem jön újabb vevő?


Megoldás. Legyen ξ két vevő érkezése között eltelt idő percben mérve. Ekkor E ξ =
= 1


λ
= 1, azaz λ = 1. Így P(ξ ≥ 5) = 1 − Fξ(5) = e−5.


11.3. feladat. Egy boltban átlagosan 6 percet kell sorban állni. Mi a valószínűsége,
hogy 4 percen belül sorra kerülünk, ha a várakozási idő exponenciális eloszlású?


Megoldás. Legyen ξ a sorban állási idő percben mérve. Ekkor E ξ = 1
λ


= 6, azaz
λ = 1


6 . Így P(ξ ≤ 4) = Fξ(4) = 1 − e− 1
6 ·4.


11.4. feladat. Annak a valószínűsége, hogy egy benzinkútnál 6 percnél többet kell
várni 0,1. Mi a valószínűsége, hogy 3 percen belül sorra kerülünk, ha a várakozási
idő exponenciális eloszlású?


Megoldás. Legyen ξ a várakozási idő percben mérve. Ekkor 0,1 = P(ξ ≥ 6) = 1 −
− Fξ(6) = e−6λ, melyből λ = −1


6 ln 0,1. Így P(ξ < 3) = 1 − e−3λ = 1 −
√


0,1.
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12. fejezet


Normális eloszlás


Egy ξ valószínűségi változó standardizáltján a


ξ − E ξ


D ξ


valószínűségi változót értjük. Legyen ξn egy n-edrendű p paraméterű binomiális elosz-
lású valószínűségi változó minden n ∈ N esetén. Ekkor a ξn sorozat standardizáltjának
a határeloszlása egy olyan abszolút folytonos valószínűségi változó eloszlásával egyezik
meg, melynek sűrűségfüggvénye


φ : R → R, φ(x) := 1√
2π


e− x2
2 ,


azaz minden x ∈ R esetén


lim
n→∞


P
 ξn − np√


np(1 − p)
< x


 =
x∫


−∞


φ(t) dt.


Ennek a határeloszlásnak kiemelt szerepe van a valószínűségszámításban.


Definíció


A ξ abszolút folytonos valószínűségi változót standard normális eloszlásúnak
nevezzük, ha a sűrűségfüggvénye φ.


Definíció


Standard normális eloszlású valószínűségi változó eloszlásfüggvényét Φ-vel
jelöljük, azaz


Φ: R → R Φ(x) := 1√
2π


x∫
−∞


e− t2
2 dt.
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Tétel


A standard normális eloszlású valószínűségi változó eloszlásfüggvényére telje-
sülnek a következők:


(1) Φ(−x) = 1 − Φ(x) minden x ∈ R esetén.


(2) Φ(0) = 0,5.


(3) Φ szigorúan monoton növekedő és mindenhol differenciálható.


Tétel


Ha ξ standard normális eloszlású, akkor E ξ = 0 és D2 ξ = 1.


Definíció


Legyen m ∈ R, σ > 0 és η standard normális eloszlású valószínűségi változó.
Ekkor a ξ := ση + m valószínűségi változót m és σ paraméterű normális
eloszlásúnak nevezzük.


A standard normális eloszlású valószínűségi változó m = 0 és σ = 1 paraméterű
normális eloszlású.


Tétel


Legyen m ∈ R, σ > 0 és ξ egy m és σ paraméterű normális eloszlású valószí-
nűségi változó. Ekkor ξ abszolút folytonos, továbbá minden x ∈ R esetén


Fξ(x) = Φ
(


x − m


σ


)
és fξ(x) = 1


σ
φ
(


x − m


σ


)
.


Tétel


Legyen m ∈ R, σ > 0 és ξ egy m és σ paraméterű normális eloszlású valószí-
nűségi változó. Ekkor E ξ = m és D2 ξ = σ2.


Számolásoknál a 76. oldalon található táblázatot fogjuk használni.


Feladatok
12.1. feladat. Egy izzólámpa típus élettartamának eloszlása normális, 1000 óra
várható értékkel és 100 óra szórással. Az első 900 órában a lámpák hány százaléka
megy tönkre? Mekkora a valószínűsége, hogy egy izzó nem megy tönkre az első 1200
órában?
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Megoldás. Legyen ξ az izzó élettartama órában mérve. Ekkor ξ normális eloszlású
m = 1000 és σ = 100 paraméterekkel. Így P(ξ < 900) = Φ


(
900−m


σ


)
= Φ(−1) =


= 1 − Φ(1) ≈ 0,1587, vagyis kb. 16 % megy tönkre. Másrészt P(ξ > 1200) = 1 −
− Φ


(
1200−1000


100


)
= 1 − Φ(2) ≈ 1 − 0,9772.


12.2. feladat. Egy fafeldolgozó üzemben a deszkák hossza normális eloszlású, átlag-
ban 4 méter, a szórásuk 3 cm.


(1) A deszkák hány százaléka lesz 398 cm és 401 cm között?


(2) Mi a valószínűsége, hogy egy deszka hossza 4 m-től legfeljebb 2,5 cm-rel tér el?
Megoldás. Legyen ξ egy deszka hossza centiméterben mérve. Ekkor ξ normális
eloszlású m = 400 és σ = 3 paraméterekkel.


(1) P(398 ≤ ξ ≤ 401) = Fξ(401) − Fξ(398) = Φ
(


401−m
σ


)
− Φ


(
398−m


σ


)
= Φ


(
1
3


)
−


− Φ
(
−2


3


)
= Φ


(
1
3


)
+ Φ


(
2
3


)
− 1 ≈ 0,3747.


(2) P(397,5 ≤ ξ ≤ 402,5) = Fξ(402,5) − Fξ(397,5) = Φ
(


402,5−m
σ


)
− Φ


(
397,5−m


σ


)
=


= Φ
(


2,5
3


)
− Φ


(
−2,5


3


)
= 2Φ


(
5
6


)
− 1 ≈ 0,5934.


12.3. feladat. Egy gép vegyszert tölt üvegekbe. Ez az anyagmennyiség normális
eloszlású, átlagban 100 gramm. Mekkora lehet a szórás, ha azt akarjuk, hogy a töltött
mennyiség 98 %-a 98 és 102 gramm közé essen?
Megoldás. Legyen ξ egy üvegben levő anyag tömege grammban mérve. Ekkor ξ
normális eloszlású m = 100 és σ paraméterekkel. Ekkor 0,98 = P(98 ≤ ξ ≤ 102) =
= Fξ(102) − Fξ(98) = Φ


(
102−m


σ


)
− Φ


(
98−m


σ


)
= Φ


(
2
σ


)
− Φ


(
− 2


σ


)
= 2Φ


(
2
σ


)
− 1, azaz


Φ
(


2
σ


)
= 0,99 ≈ Φ(2,32), melyből σ ≈ 2


2,32 ≈ 0,862.
12.4. feladat. Egy gyár alkatrészeket készít. Ezek élettartama normális eloszlású
valószínűségi változó 1170 óra várható értékkel és 100 óra szórással. A gyár az
alkatrészekre garanciát vállal. Hány órás működésre szóljon a garancia, ha a gyár
legfeljebb 5 % garanciaigényt kíván kielégíteni?
Megoldás. Ha t órára vállalnak garanciát, akkor a feladat szerint


P(ξ < t) ≤ 0,05
Fξ(t) ≤ 0,05


Φ
(


t − 1170
100


)
≤ 0,05


1 − Φ
(1170 − t


100


)
≤ 0,05


0,95 ≤ Φ
(1170 − t


100


)
.


Ebből Φ szigorúan monoton növekedése és Φ(1,64) ≈ 0,95 alapján


1,64 ≤ 1170 − t


100 ,


melyből t ≤ 1006, azaz legfeljebb 1006 órára szóljon a garancia.
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12.5. feladat. Egy gép vegyszert tölt zacskókba. A betöltött vegyszer tömege
normális eloszlású 100 gramm várható értékkel és 2 gramm szórással. Egy nap alatt
1000 zacskót tölt meg a gép. Mi a valószínűsége, hogy ezek között maximum kettő
olyan van, amelyben a vegyszer tömege nem 95 és 105 gramm közé esik?


Megoldás. Legyen ξ egy zacskó tömege grammban mérve. Ekkor ξ normális eloszlású
m = 100 és σ = 2 paraméterekkel. Így p := 1 − P(95 ≤ ξ ≤ 105) = 1 − (Fξ(105) −
− Fξ(95)) = 1 − Φ


(
105−100


2


)
+ Φ


(
95−100


2


)
= 2 − 2Φ(2,5) ≈ 0,0124.


Legyen η azon csomagok száma, melyekre 95 ≤ ξ ≤ 105 nem teljesül. Ekkor η
binomiális eloszlású n = 1000 renddel és p ≈ 0,0124 paraméterrel, illetve közelítőleg
Poisson-eloszlású λ = np ≈ 12,4 paraméterrel. Így P(η ≤ 2) ≈ ∑2


k=0
12,4k


k! e−12,4 ≈
≈ 0,0003718.


12.6. feladat. Legyen ξ normális eloszlású valószínűségi változó m = 3 és σ = 2
paraméterekkel. Mennyi az A, ha P(2 < ξ < A) ≥ 0,5?


Megoldás. Mivel 0,5 ≤ Fξ(A) − Fξ(2) = Φ
(


A−m
σ


)
− Φ


(
2−m


σ


)
, így Φ(0,87) ≈ 0,8085 ≤


≤ Φ
(


A−3
2


)
. Ebből A ≥ 4,74.


12.7. feladat. Egy vállalathoz beérkező megrendelések száma normális eloszlású
10 szórással. Mennyi a várható értéke, ha 0,1 annak a valószínűsége, hogy 20-nál
kevesebb megrendelés érkezik?


Megoldás. Legyen ξ a beérkező megrendelések száma. Ekkor ξ normális eloszlású m és
σ = 10 paraméterekkel. Így Φ(1,28) ≈ 0,9 = P(ξ ≥ 20) = 1 − Φ


(
20−m


10


)
= Φ


(
m−20


10


)
,


azaz m−20
10 ≈ 1,28. Így m ≈ 32,8.
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13. fejezet


Bernoulli-féle nagy számok
törvénye


A valószínűség fogalmának meghatározásakor a matematikai modellünkben felté-
teleztük a Bernoulli-féle tapasztalat alapján, hogy a valószínűség örökli a relatív
gyakoriság legfontosabb tulajdonságait: az értéke nemnegatív, a biztos esemény
valószínűsége 1 és σ-additív. Felmerül a kérdés, hogy elég-e csak ennyit feltételezni a
valószínűségről? Azaz ez alapján megmutatható-e a modellünkben Bernoulli tapasz-
talata, miszerint egy esemény relatív gyakorisága a kísérletek számának növelésével
egyre kisebb mértékben ingadozik az esemény valószínűsége körül? A modell akkor
lesz jó, ha ez az eddigiek alapján bizonyítható tétel.


Tétel Bernoulli-féle nagy számok törvénye


Legyen egy esemény valószínűsége p és ϱn a gyakorisága n kísérlet után. Ekkor
minden ε > 0 esetén


P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ ≥ ε
)


≤ p(1 − p)
nε2 .


Ebből látható, hogy n növelésével egyre kisebb annak a valószínűsége (határérték-
ben 0), hogy az esemény ϱn


n
relatív gyakorisága ε-nál jobban eltérjen a valószínűségtől.


Vagyis a modellünkben a valószínűség és a relatív gyakoriság hasonló kapcsolatban
van, mint amit a tapasztalat mutat.


A Bernoulli-féle nagy számok törvényében akkor is tudunk felső becslést adni, ha
p értéke nem ismert. Ugyanis p(1 − p) ≤ 1


4 mindig teljesül, így


P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ ≥ ε
)


≤ 1
4nε2 .


A feladatokban gyakran használható a következő becslés is :


P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ < ε
)


≥ 1 − p(1 − p)
nε2 ≥ 1 − 1


4nε2 .
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Feladatok
13.1. feladat. Valamely társadalmi rétegben meg akarjuk határozni a szeszfogyasztók
arányát. Hány megfigyelést kell végezni ahhoz, hogy a megfigyelésekből adódó arány
a valódi aránytól minimum 0,95 valószínűséggel legfeljebb csak 0,01-dal térjen el?


Megoldás. Jelölje n a megfigyelések számát, ϱn a megfigyelt személyek között a
szeszfogyasztók számát, p pedig a valódi arányt. Ekkor a Bernoulli-féle nagy számok
törvénye alapján


P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ ≤ 0,01
)


≥ P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ < 0,01
)


≥ 1 − 1
4n · 0,012 .


Így a feltétel teljesül, ha
0,95 ≤ 1 − 1


4n · 0,012 ,


azaz n ≥ 50 000.


13.2. feladat. Hány dobást kell végeznünk egy szabályos kockával, hogy a 6-os dobás
valószínűségét a 6-os relatív gyakorisága legalább 0,9 valószínűséggel 0,01-nál kisebb
hibával megközelítse? Oldjuk meg a feladatot akkor is, ha a kockáról nem tudjuk
biztosan, hogy szabályos-e, azaz a 6-os dobásának a valószínűségét nem ismerjük!


Megoldás. Jelölje ϱn a 6-os dobásának gyakoriságát n dobás után. A Bernoulli-féle
nagy számok törvénye alapján


P
(∣∣∣∣ϱn


n
− 1


6


∣∣∣∣ < 0,01
)


≥ 1 −
1
6 · 5


6
n · 0,012 ≥ 0,9.


Ebből n ≥ 13 889. Ha a kockáról nem tudjuk biztosan, hogy szabályos-e, akkor


P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ < 0,01
)


≥ 1 − 1
4n · 0,012 ≥ 0,9,


ahol p a 6-os dobásának a valószínűsége. Ebből n ≥ 25 000.


13.3. feladat. Egy célpontra 200 lövést adnak le. A találat valószínűsége minden
lövésnél 0,4. Milyen határok közé fog esni legalább 0,9 valószínűséggel a találatok
száma?


Megoldás. Legyen n = 200 a lövések száma, ϱn a találatok száma és p = 0,4. Ekkor a
nagy számok Bernoulli-féle törvénye alapján


P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ < ε
)


≥ 1 − p(1 − p)
nε2 = 0,9.


Ebből ε ≈ 0,1095. Így


P
(∣∣∣∣ ϱn


200 − 0,04
∣∣∣∣ < 0,1095


)
= P(59 ≤ ϱn ≤ 101) ≥ 0,9.


Tehát a találatok száma 59 és 101 között lesz legalább 0,9 valószínűséggel.


71







13.4. feladat. A tapasztalatok szerint egy üzemben a termékek 95 %-a hibátlan. Az
üzemnek meghatározott idő alatt százezer darab terméket kell készíteni. Legalább
mennyi a valószínűsége, hogy a legyártott termékek közül 93 000 és 97 500 közé esik
a hibátlan termékek száma?


Megoldás. Legyen n = 100 000 a termékek száma, ϱn abból a hibátlan termékek
száma és p = 0,95. Ekkor a nagy számok Bernoulli-féle törvénye alapján


P(93 000 ≤ ϱn ≤ 97 500) =


= P
(


0,93 ≤ ϱn


n
≤ 0,975


)
= P


(
−0,02 ≤ ϱn


n
− p ≤ 0,025


)
≥


≥ P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ ≤ 0,02
)


≥ P
(∣∣∣∣ϱn


n
− p


∣∣∣∣ < 0,02
)


≥ 1 − p(1 − p)
0,022n


≈ 0,9998.


13.5. feladat. Egy gyárból kikerülő gyártmányok 10 %-a hibás. Egy bizonyos számú
gyártmányból álló tételt a minőségi ellenőrzés csak akkor találja elfogadhatónak, ha
abban legfeljebb 12 % hibás. Mekkora legyen a tételben a gyártmányok darabszáma,
ha azt akarjuk, hogy legalább 0,95 valószínűséggel elfogadhatónak minősítsék?


Megoldás. Jelölje n a gyártmányok darabszámát a tételben, ϱn pedig a tételben
található hibás darabok számát. A kérdés, milyen n esetén teljesül, hogy


P
(


ϱn


n
≤ 0,12


)
≥ 0,95? (∗)


A nagy számok Bernoulli-féle törvénye alapján


1 − 0,1(1 − 0,1)
0,022n


≤ P
(∣∣∣∣ϱn


n
− 0,1


∣∣∣∣ < 0,02
)


= P
(


0,08 <
ϱn


n
< 0,12


)
≤


≤ P
(


ϱn


n
< 0,12


)
≤ P


(
ϱn


n
≤ 0,12


)
.


Így (∗) teljesül, ha


0,95 ≤ 1 − 0,1(1 − 0,1)
0,022n


,


amelyből kapjuk, hogy n ≥ 4500.


13.6. feladat. Egy szövőgép 500 szállal dolgozik. Annak a valószínűsége, hogy egy
szál meghatározott időtartam alatt elszakad, 0,008 minden szálra. Határozzuk meg,
hogy minimum 0,95 valószínűséggel milyen határok között várható a szálszakadások
száma az adott időtartam alatt!


Megoldás. Jelölje ϱ500 az elszakadt fonalak számát. A Bernoulli-féle nagy számok
törvénye alapján


P
(∣∣∣∣ϱ500


500 − 0,008
∣∣∣∣ < ε


)
≥ 1 − 0,008(1 − 0,008)


500ε2 .


Így
0,95 = 1 − 0,008(1 − 0,008)


500ε2
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esetén teljesül a feltétel. Ebből ε =
√


317,44 · 10−3, azaz∣∣∣∣ϱ500


500 − 0,008
∣∣∣∣ <


√
317,44 · 10−3.


Ezt megoldva kapjuk, hogy ϱ500 < 12,9, azaz ϱ500 ≤ 12.


13.7. feladat. Egy csavargyártó gép esetében megvizsgálunk 5000 csavart. Összesen
80 selejteset találunk. Határozzuk meg, hogy mennyi lehet maximum a pontos selejt
arány az összes legyártott csavarra vonatkozólag legalább 0,9 valószínűséggel !


Megoldás. Jelölje p a pontos selejt arányt. Ekkor a nagy számok Bernoulli-féle
törvénye alapján


P
(∣∣∣∣ 80


5000 − p


∣∣∣∣ < ε
)


≥ 1 − 1
4 · 5000ε2 = 0,9.


Ebből ε =
√


0,0005 és
∣∣∣ 80


5000 − p
∣∣∣ <


√
0,0005. Ennek megoldása p < 0,03836.
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14. fejezet


Moivre – Laplace-tétel


Korábban láttuk, hogy a binomiális eloszlás bizonyos feltételekkel jól közelíthető
Poisson-eloszlással. A Moivre – Laplace-tétel azt állítja, hogy n-edrendű binomiális
eloszlás eloszlásfüggvénye nagy n-re jól közelíthető normális eloszlással.


Tétel Moivre – Laplace-tétel


Legyen ξn egy n-edrendű p paraméterű binomiális eloszlású valószínűségi válto-
zó minden n ∈ R esetén. Ekkor a ξn sorozat standardizáltjának a határeloszlása
standard normális, azaz minden x ∈ R esetén


lim
n→∞


P
 ξn − np√


np(1 − p)
< x


 = Φ(x).


Ezek szerint nagy n esetén


P(ξn < x) ≈ Φ
 x − np√


np(1 − p)



teljesül minden x ∈ R esetén, azaz a binomiális eloszlást közelíti a normális eloszlás.


Feladatok
14.1. feladat. 1000 lövést adunk le egy célra. Minden lövés egymástól függetlenül
0,11 valószínűséggel talál. Mi a valószínűsége, hogy 100-nál kevesebbszer találunk
célba?


Megoldás. Jelölje ξ a találatok számát. Ez binomiális eloszlású n = 1000 renddel és
p = 0,11 paraméterrel. Így a Moivre – Laplace-tétel alapján


P(ξ < 100) ≈ Φ
 100 − np√


np(1 − p)


 ≈ 0,1562.
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14.2. feladat. Egy gyárból kikerülő termékek 1 %-a selejtes. Ha 500 darab terméket
vásárolunk, mi a valószínűsége, hogy ezek között a selejtesek száma 7 és 14 között
lesz?


Megoldás. Jelölje ξ a selejtesek számát. Ez binomiális eloszlású n = 500 renddel és
p = 0,01 paraméterrel. Így a Moivre – Laplace-tétel alapján


P(7 ≤ ξ ≤ 14) ≈ Φ
(


14 − 500 · 0,01√
500 · 0,01 · 0,99


)
− Φ


(
7 − 500 · 0,01√
500 · 0,01 · 0,99


)
≈ 0,184.


14.3. feladat. Ha minden lövés egymástól függetlenül 0,1 valószínűséggel talál célba,
akkor hány lövés után lesz 0,9918 annak a valószínűsége, hogy 200-nál kevesebbszer
találjuk el a célt?


Megoldás. Jelölje ξ a találatok számát n lövésből. Ez binomiális eloszlású n renddel
és p = 0,1 paraméterrel. Így a Moivre – Laplace-tétel alapján


P(ξ < 200) ≈ Φ
(


200 − 0,1n√
0,09n


)
≈ 0,9918 ≈ Φ(2,4).


Ebből
200 − 0,1n√


0,09n
≈ 2,4,


azaz n ≈ 1179.


14.4. feladat. Egy gyár egyforma energiaigényű gépei közül átlagosan 210 üzemel,
ami az összes gépek 70 %-a. A többi meghibásodás miatt javításra vár vagy éppen
javítják. A gépek meghibásodása egymástól független. Mennyi energiát kell biztosítani
akkor, ha 0,999 valószínűséggel szeretnénk azt elérni, hogy minden működőképes gép
valóban működni tudjon?


Megoldás. Jelölje ξ a működőképes gépek számát. Ekkor ξ binomiális eloszlású n =
= 210


0,7 = 300 renddel és p = 0,7 paraméterrel. Jelölje x azon gépek maximális számát,
amelyek működőképesek 0,999 valószínűséggel, azaz P(ξ < x) = 0,999. Ekkor a
Moivre – Laplace-tétel alapján


P(ξ < x) ≈ Φ
(


x − 0,7 · 300√
300 · 0,7 · 0,3


)
= 0,999 ≈ Φ(3,1),


vagyis
x − 0,7 · 300√
300 · 0,7 · 0,3 = 3,1.


Ebből x ≈ 234,6, azaz kb. 234 gép működéséhez szükséges energiát kell biztosítani, ha
azt akarjuk, hogy 0,999 valószínűséggel minden működőképes gépnek jusson energia.
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Standard normális eloszlás táblázata


x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x)
0,00 0,5000 0,45 0,6736 0,90 0,8159 1,35 0,9115 1,80 0,9641 2,50 0,9938
0,01 0,5040 0,46 0,6772 0,91 0,8186 1,36 0,9131 1,81 0,9649 2,52 0,9941
0,02 0,5080 0,47 0,6808 0,92 0,8212 1,37 0,9147 1,82 0,9656 2,54 0,9945
0,03 0,5120 0,48 0,6844 0,93 0,8238 1,38 0,9162 1,83 0,9664 2,56 0,9948
0,04 0,5160 0,49 0,6879 0,94 0,8264 1,39 0,9177 1,84 0,9671 2,58 0,9951
0,05 0,5199 0,50 0,6915 0,95 0,8289 1,40 0,9192 1,85 0,9678 2,60 0,9953
0,06 0,5239 0,51 0,6950 0,96 0,8315 1,41 0,9207 1,86 0,9686 2,62 0,9956
0,07 0,5279 0,52 0,6985 0,97 0,8340 1,42 0,9222 1,87 0,9693 2,64 0,9959
0,08 0,5319 0,53 0,7019 0,98 0,8365 1,43 0,9236 1,88 0,9699 2,66 0,9961
0,09 0,5359 0,54 0,7054 0,99 0,8389 1,44 0,9251 1,89 0,9706 2,68 0,9963
0,10 0,5398 0,55 0,7088 1,00 0,8413 1,45 0,9265 1,90 0,9713 2,70 0,9965
0,11 0,5438 0,56 0,7123 1,01 0,8438 1,46 0,9279 1,91 0,9719 2,72 0,9967
0,12 0,5478 0,57 0,7157 1,02 0,8461 1,47 0,9292 1,92 0,9726 2,74 0,9969
0,13 0,5517 0,58 0,7190 1,03 0,8485 1,48 0,9306 1,93 0,9732 2,76 0,9971
0,14 0,5557 0,59 0,7224 1,04 0,8508 1,49 0,9319 1,94 0,9738 2,78 0,9973
0,15 0,5596 0,60 0,7257 1,05 0,8531 1,50 0,9332 1,95 0,9744 2,80 0,9974
0,16 0,5636 0,61 0,7291 1,06 0,8554 1,51 0,9345 1,96 0,9750 2,82 0,9976
0,17 0,5675 0,62 0,7324 1,07 0,8577 1,52 0,9357 1,97 0,9756 2,84 0,9977
0,18 0,5714 0,63 0,7357 1,08 0,8599 1,53 0,9370 1,98 0,9761 2,86 0,9979
0,19 0,5753 0,64 0,7389 1,09 0,8621 1,54 0,9382 1,99 0,9767 2,88 0,9980
0,20 0,5793 0,65 0,7422 1,10 0,8643 1,55 0,9394 2,00 0,9772 2,90 0,9981
0,21 0,5832 0,66 0,7454 1,11 0,8665 1,56 0,9406 2,02 0,9783 2,92 0,9982
0,22 0,5871 0,67 0,7486 1,12 0,8686 1,57 0,9418 2,04 0,9793 2,94 0,9984
0,23 0,5910 0,68 0,7517 1,13 0,8708 1,58 0,9429 2,06 0,9803 2,96 0,9985
0,24 0,5948 0,69 0,7549 1,14 0,8729 1,59 0,9441 2,08 0,9812 2,98 0,9986
0,25 0,5987 0,70 0,7580 1,15 0,8749 1,60 0,9452 2,10 0,9821 3,00 0,9987
0,26 0,6026 0,71 0,7611 1,16 0,8770 1,61 0,9463 2,12 0,9830 3,10 0,9990
0,27 0,6064 0,72 0,7642 1,17 0,8790 1,62 0,9474 2,14 0,9838 3,20 0,9993
0,28 0,6103 0,73 0,7673 1,18 0,8810 1,63 0,9484 2,16 0,9846 3,30 0,9995
0,29 0,6141 0,74 0,7704 1,19 0,8830 1,64 0,9495 2,18 0,9854 3,40 0,9997
0,30 0,6179 0,75 0,7734 1,20 0,8849 1,65 0,9505 2,20 0,9861 3,50 0,9998
0,31 0,6217 0,76 0,7764 1,21 0,8869 1,66 0,9515 2,22 0,9868
0,32 0,6255 0,77 0,7794 1,22 0,8888 1,67 0,9525 2,24 0,9875
0,33 0,6293 0,78 0,7823 1,23 0,8907 1,68 0,9535 2,26 0,9881
0,34 0,6331 0,79 0,7852 1,24 0,8925 1,69 0,9545 2,28 0,9887
0,35 0,6368 0,80 0,7881 1,25 0,8944 1,70 0,9554 2,30 0,9893
0,36 0,6406 0,81 0,7910 1,26 0,8962 1,71 0,9564 2,32 0,9898
0,37 0,6443 0,82 0,7939 1,27 0,8980 1,72 0,9573 2,34 0,9904
0,38 0,6480 0,83 0,7967 1,28 0,8997 1,73 0,9582 2,36 0,9909
0,39 0,6517 0,84 0,7995 1,29 0,9015 1,74 0,9591 2,38 0,9913
0,40 0,6554 0,85 0,8023 1,30 0,9032 1,75 0,9599 2,40 0,9918
0,41 0,6591 0,86 0,8051 1,31 0,9049 1,76 0,9608 2,42 0,9922
0,42 0,6628 0,87 0,8078 1,32 0,9066 1,77 0,9616 2,44 0,9927
0,43 0,6664 0,88 0,8106 1,33 0,9082 1,78 0,9625 2,46 0,9931
0,44 0,6700 0,89 0,8133 1,34 0,9099 1,79 0,9633 2,48 0,9934
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1. gyakorlat


Események


1.1. feladat. Egy dobókockát kétszer feldobunk. Ha a dobott számok összege kettő,®
akkor feldobjuk még egyszer. Adjuk meg a biztos eseményt és két σ-algebrát!


1.2. feladat. Egy kockát addig dobunk, amíg hatost nem kapunk. Adjuk meg a biztos®
eseményt!


1.3. feladat. Az egész számok közül választunk egyet. Az A esemény jelentse azt,®
hogy a kiválasztott szám öttel osztható, B pedig azt, hogy a szám nullára végződik.
Mit jelentenek a következő események?


a) A ∪ B
b) A ∩ B
c) A \ B


1.4. feladat. Jelentse A azt az eseményt, hogy egy dobókockával páros számot dobunk,®
B azt, hogy 4-nél kisebbet dobunk és C, hogy 2-nél nagyobbat dobunk. Mit jelent az(


A \ (B ∩ C)
)


∪
(
(A \ B) \ C


)
esemény?


1.5. feladat. Jelentse A azt az eseményt, hogy magyar kártyából egy zöld lapot hú-®
zunk, B pedig azt, hogy királyt. Fogalmazzuk meg szavakban a következő eseményeket!
Az egyes események hányféleképpen következhetnek be?


a) A ∪ B
b) A ∩ B
c) A ∩ B
d) A ∪ B
e) A ∪ B
f) A \ B
g) (A \ B) ∪ (B \ A)
h) A ∪ B
i) A ∩ B.


1.6. feladat. Jelöljön Ak minden k ∈ N esetén egy eseményt. Mit jelent a®


∞⋂
n=1


∞⋃
k=n


Ak


esemény?
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1.7. feladat. Egy műhelyben három gép dolgozik. Jelentse Ai azt az eseményt, hogy®
az i-edik gép egy éven belül elromlik. Fejezzük ki az Ai eseményekkel a következőket:


a) csak az első romlik el ;
b) mindhárom elromlik;
c) egyik sem romlik el ;
d) az első és a második nem romlik el ;
e) az első és a második elromlik, a harmadik nem;
f) csak egy gép romlik el ;
g) legfeljebb egy gép romlik el ;
h) legfeljebb két gép romlik el ;
i) legalább egy gép elromlik.


1.8. feladat. Két számot húzunk egymás után az első ezer pozitív egész szám közül.®
Legyen A az az esemény, hogy az első páros, B pedig az, hogy a második szám páros.
Jelöljük C-vel azt az eseményt, hogy a két szám szorzata páros, D-vel pedig azt, hogy
páratlan. Írjuk fel C-t és D-t az A és B eseményekkel !


1.9. feladat. Egy osztály létszáma 40, egy adott tantárgyból az átlaga 3,7. Jelentse®
A azt az eseményt, hogy az osztályban van jeles tanuló, és B, hogy pontosan öt tanuló
bukott meg. Igaz-e, hogy B ⊂ A, azaz, hogy B maga után vonja A-t?


1.10. feladat. Egy gyár gépeket szállít külföldre. Háromféle gyártmányból kell az®
exporttervét teljesítenie. A gyártmányok darabára: I : 1000 euró, II : 1500 euró, III :
2500 euró. A külföldi cég I-ből és II-ből legfeljebb 1000-1000 darabot vesz át. Jelentse
A azt az eseményt, hogy az 5 millió eurós exportterv teljesül, és B, hogy III-ból legalább
1000 darabot exportálnak. Igaz-e, hogy A maga után vonja B-t?
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2. gyakorlat


Klasszikus valószínűségi mező


2.1. feladat. Dobjunk fel két kockát egyszerre. Mennyi a valószínűsége, hogy a dobott®
számok összege hét? Mikor számolhatunk klasszikus valószínűséggel, ha a két kockát
megkülönböztetjük vagy sem?


2.2. feladat. Mennyi a valószínűsége, hogy ötöslottón kettes találatot érünk el?®


2.3. feladat. Mennyi a valószínűsége, hogy ötöslottón kétszer egymásután ugyanazo-®
kat a számokat húzzák ki?


2.4. feladat. Egy dobozban 7 piros és 5 fekete golyó van. Ha visszatevés nélkül ki-®
vesszük mind a 12 golyót, mennyi annak a valószínűsége, hogy feketét húzunk utoljára?


2.5. feladat. Mennyi annak a valószínűsége, hogy 10 kockával dobva pontosan négy®
darab hatost dobunk?


2.6. feladat. Egy dobozban 5 piros golyó van. Hány feketét kell hozzátenni, hogy®
fekete golyó húzásának a valószínűsége nagyobb legyen 0,9-nél?


2.7. feladat. A számjegyeket véletlenszerűen egymásmellé írjuk. Mennyi a valószínű-®
sége, hogy két prímszám között nem lesz prímtől különböző?


2.8. feladat. Nyolc bástyát véletlenszerűen elhelyezünk egy sakktáblán. Mennyi a®
valószínűsége, hogy egyik sem üti a másikat?


2.9. feladat. Hat dobókockát egyszerre feldobva, mennyi a valószínűsége, hogy lesz®
közöttük legalább két egyforma értékű?


2.10. feladat. Öt dobókockát egyszerre feldobva, mennyi a valószínűsége, hogy lesz®
közöttük legalább két egyforma értékű?


2.11. feladat. Totóban egy tipposzlopot véletlenszerűen kitöltve, mennyi a valószínű-®
sége, hogy 10-es találatunk lesz?


2.12. feladat. Egy dobozban 15 papírlap van 1-től 15-ig megszámozva. Találomra®
kiveszünk 5 lapot. Mennyi a valószínűsége, hogy a kihúzott legkisebb szám nagyobb
6-nál?


2.13. feladat. Mi valószínűbb, 6 kockával legalább egy darab egyest vagy 12 kockával®
legalább két darab egyest dobni?
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2.14. feladat. Legalább hány pénzérmét kell feldobni ahhoz, hogy 0,9-nél nagyobb®
valószínűséggel legyen közöttük fej dobás?


2.15. feladat. A 32 lapos kártyacsomagból kihúzunk 6 lapot. Mennyi a valószínűsége,®
hogy ezek között mind a négy szín előfordul?


2.16. feladat. Mi a valószínűsége annak, hogy egy 30 fős társaságban nincs két olyan®
ember, akiknek a születésnapja megegyezik?


2.17. feladat. Egy dobozban 3 piros és 3 fekete golyó van. Kihúzunk egyet véletlen-®
szerűen. Ha pirosat húzunk, akkor azt visszarakjuk, ha feketét, akkor pirosat rakunk
vissza helyette. Ezután megismételjük az eljárást. Mi a valószínűsége, hogy harmadikra
feketét húzunk?


2.18. feladat. Egy szabályos dobókockával többször dobunk egymás után. Minden®
dobás után a a kocka felső lapján lévő pöttyök mindegyike mellé rajzolunk még egy-
egy pöttyöt. Mi a valószínűsége, hogy a harmadik dobás eredménye páratlan?


2.19. feladat. Egy okostelefon banki applikációja a belépéshez négyjegyű PIN-kódot®
kér, de biztonsági okokból mindig véletlenszerűen osztja ki a számjegyeket az ábrán
látható billentyűhelyekre úgy, hogy minden lehetséges kiosztás valószínűsége azonos.
(Egy lehetséges kiosztás szerepel az ábrán.) Ha négy különböző számjegyből áll a PIN-
kódunk, akkor mekkora a valószínűsége annak, hogy két egymást követő belépés során
ugyanazokban a pozíciókban hagyunk ujjlenyomatot?


6 1 4


2 5 9


7 8 0
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2.20. feladat. Jelölje sn az n pozitív egész szám számjegyeinek az összegét. Mi a®
valószínűsége, hogy egy véletlenszerűen kiválasztott 2025 jegyű n pozitív egész szám
esetén sn+25 11-gyel kisebb mint sn ?


2.21. feladat (Monty Hall-dilemma). Egy televíziós vetélkedőben három ajtó közül®
az egyik mögött autó, a másik kettő mögött kecske található. A játékos a becsukott
ajtók közül kiválaszt egyet, majd a játékvezető a másik kettő közül kinyit egy olyat, ami
mögött kecske van. A játékos ezután még egyszer dönthet. Az eredetileg kiválasztott
ajtónál marad, vagy inkább a másik ajtóra tippel. Vajon mikor nagyobb a valószínűsége
annak, hogy nyer a játékos? Ha változtat az első döntésén, vagy ha kitart mellette?
Esetleg teljesen mindegy, mert maradnak az esélyek?


Ezt a játékot Monty Hall-dilemmának is nevezik, mert Monty Hall „Let’s make a
deal” című tévés vetélkedőjében játszották. Marilyn Savant – akinek az IQ-ja 228, ami a
valaha mért legnagyobb érték – a váltás mellett érvelt. Azonban a legtöbb matematikus
– köztük Erdős Pál – nem tartotta jónak a magyarázatot. Akkor hát mi az igazság?


2.22. feladat. Excel segítségével modellezzük a Monty Hall-dilemmát, majd számoljuk®
ki a nyert játékok relatív gyakoriságát mindkét stratégia esetén!
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3. gyakorlat


Feltételes valószínűség, események
függetlensége


3.1. feladat. Két kockával dobunk. Mennyi a valószínűsége, hogy a dobott számok®
összege 7, feltéve, hogy a dobott számok összege páratlan?


3.2. feladat. Három kockával dobunk. Mekkora a valószínűsége, hogy az egyik kocká-®
val hatost dobunk, feltéve, hogy a dobott számok összege 12?


3.3. feladat. Egy asztalnál négyen kártyáznak. A 32 lapos magyar kártyát egyenlően®
szétosztják egymás között. Ha az egyik kiválasztott játékosnak nem jutott ász, mennyi
a valószínűsége annak, hogy az utána következő sem kapott?


3.4. feladat. Ha egyetlen szelvénnyel lottózunk az ötöslottón, továbbá a számaink®
között a nagyság szerinti középső szám a 40-es, akkor mi a valószínűsége, hogy ötös
találatunk lesz, feltéve, hogy a kihúzott számok között is a nagyság szerinti középső a
40-es?


3.5. feladat. Két kockával addig dobunk, amíg legalább az egyik hatost nem mutat.®
Mi a valószínűsége, hogy ekkor a másik is hatost mutat?


3.6. feladat. Részeges Rezső a nap harmadát kocsmában tölti. A faluban négy kocsma®
van, bármelyikben előfordulhat ugyanakkora eséllyel. Egyszer elindulunk, hogy megke-
ressük. Három kocsmát már végigjártunk, de nem találtuk. Mi a valószínűsége, hogy a
negyedikben lesz?


3.7. feladat. Két dobozból az elsőben 3 piros és 4 fekete, a másodikban pedig 4®
piros és 5 fekete golyó van. Az első dobozból átteszünk egy golyót a másodikba, majd a
másodikból választunk ki egy golyót. Mennyi a valószínűsége, hogy mindkét alkalommal
pirosat húzunk?


3.8. feladat. Tegyük fel, hogy P(A) = 0,7 és P(B) = 0,8. Bizonyítsuk be, hogy ekkor®
P(A | B) ≥ 0,625 !


3.9. feladat. Tegyük fel, hogy P(A | B) = 0,7, P(A | B) = 0,3 és P(B | A) = 0,6.®
Mivel egyenlő P(A)?


3.10. feladat. Legyen P(A) = 1
4 , P(A | B) = 1


4 és P(B | A) = 1
2 . Számítsuk ki a®


P(A ∪ B) és a P( A | B ) valószínűségeket!
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3.11. feladat. Mutassuk be, hogy ha az A és B események függetlenek, akkor az A és®
B is függetlenek!


3.12. feladat. Bizonyítsuk be, hogy ha A és B egymást kizáró események, A és C®
függetlenek, továbbá B és C is függetlenek, akkor A∩B és C függetlenek, illetve A∪B
és C is függetlenek!


3.13. feladat. Egy dobozban 2 fehér és 4 fekete golyó van. Visszatevés nélkül kiveszünk®
négy golyót. Jelentse A azt az eseményt, hogy az első kihúzott golyó fekete. A B
esemény jelentse azt, hogy az utolsónak kivett golyó fekete. Függetlenek-e A és B ?


3.14. feladat. Mi a valószínűsége, hogy egy kockával kétszer dobva másodikra hatost®
dobunk, feltéve, hogy elsőre hatost dobtunk? A két esemény független-e egymástól?


3.15. feladat. Egy urnában 4 egyforma papírlap található. Mindegyikre három szám-®
jegy van írva egymás mellé. Az elsőn 000, a másodikon 011, a harmadikon 101 és a
negyediken 110 olvasható. Húzzunk ki egy lapot. Jelentse Ai azt az eseményt, hogy
olyan lapot húztunk, amelynek i-edik számjegye 1-es (i = 1, 2, 3). Mutassuk meg, hogy
az A1, A2, A3 események páronként függetlenek!


3.16. feladat. Az 52 lapos francia kártyából kihúzunk egy lapot. Független-e az ász®
húzása a kőr húzásától?


3.17. feladat. Húzzunk egy lapot a 32 lapos magyar kártyából. Legyen A az az ese-®
mény, hogy pirosat vagy zöldet húzunk, B az, hogy pirosat vagy tököt, illetve C az,
hogy számozott lapot húzunk. Függetlenek-e ezek az események egymástól?


3.18. feladat. Egy kockát és két pénzdarabot dobunk fel egyszerre. Mennyi a valószí-®
nűsége, hogy a kockán 6-ost, az egyik pénzérmén írást a másikon pedig fejet dobunk?


3.19. feladat. Egy párbajban Antal és Béla felváltva lőnek egymásra első vérig. Antal®
0,3 valószínűséggel talál célba, Béla pedig 0,9-del. Mennyi a valószínűsége, hogy Antal
győz, ha ő kezdi a párbajt?


3.20. feladat. Dobókockával dobunk egymásután. Mi a valószínűsége, hogy a harma-®
dik ötös a nyolcadik dobásra jön ki?


3.21. feladat. Ha az A, B és C események függetlenek és P(A) = 2 P(B) = 2 P(C) =®
= 1


4 , akkor mennyi P(A ∪ B | B ∪ C)?
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4. gyakorlat


Teljes valószínűség tétele


4.1. feladat. Egy céllövöldében 6 puska van. Ezek közül 3 darab 0,5 valószínűséggel®
talál célba, 1 darab 0,7-del és 2 darab 0,8-del. Mi a valószínűsége, hogy célba találunk,
ha a puskát találomra választjuk ki?
4.2. feladat. Két doboz mindegyikében 100-100 darab csavar van. Az első dobozban®
10 db selejtes, a másodikban 6. A dobozok közül egyenlő valószínűséggel kiválasztjuk
valamelyiket, amelyből találomra kiveszünk egy csavart. Mennyi annak a valószínűsége,
hogy ez a csavar jó?
4.3. feladat. Egy gyárban a legyártott termékeket százasával csomagolják dobozokba.®
A legyártott dobozok 1


6 részében 0 darab termék hibás, 5
12 részében 1 darab termék


hibás, 1
4 részében 2 darab termék hibás, 1


12 részében 3 darab termék hibás, és a fennma-
radó 1


12 részében 4 darab termék hibás. A dobozok közül véletlenszerűen válasszunk ki
egyet, majd abból emeljünk ki egy műszert. Mi a valószínűsége, hogy hibátlan műszert
választottunk?
4.4. feladat. Egy dobozban 5 fehér és 2 piros golyó van. Előbb két golyót húzunk a®
dobozból visszatevés nélkül, majd egy harmadikat. Mi a valószínűsége, hogy a harma-
diknak kivett golyó piros?
4.5. feladat. Két doboz közül az elsőben 3 piros és 4 fekete, a másodikban pedig 2®
piros és 3 fekete golyó van. Az első dobozból átteszünk a másodikba egy golyót, majd a
másodikból választunk ki egy golyót. Mi a valószínűsége, hogy másodjára piros golyót
húzunk ki?
4.6. feladat. Két doboz közül az elsőben 3 piros és 4 fekete, a másodikban pedig 2®
piros és 3 fekete golyó van. Az első dobozból átteszünk a másodikba két golyót, majd
a másodikból választunk ki egy golyót. Mi a valószínűsége, hogy a második dobozból
piros golyót húzunk ki?
4.7. feladat. Három doboz közül az elsőben 3 piros és 4 fekete, a másodikban 2®
piros és 3 fekete golyó van, a harmadikban pedig 5 piros és 4 fekete golyó van. Az
első dobozból átteszünk a másodikba egy golyót, majd a másodikból a harmadikba
átteszünk egy golyót, végül a harmadikból választunk ki egy golyót. Mi a valószínűsége,
hogy a harmadik dobozból piros golyót húzunk ki?
4.8. feladat. Három kosár mindegyikében 10-10-10 tojás van. Az elsőben mind jó,®
a másodikban 1 rossz, a harmadikban pedig 2. Véletlenszerűen áthelyezünk egyet az
elsőből a másodikba, majd a másodikból a harmadikba, majd onnan az elsőbe. Mi a
valószínűsége, hogy ezek után az első kosárból jó tojást húzunk?
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4.9. feladat. Egy rab kap két egyforma dobozt, 10 fehér és 10 fekete golyót. A golyókat®
tetszőlegesen elrendezheti a dobozokban, de fel kell használnia az összeset. Ezután a
két doboz valamelyikéből húznia kell. Hogy melyik dobozból, azt sorshúzással döntik
el. Ha fehéret húz, akkor kiszabadul. Hogyan kell elrendezni a golyókat, hogy a lehető
legnagyobb valószínűséggel szabaduljon ki?


4.10. feladat. 10 cetlire felírjuk 1-től 10-ig az egész számokat, majd betesszük őket®
egy dobozba. A dobozból kisorsolunk 5 cetlit, melyek közül a legnagyobb számot jelölje
M . Ezután a dobozban maradt 5 cetliből egymásután sorsolunk ki cetliket. Ezt az
első olyan cetli húzásáig folytatjuk, amíg M -nél nagyobb értékűt nem húzunk. Mi a
valószínűsége, hogy így utolsónak a 10-es cetlit húztuk ki?


4.11. feladat. Néhány doboz mindegyikében 600-600 darab golyó van. Az elsőben®
2 golyó piros, és a többi dobozban mindig 5-tel több a piros golyók száma, mint az
előzőben volt. Az utolsó dobozban csak 3 golyó nem piros. Valamelyik dobozból egy
golyót kiveszünk. Mi a valószínűsége, hogy pirosat választunk?


4.12. feladat. Az I. érme feldobásakor 0,4 valószínűséggel kapunk fejet, míg a II. ér-®
me feldobásakor ugyanez a valószínűség 0,7. A két érme közül egyet véletlenszerűen
kiválasztunk, és tízszer feldobunk.


a) Mi a valószínűsége, hogy pontosan 7 dobás fej lesz?


b) Függetlenek-e ezen dobások kimenetelei egymástól?


4.13. feladat. Két egyforma gyufásdoboz egyikében 7 piros fejű és 4 fekete fejű gyu-®
faszál van, míg a másikban 5 piros fejű és 6 fekete fejű. Véletlenszerűen választunk egy
dobozt, majd abból egy gyufaszálat, amit átrakunk a másik dobozba. Ezután ismét
választunk egy dobozt és abból egy gyufaszálat véletlenszerűen. Mi a valószínűsége,
hogy ekkor piros fejűt húzunk ki?


4.14. feladat. Egy dobozban 3 piros és 3 fekete golyó van. Kihúzunk egyet véletlensze-®
rűen. Ha piros, akkor azt visszarakjuk, de ha fekete, akkor nem. Ezután megismételjük
az eljárást. Mi a valószínűsége, hogy harmadikra feketét húzunk?


4.15. feladat. Egy koronglövő pálya szabályos harmincegyszög alakú. A korongokat®
indító automata az egyik csúcsban helyezkedik el, amely mindig két korongot indít el,
mindkettőt valamelyik másik, egymástól különböző csúcs irányába. Ezt a két csúcsot
az automata véletlenszerűen sorsolja ki, bármely pontpárost egyforma valószínűséggel
választva. A céllövő a sokszög középpontjában helyezkedik el. Ha a két korong a céllövő
azonos oldalán halad el, akkor a lövész mindkettőt eltalálja. Ha a korongok a céllövő
különböző oldalain haladnak el, akkor a két célpontból csak egyet talál el, méghozzá
egyforma eséllyel. Mi a valószínűsége, hogy egy véletlenszerűen kiválasztott korongot
nem ér találat?


4.16. feladat. Általánosítsuk a 2.21. feladatban ismertetett Monty Hall-dilemmát!®
Legyen n ≥ 1 azon ajtók száma, melyek mögött autó van. Legyen m ≥ 2 azon ajtók
száma, melyek mögött kecske van. A játékos az n + m csukott ajtóból választ egyet,
majd a játékvezető k darab ajtót kinyit, melyek mögött kecske van. Ezután a játékos
eldöntheti, hogy marad-e az eredeti választásánál vagy változtat. Érdemes-e változtat-
ni?
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5. gyakorlat


Bayes-tétel


5.1. feladat. Egy üzemben három gép dolgozik. Az első a termelés 25 %-át adja és®
5 %-os selejt aránnyal dolgozik. A második 35 %-ot termel 4 %-os selejt aránnyal, vé-
gül a harmadik 2 %-os selejt aránnyal dolgozik. A termékek közül kiválasztunk egyet
véletlenszerűen, és azt tapasztaljuk, hogy az selejtes. Mennyi a valószínűsége, hogy az
első gép gyártotta?


5.2. feladat. Morze adásnál a leadott pontok és vonalak aránya 5 : 3. A pontok 2
5 -®


ét vonalnak, a vonalak 1
3 -át pedig pontnak halljuk. Mennyi a valószínűsége, hogy ha


pontot vettünk, akkor valójában pontot adtak?


5.3. feladat. Tegyük fel, hogy valamely üzemből kikerülő áru 0,75 valószínűséggel®
első osztályú. A kikerült terméket vizsgálatnak vetik alá. Annak valószínűsége, hogy
a vizsgálat során egy első osztályú terméket nem első osztályúnak minősítenek 0,02.
Annak valószínűsége viszont, hogy egy nem első osztályút első osztályúnak minősítenek
0,05.


a) Mennyi a valószínűsége, hogy egy olyan termék, amely a vizsgálaton első osztályú
minősítést kapott, valóban első osztályú?


b) Mennyi a valószínűsége, hogy egy olyan termék, amely a vizsgálaton nem első
osztályú minősítést kapott, valóban nem első osztályú?


5.4. feladat. Igazfalvában a lakosok 80 %-a mindig igazat mond, a többiek pedig®
mindig hazudnak. A mellette található Hazugfalvában a lakosok 90 %-a mindig hazudik,
a többiek pedig mindig igazat mondanak. Egy vándor eltéved valamelyik faluba a kettő
közül, de nem tudja melyikben van. Ezért az első lakost, akivel találkozik, megkérdezi,
hogy ez melyik falu. Azt a választ kapja, hogy Igazfalvában vannak. Mi a valószínűsége,
hogy a vándor valójában Hazugfalvába tévedt?


5.5. feladat. Egy dobozban 5 fehér és 2 piros golyó van. Előbb két golyót húzunk a®
dobozból visszatevés nélkül, majd egy harmadikat. Ha harmadiknak pirosat húzunk,
akkor mi a valószínűsége, hogy az első két húzás mindegyike fehér volt?


5.6. feladat. Van két érmém, az egyik igazságos, a másik cinkelt, de ránézésre nem®
tudom megkülönböztetni őket egymástól. A cinkelt érme 0,75 valószínűséggel mutat
fejet. Előveszem az egyik érmét a zsebemből, 0,5 valószínűséggel az igazságosat, 0,5
valószínűséggel a cinkeltet. Ezt feldobom 30-szor, és azt tapasztalom, hogy 25-ször
mutatott fejet. Mi a valószínűsége, hogy a cinkelt érmét vettem elő?
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5.7. feladat. Az I. érme feldobásakor 0,4 valószínűséggel kapunk fejet, míg a II. ér-®
me feldobásakor ugyanez a valószínűség 0,7. A két érme közül egyet véletlenszerűen
kiválasztunk, és feldobunk. Feltéve, hogy fejet dobunk, mi a valószínűsége, hogy az
I. érmével tettük ezt?


5.8. feladat. Hat doboz mindegyikében 6 golyó van, amelyek közül rendre 1, 2, 3, 4, 5,®
6 golyó fehér. Egy találomra választott dobozból húzunk három golyót visszatevéssel,
és azt tapasztaljuk, hogy mindhárom fehér. Mi a valószínűsége, hogy azt a dobozt
választottuk, amelyben pontosan két fehér golyó van?


5.9. feladat. Egy tanár a vizsgán tesztet töltet ki a hallgatókkal. A tesztlapon minden®
kérdéshez három válasz van feltüntetve, melyek közül csak egy helyes. Tegyük fel,
hogy a vizsgázó 0,8 valószínűséggel tudja a helyes választ egy kérdésre. Ha nem tudja,
akkor bármely választ egyforma eséllyel bejelölheti. Ha egy kérdésre helyesen válaszol a
hallgató, akkor mi a valószínűsége, hogy ennek az az oka, hogy valóban tudta a választ?


5.10. feladat. Egy városban a lakosság 0,5 %-át megfertőzött egy ritka vírus. Egy teszt®
a vizsgálati személyek 99 %-ról helyesen el tudja dönteni, hogy fertőzött vagy egészséges,
de 1 %-ban téved. Mekkora a valószínűsége, hogy egy megvizsgált személy egészséges,
ha a teszt szerint fertőzött? Ha a teszt szerint fertőzött valaki, akkor letesztelik még
egyszer. Ha a második teszt szerint is fertőzött az illető, akkor mi a valószínűsége, hogy
valójában egészséges?


5.11. feladat. Három rab közül az egyik kegyelemben részesül, amit sorshúzással dön-®
tenek el. Az őr tudja ki a szerencsés, de nem árulhatja el. Az egyik rab meggyőzi az őrt
arról, hogy legalább annyit áruljon el, ki nem kapott kegyelmet a másik két rab közül.
Az őr azért egyezett bele, mert úgy gondolta, hogy a másik két rab egyike biztosan
nem kap kegyelmet, így tulajdonképpen nem ad ki lényeges információt. A rab szerint
viszont, mivel már csak ketten vannak az esélyesek között, ezért 1


2 a valószínűsége, hogy
ő kap kegyelmet. Az őr vagy a rab gondolkodik helyesen?


5.12. feladat. Szimuláljuk az előző feladatot Excel segítségével ! Számoljuk ki annak®
a relatív gyakoriságát, hogy a kérdező rab kap kegyelmet azzal a feltétellel, hogy az őr
a másik két rab közül az elsőt nevezi meg!
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6. gyakorlat


Geometriai valószínűségi mező


6.1. feladat. Egy egységsugarú körlapban vele koncentrikus 9 darab kört rajzolunk®
úgy, hogy a kapott 10 rész bármelyikébe egyforma valószínűséggel választhatunk ki
pontot. Mekkorák a körök sugarai?


6.2. feladat. Válasszunk véletlenszerűen egy Q pontot egy ABCD egységnégyzet bel-®
sejében. Tükrözzük az AC átlóra, a kapott pontot jelöljük R-rel. Legyen S a QR
szakasz felezőpontja! Mi a valószínűsége annak, hogy az AS távolság kisebb, mint 1?


6.3. feladat. Egységnyi hosszúságú szakaszon kiválasztunk két pontot. Mi a valószí-®
nűsége, hogy a két pont távolsága kisebb egy adott h < 1 hosszú szakasznál?


6.4. feladat. Ketten találkoznak egy adott órában. Egyik a másikra maximum 10®
percet vár. Mi a valószínűsége, hogy létrejön a találkozó?


6.5. feladat. Egy raktárhoz egy adott órában két szállítmány érkezik, de egyszerre®
csak az egyik szállítmányt tudják kipakolni, amely 20 percig tart. Mi a valószínűsége,
hogy egyik szállítmánynak sem kell a másikra várni?


6.6. feladat. Kiválasztunk két valós számot, p-t és q-t a [0, 1] intervallumon. Mi a®
valószínűsége, hogy az


x2 + px + q = 0
egyenletnek van valós gyöke?


6.7. feladat. A [0, 1] intervallumon kiválasztunk két számot. Mi a valószínűsége, hogy®
a négyzetösszegük 1-nél nagyobb?


6.8. feladat. A [0, 1] intervallumon kiválasztunk két számot. Mi a valószínűsége, hogy®
a négyzetösszegük kisebb mint 4


3 ?


6.9. feladat. A [0, 2] intervallumban kiválasztunk véletlenszerűen két valós számot,®
majd mindkettőből kivonunk 1-et. Mi a valószínűsége, hogy az így kapott két szám
négyzetösszege nagyobb 0,5-nél?


6.10. feladat. Egy pálcát két helyen eltörünk. Mi a valószínűsége, hogy a kapott®
három pálcából kirakható egy háromszög?


6.11. feladat. Egy pálcát eltörünk, majd a keletkezett két pálca közül a hosszab-®
bat ismét eltörjük. Mi a valószínűsége, hogy a kapott három pálcából kirakható egy
háromszög?
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6.12. feladat. Válasszunk véletlenszerűen egy x számot a [0, 1] intervallumon és egy®
y számot a [0, 2] intervallumon. Mennyi a valószínűsége, hogy egy x, egy y és egy
egységnyi hosszúságú szakaszból háromszög alkotható?


6.13. feladat. Egy egységnyi oldalú négyzet két átellenes oldalán találomra választunk®
egy-egy pontot. Mi a valószínűsége, hogy ezek távolsága kisebb mint 1,3?


6.14. feladat (Buffon-féle tűprobléma). Egy vízszintes síkon párhuzamos egyeneseket®
húzunk egymástól egységnyi távolságra. Mi a valószínűsége, hogy egy h hosszúságú tűt
ráejtve a síkra, az ráesik valamelyik egyenesre?
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7. gyakorlat


Eloszlás, eloszlásfüggvény,
sűrűségfüggvény


7.1. feladat. Határozzuk meg az ötöslottón a találatok számának eloszlását!®


7.2. feladat. Két kockával dobva a dobott számok összegének határozzuk meg az®
eloszlását!


7.3. feladat. Két kockával dobva a dobott számok különbségének abszolút értéke®
legyen ξ. Határozzuk meg az eloszlását!


7.4. feladat. Egy kockát addig dobunk, míg hatost nem kapunk. Határozzuk meg a®
dobások számának eloszlását!


7.5. feladat. Egy dobozban 9 fehér és 6 fekete golyó van. Hármat kiveszünk visszatevés®
nélkül. Legyen ξ a kihúzott fehérek száma. Adjuk meg az eloszlását!


7.6. feladat. 10 szelvénnyel játszva az ötöslottón, határozzuk meg a két találatos®
szelvények számának eloszlását!


7.7. feladat. Egy kockát addig dobunk, míg a dobások között három darab hatost®
nem kapunk. Határozzuk meg a dobások számának eloszlását!


7.8. feladat. Legyen a ξ valószínűségi változó értékkészlete a nemnegatív egész számok®
halmaza. A {ξ = k} esemény valószínűsége arányos 1


k! -sal. Határozzuk meg az eloszlást!


7.9. feladat. Három kockával dobunk egyszerre. Számítsa ki a dobott számok össze-®
gének eloszlásfüggvényét az x = 5,2 helyen!


7.10. feladat. Létezik-e olyan valószínűségi változó, amelynek az alábbi F az elosz-®
lásfüggvénye?


F : R → R, F (x) =
{


0, ha x < 1,
x−1
x+1 , ha x ≥ 1.


7.11. feladat. Legyen ξ olyan valószínűségi változó, melynek az eloszlásfüggvénye az®
előző feladatban definiált F . Mutassuk meg, hogy ξ abszolút folytonos és határozzuk
meg a sűrűségfüggvényét!


16







7.12. feladat. Vizsgálja meg a következő függvényeket. Melyik lehet eloszlásfüggvény?®


F1 : R → R, F1(x) =
{


0, ha x < 1,
2x−1
x+1 , ha x ≥ 1,


F2 : R → R, F2(x) =
{


0, ha x < 0,
x3


1+x2 , ha x ≥ 0.


7.13. feladat. Legyen®


F : R → R, F (x) :=



0, ha x ≤ 0,
1 − cos x, ha 0 < x ≤ π


2 ,
1 ha x > π


2 .


Bizonyítsuk be, hogy ez egy abszolút folytonos valószínűségi változó eloszlásfüggvénye
és határozzuk meg a sűrűségfüggvényét!


7.14. feladat. Ketten megbeszélik, hogy este 8 és 9 óra között találkoznak. Mi a vára-®
kozási idő eloszlásfüggvénye? Bizonyítsuk be, hogy a várakozási idő abszolút folytonos
valószínűségi változó és határozzuk meg a sűrűségfüggvényét!


7.15. feladat. Legyen Ω := [a, b], ahol a, b ∈ R és a < b, (Ω, F , P) geometriai való-®
színűségi mező, továbbá ξ : Ω → R, ξ(ω) := ω. Határozzuk meg ξ eloszlás- és sűrűség-
függvényét!


7.16. feladat. Legyen Ω egy egységnyi sugarú körlap és (Ω, F , P) geometriai való-®
színűségi mező. Jelölje ξ a kiválasztott pontnak a kör középpontjától mért távolságát.
Határozzuk meg ξ eloszlás- és sűrűségfüggvényét!


7.17. feladat. Az előző feladatban határozzuk meg ξ2 eloszlás- és sűrűségfüggvényét!®


7.18. feladat. Legyen Ω := [−1, 1], (Ω, F , P) geometriai valószínűségi mező, továbbá®
ξ : Ω → R, ξ(ω) := ω. Határozzuk meg |ξ| eloszlás- és sűrűségfüggvényét!


7.19. feladat. Egy téglalap alakú asztalra ejtsünk le egy ceruzát. Legyen α a ceru-®
za és az asztal hosszabb éle által bezárt szög. Határozzuk meg ξ = tg α eloszlás- és
sűrűségfüggvényét, feltételezve, hogy α egyenletes eloszlású a [0, π/2] intervallumon!


7.20. feladat. Oldjuk meg úgy is az előző feladatot, ha α irányszöget jelent, és felté-®
telezzük, hogy egyenletes eloszlású a [−π/2, π/2] intervallumon!


7.21. feladat. Legyen ξ a [0, 1] intervallumon egyenletes eloszlású és λ > 0 rögzített®
konstans. Határozzuk meg η = − ln ξ


λ
eloszlás- és sűrűségfüggvényét!


7.22. feladat. Legyen®


f : R → R, f(x) :=
{


x + 1
2 , ha 0 < x < 1,


0 különben.


Lehet-e ez sűrűségfüggvény? Ha igen, határozzuk meg az eloszlásfüggvényt!
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7.23. feladat. Van-e olyan valószínűségi változó, melynek®


f : R → R, f(x) =
{


1
2 sin x, ha 0 < x < π,


0, különben


a sűrűségfüggvénye? Ha igen, akkor számoljuk ki annak valószínűségét, hogy ez a va-
lószínűségi változó a [π/3, π/2] intervallumba esik, továbbá határozzuk meg az elosz-
lásfüggvényét!


7.24. feladat. Legyen®


f : R → R, f(x) = a


x2 + 4 .


Milyen a paraméter esetén lesz ez sűrűségfüggvény? Ebben az esetben mi az eloszlás-
függvény, továbbá mi a valószínűsége, hogy az ilyen eloszlású ξ valószínűségi változó a
[0, 2] intervallumba esik?


7.25. feladat. Legyen®


f : R → R, f(x) :=



x, ha 0 < x < 1,
2 − x, ha 1 < x < 2,
0 különben.


Ez sűrűségfüggvény-e, és ha igen, mi a hozzátartozó eloszlásfüggvény? Ha ξ sűrűség-
függvénye f , akkor határozza meg a P(0,5 ≤ ξ < 1,5) értékét!
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8. gyakorlat


Várható érték és szórásnégyzet


8.1. feladat. Ruletten 1000 eurót felteszünk a pirosra. Mennyi a nyereményünk vár-®
ható értéke és szórásnégyzete?


8.2. feladat. Egy kockával dobva a dobott számnak határozzuk meg a várható értékét®
és a szórásnégyzetét!


8.3. feladat. Két kockával dobva a dobott számok összegének határozzuk meg a vár-®
ható értékét és a szórásnégyzetét!


8.4. feladat. Egy kockát addig dobunk, míg hatost nem kapunk. Határozzuk meg a®
dobások számának várható értékét és szórásnégyzetét!


8.5. feladat. Egy kockát addig dobunk, míg kétszer egymás után ugyanazt nem dob-®
juk. Határozzuk meg a dobások számának várható értékét és szórásnégyzetét!


8.6. feladat. Feldobunk egy pénzérmét. Ha írás jön ki, akkor 10 eurót nyerünk, ellen-®
kező esetben 10 eurót veszítünk és újat dobunk, de már 20 euró téttel. A dobásokat
addig folytatjuk, amíg írást nem kapunk, de addig minden játékban megkétszerezzük
a tétet. Mennyi a nyereményünk várható értéke és szórásnégyzete?


8.7. feladat. Az előző feladatban mi van akkor, ha a játékosnál csak 1300 euró van,®
így nem tudja biztosan addig folytatni a dobásokat, amíg írást nem dob? Ekkor mennyi
a nyeremény várható értéke és szórásnégyzete?


8.8. feladat. Egységnyi hosszúságú szakaszon kiválasztunk két pontot. Mi a két pont®
távolságának várható értéke és szórásnégyzete?


8.9. feladat. Legyen Ω egy egységnyi sugarú körlap és (Ω, F , P) geometriai valószí-®
nűségi mező. Jelölje ξ a kiválasztott pontnak a kör középpontjától mért távolságát.
Határozzuk meg ξ várható értékét és szórásnégyzetét!


8.10. feladat. Legyen ξ sűrűségfüggvénye®


fξ : R → R, fξ(x) =
{


1
2 sin x, ha 0 < x < π,


0, különben.


A 7.23. feladatban beláttuk, hogy van ilyen ξ. Határozzuk meg ξ várható értékét és
szórásnégyzetét!
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9. gyakorlat


Binomiális és Poisson-eloszlás


9.1. feladat. Az ötöslottóban mi a valószínűsége, hogy a joker számban nincs 0? (A®
joker szám hatjegyű, melyben minden számjegy 0-tól 9-ig egyforma valószínűséggel
bármi lehet.)
9.2. feladat. Ezer újszülött között átlagban 516 fiú. Mi a valószínűsége, hogy egy 6®
gyermekes családban a fiúk száma legalább annyi, mint a lányoké?
9.3. feladat. Rezső nem tanult semmit a vizsgára, ahol 10 eldöntendő kérdésre kell®
válaszolnia. Az anyagból valami kicsit dereng, ezért 0,6 valószínűséggel ír jó választ egy-
egy kérdésre. Mekkora valószínűséggel megy át Rezső a vizsgán, ha ehhez minimum 8
jó válasz kell?
9.4. feladat. Egy gép által gyártott termékek között naponta átlagosan 12 darab lesz®
selejtes, szórásnégyzete 11,88. Hány terméket készít a gép naponta?
9.5. feladat. Ezer ember között a szemüvegesek számának szórásnégyzete 90, a vár-®
ható értéke 200-nál kevesebb. Mi a valószínűsége, hogy egy 15 fős társaságban legalább
2 szemüveges van?
9.6. feladat. Annak a valószínűsége, hogy egy üzemben a nyersanyagellátás valamely®
napon zavartalan, 0,75. Mekkora a valószínűsége, hogy 6 napon keresztül csak 3 napon
át lesz a nyersanyagellátás zavartalan? Mennyi lesz 6 nap alatt a zavartalan ellátású
napok számának várható értéke?
9.7. feladat. Egy játékban p valószínűséggel nyerünk 1 forintot és 1−p valószínűséggel®
veszítünk 1 forintot. Adja meg n játékban az össznyeremény eloszlását, várható értékét
és szórásnégyzetét!
9.8. feladat. Két doboz gyufát zsebre teszünk. Mindkét dobozban 50-50 szál gyufa®
van. Ezután, mikor gyufát kell gyújtani, találomra vagy az egyik vagy a másik dobozból
veszünk ki egy szálat. Ezt addig folytatjuk, míg egy olyan dobozt nem választunk, amely
már üres. Mi a valószínűsége, hogy ekkor a másik dobozban pontosan 13 szál gyufa van
még?
9.9. feladat. Annak a valószínűsége, hogy egy lövés célba talál 0,001. Mi a valószínű-®
sége, hogy 2000 lövés közül legalább két lövés célba talál?
9.10. feladat. Annak a valószínűsége, hogy egy kollégium valamelyik lakója egy adott®
napon megbetegszik 0,002. Ha 1200 lakója van a kollégiumnak, hány ágyas betegszobát
kell berendezni, ha azt akarjuk, hogy legfeljebb 0,01 legyen annak a valószínűsége, hogy
egy betegnek nem jut ágy?
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9.11. feladat. Egy postahivatalban az egy év alatt feladott címezetlen levelek száma®
1017. Mi a valószínűsége, hogy egy nap kettőnél több címezetlen levelet adnak fel?


9.12. feladat. Egy adott éjszakán 10 percenként észlelhető csillaghullás. Mi a va-®
lószínűsége, hogy negyed óra alatt két csillaghullást látunk, ha feltételezzük, hogy a
csillaghullások száma Poisson-eloszlású?


9.13. feladat. Egy 500 oldalas könyvben 200 sajtóhiba van. Mi a valószínűsége, hogy®
10 véletlenszerűen kiválasztott oldalon nincs sajtóhiba?


9.14. feladat. Egy félkilós kalácsban átlagban 80 mazsolaszem található. Mi a való-®
színűsége annak, hogy egy 5 dekagrammos szeletben nincs mazsola?


9.15. feladat. Egy szövetfajtát 15 méteres darabokban szállítják a boltokba. Egy ilyen®
darabon a szálhibák számának szórása 4. A boltban levágatunk ebből a szövetből egy
1 méteres részt. Mi a valószínűsége, hogy pontosan 3 szálhiba lesz benne, ha a szálhibák
száma Poisson-eloszlású?


9.16. feladat. Egy lemezből 25 darab egyenlő nagyságú idomot vágnak ki. Egy lemezen®
a hibák száma Poisson-eloszlású 3,5 várható értékkel. Hány lemezt kell beszerezni, ha
félmillió hibátlan idomot kell előállítani?
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10. gyakorlat


Exponenciális és normális eloszlás


10.1. feladat. Egy szövőgépen a fonal szakadásáig eltelt idő exponenciális eloszlású,®
átlagban 2,5 óra. Mi a valószínűsége, hogy 8 óra alatt nem szakad el a fonal?


10.2. feladat. Egy boltban a vevők egymásutáni érkezésének időbeli eloszlása expo-®
nenciális, átlagban 1 perc. Mi a valószínűsége, hogy egy vevő érkezése után 5 percig
nem jön újabb vevő?


10.3. feladat. Egy boltban átlagosan 6 percet kell sorban állni. Mi a valószínűsége,®
hogy 4 percen belül sorra kerülünk, ha a várakozási idő exponenciális eloszlású?


10.4. feladat. Annak a valószínűsége, hogy egy benzinkútnál 6 percnél többet kell®
várni 0,1. Mi a valószínűsége, hogy 3 percen belül sorra kerülünk, ha a várakozási idő
exponenciális eloszlású?


10.5. feladat. Egy izzólámpa típus élettartamának eloszlása normális, 1000 óra vár-®
ható értékkel és 100 óra szórással. Az első 900 órában a lámpák hány százaléka megy
tönkre? Mekkora a valószínűsége, hogy egy izzó nem megy tönkre az első 1200 órában?


10.6. feladat. Egy fafeldolgozó üzemben a deszkák hossza normális eloszlású, átlagban®
4 méter, a szórásuk 3 cm.


a) A deszkák hány százaléka lesz 398 cm és 401 cm között?


b) Mi a valószínűsége, hogy egy deszka hossza 4 m-től legfeljebb 2,5 cm-rel tér el?


10.7. feladat. Egy gép vegyszert tölt üvegekbe. Ez az anyagmennyiség normális el-®
oszlású, átlagban 100 gramm. Mekkora lehet a szórás, ha azt akarjuk, hogy a töltött
mennyiség 98 %-a 98 és 102 gramm közé essen?


10.8. feladat. Egy gyár elektromos alkatrészeket készít. Ezek élettartama normális®
eloszlású 1170 óra várható értékkel és 100 óra szórással. Hány órás működésre szóljon
a garancia, ha a gyár azt szeretné, hogy legfeljebb csak 5 % garanciaigény lépjen fel?


10.9. feladat. Egy gép vegyszert tölt zacskókba. A betöltött vegyszer tömege nor-®
mális eloszlású 100 gramm várható értékkel és 2 gramm szórással. Egy nap alatt 1000
zacskót tölt meg a gép. Mi a valószínűsége, hogy ezek között maximum kettő olyan
van, amelyben a vegyszer tömege nem 95 és 105 gramm közé esik?


10.10. feladat. Egy gyertyatípus égési ideje normális eloszlású 9 óra várható értékkel®
és 1 óra szórással. Mi a valószínűsége, hogy 20 darab ilyen gyertyából legalább kettő a
nyolcadik órában alszik el?
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10.11. feladat. Legyen ξ normális eloszlású valószínűségi változó m = 3 és σ = 2®
paraméterekkel. Mennyi az A, ha P(2 < ξ < A) ≥ 0,5?


10.12. feladat. Egy vállalathoz beérkező megrendelések száma normális eloszlású 10®
szórással. Mennyi a várható értéke, ha 0,1 annak a valószínűsége, hogy 20-nál kevesebb
megrendelés érkezik?
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11. gyakorlat


Nagy számok törvénye,
Moivre – Laplace-tétel


11.1. feladat. Valamely társadalmi rétegben meg akarjuk határozni a szeszfogyasztók®
arányát. Hány megfigyelést kell végezni ahhoz, hogy a megfigyelésekből adódó arány a
valódi aránytól minimum 0,95 valószínűséggel legfeljebb csak 0,01-dal térjen el?


11.2. feladat. Hány dobást kell végeznünk egy szabályos kockával, hogy a 6-os dobás®
valószínűségét a 6-os relatív gyakorisága legalább 0,9 valószínűséggel 0,01-nál kisebb
hibával megközelítse? Oldjuk meg a feladatot akkor is, ha a kockáról nem tudjuk
biztosan, hogy szabályos-e, azaz a 6-os dobásának a valószínűségét nem ismerjük!


11.3. feladat. Egy célpontra 200 lövést adnak le. A találat valószínűsége minden lö-®
vésnél 0,4. Milyen határok közé fog esni legalább 0,9 valószínűséggel a találatok száma?


11.4. feladat. A tapasztalatok szerint egy üzemben a termékek 95 %-a hibátlan. Az®
üzemnek meghatározott idő alatt százezer darab terméket kell készíteni. Legalább
mennyi a valószínűsége, hogy a legyártott termékek közül 93 000 és 97 500 közé esik
a hibátlan termékek száma?


11.5. feladat. Egy gyárból kikerülő gyártmányok 10 %-a hibás. Egy bizonyos számú®
gyártmányból álló tételt a minőségi ellenőrzés csak akkor találja elfogadhatónak, ha
abban legfeljebb 12 % hibás. Mekkora legyen a tételben a gyártmányok darabszáma,
ha azt akarjuk, hogy legalább 0,95 valószínűséggel elfogadhatónak minősítsék?


11.6. feladat. Egy szövőgép 500 szállal dolgozik. Annak a valószínűsége, hogy egy szál®
meghatározott időtartam alatt elszakad, 0,008 minden szálra. Határozzuk meg, hogy
minimum 0,95 valószínűséggel milyen határok között várható a szálszakadások száma
az adott időtartam alatt!


11.7. feladat. Egy csavargyártó gép esetében megvizsgálunk 5000 csavart. Összesen®
80 selejteset találunk. Határozzuk meg, hogy mennyi lehet maximum a pontos selejt
arány az összes legyártott csavarra vonatkozólag legalább 0,9 valószínűséggel !


11.8. feladat. 1000 lövést adunk le egy célra. Minden lövés egymástól függetlenül 0,11®
valószínűséggel talál. Mi a valószínűsége, hogy 100-nál kevesebbszer találunk célba?


11.9. feladat. Egy gyárból kikerülő termékek 1 %-a selejtes. Ha 500 darab terméket®
vásárolunk, mi a valószínűsége, hogy ezek között a selejtesek száma 7 és 14 között lesz?


24







11.10. feladat. Ha minden lövés egymástól függetlenül 0,1 valószínűséggel talál célba,®
akkor hány lövés után lesz 0,9918 annak a valószínűsége, hogy 200-nál kevesebbszer
találjuk el a célt?


11.11. feladat. Egy gyár egyforma energiaigényű gépei közül átlagosan 210 üzemel,®
ami az összes gépek 70 %-a. A többi meghibásodás miatt javításra vár vagy éppen
javítják. A gépek meghibásodása egymástól független. Mennyi energiát kell biztosítani
akkor, ha 0,999 valószínűséggel szeretnénk azt elérni, hogy minden működőképes gép
valóban működni tudjon?
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Megoldások


1. Események
1.1. megoldás.


Ω = {(1, 1, 1), (1, 1, 2), (1, 1, 3), (1, 1, 4), (1, 1, 5), (1, 1, 6),
(1, 2), (1, 3), (1, 4), (1, 5), (1, 6),


(2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6),
(3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6),
(4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6),
(5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6),
(6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)}


Legyen A := {(1, 1, i) : i = 1, 2, . . . , 6} továbbá B := {(1, i) : i = 2, 3, . . . , 6}. Ekkor
F1 := {∅, Ω, A, A} és F2 := {∅, Ω, B, B} σ-algebrák. Az A esemény akkor következik
be, ha egymás után kétszer egyest dobunk. A B esemény akkor következik be, ha az
első dobás egyes, de a második nem.


1.2. megoldás. Ω = {6} ∪
∞⋃


n=1


(
{1, 2, 3, 4, 5}n × {6}


)
1.3. megoldás.


a) A ∪ B : a kiválasztott szám öttel osztható.
b) A ∩ B : a kiválasztott szám nullára végződik.
c) A \ B : a kiválasztott szám ötre végződik.


1.4. megoldás. A dobókockával páros számot dobunk.


1.5. megoldás.
a) A ∪ B : Zöldet vagy királyt húzunk. (11)
b) A ∩ B : Zöld királyt húzunk. (1)
c) A ∩ B : Zöldtől különböző királyt húzunk. (3)
d) A ∪ B : Zöld királytól különbözőt húzunk. (31)
e) A ∪ B : Zöldet vagy királytól különbözőt húzunk. (29)
f) A \ B : Zöldet húzunk, de nem királyt. (7)
g) (A \ B) ∪ (B \ A) : Zöldet vagy királyt, de nem zöld királyt húzunk. (10)
h) A ∪ B : Nem zöldet és nem is királyt húzunk. (21)
i) A ∩ B : Zöld királytól különbözőt húzunk. (31)


1.6. megoldás. Ez pontosan akkor következik be, ha Ak végtelen sok k esetén bekö-
vetkezik.
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1.7. megoldás.
a) A1 ∩ A2 ∩ A3
b) A1 ∩ A2 ∩ A3
c) A1 ∩ A2 ∩ A3
d) A1 ∩ A2
e) A1 ∩ A2 ∩ A3
f) (A1 ∩ A2 ∩ A3 ) ∪ (A1 ∩ A2 ∩ A3 ) ∪ ( A1 ∩ A2 ∩ A3)
g) (A1 ∩ A2 ∩ A3 ) ∪ ( A1 ∩ A2 ∩ A3 ) ∪ ( A1 ∩ A2 ∩ A3) ∪ ( A1 ∩ A2 ∩ A3 )
h) A1 ∪ A2 ∪ A3
i) A1 ∪ A2 ∪ A3


1.8. megoldás. C = A ∪ B és D = A ∩ B = A ∪ B.


1.9. megoldás. Tegyük fel, hogy B igaz, de A nem teljesül. Ekkor a 35 nem bukott
diák jegyeinek összege 40·3,7−5 = 143. De ez ellentmondás, hiszen ezeknek a diákoknak
legfeljebb csak négyes jegyük lehet, azaz a jegyeik összege maximum 35·4 = 140. Tehát,
ha B igaz, akkor A is az, vagyis B ⊂ A.


1.10. megoldás. Tegyük fel, hogy A teljesül, de B nem. Ekkor a III-ból befolyt összeg
kevesebb mint 2,5 millió euró, azaz a többiből összesen több mint 2,5 millió eurónak
kellett befolynia, ami ellentmondás. Így A teljesülése esetén B-nek is teljesülnie kell,
azaz A maga után vonja B-t.


2. Klasszikus valószínűségi mező
2.1. megoldás. Akkor klasszikus a valószínűségi mező, ha a két kockát megkülönböz-
tetjük. A valószínűség 6


36 .


2.2. megoldás. (5
2)(85


3 )
(90


5 )


2.3. megoldás. Az első és a második héten is
(90


5


)
lottóötöst húzhatnak ki, így az Ω


elemeinek a száma
(90


5


)2. Ebből a kedvező esetek száma
(90


5


)
· 1, hiszen az első héten


tetszőlegesen húzhatnak, de a következő héten már csak azt húzhatják, amit előtte. Így
a megoldás (90


5


)(90
5


)2 = 1(90
5


) .


2.4. megoldás. 5
12


2.5. megoldás. (10
4 )·14·56


610 =
(10


4


)(1
6


)4(5
6


)6


2.6. megoldás. x
x+5 > 0,9 egyenlőtlenségnek kell teljesülni, ahol x a feketék száma.


Ennek megoldása x > 45, azaz legalább 46 feketét kell a dobozba tenni.


2.7. megoldás. A prím számjegyek: 2, 3, 5, 7. Ezeket írjuk egy lapra, a többit pe-
dig külön lapokra. Így 7 darab cetli lesz, amiknek a kisorsolásával úgy tudunk egy
véletlenszerű sorrendet előállítani, hogy két prím között nem lesz prímtől különböző.
Ugyanakkor a prímeket tartalmazó cetlire 4!-féleképpen írhatjuk fel a számokat, sor-
rendjüket tekintve. Ezért az eredmény 4!7!


10! .
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2.8. megoldás. 8!
(64


8 )


2.9. megoldás. Annak a valószínűsége, hogy minden kockán más érték van 6!
66 , így


ennek ellenkezője 1 − 6!
66 valószínűséggel következhet be.


2.10. megoldás. Annak a valószínűsége, hogy minden kockán más érték van 6!
65 , így


ennek ellenkezője 1 − 6!
65 valószínűséggel következhet be.


2.11. megoldás. (13
10)·23·3


314


2.12. megoldás. (9
5)


(15
5 )


2.13. megoldás. Annak a valószínűsége, hogy 6 kockával nem dobunk egyest 56


66 , míg
annak esélye, hogy 12 kockával maximum egy darab egyest dobunk 512+12·511


612 . Az utóbbi
nagyobb, ezért az a valószínűbb, hogy 6 kockával legalább egy darab egyest dobunk.


2.14. megoldás. Annak valószínűsége, hogy n pénzérmét feldobva nincs közöttük fej,
1


2n . Így annak kell teljesülni, hogy


1 − 1
2n


> 0,9.


Ennek megoldása n > log2 10 ≈ 3,32, melyből következik, hogy legalább 4 pénzérmét
kell feldobni.


2.15. megoldás. A kihúzott 6 lap között mind a négy szín megjelenése kétféle módon
valósulhat meg: vagy 3 lap van az egyik színből, a többiből pedig 1-1-1, vagy két színből
van 2-2 lap, a többiből pedig 1-1. Tekintsük először a 3-1-1-1 eloszlást. Ez például 3
piros, 1 zöld, 1 tök, és 1 makk esetén(


8
3


)(
8
1


)(
8
1


)(
8
1


)
=
(


8
3


)
83


különböző módon valósulhat meg. Azonban 4 különböző módon lehet a színeket össze-
állítani ilyen eloszlásban, így ezen esetek száma


4
(


8
3


)
83.


A 2-2-1-1 eloszlás esetén, először például számoljuk össze azon eseteket, amikor 2 piros,
2 zöld, 1 tök, és 1 makk lesz:(


8
2


)(
8
2


)(
8
1


)(
8
1


)
=
(


8
2


)2


82.


De ez az eloszlás
(4


2


)
= 6 módon valósulhat meg. Összegezve, az eredmény:


4
(8


3


)
83 + 6


(8
2


)282(32
6


) ≈ 0,1384.


2.16. megoldás. 365·364·...·336
36530 = 365!


335!·36530 ≈ 0,29.
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2.17. megoldás. A három húzás során az összes lehetőségek száma 63 = 216. Kedvező
esetben a három golyó színe húzási sorrendben a következők lehetnek:
piros–piros–fekete → 3 · 3 · 3 = 27 esetben,
piros–fekete–fekete → 3 · 3 · 2 = 18 esetben,
fekete–fekete–fekete → 3 · 2 · 1 = 6 esetben,
fekete–piros–fekete → 3 · 4 · 2 = 24 esetben,
ami összesen 27 + 18 + 6 + 24 = 75 eset. Így a kérdéses valószínűség 75


216 ≈ 0,3472.


2.18. megoldás. Vegyük észre, hogy ez a 2.17. feladat egy átfogalmazása.


2.19. megoldás. A kérdéses esemény bekövetkezése vagy be nem következése a má-
sodik bejelentkezéskor dől el abban a pillanatban, amikor kisorsolják a számjegyek
sorrendjét. A számjegyek egyforma valószínűséggel bármelyik pozícióba kerülhetnek,
így klasszikus valószínűségi mezővel számolhatunk.


Az összes esetek száma 10!. A kedvezőek összeszámolásánál azt kell figyelembe ven-
ni, hogy a PIN-kód négy különböző számjegye ugyanabba a pozícióba kerüljön, mint
az előző sorsolásnál. Az első jegye a kódnak az előző négy pozícióból bármelyik lehet.
A következő már csak három helyen lehet és így tovább. Tehát ez 4! esetben valósul-
hat meg. Minden ilyen esethez a maradék hat számjegy csak a megmaradt hat helyre
kerülhet. Ez 6! módon lehetséges. Így a valószínűség


4! 6!
10! = 1


210 .


Másik megoldás: Most az összes eseteknél csak azt vesszük figyelembe, hogy a PIN-kód
jegyei hová kerülnek sorrendtől függetlenül (hiszen az ujjlenyomatnál nem számít a
sorrend). Ez


(10
4


)
esetet jelent. Ebből csak 1 eset a kedvező. Mivel a szimmetria miatt


ez is klasszikus valószínűségi mező, ezért a valószínűség


1(10
4


) = 1
210 .


2.20. megoldás. Amikor papíron összeadunk két számot, akkor a megfelelő helyi ér-
tékeket egymás alá írjuk és az egyesek felől adjuk őket páronként össze. Ha egy ilyen
összeg legalább 10, akkor az összeget 10-zel csökkentjük és a következő helyi értéknél
az összeget 1-gyel növeljük. Tehát ilyen esetben a számjegyek összege −10 + 1-el nő,
azaz 9-cel csökken. Az ilyen esetet nevezzük átvitelnek. Az összeadás során az ilyen
átvitelek száma legyen a. Ekkor tehát


sn+25 = sn + s25 − 9a = sn + 7 − 9a.


A feladat szerint
sn+25 = sn − 11,


így 7 − 9a = −11, azaz a = 2. Ez a két átvitel két módon lehetséges. Vagy az egyesek
és tízesek helyén és sehol máshol, vagy a tízesek és százasok helyén és sehol máshol. Ha
di jelöli a 10i helyi értéken álló számjegyet, akkor az első eset pontosan akkor valósul
meg, ha


d0 ≥ 5, d1 ≥ 7, d2 ≥ 8, d3 ≥ 0.


Ennek valószínűsége 5 · 3 · 9 · 10/104 = 0,135. A másik eset pontosan akkor valósul meg,
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ha
d0 ≤ 4, d1 ≥ 8, d2 = 9, d3 ≤ 8.


Ennek valószínűsége 5 · 2 · 1 · 9/104 = 0,009. Így a kérdéses valószínűség 0,135 + 0,009 =
= 0,144.


2.21. megoldás. Ha nem változtat a játékos az első tippen, akkor abban az esetben
nyer, ha eltalálta a nyerő ajtót, melynek 1


3 a valószínűsége. De ha változtat, akkor
pontosan abban az esetben nyer, ha elsőre nem találta el a nyerő ajtót, hiszen ekkor
a játékvezető a másik rossz ajtót nyitja ki, így amire változtat a játékos, ott biztosan
autó van. Ennek valószínűsége 2


3 . Összegezve tehát, igaza volt Marilyn Savantnak, azaz
megváltoztatva a tippünket, kétszeresére nő az esélyünk a nyerésre.


Amint látjuk, az ember első reakciójához képest (ami az, hogy a változtatás nem
befolyásolhatja a valószínűséget) meglepő a valóság, ugyanakkor nagyon egyszerű a
magyarázat. Akkor miért váltott ki Savant érvelése ekkora ellenállást a matematiku-
sok körében? Nos Savant eredeti magyarázata meglehetősen körülményes és nehezen
érthető volt, ugyanakkor a matematikusok első gondolata, miszerint nem változik a
valószínűség, annyira nyilvánvalónak tűnt számukra, hogy nem vették a fáradtságot
Savant magyarázatának értelmezésére.


2.22. megoldás. Az A1 cellába írja a következőt:


=INT(3*VÉL()+1)


Ezután nyomjon Entert, majd lépjen vissza az A1 cellára. Az ott megjelenő szám jelentse
annak az ajtónak a számát, amely mögött az autó van. A cella jobb alsó sarkában
található kitöltő jelet (egy kis négyzet) egérrel húzza át a B1 cellára. Az ott megjelent
szám fogja jelenteni annak az ajtónak a számát, amelyre a játékos tippel elsőre. Az C1
cellába írja a következőt:


=HA(A1=B1;1;0)


Ezután nyomjon Entert. Az ott megjelenő szám aszerint 1 vagy 0, hogy változtatás
nélkül nyerünk vagy veszítünk. A D1 cellába írja a következőt:


=HA(C1=0;1;0)


Ezután nyomjon Entert. Az ott megjelenő szám aszerint 1 vagy 0, hogy változtatással
nyerünk vagy veszítünk. Jelölje ki az A1:D1 cellatartományt, majd annak kitöltőjelét
húzza le addig a sorig, amennyi játékot akar szimulálni. Az E1 cellába írja a következőt:


=SZUM(C:C)/DARAB(C:C)


Ezután nyomjon Entert. Az ott megjelenő szám a változtatás nélküli játékokban a nyert
játékok relatív gyakorisága. Végül a C1 cella kitöltőjelét húzza át a D1 cellára. Az ott
megjelenő szám a változtatással történő játékokban a nyert játékok relatív gyakorisága.
Ha megnyomja az F9 billentyűt, akkor egy újabb játéksorozat generálódik.
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3. Feltételes valószínűség, események függetlensége
3.1. megoldás. Jelentse A azt az eseményt, hogy a dobott számok összege 7, B pedig
azt, hogy páratlan. Ekkor A ⊂ B miatt A ∩ B = A, így


P(A | B) = P(A ∩ B)
P(B) = P(A)


P(B) .


Mivel P(A) = 6
62 = 1


6 és P(B) = 1
2 , ezért P(A | B) = 1


3 .


3.2. megoldás. Jelölje A azt az eseményt, hogy az egyik kockán hatos van, és B azt,
hogy a dobott számok összege 12. Ekkor


P(A | B) = P(A ∩ B)
P(B) =


15
63


25
63


= 3
5 .


3.3. megoldás. Jelölje A azt az eseményt, hogy a 2. játékosnál nincs ász és B azt,
hogy az 1. játékosnál nincs ász. Ekkor


P(A | B) = P(A ∩ B)
P(B) =


(28
8 )(20


8 )(16
8 )(8


8)
(32


8 )(24
8 )(16


8 )(8
8)


(28
8 )(24


8 )(16
8 )(8


8)
(32


8 )(24
8 )(16


8 )(8
8)


=
(20


8


)(24
8


) .


3.4. megoldás. 1
(39


2 )(90−40
2 ) .


3.5. megoldás. Jelölje A azt az eseményt, hogy mindkét kocka hatost mutat, míg B
azt, hogy legalább az egyik kocka hatos. Ekkor


P(A | B) = P(A ∩ B)
P(B) =


1
36
11
36


= 1
11 .


3.6. megoldás. Jelentse Ai azt az eseményt, hogy az általunk i-ediknek felkeresett
kocsmában van Rezső. Ekkor P(Ai) = 1


4 · 1
3 = 1


12 . Így


P(A4 | A1 ∩ A2 ∩ A2 ) = P(A4 ∩ A1 ∩ A2 ∩ A2 )
P(A1 ∩ A2 ∩ A2 )


= P(A4)
P( A1 ∪ A2 ∪ A3 )


=


= P(A4)
1 − P(A1 ∪ A2 ∪ A3)


= P(A4)
1 − P(A1) − P(A2) − P(A3)


=
1
12


1 − 3
12


= 1
9 .


3.7. megoldás. Jelölje A azt az eseményt, hogy másodikra pirosat húzunk, B pedig
azt, hogy elsőre pirosat húzunk. Ekkor a szorzattétel alapján


P(A ∩ B) = P(A | B) P(B) = 5
10 · 3


7 = 15
70 .


3.8. megoldás. P(A ∩ B) = P(A) + P(B) − P(A ∪ B) = 1,5 − P(A ∪ B) ≥ 0,5, így


P(A | B) = P(A ∩ B)
P(B) = P(A ∩ B)


0,8 ≥ 0,5
0,8 = 0,625.
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3.9. megoldás. A feltételek miatt


P(A ∩ B) = 0,7 P(B)
P(A ∩ B ) = 0,3 P( B )
P(A ∩ B) = 0,6 P(A).


Ezekből P(A) = P(A∩B)+P(A∩B ) = 0,7 P(B)+0,3 P( B ) = 0,4 P(B)+0,3, továbbá
0,7 P(B) = 0,6 P(A). Így


P(A) = 0,4 · 0,6
0,7 P(A) + 0,3,


amiből P(A) = 21
46 .


3.10. megoldás. P(A) = P(A | B) miatt A és B függetlenek, így P(B) = P(B | A) =
= 1


2 . Ebből


P(A ∪ B) = P(A) + P(B) − P(A ∩ B) = P(A) + P(B) − P(A) P(B) = 5
8 .


Másrészt ekkor A és B is függetlenek, ezért P( A | B ) = P( A ) = 3
4 .


3.11. megoldás. Ha A és B függetlenek, akkor P(A) P( B ) = P(A)
(
1 − P(B)


)
=


= P(A) − P(A) P(B) = P(A) − P(A ∩ B) = P(A \ B) = P(A ∩ B ). Tehát A és B is
függetlenek.


3.12. megoldás. Egyrészt P(A ∩ B ∩ C) = P(A ∩ B) P(C) = 0, mert A ∩ B = ∅,
másrészt P


(
(A∪B)∩C


)
= P((A∩C)∪(B∩C)) = P(A∩C)+P(B∩C) = P(A) P(C)+


+ P(B) P(C) =
(
P(A) + P(B)


)
P(C) = P(A ∪ B) P(C).


3.13. megoldás. P(A) = 4
6 , P(B) = 4


6 , P(A ∩ B) = 4·3
6·5 , azaz P(A ∩ B) ̸= P(A) P(B).


Így A és B események nem függetlenek.


3.14. megoldás. Jelölje A azt, hogy másodikra hatost dobunk, B pedig azt, hogy
elsőre hatost dobunk. Ekkor


P(A | B) = P(A ∩ B)
P(B) =


1
36
6
36


= 1
6 ,


másrészt P(A) = 6
36 . Így P(A) = P(A | B), azaz A és B függetlenek.


3.15. megoldás. Mivel P(A1) = P(A2) = P(A3) = 1
2 és P(A1 ∩ A2) = P(A1 ∩ A3) =


= P(A2 ∩ A3) = 1
4 , ezért igaz az állítás.


3.16. megoldás. Jelölje A azt, hogy ászt húzunk, B pedig azt, hogy kőrt húzunk.
Ekkor P(A) = 4


52 , P(B) = 13
52 és P(A ∩ B) = 1


52 . Ebből kapjuk, hogy P(A ∩ B) =
= P(A) P(B), azaz A és B függetlenek.


3.17. megoldás. Ekkor P(A) = P(B) = P(C) = 1
2 , P(A ∩ B) = P(A ∩ C) = P(B ∩


∩ C) = 1
4 és P(A ∩ B ∩ C) = 1


8 , amiből következik, hogy A, B és C függetlenek.


3.18. megoldás. 1
6 · 1


2 · 1
2 + 1


6 · 1
2 · 1


2 = 1
12
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3.19. megoldás. Jelölje Ai azt az eseményt, hogy Antal i-edik lövése talál, Bi pedig
azt, hogy Béla i-edik lövése talál, továbbá C jelölje azt, hogy Antal győz. Ekkor


C = A1 ∪ ( A1 ∩ B1 ∩ A2) ∪ ( A1 ∩ B1 ∩ A2 ∩ B2 ∩ A3) ∪ . . .


Mivel ez C-nek diszjunkt felbontása és az A1, B1, A2, B2, . . . események függetlenek,
ezért


P(C) = P(A1) + P( A1 ∩ B1 ∩ A2) + P( A1 ∩ B1 ∩ A2 ∩ B2 ∩ A3) + · · · =
= P(A1) + P( A1 ) P( B1 ) P(A2) + P( A1 ) P( B1 ) P( A2 ) P( B2 ) P(A3) + · · · =
= 0,3 + 0,7 · 0,1 · 0,3 + 0,72 · 0,12 · 0,3 + · · · =


= 0,3
∞∑


n=0


0,07n = 0,3
1 − 0,07 = 10


31 .


3.20. megoldás.
(7


2


)(1
6


)2(5
6


)51
6


3.21. megoldás. A függetlenség miatt


P(A ∪ B | B ∪ C) =
P
(
(A ∪ B) ∩ (B ∪ C)


)
P(B ∪ C) =


P
(
B ∪ (A ∩ C)


)
P(B) + P(C) − P(B ∩ C) =


= P(B) + P(A ∩ C) − P(B ∩ A ∩ C)
P(B) + P(C) − P(B ∩ C) = P(B) + P(A) P(C) − P(B) P(A) P(C)


P(B) + P(C) − P(B) P(C) =


=
1
8 + 1


4 · 1
8 − 1


8 · 1
4 · 1


8
1
8 + 1


8 − 1
8 · 1


8
= 39


60 .


4. Teljes valószínűség tétele
4.1. megoldás. Jelölje A azt az eseményt, hogy célba találunk, B1, hogy 0,5-es, B2,
hogy 0,7-es, végül B3, hogy 0,8-es puskát választunk. Ekkor


P(A) =
3∑


i=1


P(A | Bi) P(Bi) = 0,5 · 3
6 + 0,7 · 1


6 + 0,8 · 2
6 .


4.2. megoldás. Jelölje B1 azt az eseményt, hogy az első dobozból húzunk, míg B2
azt, hogy a másodikból, illetve A azt, hogy a kiválasztott csavar jó. Ekkor B1 és B2
teljes eseményrendszert alkot, így a teljes valószínűség tétele értelmében


P(A) = P(A | B1) P(B1) + P(A | B2) P(B2) = 90
100 · 1


2 + 94
100 · 1


2 .


4.3. megoldás. Jelölje A azt az eseményt, hogy hibátlan műszert választottunk, Bi,
hogy olyan dobozból választunk, amelyben 100-ból i darab rossz. Ekkor


P(A) =
4∑


i=0


P(A | Bi) P(Bi) = 100
100 · 1


6 + 99
100 · 5


12 + 98
100 · 1


4 + 97
100 · 1


12 + 96
100 · 1


12 .


4.4. megoldás. Jelölje A azt az eseményt, hogy a harmadik húzás piros, B1, hogy az
első két húzás 2 darab fehér, B2, hogy az első két húzás 2 darab piros, végül B3, hogy
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az első két húzás egyike fehér a másik pedig piros. Ekkor


P(A) = P(A | B1) P(B1) + P(A | B2) P(B2) + P(A | B3) P(B3) =


= 2
5 ·
(5


2


)(7
2


) + 0
5 ·
(2


2


)(7
2


) + 1
5 ·
(5


1


)(2
1


)(7
2


) = 2
7 .


4.5. megoldás. Jelölje B1, hogy elsőre pirosat, B2, hogy elsőre feketét és A, hogy
másodikra pirosat húzunk. Ekkor


P(A) =
2∑


i=1


P(A | Bi) P(Bi) = 3
6 · 3


7 + 2
6 · 4


7 .


4.6. megoldás. Jelölje B1, hogy elsőre két pirosat, B2, hogy elsőre két feketét, B3,
hogy elsőre egy pirosat és egy feketét, továbbá A, hogy másodikra pirosat húzunk.
Ekkor


P(A) =
3∑


i=1


P(A | Bi) P(Bi) = 4
7 ·
(3


2


)(7
2


) + 2
7 ·
(4


2


)(7
2


) + 3
7 ·
(3


1


)(4
1


)(7
2


) .


4.7. megoldás. Jelölje B1, hogy elsőre pirosat, B2, hogy elsőre feketét, A1, hogy má-
sodikra pirosat, A2, hogy másodikra feketét és C, hogy harmadikra pirosat húzunk.
Ekkor a 4.5. feladat megoldása szerint P(A1) = 17


42 , melyből P(A2) = 25
42 . Így


P(C) =
2∑


i=1


P(C | Ai) P(Ai) = 6
10 · 17


42 + 5
10 · 25


42 .


4.8. megoldás. Jelölje Ai azt az eseményt, hogy az i. húzásra jó tojást választunk
(i = 1, 2, 3, 4). Ekkor P(A4) a kérdés. Mivel P(A1) = 1, ezért a teljes valószínűség
tétele miatt


P(A2) = P(A2 | A1) P(A1) + P(A2 | A1 ) P( A1 ) = P(A2 | A1) = 10
11 ,


P(A3) = P(A3 | A2) P(A2) + P(A3 | A2 ) P( A2 ) = 9
11 · 10


11 + 8
11 · 1


11 = 98
121 ,


P(A4) = P(A4 | A3) P(A3) + P(A4 | A3 ) P( A3 ) = 1 · 98
121 + 9


10 · 23
121 = 1187


1210 .


4.9. megoldás. Ha az egyik doboz üres lenne, akkor a fehér húzásának a valószínűsége
0 · 1


2 + 1
2 · 1


2 = 1
4 . De ez nem lehet jó megoldás, mert például, ha az egyik dobozba


csak egy fehéret rakunk a többit pedig a másik dobozba, akkor a fehér húzásának a
valószínűsége 1 · 1


2 + 9
19 · 1


2 = 14
19 , ami nagyobb 1


4 -nél. Be fogjuk bizonyítani, hogy ez a
maximális valószínűség.


Rakjunk az egyik dobozba n fehéret és m feketét, a többit pedig a másik dobozba.
Az előzőek miatt feltehetjük, hogy mindkét dobozban van golyó. Így a fehér húzásának
a valószínűsége


n


n + m
· 1


2 + 10 − n


20 − n − m
· 1


2 .


Azt kell belátni, hogy


n


n + m
· 1


2 + 10 − n


20 − n − m
· 1


2 ≤ 14
19 ,
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ami azzal ekvivalens, hogy


m(14m − 185 + 9n) ≤ 5n(n − 1). (∗)


A szimmetria miatt feltehetjük, hogy n ≤ 5, így (∗) bal oldala maximum 140 − 185 +
+ 45 = 0, jobb oldala pedig nemnegatív. Ezzel (∗) bizonyított. Tehát a rabnak akkor a
legnagyobb az esélye, ha az egyik dobozba egy fehéret rak, a többit pedig a másikba.


4.10. megoldás. Miután kiválasztottuk a játékszabálynak megfelelő cetlit, folytassuk
a cetlik húzását mindaddig, amíg el nem fogynak. Jelölje Bi azt az eseményt, hogy
i-ediknek húztuk ki a 10-es cetlit, A pedig azt, hogy a 10-es cetli lett kiválasztva. Az A
pontosan akkor következik be, ha i ≥ 6 és az első i−1 kihúzott cetli között a legnagyobb
az első ötben volt. Így


P(A) =
10∑


i=1


P(A | Bi) P(Bi) =
10∑


i=6


P(A | Bi) P(Bi) =
10∑


i=6


5
i − 1 · 1


10 = 1
2


9∑
i=5


1
i


≈ 0,373.


4.11. megoldás. Jelölje n a dobozok számát. Ekkor az utolsó dobozban a pirosak
száma 2 + (n − 1)5 = 597, melyből n = 120. Jelölje Bi azt az eseményt, hogy egy
olyan dobozt választottunk, melyben a pirosak száma 2 + (i − 1)5, A pedig azt, hogy
a kiválasztott dobozból pirosat húzunk. Ekkor


P(A) =
120∑
i=1


P(A | Bi) P(Bi) =
120∑
i=1


2 + (i − 1)5
600 · 1


120 =


= 1
600 · 120


120∑
i=1


(
2 + (i − 1)5


)
= 1


600 · 120 · 2 + 597
2 · 120 = 599


1200 .


4.12. megoldás. a) Jelölje A azt az eseményt, hogy a kiválasztott érmével tízből
hétszer dobunk fejet, B1, hogy az I. érmét választottuk, B2 pedig, hogy a II. érmét
választottuk. Ekkor


P(A) = P(A | B1) P(B1) + P(A | B2) P(B2) =
(


10
7


)
0,47 · 0,63 · 1


2 +
(


10
7


)
0,77 · 0,33 · 1


2 .


b) Jelölje A1 azt az eseményt, hogy a kiválasztott érmével elsőre fejet dobunk, A2, hogy
a kiválasztott érmével másodikra fejet dobunk, B1, hogy az I. érmét választottuk, B2
pedig, hogy a II. érmét választottuk. Ekkor


P(A1) = P(A1 | B1) P(B1) + P(A1 | B2) P(B2) = 0,4 · 1
2 + 0,7 · 1


2 = 1,1
2 .


Hasonlóan P(A2) = 1,1
2 . Másrészt


P(A1 ∩A2) = P(A1 ∩A2 | B1) P(B1)+P(A1 ∩A2 | B2) P(B2) = 0,42 · 1
2 +0,72 · 1


2 = 0,65
2 .


Így P(A1 ∩A2) ̸= P(A1) P(A2) miatt a dobások eredményei nem függetlenek egymástól.


4.13. megoldás. Az I. jelű dobozban legyen 7 piros fejű és 4 fekete fejű gyufaszál, a
másikat II. módon jelöljük, továbbá:
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A1 : elsőre az I. dobozt választjuk;
A2 : elsőre a II. dobozt választjuk;
B1 : első húzás piros fejű;
B2 : első húzás fekete fejű;
C1 : másodikra az I. dobozt választjuk;
C2 : másodikra a II. dobozt választjuk;
D : második húzás piros fejű;
Tetszőleges i, j, k ∈ {1, 2} esetén az Ai ∩ Bj és Ck függetlensége, továbbá a szorzattétel
alapján


P(Ai ∩ Bj ∩ Ck) = P(Ai ∩ Bj) P(Ck) = P(Bj | Ai) P(Ai) P(Ck) = 1
4 P(Bj | Ai).


Az Ai ∩ Bj ∩ Ck (i, j, k ∈ {1, 2}) teljes eseményrendszer, így a teljes valószínűség tétele
alapján


P(D) =
2∑


i,j,k=1


P(D | Ai ∩ Bj ∩ Ck) P(Ai ∩ Bj ∩ Ck) =


= 1
4


2∑
i,j,k=1


P(D | Ai ∩ Bj ∩ Ck) P(Bj | Ai).


Ebből már könnyen számolható az eredmény, hiszen például


P(B1 | A1) = 7
11 és P(D | A1 ∩ B1 ∩ C1) = 6


10 .


4.14. megoldás. Vezessük be a következő jelöléseket:
Ep : első húzás piros
Ef : első húzás fekete
Mp : második húzás piros
Mf : második húzás fekete
A : harmadik húzás fekete
B1 := Ep ∩ Mp


B2 := Ep ∩ Mf


B3 := Ef ∩ Mp


B4 := Ef ∩ Mf


Ekkor a szorzattétel miatt


P(B1) = P(Ep ∩ Mp) = P(Ep) P(Mp | Ep) = 3
6 · 3


6 ,


P(B2) = P(Ep ∩ Mf ) = P(Ep) P(Mf | Ep) = 3
6 · 3


6 ,


P(B3) = P(Ef ∩ Mp) = P(Ef ) P(Mp | Ef ) = 3
6 · 3


5 ,


P(B4) = P(Ef ∩ Mf ) = P(Ef ) P(Mf | Ef ) = 3
6 · 2


5 ,


másrészt


P(A | B1) = 3
6 , P(A | B2) = 2


5 , P(A | B3) = 2
5 , P(A | B4) = 1


4 .
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Így a teljes valószínűség tétele alapján


P(A) =
4∑


i=1


P(A | Bi) P(Bi) = 0,395.


4.15. megoldás. Vezessük be a következő jelöléseket:
A : a kiválasztott korongot nem éri találat
B1 : a korongok a céllövő különböző oldalain haladnak el
B2 := B1
Ekkor a teljes valószínűség tétele miatt


P(A) = P(A | B1) P(B1) + P(A | B2) P(B2) = 1
2 P(B1) + 0 P(B2) = 1


2 P(B1).


Az automata 30 csúcsból választja ki a két célpontot, ami
(30


2


)
módon lehetséges. A


B1 akkor következik be, ha az automatát tartalmazó csúcsból kiinduló átmérő egyik
oldalán elhelyezkedő 15 csúcsból választja ki az egyik célpontot, míg az átmérő másik
oldalán elhelyezkedő 15 csúcsból választja ki a másik célpontot. Ezt 152 módon lehet
megtenni. Így


P(A) = 1
2 · 152(30


2


) = 0,2586.


4.16. megoldás. Ha nem változtat, akkor el kell találni egy nyerő ajtót a nyeréshez,
melynek esélye:


n


n + m
.


Most tekintsük azt az esetet, amikor változtat a játékos. Vezessük be a következő
jelöléseket:
A : a játékos nyer,
B : elsőre nyerő ajtót választ,
B : elsőre nem nyerő ajtót választ.
Ekkor a teljes valószínűség tétele szerint:


P(A) = P(A | B)︸ ︷︷ ︸
n−1


n+m−(k+1)


P(B)︸ ︷︷ ︸
n


n+m


+ P(A | B)︸ ︷︷ ︸
n


n+m−(k+1)


P( B )︸ ︷︷ ︸
m


n+m


= n


n + m
· n + m − 1


n + m − k − 1︸ ︷︷ ︸
S>1


>
n


n + m
.


Tehát nagyobb eséllyel nyer a játékos, ha változtat a döntésén. Speciálisan, ha n = 1
és k = m − 1, akkor S = 1+m−1


1+m−m
= m, azaz az eredeti valószínűség m-szeresével nyer,


ha változtat. Másrészt, ha k rögzített, akkor n + m növelésével S közelít 1-hez, vagyis
a változtatással egyre kisebb mértékben nő a valószínűség a változtatással.


5. Bayes-tétel
5.1. megoldás. Jelölje Bi, hogy a kiválasztott terméket az i-edik gép gyártotta és A
azt, hogy a kiválasztott termék selejtes. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2) + P(A | B3) P(B3)


=
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= 0,05 · 0,25
0,05 · 0,25 + 0,04 · 0,35 + 0,02 · 0,4 .


5.2. megoldás. Jelölje B1 azt, hogy pontot adtak le, B2 azt, hogy vonalat adtak le,
és A azt, hogy pontot vettünk. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2)


=
3
5 · 5


8
3
5 · 5


8 + 1
3 · 3


8
.


5.3. megoldás. Jelölje B1 azt, hogy a kiválasztott termék valójában első osztályú,
B2 azt, hogy valójában nem első osztályú, és A azt, hogy a kiválasztott termék első
osztályú minősítést kapott. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2)


= 0,98 · 0,75
0,98 · 0,75 + 0,05 · 0,25


és


P(B2 | A) = P(A | B2) P(B2)
P(A | B1) P(B1) + P(A | B2) P(B2)


= 0,95 · 0,25
0,02 · 0,75 + 0,95 · 0,25 .


5.4. megoldás. Jelölje B1 azt az eseményt, hogy a vándor Igazfalvában van, B2, hogy
Hazugfalvában van és A azt, hogy a lakos azt mondja, hogy Igazfalvában vannak. Ekkor


P(B2 | A) = P(A | B2) P(B2)
P(A | B1) P(B1) + P(A | B2) P(B2)


=
0,9 · 1


2
0,8 · 1


2 + 0,9 · 1
2


= 9
17 .


5.5. megoldás. Jelölje A azt az eseményt, hogy a harmadik húzás piros, B1, hogy az
első két húzás 2 darab fehér, B2, hogy az első két húzás 2 darab piros, végül B3, hogy
az első két húzás egyike fehér a másik pedig piros. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2) + P(A | B3) P(B3)


=


=
2
5 · (5


2)
(7


2)
2
5 · (5


2)
(7


2)
+ 0


5 · (2
2)


(7
2)


+ 1
5 · (5


1)(2
1)


(7
2)


= 2
3 .


5.6. megoldás. Legyen A az az esemény, hogy a kiválasztott érmével 30 dobásból
25-ször fejet dobtunk, B1 jelölje, hogy a cinkelt érmét választottuk, és B2, hogy az
igazságosat választottuk. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2)


=


=
(30


25


)
· 0,7525 · 0,255 · 0,5(30


25


)
· 0,7525 · 0,255 · 0,5 +


(30
25


)
· 0,525 · 0,55 · 0,5


≈ 0,9987.


5.7. megoldás. Jelölje A azt az eseményt, hogy a kiválasztott érmével fejet dobunk,
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B1, hogy az I. érmét választottuk, B2 pedig, hogy a II. érmét választottuk. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2)


=
0,4 · 1


2
0,4 · 1


2 + 0,7 · 1
2


= 4
11 .


5.8. megoldás. Jelölje A azt az eseményt, hogy mindhárom húzás fehér, Bi pedig
azt, hogy egy olyan dobozt választottunk, amelyben pontosan i darab fehér golyó van.
Ekkor


P(B2 | A) = P(A | B2) P(B2)
6∑


i=1
P(A | Bi) P(Bi)


=
(2


6


)3 1
6


6∑
i=1


(
i
6


)3 1
6


= 8
441 .


5.9. megoldás. Jelölje A azt az eseményt, hogy a hallgató helyesen válaszol az adott
kérdésre, B1, hogy a hallgató tudja a helyes választ, B2 pedig azt, hogy nem. Ekkor


P(B1 | A) = P(A | B1) P(B1)
P(A | B1) P(B1) + P(A | B2) P(B2)


= 1 · 0,8
1 · 0,8 + 1


3 · 0,2
= 12


13 .


5.10. megoldás. Jelölje A1 azt az eseményt, hogy a vizsgált személy az első teszt
szerint fertőzött, A2, hogy mindkét teszt szerint fertőzött, B1, hogy a vizsgált személy
egészséges, B2 pedig azt, hogy fertőzött. Ekkor


P(B1 | A1) = P(A1 | B1) P(B1)
P(A1 | B1) P(B1) + P(A1 | B2) P(B2)


= 0,01 · 0,995
0,01 · 0,995 + 0,99 · 0,005 ,


ami kb. 0,6678, ami azt jelenti, hogy ha az első teszt valakit fertőzöttnek talál, akkor
nagyobb az esélye annak, hogy valójában egészséges. Másrészt


P(B1 | A2) = P(A2 | B1) P(B1)
P(A2 | B1) P(B1) + P(A2 | B2) P(B2)


= 0,012 · 0,995
0,012 · 0,995 + 0,992 · 0,005 ,


ami kb. 0,0199. Tehát azon személyeknek, akiknél mindkét teszt pozitív volt, már csak
kb. 2 %-a egészséges. Három teszt esetén ugyanez az arány csak 0,2 ‰.


5.11. megoldás. A megoldás lényeges eleme, hogy amennyiben a kérdező rabot mentik
fel, akkor a másik két rab közül az őr bárkit megnevezhet. Tegyük fel, hogy ebben az
esetben az őr sorshúzással dönti el, kit nevezzen meg.


Jelölje B1 azt az eseményt, hogy az őr a másik két rab közül az elsőt nevezi meg,
B2, hogy a második rabot nevezi meg, A1, hogy a másik két rab közül az első kap
kegyelmet, A2, hogy a másik két rab közül a második kap kegyelmet, végül A3, hogy a
kérdező rab kap kegyelmet. Ekkor az őr szerint


P(A3 | B1) = P(A3 | B2) = 1
3 ,


míg a rab szerint
P(A3 | B1) = P(A3 | B2) = 1


2 .


Az igazság a Bayes-tétel értelmében


P(A3 | B1) = P(B1 | A3) P(A3)
P(B1 | A1) P(A1) + P(B1 | A2) P(A2) + P(B1 | A3) P(A3)


=
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=
1
2 · 1


3
0 · 1


3 + 1 · 1
3 + 1


2 · 1
3


= 1
3


és


P(A3 | B2) = P(B2 | A3) P(A3)
P(B2 | A1) P(A1) + P(B2 | A2) P(A2) + P(B2 | A3) P(A3)


=


=
1
2 · 1


3
1 · 1


3 + 0 · 1
3 + 1


2 · 1
3


= 1
3 .


Amint látható, feltettük, hogy P(B1 | A3) = 1
2 és P(B2 | A3) = 1


2 , azaz, ha a másik
két rab közül bárkit megnevezhet az őr, akkor azt egyenlő eséllyel teszi. Ilyen feltétellel
tehát az őrnek van igaza. Általánosítva, P(B1 | A3) = x és P(B2 | A3) = 1 − x
jelölésekkel azt kapjuk, hogy


P(A3 | B1) = x


1 + x
és P(A3 | B2) = 1 − x


2 − x
.


5.12. megoldás. Az A1 cellába írja a következőt:


=INT(3*VÉL()+1)


A kapott érték jelenti annak a rabnak a sorszámát, aki kegyelmet kap. Tegyük fel, hogy
a 3. rab kérdezte az őrt. A B1 cellába írja a következőt:


=HA(A1=1;2;HA(A1=2;1;HA(INT(2*VÉL()+1)=1;1;2)))


A kapott érték jelenti annak a rabnak a sorszámát, akit az őr megnevez. A C1 cellába
írja a következőt:


=HA(B1=1;1;0)


A kapott érték aszerint 1 vagy 0, hogy az első rabot nevezte-e meg az őr vagy sem. A
D1 cellába írja a következőt:


=HA(A1=3;1;0)


A kapott érték aszerint 1 vagy 0, hogy a 3. rab kap-e kegyelmet vagy sem. Az E1 cellába
írja a következőt:


=C1*D1


A kapott érték aszerint 1 vagy 0, hogy a B1 feltétel mellett teljesül-e az A3 esemény
vagy sem. Jelölje ki az A1:E1 cellatartományt, majd a kitöltő jelet húzza le addig a
sorig, ahány szimulációt akar csinálni. Végül az F1 cellába írja a következőt:


=SZUM(E:E)/SZUM(C:C)


A kapott érték az A3 esemény B1 feltétel melletti relatív gyakorisága.
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6. Geometriai valószínűségi mező
6.1. megoldás. Ha az i. koncentrikus kör sugarát ri jelöli, akkor r2


i π − r2
i−1π = π


10 ,
azaz r2


i − r2
i−1 = 0,1, ahol i = 1, 2, . . . , 9 és r0 = 0. Ebből kapjuk, hogy ri =


√
0,1i, ahol


i = 1, 2, . . . , 9.


6.2. megoldás. Az AC átlóra mérjünk fel egységnyi távolságot az A ponttól. A kapott
pontot jelöljük T -vel. A T pontban állítsunk merőlegest az AC átlóra, amely a DC
oldalt az L pontban, a CB oldalt pedig K pontban metszi. Ekkor a keresett valószínűség
az ABKLD ötszög területe, ami TC =


√
2 − 1 miatt 1 − (


√
2 − 1)2 = 2


√
2 − 2.


A B


CD L


K


T


Q


R


6.3. megoldás. Legyen a szakasz a [0, 1] intervallum, a kiválasztott két pont pedig x
és y. Ekkor x, y ∈ [0, 1] miatt Ω = [0, 1] × [0, 1]. A keresett halmaz


A = {(x, y) ∈ Ω : |x − y| < h}


a következő ábrán látható:


x


y


h 1


h


1


A


Így P(A) = 1 − (1 − h)2 = 2h − h2.


6.4. megoldás. Vegyük észre, hogy ez a 6.3. feladat speciális esete h = 1
6 választással.


Így a valószínűség 11
36 .


6.5. megoldás. Ez a 6.3. feladatban megfogalmazott esemény ellentettje h = 1
3 vá-


lasztással. Így a valószínűség
(
1 − 1


3


)2 = 4
9 .


6.6. megoldás. p, q ∈ [0, 1] miatt Ω = [0, 1] × [0, 1], továbbá a keresett halmaz


A = {(p, q) ∈ Ω : q ≤ 0,25p2}


a következő ábrán látható:
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p


q


1


1


A


Így P(A) =
1∫
0


0,25p2 dp = 1
12 .


6.7. megoldás. Legyen a kiválasztott két szám x és y. Ekkor x, y ∈ [0, 1] miatt Ω =
= [0, 1] × [0, 1]. A keresett halmaz


A = {(x, y) ∈ Ω : x2 + y2 > 1}


a következő ábrán látható:


x


y


1


1
A


Így P(A) = 1 − π
4 .


6.8. megoldás. Legyen a kiválasztott két szám x és y. Ekkor x, y ∈ [0, 1] miatt Ω =
= [0, 1] × [0, 1]. A keresett halmaz


A =
{


(x, y) ∈ Ω : x2 + y2 <
4
3


}
a következő ábrán látható:


x


y


1√
3


1


1


A


30◦


30◦
30◦
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Így P(A) =
4
3 π


12 +
1√
3 ·1
2 · 2 = π+3


√
3


9 .


6.9. megoldás. Legyen a kiválasztott két szám x és y. Ekkor x, y ∈ [0, 2] miatt Ω =
= [0, 2] × [0, 2]. A keresett halmaz


A =
{


(x, y) ∈ Ω : (x − 1)2 + (y − 1)2 > 0,5
}


.


Mivel az (x − 1)2 + (y − 1)2 = 0,5 egyenletű alakzat az (1, 1) origójú
√


0,5 sugarú kör,
ami teljes egészében benne van Ω-ban, ezért


P(A) = 22 − 0,5π


22 = 1 − π


8 .


6.10. megoldás. A pálca legyen egységnyi hosszúságú, és a két töréspont távolsága
az egyik végponttól legyen x illetve y. Ekkor x, y ∈ [0, 1] miatt Ω = [0, 1] × [0, 1].
Ha x ≤ y, akkor a három pálca hossza x, y − x és 1 − y. Ezek közül bármely kettő
összegének nagyobbnak kell lennie, mint a harmadik. Ezért az y > 0,5, y < x + 0,5
és x < 0,5 egyenlőtlenségeknek egyszerre kell teljesülni. Ha y < x, teljesül, akkor az
x > 0,5, x < y + 0,5 és y < 0,5 egyenlőtlenségeknek kell egyszerre teljesülni. Tehát a
keresett A halmaz


x


y


0,5 1


0,5


1


A


Így P(A) = 1
4 .


6.11. megoldás. A pálca legyen egységnyi hosszúságú. Az első törés után a hosszabb
pálca hosszát jelöljük x-szel, a második törés után keletkező hosszabb pálca hosszát
pedig xy-nal. Ekkor x, y ∈ [0,5; 1] miatt Ω = [0,5; 1] × [0,5; 1]. A három pálca hossza
1 − x, x(1 − y) és xy. Ezekből háromszög pontosan akkor rakható ki, ha


1 − x + x(1 − y) > xy,


hiszen a másik két egyenlőtlenség mindig teljesül az adott jelölésekkel. Tehát a keresett
halmaz


A =
{


(x, y) ∈ Ω : y <
1
2x


}
a következő ábrán látható:
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x


y


0,5 1


0,5


1


A


Így


P(A) = 4


 1∫
0,5


1
2x


dx − 1
4


 = 2 ln 2 − 1.


6.12. megoldás. Ekkor x ∈ [0, 1] és y ∈ [0, 2] miatt Ω = [0, 1] × [0, 2]. A következő
három egyenlőtlenségnek kell teljesülni : x + y > 1, x + 1 > y és y + 1 > x. A harmadik
a feltételekkel mindig teljesül egy 0 területű helyet kivéve, így csak az első kettőt kell
vizsgálni. Felrajzolva kapjuk, hogy az A := {(x, y) ∈ Ω : x+y > 1, x+1 > y} területe 1.
Mivel Ω területe 2, ezért a valószínűség 0,5.


6.13. megoldás. Az ABCD egység oldalú négyzeten az AB és DC oldalakon válasszuk
ki a két pontot. Az AB oldalon lévő pontnak az A ponttól mért távolsága legyen x.
A DC oldalon lévő pontnak a D ponttól mért távolsága legyen y. Ekkor x, y ∈ [0, 1]
miatt Ω = [0, 1] × [0, 1]. A keresett halmaz


A = {(x, y) ∈ Ω : (x − y)2 + 1 < 1,32}


a következő ábrán látható:


x


y


√
0,69 1


√
0,69


1


A


Így P(A) = 1 − (1 −
√


0,69)2 ≈ 0,9713.


6.14. megoldás. Jelölje x a tű és az egyenesek által bezárt szöget, y pedig a tű
középpontjának és a hozzá legközelebb eső egyenesnek a távolságát. Ekkor 0 ≤ x ≤
≤ 0,5π és 0 ≤ y ≤ 0,5 miatt Ω = [0; 0,5π] × [0; 0,5]. A keresett halmaz


A = {(x, y) ∈ Ω : y ≤ 0,5h sin x}.


Ha 0 < h ≤ 1, akkor
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x


y


0,5π


0,5h


0,5


A


Így


P(A) = 1
π
4


0,5π∫
0


0,5h sin x dx = 2h


π
.


Ha h > 1, akkor


x


y


0,5πarcsin 1
h


0,5


A


Így ekkor


P(A) = 1
π
4


arcsin 1
h∫


0


0,5h sin x dx + 0,5
(


0,5π − arcsin 1
h


) =


= 2
π


(
h − h cos arcsin 1


h
+ 0,5π − arcsin 1


h


)
.


7. Eloszlás, eloszlásfüggvény, sűrűségfüggvény


7.1. megoldás. P(ξ = k) = (5
k)( 85


5−k)
(90


5 ) (k = 0, 1, 2, 3, 4, 5), ahol ξ a találatok számát
jelöli. A kapott eloszlást hipergeometrikus eloszlásnak nevezzük.


7.2. megoldás. Jelölje xy azt, hogy az első kockán x, a második kockán pedig y az
eredmény, továbbá ξ := x + y. Ekkor az Ω elemei


11 12 13 14 15 16
21 22 23 24 25 26
31 32 33 34 35 36
41 42 43 44 45 46
51 52 53 54 55 56
61 62 63 64 65 66


Vegyük észre, hogy a ξ különböző értékeire a hozzá tartozó elemek átlósan helyezkednek
el az előbbi elrendezésben. Például ξ = 4 a 31, 22 és 13 esetekben teljesül. Így


P(ξ = 2) = P(ξ = 12) = 1
36 ,
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P(ξ = 3) = P(ξ = 11) = 2
36 ,


P(ξ = 4) = P(ξ = 10) = 3
36 ,


P(ξ = 5) = P(ξ = 9) = 4
36 ,


P(ξ = 6) = P(ξ = 8) = 5
36 ,


P(ξ = 7) = 6
36 .


7.3. megoldás. P(ξ = 0) = 6
36 , P(ξ = 1) = 10


36 , P(ξ = 2) = 8
36 , P(ξ = 3) = 6


36 ,
P(ξ = 4) = 4


36 , P(ξ = 5) = 2
36 .


7.4. megoldás. P(ξ = k) =
(5


6


)k−1 · 1
6 (k = 1, 2, . . . ), ahol ξ a dobások száma. A


kapott eloszlást geometriai eloszlásnak nevezzük.


7.5. megoldás. P(ξ = 0) = (6
3)


(15
3 ) = 20


455 , P(ξ = 1) = 9·(6
2)


(15
3 ) = 135


455 , P(ξ = 2) = (9
2)·6


(15
3 ) = 216


455 ,


P(ξ = 3) = (9
3)


(15
3 ) = 84


455 .


7.6. megoldás. P(ξ = k) =
(10


k


)
pk(1−p)10−k (k = 0, 1, . . . ,10), ahol ξ a dobások száma


és p = (5
2)(85


3 )
(90


5 ) a kettes találat valószínűsége. A kapott eloszlást binomiális eloszlásnak
nevezik.


7.7. megoldás. P(ξ = k) =
(


k−1
2


)(5
6


)k−3(1
6


)2 1
6 (k = 3, 4, . . . ), ahol ξ a dobások száma.


7.8. megoldás. Az arányossági tényező legyen λ, azaz P(ξ = k) = λ
k! . Ekkor


∞∑
k=0


P(ξ = k) =
∞∑


k=0


λ


k! = λe = 1,


melyből λ = e−1.


7.9. megoldás. Fξ(5,2) = P(ξ < 5,2) = P(ξ = 5) = 6
63 = 1


36 , ahol ξ a dobott számok
összege.


7.10. megoldás. Az F értelmezési tartománya R, másrészt x−1
x+1 = 1 − 2


x+1 miatt az
F monoton növekvő és ∞-ben 1 a határértéke. Mivel F (x) = 0, ha x < 1, ezért F -nek
−∞-ben 0 a határértéke. Könnyen látható, hogy F minden pontban folytonos. Tehát
ez eloszlásfüggvény.


7.11. megoldás. Mivel F minden pontban folytonos és csak az x = 1 pontban nem
differenciálható, ezért ξ abszolút folytonos, továbbá


fξ : R → R, fξ(x) =
{


0′ = 0, ha x < 1,(
x−1
x+1


)′ = x+1−(x−1)
(x+1)2 = 2


(x+1)2 , ha x ≥ 1.


7.12. megoldás. Egyik sem eloszlásfüggvény.
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7.13. megoldás. Az F monoton növekvő, −∞-ben 0, ∞-ben 1 a határértéke, folyto-
nos és x = π


2 pontot kivéve mindenütt differenciálható. Így ez egy abszolút folytonos ξ
valószínűségi változó eloszlásfüggvénye, továbbá F deriválásával kapjuk a sűrűségfügg-
vényét:


fξ : R → R, fξ(x) =
{


sin x, ha 0 ≤ x < π
2 ,


0, egyébként.


7.14. megoldás. A 6.3. feladat szerint, ha ξ a várakozási idő, akkor


Fξ : R → R, Fξ(x) =



0, ha x < 0,


2x − x2, ha 0 ≤ x ≤ 1,


1, ha x > 1.


Mivel ez folytonos és csak az x = 1 pontban nem differenciálható, ezért ξ abszolút
folytonos, továbbá Fξ deriválásával kapjuk, hogy


fξ : R → R, fξ(x) =
{


2 − 2x, ha 0 ≤ x ≤ 1,


0, egyébként.


7.15. megoldás. Fξ(x) = P(ξ < x) = x−a
b−a


, ha x ∈ [a, b], Fξ(x) = 0, ha x < a és
Fξ(x) = 1, ha x > b. A kapott eloszlást az [a, b] intervallumon egyenletes eloszlásnak
nevezik. Az eloszlásfüggvény folytonos és két pont kivételével mindenhol differenciál-
ható, így ξ abszolút folytonos, továbbá a differenciálható pontokban a sűrűségfüggvény
az eloszlásfüggvény deriváltja. Így fξ(x) = 1


b−a
, ha x ∈ [a, b] és fξ(x) = 0, ha x ̸∈ [a, b].


7.16. megoldás. Fξ(x) = P(ξ < x) = x2π
π


= x2, ha x ∈ [0, 1], Fξ(x) = 0, ha x < 0 és
Fξ(x) = 1, ha x > 1. Könnyen látható, hogy ξ abszolút folytonos, továbbá fξ(x) = 2x,
ha x ∈ [0, 1] és fξ(x) = 0, ha x ̸∈ [0, 1].


7.17. megoldás. Fξ2(x) = P(ξ2 < x) = P(−
√


x < ξ <
√


x) = Fξ(
√


x) − Fξ(−
√


x) =
= Fξ(


√
x) = x, ha x ∈ [0, 1], Fξ(x) = 0, ha x < 0 és Fξ(x) = 1, ha x > 1. Azaz ξ2 a


[0, 1] intervallumon egyenletes eloszlású. Így a sűrűségfüggvény fξ2(x) = 1, ha x ∈ [0, 1]
és fξ2(x) = 0, ha x ̸∈ [0, 1].


7.18. megoldás. Korábban láttuk, hogy ξ a [−1, 1] intervallumon egyenletes eloszlású,
azaz Fξ(x) = x+1


2 , ha x ∈ [−1, 1], Fξ(x) = 0, ha x < −1 és Fξ(x) = 1, ha x > 1. Ezért
F|ξ|(x) = P(|ξ| < x) = P(−x < ξ < x) = Fξ(x) − Fξ(−x) = x+1


2 − −x+1
2 = x, ha


x ∈ [0, 1], F|ξ|(x) = 0, ha x < 0 és F|ξ|(x) = 1, ha x > 1, azaz |ξ| a [0, 1] intervallumon
egyenletes eloszlású. Ebből f|ξ|(x) = 1, ha x ∈ [0, 1] és f|ξ|(x) = 0, ha x ̸∈ [0, 1].


7.19. megoldás. Fξ(x) = P(tg α < x) = P(α < arctg x) = arctg x−0
π
2 −0 = 2


π
arctg x, ha


x ≥ 0 és Fξ(x) = 0, ha x < 0. Így fξ(x) = 2
π(1+x2) , ha x ≥ 0 és fξ(x) = 0, ha x < 0.


7.20. megoldás. Fξ(x) = P(tg α < x) = P(α < arctg x) = arctg x+ π
2


π
2 + π


2
= 1


π
arctg x + 1


2 .
Így fξ(x) = 1


π(1+x2) . A kapott eloszlást standard Cauchy-eloszlásnak nevezzük.


7.21. megoldás. Fη(x) = P
(
− ln ξ


λ
< x


)
= P


(
ξ > e−λx


)
= 1 − Fξ


(
e−λx


)
= 1 − e−λx,


ha x ≥ 0, hiszen 0 < e−λx ≤ 1 minden x ≥ 0 esetén. Másrészt Fη(x) = 0, ha x < 0.
Így fη(x) = λe−λx, ha x ≥ 0 és fη(x) = 0, ha x < 0. A kapott eloszlást λ paraméterű
exponenciális eloszlásnak nevezzük.
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7.22. megoldás. f nemnegatív, továbbá


∞∫
−∞


f(x) dx =
1∫
0


(
x + 1


2


)
dx =


[
x2


2 + x


2


]1


0
= 12


2 + 1
2 = 1,


tehát f sűrűségfüggvény. Így


F (x) =
x∫


−∞


f(t) dt =
x∫
0


(
t + 1


2


)
dt =


[
t2


2 + t


2


]x


0
= x2 + x


2 ,


ha 0 ≤ x < 1, illetve


F (x) =
x∫


−∞


f(t) dt =
x∫


−∞


0 dt = 0,


ha x < 0 és


F (x) =
x∫


−∞


f(t) dt =
1∫


−∞


f(t) dt +
x∫
1


f(t) dt =


=
1∫
0


(
t + 1


2


)
dt +


x∫
1


0 dt =
[


t2


2 + t


2


]1


0
+ 0 = 1,


ha x ≥ 1.


7.23. megoldás. Az f(x) ≥ 0 minden x ∈ R esetén, és
∞∫


−∞
f(x) dx =


π∫
0


1
2 sin x dx = 1,


vagyis ez sűrűségfüggvénye valamely ξ valószínűségi változónak. Ekkor


P
(π


3 ≤ ξ ≤ π


2


)
=


π
2∫


π
3


1
2 sin x dx = 1


2


(
cos π


3 − cos π


2


)
= 1


4 .


Másrészt Fξ(x) =
x∫
0


1
2 sin t dt = 1


2 [− cos t]x0 = 1
2(1 − cos x), ha 0 < x < π, Fξ(x) = 0, ha


x ≤ 0 és Fξ(x) = 1, ha x ≥ π.


7.24. megoldás.
∞∫


−∞


a
x2+4 dx = a


2


∞∫
−∞


1/2
(x/2)2+1 dx = a


2 lim
t→∞


[arctg(x/2)]t−t = a
2π = 1,


melyből a = 2
π
. Ekkor Fξ(x) =


x∫
−∞


2/π
t2+4 dt = 1


π


x∫
−∞


1/2
(t/2)2+1 dt = 1


π
lim


h→−∞
[arctg(t/2)]xh =


= 1
π


arctg x
2 + 1


2 . Ebből P(0 ≤ ξ ≤ 2) = Fξ(2) − Fξ(0) = 1
4 .


7.25. megoldás. f nemnegatív és az integrálja egy olyan háromszög területe, melynek
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alapja 2 egység, magassága pedig 1 egység hosszú. Így f sűrűségfüggvény, másrészt


Fξ : R → R, Fξ(x) =



0, ha x ≤ 0,
1
2x2, ha 0 < x ≤ 1,


1 − 1
2(2 − x)2, ha 1 < x ≤ 2,


1, ha x > 2.


P(0,5 ≤ ξ < 1,5) = Fξ(1,5) − Fξ(0,5) = 6
8 = 0,75.


8. Várható érték és szórásnégyzet


8.1. megoldás. Jelölje ξ a nyereményünk értékét euróban. Ekkor


E ξ = 1000 · 18
37 + (−1000) · 19


37 = −1000
37


E ξ2 = 10002 · 18
37 + (−1000)2 · 19


37 = 10002


D2 ξ = 10002 − 10002


372 = 1368
1369 · 106.


8.2. megoldás. Jelölje ξ a dobott számot. Ekkor


E ξ = 1 · 1
6 + 2 · 1


6 + 3 · 1
6 + 4 · 1


6 + 5 · 1
6 + 6 · 1


6 = 7
2


E ξ2 = 12 · 1
6 + 22 · 1


6 + 32 · 1
6 + 42 · 1


6 + 52 · 1
6 + 62 · 1


6 = 91
6


D2 ξ = 91
6 − 49


4 = 35
12 .


8.3. megoldás. Jelölje ξ az összeget. A 7.2. feladat megoldása alapján


E ξ = (2 + 12) 1
36 + (3 + 11) 2


36 + (4 + 10) 3
36 + (5 + 9) 4


36 + (6 + 8) 5
36 + 7 · 6


36 = 7


és


E ξ2 = (22+122) 1
36+(32+112) 2


36+(42+102) 3
36+(52+92) 4


36+(62+82) 5
36+72· 6


36 = 1974
36 ,


így
D2 ξ = 1974


36 − 72 = 35
6 .


A 8.2. feladat alapján is megoldható, felhasználva a várható érték és a szórásnégyzet
tulajdonságait. Jelölje ξ1 az első, ξ2 pedig a második kocka eredményét. Ekkor


E ξ = E(ξ1 + ξ2) = E ξ1 + E ξ2 = 7
2 + 7


2 = 7


D2 ξ = D2(ξ1 + ξ2) = D2 ξ1 + D2 ξ2 = 35
12 + 35


12 = 35
6 .
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8.4. megoldás. A megoldásban felhasználjuk, hogy −1 < x < 1 esetén


∞∑
k=1


kxk−1 =
∞∑


k=1


(xk)′ =
(


∞∑
k=1


xk


)′


=
(


x


1 − x


)′


= 1
(1 − x)2


és
∞∑


k=1


k2xk−1 =
∞∑


k=1


(kxk)′ =
(


∞∑
k=1


kxk


)′


=
(


x
∞∑


k=1


kxk−1


)′


=
(


x


(1 − x)2


)′


= 1 + x


(1 − x)3 .


Jelölje ξ a dobások számát. Így a 7.4. feladat alapján


E ξ =
∞∑


k=1


k


(
5
6


)k−1


· 1
6 = 1


6


∞∑
k=1


k


(
5
6


)k−1


= 1
6 · 1(


1 − 5
6


)2 = 6


E ξ2 =
∞∑


k=1


k2
(


5
6


)k−1


· 1
6 = 1


6


∞∑
k=1


k2
(


5
6


)k−1


= 1
6 ·


1 + 5
6(


1 − 5
6


)3 = 66


D2 ξ = 66 − 62 = 30.


8.5. megoldás. Jelölje ξ a dobások számát. Mivel az első dobást leszámítva minden
dobásnál 1


6 az esélye, hogy ugyanazt dobjuk, mint előtte, ezért ξ−1 eloszlása megegyezik
az előző feladatban található valószínűségi változó eloszlásával. Így E(ξ − 1) = E ξ −
− 1 = 6, azaz E ξ = 7 és D2(ξ − 1) = D2 ξ = 30.


8.6. megoldás. Ha elsőre írást dobunk, akkor a nyereményünk 10 euró. Ha csak az
n-edik dobás írás (n ≥ 2), akkor a nyereményünk


−10 − 20 − · · · − 2n−2 · 10 + 2n−1 · 10 = 10.


Tehát minden esetben 10 eurót nyerünk, vagyis a nyereményünket jelentő valószínűségi
változó értéke konstans 10. Így a várható érték 10 euró, a szórásnégyzet pedig 0 euró.
Vegyük észre, hogy nem használtuk ki azt, hogy mekkora valószínűséggel nyerünk n-
edik dobásra. Ez azt jelenti, hogy ugyanezt kaptuk volna akkor is, ha például egy
kockával játszunk és akkor nyerünk, ha hatost dobunk.


8.7. megoldás. Ha az első hét dobás mindegyike fej, akkor a veszteség 10 + 20 + 40 +
+ 80 + 160 + 320 + 640 = 1270 euró, azaz a nyolcadik dobásra már nem tud a játékos
újabb dupla tétet feltenni, így abba kell hagynia a játékot. Tehát, az előző feladat
alapján, ha az első hét dobás valamelyike írás, akkor 10 euró a nyeremény, de ha a hét
dobás mindegyike fej, akkor 1270 euró a veszteség. Így


E ξ = 10 · 1
2 + 10 · 1


22 + · · · + 10 · 1
27 + (−1270) 1


27 = 0


D2 ξ = E ξ2 = 102 · 1
2 + 102 · 1


22 + · · · + 102 · 1
27 + (−1270)2 1


27 = 12700.


8.8. megoldás. Jelölje ξ a két pont távolságát. A 6.3. feladat alapján Fξ(x) = 2x−x2,
ha x ∈ [0, 1], Fξ(x) = 0, ha x < 0 és Fξ(x) = 1, ha x > 1. Ebből fξ(x) = 2 − 2x, ha
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x ∈ [0, 1] és fξ(x) = 0, ha x ̸∈ [0, 1]. Így


E ξ =
1∫
0


x(2 − 2x) dx = 2
[


x2


2 − x3


3


]1


0
= 1


3


E ξ2 =
1∫
0


x2(2 − 2x) dx = 2
[


x3


3 − x4


4


]1


0
= 1


6


D2 ξ = 1
6 − 1


9 = 1
18 .


8.9. megoldás. A 7.16. feladat alapján


E ξ =
1∫
0


x · 2x dx =
[


2
3x3
]1


0
= 2


3


E ξ2 =
1∫
0


x2 · 2x dx =
[


1
2x4
]1


0
= 1


2


D2 ξ = 1
2 − 4


9 = 1
18 .


8.10. megoldás. A feladatot parciális integrálással oldjuk meg.


E ξ =
π∫
0


1
2x sin x dx =


[
−1


2x cos x


]π


0
+


π∫
0


1
2 cos x dx =


=
[
−1


2x cos x


]π


0
+
[


1
2 sin x


]π


0
= π


2


E ξ2 =
π∫
0


1
2x2 sin x dx =


[
−1


2x2 cos x


]π


0
+


π∫
0


x cos x dx =


=
[
−1


2x2 cos x


]π


0
+ [x sin x]π0 −


π∫
0


sin x dx =


=
[
−1


2x2 cos x + x sin x + cos x


]π


0
= π2


2 − 2


D2 ξ = π2


2 − 2 − π2


4 = π2


4 − 2.


9. Binomiális és Poisson-eloszlás
9.1. megoldás. Legyen ξ a kisorsolt nullák száma. Ekkor ξ binomiális eloszlású n = 6
renddel és p = 0,1 paraméterrel. Így


P(ξ = 0) =
(


6
0


)
0,10 · 0,96 = 0,96.
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9.2. megoldás. Legyen ξ a fiúk száma egy 6 gyermekes családban. Ekkor ξ binomiális
eloszlású n = 6 renddel és p = 0,516 paraméterrel. Így


P(ξ ≥ 3) =
6∑


k=3


(
6
k


)
0,516k · 0,4846−k.


9.3. megoldás. Legyen ξ a jó válaszok száma. Ekkor ξ binomiális eloszlású n = 10
renddel és p = 0,6 paraméterrel. Így


P(ξ ≥ 8) =
10∑


k=8


(
10
k


)
0,6k · 0,410−k ≈ 0,1673.


9.4. megoldás. Legyen ξ a selejtesek száma n darab termékből. Ekkor ξ n-edrendű p
paraméterű binomiális eloszlású, ahol p annak a valószínűsége, hogy selejtes egy termék.
Így


E ξ = np = 12
D2 ξ = np(1 − p) = 11,88


}
melyből p = 0,01 és n = 1200.


9.5. megoldás. Jelölje ξ 1000 emberből a szemüvegesek számát. Ez binomiális eloszlá-
sú, melynek rendje 1000, a paraméterét jelöljük p-vel. Ekkor D2 ξ = 1000p(1 − p) = 90,
melyből p = 0,9 vagy p = 0,1. Előbbi esetben E ξ = 1000 · 0,9 = 900 > 200, míg
utóbbiban E ξ = 1000 · 0,1 = 100 < 200. Így p = 0,1.


Most jelölje η 15 emberből a szemüvegesek számát. Ez binomiális eloszlású, melynek
rendje 15, paramétere pedig az előbb kiszámolt p = 0,1. Így


P(η ≥ 2) = 1 − P(η = 0) − P(η = 1) = 1 −
(


15
0


)
· 0,10 · 0,915 −


(
15
1


)
· 0,11 · 0,914.


9.6. megoldás. Legyen 6 napból ξ a zavartalan napok száma. Ez n = 6 rendű és
p = 0,75 paraméterű binomiális eloszlású, így P(ξ = 3) =


(6
3


)
0,753 ·0,253 és E ξ = np =


= 6 · 0,75.


9.7. megoldás. Legyen ξ az össznyeremény értéke n játék után és η a nyerések száma
ezekben a játékokban. Ekkor n − η a veszített játékok száma, így ξ = η − (n − η) =
= 2η − n. Másrészt η egy n-edrendű p paraméterű binomiális eloszlású valószínűségi
változó (hiszen a nyerések gyakorisága), így


P(ξ = k) = P(2η − n = k) = P
(


η = n + k


2


)
=
(


n
n+k


2


)
p


n+k
2 (1 − p)n− n+k


2 ,


ahol n+k
2 ∈ {0, 1, . . . , n}, azaz k ∈ {−n, −n + 2, −n + 4, . . . , n}. Ekkor E ξ = E(2η −


− n) = 2 E η − n = 2np − n = n(2p − 1) és D2 ξ = D2(2η − n) = 4 D2 η = 4np(1 − p).


9.8. megoldás. Tegyünk mindkét dobozba még egy-egy szál gyufát, továbbá tegyük
fel, hogy az egyik dobozban csupa piros fejű gyufaszál van, a másikban pedig csupa
fekete fejű. Ezzel a kiegészítéssel a következőképpen fogalmazhatjuk át a feladatot: Mi
a valószínűsége, hogy az első 87 húzásban pontosan 50 piros fejű gyufaszál van és a
88. húzás is piros fejű, vagy az első 87 húzásban pontosan 50 fekete fejű gyufaszál van
és a 88. húzás is fekete fejű?
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Legyen ξ az első 87 húzásban a pirosak száma. Ez binomiális eloszlású n = 87
renddel és p = 0,5 paraméterrel. Így P(ξ = 50) =


(87
50


)
0,550 · 0,537 =


(87
50


)
0,587. Tehát


annak a valószínűsége, hogy az első 87 húzásban pontosan 50 piros fejű gyufaszál van
és a 88. húzás is piros fejű (


87
50


)
0,587 · 0,5.


Így a megoldás (
87
50


)
0,587 · 0,5 · 2 =


(
87
50


)
0,587 ≈ 0,0325.


9.9. megoldás. Legyen ξ a találatok száma 2000 lövésből. Ekkor ξ binomiális eloszlású
n = 2000 renddel és p = 0,001 paraméterrel. Így


P(ξ ≥ 2) = 1−P(ξ < 2) = 1−P(ξ ≤ 1) = 1−
1∑


k=0


(
2000


k


)
0,001k ·0,9992000−k ≈ 0,5941.


Mivel n nagy és p kicsi, ezért alkalmazhatjuk a Poisson-közelítést λ = np = 2 paramé-
terrel :


P(ξ ≥ 2) = 1 − P(ξ ≤ 1) = 1 −
1∑


k=0


2k


k! e−2 ≈ 0,5939.


9.10. megoldás. Legyen ξ a betegek száma egy adott napon és x az ágyak száma a
betegszobában. Ekkor ξ binomiális eloszlású n = 1200 renddel és p = 0,002 paramé-
terrel. Mivel n nagy és p kicsi, ezért alkalmazhatjuk a Poisson-közelítést λ = np = 2,4
paraméterrel :


0,99 ≤ P(ξ ≤ x) =
x∑


k=0


2,4k


k! e−2,4.


Ebből x ≥ 7.
9.11. megoldás. Legyen ξ az egy nap alatt feladott címezetlen levelek száma. Ekkor
ξ Poisson-eloszlású E ξ = λ = 1017


365 paraméterrel. Így


P(ξ > 2) = 1 − P(ξ ≤ 2) = 1 −
2∑


k=0


λk


k! e−λ = 1 − e−λ(1 + λ + 0,5λ2) ≈ 0,5273.


9.12. megoldás. Legyen ξ az észlelt csillaghullások száma negyed óra alatt. Ekkor ξ
Poisson-eloszlású E ξ = λ = 15


10 = 1,5 paraméterrel. Így


P(ξ = 2) = 1,52


2! e−1,5 ≈ 0,2510.


9.13. megoldás. Legyen ξ a sajtóhibák száma a kiválasztott 10 oldalon. Ekkor ξ
Poisson-eloszlású E ξ = λ = 200


500 · 10 = 4 paraméterrel. Így


P(ξ = 0) = 40


0! e−4 ≈ 0,0183.


9.14. megoldás. Egy szeletben a mazsolaszemek száma (jelöljük ξ-vel) Poisson-elosz-
lásúnak tekinthető. Egy szeletben az átlagos számuk 8, tehát λ = 8. Így P(ξ = 0) =
= 80


0! e
−8 = e−8.
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9.15. megoldás. Jelölje ξ egy 15 méteres darabon a szálhibák számát, mely Poisson-
eloszlású és E ξ = D2 ξ = 42 = 16.


Legyen η egy 1 méteres darabon a szálhibák száma. Ez Poisson-eloszlású λ = E η =
= E ξ/15 = 16/15 paraméterrel. Így P(η = 3) = (16/15)3


3! e−16/15.


9.16. megoldás. Legyen ξ a hibák száma egy idomon. Ekkor ξ Poisson-eloszlású E ξ =
= λ = 3,5


25 = 0,14 paraméterrel. Így


P(ξ = 0) = 0,140


0! e−0,14 = e−0,14.


Emiatt 500000
e−0,14 = 500000e0,14 darab idomból lesz félmillió hibátlan, azaz 500000e0,14


25 =
= 20000e0,14 ≈ 23006 darab lemezt kell feldolgozni.


10. Exponenciális és normális eloszlás
10.1. megoldás. Legyen ξ a fonal szakadásáig eltelt idő órában mérve. Ekkor E ξ =
= 1


λ
= 2,5, azaz λ = 0,4. Így P(ξ ≥ 8) = 1 − Fξ(8) = e−0,4·8 = e−3,2.


10.2. megoldás. Legyen ξ két vevő érkezése között eltelt idő percben mérve. Ekkor
E ξ = 1


λ
= 1, azaz λ = 1. Így P(ξ ≥ 5) = 1 − Fξ(5) = e−5.


10.3. megoldás. Legyen ξ a sorban állási idő percben mérve. Ekkor E ξ = 1
λ


= 6, azaz
λ = 1


6 . Így P(ξ ≤ 4) = Fξ(4) = 1 − e− 1
6 ·4.


10.4. megoldás. Legyen ξ a várakozási idő percben mérve. Ekkor 0,1 = P(ξ ≥ 6) =
= 1 − Fξ(6) = e−6λ, melyből λ = −1


6 ln 0,1. Így P(ξ < 3) = 1 − e−3λ = 1 −
√


0,1.


10.5. megoldás. Legyen ξ az izzó élettartama órában mérve. Ekkor ξ normális el-
oszlású m = 1000 és σ = 100 paraméterekkel. Így P(ξ < 900) = Φ


(900−m
σ


)
= Φ(−


−1) = 1 − Φ(1) ≈ 0,1587, vagyis kb. 16 % megy tönkre. Másrészt P(ξ > 1200) = 1 −
− Φ


(1200−1000
100


)
= 1 − Φ(2) ≈ 1 − 0,9772.


10.6. megoldás. Legyen ξ egy deszka hossza centiméterben mérve. Ekkor ξ normális
eloszlású m = 400 és σ = 3 paraméterekkel.


a) P(398 ≤ ξ ≤ 401) = Fξ(401) − Fξ(398) = Φ
(401−m


σ


)
− Φ


(398−m
σ


)
= Φ


(1
3


)
−


− Φ
(
−2


3


)
= Φ


(1
3


)
+ Φ


(2
3


)
− 1 ≈ 0,3747.


b) P(397,5 ≤ ξ ≤ 402,5) = Fξ(402,5) − Fξ(397,5) = Φ
(402,5−m


σ


)
− Φ


(397,5−m
σ


)
=


= Φ
(2,5


3


)
− Φ


(
−2,5


3


)
= 2Φ


(5
6


)
− 1 ≈ 0,5934.


10.7. megoldás. Legyen ξ egy üvegben levő anyag tömege grammban mérve. Ekkor
ξ normális eloszlású m = 100 és σ paraméterekkel. Ekkor 0,98 = P(98 ≤ ξ ≤ 102) =
= Fξ(102) − Fξ(98) = Φ


(102−m
σ


)
− Φ


(98−m
σ


)
= Φ


( 2
σ


)
− Φ


(
− 2


σ


)
= 2Φ


( 2
σ


)
− 1, azaz


Φ
( 2


σ


)
= 0,99 ≈ Φ(2,32), melyből σ ≈ 2


2,32 ≈ 0,862.


10.8. megoldás. Legyen ξ egy elektromos alkatrész élettartama órában mérve. Ekkor
ξ normális eloszlású m = 1170 és σ = 100 paraméterekkel. Jelölje g a garanciaidőt
órában. Mivel P(ξ < g) ≤ 0,05, ezért Φ(1,64) ≈ 0,95 ≤ P(ξ ≥ g) = 1 − Φ


(
g−1170


100


)
=


= Φ
(1170−g


100


)
, azaz 1,64 ≤ 1170−g


100 . Így g ≤ 1006.
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10.9. megoldás. Legyen ξ egy zacskó tömege grammban mérve. Ekkor ξ normális
eloszlású m = 100 és σ = 2 paraméterekkel. Így p := 1 − P(95 ≤ ξ ≤ 105) = 1 −
− (Fξ(105) − Fξ(95)) = 1 − Φ


(105−100
2


)
+ Φ


(95−100
2


)
= 2 − 2Φ(2,5) ≈ 0,0124.


Legyen η azon csomagok száma, melyekre 95 ≤ ξ ≤ 105 nem teljesül. Ekkor η
binomiális eloszlású n = 1000 renddel és p ≈ 0,0124 paraméterrel, illetve közelítőleg
Poisson-eloszlású λ = np ≈ 12,4 paraméterrel. Így P(η ≤ 2) ≈


∑2
k=0


12,4k


k! e−12,4 ≈
≈ 0,0003718.


10.10. megoldás. Legyen ξ egy gyertya égési ideje órában mérve. Ekkor ξ normális
eloszlású m = 9 és σ = 1 paraméterekkel. Így p := P(7 ≤ ξ ≤ 8) = Fξ(8) − Fξ(7) =
= Φ(8−9


1 ) − Φ(7−9
1 ) = Φ(2) − Φ(1) ≈ 0,1359.


Jelölje η 20 gyertyából azok számát, melyek a 8. órában alszanak el. Ekkor ez
binomiális eloszlású, melynek rendje 20 és paramétere az előbb kiszámolt p = 0,1359.
Így


P(η ≥ 2) = 1 − P(η = 0) − P(η = 1) =


= 1 −
(


20
0


)
· 0,13590 · 0,864120 −


(
20
1


)
· 0,13591 · 0,864119.


10.11. megoldás. Mivel 0,5 ≤ Fξ(A) − Fξ(2) = Φ
(


A−m
σ


)
− Φ


(2−m
σ


)
, így Φ(0,87) ≈


≈ 0,8085 ≤ Φ
(


A−3
2


)
. Ebből A ≥ 4,74.


10.12. megoldás. Legyen ξ a beérkező megrendelések száma. Ekkor ξ normális elosz-
lású m és σ = 10 paraméterekkel. Így Φ(1,28) ≈ 0,9 = P(ξ ≥ 20) = 1 − Φ


(20−m
10


)
=


= Φ
(


m−20
10


)
, azaz m−20


10 ≈ 1,28. Így m ≈ 32,8.


11. Nagy számok törvénye, Moivre – Laplace-tétel
11.1. megoldás. Jelölje n a megfigyelések számát, ϱn a megfigyelt személyek között
a szeszfogyasztók számát, p pedig a valódi arányt. Ekkor a Bernoulli-féle nagy számok
törvénye alapján


P
(∣∣∣ϱn


n
− p
∣∣∣ ≤ 0,01


)
≥ P


(∣∣∣ϱn


n
− p
∣∣∣ < 0,01


)
≥ 1 − 1


4n · 0,012 .


Így a feltétel teljesül, ha
0,95 ≤ 1 − 1


4n · 0,012 ,


azaz n ≥ 50 000.


11.2. megoldás. Jelölje ϱn a 6-os dobásának gyakoriságát n dobás után. A Bernoulli-
féle nagy számok törvénye alapján


P
(∣∣∣∣ϱn


n
− 1


6


∣∣∣∣ < 0,01
)


≥ 1 −
1
6 · 5


6
n · 0,012 ≥ 0,9.


Ebből n ≥ 13 889. Ha a kockáról nem tudjuk biztosan, hogy szabályos-e, akkor


P
(∣∣∣ϱn


n
− p
∣∣∣ < 0,01


)
≥ 1 − 1


4n · 0,012 ≥ 0,9,
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ahol p a 6-os dobásának a valószínűsége. Ebből n ≥ 25 000.


11.3. megoldás. Legyen n = 200 a lövések száma, ϱn a találatok száma és p = 0,4.
Ekkor a nagy számok Bernoulli-féle törvénye alapján


P
(∣∣∣ϱn


n
− p
∣∣∣ < ε


)
≥ 1 − p(1 − p)


nε2 = 0,9.


Ebből ε ≈ 0,1095. Így


P
(∣∣∣ ϱn


200 − 0,04
∣∣∣ < 0,1095


)
= P(59 ≤ ϱn ≤ 101) ≥ 0,9.


Tehát a találatok száma 59 és 101 között lesz legalább 0,9 valószínűséggel.


11.4. megoldás. Legyen n = 100 000 a termékek száma, ϱn abból a hibátlan termékek
száma és p = 0,95. Ekkor a nagy számok Bernoulli-féle törvénye alapján


P(93 000 ≤ ϱn ≤ 97 500) = P
(


0,93 ≤ ϱn


n
≤ 0,975


)
= P


(
−0,02 ≤ ϱn


n
− p ≤ 0,025


)
≥


≥ P
(∣∣∣ϱn


n
− p
∣∣∣ ≤ 0,02


)
≥ P


(∣∣∣ϱn


n
− p
∣∣∣ < 0,02


)
≥ 1 − p(1 − p)


0,022n
≈ 0,9998.


11.5. megoldás. Jelölje n a gyártmányok darabszámát a tételben, ϱn pedig a tételben
található hibás darabok számát. A kérdés, milyen n esetén teljesül, hogy


P
(ϱn


n
≤ 0,12


)
≥ 0,95? (∗)


A nagy számok Bernoulli-féle törvénye alapján


1 − 0,1(1 − 0,1)
0,022n


≤ P
(∣∣∣ϱn


n
− 0,1


∣∣∣ < 0,02
)


= P
(


0,08 <
ϱn


n
< 0,12


)
≤


≤ P
(ϱn


n
< 0,12


)
≤ P


(ϱn


n
≤ 0,12


)
.


Így (∗) teljesül, ha


0,95 ≤ 1 − 0,1(1 − 0,1)
0,022n


,


amelyből kapjuk, hogy n ≥ 4500.


11.6. megoldás. Jelölje ϱ500 az elszakadt fonalak számát. A Bernoulli-féle nagy szá-
mok törvénye alapján


P
(∣∣∣ϱ500


500 − 0,008
∣∣∣ < ε


)
≥ 1 − 0,008(1 − 0,008)


500ε2 .


Így
0,95 = 1 − 0,008(1 − 0,008)


500ε2


esetén teljesül a feltétel. Ebből ε =
√


317,44 · 10−3, azaz∣∣∣ϱ500


500 − 0,008
∣∣∣ <


√
317,44 · 10−3.
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Ezt megoldva kapjuk, hogy ϱ500 < 12,9, azaz ϱ500 ≤ 12.


11.7. megoldás. Jelölje p a pontos selejt arányt. Ekkor a nagy számok Bernoulli-féle
törvénye alapján


P
(∣∣∣∣ 80


5000 − p


∣∣∣∣ < ε


)
≥ 1 − 1


4 · 5000ε2 = 0,9.


Ebből ε =
√


0,0005 és
∣∣ 80


5000 − p
∣∣ <


√
0,0005. Ennek megoldása p < 0,03836.


11.8. megoldás. Jelölje ξ a találatok számát. Ez binomiális eloszlású n = 1000 renddel
és p = 0,11 paraméterrel. Így a Moivre – Laplace-tétel alapján


P(ξ < 100) ≈ Φ
(


100 − np√
np(1 − p)


)
≈ 0,1562.


11.9. megoldás. Jelölje ξ a selejtesek számát. Ez binomiális eloszlású n = 500 renddel
és p = 0,01 paraméterrel. Így a Moivre – Laplace-tétel alapján


P(7 ≤ ξ ≤ 14) ≈ Φ
(


14 − 500 · 0,01√
500 · 0,01 · 0,99


)
− Φ


(
7 − 500 · 0,01√
500 · 0,01 · 0,99


)
≈ 0,184.


11.10. megoldás. Jelölje ξ a találatok számát n lövésből. Ez binomiális eloszlású n
renddel és p = 0,1 paraméterrel. Így a Moivre – Laplace-tétel alapján


P(ξ < 200) ≈ Φ
(


200 − 0,1n√
0,09n


)
≈ 0,9918 ≈ Φ(2,4).


Ebből
200 − 0,1n√


0,09n
≈ 2,4,


azaz n ≈ 1179.


11.11. megoldás. Jelölje ξ a működőképes gépek számát. Ekkor ξ binomiális eloszlású
n = 210


0,7 = 300 renddel és p = 0,7 paraméterrel. Jelölje x azon gépek maximális
számát, amelyek működőképesek 0,999 valószínűséggel, azaz P(ξ < x) = 0,999. Ekkor
a Moivre – Laplace-tétel alapján


P(ξ < x) ≈ Φ
(


x − 0,7 · 300√
300 · 0,7 · 0,3


)
= 0,999 ≈ Φ(3,1),


vagyis
x − 0,7 · 300√
300 · 0,7 · 0,3 = 3,1.


Ebből x ≈ 234,6, azaz kb. 234 gép működéséhez szükséges energiát kell biztosítani, ha
azt akarjuk, hogy 0,999 valószínűséggel minden működőképes gépnek jusson energia.
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Standard normális eloszlás
táblázata


x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x) x Φ(x)
0,00 0,5000 0,45 0,6736 0,90 0,8159 1,35 0,9115 1,80 0,9641 2,50 0,9938
0,01 0,5040 0,46 0,6772 0,91 0,8186 1,36 0,9131 1,81 0,9649 2,52 0,9941
0,02 0,5080 0,47 0,6808 0,92 0,8212 1,37 0,9147 1,82 0,9656 2,54 0,9945
0,03 0,5120 0,48 0,6844 0,93 0,8238 1,38 0,9162 1,83 0,9664 2,56 0,9948
0,04 0,5160 0,49 0,6879 0,94 0,8264 1,39 0,9177 1,84 0,9671 2,58 0,9951
0,05 0,5199 0,50 0,6915 0,95 0,8289 1,40 0,9192 1,85 0,9678 2,60 0,9953
0,06 0,5239 0,51 0,6950 0,96 0,8315 1,41 0,9207 1,86 0,9686 2,62 0,9956
0,07 0,5279 0,52 0,6985 0,97 0,8340 1,42 0,9222 1,87 0,9693 2,64 0,9959
0,08 0,5319 0,53 0,7019 0,98 0,8365 1,43 0,9236 1,88 0,9699 2,66 0,9961
0,09 0,5359 0,54 0,7054 0,99 0,8389 1,44 0,9251 1,89 0,9706 2,68 0,9963
0,10 0,5398 0,55 0,7088 1,00 0,8413 1,45 0,9265 1,90 0,9713 2,70 0,9965
0,11 0,5438 0,56 0,7123 1,01 0,8438 1,46 0,9279 1,91 0,9719 2,72 0,9967
0,12 0,5478 0,57 0,7157 1,02 0,8461 1,47 0,9292 1,92 0,9726 2,74 0,9969
0,13 0,5517 0,58 0,7190 1,03 0,8485 1,48 0,9306 1,93 0,9732 2,76 0,9971
0,14 0,5557 0,59 0,7224 1,04 0,8508 1,49 0,9319 1,94 0,9738 2,78 0,9973
0,15 0,5596 0,60 0,7257 1,05 0,8531 1,50 0,9332 1,95 0,9744 2,80 0,9974
0,16 0,5636 0,61 0,7291 1,06 0,8554 1,51 0,9345 1,96 0,9750 2,82 0,9976
0,17 0,5675 0,62 0,7324 1,07 0,8577 1,52 0,9357 1,97 0,9756 2,84 0,9977
0,18 0,5714 0,63 0,7357 1,08 0,8599 1,53 0,9370 1,98 0,9761 2,86 0,9979
0,19 0,5753 0,64 0,7389 1,09 0,8621 1,54 0,9382 1,99 0,9767 2,88 0,9980
0,20 0,5793 0,65 0,7422 1,10 0,8643 1,55 0,9394 2,00 0,9772 2,90 0,9981
0,21 0,5832 0,66 0,7454 1,11 0,8665 1,56 0,9406 2,02 0,9783 2,92 0,9982
0,22 0,5871 0,67 0,7486 1,12 0,8686 1,57 0,9418 2,04 0,9793 2,94 0,9984
0,23 0,5910 0,68 0,7517 1,13 0,8708 1,58 0,9429 2,06 0,9803 2,96 0,9985
0,24 0,5948 0,69 0,7549 1,14 0,8729 1,59 0,9441 2,08 0,9812 2,98 0,9986
0,25 0,5987 0,70 0,7580 1,15 0,8749 1,60 0,9452 2,10 0,9821 3,00 0,9987
0,26 0,6026 0,71 0,7611 1,16 0,8770 1,61 0,9463 2,12 0,9830 3,10 0,9990
0,27 0,6064 0,72 0,7642 1,17 0,8790 1,62 0,9474 2,14 0,9838 3,20 0,9993
0,28 0,6103 0,73 0,7673 1,18 0,8810 1,63 0,9484 2,16 0,9846 3,30 0,9995
0,29 0,6141 0,74 0,7704 1,19 0,8830 1,64 0,9495 2,18 0,9854 3,40 0,9997
0,30 0,6179 0,75 0,7734 1,20 0,8849 1,65 0,9505 2,20 0,9861 3,50 0,9998
0,31 0,6217 0,76 0,7764 1,21 0,8869 1,66 0,9515 2,22 0,9868
0,32 0,6255 0,77 0,7794 1,22 0,8888 1,67 0,9525 2,24 0,9875
0,33 0,6293 0,78 0,7823 1,23 0,8907 1,68 0,9535 2,26 0,9881
0,34 0,6331 0,79 0,7852 1,24 0,8925 1,69 0,9545 2,28 0,9887
0,35 0,6368 0,80 0,7881 1,25 0,8944 1,70 0,9554 2,30 0,9893
0,36 0,6406 0,81 0,7910 1,26 0,8962 1,71 0,9564 2,32 0,9898
0,37 0,6443 0,82 0,7939 1,27 0,8980 1,72 0,9573 2,34 0,9904
0,38 0,6480 0,83 0,7967 1,28 0,8997 1,73 0,9582 2,36 0,9909
0,39 0,6517 0,84 0,7995 1,29 0,9015 1,74 0,9591 2,38 0,9913
0,40 0,6554 0,85 0,8023 1,30 0,9032 1,75 0,9599 2,40 0,9918
0,41 0,6591 0,86 0,8051 1,31 0,9049 1,76 0,9608 2,42 0,9922
0,42 0,6628 0,87 0,8078 1,32 0,9066 1,77 0,9616 2,44 0,9927
0,43 0,6664 0,88 0,8106 1,33 0,9082 1,78 0,9625 2,46 0,9931
0,44 0,6700 0,89 0,8133 1,34 0,9099 1,79 0,9633 2,48 0,9934
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